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Abstract

These notes are based on the material contained in Chapter 3 of [2]. Some topics
from Chapters 1 and 2 are reviewed. The bundle of linear frames is defined and it is
shown that the tangent bundle of a manifold can be considered as a bundle associated
with the linear frame bundle with R™ as the standard fibre. Parallel transport in
vector bundle is described and it is explained how it gives rise to the notion of covariant
differentiation. Linear connections are defined and the properties of the corresponding
covariant derivative are described. Finally, affine connections are introduced and are
shown to be in a one-to-one correspondence with linear connections.

1. Some preliminaries

In this section we review some of the ideas and results from chapters 1 and 2 of
Kobayashi and Nomizu [2] (hereafter referred to as KN) that will be relevant to us.

1.1. Homomorphisms of principal fibre bundles. Some remarks on notation are in
order before we start reviewing the material. We shall represent a typical principal fibre
bundle by P(M, G). Here it is understood that P and M are differentiable manifolds and
G acts on P via a right action ® : P x G — P such that P/G = M. The canonical
projection map is represented by 7 : P — M = P/G. Given u € P and g € G, we define
maps ¢, : P — Pand ®,: G — P by ®y(u) := ®(u,g) =: u(9) = Ry(u) = u- g (the last
bit of notation is specific to right actions; for left actions we write ®4(u) = ¢ - u). In this
sequel we shall try to be as explicit in our notation as possible although from time to time
we shall point out the intuition behind the notation used in KN. To keep things under
control, we shall allow ourselves some (mild) abuse of notation (like writing ug instead of
u - g for example) but (unlike KN) we won’t do so without warning.

We review some material from Section 5 of Chapter 1 here. A homomorphism
of a principal fibre bundle P'(M’, G') into another principal fibre bundle P(M,G) is a
triple (f, f1.fo) such that f is a fibre bundle map from P’ to P over f; : M’ — M and
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2 A. BHAND

fo: G" — G is a homomorphism such that f(Ryu) = f(u'a’) = Ry (o) f1(u) = f1(u)fo(a).
Since (f, f1) is a fibre bundle map, the following diagram commutes.

f

P —— P

3 |

M — M
fi

where 7’ : P — M’ and m : P — M are the natural projections. A homomorphism
(f, f1, fo) : P(M',G") — P(M,G) is called an ¢mbedding if f : P’ — P is an imbedding
and if fy : G’ — G is injective. In this case fi : M’ — M is also an imbedding. We can
therefore consider f(P")(f1(M"), fo(G')) (that is, the image of P'(M’',G') under (f, f1, fo))
a subbundle of P(M,G). If, moreover, M’ = M and f; : M’ — M is the identity map of
M, we call (f, f1, fo) : P'(M',G') — P(M,QG) a reduction of the structure group G of
P(M,G) to G'. The subbundle f(P’)(M, fo(G")) is called a reduced subbundle. Given
P(M,G) and a Lie subgroup G’ of G, we shall say that the structure group G is reducible
to G’ if there is a reduced subbundle P'(M,G").

1.1 REMARKS: (i) Note that when (f, f1, fo) is an imbedding, KN call P'(M’, G’) itself
a subbundle of P(M, G). This makes sense if one identifies P'(M’, G') with its image

FP(f1 (M), fo(G")).

(ii) KN represent f, fo and fi by the same symbol (f), the meaning being clear from
context. This definitely saves the trouble of writing a triple for a homomorphism. We
shall sometimes represent a homomorphism between principal fibre bundles simply
by f when the maps fy and f1 are not relevant to the discussion or are clear from the
context. We shall, however, never use the same notation for all of the three maps.

1.2. Associated bundles. Let P(M,G) be a principal fibre bundle and let F' be a
manifold on which G acts on the left:

UV:GxF—F

Define a right action of G on P x F' as follows:
(PxF)xG— (PxF)
((w,€),9) = (®(u, 9), ¥(g~",€))
= (ug, g7'¢)

Denote by E := (P x F)/G =: P x¢ F the quotient of P x F' by G and the projection onto
E by ng: PxF — E. Given (u,§) € P x F |, we know that mg(u, &) is the equivalence
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class (defined by the action of G on P x F) containing (u,&). We denote this equivalence
class by [u, ] (that is, mg(u, &) = [u, &]q; we follow Marsdenesque notation here). Define
amap 7 : F — M by

me([u,€le) = m(u)

Now, it can be shown that E has a differentiable structure that makes g a surjective
submersion. We shall not address this issue here and consider it a fact!.

The upshot of this is that 7g : E — M is a (locally trivial) fibre bundle with standard
fibre F' and we call it the bundle associated with P(M,G) with standard fibre F.
Following KN, we shall denote this bundle by E(M, F, P,G). Sometimes (to avoid the use
of excessive language) we shall call E(M, F, P,G) the associated bundle (rather than “the
bundle associated with P(M, G) with standard fibre F”) whenever the underlying principal
fibre bundle and the standard fibre are understood to be P(M,G) and F respectively.
This should cause no confusion. The following result is immediate once the notation is
understood properly.

1.2 PROPOSITION: Let P(M,G) be a principal fibre bundle and F' a manifold on which G

acts on the left. Let E(M, F,G, P) be the associated bundle. For each u € P and § € F,

write [u, §]a = u¢ € E. Then each u € P is a mapping of F onto F, = n' () where

x =m7(u) and

(ug)é = u(gé) forge G,ue P,éEe F (1.1)

1.3 REMARK: For u € P and z = m(u), the map u : F — F, is given by u§ = [u,{]¢ and
thus it is easy to see that [ug,&]¢ = [u, g€]q, which is (1.1). We shall use the notation
“ug” and “lu,{]e” interchangeably, depending on context.

Associated vector bundles. Let P(M,G) be a principal fibre bundle and p a repre-
sentation of G into GL(n;R). Let E(M,R", G, P) be the associated bundle with standard
fibre R™ on which G acts through p. We shall call this associated bundle a vector bun-
dle over M. Each fibre ng(x),:c € M has the structure of a vector space such that
(see Proposition 1.2) every u € P with w(u) = = considered as a mapping from R” to
WEl((L') is a linear isomorphism. Restating this in our notation, this means that given
[u, &, [u,&la, [u, &2)a € T4t (v) where 7(u) = 2 and ¢ € R, the vector space structure is
given by

C[U’S]G = [’U,, CﬂG and [uagl]G + [uaSQ]G = [u’fl + 52]6’
It clear from Proposition 1.2 that vector addition and scalar multiplication are well-defined

operations. That this definition is equivalent to the “usual” definition of a vector bundle
is not immediate here. We shall touch upon this issue in Section 1.4.

'If we ever get down to writing notes for Chapter 1, this will be discussed in detail
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Tensorial forms and associated bundles. Recall that given a principal fibre bundle
P(M,G) and a representation p of G on a finite-dimensional vector space V', a pseu-
dotensorial form of degree r on P of type (p, V) is a V-valued r-form ¢ on P such
that

Rip=pla)-o, a€d

A pseudotensorial form of degree r on P of type (p,V) is called a tensorial form if
it is horizontal in the sense that ¢(Xi,...,X,) = 0 whenever X; = 0 for at least one
ie{l,...,n}.

Now, given P(M,G) and p on V, consider the associated bundle E(M,V, G, P) with
natural fibre V' on which G acts by p. A tensorial form ¢ of degree r of type (p, V) can
be regarded as an assignment

M>z— @,

where for each x € M, ¢, : T,M x ... x T, M — WEl(CL‘) is a r-multilinear skew-symmetric
mapping. In particular, we define

Go(X1,. . X)) = u(p(XTy .. X)), X, € TuM (1.2)

where u € P such that m(u) = = and X is any vector at u that projects to X;, that is
Tum(X}) = X, foreach i =1,...,r. Since ¢ is a V-valued r-form, p(X1,...,X,) € V. By
Proposition 1.2 we know that u : V — 7' (x) and thus the RHS of 1.2 is in 7' (x). Skew-
symmetry and bilinearity properties are clear. To see that the RHS of 1.2 is independent
of the choice of X7, suppose that Y € T, P is such that T, 7(Y)") = X;, = Tr(X}) for

'Rl
some fixed k. This means that X}’ —Y;" is vertical. We compute

O(XE e X0 XD — (X Y XY = (X XY XD =0

T

since ¢ is tensorial. This implies that

O(XE . XE XD = (XD, LY XD

T T

which shows that definition of ¢, is independent of the choice of X for each ¢. Finally,
we must also show that the definition is independent of the choice of u. To see this, let
v € P such that m(v) = . This means that v = ua for some a € G. Since G acts on V by
p, by Proposition 1.2 we have

(ua)X =u(p(a)X), weP,XeV
Choose Z € Ty, P such that T,,m(Z;}) = X;. We compute

(ua)(p(Z71, ..., Z7) = ulpla)p(Z1, - - ., Z))
w(e(TyRy—1 27, ..., TyR,—1Z)))

(P(XT, .-, X))
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The last step follows since Tyn(TyR,-1Z}) = Tye(m 0 Ry-1)Z; = Tyerw(Z}) = X; =
T,m(X}). We have thus shown that ¢, is well-defined for each z € M.

Conversely, given an r-multilinear, skew-symmetric mapping ¢, : T, M x ... T, M —
75" (x) for each x € M, we can define a V-valued tensorial r-form ¢ by

o(X1,...,. X)) =u @ (Tun(Xy), ..., Tun(X,)), X; €T P, w(u) ==z (1.3)

1.4 ExaMPLE: The above discussion shows that a tensorial 0-form of type (p, V) on P
can be identified with a section M — E of E(M,V,G, P). In other words, each V-valued
function f : P — V satisfying f(ua) = p(a™!)f(u) for u € P and a € G can be identified
with a section of E. We shall have occasion to use this fact later on.

1.3. The bundle of linear frames. Let M be an n-dimensional manifold. A linear
frame at x is an ordered basis u = (X1,...,X,) for the tangent space T, M at = € M.
Let

Ly(M) = {u] uis a linear frame at =}

and write
L(M) = | L.(M)
rxeM

Define a map 7y, : L(M) — M by
(a linear frame u at z) — x

The general linear group GL(n;R) acts on L(M) on the right in the following manner. If
a= (a§) € GL(n;R) and u = (X1,..., X,,) € Ly(M), we define ®* : L(M) x GL(n;R) —
L(M) by ‘

(u,a) — (ua) := (a}X;,...,al X;)

Rather than using the elaborate notation, we write ®%(u, a) KN R, (u) which is appropriate

for right actions. Intuitively, if we think of (X1,...,X,) as a column vector, the action
R, (for a € GL(n;R)) looks like

X1 X1
R, : —al :
Xn Xn
One can see thus see that the action is indeed a right action.

EXERCISE 1.5 Show that the action ® is free and proper.

This means that the quotient L(M)/GL(n;R) possesses a differentiable structure and can
be identified with the manifold M. Next, we show that mp : L(M) — M satisfies the
local-triviality condition for a principal fibre bundle. Let (U, ¢) be a chart for M with
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local coordinates (x!,...,x,). Every frame v € L,(M),z € U can be uniquely expressed

* 0 0
k k
u= <X1 &rk’”"X”@xk)

where (XF) is an invertible matrix. If we write X; = Xf%, the map ¢ : 7, (U) —
U x GL(n;R) given by
(X1,..-, Xn) = (2, (X]))

is a diffeomorphism. We can therefore use coordinates (z¢, X Jk) on 7, 1(U) and define a
differentiable structure on L(M). It is also clear that the map

(X1,...,Xp) — (X]k)

satisfies Rp(X1,...,Xy) = (Y1,...,Y,) where Y; = ngj and thus defines a local bundle
chart for L(M). We have thus shown that L(M)(M, GL(n;R)) is a principal fibre bundle.

There is another equivalent way to think about a linear frame. A linear frame u =
(X1,...,Xy) at © € M can be regarded as an isomorphism v : R” — T, M as follows. If
(e1,...,en) is the standard basis for R™, the map u is given by

c'e; — ' X;, ¢ eR

The right action of GL(n;R) on L(M) is interpreted as follows. Consider a = (a}) €
GL(n;R) as a linear transformation of R” which acts on R"™ by matrix multiplication.

Then ua = Ry(u) : R™ — T, M is the composition of the following two maps:
R % R % T, M

1.4. The tangent bundle as an associated bundle. Recall that GL(n;R) acts on
R™ on the left by (a,§) — a& (this is simply matrix multiplication). Given a manifold
M, we write E = L(M) X g1(n;r) R" and construct the bundle E(M,R", GL(n;R), L(M))
associated with L(M)(M, GL(n;R)) with standard fibre R™. It is clear that this is a vector
bundle over M in the sense of the definition given in Section 1.2. We have the following
result.

1.6 LEMMA: The bundles E(M,R", GL(n;R), L(M)) and 73y : TM — M are naturally
isomorphic as vector bundles over M. In particular, there a natural vector bundle isomor-
phism from E to T M over the identity mapping of M.

Proof: Following the discussion at the end of Section 1.3, we think of a frame u € L,(M)
as an isomorphism u : R™ — T, M. Thus for £ € R", we have u§ € T, M where z = m(u).
We also know that [u,&]g € 75" (x). Now, define a map ¢ : E — TM by

[uv §]G = u§
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To see that this is well-defined, for a € G, consider [ua,a~¢]g (which is equal to [u, £]q).
We have

([ua,a™"€]q) = (ua)(a™'€)

The right hand side is the action of the composition of the following maps on &
R" > ¢ 5 R % R" S T, M

and therefore ([u, £]g) = t([ua,a™€]q).

Next, given v € T, M, we claim that :=!(v) = [u,u™!(v)]g for any u € L,(M). First
we show that this statement is independent of the choice of u. Suppose that @ € L, (M),
then @ = Ry(u) = ub for some b € GL(n;R). Thus we have

[@, 7~ ()l = [ub, (ub) ™! (v)]e = [ubd™ u™ (v)]a = [u,u™" (v)]a

Thus ¢ maps each fibre of E isomorphically to a fibre of TM. From the discussion on
associated vector bundles it is also clear that ¢ is linear. Finally, 7a/(¢([u,{]g) = = and
thus we conclude that ¢ is a vector bundle isomorphism between E and T'M over the
identity on M. |

1.7 REMARKS: (i) Notice that we have used the notation “u” to represent two different
objects in the sequel. In Proposition 1.2 “u&” represents the image of & under the
map u : F — 7' (z). Let’s call this the “first” definition. In the proof of Lemma
1.6, we have used it to represent the image of £ under the map u : R" — T, M.
Call this the “second” definition. For the associated bundle F considered in Lemma
1.6, the natural fibre F' = R™ and thus according to the “First” definition we have
u:F =R" — 75 (). Lemma 1.6 shows that 7'(z) is naturally isomorphic to
T,M for every x € M and thus that the “first” and the “second” definitions are
really the same (upto isomorphism). One can see the unifying power of the KN
notation here.

(ii) The associated vector bundle construction described in this section is actually a
special case of a general construction for arbitrary vector bundles. In the section
on associated vector bundles, we presented a definition of a vector bundle over
a manifold M. We now show how this definition is equivalent to the standard
definition of a vector bundle. So suppose g : E — M is vector bundle in the usual
sense, that is, it is a fibre bundle over M such that the fibre F, over every x € M
possess a vector space structure. Now, given z € M, define P, := L(R™, E,) = {u:
R™ — E,| uis a linear isomorphism } and set

P=|J L(R", E,)
zeM
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It is easy to see that GL(n;R) acts on P on the right and that this action is free
and proper. Thus, P(M, GL(n;R)) is a principal fibre bundle. Next, consider the
usual left action of GL(n;R) on R™ and form the associated bundle with total space
E := (P x R")/GL(n; R) associated with P(M, GL(n;R)) with standard fibre R™.
It can be seen that this associated bundle E(M,R"™, GL(n;R), P) is isomorphic to
7p : E — M. That is, there exists a bundle isomorphism from E to E over the
identity map of M. This justifies why it makes sense to define vector bundles the

way we have done in these notes.

(iii) Ome can think of the bundle T (T'M) of (r, s) tensors on M as an associated bundle
as well. Observe that GL(n;R) acts on R™ by (A4, &) — A and thus it also acts on
T7(R™) (the (r,s) tensor space of R™) on the left by push-forward. That is

GL(n;R) x TI(R"™) — Tr (R")
(A t) — At

It can be seen that the fibres of T (T'M) are isomorphic to the fibres of the bundle
E(M,TI(R™), GL(n;R), L(M)) associated with L(M)(M, GL(n;R)) with standard
fibre T7 (R™) where E = (L(M) x T7(R™))/GL(n; R).

2. Connections in a vector bundle

In Section 1.2 we defined the notion of a vector bundle considered as an associated
bundle E(M,R"™, G, P) of a principal fibre bundle P(M, G) with natural fibre R™. In this
section , we shall study the consequences of introducing a principal connection in P(M, G)
in this setup. In particular, we shall show that a principal connection in P(M,G) gives
rise to “covariant differentiation” on E. We first study how the notion of parallel transport
can be defined on arbitrary associated bundles.

2.1. Parallel transport in associated bundles. Given a principal connection I' in a
principal fibre bundle P(M, G) one can define parallel transport in an associated bundle
E(M, F,G, P) with standard fibre F. Recall that we have the natural projection maps
7g: PxF —E=(PxgF)and g : E — M. Given w € E, choose (u,£) € P x F
such that mg(u,§) = w. Next, fix £ € F and consider the mapping Wé : P — FE given by
u— e (u, §)(= [u,€&]e). The horizontal subspace H,FE at w is defined by

H,E = T,7%(H,P) (2.1)

where H, P is the horizontal subspace at u defined by the connection I' in P.

EXERCISE 2.1 Show that the definition of Hy,E in (2.1) is independent of the choice of
(u,§) € P x F.
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For w € F, the vertical subspace V,E at w is defined in the usual manner, that is
VwE =ker(Tymp) = Ty(ng' (), z=nmp(w)

It can be seen that T, E = H, E®V,, E for each w € E and thus (2.1) defines an Fhresmann
connection in the bundle E(M, F, G, P). A curve in E is horizontal if its tangent vector
at each point is horizontal. Given a curve 7 = 24, 0 < t < 12 in M a horizontal lift
of T to E is a horizontal curve 7* in E such that ng(7*) = 7. Given w, € F such that
mr(wy) = xo, there is a unique horizontal lift 7* = w; of 7 to E starting from wy. We
prove the existence of 7* below.

To construct the horizontal lift of 7 = z; to E starting at wo € E, we choose (uq, ) €
P x F such that mg(up, &) = [uo, €] = wp. Let u; be the horizontal lift of 7 to P (with
respect to the principal connection I' starting at ug. Then it is easy to see that the curve
wy := [ug, €] is the desired horizontal lift to E. Uniqueness of 7* through wy follows from
the corresponding result for lifts for principal fibre bundles. Motivated by this, we make
the following definition.

2.2 DEFINITION: Let wg = [ug,&o]lg € E = P Xg F and let 9 = m(ugp). Let 7 = x4, 0 <
t <1, be a curve in M. The parallel transport of wy along the curve 7 is defined to be
the curve [ug, &) where u; is the horizontal lift of 7 to P starting at ug.

We adopt the notation

g (w0) = g (2r)
for the parallel transport map along the curve x; of a point [ug, {lc € 7@1(:):0) to the
corresponding point 7 ([uo, &o]g) € ng(:sz). That is

77 ([uo, &la) = [ur, &l

where u; is the horizontal lift of z; to P starting at ug. In a similar manner, for t,t + s €
[0, 1] we get a map
¢ -1 -1
Tiys 1T (@) = T (Tes)
In general, it is not possible to define “covariant differentiation” on general associated
bundles since there’s no way to “subtract” elements in the same fibre. For associated

vector bundles where the fibre possesses a vector space structure, this notion is well-
defined. We discuss this case next.

2.2. Covariant differentiation in vector bundles. Given a principal fibre bundle
P(M,G) and a representation p of G on R", let E(M,R", G, P) be a vector bundle over
M. Notice that in this case the parallel transport map (between fibres of E) along a curve

It is interesting to note that KN denote a curve as z; and not x(t). This is another instance of
“notational compactness” that is prevalent in the book. If we use x(t) we shall have to specify the initial
condition as x(0) = zo whereas the KN notation one doesn’t need to.
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2y € M is a linear isomorphism. We first define covariant differentiation of a section along
a curve.

2.3 DEFINITION: Let ¢ be a section of E defined along a curve 7 = x4y € M, t € [a,b] so
that mp o @(x) = a¢ for all ¢ € [a,b]. Denote the tangent vector to 7 at xy by &;. Then,
for fixed t, the covariant derivative V4, of ¢ with respect to x4 is defined by

t+h
Ty

1
Vi = }g}) 7 ( o(Teyn) — w(xt))

2.4 REMARKS: (i) Notice that the covariant derivative V¢ is simply

d
vZ’z‘P = %

Ttt+8<p(a7t+s)

s=0

(ii) Since 7 o(24n) € T (z), we have Vi, € 7" () for every t € [a,b] and thus

it defines a section of E along x;.

(iii) The section ¢ is parallel, that is, the curve ¢(z;) in E is horizontal if and only if
Vi, =0 for all t € [a,b].

(iv) Tt is clear that if ¢ and 1) are sections along z;, then linearity of the parallel transport
map the derivative maps implies that

vit(gp + w) = Vip+ Vi, ¥
Also, from (ii), for an R-valued function \ we compute

d
ds

d
ds

T M@ ts) P(T045)
s=0

Vi, (ASO) =

AM@4s)T o 0(Tegs)
s=0

d
= A(zt) T
s=0

= Mxt) Vi + B4 A - (1)

TP o(@is) + BeX - o(a)

We now define covariant derivative of a section defined in a local neighborhood.

2.5 DEFINITION: For z € M, let X € T.M and ¢ : U — FE be a section defined on a
neighborhood U containing z. Let 7 = x4, t € [—€, €], be a curve such that o = x and
%o := @¢|t=0 = X. Then the covariant derivative V x¢ of p with respect to X is
defined by

VX90 = vi?ocp
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Given ¢ as as above, denote by f,, the R"-valued function defined on 7! (U) corresponding
to ¢ (as described in Example 1.4). In particular f, is defined by

fo(v) = v (p(n(v), vern (V)
The following result shows that V x is independent of the choice of x;.

2.6 LEMMA: Given a section ¢ : U — E where x € U and X € T, M, let X* € T,P be
the horizontal lift of X at w € P. Then

Vxe =u(X*f,)
where

Proof: Let xy, t € [—¢, €] be a curve in M such that zop = =z and 29 = X. Let u; be the
horizontal lift of z; to P such that ug = u so that X* = 1y. We compute,

X = T (Falun) = Foluo)) = Jim 3 (s (o (on) — g (e0))  (22)

and since ug = u and g = = we have

. .1 _
u(X"fp) = lim > (wou, (p(zn)) — p(x)) (2.3)
From Definition 2.3 and the equality (2.3), it suffices to show that

7 (p(xn)) = wouy,  (zp) (2.4)

Next, we set & = u;, ' (¢(x5)). By definition, u€ = [uy, €] is horizontal in E. Also, since
upé = ¢(xy), we have by Definition 2.2, we have 77 (uo) = upé = ¢(x5) from which (2.4)
follows. |

2.7 REMARKS: (i) From Lemma 2.6 it is clear that Definition 2.5 of V x ¢ is independent
of the choice of the curve x;.

(ii) One can also easily see that for X € T, M, ¢ : U — E and A € R we have Vyxp =
AVxep.

(iii) Given X,Y € T, M, x € M and ¢ as above, let X* and Y* be the horizontal lifts of
X and Y respectively. Then we know that X* + Y™ is the horizontal lift of X + Y.
Thus

Vxyve =u((X +Y)" fo) =u((X*+Y7)fp) = Vxo+ Vyep

We compile our results above in the following proposition.

2.8 PrOPOSITION: (Proposition 1.1, Chapter 3) Let X,Y € T,M, v € M and let ¢
and i be sections of E defined in a neighborhood of x. Then
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(i) Vxiye = Vxo+ Vyp;
(ii) Vx(p+v¢)=Vxp+ Vxi;
(m) Viaxe = )\VXQO, A ER;

(iv) Vx(fe) = f(x) - Vxp+ (Xf)-o(x), where f is an R-valued function defined in a
neighborhood of x.

In a similar manner, we can define covariant differentiation with respect to vector
fields.

2.9 DEFINITION: Let ¢ : M — E be a (global) section and X a vector field on M. Then
the covariant derivative of ¢ with respect to X is the section Vx¢ : M — FE defined
by

(Vxo)(z) = Vx, .
As a direct consequence of Proposition 2.8 we have the following result.

2.10 PROPOSITION: Let X,Y be vector fields on M and ¢ and ¥ be sections of E. Then
(i) Vxiye =Vxp+ Vyp;
(it) Vx(e+v) =Vxp+ Vxi;

(iii) Vixe =AVxp, A € R;

(iv) Vx(fe) = f(x) - Vxp+ (Xf)-o(x), where f is an R-valued function defined in a
neighborhood of x.

If X is a vector field on M and X* is its horizontal lift to P (with respect to the principal
connection that induces V of course). Then Vx corresponds to Lie differentiation L x«
in the following manner. It was noted earlier that there’s a one-to-one correspondence?
between sections ¢ : M — E and functions f, : P — R™ that satisfy f,(ua) = p(a™) f,(u)
for u € P and a € G. From this and Lemma 2.6, we have the following readily verifiable
result.

2.11 PROPOSITION: If ¢ : M — E is a section and f, : P — R" be the corresponding
function, then Lx~f, is the function corresponding to V xp.

2.3. Fibre metrics in vector bundles. To be completed later.

3This correspondence is explicitly defined in the paragraph below Definition 2.5 and in Example 1.4.
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3. Linear connections

Let L(M)(M, GL(n;R)) be the bundle of linear frames of M where n = dim(M).
Denote the canonical projection by 7, : L(M) — M. We first present a definition.

3.1 DEFINITION: The canonical form of L(M) is the R™-valued 1-form 6 : TL(M) —
R"™ define by
0(X) =u ' (TurX)), X €T,L(M)

where u € L(M) is considered as a linear isomorphism u : R" — T, ()M as before.

3.2 PROPOSITION: The canonical form 6 of L(M) is a tensorial 1-form of type
GL(n;R),R™). It corresponds to the identity transformation of T,M at each x € M.

Proof: Note that GL(n;R) acts on R" by (a,§) — p(a)é = a&, a € GL(n;R) and thus
we write (ua) : R — T, M, x = 7p(u) such that (ua)§ = u(a&) as usual (see the
subsection Tensorial forms and associated bundles for details). Let X € T, L(M)
and a € GL(n;R). Then TyqRe X € Tyo L(M). We now compute

(R:0) = 0(TuoRoX) = (ua) " (Tyamr (TyaRa X))

)
a luTHO(Tyrp X)) = a7 19(X)

which shows that 6 is pseudo-tensorial. Now, let X € T,,L(M) be vertical. Then 0(X) =
u~Y(T,m,X) = 0 and thus 6 is tensorial.
For each x € M, the linear map ¢, : T,, — T, M corresponding to ¢ is given by

Ozx(X) =u(p(X*), XeT,M,rr(u)==x
where X* € T,,L(M) is such that T, 7, (X*) = X. Using the definition of ¢ we get
Go(X) = u(u ' Tymp (X¥) = X
This is what we wished to show. |

Now, we define the main object of discussion in this section.

3.3 DEFINITION: A principal connection in the bundle L(M)(M, GL(n;R)) of linear
frames over M is called a linear connection of M.

Given a linear connection I' of M, we associate with each £ € R” a horizontal vector field
B(&) on L(M) as follows. For each u € L(M), (B(£))y is the unique horizontal vector at u
with the property that Ty,7(B(§)s) = u§. We shall call B(£) the standard horizontal
vector field corresponding to & Note that this vector field is only defined in the
presence of a linear connection of M.

3.4 PROPOSITION: The standard horizontal vector fields have the following properties:
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(i) If 0 is the canonical form of L(M), then 0(B(§)y) = & for each & € R™ andu € L(M);
(“) TuRa(B(é)u) = (B(a_lg))uaa ac GL(n;R)7£ eR™;
(iii) If € # 0, then B(§) never vanishes.

3.5 PROPOSITION: Let I' be a linear connection of M. If A* is the fundamental vector
field (infinitesimal generator) corresponding to A € gl(n;R) on L(M) and if B(§) is the
standard horizontal vector field corresponding to £ € R™, then

(A%, B(€)] = B(AS),

where A& denotes the image of £ by A € gl(n;R) which acts on R™.

Next, we define the torsion form © of a linear connection I' of M by
© =D

where D is the exterior covariant differential, that is D8 = (df)(hor). It can be shown
that © is a tensorial 2-form on L(M) of type (GL(n;R),R"™).

3.6 THEOREM: (Structure equations) Let w,® and 2 be the connection form, the torsion
form and the curvature form respectively of a linear connection I' of M. Then the first
and second structure equations are satisfied:

(X, Y) = —%(w(X) B(Y) — w(Y) - 0(X)) + O(X,Y),

do(X,Y) =~ [w(X), w(Y)] + Q(X,Y)

where X,Y € T, L(M) and u € L(M).

Considering 6 as a vector-valued form and w as a matrix-valued form, we can write the
structure equations as

dd = —-wANB0+06
dw=—-—wAw-+Q

3.7 THEOREM: (Bianchi’s identities) For a linear connection the first and second
Bianchi identities hold:

DO =QA0
DQ =0
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Recall that the collection {EZJ, i,j7=1,...,n} where EZJ € gl(n;R) is an n X n matrix such
that the entry in the i-th column and j-th row is 1 and the rest of the entries are zero, is a
basis for gl(n;R). Now, given a linear connection I' of M, let By,..., B, be the standard
horizontal vector fields corresponding to the natural basis e, ..., e, of R" and let E/ *
the fundamental vector fields corresponding to the basis {Ef } of gl(n;R). We have the
following result.

3.8 PROPOSITION: The n? + n vector fields {Bk,Eg*;i,j = 1,...,n} define an absolute
parallelism in L(M), that is, the n? +n vectors {(By)u, (B )u;i,j = 1,...,n} form a
basis for T, L(M) for every u € L(M).

Let T7(T'M) be the bundle of (r,s) tensors over M. Recall that given x € M, the fibre
over z is given by the (r,s) tensor space of T, M and denoted as 17 (T,,M). We observed
in Remarks 1.7 that 77 (T'M) is a vector bundle associated with L(M)(M, GL(n;R)) with
standard fibre T (R™). Given a linear connection I' of M, there is a notion of parallel
transport along a curve in M. Given a curve 7 = x; € M the parallel transport along
7 in TM is a linear isomorphism given by ¢ : T,,M — T, M where s,t € R. For
T € M, we define the parallel transport along 7 in 77 (T'M) as follows. For ¢, s € R, define
FLTT (T3, M) — T2 (T, M) by

%t(A):(Tg)*(A), AGT;(TxtM)

H)4(4) is the push-forward of A by 7¢. We can now use 7 to define covariant
differentiation of sections of the tensor bundle (that is, tensor fields) in exactly the same
manner in which we defined the covariant derivative of sections of a vector bundle in
Section 2.3. We denote the covariant derivative of an (r,s) tensor field K on M with
respect to a vector field X on M by Vx K. We have the following result.

where (7!

3.9 PROPOSITION: Let T(M) be the algebra of tensor fields on M. Let X andY be vector
fields on M. Then the covariant derivative has the following properties:

(i) Vx : T(M) — T(M) is a type-preserving derivation.

(i) Vx commutes with every contraction
(i5i) Vxf = Lxf for every function f: M — R

(iv) Vxiy = Vx + Vy

(v) VixK = f-VxK for every function f on M and K € T(M).

As a consequence of this result and Proposition 2.10 we have

3.10 ProrosiTION: If X,Y and Z are vector fields on M, then
(i) Vx(Y+2)=VxY +VxZ
(ii) Vx+vZ =VxZ +VyZ

(tit) VixY = f-VxY for every f € C>®(M)
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(v) Vx(fY)=f-VxY + (Lxf)Y for every f € C®(M).
This result thus shows that given a linear connection I' of M, there exists a map V :
DN(TM)xI'(T'M) — I'(T'M) that has properties (i)-(iv). Later on we shall be able to prove
that corresponding to any operator V that satisfies the properties (i)-(iv) in Proposition
3.10, there is a linear connection of M.

3.11 PROPOSITION: Let M be a manifold with a linear connection. Ewvery derivation D
(preserving type and commuting with contractions) of the algebra T(M) of tensor fields
into the tensor algebra T(T, M) at x € M can be decomposed as follows:

D:VX+S,

where X € T,M and S : T,M — T, M is a linear endomorphism.

Given an (7, s) tensor field K on M, the covariant differential VK of K is an (r,s+1)
tensor field defined by

(VE)(X1,..., X X) = (VxE)(X1,...,X,)

Thus both sides of the above expression are (r,0) tensor fields. We only write the (0, s)
arguments since those are the only ones involved in the definition. We have the following
result.

3.12 PROPOSITION: If K is an (r,s) tensor field on M then
(VE)(X1,..., X X) = Vx(K(Xy,...,X ZK X1, VxXi, ..., X,)

where X, X;, i =1,...,s e I'(TM).

A tensor field K on M is parallel if and only if VxK = 0 for all X € T, M and
x € M. We thus have the following result.

3.13 PROPOSITION: A tensor field K on M is parallel if and only if VK = 0.

Given an (r, s) tensor field K on M, the second covariant differential V2K of K
is the ((r, s + 2) tensor field defined by V2K = V(VK). We denote

K))GX)

(VPK)(; X;Y) = (Vy(V
In other words, for X,Y, X;, i=1,...,s € (T M), we have
(V2K)(X1,..., Xs; X;Y) = (Vy(VEK))(X1,..., X X)

This leads us to the final result of this section.

3.14 PROPOSITION: For any tensor field K and for X, Y € T'(T'M) we have
(V’K)(; X;Y) = Vy(VxK) — Vy, xK.
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4. Affine connections

In this section we shall study the bundle of “affine frames”. A linear frame at a point
gives an ordered basis for the tangent space at that point. If we think of this tangent space
as an affine space, we can construct a new bundle by “patching together” all the “frames”
corresponding to these these affine spaces. It turns out that this bundle of affine frames
is a principal bundle with the group of affine automorphisms of affine Euclidean space as
the structure group. One can consider principal connections in this bundle (called “affine
connections”) and they naturally correspond to linear connections in L(M ). This explains
why the terms linear and affine connections cam be (and have been ) used interchangeably.

4.1. The bundle of affine frames. Let M be an n-dimensional manifold and let
L(M)(M, GL(n;R)) be the bundle of linear frames of M. Recall that every vector space
can be thought of as an affine space modeled on itself. For each z € M, when we think
of T.M as an affine space modeled on itself we call it the affine tangent space at x
and denote it by A, M. Similarly, R” considered as an affine space modeled on itself is
denoted by A™. We also denote by A(n;R) the group of affine transformations of A™. It

is easy to see that
A(n;R) = {ZL: ( 8 § >

The action of A(n;R) on A" is given by (n,a) — an + &, where n € A". Next, we
define group homomorphisms « : R™ — A(n;R) and 8 : A(n;R) — GL(n;R) by

flg<idGL0(";R) f) and <8 ﬁ)lia

The following is a short-exact sequence of group homomorphisms.

a € GL(n;R), € € R”} .

0 — R™ -5 A(n;R) 5 GL(n; R) — id grum (4.1)

This sequence is exact since the kernel of each homomorphism is the image of the preceding
one and thus by definition a short-exact sequence. Notice that « is injective and 3 is
surjective. Moreover, there is a homomorphism 7 : GL(n;R) — A(n;R) defined by

(@) = (8 (1)> a € GL(n:R)

that satisfies 3 oy = idgr(nr). This shows that the sequence is split-ezact (see [1] for
details on exact sequences). The upshot of this is that A(n;R) is a semidirect-product
of GL(n;R) and R™. This means that for every a € A(n;R) there exists a unique pair
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(a,&) € GL(n;R) x R™ such that a = «(§) - y(a) where “” represents the group operation
in A(n;R).

Given z € M, an affine frame at x is a pair (p,u) where p € A, M and u =
(X1,...,Xy) is a linear frame at x. That is, u € L,(M). We denote by 0 the origin of
R™ and by e = (e1,...,€ey) the canonical basis for R” and call (0, e) the canonical
frame of A™. Every affine frame (p,u) at = can be identified with an affine isomorphism
u: A" — A, M which maps (0,e) into (p,u). We shall find it convenient to think of
u € L;(M) as a linear isomorphism from R"™ — T, M. Using this notion, given an affine
frame (p,u) at x € M we can explicitly write down the corresponding affine isomorphism
4. In particular, @ is given by

u(§) =u(€ —0)+p=u(l) +p

where we have the following picture in mind

where Iy : A" — R" is the isomorphism induced once 0 € A" is fixed. That is Ip(§) =
£—0=¢ for € € A" and similarly I, : A;M — T, M is given by I,(X) = X — p for
X e A, M. We let
AM) = U {set of affine frames at =}
zeM

and define the canonical projection w4 : A(M) — M by
(an affine frame at z) — z.
Now, the group A(n;R) acts on A(M) as follows:
A(M) x A(n;R) — A(M)

(u,a) — (ua) (4.2)
where aa : A" — A, M, x = w(u) is interpreted as the composition of the following two
maps

A" L AT B ALM
EXERCISE 4.1 Show that

(1) A(M) is a differentiable manifold,
(2) The right action (4.2) of A(n;R) on A(M) is free and proper.
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Using Exercise 4.1, it can be seen that A(M)(M, A(n;R)) is a principal fibre bundle. We
call it the bundle of affine frames of M.

There exist natural bundle homomorphisms 3 : A(M) — L(M) and 7 : L(M) — A(M)
over the identity map of M given by

= (p,u) Lou and wrls (0g, u)

where © = mp(u) (recall that 7y : L(M) — M is the natural projection) and 0, €
T, M is the zero vector. It can easily be seen that B is surjective and 7 is injective and
that B o7 = idz(ar)- Thus, L(M) can be thought of as a subbundle of A(M) via .
More precisely, ¥(L(M))(M,~v(GL(n;R)) is a subbundle of A(M)(M, A(n;R)). Next we
introduce connections in A(M).

4.2 DEFINITION: A generalized affine connection of M is a principal connection in
the bundle A(M)(M, A(n;R)).

We shall now study the relationship between generalized affine connections and linear
connections as promised earlier. Before we do that, let us mention that corresponding to
the sequence (4.1) of group homomorphisms, there exists a natural sequence of Lie algebra
homomorphisms given by

0— R 2 a(n; R) I gl(n;R) — 0

where by abuse of notation we represent the identity elements of GL(n;R) and A(n;R)
by the same symbol e. This shows that the Lie algebra a(n;R) is the semi-direct sum of
gl(n;R) and R™ (thought of as a Lie algebra). This means that as a vector space (that is,
without considering the Lie algebra structure) a(n;R) = T.y(gl(n;R)) @ T.a(R™) and for
Tey - Ai @ Tea - & € Tey(gl(n; R)) @ Tea(R™), i = 1,2 the Lie bracket is given by

[Tey- A1 ® Tear- &1, Tey - Ay @ Tea - &) = Tey - [A1, Ao @ Tear - (A1(§2) — A2(&1))  (43)
For every A € a(n;R) there exists a pair (4,7) € gl(n;R) x R” such that

A=TA(A) + Lan). (4.4)

A
0

o3

For A = ( > the equality (4.4) simply reads

(0 5)=(50)(50)
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4.3 REMARK: We have tried to use explicit notation in this discussion. KN write (4.4)
as simply
A=A+n

and similarly a(n;R) e gl(n;R) +R™ which can lead to some confusion in understanding

as to where each object lives. Since this is an important section, we shall avoid using KN
notation. The intuition behind their notation is clear—they identify gl(n;R) and R™ with
their images T.v(gl(n;R) and T.a(R™) respectively.

Now, let & be the connection 1-form of a generalized connection I' of M. Then the
pull-back 7*@ of @ to L(M) is an a(n;R)-valued 1-form on L(M). Using the semi-direct
sum decomposition of a(n;R) as in (4.4), we write

Fo=Tey w+Tea-p (4.5)

such that w is a gl(n; R)-valued 1-form on L(M) and ¢ is an R™-valued 1-form on L(M).
Before proceeding further, let us recall a result from Chapter 2 of [2].

4.4 PROPOSITION: (Proposition 6.4, Chapter 2) Let Q(M, H) be a subbundle of a princi-
pal fibre bundle P(M,G), where H is a Lie subgroup of G. Assume that the Lie algebra
g of G admits a subspace m such that g = m @ b and ad(H)(m) = m, where b is the Lie
algebra of H. For every connection 1-form w in P, the hcomponent w' of w restricted to
Q@ is a connection 1-form in Q.

EXERCISE 4.5 Consider the decomposition (4.5).

(1) Use Proposition 4.4 to show that w : TL(M) — gl(n;R) defines a connection 1-form

in L(M)(M, GL(n;R)).

(2) Show that ¢ : TL(M) — R™ is a tensorial 1-form of type (GL(n;R),R™).

4As a consequence of Exercise 4.5, ¢ corresponds to a (1,1)-tensor field K, on M given
by

Ko(X) =u(p(X"), XeT,M, np(u)==x

where X* € T,,L(M) is such that T, 7, (X*) = X. We now present the main result of this

section.

4.6 PROPOSITION: Let & be the connection 1-form of a generalized affine connection T' of
M and let
Vo=Ty w+Tea-p
where w and ¢ are as described before. Let I' be the linear connection of M defined by w
and let K be the (1,1) tensor field on M defined by ¢. Then
(i) The correspondence between the set of generalized affine connections of M and the

set of pairs consisting of a linear connection of M and a (1,1) tensor field on M
given by I' — (I', K) is one-to-one.

4See the subsection Tensorial forms and associated bundles for details.
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(ii) The homomorphism 3 : A(M) — L(M) maps T into T.

Proof: (i) We have already seen that given a generalized connection I of M there exist

I' and K corresponding to it. It therefore suffices to show that given (I', K), there
exists I which induces I and K. Let w be the connection 1-form corresponding to T
and let ¢ be the tensorial 1-form on L(M) of type (GL(n;R),R™) corresponding to
K. Given X € Tz A(M), choose X € T,L(M) and @ € A(n;R) such that & = Rz7(u)
and X — Ty Ra(Tu7X) is vertical. To see that this is possible, let u = B(@), then
74(@) = 7 o f(@) = 7 (u) because 3 is a bundle homomorphism over the identity
map of M. Also, m4(5(u)) = 7 0 B(5(u)) = 7 (u) since fo7 = idz(ar)- This shows
that 4(u), @ € ;"' (z) where x = m4(@). Thus there exists @ € A(n;R) such that & =
RaA(u). Next, set Y = Tyma(X) € T, M, where & = w4(@@). Now, let X € T, L(M)
be the horizontal lift of Y to L(M) corresponding to the linear connection I'. Then
Tama(Tyy Ra(Tuy X)) = Ty (ma o Ra)(TuyY™) = Tu(ma o 7)X = Tyr Y™ =Y.
Therefore both X and T:Y(U)Ra(Tu:yX)) project to the same vector under Tymwa.
This means that X — Ty Ra(TuyX)) is vertical. Thus, there exists A € a(n;R)
such that .
X =Ty Ra(Tuy X)) + A

where A* is the infinitesimal generator corresponding to A. Set
O(X) =ad(@ ) (Tey - w(X) + Toa- (X)) + A (4.6)

We leave it to the reader to show that this defines a connection 1-form on A(M)
that induces w and ¢.

Let X € TzA(M) and set u = ((@) and X = T36X € T,L(M). Now, since
3 : A(M) — L(M) is a bundle homomorphism with 3 : A(n;R) — GL(n;R) =
A(n;R)/R™ the corresponding group homomorphism, one can identify L(M) with
A(M)/R™. To see this, notice that R™ acts on A(M) as follows

A(M) x R™ — A(M)
(@, &) — ua(§)

Also, B(aa(€)) = B(a)B(a(€)) = B(a) since B(a(€)) = idgrmr)- It is therefore
clear that § maps the orbit of & € A(M) under the action of R™ on A(M) to 3(i)
and thus we can identify img(3) = L(M) with A(M)/R™. We therefore think of
3: A(M) — A(M)/R" as the natural projection. Since T;6X = X = T,(8 0 7)X,
one can use the procedure similar to the one used in (i) to show that there exists
¢ € R™ and n € R™ (where R" is thought of as a Lie group in the first case and as a

Lie algebra in the second one) such that @ = ua(§) and

X =Ty Rae)TuAX + (Tea(n)); (4.7)
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where (Tea(n))* is the infinitesimal generator corresponding to Tea(n) € a(n; R).
Now, in order to show that @ maps I to I’ we must show that ﬂ~ maps the horizontal

subspace (with respect to I' at a point in A(M) to the horizontal subspace (with
respect to I') at the corresponding point. Suppose that X is horizontal with respect

to I'. Thus

Il
&

0 =&(X) = &(Tyu)Rae) Tu¥X) + @(Tea(n))z)

ad(a(§) "o (Tu7X) + Tea(n)

and therefore
W(TAX) = (V'0)X = —ad(a(§))(Tea(n))
Since (¥*@0)X =Ty - w(X) + Tea - ¢(X) we have

Tey - w(X) + Tea - o(X) = —ad(a(£))(Tea(n))-

Since both Tea - p(X) and ad(a(€))(Tec(n)) are in Tea(R™) and T.y - w(X) €
Tey(gl(n;R)), it can be seen that w(X) = 0. Thus X is horizontal with respect
to I

EXERCISE 4.7 Show that (4.6) defines a connection 1-form @ on A(M) that induces w
and .

Having proved that a generalized affine connection gets mapped to the corresponding
linear connection, we now study the relationship between the corresponding curvature
forms of the connections.

4.8 PROPOSITION: In Proposition 4.6, let Q@ and Q be the curvature forms of T and T
respectively. Then

QU =T.y-Q+Tea- Do (4.8)

where D is the exterior covariant differentiation with respect to I, that is, Dy = (dy)(hor).

Proof: Let X,Y € T,,L(M). To prove that

F()(X,)Y) =Ty - QUX,Y)+ Tea- Dp(X,Y), (4.9)

it suffices to consider the following two cases: (1) at least one of X or Y is vertical (2)
X,Y are both horizontal. In the first case, since both sides of (4.8) are tensorial, they
vanish identically on vertical vectors and hence (4.9) is verified for the first case. As
for the second case when X, Y are horizontal, we have w(X) = 0 = w(Y) and therefore



NOTES ON LINEAR AND AFFINE CONNECTIONS 23

F*0(X) = Toor - o(X) and 7*@(Y) = T - o(Y). Using the structure equation for ', we
have

VO(X,Y) = do(TAX, TAY) = =< [@(TuiX), o(TAX)] + UTAX, TAX)

=N =

= —5[Tea - o(X), Tea (V)] + UTAX, TAX)
= UT.7X, TAX) (4.10)

where the last step essentially follows from the fact that the Lie bracket on R" is zero. Also,
pullback commutes with the exterior derivative so that ¥*dw = d¥*® = Tey - dw + Tea - dp
and thus

FAD(X,Y) = Toy - dw(X,Y) + Toor - dp(X,Y) = Ty - Q(X,Y) + Toer - Dp(X,Y) (4.11)

where the last equality follows since X, Y are horizontal. Comparing (4.10) and (4.11) we
see that
FO(X,Y) =Ty - QUX,Y) + Toa - Dp(X,Y).

The result now follows. [ |

We are finally in a position to define affine connections.

4.9 DEFINITION: A generalized affine connection I of M is called an affine connection
if (referring to Proposition 4.6) the R™-valued 1-form ¢ is the canonical form 6 of L(M).

It follows that the (1,1) tensor field K corresponding to an affine connection I is the
tensor field of identity transformations of tangent spaces to M. As a direct consequence
of Proposition 4.6, we have the following result.

4.10 PROPOSITION: The bundle homomorphism 3 AM) — L(M) maps every affine
connection I' of M into a linear connection I' of M. Moreover, I — I' gives a one-to-
one correspondence between the set of affine connections I' of M and the set of linear

connections I' of M.

Proposition 4.10 justifies why the terms “affine connections” and “linear connections” can
be used interchangeably. This is the main result of this section. It establishes a one-to-one
correspondence between linear and affine connections, which, in the light of our treatment
of bundles of linear and affine frames respectively, is not entirely surprising. Following
KN, we shall continue to make a distinction between these two types of connections since
there are other interesting features of affine connections that we would like to explore. For
affine connections, Proposition 4.8 reduces to the following:

4.11 PROPOSITION: Let © and ) be the torsion form and the curvature form of a linear

connection T of M. Let Q be the curvature form of the corresponding affine connection.
Then .
YQ=Tey - Q+Tea- O (4.12)

where 5 : L(M) — A(M) is the natural injection.
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Finally, we shall see how we can recover the two structure equations for L(M) that we
derived from first principles in the previous section. Consider the structure equation of
an affine connection I' of M:

!

do(T,AX, TAY) = =5 [B(TAX), 8(TAY)] + YTAX, TLAY) (4.13)

Now, we use more explicit notation to represent the decomposition of a(n; R), Let us write
O(TAX) =7 0(X) =Tey - w(X) ®Tea - (X) and 0(T,7Y) = Tey - w(Y) @ Tea - 6(Y).

Similarly, write
QUTAX, TAY) =7QX,Y) =Ty - QUX,Y) @ T.a-O(X,Y).

Using the definition of the Lie bracket on Tey(gl(n;R)) @ Tea(R™) given in (4.3), we
compute the Lie bracket on the RHS of (4.13)

[Tey - w(X) @ Tea-0(X), Tey - w(Y) @ Tea - 6(Y)]
=Tey - [w(X),w(Y)] & Tea - (w(X)O(Y) — w(Y)0(X)) (4.14)
Thus the first component of the RHS of (4.13) is given by

5Ty [w(X), w(V)] + Ty - X, ¥) (4.15)

In a similar manner, we compute the second component of the RHS of (4.13) as

_ _%Tea (W(X)B(Y) = w(Y)O(X)) + Toa - O(X,Y) (4.16)

Also, from our previous observations, we have
do(TAX, TAY) =Tey - dw(X,Y) @ Tear - dO(X,Y) (4.17)

Thus, comparing the first and second components of the LHS and RHS respectively, we
get

dw(X,Y) = —%[W(X),W(Y)] +O(X,Y)
d0(X,Y) = —% @(X)B(Y) = w(Y)8(X)) + O(X, Y)

Thus we recover the first and the second structure equations for L(M).
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