Symmetry Group Analysis of the Shallow Water and

Semi-Geostrophic Equations

Nicoleta Bîlă^1, Elizabeth L Mansfield^2 and Peter A Clarkson^2

1Johann Radon Institute for Computational and Applied Mathematics (RICAM), Austrian Academy of Sciences, 69 Altenbergerstrasse, Linz, A-4040, Austria Email: nicoleta.bila@oeaw.ac.at 2Institute for Mathematics, Statistics and Actuarial Science, University of Kent, Canterbury, CT3 1BD, United Kingdom Email: E.L.Mansfield@kent.ac.uk, P.A.Clarkson@kent.ac.uk

21 January 2005

Abstract

The two-dimensional shallow water and semi-geostrophic partial differential equation systems that arise in meteorology and oceanography are analyzed from the point of view of symmetry groups theory, and a complete classification of their associated classical symmetries, potential symmetries, variational symmetries and conservation laws are found. In the second part we show how the particle relabelling symmetry can be used to rewrite the semi-geostrophic equations in such a way that a well-defined formal series solution, smooth only in time, may be carried out. We show that such solutions are in the form of an “infinite linear cascade”.

1 Introduction

Many natural phenomena are described by a system of nonlinear partial differential equations (PDEs), which are often difficult to solve analytically as there is no existing general theory for completely solving nonlinear PDEs.

In the mid-nineteenth century, Sophus Lie introduced a new method for studying differential equations by using their symmetries. For each PDE, or system of PDEs, there is a local group of transformations, called symmetry group, that acts on the space of its independent and dependent variables, with the property that it maps the set of all analytical solutions to itself, and so leaves the form of the equation unchanged. The method of finding the symmetry group associated with the a PDE is called classical Lie method. Moreover, the classical Lie method leads to special type of solutions in terms of solutions of lower dimensional equations. For a modern description see, for example, [13]. The classical Lie method is an algorithmic procedure for which many symbolic manipulation programs have became available (cf. [4]). Their use became imperative in finding classical symmetries associated with large systems of PDEs.

The variational symmetry group of a variational problem is a subgroup of the symmetry group associated with the Euler-Lagrange equations, with the property that it leaves the variational integral unchanged. Knowledge of the variational symmetries lead, by Noether’s theorem, to the conservation laws associated with the the studied system: for each oneparameter variational symmetry there is an associated conservation law, for details see [13, SS4.3, 4.4, 5.3].

In the past twenty years, the semi-geostrophic equations have become a model for describing atmospheric motions on a synoptic scale, including the presence of fronts [20, 22]. In the two-dimensional shallow water theory [23] a typical particle (more precisely, fluid column) has the Cartesian horizontal coordinates x = x(a, b, t), y = y(a, b, t), (1.1) expressed as functions of the particle labels (a, b) ∈ R^2 and time t ∈ R^+ . For convenience, each particle is labelled by its position at a reference time t = 0, this means the functions in (1.1) are defined such that x(a, b, 0) = a and y(a, b, 0) = b. The incompressibility hypothesis requires h(a, b, 0) h(a, b, t) = ∂(x, y) ∂(a, b) , (1.2) where the Jacobian on the right is that of the mapping (1.1). The time derivative of (1.2) following the particle gives the continuity equation. In this paper we assume h(a, b, 0) = 1, so that the incompressibility hypothesis becomes h(a, b, t) = 1 x_ay_b − x_by_a , (1.3)

where subscripts denote partial derivatives. The mapping (1.1) is assumed to be invertible, such that when a = a(x, y, t) and b = b(x, y, t) are inserted into (1.2), then the current depth h is expressed as function of x, y and t, which represents the Eulerian description.

The equations of the horizontal momentum balance for the flows over a bed which is rotating with position dependent Coriolis parameter f = f(y) are

ẍ + gh_x − fẏ = 0, (1.4a) ÿ + gh_y + fẋ = 0, (1.4b)

where g is a nonzero constant (representing the combined effect of the acceleration due to gravity and a centrifugal component due to the Earth’s rotation), dot denotes the time derivative following a particle, and h_x and h_y are given by

h_x = h(y_bh_a − y_ah_b), (1.5a) h_y = h(x_ah_b − x_bh_a). (1.5b)

Henceforth we shall assume that f is a constant. It is known that the shallow-water potential vorticity defined by Ω = 1 h ( ∂ẏ ∂x − ∂ẋ ∂y + f ) , (1.6)

is conserved on particles (see [2, 14] and the references therein).

The semi-geostrophic approximation to equations (1.4) is the replacement of the true acceleration by the time derivative of the vector u_g = − g f h_y, v_g = g f h_x, (1.7)

following the particle. This vector field is a notional velocity and is called geostrophic velocity. Thus, the semi-geostrophic approximation seeks to find motions satisfying

u̇_g + gh_x − fẏ = 0, (1.8a) v̇_g + gh_y + fẋ = 0. (1.8b)

It is also known that the semi-geostrophic potential vorticity, given by

Ω^∗ = 1 h ( f + ∂v_g ∂x − ∂u_g ∂y + 1 f ∂(u_g, v_g ) ∂(x, y) ) , (1.9)

is conserved on particles [21].

In this paper we give a complete classification of the symmetries and the conservation laws associated with the twodimensional shallow water (SW) equations (1.4) and the semi-geostrophic (SG) equations (1.8). In §§2 and 3 we determine the Lie point symmetries associated with the SW equations and SG equations, written in their classical forms (2.1) and (3.1), respectively, and in their potential forms (2.4) and (3.2), respectively. In §§4 and 5, we determine the conservation laws deriving from the variational symmetries. The particle relabelling symmetry leads to the conservation of the shallow water potential vorticity Ω [24] and semi-geostrophic potential vorticity [8], the time invariance leads to the conservation of the energy of the SW equations [24] and of SG equations, and the translation invariance to the conservation of linear momentum of the SW and SG equations, respectively. Moreover, the rotation invariance leads to the conservation of the angular momentum of SW equations.

The particle relabelling symmetry of Lagrangian fluid dynamics is important for the analysis of the equations. For example, in [14] it is shown how the symmetry relates to Hamiltonian properties, while in [2] it is shown how the symmetry relates to symplecticity with a view to symplectic integration methods. Here we use the symmetry to reframe the equations in a way which is adapted to, amongst other things, formal series solutions. The aim is to elucidate the structure of these solutions which are smooth in time, with repsect to the particle labels, at least for small time. We show that these solutions form an “infinite linear cascade”. The method can be used for any equation having the particle relabelling group and thus is of independent interest.

2 Classical and potential symmetries for the shallow water equations

2.1 Classical symmetries of the shallow water equations

Substituting the function h defined by (1.3) into (1.4), yields ẍ − g (x_ay_b − x_by_a)^3 [ y^2_b x_{aa} − 2y_ay_bx_{ab} + y^2_ax_{bb} − x_by_by_{aa} + (x_ay_b + x_by_a)y_{ab} − x_ay_ay_{bb} ] = fẏ, (2.1a)

ÿ + g (x_ay_b − x_by_a)^3 [ x_by_bx_{aa} − (x_ay_b + x_by_a)x_{ab} + x_ay_ax_{bb} − x^2_b y_{aa} + 2x_ax_by_{ab} − x^2_ay_{bb} ] = −fẋ, (2.1b)

which we shall refer to as the classical form of the SW equations. To determine the Lie point symmetries, the classical symmetries, we consider the one-parameter group of transformations a^∗ = a + εξ(a, b, t, x, y) + O(ε^2), (2.2a) b^∗ = b + εη(a, b, st, x, y) + O(ε^2), (2.2b) t^∗ = t + εθ(a, b, t, x, y) + O(ε^2), (2.2c) x^∗ = x + εϕ(a, b, t, x, y) + O(ε^2), (2.2d) y^∗ = y + εψ(a, b, t, x, y) + O(ε^2), (2.2e) where ξ, η, θ, ϕ and ψ are the infinitesimals which depend on a, b, t, x and y. Applying the classical Lie method shows that θ is a constant, and ϕ(a, b, t, x, y) = Ax − By + C cos(ft) + D sin(ft) + E, ψ(a, b, t, x, y) = Ay + Bx + D cos(ft) − C sin(ft) + F, with A, B, C, D, E and F constants, and that ξ = ξ(a, b) and η = η(a, b) satisfy

ξ_a + η_b = 4A. (2.3)

The infinitesimal generator associated with (2.2) is X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + {Ax − By + C cos(ft) + D sin(ft) + E} ∂_x + {Ay + Bx + D cos(ft) − C sin(ft) + F } ∂_y. where ∂_a = ∂/∂a, ∂_b = ∂/∂b, ∂_t = ∂/∂t, ∂_x = ∂/∂x and ∂_y = ∂/∂y, and so we have the following result. Theorem 2.1. The symmetry group associated with the SW equations (2.1) is generated by the following vector fields X_1 = ∂_t, X_2 = ∂_x, X_3 = ∂_y, X_4 = −y∂_x + x∂_y, X_5 = cos(ft)∂_x − sin(ft)∂_y, X_6 = sin(ft)∂_x + cos(ft)∂_y, X_0 = ξ(a, b)∂_a + η(a, b)∂_b + Ax∂_x + Ay∂_y, with A an arbitrary constant, and where ξ and η satisfy (2.3).

Therefore the SW equations (2.1) are invariant under translations in t, x and y (vector fields X_1, X_2 and X_3 respectively), rotations in the (x, y)-space (X_4), helical rotations with respect t in the (x, y)-space (X_5 and X_6), while the vector field X_0 corresponds to the particle relabelling symmetry.

We remark that we are not able to apply the classical Lie symmetry method to equations (1.4) and (1.8) since ∂/∂x and D_t do not commute.

2.2 Potential symmetries of the shallow water equations

If we let u = ẋ and v = ẏ, then the SW equations (1.4) can be written as

ẋ = u, (2.4a) ẏ = v, (2.4b) u̇ + gh(y_bh_a − y_ah_b) − fv = 0, (2.4c) v̇ + gh(x_ah_b − x_bh_a) + fu = 0, (2.4d) where h is given by (1.3), which we shall refer to as the potential form of the SW equations (1.4). To determine the associated Lie point symmetries, the potential symmetries, we consider the one-parameter group of transformations a^∗ = a + εξ(a, b, t, x, y, u, v) + O(ε^2), b^∗ = b + εη(a, b, t, x, y, u, v) + O(ε^2), t^∗ = t + εθ(a, b, t, x, y, u, v) + O(ε^2), x^∗ = x + εϕ(a, b, t, x, y, u, v) + O(ε^2), y^∗ = y + εψ(a, b, t, x, y, u, v) + O(ε^2), u^∗ = u + εζ(a, b, t, x, y, u, v) + O(ε^2), v^∗ = v + εω(a, b, t, x, y, u, v) + O(ε^2), where the infinitesimals ξ, η, θ, ϕ, ψ, ζ and ω are functions of a, b, t, x, y, u and v. Applying the classical Lie method shows that θ is a constant, ϕ(a, b, t, x, y, u, v) = Ax − By + C cos(ft) + D sin(ft) + E, (2.5a) ψ(a, b, t, x, y, u, v) = Ay + Bx + D cos(ft) − C sin(ft) + F, (2.5b) ζ(a, b, t, x, y, u, v) = Au − Bv − Cf sin(ft) + Df cos(ft), (2.5c) ω(a, b, t, x, y, u, v) = Av + Bu − Df sin(ft) − Cf cos(ft), (2.5d) with A, B, C, D, E and F constants, and ξ = ξ(a, b) and η = η(a, b) satisfy the condition (2.3), as previously. The infinitesimal generator is X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + {Ax − By + C cos(ft) + D sin(ft) + E} ∂_x + {Ay + Bx + D cos(ft) − C sin(ft) + F } ∂_y + {Au − Bv − Cf sin(ft) + Df cos(ft)} ∂_u + {Av + Bu − Df sin(ft) − Cf cos(ft)} ∂_v. (2.6) and so we obtain the following result.

Theorem 2.2. The potential symmetries associated with the SW equations (2.4) are generated by the vector fields X_1 = ∂_t, X_2 = ∂_x, X_3 = ∂_y, X_4 = −y∂_x + x∂_y − v∂_u + u∂_v, X_5 = cos(ft)∂_x − sin(ft)∂_y − f sin(ft)∂_u − f cos(ft)∂_v, X_6 = sin(ft)∂_x + cos(ft)∂_y + f cos(ft)∂_u − f sin(ft)∂_v, X_0 = ξ(a, b)∂_a + η(a, b)∂_b + A(x∂_x + y∂_y + u∂_u + v∂_v ), with A an arbitrary constant, and where ξ and η satisfy (2.3).

Therefore the potential form of the SW equations (2.4) are invariant under translations in t, x and y (X_1, X_2 and X_3 respectively), rotations in the (x, y, u, v)-space (X_4), helical rotations with respect t in the (x, y, u, v)-space (X_5 and X_6), while the vector field X_0 corresponds to the particle relabelling symmetry. We remark that the potential symmetries of the SW equations are actually its classical symmetries prolonged to the space of the t-derivatives of the dependent variables x and y.

3 Classical and potential symmetries for semi-geostrophic equations

3.1 Classical symmetries of the semi-geostrophic equations

The classical form of the SG equations (1.8) are

hh_bẋ_a − hh_aẋ_b + (ḣh_b + hḣ_b)x_a − (ḣh_a + hḣ_a)x_b + fhh_by_a − fhh_ay_b = − f^2 g ẏ, (3.1a)

hh_bẏ_a − hh_aẏ_b + (ḣh_b + hḣ_b)y_a − (ḣh_a + hḣ_a)y_b − fhh_bx_a + fhh_ax_b = f^2 g ẋ, (3.1b)

with h given by (1.3). This system is obtained after substituting the functions u_g and v_g given by (1.7) into (1.8). The Lie point symmetries of this system of PDEs will be called the classical symmetries of the SG equations.

If we consider the one-parameter group of transformations (2.2), then on applying the classical Lie method, we find that θ is a constant, ϕ = Ax − By + E, ψ = Ay + Bx + F, where A, B, E, F are constants, and ξ = ξ(a, b) and η = η(a, b) satisfy (2.3). The infinitesimal generator is X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + (Ax − By + E) ∂_x + (Ay + Bx + F ) ∂_y, and so we have the following result. Theorem 3.1. The vector fields X_1 = ∂_t, X_2 = ∂_x, X_3 = ∂_y, X_4 = −y∂_x + x∂_y , X_0 = ξ(a, b)∂_a + η(a, b)∂_b + Ax∂_x + Ay∂_y, with A an arbitrary constant, and where ξ and η satisfy (2.3), generate the symmetry group associated with the SG equations (3.1).

Therefore the SG equations (1.8) are invariant under translations in t, x, y and rotations in the (x, y)-space. The relabelling symmetry corresponds to the vector field X_0.

3.2 Potential symmetries of the semi-geostrophic equations

The potential form of the SG equations is given by (1.7) and (1.8), i.e. u_g = − g f h(x_ah_b − x_bh_a), (3.2a) v_g = g f h(y_bh_a − y_ah_b), (3.2b) u̇_g + gh(y_bh_a − y_ah_b) − fẏ = 0, (3.2c) v̇_g + gh(x_ah_b − x_bh_a) + fẋ = 0, (3.2d) where f is a nonzero constant and h is given by (1.3). To determine the associated Lie point symmetries, the potential symmetries, we consider the one-parameter group of transformations a^∗ = a + εξ(a, b, t, x, y, u_g, v_g ) + O(ε^2), b^∗ = b + εη(a, b, t, x, y, u_g, v_g) + O(ε^2), t^∗ = t + εθ(a, b, t, x, y, u_g, v_g ) + O(ε^2), x^∗ = x + εϕ(a, b, t, x, y, u_g, v_g ) + O(ε^2), y^∗ = y + εψ(a, b, t, x, y, u_g, v_g) + O(ε^2), u^∗_g = u_g + εζ(a, b, t, x, y, u_g, v_g ) + O(ε^2), v^∗_g = v_g + εω(a, b, t, x, y, u_g, v_g ) + O(ε^2), where the infinitesimals ξ, η, θ, ϕ, ψ, ζ and ω depend a, b, t, x, y, u_g and v_g . Applying the classical Lie method yields ϕ(a, b, t, x, y, u_g, v_g ) = Ax − By + E, (3.3a) ψ(a, b, t, x, y, u_g, v_g ) = Ay + Bx + F, (3.3b) ζ(a, b, t, x, y, u_g, v_g ) = Au_g − Bv_g , (3.3c) ω(a, b, t, x, y, u_g, v_g ) = Av_g + Bu_g, (3.3d) where A, B, E, F and θ are constants, and ξ = ξ(a, b) and η = η(a, b) satisfy (2.3). The infinitesimal generator is X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + (Ax − By + E) ∂_x + (Ay + Bx + F ) ∂_y + (Au_g − Bv_g ) ∂_u + (Av_g + Bu_g) ∂_v , (3.4) and so we have the following result. Theorem 3.2. The vector fields X_1 = ∂_t, X_2 = ∂_x, X_3 = ∂_y, X_4 = −y∂_x + x∂_y − v_g ∂_{ug} + u_g ∂_{vg} , X_0 = ξ(a, b)∂_a + η(a, b)∂_b + A(x∂_x + y∂_y + u_g∂_{ug} + v_g ∂_{vg} ), with A an arbitrary constant, and where ξ and η satisfy (2.3), generate the potential symmetries associated with the SG equations (3.2).

Therefore the system (3.2) is invariant under translations in t, x, y and rotations in the (x, y, u_g, v_g )-space. The vector field X_0 corresponds to particle relabelling symmetry.

4 Variational symmetries and conservation laws for shallow water equations

4.1 Variational symmetries of the shallow water equations

A variational symmetry of a system of Euler-Lagrange equations is one that leaves the variational integral invariant. These are important since they yield conservation laws via Noether’s Theorem. Salmon [24] showed that there is a first order Lagrangian L = (u − R)ẋ + (v + P )ẏ −^1_2 ( u^2 + v^2 + gh ) , (4.1) where the functions P = P (x, y) and R = R(x, y) satisfy P_x + R_y = f, with h given by (1.3) and f constant, for which the associated Euler-Lagrange equations represent (up to a sign) the SW equations (2.4), that is, the potential form of the SW equations. In the appendix we give brief details of the derivation of variational symmetries and of the calculations involved in using Noether’s theorem to obtain conservation laws. Theorem 4.1. The variational symmetry group of the variational problem associated with the the Lagrangian (4.1) is generated by the following vector fields X_1 = ∂_t, Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b, S_b = −ξ, S_a = η. (4.2) Moreover, if the functions P = P (x, y) and R = R(x, y) satisfy the system B(yR_x − xR_y + P ) − ER_x − F R_y = 0, (4.3a) B(−yP_x + xP_y + R) + EP_x + F P_y = 0, (4.3b) P_x + R_y = f, (4.3c) then the vector field Y = (E − By)∂_x + (F + Bx)∂_y − Bv∂_u + Bu∂_v, (4.4) with B, E and F real constants, generates a variational symmetry transformation.

Particular cases of these are as follows.

Case 1. If B ≠ 0, then let λ = E/B, γ = F/B. Making the transformation x = −γ + r cos s, y = λ + r sin s, yields P (r, s) = −δ(r) sin s + (_1 2 fr + k/r ) cos s, R(r, s) = δ(r) cos s +

(_1 2 fr + k/r ) sin s, (4.5) and there is a variational symmetry group generated by Y_1 = −(y − λ)∂_x + (x + γ)∂_y − v∂_u + u∂_v. (4.6) Case 2. If B = 0 and E ≠ 0, then let λ = F/B. In this case it follows P (x, y) = δ(y − λx), R(x, y) = λδ(y − λx) − λfx + fy + k, (4.7) where δ(x) is an arbitrary function, and there is a variational symmetry group generated by Y_2 = ∂_x + λ∂_y . (4.8) Case 3. If B = 0 and E = 0 then P (x, y) = fx + k, R(x, y) = δ(x), (4.9) with k an arbitrary real constant and δ(x) an arbitrary function, and there is a variational symmetry group generated by Y_3 = ∂_y. (4.10)

Proof. Consider the general infinitesimal generator (2.6) of the symmetry group of the SW equations. Since the system (2.4) is a first order system of PDEs, the criterion for infinitesimal invariance is

pr^{(1)}X(L) + L∇• ζ = 0,

where ζ = (ξ, η, θ) and

pr^{(1)}X(L) = X(L) + ϕ^{[a]} ∂L ∂x_a + ϕ^{[b]} ∂L ∂x_b + ϕ^{[t]} ∂L ∂ẋ + ψ^{[a]} ∂L ∂y_a + ψ^{[b]} ∂L ∂y_b + ψ^{[t]} ∂L ∂ẏ (4.11)

is the first order prolongation of the general infinitesimal generator X given by (2.6) applied to the Lagrangian (4.1), with infinitesimals ϕ, ψ, ζ and ω given by (2.5) and

ϕ^{[a]} = (A − ξ_a)x_a − By_a − η_ax_b, (4.12a) ϕ^{[b]} = −ξ_bx_a + (A − η_b)x_b − By_b, (4.12b) ϕ^{[t]} = −Cf sin(ft) + Df cos(ft) + Aẋ − Bẏ, (4.12c) ψ^{[a]} = Bx_a + (A − ξ_a)y_a − η_ay_b, (4.12d) ψ^{[b]} = Bx_b − ξ_by_a + (A − η_b)y_b, (4.12e) ψ^{[t]} = −Df sin(ft) − Cf cos(ft) + Bẋ + Aẏ. (4.12f)

The relation (2.3) implies ∇• ζ = ξ_a + η_b = 4A, and thus we have

pr^{(1)}X(L) + 4AL = 0. (4.13)

The nonzero partial derivatives of the Lagrangian (4.1) are the following ∂L ∂x = −R_xẋ + P_xẏ, ∂L ∂y = −R_yẋ + P_yẏ, ∂L ∂u = ẋ − u, ∂L ∂v = ẏ − v, ∂L ∂x_a =^1_2 gh^2y_b, ∂L ∂x_b = −^1_2 gh^2y_a, ∂L ∂ẋ = u − R, ∂L ∂y_a = −^1_2 gh^2x_b, ∂L ∂y_b =^1_2 gh^2x_a ∂L ∂ẏ = v + P. (4.14)

Substituting (2.5), (4.12), (4.14) and (4.11) into (4.13), and equalizing to zero the coefficients of the t-derivatives ẋ, ẏ and the free term, it follows A = C = D = 0, and the relations (4.3) between the constants B, E, F and the functions P = P (x, y) and R = R(x, y) defining the Lagrangian (4.1). If A = 0, then (2.3) implies ξ_a + η_b = 0, and we can consider a function S = S(a, b) such that S_b = −ξ and S_a = η. It follows that the variational symmetry are generated by the vector fields X_1 and Y_0 given by (4.2). The compatibility of the system (4.3) implies the form (4.4) for another variational symmetry.

Let us discuss now the particular cases of the system (4.3).

Case 1. If B ≠ 0, then let λ = E/B and γ = F/B, so the system (4.3) becomes

(y − λ)R_x − (x + γ)R_y + P = 0, (λ − y)P_x + (x + γ)P_y + R = 0, P_x + R_y = f. (4.15)

Consider the change of variables x = −γ + r cos s, y = λ + r sin s. Then the general solution is given by (4.5) and so the vector field (4.4) is written as (4.6). For B = 0, the system (4.3) is equivalent to

EP_x + F P_y = 0, ER_x + F R_y = 0, P_x + R_y = f. (4.16)

Case 2. If B = 0 and E ≠ 0, then the system (4.16) is written as

R_x + λR_y = 0, P_x + λP_y = 0, P_x + R_y = f, (4.17)

where λ = F/E. Integrating this system, we find that (4.7) represents its general solution, and moreover, there is a variational symmetry generated by the vector field (4.8). Case 3. If B = 0 and E = 0, then the system (4.16) turns into

F R_y = 0, F P_y = 0, P_x + R_y = f. (4.18)

If F ≠ 0, then we get R_y = 0, P_y = 0, and so P_x = f. Its general solution is (4.9) and we obtain a variational symmetry generated by the vector field (4.10).

In the case F = 0, we get that (4.2) is the only vector field that generates a variational symmetry.

Definition 4.2. A conservation law for the SW equations, is given by the divergence expression

D_a(P_1) + D_b(P_2) + D_t(P_3) = 0, (4.19)

where P = (P_1, P_2, P_3) is a triple of smooth functions of a, b, t, x, y, u, v and the derivatives of x, y, u, v. The function P_3 is the conserved density and the pair (P_1, P_2) is the associated flux vector field.

Theorem 4.3. The conservation laws associated with the SW equations (2.4), that derive from its variational symmetries, are given in Table 4.1. Moreover, the conservation law deriving from Y_0 is equivalent to ~P = ( ~P_1, ~P_2, ~P_3), where

~P_1 = P_1 + D_t(ST_2), ~P_2 = P_2 − D_t(ST_3), ~P_3 = −SΩ = P_3 − D_a(ST_2) + D_b(ST_3), (4.20)

and Ω is the shallow water potential vorticity (1.6).

vector field P = (P_1, P_2, P_3), X_1 = ∂_t

(_1 2 gh^2(ẋy_b − ẏx_b),^1_2 gh^2(ẏx_a − ẋy_a),^1_2 (u^2 + v^2 + gh) )

Y_0 = ξ(a, b)∂_a + η(a, b)∂_b (ξT_1, ηT_1, ηT_2 + ξT_3) T_1 = ẋ(R − u) − ẏ(v + P ) +^1_2 (u^2 + v^2) + gh T_2 = x_b(u − R) + y_b(v + P ) T_3 = x_a(u − R) + y_a(v + P )

Y_1 = −(y − λ)∂_x + (x + γ)∂_y − v∂_u + u∂_v

(_1 2 gh^2 (x_b(x + γ) + y_b(y − λ)) ,^1_2 gh^2 (y_a(λ − y) − x_a(x + γ)) , (y − λ)(u − R) − (x + γ)(v + P )) , Y_2 = ∂_x + λ∂_y

(_1 2 gh^2(λx_b − y_b),^1_2 gh^2(y_a − λx_a), R − u − λ(v + P ) ) Y_3 = ∂_y

(_1 2 gh^2x_b, −^1_2 gh^2x_a, −v − P )

Table 4.1: Symmetries and their associated conservation laws for the SW equations.

Proof. If we apply the higher Euler operators (see Appendix) to the first order Lagrangian (4.1), we obtain

E^{(1)}_1 = ∂L ∂x_a =^1_2 gh^2y_b, E^{(1)}_2 = ∂L ∂y_a = −^1_2 gh^2x_b, E^{(1)}_3 = ∂L ∂u_a = 0, E^{(1)}_4 = ∂L ∂v_a = 0,

E^{(2)}_1 = ∂L ∂x_b = −^1_2 gh^2y_a, E^{(2)}_2 = ∂L ∂y_b =^1_2 gh^2x_a, E^{(2)}_3 = ∂L ∂u_b = 0, E^{(2)}_4 = ∂L ∂v_b = 0,

E^{(3)}_1 = ∂L ∂ẋ = u − R, E^{(3)}_2 = ∂L ∂ẏ = v + P, E^{(3)}_3 = ∂L ∂u̇ = 0, E^{(3)}_4 = ∂L ∂v̇ = 0.

In what follows, we determine the conservation laws deriving form the variational symmetries generated by the vector fields (4.2), (4.4), and in particular (4.6), (4.8) and (4.10).

1. For the vector field X_1 = ∂_t, the corresponding characteristic Q = (Q_1, Q_2, Q_3, Q_4) (see Appendix) has components given by Q_1 = −ẋ, Q_2 = −ẏ, Q_3 = −u̇, Q_4 = −v̇.

Now the conservation law is given by

P = (P_1, P_2, P_3) = −(A + Lζ), (4.21)

where in this case ζ = (ξ, η, θ) = (0, 0, 1) and where A = (A_1, A_2, A_3) with

A_k = 4∑ j=1 Q_j E^{(k)}_j (L), (4.22)

with E^{(k)}_j (L) = ∂L ∂u^j_k . (4.23)

Thus

A_1 =^1_2 gh^2(ẏx_b − ẋy_b), A_2 =^1_2 gh^2(ẋy_a − ẏx_a), A_3 = ẋ(R − u) − ẏ(v + P ).

and so P_1 =^1_2 (ẋy_b − ẏx_b), P_2 =^1_2 (ẏx_a − ẋy_a), P_3 =^1_2 (u^2 + v^2 + gh), Thus, the time invariance leads to the conservation of the energy P_3 of the system [24].

2. The characteristic Q = (Q_1, Q_2, Q_3, Q_4) of the vector field Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b is given by

Q_1 = S_bx_a − S_ax_b, Q_2 = S_by_a − S_ay_b, Q_3 = S_bu_a − S_au_b, Q_4 = S_bv_a − S_av_b. In this case, ζ = (−S_b, S_a, 0) and from (4.22) we get

A_1 =^1_2 ghS_b, A_2 = −^1_2 ghS_a, A_3 = S_b[x_a(u − R) + y_a(v + P )] − S_a[x_b(u − R) + y_b(v + P )] Therefore, substituting them into (4.21) one obtains P_1 = −S_bT_1, P_2 = S_aT_1, P_3 = S_aT_2 − S_bT_3, where T_1 = ẋ(R − u) − ẏ(v + P ) +^1_2 (u^2 + v^2) + gh, T_2 = x_b(u − R) + y_b(v + P ), T_3 = x_a(u − R) + y_a(v + P ).

For the vector field Y_0 we can write an equivalent form of the associated conservation law (see the Appendix for the definition of equivalence). Note that the potential vorticity Ω defined by (1.6) satisfies D_a(T_2) − D_b(T_3) = Ω.

Define ~P = ( ~P_1, ~P_2, ~P_3) given by (4.20) and let P^∗ = (P^∗_1 , P^∗_2 , P^∗_3 ) with the components P^∗_1 = D_t(ST_2), P^∗_2 = −D_t(ST_3), P^∗_3 = −D_a(ST_2) + D_b(ST_3).

One verifies that ∇• P^∗ ≡ 0. It follows that the conservation laws P and ~P = P + P^∗ are equivalent (see Appendix).

Thus, the particle relabelling symmetry leads to the conservation of the potential vorticity Ω [24]. 3. In the case of the vector field (4.4), the characteristic Q = (Q_1, Q_2, Q_3, Q_4) is defined by Q_1 = E − By, Q_2 = F + Bx, Q_3 = −Bv, Q_4 = Bu. Because ζ = (0, 0, 0), from (4.21) it follows P_j = A_j , j = 1, 2, 3. From (4.22) we get A_1 =^1_2 gh^2[Ey_b − F x_b − B(xx_b + yy_b)], A_2 =^1_2 gh^2[−Ey_a + F x_a + B(xx_a + yy_a)], A_3 = E(u − R) + F (v + P ) + B[x(v + P ) − y(u − R)], and so P = (P_1, P_2, P_3) = (A_1, A_2, A_3). In particular, for the vector fields Y_1, Y_2 and Y_3 given by (4.6), (4.8) and (4.10), respectively, if one substitutes B = 1, E = λ, F = γ, and B = 0, E = 1, F = λ, and respectively B = 0, E = 0, F = 1 into the above expressions, one obtains the conservation laws contained in Table 4.1. The rotation invariance leads to the conservation of the angular momentum and the translation invariance to the conservation of linear momentum.

5 Variational symmetries and conservations laws for semi-geostrophic equations

5.1 Variational symmetries for the semi-geostrophic equations

The SW equations (3.2) represent the Euler-Lagrange equations associated with the the first order Lagrangian [8] L = (u_g − R)ẋ + (v_g + P )ẏ −^1_2 (u^2_g + v^2_g + gh) − ru̇_g + pv̇_g , (5.1) where P (x, y), R(x, y), p(u_g, v_g ) and r(u_g , v_g ) are arbitrary functions satisfying P_x + R_y = f, p_{ug} + r_{vg} = 1/f, (5.2) and h is given by (1.3).

Theorem 5.1. The variational symmetry group of the variational problem associated with the Lagrangian (5.1) is generated by the vector fields (4.2). Moreover, if P (x, y) and R(x, y) are solutions of the system (4.16), then the vector field Z = E∂_x + F ∂_y (5.3) also generates a variational symmetry transformation.

1. If E ≠ 0, then let λ = F/E. It follows that P and R are given by (4.7). In this case, there is an additional variational symmetry generated by the vector field (5.3) denoted by Z_1 and given by (4.8).

2. For E = 0, then the functions P and R are given by (4.9). The vector field Z = Z_2 defined by (4.10) generates the associated additional variational symmetry.

Proof. Let us consider the infinitesimal generator of the symmetry group associated with the SG equations given by (3.4). The criterion for infinitesimal invariance implies pr^{(1)}X(L) + L∇• ζ = 0, where ζ = (ξ, η, θ). Using ∇• ζ = ξ_a + η_b = 4A, the above condition becomes pr^{(1)}X(L) + 4AL = 0. (5.4) The nonzero partial derivatives of the Lagrangian (5.1) are the following ∂L ∂x = −R_xẋ + P_xẏ, ∂L ∂y = −R_yẋ + P_yẏ, ∂L ∂u = ẋ − u_g − r_{ug} u̇_g + p_{ug} v̇_g , ∂L ∂v = ẏ − v − r_{vg} u̇_g + p_{vg} v̇_g , ∂L ∂x_a =^1_2 gh^2y_b, ∂L ∂x_b = −^1_2 gh^2y_a, ∂L ∂ẋ = u_g − R, ∂L ∂y_a = −^1_2 gh^2x_b, ∂L ∂y_b =^1_2 gh^2x_a ∂L ∂ẏ = v_g + P, ∂L ∂u̇_g = −r, ∂L ∂v̇_g = p.

(5.5)

Applying the first order prolongation of the vector field X to the Lagrangian L it follows

pr^{(1)}X(L) = ϕ ∂L ∂x + ψ ∂L ∂y + ζ ∂L ∂u + ω ∂L ∂v + ϕ^{[a]} ∂L ∂x_a + ϕ^{[b]} ∂L ∂u + ϕ^{[t]} ∂L ∂ẋ + ψ^{[a]} ∂L ∂y_a + ψ^{[b]} ∂L ∂y_b + ψ^{[t]} ∂L ∂ẏ + ζ^{[t]} ∂L ∂u̇_g + ω^{[t]} ∂L ∂v̇_g , (5.6)

where the functions ϕ, ψ, ζ and ω are given by (3.3), and moreover ϕ^{[a]} = (A − ξ_a)x_a − By_a − η_ax_b, (5.7a) ϕ^{[b]} = −ξ_bx_a + (A − η_b)x_b − By_b, (5.7b) ϕ^{[t]} = Aẋ − Bẏ, (5.7c) ψ^{[a]} = Bx_a + (A − ξ_a)y_a − η_ay_b, (5.7d) ψ^{[b]} = Bx_b − ξ_by_a + (A − η_b)y_b, (5.7e) ψ^{[t]} = Bẋ + Aẏ, (5.7f) ζ^{[t]} = Au̇_g − Bv̇_g , (5.7g) ω^{[t]} = Bu̇_g + Av̇_g . (5.7h)

Substituting (3.3), (5.6), (5.7) and (5.5) into the relation (5.4), and equalizing to zero the coefficients of the t-derivatives ẋ, ẏ, u̇_g and v̇_g and the free term, we get A = B = 0, and the conditions (4.16) between the constants E, F and the functions P = P (x, y) and R = R(x, y) from the Lagrangian (5.1). If A = 0, then the condition (2.3) turns into ξ_a + η_b = 0, and so there is a function S = S(a, b) such that S_a = η, and S_b = −ξ. We obtain that the variational symmetries are generated by the vector fields (4.2). Moreover, if the functions P and R satisfy (4.16), then there is an additional variational symmetry corresponding to the vector field Z given by (5.3).

Some special cases for the system (4.16) are as follows.

1. If E ≠ 0, then let λ = F/E. Hence the system (4.16) can be written as (4.17) with the general solution given by (4.7). The vector field Z, (5.3), becomes (4.8).

2. If E = 0, then the system (4.16) is written as (4.18).

(a) If F ≠ 0 then the general solution is given by (4.9) and the vector field Z, (5.3), becomes (4.10). (b) If F = 0, there are only variational symmetry generated by the vector fields (5.3).

We remark that the particular cases of the Theorem 5.1 correspond to case 2 of Theorem 4.1.

5.2 Conservation laws for the semi-geostrophic equations

Theorem 5.2. The conservation laws associated with the SG equations, are presented in Table 5.1, where P_1 and P_2 are the associated flux vector fields and P_3 the conserved densities. The conservation law deriving from the vector field Y_0 is equivalent to that defined by ~P = ( ~P_1, ~P_2, ~P_3) with the components

~P_1 = P_1 + D_t(ST_2), ~P_2 = P_2 − D_t(ST_3), ~P_3 = −SΩ^∗ = P_3 − D_a(ST_2) + D_b(ST_3), (5.8)

where

T_1 = ẋ(R − u_g) − ẏ(v_g + P ) +^1_2 (u^2_g + v^2_g ) + gh + ru̇_g − pv̇_g, (5.9a) T_2 = x_b(u_g − R) + y_b(v_g + P ) − ru_{g,b} + pv_{g,b}, (5.9b) T_3 = x_a(u_g − R) + y_a(v_g + P ) − ru_{g,a} + pv_{g,a}, (5.9c)

and Ω^∗ is the potential vorticity (1.9).

vector field P_1 P_2 P_3 X_1 = ∂_t^1_2 gh^2(ẋy_b − ẏx_b)^1_2 gh^2(ẏx_a − ẋy_a)^1_2 (u^2_g + v^2_g + gh)

Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b −S_bT_1 S_aT_1 S_aT_2 − S_bT_3

Z_1 = ∂_x + λ∂_y^1_2 gh^2(λx_b − y_b)^1_2 gh^2(y_a − λx_a) R − u_g − λ(v_g + P )

Z_2 = ∂_y^1_2 gh^2x_b^1_2 gh^2x_a −v_g − P

Table 5.1: Symmetries and their associated conservation laws for the SG equations.

Proof. Here

E^{(1)}_1 = ∂L ∂x_a =^1_2 gh^2y_b, E^{(1)}_2 = ∂L ∂y_a = −^1_2 gh^2x_b, E^{(1)}_3 = ∂L ∂u_{g,a} = 0, E^{(1)}_4 = ∂L ∂v_{g,a} = 0,

E^{(2)}_1 = ∂L ∂x_b = −^1_2 gh^2y_a, E^{(2)}_2 = ∂L ∂y_b =^1_2 gh^2x_a, E^{(2)}_3 = ∂L ∂u_{g,b} = 0, E^{(2)}_4 = ∂L ∂v_{g,b} = 0,

E^{(3)}_1 = ∂L ∂ẋ = u_g − R, E^{(3)}_2 = ∂L ∂ẏ = v_g + P, E^{(3)}_3 = ∂L ∂u̇_g = −r, E^{(3)}_4 = ∂L ∂v̇_g = p, are the higher Euler operators applied to the Lagrangian (5.1). For each of the vector fields yielding a variational symmetry (Theorem 5.1), we find the associated conservation law.

1. For the vector field Y_1 = ∂_t, the characteristic Q = (Q_1, Q_2, Q_3, Q_4), has components given by Q_1 = −ẋ, Q_2 = −ẏ, Q_3 = −u̇_g, Q_4 = −v̇_g.

In this case, P = (P_1, P_2, P_3), given by (4.21), is determined by ζ = (0, 0, 1) and A = (A_1, A_2, A_3), where A_1 =^1_2 gh^2(−ẋy_b + ẏx_b), A_2 =^1_2 gh^2(ẋy_a − ẏx_a), A_3 = −ẋ(u_g − R) − ẏ(v_g + P ) + u̇_gr − v̇_g p.

Substituting them into (4.21) it follows that P_1 =^1_2 gh^2(ẋy_b − ẏx_b), P_2 =^1_2 gh^2(ẏx_a − ẋy_a), P_3 =^1_2 (u^2_g + v^2_g + gh), which defines the corresponding conservation law. Thus, the time invariance implies the conservation P_3 of the energy of the SG equations.

2. Consider the vector field Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b, for which the characteristic is

Q_1 = S_bx_a − S_ax_b, Q_2 = S_by_a − S_ay_b, Q_3 = S_bu_{g,a} − S_au_{g,b}, Q_4 = S_bv_{g,a} − S_av_{g,b}. In the relation (4.21) one substitutes ζ = (−S_b, S_a, 0) and A = (A_1, A_2, A_3) given by (4.22), namely A_1 =^1_2 ghS_b, A_2 = −^1_2 ghS_a, A_3 = S_a[x_b(R − u_g ) − y_b(v_g + P ) + ru_{g,b} − pv_{g,b}] + S_b[x_a(u_g − R) + y_a(v_g + P ) − ru_{g,a} + pv_{g,a}], and it follows P_1 = −S_bT_1, P_2 = S_aT_1, P_3 = S_aT_2 − S_bT_3, where T_1 = ẋ(R − u_g) − ẏ(v_g + P ) +^1_2 (u^2_g + v^2_g ) + gh + ru̇_g − pv̇_g , T_2 = x_b(u_g − R) + y_b(v_g + P ) − ru_{g,b} + pv_{g,b}, T_3 = x_a(u_g − R) + y_a(v_g + P ) − ru_{g,a} + pv_{g,a}.

The conservation law deriving from the vector field Y_0 can be written in an equivalent form. Note that D_a(T_2) − D_b(T_3) = Ω^∗, where Ω^∗ is the potential vorticity (1.9). Consider ~P = ( ~P_1, ~P_2, ~P_3) defined by ~P_1 = −S_bT_1 + D_t(ST_2) = P_1 + D_t(ST_2), ~P_2 = S_aT_1 − D_t(ST_3) = P_2 − D_t(ST_3), ~P_3 = −SΩ^∗ = P_3 − D_a(ST_2) + D_b(ST_3), and P^∗_1 = D_t(ST_2), P^∗_2 = −D_t(ST_3), P^∗_3 = −D_a(ST_2) + D_b(ST_3).

Because ∇• P^∗ = 0, it follows that P and ~P = P + P^∗ are equivalent conservation laws. Thus, the conservation law defines by ~P = ( ~P_1, ~P_2, ~P_3), derives from the particle relabelling symmetry, and implies the conservation of the potential vorticity Ω^∗ [8].

3. In the case of the vector field Z given by (5.3), the characteristic Q = (Q_1, Q_2, Q_3, Q_4) has the components Q_1 = E, Q_2 = F, Q_3 = 0, Q_4 = 0.

While ζ = (0, 0, 0) it follows P_j = A_j , j = 1, 2, 3. Using (4.22) we get

A_1 =^1_2 gh^2(Ey_b − F x_b), A_2 =^1_2 gh^2(F x_a − Ey_a), A_3 = E(u_g − R) + F (v_g + P ), and in this case, the relation (4.21) implies

P_1 =^1_2 gh^2(F x_b − Ey_b), P_2 =^1_2 gh^2(Ey_a − F x_a), P_3 = E(R − u_g) − F (v_g + P ). In the particular cases Z = Z_1 and Z = Z_2, one substitutes E = 1 and F = λ and respectively, E = 0 and F = 1 into the above expressions. The corresponding triple P = (P_1, P_2, P_3) leads to the conservation of linear momentum (Table 5.1).

6 Particle relabelling symmetry for the semi-geostrophic equations

In this section we explore further consequences of the particle relabelling symmetry for the SG equations. This is the symmetry responsible for the conservation of potential vorticity.

We first note the invariants, the invariant differential operators and their commutators, and the differential relations, or identities, between the invariants. These allow us to rewrite the SG equations in a way in which symbolic formal solution mechanisms can be applied effectively. Even so, the application of these series solution methods is far from routine, as formal expansions for the differential operators are also involved.

The result is an infinite linear cascade; the reasons for this name will become clear in the sequel. Finally we ask whether the series solution corresponds to a fluid flow, that is, do solutions obey the one-parameter condition, x(x(a, b, t), y(a, b, t), s) = x(a, b, t + s), y(x(a, b, t), y(a, b, t), s) = y(a, b, t + s). The startling observation is that the formal solution cannot correspond to any flow. We note that this property is not the same as invariance under translation in time, which corresponds rather to the fact that the origin in the time co-ordinate can be set arbitrarily.

6.1 Invariants of the particle relabelling symmetry

The particle relabelling symmetry group is the pseudogroup of co-ordinate transformations with constant jacobian equal to one. If a and b are the particle labels and a^∗ = ϕ(a, b), b^∗ = ψ(a, b), is the relabelling, then we require that ϕ_aψ_b − ϕ_bψ_a = 1.

The associated infinitesimal symmetry generator is X = ξ(a, b)∂_a + η(a, b)∂_b, where the (otherwise arbitrary) functions ξ and η satisfy

ξ_a + η_b = 0.

The fluid particle positions satisfy x^∗(a^∗, b^∗) = x(a, b), y^∗(a^∗, b^∗) = y(a, b), and so in the parlance of group theory, are said to be invariant functions. Since x^∗_a∗ y^∗_b∗ − x^∗_b∗ y^∗_a∗ = x_ay_b − x_by_a ϕ_aψ_b − ϕ_bψ_a = x_ay_b − x_by_a, we have that the function Δ = x_ay_b − x_by_a is an invariant of the pseudogroup, as are u = x_t and v = y_t.

The invariant differential operators are

∂_x = y_b∂_a − y_a∂_b x_ay_b − x_by_a , ∂_y = −x_b∂_a + x_a∂_b x_ay_b − x_by_a , (6.1)

where, as above, ∂_a = ∂/∂a and ∂_b = ∂/∂b are the usual partial derivatives. The operators (6.1) are the same as those that would be obtained under a standard change of co-ordinates from (a, b) space to (x, y) space.

The systems studied vary in time, t, which is invariant under the pseudogroup, as is the (total) derivative with respect to time. On functions of a, b and t, the derivative with respect to t is simply ∂_t = ∂/∂t. On functions of (x, y) however, since x and y depend on t, it is the total derivative that is used. To distinguish this fact we use the notation D_t to denote total differentiation with respect to time. The notation of f_x for ∂_xf can trap the unwary as D_t and ∂_x do not commute. For this reason we do not use the notation f_x for ∂_xf in expressions where D_t also occurs.

The method of moving frames as applied to this pseudogroup [15, 16] yields the following :

Theorem 6.1. The functions Δ = x_ay_b − x_by_a, x and y are the fundamental generating differential invariants. Every differential invariant is a function of these and their invariant derivatives. Moreover, the only differential relation between the invariants, or syzygy, is the well known continuity relation

D_tΔ = Δ(∂_xD_tx + ∂_yD_ty). (6.2)

One of the main problems in analysing systems involving both D_t and ∂_x, ∂_y derivatives is that these operators do not commute.

Theorem 6.2. The commutation relations between D_t, ∂_x and ∂_y are

[∂_x, ∂_y] = 0, (6.3a) [D_t, ∂_x] = −(∂_xD_tx)∂_x − (∂_xD_ty)∂_y, (6.3b) [D_t, ∂_y] = −(∂_yD_tx)∂_x − (∂_yD_ty)∂_y. (6.3c)

Proof. We check equation (6.3b) here.

[D_t, ∂_x] = D_t ( y_b∂_a − y_a∂_b x_xy_b − x_by_a ) − ( y_b∂_a − y_a∂_b x_xy_b − x_by_a ) D_t

= − D_tΔ Δ ∂_x + y_{bt}∂_a − y_{at}∂_b Δ = − D_tΔ Δ ∂_x + y_{bt} Δ (x_a∂_x + y_a∂_y) − y_{at} Δ (x_b∂_x + y_b∂_y)

= − D_tΔ Δ ∂_x + ( y_{bt}x_a − y_{at}x_b Δ ) ∂_x + ( y_{bt}y_a − y_{at}y_b Δ ) ∂_y

= − D_tΔ Δ ∂_x + ∂_y(D_ty)∂_x − ∂_x(D_ty)∂_y

= −∂_x(D_tx)∂_x − ∂_x(D_ty)∂_y,

using the syzygy (6.2). That these make sense can be seen by calculating the commutation relations on x and y.

6.2 A reformulation of the two dimensional semi-geostrophic equations

We write the SG equations (1.7), (1.8) in terms of the invariants and invariant operators given above. Instead of Δ we use h where h = 1 Δ = 1 x_ay_b − x_by_a . (6.4)

In the notation we use in this section, these equations are written as

D_tx = − g f^2 D_t∂_xh − g f ∂_yh, D_ty = − g f^2

D_t∂_yh + g f ∂_xh. (6.5)

The syzygy and commutation relations hold identically. If we evaluate them on the SG equations, by which we mean back-substituting for the various quantities, we obtain relations which must be true on solutions of the SG equations, and in fact are equivalent to them. That this is a useful thing to do has been noted by several authors [11, 25].

If we backsubstitute for D_tx and D_ty using the SG equations, the syzygy becomes

D_th = g f^2

(∂_xD_t∂_xh + ∂_yD_t∂_yh), (6.6)

and the commutation relations become

[D_t, ∇] = g f^2 ( ∂_xD_t∂_xh ∂_xD_t∂_yh ∂_yD_t∂_xh ∂_yD_t∂_yh ) ∇ + g f ( h_{xx} h_{xy} h_{xy} h_{yy} ) ( 0 −1 1 0 ) ∇. (6.7)

If we let these commutation relations act on the function h, and then backsubstitute for D_th using the syzygy (6.2) and for D_t∂_xh and D_t∂_yh from (6.5), we obtain

f^2 g u + fh_y = (h(u_x + v_y))_x + u_xh_x + v_xh_y, (6.8a)

f^2 g v − fh_x = (h(u_x + v_y))_y + u_yh_x + v_yh_y, (6.8b)

where we have put u = D_tx and v = D_ty, a standard notation for these quantities.

We have effected a linear substitution of each of the equations (6.5) into one component each of an identity, and it is simple to see that (6.8) are equivalent to the two dimensional semi-geostrophic equations.

In this notation, the potential vorticity conservation law is

D_tQ = 0, where Q = 1 h { f + g f (h_{xx} + h_{yy}) + g^2 f^3 ( h_{xx}h_{yy} − h^2_{xy} ) } . (6.9)

The equations (6.8) are linear in u and v and since they involve only x and y derivatives which commute, we may apply standard completion procedures to this system [5, 6, 9, 10, 17, 18]. The result is two compatibility conditions. The important one is easily obtained. If we denote the first equation (6.8a) by A and the second equation (6.8b) by B, then a first order (with respect to u and v) compatibility equation is obtained by calculating C = A_y − B_x. This yields u_y ( f^2 g + h_{xx} ) − v_x ( f^2 g + h_{yy} ) + h_{xy}(v_y − u_x) + f(h_{xx} + h_{yy}) = 0. (6.10)

The other compatibility condition is complicated and as we don’t actually use it in the sequel, we don’t record it in full. It has the form z_1u_x + z_2u + z_3 + z_4v_{xx} + z_5v_{xy} + z_6v_{yy} + z_7v_x + z_8v_y = 0 where the z_i are expressions in h and its derivatives.

Interestingly, the conservation of potential vorticity, equation (6.9), is not a compatibility condition of the system (6.8). It turns out that D_tQ = 0 is an identity on the formal solution of (6.8) that we find, and imposes no further conditions.

6.3 Formal solution procedures

One major application of differential system completion procedures is that the calculation of formal series solutions proceeds without the discovery of unsuspected consistency conditions on the coefficients (see, for example, [17, 18]). There are, moreover, convergence results which are classical [19].

6.3.1 The naive approach

In order to understand the nature of the system (6.8,6.10), a formal solution procedure was carried out. To this end, series for x and y were taken to be x(a, b, t) = a + x_1(a, b)t + x_2(a, b)t^2 + O(t^3), (6.11a) y(a, b, t) = b + y_1(a, b)t + y_2(a, b)t^2 + O(t^3), (6.11b) which uses the standard initial condition x(a, b, 0) = a, y(a, b, 0) = b. The corresponding series for u = D_tx, v = D_ty are simply the time derivative of those for x and y, while those for h, ∂_x, and ∂_y are readily calculated. Indeed, we have h = 1 − (x_{1,a} + y_{1,b})t + { (x_{1,a} + y_{1,b})^2 + x_{1,b}y_{1,a} − x_{1,a}y_{1,b} − x_{2,a} − y_{2,b} } t^2 + O(t^3), (6.12) and ∂_x = { 1 − x_{1,a}t + (x^2_{1,a} + x_{1,b}y_{1,a} − x_{2,a})t^2 + O(t^3) } ∂_a (6.13a) + { −y_{1,a}t + (y_{1,a}x_{1,a} + y_{1,b}y_{1,a} − y_{2,a})t^2 + O(t^3) } ∂_b, (6.13b) ∂_y = { −x_{1,b}t + (x_{1,b}x_{1,a} + x_{1,b}y_{1,b} − x_{2,b})t^2 + O(t^3) } ∂_a (6.13c) + { 1 − y_{1,b}t + (y^2_{1,b} + y_{1,a}x_{1,b} − y_{2,b})t^2 + O(t^3) } ∂_b. (6.13d) These were inserted into (6.8) and (6.10), and coefficients of like powers of t were collected.

We denote the coefficient of t^n in the expansion of A, i.e. (6.8a), by a_n, that in B, i.e. (6.8b), by b_n, and that in C, i.e. (6.10), by c_n. These coefficients must all be zero on solutions. Setting these coefficients equal to zero leads to a system in the x_i, y_i.

The zeroth level

Setting t = 0 in the expansions for A, B and C yields

c_0 = f^2 g (x_{1,b} − y_{1,a}), a_0 = − f^2 g x_1 + x_{1,aa} + y_{1,ab}, b_0 = − f^2 g y_1 + x_{1,ab} + y_{1,bb}.

These must all be zero on a solution of the SG equations. Thus one has immediately to first order that

x_1 = α_a, y_1 = α_b, α_{aa} + α_{bb} = f^2 g α, (6.14)

for some function α.

The first level

The coefficients are complicated, so we simplify these using the zeroth order system. In order for this to be done in an effective manner, we use standard differential procedures: first calculate a characteristic set of the above system and then perform a differential reduction of a_1, b_1 and c_1, all according to some fixed termordering. This is necessary to prevent infinite loops in the reduction process and to obtain a well-defined, indeed unique, result. We have used a termordering governed by total degree followed by elimination of y_2. Then a characteristic set of the new coefficients can be calculated. When this is done, and spurious factors in the nonzero constants f and g removed, we obtain

2y_{2,a} − 2x_{2,b} + fy_{1,b} + fx_{1,a} = 0, (6.15)

and an equation for x_2 of the form x_{2,aa} + x_{2,bb} = f^2 g x_2 + F_2(x_1, y_1).

We remark that a termordering which eliminates x_2 yields a condition whose leading terms are y_{2,aa} + y_{2,bb} − (f^2/g)y_2.

If we take x_2 = β_a +^1_2 fα_b and y_2 = β_b −^1_2 fα_a, so that (6.15) is satisfied and set these into a_1 and b_1, we obtain two conditions which are the a and b derivatives of the following condition on β, β_{aa} + β_{bb} − f^2 g β − f^2 2g (α^2_a + α^2_b ) + α_{aa}α_{bb} − α^2_{ab} − f^4 g^2 α^2 = 0. (6.16)

Note we may absorb the constant of integration into β. Algorithms are available which symbolically integrate total derivatives [26, 27, 28].

The second level

Continuing as before, we obtain conditions for x_3 and y_3 in terms of x_1, y_1, x_2 and y_2. The first order compatibility condition is 3y_{3,a} − 3x_{3,b} + fy_{2,a} + fx_{2,b} + 3f(x_{1,a}y_{1,b} − x_{1,b}y_{1,a}) = 0, and a condition for x_3 of the form x_{3,aa} + x_{3,ab} = f^2 g x_{3,a} + F_3(x_1, y_1, x_2, y_2),

is obtained. Setting x_3 = γ_a +^1_3 fβ_b + fα_bα_{aa}, y_3 = γ_b −^1_3 fβ_a + fα_bα_{ab}, (6.17) into a_2 and b_2, we obtain the a and b derivatives of the condition for γ, γ_{aa} + γ_{bb} − f^2 g γ = complicated in β and α (6.18)

Continuing, we find that the structure of the equations is the same at the third and fourth levels. One tedious aspect of this process is the need to perform symbolic integrations to find the condition for the function α_n introduced at each order (α_0 = α, α_1 = β, α_2 = γ). In the proof of the general result, we use a different process to find the condition for the function introduced at each order in one step.

Check results

If we substitute

x(a, b, t) = a + α_at + (β_a +^1_2 fα_b)t^2 + (γ_a +^1_3 fβ_b + fα_bα_{aa})t^3 + O(t^4), y(a, b, t) = b + α_bt + (β_b −^1_2 fα_a)t^2 + (γ_b −^1_3 fβ_a + fα_bα_{ab})t^3 + O(t^4),

into the conservation law for Q and the original SG equations, then they are satisfied to the relevant order provided that (6.14), (6.16) and (6.18) hold.

6.3.2 Proof of the general result

Theorem 6.3. The two-dimensional semi-geostrophic equations are equivalent to an infinite set of essentially linear equations in a triangular or cascade form.

Proof. We first pull apart the equations (6.8). Define U = f^2 g u + fh_y − u_xh_x − v_xh_y, V = f^2 g v − fh_x − u_yh_x − v_y h_y, (6.19)

Then the equations (6.8) are of the form U = Φ_x, V = Φ_y, (6.20) where we have defined Φ by Φ = h(u_x + v_y). (6.21) The compatibility condition (6.10) is then U_y − V_x = 0. (6.22) By substituting in the definitions of ∂_x and ∂_y, the equations (6.20) can be rewritten as

x_aU + y_aV = Φ_a, x_bU + y_bV = Φ_b. (6.23)

The recursive expansion method consists of the following steps.

1. Set Φ = ∞∑ j=0 p_j (a, b)t^j , (6.24)

where the p_j are functions to be determined.

2. Substitute the expressions for Φ, U and V from (6.24) and (6.19) into (6.23), together with the expansions for u = D_tx, v = D_ty from (6.11) and (6.12), and equate coefficients of powers of t to zero. At each order n we obtain two equations of the form

x_{n+1} = g nf^2 p_{n,a} + G^1_n(p_0, p_1, . . . p_{n−1}), y_{n+1} = g nf^2 p_{n,b} + G^2_n(p_0, p_1, . . . p_{n−1}), (6.25)

which can be seen by a leading term analysis.

3. Substitute (6.25) into (6.21). At each order of t we obtain an equation for p_{n−1} in terms of p_0, p_1, . . . , p_{n−2}. By a leading term analysis, we have that the equation for p_n is of the form p_{n,aa} + p_{n,bb} = f^2 g p_n + F_n(p_0, . . . , p_{n−1})

6.3.3 Discussion

The formal solution provides a mechanism for solving the two-dimensional SG equations equations in terms of a sequence of boundary value problems.

For the sake of interest, the expansions for h, h_x and h_y in terms of α, β etc. are

h = 1 − f^2 g αt − f^2 2g (α^2_a + α^2_b + 2β)t^2 − f^2 g (β_aα_a + β_bα_b +^1_2 fα_aα_b + γ)t^2 + O(t^3), (6.26a)

h_x = − f^2 g α_at − f^2 g β_at^2 − f^2 g (γ_a + fα_bα_{aa})t^3 + O(t^4), (6.26b)

h_y = − f^2 g α_bt − f^2 g β_bt^2 − f^2 g (γ_b + fα_bα_{ab})t^3 + O(t^4). (6.26c)

6.4 The cascade in the Legendre transform co-ordinates

The numerical solution of two-dimensional SG equations is done in Legendre transform co-ordinates, which we now define. Setting X = x + 1 f v_g , Y = y − 1 f u_g. (6.27)

Then for solutions of the SG equations, we have

D_tX = u_g, D_tY = v_g . (6.28)

At time t = 0, we have X(a, b, 0) = a, Y (a, b, 0) = b. (6.29) Just as we have the moving frame data for the a, b, t, x, y variables, so we have the moving frame data for the a, b, t, X, Y variables. Thus we have the three fundamental invariants H = 1/(X_aY_b − X_bY_a), X, Y, and the invariant differential operators,

∂_X = Y_b∂_a − Y_a∂_b X_aY_b − X_bY_a , ∂_Y = −X_b∂_a + X_a∂_b X_aY_b − X_bY_a , while the syzygy is D_tH + H(U_X + V_Y ) = 0, (6.30) where U = D_tX and V = D_tY .

In these co-ordinates, the conservation of potential vorticity takes the form

X_aY_b − X_bY_a ≡ 1, (6.31)

and so the syzygy takes the form U_X + V_Y = 0. (6.32) Since H ≡ 1, the idea used in the previous section to find a more amenable form of the equations to study, that of evaluating the commutation rules on the invariant h, fails.

One standardly introduces a potential function Ψ such that

U = D_tX = −Ψ_Y , V = D_tY = Ψ_X . (6.33)

Theorem 6.4. In terms of the potential function Ψ, we have both h = f g Ψ − 1 2g (Ψ^2_X + Ψ^2_Y ), (6.34a)

h^{−1} = 1 − 1 f (Ψ_{XX} + Ψ_{Y Y} ) + 1 f^2

(Ψ_{XX} Ψ_{Y Y} − Ψ^2_{XY} ), (6.34b)

and thus 1 ≡ { f g Ψ − 1 2g (Ψ^2_X + Ψ^2_Y ) } { 1 − 1 f (Ψ_{XX} + Ψ_{Y Y} ) + 1 f^2

(Ψ_{XX} Ψ_{Y Y} − Ψ^2_{XY} ) } . (6.35)

From the fact that h(a, b, 0) ≡ 1 and (6.34) we have that ψ(a, b, 0) ≡ g/f. Then equations (6.33) can be rewritten as

D_tX = X_bΨ_a − X_aΨ_b, D_tY = Y_bΨ_a − Y_aΨ_b, (6.36)

so that the equations for X and Y are the same, but their initial conditions are different; recall X(a, b, 0) = a and Y (a, b, 0) = b. Substituting Ψ = g f + ∞∑ 1 ψ_j t^j (6.37) into (6.36) and equating coefficients of powers of t to zero, yields a series of equations of the form,

X_1 = 0, Y_1 = 0, X_2 = −^1_2 ψ_{1,b}, Y_2 =^1_2 ψ_{1,a}, . . . . X_{n+1} = − 1 n + 1 ψ_{n,b} + l.o.t.s, Y_{n+1} = 1 n + 1 ψ_{n,a} + l.o.t.s.

(6.38)

Backsubstituting these into the expansion of (6.35) yields the equations for the ψ_j . We already know ψ_0 ≡ g/f and then one obtains, ψ_{1,aa} + ψ_{1,bb} = f^2 g ψ_1 ψ_{2,aa} + ψ_{2,bb} = f^2 g ψ_2 − 1 f (ψ_{1,aa}ψ_{1,bb} − ψ^2_{1,ab}) − f^3 g^2 ψ^2_1 − 1 2f (ψ^2_{1,a} + ψ^2_{1,b}) . . ψ_{n,aa} + ψ_{n,bb} = f^2 g ψ_n + l.o.t.s

(6.39)

From the first expression for h in (6.34), and noting that Φ = −D_th, we may obtain the series for the α_n obtained in the previous section, in terms of the ϕ_j . Using (6.28) we have also that Ψ = 1 2f (v^2_g + u^2_g) + g f h and thus we can obtain the functions ψ_j in terms of the α_n.

It is interesting to note that the linear equation governing each cascade is the same. Further, to second order in time, u_g = u and v_g = v, presumably reflecting the order of the semi-geostrophic approximation to the shallow water wave equations.

6.5 Cascade solutions are not flows

It is interesting to compare the series solutions obtained above with those satisfying the conditions for a flow. By a flow, we mean that x(x(a, b, t), y(a, b, t), s) = x(a, b, t + s), y(x(a, b, t), y(a, b, t), s) = y(a, b, t + s) is satisfied for all (a, b) and all t and s. Series expansions satisfying these conditions are precisely those that are oneparameter group actions, and are well understood. In fact, the series depends, in a way which can be made precise, on the first order coefficients only. This is the content of Sophus Lie’s theorem that a group action depends only on the infinitesimal generator. In [1, p. 27] can be found the conditions that must be satisfied by the second and higher order coefficients. In the present case these take the form,

x(a, b, t) = a + α_at +^1_2 t^2(α_aα_{aa} + α_bα_{ab}) + O(t^3), y(a, b, t) = b + α_bt +^1_2 t^2(α_aα_{ab} + α_bα_{bb}) + O(t^3).

It is simple to check that the only solution satisfying both the cascade equations and the flow conditions is the identity solution, x(a, b, t) ≡ a, y(a, b, t) ≡ b. Acknowledgement

It is a great pleasure to thank Peter Hydon, Arieh Iserles and Ian Roulstone for helpful comments related to this research work, as part of the research project ”Geometric Integration of partial differential equations”. NB is grateful to the Isaac Newton Trust for financial support, and to the University of Kent at Canterbury, Institute of Mathematics, Statistics and Actuarial Science for their hospitality. The support of the U.K. Engineering and Physical Sciences Research Council through Grant GR/M28866 is gratefully acknowledged.

Appendix: Variational symmetries and Noether’s Theorem

In this Appendix we record the formulae used in the paper, together with a brief indication of how Noether’s Theorem works in computations. Proofs and a full explanation can be found in Olver §§4.3,4.4,5.3.

In the application in this paper, the independent variables are a, b and t, while the dependent variables are x, y, u and v. The infinitesimals of group actions on a, b and t were denoted by ξ, η and θ respectively, while the infinitesimals of group actions on x, y, u and v were denoted by ϕ, ψ, ζ and ω respectively. To ease the exposition, we will denote independent variables by t_i, i = 1, . . . 3 and dependent variables by u^α, α = 1, . . . 4. The derivatives of u^α will be denoted by u^α_K where K is a multi-index of differentiation. The infinitesimal generators for the t_i will be denoted as ξ^i and the infinitesimal generators for the u^α will be denoted by ϕ^α. The infinitesimal generator for u^α_K will be denoted by ϕ^α_{[K]}. Thus, (u^α_K )^∗ = u^α_K + ϵϕ^α_{[K]} + O(ϵ^2).

Define μ = dt_1 ∧ dt_2 ∧ dt_3, μ^∗ = dt^∗_1 ∧ dt^∗_2 ∧ dt^∗_3.

The group action on a Lagrangian volume form is (L dμ)^∗ = L(t^∗_i , u^{α∗}, u^α_K^∗, . . .) dμ^∗ = L(t^∗_i , u^{α∗}, u^α_K^∗, . . .) ∂(t^∗_1, t^∗_2, t^∗_3) ∂(t_1, t_2, t_3) dμ. (A.1)

If L dμ = (L dμ)^∗ is true for all elements of the group, then we can differentiate (L dμ)^∗ with respect to a group parameter. Suppose ε is a group parameter and that ε = 0 occurs at the identity of the group. Taking d dε at ε = 0 of both sides of equation (A.1) yields, 0 = ∑ i,α,K ∂L ∂t_i ξ^i + ∂L ∂u^α ϕ^α + ∂L ∂u^α_K ϕ^α_{[K]} + L∇• ξ

= ∑ K D^K ( ϕ^α − ∑ i u^α_i ξ^i ) ∂L ∂u^α_K + ∇• ( Lξ^1, Lξ^2, Lξ^3 ) (A.2)

This can be written compactly using the following notation. Defining DL = ∑ K ∂L ∂u^α_K du^α_K , and v_Q = ∑ D^K (Q^α) ∂ ∂u^α_K , where Q is a vector, Q = (Q^α), then equation (A.2) can be written as

v_Q ⌟ D(L) + ∇• (L(ξ^1, ξ^2, ξ^3)) = 0, (A.3)

where Q^α = ϕ^α − ∑ i u^α_i ξ^i. The functions Q^α are called the characteristic functions of the symmetry.

The Euler Lagrange operator also involves the D operator. In fact, D(L) dμ = ∑ α E^α(L) du^α ∧ dμ + ∇• A, (A.4)

where A can be explicitly determined.

Example. For L = L(x, x_a, x_{aa}) we have D(L) dμ = ∂L ∂x dx dμ + ∂L ∂x_a dx_a dμ + ∂L ∂x_{aa} dx_{aa} dμ = { ∂L ∂x − d da ( ∂L ∂x_a ) + d^2 da^2 ( ∂L ∂x_{aa} )} dx dμ + d da ( ∂L ∂x_a dx dμ + 2 ∂L ∂x_{aa} dx_a dμ )

= E^{[x]}(L) dx dμ + d dx (A) where this defines A, and where d da (dx) = dx_a etc.

Operating on both sides of equation (A.4) with v_Q⌟ and applying the symmetry condition, equation (A.3), yields 0 = ∑ α Q^αE^α(L) + ∇• ( v_Q⌟A − L(ξ^1, ξ^2, ξ^3) ) . (A.5)

Equation (A.5) is the essential content of Noether’s theorem; it shows how a divergence expression is obtained by the dot product of the Euler-Lagrange equations and the characteristic functions of the symmetry. There remains only the explicit formulae for the vector inside the divergence operator to be given.

The formula for A = v_Q⌟A is given in terms of the so-called higher Euler operators, E^J_α where J is an index of differentiation. We need some notation regarding the index notation. If we write an index of differentiation in “concatenated form”, so that I = 11 . . . 1

ĩ_1 terms

22 . . . 2

ĩ_2 terms . . . then define #I = ∑ ĩ_k. Moreover, given two indices I and J, the expressions I ⊃ J and I \ J have the obvious meaning.

The higher Euler operators are given explicitly by

E^J_α (P ) = ∑ I⊃J ( I J ) (−D)^{I\J} ∂P ∂u^α_I .

We have A = (A_1, A_2, A_3) and

A_k = ∑ α ∑ #I>0 ĩ_k + 1 #I + 1

D^I ( Q^αE^{Ik}_α (L) ) .

Finally, if B is a conservation law for the system Δ = 0, that is, if ∇• B | |_{Δ=0} = 0,

we say B is trivial if either

(i) B = ∇∧C so that ∇• B = 0 is an identity (independent of the system of equations Δ = 0 being studied)

(ii) each component of B is zero on solutions of Δ = 0.

Two conservation laws are equivalent if they differ by a trivial conservation law.

References

[1] G.W. Bluman and J.D. Cole, Similarity Methods for Differential Equations, Applied Mathematical Sciences, 13, Springer Verlag, New York (1974).

[2] T.J. Bridges, P.E. Hydon and S. Reich, Vorticity and symplecticity in Lagrangian fluid dynamics, preprint, Department of Mathematics and Statistics, University of Surrey (2002).

[3] J. Carminati and K. Vu, Symbolic computation and differential equations: Lie symmetries, J. Symb. Comp, 29 (2000) 95–116.

[4] W. Hereman, Review of symbolic software for the computation of Lie symmetries of differential equations, Euromath Bull, 2 (1994) 45–82.

[5] E. Hubert, Factorization free decomposition algorithms in differential algebra, J. Symb. Comp., 29 (2000) 641–662. [6] E. Hubert, Notes on triangular sets and triangulation-decomposition algorithms II: Differential Systems, in: Symbolic and Numerical Scientific Computations, Edited by U. Langer and F. Winkler, Lect. Notes Comp. Sci., 2630, Springer-Verlag Heidelberg, 40–87 (2003).

[7] E. Hubert and N. Le Roux, Computing Power Series Solutions of Nonlinear PDE systems, in: ISSAC, Proceedings, Philadelphia, PA, 2003, ACM Press, New York, 148–155 (2003).

[8] P.E. Hydon, private communication, (2000).

[9] E.L. Mansfield, Differential Gröbner Bases, PhD Thesis, University of Sydney (1992). [10] E.L. Mansfield and P.A. Clarkson, Applications of the differential algebra package diffgrob2 to classical symmetries of differential equations, J. Symb. Comp., 23 (517–533) 1997.

[11] E.L. Mansfield and P. van der Kamp, Evolution of curvature invariants and lifting integrability, preprint, University of Kent, UKC/IMS/04/31 (2004).

[12] M.E. McIntyre and I. Roulstone, Are there higher-accuracy analogues of semi-geostrophic theory, in: Large-Scale Atmosphere-Ocean Dynamics. II, Editors J. Norbury and I. Roulstone, C.U.P., Cambridge, pp. 301–364 (2002).

[13] P.J. Olver, Applications of Lie Groups to Differential Equations, Graduate Texts Math., 107, Second Edition, Springer Verlag, New York (1993).

[14] N. Padhye and P.J. Morrison, Fluid element relabelling symmetry, Phys. Lett., A219 (1996) 287–292. [15] P.J. Olver and J. Pohjanpelto, Moving frames for pseudo-groups. I. The Maurer-Cartan forms, preprint, University of Minnesota (2003).

[16] P.J. Olver and J. Pohjanpelto, Moving frames for pseudo-groups. II. Differential invariants for submanifolds, preprint, University of Minnesota (2003).

[17] G.J. Reid, Algorithms for reducing a system of PDEs to standard form, determining the dimension of its solution space and calculating its Taylor series solution, Europ. J. Appl. Math., 2 (1991) 293–318.

[18] G.J. Reid, A.D. Wittkopf and A. Boulton, Reduction of systems of nonlinear partial differential equations to simplified involutive forms, Europ. J. Appl. Math., 7 (1996) 604–635.

[19] C. Riquier, Les Systèmes d’Équations aux Derivés Partielles, Gauthier-Villars, Paris (1910). [20] I. Roulstone and J. Norbury, Hamiltonian structure with contact geometry for the semi-geostrophic equations, J.

Fluid Mech., 272 (1994) 211–233.

[21] I. Roulstone and M.J. Sewell, Potential vorticities in semi-geostrophic theory, Q. J. Roy. Met. Soc., 122 (1996) 983–992.

[22] I. Roulstone and M.J. Sewell, The mathematical structure of theories of semigeostrophic type, Phil. Trans. R. Soc.

Lond. A, 355 (1997) 2489–2517.

[23] V.N. Rubstov and I. Roulstone, Holomorphic structures in hydrodynamical models of nearly geostrophic flow, preprint http://www.math.uit.no/seminar/preprints.html (2000).

[24] R. Salmon, Practical use of Hamiltonian’s principle, J. Fluid Mech., 132 (1983) 431–444. [25] S.I. Svinolupov and V.V. Sokolov, Factorization of evolution equations, Russian Math Surveys, 47 (1992) 127–162. [26] T. Wolf, A comparison of four approaches to the calculation of conservation laws, Europ. J. Appl. Math., 13 (2002) 129–152.

[27] T. Wolf, The Symbolic Integration of Exact PDEs, J. Symb. Comp., 30 (2000) 619–629. [28] T. Wolf, A. Brand and M. Mohammadzadeh, Computer algebra algorithms and routines for the computation of conservation laws and fixing of gauge in differential expressions, J. Symb. Comp., 27 (1999) 221–238.