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Abstract. The Wünsch’s calculus for conformal Riemannian invariants is
reformulated and essentially generalized to all parabolic geometries. Our ap-
proach is based on the canonical Cartan connections and the Weyl connections
underlying all such geometries.

The differential invariants for various geometric structures are the core ingre-
dients for numerous applications both in geometry and geometric analysis. The
invariants of conformal Riemannian manifolds themselves attracted a lot of atten-
tion in the course of the last 100 years.

In the differential geometry of manifolds equipped with a linear connection, the
so called ‘first invariant theorem’ says that all the invariants are expressions built of
the curvature and the covariant derivatives of the connection by means of algebraic
tensorial invariants. Let us call them the affine differential invariants. The analo-
gous ‘first invariant theorem’ for Riemannian geometries says that all differential
invariants are built of the affine invariants of the canonical Levi–Civita connection
with additional help of the orthogonal algebraic invariants. Thus, the construction
of all invariants is described easily in principle, but the difficult questions on the
relations between the individual invariants remains.

A conformal Riemannian geometry is defined as the class of conformal Riemann-
ian metrics and so the above Riemannian invariant theorem can be reflected in the
definition of the conformal invariance. Thus, a conformal invariant is a Riemannian
invariant in terms of a metric from the conformal class, such that any change of the
metric leaves its values unchanged. Another equivalent definition of the conformal
structures treats them in terms of classical G–structures as reductions of the linear
frame bundle to the structure group G0, the group of all conformal Riemannian
transformations in the given dimension. This is also equivalent to the choice of a
class of linear connections without torsion whose structure group is the conformal
Riemannian group. Such a class of connections is always parameterized by one–
forms and the Levi–Civita connections coming from the metrics in the conformal
class form a subclass parameterized by exact one–forms. The treatment of confor-
mal Riemannian invariants goes back to Cartan, Thomas, Schouten, and others
(see e.g. [10, 18, 19]). The broader class of the conformal connections was exploited
by Weyl. A lot of spectacular tricks to build invariant expressions have been devel-
oped, and some of them were turned into a quite effective calculus for conformal
invariants by Wünsch in a series of papers (see e.g. [20]).

Motivated by the rich geometry of conformal Riemannian manifolds and by the
recent development of geometries modeled on homogeneous spaces G/P with G
semisimple and P parabolic, the Weyl structures and the preferred connections
were introduced in this general framework in [7]. In particular, the notions of scales,
closed and exact Weyl connections, and (Schouten’s) Rho–tensors were extended,
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and straightforward generalizations of classical normal coordinates in affine geome-
tries were discussed. In this setting, the Weyl connections on a parabolic geometry
of type G/P correspond to reductions of the parabolic structure group P to its
reductive part G0.

Following the conformal Riemannian example, we consider the differential invari-
ants of parabolic geometries of any fixed type G/P as affine invariants of the Weyl
connections, expressed by means of the algebraic G0–invariant operations, and with
values independent of the particular choices of Weyl connections.

The paper is organized as follows: A brief review of the main ingredients of the
parabolic geometry theory occupies the first section. Next, an exposition of a cal-
culus for the differential invariants is presented, together with an analogy to the
above mentioned ‘first invariant theorem’. Exactly as in the case of the conformal
Riemannian calculus due to Wünsch, the theorem rather describes a much larger
class of expressions distinguished by very special algebraical transformation behav-
ior. All differential invariants are then special cases of the latter expressions and
thus the difficulties in their treatment are heavily reduced.

1. Parabolic geometries and Weyl connections

We shall use the terminology and notation of [7] and the reader is also advised
to consult the latter paper for more details on all results from this section. The
complete procedure deriving the Cartan connection from more elementary data on
manifolds was first worked out in [17], a much simpler and slightly stronger version
appeared in [6], while a much more transparent construction based on the Weyl
connections is also described in [7]. Let us point out that this link is of nearly no
importance for our calculus below.

1.1. The Cartan connections. In the sequel, a Cartan geometry of type G/P
is understood as an absolute parallelism on a principal fiber bundle G → M with
structure group P , enjoying suitable invariance properties with respect to the prin-
cipal action of P . Thus, we may view these objects as deformations of the homoge-
neous space G → G/P together with the Maurer–Cartan form ω ∈ Ω1(G; g). More
explicitly, the Cartan connection ω on G is required to obey the following properties

(1) ω(ζX)(u) = X for all X ∈ p, u ∈ G (the connection reproduces the funda-
mental vertical fields)

(2) (rb)∗ω = Ad(g−1) ◦ ω (the connection form is equivariant with respect to
the principal action)

(3) ω|TuG : TuG → g is a linear isomorphism for all u ∈ G (the absolute paral-
lelism condition).

The parabolic geometries are Cartan connections with a choice of a parabolic sub-
group P in a semisimple real Lie group G. The morphisms of the parabolic geome-
tries are principal fiber bundle morphisms ϕ : G → G′ with the property ϕ∗(ω′) = ω.

We shall always fix the choice of P and G together with the grading

g = g−k ⊕ . . . g−1 ⊕ g0 ⊕ g1 ⊕ · · · ⊕ gk

on the Lie algebra g of the group G, such that p = g0 ⊕ g1 ⊕ · · · ⊕ gk is the Lie
algebra of P , and g0 is the Lie algebra of the reductive part G0 ⊂ P . As well known,
this represents no loss of generality. We shall also use the notation

g− = g−k ⊕ · · · ⊕ g−1

p+ = g1 ⊕ · · · ⊕ gk.

and we also write P+ = exp p+ and G− = exp g− for the corresponding nilpotent
subgroups. Let us recall that for each g ∈ P , there are the unique elements g0 ∈ G0
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and Υi ∈ gi, i = 1, . . . , k, such that

g = g0· expΥ1· . . . · expΥk.

This decomposition reflects the fixed splitting of the filtration of p+ by P–submodu-
les, i.e. our fixed isomorphism gr p+ → p+. Finally, let us point out that there is the
unique element E in g0 (also fixed by our choice of the grading) with the property
adE|gi

= i· idgi for all i = −k, . . . , k. We call E the grading element.
The absolute parallelism ω provides the constant vector fields ω−1(X) ∈ X (G)

defined for all u ∈ G and X ∈ g as

ω(ω−1(X)(u)) = X.

In particular due to our fixed splitting of g, there are the horizontal vector fields
ω−1(X) with X ∈ g−. Of course, the equivariance of ω says that the constant
vector fields generalize the left invariant vector fields at the homogeneous model
G → G/P , i.e.

Trg·ω−1(X)(u) = ω−1(Adg−1 ·X)(u·g),
where rg is the right principal action by the element g ∈ P .

1.2. The curvature. The structure equation dω+ 1
2 [ω, ω] = 0 on the homogeneous

model makes sense for each Cartan connection ω and provides the two–form

K = dω +
1
2
[ω, ω]

called the curvature. The equivariance properties of the Cartan connections im-
ply that K is always a horizontal two–form and so the curvature is completely
determined by the curvature function κ ∈ C∞(G,Λ2g∗− ⊗ g),

κ(u)(X, Y ) = K(ω−1(X)(u), ω−1(Y )(u)) = [X, Y ]− ω(u)([ω−1(X), ω−1(Y )]).

Of course, the values of both the connection and the curvature function split accord-
ing to the corresponding splitting of g into ω = ω−+ω0 +ω+ and κ = κ−+κ0 +κ+

but the individual components have to be dealt with with care, because only the
right filtration by gi = gi⊕· · ·⊕gk is P–invariant. Thus κ− is a well defined object
if its values are considered in the quotient g− ' g/p. The latter component of the
curvature is called the torsion of the Cartan connection.

Clearly, the curvature is the obstruction to the integrability of the horizontal
distribution ω−1(g−) in TG and the Cartan connection is locally isomorphic to its
homogeneous model if and only if the curvature vanishes, see e.g. [15].

1.3. The Weyl structures, connections and Rho tensors. Consider a fixed
parabolic geometry (G → M,ω) together with the principal fiber bundle G0 = G/P+

over M . A Weyl structure is a global smooth G0–equivariant section σ : G0 → G
of the obvious projection π : G → G0. Weyl structures always exist and for to such
sections σ̂ and σ, there always is a unique equivariant function Υ = Υ1 + · · ·+Υk :
G0 → p+ = g1 ⊕ · · · ⊕ gk, such that for all v ∈ G0

σ̂(v) = σ(v)· expΥ(v) = σ(u)· expΥ1(v) · · · expΥk(v).

For each Weyl structure σ, we shall consider the pullback of the Cartan connec-
tion ω split into three parts. Let us notice that while this splitting was not invariant
under P , after the reduction to the reductive subgroup G0, this is a splitting into
invariant and thus geometrically well defined objects. We write

θ = σ∗ω− = θ−k + · · ·+ θ−1 : TG0 → g−k ⊕ · · · ⊕ g−1

γ = σ∗ω0 : TG0 → g0

P = σ∗ω+ = P1 + · · ·+ Pk : TG0 → p+ = g1 ⊕ · · · ⊕ gk.
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The form θ provides the identification of G0 with the linear frame bundle on M with
structure group G0 and should be understood as a soldering form. In particular,
this defines the splitting of the filtration

TM = T−kM ⊃ · · · ⊃ T−1M

induced by the Cartan connection ω on M . The next component γ is a connection
form of a principal connection on G0. Thus, the first two components provide a
reductive Cartan connection (θ + γ) of the type (G−·G0)/G0 on M . The last com-
ponent measures the difference between the latter Cartan connection on G0 and
the original Cartan connection ω on G. We call it the Rho–tensor. We shall write
down these objects with superscript σ if we want to stress the corresponding Weyl
structure.

There are two most important points to make. The first one deals with the change
of the soldering form, connection form and the Rho–tensor in terms of the difference
Υ. The other compares in detail the curvatures (and torsions) of the connections
ω and γ. Before we go into these tasks, we shall introduce the geometric objects
corresponding to the representations of P and G0.

1.4. The natural bundles. Every P–representation λ on a vector space V pro-
vides the homogeneous vector bundle G ×P V and, more generally, the associated
vector bundles

V = G ×P V
with standard fiber V over all manifolds with a parabolic geometry of the type
G/P . Shortly, we shall talk about P–modules V and the induced natural bundles.
Even more generally, we may assume any smooth manifold S with a smooth action
of the Lie group P and all our discussion below can be extended to this case, but
we shall restrict ourselves to P–modules.

A quite special class of natural bundles is induced by the G–modules viewed as
P–modules. They are called the tractor bundles, see [1] for details for some specific
geometries and historical links. A very special role is reserved for the adjoint tractor
bundles coming from the adjoint representation of G on g. Of course, the Lie bracket
itself is Ad–invariant and thus there is the algebraic bracket { , } on the adjoint
tractors.

As well known, the sections of induced bundles correspond to functions s defined
on the principal fiber bundle G and valued in the P–modules V which are equivariant
with respect to the principal action in the following sense (we use bullet to indicate
the action λ of P on the P–module)

s : G → V, s(u·g) = g−1 • s(u).

We have already seen the curvature function κ : G → Λ2(g/p)∗ ⊗ g representing
a section of the adjoint tractor valued form in Ω2(M ;A), cf 1.2. Of course, the
adjoint tractor bundles inherit all the P–invariant objects from g, including the
metric defined by the Cartan–Killing form. Further, the 1–forms on M live in the
invariant subbundle A1 corresponding to p+, while the vector fields on M can be
viewed (with the help of the Cartan connection on G) as fields in the quotient A/A1.
In particular, the torsion κ− of the Cartan connection is a vector valued two–form
on M .

Let us also notice that every G0–invariant object on the P–module V gives rise
to well defined objects on the natural bundles as soon as we fix the choice of a Weyl
structure. Moreover, these objects are then always covariantly constant with respect
to the induced connection γ. In particular this applies to the algebraic bracket on
the adjoint tractors.
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1.5. The transformation rules. We shall describe the behavior of the soldering
form in a more general setting of general P–representations V. In order to write
down the formulae, we introduce the following notation: we write i for a multiindex
(i1, . . . , ik) with i1, . . . , ik ≥ 0, and we put i! = i1! · · · ik! and ‖i‖ = i1+2i2+· · ·+kik,
while (−1)i = (−1)i1+···+ik .

For every representation λ of P on V, the action of the grading element E ∈ g0

decomposes V into G0–invariant components

V = V0 ⊕ · · · ⊕ V`

with the property gi • Vj ⊂ Vi+j , for all i = 1, . . . , k. The Lie algebra g−, viewed
as gr(g/p), is a special case. Consider a V–valued function q̃ : G → V and the
composition q = q1 + · · ·+ q` = q̃ ◦ σ.

If σ̂ = σ· expΥ1 · · · expΥk is a new choice for the Weyl structure with corre-
sponding objects θ̂, γ̂, P̂, and q̂, then the transformation rule for the splitting of
the section q reads

(1) q̂` =
∑

‖i‖+j=`

1
i!

(−1)iλ(Υ1)i1 ◦ . . . ◦ λ(Υk)ik ◦ qj

Of course, the the decomposition of the tangent space into a grading which splits
the canonical filtration is a special case of this formula.

Similarly, we may compute the covariant derivative ∇̂ξ corresponding to γ̂ in
terms of the covariant derivative ∇ associated to γ and the splitting of the tangent
vectors ξ = ξ1 + · · ·+ ξ. For every section s of a natural bundle we obtain:

(2) ∇̂ξs = ∇ξs +
∑

‖i‖+j=0

1
i!

(−1)i
(
ad(Υ1)i1 ◦ . . . ◦ ad(Υk)ik(ξj)

)
• s

where the bullet denotes the algebraic action of the endomorphisms of the tangent
bundle induced by the action of g0 on the standard fiber.

Finally, the Rho tensors transform as follows:

(3)

P̂i(ξ) =
∑

‖j‖+`=i

(−1)j

j!
ad(Υk)jk ◦ · · · ◦ ad(Υ1)j1(ξ`)

+
k∑

m=1

∑
‖j‖+m=i

j1=···=jm−1=0

(−1)j

j!(jm + 1)
ad(Υk)jk ◦ · · · ◦ ad(Υm)jm(∇ξΥm)

+
∑

‖j‖+`=i

(−1)j

j!
ad(Υk)jk ◦ · · · ◦ ad(Υ1)j1(P`(ξ)).

Already the simplest case of gradings of the length k = 1 provides a good illus-
tration of these formulae. Then the first one is just the identity, while

∇̂ξs = ∇ξs− {Υ, ξ} • s

P̂(ξ) = P(ξ) +∇ξΥ +
1
2

ad(Υ)2(ξ).

1.6. The curvatures of Weyl structures. As we have seen, each choice of a
Weyl structure σ defines a Cartan connection θ + γ on G0 and the full curvature of
this connection is given by the structure equations

T (ξ, η) = dθ(ξ, η) + [γ(ξ), θ(η)]) + [θ(ξ), γ(η)]

R(ξ, η) = dγ(ξ, η) + [γ(ξ), γ(η)]
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where ξ, η are vector fields on G0. Clearly the torsion T and the curvature R are
horizontal two–forms which descend to well defined forms on the underlying mani-
fold. Let us point our, that our definition of the torsion is adjusted by the algebraic
structure of g−. Since the forms θ and γ are pullbacks of ω− and ω0, the above
structure equations are easily compared with those of ω. The missing components
of curvature coming from the P part can be understood easily as follows. We define
the Cotton–York tensor on M as

Y (ξ, η) = d∇P(ξ, η) + P({ξ, η}) + {P(ξ),P(η)},

where d∇ stays for covariant exterior differential with respect to γ. Then we obtain
the pleasing formula for the pullback κσ = σ∗κ of the full Cartan curvature of the
connection ω

(1) κσ = T + R + Y + ∂P

where ∂P = {ξ,P(η)} − {η, P(ξ)} − P({ξ, η}) is the Lie algebra cohomology differ-
ential.

1.7. The normal Weyl structures. As we have seen, the Rho–tensor measures
the deviation of the affine connection θ+γ determined by the reduction σ from the
given Cartan connection ω. Thus minimizing the values of P and its derivatives in
a point should be the best way to invariants. Our idea mimics completely the way
how the normal coordinates of affine connections are built.

For each fixed frame u ∈ G there is the flow line of the Flω
−1(X)

t (u) of the
horizontal vector field ω−1(X), and for some neighborhood of the origin in g−
these flow lines exist at least up to time t = 1. In this way we obtain a horizontal
embedding X 7→ ϕu(X) = Flω

−1(X)
1 (u) for such u and also local section p(ϕu(X)) 7→

ϕu(X) of the Cartan bundle p : G → M through u. Consequently there is a unique
Weyl structure σu through the frame u defined by σ(π(ϕu(X))) = ϕu(X). We call
these sections normal Weyl structures. The images cu,X of the defining flow lines, i.e.
cu,X(t) = p(Flω

−1(X)
t ), are called the generalized geodesics of the Cartan connection

ω. Thus, each choice of a frame u ∈ G over the point p(u) = x ∈ M determines
the uniquely defined geodetical coordinates TxM → M on a neighborhood of the
center x ∈ M .

The normal Weyl structures are characterized by the property P(c(t))(ξ) = 0 for
all generalized geodesics through x = p(u) ∈ M and vectors ξ tangent to c(t). In
particular, this implies that for every number ` ≥ 0 of covariant derivatives, and
any tangent vectors ξ0, . . . , ξ`, the full symmetrization of the expression

(1) (∇ξ`
· · ·∇ξ1P(x))(ξ0)

over the ξ’s vanishes, see [7] for details.

2. The nearly invariant calculus

2.1. The basic setup. There are basically two natural (but rather naive) ideas
how to build an invariant differential calculus. The first one suggests to employ
the standard calculus for the affine connections and to find (for each particular
geometry) some useful building blocks leading to invariantly defined results with
respect to the choice of a Weyl connection from the class. This mimics the most
usual approach to the conformal Riemannian geometries. The other one views the
Cartan connections as real analogies of the affine connections and we hope to find
intrinsically invariant procedures in terms of these connections .

We shall follow the second option. Our main goal here is to prove that we essen-
tially cover everything available in the first approach and we provide some technique
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at the same time. Since the algebra g comes split as g = g−⊕p, the Cartan connec-
tion ω at G automatically is a (generalized) connection in the sense of Ehresmann
and thus several concepts of invariant differentials apply. In order to mimic the
affine covariant calculus as much as possible, we may define for all vector valued
function the operator ∇ω by differentiating in the direction of the horizontal vector
fields

∇ω : C∞(G, V) → C∞(G, g∗− ⊗ V), ∇s(u)(X) = ω−1(X)(u)·s ∈ V.

We call this operator the invariant derivative. The definition exactly recovers the
covariant derivative of the affine connections expressed in terms of horizontal vector
fields on the linear frame bundle, and it allows the iteration of the derivative. In
the general case, however, we cannot await equivariance of the values ∇ωs even
if s itself was equivariant. Thus, this operation does not represent a differential
operator on sections of the associated bundles.

2.2. Two basic invariant operations. There are two ways out of this problem.
The more elegant one is to extend the operator to the mapping

Dω : C∞(G, V) → C∞(G, g∗ ⊗ V), ∇s(u)(X) = ω−1(X)(u)·s ∈ V.

Although the vertical vector fields ω−1(Z) = ζZ , Z ∈ p, act on equivariant functions
s just by the negative of the algebraic action of Z, this extension already provides an
operation which transforms equivariant functions into equivariant functions. Thus
we have obtained a first order differential operators Dω : C∞(V) → C∞(A∗ ⊗ V).
This operator has been often called the fundamental derivative in the literature.
Although this operator is natural and also allows iterations, there is a large redun-
dancy in its algebraic part. We can see this redundancy by comparing Dω to the
covariant derivative with respect to a fixed Weyl connection ∇ corresponding to a
section σ. A straightforward computation reveals that for every vector field ξ and
adjoint tractor field ξ + ζ, ζ ∈ A0 on M

(1) Dξ+ζs = ∇ξs + P(ξ) • s− ζ • s,

see also [3] for more details on the fundamental derivative. This redundancy can
be treated much better for tractor bundles V and the so called tractor calculus,
first presented in full generality in [5], has become quite popular and effective tool
nowadays. In particular, the Cartan connection induces a linear connection ∇V on
each tractor bundle V which is written down in terms of any Weyl structure, tractor
bundle section s, and vector field ξ on M as follows

(2) ∇V
ξ s = ∇ξs + P(ξ) • s + ξ • s,

where ξ acts on the tractor as an element in the adjoint tractor bundle by the action
inherited from the action of g on the G–module V.

Another quite elegant way is to consider the invariant derivative ∇ωs together
with the zero’s order derivative s. Again, a straightforward computation shows that
the mapping

C∞(G, V) 3 s 7→ (s,∇ωs) ∈ C∞(G, V⊕ (g∗− ⊗ V))

maps equivariant maps into equivariant maps if we equip the target vector space by
the P–action induced in the homogeneous model on the first jet prolongation of V.
The same is true for every kth order iteration, but we have to be careful about the
target space. It turns out that this is the submodule in the iterated jet prolongation
consisting of the semiholonomic jets and we call it the semiholonomic jet module
induced by V. Thus we obtain the kth order invariant semiholonomic jet operator,
k = 1, 2, . . .

(3) C∞(G, V)P 3 s 7→ (s,∇ωs, . . . , (∇ω)ks) ∈ C∞(G, V⊕ · · · ⊕ (⊗kg∗− ⊗ V))P .
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Now, we have come to the tricky and rather confusing point of the whole calculus.
The holonomic jet prolongation

JkV = Jk(G×P V)

of any homogeneous vector bundle V over G/P is always a homogeneous vector
bundle again, and we shall write JkV for its standard fiber (as a P–module) and
we call it the holonomic jet module induced by V. Of course, we may always build
the corresponding induced bundles G×P JkV and symmetrize the values of the kth
order invariant non–holonomic jet operator in order to obtain the operation

(4) s 7→ jk
ωs = (s,∇ωs, . . . ,Sym(∇ω)ks) ∈ C∞(G, V⊕ · · · ⊕ (Skg∗− ⊗ V)).

We shall write s 7→ j̄k
ωs to distinguish the semi–holonomic jets from the holonomic

ones and similarly for the jet modules J̄kV.
Unfortunately, unlike the j̄k

ω, the resulting symmetrized operation jk
ω does not

transfer P–equivariant maps into P–equivariant maps unless the curvature of the
Cartan connection acts on the target spaces trivially. Thus, not each algebraic P–
module homomorphism gives automatically rise to an invariant differential operator,
but each homomorphism of the much more complicated semiholonomic jet bundle
does. There is a large class of P–module homomorphims which allow a covering
by a morphims of the semiholonomic jet modules, in particular the whole BGG–
sequences are of this character, see e.g. [11] and [9].

2.3. The Bianchi and Ricci identities. Fortunately, we may restrict ourselves
to symmetrized invariant derivatives in our quest for invariant expressions on the
expense of adding the Cartan curvature and its derivatives. This is due to the
analogies of classical Bianchi and Ricci identities which may be written down in
terms of the invariant derivatives and the curvature κ from 1.6 as follows.

0 =
∑
cycl

(
[κ(X, Y ), Z] + κ([X, Y ], Z)− κ(κ(X, Y ), Z)−∇ω

Zκ(X, Y )
)

(1)

∇ω
X∇ω

Y s−∇ω
Y∇ω

Xs = ∇ω
[X,Y ] −∇

ω
κ−(X,Y )s + κ≥0(X, Y ) • s(2)

Similar identity holds for the fundamental derivatives.
In view of the Ricci identity, every expression in terms of the curvatures κ of

the Cartan connection ω and sections s of V and their invariant derivatives, i.e.
expressions in terms of the kth order invariant jets of s and κ, may be also built in
terms of symmetrized jets jk

ωs and jk
ωκ.

Although this sort of normalization is possible in principle, it is not very handy
to write it down explicitly in higher order examples. We shall also use it here for
theoretical considerations only.

Of course, the same conclusion is true for the affine invariants of the Weyl con-
nections and their curvatures.

2.4. Expansion of the iterated differential. We have seen in 1.5 how a change
of the Weyl structure affects the transformations of the Weyl connections, the cor-
responding splits of the natural bundles, and also the P’s. In view of this, it may
be hard to imagine, how to build some really invariant expressions in terms of
these things. At the same time, we have already seen such instances – the expres-
sions for the fundamental derivative and the tractor connections in 2.2(1) and (2),
and actually the same formulae contain also the expansion of the invariant deriv-
ative in terms of any underlying Weyl connection. Indeed, at the frames v ∈ G0,
σ(v) = u ∈ G, and for X ∈ g− we have ω(Tσ·γ−1(X)(v)) = X + P(v)(X) and so

ω−1(X)(u) = Tσ·γ−1(X)(v)− ω−1(P(v)(X)).
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Thus, for each s̃ : G → V, s = s̃ ◦ σ : G0 → V, and X ∈ g−

(1) ∇ω
X s̃(u) = ∇Xs(v) + P(v)(X) • s(v).

In order to understand the similar expansions of the higher order iterations of the
invariant derivative, let us remind that (∇ω)k is just the restriction of the iterated
fundamental derivative (Dω)k to arguments in g−. The important point is that
actually the differential operators in

Dω ◦Dω . . . ◦Dω

act always on bigger and bigger bundles in the consecutive iterations and so the
algebraic action of the vertical part gets important in the second order already, even
if the initial P–module has got a trivial P+ action. For example, in same setting as
above for an irreducible P–module V

∇ω
X∇ω

Y s̃(u) = (Dω)2s̃(u)(X, Y )

= (Tσ·γ−1(u)(X)− ω−1(P(v)(X))(u))·(∇ω s̃)(u)(Y )

= ∇X∇Y s(v) +∇[P(v)(X),Y ]g−
s(v)− [P(v)(X), Y ]p • s(v).

Clearly, continuing inductively such a procedure, we arrive at the following proposi-
tion which may be roughly phrased as follows: Whatever expression we build of the
invariant semiholonomic jets of sections and the Cartan curvatures in terms of the
invariant derivatives (or the fundamental derivatives) will expand in expressions in
the iterated covariant derivatives by means of the Weyl connections, the iterated
covariant derivatives of the curvature tensor of the Cartan connections and of the
iterated covariant derivatives of the P tensors.

Proposition. Let V and W be P–modules, F̃ be any smooth function J̄kV×J̄kK →
W. For all P– equivariant maps s : G → V let us consider the mapping

F̃ (j̄k
ωs, j̄k

ωκ) : G (j̄k
ωs,j̄k

ωκ)−→ J̄kV× J̄kK F̃−→ W

where K = Λ2g∗− ⊗ g. The G0–equivariance of F̃ is the necessary and sufficient
condition to ensure that the composition of F̃ (j̄k

ωs, j̄k
ωκ) with any Weyl structure

σ : G0 → G will provide affine invariants of the Weyl structure which are expressed
by another G0–equivariant function

F (j̄k
γs, j̄k

γρ) = F̃ (j̄k
ωs, j̄k

ωκ) ◦ σ : G0

(j̄k
γ s,j̄k

γ ρ)
−→ J̄kV× J̄kK≤0

F−→ W

where K≤0 is the subbundle in K where the curvatures ρ of the Weyl connections
live.

Proof. The step we have done above is universal, only the action of the P part
will get more and more complicated. The G0–equivariance is clearly necessary and
the expansion procedure shows that it is also sufficient. The construction of the
resulting function F also does not depend on the choice of σ.

In the verbal description of the proposition above we further exploited the fact
that the Cartan curvature is completely computable from the curvature of the Weyl
connection and the P tensor in a quite simple way, see 1.6(1). �

The expression defined in the terms of the affine invariants of the Weyl connec-
tions in the latter proposition is called the expansion of the operator on G built of
the invariant differentials.
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2.5. The transformation behavior. Let us summarize our progress so far. The
invariant derivatives are not mapping sections to sections, but they are of invariant
character. On the other hand, their expansions in terms of the Weyl connections are
covariant operations, but they do transform under the change of the Weyl structures
in a non-trivial way, in general.

The striking feature of every such expansion it terms of the Weyl connections
is that it transforms extremely nicely. Let us state the result in the setting of the
latter proposition:

Theorem. Let V, W be P–modules, F̃ : JkV × JkK → W be a G0–equivariant
smooth mapping and let F be the corresponding function from the proposition above.
For each Weyl structure σ : G0 → G, the differential operator defined for all s ∈
C∞(G, V)P by

D(s) = F̃ ◦ (j̄k
ω(s ◦ σ), j̄k

ωκ) ◦ σ = F ◦ (j̄k
γ (s ◦ σ), j̄k

ωρ) : G0 → W

transforms algebraically in terms of Υ under the change of the Weyl structures
σ̂ = σ ◦ rexp Υ.

Proof. We have just to show that the iterated invariant derivative itself transforms
algebraically with respect to the principal action of P on the fibers of G for all
functions s which themselves enjoy an algebraic transformation under the right
principal action. Then the definition of the expansion itself shows, that two choices
of Weyl structures σ̂ = σ ◦ rexp Υ lead to the same operators at a point x ∈ M if
their difference Υ(x) = 0.

If U is a P–module, f : P → GL(U) is any smooth mapping, and s : G → U is
smooth and such that s ◦ rexp Υ = f(Υ) ◦ s, then we may compute:

(∇ωs)(u· expΥ)(X) = ω−1(X)(u· expΥ)·s
= Trexp Υ·ω−1(u)(Ad expΥ·X)·s
= ω−1(u)(Adg− expΥ)·(s ◦ rexp Υ)− λ(Adp expΥ·X) ◦ (s ◦ rexp Υ)

= f(Υ) ◦ ω−1(Adg− expΥ·X)− λ(Adp expΥ·X) ◦ f(Υ) ◦ s.

Now, by inductive argument on the order of the iteration, the latter computa-
tion shows that indeed the iterated invariant derivative transforms algebraically.
Of course, the Cartan curvature itself transforms algebraically and our proof is
complete. �

Let us call the affine invariants of Weyl connections which transform algebraically
in the Υ’s the nearly invariant operators. A special case is represented by the
invariants of the structure only, where the only arguments are the derivatives of the
curvature.

The proof of the latter proposition suggests also the following nice corollary:

Corollary. Let V, W be P–modules, F̃ : JkV × JkK → W be a G0–equivariant
smooth mapping. The differential operation defined for all s ∈ C∞(G, V)P by

D(s) = F̃ ◦ (j̄k
ωs, j̄k

ωκ) : G → W

provides an invariant differential operator if and only if the algebraic mapping F̃ ◦
(j̄k

ωs, j̄k
ωκ) is P–equivariant for all s.

Proof. The P–equivariance implies that the values are again sections of the target
bundle W and clearly such an operation is invariant in the categorical sense in the
category of Cartan connections. Due to the last theorem, this expression at the
same time produces an invariant in the terms of the affine invariants of the Weyl
connections and, on the contrary, if the expansion turned out to be independent
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of the choice of the Weyl structure, the proof of the above theorem shows that the
original expression was P -equivariant. �

Of course the expression F̃ ◦ (j̄k
ωs, j̄k

ωκ) will be P–equivariant if F itself is equi-
variant. But let us point out that even for linear operators independent explicitly
of the curvature the condition in the corollary does not necessarily mean that F
is a P–module homomorphism. The reason is hidden in the Bianchi identities, and
the celebrated JGMS operators in the conformal geometry are a good example of
such behavior, see [11].

2.6. The main theorem. The invariant operators on a manifold equipped by a
parabolic geometry of the type G → G/P are defined as the affine invariants of the
Weyl connections which are independent of the choice of a particular Weyl structure
σ. Of course, if they do not change at all, they are particular instances of the above
nearly invariant operators. But if the search for invariant objects is too difficult,
than the study of the nearly invariant ones should help in the first instance.

The transformation formula for the P tensor for conformal geometries starts with
the derivative of Υ and so this seems to be the perfect candidate to enter correction
terms to the covariant derivatives so that the transformation rule remains algebraic
in Υ’s. Indeed, this was the original defining property of P and this feature is also
in the core of Wünsch’s calculus for the conformal Riemannian invariants.

The first look at the transformation formulae of the Weyl connections and P
tensors for |k|–graded algebras g with k > 1 does not bring much hope for a
reasonable calculus eliminating the non–algebraic appearances of Υ’s. However,
if we think about the procedure represented by the expansion of the invariant
differentials, this is exactly what they do. Nicely enough, we are able to prove the
converse assertion as well:

Theorem. The nearly invariant operators are exactly the expansion of operators
D defined for all s ∈ C∞(G, V)P in terms of the invariant differential ∇ω by

D(s) = F̃ ◦ (j̄k
ωs, j̄k

ωκ) : G → W

where F̃ : JkV × JkK → W is a G0–equivariant smooth mapping, and the spaces
V, W are P–modules.

Proof. The proof of the theorem will rely on the normal Weyl structures and will
consist of several observations. We have to start with an expression

(1) D(s) = F (j̄k
γs, j̄k

γρ)

where s ∈ C∞(G0, V), and ρ is the curvature of the Weyl connection γ. We assume
that D represents a nearly invariant operator. This means that

F (j̄k
γs, j̄k

ωρ) = F (j̄k
γ̂s, j̄k

γ̂ ρ̂)

over a point x ∈ M , whenever we replace γ by another Weyl connection γ̂ (and the
same with its curvature) such that the difference Υ vanishes at the given point x.
Our aim is to find the corresponding expression in terms of invariant derivatives,
whose expansion is D(s). The other implication of the theorem was proved above.

First, let us remind that the Ricci identities imply that every expression F as in
the equation (1) may be rewritten in the form

F (j̄k
γs, j̄k

γρ) = F̄ (jk
γs, jk

γρ)

valid for all s. This means that we may restrict ourselves to expressions depending
on symmetrized jets of the sections and curvatures only. Thus, we shall consider
that only symmetrized jets occurred already in the equation (1).
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Next observe, that the symmetrized iterated invariant differentials Sym(∇ω)ks̃
expand to expressions with symmetrized iterations of covariant derivatives Sym(∇)`

of s and P with leading term Sym(∇k)s. Thus, the vanishing of all symmetrized
covariant derivatives of the Rho tensors of the normal Weyl structures at the center
x ∈ M implies that the expansion of Sym(∇ω)ks̃ is just Sym(∇k)s over the point
x. So the remaining problem in our construction of suitable F̃ from F are the
curvature parts.

Now, we can exploit the relation between the Cartan curvature on G and the
torsion T , curvature R and the Cotton–York tensor Y in 1.6(1), i.e. κ = T + R +
Y + ∂P. We should point out here, that we deal with the torsion adjusted to the
nilpotent algebra g− (note that the Lie bracket in g− would always appear in T
from the classical affine point of view). We are going to use this formula to compute
the jk

γ (T + R + Y ) from the jet of the Cartan curvature jk
γκ and the jk

γP.
Claim 1. For every k, there is an algebraic mapping

Ψ : JkV× Jk(Λ2g∗− ⊗ g) → Jk(Λ2g∗− ⊗ g),

such that
Ψ(jk

γκ, jk
γP) = jk

γ (T + R + Y ).

In order zero, we have seen this formula already:

T + R + Y = κ− ∂P

and it is easily seen that (∇)k(∂P) = (id⊗k ⊗∂)(∇)kP. So we need to split the
symmetric part off the derivatives of this formula and hope that the rest will also
be expressed in the the other known symmetric components. Let us formulate the
result of the essential step first:

Claim 2. For every Weyl structure,

∇P = Sym∇P +
1
2
Y − 1

2
iT P− 1

2
{P,P}.

Let us compute the derivative evaluated on vector fields ξ, η on the manifold M ,
with the help of the definition of the torsion and the covariant exterior derivative
in the Cotton-York, see 1.6. Clearly, ∇ξP(η) = Sym(∇P)(ξ, η) + 1

2 Alt(∇P)(ξ, η),
so the interesting part is

∇ξP(η)−∇ξP(η) = ∇ξ(P(η))− P(∇ξη)−∇η(P(ξ)) + P(∇ηξ)

= ∇ξ(P(η))−∇η(P(ξ))− P([ξ, η]) + P({ξ, η}) + {P(ξ),P(η)}
− P(∇ξη −∇ηξ − [ξ, η] + {ξ, η})− {P(ξ),P(η)}

= Y (ξ, η)− iT (ξ,η) − {P(ξ),P(η)}

exactly as required in the Claim 2.
Now, if we assume inductively that our Claim 1 holds fro all ` < k, we obtain

its validity for k by applying Claim 2 to all components with P’s. Notice, that we
the Y components always appear only up to order k− 1 by our assumption and so
they do not represent any problem.

Having proved our Claim 1 we are ready for the final step. Consider our fixed
expression

D(s) = F (jk
γs, jk

γρ)

in the symmetrized jets. Since we know that the symmetrized jets of the P tensors
vanish to all orders for normal Weyl structures in the center x ∈ M we define

F̃ = F ◦ (id×Ψ0)
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where we set Ψ0(jk
γκ) = Ψ(jk

γκ, 0). Now for each normal Weyl structure σ centered
at x ∈ M

D(s) = F (jk
γs, jk

γρ) = F̃ (jk
ω s̃, jk

ωκ) = D̃(s̃).

Finally, for every Weyl structure σ̂ and point x ∈ M , there is exactly one normal
Weyl structure σ centered in x with σ̂(x) = σ(x). By our assumption, the value of
our operator D(s) depends only on σ(x) over the point x. Thus our operator D̃(s̃)
agrees with D(s) for all Weyl structures and so D(s) is its expansion as required. �

3. Concluding comments and examples

Our implicit construction of all nearly invariant operators in terms of the iterated
invariant derivative itself does not provide good algorithms how to get the invariants
explicitly. It can be used efficiently in particular for the description of invariants
depending only on the curvatures of low homogeneities. Indeed, in this case we may
quite easily list all possibilities of building blocks in terms of the invariant derivatives
of of the harmonic curvature. Similarly, we may apply this straightforward approach
to low order operators.

In recent decades, there have been many successful attempts using explicitly
the representation theory in order to find homomorphims of the invariant semi-
holonomic jets, see e.g. [2], [8], [11], [9] and further references therein. The tractor
calculus is a very powerful and efficient calculus for invariants for each particular
geometry. In fact, the Cartan tractor connection is easily written in terms of the
invariant derivative and thus in terms of all the Weyl structures, together with the
corresponding splittings.

If we want to expand the expressions in terms of Weyl connections explicitly, a
much easier way is to replace the Weyl connection γ by the principal connection on
the total bundle G, whose connection form coincides with the Cartan connection
ω on the image σ(G0). The covariant derivative with respect to this connection
again exists on all induced bundles to P–representation and in terms of our affine
Weyl connections they differ by the algebraic action of P. These expansions were
suggested first in [16] and exploited nicely in [4]. Of course, the expansion in terms
of these so called Ricci corrected derivatives simplifies a lot.
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