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This book provides an introduction to Riemannian geometry, the geometry of
curved spaces, for use in a graduate course. Requiring only an understanding of
differentiable manifolds, the book covers the introductory ideas of Riemannian
geometry, followed by a selection of more specialized topics. Also featured
are Notes and Exercises for each chapter to develop and enrich the reader’s
appreciation of the subject. This second edition has a clearer treatment of many
topics from the first edition, with new proofs of some theorems. Also a new
chapter on the Riemannian geometry of surfaces has been added.

The main themes here are the effect of curvature on the usual notions of
classical Euclidean geometry, and the new notions and ideas motivated by cur-
vature itself. Among the classical topics shown in a new setting is isoperimetric
inequalities — the interplay of volume of sets and the areas of their bound-
aries — in curved space. Completely new themes created by curvature include
the classical Rauch comparison theorem and its consequences in geometry and
topology, and the interaction of microscopic behavior of the geometry with the
macroscopic structure of the space.

Isaac Chavel is Professor of Mathematics at The City College of the City
University of New York. He received his Ph.D. in Mathematics from Yeshiva
University under the direction of Professor Harry E. Rauch. He has published in
international journals in the areas of differential geometry and partial differen-
tial equations, especially the Laplace and heat operators on Riemannian mani-
folds. His other books include Eigenvalues in Riemannian Geometry (1984) and
Isoperimetric Inequalities: Differential Geometric and Analytic Perspectives
(2001). He has been teaching at The City College of the City University of
New York since 1970, and he has been a member of the doctoral program of
the City University of New York since 1976. He is a member of the American
Mathematical Society.
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Preface to the Second Edition

In this second edition, the first order of business has been to correct mistakes,
mathematical and typographical, large and small, and clarify a number of ar-
guments that were unclear or given short shrift the first time round. I can only
hope that, in this process, and in the process of changes and additions described
below, I have not introduced any new errors.

I'have added some proofs of theorems, and sketches to some of the exercises,
that were originally left completely to the reader in the first edition. I have added
some new notes and exercises as well.

In the text itself, I have made a few changes. I added a chapter with top-
ics from surfaces, immediately following the chapter on coverings (Chapter
IV). The chapter (Chapter V) now includes the Gauss—Bonnet theorem; but, it
also contains topics of current interest, showing that the Riemannian geome-
try of surfaces is alive and well, and is a constant testing ground, as well as
a source, of new ideas. As it contained the introduction to the isoperimetric
problem in Riemannian manifolds, presenting the Bol-Fiala inequalities, and
the Benjamini—Cao solution of the isoperimetric problem on the paraboloid of
revolution, I thought it best to follow the chapter with isoperimetric inequalities
in the classical constant curvature space forms (Chapter VI).

This last chapter (Chapter VI) is a bit different from what I presented in the
first edition. New proofs were given for the isoperimetric problem in Euclidean
space, with the famous proof by M. Gromov, using Stokes’ theorem, now ap-
pearing in my other book Isoperimetric Inequalities: Differential Geometric
and Analytic Perspectives (2001). The Brunn—Minkowski inequalities in hy-
perbolic space and the sphere were redone, hopefully improving on the first
presentation.

Chapter VI is followed by the original (now Chapter VII) on the kinematic
density, with little change. I was sorely tempted to include the Burago—Ivanov
solution to the E. Hopf conjecture that metrics on the torus, of a/l dimensions,
without conjugate points are flat. But, such an undertaking would have taken the

Xiii



xiv Preface to the Second Edition

discussion too far afield. This chapter is then followed by the one on isoperi-
metric inequalities in general Riemannian manifolds, and the chapter on the
Rauch comparison theorem and its consequences.

Beyond the Notes and Exercises sections that conclude each chapter, the
reader is highly recommended to M. Berger’s recent survey A Panoramic View
of Riemannian Geometry (2003), preceded by his preparatory essay Riemannian
Geometry During the Second Half of the Twentieth Century (2000). Just about
every page of this introduction to Riemannian geometry could have contained
references to Berger’s surveys for further background and future work.

Itis a pleasure to thank the readers of my first edition for their warm reception
of the book and for the helpful criticisms — both in pointing out errors and in
suggesting improvements. I should add that I found the reviews very helpful,
and I am grateful for the effort that went into them. I hope this edition merits
the effort they invested.

ISAAC CHAVEL
Riverdale, New York
February 2005



Preface

My goals in this book on Riemannian geometry are essentially the same as
those that guided me in my Eigenvalues in Riemannian Geometry (1984): to
introduce the subject, to coherently present a number of its basic techniques and
results with a mind to future work, and to present some of the results that are
attractive in their own right. This book differs from Eigenvalues in that it starts
at a more basic level. Therefore, it must present a broader view of the ideas from
which all the various directions emerge. At the same time, other treatments of
Riemannian geometry are available at varying levels and interests, so I need
not introduce everything. I have, therefore, attempted a viable introduction to
Riemannian geometry for a very broad group of students, with emphases and
developments in areas not covered by other books.

My treatment presupposes an introductory course on manifolds, the con-
struction of associated tensor bundles, and Stokes’ theorem. When necessary, I
recall the facts and/or refer to the literature in which these matters are discussed
in detail.

I have not hesitated to prove theorems more than once, with different points
of view and arguments. Similarly, I often prove weaker versions of a result
and then follow with the stronger version (instead of just subsuming the former
result under the latter). The variety of levels, ideas, and approaches is a hallmark
of mathematics; and an introductory treatment should display this variety as part
of the development of broad technique and as part of the aesthetic appreciation
of the mathematical endeavor.

I am confident that a short course could be easily crafted from Chapters I
to IV and VII (the second edition: Chapter IX), and a more ambitious course
from the remaining material. Every chapter of the book features a Notes and
Exercises section. These sections cover (i) references to earlier literature and to
other results; (ii) “toes in the water” introductions to topics emerging from the
ideas presented in the main body of the text; and (iii) examples and applications.
The Notes and Exercises sections of the first four chapters are quite extensive.

XV



XVi Preface

These sections in the later chapters are not as ambitious as those in the first
four, since the first four chapters are genuinely introductory.

The Notes and Exercises sections are organized loosely under subheadings
of topics. These are not to be taken too literally; rather, they attempt to restrain
the variety of material in these sections from becoming chaotic.

A submotif in the Notes and Exercises sections is the method of calculation
with moving frames, even though the method is not used extensively in the main
body of the text itself. Besides the obvious claim that such calculations should
be included in an introductory treatment, I had in mind a quiet tribute to the late
William F. Pohl. I learned the magic long ago of repére mobile from Bill Pohl
at the University of Minnesota. I can still see his full frame at the blackboard,
extending his arm gracefully in front of him, moving his hands descriptively
with his fingers playing the role of the frame vectors, and declaring that @, = 0
since the frame vector field e, did not turn in the direction of e3.!

It is a pleasure to thank my colleagues and friends for their contributions to
my work, in general, and to this book, in particular. P. Buser provided me with
some helpful discussions and read portions of the work. So did J. Dodziuk and
E. A. Feldman. Finally, I wish to thank the geometers of the doctoral program
of the City University of New York, namely J. Dodziuk, L. Karp, B. Randol,
R. Sacksteder, J. Velling, and Edgar A. Feldman — who have provided, over
the years, all sorts of help, mathematical stimulation and insight, and scientific
partnership. Their contribution permeates all the pages of this book.

IsAAC CHAVEL
Riverdale, New York
July 1992

I My memory hits the mark. As soon as I mentioned to Ed Feldman that I put moving frames in
the book because of Bill Pohl, Ed performed an imitation of the grand gesture that was Bill’s
trademark.



I

Riemannian Manifolds

One cannot start discussing Riemannian geometry without mention of the
classics. By “the classics,” we refer to the essays of C. F. Gauss (1825, 1827) and
B. Riemann (1854), to G. Darboux’s summary treatise (1894) of the work of the
nineteenth century (and beginning of the twentieth), and to E. Cartan’s lectures
(1946) in which the method of moving frames became a powerful exciting tool
of differential geometry.

Nor may one forget to recommend to the reader the delightful discussion of
differential geometry in D. Hilbert-S. Cohn-Vossen (1952).

H. Hopf’s notes (1946, 1956) remain eminently readable. A very helpful
collection of more current introductory essays is the MAA Studies volume edited
by S. S. Chern (1989).

In addition, one should refer to the “introductory” five-volume opus of M.
Spivak (1970) — wherein the practice of differential geometry is presented in
loving detail.

Most recently, one has a definitive overview of the subject at the end of the
twentieth century by M. Berger (2003).

Our treatment here is mostly inspired by, and follows in many respects,
J. Milnor’s elegant and exceptionally clear lecture notes Milnor (1963).!

A short summary of the progression of ideas of this chapter is as follows.

Whereas one has, given a differentiable manifold, a natural differentiation
of functions on the manifold, one does not have a naturally determined method
of differentiation of vector fields on the manifold. Therefore, one considers all
possibilities of such differentiation — connections on the manifold. Once one
actually picks such a differentiation procedure (i.e., a connection), one deter-
mines differentiation of vector fields along paths in the manifold. In particular,

' See Note 1 in §L9.



2 Riemannian Manifolds

one has an acceleration vector field (the derivative of the velocity vector field)
associated with each C? path in the manifold. “Straight lines,” usually referred
to as geodesics, are then the paths in the manifold for which the acceleration
is zero — they are the collection of paths describing the “law of inertia” for the
manifold with the given connection.

The exponential map (the name inspired by analogy to the exponential map
in Lie Theory) then provides a map from the tangent space of any given
point of the manifold to the manifold itself, in which lines emanating from
the origin of the tangent space are mapped to geodesics in the manifold it-
self emanating from the point in question. It is in this context that we intro-
duce the torsion and curvature tensors of a connection. For the torsion and
curvature tensors arise from the linearization of the differential equations of
geodesics; therefore, they will ultimately play a role in studying the differen-
tial of the exponential map — the precise role to be explicated in detail in later
chapters.

Next, we introduce the Riemannian metrics, the ability to calculate the length
of paths in the manifold and to calculate angles of tangent vectors in the same
tangent space of the manifold. Again, the specification of the Riemannian metric
is not uniquely determined. However, once one has such a metric, one automat-
ically has a preferred connection associated with it. It will always be assumed,
unless some explicit comment is made to the contrary, that this connection —
the Levi-Civita connection — is the one under consideration when examining a
given Riemannian metric.

The ability to determine lengths of paths in the manifold then induces a natural
metric space structure on the manifold. Namely, the distance between any two
points of the manifold is the infimum of the length of all paths connecting
the two points. One has the classical theorems that (i) if a path between two
points has length equal to the distance between them, then the path may be
reparameterized to be a geodesic, and (ii) given any point in the manifold,
the point has a neighborhood for which there is one and only one distance
minimizing geodesic connecting the original point to any other point in the
neighborhood. (Actually, more is true — see §1.6.) This development of ideas
concludes (§1.7) with the full characterization of the completeness of the metric
structure of the Riemannian metric in terms of the infinite extendability of the
geodesics of the Riemannian metric.

The chapter closes with a discussion of calculations using moving frames. We
do not really present any new material; rather, we revisit some of the previous
calculations with a new tool to be developed in its own right and to be used
later on.
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§1.1. Connections

We refer the reader to Narasimhan (1968) and Warner (1971) for background
on differentiable manifolds. Needless to say, these are not the only possible
quality choices.

For a path w(¢) in a manifold M, we let @'(¢) denote the velocity vector of
w at w(t). When the manifold is R”, we will distinguish between the velocity
vector and the derivative of the vector valued function, when necessary.

Unless otherwise stated, either explicitly or by unequivocal context, all our
manifolds are C*°, Hausdorff, with countable base, and connected. Unless oth-
erwise indicated, differentiable means C*°. When speaking of manifolds that
possess boundary, our use of the word “manifold” (nearly) always refers to the
interior. In particular, our compact manifolds are without boundary.

Let M be an n—dimensional differentiable manifold, with tangent bundle
T M and associated natural projection w : TM — M. For any p € M, we let
M, denote the tangent space to M at p. We denote the collection of C b=
0,1,..., 00, vector fields on M by FE(TM).

If  : M — N is a differentiable map from the manifold M to the manifold
N,weletg, : TM — T N denote the induced bundle map (in local coordinates
the Jacobian linear transformation) linear on each fiber. We also let ¢* denote
the pullback maps of the associated cotangent bundles.

Definition. A connection on M isamap V : TM x T''(TM) — T M, which
we write as V¢Y instead of V(£,Y), with the following properties: First we
require that VY be in the same tangent space as &, and that for «, B € R,
peEM,E,neM,Y e r''(rm,

Vct.§+/3nY = O[VgY + ,BVnY

Second, we require that for p € M, & € M,,,Y,Y,,Y, e T'(T M), f € C'(M),
we shall have

Ve(Y| +Y2) = VeY| + Vi)Yo,
Ve(fY)=ENY), + f(p)VeY.

Finally, we require that V be smooth in the following sense: if X, Y € I'**(T M),
then VxY € I'™(T M).

The example that motivates the above definition is, naturally, R". We let
S, i R" — (R"), be the natural identification of R"” with the (abstract) tangent
space to R” at any p € R”. For the natural basis {ey, ..., ¢,} of R”, the natural
basis of (R"), determined by the chart consisting of the identity map of R" to
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itself is given by
Ijip = Jpe;

for j =1,...,n. Let Y be a differentiable vector field on R” such that Y =
¥, 1/9;. Then, the standard connection on R" is given by

(L1.1) Ve¥ = (En))9;.
j=1
One easily checks that the requirements of the definition of a connection are
satisfied.
A more explicit geometric expression for the standard connection on R” is
given as follows: Given § € (R"),,letw : (—€,€) - R" € C' be a path in R”
with w(0) = p, @'(0) = &. Then one verifies that

Sty Yiww = Yip

(11.2) VeY = lim ~2°
t—0 t

Thus, the natural identification of the tangent spaces (R"), and (IR"), via the
map I, 03 p", for any p, ¢ in R”, is that which allows for the natural dif-
ferentiation of vector fields on R”. In an abstract differentiable manifold, no
such natural identification exists, a priori. Therefore, it must be postulated in
advance. However, it is far more natural to postulate the differentiation of vector
fields first, and to then investigate the resultant identification of tangent spaces
at different points of the manifold. See §1.2.

Let M be our differentiable manifold with connection V. We note that, for
p € M,& € M, V:Y isuniquely determined by the restriction of Y to any open
set U containing p. To see this, fix p € M, & € M, and an open neighborhood
U of p.

We first show that Y |[U = 0 implies VY = 0. Pick a differentiable function
f M — Rsuchthat f(p) =0and f|{M\U = 1. Then, fY =Y and

VeY = Ve (fY) = ENY), + f(p)VeY,

both terms of which vanish at p. We conclude that, if two vector fields agree
on all of U, then so do their covariant derivatives.

We may proceed conversely, namely, if Y is given as defined only on U, then
pick open V relatively compact in U and ¢ : M — [0, 1] differentiable with
compact support such that ¢|V = 1 and supp¢ € U.ThendefineY € I''(T M)
by setting Y = ¢¥ on U, and Y = 0 on M\U; and finally define

V.Y = V.Y.
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Then, V:Y is well-defined, that is, it is independent of the choice of extension
of Y to Y € I''(T M). Thus, we may effectively calculate V by restricting the
vector fields in question to, for example, the domain of a chart.

We now show more, namely, that to calculate V.Y, for given Y € l"l(T M),
we need only know Y restricted to a path through p = 7 (£) with velocity vector
at p equal to £. Indeed, let x : U — R” be a chart about p, and £ given by

E=) &3,
J
Then VY is given by

VeY = Z £/, Y.
J

Also, one has the functions n/ : U — R, j=1,...,n,such that
YIU =" n/d;.
J

Now, there exist functions ijf :U >R, j,k€=1,...,n,referred to as
Christoffel symbols, such that

(1.1.3) Vad; =Y Tu'd,
£

on U. We then have
VeY = Z £5vy, Y
k
= Z ékvak\p (Z 7713;>
k J
> & {Z(akn-"xma,.p +y <p>r,-k‘<p>az.p}
k j .

J

> {Z @ (P + Y r,-kf(p)n%p)s"} 31,
L k j.k

that is,

(114) Ve¥ =% {Z E @ P + Y F,-k%p)n-"(p)sk} -
¢ k Jik
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In particular, if w : (o, B) — M is differentiable such that ¢y € («, B), w(f) =
p, @' (ty) = &, one then has

VY =) {(”low)/(fo)Jr DTt (o’ (p)E*  Bups
4 jik

which was our claim.

Next, we note that the choice of connection on M is highly undetermined. Given
any chart x : U — R”, then any choice of n* functions I';;* : U — R € C*®
determine a local connection on U, via the equations (I.1.3) and (I.1.4). One
can then create global connections on M from local ones, by using a partition
of unity.

Finally, we note the change of variable formula for the Christoffel symbols.
Giventwo charts x : U — R",y : U — R”", on M, with respective Christoffel
symbols , T’ jkﬁ, yI's;", then one verifies by direct calculation

(I.1.5)
[t a(y” ox’l) 82(y"ox’1) 8(ysox’1) 8(y’ox’1) -
E x1jk ¢ = ok E - X yFst .
7 0x dx/0x 7 ax/ 0x

Definition. Let w : (o, 8) — M be a C! path in M. We define a vector field
along the path w to be amap X : («, ) — T M, such that o X = w, that is,
X(t) € M for all ¢. (Note that in such a situation, we do not necessarily
obtain a vector field on the image of w in M since it is possible, for example,
thatty, 1, € (o, B), 11 # 12, w(t1) = w(2), but X (1) # X(22).)

We define the derivative of X along w, V, X, as follows: Assume x : U — R”
is a chart containing w((«, B)) and define ij" as in (I.1.3). Also set

o' = x/ow, j=1,...,n,
write X as
X =) &@00)
J
and finally, define

(11.6) ViX =) 1EY 4+ D Tilow)k! (@) { (drow),
[ J.k

for X € CL.
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One checks, using (I.1.5), that the definition (I.1.6) is independent of the choice
of chart on M and thereby obtains a well-defined vector field V, X along w even
if the image of w is not contained in the domain of one chart on M. Also,

d.1.7) Vi(X1+ X2) = V. X1 + Vi Xo,

(1.1.8) Vi(fX)=f'X+ fV.X,
for all vector fields X, X, X, along w, and f : (o, B) > R € cl.

One can now use the above to consider a more general situation, namely,

Definition. Let N, M be differentiable manifolds, ¢ : N — M differentiable.
Then, define a vector field X along ¢ to be amap X : N — T M satisfying
moX = ¢, thatis, X(q) € My forallq € N.

If X is a differentiable vector field along ¢, ¢ € N, & € N,, and V a con-
nection on M, define the derivative of X along ¢ in the direction &, V¢ X, as
follows: Let w : (—e, €) — N be any differentiable path for which w(0) = ¢,
®'(0) =&,and letY : (—e, €) = T M be the vector field along ¢ ow given by

Y =Xow.
Define V¢ X by
Ve X = (V/Y)(0).

Ve X is seen to be independent of the choice of w, and is therefore well-defined
and satisfies

VS(XI + X)) = VsX] + V§X2,
Ve(fX)=ENX)p+ f(P)VeX,

where X, X, X, are differentiable vector fields along ¢ and f : N — R is
differentiable.

§1.2. Parallel Translation of Vector Fields

Let M be a given differentiable manifold with connection V.
Definition. Let o : (a, B) — M be a C! path in M. We say that a vector field
X along w is parallel along w if

V. X =0

on all of («, B).
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By (I.1.7), (I.1.8) one has that, given w, V; is a linear operator on vector fields
along w; thus, the set of parallel vector fields along w is a vector space over R.
From (I.1.6), one has (via the theory of linear ordinary differential equations),
toeach ty € (o, B), & € M, the existence of a unique parallel vector field X
along w satisfying X (#p) = &. In particular, the space of parallel vector fields
along w is finite dimensional and has dimension equal to that of M.

Thus, we can construct isomorphisms between the tangent spaces to M at
different points of @, namely, let#1, t, € («, B), and for & € M, let X; be the
parallel vector field along w satisfying X¢(#;) = &. Now set

rl‘],fz(é) = Xf(tz)'
Then, 7, ;, is a linear isomorphism of M,y onto M, and is called parallel

translation along w from M,y to M y,).

Theorem L.2.1. Letw : (a0, B) — M be adifferentiable path, X a differentiable
vector field along w, and ty € (a, B). Then,

71,10 (X (1)) — X (#0)

1.2.1) (V. X)(ty) = lim
t—1o t—1
Proof. Let E((¢?), ..., E,(¢) be n parallel vector fields along @, which are point-

wise linearly independent (of course, as soon as they are linearly independent
at one point, they are linearly independent at all points), # = dim M ; then, there
exist functions &7 : (a, B) — R, j =1, ..., n such that

X0 =Y EOE;1)

j=1

on (&, B). One now calculates explicitly both sides of (I.2.1) and the result
follows. o

Remark 1.2.1. The reader is invited to compare (I.2.1) with (I.1.2). Note that
the identification of tangent spaces t;, ,,(§) depends on the path w connecting
w(ty) to w(tz). A local calculation shows that if parallel translation of vector
fields is independent of the choice of path connecting any two given points in M,
then the curvature tensor of V —to be defined below in §1.4 — vanishes identically
on M. Almost needless to say, if parallel translation of vector fields on M were
independent of the choice of path connecting any two given points in M, then
one could construct, at will, n linearly independent (over R) nonvanishing vector
fields on M — a global fopological restriction on M. See, also, Remark 1.5.2.
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§I.3. Geodesics and the Exponential Map

We are still with our differentiable manifold M and connection V.

Definition. A path w: (o, 8) > M € Ct, £>2, is called is called a
geodesic if

1.3.1) V,o' = 0.

on all of («, B).

To write the equation for a geodesic in a chart, we let x : U — R”" be the
chart, set o/ = x/ow, j=1,...,n,and let T 3%, j, k, £ =1,...,n be given
by (I.1.3). Then, (I.1.6) implies that (I.3.1) reads as

(1.3.2) @)+ Y (Tl ow)!Y (@) = 0.
J.k

‘We now exhibit the second-order system (1.3.2) as a first-order system on T M.

With the projection 7 : TM — M and chart x : U — R”, we associate the
natural chart Q : 77 '[U] — R* = R" x R” by Q(&) = (q(£), ¢(£)), where

g =xom. §(€)=kx
(where by £x we mean &/ = £x/, j = 1,..., n). Thus,
£ = Z G’ (§)3jin)-
J
We find it convenient to write the basis of tangent spaces to T M at points of
7 U]by {8/dq",...,3/dq", 3/34", ..., 3/34"}. One immediately has
7.(8/0q7) = 3/3x7, 7.(8/047) = 0.

The differential equation (I.3.2) can then be written as a first-order equation in
7 U

(13.3) @ =4",

(13.4) @'y ==Y (Cy‘omi’q".
J.k

The solutions to (1.3.3), (I.3.4) are therefore integral curves of the vector field
G on 7~ ![U] given by

Gl i 0
G=) 14572 Tilomi’d" — 1.
> i - Suomntit o
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Since the geodesic equations are independent of the choice of coordinates on
M, we conclude that G defines a global vector field on T M.

Definition. The maximal flow of G is called the geodesic flow.

One easily has the following:

Theorem 1.3.1. Let Q : (o, B) = T M be an integral curve of G, and w =
woQ. Then,

1.3.5) o =Q

and w is a geodesic in M. Conversely, given a geodesic w : (a, B) — M and
Q defined by (1.3.5), then Q2 is an integral curve of G.

Thus, if p(t, &) denotes the maximal flow of Gon T M, wheret e R,E € TM,
then

Vs (1) i=mop(t, §)
is the unique maximal (relative to its domain in R) geodesic in M satisfying
ve(0) =7 (§), ye'(0)=¢.
Of course,
V') = (1. §).

In particular, ye(t) depends differentiably (i.e., C*) ont and §.
Finally, if I is the maximal interval on which yg is defined, then for any
o € R, a # 0we have

(1.3.6) log = (1/)g,  vae(t) = ys(at),
where if I¢ = (B1, B2) then (1/a)lg := (B1/a, Bo/a) when o > 0, and (1/a)
I¢ == (B2/a, B1/a) when o < 0.

Remark 1.3.1. We note that (I.3.5) — the coordinate-free version of (1.3.3),
(I.3.4) —is the heart of a coordinate-free definition of a second-order differential
equation on a manifold. Namely, we say that a vector field X on T M determines
a second-order ordinary differential equation on M if

(X)) =&
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for all £ € T M, that is, if we consider X : TM — TT M as a section on T M
into TT M then

1.3.7) 7% = idry.

Thus, if 2 denotes an integral curve of X on T M, and w = m o is the projection
of Q2 to M, then the validity of (I.3.5) for all integral curves €2 is equivalent to
1.3.7).

Definition. By the zero section in T M, we mean the vector field o € I'(T M)
where 0|, is the zero vector in M .

Note that o is an imbedding of M in T M.

Theorem 1.3.2. Let 7 M be the subset of T M defined by
TM={§e€TM:1ecl}.

Then T M is open and is starlike with respect to o € I'(T M), that is, for any
& € TM we have aé € TM for all « € [0, 1].
If we define exp : TM — M by

exp& = y:(1),

then exp is differentiable, and exp has maximal rank on o(M) C TM.
If for any given p € M we define exp, : M, N'TM — M by

exp, = exp|M, NTM,

then exp, is differentiable, and exp,, has maximal rank at 0 € M,,.
Finally, the map w x exp : TM — M x M given by

(7 x exp)(§) = (m(§), exp§)

is differentiable and of maximal rank (= 2dim M) on o(M) € T M. Thus, there
exists a neighborhood W of o(M) in T M such that (= x exp)|W is a diffeo-
morphism of W onto its image, an open subset of M x M.

Proof. That 7 M is open is a consequence of the fact that the domain of the
maximal flow is open. That 7 M is starlike follows from (1.3.6).

We shall calculate (7 x exp), on o(M), since this calculation contains that
of exp, on o(M), and (expp)*w.

Fix p € M, and a chart x : U — R". On 7~ '[U] we have the chart Q :
7 1 [U] = R” x R" as discussed previously; and on U x U we have the
chart y:U xU — R" xR" given by y(pi, p2) = (x(p1), x(p2)). Then
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(T % exp)’l[U x U]is openin T M and contains o(U). So our goal is to cal-
culate the rank of the Jacobian matrix of

z:=yo(r x exp)oQ~': Q(x'[U]) - R*"

on Q(o(U)).

Let r; : R” x R" — R” denote the projection onto the first factor. Then,
xomoQ ' =my;

so it remains to calculate (exp ,,)*\0-

For the calculation that follows, it will be more convenient to denote the
origin of M, by o, and the origin of R by 0.

LetS, : M, — (M,), be the canonical identification of M, with its tangent
space at the origin o. We shall show that

(expp)*|ooi‘s,, = ide.

Indeed, given £ € M, consider the linear path w in M, given by w(t) = t§.
Then

/O :gu = Wx|0 7>
@' (0) = 3, @s0

which implies

a
(exp)*\o CRFIES (eXP)*|o OWx|0 E

0
= (eEXpow)j0 =

Jat
d
= {E((expow)(t ))}t:o
= ¥:'(0)
=g,

which is the claim.
The final statement of the theorem follows from the calculation just done,
and the following fact:

If M, N are Hausdorff spaces, M locally compact with countable basis, ¢ :
M — N alocal homeomorphism, A closed in M, and ¢|A is one-to-one, then
there exists a neighborhood V' of A such that ¢|V is a homeomorphism. | |

Definition. We refer to exp : 7M — M as the exponential map.
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§1.4. The Torsion and Curvature Tensors

M is our differentiable manifold with connection V.

Definition. For any p € M, we shall define the multilinear maps
T:M,xM,—> M, R:M,xM,xM,—M,,

henceforth referred to as the forsion and curvature tensors of V, respectively,
as follows: For &, n, ¢ € Mp, let X, Y, Z be extensions of &, , ¢, respectively,
to vector fields on a neighborhood of p. Then define

1.4.1) T n) =V,X —Ve¥ —[Y, X],
(1.4.2) RE M =V, VxZ = VeVyZ — Vi x, Z-

In the above, and in all that follows, [ , ] denotes the Lie bracket of vector fields.

To show that T and R are well-defined (i.e., they are independent of the exten-
sions of &, i, ¢), it is best to change the point of view and consider 7 and R as
defined on the vector fields X, Y, Z. We first show that T and R are multilinear
(with respect to X, Y, Z) over functions on M, that is, for example,

T(X,Y)=VyX — VyY — [V, X]
satisfies
2 2 2
/ (z X3 g,y,-) S Y e T(nT),
i=1 =1 ij=1

Certainly, T(X,Y) = —T (Y, X); so we only have to show that T is linear over
functions with respect to the first variable. Clearly, T (X, Y) is additive with
respect to X, and

T(fX,Y) = Vy(fX) = Vx¥ [V, fX]
= (VX + VX — [VY — (Y /)X + fIV, X]}
= fT(X,Y).

So T is linear in X, hence multilinear in X and Y, over functions. But then, in
any coordinate chart x : U — R”, we have for

.9 a
ngf;:]a?, YZ;nkﬁ,
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the calculation
, 0 0
TX,Y)= It —, —).
(X.Y) ;én (ax, axk)

So T(X,Y)), is determined exclusively by the values of X, and Y|,. The
discussion for the curvature tensor field R is similar.
As mentioned, one has

(1.4.3) TE, n+Tm & =0.
Also,
(L4.4) R(E,m)¢ + R, &) =0.

Remark I1.4.1. The above equations (I1.4.3) and (I.4.4) are obvious conse-
quences of the definitions (I.4.1) and (I.4.2). For more involved calculations,
such as (I.4.5) immediately below, it helps to note that, for any chart on M, the
Lie bracket of coordinate vector fields associated with the chart vanishes iden-
tically on its domain. Since for calculating identities for tensor fields it suffices
to verify the results for coordinate vector fields of a chart, one has a consider-
able simplification of the resulting calculations, by verifying the identities for
coordinate vector fields of a chart.

If we are given that T = 0 on all of M then direct calculation yields the first
Bianchi identity

(1.4.5) RE,m¢ + R, &+ R(m, 0§ =0.

To prove (1.4.5), it suffices to check that, in any chart x : U — R”, we have
R(9j, 0)3¢ + R(9¢, 0;)9 + R(9x, 9¢)d; = 0.
Well, since T = 0, we have Vy, 9, = V,,9; for all j, k, which implies
R(9;, 0;)0¢ + R(0¢, ;)0 + R(0, 9¢)9;
= Vi, Vy,00 — Vi, Vi, 08¢ + Vi, Vo, 0 — Vi, Vi, 0k + V5, V,0; — Vi, Vi, 0,
= Vy,(Vy,0p — V,0;) + V,(Vy, 0k — Vi, 00) + V5,(Vy, 0 — Vi, 0k)
=0.

We leave to the reader to verify that if x : u — R” is a chart on M, and the
functions ijz U —> R, j,k,£=1,...,n,are given by (I.1.3), then for

T, 0) =Y T
12
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we have
Ty =Tu" =Ty,
and for
R(9;, 0x)0; := Z Riji‘d
¢
we have

L46)  Rip' =" —o;Tu’ + Y {1/ T’ =TT,

Both the torsion and curvature tensors appear in Jacobi’s equations of geodesic
deviation, that is, the linearized geodesic equations: Let €y > 0, v : (a0, 8) X
(—€0, €0) > M be differentiable such that for each € in (—¢, €g) the path
we : (a, B) = M given by w.(t) = v(¢, €) is a geodesic. The coordinate vector
fields along v will be written as

0,V = v,0, 0eV = V40,

and differentiation of vector fields along v with respect to the directions 9;, 0
by V;, V respectively. One has, since [d;, d.] = 0,

1.4.7) Vedv — Videv =T (0,v, 9cv),

1.4.8) VeV, — ViVe = R(0,v, 0cv).

Theorem 1.4.1. (C. F. Jacobi (1836)) Given the above, we have

1.4.9) 0= V,28.v + V(T (3,v, 3v)) + R(3,v, 3:v)d,v.

Proof. We are given on all of (o, 8) X (—¢p, €o) that
0 == V, 3,\/ 5
which implies

0=V.V,0,v
= V,V.0,v + R(0,;v, 0,v)d,v
=V, {V,0:v + T (v, 0.v)} + R(3,v, 0cv)d,v
=V, 20y 4+ V(T (8,v, 3:v)) + R(3,v, :v)d,v,

which yields the claim. u
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§1.5. Riemannian Metrics

Definition. Given a differentiable manifold M, define a Riemannian metric
g on M to be a mapping that associates with each p € M an inner product
gp M, x M, — R satisfying the following differentiability property: If U
is any open set in M and X, Y are differentiable vector fields on U, then the
function g(X,Y) : U — R given by

8X, Y)(p) = gp(Xjp, Y)p)

is differentiable on U.
By a Riemannian manifold we mean a differentiable manifold with a given
Riemannian metric.

Definition. Let M, N be differentiable manifolds, # a Riemannian metricon N,
¢ : M — N differentiable, and My = {p € M : ¢,, is one-to-one}. Of course
M, is a, possibly empty, open submanifold of M. The pull-back ¢*h of h is
defined to be the Riemannian metric on My given by

@5.1) (@M, m) = h(@:&, ¢.m)

where §,n € M, p € M.

If p € M\ My, then (1.5.1) defines a symmetric bilinear form on M, but the
form is only nonnegative.

Should M also be a Riemannian manifold with Riemannian metric g, then
we say that ¢ is a local isometry of My into N if g = ¢*h on My. If M is
connected, then g = ¢*h also implies that My = M, that is, ¢ is a Riemannian
immersion. If ¢ is an imbedding satisfying g = ¢*h then we call ¢ an isometry
of M into N.

An isometry of M is a diffeomorphism of M onto itself that is an isometry.

When there is only one Riemannian metric under consideration, we usually

write (, ) for g(, ).

Theorem L.5.1. (T. Levi-Civita (1929)) If M is a Riemannian manifold, then
there exists a unique connection V (henceforth called the Levi-Civita connec-
tion) for which

15.2) VxY = Vy X +[X, Y],
1.5.3) X(Y,Z) = (VxY, Z) + (Y, Vx Z),

for all differentiable vector fields X, Y, Z € I'(T M).
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Proof. Since at each point the inner product is a nondegenerate bilinear form,
to calculate VxY it suffices to calculate (VxY, Z) forany X, Y, Z € I'(T M).
To this end we have, using (1.5.2), (I1.5.3) alternatively,

)
= XY, Z) = (Y, VzX) = (Y, [X, Z])
= X(Y, Z) = Z(Y, X) +(VzY, X) = (Y, [X, Z])
=X(Y,Z) = Z(Y, X)+(VWWZ,X)+([Z,Y], X) — (Y,[X, Z])
=X(Y.Z)—Z(Y,X)+Y(Z,X) —(Z,VyX) +([Z,Y], X)

— (¥, [X, Z])
=X(Y.Z) - Z(Y,X)+Y(Z,X) — (Z,VxY)
—(Z,IY, X]) +([Z, Y], X) = (¥, [X, Z]).

Therefore, we have

154 (VxY, Z) = (A/20{X{Y,Z)+Y(Z,X) - Z(X,Y)
— (X, [V, Z]) = (Y. [X, Z]) — (Z,[Y, X])},

that is, if we are given the restrictions (1.5.2), (1.5.3), then we have the explicit
calculation of (VyY, Z) — thus VxY is uniquely determined. To establish the
existence of V, one takes (I.5.4) to define V, and verifies directly that V indeed
defines a connection satisfying (1.5.2), (I.5.3). [ |

Remark L5.1. Note that (1.5.2) says that the torsion tensor of the Levi—Civita
connection vanishes on all of M.

Remark 1.5.2. Before proceeding with the further development of ideas and
results, it is worth illustrating the point made in Remark 1.2.1, namely, that
parallel translation of vectors along paths might very well depend on the choice
of path, equivalently, that parallel translation around a closed path might have
distinct initial and terminal vectors. Consider, for simplicity, the 2—sphere S? of
radius 1 in R3. Its standard metric is induced by restricting the standard metric
of R3 to the tangent bundle of S2. We shall show in §IL.3 that the geodesics
of S? are the “great circles” of the sphere, that is, those circles obtained as the
intersection of S? with any 2—plane in R* passing through the center of S?.

To illustrate parallel translation (see Figure I.1), consider a unit tangent vector
& at the north pole P. Consider the geodesic y; determined by &, and parallel
translate & along y; to obtain 1 = y;'(7w/2) on the equator. Rotate n through
7 /2 radians to obtain the unit tangent vector ¢ tangent to the equator. Parallel
translate 1 along y; (i.e., along the equator) to obtain the tangent vector o, at



18 Riemannian Manifolds

Figure I.1. Parallel translation on S?.

¥y (). Since (1.5.3) implies that lengths and angles are preserved by parallel
translation, then oy, is a unit tangent vector, perpendicular to y,'(«), and pointing
toward the south pole. Finally, parallel translate o, along y_,,, back to the unit
tangent vector §, = —y_,,'(7r/2) at the north pole P. Then, for « € (0, 27),
we certainly have &, # &.

Let x : U — R” be a chart on the Riemannian manifold M. Then, for each
p € U, the matrix G(p) given by

(I.5.5) G(p)=(gi;j(p)), &j(p)=(9ip,0jp)

is positive definite symmetric, and the functions g;; : U — R,i, j =1,...,n,
are C*° on U. Conversely, given any n—dimensional manifold M, and achart x :
U — R" on M, one determines a local Riemannian metric on U by specifying a
C° function from U to the space of n x n positive definite symmetric matrices.
Since the n x n positive definite symmetric matrices form a cone in the space
of all n x n matrices, one may use partitions of unity to pass from the existence
of local Riemannian metrics to global ones.
Given the matrix function G on U, we denote the inverse G ~! by

(15.6) G =(g".

Let V be the Levi—Civita connection of the Riemannian metric, and ijz
given by (I.1.3). Then (1.5.2) becomes

1.5.7) Tt =Ty,
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and (I.5.4) becomes
1 .
(15.8) Put =3 Z 8" {08k + dgjr — gy} -

Finally, we note that, for formal calculations, one uses the classical expression
for the Riemannian metric

ds? = Z gju(x)dxdx*,
Jk
which on R” becomes
ds* = |dx|*.

§1.6. The Metric Space Structure

Let M, N be differentiable manifolds and A an arbitrary set in M. Recall that
amap¢p:A— N is C* on A, k > 1, if there exist an open set U such that
ACUCMandamap ¢ : U — N e C* satisfying ¢p|A = ¢.

Definition. For a given differentiable manifold M, k =1, ..., oo, we let DF
denote the collection of all maps w from closed intervals of R into M that
are continuous and piecewise C K that is, w is given by w : [o, ] &> M €
C? and there exist @ =ty < #; < ... < t; = 8 such that w|[t;_, ;] € C* for
j=1,...,¢

Let M be a Riemannian manifold. For any £ € T M, define the length of &,
€], by

€1 = (.6)"2.
For any path o : [ar, B] — M € D' define the length of w, {(w) by

B
Uw) = / | ()| dt.
For M connected (our usual assumption), p, ¢ € M, define the distance between
pandq,d(p,q), by
d(p, q) = inf {(w),

where w ranges over all  : [a, B] — M € D! satistying w(a) = p, w(B8) = q.
One immediately verifies that

d(p,q) =d(q, p),
d(p,q) >0,
d(p,q) <d(p,r)+d(r, q),
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for all p,q,r € M. Thus, to show that d(, ) turns M into a metric space, it
remains to show that if p and ¢ are distinct points of M, then d(p, ¢) > 0. We
give two proofs of this fact. The first is short — it reduces the problem to that
of Euclidean space, which we may take as known. The second approach is far
more detailed, in that it recaptures those features of the Euclidean case that are
pertinent to the matter.

The first proof goes as follows (see Hopf—Rinow (1931, p. 213)): Assume
M is n—dimensional, and (henceforth) let B(x;r) denote the open ball in R”,
centered at x, with radius r. Given p € M, let x : U — R” be a chart on M,
p € U. Then there exists » > 0 for which

B(x(p);r) cC x(U),

which determines the existence of a constant A > 0 such that, for all £ €

T(x~'[Bx(p);r)),
)
5 = ; 51@,

HENYMNE
j

So, on B(x(p); r), the Riemannian lengths are uniformly bounded below by the
corresponding Euclidean lengths. Therefore, for ¢ € x~![B(x(p);r)], we have

we have

d(p,q) = Alx(p) — x(q)| > 0.
Forg € M\ x~'[B(x(p);r)], we obviously have
d(p,q) = Ar.

So p # g implies d(p, q) > 0.
For the second proof, recall that, for any £ € T M, the path

1.6.1) ye(t) = expté
is the unique geodesic in M satisfying
1.6.2) ¥e(0) =7 (§), ve'(0) =&,

where m : TM — M is the projection map. Note that an immediate con-
sequence of (I.5.3), extended to differentiation of vector fields along paths,
is that

(1.6.3) 7' (0] = 1§
for all ¢ for which y is defined.
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Alsorecall thatif o : M — T M is the zero sectionof M in T M, and T M is
the domain of the exponential map exp, then by Theorem 1.3.2 there exists an
openset W inTM suchthato(M) C W CTM,andw xexp: W —> M x M
is a diffeomorphism of W onto its image, an open subset of M x M.

Definition. For any ¢ € M, we let
Blg;e) =1{§ e M, : §] <€}, B, =B(g: 1),
and for any V € M we write
B(V:e) = JB(g:e).
qgeV
Similarly, we define
S(g;e) ={5 e M, : |&] =€}, Sy =9S(g; 1),
S(vie)= | S(g:e).

qevV

Theorem L1.6.1. For each p € M, there exists € > 0 and a neighborhood U of
p in M such that

(1) any two points of U are joined by a unique geodesic in M of length < €;

(ii) the geodesic depends differentiably on its endpoints; and

(iii) for each q € U, exp, maps B(q; €) diffeomorphically onto an open set
inM.

Proof. Let W be the open set in 7 M described above. Then, for any p € M,
there exists a neighborhood V of p in M and an € > 0 such that B(V;¢) C W.
Next, there exists an open neighborhood U of p in M such that U x U C
(r x exp)(B(V; €)). One now checks that U and € will do the job. [ ]

Theorem 1.6.2. Let € > 0 and U be given as in Theorem 1.6.1, p,g € U, and
y : [0, 11 = M the geodesic of length less than € satisfying y(0) = p, y(1) =
g.Letw :[0,1]1 = M € D' be any path satisfying w(0) = p, w(1) = q. Then

(1.6.4) Uy) < Uw)
with equality only if y ([0, 1]) = ([0, 1]).

Proof. We first require the following:

Lemma 1.6.1. (Gauss’s lemma (1825, p. 107), (1827, p. 24)) Let p € M and
B(p; 80) € TM.Then,foranyt € (0,80),& € S,,and € (S(p;t))e, we have

(L6.5) (ve' (1), (exp e ¢) = 0.
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Figure I.2. The geodesic variation in Gauss’ lemma.

Proof. Fix &£ € S, and let

gt ={neM,: (né& =0}

Recall that 3,z : M, — (M), denotes the canonical isomorphism.
For fixed n € £+, ¢ > 0, consider the path in M, given by

w;(0) = t{(cos [n|0)§ + (sin [n|&)n/[nl}.
(See Figure 1.2.) Then,
w;(0) = 18, @/ (0) = t34em € (S(p; D).
Thus, the map
n = t8en

is an isomorphism of £+ onto (S(p; )i
In particular, if £ € (S(p; 1)), let n € £ be given by

“1n -1
n=1t 3 ¢,
and consider

v(t,0) = expw(0);
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then, for 0,v = v..0,, dyv = v..0y, We have
dv(t, 0) = ye' (1), dpv(t, 0) = (exp)se L.
Thus, (1.6.5) is equivalent to showing
1.6.6) (0,v, dpv) = 0.
First note that
[0v] =1, Vo,v =0,

and that by (1.5.2), we have

V,09v = Vyo,v.
Thus, by (1.5.3), (1.6.3),

0;(0;v, 9pv) = (V,0,v, dgv) + (9,v, V,0pV)
v, Vi0gv)

v, Vgo,v)

1/2)39(0,v, 9,v)

0.

= (

So, for each fixed 6, (9,v, dgVv) is constant along the geodesic determined by the
unit vector ¢~ 'w,(0). To evaluate the constant at ¢ = 0, we have 9,v(0,60) = 0
for all 6. Thus, (1.6.6) is valid for all (¢, 6). |

Lemma 1.6.2. Let o : [a, B] — U\{p} € D'. Then, o(t) may be written as
o (1) = expt(1)5(1),
where t : [, Bl — (0, €), & : [a, Bl — S,. We then have

1.6.7) o) = |t(B) — t(@)l,

with equality if and only if t(t) is monotone and &(t) is constant.

Proof. The functions #(7), £(7) are defined by setting
1(r) = |(exp [B(p; ) 'o ()],
£(t) = (t(1)) " (exp [B(p; €))'o (7).

To verify (1.6.7), introduce geodesic spherical coordinates about p by defining
V:[0,e) xS, > M by

V(t, &) =expt§.



24 Riemannian Manifolds

Asusual, setd,V = V,.(9,)and (3: V) = V..(n) forn € (S,)¢. Then, for (¢, £) €
[0, €) x S, we have

BV (1. 6) = 1(exp, e e,

as we argued previously in the proof of Gauss’s lemma. Since exp |[B(p; €) is a
diffeomorphism, so is V[(0, €) x S,,.
We now have

o(r) =V ((r),§(1)),
o' =13,V 4+ (3:V)E.
But (1.6.3), (1.6.6) imply

o/ 1> = (') + (3 V)E'|* > (')

B B B
z(o)=/ |o’|z/ Iz‘/lzl/ ¢l = 11B) — 1@)],

which is the inequality (1.6.7). The case of equality is handled easily. |

Thus,

Proof of Theorem 1.6.2. Pick ¢, > 0 sufficiently small so that (y + 1)£(y) <
¢; then, y can be extended to a geodesic ¥ : [—¢€g, 1] — U. Then, £(y) =
(e0 + 1)E(y); also, €, U satisfy Theorem 1.6.1 with respect to 7 (—¢).

Let G be the image under exp of the open annulus in M3, given by

B(7(—€0); LPN\B(F(—€0); €0),
that is,
G = exp B (—¢0); L@)\BF(—¢0); €0).

Then, {r : w(tr) € G}isopeninR and is given by a countable disjoint union of
open intervals {(«;, B;) : j =1, ...}. Applying Lemma 1.6.2 to each [«;, B;],
we have

) > Z Lollay, ;1) = Z It;(Bj) — tj(aj)l,

J J

where ¢; is the function #(7), above, for each w|[«;, B;]. Each summand in the
last term is either equal to O or £(y) and, at least one of the summands is £(y).
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This implies the inequality (1.6.4). Equality in (1.6.4) implies there is precisely
one interval in G, and the image of w is that of y by Lemma 1.6.2. |

Corollary L.6.1. If p # q, then d(p,q) > 0. Thus, d : M x M — R given
above turns M into a metric space. For p € M and § > 0, we write

B(p;8):={q e M :d(p,q) <6},
S(p;8):={q e M :d(p,q) =8}

Then, for a given p € M and € > 0 determined in Theorem 1.6.1, we have for
all 5 € (0, €)

B(p; 8) = expB(p; d),
S(p; ) = exp S(p; )

diffeomorphically — thus the metric space topology coincides with the topology
of M possessed by the differentiable structure.

Corollary 1.6.2. Let w : [0,£] — M € D', |o'| = 1 when o' exists, have the
property that £ = d(w(0), w(£)). Then, w, is a geodesic.

Proof. First, note that £ = d(w(0), w(£)) implies that § = d(w(7), w(t + §))
for all 7,7t +§ € [0, £]. Otherwise, the triangle inequality would imply ¢ <
d(w(0), w(?)).

Next, it suffices to show that, for every T € (0, £), there exists 6 > 0 such
that wl|[t, T 4 48] is a geodesic. To prove the existence of &, given w(7), let
€ be given by Theorem 1.6.1 for p = w(t), and set 6 = min{€/2, ¢ — t}.
Then, there exists a unique geodesic y : [t, 7 + 8] = M, |y’| = 1, from p =
o(t) = y(r)to y(t + 8) = w(tr + §) of length §. This implies § = €(w|[t, T +
8]) = L(y|[r, T + 8]) = §. Therefore, w|[t, T + §] = y|[7, T + 8]. Since both
paths are parametrized with respect to arc length based at p, they must be
identical. [ |

Corollary 1.6.3. Given a compact set K € M, there exists a § > 0 so that any
two points of K with the distance less than § are joined by a unique geodesic
of length less than §. This geodesic minimizes distance between the two points
and depends differentiably on the endpoints.

Proof. To each point p € K, construct U = U(p) and € = €(p) as in Theo-
rem [.6.1 — in particular, B(p;€(p)) 2 U(p) for all p € K. If our corollary
is false, then to each § > 0, there exist points p,q € K with d(p,q) <6



26 Riemannian Manifolds

and for which there exists no p’ such that p, ¢ € U(p’). One then obtains a
sequence (p,, ¢,) € K x K withd(p,, g,) — Osuchthat{p,, q,} ¢ U(p’) for
any p’ € K. Now one easily uses the compactness of K to obtain a
contradiction. |

§L.7. Geodesics and Completeness

Definition. Let M be a Riemannian manifold. We say that M is geodesically
complete if for every & € T M, the geodesic y¢ is defined on all of R, that is, if
exp is defined on all of T M.

Theorem 1.7.1. (H. Hopf & W. Rinow (1931, pp. 216ff)) If M is connected
and geodesically complete, then any two points of M can be joined by a minimal
geodesic.

Proof. (G. de Rham (1952))? The idea of the proof is to lay one’s hands on a
candidate geodesic at the very outset. It goes as follows:

Let p,g e M, d(p,q) =6 > 0, and let € = €(p) > 0 as given in Theo-
rem 1.6.1. If § < €, then there is nothing to prove; so assume § > ¢ and fix
8o € (0, €). Then, there exists py € S(p; §o) such that

d(po, q) = d(S(p; o), ),

that is, po is the point on S(p;dp) closest to g. Our candidate geodesic y,
therefore, is given by £ the unit vector in M, determined by p and py, that is,

£ = (1/80)(exp [B(p; €)' (po)-
(See Figure 1.3.) We shall prove for all ¢ € [§, 8] that
1.7.1) d(y:(t),q) =8 —t.

This will certainly prove the theorem.
First, we note that (I1.7.1) is true for t = §,. Indeed,

§=d(p,q)
< d(p, po) +d(po, q)
= 8o +d(po, q).

2 See Note 1.8 in §1.9.



§1.7. Geodesics and Completeness 27

Figure 1.3. Picking a candidate geodesic.

Furthermore, forevery pathw : [0, 1] — M € D! satisfying w(0) = p, (1) =
q, there exists @ € (0, 1) such that w(«) € S(p; 8p). Then,

L(w) = Lw][0, a]) + £(wl|[a, 1])
> 8 + d(w(a), q)
> 8o +d(po, q)

257

by the above argument. But, § = inf {(w) over w just described. Thus, we have
6 = 6o + d(po, q) and (1.7.1) is valid for ¢ = §y.

Note that (I.7.1) implies d(p, ye(t)) = t.

Now let

81 = max {t € [8y, §] : (I1.7.1) is valid for z}.
Our claim, of course, is that §; = §. So we assume §; < é and obtain a contra-
diction. Set p; = y:(8;) and pick &, to satisfy 0 < 8, < min{e(p;), § — &1}

Let pr € S(py; 82) satisty d(pa2, g) = d(S(p1; 82), q). Then, by our previous
argument, using p; for p and p, for py and §, for &y, we have

(L.7.2) S +d(p2,q) =d(p1,q) =6 — 4.
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Thus,

d(p,q)=4§
=481+ 8 +d(p2 q)
=d(p, p1) +d(p1, p2) +d(p2, q)
= d(p, p2) +d(p2. q)
> d(p, q),

which implies
d(p, p») =d(p, p1) +d(p1, p2).

Thus, the path y¢ from p to p;, and the geodesic segment from p; to p, in
B(p1; €(p1)) minimize arc length from p to p,. Thus, the path is differentiable
and p, = y:(8; + 62). If we insert p, = y¢(8; + 6,) into (1.7.2), we obtain that
(I.7.1) is valid for t = 8; + 6> > 8; — a contradiction. [ |

Corollary I.7.1. (H. Hopf & W. Rinow (1931)) If M is geodesically complete,
then every closed and bounded subset is compact. As a consequence, M is a
complete metric space.

Proof. Let E C M be closed and bounded, p € M,andé = sup{d(p,q): q €
E} < +o00. Then,

B(p;8) =expB(p;8), S(p;8) S expS(p;8) € B(p; )

by the argument of Corollary 1.6.1. Thus, £ € B(p;§) = exp B(p; 8), which is
compact. Thus, E is compact. |

Theorem L1.7.2. (H. Hopf & W. Rinow (1931)) If M is a complete metric space
then M is geodesically complete.

Proof. Assume M is a complete metric space, but there exists § € T M such
that its maximal interval /¢ for the integral curve of the geodesic flow through
& isnot all of R. Then, —0o < o := inf I¢ and/or sup I¢ := B < 400. Assume
the first case.

Pick t, | a asn 1 oo. Then, (t,) is a Cauchy sequence and for n, m we have

d(yé(tn)v Vé(tm)) =< Z(Vél[[m tn]) = &1ty — tl;

thus, y¢(#,) is also a Cauchy sequence in M and y:(¢,) — ¢ for some g € M,
asn — oo.

But, for a relatively compact neighborhood U = U(q) of g, we have {¢ €
U] : |¢| = |&|} is compact in T M. Thus, we have a subsequence (t;) of
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(t2), and n € M, for which y;'(t;) — n as k — oo. If we set

Yn(t) = exp 11,

then for all £ we have

V(T — a) = ye(ti)

by the uniqueness of integral curves of the geodesic flow. Then, o # inf/; —a
contradiction. ]

Corollary 1.7.2. If M has a point p for which exp is defined on all of M, that
is, TM "M, = M,, then M is a complete metric space, and therefore exp is
defined on all of TM .

Proof. The argument of Theorem 1.7.1 shows that minimizing geodesics exist
between p and any other point of M. But, then one can argue as in Corol-
lary 1.7.1, followed by Theorem 1.7.2. [ ]

§L.8. Calculations with Moving Frames

In this section, we do not derive new material; rather, we are more interested
in viewing some of our previous calculations from the perspective of moving
frames. We then hope to use these calculations in some of our future work.

In what follows, for &, 1 in a real vector space E, and «, B in its dual space E*,
our definition of the wedge product will be given by

1.8.1) (@A BYE, ) = a(§)B(n) — a(m)B(E).

Also, for a differentiable manifold M, differentiable vector fields X, Y, and
a differentiable 1-form w on M, our normalization of the exterior derivative
dw will be given by

1.8.2) do(X,Y) = X)) —Y(X)) —o(X,Y]).

Now, let M have a connection V, with associated torsion and curvature tensors.

Definition. The covariant differentiation of 1-forms is defined by

(L.3.3) (Vxo)(Y) = X(o(Y)) — o(VxY),
that is,
(1.8.4) X)) = (Vxo)(¥) + o(VxY)

(one checks that Vxw is indeed a 1-form).
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Note that

do(X,Y) = (Vxo)¥) — (Vyo)(X) — o(T (X, Y)),
where T denotes the torsion tensor of V.

Let U be open in M and {ey, ..., e,} differentiable vector fields on U, which
are pointwise linearly independent. We refer to {ey, ..., e,} as a moving frame
onU.Welet {w!, ..., "} denote the dual coframe field.

Then, for any tangent vector £ in T U, one has an expansion of Ve, in terms
of the basis {ey, ..., e,}, namely,

Veej = Z o5 (€)ey.

k

Since V¢e; is linear in &, the collection {a)_,-’< 1 j,k=1,..., n} forms a matrix
of differentiable 1-forms, loosely referred to as the connection 1—forms.
Then, for any & € TU, we have, by (1.8.4),

0= &' (e)))

= (Veo")(e)) + o' (Vee))

= (Veo')(e)) + w; (&)
Therefore,

(1.8.5) Vew' = Z(vswf)(e,-)wf =— Z(w,f(g))wf.
J J

We then have

de!(X,Y) =Y (@" Ao )X, Y)
k

= X (o' (1)) = Y (o' (X)) — o/ ([X, Y])
= Y XD (V) = of (V! (X))
k

= X(@ (¥)+ ) o' Vo (X)
k
—Y (@ (X)) =) o' X (V) — o (IX, YD)
k

= X('(Y)) — (Vxo')(¥)

—Y (@ (X)) + (Vyo!)(X) — o/ (X, Y])
=/ (VxY — Wy X — [X,Y])
= —0/(T(X.,Y))
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(the first equality follows from (I.8.1) and (I.8.2), the second from rearranging
terms, the third from (1.8.5), the fourth from (I.8.3), and the fifth from the
definition of the torsion tensor). We therefore conclude

(1.8.6) do’ =" o* Aoy — (),
k

where we think of T as a 2—form with values in the tangent bundle, and therefore
w/(T)is a2—formon U.
We now consider, by (1.8.2)

do*(X,Y) = X(*¥)) - Y(0;*(X)) — 0;*([X, Y]).
To this end, we note

VyVxe; =Vy Y o0 (X)e
k

=Y Y@ Xer + 0 X)Vyer)
k

=> {Y(wﬁ(&) +> w,-%X)w/‘(Y)} e
l

k

from which we have

Vyvxej — vayej — V[y’x]ej‘

=Z{Y(w_,«k(X)) = X(@ )+ ) (@ Ao )X, Y) — o (Y, X])}ek
k ¢

:Z[da)jk(Y, )+ o rolX, Y)} e
k €

We conclude that if Q ;* denotes the 2—form given by
Q4 (X, Y) = o (R(X, Y)e,),
then

(18.7) dof =Y o' Not - Q.
14

For Riemannian manifolds, we summarize the discussion in the following

Theorem L.8.1. If M is a Riemannian manifold, and the frame {ey, ..., e,} is
picked to be orthonormal at every point of U, with dual coframe {0, ..., "},
then

(1.8.8) do’ = Z of Ayl
k
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where
(1.8.9) w; (€)= (Vee;, ex), wif =—w.
For the curvature forms, we have
(1.8.10) dof =Y o' Not -,
¢
where

(1.8.11) QX Y)=(RX.Y)ej, er),  QF =—-/,
which implies the skew-symmetry of (R(X,Y)Z, W) in Z and W . (See (11.1.4).)

§1.9. Notes and Exercises
Bibliographic Sampler
Note I.1. One must start by referring to de Rham (1955) for manifolds, dif-
ferential forms, de Rham cohomology and theorems, and the Laplacian on
differential forms.

For more up-to-date treatment of differential topology, see Milnor (1965)
and Hirsch (1976).

One can construct an ambitious shopping list of books with which to start
differential, and, more particularly, Riemannian geometry. Many of the more
introductory books start with surfaces in Euclidean space and then deal with the
exclusively intrinsic Riemannian geometry of surfaces. We refer to some of them
in Note II.2. Here, in addition to the references cited in the introduction to this
chapter, we just note the influential two-volume treatise of Kobayashi—-Nomizu
(1969) on the general foundations — from connections through Riemannian
metrics through curvature through the first level of specializations of areas
in differential geometry, for example, curvature and geodesics, homogeneous
spaces, Kéhler manifolds, etc.

For works more exclusively devoted to intrinsic Riemannian geometry see,
for example, Cheeger—Ebin (1975), do Carmo (1992), Gallot—Hulin—Lafontaine
(1987), Gromoll-Klingenberg—Meyer (1968), Klingenberg (1982), Lang
(1995), Lee (1997), O’Neill (1983), and Petersen (1998) — just to name a few!

Lie Brackets of Vector Fields

Note 1.2. It may be helpful to remind the reader that, if X, Y are vector fields
on a differentiable manifold M, then their Lie bracket [ X, Y | can be defined by

[X.Y]f =XX[)-Y(X[)

for any differentiable function on M.
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One checks that if x : U — R”" is a chart on M, and X and Y are given by
| d
X = J—, Y = e
; 5 dxJ ; T axk
then [X, Y] is given by

o axk axk | axi’

Another formula for [X, Y] is given by the Lie derivative of ¥ with respect
to X, that is, one lets ¢; denote the 1-parameter flow on M determined by X,
and defines

d
EXY = E {((/J—I)*Y\gﬂ,}

t=0

Then,

LxY =[X,Y].

Connections and Covariant Differentiation

Note I.3. The coordinate-free definition of connections presented in §I.1 is
originally due to Koszul, who communicated it to Nomizu (1954).

Note I.4. Innearly all of our discussions, we started with global coordinate-free
definitions of the concepts and then gave a calculation in local coordinates of the
objects defined. However, in the “old” days, the method ran the other way; that
is, one started with an expression in local coordinates and then established the
global character of the notions so defined. For a nice treatment of this approach,
we recommend Laugwitz (1966). Two vestiges of this approach are left in our
treatment of (i) differentiation of vector fields along a path and (ii) the resulting
definition of the vector field of the geodesic flow. For (i), an intrinsic a priori
global definition is given in Gromoll-Klingenberg—Meyer (1968), the approach
originally due to Dombrowski (1962). One can find a similar treatment in Besse
(1987), Klingenberg (1982), and also an intrinsic definition of (ii). Finally, one
can find a global characterization of the geodesic flow, via analytical mechanics,
in §V.1.

For the general covariant differentiation of tensor fields, one proceeds as fol-
lows: Recall that given a finite dimensional vector space F over R, the
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(r, s)—tensor space F®"* may be considered as the collection of multilinear
maps

A:(F*Y x F* — R.

Given the n—dimensional manifold M with connection V, one extends the
covariant differentiation to general (r, s)—tensor fields over M, namely, given the
(r, s)—tensor field A, we define its covariant differential VA tobe the (r, s 4+ 1)—
tensor field given by

(VAYO',...,0": X0, X1, ..., X))
= (Vx, A)@',...,0": X1,...,Xy)
= Xo(A@,...,0": X1, ..., X))

=D A@. . Vx0T 0 XL LX)
j=1

N
=D A@. .0V X X,
k=1
where 0!, ..., 6" are 1-forms on M, and Xy, ..., X, are vector fields on M.

Exercise 1.1. Show that, for any p € M, the value of VA at p only depends
on the values of A on a neighborhood of p, and on the values of oL, ....0",
Xo,..., X5 at p.

If M is Riemannian and r = 1, it is occasionally easier to view to A as a section
2 in the bundle Hom (T M ®*, T M) (the identification of the two viewpoints is
achieved through the canonical identification of F with (F*)*), in which case
one defines

(V)(Xo, X1, ..., Xo) == (Vx DX, ..., Xy)
= VX()(Q[(XI’ ceey Xs))

N
_Z Ql(Xl,...,VXOXk, "'»Xx)v
k=1
where X, ..., X are vector fields on M.

Note LS. For more on the covariant differentiation of general tensor fields see,
for example, Klingenberg (1982) and O’Neill (1983).
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The Second Bianchi Identity

ExerciseI.2. Suppose we are given the connection V with torsion and curvature
tensors T and R, respectively. Prove Bianchi’s second identity, that is, show
that T = 0 on M implies

(VeR)E. 1) + (VyR)(&, §) + (VeR)(1, £) =0

forallé,n,sinMp,, pe M.

Covariant Differentiation in Vector Bundles

Let M be our manifold, and E a vector bundle over M, with fiber space the
finite-dimensional vector space F over R.

Definition. A connectionon EisamapV : TM x T''(E) — E (where I'(E)
denotes the C! sections in E), which we write as VY instead of V(&,Y), with
the following properties: First, we require that V¢Y be in the same fiber as £,
and that fora, B € R, p e M, E,n € M), Y e T'(E),

VutéJrﬂnY = (XVEY —I— IBV,]Y

Second, we require that, for p € M, & € M,,,Y,Y,,Y, e TY(E), f € C'(M),
we shall have

Ve(Y1+Y2) = Ve¥1 + Ve Yo,
Ve(fY) = (EF)Y ), + f(p)VeY.

Finally, we require that V be smooth in the following sense: if X € I'*°*(T M),
Y € IT'*°(E), then VxY € I'*°(E).

One has the same local character of the covariant differentiation as that described
for E = T M, with corresponding notions of parallel translation along paths
in M.

Similarly, one has the curvature tensor defined as follows: For any p € M
we define the multilinear map henceforth referred to as the curvature tensor of
V,by:For&,n e M,, ¢ € E, (where E, denotes the fiber over p), let X, Y be
extensions of &, n, respectively, to vector fields, and Z an extension of ¢ to a
section in E, on a neighborhood of p. Then define

RE M =V, VxZ —VeVyZ — Vv x), Z.

For an example, see Exercise II.11.
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Coordinate Characterization of T = (0

Exercise I.3. Prove that, for any connection V on a manifold, the torsion tensor
T vanishes at a point p if and only if there exists achart y : V. — R” for which
the Christoffel symbols of the connection vanish at p.

Gradients

Let f : M — R be a differentiable function on the Riemannian manifold M.

Definition. The gradient vector field of f on M, grad f, is defined by
grad f = 67'(df),

where df denotes the differential of f,and6 : T M — T M* denotes the natural
bundle isomorphism given by

0(&)(m) = (&, m),

forallp e M and &, n e M,.

Exercise I.4. Assume that
|grad f| =1
on all of M. Show that the integral curves of grad f are geodesics.

Exercise L.5. (See Davies (1987, pp. 325-326)) Show that, for any Riemannian
manifold M, the distance function may be given analytically by

d(x,y) =sup{|Y(x) =¥ ()| : ¥ € C, |grad | < 1},

that is, where i varies over smooth functions for which |grad | < 1 on all
of M.

On Theorem 1.6.1
Note 1.6. See Hopf—Rinow (1931, p. 219), where they refer this result to O.
Bolza (1909, §33). A stronger theorem, that the unique geodesic of length < €

is contained in U itself, was proved by Whitehead (1932). See our discussion
in § VIL6.
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The Hopf-Rinow Theorems

Note L.7. A precursor to the Hopf—Rinow theorems is in the work of Koebe.
See the references and comments in the original paper, Hopf—Rinow (1931).

NoteI.8. The strength of de Rham’s proof of Theorem 1.7.1 lies in its immediate
selection of a candidate geodesic to minimize distance between two points. If,
however, one tries to carry out the argument for a class of closed loops, for
example, if one attempts to minimize the length of loops in a nontrivial free
homotopy class of a compact Riemannian manifold, then one has nowhere
to aim. So one must return to the original argument of Hopf—Rinow (1931).
Namely, one must deal directly with a sequence of loops whose lengths approach
the infimum of all such possible lengths. See our discussion in the proof of
Theorem IV.12.

Also note that the hypothesis here in Theorem 1.7.1 is geodesic completeness.
If one assumes instead, metric completeness of the Riemannian metric, then one
has an easy direct proof of the existence, given any two points, of a minimizing
geodesic joining the two points. The argument is direct variational, and uses
the Arzela—Ascoli theorem. (See the sketch to Exercise 1.7.)

Exercise 1.6. Let M be a complete noncompact Riemannian manifold. Show
that to each p € M, there exists a geodesic ray emanating from p, that is, there
exists a geodesic y : [0, +00) — M such that y(0) = p, and d(p, y(t)) =t
forall t > 0.

Note 1.9. The definition of the metric structure on Riemannian manifolds, and
the Hopf—Rinow theorems have been the subject of refinement, axiomatization,
and development (see W. Rinow (1961)). In what follows, we introduce some
of the work of M. Gromov (1981). A subsequent English edition (more than
just a translation) appeared in Gromov (1999). An excellent introduction to the
field is Burago—Burago—Ivanov (2001).

Length Spaces

The standard approach to lengths and distances that we presented starts with
the definition of lengths of a specified collection of paths (namely, D'), from
which is created a distance function, which is then shown to determine the same
topology as that with which we started. A more abstract approach is to consider
an arbitrary set X with a length structure, that is, to each closed interval / € R
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is associated a collection of maps C; from / to X, the resulting collection
C=V;(p,
and a length function
£:C — [—o0, +00]
satisfying:

(@) £(f)=0forall f €C;

(b) £(f) = 0if and only if f is the constant map;

(c)if I C J then the restriction of any f € C; to the interval / is an element
of Cs;

(@) if f € Capy and g € Cpp), wWith f(b) = g(b), then f - g € Cjy.¢) With

L f - g) =L(f)+ L£(g);

(e)if ¢ : I — J is a homeomorphism, and f € C,, then fo¢ € C; and

L(fog) =L(f);
(f)if I = [a, b], f € C;, then the map

1= £(flla, 1])

is continuous. One then naturally proposes a length distance dy(x, y) between
any two points x, y to be given by

de(x,y) =1inf{€(f) : f €C, f joins x to y}.

(To ultimately speak of all maps I — X for all I, one sets £(f) = +oo for any
f - X QC[)

Note 1.10. If X is given to be a topological space, then the paths in C are
restricted to be continuous and are assumed to satisfy: Given any x € X, and
any open neighborhood U, of x, the length of paths connecting x to points in
X \ Uy is bounded away from 0 (Burago—Burago—Ivanov (2001, p. 27)).

Also (see p. 28), if X is Hausdorff, then d, is indeed a metric (not just
nonnegative) — although points in the same component might have infinite
distance between them.

To construct a natural example of a length structure, simply stand the discussion
on its head, namely, start with a metric space X with distance function d. The
collection of paths C is to consist of all continuous maps of closed intervals to
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X; and for any continuous f : [a, b] — X, define the length of f by

k
Ca(f)=sup Y d(f(t;-), £t
Jj=1

where the supremum is taken over all partitions [a =) <t; < ... <1t = b]
of the interval [a, b]. Thus, C consists of all continuous maps of closed intervals
inRto X.

We then have two “cycles”: First, start with a length structure ¢, determine
a length distance function d;, from which one determines a length structure .
Second, start with a metric space with distance function d, determine the length
structure £,, which then determines a new length distance function d. The first
two questions, of course, are: When is £ = 7, and when is d = d? Here are
some results:

Start with the length structure £. Show that, if for every closed interval I, the
length function £ restricted to C; is lower semicontinuous in the compact—open
topology of C;, then £ = £.

Proposition A. Start with the metric d, and consider the following two prop-
erties of d:
1°: Forany x,y € X and € > 0, there exists z € X such that

sup {d(x, 2), d(z, y)} < @ te

2°: Forany x,y € X andry,ry > 0 satisfying
ri+r2 <dx,y),
one has
d(B(x;r1), B(yir2)) < d(x,y) —r1 —ra.

Then, the two properties are equivalent. Also, d = d implies that these proper-
ties are valid.

Conversely, if the metric d is complete, with these properties valid, show that
d=d.

Definition. The metric space (X, d) is called a length space if d = d.

Proposition B. If X is a complete locally compact length space, then closed
and bounded sets are compact.

For the details, see Burago—Burago—Ivanov (2001, §2.3-4).
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One can now consider geodesics without ordinary differential equations.

Namely,

Definition. Let X be a length space with respect to the metric d. A minimizing
geodesic is apath f : I — X such that

d(f@), f@) =t -1

forallr,t' € I.
The path f : I — X is a geodesic if the restriction of f to all sufficiently
small intervals / is always a minimizing geodesic.

Exercise 1.7. If X is a complete locally compact length space, then any two
points are joined by a minimizing geodesic. (See Remark IV.5.1.)

One has corresponding Hopf-Rinow theorems; see Burago—Burago—Ivanov
(2001, pp. S1ff).

Exercise I.8. Let M be a Riemannian manifold. Then, the Riemannian length
structure is given by all maps f : I — M € D', and the usual length function.
Show that the induced metric d — the Riemannian distance function — satisfies
17 of Proposition A. In particular, if M is Riemannian complete, it is a length
space.

Continue with M a Riemannian manifold with standard Riemannian length
structure ¢ and associated distance function d. We wish the length structure £,
induced on all continuous maps of compact intervals into M to be an extension
of £ from D' maps to C® maps. Note that one cannot invoke the result just prior
to Proposition A. Why?
Exercise 1.9. Give an easy proof that
b
la(w) = / o'l dt,
a
when w is a D! path in a Riemannian manifold.

A more general result is:

Theorem (See Rinow (1961, p. 106ff)) If f : [a, b] — X is Lipschitz, then

b
) =f \f] i
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(note that, by Rademacher’s theorem — see Chavel (2001, p. 20ff) — f” exists for
almost all # in [a, b]). For the proof, see Burago—Burago—Ivanov (2001, §2.7).

Moving Frames

Note 1.11. The method of moving frames goes back at least to G. Darboux’s
(1898) triply orthogonal systems, was turned into a modern tool in differential
geometry in the works of E. Cartan (1946), and widely disseminated in the
1950s and 1960s in the various mimeographed lecture notes of S.S. Chern. An
attractive entrée into the method can be found in Flanders (1963).

Hessians

Definition. Given a function f on a Riemannian manifold M, its first covariant
derivative is, simply, its differential df .

The Hessian of f, Hess f, is defined to be the second covariant derivative of
f, thatis, Vdf. So,

(Hess f)(&, m) = §(df(Y)) — (df)(V:Y),
where Y is any extension of 7.

Exercise 1.10. Prove

(a) Hess f is symmetric in &, n;
(b) the (1, 1)—tensor field associated with the (0, 2)—field Hess f is given by

&+ Vegrad f;

(c) a function with positive definite Hessian has no local maxima.

Exercise I.11. So, for a moving orthonormal frame {ey, ..., e,} on M with
dual coframe {o', ..., "}, we may write

Vf=df =) Fjo'
J
Prove
(a) that

grad f = Z Fjej;
J
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(b) that

Vol = —Z a)kj ®a)k;
k
(c) that Hess f is given by

Hess f = Vdf = Z {dFj —Z G)ijk} ® o’
J k

. j k.
= E Firo’ @ o";
Jik

(d) Fj; is symmetric in j, k.
(e) that

d{Z(—l)-f—‘FF,-w‘ A---/\&A.--Aw"}
J

:{Z Fj2+FFjj} (,()1/\-~-A(1)n
J

(we use the ~ to indicate that the term in question is missing).

Moving Frames in Euclidean Space

Consider Euclidean space R™ with its standard Riemannian metric and as-
sociated Levi-Civita connection (I.1.1). Then, certainly, both the torsion and
curvature tensors vanish identically on R™. One can recapture the fact with
moving frames as follows:

Let {e1, ..., ey} denote the standard basis of R, and let 3, : R" — (R™),,
the standard identification of R™ with the tangent space of any of its points p.
Set

(EA);x = Sxea, A=1,...,m, x € R™,

and let e4 denote a moving frame on R”; so one has a matrix function (from a
neighborhood in R” to the orthogonal matrices) S4 2 for which

€y = Z SABEB.
B

Set

T=5"'=¢* (where * denotes transpose).
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Exercise 1.12.
(a) Let

X = E x4eu.
A

So the coordinates {x} are functions on R”. Check that the 1-forms {dx4} are
dual to the frame {E »}.

(b) Prove that, for the moving coframe 0!, ...,6" dualto {ey, ..., e}, we
have

OMx =) dx"Tg".
B
(c) Prove that the connection 1—forms {642} are given by
04" =) dSs“Tc”.
c
(d) Prove
do* =" 6% nog”
B

do,t = Z 0,€ A OCE.
C

Note I.12. One can substitute (a) and (b) into (c) to verify it, but a more natural
way is to think of x and e4 as functions on R” with values in a fixed vector
space. There, one can use

0=d>x =d’%,,

where d denotes exterior differentiation.

Examples

We first mention some obvious examples of Riemannian manifolds, namely,

* imbedded submanifolds of Euclidean space, wherein the Riemannian metric
of the Euclidean space is restricted to the submanifold (after all, this is how
the subject was created)

¢ the classical examples of constant curvature, the Euclidean space, sphere, and
hyperbolic space of all dimensions > 2.

Both types of examples are discussed in Chapter II.
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A more unusual example is given by

Example 1.9.1. Consider R"*! with a Minkowski quadratic form M given by
M((x, 1) = |x]* = 72, xeR" 1eR,

where |x| denotes the usual norm on R”. For any p > 0, consider the subman-
ifold M in R"*! (consisting of two components) given by

]2 — 72 = —p2.
Show that the restriction of the quadratic form M to the submanifold M is
positive definite and therefore determines a Riemannian metric on M.
It will turn out that this example has constant sectional curvature = —1/p.
See Exercise II.15.

Example 1.9.2. Given Riemannian manifolds (M, g), (N, k), one naturally
considers the product Riemannian metric on the product manifold M x N,
as follows: For x € M, y € N the tangent space (M x N), y is canonically
isomorphic to M, @ N,. For vectors §,n € M, {, v € N,, we define the inner
product of £ @ ¢ and n @& v by

& MNE®¢, n®v)=2gE n+hEv).

One can easily follow through with the calculation of the curvature tensor of
the Levi—Civita connection. (Which method is easier? Local coordinates, or
moving frames?)

Example 1.9.3. Given Riemannian manifolds M and N, a smooth map = :
M — N is a submersion if m, maps M, onto Ny, for all x € M. If 7, maps
the orthogonal complement of the kernel of =,, (ker )T, isometrically onto
Ny for all x, then 7 is called a Riemannian submersion.

Of course, the projection of a Riemannian product onto either of its factors
is a Riemannian submersion.

If ¥ : M — N is a submersion, then for any y € N, the preimage 7 ~'[y] is
a submanifold of dimension equal to dim M — dim N. Of course, if dim M =
dim N then 7w~ '[y] is a discrete collection of points. Such examples include
Riemannian coverings, discussed at length in Chapter IV.

Suppose we are given a Riemannian submersion & : M — N. Then, with
each p € M is associated an orthogonal decomposition of the tangent space

M,=H,®V,,

where V,, the vertical subspace is the tangent space to the submanifold 7!
[(p)] at p, and H), the horizontal subspace is the orthogonal complement of
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V, in M,. With each ¢ € N, & € N, and p € 7~'[¢], we associate a unique
horizontal lift € € H p» satisfying

JT*g =§.
Exercise 1.13.

(a) Show that if T, S are vertical vector fields, and X is a horizontal vector
field, on M, then

([T, S], X) =0.

(b) Show that if X, Y are horizontal vector fields, and T is a vertical vector
field, on M then, for any p in M, ([X, Y], T)(p) depends only on the values of
X, Y, T at the point p.

Definition. If X is a vector field on M, and X is a vector field on N such that

. X =X,

then we say that X is w—related to X. We also say that a vector field X on M
projects to N if there exists a vector field X on N that is r—related to X.

(c) Show that if X,Y are m—related to X, Y, respectively, then [X, Y] is
m—related to [X, Y].

(d) Show that if X, Y, Z are horizontal vector fields on M, all of which
m—project, and T is a vertical vector field on M then

([X,Y], Z) =([m X, m.Y], M. Z), ([X,T1,Z)=0.
Exercise 1.14. Here, we introduce coordinate systems adapted to the consid-
erations. Letn =dimM,k =dimN, ¢ =n — k. Let
7 RFEx R > R

denote the projection onto the first factor.
(a) Show, by the implicit function theorem, that, for each p € M, there exist
neighborhoods U of p and V = n(U) of ¢ = m(p), and charts

x:U —> R", y:V — R
such that
x(p) =0, TToX = yoT.

Also, show that, for any vector field X on N, there exists a smooth horizontal
lift of X to M, that is, a vector field X on M m—related to X.
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(b) Show that charts x and y can also be chosen so that the submanifold O
given by

x*“ =0, a=k+1,...,n,

is horizontal at p.
(c) Consider the section u : V. — Q C U given by

xou = (y, 0), 0 e R
Show

wrdx" =dy", r=1,... k.

Exercise I.15. Now for moving frames. Suppose we are given the orthonormal
frame field {E, : r = 1, ..., k} with dual coframe field {#"} on V C N. We
then associate with this frame field the horizontal lifts {¢,} on U of {E,} on
V. Complete this collection of vector fields to an orthonormal frame field {e4 :
A=1,...,n} on U, with dual coframe field {a)A}. In particular, {e, : ¢ =
k+1,...,n} are vertical vector fields.

(a) Show that

0 =u'w® onV, wWo* =0 atqg = 7 (p).

We let wg?, 6," denote the connection 1-forms on U, V of the respective
frame fields. Then,

de — Z Cl)B /\wBA’ 4o’ = Z 0’ /\Gsr’
B B

with
a)BA = _a)AB7 esr = _e‘vr-
We set
wp® = Z Tpc?o®, Tpc? = (Ve ey, €,).
C
(b) Show
Frsa = _Fasr = _anr = 5([6?7 €,~], ea>~
(c) Show

Z Cap 0™ A of =0.
ap
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(d) Show

d6r =3 6" n e (w = rw> ,
N o
and therefore
esr = M* (wsr - Z Fasrwa> onV, 95’. = M*wsr atgq.
o

(e) Conclude that, in general, for horizontal vector fields X, Y on M, which
are —related to vector fields X, Y on N, we have

— 1
VxY = VxY + 51X, r1Y,

where w denotes the horizontal lift of VxY (we use the same V for both Levi-
Civita connections), and the superscript V' denotes the vertical component. In
particular, a horizontal path in M is a geodesic if and only if its image in N is
a geodesic.

Exercise 1.16. We now relate the “horizontal” curvature of M to the curvature
of N. We continue with our calculations in moving frames. Let Q2 A4 ©," denote
the curvature 2—forms on U, V, respectively. Then

dop* =) wp® Aoct —Qpt. doS =) 6 A6 -0,
C t

(a) Show that at ¢ = 7 (p), we have

5 [T T — I“S,,"‘F”,“]} 0" A B,

. . 1
e, = M*QS, B Z M* {Frsaruva + -

o,u,v

(b) Show that, for any horizontal vectors &, n € H,, we have for the curvature
tensors R, R of M, N, respectively,

3 v
(R(m.&, mammi&, ) = (R, mé, n) + 7l

Of course, [, n]" is well-defined, by Exercise 1.13(b). (See §II.1 for specific
interest in the values of (R(.&, .)€, men).)

Note 1.13. The first differential geometric calculations associated to submer-
sions were developed by B. O’Neill (1966b).

Example 1.9.4. We now give an extremely barebones discussion of Lie groups,
just enough to do some calculations for invariant Riemannian metrics on them.
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The reader can start with Warner (1971, Chapter III) and progress from there
into the subject. Short discussions emphasizing our interests here, and our
discussion below of Riemannian homogeneous spaces, can be found in Chavel
(1970, 1972), Cheeger—Ebin (1975), and Milnor (1963). Results go back to E.
Cartan (1927) and, later on, to K. Nomizu (1954).

Recall that a Lie group is an n—dimensional, real analytic manifold G whose
elements possess a multiplication, for which the map x, y — x - y~! of G x
G — G is analytic.

For each g € G, the maps Lg, R, : G — G given by

L,(gh=¢g-¢, R,(gh=¢ g,

are analytic diffeomorphisms of G, and are referred to as the left and right
translations of G, respectively. A vector field X on G is said to be left-invariant
if for every g, h € G we have

Xign = (Lg)«(X ).

Since L, is always a diffeomorphism, (L), is always nonsingular. The set of
left-invariant vector fields on G form a real n—dimensional vector space, since
any left-invariant vector field X on G is of the form

X\g = (Lg)*gv

where £ is a fixed element of the tangent space to G at the identity e. Conversely,
for any given £ € G,, the vector field X on G is left-invariant. One checks that
for left-invariant vector fields X, Y on G, the vector field [ X, Y ] is left-invariant.
Hence, the set of left-invariant vector fields on G form an n—dimensional Lie
algebra g.

A l-parameter subgroup is an analytic homomorphism y : R — G. It is
known that any left-invariant vector field X is complete, that is, its integral
curves are defined over the whole real line; that the integral curve y of X € g
through the identity e of G is a 1-parameter subgroup of G; and that all other
integral curves of X are left translates of y.

We may identify G, with g, by our remarks. The exponential map exp : g —
G is defined by

exp & = ye(1),

where y; is the 1-parameter subgroup with velocity vector & at e. The 1-
parameter subgroup y; is then given by

ye(t) = expté.

As in the case of Riemannian manifolds, there exists a starlike neighborhood
W of the origin of g such that exp [V is a diffeomorphism of YV onto a
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neighborhood of e in G. (We shall be careful with notation when the two
exponential maps coexist in the same discussion.)

Note that one always has a natural collection of Riemannian metrics on
Lie groups. Indeed, given any basis {ey, ..., ¢,} of G, one declares them to
be orthonormal, and then uses left translation to declare the associated left-
invariant vector fields X1, ..., X, (satisfying X ;| = ;) orthonormal at every
point of G.

(1) The most basic example of a Lie group is GL(V'), the general linear group
of a finite dimensional vector space, that is, GL (V') consists of all nonsingular
linear transformations of V to itself. The group multiplication is given by the
composition of elements of GL(V') as mappings, and the analytic manifold
structure is given by viewing GL (V') as an open submanifold of the space L(V')
of all linear transformations of V/, this latter space identified (after a choice of
basis of V') with R"*, where n = dim V. Given any A € L(V) one sees that, in
the topology of L(V), the series

(&
et =" kAl k!
k=0

converges (uniformly for bounded ¢), and is a 1-parameter subgroup of GL(V').
One concludes that the Lie algebra of GL(V) is g = L£(V), and that the Lie
multiplication in g is given by

[A,B] = AB — BA.

(2) Once one has a Lie group G, one furthers the collection of examples by
considering Lie subgroups. A subgroup H of G is called a Lie subgroup of G
if H is a 1-1 immersed submanifold of G. Certainly, a Lie subgroup is itself a
Lie group (note: its topology might not coincide with relative topology, since
it is only immersed), with its Lie algebra h a Lie subalgebra of g. Also, one
knows that if G is a Lie group, and H an (abstract) subgroup of G which is
also a closed subset of G, then there exists a unique analytic structure on H
such that H is a Lie group. Standard examples of subgroups of GL(V') are (i)
the special linear group, SL(V'), consisting of those elements of GL(V') with
determinant equal to 1, (ii) the orthogonal group, O(V), consisting of those
elements of GL(V) that preserve a given inner product on V.

Exercise 1.17.
(a) Let V be a real n—dimensional vector space, ¢ € V, A a linear transfor-
mation of V', and a,,, : V — V given by as,,(p) = Ap + q. Check that

X ~ —1
(@asg)slp = Sap,(mA3p -
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In particular, if V' is an inner product space and A an orthogonal transformation,
then ay,, is an isometry of V forevery g € V.

(b) Show that the Lie algebra of SL(V) consists of linear transformations
with trace equal to O (see Proposition 11.8.2), and the Lie algebra of O(V)
consists of the skew-symmetric linear transformations of V.

(3) Here, we consider Lie groups with bi-invariant metrics, namely we con-
sider Lie groups that carry a Riemannian metric such that the metric is in-
variant relative to both left and right translations by elements of G. Before
considering any details of this situation, we first comment on inner automor-
phisms.

For every g € G, the map of G to itself, inng, given by

inn,(g)=¢g-g -g"

is an automorphism of G that fixes the identity (referred to as an inner au-
tomorphism). In particular (inn,), maps G, to itself (nonsingular!), thereby
determining the representation g +— (inn,), of G acting on g. It is common
to write Ad g for (inng).. So Ad : G — G/L(g) is an analytic homomorphism,
the adjoint representation of G in GL(g). It is well-known that for & € g, and
ad : g — L(g) given by

(ad&)(n) = [§, nl,
we have
Ad expré = ' %5,
Exercise I.18. If G possesses a bi-invariant Riemannian metric, show that for

every £, n, { € g we have

(.61, + (.5, n]) =0.

Exercise 1.19.

(a) Show that if G is any Lie group with left-invariant vector fields {ey, ...,
ey}, n = dim G, with dual 1-forms {0, ..., "}, then there exist constants
C i such that

j i 1 o
lej, el = E Cii'ei, do' = ) E Ci' 0! Ao,
i Jk

Z Cit'Cu” + Cij* Cu” + Cyi'Cyi” = 0.
7
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(b) Assume that G possesses a bi-invariant Riemannian metric relative to
which {ey, ..., e,} are orthonormal. Show that

Cjki + C‘,‘,‘k =0.

(c) Continue our assumptions as in (b). Show that connection forms of the
Levi—Civita connection are given, relative to the frame {ey, ..., e,}, by

. 1 -
a)j’ = E Zk: ijla) 5
so for left-invariant vector fields X, Y on G, we have
VxY =1[X,Y]/2.

Also show that the curvature 2—forms are given by

A | o
Q' = Y CifCy' o Aot

e,r,s

SO

1 1
R, n)¢ = Z{[[;“» nl,&1—10¢.€l,n]} and (R(,n)é,n) = ZI[E,U]IZ

forall &, n € g.

Example 1.9.5. We now consider calculations associated to Riemannian met-
rics on homogeneous spaces. Let G be a Lie group, H a closed subgroup,
consider the set of cosets {gH : g € G}, which we denote by G/H, and let
7w : G — G/H denote the projection 7 (g) = g H . Then, the quotient topology
on G/H induced by m will be the unique topology on G/H such that 7 is
continuous and open. Since H is closed, G/H is a Hausdorff space. Let g, b
denote the Lie algebras of G, H, respectively, m a complementary subspace of
b in g, and ¥ = exp |m. Then, G/H has a unique analytic structure for which
the following are true: (a) Let VW be the neighborhood of 0 in G, on which
exp [W is a diffeomorphism (as above). Then, there exists a neighborhood ¢/ of
0 in m, such that i/ € m N W, and such that ¥ maps it diffeomorphically onto
its image Q in G (with relative topology) and 7 oy maps U diffeomorphically
onto a neighborhood V of 0 = w(H) on G/H . In particular, 7 is a submersion,
and there exists a local C* section u : V. — Q C G such that

p(m(exp §)) =exp &
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for all £ e U. (b) If to each g € G we assign the left translation of G/H,
7,:G/H — G/H by

7,(¢'H) = (g8 H,

then G is a transitive Lie transformation group of the homogeneous space G /H ,
that is,

(i) Tg0, = Tq 0Ty, forall g1, g2 € Gy

(i) forallx e G/H, g € Gthemap G x G/H — G/H givenby (g, x) —
7,(x) is differentiable,

(iii) the collection of elements of G that leave the point p = gH fixed, the
isotropy group of p, is given by gHg ™!,

(iv) and for any x;, x, € G/H, there exists an element g € G such that
tg(xl) = X3.

Note that , : m — (G/H), is an isomorphism, and we may henceforth
identify m with the tangent space to G/H at o. Certainly, for any h € H,
we have 1;(0) = 0. One checks that if Ad% : g — g leaves m invariant, then
(Th)«jo : M — m s given by

(Th)*\a =Ad hlm

We say that G/ H is reductive if Ad h leaves m invariant, for all 42 € h. Naturally
we have, under all circumstances,

(b.b1Sh.

We now assume G/H to be Riemannian homogeneous, that is, G/H is
endowed with a Riemannian metric relative to which 7, is an isometry, for
every g € G. One can now think of the inner product as also existing on m. We
also assume that G /H is reductive. Thus, we have

[h, m] Sm, and ([w.&l,m) + (&, [@.n]) =0

forallm € h, &, nem.

To calculate the curvature and geodesics of G/ H , we use a variant of the argu-
ment for Riemannian submersions. We restrict ourselves to naturally reductive
Riemannian metrics, that is, in addition to the above, we assume that

(I8, Elms m) + (&, [E, 1]m) =0

for all £, n, ¢ € m, whereby the subscript m we mean projection onto m.
Assume that dimG =n, dimH = ¢, dimG/H =k, with k + £ = n. Let

{e1, ..., ex} be an orthonormal basis of m, and {e;1, ..., e,} a basis of f, and

determine the associated left-invariant vector fields {X;, ..., X,} on G. Let U
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be the neighborhood of 0 in m, V' be the neighborhood of 0 = n(H) in G/H
described above, and define the orthonormal frame field {E, ..., E;} on V by

Ej\n(expé)z(fexpg)*eja j=15"'7k’ $€m~

Now imitate the calculations given for Riemannian submersions (the projection
7 of G to G/H is a submersion) to:

Exercise 1.20.
(a) Show that G/H is complete, and for every £ € m, we have

Exp, & = m(exp &),

where (just here) Exp, denotes the Riemannian exponential map of G/H at o.
(b) Show that if £, n € m and if Y (¢) is the vector field along the geodesic
y(t) = m(exp &) given by
Y(t) = (rexp ts)*ﬂ‘
Then
1
ViY(t) = E(Texp ré)*[é, M.
(c) Show that the curvature at o = w(H) is given by
1 1 1
R(%‘» ’7){ = [[Sv U]h, ;] + E[[é’ n]ms {]m + Z[[§9 s]mv U]m + Z[[rh C]mg]m

forall &, n, ¢ € m.

(d) Assume that G possesses a bi-invariant Riemannian metric, with m the
orthogonal complement of f in g. Then Ad % leaves m invariant, for all & € b,
and there therefore exists a naturally reductive Riemannian metric on G/H
such that the projection 7 is a Riemannian submersion. Prove that

1
(R(E, &, n) = 1€, nlgl* + I8, nlw|?
forall§,n e m.
Exercise 1.21. (Hopf fibration of S*) We let 1, i, j, k denote the standard basis

of R*. Beyond the vector space structure of R*, we define a multiplication of
elements of R*, where the multiplication of the natural basis is given by

li=i=il, 1j=j=jl, lk=k=KklI, P=7=k=-1,
and
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With this bilinear multiplication, R* becomes an algebra, the quaternions.
With each element

x=al+Bi+yj+dk
we associate its conjugate

X=al — pi—yj— Kk,
and its norm |x| defined by

|x|2 = XX = XX
with associated bilinear form
(xly) = %(iy + ¥x).
Note that Xy = yX, which implies
x> = IxI, Ixy| = [x]lyl-
So
x| =1 = Ixy| = [yx| = |yl

We conclude that the unit quaternions, S*, is a compact Lie group under the
quaternionic multiplication.
Also, for any x # 0, we have

1 X

= W.
Since 1 is the identity element of the unit quaternions, the basis of the tangent
space to S* at 1 can be thought of as given by

i, j, k.
More precisely, it is given by
i, S, Sk
(a) Show that if £ is a linear combination of i, j, k, then (i) €2 = —|£|2, and

(ii) the 1—-parameter subgroup in S3, y(¢) = exp t&, is given by

exp t& = (cos |&]1)1 + (sin |£|t)|§—|.

(b) Show that the Lie algebra is given by
[i,jl=2k, [j.kl=2i, [k, i]=2j.
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(c) Declare the basis {i, j, k} of S* to be orthonormal in the tangent space
to S? at 1 (S? does not have a Riemannian metric, yet), and use left-invariance
to define a Riemannian metric on S>. Show that the Riemannian metric is bi-
invariant and has sectional curvature identically equal to 1 (see §II.1 for the
definition of sectional curvature).

(d) Let H denote the Lie subgroup

H =S' = {cos 81 + sin 0i : § € R}.
Show that G/H is the 2—sphere in R? with constant sectional curvature equal

to 4.

Exercise I.22. Given the orthogonal group O(n) acting on R”.
(a) Show that the bilinear form given by

1
(A.B) =~ AB

for A, B € g = o(n), where o(n) is the Lie algebra of skew-symmetric linear
transformations of R”, is a bi-invariant Riemannian metric on G = O(n).

(b) Calculate the Riemannian metric and curvature of the Grassmann mani-
fold of k—planes in R",

On)/{Ok) x O(n — k)}.
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Riemannian Curvature

In this chapter, we begin to consider the invariant that truly characterizes
differential geometry — curvature. The original formal definition of the curvature
tensor, in §1.4, gives little hint to its profound geometric meaning; nevertheless,
we indicated there the direction in which we are most interested in studying
curvature — Jacobi’s equation. In the Riemannian case, the torsion tensor of the
Levi-Civita connection vanishes identically, so the curvature is the exclusive
influence in studying the behavior of geodesics neighboring a given geodesic.

This, of course, is not the historical origin of curvature. In the beginning
of differential geometry (i.e., in the beginning of the nineteenth century), it
was viewed from the perspective of immediate human experience. Namely, the
curvature of a curve attempted to measure the deviation of a curve in a plane
or in space from being a straight line, and the various studies of curvature
of a surface situated in space attempted to express how the surface deviated
from being a plane in space. C. F. Gauss (1825, 1827) was the first to realize
that one aspect of curvature, what we refer to as the Gauss curvature,! did not
depend on how the surface is situated in Euclidean space; that if the surface was
bent — that is, deformed in such a manner as to preserve the measurement of
lengths and angles in the surface — then while some curvatures were changed,
other curvatures (namely, the Gauss curvature) were left invariant under the
bending. This very fact created the distinction between intrinsic and extrinsic
properties of the surface: The intrinsic properties are invariant under bending
of the surface, and, therefore, belong to the geometric study of the surface for
itself — independent of how the surface is visualized as situated in Euclidean
space. The extrinsic properties are those properties, once the original surface
with its intrinsic geometry is given, which describe the particular details of how

' R. Osserman (1990) has noted that the definition and first study of the Gauss curvature goes back
to O. Rodrigues (1816).

56
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the surface is situated in Euclidean space. It studies precisely those properties
that change under the bending.

Both studies of submanifolds — the intrinsic and extrinsic — are alive and well.
Any particular focus on one of them will indicate the point of view with which
one looks at curvature. Subsequent experience (of the last 150 years) has shown
that the notion of curvature is so rich that, even within each of the categories
of intrinsic and extrinsic, one still constantly chooses, and thereby refines, the
view with which one studies the curvature of a Riemannian manifold.

Here, our view, by and large, is in the intrinsic category. Within this cate-
gory, the original most striking perspective of the study of curvature is through
the celebrated Gauss—Bonnet theorem and formula (see §V.2). Nevertheless, as
mentioned, we are mainly interested in studying the curvature from the per-
spective of the “straight lines” of the Riemannian manifold — the geodesics.

The flow of ideas of the chapter is as follows:

In the first three sections, we present the basic notions and facts of the
curvature of the Levi-Civita connection of a given Riemannian manifold. We
recapture Gauss’ original calculation, relating (it is no longer a discovery) the
intrinsic curvature of a submanifold to the curvature of the ambient manifold
and the extrinsic geometry of the imbedding of the submanifold. We also de-
scribe, in some detail, the model spaces of constant sectional curvature. These
are the spaces that represent the first level of study beyond Euclidean space,
and it is by reference to these spaces that the general Riemannian manifolds are
studied.

We then, in the succeeding sections, study the “local” theory of geodesics.
The word “local” in this context has at least two meanings. In Chapter I, it
referred to the fact that, given a point in the Riemannian manifold, one can
find a sufficiently small neighborhood of that point for which the shortest path,
from the point in question to any other point in the neighborhood, is given by
a unique length minimizing geodesic segment joining the two points. Here, in
Chapter II, by “local” we mean something else: Given a geodesic emanating
from a point, we wish to know for how long the geodesic minimizes the length
of all paths joining the initial point of the geodesic to the point in question on the
geodesic. The first level of study (which we initiate in this chapter) is to study
the competing length of curves which are “close” to the original geodesic in
which we are interested. This is what we mean by “local.” It is these questions
that lead to the detailed study of Jacobi’s equations and the associated Jacobi
criteria, and the study of the role played by curvature in these phenomena. At
the end of the chapter, we bring these notions back to the exponential map, in
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that the study of one-parameter families of geodesics is essentially equivalent
to the study of the differential of the exponential map.

§1I.1. The Riemann Sectional Curvature

Unless otherwise noted, when given a Riemannian metric, we only use the
Levi-Civita connection.

So, M is our Riemannian manifold with Levi-Civita connection V. Recall that,
for X,Y, Z,W e I'(T M), we have

R(X,Y)Z =VyVxZ —VxVyZ — Vy.x|Z,
where R is the curvature tensor of V. Of course we have
(IL.1.1) RX,Y)Z+R(Y,X)Z =0;
and since the torsion of V vanishes identically, we also have
(IL.1.2) R(X,Y)Z+ R(Z,X)Y +R(Y,Z)X =0.
One now establishes, using (I.5.2), (I.5.3), and Remark 1.3.1,
(IL.1.3) (RIX,Y)Z,W)—(R(Z,W)X,Y) =0,

(IL.1.4) (RX,Y)Z, W)+ (R(X,Y)W,Z)=0.
Since (II.1.1) implies that the curvature tensor vanishes identically for dim M =

1, all discussions concerning the curvature tensor will assume dim M > 2.

Proposition I1.1.1. For p e M, &,n € M, define

k&, n) = (R, nE, n).

Then, by (I1.1.1)-(I1.1.4), we have for any §,n, ¢, € M,
1 9?
6 0950t |,_,_,
Thus, the functionk : M, x M, — R and the properties (11.1.1)—(11.1.4) com-
pletely determine R : M, x M, x M, = M,.
Proof. Direct calculation as for (I1.1.3), (II.1.4).

Proposition I1.1.2. For p € M, &,n,¢ € M, define
Ri(E,m¢ = (&, 5 — (0, £)E, ki(§.n) = (Ri(§, né, n).
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Then

k](g, 77) = (E’ 5)(77, 7)) - (Eﬂ 77>2,

and Ry satisfies the axioms (I1.1.1)-(11.1.4). Furthermore, if &, n are linearly
independent tangent vectors in M ,, then

KEm _  (RE 0k )
KiEm  IEPIP — (€ )

is well-defined and only depends on the 2—dimensional subspace determined
by & and 1.

K&, n) =

Proof. All of the claims, except for the last, are straightforward exercises. For
the last claim, it suffices to note that if «, 8, y, § are real numbers and &, n
linearly independent tangents vectors in M, then

(R(a& + Bn, yE + )€ + Bn), y&E + 8n) = (a8 — By)*(R(E, nE, n),
and
la& + Bnl*|y& + 8nl* — (@& + Bn, y& + 8n)
= (a8 — BY)HIEP N> — (£, m)),

which implies the claim. [ ]

Definition. We refer to K(&, ) as the sectional curvature of the 2—section
determined by &, n. We note that, if G, is the complete collection of all 2—
dimensional spaces tangent to M, then G, can be provided a differentiable
structure in a natural manner, and K : G, — R will then be differentiable.

Theorem I1.1.1. Ifdim M = 2, then G, = M ; K is called the Gauss curvature
of M.Forpe M,§,n,¢ € My, we have

(L1.5) R, m¢ = K(p)Ri(E. n)¢.

Proof. We only have to deal with the last claim. Let {e, e;} be an orthonormal
basis of M ,. One easily sees that we only have to verify (Il.1.5) for§ = ¢ = ey,
n =ej.

To this end, map R : M, — M, by

R(&) = R(e1, §)er.

Then, by (II.1.3), R is self-adjoint and therefore diagonalizable. Since e; is
an eigenvector of R with eigenvalue 0, we have that e, is an eigenvalue of
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R with eigenvalue
(Rez, e2) = (R(e1, e2)e1, €2) = K(p).

Thus,

R(e1, e2)er = K(p)ez = K(p)R(e1, ex)er,
and the claim is proven. |
Definition. For p € M, we define the Ricci curvature tensor Ric : M, x
M, — Rby
(I1.1.6) Ric (&, n) = trace (¢ — R(§, ¢)n),

and the scalar curvature S is the trace of Ric with respect to the Riemannian
metric.

In particular, we have for any orthonormal basis of M, {ey, ..., e,},

n

(IL1.7) Ric (&, m) = Y (R, e/, ;).

Jj=1

Thus, Ric is a symmetric bilinear form on M,. To calculate its associated
quadratic form, pick {ey, ..., e,} so that e, = £/|£]; then

n—1
Ric(&,&) = {Z’C(ej, 5)} i
=1

For any orthonormal basis {ey, ..., e,} of M,, we have

S = Z K:(Ej, ek).

kg k=1

§11.2. Riemannian Submanifolds

We are given Riemannian manifolds M, M with respective Riemannian metrics
g, g and an isometric imbedding ¢ of M in M. Thus, dim M < dim M; should
the dimensions be equal, M will be an open submanifold of M. Since ¢ is a
diffeomorphism, for any differentiable vector field X € I'(T M), we have ¢, X, a
well-defined vector field on ¢(M), thatis, ¢, X € I'(¢,.T M). One easily verifies
that
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forall X,Y e I'(T M). Since ¢ is an isometry, we have by definition

g(pi&, o) = g6, 1)

for all £,n € M, p € M. For the rest of this section, we assume dim M <
dim M.

Thus, in what follows, nothing is lost in assuming that M € M and @ is the
inclusion map. For any p € M, we let M,,* denote the orthogonal complement
of M, in M ,.Forany p € M,& € M, we shall denote the projection of € onto

M, by ?T, and the projection of £ onto M s by EN. The normal bundle of M
in T M is defined by

M = U M,*,
peM

and has a natural differentiable structure such that the inclusion of vM in
TM, the projection of TM to vM, and the projection of vM to M are all
differentiable. Also, we let I'(vM) denote the differentiable sections of v M,
that is, those differentiable maps of M into v M such that the image of any point
p is an element of M pJ-.

Proposition IL.2.1. Let V, V be the respective Levi-Civita connections of g, g.
Then, forany p e M, & € M, andY € T'(T M), we have
(I1.2.1) V:Y = (VeY).

Furthermore, to each p € M, there exists a symmetric bilinear map 8 : M), x
M, — M‘,,l such that, for any &, n € M,, Y € I'(T M) satisfying Y|, = n, we
have

(I1.2.2) BE, n) = VeV,

B is called the second fundamental form of M in M. Iftoeachv e M pl, we
letb, : M, x M, — R be the bilinear form defined by

(1.2.3) by(5,m) = (BE, n), v),

then the self-adjoint linear transformation A* : M, — M, determined by
by, m) = (A&, n)

is given by

(I1.2.4) A = —(VeV),

where V is any extension of v to an element of T'(VvM).
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Proof. Toestablish (I.2.1), one first decomposes Vé Y,foré e M,Y e T(TM)
by

VeY = DsY +B(E, Y),

where D;Y = (V:Y)",and B(&,Y) = (V:Y)" asin (I1.2.2). Next, one verifies
directly that D is a connection on M with no torsion (i.e., it satisfies (I.5.2)) and
preserves the inner product (i.e., it satisfies (I.5.3)). Thus, by Theorem 1.5.1, D
is the Levi-Civita connection of M, and (I1.2.1) follows.

For the symmetry of B, we have forany X, Y € ['(T M),

BX,Y)=BY,X)={VxY = Vy X}V =X, Y]V =0,

since X, Y are tangent to M. That (B(X, Y)),,, depends only on X, Y, follows
from the symmetry of ‘B and (I11.2.2).

Finally, we wish to show thatif§,n e M,,v e M pJ- and V is any extension
of v in I'(vM), then

(%(és 77)7 U> = _<(va)rs 77)
To do so extend 5 to a vector field Y € I'(T M). Then

—((VeW) n) = =(VeV.n) = — (VeV. Y)

—E(V,Y)+(V,V:Y) = (v, B, n). B

Remark I1.2.1. If we refer to the second fundamental form, we should have
already described the first fundamental form. The first fundamental form is just
the restriction of the Riemannian metric of M to the immersed submanifold M.

The map " is commonly referred to as the Weingarten map.

The principal curvatures of M in M at p € M, relative to the normal direc-
tion v, are the eigenvalues of the second fundamental form b, relative to the
first fundamental form — equivalently, the eigenvalues of 2(”. The associated
eigenvectors are referred to as the principal directions.

Theorem IL.2.1. If R and R denote the respective curvature tensors of M and
M, thenforany p e M,E,n,¢, 1 € M, we have

(11.2.5) RE. ¢ = RE O +ADEOy — yB0dg

(R(E, m¢, 1) = (RGE, m¢, 1) + (BE, ), B, w) — (BE, 1), By, ).
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In particular, if KC, K denote the respective sectional curvatures of M, M, then
for linearly independent &, n we have

(BE, &), B, m) — 1BE, I
E12n1* — (5. m)? '

112.6) K&, ) =KE n+

Proof. Direct calculation, using (I1.2.1)—(I1.2.4) and (1.4.2), (1.5.2), (1.5.3). &

The Second Fundamental Form Via Moving Frames

Now assume M is m—dimensional, and M n—dimensional with n < m. For
p € M, one may pick a neighborhood U of p in M, with orthonormal frame
field {ei, ..., ey}, and dual coframe {61, ..., @"}. We then have equations
(1.8.8), (1.8.9), and (1.8.10), (1.8.11), namely,

11.2.7) do* =" " Awp”, w48 = —wp?,
B
and
(11.2.8) dEAB = Z EAC /\ECB — §AB,
C

where
(11.2.9) QAP (X, Y) = (R(X,Y)ea, ep) = —Q (X, Y).
For calculations relating M to M, we may pick {ey, ..., ey} sothat{e;, ..., e,}
are tangent to M at all points of M N U, and {¢,+1, ..., e,} are normal to M
at all points of M N U. (See Figure I.1.)

In the calculation that follows, we let A, B, ...rangeover 1, ..., m; j, k, ...
rangeover 1,...,n;and o, B, ...range over n + 1, ..., m. We also let

es =eslM, ot =M, wg® = oM.

Then, on M, we have

which implies

(11.2.10) do’ =" o Aoy,
k

which is the analogue of (II.2.1); and

11.2.11) 0=do* =) o Ao
J
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Figure II.1. Moving frame.

which implies
(H.2.12) a)j‘" = Z hjk“wk, hjka = ]’lkja.
k
The equation (I1.2.12) then encapsulates the description of the second funda-
mental form in Proposition I1.2.1.
The Gauss equations of Theorem I1.2.1 are obtained as follows: Let 2,5

denote the matrix curvature 2—form of M, as above, and 2 j ¥ the matrix curvature
2—form of M. Then,

da)jk = Z (,()j[ /\(,()[k + Z Cl)ja /\wak _(§|M)jk7
¢ o

which implies

(11.2.13) Q=@M - 0 nwdt

which is, using (I1.2.12), a rewrite of Theorem I1.2.1.

§I1.3. Spaces of Constant Sectional Curvature

Let M be a Riemannian manifold of dimension > 2, K the Riemann sectional
curvature of 2—dimensional spaces tangent to M.
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Definition. We say that M has constant sectional curvature k .k € R,if C(o) =
« for all 2—sections o.
From Propositions II.1.1 and I1.1.2, we have immediately:

Proposition IL3.1. M has constant sectional curvature k if and only if for any
peM,E n ¢ eM,wehave

dL3.1) RE. m¢ = «{(&. &)n — (£ n)E}.

Euclidean Space

Let M be R” with its usual inner product (¢, n) — & -n. As in §I.1, we let
Sp : R" — (R"), be the canonical isomorphism associated to each p € R".
The standard Riemannian metric on R" will be defined by

En=9,"6-3,""n

for p e R", &, n € (R"),. A straightforward calculation shows that the Levi-
Civita connection on R” given by Theorem 1.5.1 is the standard connection on
R" given by (I.1.1). One easily sees that the Riemann curvature tensor vanishes
identically. Thus, R” with its standard Riemannian metric is flat, that is, it has
constant sectional curvature equal to 0.

The straight lines of R” are easily seen to be its geodesics; since they are
infinitely extendible in both directions, R” is complete.

For comparison to later considerations, we write the metric of R” in spherical
coordinates, namely, for x € R” set

x=t, t>0 eS8,
where S"~! denotes the unit (n — 1)—sphere in R". Then,
dx = (dDE + 1 dE,
and since
7 =1, §-d§ =0

(we are giving the phenomena on which the Gauss lemma is predicated), we
have

(IL.3.2) ldx|* = dt? + t*|dg|?,
where |d£|* denotes the induced Riemannian metric on "~

We now consider S"(p), the sphere in R"*! of radius p > 0, and show that
S"(p) has constant sectional curvature 1/ p?. Here, S"(p) has the Riemannian
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A

NP

Figure I1.2. 1-Dimensional stereographic projection.

metric for which the inclusion of S"(p) in R"*! is an isometry. Three methods
are available.

Spheres: The First Method

The first approach consists of using coordinates on S"(p), given for example,
by stereographic projection, and carrying out the calculation explicitly.

Namely, the stereographic projection fixes the “north pole” NP of S"(p), and
its equatorial n—dimensional hyperplane R” in R"*!. Then, with every point
y € S"(p), one associates x € R” to be the point of intersection of the line
in R"*!, determined by NP and y, with the equatorial hyperplane R”". (See
Figure 11.2.) To carry out the associated calculations, let y = (y', ..., y"*!),
n > 1, denote any point on S"(p) C R"*!, and (x!, ..., x") its image under
stereographic projection from the north pole to

R"={z e R"*": 2" = 0}.
It is standard that for j = 1, ..., n, we have

y =x/(p—y"/p,
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from which one derives

nel —p” + |x|?
P+ |x|?

We claim that

@33 AW 48
" ST \owd ok | T (T wPe?

The simplest way to derive (IL.3.3) is to compute formally:

2{,02 + |x2}dx — 2x(x - dx)
=2p

d_ = ’
Y (07 + KPP
AT = 4p° {p* + |x|*}*dx|* — 4p*(x - dx)*
{0 + |x[?}* ’
“dx (x +dx)?
Ayl — a3 7 AV 12 = 1605 ’
Y v N
n+1 2
|dx|
(I1.3.4) ds?> =) (dy")? =4p* —————,
; {0+ [x|?}?
which is (I1.3.3).
Therefore, (I1.3.3) and (1.5.8) imply
ije = _7{8[1()61' + Sjgxk — (Sjkxe}.

PP Ix?
Therefore, for n > 2, one now uses (1.4.6) to verify, by a long and tedious
calculation, that S"(p) has constant sectional curvature 1/p2.

Spheres: The Second Method
The second approach is to use the apparatus of §II.2 to calculate the sectional
curvatures of S”(p) in terms of those of R”*! and the second fundamental form
of S"(p) in R*+!.
It goes as follows: Forany ¢ € S"(p) € R"*!, the exterior unit normal vector
v at g is given by
v=(1/0)349;

more informally,

v=gq/p,
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which implies

dv = (1/p)dq;
more precisely, (I.2.4) becomes
(I1.3.5) A = —(1/p)l.

For n > 2, one now can easily use (IL.3.5) to show that the images of geodesics
on S"(p) are obtained by intersecting S"(p) with 2—planes through the cen-
ter of S”(p). Also, one substitutes (II.3.5) into (IL.2.6) to verify that sectional
curvatures of S"(p) are equal to 1/p>.

The third approach is via Jacobi’s equation, relating the curvature of S"(p)
with its geodesics. First,

Some Generalities about Isometries

Let M be a connected Riemannian manifold and ® : M — M be a local isom-
etry, that is, ® is C*°, and forall p € M, &, n € M, we have

<¢'*§7 CI)*ﬂ> = (Ev 77>~

If @ is a global isometry, that is, ® is a diffeomorphism in addition to being a
local isometry, then one verifies that ® preserves the distance function, that is,

d(®(p), ®(q)) =d(p, q)

forall p, g € M. One also verifies that, when @ is a local isometry, ® preserves
the Levi-Civita connection; in particular, one has that ® preserves geodesics,
that is,

(I1.3.6) d(exp&) = exp O,&

forall ¢ € 7 M the domainofexpin T M. Also, ® preserves sectional curvature,
thatis, if p € M, &, n € M, are linearly independent, then

Finally, if M, is a submanifold of M, and @ is an isometry of M satisfying
®(M;) C M, then ®|M; is an isometry.

Let V be areal n—dimensional vector space, g € V, A alinear transformation
of V,andayy, : V — V given by au.,(p) = Ap + q. Then (Exercise 1.1.17),

— X ~ —1
(aA;q)*\p = ‘SGA;q(P)A‘gP :

In particular, if V' is an inner product space and A an orthogonal transformation,
then a,,, is an isometry of V forevery g € V.
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Spheres: The Third Method

LetV = R"*! n > 2, with its standard Riemannian metric, and let O(n + 1) be
the group of orthogonal transformations of R"*!. Then, foreach A € O(n + 1),
o > 0, we have A|S"(p) is an isometry of S"(p) to itself. Also, one easily sees
that for p € S"(p)

(S"(p))p = I,(p),

where p is the orthogonal complement of the span of p in R"*!. From these two
facts, one easily has that for p, g € S"(p), &, & orthonormal in (S"(p)), and
n1, Nz orthonormal in (S"(p)),, there exists A € O(n + 1) such that A(p) = ¢,
A& =n;, j =1,2. Thus, S"(p) has constant sectional curvature. The only
question is: What is the constant?

We first consider the geodesics of S”(p). (See Milnor (1963, p. 65).) By
Corollary 1.6.3, there exists § > 0 so that for any p,q € S"(p) satisfying
d(p, q) < §, there exists a unique geodesic y: [0, d(p, ¢)] = S"(p), |Y'| =1,
such that y(0) = p, y(d(p, q)) = q. Pick such a p, q, p # ¢, let o be the 2—
plane through the origin of R"*! spanned by {p, ¢}, and let A : R"*! — R"+!
be the reflection of R"*! through o, that is, if {e, ..., e,41} is an orthonormal
basis of R"*! such that span {e¢;, ¢} = o then A is determined by

Ay = ey, Aey = ey,
and
Aey = —¢eg, a=3,...,n+1.

Then, A € O(n + 1) with fixed-point set equal to 0.

Let ¥ = 0 NS"(p) be the great circle through p, g. Then A|S"(p) is an
isometry with fixed-point set equal to X. Now, A(p) = p, A(g) = q implies
that A takes any minimizing geodesic from p to ¢ to a minimizing geodesic
from p to g. But there is only one such geodesic: y. Thus, A,y'(0) = y’(0),
which implies Ay (¢) = y(¢), that is, y is contained in X. So, the great circles
are the geodesics of S"(p).

We now show that S”(p) has constant sectional curvature equal to 1/p2.

We first argue informally: Let v, € S"(p) (it is helpful to think of v, as the
north pole), and let £ vary over unit vectors in (S"(p))y,. We think of any such
£ as an element of S” N v,*. So, write y € S"(p) as

y = (cost/p)ve + (psint/p)&,

—sint
(137)  dy= {M
o

Vo + (cost/,o)é} dt + p(sint/p)d§.
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Since, for each fixed &, y as a function of ¢ describes the geodesic y:(t), then
the Jacobi field of the variation of geodesics, determined by d&, is given by

Y (1) = p(sint/p)d§

with d& an S"(p)—parallel tangent vector field along y: (¢). If we substitute Y (¢)
into Jacobi’s equation (1.4.9) (with T = 0), we obtain k = 1/p?.

More precisely, let v, € S"(p), &, n € (S"(p))y, be orthonormal, and consider
the geodesic variation v given by

v(t, €) = expy, {(cos€)é + (sine)n}t
= (cost/p)Vo + (sint/p)3y, ™" p{(cos €)§ + (sin€)n}.
Let y be the geodesic given by
() = v(t,0) = (cost/p)Ve + (sint/p)3y, ' pE,
and Y (¢) the vector field along y given by
Y (1) = (30)(t, 0) = 0 (sint/p)3y, ' p.

So, if we let e(t) be the S"(p)—parallel vector field along y satisfying e(0) = 7,
that is,

e(t) = 3,03, 'n,
then
Y (1) = p(sint/p)e(r).
Since v is a geodesic variation, Y satisfies Jacobi’s equation (1.4.9)
VY + Ry, Y)y =0;
note that in the Riemannian case, T = 0. Thus,
—(1/p)(sint/p)e = V,*Y
=Ry Y)Y
= —p(sint/p)R(y', e)y’.
In particular, at ¢+ = 0, we obtain
PRE, mE =n/p,
which implies
K& m) = (RE mE m) = 1/p%,

which is the claim. [ |
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Remark II.3.1. It may be worth commenting on the approach of the last
method. Its appeal is extremely natural, in that the curvature tensor is created to
describe the linearization of the equations for geodesics. Since, in general, the
geodesics of a Riemannian manifold are unknown, one tries at least to study how
geodesics behave “near” a given one. So one uses knowledge of the curvature
to inform about geodesics. But our situation with the sphere is quite the reverse,
namely, we know all the geodesics at the outset. So, we certainly know the local
behavior of geodesics, which implies that we know the curvature tensor. This
is what drives the third method.

Note that we have, from (I1.3.7),
(IL3.8) ds? = |dy|* = dt? + p*(sin’ 1/ p)|dE|*.

Finally, we note that, from the above formal calculation, one can reclaim the
Riemannian metric for stereographic projection as follows: Let x € R”,

x =r§, r >0, 568”’1,
r = ptant/2p, t €10, mp].
Then, one verifies directly that

2 4)dx|?

2= — """ = dr®+ p’(sin’t de|>.
TERFTE p2(sin’ £/ p)\dé|

Hyperbolic Space

To describe the model space of constant sectional curvature equal to —1, we
work with two models: (i) B" the unit disk in R” with radius 1, and (ii) R/, the
upper half-space of R”.

The first step is to give an identification of R”, with B". To this end, set

y=x+(1/2=2x")e,

where ¢, denotes the n-th element of the natural basis of R”. Then, x — y takes
R% to {y" < 1/2}. Now map {y" < 1/2} to B" by

z=e + (v —e)ly — el

This provides a diffeomorphism of R/, to B".
For the Riemann metric on B”, choose:

4dz|?
11.3.9 ds? i = ———
(1139 SRR TREE
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To write the induced Riemannian metric on Ri, we have
dz =y —e,| 2dy = 2y — el H{(y — ea) - dy}(y — e),
ldz* = |y — e, *ldyl?,
2 = 14 2¢, - (v — &)y — eul >+ |y — el 72,
L=z = {1 =2y"}y — el 2,

which implies

> 4dz|? 4|dy|*
ds* = = .
{T—1zP2 {1 —2y")?
Next,
|dy| = |dx|, 2y" — 1 = —=2x",
which implies
ot AdyP P

- {1 _2yn}2 - {xn}Z'
So, in R’} the metric is written as
' ldx|?
- {xn}Z :

To show that the sectional curvature K is identically equal to —1, we work
in R, . Then, (L.5.5) implies

(IL.3.10) ds

(xm)?”

8ij =
which implies, by (1.5.8),
T’ = =" (8 udek + Sknje — 8endju}-
Therefore, fora, 8 =1,...,n — 1, we have
Vo, dp = (") '8apdn, Vo, dp = —(x")'0p, V3,8, = —(x") 'y,
Vi, Vo, 0p = —(X") 800, Vi, Vo, dp = —(x") 20,.
Therefore, we have, by (1.4.6), for « # 8
R(3p, 92)3p = —(x") 8,
which implies, from the definition in Proposition II.1.2, that

K (3, 0p) = —1.
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Also, we similarly have
ROy, 38 = —(x") o3
o)
K(9y, 0y) = —1.

Thus, our space — referred to as hyperbolic space — has constant sectional
curvature equal to —1.
We note that, if we start with the n—disk B"(p) in R”, endowed with metric
4|dz|?
{1—1z12/p%)*
then the sectional curvature becomes the constant —1/p%. Furthermore, if we
substitute

ds?

z=ré&, r>0, £eS"!,
r = ptanh t/2p,
then we obtain
(IL3.11) ds? = dt* + p*(sinh® 1/ p)|dE|*.

One easily sees that, in this model, the geodesics emanating from the origin are
given by straight lines emanating from origin, and their length to the boundary
S"~! is infinite. So hyperbolic space is Riemannian complete.

Remark I1.3.2. A particularly clear and elegant discussion of the Riemannian
geometry of hyperbolic space can be found in B. Randol’s Chapter 11 of Chavel
(1984). See Note I1.5 and I1.6 in §11.9 for further references.

§IL.4. First and Second Variations of Arc Length

M is our Riemannian manifold.

Definition. We are given w : [o, B] = M € D™ (see §1.6). A variation v of w
is a continuous mapping v : [«, 8] X (—€p, €9) = M € D> for some €y > 0,
for which

w(t) = v(t, 0)

for all ¢ € [«, B], and such that there exists a subdivision [ =) < ... < ty =
Bl of [, B] for which v|[t;_y, t;] X (—€g, €g) € C® foreach j =1,... k.
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If v fixes endpoints, that is, v also satisfies

w(a) = v(a, €), w(B) =v(B,¢€)

for all € in (—¢, €p), then we say that v is a homotopy of w.
We refer to v as a smooth variation if v is differentiable on all of [«, B] x

(—¢o, €0).
We call v a geodesic variation of w if for every € in (—ey, €p) the path
we : [a, B] = M given by

we(t) = (1, €)
is a geodesic.

We write 9,v, d.v for v,(9;), v4(de), respectively, and denote differentiation of
vector fields along v with respect to 9,v, d.v by V,, V, respectively.

For a geodesic variation v, we have (see (1.4.7), (1.4.8))
Veo,v — V0.0 =0,
since the Levi-Civita connection has no torsion, and
VeV, — V, Ve = R(0,v, 0cv).
Theorem I1.4.1. (The first variation of arc length) Assume w : [, B] — M is

differentiable, and v a differentiable variation of w. For each € in (—€y, €), let
L(€) be the length of w., namely,

B
L(e) = / |0, v(t, €)| dt.
Then, L is differentiable and

L
aan 4B _ (0 v
de de 0t

In particular, if w is parameterized with respect to arc length, that is, |o'| = 1,
and we set

avl\|?

B
2 - / (8.0, V,(3rv/ | 0) d.

o

Y (1) = (8ev)(t, 0),

then

B

dL / ﬂ /
(I1.4.2) O =(V.w) —/ Y, V,o) dt.

o
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Proof. We have

B
oL =a€/ |0,v| dt

B

=/ (3. v)'/%) d
B

=/ 19, v~ (V.d,v, 9,v) dt
B

=/ (V,0cv, 8,v/|9,v|) dt

/ {0:(0cv, 3,v/10v]) — (dev, Vi(div/[9,v]))} dt

- (5 5/ 150

which is (I.4.1). Equation (I1.4.2) follows 1mmediate1y.

- (3ev, Vi(d;v/|9;v])) dt
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LemmaIl4.1. Ifw : [a, B] > M € D*® andY is a D™ vector field along w,

then there exists a variation v of w for which Y = 0cv|c—o.

Proof. Simply set v(t, €) = exp €Y (¢).

Theorem I1.4.2. A path w : [, 8] — M, |&'| = 1, is a geodesic if and only if

(IL.4.3) L'(0) =
for every homotopy v of w.
Proof. For any vector field Z along w, set
AZ(ty) = lim Z(t) — lim Z(¢)
tlty t11to

for any 1y € («, B).
If w € D*°, then for any homotopy v of w, we have

B
(IL.4.4) L'0)=—-) (¥, Aw) — / (Y, V,0') dt.

t o

Thus, if w is a geodesic, then (I1.4.3) is valid for every homotopy v of w.

If, on the other hand, (I1.4.3) is valid for all homotopies v of w, then

B
0= —Z(Y, Aw') —f Y, V,o)dt

t o
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for every D* vector field Y along w vanishing att = o, 8. Let#] < ... < f;_;
denote the discontinuities of ' and assume that there exists 7y € («, B\{t1 ...,
tr_1} such that (V,w')(fp) # 0. Pick §; > Osothat {¢ : |t — 1| < &1} C («, B)\
{t1, ..., t—1}, and let Z(¢) be the parallel vector field on {t : |t — fy| < &}
satisfying

Z(to) = (Vi)(t0).

Then there exists §, € (0, §;) such that (Z, V,&') > 0on {¢ : |t — ty| < &,}. Fi-
nally pick ¢ : [a, B] = [0, +00) € C* such that ¢(tp) > 0, with supp ¢ con-
tainedin{z : |t — fy| < 82},andsetY = ¢Z.Then, the right-hand side of (11.4.4)
will be strictly negative — a contradiction.

Thus, V;0' = 0on (o, B)\{¢1, ..., tr—1},and w is at least piecewise geodesic.
It remains to show that w € C! on [, B]. For, if so, then the differential equa-
tions of geodesics in local coordinates (I.3.2) will then imply that w € C°°, that
is, w is a geodesic. Well, our assumption now is that

0=> (¥, Aw)

L

for all D* vector fields Y along w. Pick Y to be any D vector field sat-
isfying Y (¢;) = A'(t;), j =1,...,k — 1. Then |Aa)’|2(tj) =0 for each j =
l,....,k—1land w € C. |

Theorem IL.4.3. (The second variation of arc length) Let w and L be as in
Theorem 11.4.1, with || = 1. Then, for the second derivative of L, we have

B
(11.4.5) (d*L/de*)(0) = (Vedev |e=o, )|,

B
+ [0VYP = (k@ 1)
a
— (@, V,Y)? = (V,o, Vedev) ) dr.
Proof. For the second derivative of L, we start just prior to the integration by

parts in the proof of the formula for the first variation, namely,

9%L B
-~ = ae (Vfaevy 8,U/|8tl)|>df
de? o

B
=/ (Ve V,0.v. 3,0/13,0]) + [V, 0c02/ 1]

— 18,01 729:(1,0])(V, 9 v, 8,v)} dt.
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If we set € = 0, then we obtain

dzL B 2 /\2
ﬁ(0)= {{VeVi0cv, 0/v)je=0 + [V Y |” = (V,Y, )} dt.

But

(VeVi0ev, 0v) = (V,Veoev, 9;v) + (R(9;v, 0:v)0cv, 9;v)
= 0;(Vedev, 0,v) — (Ve0ev, V,0;v) — (R(3;v, 0cv)0;v, 0cv),

and (I1.4.5) follows easily. [ |
TheoremIL.4.4. Lety : [o, B] — M,|y’| = 1bea geodesic. For any variation
vofy let

Y, =Y (Y, y)y.
Then
(IL4.6) Lo =¥y

’
a

B
IL4.7)  L"(0) = (Vydev, J/')[ +/ (VYL = (R, YD)y Y1) dr.

In particular, if v is a homotopy of y, then

(I1.4.8) L'(0) =0,

B
(11.4.9) L"(0) =/ {(IVYL? = (R, Yy Y1)} dr.

Proof. One only has to realize that if y is a geodesic, then
ViYL =VY — (V.Y y)y = (VY)L,
which implies

V.Y > = |V,Y]P = (V,Y, )% =

§ILS. Jacobi’s Equation and Criteria

We are given a fixed geodesic y : [«, 8] — M, |y’| = 1, and define Y to be
the vector space of D! vector fields X along y, orthogonal to y and satisfying
X (o) = X(B) = 0. We may think of Y as having the inner product

B
(L5.1) X,Y) = / (X,Y)dt.
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Definition. On Y, we define the symmetric bilinear form /(X,Y) over R,
called the index form, by

B
I(X,Y) = / (V,X. YY) — (RG/. X)y'. Y)) dr.

The motivation of considering such a bilinear form is, of course, that if
Y € D* is induced by a homotopy of y then L”(0) = I(Y,Y). To obtain a
self-adjoint (relative to (I1.5.1)) operator associated with the index form, we
require that X € C2, in which case integration by parts gives

B
(IL.5.2) [(X,Y) = —/ (V22X 4+ Ry, X)y',Y)dt.

So, the operator in question is
LX =—{V’X+R(y X'},
and for X, Y, € C?, we have
(LX,Y)=(X,LY)=I1(X,Y).
The operator is defined, therefore, on C 2 with associated bilinear form defined
on at least D'.
Definition. We define a Jacobi field along y to be a differentiable vector field
Y along y satisfying Jacobi’s equation
11.5.3) VY + Ry Y)y =0.
Theorem I1.5.1. The set J of Jacobi fields along y is a vector space over R of
dimension equal to 2(dim M ). More particularly, one has: Givenanyty € [«, B],

&,n € My, there exists a unique Y € J satisfying Y (to) = &, (V,Y )(t0) = 1.
Thus,ifY € J,Y # 0, then

(IL.5.4) Y2+ VY>>0

onall of y.
Also, if Y € J,Y # 0, and Y (ty) = 0, then there exists an € > 0 such that
Y (@) # 0 for all t satisfying 0 < |t — ty| < €.

Proof. Let n =dim M, {ey,...,e,} an orthonormal basis of M, ), and
{Ei, ..., E,} the parallel vector fields along y satisfying E (o) = e;. Then,
{E(), ..., E,(t)} is an orthonormal basis of M, ), for every ¢ € [a, 8], and
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Y (t) may be written as

Y(t) = Z Y/ (0)E (0).
j=1
Set
R/*(1) = (R(Y', Ej)y', EQ));

then, R_,-" is symmetric for every ¢, and (II.5.3) reads as

(IL5.5) @Y+ YR =0,
J
where j,k=1,...,n.
The claims of the theorems follow immediately from the theory of linear
ordinary differential equations. [ ]

Proposition IL5.1. For X,Y € J, we have
(I1.5.6) (Vi X,Y)— (X, V,Y) = const.
Thus, for any Y € J, we have constants a, b € R for which
(IL5.7) (Y,y') =at +b.
In particular,

Jt={YeJ: (Y,y)=0o0na B}

is a subspace of J with codimension equal to 2.
Proof. Differentiate the left-hand side of (I1.5.6). [ |

Definition. Given areal constant «, we let S, denote the solution to the ordinary
differential equation
v+ kg =0,
satisfying the initial conditions
S.(0) =0, S./(0) = 1.

We also let C, denote the solution to the above ordinary differential equation
satisfying the initial conditions

C.(0)=1, C,.'(0) = 0.



80 Riemannian Curvature

Of course, we have
(1/4/x) sin \/xt k>0
(I1.5.8) Sc(t)y=1t Kk =0.
(1/4/—K)sinh/—kt K« <0
Also,

cos /kt k>0
(I1.5.9) C(=11 Kk =0.
cosh/—kt k<0

Furthermore, we have
S." =Cx, C. = —«S,, CK2+KSK2= 1,
(CK/SK)/ = (SK//SK)/ = _SK_Z'

Definition. Given the Riemannian manifold M, we refer to a geodesic y as
a unit speed geodesic if y is parameterized with respect to arc length. When
we refer to the sectional curvature along y, we are referring to the sectional
curvature of 2—sections determined by y’ and a vector in the tangent space to
M aty.

Given the Riemannian manifold M, y a unit speed geodesic in M such that the
sectional curvature along y is identically equal to the constant x. Then, Jacobi’s
equation (II.5.3) becomes

V2 +kY =0 for Y eJ,
and (IL.5.5) becomes, with E,, = y/,
XYY +kY/ =0, j=1,....,n—1.
For the Jacobi field Y € J+, we therefore have
(I1.5.10) Y(t) = Ce()A(t) + S (1) B(1),

where A(t), B(t) are parallel vector fields along y which are pointwise orthog-
onal to y.

Definition. Given the Riemannian manifold M, y a geodesic in M, a point
y (1) is said to be conjugate to y (ty) along y if there exists Y € J,Y 5# 0 such
that

AL5.11) Y(t) = Y (t;) = 0.

Of course, Y in (II.5.11) must be an element of 7+ by (II.5.7). Also, one has
immediately
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Proposition IL.5.2. If, for a given ty € («, B], y(to) is not conjugate to y(a),
then, for any & € y'(to)*, there exists a unique Y € J* satisfying
Y()=0, Y =5.
Theorem IL.5.2. If M has constant sectional curvature k along the unit speed
geodesic y : R — M, then y(0) has a conjugate point along y if and only if

k > 0, in which case y(£x//k) is conjugate to y(0) along y, for any integer
L. Furthermore, these are the only points on vy conjugate to y(0) along y.

We recall from the beginning of this section that Y is the vector space of D!
vector fields X along y, orthogonal to y, and satisfying X («) = X(B) = 0.

Theorem I1.5.3. Let Yy, ..., Yy € J* satisfy

(I1.5.12) (Y;, Vi¥e) = (Yi, V,Y;) =0
for j,k=1,...,N <n—1,and assume X € Y has the representation
N .
X=>fly;
j=1
Then,

I(X,X) = /ﬂ ﬁ: ‘ff’Y_,-‘z dr.
=1

Proof. The proof is by direct calculation, namely,
vx=Y" {ff’yj n ffV,Y_,«},
J
(RO Xy X) =D fIfHRY . Yy Y,
ok

(I1.5.12) and (I1.5.3) combine to imply
IV, XI* = (R(Y, X)y', X)
=P+ P VY + Y Y
+ fINY VY = FOPSRGL Y Y Y
=1 S R OGRS AR
— [7FNRGLY YY)
> f-/’Y,-‘er{Z f-ff"(Vth,Yk)}/.
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Thus, we have

IL513)  |VXF = (RG X' X) =30 fJ”Y_,‘2+<Z 19,7,

and the claim follows. |
Theorem I1.5.4. (C. F. Jacobi (1836))? If v (&) has no conjugate points along
y on («, B] then the index form I is positive definite on Y. If, however, we only
assume that y(a) has no conjugate points on (a, B), then I is nonnegative on
Yo, and (X, X) = 0 if and only if X € J+ N Yy, that is, X is a Jacobi field
satisfying X (o) = X(B) = 0.

Proof. Suppose we have linearly independent
Y;eJH:Yj@)=0,j=1,...,n—1}.
Then, for any X € Y, we certainly have the representation
n—1 )
X =Y floye
j=1

for all ¢t € («, B). (Note the open interval (¢, B).)
Then, the vector fields Y1, ..., Y, satisfy (I1.5.12), and (IL.5.13) implies

B
I(X,X)=/ {IViXI? = (R(Y', X)y', X)} dt
B—e
=1im/ (VX = (R(Y', X)y'. X))} dt
€10 Jyte
. i B—e pe il 2
=1€1§)1 Z fHUVY;, X) "‘+€+f+g )Z £ Yj‘ dty .
j o

Assume, for the moment, that f/, j =1,...,n — 1, are bounded on («, B).
Then,

3 fj’Yj‘2 dt > 0.

B—e
(X, X) = lim /
€10 Jyte

IfI(X,X)= O,thenff =constantforeach j = 1,...,n — 1,thatis, X € Jt.
We already have X € Y by assumption, which implies the claim.

2 See Exercise 11.18 in §IL9.
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So, we must show that for each j, f/ is bounded near ¢ = a and 8. We work
with r = 8.

Let ¢ = dim Yy, N J+, that is, the dimension of the space of Jacobi fields
vanishing at y (@), y(B); and let {Yy, ..., Y,} be a basis of Ty N J+. Let e, =
VY, )), w=1,...,¢ complete {e, : u=1,...,¢} to a basis {ej,...,
e,_1} of y’(a)J—, and let Y,, v=1~¢+1,...,n — 1, be the Jacobi field along
y vanishing at y (o) with (V,Y,)(«) = e,,.

Now note that, by assumption, Y, (8), ..., Y,—1(B) are linearly indepen-
dent. By (IL.5.4), we have (V,Y)(B), ..., (V,Y;)(B) are linearly independent.
From (I1.5.12), we have

{(V YD), ... ViYO)BLY 11(B), - ... Va1 (B}

Thus,

{(VYDB), ... (ViY)(B), Yera(B), .., Y1 (B)}

is a basis of y’(8)*.
Now, Taylor’s formula reads as

X(1) = 1y, {X(10) + (¢ — 10)(V: X)(10)} + 0t — t0),

where 1;,, : M) — M, denotes parallel translation.
Next, for X € Ty, we have a unique (El, R 5”’1) € R"! such that

4 n—1
(ViX)B) =Y EXVY B+ Y EV(B),

n=1 v={+1

which implies, for sufficiently small 8 — ¢ > 0,
X(0) = 15, {(t — BYV,X)(B)} + ot — B)
=14, {Z £ = BVY)B) + Dt — ﬁ)E”Yu(ﬂ)} +o(t — B)

“w

DUEYO A+t —B)Y | EYO) +olt — B,

n

from which one concludes
lim ’M t) = é“, lim f" t)=0.

Thus, f/, j =1,...,n — 1, are bounded, which was our claim. [ ]
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Theorem IL.5.5. (C.F.Jacobi (1836)) Let y(x) have a conjugate point att =
to € (a, B). Then there exists X € Yo such that [(X, X) < 0. Thus, a geodesic
cannot minimize distance past its first conjugate point.

Proof. Let ty € (o, B), Y € J+, Y # 0 such that Y (o) = Y (#) = 0. Then, for

Y(t) t€la,t]
0 t €, Bl°

one easily has Y| € Yy, and (Y, Y1) = 0 by (II.5.2). We show how to perturb
Y to produce X satisfying /(X, X) < 0.

Certainly (V,Y)(#p) # 0. Pick Z(¢) to be the parallel field along y for
which Z(#) = —(V.Y)(t); let ¢ : [a, B] — R be differentiable such that
o) = ¢(B) = 0 and ¢(#p) = 1 and let

Y1(f)={

X, =Y +rpZ.
Then, by explicit calculation and integration by parts, we have
[(X5, X)) = 1(Y1, ) + 20 (Y1, Z) + O(A%)
=2A /fo (VY. Vi(92)) — (R(Y. Y)Y, 9Z)} dt + O(\P)

= 24{V,Y. ¢Z)[] + O
= 20V, Y)(t))* + O(WY),

which is less than 0 for sufficiently small positive A. The theorem is proven.
|

§I1.6. Elementary Comparison Theorems

We start with the well-known:

Theorem I1.6.1. (O. Bonnet (1855), S. B. Myers (1941)) Let M be a Rieman-
nian manifold, y : [0, B] = M a unit speed geodesic in M such that

Ric(y',y)=(n— 1k >0

on y([0, B). If B = 7t //x, then y((0, B]) contains a point conjugate to y(0)
along y.

Therefore, if M is a complete Riemannian manifold, of dimension n > 2,
such that there exists a constant k > 0 for which

(IL.6.1) Ric(€, £) > (n — Di|€|?

forany & € TM, then M is compact with diameter < 7w/\/«.
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Proof. Given the unit speed geodesic y, pick an orthonormal basis {ey, ...,
e,—1} of y'(0)*; let E ;j be the parallel vector field along y determined by
Ej(0)=ej,j=1,...,n—1;andset, foreach j =1,...,n -1,

X(t) =sin(mt/B)E (1).

Then, X ; € Yy, and

Y IX; X))

J

B
:A [0 = D282 cos?e/p) — |3 Kk, v)) sinae/p)|
p
=/ {(n = 1)(*/B) cos’(wt/B) — Ric(y', y') sin’ (e / B)} di
0

B
< f {(n — D(*/B*) cos*(rt/B) — (n — D sin*(rt/B)} dt
0
= (n — D(B/2)(x*/B* — k).

So, if B8 > 7/./k, then the index form is no longer positive definite on y |(0, ],
which implies y|(0, B8] contains a point conjugate to y(0) along y. This is the
first claim.

For the second claim, we need only note, that given any p, ¢ € M, there exists
(by the completeness of M) a unit speed geodesic y : [0, 5] — M such that
y(0) = p,v(B)=¢q,and B = €(y) =d(p, q). Since y|(0, B] is a minimizing
geodesic, its index form is positive semidefinite, which implies

d(p,q) =B </«

Thus, M has finite diameter bounded above by 7/./k, which implies M is
compact. |

Theorem I1.6.2. (J. Hadamard (1898), E. Cartan (1946)) Let M be a Rieman-
nian manifold, y : [0, B] — M a unit speed geodesic in M such that

K=<0

for all sectional curvatures along y|(0, B]. Then y((0, B]) contains no point
conjugate to y(0) along y .

Therefore, if M is complete and all its sectional curvatures are nonpositive,
then M has no conjugate points.
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Proof. Lety : [«, B] > M, |y’| = 1 be a geodesic, and X € Y. Then,
B B
1030 = [ 9XP = KOy X P = [ 19X P =0,

and the claim follows from Theorem I1.5.5. [ ]

Theorem I1.6.3. (M. Morse (1930), I. J. Schonberg (1932)) Let M be a Rie-
mannian manifold, § > 0, y : [0, B] — M a unit speed geodesic in M such
that

K<$

for all sectional curvatures along y [0, B]. Then, if t = B is a conjugate point
of y(0) along y, we have

(11.6.2) B> /3.

Proof. LetY #£0,Y € J+ N Y,. Then, one has
0=1I1(1,Y)

B
Z/{WJV—KWJNHﬁw
0
B
zf{wmﬁ—mw%m.
0

It is an easy consequence of Wirtinger’s inequality, for functions vanishing at
endpoints of an interval (see Exercise I11.42), that

(IL.6.3) /Oﬂ IV,Y |>dt > (nz/ﬁz)foﬂ Y |2 dt.
Therefore,
/B -8 <0,
which implies the claim. |

Theorem I1.6.4. (H. E. Rauch (1951)) Let M be a Riemannian manifold, § a
real constant, y : [0, B] — M a unit speed geodesic in M such that

K=<é
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for all sectional curvatures along y|[0, Bl. If Y € J*, then the function |Y |
along vy satisfies the differential inequality

(IL.6.4) [Y|" +8|Y| > 0.

on [0, B).
Furthermore, if ¥ denotes the solution on [0, B] of

(IL6.5)  Y" 448y =0, ¥ (0) = [Y1(0), ¥'(0)=1[Y](0),

and ¥ does not vanish on (0, B), then

(11.6.6) {IY|/y}Y =0,
(11.6.7) Y| >,
on (0, B).

We have equality in (11.6.6) at ty € (0, B) if and only if
KY,y)=54
onall of [0, ty], and there exists a parallel unit vector field E along y for which
Y(t) = ¢(DEQ)
on all of [0, t].

Proof. We start with
Y=y, vy,

which implies

Y" = [Y[7(IV.Y > = (Y, R, YY) — Y| 73(Y, V,Y)?
=S|Y |+ Y|V YPIY * — (Y, V,Y)?}

—8|Y|

v

v

by the Cauchy—Schwarz inequality, which implies (I1.6.4).
For second claim, since

Y1/ vy =Yy — 1Y [y'y/v?,
we study the function

F=Y|"y —|Y]y'
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Well,
F0)=0, and F'={Y|y—-|Y|y'}) >0

by (I1.6.4), (I1.6.5). This implies (I1.6.6). One immediately has (I1.6.7).
If we have equality in (IL.6.6) at some #y € (0, B8], then F(#) = 0, which
implies F = 0 on all of (0, #y], which implies

Y=y
on all of [0, #9]. Write
Y =vyE, |E| =1
along y. Then,
V.Y =¢'E+ ¥ V,E.

Now we have equality in (I1.6.4) on (0, #o], which implies equality in the
Cauchy—Schwarz inequality, which implies Y and V,Y are linearly dependent.
Since V,Y and Y are linearly dependent at every point of (0, #y], and E is a unit
vector field, we have E is parallel along y [0, #o]. |

§IL.7. Jacobi Fields and the Exponential Map

Theorem I1.7.1. Let M be a Riemannian manifold of dimension > 2, TM
the domain of the exponential map of the Levi-Civita connection, p € M, § €
TMNM,, and n € M. Then, to calculate (exp,)«js Sgn set y(1) = exp 1§,
and let Y (t) be the Jacobi field along y determined by the initial conditions

IL7.1) Y(0) =0, (V,Y)(©0) =n.
Then for all t such that t& € T M, we have

(11.7.2) (eXP,)uire Sign =11 Y (1).

Proof. (See the argument of Gauss’ lemma (Lemma 1.6.1).) For a vector space
V and a path ¢ : (—€g, €g) — V, we shall denote the derivative (in contrast to
the velocity vector) of ¢ by ¢. Thus,

¢'(€) = Syt (e).
Let V = M, and pick ¢ so that

£(0) =&, £(0) = n;
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tsfg’ﬂ

Figure I1.3. Differentiating the geodesic variation.

and consider the geodesic variation
v(t, €) = expti(e).
Then, its associated Jacobi field Y (¢) = (d.v)(¢, O) (see Figure I1.3) is given by
Y (t) = (exp))ie et (0) = 1(eXp,, s See)-

So, we wish to verify that Y is the Jacobi field associated with the initial con-
ditions (II.7.1). Certainly, Y (0) = 0. Also, V,0.v = V.0,v, by (1.4.7), implies
that

(V:9:0)(0, €) = ¢ (e),
which implies

(ViY)(0) = (Vi3 v)(0, 0) = 1. ]
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Corollary IL.7.1. The null space of (exp )« is isomorphic to the subspace of
Jacobi fields along y(t) = exp t& vanishing at p and expé&.

Remark I1.7.1. See Exercises 11.26 and 11.27 for further detail on this result.

Corollary I1.7.2. (J. Hadamard (1898), E. Cartan (1946)) If M is complete
with nonpositive sectional curvature, then exp is of maximal rank on all of T M .

§$11.8. Riemann Normal Coordinates

Proposition I1.8.1. Given p e M, §,n,¢ e M), || =1, y(t) = expt§, and
Y, Z Jacobi fields along y determined by

Y(0) =0, (V:Y)(0) = n,
2(0) =0, (V:Z2)(0) = ¢;

then the Taylor expansion of (Y, Z)(t) about t = 0 is given by
(Y. Z)(0) = *(n, ¢) — (*/3)(R(, )5, ©) +0(r°).

Proof. Direct calculation. The idea is that Taylor’s expansion, in a neighbor-
hood of t = 0, for a vector field Y (¢) along the geodesic y:(¢) is given by

Y() =7 {Y(0) + tV,Y(0) + (*/2)V,*Y (0) + (£’ /6)V, Y (0)} + O (),

where 7, denotes parallel translation along y: from p to y;(§). Now one uses
the hypotheses of the theorem to calculate the derivatives of Y (¢) at t = 0.
In the inner product, one uses the fact that the parallel translation is an
isometry. |

Now fix p € M and U an open set about, and starlike with respect to, 0 € M »
for which exp |U is a diffeomorphism of U onto its image U := exp U, an open
set in M about p.

Then, every choice of orthonormal basis {ey, ..., e,} of M, determines a chart
n: U — R”, referred to as Riemann normal coordinates, given by

n/(q) = ((exp|U)"(q), ¢;)
for g € U, thatis, for v = Zj vjej € U, we have

nj(exp v) = v,
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In this chart, we have for y(t) = exptv,

yi0) =mop@m=ml, Y ©)=> v,
J

If Y; is the Jacobi field along y determined by the initial conditions
Y;(0) =0, (V,Y;)0) =e;j,
then (I.7.2) implies

(IL8.1) 3jlexp 1 = (€XDP,)ujr Sve; = 17'Y;(0)

for tv € U.

Theorem I1.8.1. Forv € U,
gjk(expv) =8 — (1/3)(R(v, ej)v, ex) + O(|v)
asv — 0.
Proof. Fix & € S,,, and define y;Yy,...,Y, as above. Then, (II.7.2) and
Proposition (II.8.1) imply

gjk(expte) = t7H(Y;, Yi)(t)
=t{t*e;, ex) — (t*/3)(R(E, ¢))E, ex) + O(F)}
=8jx — (*/3)R(E, ¢))E, ex) + O(t?),

which implies the claim. |

Corollary IL1.8.1. In the above, we also have for v € U,
det(g r(expv)) = 1 — (1/3)Ric (v, v) + 0(|v|3)
asv — 0.

Proof. This is an immediate consequence of the formula for the derivative of
the determinant, namely,

Proposition 11.8.2. Let Aj; :R" — R e cl, jok=1,...,n. Then, on the
open set for which det (A ji) # 0 one has, setting A = (A i),

3 dA
(IL.8.2) —Indet A=tr—A"!
axt oxt

fort=1,...,m.
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Proof. It suffices to show that if A(e) is a differentiable map of the reals to the
space of n x n—matrices (with obvious differentiable structure — see Example
1.9.4(1)) satistying A(0) = I, the identity matrix, then the Taylor expansion,
about € = 0, of the function € > det A(¢) is given by

det A(e) = 1 + e tr A(0) + O(€?).

This is a direct consequence of the definition of the determinant. One then has
to adjust for A(0) not necessarily equal to the identity matrix /. |

Normal Coordinates in Constant Sectional Curvature Spaces

We now assume M has constant sectional curvature « and consider a unit speed
geodesic y : («, B) — M. For convenience, we assume 0 € (o, 8). By J+ we
denote, as in §I1.5, the Jacobi fields along y that are orthogonal to y at every
point of y. Recall that Y € J+ satisfying Y (0) = O is given by

Y =S/E, V,E =0.

Thus, as proved in Theorem I1.5.2, for ¥ < 0 and M complete, M has no
conjugate points (see also Theorem 11.6.2). For k¥ > 0, and p € M satisfying
B(p; w//x) € TM, we conclude that M is compact (hence, complete), and
exp S(p; m/4/K) consists of precisely one point.

For the general Jacobi field Y along y, we have a, b € R and vector fields
E1, E, parallel along y and orthogonal to y such that

Y() = (at +b)y' + C.E| + S, E>,
and for the initial condition Y (0) = 0, we have
Y(t) =aty' +S.E>.

Now, let p € M,and {ey, ..., e,} an orthonormal basis of M ,, thereby deter-
mining Riemann normal coordinates on a neighborhood U about p.Let§ € S,
y(t) = exp t£ and, as in (IL.8.1),

7Y j(0) = (XPp)uire Sizej = Bjjexp 1t

J =1,...,n. Then there exist a; € R, and E(¢) a vector field parallel along
y and orthogonal to y, such that

Yj(l‘) = a‘/‘l}// + SKE‘,‘.
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But
ej =V Y;)(0) =a;§ + E;(0);
this implies
aj=(E.e;) =&, Ej0)=e;—¢&'.
Direct calculation now yields

A S,2 .
gilexprE) = EIEF + zz(t) (86 — £/},

We therefore have the following:

Theorem IL8.2. Let M have constant sectional curvaturex, p € M,U aneigh-
borhood about0 € M, as above, and {ey, ..., e,} an orthonormal basis of M .
Then, in the resulting normal coordinate system, we have for v € U

vivk SA2(v)) vl vF
(I1.8.3) gjk(expv) = + 1) .
lv|? [v]?

T

In particular, if M, M’ are Riemannian manifolds of constant sectional cur-
vature k, p € M and q € M’ then there exists § > 0 such that each choice
of orthonormal bases in M,, and M I; determine an isometry of B(p;§) onto
B(q; 9).

Remark I1.8.1. We can use (I1.8.3) to define, for each k < 0, a Riemannian
metric on R” which is complete, and which has constant sectional curvature k.

As a prelude to what follows in later work, we give a formal calculation of
the Riemannian metric of constant sectional curvature k in geodesic spherical
coordinates, namely, set

v =tE§, &l =1.
Then
dv =td& + (dt)&,
and
(&,td&) = 0.
Also,

Zv-i dv’ =t dr.
J



94 Riemannian Curvature
Therefore, (I1.8.3) simplifies to

(11.8.4) ds? := ) gjrlexpv)dv/dvt = di? + S, 2(1)|dE|*,
J.k

a formula we derived in each of our examples of spaces of constant sectional
curvature.

§11.9. Notes and Exercises
Curvature Tensor Estimates

Exercise II.1. (J. P. Bourguignon & H. Karcher (1978)) From Propositions
II.1.1 and I1.1.2, one concludes that full knowledge of the sectional curvatures
at a point determines the curvature tensor itself at that point. We sketch here
some practical versions of this fact.

For any A € R, we let

R, = ARy,

where R is defined in Proposition II.1.2.
Fix a point p in a given Riemannian manifold M. All calculations in this
exercise take place in the one tangent space, M ,. We set

K =min IC, § = max K.
(a) Prove that forany u; e M,,, j =1,...,4, we have

6(R(ur, uz)uz, us) = (R(uy, uz + uz)(uz + u3), us)
— (R(uy, uz — u3)(uz — u3), ug)
+ (R(uz, uy — uz)(uy — u3), us)
— (R(ua, uy + uz)(uy + u3), ug).

(b) Also show, for &, n, ¢ € M, that
HR(E, M ¢) =(RE. n+ s, n+¢)—(RE, n—0)§,n—¢).

Thus, (a) and (b) constitute an alternative version of Proposition IL.1.1.

(c) Prove, for orthogonal &, n, ¢,

S —
(R 5. ) = &Pl + ¢

(d) Prove, for orthonormal u;, j =1,...,4,

2
(R (Ui, upus, usg)| < 5(5 —K).
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(e) Prove, for arbitrary &, 7,

S —
|R(E, mE = Ricrs)2(8, mE| < TK|§|2|77|-

() Prove, for arbitrary unit vectors u;, j = 1, ..., 3, that

4
[R(uy, uz)us| < 3 max IK].

Schur’s Theorem
Exercise I1.2. Prove (F. Schur (1886))

Theorem. If M is a Riemannian manifold of dim M > 3, and there exists a
function k : M — R such that

R, )¢ = «k(p)R1(&, n)¢

forall&,n, ¢ € M, p € M, then the function k must be a constant —so M has
constant sectional curvature.

NoteIlL.1. Thus, Schur’s theorem provides a striking contrast to Theorem II.1.1.
An interesting theorem inspired by Schur’s theorem, and the full apparatus of
pinching theorems, was proved by E. A. Ruh (1982). It goes as follows:

Definition. The sectional curvature X of a Riemannian manifold M is said to
be locally 6—pinched if there exists a positive function « : M — R such that
Sk(x) < K < k(x)

at every point x € M.

Theorem. There exists § = §(n) with
1/4 <6 <1,

such that any compact locally §—pinched Riemannian manifold of dimension
n is diffeomorphic to a spherical space form, that is a compact Riemannian
manifold of constant sectional curvature equal to 1.

It has been noted in Gribkov (1980) that the compactness is essential, namely,
if M is noncompact, then even if § is arbitrarily close to 1, the variation of
sectional curvature over the manifold can still be arbitrarily large.

Ruh’s theorem has been refined in Huisken (1985).
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Bibliographic Sampler for Curves and Surfaces in Euclidean Space

Note IL.2. Our treatment of submanifolds, done at breakneck speed in §I1.2,
follows that of Hicks (1965), which is highly recommended to the reader.

For traditional treatments, we refer the reader to Struik (1961) and Stoker
(1969). More modern treatments of curves and surfaces in space are given in
do Carmo (1976), Klingenberg (1976), and O’Neill (1966a). Berger—Gostiaux

(1988) starts from manifolds and features a full study of curves in the plane
and in space, among other matters. More recent books include Gray (1998),
Morgan (1992), and Oprea (1997).

Totally Geodesic Submanifolds
Exercise I1.3.

(a) Let M be a submanifold of M as described in §11.2. We say that M is totally
geodesic in M, if for any geodesic y in M, for which there exists o such that
y(to) € M and y'(to) € M, ), there exists an € > O such that y|(tp — €, 1o + €)
is completely contained in M. Show that M is totally geodesic if and only if
the second fundamental form B vanishes identically on M.

(b) (S. Kobayashi (1958)) Show that if M is a Riemannian manifold possess-
ing an isometry ¢ : M — M, then any connected component of the set of all
points left fixed by ¢ is totally geodesic.

Two Norms of Linear Transformations

Definition. Let V be a finite-dimensional inner product space, A:V — V
a linear transformation, and B : V x B — R the associated bilinear form
given by

B(x,y) = (Ax, y).
The Gram—Schmidt norm of A is given by
|Allgs = tr (AA"),

where A* denotes the adjoint of A.

Note IL.3. To give an explicit formula for ||A[|gs, pick an orthonormal basis
{e1,..., ey} of V, and let 2 = (a ;) denote the matrix of A associated with the
basis {e;}, that is

Aej = Z €Oy
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Then A* is represented by 27, and
r@AT) =)t =) |Ael*
J-k J

Since AA* is self-adjoint, the arithmetic—geometric mean inequality implies

tr(AA%)

{det(AA* )}/ < < A]%,

that is,

(det )" < || A].

Thus, the Gram—Schmidt norm of A coincides with its norm as a (1, 1)-tensor
on V. To distinguish it from the usual sup norm of A,

Al = sup {|Ax]| : [x| = 1},

we often use the bilinear form B instead, since the norms of A and B, relative
to the inner products associated to the respective tensor spaces generated by V,
are equal. Namely,

1Bl = lAllgs-

The Second Fundamental Form and Local Convexity

Exercise I1.4. Let M be a codimension 1 submanifold of the Riemannian man-
ifold M, p € M. Let £ be a unit vector orthogonal to M,. Let M,, =exp M,
where exp denotes (for the moment) the exponential map in M. Show that M »
is a smooth submanifold in some neighborhood of p, and has vanishing second
fundamental form at p. (One might refer to M p as totally geodesic at p.) Show
that if the second fundamental form of M, with respect to &, is positive definite,
then p has a neighborhood U in M in which

MNM,NU = {p}.

Thus, when the second fundamental form is definite, one might say that “M
lies, locally, on one side of M, —a sort of local convexity.

Exercise I1.5. Show that it is impossible to imbed a compact surface, of non-
positive Gauss curvature, into R>.

A much deeper theorem, which goes back to D. Hilbert (1901), states that
any complete surface of constant negative curvature cannot be imbedded in
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IR3. Later, Efimov (1964) proved a corresponding theorem for variable negative
curvature. See T. K. Milnor (1972) for a detailed presentation.

Exercise I1.6. Let M"~! be an immersed hypersurface in R”. Show that its
second fundamental form is definite (positive or negative definite, depending
on the choice of local unit normal vector field) if and only if all its intrinsic
Riemannian sectional curvatures are positive.

Definition. Let M”~! ¢ M be an immersed submanifold. We say a point
p € M is umbilic if the second fundamental form of M at p is a scalar multiple
of the first fundamental form.

Exercise IL7. Let M = R". Show that if every point of M is umbilic, then
M 1is a piece of a sphere in R™. In particular, if M is compact and everywhere
umbilic in R” then M is a sphere in R™.

Mean Curvature

M is our given m—dimensional Riemannian manifold, and M a connected
n—dimensional submanifold of M,0 <n < m.

Definition. The mean curvature vector H of the submanifold M at p is given
by

H =1tr'B,

where B the second fundamental form, and the trace of ®5 is taken with respect
to the Riemannian metric of M restricted to M, that is, the first fundamental
form of M in M.

Thus, if {ey, ..., e,} is an orthonormal basis of M, then
n
H = Z %(6],‘, €j).
=1

Exercise I1.8. Prove
trA” = (H, v).
forall v € Mpl.

Definition. The manifold M is said to be a minimal submanifold of M if its
mean curvature vanishes identically on M.
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Note I1.4. The literature and ongoing work on minimal submanifolds are enor-
mous. For openers, we refer the reader to Barbosa—Colares (1986), Bombieri
(1983), Dierkes—Hildebrandt—Kuester—Wohlrab (1992), Lawson (1980),

Nitsche (1989), and Osserman (1986, 1990, 1997). (This list is far from ex-
haustive, even definitive.)

Hessians, Again

Let f : M — R be a differentiable function on the Riemannian manifold M.
Define Af, the Laplacian of f, to be the trace of the Hessian (defined just
before Exercise 1.10) of f relative to the first fundamental form, so

Af =tr(§ — Vggrad f).

Exercise I1.9. Let p € M suchthat f(p) = «, and grad f does not vanish at p.
Then, the level surface of f through p, f~'[«], restricted to a sufficiently small
neighborhood of p, is an embedded (n — 1)-manifold. Show that the Hessian
of f at p is given by

(Hess f)i(#-11a1), = B-grad f;,»

the second fundamental form of f ~![a] associated to the normal vector —grad
f atp.

Now consider M a submanifold of M = R"™, m > n = dim M.

Let A, B,...rangeover l,...,m; j, k,...rangeover 1,...,n;anda, B, . ..
range over n + 1, ..., m. Consider a neighborhood U in R”, with orthonormal
frame field {€,, ..., €,}, such that {€;, ..., €,} are tangent to M at all points

of MNU,and {€,;, ..., €,} are normal to M at all points of M N U. We let
{@"} denote the coframe on U dual to {4} and {3} the associated connection
forms. We also let

eqs =6€4|M, ' =@M, wp? =@ |M.

Since M = R”, we have the natural fixed basis {¢4} of R”, which we identify
with the moving parallel frame

Eqpp =3pea,

via the natural identification I, of R™ with its tangent space at p € R™. Here,
we continue the discussion (with the notation) of Exercise 1.12.
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Henceforth, restrict x = ZA x4, to M. So, dx is a form on M with values in
a fixed vector space, namely, R”, and, similarly, for Hess x.

Exercise I1.10.
(a) Prove

dx® = Z w'S;E.
J
Also, prove that
gradxA = Z TAjej,
J
from which one has
|gradx|2 = Z |grad)cA|2 =n,
A

(b) Prove

Vdx? = Z a)j”‘SaB R .
Jho

So,
Hessx = ‘B,
the second fundamental form, from which one concludes
Ax =H.

In particular, the coordinate functions all have vanishing Hessian at a point
p € M if and only if the second fundamental form vanishes at p.

(c) Consider the case of codimension 1, that is, M is a hypersurface in R”.
Then,

n.=e,; = Z SmAEA
A

is a unit normal vector field along M. And the mean curvature H is given by
H = bn,

where 0 is the mean curvature function relative to n.
Prove

§ : Ak § : k
dn = — hijj a)EA=— hjka) €;,
k.j,A k,j
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and

Vdn = =Y dhy+ ) o hy —olhp t ® o e;
ok ¢

—Z hjkhjga)[Aa)kn

Jik.e
= — E /’ljk((,()z ®a)kej — E hjk]’lj((,()Z /\(,()k n.
Jik.t Jik,L

Use 0 = d? n to show hjkg = hjgk.
(d) Prove

An = —gradbh — |B|’n.
(e) Prove

A (x:n) = —h + x-grad h — [|B]*(x-n).

Connections in Normal Bundles of Submanifolds

Let M be a (positive codimension) submanifold of M, with associated tangent
and normal bundles T M and vM, respectively, and Levi-Civita connection V
on M. Of course, the Levi-Civita connection in T M is given by

VxY = (VxY)',

where X and Y are sections in 7' M, and the superscript T denotes the projection
of TM to T M. A connection D in the normal bundle is defined by

DxZ = (VxZ)",

where X and Z are sections in T M and vM, respectively, and the superscript
N denotes the projection of T M to vM.

Exercise II.11. Prove that for the curvature tensor Rp of D (see §1.9) we have,
atpeM,

(R'D(S’ 77)(77 T) = <§($’ 77)(77 T> + Z {(%(61, é)v U><%(ejv 77)7 T)

J

- <%(€], 7))’ 0) (%(6,, S)a T)} s

where §,n e M,and o, 7 € M,,l, and {e,} is an orthonormal frame of M ,.

Continue with M an m—dimensional Riemannian manifold, and M an n—
dimensional submanifold with n < m. We consider an orthonormal frame field
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{ei,...,en} on some neighborhood U in M of some p € M, such that

{ei,...,e,} are tangent to M at all points of M N U, and {€,+1, ..., e,} are
normal to M at all points of M N U. Again, let A, B, ... range over 1, ..., m;
J.k,...range over 1,...,n; and «, B, ... range over n + 1, ..., m. We let

{@?} denote the coframe on U dual to {€4}, and we set

es =eslM, ot =M, wp® =i IM.

Exercise I1.12.
(a) Let D denote the connection in the normal bundle. Show that for any
section 7 in the normal bundle vM, represented by

n= Xa: n%eq,
we have
Dn = 2; {dn"‘ +2ﬂ: nﬂwﬁ"‘} ® ey 1= kz % o ® ea,
and | |

DDy = ) {dﬂ“j SRR ﬂﬂjwﬂ“} ® o’ ®e,
7 7

ja

. E j k
= }']ajk a)/ ®w ®€a.
Jok.o

(b) Show that
d{Z(—l)jln“n“ja)l A-~-A&A-~-Aw”}
Je

= Z{(n“1)2+n“'7ajj} o' A A"
j.o

On Isometries

Exercise I1.13. Let M be a complete Riemannian manifold, ¢, ¥ isometries
of M. Assume that there exists p € M such

o(p) =¥ (p) and Gsip = Vsip-

Show that ¢ = ¢ on all of M.
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Spherical and Hyperbolic Geometry

Exercise 11.14.

(a) Use the discussions of Examples 1.9.4 and 1.9.5 of §1.9 to calculate the
curvature of spheres by representing S” in R"*! as the homogeneous space
SO + 1)/SO(n), where SO refers to the special orthogonal group, that is,
those elements of the orthogonal group with determinant equal to 1. Compare
with Exercise 1.22.

(b) Of course, S" can be represented as O(n + 1)/O(n). Using induction on
n, show that O(n) is the full group of isometries of S” (see Wolf (1967, p. 66)).

Exercise II.15. Consider a connected component M, of the submanifold M
of Minkowski space Rt endowed with quadratic form M, as described in
Example 1.9.1 of §1.9.

(a) Show that M, is isometric to the hyperbolic space of constant sectional
curvature —1/p2.

(b) Let O(n, 1) be the orthogonal group of the quadratic form M, that is,
O(n, 1) is the group of linear transformations of R"*! that leave M invariant.
Show that every element of O(n, 1), when restricted to M, is an isometry of
M to itself. Furthermore, show that, given p € M, with orthonormal frame
{epi1s ..., epn) of (M,),, and g € M, with orthonormal frame {e,.1, ..., g}
of (M,),, then there exists A € O(n, 1) such that

A(p) =q, Asepj = egj.

Note I1.5. We define a geodesic triangle pqr in a Riemannian manifold M to
consist of three pairwise distinct points p, g, r in M, and minimizing geodesics
Opq» Ogr> Orp jOining p to g, g tor, and r to p, respectively.

Given a geodesic triangle, whose sides have respective lengths «, b, ¢ and
angles at opposite vertices are given, respectively, by «, 8, y, then if M is one
of our model spaces of constant sectional curvature x we have the Law of Sines

sin o : sin B :sin y = S, (@) : S (D) : Sc(c)

(where the colon denotes proportion). The Law of Cosines reads, when k # 0,
as:

Ccla) =C.(b)C(c) + kS (b)S.(c)cos .

See Berger (1987, Vol. I1, pp. 286, 329). Check what happens when « — 0.
For spherical geometry and trigonometry see Berger (1987, Vol. II, Chapter

18); for elementary hyperbolic geometry and trigonometry see Berger (1987,

Vol. II, Chapter 19), Fenchel (1989), and Meschkowski (1964). For a view of



104 Riemannian Curvature

hyperbolic trigonometry via Exercise II.15, see Buser (1992, Chapter 2). For a
comprehensive introduction to the classical geometries, see Ratcliffe (1994).

Note I1.6. The Killing—Hopf theorem (Theorem IV.5) states that any complete
simply connected Riemannian manifold of constant sectional curvature is iso-
metric to one of the model spaces. For constant positive sectional curvature,
a full classification of all such spaces has been given by J. A. Wolf. See his
presentation in Wolf (1967). He also gives a discussion of manifolds of con-
stant vanishing sectional curvature. For a more extensive treatment, see Charlap
(1986).

For the geometry and topology of manifolds of constant sectional negative
curvature, start with Beardon (1983), Epstein (1987), Bedford—Keane—Series
(1991), and the recent Buser (1992), and progress from there to Thurston
(1979). More recently, one has Benedetti—Petronio (1994), Ratcliffe (1994),
and Thurston’s own Thurston (1997).

A Result of J. L. Synge

Exercise I1.16. Consider a geodesic variation in the Riemannian manifold M —
one might call it a ruled surface. Show, using one of two possible arguments, that
the Gauss curvature of the surface is less than or equal to the sectional curvature
in M associated to each tangent 2—plane of the surface (Synge (1934)).

On Conjugate Points

Exercise IL.17. Assume y : [0, 8] = M, p = y(0), &€ = ¥’(0), is a unit speed
geodesic. Show that points along y, conjugate to p along y, are isolated.

On Jacobi’s Criteria

Theorem I1.5.4 states that if y : [0, 8] — M is a unit speed geodesic with no
points on (0, B8] conjugate to y(0) along y, then y is a “strict local minimum”
of the distance function among curves connecting y (0) to y(8).

Here, “strict local minimum” is understood in the sense that if v(z, €) is a ho-
motopy of y, with length function L(€), as described in §11.4, where L(0) = 8,
then L'(0) = 0 and L”(0) > 0. In the argument we gave, we followed Ambrose
(1961). The original version of the argument in 2 dimensions can be found in
Darboux (1894, Vol. 111, pp. 951f).

A different version of “strict local minimum” in Jacobi’s theorem goes as
follows:
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Exercise IL.18. Let p = y(0),§ = y'(0) € S,. For € in (0, 1), let Cc (&) denote
the neighborhood of £ € S, given by

C)={neS,:(n >1—¢l
and for any € in (0, 1) and r > O let
Ce,r(g:) = {”I € Mp 11 e€[0,r), ne Ce(é)}’

and

Ccr(§) = exp Cer(8).

Prove the following:

Theorem. (C.F. Jacobi (1836)) Assumey : [0, B] — M, p = y(0),& = y'(0),
is a unit speed geodesic such that y|(0, B] is one-to-one with no points conju-
gate to p along y. Then there exist € in (0, 1), r > B, such that C. ,(§) CTM,
the domain of the exponential map. Furthermore, there exists sufficiently small
€ > 0 such that, if w is a path from p to y(B) with image completely contained
in € (&) then

Uw) = B,
with equality only if the image of w is the same as that of y. (See Darboux

(1894, Vol. IIL, p. 86))

Note II.7. A different proof, for surfaces, of Theorem II.5.5 can be found in
Darboux (1894, Vol. 111, p. 88).

Geometry of the Index Form

Exercise II.19. Let M be a Riemannian manifold, p a point in M, and r the
distance function on M based at p, that is, r is given by

r(x) =d(p,x).

(a) Show, for r > 0O sufficiently small, that 7 € C*° and |gradr| = 1.

(b) Show, with § > O sufficiently small asin (a), y : [0, 8] — M aunit speed
geodesic emanating from p, that for any Jacobi field Y along y, vanishing at p
and orthogonal to y along y, its index form / is given by

1Y, Y) = (ViY,Y)(B) = B_grudr,, (Y (B), Y(B)) = Hessr (Y (B), Y (B))

where B denotes the second fundamental form of the level surface r ! [B].
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Definition. A function g : R — R is called convex if for any ¢ < b and s €
(0, 1) we have

g((1 —s)a +sb) = (1 —s)g(a) + sg(b).

The function g is called strictly convex if the inequality is strict inequality.

A function f on a Riemannian manifold M is (strictly) convex if for every
nontrivial geodesic y : [0, 1] — M the function f oy is (strictly) convex.

A subset A of a Riemannian manifold M is called convex if forany p,q € A
there exist a unique unit speed minimizing geodesic y,, in M connecting p to
q,and y,, C A.

Note II.8. For discussion of uniqueness of minimizing geodesics joining points
of a Riemannian manifold, see the introductory discussion of §111.2. For other
notions of convexity — other than “convex” — see §1X.6.

Exercise I1.20.

(a) Assume a function f on the Riemannian manifold M is C2. Show that f is
convex (resp. strictly convex) if Hess f is nonnegative (resp. positive definite).
Show that if f is (strictly) convex then Hess f is nonnegative.

(b) Let A be a convex open subset of M, and assume the sectional curvature
of M on A is nonpositive. Given p € A, set r(g) = d(p, q). Show that the
function r : A — R is convex on A.

(c) Show in (b) that the distance functiond : A x A — R is convex.

On Manifolds of Positive Curvature

Note IL.9. If the sectional curvature of a complete Riemannian manifold is pos-
itive everywhere but not bounded away from 0, then one cannot conclude that
the manifold is compact — simply consider a paraboloid of revolution. But see
Calabi (1967) and Schneider (1972). On the other hand, the condition of strictly
positive curvature remains quite restrictive. D. Gromoll and W. Meyer (1969)

have shown that noncompact manifolds possessing a complete Riemannian
metric of strictly positive sectional curvature are contractible. The topological
structure of manifolds possessing a complete Riemannian metric of nonnega-
tive sectional curvature is richer. See the original papers of J. Cheeger and D.
Gromoll (1971), (1972), and the updated presentations in Cheeger—Ebin (1975,
Chapter 8), Klingenberg (1982, §2.9), and Besse (1987, p. 171ff). See some of
our remarks in §1X.9.



§11.9. Notes and Exercises 107

On the Morse—Schonberg Theorem

Exercise II.21. The Rauch theorem (Theorem I1.6.4) is stronger than the
Morse—Schonberg theorem (Theorem 11.6.3) and therefore supplies another
proof of the Morse—Schonberg theorem. The following theorem is closer to the
original argument of Morse and Schonberg.

Prove:

Theorem. Let M, M, be Riemannian manifolds of same dimension, with y,
y, unit speed geodesics in My, M,, respectively. Let K1, Ky denote respective
sectional curvatures along v\, y», and assume that

sup ’Clwm = min KZ\ym

for all t > 0. Then, the first conjugate point to y,(0) along y, cannot occur
earlier than the first conjugate point to y»(0) along y;.

On the Rauch Theorem

Note I1.10. The attribution of Theorem I1.6.4 to H. E. Rauch is, actually, off
the mark, for the method of the argument certainly goes back to the Sturm’s
(1836) separation arguments of the nineteenth century, even if the specific Rauch
result and its applications (see Chapter IX) are more recent. The theorem more
properly belonging to Rauch is his corresponding comparison theorem for the
length of Jacobi fields when the sectional curvature is bounded from below.
Simply note that, in the argument given in Theorem I1.6.4, if the curvature is
bounded from below, then the bound on the curvature pushes in the opposite
direction from that of the Cauchy—Schwarz inequality. Thus, a genuinely new
argument is required. See §1X.2 below.

Exercise I1.22.
(a) For the original Sturmian argument, prove the following:

Theorem. Given continuous functions K, H — R, functions ¢, ¥ defined on
R satisfying the inequalities

¢//+K¢ZO, w//+HWSO,

and
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on all of R. Then, on any domain in R for which ¢, ¥ > 0, we also have
{o'y — ¥y = (H — K)py > 0,

with equality at any given point if and only if all three given inequalities are
actually equalities at that point.
Thus, the additional assumptions

() < Y(a), ¢'(a) = ¥'()
imply that
o'/ =V /Y, (@/y) =0

on any interval on which ¢ > 0. If we also have ¢(a) = (), then we may
conclude

/Y =1
on any interval («, B) on which ¢ > 0.

(b) Characterize the case of equality in any of the above.
(c) Prove the:

Corollary. Given k € R and a function f satisfying
["+xf <0 f(O)=f'0)=0,
and assume one has t > 0 for which S, > 0 on all of (0, t). Then, f’ <0 on

all of [0, t].

Exercise 11.23. Let M;, M, be 2—dimensional Riemannian manifolds, with
respective sectional (here, Gauss) curvature functions Ky, ;. Assume that

sup ) < inf ;.

Given points p; € My, p € M, and a path ¢ : [, B] — R2.
Lett; : R?2 — (My),, and i : R? — (M>),, be linear isometries (so, 101~
is an identification of the two tangent planes),

1

i =108 CSTM,, { =1pol S TM,,
and
w] = expplogl, wy = exppzogz.

Assume that, forevery € in o, 8], the geodesic segment Yy, c)/|z,(e)( (0, [£2(€)]]
has no points conjugate to p;.
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Then show that

11.9.1) o) = Lw).

Exercise I1.24. Assume in the above that the common dimension of M;, M,
is n > 2, and M, has constant sectional curvature §. Then derive (I1.9.1).

Note II.11. The above two exercises are, then, the geometric versions of the
Rauch theorem (Theorem I1.6.4). But, after all, it is only a first step. In practice,
one starts with M| complete and a path w; in M/, and wishes to construct a path
wy in M, with which to compare w;. More precisely, suppose M is one of the
space forms constructed in §I1.3, with constant sectional curvature §, and we
are given p; € My, x1, y1 € B(pl;rr/\/g) (when § < 0, we think of T[/\/g as
+-00). We wish to estimate d(x;, y;) from below by comparison with distances
in M;. The naive way is as follows:

Connect p; to x1, y; by minimizing geodesics yg,, v,,, Where &1, 1 € S,,l;
pick p> € M»; construct a linear isometry

L (Ml)p] - (M2)p27
and let

& =), n2 = 1(n1)

and

X2 = yg,(d(p1, x1)), 2 = ¥y, d(p1, y1)).

One would like to show

d(xy, y1) = d(x2, y2).

The idea would be to let w; be a minimizing geodesic joining x; to yj, lift
w; (via the exponential map) to a path ¢; in (M1),,, proceed as in the previous
exercises to construct w;, connecting x; to y,, and then argue

d(x1, y1) = lw1) = L(w2) = d(xz, y2).

However, the difficulty is in the construction of ¢;. Rauch’s Theorem I1.6.4 and
Corollary 11.7.2 imply that as long as w; € B(py;/+/8), we can produce a
local lift of w; to (M), via the inverse of exp o So, to carry out the argument,
the first thing we must guarantee is that w; C B(p; 7/+/8). (Of course, when
8 < 0, this is not a problem.) The second difficulty is that — even if we have a lift
¢ starting from y; — we have no guarantee that ¢; will connect d(p;, x1)&; to
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d(p1, y1)n! Thus, a more penetrating geometric study is required (see Chapter
1X).

Riemann Normal Coordinates

Exercise I1.25. Given a Riemannian manifold M, p € M. Show that given any
€ > 0, there exists § > 0 such that
d El
©xp &SP _ 14 oee?)
& — nl
for all £, n € B(p; §).

ExerciseI1.26. Assumedim M = 2.Lety : [0, B8] — M,p = y(0),& = y'(0),
be a unit speed geodesic with y(#;) conjugate to p along y. Show that there
exists a neighborhood U of £ in S, and € > 0 such that, for every { € U, the
geodesic y, intersects y at some value of ¢ satisfying |t — #;| < €.

Exercise IL.27. Let y : [0, 8] — M, p = y(0), £ = y'(0), be a unit speed
geodesic with y(7) conjugate to p along y. Prove that exp,, is not one-to-one
on any neighborhood of #&.
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Riemannian Volume

We begin here our foray into the global theory — where we consider the full
Riemannian manifold M. Our very first steps, in this chapter, are devoted to
describing the cut locus of a point. In short, for each unit tangent vector £ at a
point p, the cut point of p along the geodesic y: emanating from p is the point
along y; after which y¢ no longer minimizes distance from p. The collection
of such cut points of p, the cut locus C(p) of p, determine the topology of M
since M \ C(p) is diffeomorphic to an n—disk.

In integration theory, the major topic of the chapter, the cut locus C(p) has
measure equal to 0, so the topology of M may be effectively disregarded at the
early stages of study of the influence the geometry of M has on the volume
measure of M. But one cannot be so cavalier. The Gauss—Bonnet theorem
(see §V.1) implies that when a connected compact surface has constant Gauss
curvature — 1, then knowledge of the area (2—dimensional volume) of the surface
is equivalent to knowledge of the topology of the surface.

Nevertheless, our study in this chapter does not devote itself to the devel-
opment of this interplay between volume and topology. Rather, it starts at a
more elementary level. It continues the development of the comparison theo-
rems of Chapter II. The basic idea is that when curvature influences the rate
at which geodesics emanating from the same point separate, it automatically
influences the rate at which the volume grows. Thus, the study of the geodesics
is finer than the study of the volume. Nevertheless, the theory of volume com-
parison theorems is sufficiently elementary and rich to yield, for example, an
easy characterization (Theorem 11) of equality in the Bonnet—-Myers theorem
(Theorem 11.6.1).

The study of volume and topology is initiated in the following chapter, in the
context of Riemannian coverings and continued in § V.2 with the Gauss—Bonnet
theory of surfaces.

111
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The concluding sections of this chapter are for future reference. First we intro-
duce Fermi coordinates based on a submanifold of a given Riemannian mani-
fold and give appropriate generalizations of the comparison theorems discussed
heretofore. Then, in the last section, we summarize, for future work, the in-
tegration of differential forms on manifolds. We simply recall the necessary
definitions and facts through Stokes’ theorem, and then do the calculations that
pass from the general Stokes’ theorem to the Green’s formulae in Riemannian
manifolds.!

In an appendix to this chapter, we apply Green’s formulae of §7 to intro-
duce the Laplacian and its associated eigenvalue problems. We then use R. L.
Bishop’s volume comparison theorems to derive S. Y. Cheng’s (1975) lowest-
eigenvalue comparison theorems. We wished to include this section here be-
cause it contains immediate applications of work carried out in this chapter.
However, because its results are not used in the sequel, it seemed best to in-
clude it only as an appendix.

§IILI.1. Geodesic Spherical Coordinates

Given a manifold M, a coordinate system on M willbeaC*® map¢ : O — M
from an open set O in R”. Most often, the coordinate systems we use are inverse
maps of charts on M; however, we prefer not to impose this constraint, so that
it might be possible that the map ¢ might fail to be one-to-one, or of maximal
rank.

Recall (from §1.3) that 7 M denotes the domain of the exponential map.

Given a Riemannian manifold M, p € M,and acoordinate systemé& : O — S s
a coordinate system v on M is determined by

v(t,u) =exp t&§(u).
The domain of the map v will consist of the collection {(¢, #)} in (0, +00) x O
for which t&(u) € TM.

In what follows, given £ € S p we let
TI;E . Mp — MVE(’)
denote parallel translation along ¢, and we write
BuE 1= e 0&,(d/u),
9;v 1= v,(3/01), 0yV 1= v4(3/0u”),

! On first reading, one might pass on these last sections, without disturbing the overall development
of ideas and results. One would then return to these sections as needed.
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a=1,...,n—1,where 3/0t and 3/du’, ..., 3/du""" are natural coordinate
vector fields on (0, +00) and O, respectively. Then,

OV)t;8) = 9viexp e = ¥5 (1),
and Theorem II.7.1 implies
(0uv)(#;8) = aViexp g = Yall36),
where Y, (¢; &) is the Jacobi field along y¢ determined by the initial conditions
Y, (0;8) =0, (ViYe)(0;6) = 045
Of course,
(II.1.1) [0,v] = 1;
and since d,& L&, we have by (IL.5.7)
(I11.1.2) (0rv, 0qv) = 0.

(This is the content of the Gauss lemma (Theorem 1.6.1).) So, the full knowledge
of the Riemannian metric along y¢ requires the study of

(0av, dgv)(exp 1&) = (Yo(1:§), Yp(1:§)).
If M has constant sectional curvature « along ¥, then
Yo(1:8) = Sic(0)71:6(926);
o)
(Bav. 9pv)(exp 1€) = S(1)(Bo, Ip5).

which is what we encapsulated in the formal calculations of Chapter II (see
(I1.8.4)) as

ds? =dt* +S.2(0)|de|*.

For the general situation, we proceed as follows: Given p € M, & € S p, leté +
denote the orthogonal complement of R in M ,; and, for each ¢ > 0, let

R(t) = R(y:'(1), -)ye' (),
(I11.1.3) R(t) = 1 'oR(t)oTe.

Of course, R(#) maps R& to 0, so one only considers R(#) as genuinely acting
on &L,
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We set A(t; £) to be the solution of the matrix (more precisely: linear trans-
formation) ordinary differential equation on &

(I111.1.4) A"+ R()A =0,

satisfying the initial conditions

(IIL.1.5) A0;£) =0, A0;8)=1.

Then, for each € £+, the vector field Y (¢) along y¢, given by

Y(t) = ue At 6)n,

is the Jacobi field along y¢, in J* (see Proposition I1.5.1), determined by the
initial conditions

Y(0) =0, (ViY)(©0) = 1.
We therefore have
(0av)(t:8) = Yo(t:8) = e A3 6048,

which implies
(111.1.6) (04v, dgv)(exp t&) = (A(t; £)0&, A(t; £)0pE).
In the spirit of our formal expressions above (I1.8.4), we write
(IIL1.7) ds® =dt* + | At §) dEI.

Of course, for M with constant sectional curvature equal to «, we have

A(t;8) = S (1.

§$II1.2. The Conjugate and Cut Loci

M is our given Riemannian manifold.

Definition. Let p € M. The conjugate locus of p in M, (the tangential conju-
gate locus) may be defined in two ways — equivalent to each other by
Corollary I1.7.1:

() It is the subset of M, N 7'M consisting of all critical points of exp,,.

(i) It is the collection of vectors t& € M, N TM, witht > 0, & € S, for
which

(II1.2.1) det A(t;£) = 0,

where A is given by (II.1.4), (IIL.1.5). (Thus, for a given § € S, the nullity of
exp, at to& is equal to the order of £y as a zero of the function A(t; &) (in ¢).)
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By the conjugate locus of p in M (the conjugate locus), we mean the image
of the tangential conjugate locus under the exponential map exp,,.

Definition. Given p € M, & € S, we define c(§) the distance to the cut point
of p along yg by

c&):=sup{t >0:tE €TM, d(p, y:(t)) =t}.

To appreciate the definition note that:

1. If d(p, y:(t1)) = t; for some given t; > 0, then d(p, y¢(¢)) =t for all ¢t €
[0, #1]. Indeed, if there exists T € [0, #;] such that d(p, y:(T)) < T, then the
triangle inequality implies

d(p, ye(0) < d(p, ve(T)) + d(ye(T), ve(t))
<T+@@-T)

= 1.

So, the geodesic minimizes distance between p and y¢(¢) for all t € [0, c(§)),
and fails to minimize distance for all t > c(§).

Of course, if c¢(§) is finite, and c¢(§)§ € 7 M, then y; minimizes distance
between & and ye(c(£)), as well.

2. Also, ift < ¢(&), then y; is the only minimizing geodesic from p to y:(¢). If
not, then there exists another n € S, for which y, () = y: (7). But then, for any
T € (¢, c(§)), one could travel along y, from p to y¢(¢) followed by traveling
along ye from y;(¢) to ye(T). Then, one would have a minimizing broken
geodesic from p to y:(T'), a contradiction to Corollary 1.6.2.

3. One has a more detailed description of c¢(§). Certainly, if p has a conju-
gate point y;(T') along y, then Jacobi’s criterion (Theorem I1.5.5) implies that
c(§) < T. So, one possibility for c(§) is that it is the distance along y: to the
first conjugate point of p along y:. What are the other possibilities? When M
is complete, there is only one other possibility, as follows:

Given & € S, c(§) < 400, c(§)§ € TM, consider a strictly decreasing se-
quence (¢;) witht; > c¢(§) forall j,andt; — c(§)as j — oo. Then there exists
(by Theorem 1.7.1) sequences of geodesics emanating from p, with initial unit
velocity vectors 17; € S, and respective lengths d; > 0, such that

ve(t)) = vy, (d)),
dj =d(p,y,;;d)) <tj,

that is, y,, minimizes distance — strictly less than 7; — from p to y¢(¢;) for all
J. Of course, it is impossible that infinitely many »; denote the same element
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of S,. Then, (1,) has a convergent subsequence (x) = (1) with § — ¢ as
k — o0.1f ¢ = &, thenexp,, is not one-to-one in any neighborhood of ¢(§)§; so
exp,, has a critical point at ¢(§)§, which implies y: (c¢(§)) is conjugate to p along
e —the first possibility. If ¢ # & thend;, — ¢(§), and y,(c(§)) = y:(c(§)). So,
the second possibility is that there are at least two distinct minimizing geodesics
from p to y(c(£)).

4. When M is complete then for all unit tangent vectors £ € T M, for which we
have ¢(§) < 400, we also have

(=Yg (c(§)) = c(§).

5. Of course, if M is complete and y¢|[0, ] minimizes the distance from p to
ve(t) for all ¢ > 0, then c(§) = 4-00.

Notation. In what follows, we let SM denote the unit tangent bundle of M,
that is
SM:={eTM: & =1},

with the natural projection 7 |SM, where 7 denotes the projection of TM to
M. When there is no possibility of confusion, we write 7 in place of 7|SM.

We shall now consider the function ¢(&) as defined on SM, and prove
Theorem IIL.2.1. The function ¢ : SM — (0, +00], where ¢ is the distance

along ye from 7w (§) to the cut point of w(§) along e, is upper semicontinuous
on SM . If M is Riemannian complete, then the function c is continuous on SM .

Proof. Suppose we are given & € SM, with a sequence (§;) in SM for which
& —> & ask — oo. Set

p=m), P = (&), dr = c(&p).

If the sequence (dy) has an unbounded subsequence (3;) = (di;) for which
8; 1 +o0 as j — oo, then for every T > 0 one has, for sufficiently large j,
8; > T.Then

lim g, (T) = ye(T),
J—> 00 K
and
d(p, (1)) = lim d(py;, ve, (1) =T.

So, ¢(§) = +oo.
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Similarly, if (d;) has a convergent subsequence
(8;)=(di;) > ¢
as j — 00, then again one has for all positive € < §
d(p, s =€) = lim d(py;. yg, (6 =€)
= lim §; — ¢
J—oo
=0 —e.
So, c(§) > 4. In sum, we have

limsup c(&;) < c(§).
k—o00

It therefore remains to show that if M is complete, then
(111.2.2) likm infc(&) > c(&).
(— 00

It suffices to assume that the sequence (c(&;)) converges to § < +o0 as k —
00. So, we wish to show that y; cannot minimize past yz(8). By passing to a
subsequence if necessary, we may assume that either (i) yz, (c(§x)) is conjugate
to py along yg, for all k, or (ii) to each k one has n, € SM, n; # & for all k,
for which

w(n) =m(E) =pe  and  yp (c§) = yg(c(€r)

for all k.

In case (i), y(3) is certainly conjugate to p along y%; so, c(§) < §. In case
(i), by passing to a subsequence if necessary, we may assume the existence of
n € SM for which n; — nask — oo.Butthen, 7 () = 7(£) = p and y,(8) =
ve(8). If n # &, then certainly c(§) < 8. If n = &, then the map 7 x exp is not
a diffeomorphism on a neighborhood of (8¢, 8&) in TM x T M. This implies
v:(8) is conjugate to p along ye. Again, we have c¢(§) < 4. This concludes the
proof of (II1.2.2), and, with it, the proof of the theorem. [ ]

Definition. Forevery p € M, we define the cut locus of p in M, (the tangential
cut locus), C(p), by

C(p) == {c(§)§ : c(§) < +o00, £ €S} NTM,
and the cut locus of p in M (the cut locus), C(p), by

C(p) :=exp C(p).



118 Riemannian Volume
Also, we set
D, ={t§:0<t<c(§)&eS,},
D, :=exp D,.

One immediately has

Theorem I11.2.2. The domain D, is the largest domain, starlike with respect to
the origin of M, for which exp, restricted to that domain is a diffeomorphism.
Furthermore,

D, =M\C(p).
Note that item 4 above implies that, for p,q € M, we have g € C(p) if and
only if p € C(gq).
Also note that when M is complete, one always has, forall p € M, § > 0,
(II1.2.3) B(p;8) = exp B(p; ),
which we already know (see Corollary 1.6.1), and

(111.2.4) S(p;8)ND, =exp S(p;8)ND,,.

Definition. Given any p € M, we define the injectivity radius of p, inj p, by
injp:=inf{c(§): £ €S,};

the injectivity radius of M, inj M, will be defined by
injM :=inf{injp : p € M}.

It is already an immediate consequence of Corollary 1.6.3 that inj p is positive
for every p € M, and that inj M is positive whenever M is compact. Of course,
these facts follow from the more detailed result Theorem III.2.1. We leave it to
the reader to prove

Theorem II1.2.3. The function inj : M — (0, +00] is continuous.

Theorem III.2.4. (Klingenberg’s lemma (1959)) Let M be a complete Rie-
mannian manifold, p € M, and q € C(p) such that

d(p,q)=d(p,C(p)),
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that is, q is the point in C(p) closest to p. If q is not conjugate to p along a
minimizing geodesic connecting p to q, then q is the midpoint of a geodesic
loop, starting and ending at p.

In particular, if M is compact and the sectional curvatures of M satisfy

K <3,
then
inj M > min {/~/3, £(M)/2},

where £(M) is the length of the shortest simple closed geodesic in M.

Proof. Given p and ¢ as described previously, if ¢ is not conjugate to p along
any minimizing geodesic connecting p to ¢, then there exist two distinct unit
speed minimizing geodesic segments y; and y, from p to ¢. Neither contain
any points conjugate to p. Let L denote the common length of y; and y;,

71(0) = 72(0) = p.
Then, one has two hypersurfaces given by

{re(L)}  and  {yy(L)},

where £ varies over a neighborhood of y;'(0) in S ,, and 5 varies over a neighbor-
hood of 1,'(0)in S,. If /(L) # —y»/(L), then the two hypersurfaces intersect
transversally at ¢. This implies that, for varying & and 7,

re(L =} N {yy(L — )} # 1,

(see Fig. III.1) for sufficiently small € > 0, which contradicts the assumption
that ¢ is the point in C(p) closest to p.

The second claim follows easily from the first claim and the Morse—Schonberg
theorem (Theorem 11.6.3). [ |

§1I1.3. Riemannian Measure

We start with the formula for change of variables of integral calculus: Let D,
Q, be domains in R", n > 1, let

o:D— Q

be a C! diffeomorphism, and let J,(x) denote the Jacobian matrix associated
to ¢ at x. Then, for any L' function f on €2, we have

(IIL3.1) /(forp)|det J,ldV =/ fdv.
D Q
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Yyl — o))

(el — )

Y1

Figure III.1. For Klingenberg’s lemma.

Now, let M be a Riemannian manifold, and let x : U — R” be a chart on M.
Then, for each p € U, we let (as in §1.5) G*(p) denote the matrix given by

X X X — 8 8
G*(p) = (&;(p)), &i;(p) = <ﬁpv W|p>’
and we set
g'i=det G* > 0.

What if we are given a different chart y : U — R” on the same U in M?
Then, we relate the formulae as follows: Set J to be the Jacobian matrix

Ay oxly )

Jrj = axl >

then we have

which implies
G =J"G"J,
where J7T denotes the transpose of J, which implies

Vet =gV det J|.
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Thus, we have the local densities

(I113.2) fe¥dx' - dx" = S dy' - dy",

by which we mean that the integral

I(F:U)= | (fy/gh)ox " dx" . dx"

x(U)
depends only on f and U — not on the particular choice of chart x.
We now turn the local Riemannian measure to a global Riemannian measure
on all of M: First, pick an atlas

(X : Uy > R": a € A},
and subordinate partition of unity
{py : a € A}

Then define the global Riemannian measure dV by

dv = Z Gor/ g dx) - dxl,

acA

or, equivalently,

[ rav =3 1@.f:0..

acA

One easily checks that the measure is well-defined, that is, it is independent
of both the particular choices of atlas and subordinate partition of unity.

One easily checks that a function f is measurable with respect to dV if and
only if fox~!is measurable on x(U) for any chart x : U — R".

In all that follows, we work with this measure.

Definition. For any measurable B in M, we let V(B) denote the measure
of B and refer to V(B) as the volume of B. If " is an (n — 1)—dimensional
submanifold of M, then we usually denote its Riemannian measure by d A; and
for any measurable A in I', we denote its measure by A(A), and refer to A(A)
as the area of A.

The Effective Calculation of Integrals

If the manifold M is diffeomorphic to R”, then one has, possibly, a convenient
way to literally calculate an integral, by referring the calculation to one coor-
dinate system. However, as soon as one cannot cover the manifold with one
“naturally” chosen chart, one would then be forced to literally pick an atlas and
subordinate partition of unity! This would not go well, at all.
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The simplest overarching approach is to use the geometry of the Riemannian
manifold to indicate a judicious choice of a set of measure 0 to delete, which
will thereby leave an open set that is the domain of a chart on M. The quickest
example that comes to mind is the stereographic projection of the sphere S” to
R” (see §11.3), in which the domain of the chart covers all of S” less the pole of
the projection. So any integral on the sphere may be referred to this one chart.

Before proceeding, we note that (II1.3.2) implies that the notion of a set
of measure 0 depends only on the differentiable structure of the manifold. It
makes no difference whether we are referring to a local measure on M induced
by Lebesgue measure on the image of a chart on M, or whether we are referring
to Riemannian measure.

Continuing, we work, in our setting, with spherical coordinates as follows: For
convenience, we assume that M is complete. For any point p € M, introduce
geodesic spherical coordinates about p, as described in §III.1. It is important
to remember that, there, the spherical coordinates actually describe (locally) a
differentiable map of (0, +00) x S, into M \ {p}, given by

(t,&) — exp t§.

The map may fail to be the inverse map of a chart on M \ {p} since the map
may fail to be a diffeomorphism; also, since S, is not diffeomorphic to a subset
of R"~!, one cannot use &, literally, as an (n — 1)—dimensional coordinate. The
second difficulty is simply addressed by picking a chart on S,. It need never
be explicit, since the final formulae never require it (unless, possibly, in some
unusual circumstances —our goal is never to have to contend with them). The first
difficulty must be dealt with by restricting the geodesic spherical coordinates

to D, \ {p}.
Thus, a chart on M \ C(p) = D, is given by

(exp, ID, \ {ph™" : D, \ {p} = D, \ {p};

and the Riemannian measure is given on D, by

dV (exp t§) = \/g(t;§)dr d (&),

for some function ,/g on D, where du (&) denotes the Riemannian measure
on S, induced by the Euclidean Lebesgue measure on M.

Of course, the set { p} has measure 0; so, we never have to explicitly include
it in, or exclude it from, our discussion of integrals. More significantly, C(p)
has measure 0. Indeed, the function ¢(&) is continuous on all of SM, so its
restriction to S, is certainly continuous. Thus, the tangential cut locus of p is
the image of the continuous map & > ¢(§)& from S, to M, and therefore has
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Lebesgue measure equal to 0. The image of the tangential cut locus of p under
the differentiable exponential map is the cut locus of p in M, C(p). Therefore,

Proposition I11.3.1. For any p € M, the cut locus C(p) of p is a set of mea-
sure 0.

Thus, for any p € M, and integrable function f on M, we have

(IIL3.3) /Mde =/D flexp t&)/g(t:§)dt duy(§)

c)
(ML3.4) _ f anp® [ flexp 1) VEwE) dr

P

+00
(IIL.3.5) =/ df/ f(exp 18)/8(t: §) dpp(§),
0 t=1S(p;H)ND,,

where 17'S(p; 1) N D, is the subset of S, obtained by dividing each of the
elements of S(p;t) N D, by .
It remains to calculate ,/g(z; §).

Theorem II1.3.1. We have

VE(1;§) = det A(z; 6),
where A(t; &) is given by (111.1.4) and (I11.1.5).

Proof. Let u be achartonS,, & = u~!, and let x be a chart on D, \ {p} given
by

x = (uo{(exp|D,)""/Iexp|D,) "I}, I(exp |D,) "))

Then, what in §1II.1 was called 9,v is here equal to d/dx"; and what was in §1
referred to as d,v is here equal to 9/0x%*, 0 = 1,...,n — 1.

We let G denote the matrix of the Riemannian metric on M associated to
the chart x, and we let H denote the matrix of the Riemannian metric on S »
associated to the chart u#. Then, equation (III.1.6) translates to our language
here as

gaﬁZZA*ayhyaASﬂ, @By, 8=1,....n—1,

V.8

and (II1.1.1) and (II1.1.2) translate to

gnnzla gongna:o, Ol=1,...,l’l—1.



124 Riemannian Volume

We conclude that

Vg = Vhdet A,

which implies the claim. n

For Euclidean space R”, with respect to spherical coordinates, we have the
previously known

(I11.3.6) dv(tg) = " Vdt dpn_ (&),
where du,_; denotes the Riemannian measure of S"~!.

For a specific calculation of the volume of S*~!, that is

Cp—1 = [ dity_1,
§n—1

we introduce the classical Gamma function I"(x), given by

+00
I'x):= / e 't ds.
Then the integral converges for x > 00, and one verifies that
(I11.3.7) ra =1,
and, by integration by parts, that

(II1.3.8) T(x + 1) = xT(x).

{/e—” dt} =/ e P qv(x)
R n
+00 )
= / dpn—1(§) / "l " dr
st 0

+o0 )
= cn_1/ t"le " dt
0

=1l (n/2)/2,

Also, one has

that is,

(I11.3.9) { / e dt} = Slr2),
& 2

Therefore, to evaluate ¢,_;, we must calculate the classical integral f e dt
over R. In our context, we argue as follows: One easily has, by deleting one
point, that ¢; = 2. Therefore, by (I11.3.9),

2
{/ e dt} =27T(1)/2 = 7,
R
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which implies

/ e dt = 7.
R
We therefore conclude

27"/?
(I11.3.10) Cho1 = T2

To evaluate I'(n/2), we have, for even n, n/2 an integer; one then uses (I11.3.7)
and (II1.3.8). To evaluate I'(n/2), we have, for odd n, n/2 a half-integer; one
then uses (I11.3.8), and the fact that (II1.3.9) for n = 1 reads as

I'(1/2) = V7.

If M has constant curvature &, then in spherical geodesic coordinates about any
point p € M we have

(I1.3.11) VEB:§) =S,

In particular, if « = 1, we conclude immediately that

(I11.3.12) Cp, = cn_1/ sin" !¢ dt.
0

If one assumes the integral as known, then one uses (II1.3.12) to calculate the
volume of S” in a new way. If one assumes the knowledge of the volume of
spheres, then one has a new calculation of the integral

b
/ sin" ' 7 dr.
0

Finally, we note that (I11.3.6) and (II1.3.10) imply that for wy, the volume of the
unit disk B" in R", we have

(II1.3.13) ot "
3. wp = ==\
n 'n/24+1)
Volume of Metric Disks

We now apply this approach to calculating volumes in the general Riemannian
setting.

Notation. Given x € M, we let V (x; r) denote the volume of B(x;r), that is,

Vx;r)= / dav.
B(x;r)
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Definition. For any x € M, r > 0, we define D,(r) to be the subset of S,
consisting of those elements & for which ré € D,, which we write as

rD.(r) = S(x;r)ND,.
Given x € M, we let 2(x; r) denote the lower area of S(x;r); that is,

Axsr) = /D et A3 6) i 6)
 (r

Remark II1.3.1. We refer to 2 as the “lower area” because (i) 2(x; ) is guaran-
teed to be the genuine (n — 1)—dimensional area of S(x;r) only if r is less than
inj x, and (ii) for any reasonable definition of area of S(x;r), when r > injx,
one will have 2(x;r) less than or equal to the area of S(x;r). An example of
the difficulties when r is allowed to be greater than or equal to inj x would be
P", the real n—dimensional projective space of constant curvature equal to 1
(see §IV.2). Then, the distance sphere of x, S(x; 7 /2), with radius equal to 7 /2
(the hyperplane at infinity) is, in fact, an (n — 1)—dimensional manifold with
area equal to c¢,_1/2. But the definition determines 2((x; 7 /2) to be equal to
0, since it excludes the intersection of S(x; 77 /2) with the tangential cut locus.
On the other hand, if we were to include the intersection of S(x; 7r/2) with the
tangential cut locus, then the integral would be taken over all of S(x; 7/2), in
which case each point in S(x; 7 /2) in the manifold would be counted twice,
with the result that 2((x; r/2) would then be equal to ¢,_j.
We discuss the definition of the area of S(x;r), for arbitrary r, in §IIL.5.

For the above definition of A(x;r), we have, using (I11.3.4), (IIL.3.5),
Vixsr) = // det A(r; &) dt duc(§)
D.NB(x;r)

:/’. dt/ det A(1;8)dpy (&)
0 D.(t)
:/rQl(x;t)dt.

0

We immediately have the first claims of:

Proposition II1.3.2. The lower area function A(x; r) is integrable with respect
tor, V(x;r)is continuous for all r > 0, and differentiable for almost all r —in
which case its derivative is given by A(x;r).
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Even if V(x;r) is not differentiable for all r, one has the inequality

Vix; —Vx;r
lim sup ir +€) 1) < A(x;r)
€l0 €

forallr > 0.
Proof. We first note that » < R implies
D«(R) € Dy(r).
Then
V;r+e)—V(x;r) . 1
€ €
1

_! / ds | Ja(s:&)du.(©)
r D.(s)

€

r+e
/ A(x;s)ds
+e€

1 r+e
- / as [ VEs©du @)
r L (r)

€

1 r—+e
= / du(§)- / JE(s; &) ds.
D.(r) € Jr

Let € | 0. Then, Lebesgue’s dominated convergence theorem implies the
claim. [ ]

Also note that, even when V (x; ) might not be differentiable with respect to r
at some 7, we still have that V (x; r) is locally uniformly Lipschitz with respect
to r. Indeed, given R > 0, let k» denote the infimum of the Ricci curvature on
B(x; R). Then, for s, r € (0, R), s < r, we have, by (IIL.4.13),

Vx;r)—Vi(x;s) _ 1

r—=s r—s

min {r,c(&)}
/ A1, (6) f det A(r:£)dr,
D.(s) s
< ¢prmax S, 7,
[0.R]

which implies the claim.

$II1.4. Volume Comparison Theorems

We start with some preliminaries.

Definition. We let M denote the space form of constant sectional curvature
8, namely, (i) the n—sphere of constant sectional curvature §, when § > 0, (ii)
R”, when § = 0, and (iii) the hyperbolic space of constant sectional curvature
8§, when § < 0.
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Notation. Here, and in «ll that follows, we let 7/ V8 ;= +00 when § < 0.

Notation. We denote the volume of the disk of radius r in M by

(I11.4.1) Vs(r) = a1 / ' Ss" (1) dt.
0

We denote the area of the disk of radius » in M by
(I11.4.2) As(r) = ca_1Ss" ().

Next we restate Rauch’s comparison theorem (Theorem I1.6.4) in the form
we require for the current discussion. Let M be a Riemannian manifold; for
convenience, we assume that M is complete.

Let p € M, & € S, such that all the sectional curvatures along y; are less
than or equal to some constant §. Then, for any Jacobi field Y along y¢, pointwise
orthogonal to y¢, and vanishing at p = y:(0), we have

|Y |/ SS/
(I11.4.3) > —,

Y| = S;s
(111.4.4) Y| > |V, Y](0)Ss,

forall r < 7r/~/8.
We have equality in (II1.4.3) at t = ty € (0, 7/+/8] if and only if there exists
a parallel vector field E along y: such that

(I1L.4.5) Y(t) = Ss(DE®),  RG)E@) = SE®)

for all ¢+ € (0, fp] (R(¢) is defined by (III.1.3)).
In particular, we have

(I1L.4.6) (A At €) = SO,

where A* denotes the adjoint of the linear transformation A for all ¢ €
(0, 7r/+/8], with equality in (II1.4.6) at a to € (0, 7r/+/8] if and only if

(111.4.7) A(t; &) = Ss(0)l, R(t) =681
for all ¢ € (0, #].

We now consider the corresponding comparison theorem for det A(z; &). In that
which follows, we shall write A() for A(¢; &), since the geodesic y is fixed in
the discussion.

Theorem II1.4.1. (P. Giinther (1960), R. L. Bishop (1964)) Assume we have
the geodesic yg as described above, with all sectional curvatures along y: less
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than or equal to §. Then

(det Ay Ss’
11.4. - D=
( 8) dol A > (n )Sa’
on (0, /+/8), and
(I11.4.9) det A > S;"!

on (0, 71/\/5].
We have equality in (111.4.8) at a ty € (0, w/~/8 ifand only if 11L.4.7) is valid
on all of [0, t].

Proof. Instead of working with A, we work with
B .= A*A,
which is self-adjoint. Of course,

(det AY 1 (det BY
det A 2 detB '
Given t € (0, 71/«/3), let {e], ..., e,_;} be an orthonormal basis of £+ con-

sisting of eigenvectors of B(t), and consider the solutions {n;(¢), ..., n,-1(¢)}
to the vector Jacobi equation in £*:

" +R(n =0,
given by
Na(t) = A(t)eq, a=1,...,n—1.
Then, by Proposition I1.8.2 and (I11.4.3),

1 (det BY 1 - 21: N> Tt

! _Lupp S
sa g D= 5"BB = F(©) = (1= D).

a=1 a7 a

which implies (II1.4.8), and, from it, (I11.4.9).
The case of equality in (II1.4.8) is easy, and is left to the reader. [ ]

Theorem II1.4.2. (P. Giinther (1960), R. L. Bishop (1964)) Assume that the
sectional curvatures of M are all less than or equal to §. Then, for everyx € M,
we have

(I11.4.10) V(xsr) = Vs(r)

forallr < min {inj x, 7w /~/8}, with equality for some fixedr if and only if B(x;r)
is isometric to the disk of radius r in the constant curvature space form M.
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Proof. The result is an immediate consequence of (II1.3.5), Theorems II1.3.1
and I11.4.1, and the derivation of Theorem 11.8.2. [ |

We now turn to volume comparison theorems when the curvature is bounded
from below. Here, the good news is that one uses the Ricci curvature instead
of the sectional curvature (in the spirit of the hypothesis of the Bonnet—-Myers
theorem (Theorem I1.6.1)), and the lower bound on the Ricci curvature yields
an upper bound on volume growth — valid beyond the injectivity radius! The
first step, however, is to give the upper estimate on the logarithmic derivative
of det A, valid up to the first conjugate point along each geodesic.

Definition. Given a geodesic y; : [0, 8) — M in the Riemannian manifold M,
p = y:(0), & = y:(0), the first conjugate point of p along ye, y (t,), is the point
for which ¢, is the infimum of all #' for which y¢(¢') is conjugate to p along ys.
We denote ¢, by conj &.

The function (¢, £) = A(¢; &) is continuous on [0, 00) x SM, and A(0; &) = 1
for all £. The zeroes of t — A(¢; &), for each fixed &, characterize the conjugate
points of p = 7 (£) along . So, for each &, conj £ is indeed a minumum (not
just an infimum) and conj & > 0.

Theorem II1.4.3. (R. L. Bishop (1964)) Assume we are given a real constant
k and the fixed geodesic yg, with the Ricci curvature along ye greater than or
equal to (n — 1)k, that is,

(I11.4.11) Ric (y:'(t), y:' (1)) = r R(t) > (n — D)k

forallt € (0,conj&]. Then

(det AY S,/
1.4.12 <(n—1)=x,
( ) dera S by
on (0, conj £), and
(I11.4.13) det A <S,"!

on (0, conj &].
We have equality in (I11.4.12) at t = to € (0, conj &) if and only if

(111.4.14) A@) = S ()1, R@) =«
forallt € (0, to].

Remark II1.4.1. Note that (I11.4.13) implies the Bonnet—-Myers theorem, in
that it implies that det A(z) must have a zero not later than the first zero of
S. (1), that is, when k > 0, not later than 7 /\/«.
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Proof of Theorem II1.4.3. Again, note that by Proposition I1.8.2 we have

(det A
ot A =t AA.

Next, set
(I1L.4.15) Ct (t) := S,/()/S.(0),
arcCt, the inverse function of Ct, and consider
Y= (n — 1)Ct,.
Then, i satisfies the scalar Riccati equation

wZ

n—1

¥+ + -1k =0.

Also, (¢) is strictly decreasing with respect to ¢, for all #; and, when « < 0,
has limiting value, as ¢ 1 +00, equal to (n — 1)/—«.

Given linear transformations A(z), B(¢) : V. — V, depending differentiably
ont (where V denotes some finite-dimensional vector space), we associate their
Wronskian W(¢) defined by

W(A, B) := A*B — A*B".
One verifies that, for our A(t), we have W(A, A) = 0. Set
U=AA"
Then
U —U=A"YWAAHA =0

so U is self-adjoint. Also, U satisfies the matrix (more precisely: linear trans-
formation) Riccati equation

(I11.4.16) U+U+R=0,
which implies
trdy +trd> + 'R = 0.
Now the Cauchy—Schwarz inequality implies

(trf)?

(I11.4.17) trid? > ,
n—1

which implies, for

(det AY

. o A Al —
o =tth =tr /A" = dot A
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the differential inequality

¢2

n—1

(T11.4.18) ¢+ +@m— Dk <0.

We, therefore, wish to compare ¢ with .
As mentioned, we have
2
V= L4 +m—-1k >0
n—1

on all of (0, //k). Next, note that

" n—1
t
ast | 0. So, there exists €y > 0 such that
2
o = ¢ +m—-1k >0
n—1

on (0, €).
Assume that ® > 0 on all of (0,¢), ¢ € (0, conj&). Then, the inequality
(II1.4.18) implies

_¢’

(111.4.19) = >1,
S+ (=D
which implies
N _¢/
(I11.4.20) / ——()dt>s V se(0,¢]
o L+ (n— 1k
That is,
arcCt, (S)l >s V se(0,r1],
n —

which implies
¢=y  on[QO,1],

which is (I11.4.12). Of course, (I11.4.13) follows easily.

If we have equality in (II1.4.12) at some #y € (0, ¢], then the equality in
(I11.4.20) at s = ¢( implies we have equality in (I11.4.17) and (I11.4.18) on all of
(0, to]. This, in turn, implies

¢ =, trR=(n— 1k,

and U is a scalar multiple of the identity for each s € (0, #]. Since U/ is a scalar
multiple of the identity at each ¢, the Riccati equation (II1.4.16) implies that is
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‘R is a scalar multiple of the identity for each s. This implies R(s) = «/ for all
s € (0, tp]. Finally, since U is a scalar multiple of the identity and its trace is
identically equal to (n — 1)S,/(s)/S«(s), we have

S'(s)
Si(s)

for all s € (0, ty]. But this then implies A(s) = S, (s)I for all s € (0, #y], which
is (I11.4.14).

Now, let ¢ be arbitrary in (0, conj &], and assume we do not have ¢ < ¥ on
all of (0, t). Then there exists a maximal #; € (0, ¢) such that ¢ < v on (0, #1).
In particular, ¢ = i at #;. Then, ®(#;) > O and there exists €; > 0 such that
®|[1, t; + €1) > 0, which implies (I11.4.19) is valid from #; toany s € (¢, t; +
€1), which implies ¢ < ¢ on (¢, t; + €;) — a contradiction to the maximality
of t;. So, we have (I11.4.12) on all of (0, ¢].

To consider the case of equality, it suffices to consider the case where there
exists#, € [0, ] suchthat¢ < ¥ on (0, ;) and ¢(t,) = Y (r;). But then, ®(r,) =
W(t,) > 0, which implies there exists € > 0 such that (I[1.4.19) is valid on
(ty — €, n). Forany t € (t, — €, 1], integrate (I11.4.19) from # to #,. One obtains
¢(t) > () — a contradiction. [ |

A A () = 1

Theorem I11.4.4. (R. L. Bishop (1964)) Assume that the Ricci curvatures of
M are all greater than or equal to (n — 1)x. Then for every x € M and every
r > 0 we have

(111.4.21) Vx;r) < V@),

with equality for some fixed r if and only if B(x;r) is isometric to the disk of
radius r in the constant curvature space form M.

Proof. For any r > 0, we have
min {c(€),r}
V(x;r)=/ d,ux(g)/ det A(t; &) dt
S, 0

min {c(&),r}
< / din(®) / 8" (1) dr
S, 0

< / dpi(€) / Sy dr
S, 0
=V.@).

The case of equality is easy. |
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Proposition IIL.4.1. Assume that the Ricci curvatures of M are all greater than
or equal to (n — 1)k. Then for every x € M, we have
A(x; 1)

(II1.4.22) e

is decreasing with respect to r.

Proof. We recall that » < R implies
D.(R) € Dy(r).

Now (II1.4.12) is equivalent to saying that
det A(t; &)
S (@)
is decreasing with respect to ¢, for each & € S,. Therefore,
A(x;r) 4 det A(r; &)
Ay ! /m,.) Se10)

4 det A(r; §)
> Cn-1 /DX(R) EnE dpx(§)

. det A(R; &)
> ey fD iRy A

du, (&)

_ A R)
~ AdR)

)

which implies the claim. u

Lemma IIL.4.1. (M. Gromov (1982, 1986)) Suppose f and g are positive
integrable functions, of a real variable r, for which

flg

is decreasing with respect to r. Then, the function

[/

is also decreasing with respect tor.

Proof. Consider r < R. Then,

Folis=fofesfof s
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[ofs=fofesf s fs

Now we wish to show that

/Orf/oRgz/ORf/Org,

which is therefore equivalent to showing

[ e=["r[e

Set f = gh. Then, by hypothesis, 4 is decreasing. This implies

[of = [ nf seufof v [of ]

which is the claim.

and

Theorem I11.4.5. (M. Gromov (1982, 1986)) Assume that the Ricci curvatures
of M are all greater than or equal to (n — 1)x. Then, for every x € M, we have
Vix;r)

Vie(r)

(111.4.23)
is decreasing with respect tor.

Proof. The theorem is an immediate consequence of Proposition II1.4.1 and
Lemma II1.4.1. u

Recall that during this whole discussion we have assumed that M is complete.
Now suppose that our constant « is positive, and that all Ricci curvatures are
bounded from below by (n — 1)x. Then, the Bonnet—Myers theorem states that
M is compact, with diameter less than or equal to 77 /+/k. The Bishop theorem
then implies that V (M) is less than or equal to V (M, ), with equality if and only
if M is isometric to M.

We now ask: what if the diameter of M is equal to 7//k?

Theorem II1.4.6. (V. A. Toponogov (1959), S. Y. Cheng (1975)) Given M
Riemannian complete, with all Ricci curvatures bounded from below by (n —
Dic, k > 0. If the diameter of M is equal to 7w/ \/x, then M is isometric to the
standard sphere of constant sectional curvature equal to k.
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Proof. (Shiohama (1983)) Pick points x, y € M sothatd(x, y) = 7//k. Then,
the previous theorem implies

V(s 7/24€) _ Vesm/R) _ VM)

VM2 — VM) V(M)
Therefore,
V(i m/24k) = V(M)/2.
Similarly,
V(y;m/24/i) = V(M)/2.
But
B(x;7/2/kk) N B(y;/24/K) = 0.
Therefore,
V(x:m/2i) = V(y; 1/2Vk) = V(M)/2.
Thus, V(M) = V(M,), and M is isometric to M,. [

$IILS. The Area of Spheres

As usual, M is our Riemannian manifold. For convenience, we assume here
that M is complete.

We now consider the area of metric spheres S(x;r) for arbitrary r —even when
r > injx. For now, S(x;7) is no longer guaranteed to be a smooth imbedded
(n — 1)—dimensional submanifold of M. However, we shall be able to extend
the notion of (n — 1)—dimensional measure in such a fashion that, except for
a set of (n — 1)—dimensional measure (in this new sense) equal to 0, S(x;r) is
a Borel subset (in the relative topology) of an immersed (n — 1)—dimensional
submanifold (not necessarily connected) and therefore possesses a well-defined
area. This more general measure is Hausdorff measure. In what follows, we only
summarize the basic facts that we require from geometric measure theory. The
reader might start with F. Morgan’s guide (1988) and the references to other
introductions therein, before approaching the classic Federer (1969). We also
considered Hausdorff measure in Chapter IV of Chavel (2001).

Definition. Given any metric space X, a subset S in X, we define, as usual, its
diameter by

diam § = sup{d(x,y): x,y € S}.
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For any integer k > 0, we define the 8—approximate k—dimensional Hausdorff
measure of S, H/g(S), by

HES) = inf Y w diam $, |*
') - - k 2 )

where the infimum is taken over all countable covers {S;} of S for which
diam S; < 6 for all j; we define the k—dimensional Hausdorff measure of S,
HE(S), by

HE(S) = lim inf HE(S).
A subset E is called Hf~measurable if
HYENS)+HYNENX N\ S)) = HNE)
for all subsets S of X.
Remark III.5.1. One may extend the definition of Hausdorff measure to non-

integral dimension, by replacing wy by its corresponding expression in terms
of gamma functions (I11.3.13).

The collection of H*—measurable subsets of X form a o—algebra, and this is
the one with which we work.

For Euclidean space R”, n > 1, with its usual metric, one always has

(IIL.5.1) dH" =dV,

where dV is Lebesgue measure on R”. Furthermore, one has:

Theorem IIL5.1. (The area formula) Let ¢ : R* — R”, k < n, be a Lipschitz

function on R¥. Then:
(i) For any Lebesgue measurable subset E of R¥, we have

/|det]¢|dV =/ card E N ¢~ ' [x]1dH (x),
- ’

where card denotes cardinality.
(i) If f is any L' Lebesgue integrable function on R¥, then

/Rkﬂdetj(ﬁld\/:/w > fdrt ).

yep~[x]

Thus, the area formula generalizes (II1.3.1).
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Theorem IIL.5.2. (The coarea formula) Ler f : R” — R be a Lipschitz func-
tion on R", with gradient vector field grad f (defined almost everywhere). Then,
for any measurable subset E of R", we have

/ lgrad f|dV =/ HYE N f e dr.
E R

Given M an n—dimensional Riemannian manifold, n > 1, one uses the distance
function determined by the Riemannian metric on M to determine the collection
of Hausdorff measures on M. Again, one has (IIL.5.1).

Definition. We define the area of S(x;r), A(x;r), by
AGxsr) =H"'(S(x:r)).

Proposition IIL.5.1. For any x € M, we have
A(xsr) = A(x;r)

for almost all r € R.

Proof. Clearly,
Al r) — A(x; ) = HHC (x) N S(x;r)).

In the coarea formula, set E = C(x) and consider the distance function f(y) =
d(x, y)on M. Then, f is Lipschitz, with gradient of length equal to 1 almost ev-
erywhere on M (actually, everywhere except at x and C (x)). Then, Proposition
II1.3.1 and the coarea formula yield

0=f HNC@)n D dr =/ HNC(x) N S(x;r))dr,
R R

which implies the claim. u

§II1.6. Fermi Coordinates

In this section we take note that one may consider the distance function based
on a submanifold, namely, let M be our given n—dimensional Riemannian
manifold, let 99t be a connected k—dimensional submanifold of M,0 < k < n,
and consider the distance function r to be the function on M given by

r(g) =d(q, M).

Here, one has a corresponding apparatus of first and second variations of
arc length, elementary comparison theorems, Fermi coordinates based on 901
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(in place of geodesic spherical coordinates based on a point), focal cut and
conjugate loci, and volume comparison theorems. In what follows, we merely
give the definitions and results, leaving the extension of earlier arguments to
the reader. In places where more detail is warranted, we try to supply it.

We first note that the gradient vector field of », when it is well-defined,
has unit length; thus, its integral curves are geodesics emanating from 91 (see
Exercise 1.3).

Next, we note that if )1 is compact, then there exists an € > 0 such that grad r
is defined and smooth on all of r ~'[(0, €)]. Also, when 9t has dimension greater
than 0, all the integral curves of gradr on r~'[[0, €)] intersect 2T orthogonal
to 91 at the point of intersection. Indeed, it suffices to check the following:
Given any p € 91, there exists a neighborhood U of p in 9, and €, > 0,
such that, if , denotes the projection of the normal bundle vt to 91, then
exp |, '[UINB(U;¢,) is a diffeomorphism of 7, "' [U] N B(U; €,) onto its
image in M. (For the notation B(U; €), see §1.6.)

We now state the appropriate generalizations of Theorem 1.6.2 and the argu-
ments used to derive it. First, set

S, =§,NM -

the fiber over p in the unit normal bundle of 1.

Assume Mt is compact. Lete > Obe givenasabove, p € M, & € vS,,, (1) =
ve(1), to € (0, €), ¢ = y (). Then, for any path w starting in 91 and ending at
q,thatis, w : [0, 1] > M with w(0) € M, w(1) = g, we have

Uw) = Uy) =10 =71(q),

with equality only if the image of w is the same as the image of y. Conversely,
start with any ¢ € M. Then, for any unit speed path w connecting a point p in
I to ¢, we have

Uw) = d(g, M)
only if w is a geodesic, and ', € M,*.

Before proceeding, first recall, from §11.2, that if 907 is a k—dimensional sub-
manifold of the n—dimensional Riemannian manifold M, then the second fun-
damental form of 9t in M is, at each point p € 9, a vector-valued symmetric
bilinear form B : M, x M, — M+, given by

B(E, n) = (VeV)Y,

where Y is any extension of 7 to a tangent vector field on 91, V denotes the
Levi-Civita connection of the Riemannian metric on M, and the superscript N
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denotes projection onto 21 pJ-. Toevery vectorv € 9 ,,l one has the real-valued
bilinear form

by (5, m) = (BE.m),v),
and Weingarten map " : 0, — 9N, given by
(A&, n) =bu(5. 1)
for&,n e M, -so
We = —(VeV),

where V is an extension of v to a normal vector field on 91, and the superscript
T denotes projection onto 91,,.

We now present the formulation of results associated with the first and second
variations of arc length from the submanifold 90t to a fixed point in M. Let
y : [0, B] = M be a unit speed geodesic, such that

p=y0)eM &E=y(0)evS, and g=y(p).
Consider a variation v : [0, 8] x (—e€p, €9) — M, where

v(0,e) eM, v(B,e)=gq for all €, and v(t,0) =y ().

Set
Y(#) = (3:v)(z, 0), n=Y(0),
and
B
L(e) = / |0,v|(t, €)dt.
0
Then
L'(0) =0,
and

B
L"(0) = —be(n, n) +/ {IVYL?P = (R Y)Y Y1)} dt.
0
One also has

(Vi Y1)(0), Y1(0)) = =be(n, n).

Integration by parts then implies

B
L) = — / (VYL + RO/ Yy Y1) di,
0
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Therefore, it is natural® to consider the collection T of transverse vector fields
X along y, that is, those vector fields X along y for which X is pointwise
orthogonal to y, with initial data

X0)eM,,  (V,X)0)+2AX(0)LM,.
Let Ty be the subcollection of € for which we also have
X(B)=0.
Define the index form I on ¥ by

B
1(X1, X2) = —b:(X,(0), X2(0)) + / (V. X1, ViX2) — (RG/. X0y, Xa) di:
0

then when the index form / and the linear operator
L=—{V’X +R(y' X)y'}

are restricted to ¥, we have [ is the symmetric bilinear form of L.
We now consider transverse Jacobi fields. For any such transverse Jacobi
field Y € ¥ along y, the index form [ is given by

(111.6.1) 1(Y,Y) = (V,Y,Y)(B).

Note that the collection of transverse Jacobi fields ¥ along y is an (n — 1)—
dimensional vector space. Indeed, it is rather easy to show that the collection
is a vector space. To calculate the dimension, first note that the full collection
of Jacobi fields ¥ with Y (0) € 91, pointwise orthogonal to y,is (n + &k — 1)—
dimensional. Then, map this (n + k£ — 1)—dimensional vector space to M, by

Y = (V,Y)(0) + 25Y(0),

and show that 901, is in the range of this map.
Now assume the sectional curvatures along y are all equal to «, and the
Weingarten map of £, 5, is given by

(I11.6.2) A =1l

Then, the collection of transverse Jacobi fields along y, pointwise orthogonal
to y, are given as sums of the vectors fields:

Y(@) = Sc@)Tun, Z(t) = (Cc = AS ) (Nue,
where 7, denotes parallel translation along y from p to y(t), n € £+ N Dﬁ;,

and ¢ € 9.

2 Here, “natural” is a bit too naive.
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Definition. Given M, 0, p € M, & € vSp as above, y = v, a point y(t) is
said to be focal to M along y if there exists a nontrivial transverse Jacobi field
Y such that Y () = 0.

Assume the sectional curvatures along y are all equal to the constant «, and the
Weingarten map 2% satisfies (I11.6.2). One can easily determine conditions on
k and A which characterize the existence of focal points.

The Jacobi criteria (Theorems I1.5.4 and I1.5.5), on the positivity of the index
form and the nonexistence of focal points, remain valid in this setting with an
important added comment. Continue with M, 9, p € 9, & € vS,,. Expand the
domain of the index form / to Y, the collection of a// vector fields X along y,
pointwise orthogonal to y, for which X (0) € 91,,, and let Y consist of those
elements of Y that vanish at t = . On T, define the index form as above. One
can now verify, that the argument of Theorem II.5.4 remains valid for the index
form on Y, not just on ¥y. This will ease the proof of some of the comparison
theorems in this setting. One can also check for the corresponding version of
Theorem IL.5.5.

We now sketch appropriate versions of the volume results of this chapter — some
aspects of which lead to deep results later on. Early arguments were given in
Grossman (1967), and then extended and deepened in Heintze—Karcher (1978).
To start:

Let M be a complete n—dimensional Riemannian manifold, and 90 a k—
dimensional submanifold (we still include the case of dimension of 9 equal to
0). Let

Exp =exp [vIN,

where v9JT denotes the normal bundle of 91 in M, with natural projection 7,;
also let

vSM = v NSM
denote the unit normal bundle of 9. Map E : [0, +00) x vSI — M by
E(1,§) = Expt§,

so E determines radial coordinates on M, also known as Fermi coordinates,
associated wih the distance function r : M — R (defined previously).

For ped, & € vSp, one calculates the Riemannian metric along the
geodesic

y(t) = Expt§
as follows (Figure II1.2):
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M

Figure II1.2. 1-dimensional 91 in the 3—dimensional M.

(a) Let ¢ € M,,. Then, Ey 5S¢, for fixed & and varying ¢, is the Jacobi
field Z, along y, pointwise orthogonal to y, determined by the initial conditions

Z:0)y=¢,  (ViZ)(0) = —2A¢.

Indeed, for any path w(e) in 91 satisfying w(0) = p, @'(0) = ¢, one first shows
that &£ can be extended to a normal unit vector field X along w such that V X €
T for all €, that is, £ may be extended to a local vector field along w(€) that is
parallel in the connection of the normal bundle vt (see Exercise 11.12). Now
one can easily imitate the argument of Theorem I1.7.1.

(b) Let n € M, - NEL = IJ:7'((vS,)e) — that is, consider 7, orthogonal to
M, and &, as a tangent vector at & to the unit normal ((n — k& — 1)—dimensional)
sphere at p. Then, E &)< n is the Jacobi field Y, along y, pointwise orthog-
onal to y, determined by the initial conditions

Y,(0) =0, (ViYy)(0) =,

for fixed £ and varying ¢.
We therefore let A(%; £) denote the matrix solution to Jacobi’s equation along
v, pulled back to £+, as in §IIL.1:

A"+ RA=0,
subject to the initial conditions
A; §)|9m, =1, A0;8)m, = -2,
and

A0 )M, net =0, AO:HOM, Nt =1,
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and we write
ds* =dt* + |A(t; &) dE >
Definition. The focal locus of 9N in vIN (the tangential focal locus) may be
defined in two ways:

(1) It is the subset of V)T consisting of all critical points of Exp.
(ii) It is the collection of vectors t& € v, with t > 0, & € vSIN, for which

det A(t;&) =0,

where A is given above. (Thus, for a given & € vSON the nullity of Exp at fo&
is equal to the order of #; as a zero of the function (in ¢) A(¢; £).)

By the focal locus of 9 in M (the focal locus), we mean the image of the
tangential focal locus of 9 under the exponential map Exp .

Definition. Given & € vSIN, we define ¢, (&) the distance to the focal cut point
of M along y: by

(&) :=sup{t > 0: dO, ye(1)) = t}.

We define the focal cut locus of 9 in vON (the tangential focal cut locus),
vC(M), by

vCMN) := {c,(§)€ : cu(§) < +o00, & € VSIMY,
and the focal cut locus of M in M (the focal cut locus), vC (9N), by
vC (M) := Exp vC(M).
Also, we set
VDgp = {t£ : 0 <t < cy(§), & € vSMY},
vDyy := Exp vDgy.

One now has corresponding versions of item 1 through item 5, and Theorems
1,2, and 4 of §IIL.2.

We may now consider integration. For, f € L'(M), we have the analogue of

(11L6.3)

(&)
/ fav = / avi(p) / dtti1.p(E) / F(Exp 1)/t €)dr
M m US,, 0
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with
VE(t: ) = det A(1; ),

where dV the (k—dimensional) Riemannian measure of 90, and d i, _x_1,, the
standard (n — k — 1)—dimensional measure on vS,,.

To generalize the Bishop theorem (Theorem I11.4.3) in the spirit of our previous
argument, one must restrict oneself to the case

k=n-—1.

(Otherwise, the argument, as presented, does not go through. Why?) The result
goes as follows:

Theorem IIL6.1. Fix &€ € vSIM, y(¢) = expt&. Assume that all Ricci curva-
tures along y are bounded below by (n — 1)k, and assume that

trA° > (n — DA.

Let By € (0, +00] denote the first positive zero of (C, — LS, )(¢t), should such
a zero exist; otherwise, set B ; = +00. Then, 9N has a focal point along y at
distance ty < Py, and

(I11.6.4) det A < (C, — AS,)"!

on all of 0, ty]. One has equality in (111.6.4) at t € (0, ty] if and only if A =
(Cic —AS)I onallof t € [0, t], in which case we have WA =1l and R = k1
onall of t € [0, ].

Remark IIL.6.1. When k < n — 1 one may still obtain results using the ar-
guments of Exercise II.21, namely, suppose we are given, in addition to M,
and M», submanifolds of the same dimension 9t;, p; € M;, &§; € vS p;» With
attendant second fundamental forms bgj , ] =1,2. Assume

bfl = béz

in the sense that the highest eigenvalue of b, is less than or equal to the lowest
eigenvalue of bg,, and also assume the sectional curvature condition given in
Exercise I1.21,

sup ’Cl\ygl 0] = min ICZWEZ(I)

for all # > 0. Then, one can use the argument of Exercise I.21 to obtain the
analogue of the Morse—Schonberg theorem, that the first focal point to yg, (0)
along y¢ cannot occur earlier than the first focal point to yg,(0) along y,.
Note that this method of argument gives a Bonnet—Myers theorem with the
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assumption of a positive lower bound on the sectional curvature — both in the
conjugate and focal point versions.

Also, one has corresponding volume comparison theorems for sectional cur-
vature bounded from below. See our presentation in §IX.3.

SIIL.7. Integration of Differential Forms

Let E be a real vector space, E* its dual, and A% E* the space of alternating k—
covectors. Recall that, for any given £ € E, one definesi(§) : ARE* — AF-1E*
by

AE)a)Er - b)) =6, &1, .. &)

whenk > 1,and i = 0 when k = 0.

Let M be an n—dimensional differentiable manifold, and A¥T M* the alternating
k—cotangent bundle with its associated natural differentiable structure. The
differentiable differential k—forms on M are, then, differentiable sections of M
in AT M*.

Notation. We denote the collection of differentiable differential k—forms on M
by G¥(M). And, we let k(M) denote the compactly supported differentiable
differential k—forms on M.

Let X be a differentiable vector field on M, with associated flow ¢, : M — M.
Then, for any w € &*, the Lie derivative of w with respect to X , Lx w, is defined
by

Lxw = (¢ ) (0),

where ¢, *w denotes the pull-back of w by ¢;, and the prime denotes differenti-
ation with respect to 7. Then, it is well-known that Ly is given by

11.7.1) Lx = doi(X) +i(X)od,

where d denotes exterior differentiation.
As usual, our manifold M is connected.

Now, for any p € M, the dimension of A"(M,)* is, of course, equal to 1.
Therefore, if 0 denotes the zero section of M — A"T M*,then A"T M* \ o(M)
has at most 2 components. M is orientable if A"T M* \ o(M) has, in fact, 2
components; and an orientation of M is a choice of one of those components.
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It is well-known that M is orientable if and only if there exists a cover of M
by charts {x, : Uy, = R" : « € 7} for which

9 « D/
det [(2G8oX DTN )
dx,*

on xo(Uy NUp), for all @, B € Z. Also, M is orientable if and only if M pos-
sesses a nowhere vanishing differentiable differential n—form.

In establishing the above, one uses a useful calculation, namely, if E is an
n—dimensional real vector space, and 1, ..., 8, € E*, and the forms o/ € E*,

j=1,...,n,are given by
ol = Z Bray,
k
then

(I11.7.2) al Ao na” = (det(@ DB A A B

In particular, for charts x : U — R",y : U — R" on M, we have

. 9 =1yJ
dy' =" Ayox )k,

k
z 0x
and
d(yox—HJ
dy' A+ Ady" = det dyox ) dx' Ao Adx".
oxk

When M is orientable with fixed orientation A, and {e, ..., e,} is a basis of
some tangent space to M, then {ey, ..., e,} is positively oriented if for its dual
basis {w!, ..., "} wehave ' A --- A 0" € A.

Let M be (henceforth) orientable, with given fixed orientation A. Then, a
chart x : U — R" on M is positively oriented if dx' A --- A dx" € A on all of
U. Otherwise, the chart x is negatively oriented.

Given a differentiable n—form w on M, then for any chart x : U — R" on M,
one has a function f : U — R"” € C* such that

olU = fdx' Ao Adx".
One then defines, for w € G2(U),
I(w;U) = (signx) fdx' . dx",
x(U)
where signx is +1 or —1 depending on whether x is positively oriented or

negatively oriented. One easily checks that / depends only on w and U, and not
on the choice of x. Therefore, for any w € G"(M), and for any cover of M by



148 Riemannian Volume

charts x, : U, — R" (where o belongs to some index set Z) with subordinate
partition of unity {¢,}, the integral

/ 0= I(pw:Us N,
U

ael
for any open U in M, is well-defined and depends only on @ and U. The
definition of f w is consistent with the definition of /(w; ), in the sense that if
U is the domain of any chart, then

/ w=I1(w;U).
U

In particular, for any U, we have

[omE o

ael
Let M, M, be orientable, with respective orientations A, A,, and let @ :
M, — M, be a diffeomorphism. Then, ® is orientation preserving if, for any
w € Ay, we have ®*w € A;. Otherwise, @ is orientation reversing. For any
integrable nowhere vanishing w € &"(M,), we then have

/ ® = (sign ®) d*w.
Mg Ml

One immediately has, for any vector field X on M and w € G(M),

/ Exa)=0
M

When M is Riemannian orientable, one can write the Riemannian measure as
a global n—form o, the volume form of the Riemannian metric, on M. In any
chart x : U — R" on M, we have

o = (signx)y/g dx' A - Adx".

Therefore, for integrable f on M, and any open U in M, we have

/devszfo.

Theorem II1.7.1. (Stokes’ theoremI) If M is oriented and w € & ~Y(M), then

/ do = 0.
M

If M is oriented n—dimensional, 2 an open subset of M with smooth boundary
0Q2,p € 0Q,and& € M, & # 0, wesay that§ isanoutwardvectorité & (0Q2),
and there exists € > 0,y : (—¢, €) - M € C! such that y(0) = p,y'(0)=§&,
y(t) € Qfort < 0 (in particular, y(¢) & 2 for sufficiently small # > 0). A basis
{62, ..., &,} of (0R2), is positively oriented, if {§,&,,...,&,} is a positively
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oriented basis of M, for an outward vector &. The definition is independent of
the particular choice of outward vector &. Thus, in this manner, the orientation
of M determines an orientation on (92),. Note that, here, we do not require
that 2 and 92 be connected.

Theorem II1.7.2. (Stokes’ theorem II) Let M, 2, and 92 be as previously
described. Then, for any w € GZ’I(M), we have

Jlae= e

Now, let w € &"(M) be nowhere vanishing. Then, for any C! vector field X on
M, we define the divergence of X with respect to w, Div,, X, by

Div, X)w = Lxow.

Theorem II1.7.3. (Divergence theorem 1) For any compactly supported C'
vector field X on M, and nowhere vanishing v € &"(M), we have

(I11.7.3) / (Div, X)w = 0;
M

and

(I1L.7.4) / / (Div, X) o = f i(X)w,
Q Q2

for any Q with smooth boundary.

Green’s Formulae in Riemannian Manifolds

Let M be an n—dimensional Riemannian manifold. Then, the Riemannian metric
induces a natural bundle isomorphism 6 : TM — T M* given by

0(&)(n) = (&, n),
forallp e M and &, n € M),

Definition. For any C' function f on M, the gradient vector field of f on M,
grad f, is defined by

grad f = 07'(df).

That is, for any £ € T M, we have
(grad f, &) = df(§) =§&F.
For C' functions f, h on M, we have
grad (f + h) = grad f + grad h,
and
grad fh = fgradh + hgrad f.
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If x : U — R" is a chart on M then

a(fox™1) . 9
gdf =) =5 8" 5w
Js

Let V denote the Levi-Civita connection of the Riemannian metric.

Definition. For any C! vector field X on M, we define the divergence of X
with respect to the Riemannian metric, div X, by

divX =tr(§ — VeX).
For the C! function f and vector fields X, ¥ on M, we have
div(X+Y)=divX +divY,

and
div fX = (grad f, X) + fdiv X.

Proposition I11.7.1. Assume also that M is oriented, o the volume form on M.
Then,

div X = Div, X
for all C" vector fields X on M.

Proof. Let x : U — R” be a positively oriented chart on M, and
.0
XU = / - -
| ij &
Then,

(Divy X)o = Lxo
= (di(X))o
= d(i(X)/gdx" A - Adx™)

=d (Z(_l)j_lﬂéjdxl Ao Adx /\~-~/\dx”>

J=1

= Z(—l)"'“d(«/ggf) Adx' A AdxT Ao AdX"
=1

ax/

BERS
—{@Z /2 }

J=1

:Z del/\.../\dxn
j=1
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that is,

N B (/)
Dlng—\/ng:; ol

On the other hand,

Va/an Z { +Z Fk/ Sk}

which implies

w5 [ e
=3 Py e
4

and

1
Ml == 0k gre + Degrr — 0,
ke 2;5’ {0kgre + 0e 8k 8ie)

1 .

=3 Z« 8" 0gre
10kg
2 g
Ok\/8

NG
(the third equality follows from Proposition I1.8.2). So,

9E* £a 1 &Go i
divX:Z{ % L5 ‘/;}__27(*@5 ),
— | dx 8 9x V& = ox/

which implies the claim. u

One verifies that if X has compact support on M then, without requiring any
orientability of M, we have the Riemannian divergence theorem:

(IIL.7.5) / divXdv =0.
M

Definition. Let f be a C? function on M. Then, we define the Laplacian of f,
Af,by

Af =divgrad f.

The function f is said to be harmonic if its Laplacian vanishes identically
on M.
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Thus, in a chart x : U — R”, we have

——Z a/{f ,ka<fox )}

J k=1
Furthermore, for C2 functions f and h on M, we have
A(f +h)=Af + Ah,
and
div fgradh = fAh + (grad f, grad h),
which implies

A fh=fAh+2(grad f, grad h) + hAf.

Theorem I11.7.4. (Green’s formulae I) Let f : M — R e C*(M), h : M —
R € C'(M), with at least one of them compactly supported. Then,

(II1.7.6) / {hAf + (grad h, grad f)}dV = 0.
M
If both f and h are C?, then

(11.7.7) / {(hAf — FAR}dV = 0.
M

Corollary II1.7.1. The only compactly supported harmonic functions are the
constant functions.

Theorem IIL.7.5. (Divergence theorem II) Let M be oriented, 2 a domain in
M with smooth boundary 02, v the outward unit vector field along 92 which
is pointwise orthogonal to 0<2 (there is only one such vector field). Then, for
any compactly supported C' vector field X on M we have

(I11.7.8) // dideV:/ (X, v)dA.
Q 19

Proof. It suffices to show that if o is the volume form of 4V, and 7 that of d A,
then

(I11.7.9) i(X)o = (X, )T

on all of 9L2.
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Lemma II1.7.2. Let M be oriented, o the volume form of dV . If p € M, and
{e1, ..., ey} is a positively oriented orthonormal basis of M, with dual basis
(o', ..., ®"}, then

Proof. Letx : U — R” be a positively oriented chart about p. Then there exist
unique matrices A and B satisfying

ej = ;A/‘%, o = dex B,".
Of course, B = A~!. But then
I =AGAT,
which implies

/g = detB.

Therefore, by (I11.7.2),

o' A A" = (detB)dx' Ao Adx"
= Jgdx' Ao Adx"

=o. m

Corollary II1.7.2. For any & € M, we have

o= (D) el A Al A AW
J

The proof of (II1.7.9) is now immediate. [ ]

Theorem II1.7.6. (Green’sformulaeIl) Given M, 2, and v as in the divergence
theorem (IN), and given f € C*(M), h € C' (M), at least one of them compactly
supported. Then,

(I11.7.10) // {hAf + (grad f, grad h)} dV = f h(v, grad f)dA.
Q 3

Q

If both f and h are C?, then

(II1.7.11) // {hAf — fAR}AV =/ {h(v, grad f) — f(v, gradh)}dA.
Q aQ
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§II1.8. Notes and Exercises
Riemannian Symmetric Spaces

Exercise II1.1. Use geodesic spherical coordinates to prove the:

(Local) Cartan—~Ambrose-Hicks Theorem. Suppose we are given Rieman-
nianmanifolds My, M of the same dimension, p; € M j,and$ € (0, min {inj p;,
inj p2}). Let

t:(My)p, = (M),
denote some fixed linear isometry, and map
¢ : B(p1:8) = B(p26)
by
(IIL.8.1) ¢(q) = expoto(exp B(pi; )~ (9.

For&; €S,,, j = 1,2, let R¢,(t) denote the respective curvature map of M,
to itself as given by (II.1.3), and assume that for all £ € S, , t € (0, ), we
have

Rt(g)(l‘)ol = LORE(Z).
Then, ¢ is an isometry of B(p1;8) onto B(p2; d).

(See Cartan (1946), Ambrose (1956), Hicks (1965).) Note that we used precisely
this argument to prove Theorem II.8.2 and employed it in the case of equality
in the Bishop and Gromov theorems.

Definition. We say that a Riemannian manifold M is locally symmetricif VR =
Oonall of M.

Exercise II1.2.

(a) Show that the Riemannian manifold M is locally symmetric if and only
if for every geodesic y (), and parallel vector fields X, ..., X4 along y, one
has

(R(X1, X2)X3, X4)(t) = const.

(b) Let M be Riemannian locally symmetric. Show that for any unit speed
geodesic y there existconstants k1, . . . k,—1, and parallel pointwise orthonormal
vector fields E, ... E,_; along y, such that the space of Jacobi fields along y,
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pointwise orthogonal to y, is spanned by Jacobi fields of the form
Yi(t) = {a;Cy, (1) + B;Si,(OIE; (1), j=1,...,n—1.

(c) Let My, M, be Riemannian locally symmetric of the same dimension,
pj € M;,and § € (0, min {inj py, inj po}). Suppose we have a linear isometry

L (My)p, = (M),
such that

toR(E, ¢ = RWE), n)Hu@),

forall§, n, ¢ € M,,. Show that ¢ defined by (IIL.8.1) is an isometry of B(py; 5)
onto B(ps; d).

Definition. Given a Riemannian manifold M, p € M. We define the local
geodesic symmetry through p to be the map on B(p;inj p) given by

s, = expo— idy, o(exp |B(p; inj p) L

Exercise IIL.3. Prove that M is locally symmetric if and only if the local
geodesic symmetry s, is anisometry of B(p; inj p) onto itself, forevery p € M.

Definition. Given a Riemannian manifold M. We say that M is Riemannian
symmetric if, for each p € M, the local geodesic symmetry s, through p can
be extended to a global isometry of M.

Exercise 111.4.

(a) Prove that given a Riemannian manifold with involutive isometry ¢ to
itself (i.e., ¢ = idy) for which p is an isolated fixed point, then ¢ is the
geodesic symmetry through p.

(b) Given M Riemannian symmetric. Show thatif y : R — M is a geodesic,
y(0) = p, y(a) = g, then

(8408p)(y (1) = y (1 + 20)
for all ¢. Also show that if X is a parallel vector field along y, then
(6408,) X(t) = X(t + 2)

forall ¢. Furthermore, M is complete, and, therefore, Riemannian homogeneous,
that is, to each p and ¢ in M, there exists an isometry ¢ of M onto itself such
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that ¢(p) = ¢. Finally, show that if y : R — M is a geodesic for which there
exists L € R such that y(L) = y(0), then y is L—periodic.

Exercise IIL.5. Given M a symmetric space.
(a) Let p € M, & a unit tangent vector in M, y(¢) = exp t&. Show that the
family of isometries

Fg = {¢t = $y(t/2)05p : t e ]R}

is a 1-parameter group of isometries of M.

(b) Assume M has a periodic geodesic. Show that sectional curvatures along
the geodesic are nonnegative.

(c) Similarly, show that if M is compact then all sectional curvatures of M
are nonnegative.

Note III.1. The study of symmetric spaces is an immense subject, initiated and
developed by E. Cartan. Standard works include Helgason (1962), Kobayashi—
Nomizu (1969, Vol. II); for symmetric spaces of strictly positive curvature from
a Riemannian perspective, see Chavel (1972, Chapters III and IV), Cheeger—
Ebin (1975, Chapter III), Besse (1978, Chapter III); and for a more extended
Riemannian approach, see Klingenberg (1982, pp. 141-158).

To solve Jacobi’s equations (Exercise III.3) on the more general naturally
reductive Riemannian homogeneous spaces (Example 1.9.5), see Chavel (1967,
1972, Chapter I1I).

The Cut Locus

Note II1.2. The first explicit discussion of the cut locus seems to be in Poincaré
(1905). For introductory work on the cut locus, see Myers (1935), Weinstein
(1968), and Bishop (1977). For the conjugate locus, see Warner (1965).

Two-Point Homogeneous Spaces

Recall that we say that a connected Riemann manifold M is homogeneous, or
the collection of isometries of M acts transitively on M, if to each p,q € M
there exists an isometry ¢ of M, such that ¢(p) = q.

Of course, the collection / (M) of isometries of any Riemannian manifold M is
a group; less trivial, /(M) is a Lie group (Myers—Steenrod (1939)). Now, for
any ¢ € I(M), one has the associated action of ¢, on T M. Should ¢ leave a
point p invariant, then ¢, u, is an orthogonal transformation of M, to itself.
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Exercise II1.6.

(a) Let H,, denote the isotropy group of p, that is, the collection of isometries
that leave p fixed. Prove that if M is complete, then H, is isomorphic to a
subgroup of O(n) (n = dim M).

(b) Assume G = I (M) acts transitively on M. Prove that M is complete.

(c) As in (b), assume I (M) acts transitively on M. Show that M may be
represented as the left cosets G/ H,. Also show that, for any p, g € M, one has
H,, H, conjugate in G, that is, there exists ¢ € G such that H, = ngg_l.
More is known, namely, that when G acts transitively on M then the space M
is diffeomorphic to G/H, for any p € M (Warner (1971, p. 123)).

Once one is considering the Riemannian homogeneous space M = G/H, one
naturally inquires as to transitivity of the associated action of G on T M, given
by

(Te)« : TM - TM, geq,

where 1, denotes the left translation of G /H associated to g (as described in
Example 1.9.5). Since 7, is an isometry, the action cannot be transitive since
lengths of tangent vectors are preserved by (z,).; rather, one should really
consider the associated action of G on SM. Certainly, if the action of G on SM
is transitive on the collection of orthonormal pairs of vectors in SM, then M
has constant sectional curvature. The weaker hypothesis is therefore that one
only knows that the associated action of G is transitive (not knowing to what
extent) on SM.

Definition. A connected Riemannian manifold M is said to be two-point ho-
mogeneous if the associated action of /(M) on SM is transitive.

Exercise III.7. Show that the following are equivalent:

(a) M is two-point homogeneous.

(b) Given any py, p»> and ¢q;, g in M such that d(p;, p2) = d(q1, ¢q2), there
exist an isometry g € /(M) suchthatg - p; =¢q;, j =1,2.

(c) For any p € M, the isotropy group H, acts transitively on S(p;r), for all
r>0.

Note II1.3. H. C. Wang (1952) and J. Tits (1955) proved, using classification
arguments, that two-point homogeneous spaces are Riemannian symmetric.
Direct proofs of this theorem were given for the noncompact case in Helgason
(1959) and Nagano (1959). A direct proof for the compact case was given
recently, in Szabo (1990, 1991).
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On the Riemannian Measure

Exercise IIL.8. Given p in the Riemannian manifold M, ,/g__ the volume
density of the Riemannian measure in Riemann normal coordinates on the
geodesic disk B(p;inj p). Show that

V& (exp 1€) = t'7" /g(1; §)
forallt € (0, c(§)), € € S,.

Exercise IIL.9. (Folk result) Given a Riemannian manifold M, p € M,&€ € S e
q = exp p&, with p < c(&). Show that

det A(p; &) = det A(p; —:'(p)).

Note IIL.4. One could define Riemannian measure abstractly (Gromov (1999)),
namely, the functional n—dimensional volume of an n—dimensional Riemannian
manifold

(1) endows the unit n—cube with volume equal to 1, and

(ii) has the monotonicity property that if M| admits a one-to-one onto map to
M,, which does not increase distances, then the volume of M; is not less than
the volume of M,.

The main result is that Riemannian volume is characterized by these two prop-
erties — see Burago—Burago—Ivanov (2001, pp. 193-195).

Burago—Burago-Ivanov (2001, pp. 201-205) also has a proof of Besikovitch’s
inequality, namely, let I = [0, 1], I" = [0, 1]" C R” denote the unit n—cube,
endowed with some Riemannian metric g. Foreachi =1, ..., n, let d; denote
the distance in this metric g between the faces F and F}', where F) (resp. F}')
denotes the set of points in /” whose i—th coordinate is O (resp. 1). Then, the
g—volume V,(I") of 1" satisfies

V") > ]_[ d:.
i=1

Definition. A Riemannian manifold is said to be harmonic if to each p € M
there exist €, € (0, +-00] and a function o), : [0, €,,) — [0, +00) such that for
every & € SM, we have

|det A(t;8)] = o) (1)

The manifold is referred to as globally harmonic if €, is always equal to +00.
Otherwise, M is called locally harmonic.
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Exercise II1.10.

(a) Show that a two-point homogeneous space is globally harmonic.

(b) Show that o, is independent of p, more precisely, show that if M is
harmonic there exists a function o : [0, sup b€ ») —> [0, +00) such that

o, =0][0, €p).

Note IIL.S. The Lichnerowicz conjecture states that a harmonic space is two-
point homogeneous. One does not distinguish between local and global har-
monic in the conjecture, since the two definitions coincide if the Riemannian
manifold is real analytic. But one knows that local harmonic implies real ana-
Iytic; therefore, the two are equivalent. Most recently, Z. I. Szabo verified the
conjecture for compact harmonic spaces with finite fundamental group. See
Ruse—Walker—Willmore (1961) for the early classical discussion, Besse (1978,
Chapter VI) for a modern introduction, and Szabo (1990) for the solution. Also,
counterexamples to the conjecture in the noncompact case were announced in
Damek—Ricci (1992).

The Area Formula

Some discussion of Hausdorff measure — including a proof that in the top
dimension it is equal to Riemannian measure, and a proof of the area formula —
is presented in Chapter IV of Chavel (2001).

The Smooth Coarea Formula

Let M™, N" be C" Riemannian manifolds, m > n,and ® : M — N aC'! map
from M to N. We want to give an effective calculation of the volume disortion
of the map, namely, of

Jo(x) = \/m'

Exercise II1.11. Prove

Jox) = 0 rank &, < n
P |det (@] (ker @)1 rank ®, = n
Let{es}, A =1, ..., m,an orthonormal moving frame on M with dual coframe
{w?}, and {E;}, j =1,...,n, an orthonormal moving frame on N with dual

coframe {#/}. Then, the local volume forms on M and N are given by o' A
- Aw™and @' A -+ A 0", respectively.



160 Riemannian Volume

There exist functions o/ , on M such that
*nj J A
o0/ = Z o0,
A

Exercise II1.12. Prove:
(a) If at some x € M, we have dimker ®,|, > m — n, then

O*O'A---AOHY=0 at x.

(b) If at some x € M, we have dimker &, = m — n, then

n+1 m

Tow' Ao A" = PO A A A O"TEA A ™.

(c)Let M, N be C" Riemannian manifolds, withm = dim M > dim N = n,
r>m—n,and let ® : M — N € C". Then, for any measurable function f :
M — R, which is everywhere nonnegative or is in L' (M), one has

/ FTwdVy = / V() / (F19" ) Vi,
M N >-1y]

where, for any k, dV} denotes k—dimensional volume.

(d) Let M™ be a C™ Riemannian manifold, and let ® : M — R € C™. Then,
for any measurable function f : M — R, which is everywhere nonnegative or
is in L'(M), one has

/f|grad<b|dV:/dy/ (flo~'[y])dA.
M R @ 1[y]

(e) Let M*~! be a hypersurface in R¥, given by the graph of a C! function
¢ : G — R, where G is open in R*"!; so M is given by

xk=¢>(x1,...,xk_l), (xl,...,xk_])eG.

Then, the surface area element on M, d A, is given by

dA = ./1+ |grad,_; ¢|>dVi—1,

where dv;_; denotes Lebesgue measure on R¥~!, and grad, , denotes the
gradient of functions on R¥~!,

(f) If @ cC R” is adomain with C! boundary, v the exterior unit normal vec-
tor field along 9<2, and, for a given & € S"~!, ps : 9Q — &% is the projection,
then

/ v -E[dAGw) = / card @R N pe ™' [y dva1 ().
aQ gL
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(g) If @ cC R” is a domain with C! boundary, and for every £ € S"!,
pe : 92 — &1 denotes the projection, then

ADQ) =

/S ditnor (&) / card (92 N pe ' [y]) d¥ar ().
n—1 El

2wn-1

(h) If Q is convex, dQ2 € C!, then

A(9R2) = [SH Vi-1(pe(€2) d 1 (8).

Whp-1
(i) If Q is convex, Q2 € C!, and €, is open containing €2, then

A(02) < A(092,).

The First Variation of Area

We continue as in §II1.6, where 91 is a k—dimensional submanifold of the n—
dimensional Riemannian manifold M, 0 < k < n. Let ¢ : 991 — M denote the
inclusion of 9t in M, and let

O IMxI —>U

be a variation of ¢, that is, ® is a differentiable map such that: / is an open
interval about 0 in R; for each € € I, ®|91 x {€} is an imbedding; and |91 x

{0} =¢.
For each fixed € € I, we define the imbedding ¢, : 99t — M by

Pe(x) = D(x, €).
So,
DM x {e}) = P (M).
Let
X = d,0. =&+,

where 9. is the natural coordinate vector field on /, and £ is tangent to ¢.(9N), n
normal to ¢. (M), for all €. Then, for each fixed €, X can be viewed as a vector
field on M along the mapping ¢..

Exercise II1.13. Verify that if ¥ is a k—form on M, then

d

[ 5_ / 4 prs = / b {(doi(X) +i(X)od) T},
de Jg.om o de m
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Let p € M, U a neighborhood of p in M, and
ea:UxI —>TM, A=1,...,n,

be vector fields on M such that: foreach (¢, €) € U x I the collection {e4,e) :
A =1,...,n} is an orthonormal basis of M,; and such that for each € in /,
e, |9 x {e} is tangent to p.(MN), r =1, ..., k, and e, |9M X {€} is normal to
GO, =k +1,...,n Finally, let {o', ..., »", de} be the coframe dual to
{e1, ..., ey, 0.onU x I.

Then for each e € I,
Ak(e)=/ a)l/\---/\a)k=/ b (@' A A
(M) m

is the k—dimensional area of ¢.(M).

Exercise II1.14. Prove that if X is compactly supported, then
Ak’(e>=—/ (n,H>w1A-~-/\wk=—f (n, H)dVy,
M) Ge(M)

where H denotes the mean curvature vector field of the imbedding of 9T in M
(see §11.9), and dV denotes k—dimensional Riemannian measure.

In particular, 971 is a stationary point of the k—dimensional area functional if
and only if 91 is minimal in M, that is, if and only if H vanishes identically on
all of 2. Compare the result with Theorems 11.4.1 and 11.4.2.

For the second variation, see Exercise 111.32.

Note IIL.6. Note that the calculations and final result are valid if ¢, is a 1—
parameter family of immersions of 90t into M.

Exercise II1.15. Recall (Exercise I1.5) that one cannot imbed a compact ori-
entable surface M of nonpositive Gauss curvature K isometrically in R*. Show
that, in particular, there are no compact orientable minimal surfaces imbedded
in R3.

Note ITLI.7. Now that we know that there are no compact orientable minimal
surfaces in R? (we shall show in Exercise II1.29 that there are no immersed
compact minimal surfaces in R®), one might ask whether there are any complete
noncompact examples. For a long time, the only available examples of such
minimal surfaces in R? with finite topological type were the plane, the catenoid,
and the helicoid. However, C. J. Costa (1984) constructed a new example of a
complete noncompact immersed minimal surface in R3, and D. Hoffman and
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W. Meeks (1985) subsequently showed this example to be imbedded. For recent
papers, to work one’s way back, see Hoffman—Karcher (1997).

Hypersurfaces of Constant Mean Curvature

Let M be our Riemannian manifold, €2 a relatively compact domain in M with
smooth boundary 97, and exterior unit normal vector field v along 9)t. Then,
we may write

H = by,

where b is now the mean curvature function of the compact hypersurface 1.
Furthermore, the vector field n on 9t of any normal variation of 901 is given by

n=qQv.

So, the first variation formula (Exercise 111.14) reads as

A0) = —f ohdA.
m

Exercise I11.16. Consider the variation W : Q x I — M (where [ is an open
interval in R containing the origin), W, (x) = W(x, €), of the closed domain 2,
that is, ¥|Q x {0} = idg; and set

@ = ((0W/9€)amx (0}, V)-

Denote the variation of volume of 2 by

V(e) = f dav,
W (2)

and prove
V'(0) =/ pdA.
m

Exercise II1.17. So, the previous exercise says that if the variation W preserves
volume, then

/ odA =0.
m

Prove the converse, namely, prove that given any function f : 97 — R satisfy-
ing

/m fdA =0,
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there exists a vector field Z on M whose flow X, on M preserves the volume of
Q, thatis, V(Z(2)) = V(R2), for sufficiently small €, and satisfies Z |9t = fv.

Exercise II1.18. Prove that if 9t has minimum (#n — 1)—area among all bound-
aries of domains with volume equal to that of €2, then 9)1 has constant mean
curvature, that is, h is identically constant on 1.

The Gauss Map

Exercise ITI.19. Let M be an oriented surface in R3, that is, M is an imbed-
ded 2—dimensional submanifold of R? with inherited Riemannian metric, and
smooth unit normal vector field n on M. Consider n as a smooth map of M to
S2. Let o denote the area 2—form on S?, o the area 2—form on M, and K the
Gauss curvature function on M. Prove that

n*(og) =Ko.

Note IIL.8. For discussion of the Gauss map in greater generality, start with
Hoffman—Osserman (1980) and Osserman (1980).

On the Giinther—Bishop Theorems

Note II1.9. Note that, for the volume comparison theorems, we only cited
Giinther (1960) when discussing the lower bound of V (x; ) under the hypoth-
esis of an upper bound on sectional curvature, and the restriction r < injx
(Theorems I11.4.1 and I11.4.2). Giinther also considered comparison theorems
for upper bounds on V (x; ), but, he assumed that the sectional curvature — not
just the Ricci curvature — was bounded below, and he only considered r < inj x.
Thus, for upper bounds, the Bishop theorems were a significant improvement.

Note II1.10. P. Kroger (2004) has given a proof of the Giinther theorem — that
is, when all sectional curvatures are bounded from above by a constant §, and
the disks under consideration have radius less than the injectivity radius of their
common center — in the spirit of the Giinther—Bishop theorem with the Ricci
curvature bounded from below.

Namely, along every geodesic y (1) = exp t&, he proves the inequality

a> ( A(ﬂf)) A8
dr? \ Ss(1)"—2 Ss()n=2 —

0,

note the exponent of S;(7) ! Once one has the inequality, then for
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we have
¢+ x>0, #(0) =0,

which implies ¢’Ss — ¢S§ > 0, which then implies the result.

Note ITI.11. Assume M is complete, with Ricci curvature bounded from below
by (n — Dk. Fixx € M, V(r) := V(x;r). Then, the Gromov theorem implies
that V'(r)/ S,’z’l(r) is a decreasing function of r. In particular, V'(r) has right-
and left-handed limits at every value of 7. Then, R. Grimaldi and P. Pansu (1994)
have shown that

1iF; V'(s) — lip) V'(s) = —2H""1(S(x;r) N C(x)),

where H"~! is (n — 1)-dimensional Hausdorff measure, and C(x) is the cut
locus of x. (See the proof of Proposition II1.5.1.)

In particular, if, in addition, M is noncompact and real analytic, then V (r) €
C'forallr > 0.

On Volumes of Disks
Exercise II1.20. (E. Calabi, S. T. Yau) Show that if M is complete noncompact,
with nonnegative Ricci curvature, then for any x € M we have

V(x;R) > const., R

as R 1 +oo. Note that the result is sharp, in the sense that for M consisting of
the flat cylinder M = S"~! x R, we have

V(x;R) ~ 2¢h_1R

as R 1 +o0.

NoteIIL.12. Otherresults and examples can be found in Croke—Karcher (1988).

Fermi Coordinates

Exercise III.21. (Remark in a discussion with J. Velling) Show that if 91 is
compact, M has nonpositive sectional curvature, and r the distance function
on M based on 90, as described in §II1.6, then there exists py > 0 such that
for all p > py, the level surface r ~![p] is an immersed differentiable (n — 1)—
manifold.
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Exercise ITIL.22. (See Velling (1999)) Use Theorem I1.2.1 and (II1.6.1) to show
that if M is a 3—dimensional space form M., and 977 is a geodesic in M, then
the cylinder S(21; r) always has Gauss curvature equal to 0.

Exercise II1.23. Prove the following result of T. Frankel (1961):

Theorem. Let M be a complete connected Riemannian manifold of positive
sectional curvature, and let M, and M, be two compact totally geodesic sub-
manifolds of M. If

dim 9t +dim 9, > dim M,

then My and M, have nonempty intersection.

H. Weyl’s Formula for the Volume of Tubes

Note II1.13. We refer the reader to a result of H. Weyl (1939) which states that,
for any k—dimensional submanifold 9t of R" with compact closure, k£ < n,
the volume of the tubular neighborhood B (01; ) of 91 of radius r is given by
a polynomial in r with coefficients depending only on the intrinsic geometry
of M, not on the imbedding. For a full treatment of the result, with further
developments, see the survey Gray (1990).

Geometric Interpretation of the Riccati Equation

The following view has been effectively emphasized in Eschenburg (1987),
Grove (1987), and Karcher (1989).

Exercise II1.24. Given 2t a connected k—dimensional submanifold of M, then
for any £ € vSIM, ¢ > 0, U7 will denote the Weingarten map (here we
change the notation for the Weingarten map — the reason will immediately
become obvious) of S(MM; 1), () at a regular point y; (¢) of S(MM; 1).

(a) Show that if Y is any transverse Jacobi field along y¢, then

(V,Y)(0) = U7 Oy ).
(b) Show that if
U=AA",
where A is given as in §I11.6, then

U=1""oU %" Ooq,
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where 1, denotes parallel translation along y; from M, ) to M), and U
satisfies the Riccati equation (I11.4.16)

U+U+R=0.

Note that the self-adjointness of ¢/ is now immediate.

Exercise IIL.25. (See Velling (1999)) Show that if M is n—dimensional hyper-
bolic space, and 91 a k—dimensional submanifold of M, then for any £ € vSIN,
the Weingarten map U~%'® of S(9N; 1)y, ) is asymptotic to the identity map /
of S, 1)y, (1y» as t 1 +o0.

Manifolds With No Conjugate Points

Exercise I11.26. Let M be a complete Riemannian manifold with no conjugate
points. Forany x, y € M, let Nr(x, y) denote the number of geodesic segments
of length < T joining x to y.

(a) Show that Nt (x, y) is finite for all x, y, T.

(b) Prove

T
/ Nr(x, y)dV (y) = / di / VB E) s (@),
M 0 S,

The Laplacian

Exercise II1.27. Note that we have given two definitions of the Laplacian of
a function: one here just prior to Theorem II1.7.4, and the other just prior to
Exercise I1.9. Prove that the two coincide, that is, prove that, for a C 2 function
on a Riemannian manifold M, we have

div grad f = trHess f.

Exercise II1.28. Let M be a complete Riemannian manifold, o € M. Then, for
functions f defined on M, we define the averaging operator av, based at o by

(@v, f)(x) = A(o; )™ f fdaA, r=d(o, x).
S(o;r)
Show that M is harmonic if and only if the Laplacian commutes with the
averaging operator at o, that is,
Aoav, = av,oA,

forallo e M.
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Exercise I11.29.

(a) Prove that an immersed submanifold M of the Euclidean space R” is
minimal in R™ if and only if the restriction of the natural coordinate functions
of R™ to M are all harmonic on M (i.e., their Laplacian — relative to the metric
on M — vanishes identically on M).

(b) Prove that there are no compact minimal immersed submanifolds of R”.
(See Exercise I11.15)

Exercise II1.30. In these problems, we think of x as a tangent vector at the
position x.

(a) Prove Minkowski’s formula: 1f Q CC R” is a domain with differentiable
boundary, then

1
V(Q):—/ X-ndA,
n Jyq

where n is the unit normal exterior vector field of 2 in M along 9.

(b) Prove Jellet's formula (J. H. Jellet (1853)): If Q is a domain in M,
an n—dimensional submanifold of R”, with © having compact closure and
differentiable boundary I in M , then

// {n+(x,H)}dV:/(x,n)dA,
Q r

where H is the mean curvature vector field of M in R™.
(c) Prove: For any closed hypersurface S in R”, we have

A(S) = %/S h(x,m)dA,

where n is a unit normal vector field of S in R”, and § is the mean curvature
function of S relative to n.

(d) Prove: If S is a closed hypersurface in R” with nonzero constant mean
curvature b, then

M&z—lfn%WmmdA
hJs

(e) Also, to complete the apparatus of formuale, we will include Exercise
11.10(d)—(e): Prove

An=—gradh — |B|n,
and

A(x-n) = —h+x-gradbh — |B)*(x-n).
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The Second Variation of Area

Consider the k—dimensional submanifold 2t of the n—dimensional Riemannian
manifold M, with inclusion ¢ : 9t — M, and variation ® : 9t x I — M of
¢, as described prior to Exercise III.14 (the first variation of area). Again, we
write

D0 : =& +1,

where & is tangent, and 7 is normal, to (91 x {e}), for all . For p € 9, U a
neighborhood of p in M, we consider the vector fields

ea:UxI —->TM, A=1,...,n,

on M such that: foreach (¢, €) € U x I thecollection{egj4,e): A=1,...,n}
is an orthonormal basis of M,; and such that for each € in 7, e, |9 x {€} is
tangent to . (M), r = 1, ..., k, and e, | x {€} is normal to ¢ (M), &« = k +
1,..., n.Finally,welet{wl, ...,o", de}bethe coframedualto{ey, ..., e,, 0.}
onU x 1.

To pose the problem of calculating the second variation of area A;”(0), we
require a few preliminaries.

Definition. Consider the ki—dimensional submanifold 97t of the n—dimensional
Riemannian manifold M, with D the connection in the normal bundle (see
§I1.9, especially Exercise I1.12). For a normal vector field n on 91, define the
Laplacian of n, An, by

An = Z (DDn)er, e,) = Z {D,* — Dy, 1n.

r

We define the normal Ricci transformation fRic : vOT — vIN to be the bundle
map given by

Ricn = Z {R(e,, ﬂ)e;'}L~

In what follows, we always let 28 denote the second fundamental form of 91 in
M relative to n with Weingarten map 2" at each point of 1.

Exercise II1.31. Show that, for compactly supported n, we have

—/ <An,n>dAk=/ Dy dAs,
m m

where d A; denotes the Riemannian measure on 1.
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Exercise II1.32. Prove the second variation formula:

A(0) = /m{IDnI2 + (H,n)> = IBI*> = (Vyn, H) — (Ricn, n)} d Ay

Exercise II1.33. Conclude thatif k = n — 1, that is, 9 is a hypersurface in M,
then any normal vector field n along 901 is given by

n=ov, @ =@(x,e),

where v is a unit normal vector field along ¢.(01); H = hv, that is, the mean
curvature is essentially scalar, in which case the variation formulae read as:

dA
e (0)=—/ phdA,
€ m

and

d’A
0= /m (ol — (V. v) + ¢*(52 — B — (Ricv. v)}] dA.

where ‘B is the second fundamental form relative to v.

Note II1.14. The approach in Exercise I11.14 and in Exercise I11.33 via moving
frames (as described in our sketches for solutions to the exercises) is highly
influenced by S. S. Chern’s (1968).

Note IIL.15. Recall that the hypersurface 9t is minimal in M when §) vanishes
on all of 9. So, one can now consider the stability of such submanifolds,
namely, under what circumstances the second variation of area is nonnegative,
that is,

f {ldo)* — ¢* (IBII* + (Ricv, v))} dA > 0,
m

for all compactly supported functions ¢ on 9. For two basic studies, see
Barbosa—do Carmo (1976) and Fischer—Colberie—Schoen (1980). See also
Osserman (1980).

Exercise II1.34. In asimilar vein, show thatif D is arelatively compact domain
in M with smooth boundary 90t = 9 D having constant mean curvature, and then
the second variation of area of 91, subject to deformations of €2 that preserve
the volume of D is

/BD {ldol* = * (IBI* + (Ricv, 1))} dA,

for all functions ¢ on 9D satisfying f(, p ¢dA =0.
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Definition. We say that an immersed closed hypersurface W : 90t — M of con-
stant mean curvature is stable if its “second variation” is nonnegative, that is,

/ {ldol> — ¢* (IBII* + (Ricv, v))} dA >0,
m

for all functions ¢ on 91 satisfying fm pdA =0.

Exercise II1.35. Prove the following:

Theorem. (Barbosa—do Carmo (1984)) Ifx : M"~' — R" M compact, is an
immersion with nonzero constant mean curvature, and the immersion is stable,
then x(M) is a sphere.

One can find a recent survey of the case of nonzero constant mean curvature of
a hypersurface, with discussion of and references to stability questions, in do
Carmo (1989).

$IIL.9. Appendix: Eigenvalue Comparison Theorems

In this section, we introduce a study of functions on Riemannian manifolds that
highlights the interplay of the geometry—topology of the manifold with the ana-
lytic properties of the functions under consideration. We give very few details of
the general analytic theory. We only highlight those aspects required for applica-
tion of the volume comparison theorems to the study of analysis. The subject has
recently become quite vast, and we recommend the student to Courant—Hilbert
(1967) for the early most basic background, to Gilbarg—Trudinger (1977) for
the fundamental results on elliptic equations, and to Berger—Gauduchon—Mazet
(1974) and Bérard (1986) for the explicitly Riemannian character of the theory.
See also Jost (1995). For recent developments, see Buser (1992). Much of what
we say here was presented in Chavel (1984), and the reader is referred there for
more results and details. More recently, one has Davies—Safarov (1999).

To start, we let L?(M) denote the space of measurable functions f on M for
which

f [ f1?dV < +oo.
M
On L?(M), we consider the usual inner product, and induced norm, given by
(= [ prav. uR =0,
M

for f, hin L*(M). With this inner product L*(M) is a Hilbert space.
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One considers, among others, the following two eigenvalue problems.

Closed eigenvalue problem. Let M be compact, connected. Find all real num-
bers A for which there exists a nontrivial solution ¢ € C*(M) to the equation

(I11.9.1) Ad + A = 0.

Dirichlet eigenvalue problem. For M connected with compact closure and
smooth boundary, find all real numbers A for which there exists a nontrivial
solution ¢ € C2(M) N C°(M) to (II1.9.1) satisfying the boundary condition

(I11.9.2) ¢ IM =0.

The desired numbers A are referred to as eigenvalues of A, and the vector space
of solutions of the eigenvalue problem with given A — it is a linear problem in
both of these instances — its eigenspace. The elements of the eigenspace are
called eigenfunctions. The basic result is:

Theorem IIL9.1. For each of the above eigenvalue problems, the set of eigen-
values consists of a sequence

0§X]<x2<...1‘+oo,

and each associated eigenspace is finite dimensional. Eigenspaces belonging
to distinct eigenvalues are orthogonal in L*(M), and L*(M) is the direct sum
of all the eigenspaces. Furthermore, each eigenfunction is in C®(M).

We give a few comments on the theorem. First, as soon as one knows that the
eigenfunction ¢ € C*(M) N C'(M), one also knows that its eigenvalue must
be nonnegative. Indeed, one sets f = & = ¢ and applies the appropriate Green
formula ((II1.7.6) or (II1.7.10)) to obtain

(I1L.9.3) A= ||¢||*2/ lgrad > dV > 0.
M

From (I11.9.3), one has: A = 0 implies that ¢ is a constant function. Therefore, in
the closed eigenvalue problem, we have A; = 0, and in the Dirichlet eigenvalue
problem, we have A > 0.

Also note that the orthogonality of distinct eigenspaces is a direct conse-
quence of the Green formulae (II1.7.7) and (II.7.11). Indeed, let ¢, ¥ be eigen-
functions of the respective eigenvalues A, 7. Then,

0=/ {¢Aw—lﬁA¢}dV=(?»—f)/ ¢y dv,
M M

and the remark follows.
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The dimension of each eigenspace is referred to as the multiplicity of the
eigenvalue. It will be convenient to (henceforth) list the eigenvalues as

0<A A =--- 1 +o0,

with each eigenvalue repeated according to its multiplicity.

If {¢1, ¢2, ...} is an orthonormal sequence in L*(M) of eigenfunctions so
that ¢; is an eigenfunction of A; for each j = 1,2, ..., then {¢;, ¢, ...} isa
complete orthonormal sequence of L%(M). In particular, for f € L?>(M), we
have

]

f=Y (f:¢pd; in L*(M),  and  |IfI7 =D (f.0))
j=1

Jj=1

These last two formulae are referred to as the Parseval identities.
If we think of the Laplacian as an operator on C 2 functions, then for M
compact the Laplacian is symmetric in the sense that

(I1L9.4) (A, ¥) = (¢, AY) = —fM (grad ¢, grad ) dV/;

and a similar comment holds when M has compact closure and smooth boundary
for functions in C2(M) N C'(M) that vanish on dM. So, the bilinear form
representing — A is given by the Dirichlet or energy integral

Dif, h] = / (grad f, grad h) dV.
M

Note, however, that the bilinear form D only involves the first derivatives of
f and &, and we may therefore extend its definition to C'(M), with vanishing
boundary data (IT1.9.2) when there is nonempty boundary.

Moreover, when ¢ € C2(M) N C'(M) satisfies (I11.9.2), one has

(I11.9.5) (A, V) = —/ (grad ¢, grad ) dV,
M

even if we relax the differentiability on v — that we only require ¥ € C'(M).
Therefore, in what follows, we let f range over C'(M) when considering the
closed eigenvalue problem, and over functions in C'(M) satisfying (I11.9.2)
when considering the Dirichlet eigenvalue problem.

Theorem II1.9.2. (Lord Rayleigh) For all f # 0, we have

_DIf.f]
AR

with equality if and only if f is an eigenfunction of A, .

(I1L.9.6) A
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If{¢1, @2, ...} is a complete orthonormal basis ofLZ(M) such that ¢; is an
eigenfunction of A for each j = 1,2, ..., then for f # 0, satisfying

(1L9.7) (fsp) = =(f —1) =0,

we have the inequality

DLf. 1
111.9.8 A ,
(H9:5) ETIE

with equality if and only if f is an eigenfunction of ;.

Proof. The argument is based on (II1.9.5). Given f # 0, set
aj =(f, 9.
Then, (II1.9.7) is equivalent to saying that
o =---=0o_1 =0.
So,forallk=1,2,...,andr =k, k+ 1, ..., we have

0§D|:f_zaj¢j»f_2aj¢j:|

j=k j=k

=DIf, f1-2) e DIf.¢;1+ Y a;a/Dig;, 4]
j=k Jil=k

=DIf, f1+2) a;(f, Ad)) — Y ajou(d), Adr)
j=k e

=DIf, f1= ) hje;*.

j=k

‘We conclude that

00
E )\j()ljz < +OO,
1

and
oo oo
DIf. f12 ) hjo® = ne Y o = Ml FI1%
=k =k
by the Parseval identities. The case of equality follows easily. |

Thus the eigenvalues of the Laplacian may be realized via a variational problem
on C! functions. Moreover, the variational problem actually lives on a larger
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space. Namely, one might consider all those functions that are limits of C!
functions relative to the Dirichlet and L2 integrals. Then, the eigenvalues would
satisfy (II1.9.6) and (II1.9.8) for this larger class of functions. More precisely,
we endow C (M) with the metric

(I11.9.9) (fs Wu = (f, h) + DLf, hl,

and let H(M) denote the completion of C!(M) with respect to this metric.
It is known that C®(M) is dense in H(M). Also, it is known that uniform
Lipschitz functions may be realized as elements of H (M), with their gradient —
defined almost everywhere in M —in L2(M). (One uses a standard regularization
argument; see Adams (1975, pp. 29ff).)

Notation. For the closed eigenvalue problem, we let $H(M) denote H (M ). For
the Dirichlet eigenvalue problem, we let (M) denote the closure in H (M) of
those functions in C'(M) vanishing on d M. It is known that, in this latter case,
C°(M) is dense in $(M).

Thus, (IT1.9.6) and (I11.9.8) are valid — by definition (for D is defined on all of
H(M) by taking limits) — if we allow f to range over all of $(M). The char-
acterization of equality is a more delicate matter. However, the result remains
valid that, if for some f € $H(M), we have equality in (I11.9.6) or (II11.9.8), then
f is an eigenfunction of the eigenvalue in question.

We now sketch the argument that ¢, the eigenfunction of A never vanishes
on M. (Courant—Hilbert (1967, Vol. I, pp. 451ff). The close details were first
worked out in Bérard—Meyer (1982).) Certainly, in the closed eigenvalue prob-
lem, we have ¢; equal to a constant and there is very little to discuss. So, we
wish to consider the Dirichlet eigenvalue problem.

Before we begin this argument, we note that one may be in situations in
which M has compact closure, but nothing is known about the smoothness
of the boundary. So, the existence theory of eigenvalues—eigenfunctions is far
more delicate. It is nevertheless possible, at the most elementary level, to simply
consider minimizing the functional

DIf, f]
(VAR

where f varies over (M), the completion of C2°(M) relative to the metric
(II1.9.9). We then define the fundamental tone of M, »*(M) by

DLf, f]
m .
renmyf#0 || £

f—

(M) =
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Clearly, if
M, € M5, dim M| = dim M;,
then
A(My) = A (My).

We now proceed to show that, when M has compact closure and smooth
boundary, the eigenfunction ¢; for the Dirichlet eigenvalue problem does not
vanish. The first step is to use the strong maximum principle Courant—Hilbert
(1967, Vol. 1, p. 326ff), or the unique continuation principle Aronszajn (1957),
to show that if ¢ ever vanishes in M, then it must change sign. Next, we argue
here that it is impossible that ¢; ever change sign in M — therefore, ¢; never
vanishes in M.

This, itself, consists of two steps. First, we show that if D is any domain in
M for which

(I11.9.10) ¢ | D >0, ¢1 139D =0,

then

(111.9.11) f lgrad ¢ > dV =x1/ ¢ 2dv.
D D

Indeed, if one knew that 3D was C!, then the result would follow from the
Green formula (I11.7.10). When we know nothing of the smoothness of 9D, we
argue as follows: Let € be any regular value of ¢; | D, and

D.={x e D:¢i(x)> e}

/f |grad¢1|2dv:A1// ¢>12dv+/ PRLIPP
De D, D, av
=M// ¢12dV+6/ 91 44
De 3D, ov
=)~1/ ¢12dV+e// ApydV
D, D.
=)~1/_/ {12 — e} dV
D.

< )»1/[ $12dV.
D
If we let € | 0, we obtain

M= /f |grad¢1|2/// 612 = 25(D) = A*(M) = i,
D D

Then
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by Rayleigh’s theorem, which implies (II1.9.11). Furthermore, it also implies
(111.9.12) A*(D) = Aq.

We now conclude the proof that ¢; cannot change sign. Since M has smooth
boundary, the strong maximum principle implies that the normal derivative of
¢ along 9 M never vanishes. So, ¢; cannot change sign in a neighborhood of
the boundary. Assume that ¢; < 0 in this neighborhood. If ¢; changes sign in
M, then one has a domain D CC M on which ¢; satisfies (I1.9.10). One then
also has a nonnegative function ¥ € C2°(M) such that

v | D=1
Set @ = M \ D and consider the functions ¢ and v, in $(M) defined by
¢1D=¢|D, ¢12=0,
and

We=¢+€1ﬁ-

// wﬁdv=/f{¢12+2e¢1}dV+62/f yrav,

M D M

// |gradwe|2dV:)»1// ¢12dV+62// lgrad y|* dV.
M D Q

Now, one easily shows that for sufficiently small € > 0

Dlye. ¥l _
[l 12

which contradicts Rayleigh’s theorem.

An immediate consequence of the positivity of ¢; on all of M is that the
multiplicity of the eigenvalue A; is precisely 1. Indeed, if the multiplicity is
greater than 1, then A; has an eigenfunction v/ L’—orthogonal to ¢;, which
implies ¥ cannot be everywhere nonzero — a contradiction.

Then

1

We now wish to consider comparison theorems for A*. In the spirit of the earlier
comparison theorems, we wish to compare what happens in our Riemannian
manifold with the corresponding phenomena in a space form of constant sec-
tional curvature. Recall from §III.4, for each fixed x € R, we let M, denote
space form of constant sectional curvature « as described in §11.3 (we assume
the dimension is some fixed n > 1).

We let £ denote the Laplacian on S"~!'. We also fix a point 0 in M, and
consider spherical geodesic coordinates in M, centered at o. Then, for r > 0
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and £ € S,, and a function f on M,, one easily has
(I1.9.13)  (Af)(expré) =S, 7"8,(S." 19, f) + S L f,

where, when writing £¢ f we mean that f|S(o;r) is to be considered as a
function on S, with associated Laplacian L.
We now consider the Dirichlet eigenvalue problem on

M := B, (o; R) C M.

We let £, denote the radial functions with respect to o (i.e., functions that depend
only on distance from o) in L?(M). The orthogonal complement &,* of &, is
seen to be given by

5(,i={G;M—>ReL2:/ GdA =0 Vr > 0},
Se(osr)

where d A denotes the (n — 1)-measure on S, (0; r).
Now A certainly maps £, — &,. Let f be an eigenfunction of

he(R) := 1i(M),
and write f as
f=F+G,
where F € £, and G € &,*. Then,
(I11.9.14) F(expr§) = c ! : /S flexp rv)du,(v),
n-1J8,

which implies by (I11.9.13)

AF + 1 (R)F =0,
which therefore yields

AG + A (R)G = 0.

Since f|S,(0; R) = 0, we have, by (I11.9.14), F|S,(0; R) = 0, which implies,
G|Si(0; R) = 0. Thus, F and G themselves are eigenfunctions of A, (R), so ei-
ther F = Oor G = 0. Since the Dirichlet eigenfunction of A, (R) never vanishes,
but f G dA = Qoverevery S, (0;r), wehave G = O on all of B, (0; R). Said dif-
ferently, the eigenfunction of the lowest Dirichlet eigenvalue of B, (0; R) C M,
is radial with respect to o.

We are now given a Riemannian manifold M. For convenience, assume that
M is complete. Forany x in M and p > 0,let A(x; p) denote the lowest Dirichlet
eigenvalue of B(x; p), when the boundary S(x; p) is smooth — for example, when
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©o < injx. When the boundary is not smooth — for example, when p > injx —

let A(x; p) denote the fundamental tone A*(B(x; p)) of B(x; p).

Theorem II1.9.3. (S. Y. Cheng (1975)) Assume that the sectional curvatures
of M are all less than or equal to §. Then, for every x € M, we have

Ax; p) = As(p)

for all p < min {injx, 7t /~/8}, with equality for some fixed p if and only if
B(x; p) is isometric to the disk of radius p in the constant curvature space form
M.

Lemma IIL.9.1. (J. Barta (1937)) For any function f e CHB(x;p)N
CY(B(x; p)) with
fIB(x;p) > 0, F18(x; p) =0,

we have

A A
inf —f < —A(x;p) < sup —f
B(x;p) f B(x;p)

Proof. Let ¢ be an eigenfunction A(x; p) with

¢1B(x;p) > 0, #1S(x; p) =0;
and set
h=¢—f
Then
A9 Af | fAR—hAS
¢ f ff+h)
Since f(f + h)|B(x; p) > 0, and

—A(x; p)

/ {(fAR —hAfYdV =0,
B(x;p)

the claim follows. |

Proof of Theorem IIL.9.3. We let ¢ denote an eigenfunction of As(p) with
¢|Bs(o; p) > 0. Then, one has

p(exp r§) = O(r),
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where exp denotes the exponential map in M, and & satisfies

C
(111.9.15) 3, °® 4+ (n — 1)S—5a,xb + As(p)® =0,

s
with boundary conditions
(0, @)(0) = P(p) = 0.
One may write (II1.9.15) as
S5'7"8,(85"”' 8, ®) + As(0)® = 0,

which implies

(S5"7'9,@)(r) = —s(p) / S""'® <0
0
on all of (0, p) —so P is strictly decreasing with respect to r.
Now consider the function F : B(x; p) — R given by
F(exp r§) = (1),
where exp denotes here the exponential map from M, to M. Then,
0 {v/8(r;§)9, F}
JETEF
1 0y ;
- _ {3’_2}7 + Mar}?}
F VEr; §)

1 C
— {8,‘2F +(n— 1)—58,.F}
Ss

AF,
—(expre) =

IA

F
= —Xs5(p)

by Theorem II1.4.1 and the negativity of 9, F'; so

AF
—A(x; p) < sup T < —As5(p).

The case of equality is handled easily.

Theorem II1.9.4. (S. Y. Cheng (1975)) Assume that the Ricci curvatures of
M are all greater than or equal to (n — 1)x. Then, for every x € M, p > 0, we

have

Alx; p) < Ae(p),

with equality for some fixed p if and only if B(x; p) is isometric to the disk of

radius p in the constant curvature space form M.

Proof. Here, we have no guarantee that S(x; p), the boundary of B(x; p), is
smooth, so we may only think of A(x; p) as the fundamental tone of B(x; p).



SII1.9. Appendix: Eigenvalue Comparison Theorems 181

Thus, we wish to show that given any € > 0 there exists a function F' on B(x; p),
approximated relative to the metric (II1.9.9) by functions in C2°(B(x; p)), such
that

DIF, F] < {Ae(p) + €}IF 2.

The function F is constructed as above, namely, we let ¢ denote an eigen-
function of A, (p) with ¢|B, (0; p) > 0, where B, (0; p) denotes the disk in M.
Then, one has

p(exp r§) = O(r),

where exp denotes the exponential map in M, and @ satisfies

C,
(I11.9.16) 3.2® + (n — DG @+ h(p)® =0,

K

with boundary conditions
(0, P)(0) = P(p) = 0.
Again,
0, P)r) <0

on all of (0, p) — so ® is strictly decreasing with respect to r. Then, we define
F : B(x; p) = Rby

F(exp r§) = @(r),

where the exp denotes the exponential map from M, to M. We note that the
function F is defined for r& € B(x; p) N Dy, that is, for those r& inside the
tangent cut locus of x.

The function F is well defined on all of B(x; p), since if two minimiz-
ing geodesics, emanating from x, intersect at y, then both geodesics have the
same length. The function F is continuous, since the function c¢(§), & € S,
the distance along the geodesic y; to its cut point, is continuous. Also, for
ré € B(x; p) N D,, we have

(grad F)(exp r&)| = [9, P(r)l;

so grad F' has bounded length on B(x; p). Since grad F' is continuous every-
where except, possibly, on C(x) N B(x; p) — a set of Riemannian n—measure
equal to 0 — we conclude that F' € H(B(x; p)).

We now wish to show that F' € $(B(x; p)), that is, that F' is approximated
in H(B(x; p)) by a function G € C.*(B(x; p)).
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Let L : [0, 00) > R € C* with L'(0) = 0, and supp L C [0, p;] for some
p1 < p;and let G : B(x; p) — R be defined by

G(exp r§) = L(r)
for all 7§ € B(x; p) N D,. Then, G € H(B(x; p)) (as F is) and has compact

support. Also, we have

B - min {c(§),p} B » -~
IF —G|* = A dp(€) i (® — L) (r)/8(r; §)dr
min {c(§),p}
< /S dpn(€) / (@ — LY("S," () dr
X 0
< fs du.(§) /0 p(cb — LY (S (r)dr

=cCn1 / p(cb — LY*(r)S" " () dr,
0

which is the L? distance of functions on B, (0; p) determined by the functions
® and L. A similar estimate holds for D[F — G, F — G]. So, any degree of ap-
proximation achieved in H (B, (0; p)) is achieved automatically in H (B (x; p)).
Thus, F is an admissible function, that is, an element of (B (x; p)).

Let

b(§) = min {c(§), p}.

Then, it suffices to establish

b&) b(&)
/0 (8, @)*/8(r; §)dr < Ae(p) [0 % /g(r; &) dr

forevery & € S,. Well,

b(&) bE) b(&)
/0 (8, ) VB £)dr = ©(3, D) VB E)] — fo 0, {(5, P)/E(: )} dr

— (00, D)YBE) VEBE): £)
b(§)
- /0 9, (0, ©) V& £)) dr

b® 0, /8(r;§)
_ 2 . "
/O <1>{ar q>+(a,.d>)7\/g(r;g) }Jé(ué)dz

b(&) C
—/ ¢{8,.2<D+(n— 1)S—Ka,.¢}¢§(r;é)dr
0 K

IA

IA

b(£)
— 3 (p) f O Ja(r: £)dr,
0
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which is our claim. Note that we have used (i) ®|[0, p) > 0, (ii) 9, D|(0, p] < O
and (iii) Theorem I11.4.3.
The case of equality is easily handled. [ |

Notes and Exercises
Max-Min Methods

Exercise II1.36. Prove the following important generalization of Rayleigh’s
theorem:

Max-Min Theorem. Consider the Dirichlet or closed eigenvalue problem.
Given any vy, ..., Vvi_1 in L2(M), let

u = inf DL, f1/1£11%,

where [ varies over the subspace (less the origin) of functions in H(M) or-
thogonal to vy, ..., vy in L>(M). Then, for the eigenvalue A (the counting
is with multiplicity), we have

= Ag.

Of course, if vy, . .., vi_1 are orthonormal, with each v, an eigenfunction of A,
L=1,....k—1,then u = Ay.

Note III.14. Important consequences may be obtained from the arguments of
the previous exercise. They include theorems on (i) domain monotonicity of
eigenvalues, and (ii) the number of nodal domains of an eigenfunction (i.e., the
number of connected components where the eigenfunction does not vanish) —
Courant’s nodal domain theorem.

Similarly, one can replace vanishing Dirichlet boundary data with vanishing
Neumann boundary data, with a similar (although more restrictive) max—min
theorem.

For these and other matters, see the classic Courant—Hilbert (1967) and the
more recent Chavel (1984).

Exercise II1.37. Let j,; denote the k—th Dirichlet eigenvalue of B” (with
eigenvalues repeated according to multiplicity).
(a) Show that A;(B"(¢)), the k—th Dirichlet eigenvalue of B"(¢), is given by

M(B"(€)) =

jn,k
e’
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(b) Let M be an n—dimensional Riemannian manifold, x € M. Use Riemann
normal coordinates (§11.8) and the max—min theorem to prove

jn,k

M(B(x; €) ~ =2

ase | 0.

Exercise II1.38. We use the following variant of the argument of the max—min
theorem. Consider the case of M compact Riemannian, with closed eigenvalue
problem. List the eigenvalues as

AM=0< Xl <A3=<... T+OO},

with eigenvalues repeated according to multiplicity, and with corresponding
L?(M )-orthonormal eigenfunctions

{P1, P2, 3, ...}

Consider k pairwise disjoint domains €2, ..., €2, each with compact closure
and smooth boundary, and let A(2;) be the lowest Dirichlet eigenvalue of €2;.
Prove

(M) < sup M)
j=1,....k ’
Weyl’s Asymptotic Formula
Note IIL.15. The celebrated Weyl formula (1911, 1912) states that
wnV (M) An/2
(2m)

as A 1 +oo, where N()1) denotes the number of eigenvalues, counted with
multiplicity, < A. Similarly,

N ~

s

2 2/n
Az~(2”){ ¢ }

w2/ | V(M)
as £ 1 4o00. See Courant—Hilbert (1967, Vol. I, Chapter VI) and Chavel (1984)
for discussions of the result.

The Weyl formula allows one to determine V (M) once one knows the spec-
trum of the Laplacian of M. It was then asked whether the knowledge of the
spectrum determines the Riemannian metric itself (see Kac (1966)). The answer
was known quite early in the game that counterexamples exist (Milnor (1964)),

and a vigorous search for very simple and elementary examples has ensued.
See Buser (1992) for extended discussions, and Gordon—Webb—Wolpert (1992a,
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1992b), Buser—Conway—Doyle—Semmler (1994), Gordon—Webb (1996), and
Gordon (2000) for the most recent progress, with references.

Exercise II1.39. Solve the closed eigenvalue problem on the circle and the
Dirichlet eigenvalue on an interval. Verify Weyl’s asymptotic formula.

Exercise 111.40. Let M be compact n—dimensional with Ricci curvature boun-
ded below by (n — 1)x. A subset G of M is said to be e—separated if any two
distinct points of G have distance at least €. So, if G is maximal e—separated,
then all disks of radius € /2 centered at points of G are pairwise disjoint, and

M =] BG:e).
£eg

Show that, for such a G, we have

V(M)
cardG > Vo

(The exercise is Lemma IV.4.1 in Chapter IV. It is given here for use in the
following exercise.)

Exercise II1.41. Let M be compact n—dimensional with Ricci curvature boun-
ded below by (n — 1)x. Show that there exists a constant depending only on n
and « such that

¢ 2/n
(M) < c(n, k) { V(M)} .

Eigenvalues and Wirtinger’s Inequality

Exercise II1.42. (Wirtinger’s inequality) Prove that for f:R — R e D!
which is L—periodic, and that satisfies

/OLf=0,
f (7 _7/ 7.

with equality if and only if

one has

£) 2t + Bsi 2t
= ®CoS — sin —.
L L
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The “fixed-endpoint” version goes as follows: Prove that for f : [0, L] —
R € D!, which satisfies

fO)=f(L)=0,

L 2 oL
N2 s 2
/O(f)zﬁ/of’

. 2wt
f(t) = Bsin 7R

one has
with equality if and only if

Hint: Usually, it is an exercise in Fourier series. In the context here, it is
Rayleigh’s theorem applied to Exercise I11.39.

When the Fundamental Tone Is Bounded Away From 0
Exercise 111.43.

(a) Let M? be a 2—dimensional Riemannian manifold minimally imbedded
in R3. Show that, for every relatively compact domain €2 in M 2N B3(R), one
has

AT(Q !
() > iR
In particular, if M? is complete, and contained in B3(R) for some fixed R > 0,
then A*(€2) > const. > 0 for all relatively compact 2.

(b) Also show, if M is any complete Riemannian manifold with A*(€2) uni-
formly bounded away from O for all relatively compact €2, then for any 0 € M
and fixed k > 0, limsup V (0;r)/r* = 400, as r 1 +o0.

Lichnerowicz’s Formula

Exercise I11.44. Prove the Lichnerowicz formula (1958)
1
3 A(|/dF|?) = |Hess F|* + (grad AF, grad F) + Ric (grad F, grad F)

for all smooth functions on the Riemannian manifold M.

Exercise I11.45. Use the Lichnerowicz formula to prove that if M is com-
pact n—dimensional, with Ricci curvature bounded below by (n — 1)k, then the
first nonzero eigenvalue A,(M) (for the closed eigenvalue problem the lowest
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eigenvalue is equal to 0) satisfies
M (M) > nk.

We note that a result of M. Obata (1962) states that one has equality if and
only if M is an n—sphere of constant sectional curvature x. We suggest a slick
argument in Exercise VI.6. (See the hint there.) Also see the discussion (based
on Cheng (1975)) in Chavel (1984, pp. 82-84).

Exercise I11.46. Given M, ¥ > 0. Show that, for any fixed 0 € M, ¢(x) =
cos 4/kd(o, x) is an eigenfunction of A,(M,) = nk.



IV

Riemannian Coverings

In this chapter, we continue the development of the global theory, wherein we
emphasize volume and integration. The major theme is the study of the volume
growth of Riemannian manifolds, and the fundamental approach is to reduce
the study of the volume growth to a corresponding discrete problem.

Such a study presupposes that the Riemannian manifold has sufficient local
uniformity to allow us to disregard local fluctuations of the geometric data.
The primary example is that of a noncompact manifold covering a compact
Riemannian manifold, where the Riemannian metric on the cover is the lift of
the Riemannian metric on the compact via the covering (this example was first
considered in this context by V. Efremovi¢ (1953), A. S. Svarc (1955), and
J. Milnor (1968)). The covering determines a discrete group of isometries of
the cover, which, in turn, induces a tiling of the cover by relatively compact
fundamental domains — each isometric to the other. Thus, the estimate of the
volume of a metric disk in the cover is reduced to counting the number of
fundamental domains contained in the disk, and the smallest number of fun-
damental domains containing the disk. Since the action of the group is free,
counting fundamental domains is the same as counting elements of the group.
The quantitative estimates used here are the Bishop theorems of §II1.4.

More generally, one may relax the degree of local uniformity and nevertheless
obtain similar discretizations of Riemannian manifolds. Here, for the calibration
of discrete to the continuous, one must use Gromov'’s refinement of the Bishop
theorems (see §II1.4). Our treatment, in §1V.4, follows that of M. Kanai (1985).

We consider a number of other matters along the way. First, we give a skeleton
summary of basic background on coverings and fundamental groups. We finish
a matter first discussed in §11.8, namely, the determination of the Riemannian
metric of constant sectional curvature. Here, we derive the theorem of W.
Killing (1891, 1893), and H. Hopf (1925), which states that any complete

188
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Riemannian manifold of constant sectional curvature is covered by one of the
models presented in §11.3, namely, the spheres, Euclidean space, hyperbolic
space; and that any simply connected complete Riemannian manifold of con-
stant sectional curvature is isometric to one of these models. At the end of the
chapter, we also give the proof that any nontrivial free homotopy class of a
compact Riemannian manifold possesses a closed geodesic.

§IV.1. Riemannian Coverings

For the necessary background from topology, and for details that we do not
discuss here, we refer the reader to Massey (1967).

Definition. If M, M are connected topological manifolds, we say that a map
¥ : M — M isacovering if every p € M has a connected open neighborhood
U such that ¥ maps each component of s ~![{/ ] homeomorphically onto U.

It is standard that given the above covering, a point p € M, and a path w :
[0, B1 = M e C° such that w(0) = p, then to each p € ¥~ ![p] there exists a
unique /ift & : [0, B] — M e CO satisfying &(0) = P and ¥ 0 & = w. This is
referred to as the unique lifting lemma.

Definition. If M , M are connected differentiable manifolds, then 1 : M —
M is a differentiable covering if Y is a covering, and ¥ is differentiable of
maximum rank on all of M.

If M , M are connected Riemannian manifolds, then 1 : M- Mis a
Riemannian covering if v is a differentiable covering which is a local isometry
of M onto M.

Proposition IV.1.1. Ify : M — M is a Riemannian covering, then M is com-
plete if and only if M is complete.

Proof. One uses the fact that

(IV.1.1) exp Y& = Y(expé)

for allg ceTM (see the generalities on isometries in §11.3) as follows:

If M is complete, let y : I — M be a maximal geodesic with interval
containing the origin of R. Pick 7, £ € A~4; so that ¢(p) = y(0), ¢*|;E = v/(0).
Then ¢(')7g(z)) = y(t)forall t € I. But, ¢()7§(t)) is defined for all r € R. This
implies (since / is maximal) that / = R. So, every geodesic in M is infinitely
extendable in both directions. Therefore, M is complete.
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If M is given to be complete, and Y (¢), t € T is a maximal geodesic in M,
then y(¢) := ¢(y(¢)) is a geodesic in M. But y can be defined on all of R. The
unique lifting lemma will then imply that  can be defined on all of R. |

Theorem IV.1.1. (S. B. Myers (1941)) If M satisfies the hypotheses of the
Bonnet—Myers Theorem (Theorem 11.12), that is, if M is complete and the Ricci
curvature of M is bounded from below by a positive constant, then not only is
M compact, but also any cover of M, M, is compact.

Proof. Exercise for the reader. [ ]

Proposition IV.1.2. Let X, Y be Riemannian manifolds, ¢ : X — Y a local
isometry. Then, for any p € X, there exists an € > 0 such that

o|B(p;€): B(p;e) — B(p(p);e)

is an isometry.

Proof. Let €, and €4, satisfy
exp |[B(p;€,) : B(pi€,) — B(p;e€p)
exp |B(@(p); €4(p)) : B(@d(p); €p(p)) — B(D(P); €4(p))

be diffeomorphisms, and pick € = min{e,, €4()}. The (Euclidean) disks B(p; €)
and B(¢(p); €) are isometric under ¢,,,, and

@|B(p; €) = {exp |B(¢(p); €)} oy polexp IB(p; €)}

is, therefore, a diffeomorphism, which implies the proposition. |

Theorem IV.1.2. Let M be connected and complete, and let  : M — M be
a local isometry of M onto M. Then, \ is a covering.

Proof. M is certainly connected since ¥ is continuous.

Lety : [0, T,] — M beany geodesic segmentin M, P € M suchthat y(p) =
y(0). Then, y has a unique lift in M starting at p. Indeed, consider E eTM
such that W;E = y’(0). Then (by Proposition IV.1.2), there exists an € > 0
such that 77’§(t) is defined for ¢ € [0, €). Therefore, if we set

T =sup{t : y|[0, 7] has lift starting at p},
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then T > 0 and ¥ (yz(1)) = y(¢) for all 7 € [0, T'); also

lim y (1) = ¥ (7E(T)).

If T < T,, the lift can be defined at T and beyond, which implies T = T,,.
Next, suppose we are given p € M; we wish to construct a connected open
neighborhood U of p such that y» maps each component of 1 ~![U ] homeomor-
phically onto U. To this end, fix € > 0 so that exp |B(p; ¢€) is a diffeomorphism
of B(p; €) onto B(p;€).
Now one shows

v ' Bpal= | B@e.
peylp]
Indeed, if
q e U B(p;e),
pey!p]

then there exists a path @ joining some p € ¥ ~![p] to § having length less than
€. This implies that @ := ¥ (@) joins p to ¥(g) and has length less than €. So,

V(@) € B(p:€), thatis,g € Y~ '[B(p:e)].

On the other hand, if § € ¥~![B(p;€)], then g := V() € B(p;€), which
implies there exists a geodesic y, , : [0, T] — M from q to p, with length less
than €. Then, y, , hasalifty : [0, T] — M starting at §; so ¥(¥(T)) = p, and
d(q, y(T)) < €, which implies

g e v ' [B(p;e)l,

which implies the claim.
Finally, by the triangle inequality, given P, Pr € ¥ ~'[pl, P1 # P2, € <
d(p1, p2), one has

B(p1;€/3) N B(p2;€/3) = 0.

But the claims of the preceding paragraph are also valid for when € is replaced
by €/3. Thus, the desired neighborhood U about p is B(p;€/3). |

Corollary IV.1.1. The map £ : R — S! given by
0 > (cos@,sinf) := &

is a covering.
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Theorem IV.1.3. (J. Hadamard (1898), E. Cartan (1946))! If M is complete,
and all of its sectional curvatures are nonpositive, then for any p € M, exp,, :
M, — M is a covering.

Proof. Let g denote the Riemannian metric on M and consider the Riemannian
metric (exp,)*g on M. Then, straight lines emanating from the origin of M),
are geodesics in the Riemannian metric (exp,)*g.

By Corollary 1.7.2, (exp,,)*g is a complete Riemannian metric on M,. The
theorem now follows from Corollary I1.7.2 and Theorem IV.1.2. |

Theorem IV.1.4. Let M be a complete Riemannian manifold of constant sec-
tional curvature k > 0, dim M = n > 2. Then there exists a Riemannian cov-

ering ¥ : S"(1//k) = M.
We first require two lemmata.

Lemma IV.1.1. (S. B. Myers & N. Steenrod (1939)) Let M be a Riemannian
manifold, and ¢ : M — M an onto map (not assumed to be continuous) such
that d(p(p), (q)) = d(p, q) for all p,q € M. Then, ¢ is an isometry, that is,
¢ is a diffeomorphism preserving the Riemannian metric.

Proof. Besides the original proof of Myers and Steenrod, one can also refer to
the proof in Kobayashi—-Nomizu (1969, Vol. I, p. 169), based on Palais (1957).
See Exercise IV.3. |

Lemma IV.1.2. (W. Blaschke (1967), L. W. Green (1963)) Givenk > 0, and
M a complete Riemannian manifold such that for every p € M,
exp |B(p; w/+/k) has maximal rank,
and
exp, [T(S(p; 7//k)) = 0.

Then (i) for every p € M, the image exp (S(p;m//Kk)) in M consists of
precisely one point. Thus, the map Q : M — M given by

(Iv.1.2) O(p) = exp(S(p; /)

! The 2-dimensional version, of any two points being joined by a unique geodesic, goes back to
H. von Mangolt (1881).
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S (p;wNK)

Q(p)

Figure IV.1. A wiedersehnspunkte.

is well defined. Moreover, (ii) one has
(IV.1.3) 0% =idy,

(iii) Q is an isometry of M, and (iv) every unit speed geodesic y on M is
periodic, with period equal to 27 [ \/k .
Finally, (v) M is diffeomorphically covered by the sphere.

Proof. (i) is straightforward.
To prove (ii), one simply notes that, if p € M, § € S, and y¢(r) = expt§
then,

p = exp (—(/Ni)ye (/i)

To prove (iii) that Q is an isometry, we show that Q satisfies the hypothesis
of Lemma 1, that is, Q preserves distances. First note that

IV.1.4) OQ(re() = e (t + 7/ k).

Next, note thatif p, ¢ € M, then there exists £ € S, such that g = y:(d(p, q)).
Then, by (IV.1.4)

d(Q(p), 0(q)) = d(ye(m/NK), ve(d(p, q) + 7 /)
<d(p,q),
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that is, for all p,q € M, d(Q(p), Q(q)) < d(p, g). But with (IV.1.3), we have

d(p, q) = d(Q*(p), 0*(q))
<d(Q(p), 0(q))
<d(p,q),

which implies Q preserves the distance metric d( , ).

To prove (iv) that every unit speed geodesic has period 27 /4/k, one need
only argue via (IV.1.3), (IV.1.4), that

Ye() = Q* (e () = Q(ye(t + 7/VK)) = ye(t + 21/ /K).

We now prove (v), that M is diffeomorphically covered by the sphere. Let
M= S™"(1/4/x). Certainly, M satisfies the hypothesis of the lemma. If é is the
map for M given by (IV.1.2), then é is the antipodal map of S"(1/4/k), that is,
it is the restriction of —idgs+1 to S"(1/4/k).

The idea in the explicit construction of the covering is to fix two points, one
in M, the other in M , fix an orthonormal frame in each respective tangent space,
determine associated Riemann normal coordinates in each of the two manifolds,
and then match the points in the manifold by their coordinates. One must then
realize that, even though this mapping has maximal rank on the open disks of
radius 7 /4/k, in each manifold, there is still one point left over, and one must
guarantee that extending the map to this extra point remains differentiable of
maximal rank. The construction of the map itself in more direct coordinate-free
language goes as follows:

Pick pe M,p € M, a linear isometry ¢ : M; — M, and define r by:

(IV.L5)  yIB(F:n/v/k) = expog o (exp [B(F; w/v/ik) ™,
Y(O(P)) = Q(p).

Then, (IV.1.5) automatically guarantees that y|B(p; 7/+/k) is a local diffeo-
morphism onto its image B(p; 7r/+/k). Also, note that

(IV.1.6) Vup = 0.

Now, we consider the map ¥ at Q(p). To do so, we claim
(AV.L7) YIBO(F):7//k) = expoQ. 09 0 Qs o (exp [BO(B): /i) ™.
Indeed, if¢g € M, n € Sq,t € [0, 7 /4/x], then we have

exptn = exp (= (/i — )y, (//K)) = exp (—(1//k — ) Q:(m));
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and a similar statement certainly holds in M. Therefore, if q= é(ﬁ), 1€ Sz,
we have

Y (exp i) = Y(exp (—(1//k — )0.())
exp og o (—(/+/kk — 1)0.(7)
exp (— (/K — )¢ 0 0.(7)
exp 0. 0 ¢ 0 O.(expn),

that is, (IV.1.7).
Thus, ¢ is differentiable of maximal rank. Since M is compact, ¥ is a
covering by Theorem IV.1.3. |

Proof of Theorem IV.1.4. One immediately has via Theorem I1.8.2 that
constructed above is a local isometry. [ ]

§1V.2. The Fundamental Group

In this section, we summarize the background material in a fashion suitable
for our subsequent use. Again, the reader can find the necessary background in
Massey (1967).

1. Let M be a topological manifold, I' a group of homeomorphisms of M.
We say that I" acts properly discontinuously on M if to each p € M there is a
neighborhood U of p such that the collection of open sets {¢p(U) : ¢ € I'} are
pairwise disjoint.

In particular, ¢ # idy, implies ¢(p) # p for all p € M. Thus, the action of
¢ is freeon M.

Lety : M — M be a covering. We say that a homeomorphism ¢ : MM
is a deck transformation of the covering ¥ if 1y o ¢ = . The collection of
deck transformations form a group under composition. One checks that the
deck transformation group acts properly discontinuously on M.

Conversely, given M, and I" acting properly discontinuously on M,let M/ T’
be the orbit space of I, thatis, for p € M,let[p] =: {¢p(p) :p e}, : M —
M /T the projection w(p) = [p], and endow M/ I" with the quotient topology.
One sees that  is a covering with deck transformation group I".

Let I' act properly discontinuously on M, a differentiable manifold. If each
¢ € I' is a diffeomorphism, then M /T has the natural structure of a differen-
tiable manifold and w : M — M/ T is a differentiable covering. Furthermore,
the group I'y = {9, : TM — TM : ¢ € I'} acts properly discontinuously on
TM, and TM/T, is naturally diffeomorphic to T(M/TI"). Therefore, if, in
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addition, M is Riemannian and I" consists of isometries of M, then M /T has
a natural Riemannian metric for which 7 is a Riemannian covering.

2.Let M = S"(1//k), k > 0, and let

T = {idge+ [S"(1/ /), —idgest [S"(1//6)}.

Then the quotient Riemannian manifold M/ I is called P"(1/+/x), n—dimen-
sional real projective space (and when n > 2) of constant sectional curvature
k. One easily checks that P"(1/,/k) has diameter equal to 7/2./k, that all
geodesics are simply closed of length 7 /,/k, that the cut locus of any point
consists of the metric sphere centered at that point with radius 7 /2./i, that the
volume of P"(1/4/«) is half that of S"(1/4/k), and that the cut locus of any
point is isometric to the projective space P"~!(1//k) of dimension n — 1.

Let Z" be the n—fold Cartesian product of the integers and V' an n—dimensional
real vector space. Fix a basis {e, ..., e,} of V. Thentoeach (¢!, ..., a") € Z"
is associated a transformation of V, «, given by

@) =&+) dle;.
j=1

The resulting group of transformations I' is isomorphic to Z" and acts properly
discontinuously on M := V. The quotient manifold thus obtained is diffeomor-
phic to the torus

T :=(S')

(see Corollary IV.1.1).

If V is an inner product space with its induced standard Riemannian metric,
then M/ I is flat, that is, all its sectional curvatures are equal to 0. Note, however,
that a change of basis of V changes I', and there is no a priori expectation that
the new quotient space (which is also flat) is isometric to the old one. (See
Exercises IV.4-1V.8)

3. Again, start with M a fixed topological manifold. Two continuous paths
wg : o, B] > M, w : [a, B] — M with the same endpoints, that is,

wo(a) = wi(@), wo(B) = wi(B),

are said to be homotopic if there exists a continuous map v : [«, 8] x [0, 1] —
M satisfying

v(t,0) =wo(t), v, 1)=wi(t), forall ¢ € [a, 8],
v(a, €) = wo(a) = wi(a), Vv(B,€) = wo(B) = wi(B), forall € € [0, 1].
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When wy, w; are homotopic to each other, we write wy ~ w;. The relation
“homotopic” is an equivalence relation.

Given continuous paths w : [0, 1] = M, y : [0, 1] = M satisfying w(1) =
y(0), one composes w, y to define w - y by

w(2t) 0<t<1/2

(w-Y)t)= {y(2t—1) 1/2<t<1.

One easily proves thatif wy ~ w1, Y9 ~ y1 and wp(1) = w(1) = Y(0) = y1(0),
then wg - Yo ~ w; - y1. So, the multiplication may be defined on the homotopy
classes.

Given p € M, let (M, p) be the homotopy classes of loops w : [0, 1] —
M e C° satisfying w(0) = w(1) = p. Then, m(M, p) has the structure of a
group and is called the fundamental group of M based at p.

If po, p1 € M then any path y : [0, 1] — M e C° satisfying y(0) = py,
y (1) = p; determines an isomorphism 7 (M, py) — 7w (M, p;) via

= y_l NORRR

M is called simply connected if w(M, p) consists of the unit element alone,
thatis, all loops based at p may be deformed to p. One can show that M is simply
connected if and only if any two paths with same endpoints are homotopic.

Of course, R” is simply connected for all n > 1.

Let ¢ : M— Mbea covering. Recall that if  is a path in M with initial
point p, then toeach p € ¥ ~![p] there exists a unique lift of @ in M with initial
point p. Actually, a stronger statement, known as homotopy lifting lemma is
true: Given a homotopy v : [0, 1] x [0, 1] = M with p = v(0, €) for all € in
[0, 1],and P € ¥ ~'[p], there exists a unique ¥ : [0, 1] x [0, 1] — M such that
v(0,€) = p for all € in [0, 1], and ¥ oV = v. In particular, ¥(1, 0) = v(1, €)
for all € in [0, 1].

4. We now describe the universal covering of M. Fix p € M and let 2, consist
of all continuous paths in M starting at p, that is,

Q,={w:[0,1] > M € C°: »(0) = p).

On Q, introduce the equivalence relation given by homotopy of two paths
starting at p, and let My = 2,/ ~, the space of homotopy classes of paths
starting at p. Since homotopic paths have the same endpoints one obtains a
natural projection ¥ : My — M. Then, M, can be endowed with a topology
for which it is simply connected, and W is a covering called the universal
covering of M.
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Furthermore (and this is the “universal” property of W), given any covering
(/38 M — M there exists acovering ¥y : My — M such that ¥ = Y o ¥g. The
map v is defined as follows: Fix p € ¥ ~![p]. Forw € Qp, mapw — w(l) €
M, where & is the unique lift of w through p. Actually, by the homotopy lifting
lemma, the map is defined on the equivalence class of @ — so it is a map from
My to M .

Finally, if M itself is simply connected then 1 is a homeomorphism.

5. An immediate consequence of the universal property and Theorem 4 is:

Theorem IV.2.1. (W. Killing (1891, 1893), H. Hopf (1925)) S" is simply con-
nected for n > 2.

Furthermore, a complete simply connected Riemannian manifold of constant
sectional curvature k is uniquely determined up to isometry. In particular such
a space is isometric to the appropriate model among those discussed in §11.3.

6.Lety : M — M be the universal coveringof M,andfix p € M,p € ¥~'[p].
Let I" be the deck transformation group of the covering. Then, I' is isomorphic
ton(M, p).

The map is given as follows: given y € I', all paths joining p to y(p) are
homotopic (since (AN/I ) is trivial), and therefore project to a well-defined el-
ement of 7w (M, p). The map is clearly a homomorphism. By the homotopy
lifting lemma, the map is one-to-one into. Should one start with a homotopy
class in @ € m(M, p), one proceeds to obtain the element ¢, € I" as follows:
Letq € M. Then, ¢ is determined by some homotopy class & of paths in M
joining p to g := ¥(q). Then define ¢, () to be the point in M corresponding
to the homotopy class w - & of paths joining p to ¢, where the loop w is a
representative of the class «. Certainly ¢, commutes with ¥, and is one-to-one.

Also, one has that I acts transitively on ¥ ~'[p] for each p € M.

Theorem IV.2.2. (S. B. Myers (1941)) Let M be a complete Riemannian
manifold, of dimension n > 2, such that there exists a constant k > 0 for which
(Iv.2.1) Ric(¢, £) > (n — Dk |€|?

forany & € TM, then w1 (M) is finite.

Proof. The universal cover of M is complete, with the same estimate on
the Ricci curvature. Hence, by the original Bonnet—-Myers theorem (Theorem

I1.6.1), the universal cover of M is compact, and the the number of preimages
of any p in M must be finite. |
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§IV.3. Volume Growth of Riemannian Coverings

We start with an elementary result on the growth of groups.

Definition. Let I' be a finitely generated group, with {y, ..., &} a given set
of generators. To every y € I', we associate the norm of y, |y|, defined to be
the minimum length of y as a word in the given set of generators {yy, ..., ¥}
We also define the counting function n(1) by

n(d) =card{y : |y| < A}.
Note that

n(Z) < 2k)2k — 1)L
Proposition IV.3.1. The limit of n(A)'/*, as A 1 400, exists.

Proof. Certainly,
Ivai.n n(A + 1) < n(A)n(r),
which implies
n(er) < n(h)*.
Given any A, ¢ > 1 then pick
C:=[A/t]+ 1> A/t,

where [x] denotes the largest integer < x. Then n(A) < n(ft) < n(t)* <
n()*'*1, from which one concludes

I’l()\.)l/k < n(t)l/f-‘rl/)\'
Thus, one has

lim sup n(M)'* < n(r)!/!
A+oo

forall + > 1. Now, let ¢ 1 +o00. Then,

lim sup n(AM)'* < liminf n(3)"/*,
A+oo Moo

which implies the claim. u

Now we consider what happens if we use a different set of generators
{yy, ..., v}, with counting function n*(%). Let

N =max {|y . 7 =1,..., 2}
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Then
n*() < n(N1),

which implies

In n*(}) - Nln n(N)L).
A - N

Therefore, the change of generators of I' leaves invariant the vanishing or
nonvanishing of the lim {In n(A)}/A, as A 1 +o0.

Definition. We say that I has exponential growth if

1 A
nn()>0

lim sup
A+oo

Otherwise, we refer to I' as having subexponential growth.

Definition. Given a Riemannian manifold M, we say that M has exponential
volume growth if

. In V(x;r)
limsup ——— >0
1400 r

for some (therefore, for all) x in M. Otherwise, we refer to M as having sub-
exponential volume growth.
Proposition 1V.3.2. For any Riemannian manifold M, x € M,

. In V(x;r)
lim sup ————

r o0 r

is independent of the choice of x.

Proof. Given x and y in M, we have
B(x;r) € B(y;r +d(x,y)),
which implies

. InV(y;r +d(x,y) . In V(y;r)
lim sup m sup = lim sup ——,
400 r rt+4o0 r r+4o0 r

In V(x;r) <1
—— <

and the same inequality with the roles of x and y interchanged. Therefore, the
two limsups are equal. |
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As the above proof indicates, there can be no a priori expectation that the
limsup is uniform with respect to x. However, when M is a noncompact cover
of a compact, then we prove below that the limsup is uniform; furthermore, the
limsup is actually a limit.

Definition. Let v : M — Mbea covering, with deck transformation group I'.
We say that a domain 2 C M is a fundamental domain of the covering if

y@QNQ=¢ forall yel', and ¥(Q)=M

When I acts transitively on the fibers 1 ~'[ p] for each p € M, then ¥/(Q) =
is equivalent to saying that

(IV.3.2) Ur@=

yell

When considering a Riemannian covermg one may construct a fundamental
domain usmg cut loci. Namely, assume M is complete, p € M ,p=v(p) eM.
Then 1//*‘ R M — M, is a linear isometry, and, of course, one has (IV.1.1) for
allé € M Therefore to each p € M, we have

pr> D, S M, > Y '(D,) S My > expy (¥, (D)),

which is a fundamental domain in M.
In what follows here, we shall change notation slightly, in that we have M
the cover of M,.

Theorem IV.3.1. (A. Manning (1979)) Let M be the universal cover of M,,
M, compact. Then, for x € M the limit

. In V(x;r)
u:i= lim ——=
r 400 r

exists, the value is independent of x , and the convergence is uniform with respect
to x.

Proof. We already know that if the limit exists, then its value is independent
of x.

Furthermore, if we let F' denote a fundamental domain of M, in M, and d
its diameter, then for all x, y in F and » > d we have

B(x;r —d) € B(y;r) € B(x;r +4d),
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which implies
(IV.3.3) Vigr —d) = V(yir) = V(xgr +d)

for all x, y in M. Therefore, since any p € M can be translated to F by the
deck transformation group of the covering, any convergence will be uniform
with respect to the choice of origin x.

To show that the limit itself exists, one is guided by the fact that the local
behavior of the Riemannian metric is uniform to a very high degree. Indeed, all
data —the metric, the density of the Riemannian measure, the various curvatures,
etc. — vary over some fundamental domain, and are then translated by the deck
transformation group over all of M, as mentioned in the previous paragraph.
Therefore, one must only consider how to piece together this locally uniform
behavior to obtain the global result. The key element of this uniformity, in our
situation here, is that, for any fixed » > 0, the constant

¢ :=inf{V(z;r/2):z € M} > 0.

(Why is the constant positive?) With this in hand, we now prove the existence
of the limit . In analogy with the argument of the previous proposition, we
must find an analogue of (IV.3.1).

Fix x; for any r, s > 0, we have

B(x;r +s) = U B(y;s).
yeB(x;r)

Fix some b > 0. If Y is any subset of B(x;7) whose points are, pairwise, at
least distance b apart from each other, then

L BG:b/2) S B(xir +b/2).
yey
where the left-hand side is a disjoint union, which implies
Vx;r +b/2) > Z V(y;b/2) > cpcard Y
yeY

SO
(aIv.i34 cardY < c;,’IV(x;r +b/2).

Now choose Y € B(x;r) to be maximal with respect to the property that all
its points, pairwise, have distance at least b from each other. Since Y is maximal
in this sense, then every point of B (x; r) is within distance b of Y, which implies

B(x;r +s) € UB(y;s+b)

yeY



$1V.3. Volume Growth of Riemannian Coverings 203
for all s > 0. Therefore,

Vxsr+5) < (cardY)rgleagi V(y;s +b)

<o 'V +b/2V(x;s + b+ d),
by (IV.3.3), IV.3.4), for all r, s, b > 0, which may be rewritten as
Vx;r+b/24+s—b/2) < cb’IV(x;r +b/2)V(x;s —b/2+3b/2 4 d).

By changing » + b/2 tor, and s — b/2 to s, one obtains
(Iv.3.5) V(r+58)<c, 'WV(sr)V(xss +3b/2 4 d)

forallr > b/2,s > —b/2, b > 0. This is the desired analogue of (IV.3.1).
The end of the proof follows the same lines: Set

a=cy !, A=3b/2+d.
Then
Vsr+s)<aVxr)Vx,s+ A)
for r and s as above. We conclude
Vs (k+Dr) < o'V er + A
for all r > b/2, k =1,2,....Therefore, given any r > b/2, § € (0,r), and

k=1,2,...,wehave
V(xskr +8) < V(x;(k + Dr) < o*V(x;r + AL,
which implies
In V(x;kr +38 k1 k+1
n v ’+)§ na+ + In V(x;r + A),
kr 4+ 6 kr +6  kr+34
which implies, by fixing r and letting £ 1 o0,
lim sup In V(x;s) < ln_a n In V(x;r + A)

st+o0 N r r

for all » > b/2, which implies

In V(x; . In Vi
lim sup RURASILY (x;5) < liminf SLRASILY (¥ S),
st+o00 N st4o0 N
which implies the theorem. |

We now pursue this passage from the locally uniform to the global in a more
detailed manner. Now, our consideration is: Since every fundamental domain
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has the same volume, then the growth of V (x; r), with respect to r, is essentially
equivalent to the growth of the number of images of x, under the action of the
deck transformation group, in B(x;r), for large r. Since the action of the deck
transformation group on the covering space is free, then the counting of images
of x, under this action, may be calibrated to the counting of elements of the
deck transformation group. The details of the calibration — we follow Milnor
(1968) — (most explicit in (IV.3.6), (IV.3.10) below) go as follows:

LemmalV.3.1. Let M be a complete Riemannian manifold, let T be any finitely
generated subgroup of isometries M acting properly discontinuously on M.
Then, for any x € M and set of generators of T, there exist positive numbers i
and €, depending only on x and the choice of generators, such that

V(x;An +€)

(IV.3.6) nn) < Voo

forall » > 0.
If M/ T is compact then u and € may be chosen independently of x.

Proof. Given a collection of generators {y,, ..., y} of [, set

.....

.....

which implies that, forany A > 1, B(x; Au) contains at least n(X) distinct images
of x under the action of I".
Now there exists € > 0 such that

B(x;e)Ny(B(x;€)) =0

forall y € T', x € M. One immediately has (IV.3.6). | |

One immediately concludes from Bishop’s comparison theorem (Theorem
1I11.4.4):

Theorem IV.3.2. (J. Milnor (1968)) Let M be a complete Riemannian man-
ifold with nonnegative Ricci curvature, and let T' be any finitely generated
subgroup of isometries M acting properly discontinuously on M . Then, for any
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set of generators of I', we have

1 A
lim M
Moo A

Remark IV.3.1. Of course, the more precise version of the theorem is that
since M has polynomial growth, that is,

V(x;r) < const.r"

for all x and r, we also have (from (IV.3.6)) that I" has polynomial growth, that
is,

n(A) < const.\”

for all A.

Lemma IV.3.2. Let M be a complete Riemannian manifold, I a finitely gen-
erated subgroup of isometries M acting properly discontinuously on M, such
that M/ T is compact; and let E be a compact neighborhood for which

U y(E) =M.

yel
(1) Then {y(E) : y € '} is a locally finite cover of M by compact neighbor-
hoods.
(ii) Let
Fe={y el :y(E)NE #0};

then, I'g generates E. Furthermore, if we set

= inf d(y(E), E),
v ylélrf (y(E), E)

then we have, for any giveny € T,
d(y,
(IV38) Ve [M} 1,
v

for all x,y € E, where the length of vy is measured relative to the elements
in FE.

Proof. (i) If the cover is not locally finite, there would exist y € M and
r > 0 for which B(y;r) contains points from infinitely many distinct y (E). If
d denotes the diameter of E, then B(y;r + d) contains infinitely many distinct
y(E), which contradicts the proper discontinuity of the action of I on M.

(i1) We prove both of the claims of (ii) together.
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For |y| = 1 the estimate (IV.3.8) is obviously true.
Solet |y| > 1. Given any x, y € E, connect y to y(x) by a minimizing unit
speed geodesic segment w. Let k£ denote any integer for which

d(y, y(x)) -

V3.9 ,
( ) T

and set

zj = w(jd(y, y())/k),
Jj =0,..., k. Then, of course,
d(zj_1,z;) <v.
So, if we let yo denote the identity transformation of M, and pick y; € I’

sothatz; € y;(E)for j =1,...,k,theny;y;—1~' € [gforall j =1,... k.
Furthermore,

Y =0vie1 D v,

which implies y is generated by I'g, and |y| < k. But the most efficient choice
of k for which (IV.3.9) is valid is

. [d(y, y(x»] .

Vv

which implies the lemma. n

Lemma IV.3.3. Let M be a complete Riemannian manifold, and let T be any
finitely generated subgroup of isometries M acting properly discontinuously on
M, such that M/ T is compact. Then there exist positive numbers v and 8§, such
that

V(x; v —(v+28))

(Iv.3.10) n(d) > Vo)

forall > 1438/v,x e M.

Proof. Let 2 be a fundamental domain of I", and § equal to the diameter of 2.
Then, B(x; §) contains Q forall x € Q. Apply the LemmalIV.3.2to E = B(x;);
denote the v corresponding to x, defined in the statement of the lemma, by v,,
and let

v = inf v,.
xeM

For any ¢ > 0, set

I'y={y el :yBx;8)NB(x; L+ 35) £ ?}.
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Then
B(x; € +68) € T'e(B(x39)),
which implies
V(x; €+ 68) < (cardT'p)V (x;6).

To estimate card I'y from above, we note that the argument of Lemma IV.3.2
implies

£+ 36

lyl =< +1  forall y eTy,

which implies

0+35 Vct+s
(IV3.11) 2 (520 1) 5 carar, > YO
v V(x;6)
which implies the claim. u

The Giinther—Bishop comparison theorem (Theorem II1.4.2) then implies:

Theorem IV.3.3. (J. Milnor (1968)) Let M, be a compact Riemannian man-
ifold of strictly negative curvature. Then, the fundamental group of M,, m;
(M,, x,) for any x,, has exponential growth.

§IV.4. Discretization of Riemannian Manifolds

We now view the deck transformation group of a covering as a discretization of
the manifold. The highlight of the above section was the ability to employ the
strong local uniformity of the Riemannian geometry of the covering to calibrate
growth of volume by growth of number of fundamental domains, that is, by
growth of the deck transformation group. In this section, we digress from the
specific geometry of coverings to show how to preserve this local uniformity
in more general settings. But, first, some preliminaries.

Definition. Let X and Y be metric spaces with map ¢ : X — Y. We say that
¢ is a quasi-isometry if there exists a constant ¢ > 1 such that

cld(x1, x2) < d(@(x1), P(x2)) < cd(xy, x2)

for all x;, x, in X.
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There is no claim that ¢ is onto. So a quasi-isometry is not necessarily a Lipschitz
homeomorphism. See the discussion in the example that follows. Of course,
¢ : X — ¢(X) is a Lipschitz homeomorphism.

Example I'V.4.1. We recast the Milnor theorems in our current setting.

Let T" be a finitely generated group, with A = {yy, ..., 11} a given set of
generators. Recall that with every y € I is associated the norm of y, |y |4,
defined to be the minimum length of y as a word in the given set of generators
A. Note that

[Yla=0, with |yla=0 & y=id,
Byla < |Blatlyla. and |y~'a=lyla,
for all B, y in I'. The word metric on T is then given by
54(B,7) =1B""yla.

If we use a different set of generators B := {y}", ..., y,} then, as described in
§IV.3, we have the metrics induced by A and B quasi-isometric to each other,
namely, let

N =max{|lyfla:r=1,..., ¢}
then

N7 'yla<lyls < Nlyla

forally e T.

Now, let M be a complete Riemannian manifold, and I a finitely generated
subgroup of isometries M acting freely and properly discontinuously on M,
such that M/ T is compact. For each x € M, let || - || denote the displacement
norm on T", given by

ylly =dx, y-x)
for all y € T', where d denotes distance in M. Then, again, we have
[yly =0, with [yll,=0 < y=id,
1BV e < 1Bl + lylle.  and y =" = [yl

for all B, y in I'. Then, the results of Milnor (IV.3.7) and (IV.3.8) imply the
existence of a constant ¢ > 1 such that

allyla <yl <alyla

for all y € T", which implies that the induced metrics are quasi isometric.



$IV4. Discretization of Riemannian Manifolds 209

Furthermore, the map ¢ : I' — M, given by

o(y)=v-x,

satisfies

a's (B, y) < d(@(B), p(¥)) < ada(B,y)

for all B, y in I —so ¢ is a quasi-isometry.
Finally, (IV.3.6) and (IV.3.10) imply the existence of constants a > 1,b > 0,
and ¢ > 1 such that

(IV4.1) clna@ A —b) < V(x:1) < cnu(@ar+b),
where n 4()) denotes the counting function of A4, given by

na(d) =card{y : |yla < A}

Definition. Let X and Y be metric spaces with map ¢ : X — Y. We say that
¢ is a rough isometry if there exist constants @ > 1, b > 0, and € > 0 such that

a 'd(xy, x2) — b < d(¢(x1), p(x2)) < ad(xy, x2) + b
for all x1, x, in X, and ¢ is e—full, that is,

U Bo@ye) =v.
xeX
Note that the definition of rough isometry does not require that the map ¢ be
continuous.
Also, the following proposition shows that “X is roughly isometric to Y is
an equivalence relation.

Proposition IV4.1. If ¢ : X1 — X, and ¥ : X5 — X3 are rough isometries,
then so is ¥ o ¢.

If ¢ : X — Y is a rough isometry, then there exists ¢~ : Y — X a rough
isometry, for which both d(¢~ o ¢(x), x) and d(¢ o ¢~ (y), ¥) are uniformly
bounded on X and Y , respectively.

Any two spaces of finite diameter are roughly isometric.

If X and Y are roughly isometric, then X andY x K are roughly isometric
for any compact metric space K .

Proof. We only comment on the second claim. By definition, ¢(X) is e—full
in Y for some € > 0. Then, given any y € Y, there exists an x € X for which
d(¢(x), y) < €. Then, define ¢~ (y) := x. One checks that ¢~ is a mapping
from Y to X satisfying the claim of the proposition. |
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We are now given a countable set G, such that for each £ € G, there is a finite
nonempty subset N(§) € G \ {£}, of cardinality m (&), each element of which
is referred to as a neighbor of &. Furthermore, we require that € N(§) if and
only if & € N(5). Then, one determines a graph structure G by postulating the
existence of precisely one oriented edge from any & to each of its neighbors,
that is, the elements of N(&). We refer to m(&) as the valence of G at €.

Definition. We say that the graph G has bounded geometry if the valence
function m (&) is bounded uniformly from above on all of G.

A sequence of points (&, ..., &) is a combinatorial path of length k if
& eN(j_)forall j =1,..., k. The graph G is called connected if any two
points are connected by a path. Note that m(£) > 1 for all £ if G is connected.

For any two vertices £ and 7 in the connected graph G, one defines their
distance d(&, n) to be the infimum of the length of all paths connecting & to
n. We also refer to d as the combinatorial metric. We set the notations for the
respective metric “disks” and their “bounding spheres”:

BE:k)={neG:dn,§) <k} and o k) ={neg:dn & =k}
forany £ € G.
Proposition 1V.4.2. Assume G is connected, with more than one edge and with
bounded geometry. Set

m = g )

Then for any finite K C G, and k > 0, we have
card {n € G : d(n, K) = k} < m*card K;
from which one also has
card{n € G : d(n, K) < k} < m*card K.
Also, if G, F are connected graphs, G with bounded geometry, and
¢:G—F
is a rough isometry, then there exists p > 1 for which
card < pcard ¢p(K)
for all finite subsets K of G.

Remark IV4.1. Of course, one always has: card ¢(K) < card K.
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Proof. The first claim is obvious. For the second claim, we wish to show that
there exists i > 1 such that, given any n € F, we have

card¢~'[n] < .
Well, the rough isometry property implies that, for all £, &' in ¢~![5], we have
a”'dE, &) - b <0,

that is, d(¢, £') < ab, which implies ¢~'[] € B(£;ab) for any & € ¢~ '[n].
Therefore,

cardp™'[n] <m® + 1 := pu. m

Example IV.4.2. Let I' be a finitely generated group, with generator set A, as
in Example IV.4.1. Given any y € I', we let

N(y) = y(Au A

be the neighbors of y. Then, the combinatorial metric of the graph structure
coincides with the word metric. It is common to refer to this graph as the Cayley
graph of T.

Definition. Let M be a complete Riemannian manifold. A graph G in M is a
discrete subset G of M, for which there exists R > 0 such that

(IV4.2) M =|JBER),
§eg

with the graph structure G determined by the collection of neighbors of &,

N(&) :={g N B(&;3R)}\ {&},

foreach & € G.
We refer to R as the covering radius of the graph G.

Theorem IV.4.1. Let M be Riemannian complete, and G a graph in M, cov-
ering radius R. Then there exists a constant a > 1 such that

1 1
(Iv.4.3) ﬁd(éh &) <d, &) < Ed(él, &)+ 1

forall &, & in G. Thus, the inclusion map of G into M is a rough isometry.
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Proof. Given a combinatorial path &, = 7y, ..., n, = & in G, connecting & to
&, of length £. Then,

4

d, &) <y dnj-1,n;) < 3R,

Jj=1
SO

Iv.4.4) d(&1,5) < 3R, &),

which is the lower bound.
Given &, & in G joined by a minimizing geodesic y. Let £ be the integer for
which

(t— DR =d(&,8) < (R,

and & = o, ..., n¢ = & evenly spaced points on y. So,

dé, &)

L
To each ny, @« = 1,..., £ — 1, there exists ¢, € G such that d({,, ne) < R,
which implies, by the triangle inequality, d(¢;—1, {;) < 3Rforj =1,..., £(we
are setting & = ¢y, & = &), which implies d(¢;_1,¢;) < 1 for j =1,...,¢,
which implies

dmj-1,n;) = <R.

1
déi,6) <t < Ed(&, &)+ 1,

which implies the claim. |
Definition. Let M be a Riemannian manifold. A subset G of M is said to be e—
separated, € > 0, if the distance between any two distinct points of G is greater
than or equal to €.
Lemma IV.4.1. Let M be complete, with
ava.s) Ric > (n — D)k, k<0

onall of M, and G an e—separated subset of M. Then,

Ve(@2r +¢/2)

card{GN B(x;r)} < V/2)

forallx €e M andr > 0.

Proof. We first comment that, without the lower bound on the Ricci curvature,
one knows that there are only a finite number of elements of G in B(x;r).
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Indeed,

Bi;r+€¢/2)2 | B e/2),

£€GNB(x;yr)

where the union on the right-hand side is disjoint union. Therefore,

Vir+e/2)= Y ViEe/2)

E€GNB(x;r)
>card{G N B(x;r)} inf  V(n;€/2).
neGNB(x;r)

But Corollary I1.8.1 implies inf,cgnp;y V (7;€/2) > 0. So, the real question
is to obtain an upper bound for card G N B(x;r) that depends only on r and €.
Since card G N B(x;r) is finite, there exists £ € G N B(x;r) such that

V(;€/2)= inf )V(n;6/2).

neGNB(x;r
Therefore, we have, using Theorem I11.4.5,

Vix;r +€/2) - V(&;2r +¢€/2) - VeQ@r +¢€/2)

card {G N B(x;r)} < VEe/2) — VEe/2) — Vele/2)

Definition. Let M be a complete Riemannian manifold. A discretization of M
is a graph G determined by an e—separated subset G of M, for which there exists
R > 0 such that

(IV.4.6) M =|JBE&:R).
teg

Then, € is called the separation radius, and R the covering radius of the dis-
cretization. As before, the graph structure G is determined by the collection of
neighbors of &,

N(&) :=={GNB(E: 3R} (£}

foreach & € G.
Remark IV.4.2. Note card N(§) > 1 for all £.

Remark IV.4.3. To achieve the local uniformity of the geometry required to
calibrate volumes in the manifold by those in in discretizations, we will require
Gromov’s improvement (Theorem II1.10) of Bishop’s theorem (Theorem I11.9).
In the case of strong unformity of coverings of compact manifolds, we only
required Bishop’s theorem.
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Note that when the Ricci curvature is bounded from below as in (IV.4.5),
then for the graph G we have

V4R +€/2) .
1+m) < T/Z) = M€,2R

for all £ € G —so G has bounded geometry.
To conveniently formulate for future reference,

Corollary IVA4.1. If M is complete, then any two discretizations are roughly
isometric.

On the collection of vertices G, we have two natural measures. The first is
simply the counting measure du; thus, for any subset /C of G we have

(K) = card K.
The second is what we call the volume measure dV on G, defined by

dV(§) = m(§) du(®).

Of course, when G has bounded geometry, the two measures are commensurate
in the sense that the Radon—Nikodym derivative of dV with respect to dt is
uniformly bounded away from O and +oc0. Since in what follows we generally
discuss graphs of bounded geometry, and we are only interested in qualitative
estimates on volumes, we shall work with the counting measure d¢ — even when
we announce the results in terms of the volume measure dV.

Definition. We define
V(;r) =V(BE:r)

forany &§ € G,r > 0.
We say that G has exponential volume growth if

. In V(&;7r)
limsup ———— >

r oo 7

0;
otherwise, we say that G has subexponential volume growth. Also, we say that
G has polynomial volume growth if there exists k > 0 such that

V(&;r) < const.r¥

for sufficiently large r > 0.



$IV4. Discretization of Riemannian Manifolds 215

Theorem IV.4.2. (M. Kanai (1985)) Let G, F be connected, roughly isometric
graphs, both with bounded geometry. Then, G has polynomial (resp., exponen-
tial) volume growth if and only if F has polynomial (resp., exponential) volume
growth.

Proof. If ¢ : G — F is a rough isometry, then

a”'d¢1, &) — b < d@(E), (&) < ad(&1, &) + b

for all £, & in G, which implies (by Proposition 1V.4.2)

card B(§;r) < pcard ¢(B(§;1)) < ncard B(¢p(§); ar + b)
which implies the claim. u
Lemma IV.4.2. Let M be a complete Riemannian manifold, with Ricci curva-

ture boundedfrom below asin (IV.4.5), and assume there exist positive constants
ro and Vo such that

V(x;ro) = Vo

for all x € M. Then, for any r > 0, one has a positive constant const., such
that

V(x;r) > const.,
forallx e M.

Proof. Ifr > ro,thensimplyuse Vy.Ifr < ro, then simply note that the Bishop—
Gromov theorem implies

V) V)
Vo) 10 Z Ve

which implies the claim. u

V(x;r) >

Theorem IV.4.3. (M. Kanai (1985)) Let M be a complete Riemannian man-
ifold, with Ricci curvature bounded from below as in (IV.4.5). Then, for any
discretization G of M, G has polynomial (resp., exponential) volume growth
only if (resp., if) M has polynomial (resp., exponential) volume growth.

If, on the other hand, there exist positive constants ro and Vy such that

Vix;rg) = Vo
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for all x € M, then for any discretization G of M, G has polynomial (resp.,
exponential) volume growth if (resp., only if) M has polynomial (resp., expo-
nential) volume growth.

Proof. If ¢ € G, y € B(&;r), then there exists n € G N B(y; R), which implies

¢ m<r+R = BE&EHNS  |J  BmR),
neGNB(&;r+R)

which implies
V(E;r) < Ve(R)cardG N B(&;r + R).
But

d1. &) < Ad&1, &)+ B
by (IV.4.3), which implies
V(&;r) <const.card B(&; A(r + R) + B).

Therefore, G (resp., M) has polynomial (resp., exponential) volume growth
only if the same holds for M (resp., G).

For the second claim, we have, by the previous lemma, for every & € G,
p >0,

constepcardGNBE D) < D) V(ne/D) < V(Eie/2+p)
neGNB(&:p)

(where € is the separation of the discretization), that is,
const..pcardG N B(&;p) < V(&;€/2 4 p).
Now (IV.4.4) implies
B(&; p) S B(§;:2Rp),
which implies
const..p card B(§; p) < V(§;€/2 4+ 2Rp).
Therefore, if M (resp., G) has polynomial (resp., exponential) volume growth,

then so does G (resp., M). | |

Corollary 1V.4.2. Suppose both M|, M, are complete Riemannian manifolds
with Ricci curvature bounded from below, for which there existr;, V; > 0 such
that

V(Xj;}"j) > Vj
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forallxj e M, j =1,2.If M| and M, are roughly isometric, then they both

have the same type of volume growth.

Proof. The corollary follows directly from the above two theorems. |

§IV.5. The Free Homotopy Classes

M is our given Riemannian manifold.

Definition. A loopin M isamapT :S' — M e C°.

Of course, any loop I' in M is equivalent to a 2wr—periodic map y : R — M
determined by

(IV.5.1) y(0) =T(E").

(See Corollary IV.1.1) As a map of manifolds, for any k > 1, " € C* if and
only if y € C*. Similarly, we shall say I' € D* if and only if for any bounded
interval [, 8] C R, y|[a, B] € D (see §1.6).

Definition. Forany I' € C', and p € S!, we define the velocity vector of T at
I'(p), I'(p), by

(IV5.2) I'(p) =y'(60), p=E",

where y is given by (IV.5.1). For I € D!, we may define the length of T, £(I"),
by

2
(IV.5.3) (T = /0 ly'I.

Definition. A closed geodesic in M is a differentiable loop I' : S! — M such
that y given by (IV.5.1) is a geodesic.

Definition. Two loops, 'y and I'y, in M are freely homotopic if there exists
Q:S!'x[0,1] > M € C° such that

(IV.5.4) QIS' x (0} =Ty, QIS' x {1} =T.

“Free homotopy” determines an equivalence relation on the class of loops in

M, but has no obvious group structure.

Definition. A trivial free homotopy class will be one which contains a constant
map.
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Theorem IV.5.1. Let A be a nontrivial free homotopy class of loops in a
differentiable manifold M . Then, A contains loops that are D'. If M is compact
Riemannian, then

(IV.5.5) A=infl¢(T): T e AND'} > 0.

In this case, there actually exists Ty € A N D' with length equal to . Finally,
[y is a closed geodesic.

Proof. The first claim is easy and will be left to the reader.

To show that X is strictly positive when M is compact Riemannian, we note
that the compactness of M implies (Theorem 1.3.2) that € := inj M is positive.
Thus, if ' € AN D' and £T) < €, then I'(S') € B(p; €) for any p € I'(SH),
which would imply that I is homotopic to a constant map — a contradiction.
So, A is positive.

If there exists 'y € A N D! satisfying ¢(T'y) = A, then Ty is a geodesic, by
the first variation formula (Theorem I1.4.1) (there are no boundary terms by the
periodicity of y associated with I') and the argument of Theorem 11.4.2.

It remains to show that if M is compact Riemannian, then there exists Iy €
A N D' for which £(T'g) = 1. Well, assume we are given a sequence I'; : S' —
M e AN D! for which LI';) | A as j — +oo. We leave it to the reader to
verify that we may assume |I";’| is constant on S! for each j — the constant will
be equal to £(I';)/2m. Let a = sup £(I'j) < +o0. Consider S! as a compact
Riemannian manifold with standard metric. Then, for ¢, ¢* € S! we have

IV.5.6) d(T(¢), T'j(g™) < (a/2m)d(q, q").

Let € be as above, that is, for any p € M, exp |B(p; ¢) is a diffeomorphism
and fix an integer N > max {« /€, 2}. Pick ¢; = eTkIN |k =0,1,...,N (of
course, qo = qy), and let w; be the closed segment on S' of length 27 /N
from g to gi. Let pr.; = T"j(qx), let yi,j : wx — M denote the minimizing
geodesic joining py_y;; to py;;, and let Fj denote the piecewise-geodesic loop
given by

Tjlow = i k=1,...,N.

Then, I'j|w; and y4;; are contained in B(py_1;;; €), which implies that F.i is
freely homotopic to I';, which implies

L <eT;) <er)

for all j, which implies £(I' j)— A as j — 0. So, we only have to show that
there exists a subsequence of T’ ; which converges to a D' loop.



§IV.6. Notes and Exercises 219

Set &, =% j/(fIk—l—{—), that is, & ; is the initial unit velocity vector of the
geodesic segment y;.;. Since M is compact, so is its unit tangent bundle. We
therefore have a subsequence {j,}, and unit tangent vectors &,k =1,..., N
such that

ék;.if~_)gka kzl,,N

The continuity of the exponential map easily implies the existence of a limit
piecewise-geodesic loop of some subsequence of I';. [ ]

Remark IV.5.1. One can carry out the limit argument using the Arzela—Ascoli
theorem. Namely, (IV.5.6) implies that the sequence of mappings (I';) is equi-
continuous. Since M is compact, the Arzela—Ascoli Theorem implies that
(I";) converges uniformly to a loop T:S'—- M e Fix an integer N >
max {a/e, 2}, and set ¢ = /N k =0,1,..., N, p; = T(qy).

Note that T also satisfies (IV.5.6). Therefore, d(pi—1, pr) < € for all k =
1,...,N.Let y : oy — M be the unit speed geodesic of length d(pr_1, px)
joining py_1 to py, and define I'g by I'g|lwy = v,k =1, ..., N.Since y(wi) €
B(pi_1; €) for each k one easily has T'y € A. Of course, I'g € D'. To evaluate
£(T"p), one has by definition £(I'g) > A; but, on the other hand,

N N
o) = D €)= lim 3 d(T(qe-1). T5(q0)
k=1 k=1

N
< lim LT |lwp) = lim L) = A,
_‘Hm; (Tjlex) = Jim €(T))

which implies £(I'g) = A.
For an argument in a similar spirit, see Exercise 1.7.

§IV.6. Notes and Exercises
Parallel Translation and Curvature

Exercise IV.1. Let M be a Riemannian manifold, 7* M the alternating k—vector
bundle over M, with naturally induced metrics on the fibers. Thus, if p € M,
{e1, ..., ey} an orthonormal basis of M, then an orthonormal basis of the fiber
over p is given by the collection of k—vectors

{ejA--nej i 1< ji<...<jir<n}h

Show thatifk < n,¢ : G — M is an imbedding of an open subset G of R¥ into
M (thus, ¢! is a chart on the k—dimensional submanifold ¢(G)), and we set

djp=¢ !
T dud”
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J=1,...,k whered/ du’ are natural coordinate vector fields on R¥, then
AV = 101p A -+ A dpldu' - - dut,

relative to the chart ¢! on ¢(G).

Exercise IV.2. (a) Prove that for a C! path w in a Riemannian manifold M,
and a C! vector field X along w, one has

X" < [V X].
(b)Letv :[0,1] x[0,1] - M € D' bea homotopy with fixed endpoints
p =v(,s), q =v(l,s).
Let X = X (¢, s) be a vector field along v such that
X(0,5)=x0 € M, V.X =0.

We want to estimate, quantitatively, the difference of parallel translation along
t = v(t,0) from ¢ — v(¢, 1), or, equivalently, | X (1, 1) — X (1, 0)|. Prove

4 1 1
X3, 1) = X(,0) = S sup |X|}A/ ds/ v A Byl d,
0 0

where A = sup |K|.

The Myers—Steenrod Theorem

Exercise IV.3. Prove Lemma IV.1.1 in the following steps.

(a) Show that ¢ is a homeomorphism.

(b) Fix p and ¢(p) in M. Let §; denote the injectivity radius of M at p. Show
that we have a well-defined map F : B(p; 8;) — B(¢(p); §1) defined by

F(&) = (exp [B(p(p): 1)) ogoexp &.
(c) Show that for & € B(p; 8;), s € [0, 1] one has
(IV.6.1) F(s§) = sF(&).
Then show that F may be extended to all of M, so that it satisfies (IV.6.1) and

(IV.6.2) [F&)] = |&]

forallé € M,,s > 0.
(d) Next, use Exercise I1.25 to show that, given any € > 0, there exists suffi-
ciently small § > 0 so that

|F(€) — Fp| = 1§ — nl{l £ 0(")}
for all £, n € B(p; §).
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(e) Next, show [F(§) — F(n)| = |§ —n| forallé,n e M,.
(f) Let |€] = |n| = 1. Use the formula

1
1§ —nl = 2sin S £, n)

and (IV.6.2) to show that

1 1
sin EK(F@), F(n)) = sin Ei(é, ),
which therefore implies

cos L(F (&), F(n)) = cos £L(&, n),

which implies F preserves the inner product.

(g) Use the expansion of vectors with respect to an orthonormal basis of an
inner product space to show that F is additive, and therefore, linear. Then show
that F = ¢,,, which implies the lemma.

NoteIV.1. The argument presented from (c) onward also proves that any metric
preserving transformation & of R” is a Euclidean transformation, that is, it is
given by

O(x) = Ax +a,

where a is a vector in R”, and A is an element of the orthogonal group O(n)
of R”.

Deck Transformation Groups, Discrete Groups, and Tori

ExerciseIV4. Letn : M, — M and 7, : M, — M, denote two Riemannian
universal coverings (so M, is simply connected) with respective deck transfor-
mation groups I'y and I',. Show that M and M, are isometric if and only if I’y
and I'; are conjugate subgroups of the full group of isometries M,.

Exercise IV.5. Let O(n) denote the orthogonal group of R”, and £(n) the
Euclidean transformation group of R” —so T € £(n) if

Tx = Ax +a, A€ O@n), aeR".
(a) Show that a subgroup of O(n) is discrete if and only if it is finite.

(b) Show that any discrete subgroup I' of translations of R” must be of
the form
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where n;, j =1,...,k, vary over the integers, and vy, ..., v; are k fixed lin-
early independent vectors in R”.

(c) Let Tx = Ax + a be a Euclidean transformation of R” with no fixed
points. Show that there exists a line along which T is a translation.

ExerciseIV.6. Letz : R” — M, be aRiemannian covering, M, compact, I the
deck transformation group of the covering. Show that I" is a discrete subgroup

of E(n).

Exercise IV.7. Letn = 2. Categorize the discrete subgroups of £(2) and thereby
characterize the 2—dimensional compact flat Riemannian manifolds.

Exercise IV.8. A slightly different problem is, for example, to determine when
two different parallelograms in R? determine the same Riemannian torus.

Global Cartan-Ambrose—Hicks Theorem

Exercise IV.9. Let M be a connected Riemannian manifold, ¢ and v two
isometries of M onto itself. Suppose there exists a point p € M for which

¢(p) = ¥(p) and @, |, = Yy p. Show that ¢ = .

Definition. Let M, N be Riemannian manifolds of the same dimension, U},
J =1, 2,domains in M withnonempty intersection,and ¢;, j = 1, 2isometries
of the domains U; into N, such that ¢;|U; N U, = ¢»|U; N U,. Then, we refer
to ¢ and ¢, as immediate continuations, one of the other.

Let ¢ be an isometry of a domain U € M onto a domain in N. Let w(¢),
0 <t <1, be a continuous curve in M such that w(0) € U. The isometry ¢ is
said to be extendable along w if for each ¢ € [0, 1] there exists an isometry ¢,
of a domain U, containing w(¢) onto an open subset of N such that ¢y = ¢, and
such that ¢,, ¢, are immediate continuations whenever |t — s| is sufficiently
small. The family {¢, : ¢ € [0, 1]} is called a continuation of ¢ along w.

Exercise 1V.10.

(a) Let M, N be complete real analytic Riemannian manifolds, and ¢ an
isometry of a domain U € M onto a domain in N. Let w(¢), t € [0, 1], be a
continuous curve in M such that w(0) € U. Prove that ¢ is extendable along w.

(b) Suppose, in addition, that the path o(¢), ¢ € [0, 1], is continuous, and
homotopic (fixed endpoints) to w. Let {¢,}, {1/} be continuations of ¢ along w,
o, respectively. Show that ¢; = | on some neighborhood of w(1) = o (1).
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Note IV.2. One can find details for the two previous exercises in Helgason
(1962, pp. 62-64).

Exercise IV.11. (See Exercises III.1-II1.5.)

(a) Show that if M, N are locally symmetric then we do not require the
hypothesis of real analyticity in Exercise IV.10(b) above (even though it is a
general theorem that a locally symmetric space is real analytic (Helgason (1962,
p. 187))).

(b) Show that a simply connected complete locally symmetric Riemannian
manifold is Riemannian symmetric.

On the Myers Comparison Theorem

Note IV.3. One has the following generalization of Theorem IV.2.2. Assume M
is complete, with nonnegative Ricci curvature. Fix x € M. Then, the Gromov
theorem (Theorem II1.4.5) implies that V (x;7)/wyr" is a decreasing function
of r. Set
. Vi)
oy = lim .
ri+oo Wy’

Then, a), is independent of x — of course ayy < 1. M. T. Anderson (1990b) has
proved that if op; > 0, then the order of r;(M) is bounded above by 1/ay,.

Manifolds of Nonpositive Curvature

It is an immediate consequence of the Hadamard—Cartan theorem (Theorem
IV.1.3) that a complete simply connected manifold of nonpositive curvature is
diffeomorphic to Euclidean of the same dimension.

Exercise IV.12. (A. Preissmann (1943)) Prove that, if M is a complete simply
connected Riemannian manifold of nonpositive curvature, then
(a) every two points of M are connected by precisely one geodesic; the
geodesic is minimizing, and it varies differentiably with respect to its endpoints;
(b) if given a geodesic triangle with sides a, b, ¢ and angle 6 at the vertex
opposite the side of length c, then

c? > a’® + b? — 2ab cos 0;

what if all the sectional curvatures are bounded above by the constant § < 07;

(c) the sum of the angles of a geodesic triangle is less than or equal to 7, with
equality if and only if the geodesics span a totally geodesic surface isometric
to a Euclidean triangle;
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(d) the sum of the angles of a geodesic quadrilateral is less than or equal to
27, with equality if and only if the geodesics span a totally geodesic surface
isometric to a Euclidean quadrilateral.

Exercise IV.13. Let M be as in the previous exercise, and let y : M — M be
an isometry. Define

8, =inf d(x, y -x),

and assume §,, > 0 (of course, if y has a fixed point, then §,, = 0). An axis of
y is a unit speed D! path w : R — M such that

y-ot) = ol +5,)).

(a) Prove that an axis is a geodesic.
(b) Prove that if ,, > 0 and there exists anx € M such that

8, =d(x,y-x),

then the geodesic containing the minimizing geodesic segment joining x to y - x
is an axis.

(c) Prove that, except for shift and reorientation of the parameter ¢, the isom-
etry y possesses more than one axis only if any two such axes bound a totally
geodesic surface isometric to a flat infinite strip (o, 8) x R with canonical
Euclidean metric.

(d) Now assume that the curvature of M is strictly negative. Show that any
isometry has at most one axis.

(e) Continue with the assumption of strictly negative curvature. Let y;, 3, be
isometries of M which commute (in their action on M). Assume y; possesses
an axis w;. Prove that y,|w; maps w to itself. Show that if y, also has an axis,
then the axis must be w;.

Exercise IV.14. Prove:

Preissmann’s Theorem (1943). Let m : M — M, be a covering by simply
connected M with strictly negative curvature and Iy an abelian subgroup of T,
the deck transformation group of the covering. Then, M, compact implies that
Iy is cyclic.

Note IV.4. See Eberlein—O’Neill (1973) for extensive discussion of complete
Riemannian manifolds of negative curvature, as generalizations of hyperbolic
geometry. More recent, and still fuller, discussion is to be found in Ballman—
Gromov—Schroeder (1985).
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Fundamental Domains

Exercise IV.15. Here is a different construction of a fundamental domain of
a covering w : M — M, with deck transformation group I'. Fix x € M and
define the Dirichlet fundamental domain based at x, Dir,, by

Dir, ={y e M :d(x,y) <d(x,y-y)Vy € I,y #idu}.

Prove:
(a) Dir, is, in fact, a fundamental domain of the covering;
(b) when M, is compact, with diameter d(M,), then Dir, € B(x;d(M,)).
(c)Let 'y = {y #idy : y(Dir,) N Dir, # @}; and show that

Dir, ={y e M :d(x,y) <d(x,y-y)Vy € I'y,y #idy}.

Exercise IV.16. Let M be a noncompact covering a compact, with deck trans-
formation group I" and fundamental domain F. Show that there exists a positive
constant so that for every x € M, we have

A(S(x;r)N F) < const.

for almost all » > 0.

Coverings by Compacta

Exercise IV.17. Let w : M — M, be a a nonsingular differentiable mapping
of M onto M,. Assume that M is compact. Show that 7 is a covering.

Exercise IV.18. Let 7 : M — M, be a Riemannian covering with deck trans-
formation group I'. Assume that M is compact. Show that

V(M) = V(M,)cardT.

(We casually assumed this result, when stating in §II1.3 that the volume of real
projective space P is 1/2 that of the sphere S".)

Exercise IV.19. Let x : M — R” be a Riemannian immersion of the compact
(n — 1)-manifold M into R”, where all of the Riemannian sectional curva-
tures of M are positive. Show that the associated Gauss mapn: M — S?is a
diffeomorphism.

On Theorem IV.A4.1

Note IV.5. The theorem was originally presented in our first edition following
the formulation and proof of M. Kanai (1985). For a discrete subset G whose
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disks of radius R > 0 cover the Riemannian manifold M, he defined the as-
sociated graph by N(§) = {n € G\ {§} : d(n, &) < 2R}, for every &€ € G. He
had to postulate that the Ricci curvature was bounded uniformly from below. 1.
Holopainen (1994) realized that if one defined N(&) by

N(GE) ={ne M\ {§}:d(n,§) < 3R},

then one could drop the hypothesis of Ricci curvature from below!

Homotopy Considerations
Exercise I1V.20. Prove:

J. L. Synge’s Lemma (1936). Let M be a compact, even-dimensional ori-
entable Riemannian manifold with strictly positive curvature. Then, M is simply
connected.

Exercise IV.21. Use the argument of Theorem IV.5.1 to show that if M is
compact, then given any real p > 0, there are at most a finite number of free
homotopy classes with minimizing geodesic having length less than or equal
to p.

Exercise IV.22. Formulate and prove the corresponding version of The-
orem IV.5.1 for homotopy classes of closed paths with a fixed base point. Note
that here the manifold need not be compact — only complete.

Exercise IV.23. (A. Preissmann (1943, pp. 191ff)) The proof given in The-
orem IV.5.1 and the above two exercises exist “downstairs”— in the Rieman-
nian manifold itself. Another approach is to go “upstairs” — to use the uni-
versal covering. It goes as follows: Given a Riemannian manifold M,, with
universal cover ¥ : M — M, and associated deck transformation group I'.
Prove:

(a) Given x, € M,,, x € m~'[x,], and y € I'. Then, d(x, ¥ -x) is the mini-
mum length of all D' paths in the homotopy class in m;(M,, x,) determined
by y. Furthermore, the minimum length is realized by projecting, under 7, a
minimizing geodesic segment joining x to ¥ -x to a geodesic loop in M based
at x.

(b) The collection of free homotopy classes of M, are in one-to-one corre-
spondence with the elements of I'".

(c) If M, is compact, then any fundamental domain F of M, in M has
compact closure. Now use the argument of (a) to derive a second proof of
Theorem IV.5.1.
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(d) If M,, is compact with nonpositive sectional curvature, show that, for any
nontrivial free homotopy class, the minimizing closed geodesic is covered by
an axis of the element in I" associated to the class.

(e) If M, is compact, with strictly negative curvature, then any nontrivial free
homotopy class has precisely one minimizing geodesic.

Also, if w, is the minimizer in M,, of the free homotopy class associated with
y € I, then the minimizer of the free homotopy class determined by yk ke,
is the geodesic w, covered |k| times, in the appropriate direction.

The Results in Length Spaces

See the discussion of length spaces in §1.9.

Exercise IV.24. (See Remark IV.5.1.) Let X be a compact length space.

(a) Show that every nontrivial free homotopy class in X has a minimizing
geodesic. (See Remark IV.5.1.)

(b) Also show that given any real p > 0, there are at most a finite number
of free homotopy classes with minimizing geodesic having length less than or
equal to p.

Exercise IV.25. Formulate and prove corresponding versions of Theo-
rem IV.5.1 and the previous exercise for homotopy classes of closed paths
with a fixed base point.

On the Displacement Norm

Given a Riemannian manifold M with a group I' of isometries acting freely
and properly discontinuously on M, then to each x € M, we associate the norm
(see §IV.4) on I' defined by ||y ||, = d(x, y -x).

Exercise IV.26. Prove the following:

Theorem. (M. Gromov (1981, p.43)) Given a compact Riemannian manifold
M,, with universal cover m : M — M, and associated deck transformation
group I. Then, the fundamental group T is generated by those elements y for
which

Iv.6.3) vl = 2d(M),

where d(M) denotes the diameter of M.

Exercise 1V.27. Continue as in the previous exercise. Fix x € M. Show that
given any € > 0 there exists a positive constant ¢, such that any y € I can be
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written as a word
y=[1»
J
where

lyils <o Vi Y Iyl <A+l
J

Existence of Closed Geodesics

Note IV.6. If a compact Riemnannian manifold is simply connected, then one
cannotuse Theorem IV.5.1 to guarantee the existence of simple closed geodesics
onM.

An interesting approach, for Riemannian metrics on S?, was first posed by
Poincaré (1905). The idea is to consider the variational problem of minimizing
the length of those smooth simple closed curves on S? that divide S? into two
domains of equal total Gauss curvature (i.e., f K dA = 27 for both domains).
One can easily check (do it!) that should a smooth simply closed curve achieve
the minimum length in this class, then it must be a geodesic. The existence
of the minimum, and the positivity of its length, were carefully worked out in
Croke (1982).

The existence of more than one geodesic on spheres, and other simply con-
nected compact Riemannian manifolds, is the subject of much research. See
Klingenberg (1982, §3.6) and his detailed monograph (1978).
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Surfaces

In this chapter, we present, before resuming the general theory in all dimensions,
a variety of results for oriented 2—dimensional Riemannian manifolds — surfaces
(the phrase “Riemann surface” reserved for when the surface is orientable with
constant curvature equal to —1). So, in all that follows,

Definition. A surface will be an oriented 2—dimensional Riemannian manifold.

We start with a topic motivated by the concluding one of Chapter IV. Namely,
once one knows that in a nontrivial free homotopy class of a compact Rie-
mannian manifold M there is a minimizing closed geodesic, one may ask for
geometric estimates on its length, for example, to estimate its length against
the volume of the manifold. Or, one may ask such a question for any homology
class. Here, for surfaces, we estimate the length of the shortest homotopically
nontrivial closed geodesic (among al/l homotopically nontrivial closed curves)
against the area of M. This study was initiated by C. Loewner and P. Pu in the
1950s, almost completely dormant for 30 years, and resuscitated in the 1980s
by M. Gromov. Here, we only introduce the subject.

Then, we turn (§V.2) to the celebrated Gauss—Bonnet theorem and formula,
followed by (§V.3) B. Randol’s collar theorem for compact Riemann surfaces,
that is, surfaces of constant curvature —1. The result quite fundamental in the
geometry of Riemann surfaces and in analysis on them and the proof is quite
beautiful in its own right.

In §V.4, we begin discussion of one of the major themes of the rest of the
book, the isoperimetric problem in Riemannian manifolds. The problem has
its roots in classical antiquity, features a rich history of results and methods,
and is still a subject of current research. In this chapter, we concentrate on two
versions of the problem on surfaces: (i) for surfaces with curvature bounded
from above (starting in the 1930s and 1940s, but updated in the 1980s) and

229
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(i) the isoperimetric problem for paraboloids of revolution (1980s and 1990s).
In subsequent chapters, we consider different aspects of the problem in higher
dimensions.

§V.1. Systolic Inequalities

Henceforth, M is compact.

Definition. The systolic length of M, £(M), is the shortest homotopically non-
trivial closed geodesic in M. The geodesic itself is referred to as the systole.

Theorem V.1.1. (C. Loewner) (P. M. Pu (1962)) Let G denote a Riemannian
metric on the 2—dimesional torus T?, with total area Ag and systole £g. Then,
(V.1.1) t® _ 2

1. A = /3
with equality if and only if G is a flat metric on T? generated by the equilateral
triangle.

Proof. We refer the reader to Exercises IV.6-1V.8 for background on tori cov-
ered by R”.

The uniformization theorem (Farkas—Kra (1980, Chapter IV)) implies that,
given the Riemannian metric G on T2, there is a positive function ¢ : T? —
(0, 00) and a flat Riemannian metric G, on T? such that

G=¢°G, on T2

Now, the torus acts isometrically on itself as a group translations of the flat
metric. To distinguish between the two, we denote the arbitrary “point on T?”
by ¢ and the arbitrary “translation of T?” by T. The area element (for the
flat metric G,) of the points will be denoted, as usual, by dAg,(g), and of the
translations by du(T').

Letw : S' — T? be any loop in T?, T any translation. Then,

Lo(@) = /S W Olgdr = /S (om0l (Og, di,
which implies

Lg(T - w) = /S] (@o(T - )OIT - @) (D)lg, dt = /Sl (T* ) ()] (1)lg, dt.
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If we restrict  to noncontractible loops in T2, then T - w is noncontractible for
all translations 7', which implies

to < /S (TN Olg, di

for all translations T'.
Now, average the inequality over all translations 7 € T2. Then,

1 . /
to = — [ du®) [ T oxemI0 0l d

1 « ,
/S s /T @I (Olg, dyu(T)

= [ |o'0)g,dt,
SI
= OLg (w),

where @ is the constant given by

! 1
5 Lo e [ s@ars
that is,
(V.1.2) tg < DL (@)

If we minimize (V.1.2) over all noncontractible loops w, then we obtain £g <
®/Lg, . The Cauchy—Schwarz inequality implies

b gz ! f P @) dAgg) = 2
tg? = T Ag(T) Jp OV T
therefore,
252 052
(V.1.3) GO
Ag  Ag,

We conclude that the systolic ratio £2/A is maximized by a flat Riemannian
metric on the torus, with £2/ A maximal only if it is flat. The question is: Which
metric is maximal among all the flat ones?

We may always multiply the Riemannian metric by a constant to normalize
the area to equal to 1. So, assume we have a flat torus of area equal to 1
and systolic length £. We identify the torus with its fundamental domain — a
parallelogram in R?, and we may assume the lattice in R? is generated by

1
e = /i, e2=a€i+zj, ae(—1/2,1/2].
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This describes the full collection of isometrically distinct flat tori of area equal
to 1 and with systolic length £.
Then,
€2§a2€2+€i2 - (1—0[2)E2§%2 N £4§1_O[2
that is, £2 < 2/«/3, which is the claim.
We have equality if and only if

—
[SSHRE N

2
o= 1/2, and |e1|=|e2|= ﬁ’
which implies
V3 T
9 ) = 5 A = 7 9 = 5>
cos 6(e;, e) 72 > = 3
which implies the claim. n

Second Proof That the Optimal Metric is Flat. (M. Gromov (1996)) Again,
G, is a flat metric on the torus, with the lattice generated by

1
e=0 e=alit i «e(-1/21/2, =g,

where e; is the element of the lattice closest to the origin, and e, is the next
closest. So, we have normalized the area of the flat metric to be equal to 1.

One now considers the family of closed geodesics, determined by the pro-
jection of

t = y(t) = sep + tey, 0<t,s<l1

to Téo (in short, the horizontal segments of length £ starting at points on e;).
Then,

dAg, = |ej||ex|sin O(e;, ex)ds dt = ds dt.
Assume we are given a metric G on T? by
G=¢°G, on T2

Then, the Cauchy—Schwarz inequality implies

1 1 1 1
AQ(T2)=/ dsf ¢2(t,s)dtz/ ds{/ ¢(t,s)dt}
0 0 0 0

1
_ / (L )/ ) ds = 652/,
0

2

which implies £g?/Ag is maximized in its conformal class by the flat metric.
|
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Before continuing with surfaces, we give an estimate for higher dimensional
tori.

Theorem V.1.2. (M. Gromov (1996)) For higher dimensional flat torus T",
n > 2, with Riemannian metric G,, we have

n
Kgr) — O(n(n+1)/2).

Vg,

If Vg, = 1 then £g, < const.n'/?.

Proof. We write the torusas T" = R"/I", where I" is alattice inR". Let £ = £,
V=Vg,.

For every R > 0 satisfying V (B"(R)) > V(T"), we must have R > £/2. In-
deed, for any p > O satisfying V (B"(p)) > V(T"), the coveringmap p : R” —
T” restricted to B"(p) cannot be a diffeomorphism. So, there exist two points
X1, Xy € B"(p) so that p(x;) = p(xz), which implies |x; — x| > £ (see Exer-
cise IV.23). But |x; — x»| < 2p, which implies the claim.

Then, for large n > 1, we have, by Stirling’s formula (Olver (1974, p. 88)),

e - 2" 2"nT(n/2)  2"n(n/2y'?Qm)'* 2\ "/
V= w, 212 2n2en2(nj2)\ 2 e )
which implies the claim. -

Definition. Recall, from surface topology, that any compact oriented surface
M may be realized as a 2—sphere with g(M) handles attached. The number
g(M) is referred to as the genus of M.

Theorem V.1.3. (M. Gromov (1996)) Let M be a compact surface of constant
Gauss curvature equal to —1, g > 1, where g denotes the genus of M. Then,

02 {ln g }2
— < const. { —— ¢ .
A NG

Proof. We may realize M as M = H?/T", where H? is the hyperbolic plane
of constant Gauss curvature equal to —1, and I" is a discrete subgroup of the
isometries of H?. (See Theorem IV.2.1 and Exercise IV.23.)

By the Gauss—Bonnet theorem (V.2.15), below, we have

AWM) =4n{gM) — 1}.
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Therefore, again, as in the previous proof, the systolic length £/2 < R for every
R satisfying A(IB%%I(R)) > A(M), that is £/2 < R for every R satisfying

2m{cosh R — 1} > 4n{g — 1}, = 2m{cosh £/2 — 1} > 4m{g — 1}.
For g > 1, we have

h‘_gAl/z,

Ing

02 _

e’">(1—e)dg, = £ >constlng = const.—=,/g > const.
NG g

which implies the theorem. |

Theorem V.1.4. (J. Hebda (1982)) For all compact orientable 2—dimensional
Riemannian manifolds M of genus > 1, we have

(M) <2 AM).

Proof. Let ¢ : S' — M denote the minimizing homotopically nontrivial geo-
desic in M of systolic length £ = £(M), |¢'| = £/2m, and fix p € ¢(S!), and
set ¢(0) = p.

Pick any r < £/2. Then, m(B(p;r); p) is trivial. If not, there exists a mini-
mal homotopically nontrivial geodesic loop in B(p; r) based at p. Since the two
halves of the loop are geodesics emanating from p, their total length is < 2r < ¢;
therefore, the shortest closed homotopically nontrivial geodesic is shorter,
which is impossible. Thus, the loop must be null-homotopic, a contradiction.
So w1 (B(p;r); p) is trivial.

Next, ¢(r) is the cut point of p along ¢. Assume the opposite; then
d(p,¢(t)) < £/2 forall t € S!. Now, on the one hand, for any 7, € (0, 27),
a minimizing geodesic joining p to ¢(t,), p¢(t,) cannot be homotopic to
both ¢1[0, t,] and ¢|[¢,, 27 ] (otherwise, the full loop would be null-homtopic).
But, on the other, the length of ¢|[0, #,] - ¢(¢,)¢(27) is strictly less than £,
which implies ¢|[0, ¢,] - ¢(¢,)p is null-homotopic, and the same is true for
ollt,, 2] - ¢(t,) p, which implies a contradiction.

We claim that

AM) > A(p; €/2) > £%/2.

To prove the claim, consider ¢ written as y : [—£/2,£/2],|y'| = 1, y(0) = p.
Forany 0 < r < €/2,consider y |[—r, r]; then y(—r) and y (') are not cut points
of p.

Now, each component of S(p;r) is homeomorphic to the image (possibly
degenerate) of a circle. If y(—r) and y(r) belong to the same component of
S(p;r), it must be a nontrivial component. Each “half of the component” is
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homotopic to y |[—r, ], which implies its length > 2r (if not, replace y |[—r, ]
by that “half-component”). Therefore, each component of S(p;r) has length
> 4r.

Assume y(—r) and y () belong to different components of S(p; r). If one of
these components has length strictly less than ¢, then it is null-homotopic and
bounds a disk in M, which implies y would intersect S(p;r) more than twice,
which is impossible. Therefore, each such component has length > ¢ > 2r,
which implies the two components of S(p;r) have length > 4r.

In sum, L(p;r) > 4r for all r < £/2, which implies

2/2
A(p;€/2)2/ 4r dr = £*)2,
0

which is the theorem. |

Remark V.1.1. Gromov (1983) improved Hebda’s theorem by proving a gen-
eral estimate that implied

eM) _ 64
AM) ~ 4/g(M) +27°
where g(M) denotes the genus of M. In particular,

(M)
sup
M:g(M)=g A(M)

More recently, Katz—Sabourau (2005) generalized Theorem V.1.3 to all compact
surfaces; namely,

— 0, as g — 00.

EZ(M) {m g
Mg(ng = A(M) NG

See Katz (2005) for a broad survey of recent systolic inequalities.

} (1 +0(1)), as g — o0.

§V.2. Gauss-Bonnet Theory of Surfaces

When speaking of Euclidean space R” of any dimension n, we always consider
its canonical orientation ¢; A - - - A ¢,, where {ey, ..., ¢,} denotes the canonical
basis of R”. When speaking of S” we always assume it is endowed with the
orientation inherited from its natural imbedding in R"*!,

When given a Riemannian manifold M with orientation, then for any domain
D with smooth boundary C, we orient C as in §IIL.7.

For the rest of this section, M will be a 2—dimensional oriented connected
Riemannian manifold.
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Notation. In what follows, we let ¢ denote the rotation of tangent spaces to M
by /2 radians.

Consider an open subset U of M with orthonormal frame field {e;, e;} and
associated dual coframe field of 1-forms {w!, w?}. Thus, @' A @? is the area
form associated to the Riemannian measure d A as in §II1.7; and from §1.8, we
have the connection 1-forms w;* given by

0 (&) = (Veej, &),
satisfying
w.,-k = —w/, do’ = Z ok A .
k

Of course, since dim M = 2, we only have the one nonvanishing connection
form

w? = —w'.
Also, recall that if ;% denotes the curvature 2—form given by
QM X,Y) = o"(R(X, Y)e)),
then

(V21 dof =) o et —QF and QKX Y) = (R(X.Y)ej, ex).
£

Therefore, in our 2—dimensional situation, (V.2.1) becomes
(V.2.2) dw? = —Ko' A 0* = —dw,',
where K denotes the Gauss curvature, by Theorem II.1.

Definition. Given an immersed C? path y : («, 8) — M, we define the geo-
desic curvature of y by

(Viv', ty')
ly'|?

Kg =

Thus, «, is the quotient of the second fundamental form of the immersion,
relative to the unit normal vector ty’/|y’|, by the first fundamental form. (In
particular, if the orientation of y is reversed, the effect on the geodesic curvature
is to multiply it by —1.)

If the image of the immersion y is in our neighborhood U above, then

y' =1y l{E ey, +E%ey)
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for functions £1(¢), £2(¢); so, the map
R AOL G ORR0)
is a map from (¢, ) — S!, which has a lift 0 : (e, B) — R, which implies
¥ =¥ l{(cosO)ejoy + (sinB)eroy}.

Then,
/ {|V,|}, / ! 1
v = Y+ 181 Ginderoy + (eoslezcy)
+1y'l{(cos )V, (e10) + (sin)Vi(e209))

AR

B {||J)///||} v + 60w + 1y {(cos O)wi*(y)eroy + (sinB)ws ' (v eroy)
AR

= {||J;,||} Y 0 + oy,

which implies
(V.2.3) Kely'| = 0"+ > ().

Therefore, given a domain D in U, with compact closure and smooth bound-
ary C, we have from (V.2.2) and (V.2.3)

—// ICdA:// dwlzszlzzfxgds—de,
D D C C
that is,
(V.2.4) /Kgds+/f ICdA:f de,
C D c

where ds is the 1-dimensional Riemannian measure of C (thus, «, ds is a
differential form along the oriented C). Now, C is a compact 1-manifold; so, it
consists of a finite union of imbedded circles. We, therefore, have the existence
of an integer k for which
/ do = 2mk.
C

We now comment that £ is independent of the Riemannian metric on U, if U
is the domain of a chart x on M. Indeed, for p € U, let G(p) denote the matrix
of the Riemannian metric given by

(V.2.5) G(p) = (gij(p), 8ii(P) = (Bi1p» Ajip)s
i, j = 1,2, and define the family G¢ of Riemannian metrics on U by

G =(1-€)G +el,
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where I denotes the identity matrix. Then, & depends continuously on €; since
k is always integral, it remains constant. Therefore, when U is diffeomorphic to
a subset of the Euclidean plane, it suffices to consider the case where the plane
is endowed with its flat canonical Riemannian metric.

The Umlaufsatz

Or “the theorem of turning tangents.”

Theorem V.2.1. (G.N. Watson (1916)) IfC consists of precisely one imbedded
circle in R? then

(V.2.6) k=1.

Proof. (H. Hopf (1935)) Assume that C is given by the orientation preserving
I' : S'(L/27) — R?, parameterized with respect to arc length, where S' (L /27)
denotes the circle of radius L /2w and L denotes the length of C. Set

(V.2.7) y(t) = T((L/2m)E¥ /L)

(see Corollary IV.1.1). Then, y is L—periodic, with unit speed.
Let T be the triangle in R? given by

T={x"x»)eR:0<x'<x*<L}
andmapv : T — S! by

{ys) =y Ilys) —y@®| O0<s—t<L
v(t,s) =1 v'®) s =t
—y'(0) = —y'(L) s=L,t=0

Then the homotopy lifting lemma implies the existence of a continuous lift of
vto® : T — R, that is, © satisfies

v=_E°.
Thus,
2k = ©O(L, L) — ©(0,0) = {O(L, L) — ©(0, L)} + {6(0, L) — 6(0, 0)}.
To facilitate the evaluation of each of the parentheses, we may pick y so that
(V2.8) EOES()
for all ¢ (see Figure V.1). Then,
(V.2.9) 7'(0) = ey.

One now easily checks that each of the above parentheses is equal to 7. |
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y(s) = ¥(0)

-

y(0)

Figure V.1. For the Umlaufsatz.

Applications of the Umlaufsatz

Note that, although the closed curve C was given in the statement of the Um-
laufsatz as the boundary of a domain, the argument only uses the fact that C is
an imbedded circle in the plane, with a given orientation — counterclockwise. If
C is simply given to be an imbedded circle I', then y may be chosen to satisfy
(V.2.8), and then (V.2.9) is replaced by

y'(0) = ey.
One then has (V.2.6) replaced by
k==1,
withe; = k=1and —e; — k = —1.

Also, the argument of the Umlaufsatz only requires that I' € C!.

Theorem V.2.2. For M with closure diffeomorphic to the closed unit disk B2
in R?, we have

(V.2.10) / Ky ds +// KdA = 2n.
oM M

For M diffeomorphic to the sphere S*, we have

(V2.11) /f KdA = 4x.
M

For M with closure diffeomorphic to the closed annulus in R*, we have

(V.2.12) / Kgds—i—// KdA =0.
am M
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One then has:

Theorem V.2.3. (Gauss—Bonnet theorem) For M diffeomorphic to the sphere
with g attached handles, we have

(V.2.13) // KdA =4r(1 — g).
M

Proof of Theorems V.2.2and V.2.3. (W.Blaschke (1967, pp. 163-167)') Equation
(V.2.10) is a direct consequence of the Umlaufsatz applied to (V.2.4).

To obtain (V.2.11), one applies (V.2.10) to the two domains bounded by the
preimage of a great circle of S? under the diffeomorphism. Each domain orients
this preimage opposite to the other, so the sum of the boundary integrals of the
geodesic curvature vanishes, and (V.2.11) follows immediately.

For (V.2.12), we note that the Umlaufsatz applied to the total boundary of an

annulus implies
/ de =0,

since the two boundary curves have opposite orientation.
We note that the same consideration implies that if D is a domain in R?
diffeomorphic to a disk with 4 holes, then

/ do =2m (1 —h).
aD

Then, for (V.2.13), we remind the reader that for connected, oriented 2—
dimensional manifolds M and M, to say that M is obtained by attaching a
handle to M is to say that there exist two Jordan curves y;, ¥, in M such
that M \ ({y1} U {y»}) consists of two open connected submanifolds €2;, €2
such that 2, is diffeomorphic to M with two closed disks removed, and €2, is
diffeomorphic to a cylinder (see Figure V.2).

Thus, we may pick a point p in M with neighborhood €2 diffeomorphic to
an open 2—disk, such that M \ Q is diffeomorphic to a closed 2—disk with g
handles attached. One now applies the above to obtain the desired result. W

! Tt seems that not only does the proof belong to Blaschke, but also the Gauss—Bonnet theorem is in
fact “Blaschke’s theorem” (personal communication from R. Osserman based on his own research
and conversations with S. S. Chern). See Petersen (1999, pp. 298-300) for some historical
background.



§V.2. Gauss—Bonnet Theory of Surfaces 241

T e -—n
- V]

Q

Figure V.2. Attaching a handle.

Theorem V.2.4. The 2—dimensional torus has genus equal to 1. Therefore, for
any Riemannian metric on a torus M we have

(V.2.14) // KdA=0.
M

For any compact surface of constant curvature —1, we have

(V.2.15) // K dA = 4r{g(M) — 1}.
M

In particular, g(M) > 2.

We now consider D with boundary C possessing corners.

Note that (V.2.6) is valid if we only assume that C is given by orientation
preserving I' : SY(L/27) — M € C' N D?, parameterized with respect to arc
length, in which case the Umlaufsatz implies

/ dg =2m.
c

Now consider D diffeomorphic to the 2—disk with compact closure, and with
open neighborhood U D D diffeomorphic to a subset of R?; and assume the
boundary C of D is given by the orientation preserving I' : S'(L/27) — M €
D?,|I""| = 1atpoints where I" € C!. Since the discontinuities of I'” are isolated,
we may define at all points ¢ = y(t) € S'(L/2m) the one-sided limits

@) =limy'@m,  Tig)=limy'(v),
where y (1) = T'((L/27)E¥7), and

q = (L/2m)EF T,
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To require that C has, at worst, corners (i.e., no cusps) is to require that
I'(¢) #-TL(@)

for all ¢ € S'(L/2m). We then have for every p = I'(g) € C, the well-defined
exterior angle a(p) € (—m, ) defined as the oriented angle from I'' (¢) to
I' (), for every p. (Of course, points of continuity of I'" are described by

a(p) =0.)

Theorem V.2.5. (Gauss—Bonnet formula; O. Bonnet (1848, p. 124)) Given
M, D, and C, as described above, we have

k
(V.2.16) f Kqds + f/ KdA=2m - a(p)),
aD D j=1
where py, ..., pi are the corners of C.

Proof. Let y be given by y (1) = I'((L/27)E¥™™). By rotating S'(L /27) first,
if necessary, we may assume that y is C> att = 0 and t = L. Set

qj = (L/2m)EM/, pj=T(gj) =y (),

j= 1,...,k,wheret; <--- <t € (O,L),andtO:O,tkH = L.
Then, certainly,

k Ljit1
/KgdSZZ/ Ko (y (1)) dt.
¢ j=0 71

We smooth out the corners as follows: There exist €y > 0, and Riemann
normal coordinates x; : U; — R2 centered at pj,Jj =1,...,k,such that

YyRYNU; = y((—eo +1),t; + €0))

for all j. For each € in (0, €), let 76\1 denote the smaller circular arc in
R?, parameterized with respect to arc length, connecting (x;oy)(—e +¢;)
to(x;oy)(t; +¢€), and tangent to xjoy|(—eg+1;,t; +€) at the points
(xjoy)(—e +1t;)and (x;oy)(t; + €); and set

1 —
Ve,j = Xj  ©Vej>

foreach j =1, ..., k. Replace y|(—e +t;,t; +€)by ye j, j =1,..., k. Call
the new domain, resulting from the change of boundary, D,. Then

/ Kgds+// KdA =2m.
aD. D.
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Then, one verifies that, as € | 0,

k
KdS—)/ Kods + a(pi)
/;DE ¢ o ; !

//Dszccm%//D;ch.

This completes the proof. [ ]

and

Corollary V.2.1. (C. F. Gauss (1827, pp. 291f)) If C consists of three geodesic
segments, with interior angles B(p;) (from T'' (q;) to =T (q;)), j =1,2,3,
then

3
(V.2.17) // KdA=Y" B(p;)—m.
D j=1

Now consider compact M with a triangulation, each of whose closed triangles
is in a domain diffeomorphic to a subset of R?. Then,

// KdA Z {2m — Z exterior angles}
M

faces

Z {—m + Z interior angles}

faces

=27V —nF,

where V' denotes the number of vertices, and F denotes the number of faces, of
the triangulation. Let E denote the number of edges of the triangulation. Then,
since M is compact,

3F =2F;
SO
—F =2(F — E),

which implies

Theorem V.2.6. (W. Blaschke (1967, pp. 163-167)) For M compact, with
triangulation as above, we have

(V.2.18) /f KdA =27{V — E + F} = 27 x(M),
M

where x (M) denotes the Euler characteristic of M.
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In particular, if M is compact orientable with no boundary, then
X(M) =2 — 2g(M).

Theorem V.2.7. More generally, for M orientable, with with compact closure
and smooth boundary, we have

(V.2.19) / Kgds—i-/f KdA =2 x(M).
M M
If the boundary OM has corners with exterior angles {aj, j =1,...,k},
then

k
(V.2.20) / Kgds+f/ KdA=2mx(M)=) ;.
oM M

j=1

§V.3. The Collar Theorem

Definition. A Riemann surface will be an oriented 2—dimensional Riemannian
manifold of constant Gauss curvature equal to —1.

Let M be a compact Riemann surface, and let y denote a simply closed geodesic
in M of length £. Then, B. Randol’s (1979) collar theorem states that the distance
from y to its focal cut locus > arcsinh csch £/2 (see §II1.6 for definitions and
notation). Furthermore, the area inside the focal cut locus, A(vD,), is greater
than or equal to 2¢csch £/2.

First, the reader should refer to Exercises IV.12-1V.14 and Exercise IV.23. Their
content and arguments will be used throughout the proof.

Second, note that because the Riemann surface has negative curvature, the
Gauss—Bonnet Theorem (V.2.15) implies that the genus of M is greater than or
equal to 2.

Notation. For any point p in M, we let ¢, denote the rotation of 7 /2—radians
in the tangent space M ,.

To prove Randol’s collar theorem, we first require a lemma from hyperbolic
trigonometry (see Ratcliffe (1994, p. 96)).

Lemma V.3.1. Let ABC D denote a geodesic quadrilateral in H?, the hyper-
bolic plane, with A, B, C all right angles, and £ D = ¢.
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Assume the length of AB and BC are r and t, respectively. Then,
cos ¢ = (sinh r)(sinh ).

Theorem V.3.1. (B. Randol (1979)) Let M be a compact Riemann surface
with simple closed geodesic y of length £ > 0, and let inj,, denote the distance
from y to its focal cut locus. Then,

(V3.21) inj, > arcsinhcsch /2.

Corollary V.3.1. Let C, ={g € M : d(q,y) <inj,} denote the cylinder
“inside the focal cut locus.” Then,

A(C,) = 2€csch £/2.
Proof. For the area, we have

inj, arcsinh csch £/2
AC)) = ZE/ cosh tdt > 26/ cosh t dt = 2€csch £ /2.
0 0

Proof of Theorem V.3.1. Lety : S'(¢/2w) — M, |y’| = 1, be asimple closed

geodesic of length £.
Klingenberg’s lemma can be adapted here to show the existence of two
distinct geodesic segments o; : [0, inj,, ] = M, |o’| =1, 0;(0) on y, for both

j =1, 2, satisfying
o1(inj y) = 0,(inj )/)v and Gll(il’lj y) = _02/(inj y)'

So, the union of the two geodesic segments is a smooth geodesic segment
that can be written as o :[0,2inj,] = M, |o'|=1, o(0) =01(0):=
Pi, 0(2inj, ) = 02(0) := p>. We set ¢ = o(inj, ). Note that Figure V.3 con-
tains the two possibilities of how ¢ intersects y at p;.

Assume that the base geodesic y is parameterized so that y(0) = p; and that
y is oriented so that ¢'(0) = ¢,,, - y'(0).

Next, consider the geodesic t in M for which t(0) = ¢, and 7/(0) = —¢, -
o’(inj, ). We claim that if (V.3.21) is false, then t is a geodesic loop that is
freely homotopic to y .

Indeed, lift the geodesics y, o to geodesics y, & in the universal cover of
M, H?, starting at some lift p of p,. As in M, 5'(0) = T - 7'(0). Let X be
the geodesic in M such that £(0) = y(—¢/2) = y(¢/2) and £'(0) = tx() -
(Y'(€/2)) = tx0) - (—y'(—£/2)). When y is lifted, starting at p;, to 7 by the
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(ii)/

Figure V.3. The focal cut point.

covering to H?, the lifts of y(—£/2), y(£/2) are now distinct points, thereby
determining two lifts 3, ¥, of X, starting at (—£/2), (£/2), respectively.
The lift, now, of the geodesic 7, %, starting at £(0) = & (inj,,) will be oriented
so that '(0) = —T5nj,) - 6'(inj ). By Lemma V.3.1, if (V.3.21) is false, then
7 will have to intersect ¥; and X,. By symmetry, the intersection must be at
the same arc length along %; and %, (see Figure V.4). The respective points of
intersection ¢; and ¢, will then project, under the covering, to the same point
in M. Therefore, T projects to the loop 7 in M, which is freely homotopic to y.
We distinguish two possibilities: Let £ denote the continuous unit vector field

¥

Figure V.4. The lifts to H?.
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QN

F
Figure V.5. The lifts to H?.

along y, orthogonal to y, for which o'(0) = &£(p;). The two possibilities are:
(1) 0'(2inj,) = —&(p>) and (ii) o' (2inj ) = &(p2).

Assume (i) 0'(2inj,) = —&(p»). Go through the same lifting construction
as above, except that, now, start at p,. Since the lift of o starting at p; is
oriented opposite the lift starting at p, the lift of ¢ now appears with the
orientation opposite to that obtained by starting at p;. The result is that T is
freely homotopic to y~!, which implies y is freely homotopic to y ~!, which
contradicts Preissmann’s theorem (Exercise IV.14).

Assume (ii) o/(2inj, ) = £(p»). This time, lifting the picture starting at p,
will result, as in Figure V.5, by cutting M along y in a homotopy between the
new boundaries. This is impossible since the genus of M is greater than 2. W

§V.4. The Isoperimetric Problem: Introduction

Let M be a Riemannian manifold. As usual, M always refers to the interior,
independent of whether M has, or does not have, a nonempty boundary. The
isoperimetric problem is to find, for any given v less than the volume of M, the
region of volume v with minimal area of its boundary. The analytic aspect of
the problem is to write this minimal area as a function of v, namely,

Definition. The isoperimetric profile v + Iy (v) of M, defined for every v €
(0, V(M)) (the volume of M might be infinite), is given by

Iy() = inf{A@®D): V(D)=v, D CC M},

where D varies over relatively compact open submanifolds of M with smooth
boundary in M. Such open subsets of M will simply be referred to as smooth
regions. (In particular, they can have at most finitely many components.)

One, naturally, seeks explicit knowledge of the function /,(v). Also, one wants
to know if, given any v, a region €2 exists for which V(2) = v and A(0Q2) =
Iy (v); such a region is called an isoperimetric region or minimizer for short.



248 Surfaces

Furthermore, one also wants know if the boundary of the isoperimetric region
is smooth. Finally, if it exists, it is unique.

A weaker version of the problem is to offer an accessible lower bound ¢(v)
for I);(v), that is, an isoperimetric inequality of the form

(V4.1 A(@D) = ¢(V(D))

for all relatively compact smooth regions D.
The classical isoperimetric inequality in Euclidean space of all dimensions
represents the best all worlds, namely, for any such region in R”, one has
A(dD) A" Cn—1

(V42) V(D)l_l/n > V(B”)l_l/n = wnl—l/n'

One has equality in (V.4.2) if and only if D is a disk in R". (See the proofs in
§§VI.1 and VI.2.) Since the quotient on the right-hand side of (V.4.2) remains
the same for disks of any radius r in R”, the inequality constitutes a complete
solution of the isoperimetric problem. It says that, for any given volume v,
the disks of volume v are the only minimizers of the bounding area, and the
isoperimetric profile /);(v) is known explicitly, namely,

Cool = Nwn, = Ipe(v) = nwy/™!17Yn,

For the general situation, we quote a broad existence theorem.

Theorem V.4.1. (Main theorem for M without boundary) If M" is compact,
or covers a compact, then, for any v, 0 <v < V(M), there exists Q, CC
M whose boundary in M, ¥, = 02, minimizes area among smooth regions
of volume v, that is, A(Z,) = Iy (v). Moreover, except for a singular set of
Hausdorff dimension at most n — 8, the boundary X, of any minimizer is a
smooth imbedded hypersurface with constant mean curvature.

Of course, the theorem applies to the standard simply connected spaces of
constant sectional curvature — Euclidean space, the sphere, and hyperbolic space
of all dimensions.

Theorem V.4.2. (Main theorem for M with boundary) Assume, in the above,
M has boundary and M" is compact (the boundary may be C'*'). Then, again,
the minimizer 2, exists, with boundary X,. ¥, might include some of the
boundary dM , in which case %, € C'! in a neighborhood of M. The mean
curvature ) = b, is constant on the set of all smooth points of £, N M. The
mean curvature of ¥, N dM must satisfy h < b,.
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Note that, in this case, A($2, N dM) is included in the area A(Z,). Also, the
mean curvature of X, is always relative to the inferior unit normal vector field
along X, . Finally, the mean curvature of ¥, N dM is defined in a weak sense.
This formulation of the main theorems is from A. Ros (2001); see the references
there for the proof of the theorem. The proof of C ! regularity in a neighborhood
of the boundary is in B. White (1991) and E. Stredulinsky—W. P. Ziemer (1997).

Let €2 be an arbitrary region with compact closure and smooth boundary in M,
and assume a 1—parameter family of regions is given by perturbing the boundary
a2 by

D(e; W) = exp €y, w e 082,

where v denotes the exterior unit normal vector field along 9€2. Let €2, be the
region with boundary 02, = ®.(92), where ®.(w) = ®(e; w). Let v denote
the exterior unit normal vector field along d<2., for every €. Set V(¢) = V(L2)
and A(e) = A(0£2). Then, the standard variational formulae (Exercises II1.14
and I11.33) read as:

(V4.3) V'(e) = A(e), Al(e) = / he dA,
Qe
where fj, is the mean curvature relative to —v,, and

(V44) A= / (03 — 1B 1P — (Ric e, ve)) dA,
092

where ( , ) denotes the Riemannian inner product in M, ||B.||> denotes the
Gram—Schmidt norm of the second fundamental form B, of <2, relative to v,
and fRic denotes the Ricci curvature of M, .

Theorem V.4.3. (C. Bavard-P. Pansu (1986)) Let Q2 be an isoperimetric
region with smooth boundary, and constant mean curvature % with respect to
the unit interior normal along the boundary. Then, the isoperimetric profile Iy
has weak (in the sense of Calabi — see below) left- and right- first derivatives
and second derivative satisfying

+ —
D IM<b<D Iy
dv  — 77 dv

, v =V(Q),

and
2
D= Iy - 1
dv: T Iy%(v)

f {18117 + (Ricv, v)} dA, at v = V(Q).
Q2
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If the Ricci curvature of M is bounded from below, then

D’ 2 . . 2
W{IM (v)+(1ﬂr}1f9‘hc)v } <0 at v = V().

In particular, the function
v LX) + (i}l‘l/[f %ic) v2
is concave, which implies I, (v) is locally Lipschitz.

Proof. Given an arbitrary function f(x), to say that it satisfies

D*f D~ f D> f
e ) =C=—=0) and - —5e(x) =G

at x, in the sense of Calabi is to say that there exists a smooth function ¢(x)
defined on some neighborhood of x, such that

f(x) < o(x) Vx, d(xo) = f(x,),
¢),(X0) =Cy, ¢”(sz) =Cs.

Let €(v) denote the inverse function of V = V (¢), then

A _a A 1| A"\’
dv A dv?  A| A A '
Therefore, if 02 has constant mean curvature, then
d’A
dv?

(V4.5)

1 / 5 ,
=—— [ {IBI"+ (Ricv, v)}dA.
e=0 A2 aQ

Then, for € in a neighborhood of 0, we have V (¢) in a neighborhood of V (2),
and
Iy(v) < A(v) for v in a neighborhood of V (£2),
In(V(2) = AV ().
Then (V.4.5) implies
d2 A2
dv?

< —2inf fRic,
M

e=0
which implies
d2
— { A’(v) + [ inf Ric ) v? <0,
dv? M e=0

which implies the claim. |
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Remark V.4.1. The theorem remains valid when M has a boundary, because
we can use a variation of 92 compactly supported on €2 N M with infinitesmal
variational vector field n (in the notation of Exercise III.14) pointing into €2.

§V.5. Surfaces with Curvature Bounded from Above

Here, M is a surface. We use A and L for V and A, respectively, and write the
isoperimetric function as [ (a).

The Wirtinger inequality (Exercise I11.42) gives rise to a proof of the classical
isoperimetric inequality in the plane R?. The argument is from A. Hurwitz
(1901).

Theorem V.5.1. Let Q be a domain in R? bounded by the C U Jordan curve T,
and let the area of 2 be denoted by A, the length of T by L. Then,

L? > 47 A,

with equality if and only if Q is a disk.

Proof. Let x denote the position vector of the point x € R, One identifies
the position vector x with the tangent vector Jxx € (R"),; then, the divergence
theorem (II1.7.8) implies

2A = f (x,v)ds
r

where ds denotes arc length along I'. Cauchy’s inequality, for vectors and for
integrals, then, in turn, imply

1/2 1/2
2A=/(x,v)ds§f |x|ds§{/ |X|2ds} {/ 12ds}
r r I r
12
=L1/2{/ |x|2ds} ,
I

1/2
2A§L1/2{/ |x|2a’s} .
r

Next, translate the curve x so that

/ x(s)ds = 0.
r

that is,
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Note that A(2), L(I"), and x'(s) (for every s) are invariant under the translation.
Therefore, we can apply Wirtinger’s inequality to obtain

1.3/2 1/2
72
T r

We are thinking of x as x = X(s), where s is arc length; so |[x'| = 1 on all of T,
which implies the theorem.
The case of equality follows easily. |

The Theorems of Carleman and Weil

The first generalization of this inequality was given by T. Carleman (1921).

Theorem V.5.2. Let Q be a 2—dimensional domain in a minimal surface X in
R3, bounded by the C U Jordan curve T. Then,

L?>>47A,

with equality if and only if Q is a flat totally geodesic disk in R3.

Proof. The proof is the same as above, except that now uses Jellet’s formula
(Exercise II1.30(b)) to prove

2A=f(x, v)yds.
r

The rest of the argument is the same. |

Theorem V.5.3. (A. Weil (1926)) If M is a simply connected surface with
complete Riemannian metric of nonpositive Gauss curvature one also has, for
a 2—dimensional domain in M bounded by the C' Jordan curve T, the inequality

L? — 47 A > 0,

with equality if and only if Q2 is a geodesic disk of Gauss curvature identically
equal to 0.

Remark V.5.1. The Weil theorem is a generalization of the Carleman theorem
since every minimal surface has nonpositive Gauss curvature — use (I1.2.6).

Lemma V.5.2. Let p € M, {e1, e2} be an orthonormal basis of My, and y :
M — R? normal coordinates on M determined by {p;ei,ex}. Then, {p;ei, er}
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/yjds=0.
r

Proof. Fix p, € M,{E, E;} an orthonormal frame at p,,, and parallel translate
the frame { £, E,} along every geodesic emanating from p, and thereby obtain
a differentiable orthonormal frame field {e;, e;} on all of M (we are using
the simple connectedness and nonpositivity of the Gauss curvature). For every
peM,lety, : M — R? denote the Riemann normal coordinates on all of M
determined by {ey, e} at p. Let (y p)j , J = 1,2 denote the coordinate functions
of y,,. Then, the vector field

2
Y(p)=Y {fr@p)f ds}e,(p)
j=1

is a continuous vector field on M. Restrict Y to a geodesic disk B in M that
contains 2. Then, the nonpositivity of the Gauss curvature implies that B is
convex (see Exercise I1.20); therefore, on the boundary of B, Y points into B.
The Brouwer fixed-point theorem then implies that Y has a zero in B. [ ]

may be chosen so that

Proof of Theorem V.5.3. Let p be given by the lemma, y given by the normal
coordinates based at p, and consider the vector field on M given by

.0
X = Z yJ—A.
=

From Exercise II1.8 and the relation

for any function f, where ¢ denotes distance from p, one deduces

I/8(:8) 1}
ot ’

divX(expt§)=2+t{ ;

where & denotes any unit tangent vector in M,. Since the Gauss curvature is
nonpositive, the Sturm comparison theorem (Exercise I1.22) implies div X > 2.
Therefore,

2A§f/ dideAfL”z{f{|y1|2+|y2|2}ds}.
Q r
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We assume the boundary is parameterized with respect to arc length and that
the point p satisfies the lemma. Then,

L3/2 12
24 < —— { [ {(H) + (<y2>’>2}ds} = L*/2n,
T r

which implies the claim. The case of equality is handled easily. |

Remark V.5.2. The inequality L? — 47 A > 0 can be extended to all compact
regions in the complete simply connected M of nonpositive Gaussian curvature.
Indeed, it is certainly true for every region 2 diffeomorphic to a disjoint union
of disks. If the region D is obtained from the disjoint union of disks, €2, by
the removal of a finite number of diffeomorphic disks, then A(D) < A(£2). But
L(0D) > L(aL2). Since the inequality is valid for €2, it is automatically valid
for D. The case of equality is easily handled.

Remark V.5.3. Finally, E. F. Beckenbach-T. Rado (1933) noted that if L?>
41 A for all simply connected domains on a surface then the Gauss curvature
is nonpositive. The argument is an easy calculation. Fix any x € M. Consider
the geodesic disk B(x;¢€), for € > 0 sufficiently small, with area A(x;¢€) and
boundary length L (x; €). Then, one uses Corollary I1.8.1 to show

2 2
Lux):mm{1—5£1+0@%}, Aux):nﬁ{l—%§1+0@%}
which implies

2

L2(x;€)/Ax; €) = 4n {1 _ 361 Z’C

+0@%}

Therefore, L2(x; €) /A(x;€) > 4m for all sufficiently small € > 0O implies that
IC is nonpositive. |

The Bol-Fiala Inequalities

We now are given an oriented complete 2—dimensional real analytic Rieman-
nian manifold M, and a relatively compact domain D bounded by C, a finite
number of simple closed real analytic Jordan curves, each having positive length
(this excludes, for example, deleting a point from the domain). Each component
curve of C is given by a periodic map w : R — M, parameterized with respect
to arc length.

Let ¢ denote a point in C, as well as an arc length parameter along each com-
ponent of C. Also, let T denote the unit velocity vector field along C.
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Let N denote the interior unit normal vector field along C, and ¢ denote the
rotation of tangent vectors by 7 /2-radians. The orientation of C is chosen as
usual, that is, so that N = (T. In particular,

VT = kN,

where «, denotes the geodesic curvature of w.
Consider Fermi coordinates on M, given by

v(t;q) = exp tN(q), teR, qgeC.
Then, standard calculation yields (see Gauss’ lemma — Theorem 1.6.1)
|0, v =1, V;9,v =0, (0;v, 94v) = 0.
Also, 9,V satisfies Jacobi’s equation (see §II1.6)
V.20, + Ka,v =0,

where K denotes the Gauss curvature of M, along each geodesic y, () :=
v(t; q), with initial conditions

3 v(0:9) =T(q), Vi9,v(0;9) = V,N(g) = —K,T(q).
One can write
8,y 1= 0 (—L(8,));
therefore,
ds®> = dt* + n* dq?
for the Riemannian metric, and 7 satisfies the scalar Jacobi equation:
3,>n+ Kn =0, with initial conditions 7(0;¢) = 1, (3,7)(0;q) = —Kqe(q).
Notation. For every g € C, let P(q) denote the first positive zero of ¢ —

d,v(t; q); that is, v(P(q); q) is the first focal point of C along the geodesic
v4(t) =v(t;q), t > 0. If no such zero exists, then we set P(q) = +o0.

Since 1 and 9,1 cannot vanish simultaneously, then P(g), when finite, is a real
analytic function (by the implicit function theorem), with P’(¢) bounded on
any strip0 < ¢ <r.

Immediate results are:

Proposition V.5.1. If, for any given r, > 0, the equation P(q) =r, has in-
finitely many solutions in C, then D is a disk.
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Similarly, if P'(q) = 0 has infinitely many solutions, then either (i) D is a
disk, or (ii) for every accumulation point q, of solutions of P'(q) = 0 we have
P(g,) = +00.

Let Z, denote the set of r for which P(q) = r has at least one solution q,
satisfying P'(q,) = 0 at P(q,) = r, then, Z,, is discrete.

Proposition V.5.2. (Hiillcurvensatz) For each component of C, along the path
q — v(P(q); q) where P(q) is finite, the Riemannian metric reads as

ds =|P'(¢)ldq;

so when P' # 0 on an interval [q1, q2], we have that the length of the path
along the first focal locus, from q to q,, is given by |P(q2) — P(q1)|.

Definition. Given the geodesic y,(t) = v(t; q), we let

p(q) =sup{t: d(C,y, (1)) =1t Ve (0]}

So, p(q) < 400 is the distance from ¢ to the focal cut point y,(o(g)) of C
(we usually just say, cut point of C) along y,.

Proposition V.5.3. A cut point p = v(p(q); q) of C is either the first focal point
of C along y, or is the intersection of at least two geodesic arcs minimizing
distance from C to p. Note that these two arcs need not emanate from the same
component of the boundary.

So, p(q) < P(q). Furthermore, if p(q,) = P(g,) < 00, then P'(q,) = 0.

Proof. The proof of the first claim is standard (see §III.2 for the discussion of
the cut locus of a point), so we only consider the last claim.

If P'(g,) # 0, then there exists ¢ close to g, with P(q) < P(q,). One can
then travel from ¢ on C to v(P(q,); g,) by going along the geodesic y,(t)
from ¢ to y,(P(g)) and then traveling along the focal locus to v(P(g,); go)- By
Proposition V.5.2, the full path has length P(q,), which implies y,, (¢) does not
minimize distance from C to y,,(P(q,)), which is a contradiction. |

Definition. A cut point p of C along the geodesic y, is normal if it is not a
focal point of C along y, (i.e., p(q) < P(q)), and it is the endpoint of precisely
two distance minimizing arcs (one of them y,) from C to p.

A cut point of C, which is not normal, will be referred to as anormal.



§V.5. Surfaces with Curvature Bounded from Above 257

Proposition V.5.4. Let p, be a normal cut point of C along the two geodesics
Vg, and y,, at distance p,. Then, the function p = p(q) is real analytic on
neighborhoods of ¢\ and q,.

Also, there exists a local real analytic function u(q), from a neighborhood
of q1 to a neighborhood of q», satisfying

w(g1) = qa, v(p(q); q) = v(p(q); u(q))-

Furthermore, the locus v(p(q); q) near q (or q) bisects the angle between
the minimizing geodesics y, and y, ) meeting at v(p(q); q).

Assume q and q, are in the same component of C, and q1 < q» < q1 + £,
where £ is the length of their common component. Then, the map q +— (q) is
strictly decreasing.

Proof. Let U; be a neighborhood of (p,, ¢1) such that v, := v|U; is a dif-
feomorphism, let U, be a neighborhood of (p,, g») such that v, :=v|U; is a
diffeomorphism and satisfying v{(U;) = v,(U;). Set

(z,0) = (2~ lovi)(t, 8)

(so, we let s replace ¢ in a neighborhood of ¢, and let o replace ¢ in a neigh-

borhood of ¢,). Then write for ¢ = v, !ov,

T = ¢i(t, ), o= P(t, ).

If y,(¢), y»(7) denote two distinct geodesics producing the normal cut point of
C at VA(IO) = J/a(,O), then

p=¢1(,0,s), G=¢2(p9s)'

Therefore, solve t = ¢;(¢, s) for ¢ as a function of s on some neighborhood of
s = q;. Touse the implicit function theorem, it suffices to show that d¢; /9t < 1
at (¢, s) = (po, q1)- But,

(091/01)(po> q1) = (0:V(Po: q1), 3V (0o, g2)) < 1,

which is the first claim. The function w(q) is given by u(q) = ¢2(0(q), q)-
Thus, the focal cut locus is given, locally by ¢ — v(p(q); ¢). Its velocity
vector is given by

O @3V 1vp@ra) + 3gViviora) = P (@V4 (0(@)) + 3gViy, (o1

so, the cosine of its angle with y,’(p(¢)) is p’(¢). And the same is true for the
geodesic (), since p(u(g)) = p(q). This implies the focal cut locus is the
angle bisector of the intersecting geodesics.
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For the last claim, it suffices to note that the arcs w|[q1, 921, ¥, 1[0, p,], and
Y4110, po] are the boundary of a bounded domain in D. [ |

Corollary V.5.1. In the above, we have p'(q) = 0 if and only if v, (p(q)) =
—Yu@) (P(q)), that is, the two geodesics meet smoothly at the cut point of C.

If p'(q) = 0 on one component of C, then either D is a geodesic disk or a
geodesic annulus.

Proposition V.5.5. The function g — p(q) is continuous.
If v(p(q,); qo) is a normal cut point of C, then q, has a neighborhood for
which v(0(q); q) is a normal cut point of C.

Proof. For the first claim, see the proof of Theorem III.2.1. It is easily adapted
to our situation. So, we only consider the second claim.

If there is a sequence of ¢; — ¢, such thatall v(p(q;); ¢;) are all focal points
of C, then so is v(0(q,); go)-

If one has a sequence ¢; — ¢, so that all v(p(g;); g) are all nonfocal, anor-
mal cut points of C, then the “normality” of v(0(g,); ¢,) comes from the strict
decrease of the number of distinct geodesics associated with each ¢, which
implies that the exponential map — more precisely, v — is not locally 1-1 on the
preimage of v(0(q,); ¢,), which implies (see Exercise 11.27) that v(0(q,); ¢,) is
a focal cut point along some geodesic and is therefore anormal. |

The arguments of Propositions V.5.4 and V.5.5 also imply:

Proposition V.5.6. Let v, be a nonfocal, anormal cut point of C. Then there
exist a finite number of g—values, q1, qa, - . .qn, n > 3, satisfying

vo = v(0(q;);4;), j=1,...n.

Furthermore, for each j, p(q) is C' on a small closed interval ending at q; and
real analytic on the interior of that interval; and the set of (normal!) cut points
of C in a neighborhood of v,, consist of n arcs of class C' ending at v,,. At each
point of these arcs, the arc bisects the angle of the geodesics meeting there.

Corollary V.5.2. The anormal cut points of C are isolated. In particular, there
are at most a finite number of them.

Definition. A number ¢ > 0 is called an exceptional value if there exists g € C
such that v(¢; ¢) is an anormal cut point of C, or is a normal cut point of C with
p'(q) = 0. Otherwise, ¢ is a nonexceptional value.



§V.5. Surfaces with Curvature Bounded from Above 259

Figure V.6. Parallel-coordinate domains in D.

Corollary V.5.3. The set of exceptional values is finite.
For any given r,, if p(q) is not identically equal to r, on a component of C,
then the set of solutions to p(q) = r, is finite.

Proof. The first claim is obvious.

For the second, first recall that if p(¢) = r, on a component, then D must be
a geodesic disk or annulus, and p(q) = r, everywhere on C.

So, assume p(q) is not identically equal to r,, but is equal to 7, at infinitely
many points of C. Then, p(q) = r, at infinitely many normal cut points of C.
But since p(q) is real analytic away from nonfocal, anormal cut points of C,
this implies p(q) = r, on a component, which implies p(q) = r, everywhere,
which we assumed is not the case. [ ]

Notation. For any ¢ > 0, define

C={peD:dp.C) =t}
Q ={peD:dp,C) <t}
D, ={peD: dp,C) >t}

(see Figure V.6).
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Let ¢ be a nonexceptional value. Then, C, consists of a finite number of simply
closed curves, piecewise real analytic, written as

m(t)
@) =vt:q),  qelJlao), B0,
j=1
where the m(t) denotes the number of intervals required for C,. The intervals
{loj (@), Bj(D)]: j =1,...,m(¢)} might be associated with different boundary
components of the original C.

The value of « () increases withrespect to ¢, and the value of 8;(¢) decreases
with respect to 7. Once ¢ is greater than or equal to the distance from C to its
closest cut point, the points v(¢, a;(¢)) and v (¢, B;(¢)) are normal cut points, and
both functions «;(¢) and B;(¢) are local analytic inverse functions of t = p(g).

If ¢, is an exceptional value, then one has the same result with some of the
simply closed curves possibly being degenerate (i.e., a point) or two of them
touching.

To consider what happens when ¢ 1 #,, first note that lim o(¢) := «, and
lim B;(t) := B, exist as t 1 t,. What might happen is that o, = f8,, in which
case the “interval” disappears as ¢ goes above f,. Or, the interval [¢,, 8,] con-
tains new points of the focal cut locus, in which case the number of “intervals”
increases as ¢ goes above f,. By Corollary V.5.3, there can only be a finite
number of new intervals.

Assume that at ¢, the limit of the set

“Him” [a (1), (0] = [0, 861 U [8,. o]

Even if «, denotes an anormal cut point, we may assume that o ;(#) has an
increasing continuous extension beyond #,. If not, then «;(¢) would have a
jump discontinuity at ¢ = ¢,, which implies there exists an interval on which
p(q) = t,, which would imply that D is a disk. This is the easiest case. A
corresponding remark applies for 3,.

Thus, for §,, there exist continuous functions 2 (¢), ®*(¢) defined for ¢ > ¢,
so that

lim ©(t) 1 4, and lim ©*(r) | 8,,
tlt, tt,

where C; N ey, Bo] = [a; (1), DO U [D*(1), B; ()]

Notation. We let T denote the furthest distance from C into D, that is,

T =sup{d(q,C): q € D}.
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Note that 7 is the inradius of D. That is, there exists ¢, € D suchthatd(q,, D) =
7; B(q,;7) € D; and for any t > 7, g € D, the disk B(g;t) is not contained
in D.

Theorem V.5.4. (G. Bol (1941) and F. Fiala (1940)) For every value t, let
L(t) and A(t) denote

L(r) = L(Cy), A(t) = A(Dy).

Then L(t) and A(t) are continuous with respect to t. Moreover, at all nonex-
ceptional values of t we have

(V5.1) Aty = —L@).

If the Gauss curvature K satisfies K < «, then for all nonexceptional values of
t, we have

(V.5.2) L'(t) < =27 x(D) + k A(D,).

Equations (V.5.1) and (V.5.2) are valid even if D has a finite number of com-
ponents.

Proof. We work only with L(¢). The argument for A(¢) is easier.
For any ¢ € [0, 7], C, is a finite union of circles (some of them may be
degenerate, that is, points), given by

m(t)

C=v(t:¢), €=l B0

j=1

(notation for the intervals as described above). Then,

L(t):/ dsz/ n(t;q)dq,
C <

which implies

|L(2) = L(1)| =

fn(t;q)dq—/C n(t.; q)dg

To

5/ n(t;q) — n(t,;q)ldg + sup |n(t;q)l dq,
€,Ne, [0,71xC N

which implies that L(¢) is continuous.

As there are at most only a finite number of exceptional values of 7, a similar
argument shows that L(¢) is real analytic everywhere, except possibly at the
exceptional values.
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Vaiio) L0
Iy 2
\a,-(t) by(?)
o(0) B;(0) c
Figure V.7. The corners of C,.
For the nonexceptional value ¢, the loci
a;j(t) = v(t;a (1)), b;i(t) == v(t; B; (1)), j=1...m@),

consist of normal cut points along C,, and are locally real analytic paths with
respect to ¢. Let

Ba,iy = £L[0v — aj' ()], By, = £[0v — bj'(1)]
(see Figure V.7). Then

a;’ = 9v +a; 9,y = v + (—a;'mid,v,
bi' =8+ B;'0,v =9,v+ (—B;'nd,v,

which implies

aj (Ot (1)) = —tan 9, ), Bi'(On(t; Bj(t)) = —tan By (p).

Therefore,
m@) (1)
LOy=) / n(t;q)dq,
j=1 Jai®

Bi(®)

m(t)
INOEDY {ﬂ_/(t)n(t;ﬂj(t)) — o (Ot a;()) + / " (am)(t;q)dq,}
j=1 ot

m(r) Bj(1)
= Z —tan ¥y, + tan ¥y ) + / —ko(t;g(t;9)dq, ¢,
j=1 a;(0)

where k,(t; ¢)n(t; q) is the geodesic curvature of C; at v(¢; ¢). We now apply
the Gauss—Bonnet formula (V.2.20), and note that the exterior angle at the j—th
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corner is given by Do) — Daji0)s that U0 is positive and Ba;() is negative, and
that x (€2,) is nonpositive. We then have, by (V.2.19) and (V.2.20),

m(t)
L/([) = Z {ﬂbj([) — tan 191,/({) — (ﬂaj(f) — tan 190/.([))} + 27 x ($2)
Jj=1

—/ Kgds—/ KdA

aD o)

—/ Kgds—/ KdA
9D Q

—27rx(D)+/ KdA,

D,

IA

that is,

L'(t) < —2m x(D) +/ KdA. ]
Dy

Theorem V.5.5. IfDisarelatively compact region in the complete real analytic
surface M, with Gauss curvature K less or equal to the constant k, then

(V.5.3) L?*(dD) > 47 x(D)A(D) — k A*(D).
If D has n components, all of which are, topologically, disks, then
(V.5.4) L*(dD) > 4nnA(D) — k A*(D).
Proof. Set A(t) = A(D,). Then,

L(1)L'(t) < =27 x(D)L(t) + k L(t) A(2).
Integrate from O to t; then,

%{L%r) — L}(0)} < 27 x(D){A(r) — A(0)} — g{Az(w — A%(0)},
that is,
1, K 12
—5L7@D) = “2mx(D)A(D) + S AX(D),

which implies (V.5.3). ]

Remark V.5.4. If M is a Cartan—Hadamard surface, that is, it is complete,
simply connected, with L < x <0 — and is therefore diffeomorphic to the
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plane — then, one has
L?*(dD) > 47 A(D) — k A*(D)

for all regions in M . Indeed, it is certainly true for every region €2 diffeomorphic
to a disjoint union of disks. If the region D is obtained from €2 by the removal
of a finite number of diffeomorphic disks, then A(D) < A(£2), which implies
(since k¥ < 0)

47 A(D) — k AX(D) < 47 A(Q) — Kk AX(R).

But, L(0D) > L(d€2). Since the inequality is valid for €2, it is automatically
valid for D. The case of equality is easily handled.

Proposition V.5.7. (Y. D. Burago (1978)) Assume M is complete, and homeo-
morphic to the plane, with K < k. Then, for p, € D satisfying d(p,, 9D) = 1,
T the inradius of D, we have

inj p, > T[/\/E
(Ifk <0, then 7 //k denotes +0c<.)

Proof. (C.Bavard (1984)) Ifx < 0,theninj M =+o0 by the Cartan—Hadamard
theorem (Theorem IV.1.3). So, assume « > 0. First, note that, by the Morse—
Schonberg Theorem (Theorem I1.6.3), the inequality K < « on all of M implies
that the first conjugate point of the initial point of a geodesic cannot occur prior
to distance 7 /+/k along the geodesic.

Let g, denote the closest cut point of p, in M and assume g, is not conjugate
to p,. Then, by Klingenberg’s lemma (Theorem III.2.4), one has a geodesic
loop starting and ending at p,, of length 2(inj p,), and ¢, bisects the curve. Let
® denote the disk bounded by the loop. Then, one can give an argument based
on those of Propositions V.5.4 and V.5.5 that there is a geodesic emanating from
g, into ® with a conjugate point ¢ in ®. In particular, d(q, g,) > 7//k.

For every w € 9D, consider a minimizing geodesic connecting w to ¢ and
intersecting the geodesic loop at x. Then,

dw,q)=dw,x) +d(x.q),  d(po.qo) = d(po. X) +d(x, q,),
which implies
dw,q) +d(po, qo) = dW, po) +d(q, qo),
which implies

dw,q)+injp, >t +m/Jk.
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Therefore, by minimizing d(w, ¢) over 3D, we obtain
T+injp, = d(0D, q) +injp, > T+ 7/k,
which implies the claim. ]
Notation. For any ¢ € M and r > 0, we write A(g;r) = A(B(g;r)). In the
complete simply connected 2—dimensional space form of constant curvature

i, we let B, (r) denote a metric disk of radius r, A,(r) its area, and L, (r) the
length of its boundary circle.

Corollary V.5.4. By the Giinther—Bishop Theorem (Theorem I11.4.1), we also
have A(D) > A, (7).

Lemma V.5.2. (R. Osserman (1979)) Consider the real numbers A, a, L, £,
and k, satisfying A,a > 0,L, ¢ > 0, and

(V.5.5) 0=¢>—4na+Kkd’,
(V.5.6) CL > 27(a + A) — kaA,

IfkA < 4w, then £ > 0, and

2 2
(V5.7) L? —4mA kA > {%(A — a)} .

Proof. From (V.5.5), we have 47 — ka > 0. Therefore, 4m — kA > 0 implies

1 1 K

at AT
which implies from (V.5.6) that £ > 0. Now, square both sides of (V.5.6) and
use (V.5.5). [ |

Theorem V.5.6. (R. Osserman (1979)) Assume D is, topologically a disk, with
boundary C. Then

2
(V.5.3) L?— 47 A + kA’ > {Z_n(A - AK(T))} > 0.
Li(7)

We have L?> — 4w A + k A*> = 0 if and only if D = B,(7).

Proof. Set

A(r) = A(Q) = A — AD)).
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Then, (V.5.2) reads as:

A"+ kA< 27 +kA, A0)=0, A0 =L.
We want to compare .A(¢) to the solution 5(¢) of:

B+ kB =27 +«kA, B0)=0, B0 =L.
To this end, consider b, given by:

b +kbe = —2m + KA, b(0)=0, b/(0)=L +e,
and a. := b. — A; thus,
a.” +ka. >0, a.(0)=0, a'(0)=ce.

A standard Sturmian argument (Exercise I1.22) implies a.(f) > €S, (¢), which
implies
be(t) = A(t) + €S (1) Ve > 0,

which implies B(t) > A(t) Vt € [0, w//k]. One checks explicitly that
(=27 +KkA) L
B(t) = ——F——Ac@) + 5= L();
2 2

therefore,
LL(t) =2 (A1) + Ac(t)) — Kk AA(2).
Let 7, = min {t, 7 //k}. Then, Burago’s result (Proposition V.5.7) implies
A =AT) = A(po; T) = Ac(Te)

(where p, € C;), withequality in the firstinequality if and only if D = B(p,; 7),
and in the second inequality if and only if T < 7//k and K|B(p,; 1) = k.

On the other hand, our interest in D is only for A < 47 /k — otherwise, the
inequality yields no information. For this case, we have, by Corollary V.5.4,
T < 7/+/k, which implies

LL(7) > 2m(A + Ac(7)) — K AA(T),
which implies (V.5.8).

The case of equality follows easily. |

Remark V.5.5. The benefit of the Bonnesen type estimate is that it preserves
the characterization of the case of equality even when approximating the dif-
ferentiable case by the analytic one.
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§V.6. The Isoperimetric Problem on the Paraboloid of Revolution
The Curvature Flow: Background
The beginning of our discussion seems modest enough. M. Gage (1983), in the

spirit of ideas and methods of R. Hamilton (1982) for deforming Riemannian
metrics along their (Ricci) curvature, proved the following:

Given x(¢) a parameterization of a C? Jordan curve in R?, with inward pointing
unit normal vector field n(¢), and curvature «(¢) with respect to n(¢). Deform
x(t) by the heat equation:

0X. (1)
de
where k. denotes the curvature of the deformed curve x., and n.(¢) denotes

the unit normal vector field along x,. If s denotes arc length along each curve
t — Xc(1), then the differential equation reads as the usual heat equation:

= k()N (1), Xo(t) = X(1),

OX 92x
de 952’

Let D, the domain bounded by x., and A(e) = A(D,), L(€) = L(x,). Then,

3 (L2 2L / , 7L
— (=)=t klZdas - =4,
de \ A A ). A

L
/szs > n—.
. A

Also, if x(¢) is convex, then X, is convex for all €, which implies the quotient
L?/A is decreasing with respect to €. Note that, by the Umlaufsatz (Theorem
V.2.1), A'(e) = —2m.

Gage (1984) then proved that a family of C? closed convex curves X,, which
satisfies the heat equation for 0 < € < ¢, and for which lim._,., A(e) =0,
also satisfies Lz(e)/A(e) — 41 as € — €, — the result uses the isoperimet-
ric inequality. Also, the normalized curves y. = +/7/A(€) x. converge in the
Hausdorff metric (see Chavel (2001, p. 53ff), Burago—Burago—Ivanov (2001,
p- 252ff)) to the unit circle.

This was followed by the proof of M. Gage and R. Hamilton (1986) that if
X is a convex curve in R?, then the heat equation shrinks x to a point in finite
time. The curve remains convex and becomes circular in the sense that (a) the
ratio of the inscribed to circumscribed radius — 1; (b) max «/ min x — 1;
(c) the higher order derivatives of « go to O uniformly; (d) if the initial curve
is convex, but contains straight line segments, then the straight line segments

If x is convex then
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disappear immediately as the curve evolves, and the succeeding curves are all
strictly convex.

Finally, for the Euclidean plane, M. A. Grayson (1987) extended the Gage—
Hamilton result to nonconvex curves of bounded curvature. He showed that the
curve becomes convex in finite time, without developing any singularities.

Before giving the statement of the theorem for the curvature flow on surfaces,
we first recall, from Exercise 11.20:

Definition. Let M be a complete Riemannian manifold. A set A in M is convex
if, forany p, g € A, there exists a geodesic y,, € A such that y,, is the unique
minimizer in M connecting p to q.

Given A C M, define the convex hull of A, conv A, to be the smallest convex
set containing A.

Theorem V.6.1. (The curvature flow theorem for surfaces) (M. A. Grayson
(1989b)) Let M be a 2—dimensional Riemannian manifold that is convex at
00, that is, the convex hull of every compact set is compact. Then there exists
€0 € (0, 00] for which a solution of the heat equation exists for € € (0, €x).
If € is finite, then the deformation converges to a point. If €5, = 00, the
geodesic curvature — 0 in the sense of (b) and (c) above (in additon to k — 0).

Grayson notes that, for €5, = 00, one does not rule out the possibility that
the evolution is accumulating to an infinite set of closed geodesics. One can
say: (i) they all have the same length; (ii) any two intersect at least once; and
(iii) the number of intersections between any two is independent of the
geodesics.

The Isoperimetric Inequality

Going in the direction opposite to that of Gage, Topping (1998) indicated how
the curvature flow might be used to prove isoperimetric inequalities:
Assume, in Grayson’s theorem, that

// KtdA <2n YpeM, R >0, K <k,
B(p;R)

where K+ = max {KC, 0}. Let C be a simple closed curve, bounding a domain
D. For the argument that follows, assume that M is diffeomorphic to a plane,
and C converges to a point under the curvature flow. Then,

L? > 47 A — kA%
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Proof. The formula for the first variation of the area of the deformed D, and
the length of the deformed C. is given by (see Exercise I11.14)

(V.6.1) A/(e)z—/ Kg,gds:—Zn—i—// KdA <0,
D

€

’ 1 g
(V.6.2) L'(e) = —/C Keelds < IS {/C Kg.e ds} ,

€

where k, . denotes the geodesic curvature of C, (the last inequality in (V.6.2) is
a consequence of the Cauchy—Schwarz inequality). The function A(e) is strictly
decreasing; so, we may set € = €(a) to be the inverse function of A(e).

1dL?
——2/ Kggds=27r—// KdA > 2 —«ka,
2da Ce ’ D,

which implies the inequality, by integrating from a = 0 to a = A(D). ]

The Paraboloid of Revolution

The second development of using the curvature flow to prove isoperimetric
inequalities was the solution by I. Benjamini—J. Cao (1996) of the isoperimetric
problem for the 2—dimensional paraboloid of revolution. We discuss it in more
detail.

Theorem V.6.2. Assume M is diffeomorphic to the plane, with Riemannian
metric a complete surface of revolution about the vertex o € M. Let Bg denote
the geodesic disk of radius R centered at 0. Assume

(V.6.3) // KtdA < 2nm, YR >0,
Bg

and assume that the Gauss curvature of M, K = K(R) is a decreasing function
of R. Given Q2 a relatively compact region in M, then for A(Bg) = A(2), we
have L(0Br) < L(0K2) with equality if and only if Q2 is isometric to Bg. The
result applies to the paraboloid of revolution.

Remark V.6.1. The condition (V.6.3) implies that, for any disk 2 C M, we
have fasz kg ds > 0. Indeed, the Gauss—Bonnet formula implies

(V.6.4) / /cgds:Zn—// lCdAzZn—// KTdA > 0.
a0 M M

One might say that the condition (V.6.3) implies that every curve that bounds a
disk is, on average, convex. Once f Kt dA > 2m, the convexity breaks down.
Just consider a metric disk of radius greater than 7r/2 on the unit sphere.
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Proof. We break up the proof of Theorem V.6.2 into a succession of steps.

Step 1. Start with an arbitrary M, a 2—dimensional Riemannian manifold.
Let 2, be a smooth 1-parameter family of domains obtained by the curvature
flow applied to the domain 9€2, for all €. Then, for the general €2, the inequality
(V.6.2) implies

dL? {
(V.6.5) ) 2nx(96)—f/ ICdA}.
da Q.

Assume, in addition, that M is complete, simply connected, and satisfies
(V.6.3). Then, M must be the plane or the sphere. But Gauss—Bonnet implies
that M must be diffeomorphic to the plane. So, henceforth, M is diffeomorphic
to the plane.

Now assume, also, that M is a surface of revolution about a point o. Note
that the geodesic curvature is constant on d By for all R. So (V.6.4) implies that
each 0 By has positive geodesic curvature.

Step 2. We claim that By, is convex for every R > 0. If not, there exist points
p and g in d By such that the interior of a minimizing geodesic pg connecting
them is contained in M \ Bg. Then, an open topological disk A in M \ By is
bounded by pg and an arc o of dBg. For every point z in the interior of pgq,
consider the geodesic y. emanating from it orthogonally into A, and the first
distance d, along it at which y. hits o. Then, d, assumes a maximum value, at
which point y, is perpendicular to o. This implies that the geodesic curvature
of 0By relative to the interior of A is nonnegative, which contradicts the fact
that relative to the interior of By, it is strictly positive.

In particular, M is convex at infinity.

By Grayson’s theorem (Theorem V.6.1), the curvature flow deforms a Jordan
curve to a point or a closed geodesic. If it flows to a geodesic; but the geodesic
will not have positive geodesic curvature, which is impossible. Therefore, the
curvature flow deforms a Jordan curve to a point.

Step 3. If 2 CC M is a domain (i.e., 2 is connected) with C 2 boundary and
x(€2) < 0, then one can find a domain D diffeomorphic to the disk so that

AD)= A(Q), L(@®D)<LOQ).

The proof goes as follows: First, there is a simply connected domain Q* from
which €2 is obtained by deleting a finite number of disks with smooth boundary.
Replace €2 by Q*. Then,

LOQY) <LOR) and  AQY) > AQ).

Now apply the curvature flow to 92*. Because Q* is a disk, (V.6.1) implies,
with Grayson’s theorem, that A(¢) | 0 and L(¢) is decreasing. Then stop € at
€, satisfying A(e,) = A(S2).
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Step 4. The final added assumption: the Gauss curvature is a decreasing
function of R. Start with the case where 2 is a domain. By Step 3, we may
assume €2 is bounded by a single Jordan curve.

Set a, = A(2) = A(Bg). One can use the curvature flow to obtain a family
of domains

{Q2,: Q2 =8, and A(2;) =a, V0 <a <a,}.

Proceed as follows: Apply the curvature flow to €2 to obtain a family of domains
Y. converging to a point as € — some €, < +00. Let A(e) = A(Z,), and €(a)
its inverse function (by (V.6.1) the function A(e€) is strictly decreasing). Then,
set Qa = EE(“).

Also consider the function p = p(a) satisfying A(B,)) = a, that is, p(a)
is the radius of geodesic disk about o having area equal to a. Then, A(2,) =
A(By4)) = a, and (V.6.5) implies

Sz e

dL=(0B
>2{2n’—/ ICdA} M,
p(a) da

the second inequality uses K(R) |, and the last equality uses the fact that «,,
the geodesic curvature along d B,, is constant for each r. Since

liminf L(3€2,) > 0 = lim L(3B ),
im in (0) = lim (0Bpa))

we integrate the inequality

d L*(3%,) - sz(aBp(,,))
da - da

from O to a, to obtain
L*(0Q) = L*(3R,) > L*(3B ) = L*(3Bg),

which is the claim.
If L(02) = L(0Bg), then

d L*(09,) _d L*(0B )
da da

for every a € [0, a,], which implies

//Quzccm://g Kda

pla)
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for every a € [0, a,]. Since KC(R) is nonincreasing, this implies that if B, is the
smallest disk, centered at 0 and containing €2, then the Gauss curvature C must
be constant on B ,. This would then easily imply that €2 is a disk isometric to Bg.

Remark V.6.2. In the case of equality above, if the Gauss curvature is strictly
decreasing, for example, then Q2 is Bg.

Continuation of the Proof of Theorem V.6.2. Assume €2 has more than one
component — we may assume each of which is diffeomorphic to a disk — and
then subject 2 to the curvature flow. If the components never meet, then the
argument is similar to the above. Should components touch, for some €, then
one can replace the “offending” domains with fewer domains having the same
area and lower boundary, as follows:

Step 5. Consider the case where Q2 = Q; U Q,, where ; and €2, are do-
mains, with disjoint closures, each diffeomorphic to a disk. Subject 92; and
d€2, simultaneously to the curvature flow, to obtain the families of domains
(21)e and (£27)e. Let €; be the time for 2; to deform to a point, and the same
for ¢; and Q5.

First assume that 0 < €; < €; and that (221). N (2,). = & for all € € [0, €).
Then, set

Q. — (21)e U (22)e 0<e=<e
T () € <e=<el

and A(e) = A(Q2.). Let €(a) denote the inverse function of A(e¢), and set
D, = Qca).
Then, A(D,) = a for all a € [0, A(R2)], and
% > 2/301, ko ds
2 (2n — 1l /CdA) 0<a< Ale)
2(47 = ff,, KdA)  Ale) <a = A®)+ AR

2|27 —/ KdA
By@)

. sz(BBp((,))
N da '
If we set a; = A(27) and a, = A(£2,), then we have

\

L(9821) + L(021) = L(By +a))s

which implies the inequality in this case. The case of equality is now easy.
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Step 6. As in Step 5, consider the case where 2 = 2 U 5, where 2 and 2,
are domains, with disjoint closures, each diffeomorphic to a disk; and subject
d€2; and 02, simultaneously to the curvature flow, to obtain the families of
domains (£2), and (£2;).. Except that, now, assume one has €, such that ¢, is
the lowest value of € for which (). N (). # 2.

One first backs off a bit to €* < ¢€,, and constructs a connected Q* satisfying
(V.6.6) a’ = AQY) > A((Q1)e) + A((R)er) = ae,
(V.6.7) L(3S2%) < L(3(21)ex) + L(3(22)e-).

We describe how to do this below in Step 7. If Q* is not diffeomorphic to a
disk, replace by a domain that is, as in Step 3, and call the new domain Q*.

Now, deform Q*, using the curvature flow, to obtain the family of domains
(2%),, where A((2*),) = a, forall0 < a < a*.

Seta; = A(2y), a, = A(2,) as above, and define
D _{(Q*)a 0<a<ae
¢ Qe U ( )y ae<a=<a+ay’

where €(a) is the inverse function of A(€) = A((21)¢) + A((22)¢),0 < € < €*.
Then, L(0) =0,

dL*@D,) - sz(aBp(a))

da - da

as in Step 4. By integrating the inequality, we obtain

lim L*dD,) > L*(3B .))-

atagx
Since a.~ < a* and since L(9(£2*),) is increasing on [0, a*], (V.6.6) and (V.6.7)
imply

3

lim L*@D,) > 1%31 L*(3Dy) > L*(3B pa..y)-

alacx

Fora € (a.~, a; + a3), we have

dL*D,
# 2/ keds
aD,

da ,
D,
>2(2n —/ KdA
Bﬂ(u))

_ dL*(0Byw)
B da ’

v
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as above. If we integrate the inequality from a.- to a; + a;, we obtain
L(©@21) 4+ L(02) = L(Bp@a+as))

which is the claim.
Step 7. We now show how to replace (£2)).x U (23)e with Q*, satisfying
(V.6.6) and (V.6.7).

Let p, be any point where (£2;)., touches (£2,).,. Let 9((€21).) and 9((£22)¢) be
parameterized by closed paths (w;). and (w;)e, respectively, and assume that
both (@), and (7)., are parameterized with respect to arc length, such that
(@1)e(0) = (@2)c,(0) = p,. For small T > 0, consider the arcs

(@)e,—2l[=7. 7] and  (@2)¢,—x2|[—7, 7],
and replace them by the two minimizing geodesics connecting
(0)1)50_1—2(_7:) to ((1)2)60_1—2(—1') and (wl)ea—rz (T) to (wZ)eU—rz(T)'

For sufficiently small t > 0, the triangle inequality and Taylor’s formula imply
that the resulting Q* satisfies (V.6.6) and (V.6.7).

Step 8. If one starts with more than two components of €2, then the argu-
ment is a generalization of Steps 57 (see the original paper Benjamimi-Cao
(1996)). n

§V.7. Notes and Exercises
Systolic Inequalities

Note V.1. The study of the shortest homotopically nontrivial closed geodesic
was initiated by C. Loewner (unpublished) for the 2—torus, and continued in
Pu (1962) for the projective plane and the Mobius strip. For Riemann surfaces
(of higher genus), the notion of extremal length was introduced for homology
in Ahlfors—Beurling (1950) and worked out in Accola (1960), Blatter (1961).
The generalizations to higher dimensions were formulated in Berger (1972a,
1972b); and completely new insights were embarked on in Gromov (1983).
Also see Katz (1983, 2005). Finally, also see Gromov’s notes (1996), and the
English edition of his book (1999).

The Gauss—Bonnet Theorem

Note V.2. We refer the reader to Milnor (1965) and Berger—Gostiaux (1988,
pp. 253ff) for discussions of degree and index of singularities of vector fields.
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Note V.3. The Umlaufsatz actually states that if I' : S' — R? is an imbedding
of S! in the plane, T : S' — S! given by T = I'’/|T"’|, then the degree of T is
equal to £1, depending on the orientation of I'. As is well known, the degree of
a smooth mapping from a compact manifold M to a compact manifold N of the
same dimension depends only on the smooth homotopy class of the mapping;
so, given a 1—parameter family I'. of imbeddings of S! in the plane, the degree
of the associated T, remains constant. Furthermore, a famous theorem of H.
Hopf (1926a) states that when N = S”, n = dim M, then any two smooth maps
M — N of the same degree are smoothly homotopic. Thus, given 'y, I} two
imbeddings of the circle in the plane with associated T, T} possessing the same
degree, there is a smooth homotopy 7T, € € [0, 1] taking T to T}.

Exercise V.1. Prove the following result of H. Whitney (1937): Given Iy, I';
two imbeddings of the circle in the plane with associated Ty, T} possessing the
same degree, there is a smooth homotopy I',, € € [0, 1] of imbeddings of S!
into the plane taking 'y to I';.

Exercise V.2. Consider an oriented Riemannian 2-manifold M with a local
positively oriented frame field {e;, e;} on a neighborhood U diffeomorphic to a
subset of R2. Let X denote a vector field on M with isolated zero at p € U,and
letr; = X/|X| be the associated unit vector field on U \ {p}. Let r, denote the
vector field on U \ {p} obtained by rotating r; by 7 /2 radians. For any circle
C (in local or polar coordinates) about p, one can write

r1 = (cos B)e; + (sin O)ey, 2 = —(sin B)e; + (cos H)ey.

Show that if @ jk denotes the connection 1-form of the frame field {e;, e} on
U,and j" denotes the connection 1-form of the frame field {r1, z,} on U \ {p},
then

‘512 =do + 0)12.
Note that

/ df = 2x(index X at p).
c

Exercise V.3. (H. Hopf (1956, pp. 107-118))
(a) Given an orientable compact Riemannian 2—manifold M with smooth
vector field X whose set of zeros is the subset {py, ..., p¢} of M. Show that

4
/ KdA=2r" (index X at p;).
M

Jj=1
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This recaptures the Poincaré—Hopf theorem (Hopf (1926b)) that the sum of the
indices of the singularities of a vector field on a compact differentiable manifold
is equal to its Euler characteristic.

(b) Also prove that if M is imbedded in R? with Gauss mapn : M — S? (as
described in Exercise II1.19), show that the degree of n satisfies

degn = x(M)/2.

Note V.4. Higher dimensional versions of the Gauss—Bonnet theorem were
given, for submanifolds of higher dimensional Euclidean space, by C. B. Al-
lendoerfer (1940) and W. Fenchel (1940). Allendoerfer—Weil (1943) considered
the case of Riemannian polyhedra, but, again used imbedding methods. The first
intrinsic proof of the higher dimensional Gauss—Bonnet theorem was given by
S.S. Chern (1944).

Exercise V.4. Prove Theorem V.2.7, the Gauss—Bonnet formula for manifolds
with boundary. Thatis, show that if M is a2—dimensional orientable Riemannian
manifold with compact closure and differentiable boundary, then

/ Kgds—i—// KdA =2mx(M).
aM M

On Randol’s Collar Theorem

Note V.5. 1. Chavel and E. A. Feldman (1978a) considered the result for neg-
ative variable Gauss curvature on an oriented compact surface. They assumed
that the Gauss curvature /C satisfied

—1<K<-8<0

and y a simple closed geodesic of length £. Then, the estimate for the distance
to the cut locus of y is as above,

inj, > arcsinhcsch£/2,
and the area estimate is given by
A(C,) > (2¢/68) sinh (6 arcsinh csch £/2).

When § = —1, their estimates coincide with those of Randol.

The estimate for inj, only uses —1 < K < 0, and the fact that the genus of
M is > 2. If the genus of M were equal to 1, then possibility (ii) in the proof
of Randol’s theorem could occur — for the torus T?.
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Buser (1978) also has a differential geometric generalization of Randol’s
estimate. For early results, see Keen (1974) and Halpern (unpublished). More
developments can be found in Basmajian (1972).

The Theorems of Carleman and Weil

Note V.6. Carleman’s argument was based on complex analysis. The first to
free the original proofs from such considerations was W. T. Reid (1959), who
based his argument on Jellet’s formula.

Definitive results for minimal varieties of arbitrary co-dimension in Euclidean
spaces were obtained, via geometric measure theory, by F. Almgren (1986).

One advantage of the above argument is that there are no restrictions on the
topology of €2, only that it be bounded by one curve. See Chavel (1978) for the
details, and for the literature between Carleman (1921) and Chavel (1978).

The proof of Lemma V.5.2 is adapted from Weinberger (1956).

I. Chavel (1978) combined Jellet’s formula with A. Hurwitz (1901), and
Lemma V.5.2, to give a unified generalization of the Carleman and Weil result
to higher dimensions (n > 2). The result is a weak isoperimetric inequality,
since the analogue of Wirtinger’s inequality is Rayleigh’s principle; and the
lowest eigenvalue of the boundary depends on more than just its (n — 1)—area.

The approach here to Carleman’s theorem was extended further in P. Li-R.
Schoen-S. T. Yau (1984) and J. Choe (1990).

Note V.7. P. Hartman (1964) extended the Bol—Fiala inequalities to the case of
minimal differentiability assumptions by direct analysis of the continuity and
differentiability of the function L(¢). Namely, except for a set of measure 0
(in t), the curves I', are piecewise smooth, and the function L () is well-defined
and C', with L(z) integrable with respect to ¢. Furthermore, Fiala’s differential
inequalities for L’(#) remain valid off this singular set of measure 0. A more
recent extended discussion of these results can be found in Shiohama—Shioya—
Tanaka (2003, Chapter 4)

I. Chavel and E. A. Feldman (1980) extended the inequalities to the differ-
entiable case by approximating the differentiable case by the real analytic one.

It seems that the first to consider the isoperimetric inequality on manifolds
besides Euclidean space was F. Bernstein (1905), wherein he considered the
isoperimetric problem for domains in the standard 2—sphere bounded by con-
vex curves. The Bol-Fiala result is generalization of his result. Subsequent
generalizations of the Bol-Fiala inequalities were given by A. D. Alexan-
drov (1948) and A. Huber (1954), and summarized in a unified presentation in
Y. D. Burago-V. A. Zalgaller (1988). Further generalization was given in P.
Topping (1998, 1999).



278 Surfaces

Note V.8. Higher dimensions. C. Croke (1984) proved the following: Assume
M is a 4—dimensional Riemannian manifold with smooth boundary, so that
M is compact. Assume that M has nonpositive sectional curvature, and every
geodesic in M minimizes distance from its initial point until it hits the boundary.
Then,

A(OM) - A(SY)
V(M)3/4 - V(B4)3/4’
with equality if and only if M is isometric to a disk in R".

B. Kleiner (1992) then considered the 3—dimensional case: Let M be a 3—
dimensional complete simply connected Riemannian manifold, with sectional
curvature less than or equal to a constant ¥ < 0, and let 2 CC M with smooth
boundary, and B, (£2) the disk in the 3—dimensional model space of constant
curvature «, having the same volume as 2. Then,

(V.7.1) A(0RQ) = A(I(B,(£2))),

with equality if and only if 2 is isometric to B, (£2).

The corresponding inequalities in higher dimensions, known as the Aubin
conjecture (1976), that simply connected domains D on manifolds of all di-
mensions > 2 with nonpositive Riemannian sectional curvature satisfy (V.4.2),
namely

A(dD) A(S™ y
> = nwy ",
V(D)]—l/n V(B")l_l/”

remains open.

Curvature Flow in Higher Dimensions
Note V.9. For higher dimensions, G. Huisken (1984) proved the following: Let

x: M"~! — R"be an (n — 1)—-dimensional strictly convex hypersurface in R”.
Then, the heat equation
0Xc
de

has a smooth solution on a finite time interval 0 < € < ¢,, and X, converges to

= benev Xo =X

a point as P, as € — ¢,. Also, with a specific change of parameter, € — 7, X
has a homothetic expansion y, about P, , of area A(M), so that y, — sphere
of area A(M) as T — o0 in the C* convegence. M. A. Grayson (1989a) and
S. B. Angenent (1992) showed that the theorem is false if M is not convex.
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Further Isoperimetric Inequalities on Surfaces

Note V.10. An elementary approach to the isoperimetric problem for com-
pact surfaces is presented in Hass—Morgan (1996), followed by application
of its methods to the isoperimetric problem for surfaces of revolution of de-
creasing Gaussian curvature, beyond the paraboloid of revolution, in Morgan—
Hutchings—Howards (2000).

In H. Howards—M. Hutchings—F. Morgan (1999), one can find results on cir-
cular cylinders, flat tori and Klein bottles, and circular cones; in C. Adams—F.
Morgan (1999), hyperbolic surfaces; and in M. Ritoré (2001), general sur-
faces of nonnegative curvature. In A. Ros (2005), one can find a number of
3—dimensional examples, especially P>—3—dimensional real projective space.



VI

Isoperimetric Inequalities
(Constant Curvature)

This chapter continues the discussion initiated in § V.4, the isoperimetric prob-
lem, with the emphasis on results valid for all dimensions n > 1 (the case
n = 1 is easy to work out and is included to cover all formulae.) As mentioned
in (V.4.2), the main result, to be proved below, is

A(DRQ) AT Cn_1

— _ 1/n
(VLO.D) V(Q)lfl/n Z V(]B%”)I*I/" - wyl—1/n =nwn o,

where 2 is any domain in R"”, A denotes (n — 1)—dimensional measure, and
V denotes n—dimensional measure. Equality is achieved if and only if €2 is an
n—disk. Furthermore, the inequality is invariant under similarities of R”.

As soon as one expands the problem to the model spaces of constant sectional
curvature, that is, to spheres and hyperbolic spaces, one has no self-similarities
of the Riemannian spaces in question. And, if the disks on the right-hand side
of (VI.0.1) are to have radius r, then the right-hand side of the inequality in
(VI.0.1) is no longer independent of the value of . So, the analytic formulation
becomes more involved. For n = 2, the Bol-Fiala inequality (see §V.5) reads
as follows: If M = Mf, then the isoperimetric inequality becomes

(VL.0.2) L? > 47 A — kA2,

By Remark V.5.4, the result is valid for all regions with compact closure and
smooth boundary, when « < 0, with equality if and only if the region is a
geodesic disk. When « > 0, the result is only proved when the region is a
pairwise disjoint union of topological disks (again, with equality if and only if
the region is a geodesic disk).

In this chapter, we investigate the standard space forms of constant sec-
tional curvature of all dimensions, the Euclidean spaces, spheres, and hyper-
bolic spaces. Instead of giving a definitive all embracing method to definitively

280
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prove the theorem, we prefer to give a variety of arguments illustrating the
wealth of techniques associated with the inequality.

A variety of techniques were presented for Euclidean space in Chavel (2001),
with a full proof using Steiner symmetrization for sets with finite perimeter.
Here, we do not aim for such generality; although the proofs below (excluding
the solution of the Neumann problem) of the isoperimetric inequality are valid
for compacta with quite general boundaries, the characterization of equality
is limited to relatively compacta with C? boundary, in order not to take the
discussion to far afield.

The proofs of the isoperimetric inequality in simply connected space of con-
stant sectional curvature are consequences of the Brunn—Minkowski inequality
(see §VI.1 for Euclidean space and § V1.3 for hyperbolic spaces and spheres).
The two arguments given are classical, whereas for Euclidean space we included
(§VIL.2) arecent striking proof of X. Cabré (2000, 2003) which presupposes the
solution of a Neumann problem in Euclidean space. Only then do we consider
characterization of the case of equality.

The characterization of equality for the isoperimetric inequality on spheres
(§VIL.6) is achieved by a far-reaching method of M. Gromov (1986), which was
first employed for compact manifolds with strictly positive Ricci curvature (in-
cluding the spheres, of course). The argument then appeared in M. Berger (2003,
pp- 63—66) applied to Euclidean space, and is valid for hyperbolic spaces as well.
These latter two cases are presented separately (§VL.5), as a “warm-up,” as they
do not use the full power of the method. In this manner, the student might come
to a better appreciation of the different components of Gromov’s argument.

A limited bibliography for background, in general, and symmetrization ar-
guments, various differential geometric arguments, and Gromov’s argument in
Euclidean space using Stokes’ theorem, in particular, is given in Notes VI.1-
VI.3 at the end of the chapter.

§VI.1. The Brunn—-Minkowski Theorem

For n > 1, we present here the “integrated version” of the isoperimetric in-
equality, more popularly known as the Brunn—Minkowski inequality. More
specifically, let M = M, be the simply connected n—dimensional space of con-
stant sectional curvature, n > 1. To each compact subset X of M,, associate
the closed metric disk D in M, with the same volume as that of X. For every
€ > 0, let [X], denote the closed set of points in M, whose distance from X is
less than or equal to €, that is,

[K1, = {x € M, : d(x,K) < h}.

Note that X is a metric disk if and only if [X], is a metric disk for all € > 0.
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Definition. Let K be a compact subset of M,. Define its Minkowski area,
Mink (K) by

an([K]h) — Va(K)
; .

Mink (K) = limin
hl0

Thus, K — Mink (K) is a functional defined on collection compacts sets K —
not on the boundary of K. Furthermore, the Minkowski area is generalization
of Riemannian (n — 1)—dimensional area in that:

Proposition VI.1.1. When K = Q in M, with dQ € C', we have
Mink (K) = A(3Q).

Remark VI.1.1. However, note that when n = 1, then Mink {x,} = 2 at the
same time that v{({x,}) = 0.

Theorem VI.1.1. Let X and Y be bounded measurable subsets of R". Then,

Proof. Assume X and Y consist of one “box” each, with no intersections (if
they have an intersection then we may translate one of them — this will have no
effect on the volume). Then,

n n
vi)=[l]e;.  var=[]8:
j=1 j=1
and X + Y is then a box with

VX +Y) =[]+ 8.
j=1

J

The arithmetic—geometric mean in inequality then implies

{ [Ta }1/"+{ [18 }1/"

[T +8)) [1(e; +8))

1 1 Olj 1 1 ,8j
< — + — :1’
_”;“ﬂrﬁj ”;Oﬂﬂrﬂj

which implies the inequality (VI.1.1).

Now assume that we have the inequality when X and Y are each the union
of non-overlapping boxes (except maybe at the boundary) such that the total
number of boxes is < k — 1, k > 2. So, consider the case when the union of X
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and Y consists of k boxes. Then, either X or Y has at least 2 boxes. Assume it
is X.

Then there exists a hyperplane in R” that divides R” into two closed half-
spaces H* and H~, such that any box in X is either in H* or H~, and that
each half-space has at least one box in X. Then, one can translate the boxes of
Y so that P divides Y into Y and Y ~ satisfying

VXh v VX)) V)

VX)) v’ VX) V)
If X consists of £ boxes, then Y consists of k — ¢ boxes, and both Y+ and Y ~
have at most k — £ boxes. But each of X and X~ have strictly less than £

boxes. So, both X UY ™ and X~ U Y~ have strictly less than k boxes, each.
By hypothesis, the theorem is valid for X ™ U Y+ and X~ U Y ~. Therefore,

VX+Y)>VXT+YDH+ VX +Y)
> {V(X+)l/n + V(y-‘r)l/n}ﬂ + {V(X_)l/n —{—V(Y_)l/"}n

v i (YN e [ (e
= Ve +<V(X+>> VA +(V(X)>

- N V(Y) 1n)" ~ (V(Y))l/n n
=V ){1+<—V(X)) +VXT) 1+ %54

_VxT) 1/ ymn, VIXT) 1/n /)"
=V (Voo + vy + 70 veol"+vant/y

— {V(X)l/n + V(y)l/n }Vl )

which is (II1.2.2), when X and Y consist of a finite number of boxes.
For arbitrary bounded measurable sets X and Y, one approximates them from
within by finite unions of nonoverlapping boxes. |

Corollary VI.1.1. (The isoperimetric inequality for Minkowski area) If Y =
B", the unit n—disk in R", then X + €B" = [X]., which implies
(VL1.2) VIX1)Y" = VOV + ewn /",

which implies

A Snfl
(VL1.3) Mink (X) > nw, "V (X)!"V/" = ")

= 7 v lfl/n.
V(Bn)l—l/n ( )

If Q is a relatively compact region with C' boundary, then

(VL.1.4) ADRQ)) > nw, "V (@),
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Remark VI.1.2. Note that even if one has an easy characterization of equality
in (VI.1.2), it cannot guarantee that the argument itself will pass to the limiting
result (VI.1.3). However, D. Ohman (1955) proved that if A is nonconvex, then
there exists a constant ¢ so that

V(IX1) = (V)" + ewn'/"}" + ce.

See Burago—Zalgaller (1988, pp. 71-74). In particular, if A is nonconvex, one
cannot have equality in the classical isoperimetric inequality. In the case where
A is convex, one can give the classical proof (based on calculus) to characterize
equality in the isoperimetric inequality.

§VI.2. Solvability of a Neumann Problem in R”

First note that, for Euclidean space, one may reduce the collection of competing
regions to domains (that is, connected regions). Indeed, if @ = Q; U --- U
is a decomposition of 2 into domains then Minkowski’s inequality (applied
to the characteristic functions of the components of €2) implies (see Lemma
VIIL3.1)

j=1

x (n=1)/n
Y@y < {Z V(sz,-)} ;
j=1

with equality if and only if €2 is connected. Therefore, knowledge of the isoperi-
metric inequality for domains implies its validity for relatively compact regions,
with the same characterization of the case of equality.
Therefore, consider a domain D CC R”, with C? boundary. The argument
of X. Cabré (2000, 2003) relies on the solvability of the Neumann problem
ou

Au=1 onD — =c¢ ondD.
av

A necessary condition is:

V(D):// AudV:/ du/dvdA = cA@D).
D oD

So, ¢ must given by ¢ = V' /A. Standard arguments from Fredholm and regular-
ity theory (see Gilbarg—Trudinger (1977)) imply that there is indeed a solution
forc =V/A.

Now define

I i={yeD: ul)=uly)+(Vu)y)-(x —y)¥x € D}.
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That is, the tangent hyperplane to the graph of u, at the point (y, u(y)), supports
the graph in the upper half-space defined by the tangent hyperplane. At every
point of I'", the Hessian of u is positive semidefinite, so all of its eigenvalues
are nonnegative.

We normally think of Vu as a vector field on D, but we may also think of it
as a mapping Vu : D — R”. Then, the Hessian of u is the Jacobian matrix of
the mapping Vu, which implies

VD) 2@2// [ﬂ]"w:// [“‘ﬂ]"dvz...
n" n" r+ n r+ n

- > // det HessudV >V [(Vu)(T'")]
r+

(the last inequality might come from many to one points of the mapping). It
remains to show

(VI.2.1) (Vu)(T'") 2 B"(c).

If we do so, then we would have V/n" > wpc" = w,V" /A", which is A >
nwy/"V1=1/7 the isoperimetric inequality (VI.0.1).

To prove (VI.2.1), we argue as follows: Forany § € R”, consider ahyperplane
in R"*! moving up the x"*'—axis from —oo, with normal vector £ — e, ;. Then,
there is a first point at which the hyperplane intersects — and therefore touches —
the graph of u : D — R”.If that first point of contact is over 3 D, then the slope
of the hyperplane is > ¢, which implies the slope of the normal < 1/c, which
implies |£] > c.

So, for any &, satisfying |£| < c, the hyperplane must hit the graph at some
(v, u(y)), y € D, which implies & = (Vu)(y); so, y € I'", and this implies the
(VI.2.1).

If we have equality in the isoperimetric inequality, then: (1) (Vu)(T'") =
B"(c), the n—disk of radius c; (2) V u is a diffeomorphism; (3) I'" = D, which
implies u is convex; and (4) we have equality in the arithmetic—geometric mean

inequality.
Therefore
9%u 1 3%u
— = — - =0 Vj #k,

ax/2  n axJ/oxk /7

which implies
ou x/
_ o,
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that is,
X
Vu)(x) = - + a.
Therefore, for all w € 9D, we have
lw + na| = nc,

so dD is a sphere.

§VL.3. Fermi Coordinates in Constant Sectional Curvature Spaces

We review here some basic information from §III.6 to be used in the sections
that follow.

Let M be an n—dimensional simply connected space of constant sectional cur-
vature k, 91 an (n — 1)—dimensional submanifold of M, g € 9, & a unit vector
at ¢ orthogonal to 9, y¢(7) the geodesic with initial velocity vector &.

Let n aprincipal direction of the second fundamental form of 9T relative to £, that
is, an eigenvector of At M, — M, with eigenvalue 1. Then, the transverse
vector field Y (¢) along the geodesic () satisfying

Y(0) =n, VY (0) = —An,
is given by
(VL3.1) Y () = {Cc — AS(0)In(@),
where 7)(7) is the parallel vector field along y:(¢) satisfying 17(0) = n. Let B »

denote the first positive zero of Y (¢), should it exist, that is, the first positive
solution to

CK (ﬁK,}L) —
SK(ﬂK,)L)

If we let A(¢; €) denote the matrix solution to Jacobi’s equation along y,
pulled back to £+, as in §IIL.1:

(V1.3.2) A

A"+ RA =0,
subject to the initial conditions
AO;&)IM, =1, A0;§) = -2,

then for an orthonormal basis ey, . .., e,—; of M, of principal directions of A,
we have

A@t:6) ={Ce — 1;ScD}ej,  j=1,....n—1,
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and
n—1
det A1 £) = [ [{Cc(t) = 18, (0)).
j=1

Also, recall that if ¢, (§) denotes the distance to the focal cut point of 9T along
Ve, that is,

cv(E) :=sup{t > 0: dON, ye(1)) = t},
then

(VL.3.3) o) < . lrnin 1:31(.)»,--
J= n—

.....

Example. Let 9t = 92, where Q2 is a domain in M with compact closure
and smooth boundary. Construct Fermi coordinates in €2 based on 9€2. So, for
every g € 92 let &, denote the interior unit vector at ¢, orthogonal to 92,
and

E(t;q) = exp, t&,.

Ifx1(g), ..., Ay,—1(g) denote the principal curvatures of the second fundamental
form of 92 at g, with respect to &,, then, by (II1.6.3), the volume of €2 is given
by

c(q) n=1

(V1.3.4) V(Q):/m qu/O [T{Cct) = 2;(@)Sc )} dr.
j=1

Note that when 2 is an n—disk of radius r, B(r), the formula (VI.3.4)
reduces to

(VL35) V() = Acr) f G0 — (Ce)/S S0 .
0

Example. Let M = M, 0 = M"~! be a totally geodesic hypersurface of con-
stant sectional curvature «. Then,

A(r;8) = Cc(DI, det A(1;6) = C." 7' (0).
Let 9’ denote the t—parallel hypersurface in M, that is,
M =E@M); = dx, M) = |t Y x e M.

Then, 9 is totally umbilic in M with principal curvature (relative to y:'(t))
equalto . = xS, (#)/C,(¢) (compare Exercises I1.19 and I11.25), and is therefore
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an (n — 1)—dimensional Riemannian manifold with intrinsic constant sectional
curvature K = « + K2Sf(t)/Ci(l) (by (I1.2.6)). Thus,

t n—1
m = MK+KZS£(I)/C%([)'

By (I11.6.3), the volume element on M is given by
(VL3.6) av(t;q) = C."“'(t)dt dA(q), teR g eM.

§VIL.4. Spherical Symmetrization and Isoperimetric Inequalities

Symmetrization arguments are the earliest of those initiating the modern study
of isoperimetric inequalities, starting with Steiner (1838), and continuing in
the work of Schwarz (1884) and Caratheodory—Study (1909). As the title
suggests, it relies heavily on the symmetries of the ambient Riemannian space,
and is therefore most useful in the classical space forms of constant sectional
curvature M.

Definition. Let M denote any metric space. The metric on M induces the
Hausdorff metric § on the space X of nonempty compact subsets of M, given by
5(X.Y)=min{p: X C¥],.¥ CIX],}.

The Blaschke selection theorem (see Chavel (2001, pp. 55ff)) states that if M

is a space in which closed and bounded sets are compact, then X is complete.
Also, if M is compact, then X is compact.

Definition. For any bounded subset Y of M, we let r(Y') denote the circumra-
dius of Y, that is,

r(Y)=min{p : Y C B(x; p) for some x € M}.
A circumdisk of Y is a disk of radius r(Y') containing Y.
The set function X +— r(X) is continuous on X. But, one only has the set
function X +— V(X) is upper semicontinuous on X, that is,

limsup V(X% < V(X),

k—00

when X* is a sequence in X for which S(X*, X) > 0ask — oo.

Definition. Given any compact X in M, set

UX) =Y eX: V) =V(X), V(I¥]) = V([X]) Ve >0}
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Lemma V1.4.1. Assume M is one of the simply connected constant curvature
spaces. Given X € X, there exists an element Y € (X)) with minimal circum-
radius.

Proof. If X itself realizes the minimum circumradius, then we are done. If not,
then we need only consider elements of £I(X) with circumradius less than or
equal to r(X). Using the isometry group of M, we need only consider those
Y e U(X), with circumdisk centered at the center o of the circumdisk of X,
and satisfying r(Y) < r(X). Then, this collection U,(X) of compact subsets
of B(o;r(X)) is compact in X. Given a sequence Y* in ,(X) N (X), such
that r(Y*) — min,, ., 7, there exists ¥ € ,(X) such that 8(Y*, ¥) — 0 as
k — oo. This implies (Y) = min r. So, we want to verify that Y € $4(X).

Suppose we are given € > 0. For every n > 0, there exists ko > 0 such that
Y C [Yk],7 for all k > ky. Then,

[Y1e € Y ¥pes
which implies
V(Y1) = VY10 < V(IXT40)
for all , € > 0, since Y* € $4(X) for all k. This implies for all € > 0
VY1) < ilr}fV([X],He) =V <ﬂ [X]HE) = V(IX]1e).
n>0

the last equality since X is compact. So, to show Y € (X)), it remains to show
that V(Y) = V(X). From the above, we certainly have V(Y) < V(X). But the
upper semicontinuity of the Riemannian measure on L[ implies

V() > limsup V(Y*) = V(X),

k—o00

which is the claim. |

The Argument in Hyperbolic Space

Theorem V1.4.1. Let M be hyperbolic space with constant curvature k. Given
X € X = X(M), let D denote the geodesic disk with volume equal to that X .
Then,

VXl = V(Do)

foralle > 0.
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Corollary VL4.1. If Q is a relatively compact region with C' boundary, then

A(02) > A(dD).

Proof of Theorem V1.4.1. Before proceeding, we note that, for n = 0, the space
M can be considered to be the metric space consisting of one point, the space
endowed with counting measure. The theorem is then valid in this case.

The method of proof of Theorem VI.4.1 is by induction on n = dim M,
starting with the truth of the theorem for » = 0. When wishing to prove the
theorem for the dimension 7, one assumes that one already has the truth of
the theorem in dimension # — 1. (We only use the induction in Lemma VI1.4.2
below.)

We prove the theorem for x = —1 (of course, it is then valid for any «).
Henceforth we consider n > 1.

First, consider a fixed (n — 1)—-dimensional hyperbolic space H"~! totally
geodesic in H", and introduce Fermi coordinates based on H"-!, relative to a
(parallel) normal unit tangent vector field & along H"~!, specifically

E(t;q) = Expt§,, teR, geH" .
Then, the metric on H” reads as
ldx|* = (dt)* 4 cosh® ¢ |dq|*,

where |dx|? denotes the Riemannian metric on H", and |dg|*> on H"~!. Also,
by (VL3.6),

(VL4.1) dV(t;q) = cosh" ' tdt dA(q),
Let
9 =E@G:H"

denote the t—parallel hypersurface in H". Then, $’ is totally umbilic in H"
with principal curvature x = tanh ¢ (compare Exercise I11.25), and is therefore
an (n — 1)—dimensional Riemannian manifold with intrinsic constant sectional
curvature K = —1 + tanh? ¢ (by (I1.2.6)). Thus,

5,)[ — Hn—l

—l4tanh?7°

Second, for every unit tangent vector £, one considers the geodesic y:(f)
(determined by the initial velocity vector &) and the hypersurface §)¢ determined
by &, namely, the totally geodesic H"~! in H" orthogonal to . Let .‘bg denote
the hypersurface t—parallel to $¢.



$VI4. Spherical Symmetrization and Isoperimetric Inequalities 291

As above, introduce the Fermi coordinates
E¢(t,q) = Expt€, := M(q), teR, geH"!,

where £ is a continuous extension of £ to a unit normal vector field on .

Fix € > 0. For any o, there exists a real-valued function 7, (s) supported on
{s : |s — o] < €}, such that, for any x = E¢(0, q), g € ¢, the closed n—disk
about x of radius € is given by

[N =Bxio= |J MBs(gin)).

{s:]s—o|<e}
This implies that, for
Z C 9,
we have
[Z]e N $5; = 2o D]y 0 N ) 1= As(lho ™ (D)]y, 06)»

where [Y], ; denotes e—thickening of ¥ in §)¢. That is, we start with an (n — 1)—
dimensional subset Z of Sﬁg, thicken it in M by €, and then slice it by f)é. The
result is the same as exponentiating to ); the thickening of Z in $)¢ by 1, (s).
Note that |s — 0| > € implies [Z]. N 5’)2 = 0.

For a compact subset X in M, andt € R, let Xé =XnN ﬁg; and Dé = Dé(X)
denote closed (intrinsic) (n — 1)—dimensional disk in Sﬁg ,centered at yx (¢), with
(n — 1)-dimensional area A(Dg) = AX é); and we set

S:(x)=J DL.
t
One verifies directly that Sz (X) is compact and, by (VL4.1), V (S: (X)) = V (X).

Lemma VI.4.2. Given any compactX in M,& € SM, we have S¢(X) € U(X).

Proof. Given X and & (for convenience, we drop the subscript £ in the rest of
this lemma). Fix € > 0. Set

(X = [X].N 9"

For any ¢ € R, the intersection of [X], with $', [X ]’E, is composed of contribu-
tions from X?, for |s — t| < €. Therefore,

XE= |J %@ X0

{s:ls—r]<e}
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Also, for W = S¢(X),
Wii= |J a0 W0
{s:]s—t|<€}

Of course, A(W') = A(X") by the very construction of W.

Of course, we have
XE= J AWK 0) 2 Al XL ) forall (s t]s — 1] <€)

{s:|s—t]<€}

which implies

A([X];>=A< U A,<[A;'X51m(,))>z sup  AGy ([~ X T 00),

{s:]s—t]<e} {s:]s—t]<e}
that is,

(V14.2) AMXTD = sup  AGu(hs ™' X T 0)-
{s:]s—r|<€}
For W = X(X), we have equality in (V1.4.2), since each )L,([AS’IW‘V],,A_(,)) is
an (n — 1)—disk in $’ centered at y(¢).
Now assume the Theorem V1.4.1 is true for dimension n — 1. Then, it is true
for every hyperbolic space $', which implies

AGu (™ X0 Ty 0)) = A (D™ Wo T 0)
for all |t — s| < €, which implies

sup  AG (A 7' X 1,00))

{s:ls—r]<e}

sup  AGL (™' Wo T, 00)

{s:|s—t|<e€}

= A(W1D).

v

AIXT)

v

We therefore have A([X]’e) > A([W]’e) for all t € R. By (VL4.1), we have
V(IX]1) = VIW]D). u
Lemma V1.4.3. Consider X € X,whichisnotadisk.Letr = r(X),and B(o;r)

the circumdisk of X. Then there exists a finite number of unit tangent vectors
&, ..., & ato such that

F(Se,(Se,_ (.. (X)..)) < r(X).

Proof. Given X not a disk, any symmetrization determined by a unit tangent
vector at o leaves B(o;r) invariant. Since X is not all of B(o;r), then Sg¢(X)
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is not all of B(o;r) for any & and does not contain the complete boundary
S(o;r) = dB(0;r). The idea of what follows is to decrease the intersection of
the image of successive symmetrizations of X with S(o;r), until it becomes
empty. But then the circumradius will have become strictly less than 7.

To carry out the argument, one simply notes:

(i) If Y is a closed subset of B(o;r), and x € {S(o;r)\ Y}, then x & S:(Y)
for all &.

(i1) Let Y be a closed subset of B(o;r), and G a relatively open subset of
S(o; r), which does not intersect Y. Since G is open, it contains a spherical cap
subtending an angle o > 0 in (H"),, the tangent space to H" at 0. If ¢ > 7,
then G contains antipodal points, and one symmetrizes relative to the geodesic
they determine to finish the job. On the other hand, if 0 < & < 7, then one can
find a £ for which there exists a relatively open subset G¢ of S(o;r), disjoint
from S¢(Y'), which contains a spherical cap subtending an angle 5«/4 in (H"),.

This suffices to prove the lemma, and with it, Theorem VI1.4.1. [ ]

The Argument in the Sphere

To carry out the argument on the sphere, one notes that, for every unit tangent
vector &, one considers the geodesic segment yz(¢) for t € [—7 /2, /2], and
the “equator” &; determined by &, namely, the totally geodesic S"~! in S”
orthogonal to &.

Then, one considers Fermi coordinates based on G,

E¢(1;q) = Expt§,, teR, g€,

where £ is the continuous extension of £ to a normal unit field along &;. Then,
the metric on S” reads as

ldx|? = (dt)* + cos’t |dq|*,

where |dx| denotes the Riemannian metric on S” and |dgq|* on &¢. The volume
element, in these coordinates, is given by (see (V1.3.6))

(V1.4.3) dV (t;q) = cos" ' tdt dA(q).
Let

6" = E.(1;S")
denote the t—parallel hypersurface in S" , that is

dix,8)=1t|] Vxed.
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Then, &' is totally umbilic in S" with principal curvature x = tan ¢, and is
therefore an (n — 1)—dimensional Riemannian manifold with intrinsic constant
sectional curvature K = 1 + tan?¢. Thus,

61 — Snfl

I+tan?¢°

Now one can work through the argument as above.

§VL5. M. Gromov’s Uniqueness Proof — Euclidean
and Hyperbolic Space

Let M denote n—dimensional Euclidean space or hyperbolic space of con-
stant curvature —1, B(r) the disk of radius r, with boundary S(r). We know
that B(r) is a solution to the isoperimetric problem for domains 2 satisfying
V() = V(B()), that is, A(02) > A(S(r)) for all such Q2. Here, we consider
the uniqueness question in the category of domains with C? boundary. We
show that if V() = V(B()), A(R) = A(S()), Q2 € C?, then  is isometric
to B(r).

Of course, one can invoke the Theorem V.4.1 to claim that 92 is regular except
for, at worst, a singular set of codimension > 7, in which case the argument
presented below is valid as well. But, for purposes of the exposition, we find it
simpler to stay in the more restricted category of C2.

First, let V(r) denote the volume of B(r), A(r) the area of S(r), and R(v) the
inverse function of V(r). Then,
Awr) A@)
Vi(ry  A(r)

b,

where b, denotes the mean curvature of S(r) relative to the inward pointing
normal of S() into B(r). So,

V(@) = war" = cy1r"/n, AG) = cqyr™ !, hy=m—-1/r

for Euclidean space, and
Vi) = cn,I/ sinh" 'tdr, AQ@)=cugsinh"'r, B, =(@m—1)cothr
0

for hyperbolic space.
In both cases, we let Z(v) denote the isoperimetric profile of M; therefore,

Z(v) = ARW)).

For any isoperimetric region Q with C? boundary, the mean curvature of
d€2 (relative to the interior of €2) is constant, b, and for any C 2 variation
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Q, t € (—t,,1,), of Q, we have
ABS) _ AG®) _
V() ~ V@)

which implies
d AQQ))| A(r)

S U@ T V)

= ba — brov @),

by Exercises I11.16 and III.14 (the first variation of volume and area), and the
chain rule. That is,

(VL5.1) he = bR @)
for any isoperimetric region 2 in M.

Next, consider M = R”. Let 2 be an isoperimetric region in R”, with V (2) =
V(r). Construct Fermi coordinates in €2 based on 9€2. For every g € €2, let &,
denote the interior unit vector at g, orthogonal to 9€2, and

E(t;q) = exp, t&,.

IfA1(q), ..., An—1(g) denote the principal curvatures of the second fundamental
form of 9$2 at ¢, with respect to &, (recall that the mean curvature is the sum
of the principal curvatures), then, by (VL.3.3),

al(g) =1/ {nax Aj(q).

Also, the volume of 2 is given by (see (V1.3.4))

c(g) n=1
V(Q) = /dA/ ! l—[{l—k(q)z}dt
IQ

The arithmetric—geometric mean inequahty implies

1/max Aj(g) n—1
V(Q)f/ dA / [T =2ri@ryar
Q2

j=1

1/max 1;(q) t n—1
f dA / [1 _ ba } dt
a0 n — 1
(n=1)/ba Pl
5/ qu/ [1— he ] dt
90 0 n—1
(n—1)/br hrt n—1
= A(aﬂ)/ |:1 — :| dt
0 n — 1

r t n—1
= A(r)f [1 - —} dr
0 r

= V()
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the last equality follows from (VIL.3.5). Therefore, we have equality in the
arithmetric—geometric mean inequality, which implies every point of 92 is
umbilic, so d€2 is a sphere and 2 a disk. [ ]

In hyperbolic space, the argument is the same, only the formulae are different.
Let Q be an isoperimetric region in H", with V() = V(r). Construct Fermi
coordinates in £ based on d€2. For every ¢ € 9%, let §, denote the interior unit
vector field at ¢, orthogonal to 9€2, and

E(t;q) = exp, t&,.
If11(g), ..., An—1(g) denote the principal curvatures of the second fundamental

form of 0€2 at ¢, with respect to &, then

c(g) < arctanh(l/ max )Lj(q)).

.....

Also, the volume of €2 is given by

cu(g) n—1
V(Q) = / dA / ]_[{coshr—,\ (¢) sinh 7} dt,
Q2

and

arctanh (1/ max A;(g)) n—1
[ ] {cosh t — 2(g) sinh 1} dt
j=1

V(Q) <

S~
5
S

dA,

arctanh (1/ max A;(g)) n—1
< / dA, / |:cosh t— 2 sinh ti| dt
a0 0 n—1
arctanh ((n—1)/hgq) n—1
< / dA, / [cosh t— smh ti| dt
0 0
arctanh ((n—1)/by) n—1
= / dA, / |:cosh t — smh ti| dt
aQ 0
= / / |:cosh t — smh ti|

—1

=A(Q)/ [cosht— i smht] dt
0 n—1
r

= A(r)/ [cosh ¢ — coth r sinh /]! dt
0

= V().

Therefore, we have equality in the arithmetric—geometric mean inequality,
which implies every point of d€2 is umbilic; so, d€2 is a sphere and 2 a
disk. ]
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§VI.6. The Isoperimetric Inequality on Spheres

In this section, we prove a theorem of M. Gromov, a special case of which is
the solution of the isoperimetric problem on spheres.

Theorem VI.6.1. (M. Gromov (1986)) Let M be an n—dimensional compact
Riemannian manifold whose Ricci curvature satisfies
Ric > (n — 1)x > 0,

and M, the n—sphere of constant sectional curvature equal to k > 0. Then, the
Bishop theorem (111.4.4) states that

V(M
B = oD <1
V(M)
To any given Q2 C M, we associate the geodesic disk D in M, satisfying
V() = BV (D).
Then,
(VI.6.1) A(02) = BA(OD),

with equality in (V1.6.1) if and only if M is isometric to the sphere M., and 2
is isometric to the geodesic disk D.

Proof.
Step 1. We let I" vary over all compact (n — 1)—submanifolds of M that
divide M into two domains M;, M, for which

V(M) =V(Q)

and we consider the variational problem of minimizing the area of I, A(T"),
over this collection of I". Let A be the minimum value and assume that we
have a differentiable I'y for which Ay = A(T"g) (see Step 5). Then (see Exercise
(IT1.18)), 'y has constant mean curvature A, with the unit normal vector field &
along Iy pointing into the domain M{ with volume equal to that of €.

Step 2. As above, introduce the Fermi coordinates as E : (—o0, +00) X
'y — M given by

E(t;q) = expté,.
When discussing the focal cut locus, it is best to write
c(q) = cv(§)y), c(—=q) = c,(—=§¢),

where ¢, denotes the distance to the cut point of I',,.
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Step 3. For f € L'(M), one has in Fermi coordinates based on the subman-
ifold Iy,

c(q)
(V1.6.2) / fdv = / dA(q) ! f(E(t;q))det A(t; q)dt,

M Iy —c(—q)
by (I11.6.3).

Now the Bishop comparison theorem (Theorem II1.6.1) in this context reads
as follows: Let ﬂ;f , denote the first positive zero of (C, — AS,)(?) (should it
exist — otherwise, we set ﬂ,jf , = +00), and —,3,; , the first negative zero of
(Ce — AS,)(#) (should it exist — otherwise we set 8_, = 00). Then,

and
(VL6.4) det A(t3q) < (C — 28"~ (1)

(by the arithmetic—geometric mean inequality) for all # € [—c(—¢q), c(g)]. We
have equality in (V1.6.4) at a given t € [—c(—¢q), c(q)] \ {0} if and only if

(V1.6.5) A(t;9) = (Ce — 2SI
for all ¢ in the interval connecting t to 0, in which case we have
ASle = A], R(@t) = «l

on the interval connecting t to 0.

Step 4. We are now ready to finish the proof of the theorem. First, let rp
denote the radius of D.

Let f = Ijpo. Then,

c(q)
V(Q):V(M?):/ dA(q)/ ! det A(t; q)dt
0

Iy
B,

< A(Ty) / (Ce — 28" () dt.
0

If Q is a disk of radius r in M, then we have equality above, which yields

Ve(r) = Aur) / (Ce =281y d.
0
We conclude for general €2,

Ve(B)

V(Q) < AT .
() = A( O)Ak(ﬂ;ﬂ)
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Let rp denote the radius of D. Note that the function r — A, (r)/V,(r) is
strictly decreasing. Therefore, if rp > /3: , then

V()
V(B

V()

A(To) = Z V)

K(ﬂ;—)\) = ,BAK(rD)~

On the other hand, if rp < ,8:)\, thenrp > ﬂ;)\. Then, one has

V(M \ Q) V(€2)
ATg) =2 ———— VB Ac(Bey) = Vo )A «(rp) = BA(Ip).

This implies (VL.6.1).

Step 5. Our proof assumed that I'y has no singularities. However, the main
existence—regularity theorem for the isoperimetric problem (see Theorem V.4.1)
implies the validity of (V1.6.2), even when there are singularities.

First, the singularities of I" are restricted to subsets of submanifolds of codi-
mension greater than or equal to 7, and therefore the collection of singularities
has (n — 1)-measure equal to 0. So, if I'j; denotes the regular points of I'g, then

/ dA(q>-~-=f dA(g) -+ .
Ty r;

Moreover (see Gromov (1980)), for any point x in M \ o, there exists a
point g, € I'; for which

x = E(d(x, qx), qx)-

That is, any point in M notin I" is in the image of the exponential map of the nor-
mal bundle over points of I'j. Indeed, such a g, that minimizes distance from x
to [ certainly exists in ['y. Let y be the midpoint of a minimizing geodesic seg-
ment connecting x to ¢,, and consider the closed metric disk B(y; d(x, g.)/2).
Then,

Lo N B(y;d(x;q,)/2) = {qx}

(since, otherwise, one would have a broken minimizing geodesic from x to I').
Furthermore, the bounding metric sphere S(y; d(x, g,)/2) is smooth at g,. We
conclude that the tangent cone of 'y at x is contained in a half-space at x, which
implies (Almgren (1976)) I'y is regular at x.

Step 6. One casily checks that equality implies 8 = 1, which implies M is
isometric to M, by the Toponogov—Cheng theorem (Theorem I11.4.6). [ ]
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§VL7. Notes and Exercises

Note VL.1. Bibliographic sampler on isoperimetric inequalities. The litera-
ture is quite large, and a good start is in the following: Burago—Zalgaller (1988),
Gromov (1986, 1981, Chapter 6) Osserman (1978, 1979), and A. Ros (2005).

Symmetrization

Note VI.2. The modern study of isoperimetric inequalities, inaugurated in
the papers of J. Steiner (1838), H. A. Schwarz (1884), and C. Caratheodory—
E. Study (1909), was originally restricted to 2— and 3—dimensional Euclidean
space. The isoperimetric problem for manifolds beyond the Euclidean plane and
space was first solved for domains in the 2—sphere bounded by convex curves,
by F. Bernstein (1905); and a unified proof for the simply connected spaces
of constant sectional curvature of all dimensions (which might be viewed as
a summary statement of all the previous work) using spherical symmetriza-
tion was given in E. Schmidt (1948). See also the extensive treatment in Y.
D. Burago-V. A. Zalgaller (1988).

Yet another symmetrization argument of J. Steiner (1842) was, more re-
cently, revived by W. Y. Hsiang (1991), H. Howard—M. Hutchings—F. M. Mor-
gan (1999), and A. Ros (2001). See our comments in Chavel (1984, p. 11ff).

Still another approach to symmetrization, two-point symmetrization, was
initiated, it seems, by L. V. Ahlfors (1973), and used on the n—sphere by A.
Baernstein—B. A. Taylor (1976). Also, see the notes of Y. Benjamini (1983).

For current presentations of symmetrization methods, see E. H. Lieb—M. Loss
(1996) and A. Baernstein (2004). For the Brunn—Minkowski inequalities see the
recent R. J. Gardner (2002). For a complete proof of the isoperimetric inequal-
ity, using Steiner symmetrization, valid for compacta and domains with finite
perimeter, and with characterization of the case of equality, see Chavel (2001).

Other Methods

Note VL.3. The classical isoperimetric inequality in R” also has the advantage
of possessing a veritable wealth of techniques (especially in the plane), each
of which “represents” some subfield of analysis and/or geometry. Many of the
2—-dimensional arguments are presented in Burago—Zalgaller (1988, Chapter 1).
We only sampled two of higher dimensional arguments in our presentation, here.
In Chavel (2001, Chapter II), we present a sampling of other arguments associ-
ated with the isoperimetric inequality, most of which are related to uniqueness.

(i) We note there (see also Exercise I11.18) that the classical Euler—Lagrange
equation for an extremal area subject to constant volume constraint is that the



§VI.7. Notes and Exercises 301

mean curvature of the boundary of the extremal domain have constant mean
curvature.

(ii) We give F. Almgren’s (1976) proof that any solution to the isoperimetric
problem in R”, with C? boundary must be an n—disk.

(iii) We then give A. D. Alexandrov’s (1962) proof that any domain in R”
with C? boundary of constant mean curvature must be isometric to a disk. These
arguments complement the argument of Gromov presented here.

(iv) Finally, we give, there, M. Gromov’s (1986) argument proving the
isoperimetric inequality for domains with C! boundary, as a consequence of
Stokes’ theorem!

The Elementary Version of Steiner Symmetrization

We describe the basic idea of Steiner symmetrization (Steiner (1838)). In gen-
eral, symmetrization arguments are always at the heart of isoperimetric inequal-
ities in space forms of constant sectional curvature, since they give immediate
expression to the intuition that the more symmetric a set, the “closer” the set is
to the solution of the isoperimetric problem.

The basic idea is as follows: We work in R2. Given two differentiable functions
fi(x), j =1, 2 defined on the interval [a, b] in R, with fi(x) < f2(x) for all
x € [a, b], consider the domain

Q={(x,y): i) =y =< folx), a=x=b}

To the domain 2, we associate the symmetrized domain Q* obtained by con-
sidering the function

fa(x) = filx)

[rx) = 5

and setting
Q = {(x,y): —ffx) <y = f'x), a <x <Db}.
Exercise VI.1. Prove
A(Q) = A(QY), L(02) > L(0Q2%).
Also show that, if 2 is given by

Q=A(x,y): fLjmiX) =<y =< L), j=1,...,k a<x b},
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where f1(x) < fo(x) < ... < fu_1(x) < fa(x)forall x, with f>; # fa;4 for
at least one j, and the symmetrization 2* of Q2 is defined by setting

1
fro=3 Z {Hj(0) = frj_1(0},

k
j=1

and
Q = {(x,y): —f )=y = fix), a <x=<Db},
then show that
A(Q) = AR, LOQ) > LOKQ).

So, the symmetrization preserves the area and decreases the length.

Note VI.4. See Pdlya—Szego (1951) and Kawohl (1985) for extended dis-
cussions emphasizing the connection of symmetrization methods to analysis.

The Faber—-Krahn Inequality

We give below an application of symmetrization to analysis. It involves the
application of “geometric” isoperimetric inequalities to isoperimetric inequal-
ities for eigenvalues. The inequality is as follows: Let M = M, be the simply
connected space form of constant sectional curvature . To each open set €2,
consisting of a finite union of relatively compact domains with smooth bound-
ary, we associate the disk D in M with V(2) = V(D). Then, the isoperimetric
inequality implies A(9€2) > A(dD), with equality if and only if €2 is congruent
to D.

But first we have to quote the coarea formula (Theorem VIIL.3.3 below; also
Theorem II1.5.2 and Exercise II1.12).

Coarea Formula. Let Q be a domain in M with compact closure and f :
Q — Rafunctionin CO(Q) N C®(Q), with f | 3Q = 0. For any regular value
tof|fl, welet

r@) = |f17'tl, A(t) = AT (1)),

and d A, denote the (n — 1)—dimensional Riemannian measure on I'(t). Then,

dA,dt

o= fgraa 71
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and for any function ¢ € L' (), we have

o0
/ o|grad f|dV =/ dt PpdA,.
Q 0 I'@)

Recall that the critical values, in R, of f have Lebesgue measure equal to 0, by
Sard’s theorem (Narasimhan (1968, p. 19ff)). The regular values of f, Ry, are
open in R, and for # € R the preimage f~'[¢] N Q is an (7 — 1)-submanifold
in M with f~'[¢] N Q compact. For any 7 € R/, we write

Q@) = {x : | fI(x) > 1}, Vi(t) = V(Q(1)).

Theorem. (C.Faber (1923) and E. Krahn (1925)) Let 2 be a bounded domain
in M, and let D be the disk in M satisfying V(2) = V(D). Then,

() = Ae(D),

where \* denotes the fundamental tone, and A, the lowest eigenvalue, relative
to the Dirichlet eigenvalue problem, of the domain indicated. If 2 also has
smooth boundary, then one has equality if and only if Q is isometric to D.

The theorem answers in the affirmative a conjecture of Lord Rayleigh (1877,
§210). We sketch the proof, with some details relegated to exercises. (The
reader should check §II1.7 for background.)

Exercise VI.2. Consider the collection of functions

H™ :={¢ € C.(Q): d(supp¢) € C*, (¢plintsupp¢p) € C*,

¢| int supp ¢ only has nondegenerate critical points}.

Then, H™ is dense in $(£2) (Aubin (1982, p. 40)). Show that to prove the first
claim of the theorem, it suffices to show that forany ¢ € H™, Q¢ := intsupp ¢,
for the geodesic disk D? in M satisfying V (Q?) = V(D?), we have

Dig, ¢1/11$1* = re(D?).

Exercise VL.3. Let f = |¢|, ¢ € H™. By Lemma VIIL.3.2, the Rayleigh quo-
tients of ¢ and |¢| are the same. Prove that, for f, the volume function V (¢) is
continuous.
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Now the idea of the proof is to associate to f a function F : D — R for which
F|0D = 0, and for which

[[1emarrav = [[ vwarpav. [ gav=[[ Fav.

This would then prove the claim.

To this end, let T = max f|€2, and for ¢t € [0, T'] let D(¢) be the geodesic disk
(fix the center o once and for all) in M with V (¢) = V(D(t)). So, if v(¢) denotes
the radius of D(¢), then

V(t) = Vi(x()).

Also, setry = v(0); in particular, D = B, (0; ro). Now, the functiont : [0, T] —
[0, ro] is in C°([0, T]) N C*®(R;sN(0,T)) and is strictly decreasing. We let
¥ 1 [0, ro] — [0, T] be the inverse function of t, and define F : D—>R by

F =or, r(x) =d(o, x).
Exercise V1.4.
(a) Verify
V(t) = V! () (t) = Ac(x(0)d (1), 1= ¢/ (),

and
// f‘de=f/ F2dV.
Q D
(b) Prove
T -1
/f |gradf|2d\/z/ Az(t){/ |gradf|1dA,} dt.
Q 0 (1)
(c) Prove

T —1 T
/ A2<r>{ f |gradf|—‘dAf} dt > — / AGONE @) dr.
0 @)

0
(d) Prove

T
/ [ jgrad FdV = — / AW dr.
D

0

This, then, implies the first claim of the theorem. To consider the case of equality
in the theorem, one could not obtain (easily, if at all) a characterization using
a collection of functions dense in $(£2). (For that, one would need a Bonnesen
inequality — see Note 6.) So, we assume 2 has smooth boundary, in which
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case A*(2) = 11(€2), and we may work directly with a positive eigenfunction
f of 11(2). Of course, f|02 = 0. Similarly, 2 might be a nodal domain of
an eigenfunction ¢ (i.e., Q2 is a connected component of {¢ 7 0}) of a larger
domain (e.g., a compact manifold). Then, as we showed in §II1.9, f = | |2 |
realizes A*(€2). So, again, we work with the specific f.

Exercise VL.5. Let f be the eigenfunction under consideration. If p is a point
in 2 such that grad f vanishes at p, show that for Riemann normal coordinates
x : U(p) — R" about p, we have

02 f

dx/2
for at least one of the j € {1, ..., n}. Thus, the set of points for which grad f =
0 is contained in an (n — 1)-manifold. In particular, for every ¢, V(I'(¢)) = 0,
which implies V' = V(¢) is continuous with respect to ¢.

<0

Now one can argue as above. If A;(2) = A,(D), then the argument shows that
A(t) = A, (x(2)) for all regular values of ¢. But, then, for every such 7, one has
Q(¢) isometric to D(¢). Sard’s theorem implies that 2 = €(0) is isometric to
D)= D. [ |

Note VI.5. The Faber—Krahn inequality was generalized, in Chavel-Feldman
(1980), to simply connected domains on surfaces with Gauss curvature bounded
from above.

Note VI.6. A different generalization and application of the Faber—Krahn in-
equality was given in Bérard—Meyer (1982). Let M be compact with Ricci curva-
ture bounded from below by (n — 1)x, withx > 0.Set 8 = V(M)/V (M), and
given any domain €2 in M, let D be the metric disk in M[, with V (2) = gV (D).

Exercise VI.6.
(a) Prove A"(2) > A (D). If © has smooth boundary, characterize equality.
(b) Prove the Obata theorem (Obata (1962)). Namely, we know that A,(M) >
nk (see Exercise I11.45). Show that A, = nk if and only if M is isometric
to M.

Other Developments

Note VL7. Start, for convenience, in the Euclidean plane R2. A Bonnesen
inequality is a sharpened form of the isoperimetric inequality. Namely, given



306 Isoperimetric Inequalities (Constant Curvature)

the domain €2, one looks for a nonnegative invariant B(£2) > 0 of the domain
2 (i) that vanishes if and only if € is a disk, and (ii) that satisfies

L?> — 47 A > B.

This not only contains an immediate proof of the isoperimetric inequality, but
it also contains an immediate characterization of equality.

Of course, one can easily formulate such questions for surfaces with curvature
bounded from above and for higher dimensional Euclidean space. The first
such result was F. Bernstein’s proof (1905) of the isoperimetric inequality on
the 2—sphere. Osserman’s (1979) sharpened form of the Bol-Fiala inequality
(Theorem V.5.6) was of Bonnesen type.

Note VI.8. A different approach to the isoperimetric inequality in Euclidean
space, using geometric measure theory, is given in Almgren (1986). It is built
on the following:

Theorem. Let M be a k—dimensional submanifold of R", k < n,without bound-
ary, and assume that the length of the mean curvature vector on all of M is
less than or equal to that of Sk. Then, the Vi.(M) > ¢ (where V;. denotes k—
dimensional volume), with equality if and only if M is congruent to S¥.

Note VL.9. For fuller discussion of analytic isoperimetric inequalities related
to geometric considerations, see Chavel (1984, Chapter IV; 2001, Chapters
VI-VIID).



A\ 1!
The Kinematic Density

In this chapter, we discuss integration over the unit tangent bundle of a given
Riemannian manifold. The geodesic flow of the Riemannian metric acts on the
unit tangent bundle, and one of its salient features is the existence of a natural
measure on the unit tangent bundle, called the kinematic density or the Liouville
measure, which is invariant under the action of the geodesic flow. Furthermore,
the integral of a function on the unit tangent bundle can be calculated by first
integrating the function relative to the kinematic density over each of the fibers
((n — 1)—spheres) in the unit tangent bundle and then integrating the resulting
function on the base manifold relative to its Riemannian measure. The measure
on the fibers is the natural measure on spheres induced by Lebesgue measure
on the tangent spaces.

We could present the kinematic density by simply writing it as the local
product measure of the natural measure on tangent spheres and the Riemannian
measure on the base manifold, and then verifying that it is invariant relative to
the geodesic flow. However, we prefer a different route, one that detours through
the formalism of classical analytical mechanics. This affords an opportunity to
connect the discussion to an extremely important collection of ideas, important
historically and in current research. We do not pursue this connection here to
any extent, rather, we concentrate on Riemannian results that emerged from
these notions.

Our presentation of the formalism of analytic mechanics is different from that
usually presented in classical mechanics (Goldstein (1950) and Arnold (1980)).
By this, I mean that in classical mechanics, (i) one starts with a Lagrangian
functional associated with some dynamical system in R?; (ii) in generalized
coordinates in configuration space (i.e., the view of the variables of the system
as a differentiable manifold), the Lagrangian becomes a function defined on
the state space (the tangent bundle); (iii) under the canonical transformations
of the data to generalized momenta in phase space (the cotangent bundle), the

307
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energy function associated with the Lagrangian becomes a Hamiltonian, rela-
tive to which the dynamical system satisfies the associated Hamilton equations.
But, we shall proceed in the opposite direction, namely, (a) we start with the
cotangent bundle and note the existence of a canonical 1-form on the cotan-
gent bundle whose exterior derivative, the canonical 2—form, is nondegenerate.
This determines, after any choice of (Hamiltonian) function on the cotangent
bundle, the Hamiltonian system of differential equations of the induced flow.
The important point is that the canonical forms are determined by the differ-
entiable structure of the original base manifold — nothing else. (b) Given any
(Lagrangian) function on the tangent bundle, one then constructs an associated
bundle map of the tangent bundle to the cotangent bundle to pull the canonical
forms from the cotangent bundle back to the tangent bundle. (c) Once these
forms exist on the tangent bundle, they and the energy function associated with
the Lagrangian determine the flow in the tangent bundle whose integral curves
project to the solutions of the associated classical Euler—Lagrange equations.

From there, we restrict to the Riemannian case and interpret the above in this
situation. As mentioned previously, our emphasis will be on Riemannian results.
We present the analytic aspects of the solution to the Blaschke conjecture, and
the first steps in the dynamical theory of manifolds with no conjugate points.
In the last section, we discuss Santalo’s formula, of interest in its own right,
in its application to the Blaschke conjecture (see, e.g., Exercise VII.13(c)) and
to isoperimetric inequalities on Riemann manifolds — to be discussed in the
following chapter.

A note on our presentation of the classical mechanics. We have done so by calcu-
lating in local coordinates. Such treatments are out of fashion these days — there
is an almost ideological prejudice against such treatments. But then that very
fact, that local coordinates are no longer “in,” may constitute a recommendation
for a second look for at least one topic.

§VIL1. The Differential Geometry of Analytical Dynamics

For any vector space V with bilinear form B, one has the natural homomorphism
(as in the case of an inner product)

g :V — V*
given by
(0(E)(M) = B(&, ).

If E is finite dimensional, then 65 is an isomorphism if and only if B is nonde-
generate (i.e., B(§, n) = O for all n € E implies £ = 0).
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Definition. A symplectic 2—form 2 on a differentiable manifold M is a closed
(i.e., d2 = 0) nondegenerate differentiable differential 2—form on M.

Let M be any manifold endowed with the symplectic 2—form 2. Then, with
any function f on M, we associate the vector field (analogous to the gradient)
X on M given by

X =—0q "df

that is,
(VIL.1.1) —df =0q(Xy) =i(Xf)RQ.
Proposition VIL.1.1. (a) The function f is constant along the integral curves
of Xy, and (b) the symplectic 2—form Q is invariant relative to the flow of X y.
Proof. For (a), we simply have

X/ f =df(Xp)=—QX;. Xp) =0,
which implies the claim; and for (b), we have (see §II1.7), by (IIL.7.1),

Lx, Q= {doi(X ;) +i(X)od}Q = doi(X )R = —d> f = 0. n

The Canonical Symplectic Form on Cotangent Bundles

Our standard example is given by considering our perennial n—dimensional
manifold M, with respective tangent and cotangent bundles T M and T M *, and
respective projection maps

7 TM— M, T TM*— M.

Definition. We define the canonical 1-form on T M*, o, by
o =T,

where w|; denotes the 1-form w evaluated at T € T M*. We define the canonical
2—form on M, 2, by

QL =dw.

Proposition VILI.1.2. The 2—form Q2 on T M* is symplectic.
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Proof. Clearly, 2 is closed. To show that Q2 is nondegenerate, we consider a
local chart x : U — R”", with associated charts

(q15"-7qn;qla-"7q.n)7 (q15"'7qn;plv-"7pn)

onm; '[U]linTM,andonm,~'[U]in T M*, respectively, defined as follows:
For & € ;" '[U] we have

tod Lo
= S— = dx’ (&) —;
§ ;s o ; )5
SO we set
q’ =x/om, ¢’ =dx/,

where dx/ is viewed here as a function on ;- [U]. For t € m,~'[U], we have

n ) n 9 *k .
r:erjde:Z (W) (t)dx’;
j= j=

so we set
I = x!om,, == -
q SM %) Pj <8Xj>
Then,
T = Z p;(T) dx’
Jj
implies

o =m"t =) {p;dq’}s,
J
which implies

Q=do=) dpjrdq’,

n
J=1

which is nondegenerate. |

Given any function, a Hamiltonian H : T M* — R, then to calculate Xy we
set
.0 .0
Xy = S — S—
! XJ: “oai " g p,
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So,

XH= — T,
7 dp; dq’  9dq’ dp;

and the differential equation of the flow of X on T M* is given by

dq’ __0H dp;  0H

dt — op;’ dt — aqi’

Lagrangian-Induced Symplectic Forms on Tangent Bundles

Now, the symplectic form on T M* is determined by the differentiable structure
on M. What about symplectic forms on T M?

We proceed as follows: To any function, a Lagrangian L : TM — R, one
associates a bundle map FL : TM — T M* defined by

d
{FLE)}n) = d—(L(E + 1)
t =0
foralln € M,, where p € M, & € M,. Then, one sets
®=FL*Q.

Certainly, ® is closed. If F L has maximal rank, then ® will also be nondegen-
erate and, therefore, symplectic. In what follows, we will explicitly calculate
® for a natural class of examples.

One defines the action A : TM — Rand energy E : T M — R functions on
T M by

A&) = {FL(&)}E), E=A-L.

When F L has maximal rank, then ® is nondegenerate; then, one can study the
flow of the vector field X on T M determined by ® and E.

We calculate the above quantities in local coordinates. Let x : U — R” be a
chart on M, and (¢;¢) : m1 "' [U] = R*", (g; p) : m~'[U] — R?" the associ-
ated charts on T M, T M*, respectively. Then,

L& +1m) = L(q& +11);qE + 1) = L(q(&):¢(E +1n)),

which implies

it
SLE+ )

0L i =15 2L ey ai L)
= ij agr &) = {2,: aqj(smxf}(n),

t=0
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so FL(§) is the 1-form at 1 (§) given by
oL .
_ J
FLE) = Ej 8C.[j(é)dx )
which implies

aL ;
(VIL1.2) AE) = Z a_Jq , E = Z 76] _
J

To calculate ®, we have the map F L given in the local coordinates by
‘ . . oL
' —=q, ¢ piE)=_—=©).
ag/
We conclude

: oL
D — FL*Q = FL* , J—
(VIL13) ©=FL*Q=FL Z dp; Ndq’ = Z d<a /> Adgl.
J J
So, © is the symplectic form of T M induced by the Lagrangian L. Given
the energy function E, derived from L above, we calculate the vector field X
on T M determined by ® and E, as in equation (VII.1.1), namely,

(VIL.1.4) —dE =i(X)0.
First set
j 8 j 0
VIL.1.5 — —..
(VILLS) ; 57 T 357

Then, from (VII.1.2), we have
oL . , oL
VIL.1.6 —dE = —dq’ — ¢’ d| — );
(VIO ; ag 1 1 (an>
on the other hand, from (VII.1.3) and (VIIL.1.5), one easily has
oL oL
VIIL.1.7 (X)) = X|(—=)tdq’ —yd
VLD ;{ (aqf>} -y (af)
We claim that (VIL.1.6) and (VIL.1.7) imply
(VIL1.8) vyl =q’

forall j, thatis, the vector field X actually represents a second-order differential
equation on M (see §1.3), and

oL oL
aq’ aq’
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for all j. Well,

oL 9%L 0’L
d<f>=2{ o7 dat + o ..dq"}.
ag/ — 1 3q"9q/ 9g*aq’

But, to say that ® is nondegenerate is to say that the matrix £, given by

L
Y 8¢kaq)

is nonsingular. Then, this implies the claim. Equation (VIL.1.9) is referred to as
the Euler—Lagrange equation.
To determine 8/ in (VII.1.5), one uses (VII.1.8) and (VII.1.9):

A _y Z k gt L
dq/ 361/ quaq’ gkog/’

which implies

92L oL 92L
VIL1.10 b — — 7k .
( ) ; 9gk0q1 g/ T ok

One can now use the nonsingularity of £ to determine §/.

Newton’s Equations in Riemannian Geometry

The classical example from Newtonian mechanics goes as follows: Let M be a
Riemannian manifold, and V : M — R a function on M. For the Lagrangian
L:TM — R, we pick

IEI2
(VIL.1.11) L&)=— —(Vom)(é),

so, in the local coordinates on T M, we have
1 ik
LE) =3 gi@d’d" = Vig).
ok

The function V' is referred to as a potential function of the force field —grad V
on M.

Theorem VIL.1.1. The vector field X represents “Newton’s equation of mo-
tion” on M for the force field —grad V. That is, if W, denotes the flow of X on
TM, and for any & € TM, we set

Ye(t) = mioW,(§),
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then
(VIL.1.12) ve' (1) = Wi (§), Viye' = —(grad V)oys.

Thus, when V is constant on M, X is the vector field of the geodesic flow. In
other words, the projection of the trajectories of X to M yield the paths given
by the “law of inertia” — geodesics.

Proof. The first equality in (VIL.1.12) is (VII.1.8); so, we concentrate on prov-
ing the second.
We give the local calculation. First,

0rs s OV oL B
8611— Zaq/ 307 aqk—XS:ghq,

which implies

02L 08ks ., 0%L
Ggadt ~ 2 g BqragE o
If we substitute into (VII.1.10), we obtain
K 8g” ) v Vv ang sT S
Zag”__; ag1 T T o T & g Y
1 0grs _ 98 s _ 08rj | .r.s _ B—V
24~ 1dq/  9q"  dg° dq’’
so,
dTdg =) g
which implies the theorem. |

The Liouville Theorems

Our goal now is to calculate the forms
e 9 A @}’l—l
where
¥ =FLo, ©=FL*Q

(w is the canonical 1-form on T M*, and the exponent of the forms indicates
the number of times the form is wedged with itself). We first note
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Lemma VIL.1.1. Given a vector space V and
(o', ..., 0y CV*,
then there exists a (not necessarily positive) constant c(n, k), so that

k
n
(Z ol A a”") =c(n, k) Z N A AT AT A A T
Jj=1

J1<ee<Jik
Therefore, for the canonical 1-form and 2—form on T M*,
w:ijdqj, Q:dej/\dqj,
J J
we have

(VIL.1.13) Q" =c(n)dpy A+ Adp, Adg' A -+ Ndg"

and

wAQ = (=1D)c(n,n—1) Z(—l)jpjdpl/\-~-/\3}-77/\-~-/\dp,,}/\
J

(VIL1.14) Adgl A Adg".
Given L as in (VIL.1.11), then

{FLE)}Ym) = (&, m),

which implies that the coordinate p; at the point FL(§) in T M* is given by
aL oy
(VIL1.15) pj(FL(§)) = W(E) = Z gir(@)q".

Therefore, if we let m(¢; ¢) denote the volume form of My, at ¢, associ-
ated with Lebesgue measure on My (), and o the local volume form of the
Riemannian measure on M, then (VII.1.13) implies

O" =c(n)gdg' A ANdG" ANdg' A - ANdg"
= c(n)m(q;q) Ami*o(q),

where g, as usual, denotes det (g;;). We conclude:

Theorem VII.1.2. The form ®" is the local product, up to constant multi-
ple, of the Riemannian volume form on M with the Lebesgue volume form on
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the tangent space to M. In particular, T M is orientable, independent of the
orientability of M .

Thus, for any @"—integrable function F on T M, we have “integration over
the fibers”

/ F@”:c(n)/ dV(p)/ {FIM,}dm,,
™ M M,

where dm,, denotes the canonical Lebesgue measure on M, for any p € M.

Also, since 2 is invariant with respect to the flow of X y for any Hamiltonian
H on TM*, we also have ®, and therefore ©", invariant with respect to the
flow W, of X on TM.

The same type of theorem is true of ¥ A ®"~!, although the details are messier.
They go as follows:

First, we have from (VIL.1.14) and (VII.1.15)

B AO"!

=) (=1/g;rd" -
ir

> @ dd") A A, A A A (8, A4 A

rl""”:'/\'!"'frn
Adg' A ndg"
=) =D D g gun g A A NG A NG A
J r

..... T

Adg' A Adg".
So, we study
dg" /\---/\d/q'?/ A ANdg™
where r; has the value £. If £ < j, then

dq" /\~--/\d/q7f A Adg™
=dq" A--- NG A Jq\f ANAG N ANdGTT NG AN AdGT

L= 1)E(+1)oj G+ 1)on
PL 1 LT 1T 1T

dg' A AdGEA - AdG"

— (=Dl dg A AdGE A A dG",
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where ¢ denotes the parity of the indicated permutation; and a corresponding
argument holds for £ > j. Therefore,

PAO T =Y (=1 D gu e gun, @ A A AAGT
J Pl

n

Ao Adgm ANdgt A Adg
= C(H) Z 8,!]‘::2—"g1r1 cc 8y
-Z(—l)ec’/dq"/\---/\c?c?/\-~-/\dq”Adq]A---Adq"
4
= cmg Y (~D'G dg Ao NAGEA - NG AdgPA - A dg"
4

= (Vg Y (=D dg A AdGEA - AdG") AT
14

Lemma VII.1.2. For any p in the domain U of our chart, the form

@Z(—l)qudq‘A---A@A---Adﬁz"} S,
J

is, up to sign, the (n — 1)—volume form on S, associated with ., the Euclidean
(n — 1)—measure on the tangent sphere S,,.

Proof. The simplest way to derive the result is to assume that the coordinates
g’,j =1,...,n are orthonormal at p (nothing is lost by such an assumption).
Then, the problem is to show that the (n — 1)—form

T:Z(—l)jxjdxl/\~-~/\57;/\.../\dxn
J

on R” is, when restricted to the unit sphere S"=!. the volume form of S"~!.
But this may be easily handled by noting that 7 is invariant with respect

to the orthogonal group acting on R”. Since the orthogonal group acts on the

unit sphere by isometries, then both the volume form on §"~! and 7 | S"~! are

invariant (n — 1)—forms on S"~!. But, at (1, 0, . .., 0), we have

7|S" = —dx? Ao AdX",
which is minus the volume form of S"! at (1, 0, ..., 0), since {dx2, ..., dx"}
is the coframe dual to a positively oriented orthonormal frame at (1, 0, ..., 0).

The invariance of both forms under the action of the orthogonal group on §"~!
implies that 7|S"~! is minus the volume form on all of S"~!. [ ]
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Theorem VIL1.3. The form (9 A ©"~ ') sy is the local product, up to constant
multiple, of the Riemannian volume form on M with the Lebesgue (n — 1)—
volume form on the unit tangent spheres of M. In particular, SM is orientable,
independent of the orientability of M.

Thus, for any (& A ©"~1) sy )—integrable function f on SM, we have
“integration over the fibers”

[ oronert=cn [ ave) [ trimy)an,.
sM M s,

Finally, if we let i denote the measure on SM , associated with (n — 1)—form
()10 A @'Y that is, u is the local product of the canonical measure on
unit tangent spheres with the Riemannian measure on the base manifold, then
V =0 on all of M implies that i invariant with respect to the geodesic flow
Y, of XonTM.

Proof. We only need consider the invariance of & with respect to the geodesic
flow. Well, the first thing one must note is that if V =0, then X is always
tangent to SM C T M, since the geodesic flow maps SM to SM.
Then,
Lx (@ A0 gy) = (Lx® A @”“))lw =(dLAO®" Mgy =0,

which implies the claim. n
We summarize:

Definition. Let M be an n—dimensional Riemannian manifold, and SM the
unit tangent bundle of M with natural projection 7 : SM — M.

The geodesic flow on SM is denoted by @, and is given by

(6 =y (),

where y: denotes the geodesic with initial point 77 (£) and initial velocity vector
&. The kinematic density or Liouville measure dyu on SM is given by

/ F(E)du(é)=/ dV(X)/ F&)dp.(&);
SM M Sy

Theorem VII.1.4. (Liouville’s theorem) The measure du on SM is invariant
with respect to the geodesic flow.
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§VIL.2. The Berger—-Kazdan Inequalities

The first inequality is strictly analytic, so we temporarily suspend any reference
to geometric data. Our discussion here closely follows our presentation in § V.1
and §V.2 of Chavel (1984).

The setting will be an N—dimensional inner product space V over R, with given
family of self-adjoint linear transformations R(¢) : V. — V, where f ranges over
R. One associates with R(¢) the matrix Jacobi equation

(VIL2.1) A’ + R(1A =0,

where each A(?) is a linear transformation of V. Of course, for each fixed& € V,
the vector function

n(r) = A)s
is a solution of the vector Jacobi equation
n"+R()n =0.
Notation. In what follows, we let A(¢) denote the solution of (VIL.2.1) deter-
mined by the initial conditions
A(0) =0, A'0) =1,

where I denotes the identity transformation of V. For every s € R, we let C,(¢)
denote the solution of (VIL.2.1) determined by the initial conditions

Cy(s) =0, C/(s)=1.

Proposition VIL2.1. For every t, we have
(VIL.2.2) A*A = A A.

Assume that T is an interval in R such that A(t) is invertible for all t € T,
t # 0. Then, for any s € I, we have the representation formula for all t € T,

(VIL.2.3) Cs(t) = A1) {/ (.A*A)l(r)dt} A*(s).

Proof. Recall from §II1.4 that, for any linear transformations A(¢), B(¢) : V —
V, depending differentiably on ¢, their associated Wronskian W(z) is defined
by

W(A, B) := A*B — A*B,
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and for solutions A, B of (VIL.2.1), we have W(A, B) is constant. One then
easily has, for our A(¢),

W(A, A) =0,

which implies (VIL.2.2).
Furthermore, if we set

U:=AA"
then
U —U = (A Y'WUA, A =0;

so, U is self-adjoint.

Denote the right-hand side of (VIL.2.3) by B, (¢). Then, the self-adjointness of
A’ A~ implies that B, is a solution of Jacobi’s equation. Certainly, B,(s) = 0.
Furthermore,

B, = {A/f(A*A)l(t)dr +(A1)*} A*(s),

which implies B,'(s) = I. |

Theorem VIL2.1. (J. L. Kazdan (1978)) If A(¢) is invertible for all t € (0, 7),
then for any C? positive function m(t) on (0, ) satisfying

(VIL.2.4) m(mw —t) = m(t),
on (0, ), we have

(VIL.2.5)
/ﬂ ds /n m(t — s)det Cy(t)dt > /ﬂ ds/ﬂ m(t — s)sin™ (¢ — s) dt.
0 K 0 s

Equality in (VIL.2.5) is achieved if and only if
R@)=1
on all of [0, m], that is, if and only if
Cs(t) = sin(t — s)I
onall of [0, 7].

Proof. We proceed in a series of steps.

Step 1. We use the representation formula (VII.2.3), to which we apply the
following version of Jensen’s inequality:

If F = F(B) is a strictly convex function defined on €, the convex set of
positive definite self-adjoint linear transformations of V', and v is any positive
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measure on R, then

1 P 1 P
(VIIZ6) F {ml B(T)d\)(l')} < m/a F(B(T))dl)(l')

for any B : [a, B] — €, with equality in (VIL.2.6) if and only if B(t) is a
constant function on [«, B].
To apply the inequality, one sets

F(B) = (det B)™, #(1) = {det A(0)}V/V,
and
B(r) = ¢*(O)A A (1),  dv(r) = ¢ *(v)dx.

To check that the function B +— F(B) is strictly convex, restrict F' to some line
B(t) in €, that is, B”(t) = 0. Use the formula for differentiating determinants
(Proposition I1.8.2) to imply

d2
ﬁ(det B)™! = (det By Y{(tr B~'B)*> + tr (B"'B')*}.

Now, B~'B’ is self-adjoint with respect to the quadratic form B(x, x) =

Bx-x (where - denotes the inner product in V), from which one concludes

that (d?/dt*)(det B)~! is nonnegative and is equal to 0 if and only if B’ = 0.
Step 2. So, we may now apply the Jensen inequality. Then, we obtain

t t N
det/ (A*A) ' (t)dt > {/ qbz(r)dt} ,

which, in turn, implies from (VIIL.2.3)

(VIL2.7) det C(t) > {d)(t)d)(s) /I ¢>_2(t)dr}N .
We consider the case of equality in (VIL.2.7). This is characterized by
(VIL2.8) A* A7) = ¢* (1)
for all t. Then, (VIL.2.2) and (VIIL.2.8) imply
AA = ¢'¢l,
which implies
A =¢'pA) ! = %A,

which implies

A=¢l
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on all of (0, 7). Certainly, if A is a scalar multiple of I at each ¢, then one has
equality in (VIL.2.7).
Step 3. The next step is to apply Holder’s inequality to the functions

f = {det C;(t)}'/V, h=sin" 71t — ),

with respective conjugate exponents
p=N, ¢=N/N-1),

and measure € on

Qi={t,s)eR:s<t<m 0<s<m}
given by

de = m(t — s)dtds.

Then Holder’s inequality and (VII.2.7) combine to imply

(VIL2.9) / ds / m(t — s)det C,(t)dt
0 s

> (G {/O ds /nma — s)sin (¢ —s)dr}l_N,
where
G(¢) = / " p(s)ds / "t — s)sinV @ — () di / t ¢ (v)dr.

Equality is ac;)neved in (ViI.2.9) if and only if S

sinV (¢ — 5) = det C(2), A(t) = oI,
that is, if and only if
(VIL.2.10) A(t) =sint [
on [0, ].

Step 4. Thus, we are led to the study of G (¢). Note that if ¢(z) = sin ¢, then

/ 622y dr = /‘ dzt sin(t — )

sin2 ¢ (sin #)(sin s)’

which implies

b/ T
G(sin) = / ds f m(t — s)sin™ (¢ — s)dt.
0 s
Therefore, the inequality (VIL.2.5) is a consequence of the inequality

(VIL.2.11) G(¢) = G(sin).
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We shall prove (VIL.2.11) under the hypothesis that ¢(¢) has the form ¢(¢) =
t*(mr — t)Ph(t), where 0 < o, B < 1, and h(¢) is positive and continuous on all
of [0, ].

Let

Q:i={(t,t,5)eR}:s<t<t,s<t<m 0<s <m)}

and consider the measure o on 23 given by

_ (sin s)(sin t)

o=——>5—m—ys) sinV (s — s)drdrds.
sin” T

Note that G(sin) = o (23).
Since ¢(¢) is of the form described above, we may write ¢(¢) as
(1) = " Dsin 1,
where u(t) is continuous on (0, 7). Then, the usual form of Jensen’s inequality
implies
1
G(sin)

(VIL.2.12) G(¢) = G(sin)exp { f {u(s) +u) — ZM(T)}dO'} .
Q3

So, (VIL.2.11) will be a consequence of

(VIL.2.13) {u(s) +u) —2u(r)}do =0

Q3

for all u. Note that we have yet to use the symmetry hypothesis (VIL.2.4) for
m(t). We show that (VIL.2.13) is valid for all # under consideration if and only
if m(t) = m(mw —¢t)forallt € [0, ].

Step 5. First one employs some manipulation to rewrite (VII.2.13) as

(VIL2.14) / ' u(@) f(t)(sin t)2dt =0
0

for all u, where f(¢) is a C? function on [0, 7], satisfying f(0) = 0, and
{(sin )72 /()Y = (sin 1) {(sin’ D)[p(t) — p(x — DY,

{Gsin 72 £} o = /O (cos ) {p(s) — p(t — )} ds,
where
p(t) :=m(t)sin¥ ¢, p(t) — p(r — 1) = {m@t) — m(x — 1)} sin '¢.

If m(t) =m(@r —t) for all ¢t € [0, ], then f = 0, and (VIL.2.14) is valid for
all u. Conversely, if (VIL.2.14) is valid for all u, then f =0 and p(t) =
const.(sin )73, which implies the constant is 0.
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This concludes the proof of the inequality (VII.2.5). One can now easily deal
with the case of equality. |

Before proceeding to the geometric applications of Kazdan’s inequality, we first
prove:

Proposition VIL.2.2. For all n > 1, we have

T
(VIL2.15) Cn = Cn_1 / sin" !¢ dt,
0
and
b g =S
(VIL.2.16) Ten/2Ch_1 = / ds / sin" "' r dt.
0 0

Proof. Equation (VIL.2.15) is just (I11.3.12). See the discussion in §II1.3.
To prove (VIL.2.16), we have

T T
TCh/Cn_1 =/ ds/ sin" ' ¢ dr
0 0

T T—S T b
=/ ds/ sin”“tdt—i—/ ds/ sin" 'z dt,
0 0 0 T—S5

and
T b/ T T
/ ds/ sin"'tdr = [ ds/ sin" ' — 1) dt
0 T—s 07-[ JTS s
= / ds/ sin"~! r dt
0 0
b/ T—S
= / ds/ sin"~' t dt
0 0
(by the change of variable s — m — s), which implies the claim. |

Theorem VIL2.2. (M. Berger (1980)) If M is a compact Riemannian manifold
of dimension n > 1, then

(VIL2.17) V(M) > calinj M/},

with equality in (VIL.2.17) if and only if M is isometric to the standard n—sphere
with radius equal to inj M .

Proof. We first refer the reader to §§1II.1-3 for background and notation.

For convenience, normalize the Riemannian metric on M, so thatinj M = &
(namely, change the Riemannian metric on M by multiplying the length of
every element of T M by 7 /inj M).
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Step 1. First, note that for all € [0, 7/2], and all £ € SM, we have empty
intersection of the geodesic disks B(y:(0);r) and B(ye(w); w — r). Therefore,

(VIL2.18) V(M) 2 V(ye(0):r) + V (ye(m)im —1).

Next note that
/ V(r(§);r)ydu) = / dV(p)/ V(i §);r)duy&)
SM M S,
= cos / V(pir)dV (p),
M
and Liouville’s theorem implies
/ Vye(m),m —r)ydué) = / V(Tod,(§);m —r)du&)
SM sm
- / Vi ©):m —r)du)
SM
= Cn—lf V(p;mw —r)dV(p).
M
If we integrate (VIL.2.18) over all of SM, we obtain

o1V (M) = wW(SM)V (M)
/SM (Ve r) + V(ye (), m —r)}du(§)

v

—ut [ (Vi) £ Vipim =)V ()
M
that is,
(VIL.2.19) V(M)* > / {(Vip;r)+ V(p;mt —r)}dV(p).
M
Step 2. One easily verifies
V220 [ venaver= [ar [ eeedue)
M 0 SM
for all r € [0, ], and, by interchanging the order of integration, we obtain
/2 r /2 T—r
(VIL.2.21) f dr/ JE: &) dt +/ dr/ JEt: &) de
0 0 0 0

/2
_ fo (7 — OB ) + 1 BT — 1:6)) di

for all ¢ € SM.
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Now integrate (VIL.2.19) over r € [0, 7 /2]. Then, (VIL.2.20) and (VII.2.21)
imply

/2 r
(T/2)V(M)? Zf d"{f df/ Vet ) du(§)
0 0 SM
+/ df/ x/g(t;é)du(é)}
0 SM

/2
=/0 dl/SM{(JT — DVt 6) +1/8(r — 1,6} du(é).

But,
(ﬂ—f)/ \/E(I;S)du(é)=/ dr/ Ve &) duE)
SM 0 SM
=/ dr/ Vet ©.8)duE)
0 SM
by Liouville’s theorem, and, similarly,

f/ Jg(ﬂ—l;é)dﬂ(é):/ dr/ Jer — 1, 0,8) du(é).
SM 0 SM

We, therefore, have
/2 T—t
apvony = [ ar [ du(é){ | veesa
0 SM 0

t
(VIL.2.22) +/ g —1; dD,.E)dr} .
0
Step 3. We now apply Kazdan’s inequality (VII.2.5) for N = n — 1, and
Cs(t) = A(l -5 Cbxf), det Cs(t) = \/g(t -5 q)v‘i:)

Inequality (VIL.2.5) can then be written as

(VI1.2.23) / ds / )EG BE)dr = / ds / ) sin™ rdr.
0 0 0 0

For the function m(¢), we pick
(VIL.2.24) m =38 + 8z,

the sum of the Dirac distribution at  and the Dirac distribution at v — ¢. Inequal-
ity (VIL.2.5) is valid for this choice of m, since (VII.2.5) is valid for all positive
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C? functions m = m(t) on [0, 7] satisfying (VIL.2.4). One easily obtains

/ a8 dr = / " ar / T b(5)VE(s: D6V d,
0 0 0

and

/ JEr —t; .8 dr = /n dr /ﬂ_r 8r—t(s)/8(s; ®,.&)ds.
0 0 0

Therefore, (VII.2.22) and (VIL.2.23) imply

/2 T T—s
(7T/2)V(M)* > / dt / du(€) / ds / (8 + 8, 1) sin" L r dr
0 SM 0 0

/2 bg T—s5
Z/ d,u(&)/ dt/ ds/ {8 4 8, }(r)sin" ' r dr
SM 0 0 0

/2 kg T—s
:CHV(M)/ df/ ds/ {8 + 8}y sin" " 1 dr.
0 0 0

that is,

/2 bd T—s
(r/2)V (M) zcn_lf dtf ds/ {8, + 85— }(r)sin" L r dr.
0 0 0
(VIL2.25)

Step 4. We now finish the proof of the theorem. First, one checks that if M
is isometric to S”, then all the above inequalities are equalities. This implies
that the right-hand side of (VII.2.25) is equal to (57 /2)cy; so, (VIL.2.25) is to be
rewritten as

(/2V (M) = (7/2)¢cn,

and (VIL.2.17) follows.

If we have equality in (VIL.2.17), then we have equality in (VII.2.23), with
m as given in (VIL.2.24). We conclude, from the case of equality in Kazdan’s
inequality, that

Al €) = (Va@G OV
forall (r;&) € [0, 7] x SM, and
JEr —s38) = sin"'(r — )

almost everywhere on {(r,s):0<s <r,0<r <}, with respect to the
measure

de = {6; + 6,_,}(r — s)drds,
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for all £ € SM. Thus,

JEt; ) =sin" ¢, Ve —t;8) =sin" "' (w — 1)
for all ¢ € [0, w/2]. Thus, we have
A(t;€) =sin t 1

onall of [0, 7] x SM, which implies M has constant sectional curvature equal
to 1. The universal covering of M is (by Theorem IV.1.4) S". But since V(M) =
V(S"), we must have M isometric to S”. [ |

The Blaschke Conjecture

Here is the basic definition.

Definition. A complete Riemannian manifold M is referred to as a wiedersehn-
sraum if there exists a constant ¥ > 0 such that for every p € M, exp |B(p; 7/
J/k) has maximal rank, and exp, T (S(p;7w/+/k)) = 0.

The reader will recall (for sure) that wiedersehnsraume were the topic of Lemma
IV.1.2, in which it was proved that,

(i) for every p € M, the image exp (S(p; w/+/k)) in M consists of precisely
one point. Thus, amap Q : M — M is well defined by

(VIL.2.26) O(p) = exp(S(p: /).
(ii) One has
Q% =idy,

(iii) Q is an isometry of M.
(iv) every unit speed geodesic y on M is periodic, with period equal to 277/ /k.
(v) M is diffeomorphically covered by the sphere.

W. Blaschke (1967) had conjectured that any simply connected wiedersehn-
sraum is, in fact, isometric to a sphere and had derived the above properties
(i)—(v). L. W. Green (1963) verified the conjecture in the 2—dimensional case
(see our discussion in Exercise VII.13). Later, A. Weinstein (1974) showed that,
for M, a simply connected even dimensional wiedersehnsraum one has its vol-
ume equal to the volume of the standard sphere whose geodesics have the same
length as the common length of those in M. With the Berger—Kazdan inequal-
ities, the Blaschke conjecture was thereby settled for even dimensions. Later,
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C. T. Yang (1980) settled the Blaschke conjecture by explicitly calculating the
volume of wiedersehnsraume in odd dimensions.

For additional discussion, see Berger—Kazdan (1980), Kazdan (1982), and Yang
(1990). For more general discussions of Riemannian manifolds, all of whose
geodesics are closed, see Besse (1978).

§VIL.3. On Manifolds with No Conjugate Points

We start with a partial converse to the Morse—Schonberg theorem (Theo-
rem I1.14).

Theorem VIL3.1. (L. W. Green—M. Berger (Green (1963))) Let M be a com-
pact Riemannian manifold, k > 0, and assume that, for any unit tangent vector
& € SM, the point ye(t) = exp t& is not conjugate to yg(0) along ye for all
t < /K (i.e., the distance between conjugate points, when they exist, along
any geodesic is > 1 /+/k). Then, the integral of the scalar curvature S over M
(see §II.1) satisfies

(VIL3.1) ﬁ/ SdV < n(n — 1),
M

with equality if and only if M has constant sectional curvature k.

Proof. To any £ € SM, we associate its geodesic

Ve (1) = exp 1§ = (mo®)(§). ve' (1) = @.(8),

where 7 denotes the natural projection of SM to M (we hope there will be no
confusion with the various uses of ) and ®, the geodesic flow. Then, given any
vector field X € C* along y:|[—7/24/k, 7w /24/k ], pointwise orthogonal to ye,
and vanishing at ye(—7/24/k) and ye (1 /24/k), we have by Jacobi’s criterion
(Theorem I1.10)

/2K
(VIL32) 0= / (VX1 = (RO, X)ye's X)) d,

/23K
with equality if and only if X is a Jacobi field on ;.

Given any § € SM, p = n(&). Complete £ to an orthonormal basis {ey, . . .,
ep—1,§} of M, and let {E(t), ..., E,_i(t), ®;&} be the parallel orthonormal
frame field along y: determined by the initial data {e;, ..., e,—, &}. Set

X (6) = (cos /KO E (1);
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then

S ol 2 ’ /
03 [ (9GP~ ROV Xy X )

j=1 —7T/2ﬁ
n—1 /2K
= Z / {ic sin® /ict — (cos* ikt )K(E (1), ©,&)} dt
j=1 -7 /2K
/2K
:/ {(n — Dk sin® /kt — (cos® «/xt)Ric (&, D,£)} dt,
—7/2k

withequality if and only ifeach X ;, j =1, ..., n — 1,is aJacobi field. Insuch a
case, one concludes that IC(E ;(¢), ®,§) = « forall t € [—7/2/k, 7/2/k] for
all j =1,...,n—1, that is, all 2—planes containing ®;&, t € [—7/2/k, 7/
2./k], have sectional curvature equal to «.

Lemma VIL.3.1. Let V be a real n—dimensional inner product space, B : V x
V — Rabilinear form, S the unit sphere in V with canonical (n — 1)-measure
de. Then,

(VIL3.3) /Sﬂ(é, £)de(§) = cn—lﬁ

.
Proof. First diagonalize 8 with respect to the inner product, that is, pick an or-

thonormal basis {e, ..., e,} of V for which B(&, &) = Z?:l Aj(éj)2 whenever
£=3"_ & e Then,trf=As +---+ Ay, and

/S ﬂ@,f:)de(s)—; A; /S I de().

From the symmetry of S, we have

f (') de(€)
S
independent of j = 1, ..., n. One concludes
/ &Y deg) = L,
S n
from which one obtains (VII.3.3). | |

Conclusion of the Proof of Theorem VIIL.3.1. Set

fe(t, ) = (n — Di sin® Vit — (cos” /kDRic (@&, ),
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and define the function 7, on SM by

/2K
Fo(®) = / ey

/2K
Then, F, > 0 on all of SM, which implies

0 < / Fol&)du()
SM

/2K
_ / () fult, £)dr
SM

—7 /2K
/23K
Zf dl/ fie(t, 8)d (&)
—7/2Jk SM
=J1—Js,

where

/2K
I = / di | (n = esin? it du(E) = (n — Dicea_g V(M) /24K,
—7/2/Kk SM

/2K
= / dr / cos® /Kt Ric (B8, B,£) du®)
—/2/Kk SM

/2K
:/ cos? ﬁtdt/ Ric (®,&, ®,;8)du(§)
/2K SM

/2K
f cos? /it di / Ric (£, &) du(®)
—1/2/k SM

T .
N fs Riee, £)d(e)

77: .
m/};,,dV(X)/SX(RIC(E’§)|SX)dMX(E)

T / Cn—
2ﬁ M n

to go from the second to the third lines, one uses the invariance of the d i relative
to the geodesic flow. So,

S
L av (),

TTCh—1 1
O</i—hh= —DkVM)—— | SdV;,
< 22ﬁ{(n )x()nfM }
which is the inequality (VIL.3.1).

If we have equality in (VIL.3.1), then F,, = 0 on all of SM. But this will then
imply K = « on all of M. [ ]
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Theorem VIL.3.2. (E. Hopf (1948), L. W. Green (1958)) If M above has no
conjugate points, then

(VIL3.4) / Sdv <0.
M

Furthermore, one has equality in (VIL.3.4) if and only if M has sectional cur-
vature identically equal to 0.

If M is a compact Riemannian 2—dimensional manifold, diffeomorphic to a
torus, and possessing no conjugate points, then the Gauss curvature vanishes
identically on M.

Proof. (Following Berger (1965, pp. 273-276)) The final claim is a direct
consequence of the Gauss—Bonnet Theorem (Theorems V.2.3, V.2.6), since it
implies that one has equality in (VIL.3.4). So, the real issue is inequality (VIL.3.4)
and the characterization of equality in (VIL.3.4).

The inequality (VII.3.4) follows from that fact that if M has no conjugate
points, then (VIIL.3.1) is valid for all positive k. Simply let « |, 0.

We now consider the case of equality in (VIL.3.4), but first, we require some
preliminaries.

Let y be a geodesic in a Riemannian manifold, and Z an interval containing
t = 0, such that any solution to Jacobi’s equation along y vanishes at most once
onZ (said casually, the interval Z, or the geodesic segment y |Z, has no conjugate
points). In what follows, we view the Jacobi equation as a matrix equation in a
single real vector space, most conveniently, in V = M, () as described toward
the end of §III.1.

Lemma VIL3.2. We let A(t) denote the matrix solution to Jacobi’s equation
determined by the initial data

A0)=0, A =1,

and for any T € T\ {0}, we let Dy denote the matrix solution of Jacobi’s
equation determined by the boundary data

Dr(0)=1, Dr(T)=0.

Then, fort, T € T\ {0},tT > 0, we have

T
(VIL3.5) Dr@t) = Alt) / A A (s)ds.

Proof. The argument is the same as that of Proposition VII.2.1. |
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Furthermore, from the above argument we have
T
(VIL3.6) Dr'(1) = A'(r) / (A* A (s)ds — (A7) (@),
t
and

W(A, Dy) = 1.

Lemma VIL3.3. (L.W. Green (1958)) Assume M is a complete Riemannian
manifold with a geodesic y, with no two points of v conjugate to each other
along y. Then,

D := lim Dr
T 1400
exists, and
D' = lim Dy'.
T r+o0

The convergence of Dr — D and Dy’ — D’ is uniform on compact subsets of
R, and D is nonsingular on all of R.

In particular, for any e € y'(0)* and T > 0, consider the solution Yt to
Jacobi’s equation along y satisfying

Yr) =e,  Yp(T)=0.

Then, Yr converges as T 1 +oo uniformly on compact subsets of R to a
nowhere vanishing solution Y, of Jacobi’s equation satisfying

Y.(0) = e.

Proof. First, we note that by evaluating W(Dr, Dr)(t) att = T, one has
W(Dr, Dr) =0,

and by then evaluating W(Dyr, Dr)(¢) at t = 0, one has the self-adjointness
of DT .
Next, for T > o, we have

T

Dr—D, = A/ (A* A~ () ds,
’ T

Dy =D, = A’/ (A* A~ (s)ds,

T
Dy/(0) — D,/(0) = / (A* A1 (s) ds.
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Thus, Dr’(0), viewed as a self-adjoint linear transformation depending on T,
is strictly increasing with respectto 7T'.

To show that Dr’(0) is bounded from above, fix « < 0; and for any
veV,let

Dty a<t=<0

() = {Dm)v 0O<t=<T"

Then,

0<I(m,;,n,)

T
=/ {In,'I* = (ROv&'s v’ s ) }(s) ds
T
= (n,,n,")0=) — (n,,n,")(0+) —/ (. m." + R, n)ye' (9)) ds

o

= (Dy/(0)v, v) — (Dr'(O)v, v).

One now has easily the claims of the lemma. |

Remark VIL.3.1. One also has from the proof of the lemma

(VIL3.7) (D — Dr)(t) = A(t) / (A* A~ (s)ds,
T

and

(VIL3.8) D(t) = A(r) / OO(A*A)_I(s)ds.

Conclusion of the Proof of Theorem VIL.3.2. (Berger (1965)) Given equality
in (VIL.3.4), we have by Fatou’s lemma

hrpllonf Fe&)=0

for almost all £ € SM.

Assume we are considering such a &. Then, for any parallel vector field E(¢)
along y:, pointwise orthogonal to y;, we have for

X, (t) = cos«/ktE(t)

the limit

/2K
0=timint [ (VX ~ (ROY X' X
Kl,o 77.[/2#
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LetY;,, j=1,...,n— 1, denote the Jacobi field along y; such that
YO = E;0),  Y(m/2J5) =0;
then, by Lemma VIIL.3.3, we have
Yj = E?(} Yj7,{, V,Yj = }(lilol V,Yj,,(

uniformly on compact subsets of R, with {Yy,...,Y,_;} pointwise linearly
independent on all of R and with

Y;(0) = E,(0).

Determine functions o, for which X, above is given by

Then, Theorem I1.5.4 implies

/2K
0 = lim inf Y iP >
1r’§1¢bn/ IZOl,, el _/

lim inf | § :a,,K’Y,-,KF;
—n/2Jk R K10 7

SO

(VIL3.9) 0= 11% inf | ; oY

Onthe otherhand, since X, — EandY;, — Y;as« | Ouniformly oncompact
subsets of R, there exist functions «;, j =1,...,n—1,such thato; , — «;
uniformly on compact subsets of R; and since V; X, — O and V,Y; . — V,Y;
as k | 0, we also have «; . — «;" uniformly on compact subsets of R. Thus,
(VIL.3.9) implies «;" = 0 on all of R. In particular,

EIZOlej,
J

where o, j = 1,...,n — 1, are constants. We conclude that all parallel vector
fields along y; are Jacobi fields. This implies, directly from Jacobi’s equation,
that all sectional curvatures of 2—planes containing velocity vectors of y; all
vanish. This is true for almost all &€ € SM. Continuity of the sectional curvature
implies that it vanishes identically on all of M. [ ]

Second Proof of Theorem VIL3.2. (L. W. Green (1958)) Again, we use
Lemma VII.3.3, except that now we vary the initial point of the geodesic. So,
Dr and D are now replaced by matrix solutions Dy, and D¢, respectively, of
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the Jacobi equation

(VIL3.10) V,2A 4+ R:(1)A =0,

where R¢(7) is the self-adjoint map of yg/(t)J- = (®,£)* given by

Re()n = R(ye' (), mye (o).
Thus, Dr.£(t) and Dg(t) are linear transformations of (®,& ). The initial data
for Dr ¢ are given by
Drg(0) =1, Drg(T) = 0;
and, of course,
D: = lim Dre.
§ TTl-rknoo T
We now comment on V, in (VIL.3.10). Given any l—parameter family of
linear transformations

ag(t) 1 (D) — (0,8)*
we define its covariant derivative
Viag(t) 1 (D,6) — (,6)F

in the obvious way, namely, given n € (®,£)* let X be a parallel vector field
along y: for which X(¢) = . Then, (V,a;)(n) is defined by

(Viag)(n) = Vi(ag X).
One then has a natural notion of parallel translation of a; along y:.
We denote all parallel translation along yg, from y: () to y:(s), by 7; s; for
convenience, Tyz = T0,5:¢-
Note that one easily verifies

Dr_s0,6(t) = Dryg(s + 1)0Ty 1156 0Drie(s) ™",
which implies

Do e(t) = De(s + 1)0Ts 456 0De(s) ™.

Therefore, if we set
Us(t) = (V,;De)(0)oDe (1),
then we have
Us,e(t) = Ug(t + ).
Moreover, Ug(?) is a self-adjoint solution of the matrix Riccati equation

VU +U*+R:(t) =0
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along y: (see the proof of Theorem II1.4.3). As in the proof of Bishop’s theorem
(Theorem I11.4.3), we have

(VIL3.11) (trUg) +

U2
(ur Ei +th<0

We consider U = Ug(¢) as a function on R x SM. Fix s > 0 and integrate
(VIL3.11) over [0, s] x SM. Of course, one must first verify the measurability
of U — an easy matter.! Indeed, for any T > 0,

Urg = (V,Dryg)oDrg !

varies continuously with respect to & € SM. Now, let T 4 +o0.
So, we consider the integration of (VIL.3.11) over [0, s] x SM. First,

/dt/ (trUs)’(t)d/L(E)=f {trUe(s) — tr Uz(0)} d u(§)
0 sm sm

- f tr Us,(0) du(§) — / tr U (0) dpu(§)
SM SM
=0

by Liouville’s theorem. Furthermore, as in the proof of Theorem VIIL.3.1,

[ wRedu) = [ Rie(@e 06 dute
SM SM

_ / Ric (¢, &) du(®)
SM

_ Gt f Sdv,
n M
again, we have used the Liouville theorem. Thus, we obtain
(VIL3.12) $= 1/ de<——/ f (t)d ) <0.
M SM -

This implies, again, (VIL.3.4).

If we have equality in (VII.3.4), then we have equality in (VIL.3.11) on all of
(0, +00). Since U (t) is self-adjoint, this implies that Ug () is a scalar multiple
of the identity transformation of (®,£)*. Then, equality in (VII.3.12) implies
Ue(t) = 0 for all # > O for almost all £ € SM. In particular, R (¢) = 0 for all
t > 0 for almost all £ € SM. But R is continuous with respect to &£. Thus Rg
vanishes identically on SM, and M is flat. [ ]

' But, see Remark VIL3.3.
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Remark VII.3.2. The E. Hopf conjecture states that any Riemannian metric
on an n—dimensional torus, n > 2, that has no conjugate points must be flat.
The conjecture was proved in Burago—Ivanov (1994). Regrettably, any detailed
discussion here would take us too far afield.

Remark VIL.3.3. In E. Hopf’s (1948), he claimed that he had a proof that U,
was continuous with respect to & (although he did not publish it). However, a
counterexample is given in Ballman—-Brin—Burns (1987).

Remark VIL.3.4. One thinks of D; as a “contracting,” or stable, nonsingular
solution of the matrix Jacobi equation on all of y; — “contracting” in the di-
rection of &. One might denote D, more precisely, as D, . Of course, one can
construct a corresponding “expanding”, or unstable, solution Dg’ to the matrix
Jacobi equation along y:, namely, D; = D_¢. The corresponding logarithmic
derivative solutions of the matrix Riccati equation are then denoted by U, and
U ; , respectively.

§VIL.4. Santalo’s Formula

We are given a Riemannian manifold M and a relatively compact domain €2 in
M with smooth boundary. For any § € SQ, we set

() =sup{t >0: (1) e 2 V1 € (0, 1)},

that is, when (&) is finite, then y;(t(§)) will be the first point on the geodesic
to hit the boundary of 2. We also set

(&) = inf{c(§), T(§)},
where (&) denotes the distance from m (§) to its cut point along y¢, and
UQ=1{£eTQ: c§) > 1)}

We now consider the boundary 92 of 2. Let v denote the inward unit normal
vector field along 92, and let ST denote the collection of inward pointing
unit vectors along 9€2, that is,

STIQ = (£ € SQIN : (£, V() > 0},
with measure
do(§) = dpxe)(§)d A (§)),
where d A denotes the (n — 1)-measure on 9<2.

One checks that T = 7(£) is lower semicontinuous on SQ U ST9Q.
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Figure VII.1. For Santalo’s formula.

Theorem VIL.4.1. (Santalo’s formula (1976, pp. 336ff)) For all integrable F
on SQ, we have

£(&)
(VIL4.1) / Fdu =/ (é,iﬂ@))d(f(é)/ F(®,8)dt.
-ug S+oQ 0

Furthermore, if T < 400 on all of SR, then we also have

7(§)
(VIL4.2) / Fdu = f (€. V(o)) do (&) / F(®,£)dt.
SQ S+oQ 0

Proof. Map
(t, &) —> ¢, (t,€) € (0,00) x STAQ
(see Figure VIIL.1). Then (in what follows, we let s denote distance from 9€2),

dp(®.§) = (D). du(§)
= (P)sd () dV (7 (§))
= (P)dpneds(@(&))dAm(E))
= (q%)*;l—j(é)dt do(£)
= (P):(§, Vr(e)) dt do(§)
= (£, Vz@e) (P)dt do(§)
= (§, Vr)) dt do(§),
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that is,
(VIL4.3) dpU(D,E) = {5, Vo)) d1 do (§).

We note that the third line is obtained from (I11.6.3).
Since Q is relatively compact in M, we have £ < oo on all of SQ2. Therefore,
with any n € SQ we associate

t=4L4(—n) and & =—y,/(t(=n);
of course,

t < L(E).
Therefore, the map that takes (¢, &) to ®,£ is a diffeomorphism

{#,6): 0 <t <L), E€STOQ} - —UQ\ N,

where N denotes a set of u—measure equal to 0, which implies (VIL.4.1). (We
have to leave out a set N, since —US2 contains N := {®y)& : & € STIQ}.)
This implies (VIL4.1).

To obtain (VII.4.2), we note that since T < oo on all of S, the map which
takes (z, &) to ®,& is a diffeomorphism

{t,8):0<t<7t(), £ €STIQ) — SQ. |

Proposition VIL4.1. For any e € S"~!, we have
Cn—2
n—1

(VIL4.4) / (§,e)dV(§) =

e

where H, denotes the hemisphere of S*~! centered at e.

Proof. By direct calculation: Write & = (cos 0)e + (sin 6)n, where n varies
over the equator of e (that is, & = 7/2). Then,

/2
/ (E,e)dV(S):/ dun,z(n)/ cos 0sin" 26 de
H, §n-2 0

/2
= Cph_2 / cos Osin" 26 do
0

Cn—2
n—1" u

Definition. For every x € M, we let U, denote the subset of S, given by

U, = (U "[x], Wy 1= M'Y(U'x), w = inf wy.
Cn—1 xXeQ

It is common to refer to w, as the visibility angle at x.
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In particular,
PR = uUR) = 6t [ 0:dV () = 1oV (),
Q
For any w € 0€2, set

S = (m|STaQ) ' [w].

Theorem VIIL.4.2. (C.Croke (1980)) Let d(S2) denote the diameter of 2. Then,

ABQ) _ (n =~ Dear0
V() 7 ca2d()

(VIL4.5)

with equality in (VIL4.5) if Q is a hemisphere of constant positive curvature,
in which case w = 1 and d(2) is the diameter of the hemisphere.

Proof. We have
wey_1V () < wUQ)
- / CENE, Trie)) dor(©)
S+aQ

_ f dAG) / EVNE, By dpn (€)
F1o) Si

_ A @)en2A(0Q)
(n—1)

’

by (VIL.4.4), that is,

d(Q2)cp_2A(0K2
wea V() < M7
(n—1)
which implies (VIL.4.5).
One easily verifies the equality when €2 is a hemisphere of constant positive
curvature. u

Theorem VIL4.3. (C. Croke (1980)) Let M be a compact n—dimensional
Riemannian manifold, all of whose Ricci curvatures are bounded below by
(n — V). Let d(M) denote the diameter of M. If I is any (n — 1)—-dimensional
compact submanifold of M dividing M into open submanifolds My, M», satis-
fying OM = 0M, =T, then, setting Q = M, we have

d(M)
(VIL4.6) wy > V(M>) / Coo1 / S, !
0

forall x € M.
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Proof. Santalo’s formula (VII.4.1) is valid even when 2 is a finite disjoint
union of regular domains.
To prove (VIL.4.6) for x € My, let

Or={geM: q=y0), t €0,c@®)l & U

Then, any point g € M, has a unit speed minimizing geodesic connecting x to
q. This geodesic must hit the boundary of M (to reach a point in M,); therefore,
its initial velocity vector is in U,. We conclude M, C ©,, which implies

c(®)
vom = [ aw® [ vawoar
U, 0

c(§)
< / dpin(€) f S, (1) dt
U, 0
d(M)
f wxcn—I/ SKn_17
0

the right-hand side of the first line is precisely equal to V (®,); and the second
line is a consequence of the Bishop comparison theorem (Theorem II1.4.3).
|

§VIIL.5. Notes and Exercises
The Kinematic Density Via Moving Frames

Our treatment of the Liouville measure was presented from the perspective of
Hamiltonian mechanics, namely, given any manifold, the differentiable struc-
ture alone determined a canonical 1—form on the cotangent bundle, with its as-
sociated symplectic 2—form and Hamiltonian differential equation. Then, given
any Lagrangian on the tangent bundle, one has a natural (depending on the
Lagrangian) method of bringing the data from the cotangent bundle to the tan-
gent bundle. Given a Riemannian metric, one picks the Lagrangian to be half the
norm squared of vectors in the tangent bundle, and lo and behold, one obtains
the geodesic flow on the tangent bundle.

In what follows, we give an explicit Riemannian approach, with the cal-
culations using the method of moving frames. To fix the data, let M be an
n—dimensional Riemannian manifold, with projection maps

T :TM— M, m i TM*—> M

of the tangent and cotangent bundles, respectively. Recall the natural isomor-
phism 6 : TM — T M* given by

0N = (&, ),

and the canonical 1-form w on T M* given by

*
Wi =72 T,
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which determines the 1-form ¥ on T M (the same as in §VIL.1) given by
¥ = 0*w.

Then, ¥ is the fundamental object in what follows.
Now, simply refer to m; as . Given a chart x : U — R” on an open set U

in M, fix a frame field {e, ..., e,} on U, with coframe field {»', ..., ®"} and
matrix of connection 1-forms (w;*).
Use the chart x and the frame field {ey, ..., e,} to determine a chart y :

7' [U] — R*" given by
YE =xlom),  yTE) = ¢)).

Then, of course,

n*B; =97, 71*8]}-;" =0.
For
_ kax
¢j = Z AjRO;,
k
set

E;=Y (Ajfom)d},
k

and consider the local forms on 7 ~![U] given by

T =ntw’, it = 1wt

Exercise VII.1.
(a) Show that

Vpr-1ivy = Z y e,
J
and
O=dy = Z {dy“" + Z y"*"tﬂ} AT,
j k
(b) For the vector field G of the geodesic flow on 7 ~![U] show that

_ i+ k4 jay
Q_Zy./ ”Ej—;y "o 9,
J

where wy’ is viewed here, and, in what follows, as a real-valued function on
TM.
(c) Show that

fj(g) — ijrn’ tkj(g) — a)kj, dy”"(g) - _ Z yk+"wkj~
k
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Exercise VIIL.2.
(a) Show that for the function L on T M, given by

LE =EP =) (M),
J

we have
GL=0.
So, the geodesic flow takes the unit bundle SM to itself.
(b) Show that
(G =L, (GO = —dL, Lg¥ = %dL, L0 =0.
(c) Show that
@ A O Nsu

is, up to a constant depending only on 7, the Liouville measure on SM, and is
invariant with respect to the geodesic flow on SM.

(d) Show that @, restricted to any complementary subspace of G in TSM, is
nondegenerate.

(e) Show there is no closed codimension 1 submanifold of TSM that is
transverse to G.

The Differential of the Geodesic Flow

Continue the previous discussion. Let @, denote the geodesic flow, with vector
field G.Letw : TM — M denote the standard projection of T M to M, and 7 :
TTM — T M the standard projection to T M from its tangent bundle. Assume
M is complete.

Consider themap 7 : TTM — T M given as follows: Forany p € M, & €
M,,and ¢ € (T M), let Z(¢) be a path in T M satisfying
Z2(0)=§, Z0) =r,
so Z’ is the velocity vector of a path in T M. Define
Tr = (VeZ)(0),
where the covariant differentiation is along the path 7o Z.
Exercise VIL3.

(a) Show that 7 is well defined, that is, show that it only depends on r; more
particularly, calculate, using moving frames with the above notation,

Tr=) {dy-/+"(;) + Y Y @onwd €) | e;.
k

J
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where y”" (7 o 1) denotes the k—th coordinate of 7 o r, and w;/ (£) denotes the
action of the 1—form wy/ on &.

(b) Show that the kernel of 7 is transverse to the kernel of ..

(c) Define the Sasaki metric (Sasaki (1958, 1962)) on T M by

ltls® = Imxl® + | Tl

Since the two kernels are transverse, the metric provides an orthogonal decom-
position of every tangent space of T M.

Exercise VII.4. Show that 7G = 0.

Exercise VILS5. Given the path Z(¢) above, consider the geodesic variation
Q(t, €) = exp tZ(e),
with associated Jacobi field Y, along y¢ given by: Y, = 0.2jc=o. Show that
Yi(t) = 70 (Dy)ul, (VY1) = T o(Py)yr.
which implies
(@)tls? = [V OF + VY0P

We know that there exist constants a and b so that (Y;, y¢) = at + b. Show that
1 /
a= §(|Z|2) ), b= (P, G(P:8))s.

If we restrict £ to SM, and ¢ to TSM, then a = 0. Henceforth, restrict ¢ to
G(£)-. Then, b = 0.

Exercise VII.6. Show that the geodesic flow @, is an isometry for all # € R if
and only if M has constant sectional curvature equal to 1.

Manifolds Without Conjugate Points

Assume M has no conjugate points, and to each & € SM, T > 0, consider the
matrix solutions Dg.7, Dg._r of Jacobi’s equation on Y, as described in the
proof of E. Hopf’s theorem. Then, the linear span of Jacobi vector fields

Tor ={Doyn.D,_,n: ne&}
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is actually equal to J;*, the collection of all Jacobi fields along y; pointwise
orthogonal to y;. Furthermore, the subspaces

Toqr ={D,n:ne& ),  Jh={D._n:ne&h)

determine respective (n — 1)—dimensional subspaces2 Xsr(§), Xyr(§) of
(SM)¢, whose direct sum is all of G(§)*.

The question is: what happens when T 1 co? Said differently, are the
(n — 1)-dimensional subspaces

j{::{Dgn:neél}, ;7§+2={D;771'7€§L}

of Jacobi fields in J;- transverse one to the other? The two extremes are illus-
trated by: M = R”, where the two spaces Jg_, J;’ coincide; and by M = H",
where the two spaces are transverse, and hence the subspaces X(§), X, (§) are
transverse (exercise for the reader).

Exercise VIL.7. Assume M has negative sectional curvature uniformly bounded
away from 0. Show that X (§), X, (&) are transverse for all £ € SM.

Note VIL.1. A theorem of P. Eberlein (1973) states that, when X(§), X, (&)
are transverse for all &€ € SM, M compactly homogeneous (e.g., M is the cover
of a compact manifold), then the geodesic flow on SM is Anosov. (See his
paper for definitions and proofs.) This then implies the earlier theorem of D. V.
Anosov (1967) that a Riemannian manifold with sectional curvature bounded
above and below by two negative constants is Anosov.

A Variant of E. Hopf’s Theorem
The following theorem is proved in Green—Gulliver (1985).

Theorem. Let g be a smooth Riemannian metric on R? that differs from the
canonical flat metric gy on at most a compact set. If (R?, g) has no conjugate
points, then it is isometric to (R?, 20)-

The Osserman—Sarnak Inequality

We sketch here the results of Osserman—Sarnak (1984) in the narrow sense,
that is, only in those aspects pertinent to the Riemannian situation. See their
discussion of how the inequalities that follow relate to the various entropies of
the geodesic flow.

2 «g” is for stable and “u” is for unstable.
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We are given the compact n—dimensional Riemannian manifold M without
conjugate points. Then, to every ¢ € SM, we have the nonsingular stable matrix
solution U¢ of the Riccati equation defined on all of IR, as described in the second
proof of Hopf’s theorem. Recall that

Uop,e(t) = Ue(t +5).

So, we may think of U(§) = Us(0) as a matrix function on SM. We let U'(§)
denote (V,U¢)(0), where the covariant differentiation is along the geodesic

Ve (D).
Exercise VIL.8. Show that

/ trU'U " dpu = 0.
SM

Now assume that M has strictly negative curvature. With every & € SM, asso-
ciate the quadratic form Q¢ on M) given by

Q:(w) = (R(E, w)§, w),

with self-adjoint linear transformation K¢ associated with —Q¢ and given by

Ke(w) = =R, w)E = —(Re(0)(w)

We denote the commmon spectra spec K¢ = spec — Q¢ by

{0="20() < (&) =<... = A1 (®)},

and consider
n—1
—o@) =tk =" 2,©" aM) = /S o (§)du().
j=1 M
(We are loyal to the notations of Osserman—Sarnak (1984).)

Exercise VIL.9. Prove

e
—0o(£) = min (ngj,ej)l/z,
i=1

~.
Il

where the minimum is taken with respect to all orthonormal bases {ey, . .., e,_1}
of the orthogonal complement £+ of & in My ). Show that one has equality for
a choice of a particular orthonormal basis if and only if that orthonormal basis
consists of eigenvectors of K.
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Exercise VII.10. Show that

/ trUdpL:/ trKU 'du.
SM SM

Exercise VII.11.
(a) Use the Cauchy—Schwarz inequality on

tI.Kl/2 — tr(U71/2K1/2)U1/2
to show
rKY? < {r KU )W {r U}V?,

with equality if and only if there exists a positive function k(§) on SM such
that

K = k*(&)U>.

(b) Use the integral Cauchy—Schwarz inequality to show that

/ trKl/zduff trUdu,
sm sm

with equality if and only if there exists a constant 8 such that

trKU ™! = guU.
Exercise VII.12. (Osserman—Sarnak (1984)) Show that

—a(M) < / U du,
SM

with equality if and only if K is parallel along the geodesic yg, for all £, that
is, if and only if M is locally symmetric.

Aufwiedersehnsfliche

Exercise VIL.13. (On the title, see Green (1963).) Give the following ele-
mentary proof (namely, L. W. Green’s (1963)) of Blaschke’s 2—dimensional
conjecture.

(a) Consider properties (i)—(v) of wiedersehnsfliche as given. Now prove that,
if M is simply connected, then the Gauss—Bonnet theorem (Theorem IV.V.2.3)
(for the sphere) and Theorem VII.3.1 above imply that the area of M, A(M),
satisfies

AM) = 4,
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with equality if and only if M has constant sectional curvature (in which case
it is isometric to the standard sphere).

(b) Show that c(§) = conj (§) forallé € SM, where conj (&) denotes distance
to first conjugate point along ye.

(c) Use Santalo’s formula (VIL.4.1) to explicitly calculate the area of M.

An Eigenvalue Inequality

Exercise VII.14. We are given a relatively compact domain 2 with smooth
boundary in an n—dimensional Riemannian manifold M, with t(£) < +oo for
all &£ € SQ. Let A = A(R2) denote the lowest eigenvalue of the Dirichlet eigen-
value problem of Q. For every & € SQ set

8¢) =1(8) + t(=5),
that is, §(&) is the full length of the geodesic segment in 2 determined by &.

Prove
1 duy
A > 720 inf / l; (é).
v eoy Js, 82(6)

Note VIL2. The result of the above exercise is from Croke—Derdzinski (1987),

in which they also give a characterization of the case of equality (a nontrivial
matter). Another estimate, for domains in R”, similar to the Croke—Derdzinski
result, is presented in Davies (1984), with an inequality of Hardy in place of
the fixed-endpoint Wirtinger inequality. See his discussion (with some added
detail) in Davies (1989, pp. 25-33, 56-57).

An interesting feature of both the Croke—Derdziniski and Davies results is that
if the domain 2 is perturbed by deleting a small disk then the lower bound is
not grossly disturbed. That the Dirichlet eigenvalues are not grossly disturbed
by “small” perturbations of the domain is a highly developed subject. See
Chavel-Feldman (1978b, 1988) For further references to the earlier literature
see Chavel-Feldman (1988). We also refer the reader to Courtois (1987, 1995).
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Isoperimetric Inequalities
(Variable Curvature)

We now return to isoperimetric inequalities in general complete Riemannian
manifolds. Here, even if the manifold satisfies the conditions of Theorem V.4.1,
to guarantee the existence of an isoperimetric region, one would have no idea
how to identify it and how to decide whether it is unique. So, the focus shifts
elsewhere to describe the isoperimetric profile, Z(v), usually by providing lower
bounds such as Z(v) > const.v' =1/ —in qualitative imitation of R” (when the
manifold has dimension n).

A better sense of the possibilities is given the isoperimetric inequality for a
surface of constant curvature «, namely,

(VIILO.1) L? > 47 A — kA%

Note that when x < 0, and the domain is a geodesic disk of radius r for large
r, then the dominant term on the right-hand side of (VIIL0.1) is —«x A%. More
precisely, the inequality (VIIL.0.1) implies both the inequalities

L/AY? > 4r, L/A > =k,

and both are sharp. The first is sharp for geodesic disks of radius  asr | 0, and
the second is sharp for geodesic disks of radius r as r 1 4o00. This suggests
that, for a more profound understanding of the relation of areas to volume in
general Riemannian manifolds, one cannot remain limited to minimizing the
quotient L /A'/? or, more generally, the quotient A/V '~!/" over the domains in
question. Rather, it is important to consider a fuller apparatus of isoperimetric
constants.

We will proceed as follows: First we give C. Croke’s (1980) lower bound
(Theorem VIII.1.1) for A(32)/ V()" valid in any n—dimensional Rie-
mannian manifold, using Santalo’s formula from the previous chapter. Then,

350
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we prove P. Buser’s (1982) lower bound (Theorem VIIL.2.1) for
A)/ min{V (D), V(D2)}
complete n—dimensional Riemannian manifold, with
Ric > (n — 1), k<0

on all of M, where I" is a smooth hypersurface in B(x;r) (x € M, r > 0) di-
viding B(x;r) into domains D and D;. Then, in § VIIL.3, we introduce the full
apparatus of isoperimetric constants, and study, in the following sections, the re-
lation of isoperimetric constants of the manifold with those of any discretization
of the manifold.

Before proceeding, a comment on notation. In what follows, for functions f and
vector fields X on a Riemannian manifold, we denote their respective L”—norms

by
1/p 1/p
Ifll, = {/|f|f’dV} L XD, = {/|X|f’dv} ,

respectively.

§VIIL.1. Croke’s Isoperimetric Inequality

In what follows, we require the following version of the Berger—Kazdan in-
equality (see §VIL.2): Given & € SM, then for all £ € (0, c(£)], we have

4 l—s
(VIIL1.1) / ds | Jar; d,8)dr = 2 /)y,
0 0 2¢n-1
with equality if and only if
A(t; &) = (sin tr /)]
forall ¢ € [0, £].
This follows from (VIL.2.5) with m = 1 in (VIL.2.4), and (VIL.2.15).

Theorem VIIL.1.1. (C. Croke (1980)) Let Q2 be a relatively compact domain
in the n—dimensional Riemannian manifold M, with Q2 € C*. Let w be the
minimum visibility angle as defined in §VIL.4. Then,

AR Cn—
(VIIL1.2) 0 Gt
V(Q)l—l/n {cn/2}l—l/n
with equality if and only if Q is a hemisphere of a constant sectional curvature
sphere.

)
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Proof. For every x € 2, we have

()
V@) > /S an® [ vaoar

(where £(§) is given in §VIL.4), which implies
(&)
V(Q)y Z/QdV(X)fS dpy(§) ; Vet §)dt
)
[ ane [ vawa
sSQ 0

()
N IRCY N0
-ue 0
14¢9) (Dy8)
— [ ETerdo® [ as [ VEwosar
S+oQ 0 0
by Santalo’s formula (VII.4.1) applied to the function

1463}
Fé)= ; JE; &) dr.

Since
LDE) = L&) — s,
we have
L&) L(E)—s
V©@? > / (€, Taie)) do(€) / ds S D,6)dr
S+aQ 0 0
(VIIL1.3) > G f LEYTHE Vay) do(§)
2m"cn—1 Js+an
o B n+l1
S { /S ok vn@»da@}
(VIH.I.4) X {/ (S,vﬂ@)) dO’(é)}
S+aQ
_ n n+1
(VIILLS) = —o {” 1} Uy
21"Cn—1 | Cn—z A(0Q2)"
ey {(n — Deas } V(@)
- 2 TCn2z A@QQ)"’

the inequality (VIIL.1.3) is the Berger—-Kazdan inequality; the inequality
(VIIL.1.4) is Holder’s inequality, and the equality (VIIIL.1.5) is (VIL.4.4).
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Note that if €2 is a hemisphere in a constant sectional curvature sphere, then
o = 1 and we have equality in every step of the argument. In particular,

Cn {(n — Dens }” _ "

2 TCn2 ~ {eq/2)

Thus, the inequality (VIII.1.2) is valid, with equality if 2 is a hemisphere in a
constant sectional curvature sphere.

It remains to assume equality in (VIII.1.2) and show that 2 is a hemisphere
in a constant sectional curvature sphere.

From the continuity of ¢(§) and lower semicontinuity of 7(&), we have given
& € SQ U ST9Q for which ¢(&) < (&), the existence of a neighborhood G
of & in SQ U ST9Q on which ¢ < T.

Now, assume equality in (VIIL.1.2). Then, UQ = S, that is ¢ = 7 on all
of SQ U S*9Q. Equality in (VIIIL.1.4), the Holder inequality, implies £(&) is
constant, say, equal to £, on all of ST9<. Thus,

{ye(t): € € STOQ, t €0, €]}

covers all of 2; and equality in (VIIIL.1.3), the Berger—Kazdan inequality, implies
that © has constant sectional curvature equal to (7w /£)?. Then,

c)=18)=1¢
for all £ € ST9Q implies that €2 is a hemisphere. |

Corollary VIIL.1.1. Given any o € M, p > 0, such that exp, is defined on
B(o; p), then for

1
— min inf injx,
h= 2 {xeB(o;p) 1% '0}
we have
w(o;r) = w(B(o;r)) =1,

which implies

V(o;r) > const.,r".

§VIIL2. Buser’s Isoperimetric Inequality
Theorem VIIL.2.1. (P. Buser (1982)) Let M be a complete n—dimensional

Riemannian manifold, with

(VIIL.2.1) Ric > (n — D)k, k<0
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on all of M. Then there exists a positive constant depending on n, «, and r,
c(n, k,r),suchthatforany givenx € M ,r > 0,adividing smooth hypersurface
T in B(x;r) with T imbedded in B(x;r), and

B(x;r)\T' = D, U D3,
where Dy, D, are open in B(x;r), we have

(VIIL.2.2) min {V(Dy), V(D»)} < c(n, k, r)A(T).

Proof. We shall actually prove a more general result, namely, we shall consider
adomain D, in a Riemannian manifold M satisfying (VIIL.2.1), for which there
exist0 < r < R and 0 € M such that

(a) exp, is defined on B(o; R),

(b) B(o;r) € D < B(o:R),

(c) D is starlike with respect to o, that is, for any ¢ € D, any minimizing
geodesic joining o to ¢ is contained in D.

Under these conditions, we shall prove that for any ¢ € (0, r/2), we have

A)

(VIIL.2.3) TV DD VO 2 c(n, k. t,r, R),

where T ranges over smooth hypersurfaces in D for which T is imbedded in
D, and

D\T =D, UD,,

where D, D, are open in D. So, one obtains the best lower bound by maxi-
mizing the right-hand side of (VIII.2.3) with respect to ¢ € (0, r/2).

Before starting the proof, we recall some notation and some comparison
estimates (from Chapter III): For o in M, S, denotes the unit tangent sphere at
0, with (n — 1)—-measure du,. For £ € S,, c(&) denotes the distance along the
geodesic y¢ from o to its cut point along y¢. Also recall that C (o) denotes the
cut locus of o.

For& € S,, s € (0, c(§)), we have for the n—measure on M

dV (exp s&) = /g(s;§)ds duo(§),
and for (n — 1)-measure on the smooth points of the metric sphere S(o; s)
d Aso;s)(exp s&) = /8(5:6) dio(§).

When M = M,, the simply connected space form of constant curvature «,
the area of the sphere S(o;s), and the volume of the disk B(o;s) are given
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respectively by

Ae(8) = en1S:" (), Vi(s) = a1 / S~ \(r)dt.
0

Then, Theorem II1.4.3 implies

(VIIL.2.4) % {“/E(S;E)} <0,

Ac(s)
from which one easily derives

J8(1;8) - /8(52; 6)

(VIIL2.5) >
Ac(s1) Ay (s2)

for0 < 51 < 57,

VeI ) /
(VIIL2.6) A > v (R) Vo Ve(s; &) ds

forO <r <R,

1 g 1 "
Vi |, VRS = s [ Ve oas
(VIIL.2.7)

forO <rg <r; <rp,and

(VIIL2.8)

v

K()/\/_(Sf)ds V(R)/ Ve(s;:§)ds

forO <r < R.
Basic idea of the Proof.! First note that we may substitute

(VIIL.2.9) A) = c(n, k, 1,1, R)V(Dy)

for (VIIL.2.3), independent of whether D has the minimum volume of V (D),
V(D). Next, note that if ' = S(0;7/2), then pick D = D \ B(o;r/2). Then,
the claim of the theorem easily follows from (VIIL.2.6). Then, one adjusts the
above argument to the general situation for I', where D \ B(o;r/2) contains a
“significant” portion of D (CASE 1 in Steps 2-3). When D \ B(o;r/2) does
not contain a “significant” portion, then one gives the argument relative to a
new “origin” (replacing o) in D (CASE 2 in Steps 4-6).
Step 1 of the Proof. Fix ¢ € (0, r/2). We set, for any s > 0,

B; = B(o; ), Vs = V(o;s).

' My thanks to P. Buser for helpful discussions of his theorem.
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Given I', determine the two disjoint nonempty open subsets D, D, whose
union is D \ I', and assume that D satisfies

1
(VIIL.2.10) V(DiNB,p) < EVr/z-

(Certainly, either D or D, must satisfy the inequality.) Then, it suffices to
verify (VIIL.2.9) for this particular choice of D;.
Now, fix any « € (0, 1) and consider two CASES: the FIRST:

V(DN B,j2) <aV(Dy),
and the SECOND:
V(D1 N B;j2) > aV(Dy).

Step 2. CASE 1. To each p € D, \ C(0), we determine p* to be the first
point on the directed geodesic segment po, from p “back” to o, where this ray
intersects I". If the geodesic segment po from p to o is completely contained
in Dy, then we set p* = o.

To each p € D; \ {C(0) U B, 2} —that is,

p = exp, s, r/2<s <c), 1§l=1,

determine the geodesic segment
rodp :={exp, 6 :t <1 <5},

and the subsets A, A, Az of Dy by:

A :={pe D \{C(0)UB,;}: p* & B},

Ay = {p € D{\{C(0) UB, 2} : p* € B},

A3 = {Br‘/2 \ B[} N U I‘Odp.

peA;

(See Figure VIIL.1.2) Then, (VIIL.2.7) implies
V(A) < Ve®) = Vie@/2) y
V(-AS) - VK("/Q’) - VK(t) ) ’
Also, since we are in CASE 1, we have (1 —a)V (D) < V(D \ B,pp) =
V(A 4+ V(Ay). But, V(A3) < V(D N B, ) <aV (D), which implies by
(VIIL.2.11)

(VIIL2.11)

(I =a)V(Dy) = V(A + yaV(Dy),

2 My thanks to P. Buser and Gauthier—Villars for their permission to reprint Figure VIIL1 from
Buser (1982, p. 224).
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Figure VIIL.1. For Buser’s inequality.

that is,
(VIIL.2.12) {1 —a(1+p)}V(D)) <V(A)

which implies

AT) _ AD) V(A) _ AD)
V(D) V(A) V(D) ~ V(A)

Step 3. Now project v : Bg \ {C(0) U {0}} - S, by

(VIIL.2.13)

{1 —a(l+y)}

v(exp s&) = &.
Then,

min {R,c(&§)}
V(A) = /S 1o (®) / La, (exp $E)/&(s: ) ds
o 0
min {R,c(&)}
_ / L dm® La,(exp s&)/a(s: &) ds.
(A,

r/2

Now, for & € v(A;), we have

min {R,c(§)} Bie
/ 14, (exp s&)/g(s;€)ds = E / Jg(s; &) ds.
r/2 e a}é
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If (x > r/2, then set o, = ocjs' if a;s =r/2, then set o, = |exp, ~'(exp,

(r/2)&)*|. Then, for all jz, we have exp ;& € I',and v(A;) = v(I'g) for I'g =
{exp aj & 0 j: =1,...; & € v(Ap)}. We therefore have for & € v(A))

Bje
Z/ JE(s; €)ds
.iE a}g
Bje
<> / JE(s:£)ds
Je Y%

V(B3 (6)) — V(e (6))
=2 A,.(@;, )

Z Vie(R) = V(1)
- A(t)

V(@) (§);§)

—— V8 (5):6),

which implies, where we let R, r, denote the regular values of v|I'g,

V(R Vi
vy < RO B0 = 2 | ¥ ve@@xodue

To) F

VK(R) - VK(’)
- B0 / S VB €):6) ()

Ruirg e

Ve(R) =V, _
< MA(V\F TRy,

A(t)
- Ve(R) — VK(I)A(F)’
A(D)
which implies by (VIIL.2.13)
(VIIL2.14) AD Act) {1—a(l+y)},

V(D) = Ve(R) = V(®)
where
V(R) = V.(r/2)
T VD) - V)

Step 4. Before considering CASE 2, we first require the following:
Lemma VIIL.2.1. Set either
Wo =D NB, ), Wi =D, N B, ),
or

Wo = D> N B, )2, Wi =D NB,.
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Then for at least one of two choices of the pair {Wy, W1}, we have the existence
of a point wy € Wy, and a measurable subset W C Wy, such that

@) VOV = Viw)/2,

(ii) for each g € W, every minimizing directed geodesic segment gw,, from
q to wy intersects T in a first point q* such that

d(q,q") <d(q*, wo).

Proof. Consider W x W, with the product measure. Since the cut locus of
any point has n—measure equal to 0, we have, except for a possible nullset N €
Wi x Wy, for each (g, w) € {(W; x Wy) \ N} a unique minimizing geodesic
gw from g tow.

Now gw is not necessarily contained in B, /», but since it is minimizing and
has length less than r, it must be contained in B,, that is,

qw< B CD,

which implies gw must intersect I".
Let Vo, Vi € (W x Wy) \ N be given by

Vo ={(g.w) : d(q, ¢") < d(g*, w)},
and
Vi =1{(g,w):d(g, wh) > dwt, w)},

where ¢' (respectively, w) is the first intersection of gw (respectively, wq)
with I". Since Vy U V| = (W x Wy) \ N, we either have

1 1
voly,(Vp) > §V012n(W1 x W), or voly, (V1) > §V012n(W1 x W),

where vol,,, denotes 2n—dimensional Riemannian measure on W; x W. One
now uses Fubini’s theorem to obtain the claim. [ |

Step 5. CASE 2. Here, we have aV (D) < V(D1 N B:j2) < (1/2)V(B,2),
which implies aV (D) < V(D N B,2). Therefore, however W, is picked ac-
cording to the conclusion of the lemma, we have

aV (D)) <2V(OW),
so we bound A(I")/V (W) from below.
Center geodesic spherical coordinates at w, and project

v: B(o;r/2)\ C(wg) = Sy,
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as described before for 0. (We are keeping the same notation v, for simplicity,
even though the actual projection here is different.)

To each & € v(W, \ C(wy)), we determine a collection of disjoint intervals
{(ote,j, Be,j) © j € I¢}, where Zg is a finite or countably infinite index set, as
follows: For

q =exp 1§ € Wi, pick oy =d(wo,q"),
where ¢* is as described in the lemma, and
By =sup{t > ay : ye(t) € Wy and ye((oy, 1)) € D\ T}

The collection of open intervals thus obtained is disjoint and, at most, countably
infinite. Also,

Wi 07600, 00) € | ve((@e.j. Be.).

Jjey
By the definition of ¢*, we have
Pej = 20¢; <r

forall j € Zg, & € vOWV; \ C(wo)).
Therefore,

ﬂé-.r

vow) < | dun® Y [ Vs e ds
vIWI\C (wo)) JET V%

Vie(Bs. ;) — Vie(ag, ;)

< /
VOWVNCOv) T Ac(eg, )

Ve i3 8) d ity (§).

Now,

ViBe.j) = Vilae, ) _ VieBe, ) = Vie(Be,j/2) _ Vi) = Vi(r/2)
A, ;) B Ac(Be.j/2) T A/

which implies

3

Vi) = Vi(r/2)
VW) < T/Z)A(F)'

Therefore,

AD) _a  Adr/2)
V(D1) = 2V () = Ve(r/2)

v
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Step 6. In summary, we have

A)

V(Dy)

Ac(r/2 A
> max max {min g «(r/2) , «(0) {1 —a(1+ )} |t
1€(0,r/2) @e(0,1) 2V.(r)=V(/2) V.(R)— V()
where
_ Vi(R) = Vi(r/2)
C Vr/) = V)
This concludes the proof of (VIIL.2.3). [ ]

Remark VIII.2.1. Note that the argument of CASE 1 does not require the as-
sumption (VIIL.2.10).

§VIIL.3. Isoperimetric Constants
M is our given n—dimensional Riemannian manifold. We let V' denote n—
dimensional Riemannian measure, and A denote (n — 1)—dimensional Rieman-
nian measure.

Definition. To each v > 1 and open submanifold 2 of M, with compact clo-
sure and smooth boundary, associate the v—isoperimetric quotient of 2, 3, (£2),
defined by

A(0L2)

The v—isoperimetric constant of M, I,,(M), is defined as the infimum of J,,(£2)
over all 2 described above. For v = oo, define Cheeger’s constant I,(M) by

A(0L2)

Ioo(M) = inf TR

where 2 ranges over open submanifolds of M described above.

Remark VIIL.3.1. If M is compact, then by considering M \ B(x; €), for small
€ > 0, one can easily show that /,,(M) = 0 for all v. A similar remark holds
for the Sobolev constants considered below. We indicate the appropriate mod-
ification of the definitions in §VIIL5.
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Lemma VIIL.3.1. For domains Qj, j =1,...,N,in M, and any k > 1, we
have

1/k
Y vt = {Z V(sz,-)} :
J J

Proof. The inequality is a simple application of Minkowski’s inequality. In-
deed, for /; the indicator function of 2;, we have

{X]: V(Qj)l/k}k = {X]: ||1j||k}k > || X]: Ll =
NS

Theorem VIIL.3.1. (S. T. Yau (1975)) In the definition of 1,(M), v € (1, co],
it suffices to let Q2 range over open submanifolds of M which are connected.

Proof. We only consider the case where v is finite. The proof for v = oo is
similar.

Let Z,(M) denote the infimum of ,(€2), where €2 ranges over domains
(i.e., connected open submanifolds) in M with compact closure and smooth
boundary. Then, obviously, I,(M) < Z,(M). So, we wish to show the opposite
inequality.

Let © be open with compact closure and smooth boundary. Then, we must
show

(VIIL3.1) A(Q) > Z,(M)V () /7,

To this end, we write

k
(VIIL3.2) = Jr;.
j=1
where 'y, ..., ['; are compact connected (n — 1)—submanifolds in M and verify

(VIIIL.3.1) via induction on k.

If k = 1, then 2 is connected, and (VIII.3.1) is valid.

Assume (VIIL.3.1) is valid for all open submanifolds with & boundary com-
ponents, for all £ < kg, and suppose 0€2 is given by (VIIL.3.2) with k = ko + 1.
If 2 is connected, then we are done. If not, we may assume that 2 may be
written as the disjoint union of open sets €21, €2;. We number the components
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of 92 so that
9 =T U---UTy, 3 =Tp U - Uy
Then,

A(0R2) = A(02)) + A(0€2;)
> MV Q)" + T,(M)V ()1
> I,(M){V () + V ()}
= Z,(M)V ()~

(the third line follows from Lemma VIII.3.1), which is the claim (VIIL.3.1).
| |

Definition. For each v > 1, define the Sobolev constant of M, S, (M), by

d
§,00)  ing NS
£ yw=1)
where f ranges over C2°(M). Similarly, define So(M) by
d
S M) — g A S
VA VAT

where f ranges over C2°(M).

Theorem VIIL.3.2. (H. Federer—W. H. Fleming (1960), Federer (1969)) We
have for all v € (1, o0]

(VIIL3.3) 1, (M) = S,(M).

Proof. Again, we only consider the case of finite v. The case of v = oo is
referred to as Cheeger’s theorem (Cheeger (1970b)).

Let © be any open submanifold of M with compact closure and smooth
boundary. For sufficiently small € > 0, consider the function

1 x €
fex)=14 A/e)d(x,022) xeM\Q, dx,dIQ) <e€ .
0 xeM\Q, dix,0Q2)>¢

Then, f, is Lipschitz for every €, and we may approximate (using regularization
arguments — see Adams (1975, p. 29); also, see Chavel (2001, pp. 19-23)) f.
by functions ¢, ; € C°(M) for which

le.j — fellvsw—1) = O, llgrad ¢ ; — grad felli — O,
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as j — o00. One concludes

S, (M) < llgrad fell1
' N fellvyo-n

One easily sees that

lim/ [0V av = v(Q).
M

€l0
Furthermore,
_ ) 1/e xe M\Q, dx,dQ) <e€
lgrad fel = {O otherwise ’
which implies
% Q:d(x, 0
lim/ grad £.|dV = lim L EL:d@ 9D <€) Lo
€l0 Juy €l0 €
Thus,
A(0Q2)

SS(M) < ———
(M) < V(Q)lfl/v
for all such €2, from which we conclude

Sy(M) < I,(M).

It remains to prove the opposite inequality, that is,

1-1/v
(VIIL.3.4) / lgrad f|dV > I,(M) {/ |f|v/(v1)dv}
M M

forall f € C*(M).
To prove (VIIL.3.4), we require the

Theorem VIIL.3.3. (Coarea formula)® Let Q be a domain in M with compact
closure and f : Q — R a function in C°(Q) N C®(Q), with f | 32 = 0. For
any regular value t of | f|, we let

L@ =1£17"1l, A(r) = A (1)),
and d A, denote the (n — 1)—dimensional Riemannian measure on I'(t). Then,

dA; dt

VIIL.3.5 dV, = —)
( ) O™ Jgrad f]

3 See Theorem II1.5.2 and Exercise I11.12.



SVIIL.3. Isoperimetric Constants 365

and for any function ¢ € L' (), we have

(VIIL3.6) f plgrad f1dV =/ dt/ b dA,.
Q 0 @)

Proof. The critical values, in R, of f have Lebesgue measure equal to 0, by
Sard’s theorem (Narasimhan (1968, p. 191f)). The regular values of f, Ry, are
open in R, and for r € R the preimage f ~I[t1N Qis an (n — 1)—submanifold
in M with f~'[t] N Q compact.

Let (o, B) € R¢ and p € (o, B). Then, one can construct a diffeomorphism
W fT Nl x (e B) = f 7 (e B
for which
fW(g,0) =1

for all (¢,1) € f~'[u] x (e, B). One does this as follows: On f~'[(«, B)],
define the vector field

. gradf
" Jerad £

Y, the flow determined by X; and
Vg, 1) = Yi—u(@).

Then, W is the desired map. Moreover,

ldW/dt| = |grad f]7",
and dW /dt is always orthogonal to the level surface f~'[¢]. One immediately
has (VIIL.3.5) and (VIIL.3.6). [ ]
Lemma VIIL3.2. Given any ¢ € C°(M), then
(VIIL.3.7) |grad |¢| | = |grad ¢|
almost everywhere on M .
Proof. On the open set {¢) > 0} we have |¢| = ¢, and on the open set {¢ < 0}
wehave |¢| = —¢, and (VIIL.3.7) is certainly valid. So, we only have to consider

the validity of (VIIL.3.7) on {¢p = 0} — even here, we only must consider what
happens on

Ny = {¢ = 0} N {grad ¢ # O}.
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But, in this case, Ny is an (n — 1)-submanifold of M, and therefore has n—
measure equal to 0. |

Proof of (VIIL.3.4). Given f € C°(M), let
Q) = {x : | fI(x) > 1}, V() = V(Q(t))

fort € Ry. Then, the coarea formula implies

[ e p1av = [“awar = non [Tvorra
M 0 0

[f1
/ Lf1Me=Yav =/ dV/ l/(”_l)dt
M
= f /0= 1>dz/ dv
v—1 Q)

v o0
= / MDYy de
0

v—1

and

the second equality is the “layer cake representation” (Lieb—Loss (1996, p. 26).
So, to prove (VIIIL.3.4), it suffices to show

00 00 1-1/v
(VIIL3.8) / V-V dr > {Llf t'/(”‘”V(z‘)dt} .
0 0

To establish (VIIIL.3.8), set

s s 1-1/v
F(s)=/ Vi)'~V ae, G(s)z{L[ zl/(““V(t)dt} }
0 v—1Jp
Note that
F(0) = G(0);

also, since V (s) is a decreasing function of s, we have

v—1 Y 1-1/v s —1/v
G'(s) = - [ } {/ tl/("‘”V(t)dt} sV0=Dy (s)
0

v—1

—1/v g —1/v
< v \/3 t]/(vfl) dt Sl/(V71>V(S)171/V
“lv=—1 0

— V(S)l—l/v
= F'(s).

Then, (VIIIL.3.8) follows immediately. |



SVIIL.3. Isoperimetric Constants 367
Proposition VIIL.3.1. Suppose, for a given v € (1, 00), we have
I,(M) > 0.
Then, for the area and volume of metric spheres and disks, we have
(VIIL3.9) AQx;r) = LMV ()=

forallx e M andr > 0.

Proof. The point, of course, is even when r > injx. The argument is similar
to the argument in the first half of the Federer—Fleming theorem (Theorem
VIIL3.2).

For € > 0, define the function p, : [0, 0c0) — [0, 1] by (i) pc(s) = 1 when
s €[0,r], (i1) pe(s) = ( +€ —s)/e when s € [r,r + €], and (iii) p(s) =0
when s > r + €. Also, define the function f, : M — R by

fe() = ped(x, y)).
Then,
V)" < fellyoon < L(M) ™" grad f.||
Vxsr+e)—=Vix;r)
; .

= L(M)~

Now, let € | 0. Then, we conclude, from Proposition I11.3.2,
(VIIL3.10) V(x;r)' ™Y < LMY 'A(x; 1) < L(M) P A(x; ),
which implies the claim. [ |
Proposition VIIL.3.2. Suppose, for a given v € (1, 0o), we have I,(M) > 0.
Then, for the volume of metric disks, we have for all x € M
(VIIL3.11) V' r) > LMV () =YY

(where the prime denotes differentiation with respect to r) for almost all r > 0.
In particular,

(VIIL3.12) liminf V (x;r)r™" > 0.
rfoo

Proof. One simply uses (VIII.3.10) in conjunction with the fact that
AQxr) = Vi(xsr)

for almost all » (Propositions I11.3.2 and IIL.5.1) to obtain (VIIL.3.11). Now
integrate (VIIL.3.11) to obtain (VIIL.3.12). |



368 Isoperimetric Inequalities (Variable Curvature)

A similar argument shows:

Proposition VIIL3.3. Suppose I.o(M) > 0. Then, for the volume of metric
disks, we have for all x € M

(VIIL.3.13) V'(x;7) > Lo(M)V (x;71)

for almost all r > 0.
In particular,

(VIIL3.14) liminf V (s rye— =00 < 0,

rfoo

Theorem VIIL.3.4. (S. T. Yau (1975)) If M is connected, complete, simply
connected, with all sectional curvatures less than or equal to k < 0, then

(VIIL3.15) Ioo(M) > (n — 1)/ —k.
The inequality (VIIL.3.15) is sharp in the sense that we have equality for M

the n—dimensional hyperbolic space of constant sectional curvature k.

Proof. The argument is a simple application of the divergence theorem, as
follows:

Consider a fixed point 0 € M, and the distance function r : M — (0, c0)
given by

r(x) =d(o, x).
Then, r € C*° on M \ {0}, and

Ar = VRS G
NG S

(by the Bishop comparison theorem (Theorem II1.4.1)) which implies, for any
domain 2 in M with compact closure and smooth boundary,

ADRQ) > / (gradr, v) d A
Q2

=// ArdV
Q
C,
-1 —ordV
> (n )//Q S, 7

> (n = DV =k V(£2),

which implies the first claim.
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The last claim simply follows from considering geodesic disks and their
bounding spheres, namely, one easily verifies A, (r)/ V() = (n — 1)s/—« as
r 1 oo. u

Theorem VIIL.3.5. Let M be an open submanifold of a Riemannian manifold
N, M possessing compact closure and smooth boundary. Then,

Io(M) > 0.

The result is an easy consequence of Santalo’s formula — see Theorems VII.4.2
and VIL.4.3.

Remark VIIL.3.2. We note that the inequality /,(M) > 0 is only possible for
n < v < o0. Indeed, let v < n, and consider small metric disks B(x;€), with
center x € M and radius € > 0. Then, for the isoperimetric quotient of B(x; €),
we have

3,(B(x;€)) ~ const.e" 1 7I=1/") — congt.e/ V7!

as € | 0; so I,(M) = 0 whenever v < n. So, it seems at first glance that one
only has a discussion of isoperimetric constants for v > n = dim M. However,
we deal with modified isoperimetric constants, for v < n.

Modified Isoperimetric Constants

We now deal with the fact that the inequality /,(M) > 0 is only possible for
v > n. As we described, it is a strictly local phenomenon. Nevertheless, one
has a simple example to illustrate the necessity of a corresponding notion for
v € [1, n). Consider the Riemannian product M = My x R¥, where M, is an
(n — k)—dimensional compact Riemannian manifold. Then I; (M) = 0. Yet, for
extremely large domains — for example, geodesic disks of large radius — one
expects the volume of these domains and the area of their boundaries to reflect
k—dimensional space.

On the other hand, in discretizations of M, as described in §1V.4, the local
phenomena disappear and no local difficulties occur. In our example, pick one
point xo € M and consider the integer lattice Z* in R¥. Then,

G = {xo} x ZF

is a discretization of M = M, x R* and we expect, since 7F is a discretization
of R¥, that isoperimetric data of M should somehow be similar, or “equivalent,”
to isoperimetric data on R*. That is, for general M , the isoperimetric data should
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depend only on the coarse macroscopic geometry of M — once we assume some
version of local uniformity of M.

Definition. In the variational problems for modified isoperimetric constants
with parameter p, to be defined below, we let 2 vary over open submanifolds
of M with compact closure and smooth boundary, and with inradius greater
than p, that is, 2 which contain a closed metric disk of radius p.

For v =1, p > 0, the modified 1-isoperimetric constant of M, I, ,(M), is
defined as the infimum of

J1(2) = A(0€2).

Forv > 1, p > 0, the modified v—isoperimetric constant of M, I, ,(M), is de-
fined as the infimum of J,(Q) = AAR)/V(2)'~/". For v =00, p > 0, we
define the modified Cheeger constant I ,(M) as the infimum of I, (2) =
A(02)/V (L2).

Recall from Chapter IV that the Riemannian manifold M has bounded geom-
etry if the Ricci curvature of M is bounded uniformly from below, and if the
injectivity radius of M is bounded uniformly away from O on all of M.

Theorem VIIL3.6. (Chavel-Feldman (1991)) If M is Riemannian complete
with bounded geometry, then I, ,(M) > 0 for every p > 0.

Proof. Set

6 =min{p, inj M}.

Assume we are given 2 as above, containing B(x; p) for some x € M. One
easily has the existence of z € M for which 2 N B(z;6/2) divides B(z;8/2)
into two open subsets for which the smaller volume is greater than or equal to
V(z;6/2)/3. But, then, Buser’s isoperimetric inequality states that

AN B(z;6/2)) > const.w.

The corollary above implies

V(z:8/2) = cpd",
which bounds A(9d€2) away from O. |
For the modified isoperimetric constants, the Federer—Fleming theorem goes

as follows: For each p > 0, let C2%, (M) consist of those compactly supported
Lipschitz functions ¢ on M, for which (i) there exists an x € M such that the
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preimage of max |¢|, 4, satisfies Qg 2 B(x; p),and (ii) ¢ | M\ € C*. For
eachv > 1 and p > 0, define the modified Sobolev constant of M, S, ,(M), by
minimizing the functional

llgrad £y
I f oy’

where f ranges over C2°, (M). Then, one also has

(VIIL.3.16)

(VIIL3.17) L (M) =S, ,(M)
by the argument of the Federer—Fleming theorem.

Similarly, one has:

Proposition VIIL.3.4. IfM is Riemannian complete,and l, ,(M) > 0, for some
v e[l,o0), p>0,then

(VIIL.3.18) liminf V(x;r)r™ >0

r——4o00

forallx € M.If M is Riemannian complete, and I, ,(M) > 0, for some p > 0,
then
(VIIL.3.19) liminf V (x; r)e er™r <

r——400

forallx e M.

To restate the matter, if vy is the supremum of v for which (VIII.3.18) is valid,
then I, ,(M) = 0 forall v > vy, p > 0. Also, one easily verifies:

Proposition VIIL3.5. If ], ,(M) > 0 for somev € [1, 00), p > O then, for any
€ > 0,V (x; p + €) is uniformly bounded from below for all x withd(x, oM ) >
p + €. Therefore, 1, , (M) > 0 for all puin 1, v).

Remark VIIL3.3. Note that the proof of the proposition breaks down when
v = 0o — unless we postulate the existence of py > 0 for which
V(x; po) > const. > 0

for all x (the constant independent of x). Moreover, one has a counterexample.
Consider the Riemannian metric on M = R x S given by

ds* = dr* + ¥ do>.
Then
dV =e€" dr dé.
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To calculate Ioo(M) = Soo(M), we consider f : M — (0, +00), and for each
6 €S, we set

Fpi={r: £0r.0) # 0} = | J(@;(®). B;©).

J

Then,

£0) _
/ @ )¢ dr| = 1 f1h.

(@)

lerad £ = [ a0’y
S N
J

the last equality obtained by integration by parts; so I (M) > [oc(M) =
Seo(M) > 1. On the other hand, for any ry > 0 and « € R one has for, Q =
(o, +1r9) XS,

AORQ) =2me“(e” + 1), V(Q) =2me“(e” — 1).
One easily shows
Ioo,p(M) = Ioo(M) =1, L, ,(M)=0
for all v € [1, 00), p > 0. By the way, the Gauss curvature of M is identically

equal to —1.

Proposition VIIL.3.6. Let D be a relatively compact domain in the Rieman-
nian complete M with smooth boundary T, D" an n—dimensional Riemannian
manifold with compact closure and smooth boundary T such that M’, given by

M = {M\D}U D',
is smooth Riemannian. If 1, ,(M) > 0 for given v € [1, 00) and p > 0, then

there exist p' > 0 such that I, ,(M") > 0.

Proof. Suppose we are given any o € (0, 0c0). The value of o will be fixed
throughout the argument, although its precise value will be determined as we
go along.

Since 1, ,(M) > 0, there exists R > p such that

V(s RV > aAD)
for all x € M. Let §’ denote the diameter of D’. We pick
o =2p+R+56.

Let E = M \ D, and suppose we are given Q' C M’, with compact closure
and smooth boundary.
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We first assume that Q' 2 B(y’; p), with d(y’, D’) < R. Then, B(y’; p') 2
D’, which implies 02" C E. Set @ = (' \ D’) U D. Then, Q2 = 9/, and Q
contains a disk in M with inradius p, which implies

AQQ) > 1, ,(M)V ()71,
We obtain

AQDQ) = 1, ,(M){(V(D) + V(Q NE)~
> min {1, V(D)/V(D/)}lfl/"]u’p(M){V(D/) + V(Q/ n E)}lfl/v
= min {1, V(D)/ V(D' "L, ,(M)V ()77

We now assume d(y’, D’) > R. Then, B(y’; R) C E, which implies
(VIIL.3.20) VO = V(i RV > aAD).
Assume first that V(@' N E) > 1V('). Then,
AQQ) > AOQ N E)> AQ(Q NE))— AI)
> ] (M)V(Q/ n E)lfl/v _ lV(Q/)lfl/v
— Lvp o

since R > p. So,

L, (M) 1 INES Y
= _E}V(Q) .

AR > {
Therefore, we pick o at the very outset to also be greater than or equal to
1,.,(M)/2*~/V. We obtain

A@K) = 1, (M)/227 1V (@),

The final situation to consider is, therefore, d(y’, D') > Rand V(' N D’) >
%V(Q’). We still have (VIIL.3.20); then,

ABQ) > ABQ N D)
> A@Q(Q N D)) — AT)

1
> [o(DYWV(Q ND)— =V ()~
(07

> 1,0y Ly @y
2 o
/ N\1/v
> {IOO(D )V(Q) / _ i} V(Q/)l—l/v
2 o

. {Ioo(D’){OtA(F)}”("” 1

- VQ/lfl/v-
: a} (@)
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In addition to the above, pick, at the outset, o sufficiently large so that

LoD A}/ 1 - Is(DHAI)/0-D
2 o 2 '
This will then imply the proposition. |

Remark VIIL.3.4. The proof is not valid for v = oo, since it uses a uniform
bound from below for V (x;r). See the previous remark.

Remark VIIL.3.5. In our example above, M = M, x R¥, where M, is com-
pact, we will have (see below) I, ,(M) > Oif and only if 1 < v < k. Our proof
will use the discretizations of Riemannian manifolds (see the following section).

§VIIL4. Discretizations and Isoperimetry

We refer the reader to the discussions and notation of §I1V.4, wherein we in-
troduced the basic notion of discretization of Riemannian manifolds. Here, we
continue the story, starting with the definition of boundaries of subgraphs. To
this end, we denote the collection of oriented edges of the connected graph G by
G.. The oriented edge from & to n will be denoted by [, n]; and when we wish
to consider the unoriented edge connecting & and », we denote it by [£€ ~ 7n].

Any finite subset X in G determines a finite subgraph K of G, for which one
can describe a variety of suitable definitions for its boundary. Our definition
will be that the boundary of K, 0K, will be the subset of G, consisting of those
oriented edges which connect points of K to the complement of I in G.

We define the area measure dA on G, to be the counting measure for the
oriented edges. Thus, for any finite subset of vertices, the area of its boundary
will be equal to the number of edges in the boundary.

Definition. For any v > 1 and any finite subgraph K in G, the isoperimetric
quotient of K is defined by

A(9K)

Su(K) = W§

and for any v > 1, the isoperimetric constant 1,(G) is defined the infimum of
3, (K), where K varies over all finite subgraphs of G.

Another definition of the boundary of a finite subgraph K of G is given by
IK=1{& eG:dE K) =1}
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Thus, by this definition, 0K is a subset of vertices in the complement of K. Its
area is defined to be its cardinality. When G has bounded geometry, the two
choices of area functions

K — AGK),

as functions on the collection of subgraphs K of G, are commensurate each
with respect to the other in the sense that the quotient of the two functions are
bounded uniformly away from 0 and oco.

Therefore, when G has bounded geometry, we will work with the counting
measure for the volume of K, and the second definition of JK with counting
measure for its area — despite the fact that the theorems are formulated with
respect to the original notions of volume, boundary, and area.

Lemma VIII4.1. If G, F are roughly isometric graphs, both with bounded
geometry, then |,(G) > 0 if and only if ,(F) > 0.

Proof. Given any finite K € G, we wish to find J € F such that
card 0.7 card C
——— < const.————,
(card J)1-1/v (card )1 -1/v
where the constant is independent of C and 7. This will then imply

card 0/C

Iu(f) < COnSt.W

for all finite IC € G, which implies

I,(F) < const.[,(G).

By switching the roles of G and F, one obtains the theorem.

So, we are given I € G and we wish to pick 7 € F.Let¢ : G — F be the
rough isometry. Then there exists a smallest nonnegative integer £ such that ¢
is (k + 1)—full. Then pick

J:=1{neF: dn, ¢K)) <k}
By Proposition IV.4.2, there exists ;« > 1 such that
card J > card ¢p(K) > /L’lcard K.

So, it remains to bound card 3.7 from above, in terms of card 9 /C.

Givenn € 3.7, thend(n, J) = 1 (we are working with the second definition
of the boundary), which implies by the triangle inequality that d(n, ¢(K)) <
k+1—sod(n, ¢K)=k+ 1.
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Also, because ¢ is (k 4+ 1)—full, there exists £ € G such that
(VIIL4.1) d(n, ¢(&)) < k.
The triangle inequality then implies
1 <d@(K), ¢(§)) <2k + 1,

which implies (i) that ¢(§) &€ ¢(K) — so & & K. Also, there exist ¢ > 1 and
b > 0 such that

a”'d(€, ) — b < d(g(§), $(K)),
which implies (i) 1 < d(&, K) < a{2k + 1 + b} := o + 1, which implies
(VIIL.4.2) dé,9K) <o.
In summary, (VIIL.4.1), (VIIL.4.2) imply
0T < B(p(B(OK:; 0)); k),
which implies, by Proposition IV.4.2,
card 8.7 <2mg*card p(B(0K; 0)) <2mg*card B(OK; o) < 4mp*mgcard K,
which implies the claim. |
Theorem VIIL.4.1. Let M be a complete Riemannian manifold with bounded

geometry. Then, for any v > 1, we have I, ,(M) > 0 if and only if 1,(G) > 0,
for any discretization G of M.

Proof. First, given I, ,(M) > 0.

By Corollary IV.4.1 and the previous lemma, we may work with any dis-
cretization. Therefore, we consider a discretization G of M with separation
constant € > 0 and covering radius R = p. We wish to derive the existence of
positive constants such that given any IC C G, we may find 2 € M of inradius
> p for which

(VIIL.4.3) A(0R2) < const. card d/C,
and
(VIIL.4.4) V(€2) > const. card K.

We proceed as follows: Given a finite subset /C, set

Q=] BE&ER).

Eek
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Then,

D VER) < MgV (Usek BE: R) = M gV (Q),

Eek
where M¢ g is an upper bound (depending on €, R, and the lower bound of the
Ricci curvature) of the maximum number of e—separated points in a disk of
radius R (see Remark IV.3). So, for

Vg :=inf V(x;R) >0
xeM

(the positivity of V follows from Croke’s inequality (Corollary VIII.1.1)), we
have

Vg card K < Mz V(Q),

which implies (VIII1.4.4).
For the upper bound of A(3€2), we note that

iec |J s&r).
§€d(G\K)
Indeed, if x € L2, then d(x, &) > R for all £ € K, and there exists & € K
such that x € S(&y; R). But there must exist & € G such that d(x, §’) < R,
which implies &’ & IC. Then, d(&, &) < 2R, which implies & € N(&'). So,
& € 9(G \ K), which is the claim.
Therefore,

A(02) < A¢(R)card 3(G \ K) < mA,(R)card K,

which implies (VIII1.4.3). So, we have the “only if” claim of the theorem.

For the “if” claim, we again note that we may work with any discretization.
Therefore, assume that we are given the graph G, for which 1,(G) > 0, with
covering radius R = p < inj M /2. We want to consider small p so that we may
be able to restrict 2 to smooth hypersurfaces — to apply Buser’s isoperimetric
inequality.*

Suppose we are given 2, with compact closure, smooth boundary, and inra-
dius greater than p. Set

Ko:={§eg:V(QNBE; p)>V(E:ip)/2}
Ki:={€g:0<V(QNBE;p) =V(:p)/2).
4 We made no such fuss in the “only if” part of the argument, since Federer—Fleming (Theorem

VIII.3.2 and its argument) and the proof of Proposition VIIL.3.1 show that €2 above is admissible
for the variational problem defining /, ,.



378 Isoperimetric Inequalities (Variable Curvature)

So, both Iy and K; are contained in B(€2; p). Then, for at least one of j = 0, 1,
we have

(VIIL4.5) @ < V(RN Ugex, B(E; p)).

If (VIIL.4.5) is valid for j = 1, then we have directly from Buser’s inequality
V(Q
T < 3 V@ BE o) = const. 3 AGRNBE: )

£ek, Eeky
< const.Mc, ,A(92)

(without any hypothesis on |,,(G)), which implies
A(B2) > const.V(2) = const. V()" V()" > const. V() 7177,

since 2 contains a disk of radius p, which, by Croke’s estimate has volume
uniformly bounded from below. So, we must consider the case when (VIIL.4.5)
is valid only for j = 0.
First,
2 < 3 V@M B ) = Ve(pleard Ko
neko

Therefore, it suffices to give a lower bound of A(9€2) by a multiple of card 9/ o —
the multiple independent of the choice of .
Set

H:={xeM: Vx;p)/2=V(QNB(x;p))}

(So, H C B(£2; p).) To each & € 0K, there exists n € N(&), n € Ko; we have,
of course,

d,n) < 3p.
By definition,
V(QN B(n; p) > V(n;p)/2, VQNBE; p) <V(E;p)/2,

which implies the minimizing geodesic connecting & to n contains an element
¢ € H, which implies

0Ky € B(H;3p),
which implies

U B& p) < B(H;4p).
EEBKU
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Now let QO be a maximal 2 p—separated subset of H. Thus,

U BG:p) < BQ;6p),

£€aky

which implies

Vocard9Ko < Y V(& p)
EE?’/C()

<M., ) V(:6p)
teQ

< M ,const. Z V(;p)
teQ

= 2M, ,const. » V(N B(Z; p))
¢eQ

< 2M ,const. Y A(IQ N B(Z: p))
¢eQ

< 2M_ ,*const. A(32),
the third inequality uses the Gromov comparison theorem (Theorem II1.4.5);

the following equality follows from the definition of H 2 Q; and the fourth
inequality uses Buser’s inequality. ]

When v > n = dim M, then we have the stronger:

Theorem VIIL.4.2. (M. Kanai (1985)) Let M have bounded geometry. Then,
foranyv > n,we have I,(M) > Qifand onlyif1,(G) > 0, for any discretization
GofM.

Proof. The “only if” is precisely as above.
So we assume that |,(G) > 0. Suppose we are given €2, with compact closure,
smooth boundary, with no assumption on the inradius. As above, we set

Ko:=1{eG:V(QNBE;p) >V p)/2},
Ki={e€G:0<V(QNB(E;p) <V(;p)/2).

Again, both Ky and Ky are contained in B(£2; p), and for atleastoneof j = 0, 1,
we have (VIIL.4.5):

@ < V(2N Ueex; BE; p)).
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If (VIIL4.5) is valid for j = 0O, then we argue as above — for the only place we
invoked the hypothesis, of the inradius uniformly bounded away from 0, was
when (VIIL.4.5) is valid only for j = 1. We therefore adjust the argument for
(VIIL4.5) valid only for j = 1.

Lemma VIIL.4.2. There exists a constant j, > 0 such that
A@QNB(x; ) = juV(2N B p))' ="

forall x € K.

Proof of Theorem. Assume the lemma is valid. Then, Minkowski’s inequality
implies
v/(v=1)
DO V@NBEP) <1 Y. VIQNBE p)'
ek ek,
Therefore, (VIIL.4.5) and the lemma imply

V(Q
2 <v@n Y BE

Eelky

< Y V(QNBE; p)

Eeky
< const. A(9)"/ D,

which implies the claim. So, it remains to prove the lemma.

Proof of Lemma 6. Let D = Q2 N B(§; p); then,

Vé;p) - Vie(p)

VD)= — >

Therefore, v > n implies

V(D)lfl/n;

1/n—1/v
V(D)"Y < {—sz(p)}

so it suffices to prove
V(D)"Y < const. A(dD N B(x; p)).

Well, since p < injM /2, we have, by Croke’s isoperimetric inequality
(VIIL.1.2),

V(D)'"V" < const. A(dD) = const.{A(dD N B(x; p)) + ABD N S(x; p))}.
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So, we want to show
A@@D N S(x; p)) < const.A(0D N B(x; p)).

Consider geodesic spherical coordinates centered at x. Let C, denote the
subset of S, for which

exp pC, = 9D N S(x; p).
Foreach & € C,, let
o(&)=supf{t >0:expt& € 3D N B(x; p)}.

Note that, if 0 (§) < p, then the geodesic segment from exp o (§)& to exp pé is
contained in D. The Bishop—Gromov theorem (Proposition II1.4.1) implies

0 Ve(o) = Vi(o€))
s d D EE— N
[ VEsiods = TP s
) Vo®)
— 2B a6 - o o)
V(o) Vi((®))
> O i) DS VR €6)
V.
- (" ) JEG @6},

which implies

v,
V(D) = - ((’; ; fo (VEP: ) — VEOE):6) dinx(®)
> Yl 40D 1 S p)) = AGD N B Y,
Ac(p)

which implies, by Buser’s inequality (Theorem VIIL.2.1),

A@D N S(x; p)) < V”((p))V(D) + A@D N B(x; p))

< const.A(dD N B(x; p)) + A(@D N B(x; p))
= const.A(0D N B(x; p)),

which implies the claim. u



382 Isoperimetric Inequalities (Variable Curvature)

§VIIL.5. Notes and Exercises
Analytic Isoperimetric Inequalities

Exercise VIIL.1. Prove, if I,(M) > 0 for some given v > 2, that for any func-
tion ¢ in C°(M), we have

-2
—L(M)|®l20/0-2)-

llgrad ¢ll> = 2( N

Exercise VIIL2. Prove, if /,(M) > 0 for a given v > 2, that there exists a
positive const., such that

|11, < const., ||grad ¢||>2||p|]1*"

forall € C(M).

Exercise VIIL.3. (J. Cheeger (1970b)) Prove, if /(M) > 0, that for any func-
tion ¢ in C°(M), we have

1
llgrad ¢l = 5 Lo (M)l 1]2-

In particular, the fundamental tone of M, A*(M), satisfies
* 1 2
(M) > Zloo (M).

Furthermore (H. P. McKean (1970); also see Pinsky (1978)), if M is connected,
complete, simply connected, with all sectional curvatures less than or equal to
k < 0, then

. —(n — 1%k
A (M) > —.
4
The inequality is sharp in the sense that we have equality for M the n—

dimensional hyperbolic space of constant sectional curvature k. See Pinsky
(1978), Gage (1980).

The Compact Case

Let M be compact Riemannian, n > 1 the dimension of M. Then, as noted in
Remark VIIL.3.1, all isoperimetric constants vanish. Alternatively, by consid-
ering the function f = 1 on M, one has that all the Sobolev constants of M
vanish. Nevertheless, one can adjust the definitions as follows (here one only
needs the isoperimetric dimensions n and 0o):
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Definition. Define the isoperimetric constant 3,(M) by
. AT)
J,(M) = inf — ,
r min {V(Dy), V(D)}' 1/
where I' varies over compact (n — 1)—dimensional submanifolds of M that

divide M into two disjoint open submanifolds D, D, of M. Define Cheeger’s
constant Joo(M) by

N . AT)
Joo(M) = inf — ,
I min{V(D;), V(D,)}

where I varies over compact (n — 1)—submanifolds of M as described above.

Exercise VIIL.4. Prove the analogue of Theorem VIIL.3.1 (Yau (1975)), that
in the definition of J,(M), v = n, 0o, it suffices to assume that the open sub-
manifolds D; and D, are connected.

Definition. Define the Sobolev constant of M, s,(M), by

d
ou(M) = inf —1229 S
foinfy || f = ollujm-1

where o varies over R, and f over C*(M).

Exercise VIILS. Prove (the analogue of the Federer—Fleming theorem
(Federer—Fleming (1960), Federer (1969)):

In(M) < 8,(M) < 2T,(M).

Exercise VIIL.6. Prove Cheeger’s (1970b) inequality:
Joo2(M
Ay = ) ;
4
where X, is the second (i.e., the lowest nonzero) eigenvalue of the closed eigen-
value problem on M.

Note VIII.1. The Cheeger inequality for compact Riemannian manifolds has
been used extensively, especially for surfaces of (constant) negative curvature.
For the possibility of constructing metrics on a given compact Riemannian man-
ifold so that the inequality is sharp, and for many other matters, see the survey
of Buser (1980). For lower bounds without the employment of Cheeger’s in-
equality, see Dodziuk—Randol (1986). For a more recent survey of applications
of Cheeger’s inequality, see Buser (1992).
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In contrast to the McKean result in Exercise VIIL.3, it is possible that a
compact Riemannian manifold of constant negative sectional curvature x sat-
isfies Ay < —(n — 1)« /4 (Randol (1974)). This has led to consideration of the
phenomenon of “small eigenvalues.” See Buser (1992, Chapter 8).

Buser’s Isoperimetric Inequality

Note VIIL.2. Buser (1982) gave an upper bound of A,(M) in terms of the
Cheeger constant, namely, if compact M of dimension » has Ricci curvature
bounded from below by (n — 1)k, k < 0, then

M (M) = c(M){Too(M)V —k + T (M)},

where c(n) is a constant depending only on n. He gave two proofs, the second
using Theorem VIIL.2.1.
For M complete noncompact, the result reads as:

M(M) < c(M)Too(M)V —k.
See Ancona (1990) and Canary (1992) for the analytic argument.

Note VIIL.3. Also, for M compact n—dimensional with Ricci curvature
bounded below by (n — 1)x, Buser (1982) also has derived, from his isoperi-
metric inequality, lower bounds on eigenvalues A,(M) that complement those
of Exercise II1.41.



IX

Comparison and Finiteness Theorems

In this chapter, we introduce one of the most powerful theorems in Riemannian
geometry: H. E. Rauch’s comparison theorem. It allows for direct comparison
of the growth of Jacobi fields in a given Riemannian manifold M with those in
a simply connected space form of constant sectional curvature in both cases,
where the constant sectional curvature is an upper or lower bound of the sectional
curvatures along the geodesic under consideration in M. The case where the
curvature is bounded from above is quite elementary; and for the curvature
bounded from below, we have already dealt with the weaker conjugate point
(Bonnet-Myers) and volume (Bishop) comparison theorems (in those cases
lower bounds on the Ricci curvature sufficed). So, now we turn to the strongest
version, the one discussing the Jacobi fields themselves. (See the preliminary
discussion in Notes I1.10-11.11.)

The major applications we consider here are (i) the Heintze—Karcher volume
comparison theorem for the volume of tubular neighborhoods of submanifolds
of arbitrary codimension, (ii) the Alexandrov—Toponogov triangle comparison
theorems, and (iii) Cheeger’s finiteness theorem. Our applications are only a
sample. One has, at least, a whole panoply of “sphere theorems” (see §1X.9),
which were the initial major application of the Jacobi field comparison theo-
rems — the original program of Rauch. And, most recently, one has M. Gromov’s
convergence theorems for Riemannian manifolds (see §1X.9).

We first list some small, but necessary, preliminaries.

§IX.1. Preliminaries

We fix our perennial Riemannian manifold M.

1.Fix p € M, itstangentspace M ,, and the curvature tensor R actingon M ,. Set

Ro(u,vw = a{(u, w)v — (v, w)u},

385
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the curvature tensor associated to constant sectional curvature o (Proposition
I1.3.1 and Exercise 11.2). Suppose all sectional curvatures K at p satisfy

(IX.1.1) Kk <K <3.

Then, by Exercise II.1(e), we have

S —«

(IX.1.2) IRV, u)v — Rersyn(v, u)v| < lul|v]>.

2. Parallel translation and curvature. Recall from Exercise IV.2, that if v :
[0,1] x [0,1] = M e D' is a homotopy with fixed endpoints

p =v(0,s), qg =v(l,s),
X avector field along v such that
X(0,5)=Xo e Mp, V.X =0,

then
4 1 1
[X(1,1)— X(1,0) < g{sup |X|}A/ ds/ |0,v A Ogv|dt.
0 0

where A = sup |K|. Note that, by Exercise IV.1, the double integral is the area
of the surface spanned by the homotopy.

3. Reparameterization of geodesics. Given a geodesic y = y(¢), and a Jacobi
field Y = Y (¢) along y, that is,

V.2Y + Ry, Y)y =0,
consider the reparameterization
y(t) = wlat), Y (1) = Z(ar)
of the geodesic, and set s = af. Then,
(1) = ao(s), ViY)(t) = a(V,Z)(s),
and the Jacobi equation for Z along w becomes
Vy2Z 4+ R(o', Z)o' = 0.

In particular, if s is arc length along the geodesic, all the sectional curvatures
along the geodesic are equal to «, and 7 is any Jacobi field along w satisfying
n(0) = 0, then

n(s) = Sc($)E(s),
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where E(s) is a parallel vector field along w. Therefore, if our Jacobi field
satisfies Y (0) = O then we have

Y (1) = aSce2(n)€(at), (VY )(1) = aCya2 (1) E(at),
where € is a parallel vector field along w, which implies
Y, v,y Cia2
< A% L) = L

4. Note that for any vector function 7(z), whenever n # 0, we have

ol =
(n,m)’

and when n(#y) = 0 we have, for the right-hand derivative,

Inl'y (t0) = |n'I(to).

§IX.2. H. E. Rauch’s Comparison Theorem

For convenience, we separate the analytic aspects from the geometric aspects.
First, the analytic.

We fix a real inner product space V of finite dimension N. For any g > 0, let
Y ={X:[0,8] =V e D': X(0) =0}, Yo={X €T :X(8) =0}
We are given the family R(¢) : V — V.t € [0, B], of self-adjoint linear maps
of V to V, with which we associate the index form

B
X, Y) = / (X', Y') — (ROX. Y)} di
0

and the Jacobi equation
(IxX.2.1) n" +R(t)n=0.

Of course, we have in mind the identification, via parallel translation, of the
subspaces y' ()t along a geodesic y (). See §1II.1.

Lemma IX.2.1. Assume I is positive definite on Y, and let n € Y be a non-
trivial solution of IX.2.1). Then, for any X € Y satisfying

X(B) =n(p)

we have

(X, X) = 1(n,m) = (0. n)(B).
with equality if and only if X = n.
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Proof. We have
0<I(X—nX—n)
=I1(X,X) = 21X, n)+ 1(n, n)
=1(X, X) = 2(X, n")(B) + (1, n)(B)

=1(X,X) = (0", n)(B)

which implies the claim. u

Theorem IX.2.1. (H. E. Rauch (1951)) Assume
R() <681

for all t € [0, B]. If n is a solution to the Jacobi equation (IX.2.1), then the
function |n| satisfies the differential inequality

(IX.2.2) Inl” + 8n| = 0.

on [0, B). Furthermore, if { denotes the solution on [0, B] of the initial value
problem

v+ 8y =0, ¥(0) = [n1(0), ¥'(0) = [n]'(0),

and Y does not vanish on (0, B), then

(IX.2.3) {Inl/y} =0,
(IX.2.4) nl = ¥,
on (0, B).

We have equality in IX.2.3) at ty € (0, B) if and only if R(t)n = én on all
of [0, to], and there exists a constant vector E for which n(t) = Y (¢)E on all of
[0, 7]

The theorem is merely a restatement of Theorem I1.6.4, with the geometric data
deleted.

Theorem IX.2.2. (H. E. Rauch (1951)) Assume
R(@) >kl

on all of [0, B], and assume that Jacobi’s equation (1X.2.1) has no points in
(0, B) conjugate to t = 0, that is, assume that for any nontrivial solution n to
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Jacobi’s equation satisfying n(0) = 0, we have n nonvanishing on all of (0, B8).
Then, for any nontrivial solution n to Jacobi’s equation satisfying

n(0)=0
we have
nl" _ 'sm _ Ce
(IX.2.5) o = = < S,
Therefore,
(IX.2.6) {Inl/Se} <0,
IX.2.7) Inl < 1n'(0)ISk,
on (0, B).!
We have equality in (I1X.2.6) at ty € (0, B) if and only if
R(t)n = «n

on all of [0, ty], and there exists a constant vector E for which
nt) =S.(E
on all of [0, t].

Proof. Since + = 0 has no conjugate points in (0, 8), the argument of the
Bonnet-Myers theorem (Theorem I1.6.1) implies that 8 < 7/+/k — so, we are
guaranteed that S, > 0 on all of (0, B).

Fix ¢ € (0, B). Since ¢ = 0 has no conjugate points in (0, 8), the analytic
version of the Jacobi criteria (Theorem I1.5.4) implies that the index form
for the interval [0, ] is positive definite on Y. Then for any X € D'([0, t])
satisfying

X(0) =0, X (1) = n(r)

we have, by Lemma [X.2.1,

t t t
(n,n’>(l)=/0 "> = (R, ) < ( IX'|> = (RX, X) S/( IXP = welX 2.
) )

Pick the specific X given by

X(s) = Si(s)

= mn(t), S € [O, t].

' See the notes and exercises “On the Rauch theorem” in §$11.9.
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Then, one has explicitly

! Cc (1)
X1 = klX P = @),
/0 S, (t)
which implies (IX.2.5). The rest of the claims follow easily. |

Theorem IX.2.3. (The geometric Rauch theorem) Given M, p € M, & € S,
with sectional curvatures satisfying (IX.1.1) along ye,; assume that y: has no
points conjugate to p along y|(0, t]. Then,

Ss(@) _ 1(expy)ape eyl _ S, (1)

1X.2.8
( ) t - [v] t

forallv e &+

Remark IX.2.1. Of course, if one is given only one of the inequalities of
(IX.1.1), then one only has the corresponding inequality in (IX.2.8).

Also, if ¥ < 0, then the upper bound in (IX.2.8) is valid for all v € M.
Similarly, if § > 0, then the lower bound is valid for allv € M,,.

$IX.3. Comparison Theorems with Initial Submanifolds

In this section, we prove the appropriate version of Bishop’s theorem (Theorem
II1.6.1) for Fermi coordinates based on a submanifold with codimension greater
than 1. First, we recall the setting and basic background from §III.6.

Let M be our given n—dimensional Riemannian manifold, ) be a connected k—
dimensional submanifold of M, 0 < k < n. We first recall, from §II.2, that the
second fundamental form of 9T in M is, at each point p € 91, a vector-valued
symmetric bilinear form B : 9, x M, — M,*, given by

B, n) = (V)

where Y is any extension of 7 to a tangent vector field on 21, V denotes the
Levi-Civita connection of the Riemannian metric on M, and the superscript N
denotes projection onto M, . Toevery vectorv € M ,*, one has the real-valued
bilinear form b, (¢, n) = (*B(, n), v), and Weingarten map A" : 9, — M,
given by (A"&,n) = b,(§, n) for &, n € M, —so,

We = —~(VeV),

where V is an extension of v to a normal vector field on 9, and the superscript
T denotes projection onto 9,.
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For p € 9, we let vS p» denote the normal unit tangent sphere at p, that is,
1
vS,=S,NM,".

Fix§ € vS,, andsety = y;:. We let T denote the collection of transverse vector
fields X along the geodesic y, that is, those vector fields X along y for which
X is pointwise orthogonal to y, with initial data

X(0)eMm,, {(V,X)(0) + 2 X (0)} € M, -

The collection of transverse Jacobi fields along y is an (n — 1)—-dimensional
vector space.

If the sectional curvatures along y are all equal to «, and the Weingarten map
of &, Af | is given by

(IX.3.1) A =1,

then the collection of transverse Jacobi fields along y, pointwise orthogonal to
y, are given as sums of the vector fields:

Z() = (Cc = 28T ¢, ¢ €My, and Y (1) =Sc(Hun, n € £ NMy,
where t; denotes parallel translation along y from p to y ().

Definition. A point y(¢) is said to be focal to 9 along y if there exists a
nontrivial transverse Jacobi field Y such that Y (¢) = 0.

Let T denote the collection of vector fields X along y, pointwise orthogonal
to y, for which X (0) € 91, and let Y consist of those elements of T which
vanish at t = 8. On Y, define the index form by

B
I1g(X1, Xp) = —be(X1(0), X2(0)) +/ (ViX1,ViXo) — (R(Y', X1y, Xo) dt.
0

The Jacobi criteria (Theorems I1.5.4 and I1.5.5) on the positivity of the index
form (on Yg) and the nonexistence of focal points remain valid in this setting. In
particular, one has the corresponding version of Lemma IX.2.1 above, namely,
that if 9)1 has no focal points along y |[0, 8], then for any transverse Jacobi field
n along y and any vector field X in Y satisfying

X(B) =n(p)

we have

Ig(X, X) = Is(m, n) = (n,n')(B),

with equality if and only if X = n on [0, 8].
Now let Exp = exp [vI, where v)T denotes the normal bundle of 9t in M,
with natural projection 7,; also let vS9t = vt N SM denote the unit normal
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bundle of M. Map E : [0, +00) x vSIN — M by

E(t,§) = Exp1§,

so E determines radial coordinates on M, also known as Fermi coordinates.
Then for f € L'(M), we have

(IX.3.2)
c(§)
f de:/ det(P)/ dﬂn—k—l,p(g)/ f(Expté)/g(t; §)dt.
M m vS, 0

In (IX.3.2), ¢, (&) denotes the distance along y; to the focal cut point of I
along y:; dVyy the (k—dimensional) Riemannian measure of 9; d i, —x—1,p the
standard (n — k — 1)~dimensional measure on vS;

Ve &) = det A(t; §),

where A(z; £) denotes the matrix solution to Jacobi’s equation along s, pulled
back to £+, as in §II1.1:

A"+ RA=0,
subject to the initial conditions

AO; )M, =1,  A©0;6€)|9M, = —A°,
A0 )M, net =0,  A©O&)M, net =1.

Theorem IX.3.1. (F. W. Warner (1966)) Assume 9 has codimension 1, thatis,
that k = n — 1. Also assume that all sectional curvatures along yg are bounded
below by «, and that

A5 > 1.

Let By, € (0, 400] denote the first positive zero of (C, — LS, )(t), should such
a zero exist; otherwise, set B, = +00. Then (by Theorem 111.6.1), 9N has a
focal point along y at distance B < By.,. Let Y (t) be a transverse Jacobi field
along ye, orthogonal to yg. Then,

1Y ()] = (Cc = AS)0)1Y (0)]

on all of [0, B]. One has equality at ty € [0, B] if and only if Y(¢) = (C, —
AS)TY (0) on all of [0, to], in which case A5 Y (0) = AY (0), and R(t)7,Y (0) =
k7, Y (0) all of [0, 1o].

Proof. The argument is the same for the original Rauch theorem (Theorem
1X.2.2), except that one must adjust the argument for the new initial data. It
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goes as follows (of course, the reader has to check why it does not work in
higher codimension — also see Remark I11.6.1):
Fix t € (0, B). Then, for any X € T satisfying X (¢) = Y (¢), we have

Y, ViY)() —bs(Y(O),Y(O))wL/ {IV,Y]> = (R(s)Y, Y)} ds
0

IA

—be(X(0), X(O))+/ (VX > = (R&)X, X)) ds
0

IA

t
—A|X(0)|2+/ {IViX|* — k|X|*} ds.
0

Pick the specific X given by
(Cc —AS)(s)
X)) = F—————1,- Y (), , 1.
(s) C. — 800 Q) s €[0,1]

Then, one has explicitly

_ 2 ' 2 2 _ _ (CK B )"SK)/(I) 2
AIX(0)] +/0 {IViX|" —«[X|7}ds = (X, V,X)(1) = €. Z 3800 1Y ().
Thus,
(CK - )"SK),(Z) 2
(Y, ViY) (1) < €. 1800 Y ol,
which implies the theorem. [ ]

Definition. Given p € M, & € S,,, we say that y:(B) is a focal point of p along
¥e if v¢(B) is a focal point of the submanifold 90t = exp & along y;. Thus, the
transverse Jacobi fields under consideration satisfy V,Y (0) = 0.

A geometric application of this last theorem goes as follows: Given M of dimen-
sion n, with sectional curvatures bounded below by the constant «, consider Mf
(the 2—dimensional space form of constant curvature ). Fix p € M, p € M2,
and unit speed geodesics y : [0, 4] — M,y : [0, ] — M%. Consider parallel
vector fields E, E along y, ¥, respectively, satisfying

|E|=[El.  (E.¥)=(E.7).
Let ¢ : [0, €] — R e D!, and consider the paths

w(€) = exp Pp(e)E(e), @(€) = exp p(e)E(e).

Corollary IX.3.1. (M. Berger (1962)) Assume that for every € € [0, £], y(€)
has no focal points along the geodesic t — exp tE(e), t € [0, ¢p(e)] — in
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particular, p(€) < 7w /2./k. Then,
Lw) < L(w).

Proof. Consider the geodesic variations
v(t,€) =exp to(e)E (), V(t, €) = exp tqﬁ(e)ﬁ(e)

in M, M2, respectively. Then,

4

¥4
E(w)=/ 9o [(1, €) de, e@:/ 19:71(1, ) de.
0 0

Asusual, d.v is a Jacobi field along the geodesic t +— v (¢, €), for each fixed €. To
estimate its length from above one has to decompose it into its projections onto,
and perpendicular to, the geodesic; take into account that ¢ is not necessarily arc
length — so use 3 of §IX.1; and use Theorem IX.3.1 — with appropriate initial
conditions. |

For codimension greater than or equal to 1, we do have the volume comparison
theorem:

Theorem IX.3.2. (E. Heintze & H. Karcher (1978)) Let H denote the mean
curvature vector of M in M. Assume that all sectional curvatures along yg are
bounded below by k. Let T denote the first positive zero of
(H,§)
k
(should such a zero exist; otherwise, set T = +00). Then, MM has a focal point
along ye at distance cy(§) < T, and

{CK -

Sc}(@)

(IX.3.3) det A(t;§) < {C, — S OS"e)

(H,§)
k

on all of [0, c7(§)].

Corollary IX.3.2. Let M be compact, all sectional curvatures of M bounded
below by the constant k. Let d(M) denote the diameter of M. Then for any
simple closed geodesic y in M with length £(y) we have

=08 @)

(IX.3.4) VM) < —

Proof of the Heintze-Karcher Theorem. Since £ is fixed, in what follows, we
simply write A(¢) for A(z; §).
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Our method, as usual, is to study the logarithmic derivative of det A(¢). To
this end, fix » > 0 for which det A(¢) > 0 on (0, r), fix s € (0, r), and set

B=A*A, C(t) = B(t)B(s)™".
Then (the prime denotes differentiation with respect to ),

1 (det AY (det )Y

S aera 0= ()—Z(XJ,X )(s) = ZI(X,,X>
where {X; : j =1,...,n — 1} are transverse Jacobi fields along y¢ such that
{X;(s): j=1,...,n— 1} is an orthonormal basis of yg(s)i.

Now our differential equation lives in £*. Consider the solution A, (¢) to the
matrix differential equation in £+

(IX.3.5) A+ kA =0,

with the same initial conditions as A(¢). Then, the vector solutions of the asso-
ciated vector differential equation

(IX.3.6) Y +kY =0

are given by Y = A,n, where n € £+, and Y is transverse to 90,,. One also has
the associated index form

B
I g(X1, X2) = —be(X1(0), X2(0)) +/ (X1, X2') — k(Xy, X,) dt,
0

for any g > 0.
Pick transverse solutions {X ;o j=1,...,n— 1} of (IX.3.6) such that

X(s) = X(s)
forall j =1,...,n— 1. Then,

] 1 (det A.)

Z (X}, X)) < Z L(X;, X)) < Z LsX;, X)) = EW(”'

Since s is arbitrary in (0, r) we have
det A < det A,

on all of [0, r].
Let {ec : € =1, ..., k} be an orthonormal basis of 97, consisting of eigen-
vectors of the Weingarten map 2%, with respective eigenvalues A.. And let
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{es: 86 =k+1,...,n— 1} be an orthonormal basis of £+ N DJT,,J-. Then,

Ac(t)ee = {Cc —ASc}ee, e=1,...,k,
Ac(es =Sc(t)es, §=k+1,...,n—1,

which implies

th =S n—k—1 ﬁ{c A S }<{C Ze )‘es }kS n—k—1
€ K — Dk K Vi) = K k K K )

e=1

by the arithmetic—geometric mean inequality, which is (IX.3.3). |

Remark IX.3.1. Of course, we may read (IX.3.4) as a lower bound on the
length of any simple closed geodesic in M in terms of the volume, diameter,
and lower bound on the sectional curvature, of M. By Klingenberg’s theorem
(Theorem I11.2.4), we obtain:

Theorem IX.3.3. (J. Cheeger (1970b)) Let M be compact n—dimensional, all
sectional curvatures of M bounded in absolute value from above by A, diam M
bounded from above by D, and V(M) bounded from below by V . Then,

n—1 Vv

T
infM>mn{—, —————
1= {«/_A 2¢, 28 2" (D)

} =c¢n,V,D, A)

§I1X.4. Refinements of the Rauch Theorem

The work of this section is from Karcher (1977, Proposition A6) and Buser—
Karcher (1981, pp. 97ff). It consists of a close study of analytic comparison
theorems, without the use of the index form.

Let V be a real inner product space of finite dimension N. We are given
the family R(¢) : V. — V of self-adjoint linear maps of V to V', to which we
associate the Jacobi differential equation (IX.2.1). We assume

(IX.4.1) Kkl <R(t) <4,
where k < § are given constants. Set
A = max {|«|, |5]}.
Let € denote some parameter usually, but not necessarily, in («, §), and set
A:=max{§ —€,e —«}.
We consider the Jacobi differential equations

n" 4+ R(@)n =0, E’"+€E =0,
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with initial data
E(0) = n(0), E'(0) = 1'(0).
We also consider the scalar initial value problem:
o’ + (e — Mo = A|E|, o(0) =o’(0) =0.

Theorem IX.4.1. For any t > 0 for which S¢|(0, t) > 0 we have |n — E| <o
on all of [0, t].

Proof. Let P denote a unit vector in V. Then,
(n—E,P)"+eln—E,P)=(en—R(®n, P) <A
by the self-adjointness of R, and the bounds on R. So ¢ := (n — E, P) satisfies
¢" +€¢ < Alnl.
Let w satisfy the scalar initial value problem:
w' +em = Alnl, p(0) = p'(0) = 0.

Then, the standard Sturmian argument (Exercise 11.22) implies ¢ < u for all
such choices of P. Therefore,

Im—El=pn, = h=IEl+nu
which implies
W+ (e —Mu <AE| ="+ (€ — Mo.
Again, the Sturmian argument implies « < o, which implies

In—El<u=o,

which is the claim. |
Corollary IX.4.1. Assume, in addition to the above, that (i) the vectors 1n(0)
and n'(0) are linearly dependent, and (ii) the function
fe = n0)|Cc + Inl'(0)Sc
is positive on all of (0, t). Then,
f. = |E|, |E|"'E = const., o= fey—fe

onall of (0, 1).
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Proof. By the differential equation for £, one has constant vectors P and Q
such that

E=C.P +8S.0.

Since 7(0) and 1’(0) are linearly dependent, we have the existence of a constant
unit vector e, and real constants « and 8, such that E = (¢C. 4+ BS.)e, which
implies « = |E(0)| = |n(0)| and 8 = |E|'(0) = |n|’(0), which implies

E = fee.
The rest is easy. |
Corollary I1X.4.2. We also have
(IX.4.2) In—El < feer — e
and
(IX.4.3) nl < fe.

Proof. The inequality (IX.4.2) follows directly from the theorem; and the
inequality (IX.4.3) comes from the theorem, with the specific choice of
€ =(k+9)/2. |

Remark IX.4.1. If, in the above corollary, we have n(0) = 0, then (IX.4.3) is
the estimate from Rauch’s theorem (Theorem IX.2.1) on the interval

0, 7/y/(k +8)/2) S (0, /).

Thus, although this argument is extremely elementary, it requires the upper
bound on R(#), and the restriction to a smaller interval than the one given by
the Rauch theorem.

We also note, more generally, that by lowering € one obtains a larger interval
on which S¢ > 0. The price one pays is that the right hand side of (IX.4.2), for
example, increases with respect to decreasing € — so the inequality becomes
weaker as € decreases.

Corollary IX.4.3. If we also have n(0) = 0, then

In(s) — sn'O)] < 10" O){S-a(s) — s}

foralls > 0.
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Y2(€2)

71(0)

Y1(€)) = v,(0)

Figure IX.1. A geodesic hinge.

Proof. Here, we pick € = 0, which implies A = A, which implies
E =s51'(0), o = [n'(0){S-als) — s},
which implies the claim. ]

§IX.5. Triangle Comparison Theorems

By “triangle comparison theorems,” we mean global forms of the Rauch com-
parison theorem. Such theorems were first proved by A. D. Alexandrov (1948)
and V. A. Toponogov (1959). The theorems are presented in detail, with increas-
ing simplifications of the earliest arguments, in Berger (1962), Cheeger—Ebin
(1975), Gromoll-Klingenberg—Meyer (1968), Grove (1987), Karcher (1989)
and Klingenberg (1982). For completeness, we sketch the proof here, following
Grove (1987).

Definition.

A geodesic hinge (y), y», @) in a Riemannian manifold is a configuration of
two unit speed geodesics y; : [0, £;] — M which meet at p = y1(£1) = y2(0)
with oriented angle Z(—y,'(£;), y2'(0)) = . (See Figure 1X.1.)

Let (y1, 2, @) be a hinge in M, and consider the unit parallel field £ along
yy determined by E(£1) = y,/(0). We say that the hinge (y1, y», ) is thin if,

(i) for the corresponding hinge (¥,,7,, @) and E in M2, a minimal path
¢(e) from y(0) to y,(£y) is given by ¢(e) = exp ¢(€)E (¢) for some function
¢ :[0,¢,] - R, and

(ii) for each € € [0, £1], yi(¢) has no focal points (as first defined in §IX.3
above) along the geodesic ¢ — exp t¢(€)E(¢), t € [0, 1].
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A geodesic triangle in a Riemannian manifold M is a configuration of three
unit speed geodesics y; : [0, £;] — M (the sides) such that

vill) = ¥+1(0), i+ Ly > 4iga,

indices taken modulo 3. The points p; = y;42(0) are called the vertices of the
triangle and «; = Z(—¥;11'(€i11), ¥i+2'(0)) the corresponding angles.

Theorem IX.5.1. (Alexandrov—Toponogov distance comparison theorem) Let
M be a complete Riemannian manifold with sectional curvature K > «.

Let (y1, v2, @) be a geodesic hinge in M. Suppose y, is minimal, and if
> 0 suppose £y < w//kc. Let (7,,7,, &) be a geodesic hinge in M such
that £(y;) = £;. Then,

d(y1(0), y2(£2)) = d(y,(0), Y,(£2)).

Theorem IX.5.2. (Alexandrov—Toponogov angle comparison theorem) Let
M be a complete Riemannian manifold with sectional curvature K > k.

Let (y1, 2, y3) be a geodesic triangle in M. Suppose v\, y3 are minimal, and
ific > 0suppose £y < 1 /./x. Then there exists a geodesic triangle (V,V,, V3)
in M2 such that

Ly;) =4 Vi, o) < ay, a3 < as.

Except in the case k > 0, and £; = 7t //k for some i, the triangle (V |, V1, V3)
is uniquely determined.

Lemma IX.5.1. A geodesic triangle (y|,V,,V3) in Mi with side lengths (;,
is uniquely determined (up to congruence) by the triplet ({1, £», £3), unless
L = 7 /\/k for some .

Moreover, if we fix the lengths €y, £», and the geodesic v, and consider
the hinge (¥, v,,a) in M%, with ¢(o) = d(7,(0), ¥,(£2)), then o — ¢(w) is
strictly increasing on [0, 7], except when k > 0 and £; = 7 /\/«x for at least
one i, in which case ¢ is constant.

Proof. Assume « > 0. Note that ¢(0) = [£; — ¢;|, and ¢(r) = min{¢; +
Ly, 2/ \/KK) — (£1 + £2)}. Also, if ¢(a) = 7/4/k for some «, then one eas-
ily sees that « = 7. Therefore, for all x, we consider ¢ < 7.

Then there exists a unique minimal geodesic ¢, from y(0) to y,(¢£;). One
can easily deduce the result from the Law of Cosines (see Note 1.4, when
Kk # 0). [ |

Corollary IX.5.1. Theorems IX.5.1 and 1X.5.2 are equivalent.
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Proof of Theorems IX.5.1 and IX.5.2. For the moment, we refer to Theorems
IX.5.1 and IX.5.2 as the hinge theorem and the angle theorem, respec-
tively. We refer to Lemma IX.5.1 as the monotonicity lemma.

Whenever we invoke restrictions on lengths in terms of /k, we are in the
situation of ¥ > 0.

Step 1. Given a thin hinge (y,, 2, @), consider the path c(¢) = exp ¢(€)E (¢€)
in M from y,(0) to y»2(¢5), as determined above. Then, Corollary IX.3.1 implies

d(y1(0), y2(£2)) = L(c) = L(c) = d(¥,(0), ¥,(£2)),

which implies the hinge theorem for thin hinges. (Note that K > « implies
£y < 7 /24/k.) The ultimate proof of the theorem will then be to reduce the
case of arbitrary hinges to thin hinges.

Step 2. Consider the subclass H of hinges (y;, y», @) in M for which

< % max d(y1(0), ya(1)) = d < %
The set of all minimal geodesics from y;(0) to y»(¢), t € [0, £,] is compact
(in the topology of the unit sphere of M, (g)). Then there exists a subdivision
{0=1t <t <--- <ty =4} such that
(1) y2lti, ti+1] is minimizing, and
(i1) the minimal geodesics ys ; from y1(0) to »»(#;),i = 0, ... k, are such that
the hinges

3,0 vallti, i, @), s, v2 It i1, B,

are thin — in particular |t; — t;_| < 7/2./k (see Fig. IX.2).

Step 3. Note that, in My, £, < €1 +d(¥,(0), ¥,(£2)); so, if €&, > £, +
d(y1(0), y2(£»)) in M, then the hinge theorem is certainly valid. Therefore,
we may also assume? that

£y < £ +d(1(0), y2(£2)).

One can easily check that all triangle inequalities are valid for all the triangles
s, vallti, t51, 37, 0 < .

Step 4. Now use an induction that oscillates between the hinge theorem and
the angle theorem.

First, the hinge theorem is valid for the hinges

(3.0, »2llto, 1], @), and  (y3.1, 2~ 'lt1, to], B1),

which implies, by the monotonicity lemma, that the angle theorem is valid for
the triangle (ys.0, v2l[to, 111, y317").

2 The point is even though 35[0, £2] might not minimize the distance from y,(0) to y»2(£2) in M.
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Y2(€2)

71(0)

v1(€1) = ¥,(0)

Figure IX.2. For the Alexandrov—Toponogov theorem.

So, if B is the angle in M, corresponding to 8; in M, then B; < f,. There-
fore, for the supplementary angles «; and @ and of 8, and B, respectively, we
have a; < @;. But the hinge theorem is valid for the hinge (3.1, »2|[t1, 2], ®o);
the monotonicity lemma then implies that the hinge theorem is valid for the
hinge (y3,0, y21[t0, 2], ).

We now have the hinge theorem for the hinges

(130, »2llto, 2], 20)  and (32, 2~ HIta, 111, B2).

The monotonicity lemma implies the validity of angle theorem to the larger
triangle (3.0, ¥2|lto, t21, y3,2_1 ). Now one can extend the hinge theorem to the
hinge (3.0, y2|[to, t3], otp) as above.
By continuing the argument, one has the theorem for hinges in the class H.
Step 5. To obtain the general theorem for all hinges, apply a limit argument
to hinges (first on & and then on the lengths £;) in H. [ |

Remark IX.5.1. Suppose in the angle theorem we have equality, that is, we
have ¢, < //k,0 <a < 7, and

d(y1(0), y2(€2)) = d(y,(0), ¥5(£2)).

Then, one has an isometric totally geodesic imbedding (see Exercise 11.3) of
the triangular surface in M? determined by (3, ¥,, @) to M, which maps
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V1,72, a)to (y1, y2, o) to M. Moreover, the image of the minimal geodesics
in Mi from ¥ ,(0) to y,(¢) are minimal geodesics in M from y;(0) to y»(¢).

§IX.6. Convexity

In the general Riemannian setting, there are many notions of convexity, all of
which coincide in R”.

Definition. Let M be a complete Riemannian manifold. A set A in M is:

* weakly convex if for any p, q € A there exists a geodesic y,, € A such
that y,, is the unique minimizer in A connecting p to g;

* convex if for any p, g € A there exists a geodesic y,, € A such that y,,
is the unique minimizer in M connecting p to ¢;

* strongly convex if for any p, g € A there exists a geodesic y,, C A such
that y,, is the unique minimizer in M connecting p to ¢, and y,, is the only
geodesic contained in A joining p to q.

Calculations Associated with Convexity
Given a point p € M, and a path Q(¢) in M,. Set
1
o(t) =exp, Q). V. =exp, sQD. $0) = 1P,

Of course, |€2(¢)| is the length of the geodesic y,(s) = v(s, t) from p to Q(¢).
Then,

¢'(t) = (35v, 3v)s=1,

by Gauss’ lemma (Lemma 1.6.1) or the first variation of arc length (Theorem
I1.4.1). If w is a geodesic, then

¢N(t) = (Vi 05, 0v)s=1 = (V50rv, 0rV)s=1.
Write
0;v = sadsv + Y,.

Then, Y, is the Jacobi field along the geodesic y,(s) = v(s, t), pointwise orthog-
onal to y;, and satisfying Y,(0) = 0, which implies

Vs0,v = adgv + VY.
One concludes

¢"(t) = 21 + (VY Yot
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If, in addition, one assumes that
(IX.6.1) K<$

on M, then

Csiop C
(IX.6.2) ¢"za2|9|2+£(1)|y,|2<1>3mm{1, ‘5""2(1)}|w’|2,
Ssiap Ssion

when |Q2| < n/\/g. Of course, this is only useful when |Q2| < 71/2\/3.

Applications

Theorem IX.6.1. Assume (1X.6.1) on M, and set

) {ian T }
r1 = min .

2 To/s

Then, B(x;r;) is strongly convex.

Proof. By replacing § by § + €, € > 0 arbitrarily small, we may assume that
the inequality in (IX.6.1) is strict inequality.

If p,q € B(x;r;), then any geodesic in B(x;r;) joining p to ¢ must be a
unique minimizer. Therefore, for any minimizer in M joining p to g, it suffices
to show that it is completely contained in B (x;r}).

Consider such a minimizer. Then, the geodesic triangle xpg has length < 4r,.
Therefore, if § > 0, no two points on the path xpg have distance 7/+/8 one
from the other. By comparison to the triangle x5psgs in M3 with the same
corresponding sides, the angles at p and ¢ are strictly less than the respective
angles at ps and g;. (See Corollary IX.5.1 and Exercise IX.1 in §1X.9.)

Parameterize both geodesic segments y,,, and y,,,, from O at p (respectively,
ps) to 1 at g (respectively, gs). Then, the first variation of arc length formula
(Theorem I1.4.1) implies there exists p > 0 for which we have

(IX.6.3) d(x,¥pg(s)) < d(Xs, Vpsq,(5))

for all s € (0, p) U (1 — p, 1). But, this very same argument now implies that
(IX.6.3) is valid for all s € (0, 1). Therefore,

d(x, ¥pg(8)) < d(Xs, ¥psq,(5)) < max{d(xs, ps), d(xs, )}
= max {d(x, p),d(x, q)}

for all s € (0, 1), which is the claim. |
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Theorem IX.6.2. Assume (1X.6.1) on M, and let
. { . }
rp =min yinj M, — ¢ .
2 \ ) ﬁ
Then, B(x;ry) is weakly convex.

Proof. (Buser—Karcher (1981, p. 102)) Given p and ¢ in B(x;r,). Then, the
Arzela—Ascoli theorem implies (see Exercises IV.24 and IV.25) that there exists
a shortest path w(t) € B(x;ry) connecting p to g. (Of course, any subsegment
of this path contained in the interior B (x; ;) is geodesic.) We assume d(x, p) >
d(x, q), and show that

o C B(x;d(x, p)).

This will then imply that w is a minimizing geodesic in B(x; 7).
To this end, we write

o(t) = exp, (1),

set

Q) = d(x. p) Q(r),
max {d(x, p), |2(t)}

@(1) = exp, Q1) € B(x;d(x, p)) S B(x;r).

Then, & is a path from p to ¢; and (IX.6.1), the estimate on r;, and the Rauch
theorem imply

U@) < Uw).

We conclude that the shortest connection from p to g in B(x;r;) is contained
in B(x;d(x, p)), and is therefore a geodesic.

We assumed thus far that p and ¢ were in the interior of B(x;r). If we
are given that p and ¢ are arbitrary in B(x;r;), then we may approach p and
q from the interior B(x;r;) to obtain the existence of a minimizing geodesic
connecting p to ¢, which is completely contained in B(x; 7). So, it remains to
show that this geodesic is unique in B(x; ;).

First, minimizers from p to ¢ must have length < 2, < 7/+/8, which implies
p and ¢ have no conjugate points on y,,, (to be precise, one should also say y,).
Therefore, consider the collection of points {(p, g) € B(x;r;) x B(x;ry)} for
which p is joined to ¢ by more than one B (x; r;)-minimizing geodesic. Consider
the pair with minimal distance. Then, the Klingenberg argument (Theorem
I11.2.4) implies there exists a closed geodesic y in B(x;r;). But, the function
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t— d(x, y(t))2 /2 can have no maximum, which implies a contradiction, which
implies the uniqueness of the minimizer. |
Definition. For any x € M, we define conv x, the convexity radius of x, by

convx = sup{p : B(x;r) convex for all r < p}.

Lemma IX.6.1. Given x,y € M such that
d(x,y) := R < 2min{conv x, conv y}.
Then, B(x; R/2) N B(y; R/2) = 0.

Proof. Let y be a unit speed geodesic from x to y, with midpoint zo = y (R /2).
If z € B(x; R/2) N B(y; R/2), then join z( to z by a unique minimizer

w € B(x; R/2)NB(y; R/2).

Then, w(f) may be lifted to respective paths ,(¢) and ,(¢) in M, and M,,
with associated functions of distance ¢, (), ¢, () are described in our calcula-
tions above. The formula for the first variation of arc length (Theorem I1.4.1)
implies

lim ¢,/ (¢) = li J(@#) =0,
t1f61¢. ) tlfg%()
and the hypothesis on convexity implies ¢” > 0, ¢,” > 0, which implies

¢. > R/2, ¢y, = R/2, which is a contradiction. [ ]

Proposition IX.6.1. (M. Berger (1976)) We always have

injM
conv M < 7

Proof. If not, that is, if conv M > (1/2)inj M, then there exist p, g € M such
that p and ¢ are cut points one to the other, and

d(p,q) <2convM.

Let y be @ minimizing unit speed geodesic from p to ¢, z the midpoint of y, and
consider B(z; conv M). Then, both p and g are in B(z; conv M), which implies
that y is the unique minimizer from p to ¢, which implies (see §II1.2) p and ¢
are conjugate along y.

Letty = d(p, q),and set y(0) = p, y(ty) = ¢q. Then, for smallr — ¢ty > 0, we
haved(p, y(t)) < t, which determines a unique minimizing unit speed geodesic
y, from p to y(t), with y, — y ast | fy. Consider B(p;t/2) and B(y(¢);t/2).
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Both closures are convex, which implies by the above lemma that they are
disjoint (indeed: t /2 < (conv M)/2). On the other hand, their intersection must
contain the point y,(d(p, y(t))/2), which is a contradiction. [ |

§IX.7. Center of Mass
Here, we follow Karcher (1977).

In R”, one has the following typical situation. One is given a subset A of R”,
with positive finite measure, and one considers the vector field on R” given by

v(x) = ﬁ /A (x —a)dV(a).

More generally, for any probability measure m on A one can consider the vector
field

v(x) = / (x — a)dm(a).
A

The usual definition of center of mass of (A, m) is that point in R” solving the
equation v(x) = 0. Needless to say, the solution x is unique. Note that for

E(x) = 1/ Ix — al? dm(a),
2 /4
we have
(grad £)(x) = v(x).

To consider a center of mass in a general Riemannian manifold, we start with
a given probability space (A, m), a mapping f : A — M, and consider the
function £ on M given by

1
£ =3 / d*(x, f(a))dm(a).
A
Then ask when does £ have a unique minimum.

First consider
[
E.(x) = Ed (x, f(a)).

Assume f(A) € B, where B is a weakly convex subset of M. Then to each
x,y € B, we have well-defined exp, ~!' y. One immediately sees that, for all
X € B we have,

(grad &,)(x) = —exp, ! f(a).
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Proposition IX.7.1. Assume (I1X.6.1) on M, and diam B < 7'[/2\/5. Then £
has a unique minimum C in B.

Proof. Let w(t) be a geodesic in B, and ¢(t) = &,(w(t)). Then, the hypotheses
imply that ¢” > 0, which implies (Exercises I1.9 and I11.20(a)) the claim. B

Proposition IX.7.2. Assume (IX.6.1) is valid on M, and let B = B(p;ry),
where

. {ian T }
ro < min T =1 -
0 2 48
Then, for x € B, we have

lgrad £|(x) > d(x, C) (S:”"“

(D).

2610

Proof. Let y : [0, 1] — M denote the minimizing geodesic from C to x. Then,
|lgrad £1(x)]y"[(1) = ((grad E)(x), ¥'(1))
d
=1-EW(
{dl (v( ))}

t=1

1 d2
=/O ﬁ(fo)/)(f)dl‘

1 d2
_ /A dm(a) /0 S Eaorndr

Cosr,
> 20 (yd?(x, C),

251‘()
by (IX.6.2), which implies the claim. [ ]

§IX.8. Cheeger’s Finiteness Theorem

Since the dimension 7 of the manifolds under consideration never changes, we
write B(r) for B"(r), the n—disk of radius r in R”".

The heart of the matter is contained in the following lemma.

Lemma IX.8.1. (S. Peters (1984)) We are given two compact n—dimensional
Riemannian manifolds M and M, n > 2, whose sectional curvatures satisfy

Kmls 1Kl < A
with injectivity radii satisfying

injM,injM > .
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Fix R such that
0<R< i
4
We consider respective discretizations of M, M, with the same number of el-
ements equal to N, and both having separation distance and covering radius
equal to R (see §1V.4).

InM:Toeachz;,i = 1,..., N of the discretization, associate a linear isom-
etry

u :R"—> M,
and Riemann normal coordinates

(f),‘ = expzl ou;

on D, the set about z; inside the cut locus of z; (see §IIL.2). Also, for
d(zi,z;) <t let

P,'j . MZ,. — sz

denote parallel translation along the minimizing geodesic connecting z; to z ;.
In M: Consider the corresponding data z;, u;, ¢;, ?,-j, i,j=1,...,N.
Then, R = R(n, A, 1) may be chosen sufficiently small so that there exist
constants

€ = €o(R), €1 = €1(R)

for which M and M are diffeomorphic whenever

(IX.8.1) 6, bi — ;7] < 2?
on B(3R), and

(IX.8.2) lu; " Prju; — ;7P| < €,
onR" foralli, j.(See Fig. IX.3.)

The proof of the lemma is quite involved, and we shall break it into a number
of steps. But first we show how to use it to derive Cheeger’s finiteness theorem.

Theorem IX.8.1. (J. Cheeger (1970a)) Given real numbers n,d,V, A > 0.
Then there exist only finitely many diffeomorphism classes of compact n—
dimensional Riemannian manifolds satisfying

(IX.8.3) diamM <d, ViM)=V, K| < A.
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Rn

Figure IX.3. Indexing the Riemann normal coordinate systems.

Proof. It suffices to show that given any infinite sequence M, of compact n—
dimensional Riemannian manifolds satisfying (IX.8.3), then it is possible to pick
an infinite subsequence for which any two of the manifolds are diffeomorphic.
To actually pick this subsequence, we proceed as follows:

By Theorem IX.3.3, there exists ¢, depending only on n, d, V, A, such that

injM, >
for all &, and the disk B(x,;¢/2) is convex for all o, x, € M,,.

Fix R < (/4. Pick a typical M in the sequence {M,}. Pick a discretization of
M with separation constant and covering radius both equal to R. Then, N the
number of elements of the discretization satisfies (see Lemma IV.4.1)

- V_a(diam M)
— VaR/2)

Now the Arzela—Ascoli theorem implies that if we consider the collection

‘Hk, of imbeddings F : B(R) — B(R) for which

sup {|F| + [grad F|} < K,
B(R)
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then Hk, is totally bounded in the sense that, given any €y > 0, there exists a
subset H consisting of finitely many elements of Hg, such that any F € H,
has C%—distance (i.e., the distance between F; and F, is sup |F; — F;|) from
‘H strictly less than €y/3.

Note that the Rauch comparison theorem implies there exists a K| for which
the mappings ¢; ~'¢; of any discretization of M, as described in Peters’ lemma,
are all elements of Hg,, forall i, j.

Also, the mappings u; ' R;;u; of any discretization of M, as described in
Peters’ lemma, are all elements of O(n), the orthogonal group of R”, for all
i, j. Since O(n) is compact, given any €; > 0, there exists a finite covering of
O(n) by disks of radius €; /2. (See Exercise 1.22(a) for the Riemannian metric
on O(n).)

We are now ready to finish the proof. Since, in each of the conditions below,
there are only finitely many distinct possibilities, we have for our sequence M,
of Riemannian manifolds, a subsequence — also called M,, — satisfying:

(i) N, = N < Ny for all «, that is, all discretizations under consideration
have the same number of elements;

(ii) the network of overlaps match, more precisely, ¢ (IB(R)) N qu.‘ (B(R)) #
¢ if and only if ¢/ (B(R)) N ¢/ (B(R)) # ¥ for all . B: i, j;

(iii) for each i, j, the full collection {(qu‘)"q&f‘}a all belong to the same
€0/3—disk in Hg,;

(iv) for each i, j, the full collection {(u‘j)_lPi‘juf‘}a all belong to the same
€1/2—disk in O(n).

Then, for sufficiently small choices of €y, €], we may use Peters’ lemma to
guarantee that all M, are diffeomorphic. [ ]

Proof of Peters’ Lemma. The idea behind the proposed diffeomorphism is as
follows: The collection of maps

Fi=¢:¢;"

is a collection of locally defined diffeomorphisms from M to M. The conditions
(IX.8.1) imply that for any p € M one has a neighborhood U (p) such that the
different images { F; (U ( p))}f.V:1 are pointwise sufficiently close one to the other
to allow the construction of an “average image” through the center of mass
construction of the previous section.

Step 1. Given any p € B(z;; R) N B(z;; R), we want an upper bound on
d(Fi(p), F;(p)). We start with some

l
R < -.
4
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Of course, for any such R > 0, there exists ¢y > 0 for which (IX.8.1) is valid
on B(3R). Then, p € B(z;; R) N B(z;; R) implies

d(zi,zj) < 2R <,

which implies, since ¢ j’lqﬁ, and 5‘/’1% will both map B(R) to B(3R), for all
i, j,that

_ _ 2
d(¢; ' (p). &, 'Fi(p) = I{¢; "¢ — &, i} (p)| < ?

That is,
—1 - -1 2€0
d¢;= (p),¢;” Fi(p)) < 3

Now, ¢;~'(p). ¢;”'(p) € R", and W;¢p; ' (p). ;' Fi(p) € Mz,. So, we
must know the largest possible expansion in distance to which two points are
subjectunderexpE/.Well, if p <tand F;(p), Fi(p) € B(z;; p), thenby (IX.2.8)
(see Remark 1X.1), we have

S-(0) 2€

d(Fj(p), Fi(p)) < 3

so we must find a good estimate of p for which F;(p), F;(p) € B(z;; p). Clearly,
d(Fi(p),z;) < R. What about d(F;(p), z;)? Well,

d(Fi(p),z;) < d(Fi(p), Fi(z;)) + d(Fi(z:),Z;)
=d(p,z;)+d(z;,z;)
< R+d@z;, Fi(z))) +d(Fi(z}),z})
< 3R +d(Fi(z)),z)).

Then, by applying (IX.8.1) to £ = ¢;~'(z;), we obtain

- - _1 ~1 - _17 2¢0
d(Fi(zj),zp)) = 1¢;” Fiz)l = l{¢; i —¢;” ¢;}(O)| < EX

So, we want p = 3R + 2¢y/3. Thus, we shall require of € that ¢y < R. Then,

for
t
€ <R < -,

4
such that (IX.8.1) is valid on B(3R) for all i, j, we have

S-A(4R) 26

d(F;(p), Fi(p)) < 4R 3
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Pick

S_A(4Ry) 5
Ry > 0: #ZZ’ R, = min{Ry, /5}.

Then, for ¢y < R < R, the validity of (IX.8.1) on B(3R) implies
d(Fi(p), Fi(p)) < e

for p € B(z;; R) N B(z;; R). Henceforth, R < R;.
Step 2. We now let

€0 = min {7/2v/A, R}
and assume (IX.8.1) is valid on B(3R). Then,
€y < conv M, conv M.

Now, for any p € M, there exists g(p) € M for which F;(p) € B(g(p); o) for
all those i for which p € B(z;; R). So, we apply the center of mass construction
to the set {F;(p)} as follows:

Fix 1 : [0, +00) — [0, 1] € C° such that

/ 1 or=1)2
[n'| < 4, n—{o 1
For every i, consider
d(p, z;) n:i(p)
n-(p)=n( ) vi(p) = —=——-
’ 2R ’ > ni(p)

For every p € M, consider the measure space (A,, m,), where m, is the
measure on A, given by

A, :={F;(p) e M: p € B(z;; R)}, m,(Fi(p)) = ¥i(p).

The map f (in the definition of the center of mass) from A, to M is the inclusion
{F;(p)}, < M. The energy function £ on M is given by

N R
Ex(® =5 ) d*E F(p)¥i(p),
i=1
with gradient vector field

N
(grad &,)r = — Y Wi(p)exp; ' Filp).
i=1
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We therefore define F'(p) to be the unique minimum point in B(g(p); €o) of the
function &, that is, the solution in B(g(p); €) of

N
Y mi(pyexpy ' Fi(p) =
i=1

Write
N
v(p:X) = Y ni(p)expy ' Fi(p).
To solve
(IX.8.4) v(p;X) =

for X = X(p), we may use the implicit function theorem, since Hess £,, is non-
singular. Furthermore, X is differentiable with respect to p.

Step 3. The next thing to do is to show that X(p) has maximal rank. Differ-
entiate (IX.8.4) with respect to p; (local coordinates for p). We obtain

Vap,v—l—z V()\AV—O

We already know that the matrix (relative to some coordinate system about X)
V.5V is nonsingular. So, it suffices to show that Viop,v is nonsingular.
Consider a path @ in M with

p = w(0), £ = (0).

Then, we wish to show that the covariant derivative V,v of v along the map
t — X(w(t)) does not vanish at t = 0. First, we have

Vev = {V Viun }i=0

d(n; _ _ d(F;
= Z{Wexpy 'Fi(p) + 1:(p)(exps l>*|ﬂ»<p)%w(t))} '
|t=0

i
For convenience, write, for ¢ € B(p;r)
Xi(g) =exp; 'Fi(g), X =F(p).

Then, we may write

Vev =D {W@np - HTp) + m(P)Eup - £}

SO

[Vev| >

Z 1i(PYEsp -g‘ —~ ‘Z(dm.p T(p)| .
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Start with estimating

Z dniyp - £)%i(p)

from above. Of course,

[Xi(p)l = d(F(p), Fi(p)) < €

(since F(p) is the minimum point of £,), and

ldnijp - &1 < 4151/R,

which implies

4
(dnigp - T (p)] < gm;

so we must now give an upper bound on the number of d7; that do not vanish
at p, that is, an upper bound for the cardinality N'(p) of

Gp={zi:i=1....N}N{B(p;R)\ B(p;R/2)} € B(p: R).
The Bishop—Gromov argument (see Lemma IV.4) gives the upper bound —

V_a(5R/2)

N’ =
(p) = V_AR/2)

< const.p ,;

we conclude

46 V_p(5R/2)

SR Ve

Z dnip - £)%i(p)

Step 4. The hard part is to estimate

> i (PYEarp -é‘
from below. We are evaluating at v = 0, so

Xi(p) = eXpry  Fi(p) = expp,, o diogi T (p),

which implies directly from the geometric Rauch theorem (Theorem IX.2.3),
that for each |(X;)y,-&|, we have
[xi(p)l  Sad(p,z)

e 81 2 G R (D Seatd(prz) "

So, we will want

€0 < R < Ry :=min{Ry, sup p},
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where the sup is taken over all p for which

o« SaB) _
S_a(@)S-a(B) =

This will then imply

—Ap*  Ya,Be€(0,p).

|(fi)*|p : §| > 1-— AR2

We denote the elements of G, by z;/, i’ = 1,..., N'(p), and the associated
maps by X;.. Since we have such an estimate for each individual (x;),, - §, we
now want to show that the collection of points

B NG —
{Tiwp - E)iy S Mpqp)

are sufficiently close each to the other so that no significant cancellation effects
can apply to

Z (D)Xl - E-

Step 5. We prepare here for Step 6, in which we replace the linearized
exponential map (X;/),, by parallel translation. So, we first compare the two.
For & € S, we have

S_a(®)
P 1} Inl,

I{(exp,,)see 0Bee — Tp ey inl < {

where 7, () denotes parallel translation along the minimizing geodesic y
from p to ys(t). That is, we have n € &+ > Y,, and the above estimate is
for |t‘1Y,7(t) — Ty (see Theorem II.16 and Corollary 1X.4.3). To go in
the opposite direction, we are given v € yg(t)J- >pettiy = t‘lY,,(t) and
estimate [1) — T, .~ v]. Well,

Sa(0)
t

—1
<t Yr]—r,,‘ys(,)‘lv ]

=t7'Y, () — flyrp_ys(,rlv(m

-1

1 = Tpey VI
—1

==Y, ()]

< {Sf“) - 1} i,

_ o [S-a@)
7= Ty 1V|§m{ P —1}|V|,

which implies
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that is,

t S_A(t
3™ oexp, e = Tt = s {#—1}|v|.

Step 6. Now, we want to replace
(¥i)s1p = (eXPp(,) “1F ) @Dt (00 (B i
by
TF}.(p)YF(p)OTE/..F’(p)OEiOI/{l‘ilOprzl..
In what follows, we let
t =d(p,z;) =d(Fi(p),Z;) <R, a =d(Fi(p), F(p)) < €.
Given
veM, > t,.veM,, neM., t'Y,(t)=v
> Vo= Hou; (T,.v), T i=Hou; () € M,
= Tz ()Y t’IYﬁ(t) € Mp,.(p)
= TR(p),F(») O Tz, Fi(p)V € MF(,,), g € MF(,,) : oFl?C,.(a) = t’IYW(t).
Therefore, if we set
& = X)spVs
then, recalling that u; ou; ~! is an isometry, we have
1TE. (). F(p) O Tz Fup)V — Cil < 1Tz mpyV =t Y (O] + 1 TE ) F (& Y () — &
< |ty =l + 1 mpTT — 1 Y (0)]

+ TR, Y 7(1) — &

t S_A([) S—A(t)
SsA<r){ ‘ _1}'V'+{ ‘ _1}'"'

aler)

_ 1y
SA(a) 1} |t Y (0

e
SA(f)[{ = 1}
e

—ale) ] S-a(®)
. [v].

SA(OI)
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Z.

Figure IX.4. For Step 7.

So, we restrict €, and R to
€0 < R < R3 := min {R,, sup p},

where the sup is taken over all p for which

t [2{5—/\(!) B 1} L@ {S—A(a) B 1} S—A(f)] < A_Pz
Sa(®) t Sa(@) o t 2

forall «, t € (0, p).
Step 7. Now that we have replaced (¥; )|, With Tr,(»), F(p) 0Tz, FI.(P)Oﬁ,'M,'_] o
Tp,z;» we must therefore compare

— 1 . — -1
TE (p), F(p) O Tz, Fu(p) OUilli OTpz;  WIth  Tp,(p) F(p)O Tz, F(p) QU jUj  OTpz;.

Then, by 3 of §XI.1, the difference is bounded above by the sum of the areas
of the triangles pz;z;, z; F;(p)F (p), z; F(p)z;, and Z ; F (p)F ;(p), added to the
difference between the parallel translations P;;, P; j, as described in (IX.8.2).
(See Fig. IX.4.) Since all the sides of the triangles have lengths less than or
equal to 3R, we will further restrict R so that

R < R4 := min{R3, n/6\/X}.

This will then imply the existence of a constant const., , > 0 such that the sum
of the areas of the triangles is less that or equal to const., ,R?. (We leave it to
the reader to estimate the area of each triangle.)

Step 8. We therefore conclude that

H@)eip — (F))uip} - &I < fconst.n ,R* + € }IE];
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so pick €; = const.A,LRz. Then,

Z ni(PYX)«ip - "3‘

Z 0i(P)YE ;i - & + Z ni(PHEDsip — &j)eip) - &

= 1@t - &1 = sup {Eatp — Fj)uip} - 61
> {1 — const.» R*}|£],

which implies

> A{@nip - OT(p) + mi(P)Fi)uip - £} = {1 — const.p (R? + o/ R)}IE.

1

We may therefore choose R, €, sufficiently small to imply that F' has maximal
rank.

But if F has maximal rank, then F is a covering (Theorem IV.IV.1.3). This
implies that the similarly constructedmap F : M — M isacovering. Therefore,
the mappings F oF, F o F are coverings. But both FoF, F o F map every point
to a convex neighborhood of itself, in which case they are homotopic to the
identity. This implies that both F, F are diffeomorphisms. [

§1X.9. Notes and Exercises
The Rauch Comparison and Sphere Theorems

Note IX.1. Our proof of Rauch’s theorem (Theorem IX.2.1) followed his orig-
inal argument, wherein he used the index form on vector fields along the
geodesic. A proof avoiding use of the index form, using instead the matrix Ric-
cati equation, was first given in Karcher (1977). (See the discussion in §111.8.)
A proto-version of this approach was given by L. W. Green (1954, Lemma
2.1, 1958, Lemma 3). More subtle details are treated in Eschenburg—Heintze
(1990).

Note IX.2. Let M be a simply connected compact Riemannian manifold of
positive sectional curvatures. We say that M is §—pinched,0 < § < 1, if
min C = §sup K

where /C varies over all sectional curvatures on M. H. E. Rauch (1951) in his
seminal work first proved that there exists a o > O such that any §—pinched
Riemannian manifold, with § > §y, is homeomorphic to a sphere. His first
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estimate of §y was 8o ~ 3/4. The most ambitious choice § is: any value of § >
1/4; for the Riemannian symmetric spaces of strictly positive curvature, which
are not homeomorphic to spheres, have pinching equal to 1/4. The theorem was
further improved until M. Berger (1960) proved the theorem in even dimensions
for 6 > 1/4, and W. Klingenberg (1961) proved the theorem for § > 1/4 in
odd dimensions. See the presentations in Cheeger—Ebin (1975), Gromoll-
Klingenberg—Meyer (1968), Grove (1987), Karcher (1989) and Klingenberg
(1982). Also see Eschenburg (1986), and the recent elementary argument in
do Carmo (1992, Chapter 13). Surveys of the subsequent developments of the
sphere theorems in Riemannian geometry are given in Berger (1985), Grove—
Petersen (1997), Petersen (1997, 1998, 1999), Sakai (1984), and Shiohama
(2000).

Diameter Sphere Theorems

One first recalls the Bonnet—Myers theorem that if M is Riemannian complete
with Ricci curvatures bounded below by (n — 1)k, where k is a positive constant,
then M is compact with diameter less than or equal to 7 /+/k. The Toponogov—
Cheng theorem then states that if, in addition, the diameter of M is maximal,
that is equal to 7 //k, then M is isometric to the sphere of constant sectional
curvature «. The following theorem gives a different type of pinching result:

Theorem. (Grove—Shiohama (1977); see also Grove (1987, pp. 205-207)) Let
M be a complete Riemannian manifold with sectional curvatures IC > k,k > 0
a constant, and diam M > 7 /2./k. Then, M is homeomorphic to a sphere.

Note IX.3. Of course, 7 /2./k is sharp, since the real projective space of con-
stant sectional curvature ¥ > 0 provides a counterexample.

The theorem cannot be simply extended to Ricci curvature, without additional
hypotheses (see Anderson (1990a) and Otsu (1991)). For some positive results,
see also Shiohama (1983) and Eschenburg (1991).

The Alexandrov-Toponogov Comparison Theorems

Exercise IX.1. We give an easy Toponogov theorem for curvature bounded
from above. Given a complete Riemannian manifold M, and geodesic hinge
(y1, Y2, @) at p in M. Assume

’%
- 2
KiB(p:inj py < 6, ¢; < min {Zinjp,—},
piinjp ; NG
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where ¢3 denotes the distance between the endpoints of y,, y». Let (¥, V5, o)
be a geodesic hinge in M2 such that L(¥;) = ¢;. Prove

d(y1(0), y2(€2)) = d(¥,(0), y,(£2)).

Characterize the case of equality.

Busemann Functions and Halfspaces

We are given a complete noncompact Riemannian manifold.

Exercise IX.2. Let y : [0, +00) — M be a ray (Exercise 1.5) in M. To every
t € [0, 400), associate the function ¢, : M — R given by

¢(x) =1 —d(x, ().

Prove:

@) |¢(x) — ¢ (y)| =d(x, y)forallz, x,y e M.

(b) |¢/(x)] <d(x,y(0)) forallt,x € M.

(©) t >s5 = ¢(x) > ¢ps(x) forall t > s, x € M. One therefore has the ex-
istence of a limit function, the Busemann function of y,

¢y = lim ¢/

(d) For any s > 0, let y; denote the geodesic given by y,(t) = y(s + 1).
Show that ¢,, (x) = ¢, (x) — s foralls > 0,x € M.
(e) Consider the subset

B, =J Bo®;n

t>0

in M. Show that ¢, (x) = s forall s > 0, x € 9B,,.

Definition. A subset A of any Riemannian manifold is totally convex if for any
P, q € A and y,, any geodesic in M connecting p to g then y,, C A.

Exercise IX.3. Let M be as above, with nonnegative sectional curvature on all

of M. For any ray y in M, let H,, denote the half-space given by
H,=M\B,,

where B,, is given above. Prove that H,, is totally convex.

Note IX.4. One can continue from here to the study of the Cheeger—Gromoll

theory of manifolds of nonnegative curvature. See the references in Note IL.8.
Also, see the nice treatment in Grove (1987, pp. 208ff).
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Note IX.5. Continue with the assumption that all sectional curvatures are non-
negative. Check that, inside the cut locus of y(¢), the function ¢, has a nonneg-
ative Hessian — which suggests a convexity of ¢, . This lies behind the result
of the above exercise. When we are only given the nonnegativity of the Ricci
curvature, this “nonnegativity of the Hessian” translates to a weak form of the
nonnegativity of the Laplacian of ¢, —enough to prove that ¢, is subharmonic.
See Besse (1987, pp. 171ff), and the proof there of the splitting theorems of
Cohn-Vossen (1936), Toponogov (1964), and Cheeger—Gromoll (1971), fol-
lowing simplifications by Eschenburg—Heintze (1984).

Now assume M is complete, simply connected of nonpositive curvature. It is
common to refer to M as a Hadamard—Cartan manifold. Note that all geodesics
are lines, that is, they minimize distance between any two of their points.

Exercise IX.4.

(a) We know that for any ¢ € M the distance function r,(x) = d(g, x) is a
convex function on M. Show that, for any ray y, the Busemann function ¢, is
concave, that is, —¢,, is convex. Show, therefore, that B, is convex.

(b) Show that for:

(1) any p € M,r > 0,and x &€ B(p;r) there exist points y;, y» € S(p;r)
such that |7, (y1) — r:(y2)| = 2r.

(ii) the Busemann function ¢, of the ray y, r > 0, and any p € M,
there exist yi, y» € S(p;r) such that |¢,, (y1) — ¢, (y2)| = 2r. Furthermore, the
choice of two points y;, y, is unique.

(c) Show that ¢, is C!, with |grad ¢, | = 1 on all of M.

Exercise IX.5. Show that if ¢ : M — R is a concave C! function with
|grad ¢| = 1 on all of the Hadamard—Cartan manifold M, then ¢ is the Buse-
mann function of a geodesic in M.

Note IX.6. For extended discussion see Ballman—Gromov—Schroeder (1985)
and Jost (1997).

Finiteness Theorems

Note IX.7. A short elegant argument was given by A. Weinstein (1967) to
obtain the following finiteness theorem for homotopy type.

Theorem. For any even number 2n and any constant 6 > 0, there are only
finitely many homotopy types of 2n—dimensional, §—pinched manifolds.
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A more general theorem is:

Theorem (Grove—Peterson (1988)). Given real numbers n,d,V,k > 0. Then
there exist only finitely many homotopy types of compact n—dimensional Rie-
mannian manifolds satisfying

diam M < d, ViM)>V, K> «.

In fact, the number of homotopy types is bounded above by a constant de-
pending only n, V~'d", and kd?. For a survey of these and other directions in
finiteness theorems, see Cheeger (1991).

Convergence Theorems for Riemannian Manifolds

The pinching and finiteness theorems have since led to convergence theorems of
M. Gromov (1981) for Riemannian metrics. We mention here some of the def-
initions and results in this theory. See Grove (1987, pp. 214ff) for introductory
arguments.

Definition. Given metric spaces X and Y, we define their Lipschitz distance
dp(X,Y)by

di(X,Y) = inf{|In dil £| + |In dil £7']},

where f varies over Lipschitz homeomorphisms f : X — Y. Should no
Lipschitz homeomorphisms exist, then we define d; (X, Y) = +o0.

Exercise IX.6. If X and Y are compact, with d; (X, Y) = 0, then X and Y are
isometric.

Exercise IX.7. Show that, on the space X of compact metric spaces, the function
d; is a distance metric.

Theorem. (A. Shikata (1966)) For all integers n > 2, there exists a positive
€ = e(n) such that any two n—dimensional compact Riemannian manifolds M,
M satisfying

di(M, M) < ¢

are diffeomorphic.
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See the refinements in Karcher (1977) and the application to the differentiable
pinching problem in Shikata (1967).

Definition. Fix a metric space Z. Then, for sets A, B C Z define their Haus-
dorff distance a'lzi (C, D) by

df(C.D)=inf{e > 0: [C]. 2D [D]. 2C},

where [C], ={q € Z : d(q,C) < €}, and similarly for D..
For two fixed metric spaces X and Y, define their Hausdorff distance
dy(X,Y) by

dy(X,Y) = inf{df(f(X), g(Y))},

where Z varies over all metric spaces, and (f, g) vary over all isometric im-
mersions

f:X—Z, g:Y—> Z.
Exercise IX.8. When X and Y are compact then dy (X, Y) < +o0.

The following exercise is evocative of S. Peters’ approach to Cheeger’s finite-
ness theorem:

Exercise IX.9.

(a) Suppose we are given a sequence of compact metric spaces X; € X
converging, relative to dy, to X € X. Then, for any discretization G of X (see
§IV.4), there exist discretizations G ; of X ; such thatd; (G;, G) — Oas j — oco.

(b) Suppose we are given the collection {X; : j=1,...} S X,and X € X
such that

sup {diam X ;, diam X} < +o0;

and suppose that for every R > 0 there exist discretizations G of X ;, G of X, of
covering radius R, such thatd; (G;, G) — Oas j — oo.Then,dy(X;, X) — 0,
as j — oo.

(c) Show that for X, Y € X, wehave dy(X,Y)=0=d;(X,Y) =0.

The two Gromov convergence theorems are as follows:

Theorem. Given constants k € R and d > 0. Then, the set of all compact n—
dimensional Riemannian manifolds satisfying Ric > (n — 1)k and diam M <
d is precompact in the Hausdorff metric on X.
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Theorem. Given real numbersn,d,V, A > 0. Withrespect to the Lipschitz dis-
tance topology, the collection of compact n—dimensional Riemannian manifolds
satisfying

diamM <d, ViM)=V, K| <A

is relatively compact in the larger class of n—dimensional C'-'-manifolds with
C°—Riemannian metrics.

One can find a proof of the first theorem in Grove (1987, p. 218); and a proof
of the second theorem in Peters (1987). The latter is built on Peters’ Lemma
IX.8.1. In fact, he proves a stronger result: Given any sequence of compact
n—dimensional Riemannian manifolds satisfying the conditions on diameter,
volume, and sectional curvature, as above, there exists a subsequence converg-
ing with respect to the Lipschitz topology to an n—dimensional differentiable
manifold M with metric of Holder class C'¢,0 < o < 1.
Other versions of similar approaches can be found in Greene—Wu (1988)

and Kasue (1989). Recent treatments can be found in Gromov (1999), Petersen
(1997), and Shiohama—Shioya—Tanaka (2003).






Hints and Sketches for Exercises

Hints and Sketches: Chapter I
Exercise 1.2. Hint: Use the first Bianchi identity.

Exercise 1.3. Sketch: If the Christoffel symbols of a chart vanish at p, then certainly
T = 0at p. So, consider the converse. Assume 7' = 0 at p. Given achartx : U — R”,
p € U, with Christoffel symbols I';;¢ symmetric in j, k, define

, 1 . . X
V@) =@ =2 (P + 5 D T N @) = 2 () @) — x ().
Jik

Check that there exists a domain V in U, such that (y|V') : V. — R”" is a chart for which
the Christoffel symbols vanish at p.

Exercise 1.4. Sketch: Since grad f has constant length, one certainly has grad
fLVguargrad f. Therefore, given p € M, & € M, & L(grad f),,, it suffices to show
§ LVigrad 1y, 8rad f. Let w(r) be the integral curve of grad f satisfying »(0) = p, and
X the parallel vector field along w satisfying X(0) = &. Then, one easily shows that
(Vigrad py, grad f, &) = (V:', X)|r=o vanishes.

Exercise I.5. Sketch: One can easily check that for such v one has

[V (x) — (I < dx, y).

So, the issue is to show that, among these functions, we may choose ¥ so that | (x) —
¥ (y)| is arbitrarily close to d(x, y). To this end, consider the function

¥ (z) = min{d(z, x), d(y, x)}.

Then, v is constant (actually equal to d(x, y)) outside B(x;d(x, y)), and

[V (x) = =dx, y).

Even though v is not C*, it is uniformly Lipschitz, in that

[¥(z) =y (w)l < d(z,w)

427
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for all z, w € M. Now, one requires an argument that iy may be approximated by C*
functions ¥, for which |grad ¥, | < 1.

Exercise 1.7. Sketch:

(i) First show it is always possible to reparameterize any f in the length structure
with the new parameter proportional to arc length, that is, one can reparameterize f to
y [0, 1] — X so that

Ly 1[0, 2]) = &y

(i) Fix the interval I = [0, 1]. Assume we are given a sequence y, : [ — X € C°,
parameterized proportional to arc length, such that y,(0) = x, y,(1) = y for all n =
1,2,..., and £(y,) | d(x, y) as n — oco. Show that the sequence of mappings (y,) is
equicontinuous. Since B(x;2d(x, y)) is compact, the Arzela—Ascoli Theorem implies
that (y,) converges uniformly to y : I — X € C° connecting x to y.

(iii)) Now verify that

Ly)=d(x, y).
Exercise 1.9. Sketch: We want to show
b
Li(w) = / || dt

for any D! path w : [a, b] — M. One easily has from the definition of £, that

b
Ly(w) < / |o'| dt;

so the real issue is the opposite inequality. The argument is as follows:

One proves that given any compact K in M and any real A > 1, there exists (see
Riemann normal coordinates below, in §I1.8) a finite cover of K, {Uy, ..., U}, with
charts x; : U; — R” such that

1 €] <
€
(where |&|g» denotes the standard norm on R") forallé e TU;, j =1, ..., k, and
e AP
lx;(p) — x;(q)]
forall p,q e Uj, j =1, ..., k. From this, it is easy to prove that

b
fa(@) = 17 f 'l dt,

a

forall A > 1.

Exercise I.11(d). Hint: Consider 0 = d*F.
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Exercise 1.13(b). Hint: Use the properties of the Levi-Civita connection to show
([X,Y],T)=(X,VyT)— (Y, VxT).

Exercise 1.15(b). Hint: Use Exercise 1.13(b) and the properties of the Levi-Civita con-
nection to show that I',;* is skew-symmetric with respect to r, s.

Exercise 1.21(b). Hint: From

Ad expré = o' &, (ad &)(m) = [, ],
we have
d

exp t€ exp smexp —t€.
o ds

s=0

Now that we know the 1—parameter subgroups explicitly, one can check that

€. n]l=&n—né.
Exercise 1.21(c). Hint: Use Exercise 1.19.

Exercise 1.21(d). Hint: Use Exercise 1.20 to show that the space has constant curvature
4. Check that the geodesics have length equal to 7. Then construct a map from the
2—-sphere in R? of radius 1/2 to G/H. Check that it is an isometry. (See §IV.1. Also see
Thurston (1997, §2.7).)

Hints and Sketches: Chapter 11
Exercise I1.2. Hint: Use the second Bianchi identity (Exercise 1.2).

Exercise IL.5. Hint: Since the surface M is compact, it is contained in some open 3—
disk, B(o; R). Now, keep o € R? fixed, and decrease R towards 0, and consider what
happens when R =r, :=inf {r : MC B(o;r)}.

Exercise IL7. Sketch: Use moving frames as in Exercise I1.10 to show @;” = A(X)w’,
for j =1,...,m — 1. Now, calculate dw;” two ways, and show thereby that dA =0
on M. Conclude that ¢,, = —AX + q,, for some constant vector (,, which implies that
|X — q,/A| = const.

Exercise I1.8. Hint: Use moving frames.
Exercise I1.13. Hint: Use (I1.3.6).

Exercise I1.15(a). Hint: For convenience, assume 7 > 0. First, check that the Rieman-
nian metric on M, is given by

2 (x - dx)?

ds* = |dx .
| Ix|* + p?



430 Hints and Sketches for Exercises

Then, introduce spherical coordinates

x =ré& r>0, £eS",

and show
2 2
p(dr) 2 e
ds* = dg|*.
s = |
Finally, set
r=psinh t/p,

and substitute.

Exercise I1.16. Hint: The first argument consists of noting that if an M—geodesic lies
in the surface, and passes through a point in the surface, then the second fundamental
form at that point cannot be definite.

The second argument consists of noting that, for any Jacobi field Y along an M—
geodesic lying in the surface, we have

IY1"+(R(y",Y)y'",Y) >0,
see the beginning of the proof of Theorem 11.6.4.
Exercise II.18. Hint: First use Theorem I1.7.1 to derive the existence of € in (0, 1),

r > B, such that exp |C, ,(§) is a diffeomorphism, and use the arguments of Theorem
1.6.2.

Exercise I1.20(b). Hint: Use Theorem I1.6.2 and the previous exercise.
Exercise I1.20(c). Hint: Adapt the derivation of the second variation of arc length.

Exercise I1.21. Hint: Use a linear isometry

LMy = (Ma)y,0

and parallel translation along the respective geodesics to identify vector fields along y;
with vector fields along y,. Now compare the respective index forms and use the Jacobi
criteria.

Exercise I1.25. Hint: Use Theorem II1.8.1.

Exercise I1.26. Sketch: Recall that Exercise 11.17 shows that points along y, conjugate
to p along y, are isolated. So, pick 7, < #; < t, so that [#,, #;] has only y(¢;) conjugate
to p along y.

One considers both geodesic polar coordinates and Riemann normal coordinates
based at at p. Let e; = &, and e, orthonormal to e;. The polar coordinates are given by

v(t,8) = exp, t{cos O + sin 0},
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and the normal coordinates by
2 .
r=expy ey = mexpi) ="
=1

So, we want to solve the equation (¢, §) = 0 for some function ¢ = ¢(6) in a neigh-
borhood of (z;, 0).

Use Theorem I1.5.1 to show that there exists a nonzero constant o such that the Taylor
expansion of ¢2(t, 8) in a neighborhood of (¢, 0) is given by

£2(t,0) = (t — 11)00 + ot — 11]) + 010 )A(),

where h(t) is bounded. Then show that £%(¢, @) = 0, can be solved for some function
t = ¢(0) in a neighborhood of (#;, 0).

Exercise I1.27. Sketch: Again, recall that Exercise II.17 shows that points along y,
conjugate to p along y, are isolated. So pick 7, < #; < t, so that [z,, #,] has only y(t,)
conjugate to p along y.

Pick a nonzero Jacobi field Y (¢) along y satisfying: Y (0) = Y (#;) = 0 and set

_JY® tel0,14]
N = {0 teln, Bl

As in the proof of Theorem II.5.5, let Z(¢) be a differentiable vector field along y
satisfying

Z|[0,1,]U [52, b] = 0, Z(t) = —(V,Y)(1),
and
X =Y + ArpZ.

Assume the theorem is false. So, we assume there is a neighborhood U of 7§ on
which exp, is one-to-one. Then, the geodesic s — exp,,,, sY (4,) has alift to a path 5(s)
in M,, that is,

8(s) := eXP, ) sY(t,) = exp, 3(s).
Therefore, consider the variation v(z, s) of y(¢) given by

exp, 18(s)/1, 1 € [0, 1]

Vs = {expym sX() telt, Bl

First show that 9,v (¢, 0) = X ().

Then, use the argument of Theorem I1.5.5 to show that, if |s| sufficiently small, the
length of w,(t) := v(¢, ) is strictly less that S.

Next, note that, for s sufficiently small, w;|[7,, 1] C exp(U), which implies w, has a
lift w, to M,,. Now use the argument of Exercise I1.18 to show the length of w is greater
than or equal to S — a contradiction.
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Hints and Sketches: Chapter 111

Exercise II1.3. Hint: Given that M is locally symmetric, use the explicit knowledge
of the Jacobi fields along any geodesic to show that the geodesic symmetry is a local
isometry. Conversely, given that the geodesic symmetry is a local isometry, show that
M satisfies the criterion of Exercise I11.2(a).

Exercise II1.5(a). Hint: First show that group property is valid along y(¢). Then use
Exercise I1.13.

Exercise IIL.5(b). Hint: Pick the 2—section along the geodesic with the lowest curvature,
assumed to be negative. Let £ be a unit vector in this 2—section perpendicular to the
geodesic, and consider the 1-parameter group of isometries I's. Then, by differentiating
with respect to the group parameter, the group will determine a periodic Jacobi field
along the geodesic, which will contradict the specific knowledge of the Jacobi field as
unbounded.

Exercise IIL5(c). Hint: Use Klingenberg’s lemma (Theorem II1.2.4), and
Exercises I11.4(b) and II1.5(b).

Exercise ITI1.9. Hint: First show that the matrix Wronskian of two solutions of (II1.1.4)
is constant, that is, if C(¢), D(¢) are solutions of (III.1.4), then

C™*D — C*D' = const.
Then pick appropriate C and D.
Exercise II1.10(b). Hint: Use Exercise II1.9.

Exercise I11.12(c). Hint: One requires Sard’s theorem.

Exercise II1.12(h). Hint: Integrate the previous formula, that is, (g), over the unit
sphere.

Exercise I11.14. Sketch: One easily verifies that the contribution of doi(¢) + i(§)od to
the integral is 0. So, one must deal exclusively with the contribution of d oi(n) + i(n)od.
First check that

Ak’(€)=/ pH((i(Mod)w' A--- A).
m

(Hint: i(n)w” = 0 for all r.)
Next, check that, when restricted to ¢.(9)t), one has

(iod)o' ==Y (@, M + Y n"w,",

where {w,?} are the connection forms of the coframe {w?} (as described in §1.8 and
§I1.2), and

o

n* =n,eq),
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which implies (when restricted to ¢.(901))

(AMod)w' A+ A = Z o' A A od) W) A AW

k

Zr)a)A AW A Aw

:—(n,H)a)'/\»--/\a)k.

Exercise II1.17. Sketch: On the image of the normal bundle of 9% under the exponential
map Exp, first define the vector field Z locally on a neighborhood of 91 by

JACOI
JEEw)
where 0, is the velocity vector of the geodesic y,(¢). Then extend Z smoothly to all of

M so that the support of Z is contained in Exp (91 x (—e¢,, €,)). Let X, denote the flow
of Z. Finally, let ¢(w, €) denotes the solution to the initial-value problem

blo} f(w)
—_= d(w;0)=0
de \/g(qﬁ;w) 0v:0)

Verify that (i) X.(97) is the boundary of X, p(2); and (ii) for w € I, we have

Z\(w,e) =

Zc(w) = Exp(w, ¢(w, €)).

Now prove that

WED)_ [y,
de r

Exercise IIL.20. Hint: Pick aray y : [0, +00) — M from x to oo, |y'| = 1. Let x; =
y (k). First show that

k—1)"
Vixisk—1)>3 ——1 V(xg k+ 1),
(o )_{k—|—1} (e k+1)
which implies (why?)
(k—1)

V(x;2k) > Vxi k—1) > mv(x; D),

which implies the claim.
Exercise II1.29(a). Hint: Use Exercise II.10.

Exercise I11.29(b). Hint: Use Exercise 111.29(a), with Green’s formula.

Exercise II1.30. Hint: See Exercise II1.10.
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Exercise II1.32. Solution: We start from

Ak’(e)zf Zn“a)l/\~~~/\wa"/\~~-/\wk
2

) o

(see the sketch for Exercise II1.14). Then,

A (€) =/ (i(n)od) Z W' A AWy A AW
e (M) ra

(again, there is no contribution from &).
First, one has

D dZnaa)l/\~~-/\wa"/\~-~/\wk

=Zdn°‘/\a)1/\-~~/\a)a"/\~~~/\wl‘

r,a
—I—ZZ(—I)S’IW‘M}I A A ADDNgA - Awg" A At

o,r s<r
-I—ZZ(—I)S’ln“wl A A (cu’S /\a),gs)s/\-u/\a)ar Ao Ak
a,B,r s<r
-I-z:(—l)’"flr]“a)l Ao A (waj A a)j’")r A Aot
Jirse
Y T A A (@ Awp’), A Ao
ro,p

=Y EDT O A A A A

+ZZ(—1)~“‘177“0)1 Ao A@g A A A g A e A

o,r §>r

—kZZ(—I)‘"n"w1 Ao Ay A A0 Ao A Aok

o, B,r s>r

For lines 3, 5, and 8 of (1), we have

ZZ(—l)S-‘n“w' Ao A ADDNSA Ay ) A Ak

-1—2(—1)"_]17%)1 A A (wa/ /\a)j")r A Ak
j.ro

+ZZ(—1)“'"n‘”w' Ao A @ A A AD g A A
o,r s>r

= Z X:(—l)sn"‘a)l A Aoy Aw)g A Aot

o,r s<r

+ Z(—l)“"lno‘a)l A A wg" Aw)g A Ao
§,r,a

-I—X:X:(—l)“'n"‘a)1 A A @ ADS g A A
o,r s>r

=0.
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For lines 4 and 9 of (1), we note again that w*|¢.(9T) = 0. Therefore, one calculates
to obtain

{i(n)(z Z(—l)s_ln“w' A AP ANwg’ ) A Aoy NN

a,Br s<r

Y DT A A A.-.A(wﬂAwﬁs)sA...Awk)}
Ipe ()

a,B,r s>r

Z{ZZ Pl A Awg A Awg" A A oF

a,f s<r

1 - ‘ P
+E E n“nfw A-~~/\wa’/\-~-/\wlg°/\~-~/\w}
|De(IN)

a,f s>r

= Z Z Uaﬂﬁhsjﬁhr(aa)l A"'/\(wj)s/\"'A(a)k)r/\”-/\a)k

a,pB,j.l s<r
+ Z Z PPyl A A (00, A A (@) A A
a,B,j.l s>r
= Z Z nunﬂhmﬂhn‘awl VANKIERIVAN (l)k
o,f s<r
+ Z Z nanﬂhwﬂhz-xawl ZANEEIEVAN wk
a,f s<r
3 PR 0 A A @ A A @) A A @
o,B s>r
+ Z Z nanﬁhsrﬂhz'xawl ZANRERIVAN (U)X)r VANREIVAN (wr)s A A wk
a,f s>r
=YY 0w A A
a,f s#r
- Z Z nanﬂhvﬂhl'xawl VANEERIVAN C()k
o,f s#r
= Z {nanﬂh”‘ﬁhﬁa - ﬁaﬂﬂhvﬂhma} (Ul VANRREIVAN a)k
a,B,s,r

={(n, H)? = |Bllg’} o' A+ A,
For line 7 of (1), we first have
QP(X,Y) = (R(X,Y)eq, eg),

which implies

Q4% = = (R(ec, ep)es, ep) o A 0,

| —
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therefore

UZ2)Q4" = (R(Z. ec)en. ) .
Then, i(n) applied to line 7, and then restricted to ¢.(9), is given by

{_ S Tl A AR A A 0

$e (M)
== Z <R(ns 3:-)777 el‘> wl ZASRRRIVAN Cl)k

=—Ricm, Mo' A A
It remains to consider line 2 and 6 of (1), that is, we must study
i) - (Z A AW A Awy A Ak
ra
Y A A (@ AwgT), A A wk>
ra,p

=i(n) <Z{dn“+n’3wﬁ“}/\wl/\~~~/\wa"/\-~-/\w">

ro,fp
=Y (A + o Yo' A Awy A Ao
ra,p
+ Z(—l)"{dn“ + nﬂwﬁ"‘} AO'A - Aoy M)A Aok
ra,p

If we restrict to ¢ (90), then

D o dn* + oY A A Ao A Ao

ra,fp

=Y (D )hy ' A A

—(Vyn, HYo' A+ Ao,

where D denotes the Levi-Civita connection in the normal bundle of 1.
Finally,

wur(ﬂ) = <Vneotv er>
_<ezxs vner>
—<(:‘m, vt’,-n + [7), er])-

But, since 7 is the projection of ®,(8™) into the normal bundle of 90T in M, we have
[n, e,] is tangent to O(M x {€}), which implies

war(n) = _(eau Ve,»n) = _<eaa DL’,-")'
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One then has

{Z A + oy Aol A A () A Aw"}
rep $e ()

= {Z (=1 YD, n, eaMdn® + Py AN ' A A DT A A a)k}
ro.p be (D)

But for

Dn=) 1"ea®

a.j
we have
na;j = (Deﬂ?, ey,

which implies

{{dn“+z nﬁwﬂ“}/\w‘/\-n/\a?/\-u/\w"}
p Pe(@)

=Y el Ao A AD A Al = (=1 0!
7

Ao A,

which implies

{Z (=D{dn* + gt A" A A (A A wk}
ra.p B ()

=Dy o' A A
Exercise II1.34. Sketch: Check that if Z = & 4 n (£ tangent to X.(2)), and 1 normal
to X.(£2))) is the vector field of a variation of D, with flow X, then

AWVE@) [ g,
de 2e(0D)

and

PV (E ()} _

2e? / {(Vyn,v) — H(n,v)*} dA.
€ 2e(dD)

Now use the fact that the variation is volume preserving, and H = const. when € = 0.

Exercise II1.35. Hint: Consider the function

fx)=HX-n)+n—1.
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Check that f,, f dA = 0 and show that

0

IA

—/M F{Af+ FIBIPYdA

[ =D - D1} a4 <0,
M
which implies M is everywhere umbilic, which implies the claim.

Exercise II1.36. Hint: Show that a nontrivial function

k
f=)
=1

exists, where ¢y, . .., ¢, are orthonormal, and each ¢; is an eigenfunction of A ;, such
that f is orthogonal to vy, ..., v;_; in L2(M). Then, use the argument of the proof of
Rayleigh’s theorem.

Exercise II1.38. Hint: Let 1/; be a Dirichlet eigenfunction on 2; of A($2;), with L*(Q i)-
norm equal to 1. Extend v; to vanish on M \ ;.
(1) Show that among all functions f on M of the form

k
f=>
j=1
there is at least one that is LZ(M)—orthogonal to {¢1, ..., ¢r_1}. Thus,

Mm(M) < DLS, FI/NFIP
(ii) Show that

DIf. f1= {sup A(Qj)} LFII%.
J

Exercise II1.41. Hint: Let v, denote the inverse function of V, (so v,(c) is the radius
of the disk in M, whose volume is c). Prove, using Exercises I11.36 and II1.38,

1 V(M
he(M) < e (Enk (%))

Then, prove, using Exercise 111.37,

(3 (%)) = o
Al =0, | —— <c(n, k) —— .
2 y4 V(M)

Exercise II1.43(a). Hint: Let x : M?> — R? denote the imbedding, and u : M — R
given by u(x) = |x|2. Recall that (i) |grad x|*> = 2, (ii) Ax = 0. Then show that Au = 4
on all of M?2. To prove that A*(Q2) > 1/(4R?) is to prove that

/[ lgrad ¢|> dA > %// P dA
Q 4R Q
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for any C* function with compact support in €2. Prove the estimate by considering

// d*AudA,
Q

and applying, to it, Green’s theorem and the Cauchy—Schwarz inequality.

Exercise I11.43(b). Hint: Given any B(o; R), where o is a fixed point in M, and @ €
(0, 1), consider the function ¢ on B(o; R) defined by

1 d(x,0) < aR,
¢(x) =1 (R —d(x,0))/(R —aR) aR <d(x,0) <R.
0 d(x,0) > R

Show that the assumption

// lgrad ¢|*> dV > const. // ¢ dv
B(o;R) B(o;R)

leads to the inequality
V(0; R) > {const.(1 — &®)R* + 1}V («R).
Now show that any polynomial estimate
V(o; R) < const.r’ forall R > 1,
for any fixed £ > 0 leads to a contradiction.
Exercise III.44. Hint: Use moving frames, as in Exercise 1.11. The argument can be
simplified by assuming, at any fixed point p, that one may choose the frame field {e;}

to satisfy [e;, ex];, = O forall j, k.
(i) Write, as in Exercise I.11,

VF=dF =) Fje;, VVF=) Fjo'®dw,
J Jt

and

VVVF =) Fo'®o @,
Jjlk

where
dFj — Z w; Fy — Z o/ Fj, = Z Fipat.
r r k
Use the symmetry of Fj; to show
Fjix = Fij + (R(ej, ex)grad F, ¢;).
(i) Show
Y Fuy = (grad AF ;).
k
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(ii1) Consider

1 2 i

G = JldFF, dG:ZG,—w,

and show
Gi =) FiFj,
J

VVG = Z {FJAF/[ + Fij/k}a)[ ® ey.

ikl

(iv) Now use all of the above to derive the formula.

Hints and Sketches: Chapter IV
Exercise IV.2(b). Hint: Use (a) to first show that

1 1
[X(1, 1) — X(1, 0)] 5/ de [R(v, 9,v)X|dt,
0 0

and then use Exercise IL.1(f).
Exercise I1V.3(e). Hint: Use (IV.6.1).

Exercise IV.4. Sketch: If there is an isometry ® of M,, so that ', = ®~'T"; ®, then map
d) . M2 —> Ml by

d(x) = modom, ' [x].

If ¥ € 7,7 ![x] and y, € T, then there exists y; € I'; such that
D(y2 - X)=y1- P(X)

which implies ¢ is a well-defined isometry.

If ¢ : My — M, is an isometry, then 7, o¢ is a covering of M, by M,. The universal
property of the covering m, : M, — M, implies that 7, 0¢ factors through & : M, —
M,, that is, there exists a @ such that 7, 0¢ = P om,, which implies the claim.

Exercise IV.5(b). Sketch: One proves the result by induction on 7.

For n = 1: Let I" be a nontrivial discrete subgroup of R. Then, for any r > 0, the
interval (—r, ) has at most a finite number of elements of I", which implies I" has an
element u # 0 closest to the origin. This implies {ku : k € Z} C I". If givenany v € T,
thenthere exists k € Zsuchthatv € [ku, (k + 1)u), whichimplies |v — ku| < |u|, which
implies v — ku = 0, which implies the claim for n = 1.

Assume the result is true for R”~!, n > 1, and let I" be a nontrivial discrete subgroup
of R”. Again, there is an element u # O closest to the origin. SoI' N Ru = {ku : k € Z}.
Consider the projection

7 :R" - R"/Ru;

Here is the argument to show 7 (I") is discrete in R" /Ru (this will imply the result):
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Assume one has a sequence v; € I" such that 7(v;) — 0, that is, v; — 0 (mod Ru).
Then there exists a sequence r; in R such that

vi—rju—0 inR"
Write each r; as
ri=p;+k,  ki€Z, |p;l <1/2.
Then,
lv; —kju —pjul <|ul/2

for sufficiently large j, which implies |v; — k;u| < |u|, which contradicts the fact that u
is closest to the origin. Therefore, p; = 0 for all but a finite number of j, which implies
the result.

Exercise IV.5(c). Sketch: Clearly, if T € £(n) has a line £ on which it acts as a trans-
lation, then T maps every hyperplane perpendicular to £ to a hyperplane perpendicular
to £. This implies that 7 has no fixed points.

If T = Ax + a has no fixed points, then decompose

R'=VaW, V={xeR': Ax=x}, W=V,
and write
a=b+c, x=y+z, b,yeV, c,zeW.

Then, A — I|W : W — W is an isomorphism. Check that this implies that b % 0 (so V/
is nontrivial) and that a line ¢ is given by

L)y =th—{(A—DIWY e
Exercise 1V.12(a). Hint: Use the Hadamard—Cartan theorem (Theorem IV.1.3).
Exercise IV.12(b). Hint: Pick up where Note II.11 leaves off. Also, see Note IL.5.
Exercise IV.13(b). Hint: Let ', denote the velocity vector of w at x; it suffices to show
that
Yoo e = @'y s
Use the triangle inequality.

Exercise IV.14. Hint: Letw, : R — M be an axisof y, € I',. For any other y € I', and
t € R, consider y,(y ow(t)).

Exercise IV.16. Sketch: (Check the notations, definitions, and results of §§II1.3-5.)
First, fix r > 0 and x € M, and consider that part of S(x;r) in D, (that is, the inside of
the cut locus) which intersects F'. The idea is to show the desired inequality for this area
for all r and then to use Proposition II1.5.1. We will use the fact that, since M covers a
compact, its Ricci curvature is bounded uniformly from below by a constant, say, k.
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Proceed as follows: Let 7 denote the union of all translates of F by I", which neighbor
F (i.e., whose closures intersect the closure of F'), and let § > 0 denote the distance
from F to M \ F.Let DF(r) denote the collection of unit tangent vectors in D, (r), such
that exp r& € F. Now, verify

8. —9)

18)du(8),
5. Jore VEr: &) du (&)

vz [ dwe [ vEsoar=z s>l
DF(r)
which implies the claim.

Exercise IV.20. Hint:

(1) Assume M is not simply connected. Then, M possesses a nontrivial free homotopy
class, with attendant shortest closed geodesic I'. Prove that I" possesses a periodic parallel
vector field.

(i1) Use the second variation of arc length to obtain a contradiction.

Exercise IV.24. Hint: Here, one must use the fact that a homotopy class in the space of
continuous maps of S!' to X, C%(S', X), is an open set in C°(S', X) (with topology of
uniform convergence).

Exercise IV.26. Sketch: Use the isomorphism of I with ;(M,, x,). Given any homo-
topy class o € m1(M,, x,), fix € > 0, and let o be represented by the continuous path
y 1[0, 1] = M with y(0) = y(1) = x,.

(i) Show that [0, 1] may be subdivided into subintervals [7;_i,¢;], j=1,...,
N, so that

d(y(tj-1), y () < €

forall j.

(ii) Connect x, to every y(¢;), j =1,..., N — 1, by a minimizing geodesic, and
prove that « is generated by homotopy classes each of whose minimizing loops have
length less than 2d(M) + €.

(iii) Now use Exercise V.21, with fixed basepoint, to prove (IV.6.3).

Exercise IV.27. Hint: The argument is a variant of the argument of Lemma I'V.3.2.

Hints and Sketches: Chapter V

Exercise V.1. Hint: Note that the degree of T is given by the integral of the geodesic
curvature of the imbedding with respect to arc length. So, the first step is to reparame-
terize the imbeddings with respect to multiples of arc length (show that this can be done
through smooth homotopies), smoothly deform through convex combinations the cur-
vature function of Iy to the curvature function of I'y, and then check that this homotopy
can be “integrated” to a homotopy of I'y to I';.

Exercise V.3.
(a) Hint: Use Stokes’ theorem on dw,>.
(b) Hint: Use Exercise II1.19.
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Hints and Sketches: Chapter VI
Exercise VI.4(a). Sketch: Indeed, for the second claim, we have

// Fav =/m YA A (r) dr
D 0

T

—/ YA E(0)) A (O (1) dt
0
T

- / 2V'(t) dt

0
[[ rav.

Q
Exercise VI.4(b). Sketch: Use the coarea formula and the Cauchy—Schwarz inequality:

T
// |gradf|2dV=/ d:/ lgrad f|dA,
Q 0 r'()
T —1
z/ Az(t)H/ |gradf|_'dA,= dt.
0 r@)

Exercise VI.4(c). Sketch: Use the isoperimetric inequality:

T -1
/ A1) {/ |grad f|™! dAI} dt
0 r()

by the coarea formula.

T
- / AXO(V' ()" dt
0

T
- f OO ) di
0

A%

T
—/ A (e@O)@ (@)~ dr.
0

Exercise VL.4(d). Sketch: Use |grad F |>(x(t)) = (t/(t))~? to show

// |grad F|>dV
D

ro
/ |grad F |*(r) A, (r) dr
0

T
—/ (@O 2 ACO) (1) dt
0

T
- / A @) dr.
0

Exercise VI.6(a). Hint: Define v(¢) by V (t) = BV, (x(2)).

Exercise VI.6(b). Hint: Given the equality, let 2 be a nodal domain (see Exercise V1.4
above) of the eigenfunction ¢ of A,(M), with volume less than or equal to half the
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volume of M. Then show

nk = 1*(Q) = 1(D) = n«,
using Exercise I11.46.

Hints and Sketches: Chapter VII
Exercise VII.2(d). Hint: Use Parts (b) and (c) of this exercise.

Exercise VII.2(e). Hint: Assume such a submanifold N exists. Show, using (d) of this
exercise, that [, ®"~' # 0. Also show, on the other hand, that ©"~' is exact, which
implies its integral over N is 0.

Exercise VILS. Hint: First show that the Jacobi field J,(¢) associated with the geodesic
variation (¢, €) satisfies the initial conditions

Ji(0) = ., (ViJ)(0) = T

then show that the Jacobi field along y:(¢) associated with the geodesic variation given
by

Y(t,e) =mod,Z(e)

has the same initial conditions. Therefore, they are the very same.
Exercise VII.7. Hint: Use the Rauch comparison theorem (Theorem I1.6.4) to show
that, for n € £+, & € SM, we have | D;f (1)n| — +o0as 1 +o0, and | Df (r)n| remains

bounded as ¢ | —o0.

Exercise VIL.8. Hint: Use the formula for the derivative of determinants, and the in-
variance of the Liouville measure under the geodesic flow.

Exercise VIL9. Hint: For an arbitrary orthonormal basis {ej,...,e,_;} of &+, we
have

—o(&) = trK;'7?

= Z(Ksl/ze_,-,ej)
J
=< Z K 2e;]
J
— Z(Kél/zej’ K$1/2€j>1/2

J
= Z <K§€j, €_,‘>|/2.
J

Exercise VIL.10. Hint: Multiply Riccati’s equation on the right by U !, take the trace,
and the use Exercise VILS.
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Exercise VII.12. Hint: Equality in Exercise VII.11(b) implies

ﬁ/trU:/KU*:/trU,

by the exercise above; so, f§=1. Since B =1, we have, with equality in
Exercise VIIL.11(a),

rU =tr KU~ = K*¢)tr U,

which implies £ = 1 on all of SM. So, K = U?, which implies U is parallel along the
geodesic flow, which implies K is parallel along the geodesic flow.

Exercise VII.14. Sketch: Use Lord Rayleigh’s characterization of eigenvalues (Theo-
rem I11.9.2), that is, show

2 2 o 1 d“x(é) 2
/Q|gradf| dV = 7’ inf o / 2G) /Qlfl av.

To carry it out, first use Lemma VIIL.3.1, applied to the bilinear form

&.m) = (VL. EVf.n),

to show

n

/ jgrad f2dV = / ((grad o, £) du(£).
Q SQ

Cn—1

Note that along St one has §(&§) = (&), which implies by Santalo’s formula that this
last integral is equal to

n

56)
/ (E,Vms))d(f@)/ (foye' ) dr.
stae 0

Cn—1

Now use the fixed-endpoint version of Wirtinger’s inequality (Exercise I11.42) to estimate
this last integral from below by

n

_ 56 . )
~/S'+BQ($’ Vﬂ(é)) dO(S),/(; WE)(f OV&(’)) dt.

Cn—1

Note that 6(®,£) is constant with respect to #. Now finish off the argument.

Hints and Sketches: Chapter VIII

Exercise VIIL1. Sketch: Set f = ||~ V/¢=2; p =2(v — 1)/(v —2). So, |df| =
plo|P~ " |grad ||| = pl¢|P?~!|grad ¢|, which implies, by the Cauchy—Schwarz inequal-
ity, that

/ ldf|dV < pligrad @ll2ll¢llap-1)" ",
M

which easily implies the claim.
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Exercises VIII.2. Sketch: Start with Exercise VIII.1 for v > 2. Next one shows Moser
(1964, p. 116)),

/ ¢ dV < const.||grad ¢||,2[|p| "

for all v > 2. Indeed, if v > 2, set f = |¢|*>, p=v/(v —2) and g = |p|*", ¢ = v/2,
and use Holder’s inequality. On the other hand, if v = 2, one has directly

ll¢?[> < const.||grad (¢*)I]; < const.||$|]>]|grad ]|,

Square both sides.

To obtain the claimed inequality (see Cheng-Li (1981)), simply apply
Holder’s inequality to f = @[, p = (v +4)/4 and g = || P+ ¢ = (v +
4)/v.

Exercises VIII.4-VIIL.6. Hint: See Chavel (1984, pp. 109-112).

Hints and Sketches: Chapter IX
Exercise IX.1. Hint: See Exercise I11.24 and Note II.11.

Exercise IX.3. Sketch: If H, is not totally convex, then there exists geodesic w :
[0, 1] — M such that w(0), w(1) € H,, and there exists s € (0, 1) such that g = w(s) €
B

v
(i) Show that there exist ¢y > 0, € > 0 such that

fto —e =d(q, y({)), d(g,y@®) <t—e
for all t > ¢,.

(ii) To each t > t,, associate a point w;, on w closest to y(¢); construct an appropriate
hinge at w,, with which one can conclude, using the fact that »(0) € H,,, and using the
Toponogov—Alexandrov theorem, that

1 < d(y(1), w(0)? < @) + (1 — €
for all t > ¢y, which is impossible for large .

Exercise IX.4(b). Hint: In a Hadamard—Cartan manifold, the function r,(x)= d(g, x)
is C* with gradient equal to 1. The same applies to ¢,. Now, let t 1 +o0.

Exercise IX.4(c). Hint: The idea is to first pick a candidate vector field for grad ¢,,, and
then to verify that it is indeed the gradient.
Given p € M, pick yi, y; as in (b—ii). Show that we may assume

¢y(yl):¢y(p)+rv ¢y()’2)=¢y(l7)—"~

Pick the unit vector field &, to be the initial vector field of the unit speed geodesic
connecting p to y;. Show that the geodesic passes through y,. Then, show that, for any
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unit speed geodesic w(s), satistying w(0) = p, we have

r—d((s), y1) < ¢y (@(s) < —1 + d(w(s), y2).

Now use the first variation formula (Theorem I1.4.1) to show that the function ¢, ow has
a derivative at s = 0 equal to (£, ’'(0)).

Exercise IX.5. Hint: First show that the integral curves of grad ¢ are geodesics (see
Exercise 1.4 — one does not need the C* hypothesis here). Pick x € M so that ¢(x) = 0,
Y = Vigndg), that is, y is the unit speed geodesic emanating from x with initial velocity
vector equal to the gradient of ¢ at x. This is the candidate for the Busemann function;
that is, show ¢ = ¢,,. Use |grad ¢| = 1 on all M to show that ¢, < ¢. Use the concavity
of ¢ and ¢, to show they are in fact equal.

Exercise IX.6. Hint: For any € > 0, there exists a Lipschitz homeomorphism f, : X —
Y such that

[Indil f,| +|Indil £.7'| <e.

Show that one can use the Arzela—Ascoli theorem to obtain a sequence €; — 0 for which
one has the uniform limit f = lim f;,;, as j — oo. Then verify that f is an isometry.

Exercise IX.8. Hint: The idea is to construct a metric space Z, for which there are
isometric immersions of X and Y. Pick Z, to be the disjoint union of X and Y. The
metric? For two points in X (resp. Y), keep the distance as before. This will provide for
an isometric immersion. But first, a genuine metric. What will the distance be between
points x € X, y € Y? Keep in mind the safest way to guarantee the triangle inequality.

Exercise IX.9. Hint: See Grove (1987, pp. 215-217).
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