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Galilean-invariant Nonlinear PDEs
and their Exact Solutions

Roman M. CHERNIHA

Institute of Mathematics of the National Academy of Sciences of Ukraina,
Tereshchenkivs’ka Street 3, Kyiv 4, Ukraina

Abstract

All systems of (n+1)-dimensional quasilinear evolutional second- order equations in-
variant under the chain of algebras AG(1.n) C AG1(1.n) C AG2(1.n) are described.
The obtained results are illustrated by examples of nonlinear Schrédinger equations.

1 Introduction

The (n + 1)-dimensional diffusion (heat) system of equations

)\1Ut = AU, (1)
Vi =AV
. . . oUu
(where U = U(t,z),V = V(t, z) are unknown differentiable real functions, U; = B Vi =

ov
—,z = (r1,...Zn), A\, A2 € R) is known to be invariant under the generalized Galilei

algebra AGa(1.n) [1, 2]

P, =0, P,=0,, (2a)

Qx, Go = tP, — %Qm Jab = T By — 2 Pa, (2b)

D =2tP, + 2, P, + I, (2¢)

I =t*P, +te,P, — %mZQA 4 tly, ap = —n/2. (2d)

In relations (2) and always hereinafter Q\ = MUy +XV Oy, Io = acnUdy+aVy, Oy =
(98(]7 Oy = aav, O = e O = Fr ar € R, k=1,2 and summation is assumed from 1

to n over repeated indices.

The algebra produced by operators (2a)—(2b) is called the Galilei algebra AG(1.n),
and its extension by using the operator (2c) will be refered to as AG1(1.n) [1, 2].

It is clear that in the case V(¢,2) = 0 from the system (1) we obtain the single heat
equation
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MU = AU (1h)

which is invariant under the AGy(1.n) algebra (2) with Ao = ae = 0. In [3] it was proved
that a standard generalization of Eq.(equation) (1') of the form

MU; = V(D(U)VU) + B(U)

is not invariant under the Galilei algebra for all functions D(U) # ¢1, B(U) # c2, ¢1 and
co are constants. Moreover, in paper [3] we have constructed all quasilinear generalizations
of the heat equation that are invariant with respect to subalgebras of the generalized Galilei
algebra AG2(1.n) . In particular we have found the following nonlinear equation

A 2 v ’

MUy = AU + Mot~ U

1Yt + Ao (E(t, SU)) )

where \g, 3 are arbitrary constants and E is the fundamental solution of the heat Eq.(1'),

which is invariant with respect to the algebra with the basic operators G, Jup, D and II.
Now consider a system of quasilinear generalizations of diffusion Eqs. (1) of the form

>\1Ut — AabUab + CabVab + Bb (3)
MV = DopyUap + EqpVap + B2

Aap, Cap, Dap, Eqp, B1, B2 being arbitrary real or complex differentiable functions of 2n + 2
variables U, V, Uy, ... Uy, V1,...V,. Theindicesa =1,...nand b = 1,...n of the functions
U and V denote differentiating with respect to x, and xy.

System (3) generalizes practically all known nonlinear systems of first- and second-
order evolutional equations, describing various processes in physics, chemistry, biology:
heat-and-mass transfer, filtration of two-phase liquid,diffusion at chemical reactions, etc.
(see, for example, [4-7]).

* * * * *
In the case of complex U =V, Ay =Fup, Cop =Dgp, B1 =Bo= B, A1 =X\o= i, system
(3) is transformed into a pair of complex conjugate equations. We treat them as a class
of nonlinear generalizations of Schrodinger equations, namely:

iUt = AabUab+ DabUab +B, (4&)

—1 5t:12ab5vab +DabUab+ é (4b)

(hereinafter complex conjugate Eqgs.(4b) are omitted).
For Agy = Doy = Dyg = 0, a # b, Age = —1, Eq.(4a) is obviously transformed into a
Schrédinger equation with the nonlinear potential B:

iUy + AU = B. (41)

* * *
By choice of the corresponding potential B = B(U,U,U; ...Uy,U1,... Un), a great variety
of Schrodinger equation generalizations known from the literature can be obtained.
In the case of zero potential B a classical Schrédinger equation is obtained

iU; + AU = 0 (5)
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invariant under the AGy(1.n) algebra with the basic operators (2) , where
Or = —i(Udy— U 9.), lo=a(Udr+ U 9.) (6)

In series of our papers [1, 2, 4, 8] written in collaboration with Professor W.Fushchych,
all systems of evolutional equations of the form (3) invariant under the chain of algebras
AG(1.n) C AG1(1.n) C AGy(1.n) are described. The obtained results are illustrated by
examples of nonlinear Schrodinger equations (NSE). In particular we have obtained the
NSE

iUt + Upz + MUIU|* + XMUU||U], = 0 (7)

that is invariant under the generalized Galilei algebra. In [9] all nonequivalent Lie ansétze
and wide classes of exact solutions to NSE (7) were constructed. Note that in the case
A1 = 1,2 = 4 Eq.(7) is called the Eckhaus equation and can be linearized by the integral
substitution [10].

2 Description of systems (3) with Galilean symmetry

The algebra of symmetries for the system of Eqs.(1) contains the Galilei operators G,
a =1,...n, being a mathematical expression of the Galilei relativistic principle for Egs.(1).
The Galilei operators are also known [3] to be closely related with the fundamental solu-
tion of the diffusion equation. We recall that if some system of PDEs is invariant with
respect to the Galilei algebra or its extention, then it gives a wide range of possibilities
for construction of multiparametric families of exact solutions [1,9,11]. Moveover, the
Galilei operators and projective operator (2d) generate nontrivial formulae of multiplica-
tion of solutions. These formulae can be used to convert stationary (time-independent)
into non-stationary (time-dependent) ones with a different structure.

In view of this, it seems reasonable to search for Galilean-invariant nonlinear general-
izations of system (1) in the class of system (3).

Theorem 1. The system of nonlinear Eqs.(3) is invariant under the Galilei algebra in
the representation (2a),(2b) if and only if it has the form:
MUy = AU + U[A1AlnU + C1AInV + B+

+U[Aswawy(InU ) gp + Cowawyy(InV ) g, (8)
AVy = AV + V[D1AlnU + E1AlnV + Bo)+
+V [Dawawy (InU) g + Eawawp(InV )a)

9*InU o A2lnV B
oaon, M= Gaany S = Ot
()

AlnV = (InV)i1+ ...+ (InV )pn, w = URV M, w, = 5. = A2Ua/U = MVa/V)w and

Ay, By, Cy, Dy, B,k = 1,2 are arbitrary functions of abso?ute invariants of the AG(1.n)
algebra w and 0 = wywy .

The proof of this and the following theorems is based on the classical Lie scheme, which
is realized in [2, 3] for obtaining the Galilei invariant equations. The detailed cumbersome
calculations are omitted.

where (InU)qp =
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Note that in the case where A\; = 0, i.e., the first equation of system (3) being elliptical,
the absolute invariants of the Galilei algebra are considerably simpler, namely: w = U, 0 =
U,U,.

In case of systems of the form (3), being AG1(1.n)— and AGy(1l.n)- invariant, the
a1 Qa2
A1 A2
clear that the unit operators I, and ) are linearly dependent only in the case , where the
determinant 6 = 0. As a result, we obtain two different essentially ( i.e. nonequivalent)
representations of the algebras AG1(1.n) and AG2(1.n) for 6 = 0 and § # 0, in contrast
to the case of a single diffusion equation .

We omit theorem that describes AG1(1.n)-invariant systems (see [4,8]).

The AG2(1.n)-invariant systems are described by the following

structure of such systems essentially depends on the determinant § = . It is

Theorem 2. The nonlinear system of Eqs.(3) is invariant with respect to algebra AGa(1.n)
with basis operators (2) iff it has the form:
1. In the case when § # 0

MU; = &1AU + UA(D) (Mo AlnU — M AlnV) + Uw™° By ()+
+(1 — 5[1)UaUa/U + Uw2/6_2wawb[>\2(an)ab -\ (lTLV)ab]C(é), (9)
AaVi = oAV + VD(B) (A AlnU — M AlnV) + Vw9 By () +

+(1 = 62) VoV /V + Vw0 2wy Ao (InU ) gy, — A1 (InV ) ) E(6).
2. In the case when § =0

MUy = 61 AU 4+ UA(w) (A AlnU — \MAINV) + Uwaw, By (w)+

+(1 = 41)U,Uya JU + U(way way )~ twawp[ A2 (InU ) gy — M1 (InV) 5] C(w), (10)
AoV = oAV 4+ VD(w) (A AlnU — M AInV) + Vwawe Ba(w)+
(1 — 42) VoV )V 4V (Way Way ) " wawp[ X2 (InU) gy — M1 (InV) ) E(w),

A, B1,B2,C, D, E being arbitrary functions, and w = U>‘2V*>‘1,é = Wawaw?/I72,
Note that the systems of reaction-diffusion equations

MUy =AU + f(U, V), ()
AoV = AV +g(U,V),

which are intensively studied recently (see, e.g., [6, 7]), are particular case of the system
(3). So, as follows from Theorem 2, the nonlinear systems (11) preserv AG2(1.n)-symmetry
of the linear system of Eqs.(1) if and only if they have the form

MU, = AU + U2y —Mr
XNV = AV + BV I-Mvpgrey

where v =4/(n(A2 — A1)), A2 # A1, Bk € R.

In the case, where the first of Eqs.(3) degenerates into an elliptical one (A; = 0),the
AG>(1.n)-invariant systems was also constructed. Note that in paper [8] integration of
two-dimensional systems of Egs.(9), (10) was reduced in this case to integration of the
linear heat equation with a source.

(12)
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3 Galilean-invariant nonlinear generalizations
of the Schrodinger equation

As is noted above, a class of nonlinear generalizations of the Schrodinger Eq.(4) is a specific
case of evolutional equations systems (3). This enables one to describe on the basis of
Theorems 1 and 2 all quasilinear generalizations of the Schrodinger Eq.(5), which are
invariant with respect to the Galilei and generalized Galilei algebras.

Note that the algebra AGy(1.n) in the case of Schrodinger equations is called the
Schrodinger algebra.

Corollary 1. In the class of nonlinear equations of the form (4) the algebra AG(1.n)
(2a),(2b) with Q) = —i(Udy— U 85}) is admitted only for equations given by

iUy + AU = U[A1AlnU + AyAln U +B]+

+U[A3|U|a|Ulp(inU) gp + Ag|U|a|Up(In U ) ap) s (13)
where A;,7 = 1,2,3,4 and B are arbitrary complex functions of two arguments |U| and

i o|U|
Ula|Ula: U2 =U T, U, = 221
UalUla; U Ula =5,

In the case A; = 0, the class of Egs.(13) is reduced to the equation
iU+ AU = UB(|U|,|U|a|Ula) (14)

obtained in [1], whose specific case is a Schrodinger equation with the power nonlinearity
U|UP, B = const.
Corollary 2. Within the class of nonlinear equations of the form (4), the algebra AGy(1.n)
(2), (6) for « = —n/2 of the linear Schrédinger equation (5) is conserved only for equations
given by
iU, + AU = UE|Aln|U| + U|U|*" B+
+U U2 By |U|o|U o (10U ap- (15)

In Eq.(15), Ey, E; and B are arbitrary complex functions of the argument |U|~%/"~2x
|U|a|U|a, which is an absolute invariant of the generalized Galilei algebra AG2(1.n).

In the case F1 = E3 = 0, from the class of Eqgs.(15) the following equation

iU, + AU = U|U|*"B (16)

is obtained, which had been obtained in [1, 2]. Note that for B = ¢ = const, Eq. (16) is
transformed into an equation with a fixed power nonlinearity, studied in a series of papers
(12, 13] for n =1, [15] for n = 2, [1, 2, 11] for n = 3). In [1, 2] multiparametric families
of invariant solutions of Eq.(16) of the form

. UlalUla
ZUt + AU = CUW

and
iUy + AU = cU|U[*3 (18)

are constructed and systematized.
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Being written in the case of one spatial variable (n=1), the class of Eqs.(15) after
simple transformations is given by

iU + Upy = UEL(In|U)pe + U[U|*B, U =U(t,x),z =2, (19)

E; and B being arbitrary complex functions of the argument |U|=3|U],.

Obviously, a specific case of Eq.(21) is given by Eq. (7) that was studied in detail in [9]
for arbitrary constant values of A\; and Ay. A multidimensional generalization of Eq.(7),
posessing the AG2(1.n) symmetry, can be proposed as

iUy + AU + cU|UM™ + cU|U| "2 (|U 4 |U )2 = 0. (20)

4 Ansatze and formulae of multiplication
of exact solutions of NSE (7)
In this section we consider NSE (7), namely:
iU +Upe + M | U U+ XN |U||U .U =0,
ou 0?U
ar Tx = 4 9 = bk, 3 ’ =12
at,U 22 A, = ap + ibg, ap, by € R, k

o
For Ay = 0,A\; = aj, NSE (7) is transformed into a Schrodinger equation with the
power nonlinearity without derivatives

where U; =

iU+ Uz +a1 |U[*U =0 (21)

which was studied in [12, 13].

Contrary to a well-known NSE with a cubic nonlinearity which is integrated by the
inverse scattering problem method [14], Eq.(21) cannot thus be integrated.

At A1 = 0,2 = ag, NSE (7) is transformed into a Davey-Stewartson-type equation for
the case of a single spatial variable [16]

iUt+Uxx+a2|U||U|xU:0. (22)

Finally for 16\; =| X2 |%,| A2 |*=| a2 + iby |?= a3 + b3, NSE (7) was studied in
[10,17], where it was shown to be reduced to the linear Schrédinger Eq.(5) by the integral
substitution. Note that it cannot be linearized for arbitrary A;, A2 [17].

As is shown in the section 3, the class of AGa(1.1)-invariant Eqgs.(15) contains NSE
(7). In this section we will construct ansétze for this equation over all nonequivalent
subalgebras of the generalized Galilei algebra AGy(1.1). We will suggest also the formulae
for multiplication of exact solutions of NSE (7) into multiparametric families of ones [9].

In [18] systems of all nonequivalent (nonconjugate) subalgebras of the Galilei algebra
and its generalizations are constructed. The complete set of nonconjugate subalgebras

*

of the AG2(1.1) algebra with basic operators (2) for Ay == —i,n = 1, = —1/2 is
obtained as
X1=PF,, Xo=0Q\ Xz=F—-aQ)\

Xy =P, G, Xs5=D+aQ, (23)
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Xe=P +1I—a@), acR.

By solving corresponding Lagrange equations for each of the operators (23), the fol-
lowing ansétze for the function U are obtained

Xi1: U=t (24a)

Xa: U =ryexp(ip(t,z)), (24b)

X3: U = ¢(x)exp(—iat) (24c¢)

it t2 5

Xa: U= exp[¢§(x + g)]cp(w), w=1t"+2z (24d)
— o T

Xs: U=t 090, w= 7 (24e)
: 2

) 42 —1/4 vt _ 2\—1/2
Xe: U=(t"+1) exp [4<1+t2 +2aarctant)}cp(w), w=uz(l+1t9) (24f)

where «,~y are arbitrary real parameters, in (24b) ¢ is a real function.
After putting anzétze (24) into NSE (7), the following reduction equations are obtained
(in ansatz (24d) for convenience, the upper signs are fixed):

dp A
dat = 2
,Ldt—i_)\l’@‘ 2 07 (53,)
; Do O Doy 2 .
GE*W) (37) +My" =0, (25b)
@
d—+aso+(A1\<p!4+A | o] ‘ ’)¢ 0, (25¢)
2
4 e+ w¢+(>\1|s0|4 120 ) (250)
dw? 2% dw 4 “OJF(MW\ HQWI )@—0, (25e)
dio_}(?aw)@ﬂL(MWI“H [ | |W)so 0. (25f)
dw? 4

All Egs.(25) are ordinary differential equations (ODE), except for equations (25b),
and from their solutions by means of Eqs.(24), the exact solutions of NSE (7) are readily
obtained. Eq. (25b) obtained by reduction of NSE (7) by unit operator Xs = @) is easily
integrated.

All the solutons that can be obtained by means of the AGy(1.1)-symmetry are limited
to NSE (7) invariant solutions obtained by means of Eqs.(24)—(25). This is due to the
fact any other invariant solution can be obtained by applying corresponding finite trans-
formations generated by operators (2) to Eq.(24)-type solutions. Successive application of

*
finite transformations, generated by basic operators (2) for \y = o= —i,n =1, = —1/2,
to an arbitrary fixed solution V(t,x) of NSE (7) gives the following formula of its multiplica-
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tion into a six-parameter family of solutions (for more detail see [1, 2])

pm2x? + 2m(e + pd)z + m2e*t + bo} "

m 1/2 .
ut,z) = (do - pm2t) P [W t 4(pm?2t — dyp)

2 2

m<t + dq mx +met +edy +d

v( = ) (26)

do — pm?t do — pm?t

where dy = 1 — pdy, by = pd® + 2ed + €%d; and v, p,m, e,dy, d being arbitrary parameters.
The formula

i€ et
U(t,z) =exp | — 5 (z+ 5)] V(t,x + et) (27)
is a specific case of formula (26) for y =p =d; = d =0,m = 1, and formula
1 ipx? t T
U=——= — 1% 28
Ml—pteXp{ 4(1—pt)} (1—pt’1—pt) (28)

for y =e =d; =d =0,m = 1. Formulae (27), (28) generated by Galilean and projective
transformations enable nonstationary solutions of NSE (7) to be obtained from the U =
V(z) stationary solutions.

If in formula (26) fore = v =d = 0,d; = }% a limiting transition for p — oco,m —
0,pm — —1 is made, formula for obtaining new solutions is obtained

1 ix? 1 2
U(t,x):\ﬁexp (4—75>V(—2,¥>, (29)

which is well-known for the linear Schrodinger and heat equations. Moreover, it is also
valid for any other nonlinear equations invariant with respect to P, D, Il operators .

It should be noted that application of formulae (29) and (26) for p=ec=d; =d =0
to an evident generalization of ansatz (24d)

2

U(t,z) = exp [—%(1‘4—%—1—2@)}@@)), w=1t>+2

reduces it to the form
7

1
U(t,x) = —exp [1%3

i (3222 4+ 6m>at 4 2mS+

2zt + m3)
t2 ’
m, a, 7y being arbitrary parameters. Ansatz (30) is quoted in Ref.17 as an example of
non-Lie ansatz, though as shown above, it is the Lie ansatz.
Moreover, in the new paper [19] the formula (29) is called one to represent a discrete
symmetry. But, as you can see, this formula can be obtained also from a Lie symmetry.
Note that multidimensional generalization of this formula was constructed in our paper

[1].

+12am?8 + 1292%) oo (30)
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5 Construction of exact solutions of NSE (7)

Exact solutions of NSE (7) will be obtained from solutions of reduction Egs.(25) with
subsequent application of ansétze (24). Here I give only examples (in detail see [9]).
Example 1. The NSE (7) for a < 0,A\; = aj + iby, Ay = ag + ibay, as = by = 0,16a; > b3
has the following exact solution

A_ i€ € 8bo

U= exp | — — |z + (20 + 2 )t + ——75—5 X (31)

(cosh2y/—a(z + 575))% [ 2 ( ( 2> e(—a)l/2A2

x arctan(exp 2v/—a(x + et)))} ,
—a1 + b 1/4
where A_ = (ﬂ) , a, € are arbitrary real parameters.

Evidently, for by = 0 the solution of Eq.(21) from the solution (31) follows

U= A o[- (e (204 2)0)] (32
(cosh2y/—a(z +¢t))2 2 2

which is called soliton-like similarly to the known Zakharov-Shabat solution [14] for the
NSE with the nonlinearity U | U |2.

Since the function arctan is limited from below and from above, the solution (31) of
the NSE (7) will be have similarly to solution (32) for | z + et |— oo.

Example 2. The NSE (7) for A\; = a1, A2 = ag + ibe, 16a; = b3, as # 0 has the following
exact solution
b
U=R Y (z+co)exp [ - %2 /(R—l(m + co))2dx}, (33)

where R~1 is an inverse function to R . The function R satisfies the transcendental relation

V3

a2d2

2p+d
—\/gd

In ’ ‘ + arctan (

) = R(p)

x+co=

2d2 PP — d3

where c¢g, d are arbitrary real parameters.

Vi

2a2d2
resonance point is present, when U — oo ) and at infinity (x — 00) is limited.

Note that by applying any of formulae (26)-(29), solution (33) is transformed into a
non-stationary solution of NSE (7).

Example 3. The NSE (7) for by = 0,ay < 0,16a; = b3 has the following exact solution

The exact solution (33) posessing a discontinuity at the point x = —¢p (ie., a

U= Zf%iexp[—é(tx+§+96a2(2 +12)3 )]

The constructed exact solutions of the NSE (7) exist only at 16\; # |A2|?, i.e., in the
case, where a nonlocal linearization of this equation being lacking.
We have constructed also new exact solutions of the NSE (7) in the case 16A; = |\2|?.
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Example 4. The NSE (7) for \; = a1, A2 = ibs, 16a; = b3 has the following exact solution

0= i g e i - [oA(- )0

x
where w = 7i and Z 1 (+) is an arbitrary cylindrical function.

The author acknowledges the financial support by DKNT of Ukraina (project N
11.3/42).
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