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Preface

This little book is a revised and expanded version of one I wrote for the “VIII
Latin-American School of Mathematics” [29], in Portuguese, based on which
I have periodically taught a topics course over the last 18 years. As the ti-
tle suggests, it is an introductory text. It is addressed to graduate students
of mathematics in the area of differential equations/nonlinear analysis and
to mathematicians in other areas who would like to have a first exposure
to so-called variational methods and their applications to PDEs and ODEs.
Afterwards, the reader can choose from some excellent and more comprehen-
sive texts, which already exist in the literature but require somewhat more
maturity in the area.

We present a cross-section of the area of variational methods, with a min-
imum (no “pun” intended) of material, but clearly illustrating through one or
two examples each of the results that we have chosen to present. So, besides
the first motivating chapter and an appendix, there are only ten short chapters
(with three or, at most, four sections each) through which the reader is quickly
exposed to a few basic aspects of the beautiful area of variational methods
and applications to differential equations. In fact, the reader may initially
skip some of the more technical proofs of the main theorems, concentrating
instead on the applications that are given.

Chapter 1 is of a motivating nature where we present five simple ODE
problems which, from a variational point of view, illustrate existence results
in situations of “minima” and “minimax,” as well as a nonexistence result in
a situation of resonance. In fact, to whet the reader’s appetite, we present
through some sketches a sneak preview of the geometry of each of the five
functionals associated with the given problems. This chapter sets the stage
for the topics to be covered in the following chapters: minimization, defor-
mation results, the mountain-pass theorem, the saddle-point theorem, critical
points under constraints, a duality principle, critical points in the presence of
symmetries, and problems in which there is lack of compactness. At the end
of Chapters 2 through 6 we provide a few exercises to the reader.



X Preface

Of course there were a number of other important topics that were not
covered in this little book. Our main goal, we emphasize, was to offer the
reader a sampling of topics in critical point theory serving as a stepping stone
to a number of excellent and comprehensive texts which exist in the literature,
such as [63] (1986) by P. Rabinowitz, [55] (1989) by J. Mawhin and M. Willem,
[69] (1990) by M. Struwe, and {75] (1996) by M. Willem.

David G. Costa
University of Nevada Las Vegas
Fall 2006



Some Notations and Conventions

o R, Z and N denote the set of real numbers, integers and nonnegative
integers.

e RY denotes the usual N-dimensional Euclidean space.

e 2 CRY denotes an open set (usually with a smooth boundary) 9.

¢ |E| denotes the Lebesgue measure of a measurable set E C RV,

e g is the characteristic function of the set E.

o LP(Q), 1< p < o0, denotes the space of measurable functions v on € with
norm || ullze == ([, |ul? dx)l/p < 0.

o L[*°(Q) denotes the space of measurable functions u with |u{z)| < C a.e.
in Q with norm || ul|gee :=inf{C > 0| |u(z)] < C a.e. in Q}.

o | lix (or simply |- ||) denotes the norm in the space X.
e (-, )x [or (-, )x]| denotes the inner-product in X.

o C5(Q) [resp. C°(RY)] denotes the space of infinitely differentiable func-
tions with compact support in  [resp. RY].

o Ck (_—_Q) denotes the space of k-times continuously differentiable functions
on Q [with 0Q assumed smooth].

o Ay denotes the Laplacian of u, Zf\;l Uz, z,-

e C!(X,R) is the space of continuously differentiable functionals on X.

e HIQ) [resp. H'(Q)] is the Sobolev space obtained by completion of
C5°() [resp. C°(Q)] in the norm {ul| == (f,,[|Vul? + uf?] da:)l/Q.

o W,P(Q) [resp. W'P(Q)] is the Sobolev space obtained by completion
of C§°(Q) [resp. C=(Q)] in the norm |jul| = ([,[|VulP + |ulP] dw)l/p,
1<p <o

o HYRY) [resp. WHP(RV)] is the Sobolev space obtained by completion
of C3°(RY) in the norm ||uf = (f,[[Vul® + |ul?] dx)1/2 [resp. |lul| :=
(Jor IVl + [ul?) d2) 7}, 1 < p < o0,



Xii Some Notations and Conventions

o Lip,.(X) denotes the space of locally Lipschitzian functions on X.
o (u,) denotes a sequence of functions.

e v’ := max{u,0} (resp. u~ := max{—w,0}) denotes the positive (resp.
negative) part of u, so that u = ut —u™ .

e The arrow — (resp. —) denotes weak (resp. strong) convergence.

¢ Note to the Reader: In each chapter, all formulas and statements are
denoted and referred to by a simple double index z.y, where z is the
section number. However, when referring to formulas and statements from
another chapter, we use a triple index z.z.y, with z indicating the chapter
in question. In addition, we shall write Section z.x when referring to
Section x of Chapter z.
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Introduction

It is fortunate (for some of us) that many differential equation problems
D(u) =0

can be handled by variational techniques, in other words, by considering an
associated real-valued function

p: X —R,

whose derivative is equal to D(u), and by looking for points of minimum,
mazimum or minimaz (e.g., saddle-like) of ¢, so that our given problem reads

¢'(u) =0 or Dp(u)=D(u)=0.

1 Five Illustrating Problems

Let us start by illustrating our statement through the following five ordinary
differential equation problems:

{Z/(/O;—__%_Z;)Siito’ O<t<m (P)
{Z'(’O;Z:(;l)ni,o O<t<m (P)
{ Z'(’O—)I—iuu(zﬂiiitd O<t<mw (Py)
RN &
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W H+ur=0, 0<t<nm
{u(O):u(ﬂ')ZO (Ps)

Except for 5), the following statements about these problems are clear:

)
1) Problem (P;) has the solution ug(t) = —2sint (unique);
2) Problem (P,) has no solution;
3) Problem (Ps) has the solution ug(t) = sint (unique);
4) Problem (Py) has the solution ug(t) = 0 (unique);
) (Ps)

5) Problem (Ps) has the solution ug(t) = 0 (not unique).

Indeed, statements 1),2) and 3) are easily checked through elementary
methods of solution for second order linear differential equations. Also, the
fact that ug(t) = 0 is a solution of both (P;) and (P5) is obvious, whereas the
fact that (P) has no other solution can be seen by multiplying the equation
by u and integrating by parts. We then obtain

— " " _ " 4 _ " / 2 _ ﬂu 4
0= /0 W (B)ult) dt /0 u(t) dt = /0 (W (0)? dt /0 (14 dt |

and it readily follows that u(t) = 0. What is not so obvious (unless one uses,
for instance, a phase-plane analysis) is that Problem (Ps) has other solutions
besides u(t) = 0, in fact infinitely many of them.

Now, let us note that each of the Problems (P;) — (P5) is of the form

{u”-i—f(u):p(t), O<t<m (P)
u(0) =u(r) =0

where f(s) = 3s, s, 25, —s®, s® (respectively) and p(t) = sint, sint, sint, 0, 0
(respectively). And, if ug(t) is a solution, then by multiplying the equation by
an arbitrary smooth function A(t) satisfying h(0) = A(r) = 0 and integrating
by parts, we obtain

- / T up (R () di+ / " Fluot))h(r) di = / " p(t)h(t) dt |
/Owug(t)h’(t) dt«/oﬂf(uo(t))h(t) dt+/0ﬁp(t)h(t) dt =0.

It is easy to verify that the above expression says that the directional deriva-
tive of  at ug (in the direction of our arbitrary h) equals zero,

Dy(up) - h = lim ¢(uo + 0h) — p(uo)

50 d :07

where ¢ is the functional given by
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otw) =3 [P - [ P der [ oo de.
0 0 0

where F(s) = fos f(m)dr. Therefore, we have shown that a solution of problem
(P) is a critical point of the functional ¢ above.

The informal treatment above and the zero boundary condition imposed
on (P) suggests the introduction of the Hilbert space

X = H(0,7)!

endowed with the inner product and norm given by

(o) i= [ ueno d = ( [ wior dt)w |

and the functional ¢ : X — R defined by

plu) = sllull? ~ (a)

where

At this point, a question that naturally arises is the following:

Question. What fype of critical point is each solution ug presented earlier?
What is the geometry of the functional ¢ in each problem (P)) — (Ps)?

Among other topics, the present monograph will answer this and other
related questions. It turns out that, in problems (P;) and (Py), the solution
ug is a global minimum of p, whereas ug is a local minimum of ¢ in problem
{Ps). The (nonobvious) nonzero solutions of (Ps) mentioned earlier turn out
to be minimax points U of ¢ which can be obtained through the celebrated
mountain-pass theorem of Ambrosetti and Rabinowitz, and the symmetric
mountain-pass theorem of Rabinowitz [63]. On the other hand, the solution
ug(t) = sint in problem (FP3) turns out to be a minimax critical point of ¢
which could be obtained through the saddle-point theorem of Rabinowitz [63].
We provide below a sneak preview of an answer to our question through some
pictures (Note: The 3D-picture assigned to Problem (Ps) is somewhat mis-
leading, as the corresponding functional is not bounded from above; keep in

! The space H}(0,7) consists of all absolutely continuous functions u : [0, 7] — R
such that u(0) = u(m) = 0 and v’ € L(0, ).
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mind that all functionals are defined on an infinite-dimensional space). Inci-
dentally, the fact that the linear problem (P;) has no solution (as indicated
by the slanted trough in the pictures below) is simply due to the resonant
nature of that problem, as the coefficient Ay = 1 of u on the left-hand side
of (P;) is an eigenvalue (the first) of v’ + Au = 0, u(0) = u(w) = 0. As
it is well known (from the Fredholm alternative), an additional condition is
needed for u” + Aju = p(t), u(0) = u(w) = 0 to have a solution, namely,
fOﬂ p(t)sintdt = 0 must hold. The right-hand side p(t) = sint of (P,) clearly
violates this condition! As we shall see in Chapter 5 (also Chapter 11), there
are corresponding conditions for nonlinear problems which were first intro-
duced by Landesman and Lazer in [49].

Fig. 1.1. Problems (P;) and (Fy)

Fig. 1.2. Problem (P)
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Fig. 1.3. Problem (Ps)

Fig. 1.4. Problem (Ps)
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Critical Points Via Minimization

1 Basic Results

One of the most basic minimization problems one can pose is the following:

Given a functional ¢ : £ — R on a Hilbert space F and a closed,
convex subset C' C E on which ¢ is bounded from below, find uy € C
such that

p(ug) = ggg plu) .

Of course, the problem as stated is much too general and one should be careful
and make additional hypotheses! Nowadays, any good calculus student is
aware of the fact that a function ¢ : R — R which is bounded from below
on a closed interval C C R does not necessarily attain its infimum in C.
In fact, in learning the classic Weierstrass theorem, the student might have
discovered that this delicate question of attaining the infimum is intimately
connected to “continuity” of the functional ¢ and “compactness” of the set
C! More precisely, the result that follows is well known and standard in a
first course on Topology. For that, we recall that a functional ¢ : X — R on
a topological space X is lower-semicontinuous (l.s.c.) if ¢~ (a, 00) is open in
X for any a € R (that is, ¢ '(—00,a] is closed in X for any a € R). And if
X satisfies the first countability axiom (for example, if X is a metric space),
then ¢ : X — R is Ls.c. if and only if (@) < liminf ¢(u,) for any 4 € X
and sequence u,, converging to 4.

Theorem 1.1. Let X be a compact topological space and ¢ : X — R a
lower-semicontinuous functional. Then ¢ is bounded from below and there
exists ug € X such that

olug) = 1)n(f<p .
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Proof: We can clearly write X = U ¢~ !(—n,00). Since, by hypothesis,
each set ¢~ !(—n,o00) is open and X is compact, it follows that

for some ng € N, hence p(u) > —ng for all w € X, so that ¢ is bounded
from below. Now, let ¢ = infx ¢ > —o0 and suppose, by contradiction, that
o(u) > ¢ for all u € X. Then,

o0

_ 1
X = U(’O 1(C+;L'aoo)

n=]1

and, again, by compactness of X, there exists k € N such that o(u) > c¢+1/k
for all u € X, hence ¢ > ¢+ 1/k, which is absurd. Therefore, the infimum ¢
must be attained. J

Next, given a Hilbert space F and a functional ¢ : F — R, we recall
that ¢ is weakly l.s.c. if it is l.s.c. considering E with its weak topology:
in other words, ¢(a¢) < liminfy(u,) whenever u, converges weakly to i
(written u, — @)}, As a consequence of Theorem 1.1, we obtain the following
important result which represents a synthesis of the so-called “direct method

of the calculus of variations”.

Theorem 1.2. Let E be a Hilbert space (or, more generally, o reflexive Ba-
nach space) and suppose that a functional ¢ : E — R is

(4) weakly lower-semicontinuous (weakly l.s.c.),
(1) coercive (that is, p(u) — +00 as ||u]| — o0).

Then ¢ is bounded from below and there exists ug € E such that

plug) = inf g .

Proof: By the coercivity hypothesis (i), choose R > 0 such that ¢(u) > ¢(0)
for all u € E with ||u|{ > R. Since the closed ball Bg (of radius R and center
at 0) is compact in the weak topology and, by (i), ¢ : BR — R is Ls.c. in
the weak topology, Theorem 1.1 implies the existence of ug € Bg such that
¢(uo) = inf g, ¢, hence p(up) = infg ¢ by the choice of R. O

b up = 4 iff (un, ) — (@, k) for all h € E, where (-,-) denotes the inner product.
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Remark 1.1. In addition to the above conditions, if the given functional
¢ : FE —— R is differentiable, then any point ug of minimum is a critical
point of ¢, that is, ¢'(up) = 0 € E*. This follows from a standard calculus
argument (which the reader is invited to recall).

As another consequence of Theorem 1.1, we can now state the following
answer to the minimization problem mentioned in the beginning of this sec-
tion.

Theorem 1.3. Under the hypotheses (i), (i) of the previous theorem, given
any closed, conver subset C C E there exists & € C such that ¢(d) = infe .

Proof: The proof is essentially the same as that of the previous theorem,
if we replace Br 2 by Br N C and keep in mind that a closed, convex and
bounded subset of E is (again) weakly compact (cf. [36], sections V.3 and
V.4). O

Example. Let E be a Hilbert space, a : E X E — R a continuous symmetric
bilinear form satisfying a(u,u) > o|lu||? for all v € E (and some o > 0) and
let I : E — R be a continuous linear functional. Consider the guadratic
functional defined by

olu) = %a(u,u) “lw), ueE.

Then, given any admissible set C (that is, a closed, convex subset C C E),
the classic minimization problem

p(i) = Inf o(u)

has a unique solution. In fact, existence of 4 € C is guaranteed by Theorem 1.3
by noticing that the quadratic functional ¢ is coercive and, being continuous
and convex, is weakly 1.s.c. (see Example B below). Uniqueness follows from
the strict convexity of o in this case. In the special situation in which a(u, v) =
(u,v) (the inner product of E), we have

plu) = llulP = (w.h) . we

(where h € E represents the linear functional I, according to the Riesz-Fréchet
representation theorem). By completing the square in the above expression,
that is, by writing ¢(u) as

2 Similarly, in this case R > 0 is chosen so that ¢(u) > ¢(p) for all u € C with
|lu|| > R, where p € C is any fixed point.
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h

|~ —L’i“sHh -u|| VYueCl

Fig. 2.1.

1 1
plu) = Sl —hIfF - S[IBlP, weE,
we see that the point & € C has the geometric characterization of being the
projection of h onto the closed, convex set C, &t = Projch. In other words,

@ € C is such that ||h — 4|| < ||h —u|| Yue C.

Example A. If K : E — F is a completely continuous operator on a Hilbert

space F, then the functional ¢ : E — R given below is weakly l.s.c.,
olu) = (Ku,u), uvekE.

In fact, ¢ is weakly continuous since, in this case, Ku, — Ku strongly if
un, — u weakly, hence p(u,) — ¢(u) if u, — u weakly. When K is a positive
symimetric operator (continuous but not necessarily completely continuous)
the above functional is convex and its lower semicontinuity in the weak topol-
ogy is then a consequence of its lower semicontinuity, as the next class of
examples shows.

Example B. If ¢ : E — R is a convex, l.s.c. functional on a reflexive

Banach space E, then ¢ is weakly l.s.c.
For the proof it is convenient to introduce the notion of epigraph of o,

epi(p) = {(v,a) € ExXR | ¢(u) <a} .

Then we can use the following easily proven equivalences,

 is convex (resp. l.s.c., resp. weakly l.s.c.) if and only if
epi{ip) is convex (resp. closed, resp. weakly closed),
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and recall the fact that a closed, convex subset of a reflexive Banach space
(E x R, in this case) is weakly closed.

Example C. Let @ ¢ RY (N > 1) be a bounded domain and let F' : QxR —
R be a function satisfying the so-called Carathéodory conditions:

(i) F(-,s) is measurable on Q for every fixed s € R,
(ii) F(z,-) is continuous on R for almost all z € Q.

(This implies that the so-called Nemytskii operator u(z) - F(z,u(zr)) associ-
ated with F is well defined on the space of measurable functions v : 2 — R
(cf. [72], Chapter 2.2)).

Now, we show that under a suitable growth condition, namely

There exist a,b >0 and 1 < a < 2N/(N-2)if N >3 (1 <a < xif
N =1,2) such that (Fy)

|F(z,s)| < als|* +b,

the functional ¢ given by the formula
P(u) = / F(z,u(z)) dx
Q

is well defined and weakly continuous on the Sobolev space H}(€).

Indeed, the main point here is that the Sobolev space H} is compactly
embedded in L? for any 1 < p < 2N/(N - 2), in view of Sobolev embedding
Theorem (cf. [1]) and the growth condition (F)) which implies that the Ne-
mytskii operator F' maps the space L, for p > a, into the space LP/ in a
continuous manner (cf. the Vainberg theorem in [71]). Therefore, if u,, — u
weakly in Hy, then u, — u strongly in LP (for any 1 < p < 2N/(N - 2))
and so, by the continuity of the Nemytskii operator just mentioned, it follows
that F(-,u,) — F(-,u) strongly in LP/®, hence strongly in L' (since  is a
bounded domain). In other words, ¥(u,) — ¥(u) whenever u, — u weakly
in H}.

2 Application to a Dirichlet Problem

Let us consider the following nonlinear Dirichlet problem

—Au = f(z,u) in
u=0 ondQ,

A
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where @ C RY (N > 1) is a bounded domain and f : @ x R — R is a
Carathéodory function (that is, a function satisfying the Carathéodory con-
ditions stated in the previous section).

We shall be interested in finding weak solutions of (P), that is, functions
u € H}(Q) such that

/[Vu~\7h—f(x,u)h] dr=0 YheH)Q) . (2.1)
o)

For that, we introduce the growth condition

There exist c,d >0and 0 <o < (N+2)/(N-2)if N >3 (0< 0 < 0 if
N =1,2) such that

[f(z,5)| < cls|” +d (f1)
and start by proving the following basic result.

Proposition 2.1. Let f: Q@ x R — R be a Carathéodory function satisfying
condition (f1). Then, letting F(z,s) = [ f(z,7) dr, the functional

1
o) = / 51Vl = F(o,u)] de  we HY(Q),
Q
is well defined and, in fact, p € C*(H},R) with
o' (u) -h= / [Vu-Vh~ f(z,u)h] dz =0 VY u,he H}R) . (2.2)
Q

(Therefore, u € Hy is a weak solution of (P) if and only if u is a critical point

of ¢.)

Proof: We shall always consider the Sobolev space H}! endowed with the

wmaAWWmW%

which is equivalent to the usual norm (|{ul|2,+|[Vu|[2,)!/2 in view of Poincaré

norm

inequality,
lul2: <ATYVul2: Yue HE,

where A; > 0 is the first eigenvalue of the problem —~Au = Au in , u =0 on
0N (cf. Exercise 3.5). Therefore, we may write

o0 = lulf = () 6w = [ Fla) do.
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and it suffices to show that ¢ is well defined and ¢ € C*(H}, R) with
Y (u)-h= / flz,u)h dx Y u,h € H3(Q) (2.3)
Q

since the functional g(u) = $|lu||? is clearly of class C*° with ¢/(u) - h =
[Vu-Vhdz = (u,h) Vu,h € Hj . Now, since f is a Carathéodory function
satisfying (fy), it easily follows that F is also a Carathéodory function and it
satisfies the condition (F}) of the previous section (Example C). Therefore,
¢ : HY — R is well defined and weakly ls.c.

In order to show the differentiability of ¢, let u € H{ be fixed and define

§(h) =¢¥(u+h)— /f:cuhd:r

Then

5(h) :/Q/Ol%F(w,u%—th) dt d:r—-/ﬂf(:v,u)h dx
= /;(/Q[f(:r,u—l—th)—f(:c,u)}h d:z:) dt |

so that, by Holder inequality, we obtain the estimate

b < /0 1fCrut th) — FCou)l ol [hllpe dt | (2.4)

where 7 = 2N/(N +2) and s = 2N/(N —2). (Here, we only consider the case
N > 3. The cases N = 1,2 must be treated separately.) Now, in view of the
continuous Sobolev embedding H} — L*, we have that (u+th) — u in L® as
h — 0 in H}. Therefore f(-,u + th) — f(-,u) in L3/? by Vainberg theorem
[71]. And since r = 2N/(N +2) < s/o, it follows that

fl,u+th) — f(,u) in L™,
hence, from (2.4),

1(>|

as ||h|| — 0 in view of Lebesgue dominated convergence theorem (also notice

l/\

1h|lLs<c/ I[f(u+th) = f(,u)|ler dt — 0

that we used the Sobolev inequality ||h|lr- < cl||h|| in the first inequality
above). We have thus shown that ¢ : H} — R is (Fréchet) differentiable at
any u € H} with derivative ¢/(u) given by (2.3).
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Finally, in order to verify the continuity of ¢/ : H} — (H})* = H™!, we
again use the Holder inequality, Sobolev embedding and the Vainberg theorem
as above to obtain

19" (u +v) = o' (w)l| -1 = supypy<q (W (w+v) = ¢ (w)] - b

(2.5)
lfoutv) = fu)ipr — 0

IA

asv — 0 in Hj. O

Remark 2.1. Let us denote by Vo : H} — H{ the gradient of ¢, which is
defined via the Riesz-Fréchet representation theorem, that is, Vi(u) € H} is
the unique element such that ¢'(u) - h = (h, Vio(u)) for all h € H}. Then,
it follows from (2.2), (2.3) that Vi(u) = u — T(u), where T : H} — H{,
T(u) = Vi(u), is a compact operator. Indeed, if u, — u weakly in H}, then
un, — u strongly in L for any s; with 1 < 83 < s = 2N/(N ~ 2), in view
of the compact Sobolev embedding H} — L*'. Therefore, fixing s; so that
0+ 1 < s < s and arguing as in (2.5), we obtain

1T (un) = T(w)]| = || (un) — &' (u)|| -1
el f (- un) — FCow)||pn — 0

since 1y = s1/(s1 — 1) < 81 /0. d

IA

We are now in a position to prove the following existence result for prob-
lem (P) :

Theorem 2.2. Suppose that f : & X R — R is a Carathéodory function
satisfying conditions (f1) and (f2), where

There ezists 3 < A1 such that limsup ;| _,o fez9) < 3

8

uniformly for x € Q. (f2)

Then problem (P) has a weak solution u € H} ().

Proof: In view of Proposition 2.1, we shall find a critical point of the func-
tional ¢ € C'(H}, R) given by

1

ol = 5l ~vw) . 9w = [ Pla) do.

As we know, ¢(u) = %||u||? is weakly l.s.c. and 9 is weakly continuous (cf.

Example C of the previous section). Therefore, it follows that
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(a) ¢ is weakly Ls.c.

On the other hand, condition (f;) implies (by P'Héspital’s Rule)
F(z,s)

2 .
limsup —~~ < 8 uniformly for x € 2, (f2)

2
[s]—o00 §

and hence, taking 3; such that 8 < #; < A;, we can find Ry such that
F(z,s) < %5152 for all z € Q, |s| > Ry. Since (f1) also gives F(z,s) < for
all z € Q, |s| < Ry, we get
1
F(z,s) < 55152—1—71 YereQ, VseR.

This implies the following estimate from below for ¢,
1 2 1 2
ou) 2 5 [ Vul"de— 56 | v dz—n|Q,
2 Ja 2" Ja

which combined with the Poincaré inequality Ay [, u? < [, |[Vul? yields

1 1
o2 5 (1= [ 9ul? do = = Jallul? =+

where a =1 - f—i > 0 and v = v1|§}|. Therefore we also conclude that

(b) ¢ is coercive on H{.

Finally, in view of (a), (b) and Theorem 1.2, it follows that there exists
up € Hj such that ¢(ug) = inf Hy - Therefore, by Remark 1.1 and Proposi-
tion 2.1, ug is a critical point of . ]

Remark 2.2. Theorem 2.2 is essentially due to Hammerstein [46] and Dolph
[35] (see also [56], where a weak form of (f) is assumed instead of (f2)).

3 Exercises

1. Prove Remark 1.1.

2. Provide the details in Example B.

3. Let F: R — R be continuous. Show that the functional ¥ given by the
formula

is well defined and weakly continuous on the Sobolev space H} (a,b). [Note
that no growth condition like (F}) is imposed on F']
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4. Given g € L*(Q), with Q a bounded domain, the functional p(u) =
3 Jo IVul?dz— [, gu dz, u € H} () provides an illustration of a quadratic
functional in the class considered in the Example following Theorem 1.3.
As we know, its unique critical point (the minimum of ¢) is the weak
solution & = h € H}() of the linear problem

—Au = g(z) in Q
{ u=0 on ON; (D)

which, in turn, is the representative via the Riesz—Fréchet theorem of the

U — / gudx.
Q

Consider the mapping K : L%(Q) — L?(Q)) defined by Kg = 4. Show
that K is a compact, self-adjoint and positive operator on L*(Q?) with
ker(K) = {g|Kg = 0} = {0}.

5. With K : L?(Q) — L?(Q) as in the previous exercise, use the spectral

continuous linear functional

theorem to conclude that there exist sequences (uj)]. ey € (0,+00) and
(¢j)j€N - L2(Q) such that

Koj = p;o;,

where p1 > po > -+ > py > 0, imjeo gty = 0, and (¢;) is a complete
orthonormal sequence for L2(§)). Therefore, L?({2) possesses an orthonor-
mal basis consisting of eigenfunctions of —A under the Dirichlet boundary
condition, —A¢; = A;j¢; in @, ¢; =0 o0n 0Q, with A; = le— > 0. Using
the defining relation for the operator K, namely

(Kg,hygy = (9,h)» Vg€ L? he H,

show that (¢;) C H} is also an (orthogonal) basis for H}(2) and obtain
the Poincaré inequality

/\1/ lu|? dz < / IVul> dx YV u € H}(Q)
Q Q

with the best constant C' = le
6. Let Q C RY (N > 1) be a bounded, smooth domain and let f : QxR — R
be a continuous function. Consider the following Dirichlet boundary value

problem and Neumann boundary value problem:

—Au = f(z,u) in Q
{ u=0 on ON; (D)
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—~Au = f(z,u) in Q
{ % =0 on 9Q. (N)

As we know, a function u € HZ(Q) [resp. u € H'(2)] is a weak solution
of (D) [resp. (N)] if

/ Vu-Vh dr = / flz,whde Y heClQ) [resp. ¥ he CHQ).
Q Q

Let u € C?(Q) be given. Verify that

u is a classical solution of (D) [resp. (N)]
& u  is a weak solution of (D) [resp. (N))].

7. Given a continuous function h : [0,1] — R, consider the boundary value
problem

{—u”+u3:h(t) 0<t<i1

w(0) =u(l)=0, (3-1)

and the functional ¢(u) = fol[%|u’ 2 + u' — hu]dt defined on the
Sobolev space H} (0, 1).
(1) Show that the functional ¢ is bounded from below, hence (3.1) has a
weak solution ug minimizing ¢;
(ii) Show that ug is the unique solution of (3.1) [Hint: The function s ~— 3
is increasing, i.e., (s3 — s3)(s1 — s2) > 0V 51 # s2 in R];

(i43) Exhibit a boundary value problem which is more general than (3.1) and
where the existence of a unique solution (minimizing the corresponding
functional) holds true;

(iv) Show that if we replace the nonlinear term u® by —u? in (3.1) then the
corresponding functional ¢ is no longer bounded from below, so that
we cannot apply the minimization principle.

8. Prove that the weak solution ug € HJ(0,1) in the previous exercise is
actually a classical solution ug € C2[0,1] := {u € C?0,1] | u(0) =u(l) =
0} of problem (3.1). More generally, given f : [0,1] x R — R continuous,
prove that any weak solution of the 1-dimensional boundary value problem
—u" = f(t,u), t€(0,1), u(0)=wu(l) =0, is automatically a classical
solution.

9. Consider the Dirichlet problem

{——Au = Asin u+ f(z) in Q (3.2)

u=0 on 90,
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where A > 0, f € L*(2) and Q C RY is a bounded domain. Show that, for
A < Ay, the above problem has a weak solution minimizing the functional

1
cp(u):/QbWulQ—l—)\(cos u—1)— fuldz , weH)Q).
10. Consider the Dirichlet problem

—div (A(z)Vu) + c(z)u = f(z) in Q
{ T u=t z) in (3.3)

on J9,

where Q C R" is a bounded domain, ¢, f € L®(f), and A(z) is an N x
N real symmetric matrix with components in L*(Q2) which is uniformly
positive definite, i.e., A(z)€-€ > 6¢[? for all z € Q, € € RV (and some
0 >0).
(i) Show that the problem (3.3) is variational in the sense that its weak
solutions are the critical points of a suitable functional ¢ : H3(Q) —
R.
(ii) Assume § > M/l\%’—o- Show that @ € Hi () is a weak solution of (3.3)
if and only if @ is a global minimum of ¢.
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The Deformation Theorem

1 Preliminaries

Let ¢ : X — R be a C! functional on a Banach space X. A number ¢ € R
is called a critical value of ¢ if p(u) = ¢ for some critical point u € X. The
set of all critical points at the level ¢ is denoted by K.:

Ke={ue X |¢'(u)=0, ¢(u)=c}.
Also, we shall denote by ¢° the set of all points in X at levels < ¢, that is,
o ={ueX | p(u)<c.

A basic ingredient in the topological methods is the so-called deformation
theorem. Roughly, it says when (and how) we can deform ¢ into 2, for
c1 > ¢g (or ¢1 < ¢g). Since X is not a Hilbert space in general and since we
are only assuming ¢ to be of class C!, we shall need to use the notion of a
pseudo-gradient, due to Palais [60].

Definition 1. A pseudo-gradient field for ¢ € C'(X,R) is a locally Lips-
chitzian mapping v : Y — X, where Y = {u € X|¢'(u) # 0}, satisfying the
following conditions:

o)l < 2/l (u)] (1.1)

@' (u) - v(u) > |l (w)]f? (1.2)

for all v € Y. In what follows we shall use the fact that any functional
¢ € C'(X,R) has a pseudo-gradient (see a proof in [75]).
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If X is a Hilbert space and ¢ € C!'(X,R) has a locally Lipschitzian
derivative ¢’ : X —— X* then the gradient of ¢ (when restricted to Y),
Ve :Y — X, is clearly a pseudo-gradient for . (Recall that Vi : X —» X
is defined through the Riesz—Fréchet representation theorem: Vip(u) € X is
the unique element verifying ¢'(u) - h = (h, Vo(u)) for all u € X.)

2 Some Versions of the Deformation Theorem

There are versions of the deformation theorem due to Palais [60, 59] and
Clark [25], among others. In all those versions the functional ¢ is assumed to
satisfy some compactness condition. Here, we shall be interested in Clark’s
versions, which will be stated for the general case of a Banach space X.
Our presentation follows [74] (cf. also [75]), where the starting point is a
quantitative version of the deformation theorem without a Palais—Smale type
condition on ¢, a result due to Willem [74].

Theorem 2.1. Let ¢ : X — R be a C! functional on a Banach space X.
Let SC X, c€R and c,d > 0 be such that

, 4e
'l 2 5 (2.1)

forallu € o7 [c~2¢,c+2€]N Sas.t Then, there exists a continuous mapping
n € C([0,1] x X, X) such that, for any u € X and t € [0, 1] one has:

(®) (0, u) =

(i1) n(t, u)—u if ué o e~ 2¢ ¢+ 2¢] N Sas,
(it8) n(1, 0T NS) C v N S,

(iv) n(t,-) : X — X 1is a homeomorphism.

Proof: Let A = @7l ~ 2¢,c+ 2€¢) N Sas, B = ¢~ c— €,¢+ € NS5 and
Y={ueX|¢(u#0},sothat BCACY. Also,let v: Y — X be a
pseudo-gradient for ¢ and consider a locally Lipschitzian mapping p : X — R
such that 0 < p <1 and
p=1in B
{ p=01in X\A.

Then, define the following locally Lipschitzian mapping f: X — X,

v(u)
o)l -

! Given a subset S C X and a > 0, we let S, denote the closed a-neighborhood of
S defined by So = {u € X | dist(u, S) < a}.

flu) = —p(u) ——s
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S.’fh
Si“:
S @ =c+2¢
P =c+¢
— 0 =c
- E——S
p=c-2¢
Fig. 3.1.

Since ||f(u)|| <1 for all u € X, it follows that the Cauchy problem
dw
{ o flw)
w(0) = wu.

has (for each given u € X) a unique solution defined for all ¢ > 0. Let
n:[0,1] x X — X be defined by

n(t,u) = w(dt,u) .

Then, it is easy to see that (¢), (i¢) and (iv) are satisfied. In order to verify
(i31) we note that, for ¢ > 0,

t
fw(t, ) — u] < / 1 fCwir )| dr <t
0
so that w(t, S) C S5 for all t € [0, 4], that is,
n(t,S) c S5 forallt e [0,1]. (2.2)

Also note that, for each fixed u € X, the function ¢ — @(w(¢,u)) is decreasing

since
Selw(t.w) = (e, w) - 5
- gt w) fwiw)
= —p(w(t,u) ¢ (w(t,u)) ﬁ% 23)
' (w(t, )2
s Pttt o)l
<0,
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where we have used (1.2) in the first inequality above. Now, let u € p°t¢N S
be given. We have two cases to consider.
(a) If p(w(t,u)) < c — € for some ¢ € [0,6), then p(n(1,u)) = p(w(s,u)) <

o(w(t,u)) < ¢ —¢, hence n(1,u) € <N Sy in view of (2.2).

(b) In the other case we have w(t,u) € ¢~ c—¢€,c+€ NS5 = BVt e[0,d],
and so, using (2.3), (1.1) and the fact that p = 1 on B, we obtain
8

5
w(s.0)) = o) + [ Sootoltw) de < o) = [ 5116 it )] d

<c+ 1%5—
Sete-s=d=c—e¢,

where the assumption (2.1) was used in the last inequality. Therefore, in
either case (a) or (b), we have shown that n(1,u) = w(d,u) € €N Sy if
u € TN S. The proof is complete O

As a consequence of Theorem 2.1 we obtain the following first version of
the deformation theorem, due to Clark {25].

Theorem 2.2. Let p € C1(X,R) satisfy the Palais—Smale condition:

Any sequence (uy,) such that ¢(uy) is bounded and ¢'(u,) — 0
possesses a convergent subsequence. (PS)

If ¢ € R is not a critical value of , then, for every € > 0 sufficiently small,
there exists n € C([0,1] x X, X) such that, for any u € X and t € [0,1] one
has:

(®) n(0,u) =u,

(i) n{t,u) =u ifu ¢ o tc— 2 c+ 2¢,
(i1) n(1,°7¢) C o7,

(iv) n(t,-): X — X is a homeomorphism.

Proof: There must exist constants a, § > 0 such that ||¢’(u)|| > 3 whenever
u € ¢ e — 2a,¢ + 2a] since, otherwise, one would have a sequence (u,,)
satisfying

SRS

1 1
< <c+ ~ ! <
c = @(un) =C n H(p (un)H =

?

so that, in view of the condition (PS), the value ¢ would be a critical value
of ¢, contradicting our assumption.

Now, the result follows from Theorem 2.1 with S = X, ¢ € (0, a] given
and § = 4e/[. O
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U
p=c+ 2¢
Q=cte
n(, u o=
p=c-¢
Q=c—-2¢

Fig. 3.2.

Remark 2.1. It is clear from the above proof that Theorem 2.2 holds true un-
der the following weaker compactness condition introduced by Brézis—Coron-
Nirenberg in [18]:

If a sequence (u,) is such that p(u,) — ¢ and ¢’'(u,) — 0 then c is a
critical value of . (BCN),

This condition may be useful in certain situations where the functional
© is not coercive, as we shall see in the next section. For now, as a simple
example, we observe that a function ¢ : R — R which is periodic does not
satisfy (PS), but it satisfies (BCN), for every ¢ € R.

Next, let us consider a second (more general) version of the deformation
theorem, also due to Clark [25].

Theorem 2.3. Let ¢ € CY{X,R) satisfy the Palais—Smale condition (PS).
Given ¢ € R and an open neighborhood U of K., then, for any ¢ > 0 suffi-
ciently small, there exists n € C([0,1] x X, X) such that (for any v € X and
t€(0,1]):

(1) n(0,u) =u,

(i) n{t,u) =u ifu ¢ e e — 2¢,c+ 2¢,

(i1i) (1,9 T\U) C ¢°,

(iv) nlt,:): X — X is a homeomorphism.

Proof: Let S = X\U. Then there must exist ¢, > 0 such that ||¢'(u)|| >
4¢/8 wherever u € ¢~ l]c— 2¢, ¢+ 2¢] N Sys since, otherwise, one would have a
sequence (u,) satisfying
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2 2 4
—=< < =z ! < — .
UnES_._\/?H y € n—go(un)_c+n 3 HSO (un)”— \/;L‘

Then, in view of the condition (P.S), one would have a convergent subsequence
Up, — U, with w € SN K. But this is a contradiction, since S = X\U and
K. C U. Therefore, the result follows from Theorem 2.1. J

Remark 2.2. We should note that the Palais-Smale condition (PS) implies
that the (possibly empty) critical set K, ={u &€ X | ¢'(u) =0, o(u) =c} is
a compact set. In the case K. = 0 (i.e., ¢ is not a critical value), we can take
U =0 in Theorem 2.3 and obtain Theorem 2.2.

3 A Minimum Principle and an Application

As a first application of the theorem of deformation, let us now obtain an
important minimum principle, which can be useful in situations where the
functional ¢ is not coercive (compare with Theorem 2.1.2}.

Theorem 3.1. Let ¢ € C1(X,R) where X is a Banach space. Assume that

(i) ¢ is bounded from below, ¢ = infx ¢,
(i)  satisfies (BCN),.

Then there ezists ug € X such that p(ug) = ¢ = infx ¢ (hence, ¢ is a critical
value of ¢).

Proof: Let us assume, by negation, that ¢ is not a critical value of ¢. Then,
Theorem 2.2 implies the existence of ¢ > 0 and n € C([0,1] x X, X)) satisfying
n(1,°t€) C ¢° €. This is a contradiction since ¢ = (as ¢ = infx ¢). O

Next, we consider an application to the following nonlinear Neumann prob-
lem

Ou =0 ondQ, (3.1)
on

where @ ¢ RY (N > 1) is a bounded smooth domain, f : R — R, a
2

{ -Au = flu)+p(z) inQ

continuous p-periodic function, and p € L*(€, R) satisfy the conditions

/pf(s) ds =0, /p(x) dr=0. (3.2)
0 Q

% As is well known, the second condition is necessary in the linear case f = 0.



3 A Minimum Principle and an Application 25

This situation is the PDE analog of that considered in [74, Section II] for the
forced pendulum.

We are interested in finding weak solutions of (3.1), in other words, func-
tions u € H'(Q) satisfying

/ Vu-Vh— f(u)h - ph] dz =0 (3.3)
Q

for all h € H*(£). Here, the Sobolev space H'(f) is equipped with its usual
inner product

(u,v) :/Q[qurVwVv] dr |

and we will consider the functional ¢ given by the formula
1
ow) = [ (5IVu = Fu) = pul ds (3.4)

where, again, F(s) = fos f(r)dr.

Proposition 3.2. The functional ¢ : H'(Q) — R given above is well de-
fined. Moreover, ¢ is bounded from below and is of class C* with

O (u)-h= /Q[Vu -Vh — f(u)h - ph] dz (3.5)

for allu,h € HY(Q) (Therefore, u € H' is a weak solution of (3.1) if and only
if u is a critical point of ).

Proof: Since the continuous function f : R — R is p-periodic and satisfies
(3.2), it follows that F : R — R is also p-periodic, so that |F(s)| < A for
some A > 0 and ¢ is well defined on H(Q2) (More generally, and in a similar
manner to Proposition 2.2.1, the functional ¢ will be well defined on H(€Q)
provided that f : @ x R — R is a Carathéodory function satisfying the
growth condition (f1).)

Now, in order to show that ¢ is bounded from below, we decompose X =
HY(Q) as

X=Xo® Xy,

where X; = R = span{l} is the subspace of constant functions and X, =
(span{1})* = { v € X | [ v dz =0} is the space of functions in H'(Q)
with mean-value zero. Also, we observe that the following Poincaré inequality
holds for functions in X, where ¢ is a positive constant (cf. Exercise 5 below):

/v2 d::;gc/l\7v|2 dr YvelX,. (3.6)
) Q
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Therefore, writing u = v + w in (3.4), with v € Xy, w € X3, we obtain

w@)=w@+u0=/%§vm2—Fw+uo—m4a

Q

> S1IVolZ: — A9 = lipllzellv]lze |

RN

so that, in view of (3.6),
1
ole) 2 5|IVolRs - C = DIVl (37

for some constants C, D > 0, which shows that ¢ is bounded from below.
Finally, we omit the proof that ¢ € C'(H(Q),R) with the derivative
given by (3.5) since it is analogous to that of Proposition 2.2.1. O]

Remark 3.1. Again, as in Remark 2.2.1, the gradient mapping Vg : H* —
H' is of the form V(u) = u — T(u), where T : H' — H! is a compact
operator.

Theorem 3.3. Assume (3.2) with f € C(R,R) a p-periodic function and p €
L%(Q,R). Then Problem (3.1) has a weak solution u € H* ().

Proof: In view of the previous proposition, we shall find a critical point of
the functional ¢ € C*(H*',R) given in (3.4). To start, since (3.2) implies
that F is p-periodic and fQ pdx = 0, we note that the functional ¢ is also
p-periodic, that is,

plu+p)=9u) YuecH .

Next, we claim that
¢ satisfies (BCN), forallceR. (%)

Indeed, let (u,) be such that ¢(u,) — ¢ and ¢'(u,) — 0. Write u, = v, +w,
with v, € Xp and w, € X; = R. From (3.7) and the boundedness of p(uy),
it follows that ||Vvy,||z2 is bounded, hence (v,) is bounded in H! in view of
the Poincaré inequality (3.6):

llonl] < C'. (3-8)

On the other hand, letting @, € [0,p) be such that w, = @,(mod p) and
defining ©,, = v, + W,, we obtain that

O(Un) = @(un) — ¢ , ¢ (Un) = ¢'(uy) = 0.
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Since ||u,|| is bounded, in view of (3.8) and the definition of w,, we may
assume (passing to a subsequence, if necessary) that i, — 4 weakly in H?,
for some 4 € H'. And, since 4, = V(U,) + T(4y,), with T a compact
operator (cf. Remark 3.1), we conclude that

Ty — 0+ T(3)

strongly in H!, that is,
Up — U
strongly in H'. Therefore, it follows that ¢(%) = ¢ and ¢'(4) = 0, so that ¢
is a critical value of ¢ and our claim (*) is true.
Finally, in view of (x) and the fact that ¢ is bounded from below (cf.
(3.7)), we can use Theorem 3.1 to conclude that there exists ug € H! such
that ¢(ug) = inf g1 ¢, hence uq is a critical point of ¢ by Remark 2.1.1. O

4 Exercises

1. Imitate the proof of Theorem 2.1 to show the following simple version of
the deformation theorem:

Let E be a Hilbert space and ¢ : E — R a functional of class C! with
Vo € Lippe(E). If Vo(u) #0 Yu € E, then, for any € > 0 sufficiently
small, there exists n € C([0,1] x X, X) satisfying properties (i) — (iv) of
Theorem 2.2.

2. Verify that (PS). = (Ce). and (BCN)., where (Ce). is the following

compactness condition due to Cerami [24]:
If (up) is such that @(un) — ¢ and (1 + |Jun i)l (un)l| — 0, then (u,)
has a convergent subsequence. (Ce).
3. If dim (X) = 1, decide whether (PS). and (Ce). are equivalent for a
given ¢ : R — R of class C! (clearly, neither condition is equivalent to
(BCN).).
4. Same question if dim (X) = 2, i.e., for given C! functions ¢ : R? — R.
5. Prove the Poincaré inequality (3.6), that is, show that there exists ¢ > 0
such that

/|u—ﬂ|2 dxgc/ |Vul? dz Vue H(Q),
Q Q

where ¥ = ﬁ Jqudz € R is the average of u over Q. Can you guess what
is the best (smallest) constant ¢ > 07
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The Mountain-Pass Theorem

1 Critical Points of Minimax Type

Roughly speaking, the basic idea behind the so-called minimax method is the
following;:

Find a critical value of a functional ¢ € C'(X,R) as a minimaz (or
mazimin) value ¢ € R of ¢ over a suitable class A of subsets of X:

¢= inf su u) .
AE.Aueg SO( )

Example A. Perhaps one of the first examples using a minimax technique is
due to E. Fischer (1905) through a well-known minimax characterization of
the eigenvalues of a real, symmetric n x n matrix M (cf. [33], pp. 31 and 47):

Ap = inf sup  (Mz|z)
{Xe1lzl X,y |zl=1

A_p = su inf Mzl|z) .
k {Xk_l_jl}zJ_Xk__l,lz(:l( l )

Here, the eigenvalues are numbered so that A_; < -+ < A, <--- <0<
<o € A <o < Ap. Also we are denoting by (¢|-) (resp. |- |) the usual inner
product (resp. norm) in X = R", and by X; C X an arbitrary subspace of
dimension j. It should be noted that a characterization which is dual to the
above characterization also holds true, namely:

A, =sup inf (Mz|z),
{Xk}zEXk,‘ﬂ:l

Ak = inf sup (Mzxlx) .
{Xk}zexk,\z|:1( 2)
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Example B. A similar characterization can be obtained for the eigenvalues
of a compact, symmetric operator T : X — X on a Hilbert space X. This
is part of the so-called Hilbert-Schmidt theory.

Example C. A topological analogue of such minimax schemes was developed
by L. Lusternik and L. Schnirelman from 1925 to 1947. This is known as
the (classical) Lusternik-Schnirelman theory. It was originally based on the
topological notion of category Cat (A, X) of a closed subset A of a metric space
X. By definition, Cat (A, X) is the smallest number of closed, contractible
subsets of X which is needed to cover A (see [53, 54]).

In this context, given a functional p € C*(X,R) over, say, a differentiable
Riemannian manifold X, the idea is to show that the following values are
critical values of ¢:

¢, = inf supp(z), k=1,2,...,
k AE.AkIegSO()

where A := {A C X | Aisclosed, Cat (A, X) >k }. For example, since
Cat (S™, S™) = 2, one obtains, for a given functional ¢ € C1(S™,R), that

cp<cp=cg=",

and, in this case, ¢; = inf ¢, c; = sup . Of course this gives us no new
information in this case since we know that inf ¢ and sup ¢ are attained on
the compact manifold S™ and, therefore, are critical values of ¢. However,
if ¢ € C1(S™,R) is an even functional, one obtains more critical values, as
shown by the following classical theorem due to Lusternik (1930):

Theorem 1.1. ([53]) Let ¢ € C*(S™,R) be given. If ¢ is even, then it has
at least (n + 1) distinct pairs' of critical points.

The main idea here is that an even functional on S™ can be considered
as a functional on the real projective space RP™ (obtained by identification
of the antipodal points in S™), and the topology of RP™ is much richer than
that of S™. In fact, it can be shown that Cat (RP", RP") = n+ 1 (cf. [68]) so
that, in this case, one obtains (n + 1) critical values (possibly repeated):

e1 << <l
Another way to interpret Lusternik’s multiplicity result is to consider it
as a consequence of the symmetry of the problem (evenness of ¢, in this

1 Clearly, since ¢ is even, its critical points occur in pairs.
2 Moreover, if ¢; = c; 1« for some 4,k > 1, it can be shown that the category of the
critical set K. is at least k& + 1.
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case). This question of multiplicity versus symmetry will be tackled in a
future chapter.

2 The Mountain-Pass Theorem

As already mentioned in the beginning of this chapter, the basic idea behind
the minimax method is to minimazimize (or maziminimize) a given func-
tional ¢ over a suitable class of subsets of X. In particular, such a suitable
class can be chosen to be invariant under the deformation (¢, ) given in the
deformation theorem 3.2.3.

In this section we will present a first illustration of the minimax method
which has proven to be a powerful tool in the attack of many problems on dif-
ferential equations. It is the celebrated mountain-pass theorem of Ambrosetti
and Rabinowitz [9]:

Theorem 2.1. Let X be a Banach space and p € C1(X,R) be a functional
satisfying the Palais-Smale condition (PS) (or, more weakly, (BCN).).? If
e€ X and 0 < r < |le]| are such that

a =: max{p(0),p(e)} < inf @(u)=:b, (2.1)

l[ull=r

then

c=inf sup @(y(t
7€ tefo,1] (v(t)

is a critical value of ¢ with ¢ > b. (Here, ' is the set of paths joining the
points 0 and e, that is, I = {v € C([0,1], X) | v(0) =0, v(1) =e}.)

Proof: First note that v([0,1]) N 9B, is nonempty for any given v € I, since
~+(0) =0, 4(1) = e and 0 < r < ||e|| by assumption. Therefore,
: t)) >b=inf ¢,
e p(y(t) 2 b= Inf ¢

so that ¢ > b.

Let us assume, by negation, that ¢ is not a critical value. Then, by the
deformation theorem 3.2.2, there exist 0 < € < 9;—“ (recall that a < b by (2.1)
and n € C([0,1] x X, X)) such that

n(t,u) =u if ud o c-2,c+2]), te[0,1], (2.2)

% Recall Remark 3.2.1. One could also use (Ce). (cf. [67)).
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4
——————————————————— @ =c
\<_ S — — ¢=b

AN 0=
| |
| |
[ r_| :

0 e X

Fig. 4.1.
(L, e"T) C . (2:3)

Now, by definition of ¢ as an infimum over I', we can choose v € I" such that

1) < 24

tlg[gg]so(v( ) Scte (2.4)

and define the path 7(¢) = n(1,v(¢)). In view of (2.2) and the fact that 2¢ <

b — a, it follows that ¥ € T (indeed, ¥(0) = n(1,0) =0 and F(1) = n(l,e) = ¢
since ¢(0), p(e) < a < b— 2¢). But, then, (2.3) and (2.4) above imply that

SN < e —
tgl[gg]w(v( ))<c—e,

which contradicts the definition of ¢. Therefore, ¢ is a critical value of . [0

Remark 2.1. In the case u = 0 is a strict local minimum of p and 0 # e € X
is such that (e} < ¢(0), then Condition 2.1 is clearly satisfied. This situation
is common in many application as we shall see next (in this sense, the rough
Fig. 4.1 is typical).

3 Two Basic Applications

Application A. Let us show that the following nonlinear Dirichlet problem
on a bounded domain @ C R?® with smooth boundary possesses a classical
nontrivial solution:

{ ~Au =u® inQ

u=0 ondQ. (3.1)
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- ; RN N+2
To begin with, we observe that since f(z,u) = v* and 3 < =5 = 5, the

functional
1,

o) = [ 519 = Ju

is well defined and of class C! on the Sobolev space H}(f) by Proposition

| dz

2.2.1. The critical points of ¢ are precisely the weak solutions of (3.1).

Lemma 3.1. (a)u = 0 is a strict local minimum of ;
(b) Given 0 # v € H} there exists py such that p(pov) < 0.

Proof: (a) In view of the Sobolev embedding H} < L* we have

1, 5 1 1
p(w) = 5llul* = lhullzs = 51l * = Cllul?

hence p(u) > 0 = ¢(0) for all u with 0 < jJu|| <, for some small r > 0.
(b) Letting 6 = [,, v*dz for a given v € Hy with (say) |[v|| = 1, we have
Ly 104
plpv) = 5p" = 70p" — —00 as p— 00,
so that the result follows. O

Theorem 3.2. (/9]) Problem (3.1) possesses a nontrivial classical solution.*

Proof: We shall use the mountain-pass theorem. Since we already know that
¢ € C1(H},R), we now show that ¢ satisfies (PS).

Let (u,) be such that |¢o(un)| < C, ¢'(u,) — 0. Then, for all n sufficiently
large, we have

1 () ] = | /Q (Ven]? = 2] dt] < Jfun] -

hence ) )
@(Un) — Z‘Pl(un) “Up dr < C + ZHUnH )
that is,
1 9 1
ZH“HH SC“"ZHUTLH .

This implies that ||u,|| is bounded, so that we may assume (by passing to
a subsequence, if necessary) that u, — 4 weakly in Hi. But then, since
Vo(u) = u— T(u) with T a compact operator (cf. Remark 2.2.1), we obtain
4 In fact, because of the eveness of the corresponding functional ¢ and its su-

perquadratic nature, problem (3.1) has infinitely many solutions, as we shall see
later on.
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Un, = Vo(uy) + T(u,) — 04+ T(u) .

Therefore, u, — % strongly in H} and we have shown that ¢ satisfies (PS).

Now, Lemma 3.1 allows us to use Theorem 2.1 (with e = pgv) in order to
conclude the existence of a critical point ug with ¢(ug) = ¢ > b > 0 = »(0).
Therefore, ug is a nontrivial weak solution of (3.1). Moreover, since both 9
and f(z,u) = u® are smooth, a bootstrap argument shows that ug is indeed a
classic solution (cf. [2]).

Application B. This next application is a generalization of the previous one.
We consider the nonlinear Dirichlet problem (cf. [9])

{ ~Ou = f(z,u) nQCRY (3.2)

u=~0 ondQ,

where @ C RN (N > 2) is a bounded smooth domain and, as usual, f :
2 x R — R is a Carathéodory function satisfying the growth condition (f;)
before Proposition 2.2.1 in Chapter 2. Moreover, we shall assume the following
conditions:

flz,s) =o(|s) as s — 0, uniformly in z. (f2)
There exist 1 > 2 and r > 0 such that
0 < puF(xz,s) <sf(xz,s) forls|>r, (f3)

uniformly in 2 {(where we recall that F(x, s) fo x, 7)dT).

Condition (f3) is the so-called superquadraticity condition of Ambrosetti and
Rabinowitz.

As we know, the fact that f is a Carathéodory function satisfying (f1)
implies (cf. Proposition 2.2.1) that the functional

o) = /Q [%WUF ~ F(o,u)] do (3.3)

is well defined and is of class C! on the Sobolev space H}((2). Next, we prove
an analogue of Lemma 3.1.

Lemma 3.3. (a)u =0 is a strict local minimum of ¢;
(b) Given 0 # v € H} there ezists py such that ¢(pov) < 0.

Proof: (a) In view of (f2), given € > 0, there exists § = §(e) > 0 such that
|f(z,s)| <e¢ls| for all |s| <4, hence
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IF(z, )| < %6|3|2 if 18] < 6. (3.4)
Now, since the growth condition (f;) implies
|[F(z,5)] < Acls|”™"if [s| 2 6 = é(e) (3.5)
we combine (3.4) and (3.5) to get
Pz, 5)| < %6|s|2 + Adslot! VseR,VzeQ. (3.6)

Therefore, using (3.6) we obtain

1 1 € -
p(w) =l = [ Floww do 2 5llul® - Slulffs - Adul 2L
Q
hence

1 € - 1 € ot
o(w) 2 5l = - llull® = eAdlull™™ = 501 = ) llull® = Cel il
(3.7)

in view of Poincaré’s inequality A1|{u||?, < |Ju||* and the Sobolev inequality
[ullpe+r < cf|uf| (recall that o +1 < £

€ < A; and assume that ¢ > 1 in (f1), the above inequality (3.7) gives

Therefore, since we can take

@(u) > 0 = ¢(0) for all u with 0 < [|u|| < r, for some suitably small r > 0.

(b) Tt is easy to see that condition (f3), together with (f;), implies that F
is superquadratic in the sense that there exist constants ¢,d > 0 such that

F(z,s) > c|s|* —=d VseR,Vzr el (3.8)

Therefore,

o) = 3lull = [ Plavu) de < 5l = cliull +di9)

so that, given v € H} with ||v|| = 1 and writing § = c||v||f, > 0, we obtain
L
plpv) < 5p° = 0p" +dlYf — —o0 as p— o0,

In particular, there exists pg > 0 such that ¢(pov) < 0. O

Remark 3.1. As we have just seen in part (b) of Lemma 3.3, condition (f3)
implies (3.8) with u > 2 (F is superquadratic) and, hence, ¢(pv) — —o0 as
p — oo for any given 0 # v € H}. Therefore, the functional ¢ is not bounded
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from below. On the other hand, since p(u) = %|jul|? = ¥(u) where ¢ is a
weakly continuous functional (recall Example C in Section 2.1 of Chapter
2), then if we let (e,) denote an orthonormal basis for HJ, it follows that
lim,, 00 ¥(Re,) = 0 for any given R > 0, so that lim,_.. ¢(Re,) = SR2

Since R > 0 is arbitrary, we see that ¢ is also not bounded from above.

Theorem 3.4. (/9]) If f : Q@ x R — R is a Carathéodory function satisfying
conditions (f1) — (f3), then problem (3.2) possesses a nontrivial weak solution
u € Hi.

Proof: As in Theorem 3.2, we start by showing that the functional ¢ given
in (3.3) satisfies the (PS) condition.

Let (u,) be such that |p(u,)|] < C, ¢'(un) — 0. Then, for all n sufficiently
large, we have

¢ () - un] = | /Q (Vtnl? — Flaswn)ien] diz] < ]|

hence

1, 1
©(un) = = (Up) - up de < C + —||usl| ,
(un) = 2 (un) el

that is,

(- %>||uni|2 <C+ i—nunu ,

[\

where (5 ~ i) > 0, which implies that ||uy|| is bounded. The rest of the
proof that o satisfies (PS) is done as in Theorem 3.2. Similarly, Lemma 3.3
and Theorem 2.1 imply the existence of a nontrivial weak solution ug € Hy

of (3.2). O

Remark 3.2. If f : O x R — R is assumed to be locally Lipschitzian, then
by a bootstrap argument, the weak solution ug is a classical solution (see [9]).

Remark 3.3. We point out that the Palais-Smale condition is a compactness
condition involving both the functional and the space X in a combined man-
ner. The fact that X is infinite dimensional plays no role in requiring that
(PS) (or some other compactness condition) be satisfied in the mountain-pass
theorem. Indeed, even in a finite-dimensional space, the geometric conditions
alone are not sufficient to guarantee that the level ¢ is a critical level (see
Exercise 2 that follows).
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4 Exercises

1. Let A < 0. Show that the ODE problem

v+t ut=0, 0<t<nmw
u'(0) =u(m)=0

has a solution u € C?[0, ] which is a mountain-pass critical point of the
corresponding functional.

2. Find a polynomial function p : R x R — R that satisfies the geometric
conditions (2.1) of the mountain-pass theorem (so that the minimax value
¢ > b > 0 does exist), but ¢ is not a critical level of p. (Try to find such
a polynomial p(x,y) having (0,0) as a strict local minimum and no other
critical point; if giving up, see [20].)

3. Consider the following nonlinear Neumann problem

{ —~Au = f(u)+ p{z) inQ

%:0 on 0F) ,

(N)

where @ C RN (N > 1) is a bounded smooth domain and the continuous
functions f : R — R (given as p-periodic) and p : ) — R satisfy the

/Opf(s)ds:o, /Qp(m)d:r:O.

Recall that, as an application of (the minimum principle) theorem 3.3.1

conditions

in Chapter 3 with the Palais-Smale condition replaced by the weaker
Brézis-Coron-Nirenberg condition (BCN),., we proved that (N) had a
solution uy € H'(f)) minimizing the corresponding p-periodic functional
. Clearly, by the periodicity of ¢, any translated function ug = ug + kp,
k € Z, is also a minimizer of . Find another solution for (N) which is
different from the ug’s.’

4. This is simply a calculus exercise to introduce a function which is super-
linear at infinity in the sense that

f(s)

lim —= = 400,
|sj—o0 8

but grows slower than any power greater than 1, namely,

lim 1s)

|s]—o00 |S|ES

=0 Ve>0.

® The mountain-pass theorem also holds if b = a in (2.1) (cf. [63]).
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Indeed, just take f(s) := F’(s), where F(s) = s%In(1 + s?). You should
also check that
lim [sf(s) = 2F(s)] = +o0,

|s|—o0

which is a condition that is relevant to the next exercise.
Consider the Dirichlet problem

{—Au = f(z,u) inQ

D
u=0 onodQ, (D)

where Q C RN is a bounded smooth domain and f : @ x R — R is
continuous, with f(0) =0, f(z,s) = o(|s|) as s — 0 (uniformly for z € ),
f satisfying the growth condition (f;) in Chapter 2 and

f(a,s)
S

o
o

lim inf > A1, uniformly for z € Q,

|s|—c0
Moreover, assume that

| lilm [sf(z,s) ~ 2F(x,s)] = 400, uniformly for z € ,°

—00

where, as usual, F(z,s) fo z,t)dt. Show that (D) has a nonzero so-
lution. [Hint: Use the Fatou lemma to verify that, in view of the above
condition, the pertinent functional satisfies the Cerami condition intro-
duced in Exercise 2 of Chapter 3.]

® This is a nonquadraticity condition introduced in [31].



5

The Saddle-Point Theorem

1 Preliminaries. The Topological Degree

In this chapter we present a second important illustration of the minimax
method, the saddle-point theorem of Rabinowitz [64]. Since its proof uses the
topological degree of Brouwer, we reserve this section for a brief presentation
of this important topological tool and its main properties. The interested
reader can see the details in [57].

Let & € C(U,R") where U C R™ is a bounded open set. Given b €
R™\®(OU), the problem consists in solving the equation

o(z) = b (1.1)

in U. This can be done in certain cases by using the so-called Brouwer degree
of the mapping ® (with respect to U, at the point b), denoted by deg(®. U, b),
which is an integer representing an algebraic count of the number of solutions
of (1.1).

First, we consider the regular case, in which ® € CY(U,R") and b €
R™\®(dU) is a regular value of ® [that is, ®'(&) is invertible for any ¢ €
®~1(b)], and define

deg(®,U,b) = > sgndet[2'()] (1.2)
(e 1(d)

where we observe that the above sum is finite in view of the inverse function
theorem.! Then the following properties hold:

! Indeed, the fact that ®’(¢) is invertible implies that each ¢ € &7 !(b) is isolated
and, therefore, ®71(b) is a finite set since b ¢ ®(OU) by assumption.
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(i) (Normalization) If Id : U — R™ is the inclusion mapping, then

lifbeU

deg(1d,U,b) = {0 ifbeU .

(ii) (Existence Property) If deg(®, U, b) # 0, then there exists a solution zy €
U of (1.1).
(iii) (Additivity) If U = Uy UU,, Uy NU, = 0 and b ¢ ®(9U,) U ®(9U,), then

deg(®, U, b) = deg(®, U1, b) + deg(®, Us, b).

(iv) (Continuity) If ¥ is close? to ®, then deg(¥,U,b) = deg(®, U, b).
(v) (Homotopy Invariance) If H € C([0,1] x U,R") and b ¢ H([0,1] x 8U),
then
deg(H(t,-),U,b) = constant V¢ € [0,1] .

(vi) (Boundary Dependence) If ¥ = ® on U, then deg(¥, U, b) = deg(®, U, b).

Remark 1.1. It is not hard to verify properties (i)—(iv), whereas (v) and
(vi) are consequences of (iv). In fact, (iv) implies that the function t —
deg(H(t,-),U,b) is continuous, hence constant since it only takes integer val-
ues. And the homotopy H(x,t) = (1 —t)®(z) + t¥(x) shows property (vi).

Next, the definition of deg(®,U,b) can be extended to a general & €
C(U,R") and b € R*\®(8U) through the following steps:

(A) Given ® € C1(U,R") and b € R"\®(JU), not necessarily a regular value,
Sard’s theorem implies the existence of a sequence (by) converging to b,
where each by is a regular value of ®; one defines deg(®, U, b) by showing
that the limit below exists and does not depend on the choice of (by):

deg(®,U,b) = klim deg(®,U, by) .
—00

(B) Given ® € C(U,R") and b € R*\®(AU), we consider a sequence (®y)
where ®; € C'(U,R") is such that &, — ® in C(U,R") and we define
deg(®, U, b) by showing that the limit below exists and does not depend
on the choice of (®y):

deg(®,U, by = klim deg(®x, U, b) .
—00

2 Here we mean Cl-close but, in the general case to be considered, we should
understand close as C°-close.
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Finally, it follows that the degree just defined satisfies properties (i)-
(vi). We should also mention that there is a degree theory in the infinite-
dimensional case, due to Leray and Schauder (see [50, 57]) which deals with
mappings ® € C(U,X), where U C X is a bounded open subset of a Ba-
nach space X and ® is a compact perturbation of the identity, that is, of
the form ®(u) = u — T'(u) with T a compact mapping. The corresponding
Leray-Schauder degree also satisfies properties (i)-(vi).

2 The Abstract Result

In this section we state and prove Rabinowitz’s saddle-point theorem.

Theorem 2.1. ([64]) Let X =V @& W be a Banach space, where dimV < oo,
and let ¢ € CY(X,R) be a functional satisfying the Palais-Smale condition
(PS). If D is a bounded neighborhood of 0 in V' such that

= inf ¢ := .
a:=maxy < infe b, (2.1)

then
:= inf h
¢:= inf max o(h(w))

is a critical value of o with ¢ > b. (Here T is the class of deformations of D in
X which fix D pointwise, that is, T = {h € C(D, X)|h(u) =u, Yu €D }.)
Proof: We first verify that h(D) N W # () for any h € T. In fact, if we let
P : X — V denote the projection onto V along W, then Ph € C(D,V) and
Ph(u) = Pu = u # 0 Vu € dD. Since we can identify V with R™, where
n = dimV, the degree deg(Ph, D,0) is well defined and properties (i) and
(vi) of Section 1 imply that

deg(Ph, D,0) = deg(Id, D,0) = 1.

Therefore, by property (ii) of that section, there exists ug € D such that
Ph(ug) = 0, that is, h(up) € W. This implies that
max @(h{u)) > b=1inf ¢ ,
u€D w
hence ¢ > b since h € T is arbitrary.
Now, assume by negation that c¢ is not a critical value of ¢. Then, by

the deformation theorem 3.2.2, there exist 0 < € < 9—59 (recall that a < b by
(2.1)) and 5 € C([0,1] x X, X) such that
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" i

g W
D
X |4 /
Fig. 5.1.
n(t,u) =u if ud¢ o [c—2¢c+2€), te[0,1], (2.2)
n(1,0°7¢) C e (2.3)
Now, pick h € I' such that
max ¢(h(u)) < c+e (2.4)

uED

and define lAz(u) =n(1, h(u)). By (2.2) and the fact that 2¢ < b — a we have
n(1, h(u)) = u if u € OD [since ¢|0D < a < b — 2¢], hence h € I'. Then, (2.3)
and (2.4) imply that

maxp(h(w)) < c e,
ueD

which contradicts the definition of ¢. Therefore, ¢ is a critical value of . 0O

Remark 2.1. We should observe that Condition (2.1) is clearly satisfied when
@ is such that p(v) — —o0 as [|[v]] — o0, v € V, and p(w) — 400 as
[|w|| — oo, w € W. This situation is typical in many applications.

3 Application to a Resonant Problem

We now consider a result due to Ahmad, Lazer and Paul [3] concerning the
existence of a solution for the following resonant problem

(3.1)

—Au = Mu+g(z,u) in QCRY
u=10 ondQ,

where Q ¢ RY (N >1) is a bounded smooth domain, Ay is the kth eigenvalue
of —Au = Au in Q, u = 0 on 90, and we assume
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g: x R — R is continuous and uniformly bounded, say
9(a,8)| <M VreQ, VseR. (91)

Therefore the nonlinearity f(z,s) = Axs + g(z, s) is such that f(—”;i) - A\ as
|s] — oo, hence the terminology resonant problem. Clearly, some additional
condition is necessary for the solvability of (3.1) since, as we know, even in the
linear case g(x,s) = g(x) (say, a continuous function), one has the Fredholm
alternative: (3.1) is solvable if and only if [, gvdz = 0 for all v in the M-
eigenspace Ny.

Ahmad, Lazer and Paul [3] assume that g also satisfies one of the conditions
(1) or (g7) below:

Jo G(z,v(z)) dr — oo as [jv]] — 00, v € Ny, (g;t)

where, as usual, G(z, s) fo x,t)dt. More precisely, they prove the follow-
ing:

Theorem 3.1. ([3]) Under conditions (g1) and (g3) or (g5 ) Problem (3.1)
has a weak solution u € H ().

Here we present the proof given by Rabinowitz [64] which uses the saddle-
point theorem and makes clear the role of conditions (g5)%. For that, we

(Lu, u) /Gmu

which, in view of (g1), is clearly well defined on H{(£2), is of class C?, and its

consider the functional

o(w) = [ (51907 = 2o) = Gla,)] do

l\.’)l»—t

(3 2)

critical points are the weak solutions of (3.1). We also consider the following
orthogonal decomposition of X = H},

X:X_@XO@X+,

where Xg = N and X, (resp. X_) is the subspace where the operator
L: H} — H} defined in (3.2) is positive (resp. negative) definite. We denote
the respective orthogonal projections by Py, P+ and P_. Then, the following
result holds true:

Proposition 3.2. Under conditions (g1) and (g5 ) one has

% In fact, it was this result of Ahmad, Lazer and Paul that led Rabinowitz to state
and prove the saddle-point theorem, which became one additional powerful tool
among the variational techniques.
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(a) p(u) = =00 as[lul]| — o0, ue X_;
(b) p(u) = +oo as ||ul]| = o0, uEe Xo b X;.

Proof: (a) Let w = P_u € X_.. Using (g1) together with the mean value
theorem for G(z,-) and the fact that L is negative definite on X_, we obtain

o) = %(LP_u,P_u)— /Q Glz, P_u) da

AN

1
—504’|P—"||2+M||P—U||Ll
1
< —gaHP—UH? + A||P_u|| — —oo  as ||uf| = [|P-u|| — oo,

where, in the last inequality, we used that ||v||p: < ¢||v||p2 and the Poincaré
inequality.

(b) Let u = Pyu + Pru € Xo & Xy. Now, using the fact that L is positive
definite on X and, again, (g;) combined with the mean value theorem for
G(z,-), we obtain

o(u) = %(LP+u, Piu) ~ /QG(x,u) dx
> %a||P+uH2— /Q Gz, u) — Gz, Pyu)] dz — /Q G(z, Pyu) dx
> gollPeul* = MIIPule: - | Gla,Pu) de
hence

1
¢ > gollPeull - AlPwill - [ G Py dz  (33)

for all w = Pyu + Pyu € Xo @ X4. This shows, in view of hypothesis (g5 ),
that o(u) — +00 as [|ul|? = ||Pyu||* + || Prul|? — . O

Remark 3.1. If we assumed (g3 ) instead of (g; ) the conclusions of the above
proposition would be

(¢) p(u) = —oo as [Jul]| — o0, u € X_ & Xo;
(d) p(u) = 400 as ||u]| = o0, u € X4

Proof of Theorem 3.1 As mentioned earlier, we are going to use the saddle-
point theorem. Since we already know that ¢ € C'(X,R), we show now that
o satisfies (PS).
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Let (u,) be such that |p(u,)| < C and ¢'(u,) — 0. Then, for all n
sufficiently large, we have

/() Bl = (Do) [ glounlhds] < A Whe X, (34)

Then, letting h = Pyu, in (3.4), it follows that
1Prunll 2 [0 (un) - (Prun)l
2 of|Prug|? ~ M||Pyunl| 1
> af|Prun||* — Al|Prunl|

so that ||P1u,|| must be bounded.
Next, letting h = P_u,, in (3.4), we obtain

—|[P-uy|| < @l(un) (P-_uy)

< —-Oc||P_'u,n||2 =+ MHP—un”Ll

IN

~al| P-tun||* + All Pt |

so that ||P_u,|| must also be bounded. Therefore, we obtain
Py + Po)un|| = [fun = Pounl| < C. (3.5)

On the other hand, since we can write

1
o(uy) = ”2‘<L(un — Pouy), un, — Potn)

_ / [G(z,u) — Gz, Pyu)] dx — | G(z, Pyu) dz ,
0 Q

where ¢(uy,) is bounded together with the first two terms on the right-hand
side of the above expression (in view of (3.5)), it follows that the last term
is also bounded and, hence, because of (g5 ), we can conclude that ||Poun||
is bounded. This, together with (3.5) shows that ||u,|| is bounded. The
rest of the proof that o satisfies (PS) is done as before, using the fact that
Vo(u) =u -~ T(u) with T a compact operator.

Finally, Proposition 3.2 allows us to apply the saddle-point theorem with
V=X__,W=X,® X, to conclude the existence of a critical point of ¢,
that is, a solution of (3.1). 0

Remark 3.2. We point out that in the case g :  x R — R verifies
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| llim G(z,s) = +oo uniformly for z € Q, (g9)
respectively

| llim G(x,s) = —oo uniformly for = € Q , (93)

§[—00

then condition (g5) [resp. (g3 )] is satisfied.

Indeed, following [63], let v € Ny and K > 0 be given and write v = pw
with p = |jv]] and w € SN N, = {w € Ni, | |jw]| = 1 }. By (g7 ) there exists
o = a(K) such that G(z,s) > K if |s| > a(K) and = € Q. Then, since there
exists My such that G(x,s) > —M, for all z € Q and s € R, we can write

| 6o, pota)) do = ~Maf0 + K1 k. (3.6)
Q

where Q, k. = {z € Q| p|lw(z)| > o(K)}. Since SN Ny is a compact set, we
can choose p(K) sufficiently large so that [Q, k.| > [©2]/2 for all p > p(K)
and w € SN N. Thus, (3.6) implies that (g7) is satisfied.

4 Exercises

1. As can be easily checked by elementary methods, the linear resonant ODE
problem (P,) in the introduction has no solution. Why cannot Theorem
3.1 be used?

2. In view of the Fredholm alternative, if p : ! — R is a continuous function
on a bounded, smooth domain Q C RY, a necessary and sufficient condi-
tion for existence of a solution to the linear problem —Au = A\ju + p(z),
u =0 on 012, is that

/ p(@)én(z) dz = 0,
Q

where ¢, (z) is an eigenfunction corresponding to A;. Since both conditions
(g5) and (g5') clearly fail in this linear case, exhibit a class of continuous
functions ¢ : R — R for which the modified nonlinear problem with
p(x)g(s) replacing p(x) always has a solution.

3. Let @ ¢ RY (N > 1) be a bounded, smooth domain and consider the
Dirichlet problem

—Au = Mu+g(u) ~h(z) in
u=0 on 00,
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where h : @ — R and g : R — R are continuous functions with g
increasing and such that

g(—0) < g(s) < g(+0) VseR,

where g(+00) := lims. 1o g(8). Show that, if 1 > 0 is a A;-eigenfunction
and the following Landesman—Lazer condition [49]

/¢1dx</ x)¢1 dz < g(+00) /qﬁuia: (LL)

is satisfied, then problem (D) has a solution. Verify that the condition
(LL) is also necessary for existence of a solution under the other given
conditions.

. State a corresponding Neumann problem where existence of a solution can
be proved in a manner similarly to the one used in the previous exercise.
. Show that the functional ¢(u) associated with the Dirichlet problem in
Exercise 3 satisfies

o(tdy) — —~00  as|t| — 0.

. Consider the nonlinear Dirichlet problem

-Au = f(z,u) inQ
{ u=10 ond, (D)

where Q@ ¢ RY is a bounded smooth domain and f : @ x R — R is a
continuous function such that

lim —Lx’ s)

|s]— o0 S

= A, uniformly for x € {2,

where Ay < A < A1 (Mg, Akt being eigenvalues of —A under Dirichlet
condition on 0f2). Assume further that

| l\lm [2F(z,s) — sf(z,8)] = +o0, uniformly for z € 0,

— o0

where, as usual, F(z,s) fo x,t)dt. Show that (D) has a solution.
(Recall that, as in Exercise 5 of Chapter 4, the previous condition renders
the pertinent functional satisfying the Cerami condition.)
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Critical Points under Constraints

1 Introduction. The Basic Minimization Principle
Revisited

In many variational problems one must find critical points of a given functional
¢ € CYX,R) in the presence of constraints, that is, critical points of ¢
restricted to a set M C X of constraints. Naturally, in order to be able
to talk about critical points of ¢|M, the set M must have a differentiable
structure. Typically, in the case of a finite number of constraints, M is of
the form M = {u € X | ¢j(u) =0, j=1,...,k} where ¢p; € C1(X,R),
j=1...k

Before considering critical points in general, let us review the situation of
manimum described in Section 2.1, where the set M of constraints does not
need to have a differentiable structure. Then, the same ideas of the basic
minimization principle, Theorem 2.1.3, can be used to prove the following:

Theorem 1.1. Let M be a weakly closed subset of a Hilbert space (or, more
generally, a reflexive Banach space) X. Suppose a functional ¢ : M — R is

(i) weakly lower semicontinuous (w.l.s.c),

(i1) coercive, that is, ¢(u) — +00 as ||u||] — oo, u € M.

Then ¢ is bounded from below and there exists ug € M such that o(ug) =

inf 7 .

Proof: The proof is essentially the same as that of Theorem 2.1.3, where we
replaced Br by the bounded, weakly closed set Mz = M N By and recalled
that a bounded, weakly closed set is weakly compact. And, as before, in view
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of the coerciveness of o, we pick p € M and R > 0 so that p(u) > ¢(p) for
lull > R, u € M. O

Remark 1.1. The special case M = X gives us Theorem 2.1.2. In this case,
as already observed in the remark following Theorem 2.1.2, any point ug of
minimum of a C* functional ¢ : X — R is a critical point of ¢, that is,
O (ug) =0€ X*.

Remark 1.2. A typical example of a weakly closed set M C X is given by
M ={ue X | ¢u) = c}, where ¢y : X — R is a weakly continuous
functional. More generally, if ¢ : X —— R is a weakly l.s.c. functional, the
sets of the form ¢ = {u € X | p(u) < c}, ¢ € R, are weakly closed.

2 Natural Constraints

Now, we turn our attention to the problem of finding the critical points of
a functional ¢ € C1(X,RR) over a set of constraints M C X which is a dif-
ferentiable manifold. Besides the trivial case where M is an arbitrary closed
subspace of X, we will not consider a general submanifold M C X, but rather
those submanifolds of finite codimension. These correspond to situations in
which only a finite number of constraints are present. Let us recall some
definitions.

A subset M C X is a C™-submanifold of codimension k (m,k > 1 integers)
if, for each ug € M, there exists an open neighborhood U of ug and a function
¥ € C™(U,R¥) such that

(i) ¥'(u) is surjective for every u € U,

(i) MNU ={ueU | ¢(u) =0}

In this case the tangent space to M at the point ug € M, denoted by T;,, M,
is defined as the space of all tangent vectors v'(0) to M at ug, where 7 :
(—€,€) — M is an arbitrary C! curve in M passing through ug, that is,
v(0) = up, and such that v/(t) # 0 Vt € (—¢,¢).

Finally, given a functional ¢ € C'(X,R), we say a point ug € M is a
critical point of p|M if

d

i (Y()|t=0 =0 (2.1)

for every C! curve v : (—e, ) — M passing through wuo.
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The following result, which is well known in finite dimension (and whose
proof we omit in infinite dimension, cf. Theorem 3.1.31 in [15]), shows that a
critical point of a constrained functional is a critical point of a related uncon-
strained functional. (This is the so-called method of Lagrange multipliers.)

Theorem 2.1. Let ¢ € CY(X,R) and suppose M C X is a C*-submanifold
of codimension k, say M = {u € U | ¢;(u) =0, j = 1,... ,k} where ¢; €
CYUR), 5 = 1,... .k, U C X is an open set and ¥i(u),... ¢} (u) are
linearly independent for each u € U. Then, if © € M is a critical point of
o|M, there exists A= (AL, ..., M) € RF such that

k
@) =Xy (@) = 3 \ui(@) (2:2)

(The X;’s are called Lagrange multipliers.)

Next, given a submanifold M C X as above, if ug € M is a critical point
of an unconstrained functional ¢ € C*(X,R), then ug is also a critical point
of p|M since (2.1) is easily verified in this case (¢'(ug) = 0 € X* implies, in
particular, that ¢ (ug)-'(0) = 0 for all tangent vectors 4'(0) to M at ug). The
converse statement is not true in general. However, if a given critical point
u € M of p|M is also a critical point of the unconstrained functional ¢, we say
that the submanifold M is a natural constraint for the critical point © € M
(in view of (2.2), this is the case if and only if all the Lagrange multipliers
Aj = A;(U) are equal to zero). We say that M is a natural constraint for ¢ if
M is a natural constraint for each critical point @ of p|M, that is,

K(p|M) = K(g) " M (2.3)

(cf. [45]), where we are denoting by K (@) the set of critical points of .

A particularly important situation occurs when a given critical point ug of
¢ € CY(X,R) is not a global minimum, say, a saddle-point', but it is possible
to find a submanifold M C X which is a natural constraint for ¢ and is such
that ug € M is a global minimum for ¢|M (cf. the definition of natural
constraint in [15], Section 3.3B, where in addition M is required to contain all
critical points of ¢, that is, K(p|M) = K(yp)). We shall see some applications
in the next section.

! This means that any neighborhood of ug contains points u, v with ¢(u) < p(ug) <
(V).
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3 Applications

Application A. We consider the question of existence of T-periodic solutions
for the classic Hamiltonian system

z(0) = (T) , &(0) = &(T), (3.1)

where z(t) € R" and V(t, z) satisfies

V:R x R® — R is continuous, V (-, z} is T-periodic and V(t,-) is differ-
entiable with V.,V (¢, z) continuous for any ¢t € R, z € R™. (V1)

Let X denote the following Sobolev space of T-periodic functions, X =
H} ={z:R — R™ | zis abs. continuous, T-periodic and fOT |2[2dt < o0 },
endowed with its natural inner product

T
<x,a>=/ F4i- 3dt VeieX,
0

where - and | - | denote the Euclidean scalar product and norm in R™.

Lemma 3.1. If (V}) holds, then the functional
T1
o(z) = / [—2-|:E|2 ~V(t,z)dt, ze€X=H} (3.2)
0
is well defined and of class C' on X, with
T
o(x) 2= / [#-2—-V,V(t,x) 2] dt Vr,ze X . (3.3)
0
Moreover, the critical points of ¢ are the classical C? solutions of (3.1).

Proof: Since V is continuous on R x R” by (V}) and any function z € X is
absolutely continuous with fOT |£|2dt < oo, it is clear that the functional ¢ is
well defined on X. Also, the fact that ¢ € C'(X,R) with the derivative given
by (3.3) can be easily verified, so that we leave these as an exercise for the
reader (cf. Exercise 2).

Finally, the proof that the critical points of ¢ are the classic C? solutions
of (3.1) is also standard. Indeed, if x € X is a critical point of ¢, then

T
/ [£-2 =V, V(t,e)-z]dt=0 Vze X,
0



3 Applications 53

which implies that € X is a weak solution of (3.1). Since z € X is continuous
and, by (V1), V.,V is also continuous, it follows that & = v in the weak sense,
where v(t) = V.V (¢,z(t)) is also a continuous function. Therefore, the weak
solutions x(t) are classical C? solutions (cf. [70]). O

Remark 3.1. It should be noted that, in this case, one also has the gradient
of o, Vo : X — X, of the form Vo(z) =z — K(z) with K : X — X a
compact operator. In fact, since K(x) is defined by

T
(K(x),z>:/0 o4 VoV(ta)-zdt Vaze X,

the compactness of K in this case is an immediate consequence of the compact
embedding X C C0,T] (see Exercise 3).

Lemma 3.2. (¢f. [76]) Assume the conditions (V1) and (Va), where
V.V(-t,~z) = -V, V(t,z) Vi, z (Vo)

(i.e., V.V is an odd function of t,x). Then, the closed subspace of the odd
functions in X,
M={ze X |z(-t)=—x(t) Vt}

is a natural constraint for .
Proof: Let zo € M be a critical point of ¢|M, that is,
T
(V(xo), z) = / [0 -2 —V,V(t,zg) 2] dt=0 Vze M.
0
Since we can decompose X = M @& M*, where M~ is the subspace of the
even functions in X, in order to show that xg € M is a critical point of ¢, it
suffices to verify that

T
(V(zg), w) = / [£o-w — V.V (t,x0) w] dt =0 Vwe M.
0

But this is true since (V3) and the fact that xq is an odd function imply that
the above integrand is an odd (T-periodic) function. O

Lemma 3.3. (Wirtinger Inequality) If x € X and fOTa: dt =0, then

T T (T
: < — ) .
'/0 lz]© dt < 4#2/0 |Z]* dt
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Proof: It is a consequence of the Parseval identity applied to the functions
z and Z, by noticing that the constant term in the Fourier expansion of the
function z € X is zero, since = has zero-mean value. |

Remark 3.2. Note that Wirtinger inequality is the analogue in the periodic
situation of the Poincaré inequality.

Theorem 3.4. ([76])Assume conditions (V1) — (V3), where

There exist constants 0 < a < ‘—17—71'; and b > 0 such that
1
Vit,2) < galef+b (V)

Then, Problem (3.1) has a classical, odd solution, which minimizes the func-
tional p over M = {z € X | x is odd }. If, in addition, V satisfies

~ o, Ar? ~ . -
[V.V(tz) - V.V(t3) [z -3 < %m ~ 3 Vo, 2 €R", z#3, (Vi)
then (3.1) has a unique (classical, odd) solution.

Proof: Since M is a natural constraint by Lemma 3.2, it suffices to find a
critical point of ¢|M.
If x € M, we have fOT zdt = 0, so that Wirtinger’s inequality (Lemma 3.3)

implies the following lower estimate for ¢, where (1 — %;) > 0

1 /T a [T
o(x) -/ |z|? dt — —/ |z|? dt — bT
2 Jo 2Jo

2
>11 aTl

v

T
“2( _11?5)/0 |£|? dt —bT Yz e M.

Therefore, ¢ is coercive on M. Since ¢ is weakly l.s.c. (being the sum of a
continuous convex functional and a weakly continuous functional), Theorem
1.1 implies the existence of zo € M such that ¢(xq) = infar ¢.
Clearly zq € M is a critical point of ¢|M, hence a critical point of ¢ (since
M is a natural constraint) and a classical solution of (3.1) by Lemma 3.1.
Finally, if (V4) is valid, then using the Wirtinger inequality yields

(Vo(z) = Vo(Z),z ~I)

T .
- /0 (& =32 = [VaV(t,2) — Vo V(5] - [o - 3]) dt
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for any z,7 € M, x # T, so that we have uniqueness of the solution in this
case. O

Application B. Consider the following Neumann problem

{—Au = f(u) inQ

ou __
5 =0 on 99 ,

(3.4)

where Q@ ¢ RY (N > 1) is a bounded smooth domain and f : R — R is
C1, strictly increasing, such that f(0) = 0 and the limits fy = lims_ 4o f'(3)
exist and satisfy

0< fr <A <f(0), (3.5)
where )\, is the first positive eigenvalue of the problem —Au = Au in ,
g—z =0 on Of2.

It is clear that (3.4) has the trivial solution u(x) = 0. Here, using the
ideas in [45, 16], we will show that (3.4) possesses a nontrivial solution which
can be found by minimizing the functional

o) = [ [5IVu* = Flu] do . where F(s) = [} f as wswal . (30

over a suitable submanifold M of H!(Q) which is a natural constraint for .
Such a solution, which is of a saddle-point type for the above functional, can
be found by other methods, e.g., Amann’s reduction method [4] or, since F is
convex, by the duality method of Clarke and Ekeland [26] (we will treat this
latter method in the next chapter).

Consider the subset M of X = H!(Q) defined by

M={ueX| /Qf(u)da::()}.

Lemma 3.5. Under condition (3.5) one has
(i) M C X is a C* submanifold of codimension 1;

(it) u € X 1is a critical point of ¢ if and only if u € M and u is a critical
point of | M.

Proof: (i) In view of (3.5) and the fact that f is strictly increasing, we have
0 < f'(s) < C for all s € R and some constant C' > 0. Therefore, the
functional

lu) = /Q f(u) d
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is of class C! on X with Frechét derivative ¢’ : X — X* given by
Y(u)-h= / f'(whdz VheX,
Q

and satisfying ¥'(u) # 0 for all u € X.

(12) If w € X is a critical point of ¢, then
cp’(u)-h:/[Vth-—f(u)h] dr=0 VheX,
Q

so that, by choosing h =1 € X, we get [, f(u)dz =0, ie., u € M, and thus
w is a critical point of ¢|M. Conversely, if u € M is critical point of ¢|M,
then by Theorem 2.1, there exists A € R such that

/[Vu-Vh—f(u)h] d:vz)\/f'(u)h dr Vhe X.
Q0 Ja

Therefore, by choosing h = 1 again and using the fact that [, f(u)dz = 0, we
obtain A = 0 (since f is strictly increasing). This shows that u is a critical
point of . ]

Remark 3.3. The previous lemma not only shows that M is a natural con-
straint for p but, in fact, shows that M contains all critical points of ¢ (i.e.,

M is a natural constraint according to [15, Section 6.3B].

Next, similarly to what we did in Section 3.3, we decompose the Sobolev
space X = HY(Q) as

X=Xo0 X, , (3.7)

where X; = R = span{l} is the (one-dimensional) space of the constant
functions on € and Xo = (span{1})* ={v e X | [,v dz =0} is the space
of functions in H'(f2) having mean value equal to zero. Also, we recall that
the following Poincaré inequality holds for a function in Xj:

)\1/ v? da g/ |Vo|* de Vv € Xo. (3.8)
Q Q

Lemma 3.6. Under Condition (3.5), and writing u € M as v = v+ ¢, where
ve Xg, ce X1 =R, one has
(1)) [qFv+c)de< [ F(v)de Yv+ceM;

(11) |vn]| — o0 as ||vn + cnl] — 00, vn + ¢, € M.
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Proof: (i) The convexity of F implies the inequality
F(s)—F(3) > f(5)(s—35) Vs, seR.

Letting s = v(z), § = v(z) + ¢ and integrating over Q gives

/QF(U) da:—/QF(v+c) da:Z/gf(v+c)(~c) de =0,

sincev+ce M.

(i7) Define the function g : Xy x R — R by the formula

gv,e)= [ flv+e)de.
o)

(In other words, g(v,c) = ¥(v + ¢) in the notation of Lemma 3.5 (i) and
g(v,¢) = 0if and only if v+¢ € M.) Then, for each v € Xy fixed, the function
g(v,-) is strictly increasing since f is also. In fact, since a < f'(s) < b for all
s € R {(and some 0 < a < b), it is not hard to see that, for each v € Xy, there
exists a unique ¢ = ¢(v) € R such that v +c € M.

Now, assume by contradiction that there exists a sequence v, + ¢, € M
with ||v, + ¢n|| — oo and ||v,|| bounded. Then, we may assume that there
exists ¥ € Xj such that v, — ¥ weakly in X, v,, — 0 strongly in L!(2) and
lcn] — o0, say ¢, — oo. By picking a > ¢(v) and an integer ng such that
9(t, cn) > g(¥, e) for all n > ng, we obtain

0< g(F,0) < gF,cp) = /

(5 + ) = flon +ca)] da < b/ = vn| do |
Q Q

which is absurd since the last integral approaches zero. [l

Theorem 3.7. Under Condition (3.5), Problem (3.4) possesses a nontrivial
weak solution uy € H'(Q) minimizing the functional ¢ over the manifold
M={uveH )| [, f(u)de=0}.

Proof: We can use Theorem 1.1 by noticing that M is weakly closed since
the functional ¢ : H'(Q) — R, ¢(u) = [, f(u)dz, is weakly continuous.
Also, the functional

o) = [ [51Vuf = Pl ds ue H'(Q)

is weakly ls.c., since it is the sum of a continuous, convex functional and
a weakly continuous functional (Recall Examples B and C in Section 2.1).
Therefore, it remains to prove that ¢ is coercive on M.
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For that, we first observe that (3.5) implies the existence of constants
0 < B < A1 and v € R such that

1
F(s) < 5@92 +7 VseR. (3.9)

Then, using Lemma 3.6 above we obtain, for v +c € M,

olv+c) = /Q[%WMQ ~Flo+¢) dz > /Q[%NUR—F(U)] da

1 1
> —/ |Vo|* dz ~ —5/ v? dx - ||
2 Ja 2 Ja

and, thus, in view of the Poincaré inequality (3.8),

8
P+ 2 (1= 1) /Q Vol dz — (9] | (3.10)

1
2
where (1 — /\%) > 0. Now, if [|[v+¢|| = o0, v + ¢ € M, then Lemma 3.6
(ii) implies that ||v|| — oo or, equivalently (by Poincaré’s inequality), that
Jo IVv[?dz — oco. But, then, (3.10) shows that (v + ¢) — oo, so that ¢ is
coercive on M.

In view of Theorem 1.1 there exists ug € M such that ¢(ug) = infar . In
order to show that ug # 0, it suffices to find @ € M such that o(u) < 0 = ¢(0).
For that, we use the other half of Condition (3.5), namely A; < f/(0), to
conclude the existence of constants p > A; and p > 0 such that

1
F(s) > =ps?

2 3 if |s] < p. (3.11)

Then, by choosing @ = evy + ¢ = U+ ¢ € M where v; is a Aj-eigenfunction
and € > 0 and ¢ > 0 are sufficiently small so that ||u[|z~q) < p, we use (3.11)

to obtain
1
o) = —Al/az da:—/ F(@) dzx
2 " Ja Q
1 -2 1 A N2 22
<=M —p) | v¥de—=p [ [(T+c¢)=7%]dz
2 o 2" Ja
= =M\ —p) [ Pde—-zp(] 20 dz+ F|Q)
2 Q 2" Yq
1
< —(Alam/@? dz
2 Q
where we recall that [, 9dz = 0 since ¥ € Xj. 0O

Application C. Next, we consider the following periodic problem
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i+ k(t)e" = h(t
(t) ( )' | (3.12)
uw(0) =u(2r) , w(0) =u(27) ,
where h,k : R — R are continuous, 27-periodic functions, with?
27
/ h(t)dt=0. (3.13)
0

This situation is the 1-dimensional analogue (which we chose for simplicity)
of the problem of finding conformally equivalent Riemannian structures on
compact manifolds with prescribed Gauss curvature (see [15, Sections 1.1A
and 6.4B]). The problem here is to find necessary and sufficient conditions on
the periodic function k(t) for problem (3.12) to have a solution.

In what follows, we denote by X the Sobolev space X = H} = {u: R —
R | u is absolutely continuous, 27 — periodic and «[0277 u? dt < oo} with its
natural inner product {-,-), and consider the quadratic functional

2
plu) = / [lu2 + hu) dt ,
0o 2

which, as easily seen, is of class C* on X, with derivative
2T
cp'(u)-v:/ [ud + hv) dt Yve X .
0

In fact, we observe that the critical points of ¢ are the solutions of the linear
problem

i = h(t)
{U(O) =u(2m) , w(0) = u(2r) , (3.14)

which are given by the formula

o t
u(t) = <%t /0 sh(s) ds) t+ /0 (t—s)h(s)ds+c=wug(t)+c  (3.15)

where ¢ € R is an arbitrary constant. Let us consider the following condition
on the function k,

27
/ k(t)emo® gt <0 | (3.16)
0
where ug(t) is defined in (3.15), and let us define the following subset M C X:

2m 27
M={ueX| ke dt =0, / udt=0}.
0 0

? Note the necessity of condition (3.13) for the solvability of (3.12) when k(t) = 0.
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Lemma 3.8. Assume conditions (3.13) and (3.16). Then

(i) M C X is a C! submanifold of codimension 2
(i1) Any critical point of w|M is (up to a constant) a solution of Problem
(3.12).

Proof: (i) It is not hard to see (cf. Exercise 6) that M # 0 and that the
functionals 1, 1 : X — R defined by

2m 2n
Y1 (u) = / ke dt , o(u) = / wdt,
0 JO

are of class C! (in fact, C*). Moreover, 1] (u) and }(u) are linearly inde-
pendent for any u € M. Indeed, if

27 27
[ad)i(u)+ﬁ7/1§(u)]'v=a/0 ke“vdt+[3/0 vdt=0 YveX,

we obtain 3 = 0 (by choosing v = 1) and, then, also & = 0 (by choosing
v = e“ ™ and using (3.16)). Therefore, M C X is a C' submanifold of
codimension 2.

(i7) Let u € M be a critical point of ¢|M. Then, there exist A;, A2 € R such
that

27 2m 2
/ [Q'L’[J—I—hv]dt:/\l/ ke“vdt+)\2/ vdt=0 YveX,
] 0 0

which implies that v € X is a weak solution, hence a classical solution of the
problem —i + h = Ajke* + A2, u(0) = u(2w), ©(0) = u(27). By integrating
this last equation over [0,27] and using (3.13) together with the fact that
f02 "ke* dt = 0 (as u € M), we obtain Ay = 0. It necessarily follows that
A1 # 0 since, otherwise, u would be a solution of (3.14), that is, of the form
u = ug + ¢, but, on the other hand, the fact that fozﬂ ke* dt =0 (as u € M)
contradicts (3.16). We have shown that a critical point u € M of ¢|M is a
solution of the problem

—i b= Ake" , w(0) =u(2r) , w(0)=u(2r) (3.17)

where A1 # 0. If we prove that A; > 0, then, by letting e = A; and defining
U = u + ¢, we can verify that

G4 ke =i+ Mke* =h, @(0)=a(2r) , @(0)=u(2r).

In other words, 4 = u + ¢ is a solution of Problem (3.12) as we wanted to
show. Finally, in order to prove that A; > 0, we write u = ug + w in (3.17),
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w

multiply the resulting equation by e~ and integrate over [0,2x] to obtain

(since ug is a solution of (3.14)) that

27 27
- / e it dt = )\ / ke dt .
0 0

Thus, (3.16) implies that A\; > 0. O

Remark 3.4. The previous lemma shows that the manifold M is kind of a
natural constraint for the functional ¢.

Theorem 3.9. Suppose that (3.13) holds true and k(t) # 0. Then, Problem
(3.12) has a solutions if and only if k(t) changes sign and (3.16) is satisfied.

Proof: (i) If u is a solution of problem (3.12), then by integrating the cor-
responding equation over [0, 27], we obtain fo% ke* dt = 0, so that k(t) must
change sign. Moreover, writing u = ug 4w, multiplying the resulting equation
by e™* and integrating over [0, 27], we obtain (again, recalling that iy = h)

27 27
/ e~ V? dt+/ ke¥o dt =0,
0 0

and, since w # constant (as k(t) # 0), we conclude that (3.16) is necessarily
satisfied.

(ii) Conversely, suppose that (3.16) is satisfied. Then, in view of Lemma 3.8,
in order to show that Problem (3.12) has a solution, it suffices to find a critical
point of ¢|M. For that, we observe that the functional ¢ is coercive on M
since M ¢ Xo={ue X | fozﬁ u dt = 0} and the Wirtinger inequality holds
true in Xy (cf. Lemma 3.3). Indeed, we have

2 1 . 1
otw) = [ (5 +hul dt > 5llulP = Al alil] — +o0

as ||ul| — oo, u € Xj.

Therefore, since ¢ is weakly Ls.c. and M is weakly closed in X, Theorem
1.1 shows the existence of ug € M such that ¢(ug) = infps ¢, so that ug € M
is a critical point of p|M. O
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4 Exercises

. Let ¢ € CY(X,R), where X is a Hilbert space, and let V be a closed

subspace of X. Suppose that uy € V is a critical point of the constrained
functional |V. If V is invariant under Vy (i.e., Vo(V) C V), verify
that ug is a critical point of the unconstrained functional . (This result
is related to the principle of symmetric criticality of Palais [61], where
the set Fix (G) of fized elements of X under the action of a group G (see
Chapter 8) is one such invariant subspace V.)

Show that ¢ € C'(X,R), where ¢ is a functional satisfying (V;) as defined
in Lemma 3.1

. Suppose z : [0,1] — R™ is an absolutely continuous function, that is,

an antiderivative of an L-function v : [0,1] — R™. If, in addition, one
assumes that v € L2([0,1],R") (i.e., v € H!([0,1],R™)), show that the
embedding H'([0,1],R") C C([0,1],R") is compact. Use this fact to fill
in the details of Remark 3.1.

Consider the following nonlinear Dirichlet problem

—Au = f(u) inQ
{ u=~0 ondf, (P)

where Q@ C RY (N > 1) is a bounded domain and f : R — R is a
C'-function satisfying the subcritical growth condition

()| < clslP~2 +d,

forsome c,d > 0and 2 < p < 2N/(N-2)if N >3 (2 <p < x if

N =1,2). Let X = H}(Q) and ¢ : X — R be the functional associated

with problem (P). If, in addition, the function f satisfies the condition
f> I vz,

show that the set M = {u € X\{0} | fQ[IVu|2 - fwu|lde =0} C X is

a C'-submanifold of codimension 1, which is a natural constraint for .

Provide the details in the proof of Lemma 3.3 and verify that the constant
in the Wirtinger inequality is sharp.

. Verify that M # () in Lemma 3.8 and that the functionals 1;, 1> considered

in that lemma are of class C°°.
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A Duality Principle

1 Convex Functions. The Legendre—Fenchel Transform

A function F' : R™ — R is said to be conver if, for any u,v € R™ and
A € [0,1], one has

F((1=XNu+ ) < (1= AN)F(u)+ AF(v) .

The function F is called strictly convex if one has strict inequality when u # v
and X\ # 0,1. It is easy to verify that if F € C'(R™, R), then F is convex if
and only if the gradient of F';, VF : R® — R", is a monotone mapping, that
is,

(VF(u) - VF(w),u—v) >0 Yu,veR",

where we are denoting by (-,-) the usual inner product in R™. Moreover,
F ¢ CY(R™,R) is strictly convez if and only if VF is strictly monotone (i.e.,
the above inequality is strict whenever u # v).

Proposition 1.1. Let F € C*(R™,R) be convez and such that VF : R™ —
R™ is 1 — 1 and onto. Then, for each v € R", the function u — (v,u) — F(u)
is bounded from above and the formula

G(v) = supl(u,v) - F(u)] (L)

u

defines a function G : R®* — R such that G € C*(R",R) and VG = (VF)~L.

Remark 1.1. G := F* is called the Legendre-Fenchel transform of F. The
assumptions in the above Proposition 1.1 are satisfied when, for example,
F € CY(R™,R) is strictly convex and F(u)/|u] — oo as |u| — oo. Indeed,
since F is strictly convex, VF is clearly 1 — 1. On the other hand, for each
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fixed v € R™, the function u — F(u)—(v,u) is coercive in view of the coercivity
of F(u)/|u|. Therefore, the function u — F(u)— (v,u) is bounded from below
and there exists & € R™ such that F(u) — (v,u) = inf,[F(u) — (v,u)]. Since
F € CY(R™,R), we necessarily have VF(4) — v = 0, that is, VF(4) = v.
Thus, VF' is also onto R™.

Proof of Proposition 1.1: First, since F is of class C' and convex, we observe
that

F(w) > F(u) + (VF(u),w — u) (1.2)

for any u,w € R™. Indeed, the convexity of F implies that

imu + Mw = u)) = F(u)] < F(w) - F(u)

for A € [0,1], so that, passing to the limit as A — 0 yields (1.2).
Now, if for any given v € R™ we define u := (VF)~1(v) and use (1.2), we
obtain
(v,w) — F(w) < (v,u) — F(u) Yw e R™

Therefore, the function w + (v,w) — F(w) is bounded from above and its
supremum is attained when w = u = (VF)~(v), that is,

G(v) = sup|(v,w) — F(w)] = (v,(VF) "} (v)) = F(VF) ' (v)) . (1.3)
In particular, one obtains the so-called Fenchel inequality,
(v,w) < F(w) +G(v) Vv,weR™ (1.4)

In order to show that G € C(R™, R) with VG = (VF)™1, we fix vy € R" and
write ug = (VF) L (vg), up = (VF)"L(vg + h) to obtain, from (1.3),

G(vo + h) — G(vo) = (h,up) + (vo, up — uo) — Flur) + F(ug) .
Hence
G(vg + h) — G(ug) < (h,up) (1.5)
in view of (1.2). On the other hand, using (1.4) with v = vo + h, w = uo gives
G(vg + h) — G(vg) > (vo + h,ug) — F(ug) — G(vo) ,

hence
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G(vp + h) = G(vg) > (h,uo) , (1.6)
since G(vg) = (vo, up) — F(up). Combining (1.5) and (1.6) we obtain
0 < Gug + h) — Glvg) — (hyug) < (h,up —ug) ,

which implies G(vo + h) — G(vp) — (h,up) = o(h) as |h| — 0, since up —up =
(VF)"Yvg + h) = (VEF)"L(vp) and (VF)~! : R® — R" is continuous by
the theorem on domain invariance (cf. [15, Theorem 5.4.11]. We have shown
that there exists VG(vg) and that VG(vg) = ug = (VF)"(vg). Moreover,

VG = (VF)~! is continuous, hence G € C1(R™, R). a
Typical Example. If F(u) = %||u|p, with p > 1, then G(v) = %|’u|q, where
q= 53_1 is the conjugate exponent of p. In particular, F* = F if F(u) = $|ul®.

Proposition 1.2. Let F},F;, € CYR™,R) be conver functions such that
VI, VE, : R® — R" are 1 — 1 and onto. If Iy < F,, then Ff > Fy.
In addition, if there exist constants 3 > 0 and 6 € R such that

2
F(u)ﬁﬂ%%—d Yu € R, (1.7
then
2
F*(U)Z—lﬁ—%--—é Vv e R" . (1.8)

(Similarly, the above implications also hold with the inequalities < and >
exchanged.)

Proof: Tt is immediate from (1.1) that F; < Fy implies G; > G». Also, note
that Fj(v) = g5[v]* if Fs(u) = S1ul?, so that we obtain (1.8) from (1.7). O

Remark 1.2. Let F € C1(R",R) be strictly convex and satisfy

2

a%L—égF(u)Sﬁ——+5 Yu € R™ | (1.9)
where 0 < a < f and § € R. Then, F(u)/|u| — 0o as |u| — oo and F* is well
defined by Remark 1.1. Moreover, Proposition 1.2 and (1.9) above imply that
i

T‘éﬁF*(/‘))S

|/U|2 n
S0 VweR". (1.10)

@i
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2 A Variational Formulation for a Class of Problems

Let L : D(L) ¢ X — X be a selfadjoint operator on the Hilbert space
X = L*(4;R™), where  C R" is a bounded domain. Also, let F € C'(R™ R)
be a function satisfying the condition

|VF(u)| < alul+b YueR"™,

with a,b > 0, so that the Nemytskii operator VF : X — X is well defined
and continuous. Then, the problem

Lu+VF(u) =0, ve D(L), (P)

has the following variational formulation:
Find the critical points of the functional

olu) = %(Lu, wx + / F(u)dz, we D(L) . (6)

Q

Here, in view of the closed graph theorem, we are considering D(L) = Z as
a Hilbert space when endowed with the graph inner product, (uy,ug)z =
(uy,u2)x + (Luy, Lug) x, Yui,up € Z. In fact, we have the following

Proposition 2.1. The functional ¢ : Z — R given by (¢) is of class C* and
¢'(u) -h=(Lu+VF(u),h)x YuheZ. (2.1)

In particular, uw € D(L) = Z is a solution of (P) if and only if u is a critical

point of .

Proof: Let u,h € Z. Then

6(u;h) = p(u+h) —p(u) - (Lu+ VF(u), h)x

= (Lu,h)x-{-%(Lh,h)X-f-/ F(u+h) dz
Q

- / F(u) dz — (Lu+ VF(u),h)x ,
Q
that is,

/ (w+h) do — /Q Fu) do — (VF(u), h)x + é(Lh, h)x

= y(u (Lh hx ,
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where |v(u; h)|/]|hl|x — 0 as ||h||x — 0, since, as we know, the functional 1) :
u— [ F(u)dz is of class C' on X with ¢'(u) - h = (VF(u), h)x. Therefore,
since ||hl|z > ||hl|x Vh € Z, we obtain, a fortiori that |y(u; h)|/||h||z — O as
[|h|lz — 0. Also, it is clear that |(Lh,h)x|/||hllz — 0 as ||h||z — 0, h € Z,
since |(Lh, h)x| < ||Lhl|x||hl|x < 1|hl|%. Therefore,

[6(u; R)I/11hllz — 0

as ||h]|z — 0, h € Z, which shows that the Fréchet derivative ¢’ exists and is
given by (2.1). Moreover, formula (2.1) gives the continuity of the mapping
Z 3 uwm ' (u) € Z*. Indeed, we have
" (u+v) = o' (Wllz- < S |[Lv + VF(u+v) = VF(u)llx][hilx
hl|z<1
<||Lvlix +|[VF(u+v) = VF(u)|lx — 0

as ||vl|z — 0, v € Z (again, we use the continuity of X 3 v ¢'(u) € X*).00

3 A Dual Variational Formulation

In this section we introduce a variational formulation which is dual to that
considered in the previous section, and which constitutes a wvariant of the
duality principle due to Clarke and Ekeland for Hamiltonian systems (cf. [26]).
Our presentation will follow the work [17] of Brézis (see also [30]).

As before, L : D(L) C X — X is a selfadjoint operator on the Hilbert
space X = L2(;R"), Q € RY a bounded domain, and F : R* — R is a
function of class C!. In addition, we now assume that

The range R(L) of L is closed ; (L1)

F is conver with VF : R® — R 1 — 1 and onto (for example, F strictly
convex and such that F(u)/|u| — oo as |u| — oo, ¢f. Remark 1.1). (F})

In this case, since L is selfadjoint, assumption (L;) implies that we can
decompose the space X as

X =N(L)®R(L)

where N (L) is the null space of L, R(L) is the range of L, and the restriction
LIR(L) : D(L)NR(L) — R(L) has a bounded inverse K = L™! : R(L) —
R(L). Moreover, in view of Proposition 1.1, assumption (F}) implies that the
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Legendre-Fenchel transform of F, G = F* : R® — R, is well defined and
VG = (VF)~L

Now, by making the change of variable v = VF(u) in (P), that is, u =
VG(v), we obtain the equivalent problem

L(VGw))+v=0, wvé€R(L),
or, by applying K = L™},
Kv+VGw)€e N(L) , veR(L). (P*)

The above problem (P*) is dual to problem (P) and, similarly to problem
(P), it has a variational formulation:
Find the critical points of the functional ¢ = ¢* given by

(o) = %(Kv,v)x + /Q G)dz . ve R(L) (6"

(which we call the dual action of Clarke-Ekeland). In fact, in order to show
that ¢ is well defined, we will use the following proposition, where F : R® —
R is assumed to satisfy a stronger condition than (F).

Proposition 3.1. Assume conditions (L1) and (F3), where

F ¢ CY(R™R) is strictly convex and there erist constants 0 < a < f3,
6 € R, such that
2 2
a|—1;—|——5§F(u)§ﬂlu-2|—+5 Yu € R™ . (Fy)
Then, the functional v : R(L) — R given by (¢*) is well defined and of class
Ct with
¥'(v) - k= (Kv+VG(v),k)x Vv, ke R(L).

In particular, v € R(L) is a solution of (P*) if and only if v is a critical point

of .

Proof: In view of (F3) and Remark 1.2, the dual action of Clarke-Ekeland,
G = F*, is well defined and satisfies

[v]?
+4d YveR™. (3.1)

In particular, the second inequality above shows that the dual action ¢ given
by formula (¢*) is well defined. Also, we have that G € C'(R™,R) and G is



3 A Dual Variational Formulation 69

strictly convez (i.e., VG is strictly monotone), since F € C1(R™,R) is strictly
convex, and VG = (VF)™!. Therefore, since G satisfies (3.1), we obtain from
Remark 1.1 that G* is well defined. Moreover, given u € R", we have

G*(w) = sup[(u, 2) ~ G(2)] = (u, (VG) " (w)) = G((VG) ™' (u) ,

z

or
G*(u) = (u,v) = G(v) , (3.2)

where v = (VG)~(u), i.e., u = VG(v) = (VF) ! (v). Comparing (3.2) with
(1.3) we conclude that G*(u) = F(u). Hence, using the first inequality in (F3)
with v = VG(v), it follows that

[ul®

al;— —§ < Flu) = G*(u) = (u,v) — Gv) ,
so that (since G(v) > -4 from (3.1))

aLV-CiQ(—QE—dg(VG(v),v)nLé,

which shows that |VG(v)| has linear growth in |v|:

VG ()| < cfv] +d. (3.3)

Finally, in view of (3.3), it is easy to check that the dual action ¢ given in
(¢*) is of class C! on the closed subspace R(L) C X = L?(€); R") and

(W) -k = /Q[(Kv,k) + (VG(v), k)] dx
= (Kv+VG),k)x Vv, ke R(L).

In particular, v € R(L) is such that ¢'(v) = 0 € R(L)* if and only if Kv +
VG(v) € R(L)* = N(L), that is, if and only if v is a solution of (P*).

Remark 3.1. Note that, for v € R(L), the gradient Vi (v) is given by
Vi(v) = Kv + QVG(v), where @ : X — R(L) is the orthogonal projec-
tion of X onto R(L).

Remark 3.2. As we have seen above, if we assume (L;) and (F3), then prob-
lem (P), whose variational formulation (cf. Proposition 2.1) is given by

Veo(u) =0 , wue D(L), (VF)
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is equivalent to the dual problem (P*), whose variational formulation (cf.
Proposition 3.1) is given by

V(v) =0 , ve R(L) (VF*)

(where we recall that the dual action ¥ = ¢* is defined in (¢*)). More
precisely, we have seen that if u € D(L) is a critical point of ¢ (i.e., u € D(L)
is a solution of (P)), then v = —Lu € R(L) is a critical point of ¥ (i.e.,
v € R(L) is a solution of (P*)). And, conversely, if v € R(L) is a critical
point of ¥, then v = VG(v) € D(L) is a critical point of ¢ (indeed, from
Kv+VG(v) =w € N(L) we obtain L(Kv+ VG(v)) = 0, that is, v+ Lu = 0
with u = VG(v) = (VF)"(v)).

We point out that working with the dual action ¥ instead of ¢ can be use-
ful in situations in which the functional ¢ is indefinite (because the quadratic
term #(Lu,u)x neither dominates nor is dominated by the term [, F(u)dz),
whereas ¢ becomes a coercive functional (because the term ., G(v)dz domi-
nates the quadratic term 3 (Kv,v)x). We shall see examples of such situations
in the following section.

4 Applications

In this section we first present a result due to Coron [28] on the existence of
a nontrivial solution for the problem

Lu+VF(u)=0, veDIl)CX, (P)

where, as before, X = L?(;R") and L : D(L) ¢ X — X is a selfadjoint
operator. Now, we assume that the essential spectrum of L is empty, that
is, o(L) = {X; | j € Z (or N)}, where each ); is an isolated eigenvalue of
finite multiplicity, and that F € C*(R™,R) is strictly conver and satisfies
F(0) = VF(0) = 0. Clearly, in this case u = 0 is a solution of (P) and, in
fact, is the unique solution if L is a monotone operator. Therefore, we will
assume that o(L) N (—o0,0) # 0 and denote the first negative eigenvalue of L
by A_-1.

Theorem 4.1. (/28]) In addition to the above conditions, if F' and L satisfy

2 2
a|_u2|_~5§F(u)§[3M—+6 VueR" with0<a<f<-A,0€R,

2
(F3)
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hmlnf | (| ) > Ay, (Fy)
N(L—=X_1) C L™ R™) , where N(L — A_1) is the A_1-eigenspace
OfL ’ (LZ)

then problem (P) has a nontrivial solution.

Here we will present a proof that uses the dual action 4 of Clarke and
Ekeland and which shows that one such nontrivial solution can be found by
minimization of ¥ over R(L), cf. [30].

Lemma 4.2. If L : D(L) ¢ X — X is a selfadjoint operator on X =
L?(S; R™) having an empty essential spectrum and F € CY(R™,R) is a strictly
convezx function satisfying (F3), then the dual action ¢ : R(L) — R is coer-
cive.

Proof: 1In view of the assumption on L, the range R(L) is closed and the
restriction L|D(L)NR(L) — R(L) possesses a compact inverse K : R(L) —
R(L). Moreover, through an eigenfunction expansion argument, K satisfies
the estimate from below

1
(Kv,v)x > ———1||v||§( Yv e R(L). (4.1)

On the other hand, (F3) implies that G = F* is well defined, satisfies (cf.
(3.1))

1v? 1P
5 0SGW) S o5

and, in view of Proposition 3.1, the dual action ¢ : R(L) — R, given by

+46 YveR(L),

P(v) = %(Kv,v)x +/QG(’U) dx

is well defined and of class C'. Now, from (4.1) and (3.1) (recalled above),
we obtain

w<v>z§(%+ )uvux—m e R(L) .

Therefore, since 0 < 3 < —A_1, the dual action ¢ is coercive. 0

Lemma 4.3. Assume that the selfadjoint operator L is as in the previous
lemma and satisfies the condition (Lg). In addition, assume that F €
CHR™,R) is strictly conver, F(0) = VF(0) = 0, and the conditions (F3),
(Fy) are satisfied.! Then, there exists p > 0 such that

! For this lemma we do not need that 3 satisfy 8 < —A_y in (F3).
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Y(v) <0 forveX,:={ve NL-A1)||jv]lx =p}.

Proof: Condition (Fy) implies the existence of ¢ > 0 and A* > —A_; such
that F(u) > X\*|u|?/2 for |u| < €. On the other hand, there exists p’ > 0 such
that |[VG(v)| < € for |v] < p/. Therefore, since G(v) = (u,v) — F(u) with
u = VG(v), we obtain, for |v| < p/, that
A* g
G(v) < sup [fuv) ~ 5-huf
Juj<e
by 1 |v]?
< o uf = =
< supl(m,0) - 1) = 1515

Now, since we clearly have that

1
(K, 0)x = s—Ilvli%

for all v € N(L — A1), it follows from the previous estimate that
1 1
D 2
v(v) < 505+ I <0

for all v € N(L — A_1) with 0 < ||[v||p < p. The proof is complete in view
of the assumption (Lz) and the fact that N(L — A_;) is finite dimensional.(]

Proof of Theorem 4.1: In view of Proposition 3.1 and Remark 3.2, it suffices
to find a critical point vy # 0 of the dual action ¢ € C'(R(L),R). Since 9 is
coercive by Lemma 4.2 and weakly l.s.c. (cf. Examples A and C in Chapter
2), it follows that 1 (vg) = infp(g) ¥ for some vy € R(L). Therefore, vg is a
critical point of ¢ and, since ¥(vg) < 0 by Lemma 4.3, we have that vy # 0.
O

Next, we apply Theorem 4.1 to the problem of existence of a T-periodic
solution for the classical second-order Hamiltonian system

E4+VV(z)=0, (HS)
where z(t) € R® and V € C1(R",R) is a strictly convex function satisfying
V(0) =VV(0) =0 and

4 2
lim sup m i < liminf 2V (z) .

msup o < g < Hminf = V)

(Compare with Theorem 6.3.4.) In this case one can show that, in fact, the
above system possesses a periodic solution with minimal period T
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Theorem 4.4. (/26]) Under the above conditions, the (HS) has a periodic
solution with minimal period T, for each T > 0.

Proof: Let X = L*(0,T;R") and L : D(L) C X — X be defined by
Lr=3% YzxeD(L),

D(L) = {z € X |z, & abs. continuous, :1:(0) =x(T), #(0) = &(T) and & € X }.
Then L is selfadjoint, o(L) = 4” g | j =0,1,2,... } and each A_; =
—47%52/T? is an eigenvalue of L havmg finite multlphmty The eigenfunc-
tions corresponding to A_; are given by

2wyt

. 2wt
(cos T)e , (sin

T)e )
where 0 # e € R", so that condition (L) is satisfied. Also, assumption (V)
implies (F3) and (Fy). Therefore, in view of Theorem 4.1, the Hamiltonian
system (HS) possesses a nontrivial T-periodic solution zg such that vg =
—Laxp # 0 minimizes the dual action ¢ over R(L).

It remains to show that vy has minimal period 7. Assume, by negation,
that vg has period %, where m > 2. If we define 9y (t) = vo(t/m), we readily
obtain that @ € R(L) (i.., [, 9odt = 0) and

W(dg) = (Ko, vo) X+/ G(vg)

2
m —1
0) +

2
so that ¥(0p) < ¥(vo), since m > 2 and K is negative definite on R(L). This
contradicts the fact that vy minimizes . Therefore, vg indeed has minimal
period T. N

m?
2
( (K/U(]v’UO)X 5
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Critical Points under Symmetries

1 Introduction

As we have mentioned briefly in Section 4.1, the central idea behind the the
so-called Lusternik—Schnirelman theory is to obtain critical values of a given
functional ¢ € C1(X,R) as minimax (or maximin) values of ¢ over suitable
classes Ay of subsets of X

cp, = inf supp(z), k=1,2,...,
k AEAkIegSO()

where, originally, the classes Ay were based on the topological notion of cat-
egory of Lusternik-Schnirelman.

When the problem presents symmetries, that is, when there exists some
group G acting in a continuous manner on the space X and the functional
@ is tnvaeriant under that action, then it usually happens that ¢ possesses
many critical points. The typical example of such a multiplicity situation is
a classical theorem of Lusternik, which guarantees the existence of at least
(n+1) distinct pairs of critical points for any functional ¢ € C*(S™, R) that is
even ([53]). Moreover, when in presence of symmetries, it is possible to choose
the classes Ay by using topological notions which are more manageable than
the category.

In this section we will be considering this question of multiplicity versus
symmetry. Our presentation will follow the work [55] of Mawhin—-Willem, and
we will start by introducing the notion of a G-index theory. The most well-
known examples of such theories refer to the cases where G = Zy or G = S*.
In the first case, we have the notion of genus due to Krasnoselskii [47] (also see
Coffman [27]). In the second case, we have the cohomological indez of Fadell-
Rabinowitz [41] (see also Fadell-Husseini~Rabinowitz [42]) and the geometric
index of Benci [10].
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2 The Lusternik—Schnirelman Theory

Let X be a Banach space and let G be a compact topological group. Assume
that {T'(g) | g € G} is an isometric representation of G on X, that is, for each
g€ G, T(g): X — X is an isometry and the following properties hold:

() T(g1+92) =T(g1) o T(g2) VYg1,92€ G,
(ii) T(0) = I (the identity on X) ,
(iii) (g, u) — T(g)u is continuous.

The orbit of an element u € X is the set O(u) = {T(g)u | g € G}, and a
subset A C X is said to be invariant if T(g)A = A for all g € G, that is, if
A is a union of orbits. On the other hand, a functional ¢ : X — R is called
invariant if o is constant on each orbit of X, that is, ¢ o T{g) = ¢ for all
g € G. And, given invariant subsets 4;, Ao, a mapping R : A; — Aj is said
to be equivariant if RoT(g) = T(g) o R for all g € G (i.e., R maps the orbit
of u pointwise onto the orbit of R(u)).

Let us denote by A the class of all closed and invariant subsets of X,
A={AC X |Aisclosed and T(g)A=AVg€G }.

Definition. A G-index on X (w.r.t. A) is a mapping ind : A — NU {oo}
satisfying the following properties (for any A, N, A;, A; € A):

(a) ind (A) = 0 if and only if A = §;

(b) If R: A; — A, is continuous and equivariant, then ind (A4;) < ind (Ag);

(c) ind (A; U A2) <ind (A;) + ind (42);

(d) If A € A is compact, then there exists a neighborhood N of A such that
N € A and ind (N) = ind (A).

Proposition 2.1. Let X be a Banach space, G = Zo = {0,1}, and define
T0) =1, T(1) = —I (where I : X — X is the identity map on X). Given
any closed, symmetric (w.r.t. the origin) subset A € A, define y(A) =k € N if
k is the smallest integer such that there exists some odd, continuous mapping
®: A — RF\{0}. Also define y(A) = oo if no such mapping exists, and set
v(0) = 0. Then, the mapping v: A — NU {co} is a Zy-indezx on X.

Remark. This Zs-index is called the genus and it was originally introduced
by Krasnoselskii [47]. The definition given above is due to Coffman [27] (and
it is equivalent to the original definition of Krasnoselskii).

Proof of Proposition 2.1: First, observe that A C X is Zs-invariant if and
only if u € A implies —u € A, that is, A is symmetric w.r.t. the origin in X.
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Thus A = {A C X | Aisclosed and —A = A }. On the other hand, given
invariant subsets A1, A, a mapping R : Ay — As is equivariant if and only
if R is continuous and odd. Let us check properties (a) — (d) in the definition
of a G-index.

(a) This property is immediate from the definition of ~.

(b) Since there is nothing to prove if y(Ay) = 0o, let us assume that v(A4s) =
k < 00, so that there exists a continuous, odd mapping ® : Ay — RF\{0}.
Then, since the mapping ® o R : A; — R*\{0} is also continuous and odd,
it follows from the definition that y(A4;) < k.

(c) Again, there is nothing to prove if y(A;) = oo or y(A2) = oo. Therefore,
we assume that v(A4;) = k1 < 0o and v(Az) = ko < 00, so that there exist
continuous, odd mappings ®; : A; — R*\{0}, j = 1,2. Let ¥; : X — RMs
be the continuous, odd extension of ®;, obtained by taking the odd part
U, = %[‘i)](u) — &,(—u)] of some extension ®; of ®; (guaranteed by Tietze
extension theorem). Then, the mapping ¥ : X — RF1**2 defined by

U(u) = (V1 (u), ¥o(u))

is such that W(A; U Ag) ¢ RF1+%2\{0} because ¥;(4;) C R*\{0}. It follows
that the restriction (of ¥ to A; U Ay)

U|(A; U Ag) : A U Ay — RFHE2\ {0}

is a continuous, odd mapping and, hence, v(A; U Ay) < k1 + k.

(d) As before, it suffices to consider the case y(4) = k < oo so that there
exists an odd mapping ® € C(A4,R*¥\{0}). Let ¥ € C(X,R¥) be an odd
extension of ®, obtained as in (¢). Since 0 ¢ U(A) = ®(A) and A is com-
pact by assumption, there exists § > 0 such that 0 ¢ ¥(As), where As =
{u€ X | dist(u, A) < }. Then, the set N = A; is a closed neighborhood of
A, which is clearly invariant, and v(N) < k by construction. On the other
hand, property (b) implies that k = y(A) < 4(N) since the inclusion A ¢ N
is obviously continuous and odd. Thus, y(N) = v(A) = k. O

Our next proposition provides several examples of the genus of subsets
of X.

Proposition 2.2. (i) If C C X is closed and C N (=C) = 0, then
NWCU(=C) =1

(i3) If A € A and there exists an odd homeomorphism h : A — SF=1
then v(A) = k (in particular, v(S*~1) = k);
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(it7) If A € A is such that 0 ¢ A and y(A) > 2, then A has infinitely many
points.

Proof: (i) Simply take ® : C U (=C) — R\{0} defined by ®(u) = 1 if
vel, du)=-1lifue -C.

(i3) Since h : A — S*~1 is continuous and odd, we have that y(4) < k.
On the other hand, if v(A) = j < k, then there exists an odd mapping
® € C(A,R/\{0}), hence an odd mapping ¥ := ® o A~} € C(S*¥~1 RI\{0}).
Since j < k, the mapping ¥ (considered as a mapping taking values into R¥) is
clearly homotopic to a constant mapping o = ug, where 0 # uo € RF\R7, say
lug) > 1.1 Tt follows from properties (v), (i) in Section 5.1 that, necessarily
we have the degree deg(¥, By,0) = 0, where By, is the unit ball in R¥. But
this contradicts the Borsuk theorem (cf. [57]): “If  C R* is a bounded, open
and symmetric set with 0 € Q and if ¥ € C(99, R¥\{0}) is an odd mapping,
then deg(¥,,0) is an odd integer.”

(i14) It suffices to observe that if A € A is a set with a finite number of points
and 0 ¢ A, then we can write A as a union A = CU(-C) with CN(-C) =0,
so that v(A4) = 1 in view of (7). O

Remark 2.1. An example of an index theory in the case G = S! will be
presented in Chapter 9.

3 The Basic Abstract Multiplicity Result

In this section we will state and prove the basic multiplicity result in the
Lusternik-Schnirelman theory in the presence of symmetries. For that, we
will need a deformation theorem which preserves the symmetries, that is, a
deformation € C([0,1] x X, X) as in Chapter 3 satisfying the additional
condition that n(t,-) : X — X is equivariant for each ¢t € [0,1]. On the other
hand, the existence theorem of an equivariant deformation will be based on
the notion of an equivariant pseudo-gradient for an invariant functional ¢ €
C}(X,R), whose existence will be established after two preliminary lemmas
(cf. [55]).

Lemma 3.1. Let ¢ € C'(X,R) be an invariant functional. Then, for any
g€ G and u,h € X, one has:

! We are identifying the points = € R? with (z,0) € R¥, where 0 is the origin in
Rk,
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(1) ¢'(T(g)u) - h = ¢'(u) - T(=g)h;
(@) [l (T(g)wl| = ll¢ (w|-

Proof: Since each T(g) : X — X is a surjective isometry (i.e., a unitary
mapping) with inverse T(—g), (ii) follows readily from (i). So, it suffices to
check (7). Indeed, the invariance of ¢ and the definition of ¢'(v) - k imply

o (T(g)u) - b = lim +[p(T(g)(u + IT(~g))) — p(T(g)u)]

t—0 ¢t

= lim %[go(u +tT(—g)h) — p(u)]

t—

which proves (7). O

Lemma 3.2. Let w : Y — X be a locally Lipschitzian mapping, where X
and Y are metric spaces. Given a compact subset A C Y there exists 6 > 0
such that w is (globally) Lipschitzian on As = {u € Y | dist(u, A) < d}.

Proof: We leave it as an exercise for the reader (or see [55]). O

Proposition 3.3. An invariant functional ¢ € C*(X,R) possesses an equiv-
ariant pseudo-gradient, that is, a locally Lipschitzian mapping v : Y — X,
where Y = {u € X | ¢'(u) # 0}, satisfying:

(@) [o()ll < 2/l (wll;
(@) ¢’ (u) - w(u) 2 |’ (WII*;
(#41) v is equivariant.

Proof: We show the existence of an equivariant pseudo-gradient (for ¢) start-
ing from a corresponding pseudo-gradient w, whose existence shall be assumed
without a proof, as in Section 3.1. Indeed, define

o(w) = /G T(—g)(T(g)u) dg, weY ,?

where dg is the Haar measure on G, normalized so that [, dg =1 (see [48]).
We have:

o(w)l] </ ||lw(T ||dg</c2||¢’(T(g)U)lldg:QIlw’(U)H,

2 In the cas In the case G = Zy with T'(0) = I, T(1) = —1, we observe that v(u) is simply the
odd part of w(u), i.e., v(u) = Flw(u) — w(— )]
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where we used Lemma 3.1 (i7) in the last equality. This proves item (7).

Next, we observe that
o) - 0(u) = /G ¢(w) - [T(~g)w(T(g)u)] dg
- /G & (T(g)u) - w(T(g)u) dg

> /G 6/ (Tl ? dg = |l¢'(w)[? |

where we used Lemma 3.1 (7) and (4¢), respectively, in the second and last
equality. This proves item (i7).
The proof that v(u) is an equivariant pseudo-gradient follows from

o(T(G))) = /G T(~g)w(T(g + §)u) dg

- /G T(E)T (=g - §)(Tlg + §)u) dg = T(@)o(u) |

where we used the translation invariance of the Haar measure in the last
equality above.

Finally, we show that v is locally Lipschitzian. For fixed u € Y, let A =
{T'(g)u| g € G} be the orbit of u and § > 0 be given by Lemma 3.2, so that w is
Lipschitzian on Ag, with (say) constant I. Then, for arbitrary ui, uz € As(uw),
we have

[o(u) — v(u)]| < /G w(T(g)us) — w(T(g)uz)l| dg
s/ NIT(g)us — T(ghuall dg = s —walt . O
G

Theorem 3.4. (Theorem of the Equivariant Deformation) Let ¢ € C*(X,R)
be an invariant functional satisfying the Palais-Smale condition (PS). IfU is
an invariant open neighborhood of K., ¢ € R, then, for all € sufficiently small,
there exists n € C([0,1] x X, X) such that (for any u € X and t € [0,1]):

(@) n(0,u) =u,
zz) n(t,u) =uifuéd o te—2¢c+ 2,

(
(i) n(L e \U) C o,
(i) n(t,-): X — X is an equivariant homeomorphism.

Proof: The only difference between this result and Theorem 3.2.3 is that
we must show that the deformation 7n{t,-) can be chosen to be equivariant in
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this case in which both the functional ¢ and the neighborhood U 2 K. are
invariant.

Indeed, since y is invariant, we may assume by the previous proposition
that ¢ has an equivariant pseudo-gradient v. Moreover, the invariance of the
neighborhood U O K. allows us to choose the cut-off function p: X — R
(used in the proof of Theorem 3.2.1) to be invariant. It suffices to take

_ dist(u, X\ A)
 dist(u, X\ A) + dist(u, B)

p(u)

and recall that each T(g) is an isometry. Then, the vector field f(u) =
—p(u)v(u)/||v(w)|| is equivariant and, in view of the uniqueness of solution
for the Cauchy problem ‘3—1;’ = f(w), w(0) = u, we conclude that w(t,-) and
n(t,-) = w(dt,-) are equivariant mappings (indeed, if w(t,u) is the solution
of the above Cauchy problem then w,(t) := T'(g)w(t,u) is the solution of the
Cauchy problem with initial condition w4(0) = T'(g)u, that is, T(g)w(t,u) =
w(t, T(g)u)). O

Now we will assume that, besides an isometric representation {T'(g)} of G
in X, we also have a G-index ind : A — N U {oo}. Then, we can “classify”
the compact, invariant subsets of X by defining, for each j = 1,2,..., the
class

A;j={AC X | A is compact, invariant and ind (4) > j } .

And, for a given functional ¢ : X — R, we define ¢; = ¢;(p), j =1,2,...,
by the formula

cj = Aiél/ij max wlu) . (3.1)
(Note that we may have ¢; = —00.) Since 41 D Ay O -+, we clearly have

~00<ep <ep <

Theorem 3.5. (Basic Abstract Multiplicity Theorem) Let ¢ € C1(X,R) be
an invariant functional satisfying (PS). If ¢; > —oo for some j > 1, then c;
is a critical value of ¢. More generally, if cr, = ¢; = ¢ > —oo for some k 2 j,
then ind(K.) > k—j+ 1.

Proof: First, we observe that K. is an invariant set, since ¢ is an invariant
functional, and K is compact in view of the Palais-Smale condition. We now
show that if ¢, = ¢; = ¢ > —oo for some k > j, then ind(K.) > k—-j+ 1.
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Let N D K. be a closed, invariant neighborhood such that ind (N) =
ind (K.), whose existence is implied by property (d) in the definition of G-
index. Then the interior U := int (V) of NV is an open, invariant neighborhood
of K, so that we may apply Theorem 3.4 to conclude the existence of ¢ > 0
and n € C([0,1] x X, X) satisfying properties (i)—(iv) of that theorem.

Now, by definition of ¢ = ¢, take A € Ay such that max4 ¢ < ¢+ € and
define the compact set B = A\U. Then, properties (b), {c) in the definition
of a G-index imply that

k <ind(A)
<ind (B) + ind (N) (3.2)
= ind (B) +ind (K,) .
And, since B C p°t€\U, we obtain that C' = (1, B) C ¢ ¢ by Theorem 3.4.
On the other hand, since n(1,-) is an equivariant mapping and B is a
compact, invariant set, it follows that the set C' is also compact and invariant.
And, as we just saw, maxc ¢ < ¢ — €. Therefore, by definition of c;, we

necessarily have ind (C) < j — 1. Moreover, by property (b) in the definition
of a G-index, we have

ind(B) <ind(C)<j-1. (3.3)

Finally, (3.2) and (3.3) imply that ind (K.) > k— 7 +1, as we wished to show.
Il

One of the consequences of the above result is the following theorem due
to Clark:

Theorem 3.6. ([25]) Let ¢ € CY{X,R) be an even functional satisfying the
Palais-Smale condition (PS). Suppose that

(1) ¢ is bounded from below;
(i7) There exists a compact, symmetric set K € A such that v(K) =k and

sup < ¢(0) .
K

Then, ¢ possesses at least k distinct pairs of critical points with corresponding
critical values less than ¢(0).

Proof: Consider the ¢;’s defined in (3.1) where, in the present situation,
A; = {A C X | Ais compact, symmetric and v(A4) > j }:

ciSeeS oSS
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Then, (i) implies that ¢; = infx ¢ > —o00 and (i7) implies that cx < ¢(0) .
Therefore, by Theorem 3.5, each c; is a critical value of ¢. If all the ¢;’s
(j = 1,... ,k) are distinct we obtain at least k pairs of critical points with
values less that ¢(0). On the other hand, if ¢; = ¢; = cfor some 1 < i < j <k,
then v(K.) > j—i+ 1> 2 and, since 0 ¢ K, (as ¢ < ¢, < ¢(0)), Proposition
2.2 (7i1) implies that K, possesses infinitely many points in this case. O

4 Application to a Problem with a Z,-Symmetry

Let us again consider the Dirichlet problem (cf. Application A, Section 4.3)

_ — 3
{ Au=u’> in (4.1)

u=0 ond,

where @ C R? is bounded domain with smooth boundary. As we know, the
functional

o(u) = /Q[%lvm2 - iu‘l] dx (4.2)

is well defined and of class C'* on the Sobolev space X = H}, and its critical
points are precisely the solutions of (4.1). In Section 4.3 we found a nontrivial
solution through the mountain-pass theorem. We now show that, in fact, (4.1)
has an infinite number of solutions (cf. Ambrosetti-Rabinowitz [9]).

Theorem 4.1. Problem (4.1) has infinitely many (classical) solutions.

The original proof of Ambrosetti and Rabinowitz uses a symmetric version
of the mountain-pass theorem. Here, we shall present another proof (cf. Cas-
tro [22]) which uses Clark’s Theorem 3.6 applied to an associated functional
¥, which is bounded from below and whose set of critical points is related to
the set of critical points of . For that, consider the functional

() = ( [ vue d) - [utde= e, @)

which, similarly to ¢, is well defined and of class C? on the space X = HJ(Q),
with derivative given by

w’(u)-v:6||u|14/QVu-Vv dm~4/ﬂu3v dr , VuveX. (4.4)

Then we have that
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Vi (u) = 6lull'v - T(w) , (45)

where T': X — X is the compact operator defined by (T'(u),v) = 4 [, u’vdx
Yu,v € X.

Lemma 4.2. (i) ¢ is bounded from below;
(1) ¥ satisfies the Palais-Smale condition (PS).

Proof: (i) In view of the Sobolev embedding X = H3 C L*, we have
Y(u) 2 Jull® = cllul*, weX,

so that 1 is bounded from below.
(i1) Let (un) C X be such that [9(u,)| < C, Vi(u,) — 0in X. Then,

C 2 Y(un) 2 |lunll® — cllunli* , (4.6)

6||un|}4un - T(Un) -0, (47)

and from (4.6) we conclude that ||u,|| is bounded. So, we may assume (passing
to a subsequence, if necessary) that there exist & € X and a > 0 such that
u, — @ weakly in X and ||u,|| — a. If a = 0 there is nothing to prove. If
a > 0, then [|u,|| > 0 for all n sufficiently large and we can write

1
Up = = [6] [t || iy — T () + T(n)] -
GIEATE |
Therefore, we conclude from (4.7) that u, — 5[0 + T(@)]. O
Lemma 4.3. If 0 # u € X is a critical point of ¢, then v = \/6?\1;”2 s a

critical point of .

Proof: A function 0 # u € X is a critical point of ¢ if and only if u # 0 is
a weak solution of the problem 6||u|[*Au + 4u® = 0 in Q, u = 0 on IR, that

is, S—@Q—"IE[AU + 93 = 01in Q, v = 0 on 99, where v = \/E?\l;n?' Therefore,

. 2u . s .
U= eaE s a critical point of . O

Proof of Theorem 4.1: As we mentioned earlier, we will apply Clark’s Theorem
3.6 to the functional ¢ defined in (4.3). By Lemma 4.2 we know that v satisfies
condition (PS) and

(1) ¥ is bounded from below.



4 Application to a Problem with a Zy-Symmetry 85

Next, given an arbitrary k € N, we will show that

(it) there exists a compact, symmetric set K € A such that v(K) = k and
supy < 0.
K

In fact, let X = span{¢1,...,¢x} be the subspace spanned by the first &
eigenfunctions of the eigenvalue problem —Au = Au in §, u = 0 on Q. Then,
since X}, is finite dimensional and X C L*, there exists a > 0 such that

1
allulips < llullx < =llullpe Yu € Xi.
Therefore, we obtain
o(u) = [ull% —lull7a < AllullGs = llellze = [ul{za(Allul7s = 1),

so, for 0 < ||ul|2s < 5 = 62, it follows that
L 24
1 4
v) < ~5lllfs <0

Now, if we define the set K = {u € Xj | -“2—6 < ullx < ad}, then K € A
and sup 1 < 0. Moreover, since X}, is isomorphic to R*, we may identify K
with a annulus K in R¥, and the inclusions Sl c K C R¥\{0} (for some
b > 0) show that v(K) = k. Therefore, condition (ii) is satisfied and Clark’s
theorem implies the existence of at least k distinct pairs of critical points for
the functional ¢. Since k is arbitrary, we obtain infinitely many critical points
for 9.

Finally, in view of Lemma 4.3, we conclude that the functional ¢ possesses,
together with ¢, infinitely many critical points. And, as we know, each critical
point of ¢ is a classical solution of problem (4.1). a
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Problems with an S'-Symmetry

1 A Geometric S'-index

In this chapter we present an index theory for the case in which G = S*. It is
an extension (cf. [55]) of the geometric S'-index due to Benci [10]. Also see
Fadell-Rabinowitz [41].

Let X be a Banach space and suppose that {T(f) | § € S} is an isometric
representation of S' in X. As before, we denote by A the class of all closed
subsets of X which are invariant under the given representation, that is,

A={AC X | Aisclosed and T(f)A = AVo € S }.

Proposition 1.1. Given A € A, defineind (A) = k if k is the smallest integer
for which there exists a mapping ® € C(A,C*\{0}) and an integer n € N\{0}
satisfying the relation

O(T(A)u) = e™d(u) VHe S, YueX. (1.1)

Moreover, define ind (A) = oo in case no such mapping exists, and define
ind (§) = 0. Then, ind : A — NU {occ} is an S*-indezr on X.

Proof: We must verify properties (a)—(d) presented in Section 8.2:
(a) This property is immediate.

(b} We may assume ind (A2) < 00, so that there exists a continuous mapping
® : Ay — CF\{0} and some n € N\{0} satisfying the relation (1.1). From
this and the fact that R : A, — A, is an equivariant mapping, we conclude
that ¥ = ® o R : A; — C*\{0} is also continuous and satisfies (1.1). Thus,
ind (A;) < k = ind (Az).
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(c) As before, we may assume that ind (4;) = k; < 00 and ind (Ag) = k2 <
co. Therefore, there exist continuous mappings ®; : A; — CF\{0} and
n; € N\{0}, j = 1,2, satisfying the relation (1.1). Let &; : X — C* be
a continuous extension of ®; obtained by the Tietze extension theorem and

define
1

27
\Izj(u)z-é;/o e~ (T()u) df , 5 =1,2.

Then ¥, : X — C* is a continuous extension of ®; satisfying (1.1) and,
defining

U(u) = (1(u)™, ¥a(u)™), uelX,

we obtain W(A; U Ap) C Ch1F*2\{0} (since ¥;(4;) = ®;(4;) C C¥\{0}) so
that

(T(O)u) = (™01 ()", (" Ts (w))™) = M0 (u)

Therefore, we have that ¥ € C(A; U Ay, CF1*%2\{0}) and ¥ satisfies (1.1)
with n = nyng, and it follows that ind (4; U Ag) < ky + ka.

(d) Let ind (A) = k < oo and consider ® € C(A4,C*\{0}) and n € N\{0}
satisfying (1.1). As above, since 0 ¢ ¥(A) = ®(A) and A is compact by
assumption, there exists & > 0 such that 0 ¢ U(As), where A5 = {u €
X | dist(u, A) < §}. Then, the set N = A;s is a closed neighborhood of
A, which is invariant, and ind (N) < k by construction. And, since the
inclusion A C N is an equivariant mapping, it follows from property (b) that
k =ind (A) <ind (N) . Therefore, ind (N) = ind (4) = k. m

Next, let us denote by Fix (S!) the (closed) invariant subspace of all ele-
ments in X which are fized by the representation {T(8)}, that is,

Fix(S))={uec X | T(Ou=u V9 S'}.

So, u € Fix (S') if and only if the S'-orbit O(u) consists of the singleton
{u}. In this case, we necessarily have that ind (u) = oo since (1.1) cannot be
verified with ®(u) # 0. Indeed, in this case (1.1) becomes

®(u) = e™d(u) Vhe S,
hence ®(u) = 0. On the other hand, one has the following

Proposition 1.2. (/55]) If u ¢ Fiz(S'), then ind (O(u)) = 1.
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Proof: Since u ¢ Fix (S'), the continuous mapping R 3 6 = T(f)u € X has
minimal period T > 0, i.e., T = 2% for some n € N\{0}. Therefore, if we

n

define ® € C(O(u), C\{0}) by the formula
O(T(A)u) = e |

we see that ind (O(u)) = 1. 0O

Remark 1.1. It follows from the above proposition that if A = O(u;) U
U O(ug) with u; ¢ Fiz(S) Vj = 1,...k, then ind(A) = 1. Therefore, if
A € Ais such that AN Fiz(S') = 0 and ind(A) > 2, then the set A contains
necessarily infinitely many orbits (compare with Proposition 8.2.2 (iii), where

Fiz(Zz) = {0}).

Remark 1.2. If Y C X is a closed, invariant subspace with a topological
complement, then Y possesses a topological complement which is also invari-
ant. Indeed, it is enough to take Z = Q(X) where

1 2m

:—2—7;.0

Qu T(~6)(I — PYT(8) udf, ueX,

and P: X — Y is the projection onto Y.

In the next section we will prove a multiplicity result for the case of the
above Sl-index. For that, we will need other properties of this S'-index,
whose detailed proofs can be found in [55, 41] and shall be omitted here. Let
us then present the necessary properties.

Suppose Z C X is a finite-dimensional, invariant subspace such that Z N
Fix (S') = {0}. Then, dim Z = 2N is even and there exists an isomorphism
J:Z — CV such that, in Z, T(9) is given by the formula

TO)=J " oT(6)oJ, (1.2)

where

T(0)C = (™9¢1,... ,e™*¥¢y) (1.3)
for all € S*, ¢ = ((1,...,¢n) € CN and some k; € N\{0}, j =1,...,N.

Proposition 1.3. (¢f. [55]) (i) Let Y C X be a finite-dimensional, invariant
subspace and let A C X be a closed, invariant subspace. If Fiz(S') CY and
ANY =0, then codim Y is even and
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. |
ind (A) < —2—cod1m Y ;

(i1) Let Z C X be a finite-dimensional, invariant subspace and let D C Z be
an open neighborhood of 0 which is invariant. If Z N Fiz(S') = {0}, then
dim Z is even and )

ind (D) = 3 dim Z .

Proof: (i) Let Z be an invariant, topological complement of Y (cf. Remark
1.2). Then dim Z = 2N and T'(0) is defined on Z by (1.2) and (1.3). Consider
the continuous mapping ® = ® o J : Z\{0} — CN\{0}, where

B(Q) = (¢, BN, cecM\{o},

and 7 is the minimum common multiple of kq,... ,kx given in (1.3). Then,
in view of (1.2) and (1.3), we have that ® satisfies property (1.1). Therefore,

ind (Z\{0}) < %dim Z= %codim Y. (1.4)

On the other hand, since ANY = @, we obtain P(A) C Z\{0} where P :
X — Z is the projection onto Z along Y. Therefore, since P is equivariant
(because Y and Z are invariant). Property (b) in the definition of a G-index
(Section 8.2) implies that

ind (4) < ind (2\{0}) . (1.5)

Combining (1.4) and (1.5) we obtain ind (4) < zcodim Y.

1
2

(#) Let Y be an invariant, topological complement of Z. Then, since
Z NFix (S') = {0}, we obtain Fix (S') C Y. Moreover, we have D NY = 0.
Therefore, part (i) above implies that ind (9D) < jcodim Y = %dim Z. On
the other hand, we have ind (0D) > Ldim Z (cf. [55]). Thus, ind (9D) =
%dim Z. O

2 A Multiplicity Result

We now present a multiplicity result in the case of an S'-index (cf. [30]).

Theorem 2.1. Let ¢ € C'(X,R) be an invariant functional satisfying the
Palais-Smale condition (PS). Suppose Y,Z C X are closed, invariant sub-
spaces such that codim ¥V < dim Z and
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(i) infy ¢ =a > —o0;

(it) supgp, ¢ = b < 400 for some r > 0, where 0D, = {u € Z | ||ul]| =r};
(133) @(u) > b whenever ¢'(u) = 0, u € Fix (S');

(iv) Fix(SY) CY, ZnFix(S) = {0}

Then, there exist at least m = E(dim Z —codim Y) distinct orbits of critical
points of ¢ outside Fix (S!) with critical values in the interval [a, b].

Proof: Let p = jcodim Y. If j > p+ 1 then (i) implies

—co<a<e = Aigft sipcp ) (2.1)
J

since ANY # ( for any A € A; (Indeed, if A € A; is such that ANY =0
then (iv) and Proposition 1.3 (¢) imply that ind (4) < %codim Y = p, hence
j <ind (4) < p).

Let ¢ := 5 dim Z and consider the open ballin Z, D, = {u € Z | [Ju]| < r},
so that ind (0D,) = ¢, in view of (iv) and Proposition 1.3 (i7). If j < g, then
(1) implies

;= inf < =b< . 2.2
¢ = jnf supy < supy +oo (2:2)

Therefore, combining (2.1) and (2.2) gives @ < ¢; < b for each j = p+

1,...,q, that is,

—00 <A< 1 S-S Sh<H.

It follows from Theorem 8.3.5 that each ¢; (j = p+1,... ,q) is a critical value
of . If all of these cjs are distinct we obtain at least m = ¢ — p distinct orbits
of critical points of ¢, which lie outside Fix (S*) in view of (i4i). On the other
hand, if ¢; = ¢; for some p+1 < i < j < g, thenind(K;) >j—-i+1>2
and, since K, N Fix (S!) = @ by (ii1), we conclude from Remark 1.1 that K,

has infinitely many orbits in this case. (]

Remark 2.1. The first result of the above type is due to Clark [25], where the
group Z, is considered (cf. Theorem 8.3.6). When Y = X and Fix(S') = {0},
the above Theorem 2.1 is due to Ekeland and Lasry [38]. Also see [11] for
situations in which dim Fix (S!) is finite.

Remark 2.2. Since the critical values ¢; obtained in Theorem 2.1 belong to
the interval [a,b], where a = infy ¢, b = maxgp, ¢, it suffices that a local
(PS) condition be satisfied.
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3 Application to a Class of Problems

In this section we will apply the multiplicity theorem of the previous section to
a class of variational problems (cf. Costa-Willem [30]). The abstract context
is the following.

Let V be a closed subspace of the Hilbert space L*(€2;R") and consider
the equation

Lu = VF(u) (%)

in V, where F € CY(RV,R) and L : D(L)NV — V is an unbounded
selfadjoint operator. Assume the following hypotheses:

The spectrum o(L} of L consists of isolated eigenvalues of finite multiplicity,
A < A =0< A< (h1)

and the corresponding eigenfunctions belong to L>(€2;RY) ;
There exist 0 < A, <7 < Apt1, @ >0and 0 < § < min{y — Ay, Apsr1 — 7}
such that

[VF(u) = yul <duj+a; (ha)

F is strictly convex, F(0) =0, VF(0) =0 and VF(u) € Vforallu eV ;
(hs)
[Note that, from the arguments used in Example C of Chapter 2.1, con-
ditions (hz) and (hs) imply that VF maps V continuously into V]
VF:V — Vand L: D(L)NV — V are equivariant under the isometric
representation {T(6)} of S!, that is, VF(T(8)u) = T(0)VF(u),

T(9)D(L) € D(L) and LT(8)u = T(8)Lu. (ha)

Note that (h4) implies that Fix (S!) is an invariant subspace under the
operator L and the restriction Lo of L to Fix (S!) is an equivariant selfadjoint
operator with spectrum o(Lg) C o(L).

Theorem 3.1. (/30]) Assume the above hypotheses together with

lim 1nf|u|_§0 %(‘—1;) > /\n+k 2 /\n+1 ; (h5)
{/\17"' 7/\n+k}ma(L0) ZQ ; (h6)
u = 0 is the only solution of () in Fiz(S). (h7)

Then, there exist at least

n+k

1 .
m=g Z dim N(L - \;)

j=n+1

distinct orbits of solutions of () outside Fix(S*).
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Remark 3.1. If 6(Lg) C (—00,0], then (hg) is satisfied in view of (hy). More-
over, (hg) implies (h7) since, in this case, VF — Ly is strictly monotone on
D(Ly).

For the proof of Theorem 3.1 we will need some preliminary facts.

Let X be the orthogonal complement of N(L) in V. From (h;), the oper-
ator —L: D{L)N X — X possesses a compact inverse K : X — X.

On the other hand, since F(0) = 0, we have F(u) = fol(VF(tu), u) dt, and
it follows from (hs) that, given § < §; < min{y — Ay, An+1 — 77}, there exists
a1 > 0 such that

Jul? u? N
(7*51)——2——-'&1SF(U)S(W+51)T+Q1 Yu € RY.

Therefore, in view of (h3) and Remark 7.1.2, the Legendre-Fenchel transform
G = F* is a strictly convex function of class C! satisfying
1 P S

Tra 2 SO ssTyre weRT B

And, by Proposition 7.3.1, we can define the dual action ¢ € C1(X,R) of
Clarke-Ekeland by the formula

o(v) = %(Kv,v)v + | G dr.
Lemma 3.2. (i) If v € X is a critical point of ¢, then u = VG(v) is a
solution of (x). Moreover, if u1 = VG(v1) and us = VG(vy) belong to the
same orbit, then so do vi and vy,
(i1) ¢ satisfies the Palais-Smale condition (PS);
(1ii) There exist \* > Apiy and € > 0 such that

[of?

1
G(v) < 3

for allv € RN with |v| <.

Proof: (i) We have already seen in Section 7.3 that, if v € X is a critical
point of ¢, then u = VG(v) € D(L) is a solution of () (cf. Remark 7.3.2).
Now, if u1 and us belong to the same orbit, then uy = T(#)u; for some § € S*
and, therefore, in view of (hy) and the fact that VG = (VF)™!, we obtain

vy = VF(us) = VE(T(0)ur) = T(O)VF(uy) = T(6)v; ,

that is, v1 and ve belong to the same orbit;
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(ii) Let (vy,) C X be such that ¢'(vy,) — 0, that is,
Kvy + VG(om) — PVG(op) = fm — 0 in X,

where P is the orthogonal projection onto N(L). Defining u,, = PVG(v,,) -
Ku,,, we obtain by duality that v, = VF(tm+ fm), oF Lty = VF (Um + fin),
since Lu,, = v,. Now, assumption (hs) implies

lumlly < (=) HS(lumlly + [ fmllv) + @lQf + | fml v}

where ||(L —v) 7| = max{(y — An) "L, (Ans1 —7) "'} < 871 Therefore, since
|| fmllv — 0, we obtain that [|u.y||y is bounded. In view of the linear growth
of VF and VG (cf. (3.3) in the proof of Proposition 7.3.1), we conclude that
VUm = VF(uy, + fm) and VG(v,,) are also bounded in V. Therefore, passing
to a subsequence if necessary, we may assume that v, — v weakly in X and
PVG(vy,) — w € N(L), since N(L) is finite dimensional by (k). Since K is
a compact operator, we obtain that Kv,, — Kv in X, so that

vm = VF(PVG(vy) — Ky, + fm) — VF(w — Kv) in X.

Therefore, v,, — v in X.

(1) The proof follows from assumption (hs) and was already done during the
proof of Lemma 7.4.3. Indeed, (hs) implies that there exist 4 > 0 and A* >
An+r such that |[F(u)| > $A*|u|? for |u| < 4. On the other hand, there exists
€ > 0 such that |VG(v)| < 4 for |v| < €. Therefore, since G(v) = (u,v) — F(u)
with u = VG(v), we obtain for |v| < e that
G(v) < maxpy<s{(u,v) — A ul*}
‘2

< max,{(u,v) — $A*[u*} = /\ilvT . 0

Proof of Theorem 3.1: We will apply Theorem 2.1 to the dual action ¢ €
C*(X,R), which is invariant by assumption (h4) and satisfies (PS) by Lemma
3.2(ii) above. Let us define the following subspaces of X:

V=[NL-X)® - @NL-M\)*,

Z=N({L-XM)® - &N~ Apsx) -
Then, we have Fix (S)NX C Y and ZNFix (S!) = {0} in view of assumption
(hg), so that condition (iv) of Theorem 2.1 is satisfied.
Now, through eigenfunction expansion of the elements of Y, we obtain the
estimate
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[l Vvey,

1
Kuv,v)y > —
( )V )‘n+1

which, combined with (3.1), gives

1 1 1
V) > 2|~ —— | U} — 1| YveY.
o) 2 3 (-5 + =5 ) Iolf —
Therefore, since v+ 1 < Ap41, it follows that ¢ is bounded from below on Y
and condition (i) of Theorem 2.1 is satisfied.

In order to verify condition (¢i), we again use eigenfunction expansion to
obtain the following estimate in Z,

(KU, U)V <

1
ol ez,

so that Lemma 3.2 (iii) above gives

1 1 1
<o — 2 <0
ﬂw,2<AHk+»>Wm<

for all v € Z with 0 < |jv||p~ < €. Since Z is finite dimensional, there
exists r > 0 such that supyp ¢ = b < 0, where 0D, = {v € Z | ||| = r}.
Therefore, condition (ii) of Theorem 2.1 is also satisfied.

Finally, if v € Fiz(S') is a critical point of ¢, then u = VG(v) € D(L) is
a solution of (*) (cf. Lemma 3.2) and, by the equivariance of VG = (VF) ™!
(assumption (hy)), it follows that also u € Fix (S). Therefore, (h7) implies
u =0, so that v = VF(u) = 0 and ¢(v) = 0. This shows that condition (iii)
of Theorem 2.1 is satisfied. Therefore, that theorem gives the existence of at

least
] =n-+k

(dlm Z —codim Y) Z dim N(L —);)

] =n+41

distinet orbits of critical points of  outside Fix (S!). And these distinct orbits
give rise to distinct solutions of (*) outside Fix (S') in view of Lemma 3.2 (i).
The proof is complete. d

4 A Dirichlet Problem on a Plane Disk

Next we illustrate Theorem 3.1 by considering the Dirichlet problem

S
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where (2 is the unit disk in R2. Other applications can be found in [30].

Let A be the operator —A on the space V = L2?({),R) with Dirichlet
boundary condition, that is, D(A) = H2(Q) N H}(Q) and Au = —~Au Yu €
D(A). The eigenvalues of A are of the form p = 12, where v is a positive
zero of some Bessel function of the first kind, J,, n =0,1,2... (see Courant-
Hilbert [34], Vol. II). If n > 1, the corresponding eigenfunctions are given in
polar coordinates (r,8) by

Jn(vr)cos nd, J,(vr)sin nd .

If v is a zero of Jy, then Jy(vr) is a (radially symmetric) eigenfunction cor-
responding to the eigenvalue u = v?. Therefore, if we denote the spectrum
of A by o(A) = {u1,p2,...}, with 0 < 1 < pg < ---, then each eigenvalue
is either simple or of even multiplicity: in fact, the nonsimple eigenvalues are
double, since a result of C. Siegel (cf. [73], pg. 485) implies that the positive

zeros of J,, and J,, are distinct if ny # na.

Theorem 4.1. (/30]) Let g : R — R be continuous with g(0) = 0 and assume
that

up<9—(i‘i-}g—(”—) Vutv and g()<uq Vu£0, (4.2)
[T hmmf 9(v) < limsup =+ 9(u) < 1 < ppg < hmlnf 9(w) , (4.3)

where fip < piny Ptk < pg and {ppi1,. o pg-1}0{p > 0] Jo(/) = 0} = 0.
Then, Problem (4.1) possesses at least k weak solutions which are non-radially
symmetric and geometrically distinct (fwo solutions are geometric distinct if
one is not a rotation of the other).

Proof: Denote by L the operator A — p, on the space V = L?(Q,R)
with Dirichlet boundary condition, and define F(u) € C*(R,R) by F(u) =
fou g(s) ds — 3upu® and f = F’. Then, assumption (4.2) and the fact that
g(0) = 0 imply (h3) and, since o(L) = {p; —pp | j = 1,2,... }, we also obtain
(he) and (hs) from (4.3).

On the other hand, consider the isometric representation of S' on V de-
fined by the rotations in 2, that is,

(T(O)u)(z) = u(R(0)z) ,

U

! 1t follows that the eigenvalues crossed by £ ( are all double.
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where R(8)x = R()(x1,22) = (x1 cos 0 — zosin b, zy sin 6 + x5 cos #). Then, it
is clear that L and F' are equivariant, so that (h4) is also satisfied. And, since
Fix (S') is the space of radially symmetric function, condition (hg) is satisfied
because each A; = ptj4p = tp, j = 1,... ,¢—1—p, is a double eigenvalue of L.

Finally, in order to verify (h7), we observe that (4.2) implies that u) <
Mg — pp for all u # 0, that is,

F? < (g = 1) flwyu, W £ 0.
Therefore, if u # 0 is a radially symmetric solution of (4.1), we obtain
If 2 < (kg = pp)(f(u), )12 = (kg — pp)(Lu, w12
< Lulff: = [1f ()]l -

This absurdity implies that (h7) is also satisfied.
Therefore, Theorem 3.1 guarantees the existence of at least k nonradially
symmetric and geometrically distinct weak solutions of Problem (4.1). a
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Problems with Lack of Compactness

1 Introduction

In this chapter and the next we will present two examples of situations in which
the variational problem under consideration lacks some desirable compactness
properties. Typically, lack of compactness is due to the action of a group under
which the pertinent functional is invariant. For example, an autonomous
semilinear elliptic equation in the whole space RV,

—Au+u=h(u), (1.1)

is invariant under the group of translations u(:) — u(- + z), z € RY. We will
be considering one such situation in this chapter.

Now, in case Problem (1.1) is posed in a bounded domain @ ¢ RY, N > 3,
a lack of compactness can happen when, for example, the nonlinearity h(u)
has a critical growth at the limiting exponent ¢ = 2* — 1 := (N +2)/(N — 2)
for the Sobolev embedding H*(RY) — L?" (RV).

Both situations and generalizations have been extensively considered in
the literature through the use of the concentration-compactness method of P.-
L. Lions [51, 52]. The reader is invited to learn how this method is used in the
above original papers. In this chapter, when considering our example in the
whole space R, we shall neither use the concentration-compactness method
per se, nor shall we be concerned with making the best possible assumptions
on h. Instead, we will impose additional restrictions on the nonlinearity h
which will allow us to consider the associated Nehari set

M ={uc H'RY)| /RN(|Vu12+u2)da:=/RN h(w)udz }

as a C'-submanifold of H'(R") (of codimension 1), which is a natural con-
straint for our functional in the sense that the critical points of the restriction
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| M are precisely the critical points of . In particular, we can find a solution
of Problem (1.1) via global minimization on M (as in Chapter 6). Such a so-
lution is called a ground-state solution since it has the least possible nonzero
energy o(u).

We point out that, in fact, all that is needed in order to obtain a solution
of Problem (1.1) through constrained minimization is to have h subcritical
satisfying H({) > %@ for some ¢ > 0 (cf. the original paper [14, Part I] of
Berestycki and Lions). Under these minimal assumptions, a solution of (1.1)
is found in [14] through the constrained minimization problem of finding the

/ |Vul? dz
RN

(we R | | (H@)- —;—u2) dr=11}.
RN

global minimum of

restricted to

We start with preliminary results involving two beautiful lemmas due to
Brézis and Lieb [19] and to Lions [51], respectively, and which deal with the
question of when a weakly convergent LP-sequence is strongly convergent. As
usual, in what follows we will be denoting by 2* the limiting exponent in the
Sobolev embedding HY(RY) — LP(RY), 2 < p < 2*, namely, 2* = 2N/(N—-2)
HN>3and 2* =0 if N =1,2.

2 Two Beautiful Lemmas

As is well known, given a domain Q C R"™ and a bounded sequence ()
of functions in LP(Q) (1 < p < o0) one can extract a subsequence (still
denoted by wu,, for simplicity) which converges weakly and pointwisely to
some u € LP(2). In addition the Fatou lemma gives

/|u|” Sliminf/ [unl?,
Q n—oo Jo

with equality occurring if and only if u,, converges strongly to u in LP(2).
As it turns out, Brézis and Lieb obtained a refinement of the Fatou lemma
in [19] by showing that the difference ||u,|f, — ||u||}, behaves exactly like
flun, — u|[f, as n — oco. In other words, they found the missing term in the
inequality of the Fatou lemma by proving that

ol = T ((funl = [l = ulf) -
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Their proof essentially uses the fact that the continuous function H(s) := |s|P
satisfies the following property:

Ve >0 3C. >0 with |H(s+t)— H(s)| <eH(s)+CH(t) Vs, t eR.
(2.1)

Indeed, as mentioned in [19], the result holds for more general functions and
we shall state it here in a more general form.

Brézis—Lieb Lemma. Let H : R — [0, 00) be continuous and satisfy (2.1).
Suppose a sequence (uy) of measurable functions in §) satisfies u, — u a.e.,
sup,, [o H(uy) < 00 and [y H(u) < co. Then sup,, [o H(un —u) < 00 and

/Q’H(un)~H(u)—H(un~u)| — 0 asn — oo.

Proof: We first note that when (u,) is a bounded sequence in LP({2) the
above conditions are automatically satisfied with H(s) := |s’ (and for a
suitable subsequence of (uy,)).

In view of condition (2.1) one has the estimate

|H(un) — H(up —u)|] < eH(up —u)+ CH(u) ,
so that, with € = 1/2,
H(u, —u) <2 [H(un) + C1y2H (u)]

which shows that K := sup,, fQ H(u, —u) < o0 in view of the assumptions.
Moreover, one has the estimate

hne = (|H(up) — H(u) — H(uy, — u)l — eH(u, — u))t < (1+C.) H(u),
so that fQ hn,e — 0 as n — o0 by the Lebesgue theorem. Therefore, since

|H(un) — H(u) — H(uy, — u)| < hype + eH(u, —u)

we obtain
limsup/ |H(uy,) ~ H(u) — H(u,, —u)| < Ke .
n—o00 Q
The result follows since € > 0 was arbitrary. ]

Remark 2.1. As pointed out in [19], condition (2.1) is satisfied by general
conver functions. On the other hand, let H : R — R be continuous and
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satisfy H(s) > 0 for s # 0. And suppose that H(s) behaves asymptotically as
pure powers as |s| — 0 and as |s| — oo in the sense that, for some 0 < p,q <
oo, one has

lim H(s) =lp>0 and lim H(s)

Is|—0 |s|P |s|—o0 |$]9

Then it can be shown (cf. [32]) that H(s) also satisfies condition (2.1).

=l >0.

Next, we consider a lemma by Lions [51] which gives conditions guarantee-
ing strong LP-convergence of a weakly convergent LP-sequence arising from a

bounded H!-sequence of functions.

Lions Lemma. Suppose u, € H'(RY) is a bounded sequence satisfying

lim sup/ luplP dz | =0
nmoo '!/ERN B (y)

for some p € [2,2%) and r > 0, where B.(y) denotes the open ball of radius r
centered at y € RY. Then, u, — 0 strongly in LY(RY) for all 2 < ¢ < 2*.

Proof: We only consider the case N > 3 and reproduce the proof as given
in {75]. Let p < s < 2* be given and consider 8 € (0, 1) defined by

1 1-96 + 0

s p 2%
Then, writing B = B.(y) for short and using Holder’s inequality together
with the Sobolev embedding, we have

||u”LS B) Hu”Lp(B ||u||L2* A)

8
2

CIIUIILp (B) ([a(ul® +[Vul?)dz)?
hence

/|u| dw<CSHu||Lp(B /B(|u|2+|vu|2)da?

by picking § = ;. Next, if we consider a covering of RN by balls B = B, (y)
of radius 7 as above, so that each point in RY is contained in (N + 1) such
balls (at most), we obtain the following estimate

s(1-8)

14
/RN |u|®dz < (N +1)C* ?RPI)V (/B . lu|P d:c) /RN<|U|2 +|Vul|?) dz
Yy rY

which shows by the given assumption that u,, — 0 in L$(R"). Therefore,
since 2 < s < 2*, we conclude (again by the Holder and Sobolev inequalities)
that Uy, — 0 in LI(RY) for 2 < ¢ < 2*. O
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3 A Problem in RN

As a first application of a problem lacking compactness, we consider a sub-
critical elliptic problem in all of RY:

~Au+u = h(u) , ue H(RN). (3.1)

In the literature, such an equation is called a field equation in the positive
mass case (because of the term u in the left-hand side of the equation), an
important example being that when h(u) is a pure power. Below we list some
of the assumptions on the nonlinearity hA(s) that will be made in the course
of this section, where we will always be assuming that N > 3. As usual,
we denote H(s) = f(f h(t} dt and, for simplicity of notation, all integrals are
understood as taken over all of RY, unless otherwise stated:

h € C*(R) satisfies h(0) = 0, lim5_ M%—)l < +oc for some § > 0, and

B
| (s)]
5P

lim sup
|s|—o0

< +oo for some 2 < p < 2%; (h1)

H(s) and [sh(s) — 2H(s)] are strictly convez functions with

H(s)

|s]-—00 52

=100 . (hs)
Remark 3.1. In view of (hy) we note that the functional
L 2., .2 Lone
olu) = 5 (|[Vul® +u*) de — [H(u) doe = -2—||uH — [H(u) dz

is well defined and of class C? on H!(RY), with its critical points being pre-
cisely the solutions of (3.1). Moreover, Problem (3.1) has the trivial solution
u = 0 and lacks compactness in the sense that, for any nontrivial solution v,
the sequence v, () := v(x + z,) with 2, € RV satisfying |2,| — oo (so that
llvn|l = ||v| and v,, — 0 weakly in H*(R™)) has the property that

p(on) = p(v) @l(vn) =0,

but no subsequence of v, converges strongly in H*(RY) . In particular, ¢
does not satisfy (PS). for ¢ = ¢(v).

Remark 3.2. Since we are assuming h(0) = 0 it is not hard to see that (hg)
implies (in fact, is equivalent to):
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(hy) h(s) is strictly increasing with limyg— o0 H(s)/s* = +00 and
2H
M) | 2HL

s 52

R'(s) >

>0 Vs#0.

In particular, any such h is superlinear in the sense that limjs_.o h(s)/s =
400 (in fact, lim|s| o A'(s) = +00), and we also have that

W (s)s* — h(s)s >0 if s #0.

Remark 3.3. A typical example of a function satisfying (h;) and (hs) is the
pure power s — a|s|P~2s, with 2 < p < 2* and some a > 0 or, more generally,

the function
 [alsP s if s>0
hp.q(s) = { bls|7%s if s<0

with 2 < p,q < 2* and a,b > 0. Still another example of a function (with a
much slower growth) but satisfying the same conditions above is given by

h(s)=H'(s), H(s)=s%n (1+5%) .

On the other hand, the first two examples satisfy the stronger superlinear
Ambrosetti-Rabinowitz (global) condition

sh(s) > 8H(s) > 0 for s # 0 (and some 6 > 2)
whereas the last one does not.

Under some suitably mild condition on & (say h continuous with |h{s)| <
Als| + Bls|P~! for some A, B > 0 and 2 < p < 2N/(N —2) if N > 3), we can
define the so-called Nehari set

M= {ue HRY)\{0} | p(u) = [lu]® - /h<u>u dr=0}

Of course, we may have M = (). However, if u € H'(R") is a nonzero weak
solution of (3.1) then u € M.

Lemma 3.1. Assume (h1). If lims_o h(s)/s = +oo (h is superlinear) and
() := sh(s) — 2H(s) is a strictly convez function, then

(i) M # 0 is a C!-submanifold of H*(RY) of codimension 1 and 0 & M;
(it) M is a natural constraint for ¢, that is, 0 # v € HY(RY) is a critical
point of ¢ if and only if u € M and u is a critical point of p|M.



3 A Problem in RY 105

Proof: (i) In view of (h;), the functional ¢ is clearly of class C? on H'(RY).
Let 0 # v € HY(R") and consider the function 0 < t ~ v¥(tv). Again, in
view of (h1) and Sobolev embedding we claim that ¢ (tv) > 0 for t > 0 small.
Indeed, we have

1
L/h(tv)tv dz| < et? /|1)12 dr + —TCCMP /|v|p dx
p—
< et?[[ul® + Deft]P[[o]?
so that, by picking 0 < € < 1, we obtain

]| - /h(tv)tv dz > t2(1 - €)||v||? = It|PDe||v||P > 0

for all ¢ > 0 sufficiently small.

Similarly, it is not hard to see that the superlinearity of h together with
the fact that h(s)s > 0 imply that lim;_,o ¢¥(tv) = —oc. Therefore, there
exists f such that fv € M. In particular, M # 0.

Next, from the strict convexity of v(s) = sh(s) — 2H{(s) we have

¥'(s) = sh'(s) = h(s) <0 ifs<0,
v'(s) =sh'(s) ~h(s) >0 ifs>0,
hence
h'(s) > —S——) Vs #0 . (3.2)
We claim that ¢'(u) # 0 for all u € M. Indeed, if u € M is such that
¥ (u) w = 2{u,w) — /h(u)w dr — /h’(u)uw dr =0
for all w € H'(RV), then, by picking w = u, it follows that

22 - /h(u)u dz ~ /h’(u)uz o =0,

so that
2uf? > Q/h(u)u dx

in view of (3.2). This is in contradiction with the fact that u € M. Therefore,
M is a C'-submanifold of H*(R") of codimension 1.

We now show that 0 ¢ M. As before, (h;) and Sobolev embedding imply,
for u € M and € > 0,
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|ull? = /h(u)u dz < .s/|u|2 dz + 5—}106 /|u|” dz
< ellull® + Defjull?

where D, > 0. By taking (say) e = 1/2 and recalling that u # 0 by definition
of M, we obtain

>0 Yue M.

1
ullP~2 >
P 2 55

Therefore, 0 ¢ M.
(i) Let 0 # u € H'(RY) be a critical point of ¢. Then,

o' (u) - w = {u,w) — /h(u)w dr =0 Ywe HYRY),
and choosing w = u yields
ul|> — /h(u)u de =0,
that is, u € M. Conversely, if u € M is a critical point of ¢|M, then

@' (u) = M (u)

for some Lagrange multiplier A € R, that is,

{(u,w) ~ /h(u)w drz =\ [2<u,w> - /h(u)w dzr — /h’(u)uw dw}

for all w € H'(R"). Once again, choosing w = u and recalling that u € M

we obtain
0= 2X||ull* - A [/h(u)u dz + /h’(u)u2 dx] ,
or,

A2 = A [/h(u)u de +/ /() da:} .

Since the above expression in square brackets is greater than 2 [h(u)u dz by
(3.2), we necessarily must have A = 0 in order not to contradict the fact that
u € M. Thus u is a critical point of . Ol

Lemma 3.2. Under the assumptions in Lemma 3.1, define

. = inf .
c vlélM(p(’U)

Then, c, > 0 and ¢, is the ground-state level for Problem (3.1), that is,

ce = inf{ p(u) | u#0 is a solution of Problem (3.1) } .
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Proof: We start by observing that the functional ¢ has mountain-pass ge-
ometry, that is,

(i) There exists a,d > 0 such that p(u) > a if ||ul| = d;
(#7) There exists vg € H*(RY) such that |jvg|| > ¢ and p(v) < 0.

Indeed, as in Lemma 3.1, using (h;) and Sobolev inequality yields (with 0 <
e<1)

olu) = 3]l - /H > 2(1 = )fjul> - DeJul] .

Therefore (i) holds true with |Ju|| = § > 0 sufficiently small so that the right-
hand side a = (1 — €)6%/2 — D67 of the above inequality is positive.

l\')

Similarly, as in Lemma 3.1, we obtain (i7) from the fact that, for each
0 # v € HY(RV), we have

751im p(tv) = —o0 .
Moreover, as also observed before, the strict convexity of [h(s)s—2H (s)] gives
h
h'(s) > 9 Vs#0.

This in turn means that the function s — h(s)/s is strictly decreasing on
(—00,0] and strictly increasing on [0, 00). Therefore, for each fixed ||w|| = 1,
the real-valued function

0<tr p(tw) = %tQ - /H(tw) dzx

has a unique critical point # = #(w) > 0 (its global maximum). And since
t = [h(tw)w dzr, we can characterize the Nehari manifold as follows:

M= { {(ww | [jwll=1}.

Next, letting I' := { v € C([0, 1], H'(RY)) | v(0) = 0, ¢(~(1)) <0}, it
follows from (i), (i¢) that the mountain-pass level of

eup = inf sup ¢(y(t))
vel p<i<1

is positive. In particular,
O0<ecyp <.

In fact, in our present case, we have the equality

CMP = Cx
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since, by arguments similar to those we have been using so far, it is not hard to
show that for any admissible path v € T" one has v(f) € M for some 0 < # < 1.
0

Lemma 3.3. Assume (hy). Then any minimizing sequence (un) for c,. is
bounded.

Proof:  Let u, € M be a minimizing sequence for c,:

lun® - /h(un)un dr =0, (3.3)

1
l? —/H(un) iz — e, . (3.4)

Claim: There exists C' > 0 such that [ju,|| < C Vn € N. Suppose by contra-
diction that (for some subsequence, still labeled u, for simplicity) we have
tn := ||un|l — co. Picking § > 2, and letting v, := /8.y, /ty, it follows that
|[vn||? = dc. and there exists v € H'(RY) such that

vp, — v weakly in H1(RY)
v, — v strongly in L} _(RY) (for any 2 < ¢ < 2*)
vy, — v a.e. in RY.

Sub-Claim: v # 0.
Indeed, since (vy,) is bounded in H'(R"), we consider the quantity

lim inf sup/ lva2 de | = a . (3.5)
e \yeRN J Bi(y)

If & = 0, then Lions lemma says (passing to a subsequence, if necessary) that
v, — 0 strongly in LI(RY) for all 2 < ¢ < 2* and, since (hy) implies

1 1
H dr < = n 2 T Y YeEllVn pp ’
Jirten) d < Gellonls + el

we obtain [H(v,) dz < Ce+o(1), where C = éc. /2. Since e > 0 was arbitrary
we conclude that

1 )
olvn) = §|1vn||2 - /H(vn) dr = 50* +o(1) . (3.6)
On the other hand, since u, belongs to M and v, = T, u,, we have that

p(vn) < plun) = c. +0(1)
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which is in contradiction with (3.6) since § > 2 by our choice. Therefore, we
must have a > 0 in (3.5), so that

/'}mﬁmz3>o (3.7)
B1(0) 2

for n large, where U, (z) := vp(z + 2,,) for some z, € RV that is,

U () = vp(z 4 2,) = \/t&:ﬂn(z) , o Un(x) = un(T 4 20) (3.8)

n

where we recall that we are still assuming (by contradiction) that ¢, = |lu,| —
oo. Therefore, since ||[U,]| = |jva|| is bounded, passing to a subsequence (if
necessary), we have that

Up — U weakly in H}(RY)
Tp — 0 strongly in L (RY) (for any 2 < g < 2%)

loc

Un — U a.e. in RV,

where U # 0 in view of (3.7).
Next, we divide (3.4) by t2 to get

%—/Hg“dx=du,

or, by translation invariance,

L. /H(ﬂ") dr = o(1)

> 2

or still, in view of (3.8),

/Hggn)ﬁi dr = %i +o(1) . (3.9)

However, since lim 5|, H(s)/s* = 400 by (hs) and since ¥ # 0, we conclude
by the Fatou lemma that

H ()

H(tyvn/Voc,
lim = ?2 dx = lim /%[————)Ui dz = +00 ,
n—o0 uzs, n—00 tnvn/ﬁc*

which is in clear contradiction with (3.9).
Finally, since either case a = 0 or o > 0 leads to a contradiction, we
conclude that (u,) is bounded in H}(RY). 0

Our next result yields a bounded Palais—Smale sequence for ¢ at the level c,.
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Lemma 3.4. Assume (hy). Given any minimizing sequence (uy,) for ¢, there
ezists another minimizing sequence (Uy,) such that ||V (0,)|| = o(1).

Proof: Let (uy) be a minimizing sequence for ¢,. Then, (u,) is bounded by
Lemma 3.3 and, in view of the Ekeland variational principle [37] (see Appendix
and Corollary A.3), there exists another minimizing sequence (v, ) for ¢, such
that

[vn — un|| = o(1) (3.10)
and

V(eI M)](va)ll = |1Pr,, 2 Vip(vn) |l = 0(1) (3.11)

where Pr, s denotes the orthogonal projection onto the tangent space to M

at v € M, that is, Pr,ph := h — (h, N,)N,, where h € H'(RV) and N, :=

% is a unit normal to M at v. Clearly (3.10) implies that (v,) is also a

bounded sequence. The rest of the proof is somewhat technical and consists
in showing that

V()] = o(1)

for some other bounded minimizing sequence (¥, ), as required. We start with
the following

Claim 1: ||Vo(vy )l and ||Vi(v,)| are bounded.

Indeed, let 2f = 2N/(N + 2) be the conjugate exponent of 2* and let
A=(=A+ID)":[* c H' — H' ¢ L? be the bounded linear operator
defined by (Af,z) := (f,2)2 Vz € H'. Then, we have

Veolu) =u— A(h(u)) ,
Vip(u) = 2u — A(h(u) + K (w)u) ,
so that (h;) yields
[AR)] < TRl gt < ull ot + CalllelP ™[ ot < Clllll + [lulP™)
Similarly, we have
LA ()il < C(llull + [[ulP~?) .
Therefore, Claim 1 follows since ||v,| is bounded.

Next, taking the inner-product of Pr, aV(vy) with Vo(vy,) and keeping
in mind that ||Vy(v,)| is bounded, we obtain
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vw( ) Vi (vn) o) —
that is,
2 V(vn) o o
IVip(on) I = (Vep(on), o) +of1) (312)

Similarly, taking the inner-product of Pr, aVy(v,) with v, and recalling
that (Vo(vn),vn) = ¥(v,) = 0 (since v, € M), we obtain

— v Vl/)(l}n) Vd}(Un) _
Vo) g T ™ =0
or
Ve, YY) T R
ot (e Ty ol = fteadon + H(un) o

= A,B,C, = o(1), (3.13)
where A,, is bounded from below away from zero by the previous claim.

Claim 2: C, > 0 is bounded from below away from zero.

Indeed, since ||v,[? = [h(v,)v, dz, we can write

Cn= /h/(vn)vfl dz — /h(vn)vn dz .

Now, as in Lemma 3.3, we consider the quantity

lim inf sup/ lun|? dx | := a (3.14)
o0 \yeRN J By (y)

and rule out the possibility @ = 0 as it would lead to the contradiction
lim [H(v,) dz = lim [h(v,)v,, dz = 0 and lim ¢(v,) = 0. Thus, we must
have o« > 0 and

/ B2 dz> 2 >0 (3.15)
B1(0) 2

for n large, where v,,(z) := v, (z + 2, ) for some z, € RV, As usual, by passing
to a subsequence, if necessary, it follows that

Tn, — U weakly in H'(RN)

Uy, — U strongly in L _(RY) (for any 2 < ¢ < 2*) (3.16)

Up — U ae. in RY.
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where ¥ # 0 in view of (3.15). Since we have
C, = /h'(an)a’,i iz /h(an)an iz

by translation invariance then, by assuming that C,, = o(1), we would obtain
by Remark 3.2 and the Fatou lemma that v = 0, a contradiction. Thus, C,
is bounded from below away from zero and Claim 2 is proved.

Finally, since both A, and C,, are bounded from below away from zero,
we conclude from (3.13) that

_ Vi (vn) _
B = [{(Vp(vn), WH =o(1)

and, from (3.12) and translation invariance, that

Vo)l = o(1) .

We have obtained a minimizing sequence (v,) C M for ¢, such that
IVo(@,)|]| = o(l), that is, a Palais-Smale sequence for ¢ at the level
¢y = infyepr p(v). O

We are now ready for the main existence result of this section.

Theorem 3.5. Assume (hy), (k). Then c. = inf,epn @(v) > 0 is attained.
In fact, there exists a minimizing sequence (V) that converges weakly to a
minimizer of c.. In particular, Problem (3.1) has a nonzero solution v €
HYRM) N C*HRN).

Proof: Let (uy,) be a minimizing sequence for ¢.. In view of Lemma 3.3 and
Lemma 3.4, there exists another minimizing sequence (v,) C M satisfying
(3.16). In particular, we have

(i) = /[h@n)an C2H ()] dr = ¢\ + o1)

hence
% /[h(m— QH )] dz < c (3.17)
by convexity of [sh(s) — 2H(s)] (cf. (ha)). In addition, since

o/ () -0 = (5,6 — /h(anw dx = o(1)6]
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for all # € C}(RY), and keeping (h1) and (3.16) in mind, we obtain from
4.

the Vainberg theorem [72], Chapter 2.2, that h(v,) — h(?) in L] " (RN) for

p—1< g < 2* and, hence, that

for all # € C}(RY). Therefore, we conclude that ¥ # 0 is a (weak, hence
strong) solution of (3.1), and it follows that ¥ € M. In particular, by definition
of ¢, and from (3.17) we also conclude that ¢(v) = c,. O
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Lack of Compactness for Bounded (2

In this chapter we present a simple situation of a variational problem on a
bounded domain © C RY for which the corresponding functional does not
satisfy the Palais-Smale condition (PS). at certain levels ¢ € R. We are
referring to the so-called strongly resonant problems, a terminology introduced
in Bartolo-Benci-Fortunato [8] for a resonant problem where the nonlinearity
g(s) was such that limj;_ g(s) = 0 and lims. G(s) = B < oc. Such
problems did not fall under the Landesman-Lazer [49] or the Ahmad-Lazer—
Paul [3] framework. In [8], the authors used the weaker version of (PS) due to
Cerami [24] in order to handle those problems (see condition (Ce) introduced
in Exercise 2 at the end of Chapter 3). Here, we introduce a large class of
strongly resonant problems and show that the standard (PS) condition can be
used to handle such problems by determining the exact levels ¢ € R where it
fails. We follow [7].

1 (PS). for Strongly Resonant Problems

Let us consider the Dirichlet problem

{ —Au = Agu+ g(z,u) in L)

u=0 ondQ,
where Q is a bounded domain in RY, N > 3, \; is an eigenvalue of —A in Q
with a Dirichlet boundary condition and g :  x R — R is a Carathéodory
function with subcritical growth. We call (1.1) a strongly resonant problem
(at Ax) if the following conditions hold:

lg(z,s)| < h(z) for some h € LY(Q), ¢ > %, and g(x,s) — 0 as |s| —
00, a.e. in (91)
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|G(z,8)| < hi(z) for some hy € L}(), and G(z,8) — Gi(z) as s —
+00, a.e. in §. (g2)

We remark that (g1), (g2) hold if, for example, lim|—.o g(x,s) = 0 and
lim|sj 500 G(2, 8) = Goo € (~00, +00), uniformly for z € Q2. Such a situation is
in sharp contrast with the one considered by Ahmad-Lazer—Paul (see Section
3 of Chapter 5), in which one had Gy = 400 (or GL = —oc). Indeed, the
following lemma characterizes the values ¢ € R at which the functional

%/Q(Wu|2 - \pt?) dz — /QG(J:’“) dz

= q(u) = N(u) , u€ H;(Q)

= (1.2)

corresponding to (1.1) satisfies (PS).. Moreover, it explains why (PS), holds
true for all ¢ € R in the Ahmad-Lazer-Paul situation.

Lemma 1.1. Assume (g1),(g2). Then, ¢ satisfies (PS). if and only if

cgly = {— G4(z) dz — G_(z) dz | v € Ni , ||v|):1} ,
[v>0]

[v<0]

where |[v||* = [, |Vv|*dz, as usual, and Ny = N(L — X;) denotes the
eigenspace associated with Ay.

Proof: Let us denote by X+, X~ the subspaces of X := H}(Q) where the
quadratic form g is positive definite, negative definite, respectively, and write
X = Ny, so that

H@Q=XTeX aXx°.

Since g has subcritical growth, the functional ¢ satisfies (PS). if and only
if any sequence {u,} C H} such that
(1) p(un) —c,
(1) ¢'(un) — 0,
has a bounded subsequence. Let us assume that {u,} satisfies (i), (i), but
(i) |un || — o0,

and prove that ¢ € I'y. Writing u,, = u, +u;, +u, where u} € X, u; € X—,
ud € X% = Ny, and using (ii), we have!

! We note that, in this chapter, the notations u* and v~ do not stand for the
positive and negative parts of u.
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(Vo(un)ui)] = Hlug 1 = Mellwt 72 ~ /Qg(x,un)urf dz| < enliuy]l (1.3)

where €, = ||¢/(uy)||g-1 — 0. Using (¢1) and the fact that ¢ <2N/(N -2),
if N > 3 (where ¢’ = q/(q¢ — 1) denotes the conjugate exponent of q), we can
estimate the integral term above as

I/{zg(:v’un)urf da| <|[Rllzalluflle < CllAllLalluzl, (1.4)

in view of the Holder and Sobolev inequalities. Therefore, (1.3) gives

Ak
AL
( Akt1

Mg I* < (ClhllLe + €n) llug |

so that {u}} is bounded in H}. Similarly, we show that {u,, } is also bounded.
Thus, by (444), we must have ||u8|| — co and, letting U, := u,/|[ul|], it follows
that @, — v € Ng with ||v]| = 1. Without loss of generality, we may assume
that @, (x) — v(z) a.e. in Q. Therefore,

Up(z) — o0 ae. in v>0]:={ze|v(x) >0},

up(z) — —00 ae. in [v<0]:={zreQ]|v(z)<0}.

Next, by (g2), we can apply the Lebesgue theorem to the sequence
G(z,un(x)) to obtain

lim [ G(z,u,(x))de = Gi(z)de + G_(z)dz .
nee Ja [v>0] [v<0]
Therefore, in order to show that ¢ € Ty, it suffices to verify that |uf| — 0.
For that, we prove that the integral term in (1.3) (as well as the corresponding
integral term in |(Ve(u,), u;)|) goes to zero.
Indeed, using the Hélder inequality and Sobolev embedding as in (1.4), we
obtain (with ¢ > 2N/(N +2)if N > 3)

| /Q o(z,un )t da] < O /Q 192, un(2))|7 de) |

and, since g(z,u,(z)) — 0 a.e in Q with |g(z,u,(z))] < h(z) a.einQin
view of {g1), an application of the Lebesgue theorem once more implies the
desired result that ¢ € T'y if (7)-(47) hold.

On the other hand, we also observe that ¢ does not satisfy (PS). if ¢ € I'y.
Indeed, taking v € Ni, ||v|| =1, we have
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p(tv) = —/QG(:r,tv(:v))da: ,

(Veo(to), h) = / o(, to(@)h(z) de |

Q

for any t € R and h € H}. Letting t — +oo and using (g1), (g2) together
with the same arguments above, we conclude that

o(tv) — — Gi(z)dx —/ G_(z)dz ,

[v>0] lv<0]

o' (tv) — 0. O

Remark 1.1. Note that in the special case when Gi(z) = G4 (constants)
and )y is a simple eigenvalue, say Ny = span{py} with [|ok| = 1, the set T
has only two values (or perhaps one, if they coincide):

Te={ -Gy -G Br, G~ G- },
where o = |[or > 0], B = |[¢r < 0]|. Moreover, if k = 1, we get
I ={-G49, -G_|9] },

where we are denoting the measure of a set S by |S|.

2 A Class of Indefinite Problems

In preparation for our existence result in the next section concerning a class
of strongly resonant problems, we present in this section some preliminary
results involving an elliptic problem with an indefinite linear part and an al-
most monotone nonlinearity. More precisely, we consider our previous Prob-
lem (1.1) in a bounded domain @ C RY where the nonlinearity g(z,u) is a
Carathéodory subcritical function satisfying the lower estimate

(g(z,s) - g(z,t))(s —t) > —0(s —t)?, ae xz€Q,Vs,tER, (g90)

for some 0 < § < Ay, — Ag—1, k > 2 (if k£ = 1 we only assume that A; > § > 0).
Here we are numbering the eigenvalues of (—A, H3(Q)) allowing repetition,
but the above consecutive indices are taken such that Ap_; < Ag.

Remark 2.1. Note that (go) simply means that the right-hand side f(z,u) =
Axu+g(z,u) of (1.1) is a monotone function which does not interact with the
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eigenvalues Ap, ... Ak.1. Therefore, in the present situation, it is natural to use
the so-called Liapunov-Schmidt decomposition method to study our problem.
As we shall see, this will reduce our pertinent indefinite functional

o(u) = %/Q [(1Vu]? = M) — G(z,u)] dz = %(Lu,u) - /Q G(z,u)dz
(2.1

1)
on X := H} () to another functional ¢(v) on a closed subspace V of X whose
critical points are in a one-to-one correspondence with the critical points of
@(u). In addition, for the class of strongly resonant problems to be considered

in the next section, the reduced functional ¥(v) will turn out to be bounded
from below.

For our preliminary results, let us consider the previous orthogonal de-
composition X = X~ ® X°@® X T, where X° = N = N(L — \;) is the kernel
of the operator L : H}(Q) — H}() defined in (2.1), and X* (resp. X~)
denotes the subspace where L is positive definite (resp. negative definite).
We denote the respective orthogonal projections by Py, Py and P_. Finally
we will let

V=X'gXt, W=X",

so that X = V @& W, and we will write Py = Fy + P, Py = P_ for the
corresponding orthogonal projections.

Lemma 2.1. Assume (go). Then, for each v = ug + uy € V, the functional
W 3w —p(w+v) is p-conver on W, that is, the mapping

wr+— — Py Vp(w +v)
is strongly p-monotone on W, where p = ’}\kafs —-1>0.
Proof: We want to show that
—(Vp(wy+v) = Vo(wy +v), wy —ws) > pllwy —wse|*  Vwi,wy € W, Vo €V .
Indeed, in view of (2.1) and (gg), we have
(Ve(wr +v) = Vp(ws +v), w1 — w2)

= (L(w1—+—v)*L(w2+v),w1—w2>—/ﬂ[g(a:,w1+v)—g(m,w2+v)](w1——wg)daz

= /Q[(V(wl +v) =V (wa+v))-(V(wy —wz)) = Ap (w1 +v) = (wa+v) ) (w1 —w2)] dz
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- / [g(z,wy +v) — g(z,we + v)|(w1 — we) dz
Q
< |lwi — w2||2 - /\k/ |wy — wo|* dx + 6/ |wy — wy|* da
Q Q

= |lw; —wa]® — (A, — (5)/ lwy — wo|* dx
0

Ay — 0
<(1- Mwr = well* = —pllwy — we?
Ak—1

where, in the last inequality, we used the fact that [, |[Vw|* < Ap-q [ [w]?
foralwe W= X_. O

Now, in view of Lemma 2.1 and a classical result for pg-monotone maps
(see [4, 22]), for each v € V there exists a unique w = #(v) € W such that

Py Ve(6(v)+v)=0.

Moreover, it is shown in {4, 22] that the map V 3 v — 6(v) € W is continu-
ous, the functional

$(v) = p(0(v) +v) = sup p(w +v)
weWw

is of class C! (together with ), and
Veo(u) =0 ifandonly if w=0(v)+v and V¢(v)=0. (2.2)

Remark 2.2. Unlike in the usual Liapunov-Schmidt reductions, note that
our reduced functional v is defined on the infinite-dimensional space V.

Lemma 2.2. The reduced functional ¢ : V —— R is weakly l.s.c..

Proof: It suffices to observe that

¥(-) = sup p(w + )
weW

is the supremum of the family {¢(w+) | w € W} and each functional ¢(w+:)
is weakly lower-semicontinuous on V. a

Lemma 2.3. If ¢ : X — R satisfies (PS). for some ¢ € R, then also
1 : V. — R satisfies (PS)..



3 An Application
Proof: Let v, € V be such that
(on) — ¢, Vi(vn) — 0.
Letting w,, := (v, ), this means that
o(wn +v,) — ¢, PyVeolw, +v,) — 0.
Since by definition Pw Vp(w, + vy,) = 0, it follows that
olw, +v,) — ¢, Velw, +v,) — 0,
and hence, up to a subsequence, we have that
(Wn, Un) = (Woo, Vos)

for some wo € W, 15 € V.
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Still considering our original Problem (1.1) with the nonlinearity g being al-

most monotone (i.e., satisfying condition (gg)), we observe that the functional

u+— —N(u /G:Bu

(3.1)

is bounded from below whenever limsup,_,, . G(z.s) < +oo uniformly a.e.

z € Q. In fact, we are going to assume that g :  x R — R is continuous

and satisfies

limjy| 00 g(z,5) = 0 uniformly for a.e. z €
lims|~oc G(,5) =0 uniformly for a.e. z € 2,

so that Problem (1.1) is a strongly resonant problem at the eigenvalue Ag.

Lemma 3.1. Assume g satisfies (go) (i.e., g is almost monotone).

(3) If g(x,0) =0, then ¥(0) =
(i) If (g2) holds, then ¥(u®) — 0 as |ud] — oo, u® € X0 = Nj.

(91)
(92)

Proof: (i) Since u = 0 is a solution of Problem (1.1), we have by (2.2) that

V(0) = 0, hence v = 0, 6(0) = 0. In particular, ¥(0) =

(17) Let us recall the definition of N(u) and the quadratic form ¢(u) in

Then

(1.2).
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P(u’) = p(0(u”) +u°) = q(6(u°)) — N(B(u®) +u°) (3.2)
since g(u’) = 0. On the other hand, we have

Y(®) = sup p(w +u’) 2 p(u°).
weW

Therefore, it follows from (3.2) that

|9(0(u))] < N(u) = N(B(u°) + "), (3.3)

which shows that |g(f(u%))| is bounded in view of (g2). Since —q is coercive
on W, we conclude that

o)) <C. (3.4)

Next, we prove the following

Claim: lim”uon_ﬁoo N(H(uo) + uO) = limHuou_ﬁoo N(uo) =0.
Indeed, assuming ||[ul|| — oo, we have in view of (3.4) that

16(uS) + 2wl > [lupll = 16| > W]l - C,
hence
10(un) + up || — oo .

Letting vy, := (8(u2) +ul)/[|0(u8) +ul| € W & N(L ~ Ag) and recalling that
W@ N (L—Ag) is finite dimensional, we may assume (passing to a subsequence,
if necessary) that v, — v for some v € W @ N(L — i) with |jv|| = 1. Thus
v(z)#0 ae. and 8(ul) +u® — +oc on [v > 0] (resp. O(ud) + vl — —o0
on [v < 0]). In view of (go), an application of Lebesgue’s theorem gives
Hm 0| o0 N (0(u®) +u°) = 0. Similarly, we show that im0 o N(u°) =0,
which proves the claim.

Finally, from (3.3), (3.2), and the above claim we conclude that

(W) =0. 0

u®l|—o0

Now, for each r > 0, let us denote by C,. the cylinder in V given by

Cri={v=u+ut eV | X", [ =r, ut e X}
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and define

my = vlené,.w(v) .

We note that
Yl +ut) > o’ +u) = qlut) - N’ +ut),

where the above quadratic term is coercive on X and the latter nonlinear
term is uniformly bounded in view of agsumption (go). Therefore, ¢ is coercive
on each C, and, since v is weakly lower-semicontinuous by Lemma 2.2 | it
follows that

r = inf -
m vlenCTw(v)> 00

and, in fact, m, is attained. Also note that

m = Ulgxffw(v) > —00

and, clearly,
m < m, forall r > 0. (3.5)

We are now ready to prove the main existence result of this section.

Theorem 3.2. Let g(x,0) = 0, so that u = 0 is a solution of (1.1). If (go),
(g1), and (g2) hold then (1.1) has a nonzero solution u € H}.

Proof: In view of Lemma 1.1 the functional o satisfies (PS), for all ¢ # 0. It
follows from Lemma 2.3 that the reduced functional ¢ : V —— R also satisfies
(PS), for all ¢ # 0 and, from Lemma 3.1(i), that

m < (0) =0

Case I: m < 0. In this case, since 1 satisfies (PS),,, we have that m < 0 =
1¥(0) is a critical value of 9, that is, there exists ¥ € V such that

Y@ =m<0 , V@) =0.

In particular, ¥ # 0 since ¥(0) = 0 by Lemma 3.1(i). It follows from (2.2)
that
V(@) +v) =0,

that is, 4 = 0(v) + v # 0 is a solution of (1.1).

Case 22 m = 0. In this case fix R > 0 and note that, by (3.5), we have
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mp >0 .

If mg = 0, then 1 (vg) = 0 for some g = u% + u;g € Cg. Since we are
assuming in this case that m = inf,cy ¥(v) = 0, we conclude that Vg # 0
is a critical point of ¥ and, as in Case 1, that ug = 6(¥Ug) + Ur is a nonzero
solution of (1.1).

On the other hand, let us assume that mg > 0. Then, by Lemma 3.1(ii),
there exists u° € Ny, such that ||@°|| > R and

(%) < mp .
Consider the class of all paths in V joining 0 and @°, i.e.,
F={7eC(01,V)[70) =0, y(1)=a"},
and define
c:= 361% trél[gﬁ]zb(v(t)) :
Clearly v([0,1]) N Cr # 0 for any v € T and, hence,

EZmR>O

Since v satisfies ( PS)z, it follows as in the proof of the mountain-pass theorem
that ¢ > 0 is a critical value of ¢, that is,

PW)=mp>0 , V¢(@)=0

for some 0 # ¥ € V. Therefore, as in Case 1, we conclude that 4 = 6(v) + v
is a nonzero solution of (1.1). 0O

Remark 3.1. We point out that the above proof shows more than existence
of a nonzero solution u € Hi for problem (1.1). Namely, it shows that

(i) either (1.1) has a solution u € H} at an energy level ¢ = p(u) # 0 ,
(ii) or else, (1.1) has uncountably many solutions u, € Hg, r > 0, at the zero
enerqgy level ¢ = p(u,) = 0.
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Appendix

1 Ekeland Variational Principle

In this appendix we present a beautiful result, due to 1. Ekeland, that gives

the most information one can get from a lower-semicontinuous function ¢ :

M — RU{+oc} which is bounded from below on a complete metric space. 1t

is his celebrated variational principle [37], which has far reaching applications

in various areas of analysis and, among other things, explains the significance

of the Palais—Smale condition.

Ekeland Variational Principle. Let ( M, d) be a complete metric space and

¢ : M — RU {400} be a lower-semicontinuous function which is bounded

from below. Suppose € > 0 and @ are such that
N '
w(l) < %f ©+e

Then, given any A > 0, there exists uy € M such that

p(ux) < p(a),

d(ux, @) <A,
and

o(uy) < plu) + %d(u,\,u) Vouuy.

Proof: Writing dy = % for simplicity, it is easy to see that
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u<wv ifandonlyif ¢(u)<e(v)-—edr(u,v)

defines a partial order on M. Then, letting u; = 1, let us define recursively a
nonincreasing sequence of subsets of M,

§5108D2--28,D -,

by setting
Sii={ueM|u<u}

So:={u € M |u < uy} where up € S} satisfies p(ug) < iglfgo + % ,
1

and so on,

Sy :={u€ M|u<u,} where u, € S, satisfies p(u,) < Sinf v+
n~1

gn—1"

Claim: (i) Each S, is closed, (ii) diam (S,) — 0 as n — oco. Indeed:
(1) f wy — w € M and wy € Sy, then wg < u, and
p(w) < liminfp(wy) < p(un) — € lim dr(we, un) = p(un) — edx(w, un)
by the lower-semicontinuity of ¢, hence w € S,,.
(#) If w € Sy, then w < u,, and, by the choice of u,, it follows that
p(w) < p(un) — edr(w, un)

and

€
Plun) < plw) + 5
These two last inequalities imply that

1

d)\(u% un) < on—1

Yw € S, ,

so that im, . diam (S,) = 0. Since M is complete, one has

m Sn = {ux}

for a unique uy € M. Now, we claim that uy satisfies (1.2), (1.3) and (1.4).
Indeed, (1.2) is obvious and, by uniqueness of uy, one has u ¢ wuy for all
u # uy. In other words, one has
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o(u) > (uy) — edx(u,uy)  Yu # uy,

which shows that (1.4) holds true. Finally, (1.3) follows by passing to the
limit in the inequality

n—1 n—1
N 1
A, uy) < Zld,\(Uj,Uj+1) < 5 d
je= j=1

A useful choice of A occurs when A = /¢, namely, one has the following:

Corollary A.1 Let (M, d) be a complete metric space and ¢ : M —
R U {+o0} be a lower-semicontinuous function which is bounded from below.
Suppose € > 0 and 4 are such that

N < .
p(d) < 11r\14f ©+e
Then, there exists v € M such that
@(0) < p(a),

d(d,4) < Ve,
and
(D) < p(u) + Ved(d,u) Yu#d.

When M has a linear structure, say M is a Banach space X, and ¢ is
differentiable, one obtains the following consequence of Ekeland variational
principle:

Corollary A.2 Let X be a Banach space and ¢ : X — R be a differentiable
functional which is bounded from below. Given a minimizing sequence u, for
@, there erists another minimizing sequence vy such that

Q,D(’Un) < ‘P(un)a (15)

vn = un| — 0, (1.6)

and

¢'(vn)lix+ — 0. (1.7)
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Proof: By applying the previous corollary with €, = max{ %, o(un) — ¢},
where ¢ = inf x ¢, we obtain (1.5) and (1.6) readily, as well as the inequality

o(vn) < e(u) +Ven lon —ull Yu#u,.

Now, the choice u = v, + th with ||h|| =1 and ¢t > 0 yields

(v +th) = o(vg) > ~t\/en,

so that, dividing by ¢ and letting t — 0 one gets

‘Pl(vn) h > '\/_671_
for all h € X with ||A]| = 1. This clearly implies (1.7). O

A particular situation which we used in Chapter 10 involved a C!-
functional on a Hilbert space E, and a closed C'-submanifold M ¢ E of
codimension 1 defined by a level set of another C*-functional on E. Namely:

Corollary A.3 Let p € CH(E,R) (E a Hilbert space) and let M = {u €
E|¥(u) = 0}, where ¢y € CL(E,R) with Vip(u) # 0 for allu € M. Assume
that ¢ is bounded from below on M, and let u, € M be a minimizing sequence
for |M. Then, there exists another minimizing sequence v, € M such that

p(vn) < p(un), (1.8)
”vn _un” — 0, (1.9)
and
[V {plM)(va)|| — 0, (1.10)
as n — 00.

Proof:  As before, by applying Corollary A.1 with €, = max{ %, p(un)—c},
where now ¢ = infps ¢, we readily obtain (1.8) and (1.9), as well as the
inequality

plvn) <o(u) + Venllvn —ull  Vu#uv,. (1.11)

Now, for each v, € M and each tangent vector h € T,,, M, we have a mapping
v : (=1,1) — M such that ¥(0) = v, and +'(0) = h. From (1.11) with
u = v(t), we obtain

! Actually, in Chapter 10, we removed an isolated point (u = 0) from M.
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e(y(8)) — plvn) > —Ven [I7(t) = unll,
so that, dividing by ¢ > 0 and letting ¢ — 0 one gets
(Vip(v), 7' (0)) = —v/en |7/ (0)].
Therefore, from this it follows that
V(M) (v)|| < Ven — 0 as n— o0,

and (1.10) also holds true. O

Remark 1.1. Given v € M, we note that V(p|M)(v) is the projection of
V(v) over the tangent space T, M, that is,

Vi(v)
"IVl

V()

V(lM)(v) = V(v) — (Ve(v) Vo)

)
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