Available online at www.sciencedirect.com

SCIENCE@DIRECT° J?urnal o.f

Differential
L Equations
ELSEVIER J. Differential Equations 207 (2004) 285-302

www.elsevier.com/locate/jde

Symmetry group methods for fundamental
solutions

Mark Craddock, Eckhard Platen

Department of Mathematical Sciences, University of Technology Sydney, P.O. Box 123, Broadway, New
South Wales 2007, Australia

Received 10 October 2003; revised 18 May 2004
Available online 11 September 2004

Abstract

This paper uses Lie symmetry group methods to study PDEs of thedfpeyu,  + f(x)uy.
We show that when the drift functiof is a solution of a family of Ricatti equations, then
symmetry techniques can be used to find a fundamental solution.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to use symmetry group methods to compute fundamental
solutions for a class of partial differential equations (PDES), of the form,

Uy = Xuyy + f(Xuy, x>0 (1.2)

By a fundamental solution, we mean a kernel functjem, x, y) such thatu(x, ) =
f0°° @(y)p(t,x,y)dy is a solution of the Cauchy problem fol.) with u(x,0) =
P(x).
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We will show that such a fundamental solution can often be obtained by Lie sym-
metry group methods when the drift functidns a solution of one of the following
three families of Ricatti equations:

xf'/_f+%f2:Ax2+Bx—|—C, (1.3)
xf' = f+3 2= Aax? 4+ Bx? 4+ Cx -}, (4)

where A, B and C are arbitrary constants.

The problem of computing fundamental solutions for PDEs of the fakrt),(arises
in the study of one-dimensiongeneralized square roodr GSR processes. Let =
{X;,t €[0, T]} satisfy the Itd stochastic differential equation (SDE),

dX, = f(X,)dt +/2X, dW, (1.5)

for t € [0, T]. HereW is a standard Wiener process, dnid a drift function. It is well
known that the transition density(z, x, y) for X, is given by the fundamental solution
of the PDE (.1). See for example Revuz and Yfi6].

GSR processes have applications in finance and other areas. Certain GSR processes
exhibit a property known as mean reversion, making them ideal for modelling interest
rates. For example, the GSR process with drift equalft®) = a — bx is used by
Cox, Ingersoll and Ross (CIR) to model bond prices. (See the BgJokLongstaff by
contrast, models bond prices with a GSR process in which the fi¢ify = a — b /x.
(See[12] for Longstaff’s analysis and a comparison with the CIR model). The transition
densities for both the CIR model and the Longstaff model can be obtained by our
methods.

Another application of GSR processes is to the modelling of inflation rates. Typically
a central bank would like to keep inflation within a certain band, &ayB). Such
inflation rates can be modelled by GSR processes in which the drift has discontinuities
at x = o,x = . An instance of such a process is given by our Example 4.8. GSR
processes also play a fundamental role in thieimum market modedf Platen,[15],
which models equity and currency markets. In our Example 4.2, we present a simple
application of our methods to the pricing of an option on a commodity.

2. Symmetry methods and fundamental solutions

Symmetry group methods provide a natural approach to the problem of finding
fundamental solutions of PDEs. The book by ON&#4] gives an excellent modern
account of Lie’s theory of symmetry groups. See also the books by Millg} and
Bluman and Kumeil] and the paper$2—4]. Lie himself considered symmetries of
higher order PDEs i19,10]. The book[11] is based on Lie’s papers.
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For illustration, consider the one-dimensional heat equation. Lie showed that, if)
is a solution of the equation,, = u;, then so is

e (x, 1) ! ex —ox’ x ! (2.2)
UgX, = — u s .
¢ JTrde P\ 1+ 4w 1+ 4er” 1+ der

for ¢ sufficiently small (see for exampld4]). In (2.2, letu =1,¢t —> ¢t — %1 ¢, and set
¢ = 7. In this way, we obtain the fundamental solution of the heat equation,r) =

)CZ . . .
J%e*ﬂ, from the constant solutiony = 1, by simple group transformation.

It is natural to ask whether we can obtain fundamental solutions for other PDEs by
similar means? In a recent paper, Craddock and Doffigyshowed that for the heat
equation on a nilpotent Lie group, there is always a symmetry which maps the constant
solution to the fundamental solution. They also studied the equation

Uy =uyy + f(X)uy. (2.2)

The fundamental solution of2(2) can be obtained from the solution= 1 by a
symmetry transformation, whenever the drift functibis a solution of any one of five
families of Ricatti equations. This immediately leads to a rich class of PDEs, whose
fundamental solutions can be explicitly computed. It also motivates the remainder of
this paper.

In the current work, our approach is to obtain an integral transform of the fundamental
solution by a symmetry transformation. In Section 4, we show that if the drift function
f satisfies 1.2), then we can obtain the solution

0 N
Ujy(x, 1) = /O e p(t, x,y)dy, (2.3)

of (1.1) from the trivial solutionu = 1 by symmetry. This is the Laplace transform
of p(t, x,y). So the fundamental solution can then be recovered by taking the inverse
Laplace transform ol/,. We shall callU; a characteristic solutiorfor (1.1).

In Section 5, we treat the case whérnis a solution of {.3). Here, we do not
immediately obtain a characteristic solution. Rather, we obtain an integral transform of
the fundamental solution which is more complicated. However, this typically reduces
to a Laplace transform. We will present some illustrative examples.

In Section 6, we treat the case whiesatisfies {.4). For the subcase, wheh = 0, we
are again able to derive a characteristic solution from a trivial solution by a symmetry
transformation. Iff satisfies {.4) with B # 0, we can also obtain an integral transform
of p(t, x, y).

Our techniques lead to a rich class of PDEs with explicitly computable fundamental
solutions. Many of the fundamental solutions that our methods give appear to be new.
We also recover all the well-known examples, such as when the drift funétisn
affine.
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The method that we describe in this paper is one of two symmetry-based techniques
which allow us to construct fundamental solutions for these partial differential equations.
In a subsequent paper, we shall describe a second approach. This method yields entirely
new fundamental solutions.

3. The infinitesimal symmetries

In this section, we present a complete listailf possible Lie symmetry algebras for
PDEs of the form 1.1). Recall that if the vector field

= &(x, t, u) ‘ —I-‘E(x t, u)——i—d)(x t, u) (3.2)
generates a symmetry of.Q), thenv must satisfy Lie’'s condition:
pr2 V[, — xuxy — f(x)uy] =0, wheneveru; = xuy, + f(x)uy.

Here pPv denotes the second prolongation\woflf v generates a symmetry of.(),

then standard symmetry group calculations lead to the following conditions on the
coefficients&, T and ¢. The full details are given irj6]. Let f(x,t) be an arbitrary
solution of (.1). Then

& = xt 4+ Vxp(t), ¢(x,1,u) =ox, Du+ fx,1),
1

1
o= ATy Vxp, + 275 < f(x)> 5 f)T +a()

for some functlonSp and o. Now the functiont depends only ornt. Set Lf =
xf — f+ f2. Then

1 1
——xrm—\/;p,,—i-m:———(if) |:

3+82f —8xL(2f)
2 2 dx p

1613

These equations fi¥, 7, p, ¢ and ¢ for every C2 drift function f.
We now list the infinitesimal point symmetries of.{). In the following, we set

g(x) = ﬁ; (3 — f(x)). As usual, we writed, for % etc.
Casel: Letxf' — f + % f2 = Ax + B, whereA and B are constants.

Subcasela: If 3+ 8B =0, then a basis for the Lie algebra is:
Vﬂ = ﬁ(xa t)auv Vi = \/J_Cax - g(x)uau’ Vo = 51‘3 V3 = uaua
Vg = 2x0; + 200; — (f(x) + ADudy, Vs = /xt0x — (v/x — g(x)1)udy,
Ve = 8x10y + 4120, — (4x + 4f (X)t + 2A1%)ud,.
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Subcaselb: If 3+ 8B # 0, then the Lie algebra is spanned by the vector fields
{Vg, V2, V3, V4, Vg}, from Subcase la.
Case2: Letxf’ — f + % f2 = 3Ax? + Bx + C, where A, B and C are constants.
The extra% in the coefficient ofx? is convenient here.
Subcasea: If A > 0, and 3+ 8C = 0, a basis for the Lie algebra is:

Vp = Blx, 09, V1= xezVMo, — % (VAx = 2¢(0)) 2%t v2 =41,

1
V3 = ul,, V4 = xﬁeﬁté‘x + eﬂ'a, - —(Ax + «/Zf(x) + B)eﬂ’uﬁu,
Vs = J/xe” 2*/76 + = (vAx+2g(x))e VA s

Vo = —xv/Ae VA, 4o VA, E(Ax —VAFE) + Bye YV Auo

Subcaseb: If 3+ 8C # 0, then the Lie algebra is spanned by the vector fields
{Vg, V2, V3, V4, Vg}, from the list in Subcase 2a.
Subcasezc: If A < 0, then a basis for the Lie algebra of symmetries may be
obtained from the real and imaginary parts of the vector fields in Subcases 2a
and 2b.
Case3: Letxf — f+ 3 2= Ax3 + Bx2+ Cx + D. If 3+8D #0, then the Lie

algebra of symmetries is spanned W= fdu, Vi =0, andvz = ud,. If 3+8D =0,

there are three subcases.
Subcaseda: If B = 0, then a basis for the Lie algebra consists/pf= Px, )0,
and

A A
Vi = /x0x — (é - g(X)> uly, Vo =0, V4= (Zx + E«/)—ct2> Ox

+210; — ((C + AVx)t + %t - —g(X)t + f(x)) u0y, V3 =uly,
Vs = t/x0, — —t 24 Jx— gt Judy, ve=|(8xr+ ?ﬁt Oy

A2 2
+412%0, — <4x +2C12 + Af (x)1 + 3—6t4 + 2A4/x1? — 3 Ag(x)t3) ud

Subcasesb: If B > 0, sety = f andk = % Then a basis consists of
vg = B(x, )0, and

vl=ﬁe5“§’ax—( VBYX — g(x) + )esz
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1 1 ) 1
vo = Jxe 2VBig 4 (E VBV + g(x) + é) e 2VPua,

V3 = u0,,V4 = 0;, V5 = (y\/}—i— \/Ex) eﬁtﬁx + e*/Etﬁt

B 24 VB Y N
—<Ex+?\/)_c+7f(x)—§g(x)+x>e ud,,

Vg = — (’y\/;—f- \/E_X) e_*/Etax + e_“/Etﬁl

B 2A VB 1 —/Bt
—(§x+?\/§—7f(x)+iyg(x)+lc)e ud,.

Subcasec: If B < 0, then a basis may be obtained from the real and imaginary
parts of the vector fields in Subcase 3b.
Cased4: If f does not satisfy any of the Ricatti equations of Cases 1-3, the symmetry
algebra has basisiy = 0,, vi=0J; andvz = ud,.

4. Fundamental solutions and characteristic solutions

We will now exploit the symmetries obtained in Section 3 to compute characteristic
solutions and fundamental solutions for PDEs of the foini)( We will first consider
the case where the drift functidnis a solution of the Ricatti equatiori.Q).

The key observation is that the characteristic solution is a solutiorl dj, (with
the initial conditionu (x, 0) = e=**. By symmetry, we can obtain a solution with this
initial data from a solution with initial data(x, 0) = 1. We illustrate by an example.

Example 4.1. Let f(x) = «, « > 0. Consider the PDE
Up = XUyy + Ollhy. 4.1)
From Case 1 of Section 4(1) has an infinitesimal symmetry
Ve = 8x10y + 4120, — (4x + dat)ud,,.

Recall that the group action generated by a vector field of the f8cd), (s obtained
by solving the first-order system of ODEs,

() =E@x, f,m), () =1@,i,u), () =d¢QX, 1) (4.2)

subject to the initial conditions(0) = x, 7(0) = r and#(0) = u. From this we obtain
the new solutionji.(x, ) = (%, 7).
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Solving these equations faz, gives

e (X, 1) = L exp| 2 - t 43)
DT T ey TP\ 1 e [ \A a2 1120 ) '

Thus if u is any solution of 4.1), then @.3) is also a solution, at least farsufficiently
small. We setl = 4¢, and takeu = 1. By symmetry,

U, t) = 1 ox —x 4.4)
HED = TP T | '

is also a solution of4.1). This is known to be a characteristic solution @f1j. To
invert it, let £ denote Laplace transformation in Then

n—=1

1 —
e (3¢)=(2)F e, ueo @

where I, is a modified Bessel function of the first kind with order
Elementary properties of Laplace transforms a#d)(now give,

(t )—Eil ;ex __lx
PRx ) = 1+ 20 P 1+ 2t

HONSICOR D R

t
This is the fundamental solution of.() given in [16].

This example shows that it is sometimes possible to obtain a characteristic solution
of (1.1) by a symmetry transformation. In fact, we can easily establish the following
theorem.

Theorem 4.1. Let f be a solution of the Ricatti equation
’ 1 02 __
xf'=f+35f"=Ax+B. 4.7)

Let

~ _ /l(x—}-%Atz) 1 X
UA(X,Z)—EXD{—W—E<F(X)—F<m)>}, (48)
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where F'(x) = f(x)/x and A>0. ThenU; is a characteristic solution of1.1). That
is, U, is the Laplace transform of the fundamental solutjef, x, y) of (1.1).

Proof. Clearly U (x, 0) = e™**. Sincexf’ — f + 3 f2 = Ax + B, then, from Case 1
of Section 3, Eq.1.1) has an infinitesimal symmetry of the formg = 8x1d, + 4120, —
(4x + 4f (X)t + 2A1%) ud,.

Exponentiatingvs, we see that ifu is a solution of {.1), then so is

) ~ (4ex +24er®) 1 al
ol 1) = exp{‘w "2 (F(X) - (m))}

Xu al ) ! )
((1+ 4¢t)2 1+48t)

where F/'(x) = f(x)/x. Taking u = 1, and settingl = 4¢, we see that4.8) is a
solution of @.1) for all 1>0.

First, let us assume thdf, is a Laplace transform. Now define(y) = f0°° P(A)
e~* d}, where ¢ is a distribution with the property tha}@)OO ¢AWU;(x,t)d A is abso-
lutely convergent. Differentiation under the integral sign shows #fiat¢) = f0°° L)
U;(x,t)dA is a solution of {.1) with u(x, 0) = p(x). Now let p(¢, x, y) be the inverse
Laplace transform ot/,. Then by Fubini's theorem

/O p(y)p(t,x,y)dyzfo (fo d)()v)e_iyp(t,x,y)d/l) dy

- / T ( f Ooe—%a,x,y)dy) a
0 0

= /00 AU, (x,t)dA = u(x,t).
0

Henceu(x,1) = [3° p(y)p(t, x, y) andu(x, 0) = p(x). Next, observe thafy" p(t, x, y)
= Up(x,t) = 1, as expected. Consequently(z, x, y) is a fundamental solution of
1.9.

Now, we prove thatU,(x,t) is the Laplace transform of a generalised function
p(t, x,y). The case whemt = O clearly yields a Laplace transform, so we assume that
A #0.

It is well known that a functiork (1) is a Laplace transform if it can be written in the
form K (1) = G(1)H (1), where bothG andH are Laplace transforms. (See for example

the book by Widdel17]). Now U, is the product of H;(x, ) = exp{%F (m)}

Mx+1Ar?)
1+

form. We therefore have to show that;, is a Laplace transform.

and G;(x,t) = expi]— %F(x) . G, is well known to be a Laplace trans-



M. Craddock, E. Platen / J. Differential Equations 207 (2004) 285-302 293

Under the change of variableg = 2xy’/y, the Ricatti equationcf’ — f + % f?=
h(x), becomes the second-order linear ODE,

2x?y"(x) — h(x)y(x) = 0. (4.9)

The general solution of4(9) for h(x) = Ax + B, is
1 1
y(x) = c1x21 s7p (v 2Ax) +cox21_ jip <v2Ax> . (4.10)

From @.10, solutions ofxf’ — f + %fz = Ax + B, can be obtained. Now”’(x) =
fx)/x. HencelF(x) = [Y @) /y(x)dx = Iny(x). Thus H;(x,t) = y((lJ:C—)t)z)

By (4.10, H; is a Laplace transform |‘lﬁt i¢1+23(1+/1,) is a Laplace trans-
form. By elementary properties of Laplace transforms it is sufficient to show that

f./t jE\/Hﬁ(”z""/’) is a Laplace transform. But
+V1+2B Ax\" ) 1420+ VI+2B
1, V2Ax\ ([ v2Ax vizs i (Té) /* (4.11)
Lo\ T ) T\ T “~ n\[(1+n+ 1+ 2B) '

with the series being absolutely convergent for 0. Therefore, by Theorem 30.2 of
[7] the left-hand side of4.11) has inverse Laplace transform

2 ++1+2B i

+V112B Ax\"  2n
\/2Axy i (ﬁ) y
2t — nI'(1+n+VI+2B)(1+2n+VI+2B)

U, is therefore a Laplace Transform and hence it is a characteristic solufion.
We shall now consider some applications of this theorem.

Example 4.2. We solve the PDE,

U = XUyy + a); uy, a>0. (4.12)
1+ sax
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The drift satisfiesxf’ — f + %fz = 0. Applying Theorem 4.1, we obtai'(x) =
2 In(1 + ax). Hence, the characteristic solution fat.12) is

2,1 .
1+ 0)* + zax ) y { Ax } (4.13)

U(x,t) =
A <(1+/1t)2(l+%ax) 1+

This gives the fundamental solution

1 _1 ax —Ax
= —=——+1
P x.y) l—i—%axﬁ (((1+it)2+ )eXp{l—f-it

_ Gty
t

_ e X a/xy 2*/)‘7) 5 ] 4.14
_(1+%ax)r[<\[y+ 2 )“( P R B

in which ¢ is the Dirac delta function.

. e’} _ i I e f
Since [y~ p(t, x, y)dy = 1, if we interpret @ Tany

at the origin, thenp(s, x, y) may be viewed as the transition density for the GSR
processX;, satisfying the SDE with bounded drift

as the probability of absorption

X
dX, = —2L di 42X, dW,. (4.15)
1 + ECIX;

GSR processes with bounded drift are of interest in the modelling of price dynamics
for commodities such as oil. As an application, let us pricéusopean call optioron
a commodity whose discounted pricg at timet satisfies 4.15. Such a call option
gives the holder the right to buy the commodity for an agreed prick dbllars, at a
future timeT. According to standard option pricing theory, (§8]), the pricecr(x, t)
of the option, at timel' — ¢, when the commodity price ig, is given by the solution
of (4.12 with initial datacy(x,0) = max(x — K, 0). Hence the price is given by the
integral

X

(x+y)
® (y—K)e T X aA/xy) (Z/xy)
1) = — I dy.
crien /K (1+%ax)(T—t)<Vy+ 2 )M\ r=7) ¥

This integral would typically be evaluated numerically. We could of course perform
similar modelling with the other processes which appear in this paper.

The next few examples illustrate some applications of Theorem 4.1 where we leave
the details to the reader.
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Example 4.3. For the PDE

(1+3ﬁ)>u

o = Xt F (m

Theorem 4.1 gives the characteristic solution
1
X2

U)(x,t) = ( T+ 3
A+A)2 (A4 )2

1+ V)

) exp[—(li—fm}

Inverting gives the fundamental solution

cosh( thxy ) 2 /%y (x
W —(x+y)
p(t,x,y) = —\/ﬂ_yf(l N3 <1+ VY tanh(—t )) exp{—t } .

Example 4.4. The equation
1 1/5
u,:xuxx+<1+,utanh<u+§u|nx)> Uy, = 5V 3 (4.16)

has characteristic solution

cosh(%g (2+ In (ﬁz))) Ax
Uil = 1+ /1) cosh(%g 2+ Inx)) = {_m} '

From which we obtain

2 2\/x_y)i| exp{@}

_(*)? 2%y 2 <
p(t’xﬂy)_<y) |:I_‘u( t )+€ y I'u t (1+ezﬂxl‘)l.

Example 4.5. For
1
Uy = Xlyy + (E + ﬁ) Uy. (4.17)

we have,
—(t + Zﬁ)z}

1
U;(x,1) = ex
0= p{ a0+ )
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and
(t,x,y) = e cosh (t+ 230y ex —M—}t
Example 4.6. If

Uy = XUy + (% + ﬁtanr(ﬁ)) Uy, (4.18)

then Theorem 4.1 gives the characteristic solution

cosh VAR
Ve, 1) = (FH) ex[ A+ 1 )}.

coshi\/x)~/1+ 2t 1+t

Inverting the Laplace transform gives

cosh( 22
pt,x,y) = ( ) COS“\/_) exp{_(x—:—y) _ Et} .

Vayt coshy/x) 4

Example 4.7. The PDE

Uy = XUyy + (% + ﬁcoth(ﬁ)) Uy (4.19)

has characteristic solution

U,(x,t) =

smh(l“gt) exp{ Ax+ 3 )}.

sinh(y/x)v/1+ At 14 At

From which we obtain the fundamental solution

sinh( ==
ey = ) sinyp oo -0 L)

JTyt  sinh(/x) 4

Example 4.8. Consider the PDE

U; = Xllyy +(1+cot(|n \/)a)ux. (4.20)
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The drift is discontinuous at the poinis= ¢?'", n € Z. Nevertheless, Theorem 4.1
gives a characteristic solution of.20 as

U,(x,t) =

coseqIn x) | x* _( x? )_1 exp{ —Jx }

2i(1+ Ar) (14 Jp) 1+ Ar)! 1+t

wherei = 4/—1. We can invert this Laplace transform. We get,

x+y)
e N 2@))
plt.x.y) = 2it sin(In /x) (yzll < t ) vl < t '

To show that this fundamental solution is real valued, recall that,

I(z) = (} )v i _GH (4.21)
A N £ KT+ k+ 1) '

and I'(z) = I'(z). Expanding the series for.; and collecting terms, leads to the
expression,

(+y) 0
__ ¢ XY\* 1 VY «/xy)}
pt,x,y) = ; sin(ln ﬁ) ;; ( t2> {ak sin (In p ) + by, cos(ln —

where, q;, = Re(m), by = Im (Wil—iﬂ) Consequentlyp(z, x, y) is real
valued.

5. The Ricatti equation xf’ — f + 3 f2 = 2Ax?>+ Bx + C

We now consider the case whérsatisfies the Ricatti equatiorl.) with A > O.
The case whem < 0 can be treated by similar methods. To compute fundamental
solutions, we require the following result.

Proposition 5.1. Let f be a solution 0f1.3) and u be a solution of the corresponding
PDE (1.1). Let the vector fields/4 and vg be as given in Subcasea. Then for ¢
sufficiently smallthe following are also solutions dfl.1):

1 x 1 VAt
p(eXFKEV4)M(X,f)) = l]'5 (X,t)bt HS—M’ ﬁln HE—M ,

xeVA! In(evAr — g/A)
eVAr _ Sx/Z’ VA ’

p(expeve)u(x, 1)) = UZ(x, tu (
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where p(exp(ev;))u is the symmetry obtained from, F’'(x) = f(x)/x and

;B
Ulx,1) = <1+8\/Ze‘/zl)2“/z

x exp ﬂ 1 (F(x) _F (#))
2(1+ e/AeVAr) 2 1+ e/AeVAr ’

(5.1)

B

ng(x, t) = e_g’ (eﬂt — 8«/Z)m
«exp —eAx 1 Foy - F xeVAt
e x) — - )
2(eVAr — JAg) 2 VAL — e /A
(5.2)

Proof. The proof simply requires us to solve the system of ODHEs2)( which
correspond to/4 andvg. [

Sinceu = 1 is a solution of equationl(l), so are,U} and U?2. Although neither of
them is the characteristic solution, we can write

Ul(x, 1) =/O Ul(y, 0)p(t, x, y)dy. (5-3)

In principle we can recover the fundamental solution by invertiBg)( In practice,
this typically reduces to inverting a Laplace transform. We shall not state a theorem.
Instead we will illustrate the process by example.

Example 5.1. A special case of a PDE which arises in interest rate modelling is
3
U = XUyy + 5~ X ) uy. (5.4)

Applying Proposition 5.1 and setting= /(1 + /), we see that,

3
~ _ (1+)V)€t 2 —Ax
tien = (g5 50 7)) *larie ] 59



M. Craddock, E. Platen / J. Differential Equations 207 (2004) 285-302 299

is a solution of §.4). This is a scalar multiple of the characteristic solution. Multiplying
U; by 1/(1+ 4)3 gives the characteristic solution

3
e 2 —/x
U),(X, t) = (m) exp{ m} . (56)

Inverting the Laplace transform, we obtain the fundamental solution5d). (

PN —
pt,x,y) = (ete_ 1>211 (th_yif) exp{—(x ) } (5.7)

2\ e el —1

whereZ, 1 () =2 20(v+ 3221, 1(2).

By the same approach we may find the fundamental solution when the drift takes
the form f(x) = a — bx. Cox et al. have used these fundamental solutions to derive
bond prices. Segs].

Example 5.2. Next, we consider the PDE
Uy = Xlyy + X COth(%) Uy. (5.8)

Herexf’ — f + 3 f2 = 1x2. By Proposition 5.1, Eq.58) has a solution,

sinh(z(j,—eig)> Cex
ug(x,t) = WeXp{m} (59)
Observe that,
1 e? 1 —(1+e)x
up(x. 0) = 3 (sinh(g) sinh(3) eXp{ 21—20) }) (5.10)
e%

Furthermore, notice that(x) = Sh(3) is a stationary solution of5(8). We therefore
2
look for a fundamental solutiop(z, x, y) with the property that,

®_e2 d ¢t 5.11
/o snn(3) Y = Gy (5.11)
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We introduce the new parametér= % The solutionu, becomes,

i (2A+Dxe’
S'”h(2<—<2/1+1>ef—<2x—1») { (2]~ Dx }

ualx 1) = sinh(3) 2027+ e — (27— D)

By (5.11), we may write,

@0 =5 / " (am — ) pla, v, v)d
u(x,t) = = - — — e X,
; 2 Jo \sinh(3) sinh(3) P yay

X
e? 1

1
= 2sinng)  2° <s—inh(%) pi.x. y>> : (5.12)

Equating 6.12 with the explicit expression for, above, we obtain,

— ~ t .
Pt x, ) Slnh(z) r-1 <exp{ AL +é) + e — Dx })

sinh(3) 2((20 + De' — (20— 1))

_ sinh(3) (x+y) et [x JXY
~ Sinh(3) eXp{_g tanhs [ | & _1611 Sinh 3 +3) |-

The same procedure can be used to show th#i(ify = x tanh(3), the fundamental
solution is

_ cosh(y) (x+y) et! [x JxXy
pit.x.y) = cosh%) exp{—z tanh5 | | e — 1\/;Il sinh 5 o |-

Standard integrals of Bessel functions gif@) p(t,x,y)dy =1 for both cases. Other
examples can be treated similarly.

We should note here that it is possible to derive the fundamental solution, without
having to invert any transform. Consider the solutidnb and U2. If we take e = 1
we can identifyU?|.—1 or U82|8:1 with multiples of the fundamental solution at= 0.
From this we can derivep(z, x, y). Similar comments apply to the PDEs associated
with the Ricatti equations1(2) and (.4). We will discuss this method in a subsequent

paper.

6. The Ricatti equation xf' — f + 3 f2 = Ax? 4+ Bx? 4 Cx — 3

The last case is when the drift functidris a solution of the third Ricatti equation
(1.9. If B = 0, we can obtain characteristic solutions by symmetry directly as in
Theorem 4.1.
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Theorem 6.1. Let f be a solution of the Ricatti equation
xf = fif2= A ox -2 (6.1)

Let

U 1) = XL+ A1)
T VR @+ ) — A48

1 (12(1 + A)/x — Air3)?
X exp{—é (F(x) - F ( 1441 1 A ))} , (6.2)

exp{G(4, x,1)}

where F'(x) = f(x)/x,

Ax +3Cr?) B 2A2/x(3+ A1) APM2(3+ 1) - 3)

and 2>0. ThenU, is a characteristic solution ofl1.1).

Proof. The proof is similar to that of Theorem 4.1 and we omit it]

Note that if we takeA =0, in (6.2), it reduces to Eq.4.8).

When B = 0, Eq. (1.4 can be solved in terms of Airy functions. We can thus
generate characteristic solutions far.4). Unfortunately, we have not been able to
explicitly invert the resulting Laplace transforms.

Finally, we discuss the case whérsatisfies 1.4) with B # 0. Solutions of (.4)
can be obtained in the following way. If we set

h/()’) _ 1 yZ 1 I 1 2 1 _
0) _;<f<2> —§>, then 2 (y)—(ZBy ~|—§Ay+C>h(y)—0-

This ODE forh is easily solved in terms of hypergeometric functions.

It is not difficult to exponentiate the infinitesimal symmetries from Subcases 3b and
3c. As in the previous cases, by starting with the trivial solutios 1, and applying
the symmetry transformations generated Wyand vg, we obtain integral transforms
of the fundamental solution. However, we have not yet been able to invert any of the
transforms that we have obtained. We are continuing to study this problem.
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