Unit 1. Basic Structures on IR", Length of Curves.

Rn, addition of vectors and multiplication by scalars, vector spaces over R,
linear combinations, linear independence, basis, dimension, linear and affine
linear subspaces, tangent space at a point, tangent bundle; dot product,
length of vectors, the standard metric on Rn; balls, open subsets, the
standard topology on Rn, continuous maps and homeomorphisms; simple arcs and
parameterized continuous curves, reparameterization, length of curves,

integral formula for differentiable curves, parameterization by arc length.

THE LINEAR STRUCTURE OF R

Recall that R™ is the set of n-tuples of real numbers

R = { (x.,...,x ) : x. €R }.
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We shall denote the elements of R by underlined letters.

We know from 3-dimensional geometry that the introduction of a Cartesian
coordinate system in space ylelds an identification between points, vectors
and 3-tuples of real numbers (each point can be identified by its position
vector and its coordinates). By analogy, we can think of the elements of R
(which are Jjust n-tuples of reals) as points of an n-dimensional space or
vectors.

If x = (Xl""’Xn) and y = (yl,...,yn) are two elements of R and A € R is
a real number then we define the sum and difference of x and y and the scalar
multiple of x by

xty-= (Xli ASERRREE St yn)
Ax = (2 Xl,...,h Xn).
R” is a vector space over the field of real numbers with respect to these
operations.
(Let us recall the definition of an abstract vector space. A set X is a

vector space over the field of real numbers if X is equipped with a binary

operation +, and for each A € R the multiplication of elements of X with A is
defined in such a way that the following identities are satisfied
(x+y)+z)=(x+ (y+2) (associativity);
30 € X such that x + 0 = x for all x € X;
VxeX 3 -x¢€ X such that x + (-x) = 0;



X+y=y+x (commutativity);
Alx +y) =Ax+ A y;

(A + ) X = A X+ x;

Aw x=xa(ux);

1 x = x.

Exercise: Check that R is indeed a vector space.

A linear combination of some vectors xl,...,xk € X is a vector of the form
Alxl + ... + Akxk’
where the Ai’s are real numbers. The vectors xl,.. .,xk € X are linearly

independent 1f their linear combination can be 0 only if all coefficients Ai

are 0. A basis of X is a maximal set of linearly independent vectors. The

dimension of the vector space X is the cardinality of a basis.)
Exercise: Show that R is n-dimensional.

A non-empty subset V of R” is a linear subspace if for all x, y € V and

A € R we have x + y € Vand A x € V. Linear subspaces of R” are vector spaces
themselves, so their dimension is defined. A O-dimensional subspace consists
of the single point 0. 1-dimensional linear subspaces are straight lines
passing through the origin, 2-dimensional linear subspaces are ordinary
planes that go through the origin etc. Linear subspaces always go through the
origin.

A subset of R" is an affine linear subspace if it 1s a translate of a

linear subspace. The dimension of an affine linear subspace is the dimension
of the linear subspace from which 1t 1is obtalned by a translation.
k-dimensional affine linear subspaces of R” will be called shortly k-planes.
O-planes are points, 1l-planes are straight lines, 2-planes are the ordinary
2-dimensional planes of R". (n-1)-planes of R" are also called hyperplanes.
In 3-dimensional geometry, a vector is an equivalence class of directed
segments, where two directed segments represent the same vector if they have
the same direction and length. Given a point p and a vector x, there is a
unique directed segment that starts from p and represents x. Returning to Rn,

we shall call a pair (p,x) € R'x<R" a tangent vector of R" at p or a vector

based at p (and we may think of this pair as a directed segment that
initiates from p and represents the vector x). The set of all tangent vectors

of R™ at p form the tangent space of R at p and is denoted by TpRn. There is

a one to one correspondence between R” and TpRn established by the
”forgetting” mapping
TP[RD% R™ (p,x) — x,



with the help of which we can furnish TpRn with a vector space structure in a
natural way.
The tangent bundle T*Rn of R” is the disjoint union of all tangent spaces

of R" : T.R" = U

* n
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to each tangent vector the point at which it 1s tangent 1s called the

T R". The mapping m: T*Rn——> Rn, (p,x)— p that assigns

canonical projection of the tangent bundle.

THE METRIC OF R"

The linear structure of Rn is not enough to measure distance, area, etc.
To measure e.g. the length of curves we need a metric. The standard metric on

R” is connected with a bilinear function called the dot product. The dot

product of the vectors x = ( Xpsenos X ) and y = ( YooYy ) is defined by
the formula
n
< =
X, y > .Z X: Vi-
i=1

With the help of the dot product one can define the norm or length of a

vector and the distance of two points as follows
xll=<x, x>, d(x,y)=Ilx-yll.

Proposition. We have

i)d ( x, y ) > 0, and equality holds if and only if x =y ;
ii)d(x,y)=d(y, x J;
iiil)dlx, y)+dly, z)2>2dlx, z) (triangle inequality)

for any x , y, z € R".

Proof. It is enough to prove iii), the rest is obvious. Introducing the

vectors a =y - xand b =z -y, iii) is equivalent to the inequalities
[lTall +1Ipll>1la+0bll,

Hall 20l 1% 2dlallllbll>1all %l bl %2 <a,b>
[lTallllbll> <a,b> .
The last inequality is known as the Cauchy-Schwartz-Bunyakovsky 1inequality
and can be proved as follows. Consider the second degree polynomial of the

variable A defined by the equality

pA) = (a + )% = A% b 11% + A 2<a,b> + lall %
Since we have p(A) > 0 for all A, the discriminant of p must be

non-positive, i.e.



0> a<a,p>” -allall “1lbll?
and this is just what we wanted to prove. I
Remark. If X is a set and d is a function defined on the direct product
X x X, such that conditions 1),ii) and iii) are satisfied, then d is called a

metric on X and the pair ( X, d ) is called a metric space.

THE TOPOLOGY OF R

Definition. The open ball in R" with center x € R" and radius € > 0 (or
an £-ball centered at x) is the set Bs(x) ={yse R dix,y) < e }.
Similarly, the closed ball in R" with center x € R’ and radius € > 0 (or a
closed £-ball centered at x) is defined as the set Es(x)={y e R™: d(x,y)< €}.

Definition. A subset U of R" is called open if for each x € U there is a
positive € such that the ball Bs(x) is contained in U.

Definition A pair (X,t) is said to be a topological space if X is a set,

and T is a family of subsets of X, called the open subsets of X, such that

i) the empty set # and X are open;

ii) the intersection of two open subsets is also open;

iii) the union of an arbitrary family of open subsets is open.
The family v of open subsets is called the topology on X.

Examples.

a) Let X be an arbitrary set. The discrete topology on X is the ”maximal

topology” on X, in which every subset 1s open.

b) The antidiscrete topology on X is the ”minimal topology” on X, in which

only the empty set and X are open.
c) The standard topology of R".

Proposition. The family of open subsets defines a topology on R”. This

topology is referred to as the standard topology on R".

Proof. Obviously, the empty set and R" are open. If U and V are open
subsets, and x 1s a common point of theirs, then there exist positive numbers

€ €. such that B8 (x) ¢ U and B8 (x) ¢ V. Let € be the minimum of e, and

1 2 1 > 1

€, Then Bs(x) < U N V showing that the intersection U N V is open. Finally,

let {Ui: i € I} be an arbitrary family of open sets, and x be an element of
their union. Then we can find an index j € I and a positive € such that

Bs(x) cu,c U U., thus the union U U, is open. |
iel iel
d) The topology of a topological space defines a topology on every of its



subsets by the following construction.
Proposition. Let Y be a subset of a topological space ( X, T ). Then the
family TlY ={UNY: Uet } defines a topology on Y.

The proof of the proposition 1s straightforward from the following

identities.

i) 2Ny =g, XNY=Y;

ii) (UnyYy )N (vny)=(Unv)ny;

iii) U (u ny)y=(U uon Y. [l
i€l iel

Definition. The topology rlY is called the subspace topology or the

topology induced on Y by t.

Definition. A subset Y of a topological space ( X, ¥ ) is said to be
closed if X \ Y is open.
Warning. Most of the subsets of R” are neither open nor closed.

Definition. We say that a subset U of X is a neighborhood of a point x€X,

if there is an open subset V such that x € V < U.
Definition. Let (X,t) and (Y,t’) be topological spaces. A mapping f:X— Y

is said to be continuous at the point x € X (with respect to the given

topologies) if for each neighborhood U of f(x) f_l(U) is a neighborhood of

x. The mapping f is continuous (with respect to the given topologies), if

it 1s continuous at each point or equivalently if for each U € 1’ we have
£ e

Exercise. Show that for R" the above definition is equivalent to the "¢-8”
definition of continuity at a point: f: R'— R" is continuous at x € R" with
respect to the standard topologies if and only if for any € > 0 one can find
a positive & such that |x-x’| < & implies |[f(x)-f(x’)]| < e.

The map f is a homeomorphism, if it is a bijection (= one-to-one and onto)

such that both f and f_1 are continuous.

We say that two topological spaces are homeomorphic or have the

same topological type, if there is a homeomorphism between them.

Homeomorphic topological spaces are considered to be the same from the
viewpoint of topology. Intuitively, two homeomorphic spaces are homeomorphic
if a rubber model of one of them can be transformed into that of the other.
We are allowed to stretch and shrink the model but not allowed to cut the
model or glue pieces together. More exactly, we may cut the model somewhere
only if later on we glue together the parts we get in the same way as they

were Jjolned. Of course, this description of homeomorphism is applicable only



for "nice spaces” such as surfaces, curves etc. and by no means substitutes
the precise definition.

For example, the circle, the perimeter of a square, and the trefoil knot
are homeomorphic, so are a solid disc and a solid square, however a circle is
not homeomorphic to a solid disc. Generally it is easy to show that two
homeomorphic spaces are indeed homeomorphic: we only have to present a
homeomorphism. However, to show that two topological spaces are not
homeomorphic, we have to find a topological property, which 1s had by one of
the spaces but is not by the other. For example, the fact that R” is not
homeomorphic to R" if n # m, is a deep theorem of topology (the ”dimension

invariance theorem”), the proof of which requires sophisticated techniques.

CURVES IN R

Definition. A simple arc in a topological space is a subset I' homeomorphic
to a closed interval [a,b] of R. A parameterization of a simple arc is a
homeomorphism y :[a,b]l—> T.

Definition. A path or a continuous (parameterized) curve in a topological

space is a continuous mapping of an interval [a,b] into the space. The images

of a and b are the initial and terminal points of the curve respectively.

The path is said to connect the initial point to the terminal point.

As we see, there are two different approaches to the concept of curve.
According to the intuitive-geometrical approach, curves are topological
spaces or subsets of a topological space. The second approach however, which
will be more suitable for our purposes, introduces curves as trajectories of
a moving point. This view 1s reflected in the definition of a continuous
curve. We stress that according to this definition, a curve 1s a mapping and
not a set of points.

Remark. The image of a continuous curve x : [a,b]l— R" as a point set may
not look 1like a curve. The Italian mathematician Peano (1858-1932)
constructed a continuous curve that passes through each point of a square.
Such a pathology can not occur if we restrict ourselves to smooth curves.

Definition. A smooth (parameterized) curve in R' is a smooth map

x : [a,b]l— R™ from a closed interval [a,b] into R".
Recall that a map x : U — R” defined on an open subset of R” is said to be

smooth or infinitely many times differentiable if the coordinate functions

Xl’XZ""’Xn of x = (x ...Xn) have continuous partial derivatives of any

1 %2
order.



We say that a map x : A — R" defined on an arbitrary set A < R” is

smooth or infinitely many times differentiable if there exists an open set

U ¢ R" and a smooth mapping X : U— R" such that A ¢ U and x = §|A'

Definition. We say that the continuous curve x, :[a,b] — R" is obtained

1
from the curve x, :[c,d] — R" by a reparameterization if there is a

homeomorphism ¢ : %a,b] —> [c,d] such that ¢(a) = ¢, ¢(b) = d and X, = X,°0.
A reparameterization is called regular if ¢ is smooth and ¢’ > 0.

Intuitively, reparameterization means that without changing the trajectory
of a point we change the velocity, with which 1t moves along the trajectory.

Definition. The length of a continuous curve x :[a,b] — R" is the limit

of the length of inscribed broken lines with vertices X(tO)’X(tl)""’X(tN)
where a = t, < t, <...< t., = b and the limit is taken as max |t.-t, .|
0 1 N 1<i<N i "i-1

tends to zero. Provided that this 1limit exists (it does not have to), the
curve 1is called rectifiable.

The following theorem ylelds a formula that can be used in practice to
compute the length of curves.

Theorem. A smooth curve x :[a,b] — R" is always rectifiable and its

length is determined by the integral
b

2(x) :j I x °(t) Il dt.

a

Proof. Denoting by x X the coordinate functions of x the length

Xy on
1772’
of the broken line considered in the definition of the length of a curve is

equal to

N -
n
_ B 2
A _Z/ SRCHORIEENCNRY

i=1 J=1

By Lagrange’s mean value theorem we can find real numbers Eij such that

Xj(ti) - Xj(ti—l) = Xj’(Eij) (t, =t 1), b < Eij <t

Using these equalities we get

N ~
n
_ , 2 _
A _Z / El x 2 (8 0% | (et ).
i=1 J=

Lemma. A continuous function f:[a,b]— R on a closed interval 1is

uniformly continuous (i.e. for each positive € one can find a positive § such

that x,y € [a,bl, | x-y | < & implies

| £(x) - £(y) | < e.

Proof of the lemma. Suppose to the contrary, that there 1s an € > 0 for




which we can not find a sultable 8. Then there exists a sequence of pairs of

real numbers x , y such that x , vy € [a,bl, | X -y | < 1/n but
n n n n n n

|f(Xn)—f(yn)| > €. By compactness of [a,b], we can select a convergent

subsequence Xs —> x of the sequence (Xn). Condition | X - yn| < 1/n ensures
n

that Yi —> x as well and so, by the continuity of f at x we have

n

| fx, )-fly, )| — 0. But this contradicts the condition | f(xn)—f(yn)|>s.l

n n

Let us return to the proof of the theorem. Fix a positive €. By the lemma,
we can find a positive 8 such that t,t’ € [a,b] and | t - t’| < & imply
|Xj’(t) - Xj’(t’) | < & for all j.

Suppose that the approximating broken line is fine enough in the sense
that | ty - ti_1|

n ) n )
/ s x. (£, )2 —/ > x.’(t.)z‘ <
. J ootij . j i

J=1 J=1

< 8 for all 1. Then we have by the triangle inequality

- .
< / 2 (% (8, )% (t.)° < eV
j=1 J "1J J 1
Making use of this estimation we see that

N = é
A - Z S xo(t )% (t-t. ) | <eVn (b-a) (%)
=1 J i i "i-1
i=1 J
In this formula
N ~ N
o 2
) / Eoxo ()% (-t )= ) 1 ()N (bt )
. J i i "i-1 i i "i-1
. Jj=1 .
i=1 i=1 b

is just an integral sum which converges to the integral J llx’ (£t)II dt when

a

max | t,- t tends to zero. In this case the inequality (%) guarantees

. i i—1|
i
that the length A of the inscribed broken lines also tends to this integral.l

Let us consider the function s: [a,bl— [0,¥8(x)]
t

s(t) :j Il x ’(x) Il dr ,

a
where x: [a,b]— R" is a smooth curve. s(t) is the length of the arc of the

curve between x(a) to x(t) and is not a strictly monotonous function of t in
general. This fact motivates the following definition.
Definition. A smooth curve is said to be regular if x’(t) # 0 for all t.
If x is a regular curve then s defines a regular reparameterization of x.

The map xos_lz[O,E(x)]——é R" is referred to as the natural or



unit speed parameterization of the curve x or as the parameterization of x by

arc length. The second name is justified by the fact that the speed vector

, o —1
. x (s " (t))

s (30 (£)) (s tee))n
of this parameterization has unit module at each point.

(xos 1)’ (t) = x* (s *(t)) (s 1)’ (t) = x (s 1 (t))

Further Exercises

1-1. Show that R" and the open balls in R" (with the subspace topology)

are homeomorphic.

1-2. Show that the ”punctured sphere” SZ—{p}, where
s? = {x € R° : |x| =1} andp e 5%

furnished with the subspace topology is homeomorphic to the plane RZ.

1-3. Using the intuitive description of homeomorphism classify (without
proof) the capital letters of the alphabet up to homeomorphism. (The answer

depends on the font type you choose, so choose your favorite font.)
1-4. The curve cycloid is the trajectory of a peripheral point of a circle
that rolls along a straight line. Find a parameterization of the cycloid and

compute the length of one of its arcs.

1-5. Find the natural parameterization of the helix

y(t) = (a cos t, a sin t, b t).



UNIT 2. Curvatures of a Curve

Convergence of k-planes, the osculating k-plane, curves of general type in
Rn, the osculating flag, vector fields, moving frames and Frenet frames along
a curve, orilentation of a vector space, the standard orientation of Rn, the
distinguished Frenet frame, Gram-Schmidt orthogonalization process, Frenet

formulas, curvatures, invariance theorems, curves with prescribed curvatures.

One of the most important tools of analysis is linearization, or more
generally, the approximation of general objects with easily treatable ones.
E.g. the derivative of a function is the best linear approximation, Taylor’s
polynomials are the best polynomial approximations of the function around a
point. Adapting this idea to the theory of curves, the following questions
arise naturally. Given a curve % :[a,b]l— R" and a point y(t) on it, find
the straight line or circle (or conic or polynomial curve of degree < n) that
approximates the curve around y(t) best or find the k-plane (k-sphere,
quadric surface etc.) that is tangent to the curve at 7(%) with the highest
possible order.

We shall deal now with the problem of finding the k-plane that fits to a
curve at a given point best. The classical approach to this problem is the
following. A k-plane is determined uniquely by (k+1) of its points that do
not lie in a (k-1)-plane. Let us take k+1 points 7(t0),7(t1),...,7(tk) on the
curve. If ¥ 1s a curve of "general type” then these points span a unique
k-plane, which will be denoted by A(to,...,tk). The k-plane we look for is
.,t, tend to t. To

0 k
properly understand the last sentence, we need a definition of convergence of

the limit position of the k-planes A(to,...,tk) as t

k-planes.

Definition. Let Xl,XZ,...; X be k-planes. We say that the sequence of
k-planes Xl’XZ"" tends to X if.one cgn find points ijXj P €X and linearly
independent directiog vectors vf,...,vﬁ of Xj and Vl""’vk of X such that
lim p, = p and lim vg = v, for i =1,...,k as j tends to infinity.

Exercise% Show that a sequence of k-planes can have at most one limit.

Solution. Suppose that the sequence Xl’XZ"" has two limits X and Y. Then
by the definition, one can find points p., q.€X. peX gq€Y and linearly
independent direction vectors {vf,...,vﬁ} and {wf,...,wﬁ} of Xj and
{Vl""’vk} of X and {wl,...,wk} of Y, such that lim pj = p, lim qj = q,



lim vi = v, and lim wi = wi for 1 = 1,...,k as j tends to infinity. Since
{v f,... J} and {w ce J} span the same linear space, which contains the

direction vector p. qJ, there exists a unique kxk matrix (aﬂ ) 1<r,s<k and a

vector (bJ bJ) such that

o
w=s aJ W for i=1,....k. (%)

=
=
0
0

- J
p.q4q. =2 b W
JJ gz 8 5

The components aﬂs of this matrix and the numbers bJ can be determined by

solving the system (%) of linear equations, thus by Cramer s rule, they are

rational functions (quotients of polynomials) of the components of the

vectors vg and wJ The denominator of the quotient expressing aﬂs and bg is a

non-vanishing kxk minor of the matrix with rows wf, %,...,wﬁ. Using the facts
that rational functions are continuous and that the denominator of the

fraction expressing aﬂs or bJ tends to a non-vanishing minor of the matrix

with rows wl,wz,...,wk

get that the limits lim aﬂs =a o lim bJ = br exist as j—> o. Taking j—>

if we choose the minors mentioned above properly, we

in (%) we obtain

k
V. = 2 a. w for i=1 , Kk,
i a1 is 's
k
P9 =2 bS wS,
s=1
from which follows that the vectors Vl""’vk and wl,...,wk span the same

linear space, i.e. the k-planes X and Y must be parallel and that the point q
is a common point of them consequently X =Y. I

Remark. The set of all k-dimensional linear/affine subspaces of an
n-dimensional linear space has a natural topology, which can easily be
described with the help of the factor space topology construction.

Assume that a topological space (X,7t) is divided into a disjoint union of
its subsets. Such a subdivision can always be thought of as a splitting of X
into the equivalence classes of an equivalence relation ~ on X. Denoting by
Y = X/  the set of equivalence classes we have a natural mapping m:X— Y

assigning to an element x € X its equivalence class [x] € Y.
Proposition. The set
v={ UcyY: n_l(U) €t}

is a topology on Y.

Proof. The proof follows from the following set theoretical identities.



i) h(g) = 3, 7 hy) = X :
ii) V) = 7 L) n n_l(V);

i) 7 (U vy = U o tw. |

iel iel

Definition. The family 1’ is called the factor space topology on Y.

Now consider the set

Vin,k) = {(xl,...,xk) € (IRn)k : X .,X are linearly independent}.

177 k
V(n,k) is an open subset in (IRn)k = Rnk hence it inherits a subspace topology
from the standard topology of Rnk. If we define two elements of V(n,k) to be
equivalent if they span the same k-dimensional linear subspace of Rn, then
the set Gr(n,k) = V(n,k)/_ of equivalence classes is essentially the same as
the set of all k-dimensional linear subspaces of R”. This set becomes a

topological space with the factor space topology. Topological spaces of the

form Gr(n,k) are called Grassmann manifolds.

Exercise. Show that Gr(n,k) is homeomorphic to Gr(n,n-k).

We can define affine Grassmann manifolds similarly. We set

V(n,k) = {(xo,...,xk) € ([Rn)k+1 Xy, -5 X, are not in a (k-1)-plane},
furnish V(n,k) with the subspace topology inherited from Rn(k+1) and define
an equivalence relation on V(n,k) by

(XO""’xk) . (yo,...,yk) &>  TERREE and Yg» -+ ¥y Span the same k-plane.

G(n,k)/N is the set of affine k-dimensional subspaces that has the factor

space topology on 1it.

Exercise. Show that convergence of k-planes as defined above is the same

as convergence with respect to the topology we have just constructed.

Definition. Let y :[a,bl— R® be a curve, t € (a,b), 1<k<n. If the
k-planes A(to,...,tk) are defined for parameters close enough to t and their
limit exists as to,...,tk—é t, then the 1limit is called the osculating
k-plane of the curve y at t. The osculating l-plane of a curve is just the
tangent of the curve. (The word “osculate” comes from the Latin “osculari -
to kiss”).

The definition of the osculating k-plane is justified by intuition. It is

the k-plane that passes through k+l points ”infinitely close” to a given



point. However, 1t would not be easy to determine the osculating k-plane
using directly its definition. Fortunately, we have the following theorem.

Theorem. Let ¥ :[a,b]l— R be a smooth curve, t € (a,b), 1<k<n. If the

derivatives 7’(%),7”(%),...,7(k)(E) are linearly independent, then the
osculating k-plane of y 1is defined at t and it is the k-plane that passes
through y(t) with direction vectors 7’(E),y”(%),...,y(k)(z).

To prove the theorem we need some preparation.

Definition. Let f :[a,b]l— R" be a vector valued function, t.,t,,....€

0
[a,b] are different numbers. The higher order divided differences or

difference quotients are defined recursively

fo(to) = f(to)
f(t,) - £(t.)
1 0
f.(t ,t.) := —
170" 1 t1 tO
f s ) fk—l(tl""’tk) - fk—l(to""’tk—l)
k01 k tk - tO

Exercise. Show that the k-th order divided difference is a symmetric

function of the variables to,...,tk and has the following explicit form
k
_ 1
fk(to’tl""’tk) —.§ f(ti) ot
i=0 i
where w(t) is the polynomial (t_tO)(t_tl)""(t_tk)’ hence
w (ti) = (ti_to)(ti_tl)"'(ti_ti—l)(ti_ti+1)"'(ti_tk)'

Lemma. If f:[a,b]— R is a smooth function, then there exists a number

£ela,b] such that

£ty ty) = f(;ﬁ .

Proof. Let P(t) be the polynomial of degree <k for which f(ti) = P(ti) for
i=0,1,...,k. Such a polynomial exists and is unique. P is unique, since if Q
is also a polynomial of degree <k such that f(ti) = P(ti) = Q(ti) for
i=0,...,k, then the polynomial P-Q has degree <k and k+1 roots, which is

possible only in the case when P-Q = 0, P = Q. We show the existence of P by
an explicit construction. Set

(t —to)(t _tl)"'(t _ti—l)(t —ti+1)...(t —tk)
(ti_to)(ti_tl)"'(ti_ti—l)(ti_ti+1)"'(ti_tk)

Obviously, Pi is a polynomial of degree k such that Pi(tj) = 8ij (Kronecker &

P.(t) =
i

symbol denotes Sij: 1 if i=j and Sij: 0 if i # j). Thus, the polynomial

k
P(t) = £ f£(t,) P, (%)
. i i
i=0
is good for our purposes.



The difference f-P has k+l1 roots. Since by the mean value theorem the
interval between two zeros of a smooth function contains an interior point at
which the derivative vanishes, the derivative f’- P’ has at least k roots.

f(k)—P(k) vanishes at a

Similarly, f’’-P’’ has at least k-1 roots, etc.
certain point & € [a,b]. The k-th derivative of a polynomial of degree k is

k! times the coefficient of the highest power, from which

k
(K) oy _ p(K) oy _ o, 1,
£ (8) =P T(E) = k.i§0 £(t,) = ) " kt £ (tgt, .t ). |
Corollary. Since & can be chosen from the interval spanned by the points
t.,...,t,, 1if these points tend to t e [a,b], then & also tends to E,
0 k
consequently f (t_,t t ) = ££El£§l tends to ££El££l
d Y ikttt T T k! K!
Corollary. Applying the previous corollary to the components of a vector
n f(k)(E)
valued function f:[a,bl— R, we get fk(to’tl""’tk) tends to % as
to,...,tk tend to t.
Proof of the theorem. Let us recall that if Py, - -, P are position vectors

of k+1 points in Rn, then the affine plane spanned by them consists of linear
combinations the coefficlents in which have sum equal to 1

A(po,...,pk) = {oc0p0+...+ockpk : a0+...+ak:1 .
The direction vectors of this affine plane are linear combinations
oPo 1Py such that a0+...+ak20.
Exercise. Prove this.

04 +.. .+«

We claim that if 9:[a,b]l— R" is a curve in Rn, then Wk(tO’”"tk) is a

direction vector of the affine linear subspace spanned by the points
k
y(t),...y(t. ). To see this, we have to show that I ——71——— = 0. Consider
0 k i=0 © (ti)
the function f=1 and construct the polynomial P of degree <k which coincides

with £ at to,...,tk

there exists a number & such that

_ )

using the general formulae. By the above proposition,

k
k) oy 1
®&) =P (E) = £ —r

i=0 i
as we wanted to show. This way, 7(t0) is a point and 71(t1,t

0

O),...,
yk(tk,...,to) are direction vectors of the affine linear subspace spanned by
the points 7(t0),...,7(tk). If y is smooth, then 7(t0) tends to y(t),
yl(tl,to) tends to ¥ *(t), and so on, 7k(tk,...,t0) tends to 7(k)(E)/k! as
O,...,tk tend to t € [a,bl. Since by our assumption the first k
derivatives of ¢y are linearly independent at t, so are the vectors

the points t

yl(tl,to),...,7k(tk,...,t0) if to,...,tk are in a small neighborhood of t and



in this case the k-plane A(to,...,tk) tends to the k-plane that passes

through y(t) with direction vectors y ’ (t),y ”(E)/Z,...,y(k)(g)/k!.l

Definition. Let V be an n-dimensional vector space. A flag in V 1s a

sequence of linear subspaces {0}=VOCV1C...CVn:V such that dim Vi: i. An

affine flag is a sequence of affine subspaces AOCA1C...CAn:V such that

dim A, = 1.
i

Definition. A curve y :[a,b]— R" is called a curve of general type in R

if the first n-1 derivatives y ’(t),y ”(t),...,y(n_l)(t) are linearly
independent for all t € [a,b].

Definition. The osculating flag of a curve of general type at a given

point 1is the affine flag consisting of the osculating k-planes for
k =0,1,...,n-1 and the whole space.

Our plan 1s the following. A curve of general type 1in R” is not contained
in any affine subspace of dimension k < n-1, so we may pose the question, how
far is it from being contained in a k-plane. In other words, we want to
measure the deviation of the curve from its osculating k-plane. One way to do
this is that we measure how quickly the osculating flag rotates as we travel
along the curve. Since the faster we travel along the curve the faster change
we observe, it is natural to consider the speed of rotation of the osculating
flag with respect to the unit speed parameterization of the curve. This will
lead us to quantities that describe the way a curve is curved in space, which
are called the curvatures of the curve. There is one question of technical
character left: how can we measure the change of an affine subspace. This
problem can be solved by introducing an orthonormal basis at each point in
such a way that the first k basis vectors span the osculating k-plane at the
point in question, then measuring the change of this basis.

Definition. A (smooth) vector field along a curve y :la,b]l— R" is a

smooth mapping v: [a,b]l—> T*Rn such that v(t) e Ty(t)Rn for all t € [a,b].
(We shall deal only with smooth vector fields.)

Thus, v(t) is a vector based at y(t). If we forget about the initial point
of v(t), which is, after all, determined by the parameter t, then v can be
considered as simply a mapping from the parameter interval [a,b] to R".

Definition. A moving frame along a curve y :[a,bl— R" is a collection of

n vector fields tl""’tn. along 7y such that <ti(t)’tj(t)> = 8ij for all
t € [a,b].
There are many moving frames along a curve and most of them have nothing

to do with the geometry of the curve. This is not the case for Frenet frames.



Definition. A moving frame t ,tn along a curve y is called a Frenet

17
frame if for all k, 1<k<n, 7(k)(t) is contained in the linear span of
tl(t)""’tk(t)'

Exercise. Construct a curve which has no Frenet frame and one with
infinitely many Frenet frames. Show that a curve of general type in R” has
exactly 2" Frenet frames.

According to the exercise, a Frenet frame along a curve of general type is
almost unique. To select a distinguished Frenet frame from among all of them,
we use orientation.

Definition. Let Vl""’vk and wl,...,wk be two ordered bases of a linear
space V. We say that they have the same orientation or they define the same

orientation of V, if the kxk matrix (aij) defined by the system of equalities
k
V. = X a.. W. for i =1,2,...,k
i . ij " J

has positive determinantq :

Having the same orientation is an equivalence relation on ordered bases,
and there are two equivalence classes. Fixing one of the equilivalence classes
the elements of which will be called then positively oriented bases is an

orientation of V.

Definition. The standard orientation of R© is the orientation defined by

the ordered basis S TRRRRL- where e, = (0,..,0,1,0,...,0).
i-th place n
Definition. A Frenet frame tl""’tn of a curve y of general type in R is

called a distinguished Frenet frame if for all k, 1<k<n-1, the vectors

tl(t),...,t

k(t) have the same orientation in their linear span as the vectors
Y ’(t),...,y(k)(t), and the basis tl(t)""’tn(t) is positively oriented with
respect to the standard orientation of R".

Proposition. A curve of general type possesses a unique distinguished
Frenet frame.

Proof. We can determine the first n-1 vector fields of the distinguished

Frenet frame by application of the Gram-5chmidt orthogonalization process to

the first n-1 derivatives of y¥. According to this, we set

>

t, = '
(2
Suppose that tl""’tk have already been defined. Then tk+1 must be of the
form
b= e et e b)) (%)
k+1 171 77 Tkk”’



where the coefficients j, al,...,a are to be determined. Taking the dot

k
product of both sides of (%) with ti (1<i<k), we obtain
_ (k+1)
0 = B <,J ,ti> + O(fi,
consequently,
_ (k+1) . (k+1) (k+1)
tk+1 =B [7 (<y ,t1>t1+...+<7 ,tk>tk)].

The parameter B must be used to normalize the vector which stands on the
right of it. Thus,

B =1+ | 7(k+1) —(<7(k+1),t1>t1+...+<y(k+1)

Exercise. Show that in order to get a distinguished Frenet frame, we have

-1
ot

to choose a positive B, 1i.e.
[7(k+1) Ly D) f g (KD

) -

kT Tk
t

K+l ”7(k+1) 7(k+1) 7(k+1)

-(< ,t1>t1+...+<

To finish the proof, we have to show that given n-1 mutually orthogonal

,tk>tk)H

unit vectors tl""’tn—l in Rn, there is a unique vector tn for which the
vectors tl""’tn form a positively oriented orthonormal basis of R". The
condition that a vector 1s perpendicular to tl""’tn—l is equivalent to a

system of n-1 linearly independent linear equation, the solutions of which
form a l1-dimensional linear subspace (a straight line). There are exactly two
opposite unit vectors parallel to a given straight line, and exactly one of
them will fulfill the orientation condition. (Replacing a vector of an
ordered basis by its opposite changes the orientation.) I

Exercise. Show that if el,...,en is the standard basis of Rn and
ile1+...+ocinen for i=1,...,n-1,
then tn can be obtained as the formal determinant of the matrix

t.=a
i

0611 Ocln

*t-1)1 " *(n-1)n
e e
! n
Let ¥ be a curve of general type in R parameterized by arc length. Set
. n
ti =z a. ti.
=1
(By convention, derivation with respect to arc length is denoted by ° instead

of > )

Proposition. Using the above notation, “ij = 0 provided j > 1i+1.

Proof. ©Since by construction the vector ti, 1<i<n-1, 1is a linear



combination of the vectors 7',...,7(1), ti is a linear combination of the

vectors 7',...,7(l+1). Since the last vectors are linearly expressible in

t(i+1)

terms of the vectors t',..., , this proves the proposition. I

Proposition. The matrix (aij) is skew-symmetric i.e. “ij “ji'
Proof. Since <ti’tj> = 8ij is a constant function, differentiating we get

<t ,t >+ <t t>=a . +a,, =0 |
1 1 1] Ji
Thus the only non-zero coefficients are «, . = -, .. Setting
i, i+1 i+1,1
“17 %20 *2 T %3 o K1 T %0

we therefore see that the following formulas hold

t1 = Ky t2

ty =R Ryt

tn—l ) tn—2 * “n-1 tn
tn -~ a1 tn—l'

These formulas are called Frenet formulas for a curve in Rn. The functions

K are called the curvatures of a curve.

1Ko

Exercise. Show that k,,...,K

1 n_p are positive, while «k may have any

n-1
sign.
Frenet formulas can easily be modified for smooth curves parameterized in

an arbitrary way. If y 1s a curve of general type, then it is regular, hence

we may consider its reparameterization by arc length % = 705_1. If

~ ~

[
1’ > n-1
above, then we define the curvature functions of the curve ¥ to be the

are the curvature functions of the unit speed curve % defined as

functions k, = k °g,...,K = K °g.
1 1 n-1 n-1
If x is an arbitrary vector field along the curve %, s denotes the arc
dx dx ds
length parameter, t denotes an arbitrary parameter, then T - I a T
dx
= s I’

the following more general formulas

Thus, denoting by u the length of the speed vector y ’, we obtain

t1 = Kl t2

t2 = n (—K1 t1 + K, t3)

tn—l - v (_Kn—Z tn—2 * Kn—l tn)
tn = - Kn_l tn—f

We formulate some theorems concerning the curvatures of a curve. The first



two theorems are intuitively clear and can be proved mechanically. The third
theorem is of great theoretical importance, the proof of which uses the
existence and uniqueness theorem for the solution of linear differential
equations.

Proposition. (Invariance under isometries) Let y be a curve of general
type in Rn, I:R"— R an isometry (distance preserving bijection). Then the

curvature functions k,,...,K of the curves ¥y and Iey are the same. The

1’ n-2
last curvatures K1 of these curves coincide 1f I is orientation preserving
and they differ (only) in sign if I is orientation reversing.

Proposition. (Invariance under reparameterization) If % is a regular
reparameterization of the curve y 1i.e. % = y°h for some strictly monotone
function h, then the curvature functions of % and 7y are related to one
another by Ei = Kioh.

Exercise.

a) Assume h:[a,b]l— [c,d] is a smooth bijection between the intervals
[a,b] and [c,d] with h’<0, y:[c,d]l— R" is a curve of general type. How are
the curvatures of y and % = y°h related to one another?

b) Assume a curve ¥ of general type in R" lies in Rn_l c R". Then we can
compute the curvatures k

, K of this curve considering y to be a curve

10K 8

. n ~ .
in R and also we may compute the curvatures « .. K of this curve

177 n-2
considering y to be a curve in R 1. What is the relationship between these

two sets of numbers?

1,...,Kn_2 and a smooth

function Kn_l on an interval [a,b]l, there exists a unit speed curve of

general type in R” the curvatures of which are the prescribed functions

Theorem. Given n-2 positive smooth functions k

K , K This curve is unique up to isometries of the space.

10K

Further Exercises

2-1. Describe the curve, called astroid, given by the parameterization
y: [0, 2n]— RZ, y(t) = (cos3(t), Sin3(t)). Is the astroid a smooth curve? Is
it regular? Is it a curve of general type? If the answer is no for a
property, characterize those arcs of the astroid which have the property.
Compute the length of the astroid. Show that the segment of a tangent lying

between the axis intercepts has the same length for all tangents.

10



2-2. Show that curvatures k,,...,K of a curve of general type in R are

1 n-2

positive.

2-3. Find distinguished Frenet’s basis and the equation of the osculating
2-plane of the elliptical helix t— (a cos t, b sin t, ¢ t) at the point

(a,0,0) (a, b and c are given positive numbers).
2-4. Suppose that a curve of general type in R” is contained in an n-1

dimensional affine subspace. Show that K1 = 0.

11



UNIT 3. PLANE CURVES

Explicit formulas for plane curves, rotation number of a closed curve,
osculating circle, evolute, involute, parallel curves, ”Umlaufsatz”. Convex

curves and their characterization, the Four Vertex Theorem.

This unit and the following one are devoted to the study of curves in low
dimensional spaces. We start with plane curves.

A plane curve y :[a,b]l— RZ is given by two coordinate functions.

y(t) = ( x(t) , y(t) ) t € [a,b].
The curve ¥y is of general position if the vector ¥’ 1s a linearly independent
”system of vectors”. Since a single vector is linearly independent if and
only if it is non-zero, the condition of being a curve of general type is
equivalent to regularity for plane curves. From this point on we suppose that
¥ 1s regular.

The Frenet vector fields tl’tZ are denoted by t and n in classical
differential geometry and they are called the (unit) tangent and the (unit)
normal vector fields of the curve. There is only one curvature function of a
plane curve k = Ky - Frenet formulas have the form

t> = v kn,
n =-unvukt,
where n = |7 ’|.
Now let us find explicit formulas for t, n, k. Obviously,

—L ’ ’ —1— ’ ’
t = - (x*,y’) = (x*,y’).

o 2y 2
The normal vector n is the last vector of the Frenet basis so it is

determined by the condition that (t,n) is a positively oriented orthonormal
basis, that 1s, 1n our case, n is obtained from t by a right angled rotation
of positive direction. The right angled rotation in the positive direction
takes the vector (a,b) to the vector (-b,a) (check this!) thus

—L_’ ’—1—_, >
n = — (-y’,x’) = (-y’,x).

V %24y 2
X’ T4y

To express k, let us start from the equation

¥ =t



Differentiating and using the first Frenet formula,
Y=ttt =9t o+ @ZK n.
Taking dot product with n and using <t,n> = 0 we get
<y’ ,n> = @ZK ,
which gives

det

y’
<’J, ’ 2 n> b b b b ’
2 3 ( , 2 ,2)3/2
29 29 X’ Tty

Now we establish some facts concerning the curvature of a plane curve
which probably will contribute to a better understanding of its geometrical
meaning.

First we shall consider curves in an arbitrary dimensional space and
investigate the following question. Given a point on a curve, find the circle
which approximates the curve around the point with the highest possible
accuracy. We have already solved a similar problem for k-planes and the

scheme of our approach works for circles as well.

Definition. Let Cl,CZ,...;C be circles in Rn, Si and S the planes of Ci
and C resp., Oi and O the centers of Ci and C resp., r. and r the radii of Ci
and C resp. We say that the sequence Cl’CZ"" tends to the circle C if the

limits lim Si’ lim Oi’ lim ri exist and equal to S, O, r respectively.
Definition. Let y :[a,b]l— R” be a smooth curve, t € [a,bl, and for any
three different arguments tl’tz’t3 € [a,b], denote by C(tl’tz’t3) the circle
passing through 7(t1),7(t2),7(t3), provided that these points do not lie in a
straight line. If the circles C(tl,t t,) are defined if t ,t_ ,t, lie in a

2’73 1’ 72° '3
sufficiently small neighborhood of t, and their 1limit lim C(tl’tz’t3) = C
exists as tl’tz’t3 tend to E, then C is called the osculating circle of the

curve y at the point t.

Theorem. Suppose that ¥ :[a,bl— R" is a smooth curve of general type,

t € [a,b]l is such that Kl(E) # 0. Then the osculating circle of y at t

exists, its plane is the osculating 2-plane of jy at 7(%), its center is the

———1:— tZ(E), its radius is ———
kg (8) ke, (D]

Proof. Let us show first that 7(t1),7(t2),7(t3) do not lie in a straight

point y(t) +

line if t_ ,t,,t, are in a small neighborhood of t. We know that the first and

1772”3
secoEd order differences 71(t1,t2) andﬁ_WZ(tl’tZ’tqj tend to_ ¥y’ (t) and
7’ (t)/2 respectively as tl’tz’t3 tend to t. Since ¥’ (t) and y’’ (t)/2 are not

parallel, (otherwise y would not be of general type when n>3 or the curvature



Kl(E) would be zero when n = 2), neither are 71(t t2) and 72(t1,t t,) if

1’ 2’73
tl’tz’t3 are close enough to t. In this case the affine subspace spanned by
y(tl),y(tz) and 7(t3) has two non-parallel direction vectors, 71(t1,t2) and

72(t1’t2’t3)’ thus it can not be a straight line.

Now suppose that t <t <t_, are sufficiently close to t to guarantee that

172 73
the circle C(tl’tz’t3) exists and denote by p and r its center and radius.
The plane of C(tl’tz’t3) is the plane spanned by 7(t1),7(t2),7(t3) and
this plane converges to the osculating plane at t.
Set

F(t) = |y(t) - p|% - 2.

Since F has three different roots, applying the mean value theorem we find
5 and F (El) = F (EZ) = 0. By
another application of the mean value theorem for F’ we find El< n < EZ such

that F’’ () = 0. The equations F’(El) =F(n) =0 give

two numbers El and EZ such that t1<El<t2<EZ<t

2 <y (g),v(g)-p> = 0, (%)
and <y ), y()-p> + <y’ (n),y (q)> = 0. (%)
The first equation means that p can be written in the form p = 7(51) + o m,

where p € R, m is a unit vector perpendicular to 7’(51). Choosing a right
orientation for m, we may also assume that <m,t2(E)> is not negative.

Lemma. m tends to tz(t) as tl’tz’t3 tend to t.
To prove the lemma, let us write m as a linear combination of the Frenet

basis at t
m = z o.t.(t), where a. = <m,t.(t)>.
_ i1 i i _

a) «, = <m,t1(t)> = <m,t1(t)—t1(El)> tends to O since tl(t)—tl(El) tends
to 0.

b) Let 1 > 3. Since m = m + (7(51)—7(t1)) is a direction vector of the
plane spanned by 7(t1),7(t2),7(t3), it can be expressed as a linear
combination of the form

m=2 v (b t) (et t))

2> 737
The length of m tends to 1, 71(t1,t2) and 72(t1,t2,t3) converge to two
linearly independent vectors, thus, for any sequence of triples t,,t ,t

172> "3
tending to t, the corresponding sequence of A’s and p’s remain bounded. On

the other hand,

lim <y1(t1,t2),ti(E)>

lim <72(t1,t2,t3),ti(f)>

<7’(E),ti(E)> =0,
1 b T T —_—
> <y (t),ti(t)> = 0,

which implies

lim @, = lim <m,ti(E)> lim <&,ti(E)> =0 for i > 3.



c) We have ®, = <m,t2(E)> >0 and Il m H2 =) a? = 1 by our assumptions. By

a) and b), ., must tend to 1. This finishes the proof of the Lemma.

Substituting p = 7(51) + p m into (%x) we get
<y’ (), y()-y (€ )-p m + <y’ (), 9" (n)> = 0,

from which
<y’ (), y )=y (€)> + <y” (), 97 (n)>

p:
<y’ (q),m >
Since , and are sandwiched between t, and t., they converge to t if
1’52 n 1 3 Y g

tl’tZ and t3 tend to t. In this case p tends to the vector

B < (), y (D) =y (1)> + <y (1), 3 (2)> B B .
y(t) + t,(t) = y(t) + ——
Kl(t)

<7”(E),t2(E)> 2
The radius of the circle C(tl’tz’t3) is the distance between 7(t1) and p.
This will obviously tend to the distance between 7(%) and
7€) + —E— £ (1), i.e. to ——— as t,,t ,t. tend to t. ]
- 2 - 1’727 "3
kg (8) ke, (D]

From now on we restrict our attention to plane curves.

tz(t).

Definition. The center of the osculating circle is called the center of
curvature, the radius of the osculating circle is called the radius of
curvature of the given curve at the given point.

Definition. The locus of the centers of curvature of a curve is called the
evolute of the curve. The evolute 1s defined for arcs along which the
curvature is not zero.

If y :[a,bl— RZ is a curve with a nowhere zero curvature function k and
unit normal vector field n, then the evolute can be parameterized by the
mapping y : [a,b]—> RZ, ¥y =7+ (1/c) n.

Exercise. Show that the evolute of the ellipse y(t) = (a cos t,b sin t) is
2 .2 2 2 ]

cos3t , b ;a sin3t

The evolute of a curve was introduced by Huygens in connection with his

a

the affine astroid” y(t) = [

investigations on the propagation of wave fronts. If we generate a
curvilinear wave on the surface of calm water (e.g. we drop a wire into it),
the wave starts moving. Mathematically, consecutive positions of the wave
front are described by the parallel curves of the original curve.

Definition. Let y be a regular plane curve with normal vector field n. A

parallel curve of ¥y is a curve of the form g = 7 + d n, where d € R 1s a
fixed real.
Experiments on wave fronts show that even if the initial wave front is a

smooth curve, singularities may appear on the wave front during its motion



which move for a while and then disappear.
Definition. Let %y be a smooth parameterized curve, t a point of its

domain. We say that y(t) (or t) is a singular point (or singular parameter)

of the curve y if ¥’ (t) = 0.
Proposition. Singular points of the parallel curves of a regular curve y
sweep out the evolute of 7.

Proof. Since Wd, =y+dn=nt -nwdkt=(1-4dxkxk) s t, singular

parameters are characterized by 1 - d k(t) = 0. Then the corresponding
singular points 7d(t) = y(t) + (1/k(t)) n(t) lie on the evolute of the curve.
It is also easy to show that any evolute point is a singular point of a
suitable parallel curve.l

Exercise. Study the singularities on the parallel curves of an ellipse.

Proposition. Let y :[a,b]l— RZ be a regular plane curve with curvature
k # 0 such that k’ > 0, and evolute ¥y = y + (1/k) n. Then the normal of y at
t € [a,b] is tangent to the evolute at y(t) and the length of the arc of the
evolute between %(tl) and %(tz), t,<t,, is the difference of the radii of

1 2
curvatures 1/K(t1) - 1/K(t2).

Proof. The speed vector of % is

>

Y =y + (1/k) n+ (I/k)n’ =wnwt+ (1/k)’ n- (1/k) mk t = (1/k)’ n.
This equation shows that % is a regular curve and its tangent at %(t) is
parallel to the normal n(t) of ¥, which proves the first part of the

proposition. As for the length of the evolute, it 1s equal to the integral

t t t t

2 2 2 2
[ 15w av = [ Jax)y @ n@] e = [ [ @] de = [ -(/k) (1) dr =
tl tl tl tl

= /k(t)) - 1/k(t,). |

The above proposition gives a method to construct the curve ¥y from its
evolute. Suppose for simplicity that « > 0. Take a thread of length 1/k(a)
and fix one of its ends to %(a). Then pulling the other end of the thread
wrap it on the curve % starting from y(a). By the proposition, the moving end
of the thread will slip along 7. Mathematically, the thread construction
gives an involute of a curve.

Definition. Let 7y :[a,b]— RZ be a unit speed curve with unit tangent
vector field t. An involute of the curve jy is a curve ; of the form ;(S) =
y(s) + (€-s) t(s), where ¢ is a given real number.

A curve has many involutes corresponding to the different choices of the

length ¢ of the thread.



Corollary. A curve satisfying the conditions of the previous proposition
is an involute of its evolute (more exactly a reparameterization of it).

Proposition. Let ¥ be a unit speed curve with k > 0O, ;(S) = y(s)+(L-s)t(s)
an involute of it such that ¢ is greater than the length of %¥. Then the
evolute of ; is 7.

Proof. We have

~

¥ (s)

t(s) -t(s) +(l-s) k(s) n(s) = (£-s) k(s) n(s),
[(t-s) k(s)]’ n(s) - (I-s) k°(s) t(s).

A A

'J”(S)
The first equation implies that the Frenet frame t,n of ¥y is related to that
of ¥y by t =n, n = -t. Computing the curvature k of ¥,

A G (s)nls)> -3 (s) 1
K.(S) = — = =
. 1y (o)]> (-s)°k3(s)  (L-s)
Thus, the evolute of 7y is

y+ (/) n=g+ (=s) t - (U-s) t =y .|

We formulate some further results on the evolute and involute as an
exercise.

Exercise.

a) Suppose that the regular curves 12} and 75 have regular evolutes. Show that
121 and ¥, are parallel if and only if their evolutes are the same.

b) Show that if two involutes of a regular curve are regular, then they are
parallel.

Let 7:[a,b]l— RZ be a unit speed curve. The direction angle «(s) of the
tangent t(s) is determined only up to an integer multiple of 2m, however one
can see easily the existence of a differentiable function « : [a,b]— R such
that «(s) is a direction angle of t(s) for all s € [a,b]. Then

t(s) = (cos als), sin a(s)).
Differentiating with respect to s,
t° = o« (- sin «,cos «).
If we compare this equality with Frenet equations, we see immediately that
K = o |,
i.e. the curvature 1is the derivative of the direction angle of the tangent
vector with respect to the arc length.
Definition. The total curvature of a curve 1is the integral of its

curvature function with respect to arc length

b
J k (g) ds .
a
By the relation k = «', the total curvature of a curve is «(b) - «(a), thus



it measures the rotation made by the tangent vector during the motion along
the curve from the initial point to the end of 1it.

Definition. A curve y :[a,b]l— Rn is a smooth closed curve, 1if there

exists a smooth mapping % :R—> R" such that %|[a = 7, and % is periodic

with period b-a 7 (t + b - a) = y(t). !

In other words, a curve 1is closed if it returns to its initial point in
such a way that arriving at the end of the curve one can smoothly go through
from the end to the beginning and thus continue the motion periodically
until infinity. Since the tangent vector of a smooth closed curve is the same
at the endpoints y(a) and y(b), the direction angles «(b) and «(a) differ in

an integer multiple of 2m.

Definition. The integer (a(b)—a(a))/Zn is called the rotation number of

the closed curve y.

Exercise. Construct a closed curve with an arbitrarily given rotation
number k € 7Z.

Solving the exercise we may see that all our efforts to construct a curve
with rotation number # *1 having no self-intersection are in vain. The reason
for this is the famous ”Umlaufsatz” (rotation number theorem).

Definition. A curve y :l[a,bl— R" is called simple if it has no

self-intersection, i.e. y(t) # y(t’) whenever t # t’; ¥ is a simple closed

curve if it is closed and we may have y(t) = y(t’) for t # t’ only in the

case {t,t’} = {a,b}.

Theorem. (Umlaufsatz) The rotation number of a simple closed curve in the
plane is equal to * 1, or equivalently the total curvature of a simple closed

curve 1s * 2n hence independent of the actual shape of the curve!

The proof of theorem will use some new concepts borrowed from topology.

Definition. Let S1 denote the unit circle {x € RZ: |x| = 1}. The mapping

n: R— S1 n(t) = (cos t,sin t) is called the universal covering map of Sl.

Given a contlinuous mapping ¢ :X—> S1 from a topological space to Sl, we say
that ¢ has a lifting to R if there exist a continuous mapping 5 :X— R such
that ¢ = 5 ° .

Exercise. Construct a continuous mapping from a topological space into the
circle which has no lifting.

Lemma. Suppose that the image of the mapping ¢ : X — S1 does not cover

the point (cos «,sin a) € S1 and that the restriction ¢ of ¢ onto a subspace



YcX has got a lifting 5 such that E(Y) is contained in an interval of the
form (a+2km,a+2(k+1)m), k € Z. Then ¢ can be extended to a lifting ¢ of ¢. If
furthermore Y is non-empty, X is path connected (i.e. any two points of X can
be connected by a continuous curve lying in X) then the lifting 5 is unique,
and maps X into the interval (o+2km,o+2(k+1)m).

Proof. The restriction of m onto (a+2km,a+2(k+1)n) is a homeomorphism

between (a+2km, a+2(k+1)m) and Sl\{(cos ®,sin «)}. Thus ¢ can be defined as
- _ -1 - R .

¢ = (n|(a+2kn,a+2(k+1)n)) __¢. If X is pat?_connected, then so is its image
under a continuous lifting ¢. Consequently ¢(X) must be contained in one of
the intervals (a+2km,a+2(k+1)m). If Y is non-empty then k is uniquely

determined, hence 5 must have the form (n|(a+2kn “+2(k+1)n))—1o ¢. I

Proposition. Any continuous mapping ¢ : [a,bl— S1 from an interval into
the circle has got a lifting.
Proof. Choose a partition a = t. <t <...<t =b of the interval [a,b]l fine

01 k
enough to insure that the restriction of ¢ onto [ti,t ] does not cover the

i+

whole circle. This is possible because of the continuity?of ¢. Then using the
lemma we can define a lifting 5 of ¢ step by step, extending 5 recursively to
[a, t,1, i=1,2,..., k.|

Remark. If ¢ is differentiable, then so is its lifting.

Proposition. Any continuous mapping ¢ : T — S1 from a rectangle T =
[a,blx[c,d] into the circle has got a lifting to R.

Proof. Divide the rectangle into nxn small rectangles so that the image of
any of the small rectangles does not cover the circle. Then we may define a
lifting 5 of ¢ recursively, applying at each step the lemma above. 5 can be

defined first on the small rectangles of the first row going from left to

right then on the rectangles of the second row, etc.

1 2 3 e n
n+l |n+2[n+3 e 2n

Proof of the ”Umlaufsatz”. Let us choose a point p on the regular simple

closed curve ¥y in such a way that the curve is contained on one side of the

tangent at p and parameterize the curve by arc length starting from p.

Denoting this parameterization also by ¢y :[0,¢]— RZ, we define a mapping

¢ : 10,01x[0,81— S’ by



- ¢’ (0) /1y’ (0) 1l if t,= £, t.=0,

1 2
7 (0)/Iy (0 if t,= 0, t,=L,
7(t1)—7(t2)
) = ”W(tl)‘ﬁ(tz)” if t1>t2 and {tl,tz}#{o,ﬂh
1’727 7

ey (L i b=t

7(t2)—7(t1)

Iy (€, )=y (£ if t>t, and {t ,t,}#{0,¢}.

It is easy to see that ¢ is continuous, so it has a continuous lifting 5. If
the function «:[0,]— R is defined by «(t) = a(t,t), then «o(t) is a
direction angle of the speed vector t(t) of y thus a(f)-a(0) is 2m times the
rotation number of y. Consider the functions £(t) = ¢(0,t) and 9(t) = ¢(t,L).
£(t) is a direction angle of the unit vector y(t)-p / ly(t)-pll, 9(t) is a
direction angle of its opposite. Thus & and ¢ differ only 1iIn a constant of
the form (2k+1)m. Since the vectors y(t)-p / lly(t)-pll point in a half-plane
bounded by the tangent at p, the image of & 1s contained in an open interval
of length 2m (see lemma). Thus E(£)-£(0), which has obviously the form
(2m+1)m for some m € Z, must be equal to * m. Hence, we conclude that
«(£)-a(0) = 9(£,2)-¢(0,0) = (2, 0)-p0,0)) + ($(0,0)-4(0,0)) =
= 9(0)-9(0) + £(0) -£(0) = 2(g®) -€(0)) = + 2n. |}
Remark. With more work but wusing essentially the same 1dea, one can
generalize the ”Umlaufsatz” for plecewise smooth closed simple curves. The
generalization says that for a simple closed polygon with smooth curvilinear
edges, the sum of oriented external angles plus the sum of the total

curvatures of the edges equals *2m.

Definition. A simple closed curve y is convex, if for any point P =y (t),
the curve lies on one side of the tangent to y at P. In other words the
function <7(t),§(E)> must be >0 or <0 for all t.

Exercise. Show that a simple closed curve is convex if and only if every
arc of the curve lies on one side of the straight line through the endpoints
of the arc.

Convex curves can be characterized with the help of the curvature
function.

Theorem. A simple closed curve is convex if and only 1f k > 0 or kK < O
everywhere along the curve.

Proof. Assume first that y is a naturally parameterized convex curve. Let

«(t) be a continuous direction angle for the tangent t(t). As we know,



o = k, thus, it suffices to show that a« is a weakly monotonous function.
This follows if we show that if « takes the same value at two different
parameters tl’tZ’ then « is constant on the interval [tl’tZ]'

The rotation number of a simple curve is %1, hence the image of t covers
the whole unit circle. As a consequence, we can find a point at which

tlty) = ~t(t,) = ~t(t,).
If the tangent lines at tl’tz’t3 were different, then one of them would be
between the others and this tangent would have points of the curve on both
sides. This contradicts convexity, hence two of these tangents say
the tangents at P = 7(ti) and Q = 7(tj) coincide.

We claim that the segment PQ is an arc of . It is enough to prove that
this segment 1s in the image of 7. Assume to the contrary that a point Xeﬁé
is not covered by 7. Drawing a line e # PQ through X, we can find at least
two intersection points R and S of e and the curve, since e separates P and Q@
and ¥y has two essentially disjoint arcs connecting P to Q. Since PQ is a
tangent of %, the point R and S must lie on the same side of it. As a
consequence, we get that one of the triangles PQR and PQS, say the first one
is inside the other. However, this leads to a contradiction, since for such a
configuration the tangent through S necessarily separates two vertices of the
triangle PQR, which lie lie on the curve.

If y is defined on the interval [a,b], then y(a) = y(b) is either on the
segment ﬁﬁ or not. The first case is not possible, because then « would be

constant on the intervals [a,t,] and [t,,b]l, yielding

1 2’
ala) = a(tl) = a(tz) = a(b)
and
rotation number = (a(b) - «(b))/2m = 0.
, t

In the second case « is constant on the interval [t 1, as we wanted to
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show.

Now to prove the converse, assume that y 1s a simple closed curve with
K » 0 everywhere and assume to the contrary that ¥ is not convex (the case
Kk € 0 can be treated analogously). Then we can find a point P = 7(t1), such
that the tangent at P has curve points on both of its sides. Let us find on
each side a curve point, say Q = 7(t2) and R = 7(t3) respectively, lying at
maximal distance from the tangent at P. Then the tangents at P,Q and R are
different and parallel. Since the unit tangent wvectors E(ti), i=1,2,3 have
parallel directions, two of them, say E(ti) and E(tj) must be equal.

A = 7(ti) and B = 7(tj) divide the curve into two arcs. Denoting by K1 and K2

10



the total curvatures of these arcs, we deduce that these total curvatures
have the form K1 = 2k1n, K2 = 2k2n, where kl,kze Z, since the unit tangents

at the ends of the arcs are equal. On the other hand, we have k1+k2 = 1 by

the Umlaufsatz and k1> 0, k2> 0 by the assumption k > 0. This is possible

only if one of the total curvatures K1 or K2 is equal to zero. Since k > O,
this means that k = 0 along one of the arcs between A and B. But then this
arc would be a straight line segment, implying that the tangents at A and B

coincide. The contradiction proves the theorem. I

Definition. A point y(t) of a regular plane curve ¥y is called a vertex if
Kk *(t) =0.

Vertices of a curve correspond to the singular points of the evolute.

By compactness, the curvature function of a closed curve attains somewhere
its maximum and minimum, hence every closed curve has at least two vertices.

Exercise. Find a parameterization of Bernulli’s lemniscate

(P <R : PAPB = 1/4 (AB)°},

where A#B are given points in the plane, plot the curve and show that it is a
closed curve with exactly two vertices. Determine the rotation number of the
lemniscate.

Theorem (Four Vertex Theorem). A convex closed curve has at least 4

vertices.
This result is sharp, since an ellipse has exactly four vertices.

Proof. Local maxima and minima of the curvature function yield vertices.

One can always find a local minimum on an arc bounded by two local maxima,
hence if we have two local maxima or minima of the curvature then we must
have at least four vertices. Thus we have to exclude the case when the
curvature function has one absolute maximum at A and one absolute minimum at
B, and strictly monotonous on the arcs bounded by A and B. In this case,
choose a coordinate system with origin at A and x-axis AB.

The arcs of the curve bounded by A and B do not cut the x-axis at points
other then A and B. Indeed, if there were a further intersection point C,
then the curve would be split into three arcs by A,B and C in such a way that
on each arc we could find a point at which the tangent to the curve is
parallel to the straight line ABC. If the three tangent at these points were
different then the one in the middle would cut the curve apart contradicting
to convexity, 1if two of the tangents coincided then we could find a straight

line segment contained in the curve yielding an infinite number of vertices.

11



If the two arcs bounded by A and B lied on the same side of AB then the
line AB would be a common tangent of the curve at A and B. In this case the
segment AB would be contained in the curve, yielding an infinite number of
vertices as before.

We conclude that for a suitable orientation of the y-axis, y(t)k ’(t)>0
for every t € [a,bl, where y(t) = (x(t),y(t)) t € [a,b]l is a unit speed

parameterization of the curve. Hence we get
b
[yt > tiat > o.
a
Integrating by parts,

b b b b
[yt > (at = [y(t)K(t)]a [yt (at = -[ y > (b (Bt
a a a

The unit tangent vector field of the curve is t = (x’,y’), the unit normal
vector field is n = (-y’,%x’), hence by the first Frenet formula,

X' = -k y.
Integrating,

b b b
_Jay () (t)dt = Jax”(t)dt = [x”(t)]a = 0.

This is a contradiction since a positive number can not be equal to O. I

Further Exercises

3-1. Find the points on the ellipse y(t) = (a cos t, b sin t) at which the

curvature is minimal or maximal (a > b > 0).

3-2. The curve ”cardioid” 1is the trajectory of a peripheral point of a
circle rolling about a fixed circle of the same radius.

- Find a smooth parameterization of the cardioid.

— Compute its length.

— Show that its evolute is also a cardioid.

3-3. The ”chain curve” is the graph of the hyperbolic cosine function

ch(x) = — t <

12



— Determine the involute of the chain curve touching the chain curve at
(0,1). (This curve is called ”tractrix”.)
- Let the tangent of the tractrix at P intersect the x-axis at Q. Show

that the segment PQ has unit length.

3-4. Let y be a simple regular closed curve of length ¢ with curvature
function k. Choose a real number d such that 1 > k d. How long 1s the

parallel curve ¥q = 7 +dn?

3-5. Let 7y be a regular plane curve for which the curvature function
and its derivative are positive. Show that for any t1<t2 from the parameter
domain of ¥ the osculating circle of % at 7(t1) contains the osculating

circle at 7(t2).

13



UNIT 4. 3D CURVES - CURVES ON HYPERSURFACES

Explicit formulas, projections of a space curve onto the coordinate planes of
the Frenet basis, the shape of a curve around one of its points, hyper-
surfaces, regular hypersurface, tangent space and unit normal of a hyper-
surface, curves on hypersurfaces, normal sections, normal curvatures,

Meusnier’s theorem.

A 3-dimensional curve 1is a curve of general type 1f 1its first two
derivatives are not parallel. From now on we shall suppose that the curves in
question are all of general type.

The distinguished Frenet frame vector fields tl’tZ and t3 of a
3-dimensional curve are denoted in classical differential geometry by t, n

and b and they are called the (unit) tangent, the principal normal and the

binormal vector fields of the curve respectively. These vector flelds define
a coordinate system at each point of the curve. The coordinate planes of this
coordinate system are given the following names. We are already familiar with
the plane that goes through a given curve point and spanned by the directions

of the tangent and principal normal. It 1s the osculating plane of the curve.

The plane that is spanned by the principal normal and the binormal is the
plane that contains all straight lines orthogonally intersecting the curve at
the given point. For this obvious reason, this plane is called the normal
plane of the curve. The third coordinate plane, that is the plane spanned by

the tangent and the binormal directions is the rectifying plane of the curve.

The reason for this naming will become clear later. As we know from the

general theory, a 3D curve of general type has two curvature functions Ky

which is always positive and k which may have any sign. The first curvature

2’

Ky is denoted by the classics simply by k and it 1s referred to as the

curvature of the curve while the second curvature K, is called the torsion of
the curve and is denoted by t.
Using the classical notation, Frenet formulas for a space curve can be
written as follows.
" =nkn

>

-9 kKt +nTb

b> = -» T n.



Now let us find explicit formulas for the computation of these vectors and
curvatures in an economic way. The formulas we shall derive involve the
”cross product” of vectors. Let us recall the definition and basic properties
of this operation. The cross product of two vectors can be defined in a
geometric and in an algebraic way. According to the geometric definition, the
cross product axb of the vectors a and b is 0 if a and b are parallel; if a
and b are not parallel, then it is the vector defined by the following three
conditions

i) axb is perpendicular to both a and b;
ii) lNaxbll is equal to the area of the parallelogram spanned by a and b;
iii) (a,b,axb) is a positively oriented (right handed) basis of R3.

Algebraically we can introduce the cross product in the following way. Let

a = (al,az,a3), b = (bl,bz,b3); e, = (1,0,0) e, = (0,1,0), e, = (0,0,1). The
cross product of a and b is the determinant
€1 %2 %3
axb = det a; a, a;| = ( a2b3—a3b2 , a3b1—a1b3 , a1b2—a2b1 ).
bl b2 b3

Here are some basic properties of the cross product.
i) axb = 0 if and only if a and b are parallel;
ii) axb = - bxa ;
iii) (a+b)xc = axc + bxc ;
iv) cx(a+b) = cxa + cxb ;
v) (Aa)xb = ax(Ab) = A(axb) A€R.
Exercise. Show the equivalence of the geometric and algebraic definitions
and prove basic properties of cross product.
Now let y:[a,bl— R3 be a curve of general type. The unit tangent vector

field t can be obtained by normalizing the speed vector y’
=
Ny’
To obtain the principal normal n we can use the general method based on Gram

Schmidt orthogonalization process
,J, b — <’J, b , t> t II,J’ ”2 ,J, b — <’J, b , ,J, > ,J,
n = =
sy < ’ > >
Iy L T e e R N A S R

and after this we can compute the binormal as a cross product of t and n

b=t xn.
In practice however, it is more convenient to calculate the binormal first.
The binormal vector 1s the unit normal vector of the osculating plane for

which (t,n,b) is positively oriented. The osculating plane is spanned by the



first two derivatives ¥’ ,y’’ of %, furthermore the pair (t,n) defines the
same orientation of the osculating plane as the pair (y’,y’’) so the basis

(y’,7’7,b) is positively oriented. Hence,

AR
IR
Having computed b, n can be obtained as
(¥’ xy’ )xy’
n=b Xt = i

Before the computation of the curvature and torsion let us express the first

three derivatives of ¥ as linear combinations of the Frenet vectors.

¥y =nt
b b b b 2
Y = t+ut = t+18 KkKn
Y o=ttt o+ (@2 K)’n + @2 K n =

=’ t + 98 KkKn+ (@2 K)’n + @2 kv (-« t +tb)=

(@”—@3 K2) t + (@’@ K + (@2 K)’) n + (@3 K r) b .

From the first two equations

Yy’’’ =8t x (@’ t + @2 K n) = @3 kK b .
Taking the length of these vectors and using that v and k are positive,
Ny xy Il = @3 K ,
from which
Iy =y’
K = —mmM
I 7’”3

The torsion of the curve 1is involved only in the coefficient of b in the
expression for %’’’. We can draw out the essential information for the

torsion and get rid of the ”rubbish” by taking the dot product of this

expression with b or a vector parallel with b. Since y’xy’’
6 2
K T

b, we get
<’J’X’J”, ,J,”>:49

Combining this equation with the expression we have for the length of y’'xy’’,

<,J’X,J”, ,J”,>

Iy x 3yl 2

Recall that the numerator of this fraction is the determinant of the matrix

the rows of which are ¥’,%’’,y’’’ and geometrically, it 1s the signed volume

of the parallelepiped spanned by %’,%’’,%’’’, where the sign is positive if
and only if (y’,y’’,y’’’) is positively oriented.

Now we are going to study the shape of the orthogonal projections of a



curve onto the planes spanned by the vectors of the distinguished Frenet
frame. For simplicity, suppose that the curve ¢y 1s parameterized by arc
length and examine the curve around ¥(0). Since a = 1, the formulas that
express the derivatives of ¥y in terms of Frenet vectors reduce to the form

¥y =t

¥’ =t =kn

3y —

¥ kKn+kn =k’n+k (-kt +tb)=- K2 t+xk>n+kThb.
We can approximate the curve ¥ around ¥(0) by its Taylor expansion.
2(t) = 4(0) + y ()t + L2002 777 (Q) (3 3y

2 t 6
Recall that the ”1little oh” notation o(t™) is used in the following sense.

If f,g, and h are functions defined around a given point a, then we write

f(t) = g(t) + o(h(t))

f(t) - g(t)
h(t)

equality it is generally clear from the context what it is. For example, in

if tends to zero as t tends to a. Though a is not involved in the
our case a = 0.

Expressing the derivatives of y with the help of Frenet vectors we get
y(t) - y(0) =

3 2 3 3
= (t - KZ(O)% ) t(0) + (K(O)% +K’(O)% ) n(0) + (K(O)T(O)% ) b(0) + o(t3)

Looking at this expansion we conclude that the projection of the curve on
2
the osculating plane is well approximated by the parabola tt(0) + K(O)% n(0),

(observe that the curvature of this parabola at t = 0 is «k(0)), the

projection onto the normal plane has 1locally the same shape as the
t2 t3
semicubical parabola K(O)z n(0) e (k> (0) n(0) + «k(0)7(0) b(0)), in

particular, 1t has a so called cusp singularity at t = 0, finally, the
projection onto the rectifying plane has the Taylor expansion

3
t(0) + t (KZ(O)K(O)t(O) 7(0) b(0)) + o(t3), so its shape is like the graph

of a cuSic function. It is easy to see, that the curvature of this projection
is 0 at t = 0, thus it 1s almost straight around the origin. That 1is the
reason why the rectifying plane was given Jjust this name: projection of the
curve onto the rectifying plane straightens the curve and ”rectifying” means
straightening.

Now we shall study a problem which connects curve theory to surface
theory. If a curve lyes on a surface, curvedness of the surface forces the

curve to bend. Thus, curvedness of a surface can be detected by the

curvatures of the curves lying on the surface. Heuristically clear that the



curvature of a curve on a given surface should be the same as the curvature
of the intersection curve of the surface and the osculating plane of the
curve provided that the osculating plane is not tangent to the surface. This
is indeed true and thus we may pose the question how to compute the curvature
of the curve using only information on the surface and the position of the
osculating plane of the curve. The existence of a formula that answers this
question will prove our heuristics.

Definition. A parameterized hypersurface in R” is a differentiable mapping

r:0— R from an open domain Q of Rn_l into the n-dimensional space.

Smooth curves on a parameterized hypersurface are curves of the form y (t) =

r(u(t)), where the mapping t—> u(t) is a smooth curve lying in the parameter

1"'"ui—l’t’ui+1""’un—1)’ where

are fixed numbers are called the parameter lines or

domain Q. Curves of the form t— r(u

Upseees Uy gs U .,

i+1 n-1
coordinate lines on the hypersurface. The speed vectors of the parameter

lines t— r(u t,u, s U ) which are just the partial

17 Yo e n-1"’
derivatives of the mapping r with respect to the i-th wvariable, will be

’ui—l’t’ui+1""’un—1)'

Since we shall often work with formulas containing partial derivatives of

denoted by ri(ul,...

a function it is convenient to introduce the shorthand convention that we
shall denote the partial derivative of a multivariable function F with

respect to its 1-th variable by Fi' In general, the higher order partial

k
derivative __9F of F will be denoted by F, . . If there 1is a
d u,...d8 u, i,...1
i i 1 k
1 k
danger of confusion with lower indices, the lower indices of the function

will be separated from the indices of variables with respect to which we have

akF.

NP
to take the partial derivative by a comma. Thus, 5_5__1_5_G£ will be denoted
i

by F, .. .

SPERIIN IS PEERE
Definition. A parameterized hypersurface is regular if the vectors rl(u),
.,rn_l(u) are linearly independent for any u € Q. In this case we also say

that r is an immersion of the domain @ into Rn.

Definition. The tangent plane of a regular parameterized hypersurface at

the point r(u) is the plane through r(u) spanned by the direction vectors

rl(u),...,rn_l(u). The unit normal vector of the hypersurface at the point

r(u) is defined to be the unit normal vector N(u) of the tangent plane, for

which rl(u),...,r (u), N(u) is a positively oriented basis of R".

n-1



For parameterized surfaces in R3, the unit normal vector fileld can be

calculated with the help of cross product
rl(ul,uz) X rz(ul,uz)
I rl(ul,uz) b rz(ul,uZ)H

N(ul,uz) =

To get a similar formula 1in higher dimensions, we need a suitable

generalization of the cross product.

Let r. = (ri,...,r?) € Rn, i =1,2,...,n-1, be n-dimensional vectors,
el,...,en the standard basis of Rn. The exterior product of the vectors
ry,--r is defined by the equality

e ... €
1 n
rl rn
B 1 T
PlA .. AT 1= det .
rl rn
n-1 """ "n-1

Exercise. (cf. Ex. on page 18) Show that L A AT is orthogonal to
rl""’rn—l’ it is different from 0 if and %Eiy if rl""’rn—l are linearly
independent, and finally, rl,...,rn_l,(—l) LA AT is a positively

oriented basis of Rn.

As a consequence of the exercise, for regular hypersurfaces we have

n-1 Pl(U)A...APn_l(U)

NGw = D e A A,
1 n-1
Consider the curve y(t) = r(u(t)) lying on the regular parameterized
hypersurface r:Q— Rn, where u = (ul""’un—l) is a curve in Q. Express the

first two derivatives of ¥y using Frenet formulas on one hand and the special

form of y as a surface curve on the other. Using the chain rule, we get

n-1
vt o=y :.Z u} ri(u)
i=1
and
> n-1 n-1 n-1
@’tl Ky t2 =y’ = £ Z uiua rij(u) + = ui’ ri(u).
i=1 j=1 i=1
Multiplying the last equation by the normal vector of the hypersurface and
using the fact that it is orthogonal to the tangent vectors tl’rl""’rn—l’
we obtain
> n-1 n-1
w kK, <N(u),t.,> = <N(u),y’’>= £ T <N(u),r,.(u)) uu, ,
1 2 c_a s ij i7]
i=1 j=1
from which
n-1 n-1
= > <N(u),ri.(u)> u;ui
. 1 i=1 j=1 J J
1 <N(u),t > 2
2 8




Let us study this expression. We claim that the right hand side is
determined by the osculating plane of the curve and the surface provided

that the osculating plane i1s not tangent to the surface.
n-1 n-1
X <N(u,r,.(u)> ulu’
i=1 j=1 +J tJ

Let us start with the expression k(y’) >
it

Since the quantities <N(u),rij(u)> are determined by the parameterization of
the hypersurface, the functions ui,...,uh_l are the components of the speed

vector y’of the curve with respect to the basis r .,r of the tangent

space, & is the length of the speed vector y’, kﬁy’) d;;;nds only on the
speed vector y’ of the curve (that justifies the notation k(y’)).

Definition. Let v be an arbitrary tangent vector of the regular
parameterized hypersurface r:Q— R" at r(u), The intersection curve of the

hypersurface and the plane through r(u) spanned by direction vectors N(u) and

v is called the normal section of the hypersurface in the direction v. Giving

the cutting normal plane an orientation by the ordered basis (v, N(u)), we
may consider the signed curvature of the normal section, which will be called

the normal curvature of the hypersurface in the direction v and will be

denoted by k(v).
Applying the above general formulas for normal sections one may see easily

that the normal curvature of a parameterized hypersurface in the direction v

= vy rl(u) oot v rn_l(u) is just
n-1 n-1
= > <N(u),rij(u)> vivj
i=1 j=1
k(v) = J 5 ,
8
where v = Il v Il. Since k(av) = k(v) for any a # 0, the normal curvature

depends only on the straight line of wv.

Returning to the curve y we see that k(y’) is determined by the tangent
line of %y at the given point which is the intersection of the osculating
plane of y and the tangent space of the hypersurface.

Since the osculating plane and the tangent line determines the second
Frenet vector t2 uniquely up to sign, we conclude that the the curvature
Ky = (1/<N(u),t2>) k(y’) of the curve is determined by the osculating plane

up to sign and since the curvature k, 1is positive, both t, and k, are

1 2 1
determined uniquely (and not only up to sign) by the osculating plane.
To finish this unit with, we formulate an obvious consequence of the

formula expressing the curvature of a curve lying on a hypersurface.



Corollary. (Meusnier’s theorem) If the osculating plane of a curve ¥ lying
on a hypersurface is not contained in the tangent space of the hypersurface
at a given point y(t) = r(u(t)), then the curvature of the curve and the

normal curvature of the surface in the direction %’ (t) are related to one
another by the equation Kl(t) = coi " k(y’ (t)), where « is the angle between

the normal vector N(u(t)) of the hypersurface and the second Frenet vector

tz(t) of the curve.
Further Exercises

4-1. Given a unit speed curve of general type in R3 with distinguished
Frenet frame tl’tz’t3’ find a vector field w along the curve such that
ti = w X ti holds for i=1,2,3. (w is called the Darboux vector field of the

curve. )

4-2. Suppose that the osculating planes of a curve of general type in R3

have a point in common. Show that the curve is a plane curve.

4-3. Suppose that the normal planes of a regular curve in R3 go through a

fixed point 0. Show that the curve lies on a sphere centered at O.

4-4. let y be a curve of general type in Rn, tl""tn its distinguished

Frenet frame, O < k € n. By the definition of the distinguished Frenet frame,

the k-th derivative of % can be expressed as a linear combination of

tl""’tk as
(k) =c, t, + +c t
1 "1 77 k "k’
where Cl""’ck are suitable functions. Show that
— .0 1K
ck = |7 | Kl K2...Kk_1
4-5. Compute the curvatures of the ”moment curve” y(t) = (t,tz,...,tn) at

t = 0. (Hint: Use previous exercise.)



Unit 5. Hypersurfaces

Vector fields along hypersurfaces, tangential vector fields, derivations of
vector fields with respect to a tangent direction, the Weingarten map,
bilinear forms, the first and second fundamental forms of a hypersurface,
principal directions and principal curvatures, mean curvature and the

Gaussian curvature, Euler’s formula.

Definition. Let r:Q—> R be a parameterized hypersurface. A vector field

along the hypersurface is a mapping X:Q—> T*Rn from the domain of parameters

into the tangent bundle of R” such that X(u) €T

n .
r(u)R for any u € Q. X is a

tangential vector field, if X(u) is tangent to the hypersurface at r(u).

Since X(u) has the form (r(u),i(u)), where X:Q—> Rn, there is a one to
one correspondence between vector filelds along a parameterized hypersurface
and smooth mappings of the domain of parameters into R". Roughly speaking, if
we are given a smooth mapping of the parameter domain into Rn, we may think
of it as a vector field along the hypersurface though formally it 1s not a
and N should be thought

vector field. In this way, the mappings r ,r

of as vector fields along the hypersurfgce, tﬁél first n-1 of which are
tangential.

Given a vector fileld along a hypersurface, we would like to express the
speed of change of the vector fleld vectors as we move along the surface, in
terms of the speed of our motion. This is achieved by the following.

Definition. Let r:Q—> R" be a parameterized hypersurface, X:Q—> R” be a
vector fileld along it, u, € Q, v a tangent vector of the hypersurface at

0
r(uo). We define the derivative GVX of the vector field X in the direction v

as GVX = (Xou)’ (0), where u: [-1,1]— Q is a curve in the parameter domain
such that u(0) = Uy and (reu)’ (0) = v.
Since by the chain rule
n-1
(Xeu)’ (0) = £ u,(0) X, (u(0)) ,
. i i
i=1
where (ul,.. "un—l) are the components of wu, Xl"' "Xn—l are the partial
derivatives of X, and by
n-1
v = (rou)’(0) =2 w (0) r,(u(0))
i=1] " '



the numbers ui(O),...,u’ (0) are the components of v in the basis

n-1
rl(uo),...,rn_l(uo) of the tangent space at r(uo), we have the following
formula
n-1
X = 3 v. X.(u.),
v . i i 0
i=1
where Vl""’vn—l are the components of the vector v in the basis rl(uo),...,

rn_l(uo). This formula shows that the definition of GVX is correct, i.e.
independent of the choice of the curve u(t).

We shall consider the local behavior of curvature on a hypersurface. The
way in which a hypersurface curves around in R” is closely related to the way
the normal direction changes as we move from point to point.

Lemma. The derivative BVN of the normal direction on a hypersurface with
respect to a tangent vector v at p = r(u) is tangent to the hypersurface at
r(u).

Proof. We need to show that BYN is orthogonal to N(p). Indeed,
differentiating the relation 1 = < N, N >, we get

0=<8N,N>+<N, aN>=2<a8N, N> ||
v v v n

Definition. Let us denote by M the parameterized hypersurface r:Q— R
and by TpM the linear space of its tangent vectors at p = r(uo). The linear
map

L : TM— TM
p p p
defined for a fixed p € M by
L(v) =-438 N
p v

is called the Weingarten map or shape operator of M at p.

Before going on with the study of hypersurfaces, let us recall some
definitions from linear algebra.

Definition. Let V be a vector space. A bilinear function or form on V is a

mapping
B: VxV— R
satisfying the identities
B(qx1+Bx2,y) =« B(xl,y) + B B(xz,y),
B(x,ay1+By2) =« B(x,yl) + B B(X,yz)
for any x,xl,xz,y,yl,yzev, o, BER.
B is said to be symmetric if
B(x,y) = Bly,x) for all xy € V.

A symmetric bilinear function is positive definite if B(x,x) >0 for x#0.

A vector space equipped with a positive definite symmetric bilinear form

is a Euclidean vector space.




For example, R” with the usual dot product on it is a FEuclidean vector

space.
If xl,...,xn is a basis of the vector space V and B is a bilinear function
on V then the nxn matrix (bij) with entries bij = B(xi,xj) is called the

matrix representation of B with respect to the basis x X Fixing the

10
basis we get a one to one correspondence between bilinear functions and nxn

matrices. A Dbilinear form 1is symmetric if and only if its matrix
representation with respect to a baslis 1s symmetric.

Definition. The quadratic form of a bilinear function B 1s the function

defined by the equality QB(X) = B(x,x).
Symmetric bilinear functions can be recovered from their quadratic forms
with the help of the identity
Blx,y) = = (@ (xry) - Qu(x) - qy(y)).
Now we return to hypersurfaces. We define two bilinear forms on each
tangent space of the hypersurface
Definition. Let M be a parameterized hypersurface r:Q— Rn, u

0
the linear space of tangent vectors of M at p = r(u), Lp:TpM — TpM the

€ Q, T M
p

Weingarten map. The first fundamental form of the hypersurface 1s the

bilinear function Ip on TpM obtained by restriction of the dot product onto
T M
p

I (v,w) =< Vv, w> for v,w € T M.

p p

The second fundamental form of the hypersurface is the bilinear function II

on TpM defined by the equality
IT (v,w) = <L v, w> for v,w € T M.
p p p
The first fundamental form 1is obviously a positive definite symmetric
bilinear function on the tangent space. Its matrix representation with
respect to the basis rl(uo),...,rn_l(uo) has entries < ri(uo) , rj(uo) >.
An important property of the Weingarten map and the second fundamental
form is stated in the following theorem.
Theorem. The second fundamental form 1s symmetric, i.e.
<Lv, w>=<v, Lw> for v,w € T M,
p p p
or in other words, the Weingarten map is self-adjoint (with respect to the
first fundamental form).

Proof. It is enough to prove that the matrix of the second fundamental

form with respect to the basis rl(uo),...,rn_l(uo) is symmetric.
Lemma. IIp(ri(uO),rj(uO)) =< rij(uo) , N(uo) >.

Proof of Lemma. We know that the normal vector field N is perpendicular to




any tangential vector field, thus
<N, rj > = 0.
Differentiating this identity with respect to the i-th parameter we get

<34 N, r,>+<N, r,, >=0,
r. J Jji

from which

<N, >=<-8 N, r,>=<Lr, ,r, > |
r, J

r i j
i J

Since by Young’s theorem rij = rji’ the lemma shows that the matrix of the

r..
J1i

second fundamental form is symmetric. I

Comparing the identity proved in the lemma with the formula expressing the
normal curvature of the hypersurface in a tangent direction v we see that the
normal curvature is the quotient of the quadratic forms of the second and

first fundamental forms

n-1 n-1
Z 2 Nl (u)>vive 1 (v v
k(v) = 1=1 J=1 = D
2 I (v,v)’
e p
n-1
where v = X V.ri(uo) is a tangent vector of the hypersurface at p = r(uo).
i=1
The expression
IIp(v,v)
k(v) = I (v,v)
p

gives rise to a linear algebraic investigation of the normal curvature.

It is natural to ask at which directions the normal curvature attains its
extrema. Since k(av) = k(v) for any A # 0, it is enough to consider this
question for the restriction of k onto the unit sphere S 1in the tangent
space. The unit sphere of a Euclidean space is a compact (=closed and
bounded) subset, thus by Weierstrass theorem, any continuous function defined

on it attains its maximum and minimum.

Definition. Let f be a differentiable function defined on the unit sphere
S of a Euclidean vector space. We say that the vector v € S is a

critical point of f if for any curve y : [-1,1]— S on the sphere such that

7(0) = v the derivative of the composite function fey vanishes at O.

Clearly, local minimum and maximum points of a function are its critical
points, but the converse 1s not true. The following proposition gives a
characterization of critical points for the restriction of the normal

curvature onto the unit sphere of the tangent space.



Proposition. Let V be a finite dimensional vector space with a positive
definite symmetric bilinear function <,> and let L:V— V be a self-adjoint
linear transformation on V. Let S = {x € V : <x,x> = 1} and define f:S— R
by f(x)=<Lx,x>. Then v € S is a critical point of f if and only if v is an
elgenvector of L.

Proof. For any curve y:[-1,1]—> S such that y¥(0) = v, we have

d —_— b b
Tt <L(7(t)),7(t)>|t:O = <L(y *(0)),y(0)>+<L(y¥(0)),y *(0)>

= <Ly’ (0),v>+<Lv,y’ (0)> = 2 <Lv, y’ (0)>.

This means that v is a critical point of f if and only 1f Lv 1s orthogonal
to every vectors of the form ¢’ (0). Since the speed vectors ¢’ (0) of
gpherical curves through v = y(0) range over the tangent space of the sphere
S, v is a critical point of f if and only if Lv 1s orthogonal to the tangent
space of S at v however, since the normal vector of this tangent space is v,
the latter condition is satisfied if and only if Lv is a scalar multiple of
v, i.e. v is an eigenvector of L. I

As an application of the proposition, let us prove the following theorem
of linear algebra.

Theorem. Let V be a finite dimensional Euclidean vector space and let
L : V— V be a self-adjoint linear transformation on V. Then there exists

an orthonormal basis of V consisting of eigenvectors of L.

Proof. By induction on the dimension n of V. For n = 1 the theorem is
trivial. Assume that it 1is true for n = k. Suppose n = k + 1. By the
proposition, there exists a unit vector v, in V which is an eigenvector of L.
Let W = vll ={wevV: vy 1 w }. Then L(W) € W since we have

<Lw,v1> = <w,Lv1> = <w,A1v1> = A1<w,v1> =0
for any w € W, where Al is the eigenvalue belonging to v, Clearly L|w is
self-adjoint. Since dim(W) = dim(V) - 1 = k, the induction assumption implies
that there exists an orthonormal basis (VZ""’Vn) for W consisting of

elgenvectors of L|w. But each eigenvector of L|w is an eigenvector of L, so

(Vl""’vn) is an orthonormal basis for V consisting of eigenvectors of L. I
Definition. For a hypersurface M in R parameterized by r, r(uo) = p €M,
the eigenvalues Kl(p),...,Kn_l(p) of the Weingarten map Lp:TpM——>TpM are

called the principal curvatures of M at p, the unit eigenvectors of Lp are

called principal curvature directions.

If the principal curvatures are ordered so that Kl(p)<K2(p)<...<Kn_1(p),
the discussion above shows that Kn—l(p) is the maximal, Kl(p) is the minimal

value of the normal curvature k(v).



Theorem. (Euler’s formula) Let VsV g

consisting of principal curvature directions, Kl(p),...,Kn_l(p) be the

be an orthonormal basis of TpM

corresponding principal curvatures. Then the normal curvature k(v) in the

direction ve T M, Il v Il =1, is given by
p _ -
n-1 > n-1 >
k(Y) =% k.(p) <Y,Y.> = £ k.(p) cos (8,),
. i i . i i
i=1 i=1
where ei = arc cos(<v,vi>) is the angle between v and V..

Proof. Since (Vl""’vn) is an orthonormal basis, the vector v can be
expressed as
n-1
v X <V,V.> V..
. i i
i=1

Making use of this formula, we obtain

n-1 n-1
k(v) = <L _(v),v> = <L [ S <v,v.> v.], = <V’Vi> Vi> =
P i=1 i=1
n-1 n-1 n-1 >
=<3 <v,v.>k,(p) v,, T <v,v.>v,>= I k,(p) <v,v,>". I
. i i i, i i . i i
i=1 i=1 i=1

The determinant and trace of the Weilngarten map, that is the product and
sum of the principal curvatures are of particular importance in differential
geometry.

Definition. For M a hypersurface, p € M, the determinant K(p) of the

Weingarten map L is called the Gaussian or Gauss—-Kronecker curvature of M at

p, H(p) = 1/(n-1) trace (Lp) is called the mean curvature.

When we compute the principal curvatures and directions of a hypersurface
at a point we generally work with a matrix representation of the Weingarten

map. Recall that if V is a linear space with basis x X and L:V— V is

17
a linear mapping then the matrix representation of V with respect to the

basis  SERERES is the nxn matrix (Eij) for which
n
L(xi) == Ei.x. i=1,2,...,n.
jop 1370 .
When we have a deal with a parameterized hypersurface r:Q— R, it is
natural to take the basis rl(u),...,rn_l(u) of the tangent space at r(u). Let

us denote by § = (gij)’ B = (bij) and £ = (Eij) the matrix representations of
the first and second fundamental forms and the Weingarten map respectively,

with respect to this basis ( g; 1 b and Eij are functions on the parameter

ij
domain). Components of § and B can be calculated according to the equations
= < >
gij ri s rj s
b..=<N, r,., > (cf. Lemma above).
1] 1]



The relationship between the matrices §, B, and £ follows from the following

equalities
n-1 n-1
= < > = < > = < > =
bij eri , rj % gikrk , rj % gik ry s rj
k=1 k=1
n-1
= 2 4. g .
k=1 ik =kj
expressing that B = £ §. § is the matrix of a positive definite bilinear

function, hence it is invertible (its determinant is positive). Multiplying

the equation B = £ § with the inverse of § we get the expression

for the matrix of the Weingarten operator.

Corollary. The Gaussian curvature of a hypersurface is equal to

_det B
T det &

Recall from linear algebra that in order to determine the eigenvalues of a
linear mapping with matrix representation £ one has to find the roots of the
characteristic polynomial pf(A) = det (£ - A I), where I denotes the identity
matrix.

Having determined the eigenvalues of the linear mapping, components of
elgenvectors with respect to the fixed basis are obtained as non-zero
solutions of the linear system of equations £ v = A v where A is a nonzero

eigenvalue of £.
Further Exercices

5-1. Determine the Weingarten map for a sphere of radius r at one of its

points.

5-2. Find the normal curvature k(v) for each tangent direction v, the
principal curvatures and the principal curvature directions, and compute the

Gaussian and mean curvatures of the following surfaces at the given point p.

(5/a")+ (/) +(x5/e%) = 1, p = (a,0,0) (ellipsoid);

(X?/a2)+(xg/b2)—(xi/cz) =1, p = (a,0,0) (one-sheeted hyperboloid);
2

X?+ [V X§+X§ - 2] =1p=1(0,3,0) or p=(0,1,0) (torus).



5-3. Suppose that the principal curvatures of a parameterized surface

in R3 vanish. Show that the surface is a part of a plane.

5-4. Find the Gaussian curvature K:M—> R for the following surfaces

2.2 2

X[ PR,=X = 0, Xy > 0 (cone)
(X?/a2)+(xg/b2)—(xi/cz) =1 (hyperboloid);
(X?/a2)+(xg/b2)—x3 =0 (elliptic paraboloid);
(X?/az)—(xg/bz)—x3 =0 (hyperbolic paraboloid).

5-5. Let M be a (hyper)surface in R3, p € M. Show that for each v,w € TpM,
L (v) x L (w) =K(p) v xw.
p p



UNIT 6. SURFACES IN THE 3-DIMENSIONAL SPACE

Umbilical, spherical and planar points, surfaces consisting of wumbilics;
surfaces of revolution, Beltrami’s pseudosphere; lines of curvature,
parameterizations for which coordinate lines are lines of curvature, Dupin’s
theorem, confocal second order surfaces; ruled and developable surfaces:
equivalent definitions, basic examples, relations to surfaces with K=0,

structure theorem.

A regular parameterized surface r:Q— R3 (Q is an open subset of the
plane) has two principal curvatures Kl(u’V) and Kz(u,v) at each point
p = r(u,v) of the surface. If Kl(u,v) < KZ(U,V) then Kl(u,v) is the minimum
of normal curvatures in different directions at p, while Kz(u,v) is the
maximum of them. If Kl(u’V) < KZ(U,V) then the principal directions
corresponding to Kl(u’V) and Kz(u,v) are uniquely defined, however if
Kl(u,v) = Kz(u,v) then the normal curvature is constant in all directions and
every direction 1s principal.

Definition. A point p = r(u,v) of a surface is called a umbilical point or

umbilic if the principal curvatures at p are equal. A umbilical point p is
said to be spherical if Kl(u,v) = KZ(U,V) # 0, and planar if Kl(u,v) =
KZ(U,V) = 0.

The following theorem gives a characterization of those surfaces which
have only umbilical points.

Theorem. A connected regular surface all points of which are umbilical is

contained in a plane or sphere.

Proof. First we show that the principal curvature function Ky = K, =K is
constant along the surface. Fixing a parameterization r, we have
N =-kKr and N =-kr,
u u \% \%

since r, and r,6 are principal directions as any tangent vector Iis.
Differentiating the first equation with respect to v, the second with respect
to u, we get
N = -K r -Kr and N =-K r -kKr ,
uv v u uv uv u v uv
from which k. r =k r . Since r and r are linearly independent, the last
vV u u v u \%
equation can hold only if K, =K, = 0, i.e. if k 1s constant.
1St case: K = 0. In this case Nu = NV = 0, therefore the normal vector is

constant along the surface. The derivative of the function <N,r> with



respect to u and v is <N,ru> = <N,rv> = 0 because N is perpendicular to the
tangent vectors ru,rv, hence <N,r> is constant and the surface is contained
in a plane with equation <N, x> = const.
2nd case: kK # 0. We claim that in this case the surface is contained in a
sphere. The facts we have so far suggests that if the claim is true then the
center of the sphere should be r + (1/k) N. Setting p = r + (1/k) N, we have
to make sure first that p does not depend on u and v. Indeed, differentiating
with respect to u results
p =r + (1/k) N =r - (1/k) kr_ =20 (k is constant!)
u u u u u
and similarly,
p =r + (1/k) N =r - (1/k) k r_ = 0.
v \% \% \% \%
Now to show that the surface lies on a sphere centered at p we have to prove
that the function llr-pll is constant. This follows from
2

8
— < > = < >
7a lc-pll” =2 <r , r-p > =2 <r_, (1/k)N

0,

and

a 2
_— - < -p > = < >
3 v llr-pll 2 r, r-p 2 ro (1/k)N

1
o

The theorem is proved. I

The next example shows how to compute the principal curvatures and
directions for a surface of revolution. We consider a positive function
f:[a,bl— R+ and the surface of revolution generated by rotation of its

graph about x-axis. This surface can be parameterized by the mapping

r(u,v) = ( u, f(u) cos v, f(u) sin v ).
The tangent vectors r, and r, are obtained by partial differentiation
ru(u,v) = ( 1, £’ (u) cos v, f’(u) sin v ),
rv(u,v) = ( 0,- f(u) sin v, f(u) cos v ).

The matrix of the first fundamental form with respect to the basis r,r, is

<r ,r.> <r ,r > 1 + f’2(u) 0
u'u uv

g = =

2
<r ,r > <r ,r > 0 7 (u)
\'4 u \'4 \'4

To obtain the matrix of the second fundamental form we need the normal vector

field and the second order partilial derivatives of r.

€1 € €3

rxr, = det 1 2 (u) cos v £’ (u) sin v =

0 - f(u) sin v f(u) cos v
= ( £ (w)f(u), -f(u) cos v, -f(u) sin v)

rux rv 1
N = = (f’(u), - cos v, - sin v)

Hrux rVH >
1 + £27(u)




Puu(u,v) = ( 0, f’’(u) cos v, f’’(u) sin v ),
ruv(u,v) = ( 0,- £ (u) sin v, f’(u) cos v ),
rvv(u,v) = ( 0, - f(u) cos v, - f(u) sin v ).
<N,r > <N,r > 1 -7 (u) 0
uu uv

<N,r~vu> <N,r~vv> /1 R f’z(u) 0 f(u)

The matrix of the Weingarten map with respect to the basis r,r, is

—£ (w) (1+£7 F () ) 27 0

0 £ ) (1462 2 (0)) V2]

As we see, the matrix of the Weingarten map is diagonal, consequently r,r,

are eigenvectors the diagonal elements of £ are eigenvalues of the Weingarten
map. Thus the principal curvatures of the surface are
27 (u) 1

k,(u,v) = - k- (u,v) = .
1 (1 + f’Z(u))3/2 2 f(u)(l + f’z(u))l/z

We could have obtained this result in a more geometrical way. For any
point p on the surface, the plane through p and the x-axis is a symmetry
plane of the surface. Thus, reflection of a principal direction of the
surface at p is also a principal direction (with the same principal
curvature). The principal curvatures at p are either equal and then every
direction is principal, or different and then the principal directions are
unique. Since a direction is invarlant under a reflection in a plane if and
only 1f it is parallel or orthogonal to the plane, we may conclude that r,
and r, are principal directions of the surface. Principal curvatures are the
curvatures of the normal sections of the surface in the direction ru,rv.

The normal section of the surface in the direction r, is the graph of f
rotated about the x-axis (a meridian of the surface). Its curvature can be

calculated according to the formula known for plane curves and gives k, up to

1
sign. The difference in sign is due to the fact that the unit normal of the

surface and the principal normal of the meridian are opposite to one another.
The plane passing through p perpendicular to the x-axis intersects the
surface in a circle the tangent of which at p is r. The curvature of this

circle 1is The normal curvature k., = k(rv) of the surface in the

_1
f(u) - 2
direction rv and the curvature of the circle intersection are related to one
another by Meusnier’s theorem as follows
1 _ 1

f(u) ~cos a 2
where a 1s the angle between the normal of the surface and the principal




normal of the circle. As it 1s easy to see, a 1s the direction angle of the

tangent to the meridian at p, that is, by elementary calculus

tg o = £ (u), from which cos o = L

V 1+ f’z(u)
Therefore, we get

1

Ko = 2 1/2
f (1 + £2 W)
as before. The equation ! = 1 k., has the following consequence.
f(u) cos a 2 1
Corollary. The second principal radius of curvature — of a surface of

K
revolution at a given point p is the length of the segmenf of the normal of
the surface between p and the x-axis intercept.

As an application, let us show that the surface of revolution generated by
the tractrix has constant -1 Gaussian curvature. For this reason the surface
is called pseudosphere. Its intrinsic geometry is locally the same as that of
Bolyai’s and Lobatchevsky’s hyperbolic plane. This local model of hyperbolic
geometry was discovered by Beltrami.

The tractrix is defined as the involute of the chain curve y(t)=(t,ch t)
touching the chain curve at (0,1). The length of the chain curve arc between

7(0) and y(t) is
t

t t
J Vo lly? (1) dt = J V 1+ Sh2t dt = J ch t dt = sh t.
o o

0
This way, the tractrix has the parameterization

_ N y (t)  _ B (1,sh t) _ _ 1
r(t) = 7(t) - sh t ghpgy = (teh t) - sh ¢ = = (t - th t , —— )

As we know from the theory of evolutes and involutes, the chain curve is

the evolute of the tractrix, the segment y(t)y(t) is normal to the tractrix,
and its length is the radius of curvature of the tractrix at ¢(t). This

implies from one hand that the first principal curvature of the pseudosphere

is Ky =~ shlt . On the other hand, we obtain that the equation of the normal
line of the tractrix at y(t) is
wzsht‘
x -t
The x-intercept is
ch t
(t sh t°’ O)'

According to the general results on surfaces of revolution, the second
principal radius of curvature of the pseudosphere is the distance between
y(t) and (t - cth t,0) , i.e.

1

ch®t

k. b= |(cth t - th t, (ch t)”

2

1 - ch®t - sh?t)? 172
B chtsht



1 1 1

= + =
sh®t ch®t ch®t
This shows that K = K1K2

Definition. A regular curve on a surface is said to be a line of curvature

= -1.

if the tangent vectors of the curve are principal directions.

There are many parameterizations of a hypersurface. In applications we
should always try to find a parameterization that makes solving the problem
easier. For theoretical purposes, it 1s good to know the existence of certain
parameterizations that have nice properties. In what follows, we study
parameterizations, for which coordinate lines are lines of curvature.

Theoren. The coordinate lines of a regular parameterization
r:0— R of a hypersurface are lines of curvature if the matrices of the
first and second fundamental forms are diagonal. The converse is also true if
the principal curvatures of the hypersurface are different at each point.

Proof. The matrix £ of the Weingarten map is the quotient B §_1 of the
matrices of the first and second fundamental forms. If these matrices are
diagonal, then so is £. Obviously, the matrix of a linear map with respect to
a basis is diagonal 1f and only the basis consists of eigenvectors of the
linear map. In our case, we get that r

.,r form an elgenvector basis

177 n-1
for the Weingarten map, i.e. these vectors are principal directions. Since r.

is the tangent vector of the i1-th family of coordinate lines, the coordinate
lines are lines of curvature.
Now suppose that the coordinate lines are lines of curvature and that the

principal curvatures «k , K corresponding to the principal directions

10K

r .,r are different at every point. In this case,

177 n-1

K. <r.,r.> = <Lr.,r.> = <r.,Lr.> = k. <r.,r.>,
1 1 1 1 J J 1
(k,-k ., )<r,,r.> =0,
1 1
and since (Ki—Kj) # 0 for i#j,
= < > = i

gij ri,rj 0 it i#]
Hence, the matrix & of the first fundamental form is diagonal. The matrix £
of the Weingarten map is also diagonal by our assumption, consequently the
matrix B = £ § of the second fundamental form is diagonal as well. [}

Theorem. Suppose that a regular parameterized surface in R3 has no
umbilical points. Then every point of the surface has a neighborhood that
admits a reparameterization with respect to which coordinate lines are lines
of curvature.

Proof. (sketch) The complete proof of the theorem rests upon some results



on ordinary differential equations, so we only indicate the geometrical part
of the construction of such a parameterization. Since the surface contains no
umbilics, principle directions are uniquely defined at each point and one can
find two smooth unit vector fields &, along the surface that show in the
principal directions at every point.

As it 1s known, if we are given a tangential vector field T and a point p
on a surface, then there exists a curve 7p on the surface such that 7p(0) =p

the speed vector 7p’(t) of the curve is just C(yp(t)) for every t from the

domain of Wp' Such curves are called integral curves of the vector field T
through p. Every integral curve 1is contained in a maximal one which is
unique.

Let us denote by 7; and 7i the integral curves of the vector fields & and
n through *. They are lines of curvature of the surface. Fix a point p and
consider the parameterization that assigns to a pair of real numbers (u,v)
This

the 1intersection point of the curves and

1 2
"% (v)) AT
parameterization is well defined in a small neighborhood of the origin in R .
It is smooth and maps onto a neighborhood of p, while the coordinate lines
are certain reparameterizations of the integral curves of the vector fields &
and m i.e. coordinate lines are lines of curvature. I

Remarks.

The parameterization constructed above has also the property that the
coordinate lines through p are parameterized by arc length.

The theorem does not hold for higher dimensions. (Study where the above
proof breaks down. )

Now we give a description of lines of curvature on ellipsoids. Our
approach, which is based on Dupin’s theorem, works for any surfaces of second
order. Dupin’s theorem claims that if we have three families of surfaces such
that the surfaces of any of the families foliate an open domain in R3, and
surfaces from different families intersect one another orthogonally, then the
intersection curves of surfaces from different families are lines of
curvature. We can obtain families of surfaces in a natural way considering a
curvilinear coordinate system on R3.

c s s . 3 .
Definition. A curvilinear coordinate system on R is a one to one smooth

mapping r:Q— R3 from an open domain of R3 onto an open domain of R3 with
smooth inverse. Q 1is foliated by planes parallel to one of the three
coordinate planes in R3. The images of these planes are the coordinate

surfaces of the coordinate system r. There are three families of coordinate



surfaces. Each family foliates the same domain, the image of r. Coordinate
surfaces from different families intersect one another in coordinate lines.

We say that r defines a triply orthogonal system of surfaces, if coordinate

surfaces from different families intersect one another orthogonally, or
equivalently, if <ri,rj> = 0 for i#j. .

Theorem. (Dupin’s theorem). If the curvilinear coordinate system r:Q— R
defines a triply orthogonal system, then the coordinate lines are lines of
curvature on the coordinate surfaces.

Proof. We may consider without loss of generality the surface

(u,v)— r(u,v,wo). It is enough to show that the matrices of the first and
second fundamental forms of the surface with respect +to the given
parameterization are diagonal. The matrix of the first fundamental form is

diagonal by our assumption <r, ,r_. > = 0. The nondiagonal element of the matrix

1’72

of the second fundamental form is <r12, N >, where N is the unit normal of
the surface. Since r3 is parallel to N, <r12,N> = 0 will follow from
<r12,r3> = 0. Differentiating the equation <r1,r3> = 0 with respect to the
second variable yields

<r12, r, > + <r1, r'5g > =0
and similarly,

<r23, r, > + <r2, ra > =0

<r31, r, > + <r3, r, > = 0.

Solving this system of linear equations for the unknown quantities <r12,r3>,
>, <r31,r we see that they are all zero. I

Tog Ty 27

The canonical equation of an ellipsoid has the form

2 2 2
2. Ly 2,
A B C
Suppose A > B > C. We can embed this surface into a triply orthogonal

system of second order surfaces as follows. Consider the surface

2 2 2
F.: 2a SR = 1.
A A+A B+A C+A

FA is — an ellipsoid for a > -C ;

— a one sheeted hyperboloid for -C > A > -B ;

— a two sheeted hyperboloid for -B > A > -A .
In accordance with these cases, we get three families of surfaces. Surfaces
obtained by such a perturbation of the equation of a second order surface are

called confocal second order surfaces.

Proposition. Let (x,y,z) € R3 be a point for which xyz # 0. Then there

exist exactly three A-s, one from each of the intervals (-C,+o), (-B,-C),



(-A,-B) such that (x,y,z) € FA'

Proof. Condition (x,y,z) € F, is equivalent to

A
P(A) = (A+A) (B+A) (C+A) - (XZ(B+A)(C+A) + y2(A+A)(C+A) + 22(A+A)(B+A)) = 0.

This is an equation of degree three for A, so the number of solutions is not
more than three. To see that all the three solutions are real and located as

it is stated, compute P at the nodes.

P(-A) = -x*(B-A) (C-A) < 0
P(-B) = -y*(A-B) (C-B) > O
P(-C) = -z%(A-C) (B-C) < 0
Furthermore, F(A) = A3 + ...implies lim F(A) = +o .Thus by Bolzano’s theorem
A—> ©
F has at least one root on each of the intervals (-C,+®o), (-B,-C),
(-A,-B). |}
Proposition. If (x,y,z) € FA N FA’ xyz # 0, A # A’, then FA intersects FA’
orthogonally.

Lemma. If a nonempty subset M of R3 is defined by an equation

M=A{(x,y,z) € R>: F(x,y,z) = 0},

a F a F a F
dx’ dy’ 8z
points of M, then every point of M has a neighborhood (in M) which is the

so that the gradient vector field grad F = ] is not zero at
image of a regular parameterized surface. In this case the tangent plane of M
at p € M is orthogonal to grad F (p).

The first part of the lemma is a direct application of the implicit
function theorem, we omit detalls. Suppose that M admits a regular
parameterization r around p € M. Then Fer = 0. Differentiating with respect
to the i-th variable (i=1,2) using the chain rule we obtain

d Foer

= — =< o >
0 3 U, (grad Flor , r. >,

hence grad F (p) is orthogonal to the tangent vectors r_ ,r, that span the

1’72
tangent space.
Proof. (of proposition) We need to show
grad FA(X,y,Z) 1 grad FA,(X,y,Z),

or equivalently,

2 2 2
a + Y + z = 0.
(A+A) (A+27) (B+A) (B+A’ ) (C+A) (C+A’)
We know that
X2 y2 Z2 X2 y2 Z2
A tBa e o ad gt Ewtowe T b

Subtracting these equalities we obtain (A-A’) times the equality to prove.

Since A # A’, we are ready.l



Regular surfaces swept out by a moving straight line are ruled surfaces.
A bit more generally, we shall call a regular surface ruled, if every point
of the surface has a neighborhood with a regular parameterization of the form

r(u,v) = y(u) + v 8(u),
where y 1s a smooth curve, called the directrix, & is a nowhere zero vector
field along ¥. The straight lines v 7(uo) + v S(uo) are the generators of
the surface.

Theorem. The following propositions are equilivalent for ruled surfaces:

(i) the normal vector field N is constant along the generators;
(i1) r, 1S tangential for the parameterization r(u) = y(u) + v 8(ul;
(iii) the Gaussian curvature K is constant O.

Proof. (i) = (iii) If N is constant along the generators, then L(rv)= —NV
=0=0 r thus generators are lines of curvature and the corresponding
principal curvature is 0 everywhere. From this follows that the Gaussian
curvature 1is O.

(iii) => (i) The normal section of a ruled surface in the direction of a
generator is the generator itself. Hence, the normal curvature of the surface
in the direction r, of the generators is 0. If r, were not a principal
direction, then 0O would be strictly between the principal curvatures, in
which case we would have K < 0. The contradiction shows that r, is a principal
direction at a given point, and thus —NV = L(EV) = OEV = 0, i.e. N is
constant along the generators.

Remark. We have proved here that K < 0 for any ruled surface.

(iii) = (ii) According to the formula

_det B
" det §
K = 0 if and only if det B = 0. Since ro,- 0,
<r  ,N> <r ,N> <r  ,N> <r ,N>
det B = det u w = det u w = <r N>
< N> <r N> < ,N> 0 e
uv Vv uv
and thus det B = 0 if and only if L is orthogonal to N i.e. if L is

tangential. I
Definition. A ruled surface that satisfies one of the equivalent

conditions of the previous theorem is called a developable surface.

Examples of ruled but not developable surfaces:
a) r(u,v) = (u,v,uv) (hyperbolic paraboloid);

b) r(u,v)

(a cos u, b sinu, 0) + v (-a sin u, b cos u, c)

(one sheet hyperboloid)

c) r(u,v) (0,0,u) + v (cos u,sin u, 0) (helicoid).



Examples of developable surfaces:
a) Cylinders over a curve. Let ¥y be a regular space curve, v # 0 a

vector nowhere tangent to ¢y. We define a <cylinder over % by the

parameterization
r(u,v) = y(u) + v v.
Since rv - 0 is tangential, cylinders over a curve are developable.
b) Cones over a curve. Let y be a regular curve, p be the position

vector of a point not lying on any tangent to the curve. The cone over ¥ with

vertex p is defined by the parameterization
r(u,v) = v y(u) + (1-v) p .
The cone is regular only in the domain v # 0. The tangent plane of the cone
is spanned by the vectors
ru(u,v) =v g (u) and rv(u,v) = y(u) - p.
Since
ruv(u,v) =y (u) = (1/v) ru(u,v),
cones are developable.
c) Tangential developables. Let ¥y be a curve of general type in R3. We
show that the regular part of the surface swept out by the tangent lines of y
is developable. Indeed, the surface can be parameterized by
r(u,v) = y(u) + v y (u).
Partial derivatives of r are
ru(u,v) =y (uw) + vy’ (u) and rv(u,v) =y’ (u).

Since y is of general type, ¥’ (u) and ¥’ (u) are linearly independent, hence
singularities of the surface of tangent 1lines are located along the
generating curve 7.

Since ruv(u,v) =y’ (u) = (1/v) (ru(u,v) - rv(u,v)) for v # 0, the regular
part of the surface of tangent lines is developable. Surfaces of this type

are called tangential developables.

As we proved in the theorem above, a ruled surface with Gaussian curvature
equal to zero is developable. The following theorem states that in most cases
the condition of being ruled follows from K = 0.

Theorem. If the Gausslan curvature of a surface 1s 0 everywhere and the
surface contains no planar point, then it 1s developable.

Proof. Gaussian curvature is positive at spherical points so the surface

contains no umbilics. Therefore we may consider a parameterization r around
any point p such that p = r(0,0), coordinate lines are lines of curvature and

the coordinate lines through p are unit speed curves (see unit 6). Suppose

10



that r, corresponds to the nonzero principal curvature Ky =K # 0. Then

N =-kr and N =0r =20.
u u \% \%

The second equation shows that N is constant along v-coordinate lines.
What we have to show is that v-coordinate lines are straight lines. For
this purpose, it is enough to show that r is linear in v, 1.e. r, = 0. We
prove this in a tricky way using the fact that the only vector which is

perpendicular to each vectors of a basis is the zero vector. According to

this proposition, it suffices to show that L is orthogonal to the wvectors

N, r, r.
u \%
(i) L. 1 N. This equation follows from
3
0=7—«<r ,N>=<r ,N>+ <r ,N>=<r_ ,N >.
a v v 'A% vV 'A%
(ii) L. 1 r. Since lines of curvature are orthogonal,
3
0=—«<r ,r >=<r ,r > + <r ,r >.
a v u v uv’ v u v

On the other hand,

a a
< > = L= — _—
lr‘uv’r‘v a v a v

Combining these two equalities we get <ruv,rv> = 0.

(1) N ),r > = ((1/)) k <r ,r >+ (1/k)<N__,r >=0.
u v u v vu v

(iii) rvv 1 rv. This will follow from the observation that v-coordinate

lines are all parameterized by arc length, 1.e. |l r, I = 1. We know that
I rV(O,V) I = 1 by the construction of r . We also have
3

— <r_,r > = 2<r__,r > = 0,
4 u vi'v uv’ v
showing that <rv,rv> does not depend on u. Thus,
I rv(u,v) =1 rV(O,V) Il =1 for every u,vV.

Now differentiating with respect to v,

0 = EQ; <rv,rv> = 2<rvv,rv>.
This completes the proof. I

We finish the investigation of developable surfaces with a structure
theorem stating that every developable surface is made up of pieces of
cylinders, cones and tangential developables.

Theorem. Let r:[a,blx[c,d]l— R3 be a developable surface without planar
points and suppose that the parameterization r of the surface 1s the one we
used in the proof of the previous theorem. Then there exists a nowhere dense
closed subset A of [a,b] the complement of which is a union of open intervals
[a,b]\A = 11U12U... such that the restriction of r onto InX [c,d] is a part
of a cylinder or cone or a tangentlial developable.

Proof. As it was proved above, r has the form r(u,v) = a(u) + vb(u), where
b(u) is a unit vector field along the curve a(u). We have

r (u,v) = a’(u) + v b’ (u) r (u,v) = b(u) r_(u,v) = Db’ (u).
u v uv

11



By the definition of developable surfaces, ruv(u,v) = b’ (u) must be
tangential to the surface, i.e. 1t lies in the plane spanned by r, and r.r,
is orthogonal to r,6 as they are lines of curvature, furthermore, L is also
orthogonal to r, since 0 = <b(u),b(u)>’= 2 <b(u),b’ (u)>. For there is only
one direction in a plane which is orthogonal to a given nonzero vector, r,
and r__ must be parallel: b’ (u)]|a’ (u)+vb’ (u), or equivalently, b’ (u)|a’ (u).
Hence, b’ (u) = c(u) a’(u) for some function c:[a,b]— R. Now let A be the
set of those roots of ¢ ¢’ in [a,bl, which do not have a neighborhood
consisting of only roots of ¢ ¢’. A is closed and nowhere dense in [a,b]. If
[a,b]I\A is the union of the disjoint open intervals 11,12,..., then for the
restriction of ¢ onto In’ we have one of the following possibilities:

(i) the restriction is identically O;

(ii) the restriction is a nonzero constant;

(iii) the restriction is strictly monotone and nowhere zero.

In the first case, b’(u) = 0 and thus b is constant on In’ thus the
restriction of r onto Inx[c,d] is a part of a cylinder.

In the second case, the point p(u) = a(u)-(1/c)b(u) does not depend on u.
Indeed, p’ (u) = a’ (u)-(1/c)b’ (u) = 0. Furthermore, the point p lies on every
generator of the surface, so this case serves a part of a cone.

Finally, consider the curve y(u) = a(u)-(1/c(u))b(u) for the last case. As

y () =a (u) - (1/c(w)’blu) - (1/c(u))b’ (u) = - (1/c(u))’b(u)|blu),
the tangent of ¥ at y(u) coincides with the generator v— r(u,v) of the
surface. y is of general type, since y’ (u)x 7”(u)=((1/c(u))’)2b(u) x b’ (u) =
= ((1/7c(w))’)%c(w) b(u) x a’ (W) # 0. We conclude that in the third case the
restriction of r onto Inx[c,d] is a part of the tangential developable

generated by the curve of general type 7. I

12



UNIT 7. THE FUNDAMENTAL EQUATIONS OF HYPERSURFACE THEORY

Gauss frame of a parameterized hypersurface, formulae for the partial
derivatives of the Gauss frame vector fields, Christoffel symbols, Gauss and
Codazzi-Mainardi equations, fundamental theorem of hypersurfaces, ”Theorema
Egregium”, components of the curvature tensor, tensors in linear algebra,

tensor fields over a hypersurface, curvature tensor.

Now we derive some formulae for hypersurfaces. Consider a regular

n+1

parameterized hypersurface r:Q— R . The partial derivatives r .,r

define a basis of the tangent space of the hypersurface at each poing. If wg
add to these vectors the normal vector of the hypersurface, we get a basis of
Rn+1 at each point of the hypersurface. The system of the vector fields
rl,...,rn,N along r 1s called the Gauss frame of the hypersurface. Gauss
frame plays similar role in the theory of hypersurfaces as Frenet frame does
in curve theory. Similarity is not complete however, since a Gauss frame is
much more dependent on the parameterization. Nevertheless, in the same way as
for Frenet frames, it is important to know how the derivatives of the frame
vector flelds with respect to the parameters can be expressed as a linear
combination of the frame vectors. For this we have to determine the
coefficients Fi? ,kaij, B?, 7j in the expressions
rij = i Fij r, ¥ aijN, Nj = i Bj r, ¥ 7j N. (%)

Let us begin with the simple observation that since Nj is known to be

tangential, and Nj = —L(rj), where L is the Weingarten map,

7j = 0 for all j
ki n . . -1 . .
and (—Bj)j k=1 1S the matrix £ =B & of the Weingarten map with respect to
the basis TR Denote by gij and bij the entries of the first and

second fundamental forms as usual, and denote by glJ the components of the
inverse matrix of the matrix of the first fundamental form. (Attention!

Entries of § and §_1 are distinguished by the position of indices.) Then

k ik
.= -2 b,
B > 318

Taking the dot product of the first equation of (%) with N we gain the



1J

«.. = b, . for all 1i,]j
1J 1J

equality <r, ,,N > = «, . and since <r, ,,N > = b, _,
1J 1J 1J

There is only one question left: what are the coefficients Fi? equal to? Let

us take the dot product of the first equation of (%) with r,

_ k _ k
<r‘ij,r'£ > = i Fij <rk,r£> = i Fij gkﬂ ,
or denoting the dot product <r‘ij,r'£ > shortly by Fijﬂ’
_ k
Fije = i T 8k

are called the Christoffel symbols of first and

The coefficients F.E and T, .

ij ijk
second type respectively. The last equation shows how to express Christoffel
symbols of second type with the help of Christoffel symbols of first type. It
can also be used to express Christoffel symbols of first type in terms of

secondary Christoffel symbols. Indeed, multiplying the equation with gﬂs,

taking sum for £ and using X = g£S = Sﬁ ( < Kronecker delta), we get
1/
=T, JS-ss rik g s rik ai = ris
) J !k J Kk J J

Now let wus try to determine Christoffel symbols of second type.

Differentiating the equality gij = <ri,rj> with respect to the k-th variable

and then permuting the role of indices i, j,k we get the equalities

g. .,] .], . .3 .]
g.],. PR ] .3 ] .

= <l' r > + <l' r > .
g] ., . ] .3 . ], PR

Solving this linear system of equations for the secondary Christoffel symbols

standing on the right hand side, we obtain

_ _ 1 _
Nk = FipT” T2 (gik,j -2 gij,k)
and
k_ P/k_ l _ P/k
Iy = % Fijp & = % 2 (gie,j T8 gij,e) g

Observe that the Christoffel symbols depend only on the first fundamental
form of the hypersurface.

Now we ask the following question. Suppose we are given 2n2 smooth

bij i,j=1,2,...,n on an open domain Q of Rn+1. When can we
find a parameterized hypersurface r:Q— Rn+1 with fundamental forms & =

functions g; 1

(gij) and B = (bi')' We have some obvious restrictions on the functions gij
..=8g.., b,. =Db,., and since § is the matrix of a positive
ij ji ij ji X

definite bilinear form, the determinants of the corner submatrices (gij)i j=1

and b, .. First, g
1J



must be positive for k = 1,...,n. However, the examples we have show that
these conditions are not enough to guarantee the existence of a hypersurface.
For example, if § is the identity matrix everywhere, while B = f § for some
function on Q, then the hypersurface (if exists) consists of umbilics. We
know however that 1f a surface consists of wumbilics, then the principal
curvatures are constant, so although our choice of B and § satisfies all the
conditions we have listed so far, it does not correspond to a hypersurface
unless f is constant. So there must be some further relations between the
components of B and §. Our plan to find some of these correlations is the
following. Let us express rijk and rikj as a linear combination of the Gauss
frame vectors. The coefficients we get are functions of the entries of the
first and second fundamental forms. For rijk = rikj’
coefficients in the expressions for these vectors must be equal and it can be

the corresponding

hoped that this way we arrive at further non-trivial relations between & and

B. This was the philosophy, and now let us get down to work.

_ 2 _ 2 2 _
T ( % Lyjry+ by N ),k = % (rij,kr£ + TSy ) + by N+ by N =
¢ ¢ s sl
s (rij,kr£ ey (2 r_ +byN)) + by N - by, =X b gr, =
2 s is
st vsrrlton s e+ (b, +xr.tp, IN.
2 ij,k N sk 13 ¢ ks L ij,k ) 1J Lk
Comparing the coefficient of r, in rijk and rikj’ we obtain
rt o-rt sstcsSrlt-rsrY=s..b_-b. b )
ij,k ik, j S ij sk ik " s]j S ij ks ik " js

while comparison of the coefficient of N gives

_ ) )
bij,k - bik,j - % Fik b£j % Fij Lok

The first n4 equations (we have an equation for all 1, j,k,¢), are the

Gauss equations for the hypersurface. The second family of n3 equations are

the Codazzi-Malinardi equations.

Exercise. Express the second order derivatives Ni' and N.i as a linear
combination of the Gauss frame vectors. Compare the corresponding
coefficients and prove that their equality follows from the Gauss and
Codazzi-Mailnardi equations.

The exercise points out that a similar try to derive new relations between
g and B does not lead to really new results. This is no wonder, since the
Gauss and Codazzi-Mainardi equations together with the previously listed

obvious conditions on § and B form a complete system of necessary and



sufficlent conditions for the existence of a hypersurface with fundamental
forms & and B.

Theorem. (Fundamental theorem of hypersurfaces). Let Q ¢ R" be an open
connected and simply connected subset of R" (e.g. an open ball or cube), and
suppose that we are given two smooth n by n matrix valued functions ¥ and B
on Q such that § = (gij) and B = (bij) assign to every point a symmetric
matrix, ¥ gives the matrix of a positive definite bilinear form. In this
case, if the functions Fi? derived from the components of & according to the
above formulae satisfy the Gauss and Codazzi-Malnardi equations, then there
exists a regular parameterized hypersurface r:Q— Rn+1 for which the matrix
representations of the first and second fundamental forms are § and B
respectively. Furthermore, this hypersurface is unique up to rigid motions of
the whole space. Namely, if r, and r, are two such hypersurfaces, then there
exists an isometry (=distance preserving bijection) @:Rn+1——> Rn+1 for which
r, = @orl.

Let us denote the expressions standing on the left hand sides of the Gauss

equations by

¢ _ ¢ ¢ s ¢ s ¢
Rijk T 1—‘i\j,k 1—‘ik,\j * i (Fij FSk 1—‘ik st)

Then Gauss equations can be abbreviated writing

¢ _ sl
Rik = i (bij Pes 7 Pig bjs) g -
Let us multiply this equation by &pm and take a sum for ¢
¢ _ sl _
%Rijk gem‘ii (bij Prs 7 Pix bjs) € &y~
= s(b..b_-b_ b )85 = .,b -b, b )
S ij ks ik " js m ij "km ik 7 jm
Introducing the functions R D RE we may write
g imjk ©7 ) Tijk Em |’ Y
R, . =(b..b -b, b )
imjk ij "km ik 7 jm

Let us observe, that the functions Rim can be expressed in terms of the

Jjk
first fundamental form &.

Corollary. (Theorema Egregium) The Gaussian curvature of a regular
parameterized surface in R3 can be expressed in terms of the first

fundamental form as follows

R1212

det &
Theorema Egregium is one of those theorems of Gauss he was very proud of.

K =



The surprising fact is not the actual form of this formula but the mere
existence of a formula that expresses the Gaussian curvature in terms of the
first fundamental form. The geometrical meaning of the existence of such a
formula is that the Gaussian curvature does not change when we bend the
surface (although principal curvatures do change in general!).

Definition. Let r:Q—> Rn+1 be a hypersurface. Consider the mapping R that

assigns four tangential vector fields X = X Xlri, Y=2 eri, Z =32 eri, W=
. i i i
pX wlri a function according to the formula
i . .
R(X,Y;Z,W) == 55 R, _Xy"zWk

. . imjk

imjk
We shall call R the curvature tensor of the hypersurface, the functions Ri

mjk
the components of the curvature tensor.

Let us briefly recall some definition from linear algebra, concerning
tensors.
Let V be a vector space (over R). The set V* of linear functions form a
vector space with respect to the operations
(48, (v) = £ (V) + L, (v), (A &) = alew)).
The vector space V of linear functions on V is called the dual space of V.
If V is finite dimensional and e,,.. .,en_ is a basis of V, then we may

1

. . . 1 n * . i i .
consider the linear functions e,...,e € V defined by e (ej) = &8.. It is

not difficult to prove that these linear functions form a basis of V* called

the dual basis of the basis €, o€ As a consequence we get that dim V =

dim V* for finite dimensional vector spaces. A tensor of valency (/order
/type) (k,2) over V is a multilinear function

T: Vix..xV'x Vx..xV— R
defined on the Cartesian product of k coples of V* and £ copies of V.

"Multilinear” means that fixing all but one variables, we obtain a linear

(k,2)

function of the free wvariable. Denote by T V the set of tensors of

valency (k,2). The sum of two tensors of order (k,£) and the scalar multiple
of a tensor are tensors of the same order, hence the set of tensors of a

given valency form a vector space. If €58 is a basis of V, then every
tensor T 1is uniquely determined by its values on basis vector combinations,
i.e. by the numbers
i.oi i i
T " .k = T(e 1,...,e ;€. ,...,e. ),
Ji-Jp J Jyp

which are called the components of the tensor T with respect to the basis




i.oi
numbers T.' jk correspond to a tensor,
LIy

(k+2)

e e Since any (dim V)

(k,E)V (k+£)‘
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dim T = (dim V)

Now let us consider a regular parameterized hypersurface M, r:Q — Rn+1.

A tensor field of wvalency (k,£) over M is a mapping T that assigns to

every point u € Q a tensor of valency (k,¢) over the tangent space of M at

i1
r(u). T(u) is uniquely determined by its components le jk(g) with respect
i ¢
to the basis rl(g),...,rn(g). The functions u F—>Tj j (u) are called the
Ly

components of the tensor field T. T 1s sald to be a smooth tensor fileld if

its components are smooth.
Examples.

- Function on M are tensor fields of valency (0,0).

- Tangential vector fields are tensor fields of wvalency (1,0) (V is
isomorphic to V** in a natural way).

— The first and second fundamental forms of a hypersurface are tensor fields
of valency (0,2).

— The mapping that assigns to every point of a hypersurface the Weingarten
map at that point is a tensor of wvalency (1,1). (The linear space of

(1’1)V in a natural way.)

V—> V linear mappings is isomorphic to T
- Let f be a smooth function on M. Consider the tensor field of valency
(0,1) defined on a tangent vector X to be the derivative of f in the
direction X. This tensor field is the differential of f.
- The curvature tensor is a tensor field of valency (0,4).

The curvature tensor 1is one of the most basic objects of study in
differential geometry. In the previous computations the curvature tensor came
across like a rabbit from a cylinder. To understand its real meaning, we
shall introduce the curvature tensor in a more natural way in a more general
framework, in the framework of Riemannian manifolds. For this purpose, we

have to get acquainted with some fundamental definitions and constructions.

This will be the goal of the following units.



Unit 8. Topological and Differentiable Manifolds

The configuration space of a mechanical system, examples; the definition
of topological and differentiable manifolds, smooth maps and diffeomorphisms;
Lie groups, embedded submanifolds 1in Rn, examples, Whitney’s theorem,

classification of closed 2-manifolds.

As the motion of a particle in R3 corresponds to a parameterized space

curve, a motion of a system of n points can be described by n parameterized

curves xi:[a,b]——> R3 i=1,2,...,n.
Putting these mappings together, we obtain a curve
(xl,...,xn):[a,b]——> R3XR3X...XR3 (n times)

in the direct product of n copies of R3, the projections of which on the i-th
factor of the product is just the curve X,

For there is a one-to-one correspondence between points of the product
R3XR3X...XR3 (n times) and the possible configurations of n points in the
space, we shall call the direct product of n coples of R3 the configuration

space of the system of n points.

In general, the configuration space of a mechanical system is the set of

all of 1its possible positions, equipped with some natural additional
structures such as topology or the structure of a differentiable manifold
(see later).

The advantage of introducing the configuration space is that the motion of
the system can be interpreted as one single curve in the configuration space
instead of a set of space curves.

Non-trivial examples can be obtained by putting some constraints on a
system of n points. For example, some pairs of points can be connected by a
rigid rod, some points can be fixed or forced to move along a line or a
surface. Further constraints can be obtained by specifying the type of joint
at the points where two or more rods meet.

The configuration space of a system of n points with constraints 1is a
subspace of R3n and it 1is quite natural to furnish it with the subspace
topology inherited from R3n.

Examples.

i) The configuration space of the planar pendulum is the circle Sl.

ii) The configuration space of the spherical pendulum 1is the



two-dimensional sphere SZ.

iii) The configuration space of a planar double pendulum is the direct
product of two circles, i.e. the torus T2 = S1 X Sl.

iv) The configuration space of a spherical double pendulum is the direct
product of two spheres S2 X SZ.

v) A rigid segment in the plane has for its configuration space the direct
product <R2X Sl, which is homeomorphic to the open solid torus.

As we see in the above examples, the configuration space of a mechanical
system is not necessarily homeomorphic to a linear space, but in each case
the points of the configuration space have a neighborhood homeomorphic to an
open ball.

In the following chain of definitions we fix a positive integer n.

Definition. Let X be an arbitrary set. A local parameterization of X is an

injective mapping ¢ : Q@ —> X from an open subset Q of R” onto a subset of X.

The inverse @_1:@(9)—% Q2 of such a parameterization is called a chart

because through @_1 the region im ¢ ¢ X is ”charted” on U < Rn, Jjust as a
region of the earth is charted on a topographic or a political map. @_ is

also called a coordinate system because through @_1 each point p € im ¢

corresponds to an n-tuple of real numbers, the coordinates of p.

An atlas on X is a collection of charts 4 = { @i:iEI } such that every

point is represented in at least one chart 1i.e. W dom ¢; = X.
iel
Two charts ¢ : X—= U and ¢y :X“— V are said to be @r—compatible if the

domains ¢(dom ¥ N dom ¢ ) and Y(dom Y N dom ¢ ) of the “transit” mappings
wow_l and @ow_l are open subsets of Rn, and wow_l and @ow_l are r times
continuously differentiable. (A mapping is 0 times continuously
differentiable if it is continuous).

An atlas 1is @r—compatible if any two <charts 1in the atlas are

@r—compatible.
An atlas 4 on a set X defines a topology on X as follows
Let U ¢ X be open if and only if ¢ (U N dom ¢) is open in R" with respect
to any chart ¢ from «.
Proposition. The family of open sets yields a topology on X.
Proof. The statement follows directly from the following set theoretical
identities.
i) ¢ (8 N dom ¢)
ii) ¢ (X N dom ¢) im ¢
iii) ¢ (U NV N dom @) = ¢ (UN dom ¢) N ¢ (VN dom ¢)

&



iv) ¢ ((u Ui)ﬂ dom @) = U ¢ (Ui N dom ¢). |
iel iel
Definition. An n-dimensional topological manifold is a pair (X,«)

consisting of a point set X and a @O—compatible atlas 4 on it, such that the
topology induced by the atlas on X satisfies the following two conditions
i) for any two distinct points x, y € X, one can find two disjoint
neighborhoods of x and y (i.e. X is a Hausdorff space);
ii) there exists a countable family of charts @1,@2,@3,...6 4, the domain of
which cover X (X is a second countable topological space).

Remark. In physics, the dimension of the configuration space of a
mechanical system (provided that it is a manifold) is called the

number of degrees of freedom.

We say that a topological manifold is a €' -manifold if the atlas # of it
is @r—compatible. Two atlases are equivalent or define the same € -manifold
structure on X if their union also consists of @r—compatible charts. It is
clear that each equivalence class of atlases contains a unique maximal atlas.

We shall mainly be interested in @m—manifolds which will also be called

smooth or differentiable manifolds.

Examples.

(i) R" equipped with the atlas consisting of only one chart, the identity
mapping of Rn, is an n-dimensional differentiable manifold.

(ii) Open subsets U < X of an n-dimensional manifold (X,«) become

n-dimensional manifolds with the atlas {@| o 4 }.

dom(@)NU

(iii) If (Xl,ﬂl) and (Xz,ﬂz) are two manifolds of dimension n and m
respectively, then the product space X1 X X2 has a natural (n+m)-dimensional
manifold structure given by the atlas

n+m
{(@1,@2).dom(@1) x dom(@z)——> R : @16& eﬂz}.

> @
(iv) We have introduced the topology on the Grassmain minifolds Gr(n,k) in
Unit 2. The topology of these spaces comes from a k(n-k)-dimensional
differentiable manifold structure. We construct a chart ¢g oOn Gr(n,k) to
every ordered basis B = {xl,...,xn} of R'. Let us denote by V the subspace
spanned by the first k vectors of B and by W the subspace spanned by the last
(n-k) vectors. It 1is clear that R = V @ W. Denote by m:R°— V the
projection of R” onto V along W. The chart ¢p will be defined on the set

dom(@B) = {L € Gr(n,k) : L N W= {0}}.

¢ assigns to L € dom(@g) a kx(n-k) matrix in the following way. The
restriction of m onto L is an isomorphism between L and V. The preimages of
the vectors xl,...,xk yield a basis of L which has the form



n
)T = x ) x
i i ij 7 J
j=k+1
It is clear that setting @g(L) to be equal to the matrix of coefficients
(e, .
ij ©
set of all kx(n-k) matrices. The family of all charts of the form ¢p is a 6 -

L

), i=1,...,k; j=k+1,...,n, we obtain a bijection between dom(@B) and the

compatible atlas on Gr(n,k).

Gr(n,k) is a compact manifold, it can be covered by a finite number of
charts. Indeed we get a finite atlas on Gr(n,k) if we let B run through
different permutations of the standard basis of R".

The Grassmann manifold Gr(n+1,1) is the n-dimensional projective space.

The geometrical way to introduce projective spaces 1s the following. We take
an n-dimensional Euclidean space and join to it a collection of extra points,
called ideal points or points at infinity, in such a way, that we attach one
point at infinity to each straight line and two straight line gets the same
point at infinity 1if and only if they are parallel. If we put the
n-dimensional space into the (n+l)-dimensional one and fix a point O outside
it, then every straight line through O intersects the projective closure of
the n-dimensional Euclidean space 1in a unique ordinary or 1ideal point and
this 1is the natural correspondence between the two ways of introducing

projective spaces.

A mapping f:X— Y from a differentiable manifold (X,4) into the
differentiable manifold (Y,B) is said to be smooth if for any two charts ped
and ¥ € B, the mapping WOfO@_l is smooth. The map f is a diffeomorphism if it

is a bijection and both f and f_1 are smooth.

Two differentiable manifolds are diffeomorphic if there is a

diffeomorphism between them.

Definition. A Lie group 1is a differentiable manifold G with a group

operation such that the mapping
GxG— G  (xy)— xy

is differentiable.

Example. Gl(n,R) and Gl(n,C) are open subset in the linear spaces of all
nxn real/complex matrices, hence they have a differentiable manifold
structure. They also have a group structure, which 1s smooth since the

entries of the quotient of two matrices are rational functions of the entries



of the original matrices and rational functions are smooth. This way, general

linear groups are Lie groups.

The following theorem explains why the configuration space of a system of
n points with constraints so often happens to be a manifold.
Theorem. Let F:R—> Rk be a smooth mapping, the image of which contains O

€ Rk. Consider the preimage of the point O

X={xeR : F (x) =0 }.

Let us suppose that the gradient vectors

8 fi 8 fi 8 fi
grad fi(X) = [ 3 = (x), 3 % (x),..., 3 = (x)]
1 2 n
of the coordinate functions of F = (fl’fz""fn) are linearly independent at

each point x of X.

Then X is an (n-k)-dimensional topological manifold, furthermore, there is
a well-defined differentiable manifold structure on X.

Remark. The condition on the independence of the gradient vectors of the
coordinate functions 1s essential. By a theorem due to Whitney, for any
closed set C ¢ R" there exists a smooth function f on R such that C = {x €
R: £ (x)=0}.

Proof. Let us recall a fundamental result of multivariable calculus.

The Inverse Function Theorem. If x is a point in the domain of a smooth

function F = (fl’f

2,...,fn):U——> Rn, defined on an open subset of Rn, and the

gradient vectors of the coordinate functions fl’fZ""’fn of F are linearly
independent at the point x, then there exists an open neighborhood V < U of x
such that E'V is a diffeomorphism between V and F(V). In addition, F(V) is an
open subset of R".

The linear space Rn_k can be embedded into R" through the mapping

’Xn—k)k_é gO’O’Q"’ijl’XZ""

k zeros
Consider the set « of those diffeomorphisms ¢ : V — U between open

VX )

L (% Nk

12X

subsets of R through which the set X N V is mapped onto the intersection

CRY nou

Put
4 = {¢ :¢ has the form ¢ :L_lo 5|MnV:XﬂV—> Rn_k, where ; € Q, dom ; =V }.
Obviously, elements of «# define a homeomorphism between open subsets of X and
that of Rn_k. It is also clear from the construction that the mappings @ow_l,

defined on Y(dom ¢ N dom ), are smooth for any ¢, Yy € 4. In such a way, to



prove that « is a @m—compatible atlas on X one has only to check that each
point of X is represented in at least one chart belonging to «.

For this purpose, consider an arbitrary point x of X and the gradient
vectors of the coordinate functions of F at x. Since they are linearly
independent, we <can obtain a basis by Jjoining further n-k vectors
el’eZ""’en—k to them.

The gradient vector of the linear function gi(x) = <ei,x> is e. at any
point, consequently, the inverse function theorem can be applied to the
mapping

~

_ on n
F = (fl,...,fk,gl,...,gn_k).R — R

at the point x. According to the theorem, F is a diffeomorphism between a
neighborhood V of x and an open neighborhood of F(x). Denote by ; the
restriction of F onto V. The mapping ; belongs to 4 and the chart L_lo(;|VﬂM)
is defined in a neighborhood of x, so the proof is finished. I

Exercise. Check that the topology of (X,4) coincides with the subspace
topology inherited from Rn, consequently, 1t 1is Hausdorff and second
countable.

Definition. We =say that X < R" is an embedded (n - k) -dimensional

submanifold in R if in a neighborhood U of every point x € X there are

functions fl’fZ""’fk
by the equations f1:f2:...:fk20 and the vectors grad f

linearly independent.

:U—> R such that the intersection of U with X is given

grad f, at x are

17 K

The study of higher dimensional manifolds was launched at the beginning of
the 20-th century by H. Poincaré (1854 - 1912). At that time topology was in
its cradle and the abstract definition of a topological space had not been
created. Poincaré worked with embedded submanifolds in R'. This was not a
real loss of generality since by Whitney’s theorem every differentiable
manifold of dimension n is diffeomorphic to an embedded submanifold in R2n+1.
Examples.

(i) As an application, consider the set Sn_1 of points in R” the distance

of which from the origin is equal to one. They are characterized by the

equality
fix,,...,x ) = X2+...+X2 -1 = 0.
1 n 1 g
The gradient vector of f at the point x € R 1s just 2x. It is zero only at
the origin, which does not belong to Sn_l, so Sn_1 is a topological manifold
with a natural differentiable structure on 1it. Sn_1 is called the

(n-1)-dimensional sphere with the standard differentiable structure.




(ii) Most important Lie groups are obtained as closed subgroups of
Gl(n,R), defined by some equalities on the matrix entries. For example,
Gl(n,C) is isomorphic to the subgroup of Gl(2n,R) consisting of matrices of

A B
the form

-B A
demonstrates how we can prove that a closed subgroup of Gl(n,R) is a Lie

], where A,B are nxn matrices. The following example

group.
Consider the orthogonal group

O(n) = {A € GL(n,R) : A A'= I},

We claim that it is an Eig:ll - dimensional Lie group.

If A = (aij)’ then the equation A AT: I is equivalent to the system of

equations

Flj(A) = Z aikajk = Sij’ (i,j=1,...,n).
k
Since Fij: Fji’ these equations are not independent. We get however an

independent system of equations if we restrict ourselves to the equations
n(n+1)
s
the independence of the gradients then we obtain the required expression for

with 1 € 1 € j € n. The number of these equations is so if we show

the dimension of 0O(n).

The gradient of F,. at A € O(n) is an nxn matrix with entries

1]
a Fij B a ay a ajk B
— = ——— a,. + a. =a,d, +a, o,
d a d a Jjk ik 8 a Jjsir is jr
rs K rs rs
We show that these vectors, are orthogonal with respect to the usual
2

scalar product on R” = Mat(n,R). Indeed, taking the scalar product of the

gradient vectors of Fij and Fkl at A we obtain

z (ajséir * aiséjr)(alsékr * aksélr) -
r,s

z ajsalSSirékr+ajsakséir81r+aisalséjrékr+aisakséjr81r -

Z 519 r%r 9 k%1 %17 %11% 5% 01k 5ro1r T

Sjlélk Sjkéll 8iléjk+8ik8jl =2 8lk8Jl(1 Sljékl)

We know that the determinant of an orthogonal matrix is *1. Thus O(n) has

two components. The connected component on which determinant is 1, is the
special orthogonal group SO(n), and it has also dimension Eig:ll. SO0(n) is

the configuration space of a rigid n-dimensional body with one fixed point.

The configuration space of an n-dimensional body without a fix point is the



space SO(n) x R".

For n = 2, SO(2) is the 1-dimensional group of rotations of the plane. For
n = 3, S0(3) is a 3-dimensional manifold. With the help of quaternions we can
show that this group 1s homeomorphic to the 3-dimensional projective space.

Let H denote the 4-dimensional space of quaternions x+yi+zj+wk, and let us
identify R3 with the space of pure imaginary quaternions. For 0#g€H let us
denote by pq the transformation pq(h)=q_1hq. Since |q_1hq|:|h1, pq is an
orthogonal transformation. If h is a real number then p (h)=h, thus p_ maps
R ¢ H into itself. Consequently, it maps R3, the orthoggnal complemeng of R

also into itself. The assignment gq+—— p 3 1is a group homomorphism from

|

the multiplicative group H\{0} to SO0(3). %ﬁi kernel of this homomorphism is
the center of H\{0}, i.e. R\{0}. This homomorphism is also surjective as it
follows from the following two exercises.

Exercise.

A) Show that every element of SO(3) is a rotation about a straight line.

B) Show that if a € R3 is a pure imaginary quaternion, A€R and q = 1l+Aa,
then pq is a rotation about a and varying A we can obtain all rotations.

We conclude that SO(3) is isomorphic to the factorgroup H\{0}/R\{0}, but
cosets of R\{0} in H\{O} are in one to one correspondence with straight lines

through 0 in H, i.e. there is a natural bijection between SO(3) and the

projective space Gr(4,1).

The classification problem of n-dimensional manifolds can be formulated in
different levels. For each r we may consider the category of € -manifolds and
r-times differentiable mappings. The following two theorems show that the
classification problem of € -manifolds is the same problem for all 1 < r < .

Theoren. For r21, every maximal @r—compatible atlas contains a
@m—compatible atlas.

Theoren. It two @m—manifolds are @1—diffeomorphic, then they are

o
G -diffeomorphic.

None of the above theorems can be extended to @O—manifolds. There exist
topological manifolds which have no @1—compatible atlas, and there exist
homeomorphic but not diffeomorphic differentiable manifolds.

In 1956 J.W. Milnor constructed a differentiable manifold which is
homeomorphic to the 7-dimensional sphere but not diffeomorphic to it. Such

manifolds were given the name ”exotic spheres”. Later on an even more



surprising result was published by Milnor and Kervaire. There are exactly 28
mutually non-diffeomorphic differentiable structures on a topological
7-sphere. Since then many examples of topological manifolds having many
different differentiable structures have been obtained. One of the most
interesting constructions 1s due to Donaldson, who invented exotic
differentiable structures on R4.

We do not meet these problems in dimension two. The classification of
compact surfaces 1is the same up to homeomorphism and diffeomorphism. The
classification theorem of compact 2-dimensional manifolds gives a list of
non-diffeomorphic compact surfaces and asserts that every compact surface is
diffeomorphic to one of the surfaces in the 1list. The 1list of compact
surfaces contains as a matter of fact two lists. The first list contains the
orientable compact surfaces, the second contains the non-orientable ones.

Orientable compact surfaces. The simplest orientable closed surface is the
sphere 5% = {x e R |x| = 1}. The next example is the torus =gl
Cutting a small disc out of the torus, we get a surface with boundary, called
a handle. A typical orientable compact surface is a sphere with g handles. We
can obtain this surface if we cut g holes on the surface of the sphere and
glue a handle to each of them.

Non-orientable compact surfaces. The first member of this 1list 1is the
real projective plane. To wunderstand the topological structure of the
projective plane, let us cut the projective plane into two parts by a
hyperbola. The interior of the hyperbola has two components in the Euclidean
plane, but these components are glued together along a segment of the line at
infinity , so the interior 1s a topological disc. The exterior of the
hyperbola is a long infinite band in the Euclidean plane, the "ends” of which
are glued together along another segment of the line at infinity. One can see
that the ends of the band are glued together by a half twist so what we get
is a Mobius band. We conclude that the projective plane is the union of a
disc and a Mobius band glued together along their boundaries. A typical non-
orientable compact surface 1s a sphere with g Mobius bands. We obtain this
surface cutting g discs out of the sphere and gluing to the boundary of each
hole a Mobius band. Non-orientable compact surfaces can not be embedded into
the 3-dimensional Euclidean space, so although one can easily construct a
3-dimensional model of a Mobius band and that of a sphere with g holes, it is
impossible to glue the Mobius bands to the sphere in practice. If however we

could try this in a 4-dimensional space there would be no difficulty.



Further Exercises

Exercise 8-1. The configuration space of the pentagon (closed chain of five
rods in the plane) with one edge fixed is a compact surface (sometimes with

gingularities). What kind of surfaces can we obtain?

Exercise 8-2. Give an example of a set X with a @O—compatible atlas « on it
such that the topology induced on X by «# is (i) not Hausdorff; (ii) not

second countable.

Exercise 8-3. Show that the special unitary group
SU(n) = { A € G1(n,C) : A AS = I, det A=11}
is a Lie group, determine its dimension. Prove that SU(2) is diffeomorphic to

the 3-dimensional sphere S3.

Exercise 8-4. Which surface shall we get from the classification list if we

glue to the sphere k21 Mobius bands and 1 handles?

Exercise 8-5. Let P be a complex polynomial of degree k having k different
roots. Consider the subset of EZ defined by

M= {(z,w) €€ : z" = P(w)}.
Show that M is diffeomorphic to a sphere with g handles with N points

omitted. Express g and N in terms of k and 1.
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Unit 9. The Tangent Bundle

The tangent space of a submanifold of Rn, identification of tangent vectors
with derivations at a point, the abstract definition of tangent vectors, the

tangent bundle; the derivative of a smooth map.

The aim of this chapter is to give and reconcile different commonly used
definitions of a tangent vector to a manifold. Before passing over to the
abstract situation, we shall deal with submanifolds of Rn.

Definition. Smooth mappings ¢y :[a,b]l— M of an interval into a

differentiable manifold (M,d) are called smooth curves in the manifold.

Definition A. Let M be a differentiable manifold embedded in Rn, xO € M. A

vector v 1is called a tangent vector to M at X, if there is a smooth curve

x: [-e,e]—> M passing through X, = x(0) such that v = x’(0). The

is the set of all tangent vectors to M at x

tangent space Tx Mof M at x
0
Theorem. Let us suppose that a k-dimensional manifold M embedded in R” is

= =E =0,

0 0

given in a neighborhood U of x. € M by a system of equalities f

0

where fl""’fn—k are smooth functions on U such that the vectors grad
fl(xo),...,grad fn_k(xo) are linearly independent at X Then the tangent
space of M at X, consists of the vectors orthogonal to grad fl(xO)""’
grad fn_k(xo).

Corollary. The tangent space of a k-dimensional submanifold of R" is a
k-dimensional linear subspace of R".

Proof. If x:[-g,e]— R" is a smooth curve having coordinate functions

Xl""’Xn and lying on M, then we have
fo(x, (t),...,x (t)) =0 i=1,...,nk
i1 n
for each t € [-g,e]. Differentiating by t we get
a fi a fi
(x(0))x; (0) + ... + (x(0))x’(0) =0
0 X1 1 0 Xn n

which means that the vectors grad fi(x(O)) and x’ (0) are orthogonal.
Now let wus prove that if a vector v 1is orthogonal to the vectors

grad fi(xo), 1 < i € n-k, then v is a tangent vector.

Let us take a smooth local parameterization F:Rk——> M ¢ R" of M around the

point x .. The curve tr— F(F_l(xo) + ty), where y € Rk fixed, is a curve on M

0



passing through x The speed vector of this curve for t = 0 is

0
aF -1 aF -1
K(F (XO) )y1 + ... + E(F (XO) )yk,
where Yir---»Y, are the coordinates of y. By the construction of local
parameterizations of embedded manifolds, FF'is a restriction of a

diffeomorphism between open subsets of R" onto Rk, consequently, the vectors
aF

5—;—(F_1(x0)) are linearly independent. We conclude, that the tangent space
i

is contained in the Kk-dimensional linear subspace orthogonal to grad

fl(xo),...,grad fn_k(xo) and contains the k-dimensional linear subspace
spanned by the vectors g i (F_l(xo)) 1 € 1 € k, which means that both linear
i

subspaces colnclde with the tangent space.l
The definition of tangent vectors can also be given in intrinsic terms,
independent of the embedding of M into R".

Let us define an equivalence relation on the set

CuwweM,p) = {y:[-e,e]l— M : y(0) = p },
consisting of curves passing through p € M, by calling two curves AR €
Gwwe(M,p) equivalent if (xoyl)’(O) = (xoyz)’(O) for some chart x around p.
Then this condition is true for any chart (prove this!).

Definition B. A tangent vector to a manifold M at the point p € M is an

equivalence class of curves belonging to Gwwe(M,p). The set of equivalence

classes is called the tangent space of M at p and denoted by TpM.

Given a chart x around p, we can establish a one-to-one correspondence
between the equivalence classes and points of Rm, (m = dim M), assigning to
the equivalence class of a curve y € Gwwe(M,p) the vector (xey)’ (0) € R".
With the help of this identification, we can introduce a vector space
structure on the tangent space, not depending on the choice of the chart.

For embedded manifolds definition B agrees with definition A. The
advantage of definition B lies in the fact that it is applicable also for
abstract manifolds, not embedded anywhere.

Definition. If x = (Xl""’Xm) is a chart on the manifold M around the
point p, ¥y € Buwwe(M,p), then the numbers (Xloy)’(O) e (Xmoy)’(O) are

called the components of the tangent vector represented by Y with

respect to the chart x.

The main difficulty of defining tangent vectors to a manifold is due to
the fact that an abstract manifold might not be embedded into a fixed finite

dimensional linear space. Nevertheless, there is a universal embedding of



each differentiable manifold into an infinite dimensional linear space.

Let us denote by F (M) the linear vector space of smooth functions on M,
and by g° (M) the dual space of F (M) that is the space of linear functions
on ¥ (M), and consider the embedding ¢ of M into g° (M) defined by the

formula

[e(p)](f) = f(p), where p € M, f € ¥ (M).
Having embedded the manifold M into ?* (M), we can define tangent vectors to
M to be elements of the linear space g (M).
Definition. Let M be a differentiable manifold, p € M. We say that a
linear function D € ?* (M) defined on smooth functions on M is a

derivation at the point p if the equality

D(fg) = D(f)g(p) + f(p)D(g)
holds for every f,g € ¥ (M).
Each curve y € Guwwe(M,p) defines a derivation at the point p by the
Dy’(O)(f) = (foy)’ (0), where f € ¥ (M). Dy’(O) is the speed vector
of the curve tey in ¥ (M). Since two curves define the same derivation iff

formula

they are equivalent, there 1is a one-to-one correspondence between the

equivalence classes of curves and the derivations obtained as Dy’(O) for some
7.

Definition C. A tangent vector to a manifold M at the point p € M is a
derivation of the form Dy’(O)’ where y € Guwwe(M,p).

The tangent space TpM of M at the point p is the set of derivations Dy’(O)
along curves in M passing through p = y (0).

Theorem. The tangent space to a differentiable manifold M at the point p €
M coincides with the space of derivations on ¥ (m) at p, which is a linear
space having the same dimension as M has.

Lemma 1. If f € ¥ (M) is a constant function and D is a derivation at a
point p € M, then D(f) = O.

Proof. Because of linearity, it is enough to show that D(1)=0, where 1 is

the constant 1 function on M. But we have

D(1) = D(1 1) =D(1) 1(p) + 1(p) D(1) = 2 D(1). I



Lemma 2. If two functions f,g € M coincide on a neighborhood U of p € M

and D is a derivation at p then D(f) = D(g).

Proof.

Sublemma. If x € R" and B(x,e) is a fixed open ball about it, then there
exists a smooth function h:R'—> R such that h(y) is equal to 1 if y e
B(x,e/2), positive if y € B(x,e) and zero if y £ B(x,¢).

Define the function h_. of the real variable t by the formula

0
2.-1
-(1-t7) ~.
ho(t) _ if t e (-1,1)
0 otherwise.

It is a good exercise to prove that hO is a smooth function on R. Set
hl(y) = h0(4HyH /e), let y denote the characteristic function of the ball
B(x,3e/4), and define the function h2 as follows

h,(y) := [ x(2)h (y-z)dz.
-

If we put h(y) = h2(y)/h2(x) then we get a desirable function.
Now let us prove the lemma. Using the construction above we can define a
smooth function h on M which is zero outside U and such that h(p) = 1. In

this case h(f-g) is the constant O function on M. Thus we have

0 = D(0) = D(h(f-g)) = D(h) (f(p)-g(p)) + h(p) D(f-g) = D(f) - D(g).l
Remarks.
i) The sublemma shows that the mapping t¢:M—> 47 (M) above is indeed an
inclusion. If p # q are distinct points of M, then there is a smooth function

h on M such that

[¢(p)](h) = h(p) =1 # [c(g)l(h) = h(g) = 0.

ii) We can extend a derivation D at a point p on functions f defined only
in a neighborhood U of p by taking a smooth function h on M such that h is
zero outside U and constant 1 in a neighborhood of p and putting D(f) :=
D(f), where

F(x) = {f(x)h(x) for x €U
0 for x £ U.

By lemma 2 this extension of D is correctly defined.

Lemma 3. Let f:B—> R be a smooth function defined on an open ball B < R

around the origin. Then there exist smooth functions g; 1< i<n on B such that

n
f(x) = f(0) + 2 x,g.(x) for x = (x,,...,x. ) € B
. i®1 1 n
i=1
and
af
gi(O) = 5—;—(0).
i



Proof. Since

1 d f(tx) 1 n 8
f) - £00) = [ ——at = [ £x 2L () at =
. id x.
0 dt 0 i=1 i
1 1
o 8 f 8 f
_i§1xij 3 Xi(tx) dt, we may take gi(x) = g—gz(tx) dat. |
B 0 0
Now we are ready to prove the theorem.
Let us take a differentiable manifold (M,«) and a chart x = (Xl,...,xn)eﬂ

defined in a neighborhood of p € M.
Define the derivations ai(p) as follows

3 fox |
[ai(p)](f) 1= 5% (x(p)).

i
We prove that the derivations ai(p) form a basis in the space of derivations

at p. They are linearly independent since if we have

n
.Z aiai(p) = 0,
i=1
then applying this derivation to the j-th coordinate function x., we get
n a Xj J
.§ « 3 X.(x(p)) = “j = 0.
i=1 i
On the other hand, if D is an arbitrary derivation at p, then we have
n
D = X D(x,)d.(p).
. i1
i=1

Indeed, let f € ¥ (M) be an arbitrary smooth function on M and apply lemma 3
to fox_1 around x(p). We obtain functions g; defined around x(p) such that
n a fox_1
f=1£f(p) +2Z (xi—xi(p))giox and gi(x(p)) = 3= (x(p))

i=1 8 i

In this case however we have

n

D(f) = D(f(p)) +i§1 D((Xi—xi(p))) gi(x(p)) + (Xi(p)—xi(p)) D(giox) =
n 0 fox_1 n

.Z D(Xi) —5—;7— (X(p)) = .Z D(Xi) [ai(p)](f).

i=1 i i=1

To finish the proof, we only have to show that every derivation at the

point p can be obtained as a speed vector of a curve passing through p.

Define the curve y :[-g,e]—> M by the formula
-1
y (t) := x " (x(p) + (tal,...,tan)).

n
Then obviously the speed vector ¢ ’(0) is just Z o, aax
i=1 i

). |



The tangent bundle

The union of the tangent spaces of M at the various points, UTM, has a
peM
natural differentiable manifold structure, the dimension of which is twice

the dimension of M.

This manifold is called the tangent bundle of M and is denoted by TM. A

point of this manifold is a vector D, tangent to M at some point p. Local
coordinates on TM are constructed as follows. Let x = (Xl""’Xn) be a chart
on M the domain U of which contains p, and D(Xl),...,D(Xn) be the components

of D in the basis ai(p). Then the mapping

DF—>(Xl(p),...,Xn(p),D(Xl),...,D(Xn))
give a local coordinate system on U TpM < TM. The set of all local
peU

coordinate systems constructed this way forms a @m—compatible atlas on TM,
that turns TM into a differentiable manifold.

Exercise. Check the last statement.

The mapping m :TM— M which takes a tangent vector D to the point p € M

at which the vector 1s tangent to M is called the natural projection. The

inverse image of a point p € M under the natural projection is the tangent

space TpM. This space 1s called the fiber of the tangent bundle over

the point p.

The derivative of a map

Definition. Let f:M— N be a smooth mapping between the
differentiable manifolds (M,«4) , (N,B),and let p € M. The derivative of f at
the point p is the linear map of the tangent spaces fé : TpM — Tf(p)N’
which is given in the following way.

Let D € TpM and consider a curve y :[-g,e]— M with y(0)= p, and speed
vector D. Then fé(D) is the tangent vector represented by the curve foy.

Proposition. The derivative fé is correctly defined (does not depend on
the choice of y) and is linear.

Proof. We derive a formula for fé using local coordinates which will show
both parts of the proposition clearly.

Let x = (Xl""’Xm) and y = (yl,...,yn) be local coordinates in a

neighborhood of p € M and f(p) € N respectively.



If the components of D in the basis ai(p) corresponding to the chart x are
{ @, : 1 <1i<m } then we have (Xioy)’(O) = «,. Observe, that «, depends
only on D. The components { Bj :1 < j<n} of fé(D) in the basis aj(f(p))
generated by the chart y can be computed by the formula Bj = (ijfoy)’(O).

Denote by %j the j-th coordinate function of the mapping yOfox_l, i.e.
~ -1
f.=y.,ofox ".
J yJ

Then we have

= ofoy)? = oo_loo’ :Noo ’ =
Bj = (yj foy)’ (0) [(yj fox “)oxoyl]’ (0) [fj (xoy)]1’ (0)
m 34 %j m 34 %j
:.Z R (X(p))(XiOW)’(O) = .Z 3% (x(p))ai,
i=1 i i=1 1

which shows that f’ (D) depends only on D and that f’ is a linear mapping the

matrix of which in the bases {ai(p)} and {5j(f(p))} is

8 f,
—J (x(p))

a Xl 1<i<m'l

1<j<n



Unit 10. The Lie Algebra of Vector Fields

Vector flelds and ordinary differential equations; basic results of the
theory of ordinary differential equations (without proof); the Lie algebra of
vector filelds and the geometric meaning of Lie bracket, commuting vector

fields, Lie algebra of a Lie group.

Definition. A smooth vector field X over a differentiable manifold M is a

smooth mapping of M into its tangent bundle, such that X(p) € TpM for each
p €M.
Obviously, smooth vector fields over M form a real vector space with

respect to the operations

(X + Y)(p) := X(p) + Y(p), (A X)(p) := A X(p),
where X, Y are vector fields, A € R, p € M. We can multiply vector fields by

smooth functions as well, by the rule

(f X)(p) := f(p) X(p).
We denote by X(M) the vector space of smooth vector fields.

Associated to a local coordinate system x = (Xl""’Xn) on M, there is a

basis of TpM at each p € dom x, formed by the tangent vectors {ai(p): 1<i<n}.

The mapping ai:p —> ai(p) gives a local smooth vector field in the domain of
the chart for each i. Thus, every smooth vector field X can be written in the

form
n
X =22 X, d.,
. i i
i=1
where the Xi—s are smooth functions on the domain of x. The functions Xi are

called the components of the vector field X.
Given a smooth vector field X on a manifold M, we may pose the following
problem. Find those smooth curves y :(a,b)— M on M for which the speed of y

at t € (a,b) is X(y(t)). Such curves are called the integral curves of the

vector fileld. Obviously, a restriction of an integral curve onto a
subinterval is also an integral curve, therefore, it is enough to look for

the maximal integral curves which can not be extended to an integral curve

defined on a larger interval.



Trying to solve the problem, we find that it reduces to an ordinary
differential equation of first order. Indeed, ¥ 1is an integral curve if and

only if for each chart x = (x .,Xn), the ”vector-valued” function

1
f = xoy :(a,b)—> R

satisfles the differential equation

£ (1) = (X ox of(t), ..., X _ox Tof(1)).

Actually, finding integral curves of a vector field is the same problem as
solving an ordinary differential equation, only the language of formulation
is different. Translating the basic results of the theory of ordinary
differential equations into the language of geometry we get the following

theorems, we mention without proof.

Theorem.

i) (Existence and uniqueness of solutions). Let X be a smooth vector field on
a differentiable manifold M. Then for each point p € M there exists a unique
maximal integral curve 7p: (a,b)—> M of the vector field X such that
0 € (a,b) and 7p(0) = p (a and b might be -® and ® respectively).

ii) (straightening vector fields). Let X be an arbitrary vector field on a
manifold M and p € M such that X(p)#0. Then there exists a chart
X =(X1,...,Xn) around p for which X = 61. This means that the derivative of
the mapping x turns the vector flield X into a constant vector field on R".

iii) (Unboundedness of solutions). If a (or b) finite then no compact
subset of M contains the image 7p((a,0)) (or 7p((0,b)) ).

iv) (differentiable dependence on the initial point). Let us define the

set Ut < Mfor t € R as follows

Ut ={peM: t e dom 7p}.
Then Ut is an open subset of M and the mapping Ht:Ut——é M defined by
and U_

Ht(p) = yp(t) is a diffeomorphism between U If, furthermore, the

t t
expression Ht (Ht (p)) is defined, then so is Ht ot (p) and Ht (Ht (p)) =
1 2 1 2 1 2
He ot (p). The family {Ht:t € R } is called the one-parameter family

1 72
of diffeomorphisms or the flow generated by the vector field.

THE LIE ALGEBRA OF VECTOR FIELDS

Since tangent vectors to a manifold at a point are identified with

derivations at the point, vector fields can be considered to be differential



operators assigning to a smooth function another smooth function by the

formula

[X (£)]1(p) = [X(p)](f), where X € X(M), f € F(M), p € M.
In this sense, a vector field X is a linear mapping X:¥M)— %F(M),

satisfying the ”Leibniz’ rule”

X(fg) = X(f)g + £X(g).

Definition. Let A and B be two linear endomorphisms of a vector space V.
Then the linear mapping [A,B] = A ¢ B - B o A is called the commutator of
them.

Proposition. The commutator of linear mappings satisfies the following

identities (A,B,C € &nd((V), A € R)

i) [A+B,C] = [A,C]+[B,C] [C,A+B] = [C,Al+I[C,B]
[AA,B] = [A,AB] = A[A,B] (bilinearity)
ii) [A,B] = -[B, Al (anti-commutation)
iii) [A, [B,Cl]+I[B, [C,A]l]l+I[C, [A,B]]=0 (Jacobi identity)

Proof. We prove only iii), the rest is left to the reader.

(A, [B,C]l]+I[B, [C,A]]+[C, [A,B]] =

[A, (BeC-CoB)]1+[B, (CoA-A°C)]+[C, (AeB-BeA)] =
Ao (BoC-CoB)-(BoC-CeB)oA + Bo(CoA-AoC) -
—(CoA-AoC)oB + Co(A°oB-BoA)-(A°B-BeoA)oC =

= AoBoC - AoCoB - BoCoA + CoBoA +

+BoCoA — BoAoC — CoAoB + AocCoB +
+CoAoB — CoBoA — AocBoC + BeAoC =
=0 j
Definition. Let wus suppose that a linear space L 1s endowed with a
bilinear mapping [ , ]:LxL— L satisfying conditions i), ii), and iii) of
the above proposition. Then the pair (L ,[,]) is called a Lie algebra.
Proposition. Let X and Y be two smooth vector fields on a manifold M.
Considering them to be linear endomorphisms of the vector space of smooth
functions #(M), the commutator [X,Y] of them is also a vector field.
Proof. The commutator [X,Y] is a linear endomorphism of (M) so we only

F
have to check that it satisfies the Leibniz’ rule. For f,g € $(M) we have

[X,Y](fg) (XoY-YoX) (fg) = X(Y(fg))-Y(X(fg)) =

X (Y(f)g + fY(g) ) + Y( X(f)g + fX(g) )



XoY(f)g + Y(£)X(g) + X(f)Y(g) + fXo¥Y(g) -YoX(flg - X(f)Y(g) -

- Y(£)X(g) - fYoX(g) =

[X,YI(f)g + £1XY1(g). |}

Corollary. The commutator of vector fields, which is generally called the
Lie bracket of them, is a binary operation on X(M), giving the space of
vector fields a Lie algebra structure.

Proposition. Let us choose a local coordinate system (x ..,Xn) on M and

1
denote by 61,...,6n the associated coordinate vector fields. Then we have
i) [8.,8.]1 = 0;
N
ii) [fX,gY] = fglX,Y] + fX(g)Y - gY(f)X for each X,Y € ¥(M), f,g € F(M);
n n
iii) if X =¥ f.8, , Y =% g.d, are arbitrary vector fields,
. i’i . i’i
i=1 i=1
then
n n n a g; a fi
XYl = = (X(g)-Y(f))s, = = (= r. E

- g, .
i=1 i=1 =1 J 9%y T oxg
Proof. i) The first part of the proposition is equivalent to Young’s

theorem, (known from multivariable calculus), which says that for any smooth

function, defined on an open subset of Rn, the mixed partial derivatives
62f an 62
0%, 0%, 9% .0x%.
i™] ji
ii) Let h be an arbitrary smooth function on M, and apply the operator
[fX, gY¥] to it.
[fX, gY¥] (h) fX(g Y(h))-gY(fX(h)) = fX(g)Y(h)+fgX(Y(h))- gY(f)X(h)- gfY(X(h))

fglX, Y] + fX(g)Y - gY(f)X](h).

are equal.

iii) Using i) and ii) we get

n n n n
X,vl = £ f8,, = go.|= = = I[fd,g.8.]=
i=1 j=1 JJ i=1 j=1 JJ
n n n
= £ $f.08,.(g.)8, -g.8.(f)8, = = (X(g,) -y, Na,. |
i=1 jzl 1 1 J J J J 1 1 i=1 1 1 1

Suppose that we are given two vector fields X and Y on an open subset of

R". The corresponding flows HS and G, do not commute 1in general: HSOG #G oHS.

t t ot

To measure the lack of commutation of the flows HS and Gt’ we consider the

difference

d(s,t;p) = GtOHS(p) - HSOGt(p), for a fixed point p.



® is a differentiable function of s and t and it is O if t or s is zero. This

means, that in the Taylor expansion of & around (0,0;p)

3(s, t;p) = ¢(0,0;p)+[s 82 o)+t 22 (o,o;p)] +
2 2 2 2 2
s 349 a9 t- 379 2.2
[—z— > (0,0;p) + st 55t (0,0;p) + - 5 (0,0,p)] + o(s™+t™)
d s > at

the only non-zero partial derivative is 359t (0,0;p).

Claim. Through the natural identification of the tangent space of R” at P

2
with the vectors of Rn, the vector %E%E (0,0;p) corresponds to the tangent
vector [X,Y](p).
n n
Proof. Put X = X fiai , Y =2 giai, where ai denotes the vector field
i=1 i=1
3 62
5;; . Let us compute first the vector J5t HsoGt(p) at s =t = 0.
We have |=2= H_oG (p)|(0,t) = |22= (s)] (0, ) = X(G, (p))
3 s g0t P Y T G 7Gt(p) R &
Differentiating by t,
8° d 2
350t HSOGt(p) s=t=0 = qt X(Gt(p))‘tzo = iil[Y(fi)ai](p).

A similar computation shows that

62

n
555{ GtoHS(p) s=t=0 = iil[X(gi)ai](p).

Subtracting these equalities we get

8%% o
saat (0:0;p) = [ iEl(x(gi) - Y(fi))ai](p) = [X,Y1(p). |}

Now returning to the Taylor expansion of &, we see that

2
8(s, t;p) = st 22 (0,05p) + o(s™+t%) = stIX,YI(p) + o(s”+t")

In particular, we obtain the following expression for [X,Y](p).

2
[X,Y](p) = lim (G, oH, (p) - H, oG, (p))/t".
t=0 t 't t 't

Definition. We say that two vector fields are commuting if their Lie
bracket is the zero vector field.

Theorem. Let {Ht :t €eR } and {Gt : t € R } be the one-parameter families



of diffeomorphisms generated by the vector fields X and Y respectively and
suppose that the vector filelds X and Y are commuting. Then the

diffeomorphisms HS and G, are commuting as well in the following sense.

t
For each point p of the manifold there exists a positive € (depending on
p) such that for any pair of real numbers s,t satisfying the inequality
|s| + |t| < e the expressions H (G (p)) and G (H (p)) are defined and
coincide: Hs(Gt(p)) = Gt(Hs(p))'
Proof. If both X and Y vanishes at p then HS(p) = Gt(p) = p for any s and

t and thus the assertion holds trivially. We may thus suppose that one of the
vectors X(p), Y(p), say X(p) is not zero. By the theorem on straightening

vector fields we may suppose that the manifold is an open subset of Rn, with

coordinates (Xl""’Xn)’ and the vector field X coincides with the basis
n

vector field 61 Llet Y =X giai be the splitting of Y into a linear
i=1

combination of the basis vector fields 61. By the formula for the Lie bracket

of vector fields we have

n & g; a g;
0= 1[XY] = = 3. = =0 for each 1i.
. g x i 4 x
i=1 1 1
Consequently, the functions g; do not depend on Xy thus the vector field
Y is invariant under translations parallel to the vector e1:(1,0,...,0). This

implies that if ¥ is an integral curve of the vector field Y then so is

¥y o+ te1 for any t (the domain of y + te1 is an open subset of the domain of
7). On the other hand, the diffeomorphism Ht is Jjust a translation by the
vector tel. So, for small s and t, we have

Gt(Hs(p)) = Gt(p + sel) = yp N Se1(t) = (Wp + sel)(t) = yp(t) + se, =

G, (p) + se, = H_(G, (p)). |

THE LIE ALGEBRA OF A LIE GROUP

Let F:M— N be a diffeomorphism between two manifolds. F’ defines a
bijection between X(M) and X(N), and this bijection is a Lie algebra
isomorphism.

Let G be a Lie group, g € G. Denote by Lg the left translation by g, i.e.,

L:G— G, L (h) = gh. L 1is a diffeomorphism, its inverse is L . A

g g g (g_l)

vector field X€X(G) is called left invariant if Lg’(X) = X for all g € G.

Since L "(X) = X and L *(Y) = Y implies L ’I[X,Y] = [L *(X),L *(Y)] = [X,YI],
g g g g g

left invariant vector fields form a Lie subalgebra of X(G).



Definition. The Lie algebra of left invariant vector fields of a Lie group

is called the Lie algebra of the Lie group.

If X€X(G) is left invariant, then X(g)=Lg’(X(e)), thus, a left invariant
vector field is uniquely determined by the vector X(e) e TeG. (e is the unit
element of the group G.) Since every vector in TeG extends to a left
invariant vector field this way, the assignment XrF>X(e) yields a linear
isomorphism between the vector space of left invariant vector fields on G and
TeG' As a consequence, we obtain that the Lie algebra of a Lie group 1is

finite dimensional, its dimension is the same as that of the Lie group.

As an example, let us determine the Lie algebra of Gl(n,R). Gl(n,R) is an
2
open subset in Mat(n,R) & R , so0 1its manifold structure is given by one

chart, the embedding. Tangent spaces at different points can be identified
with the linear space Mat(n,R). For A € Gl(n,R), the left translation M+ AM
extends to a linear transformation of the whole linear space Mat(n,R). The
derivative of a linear transformation of a linear space 1s the linear
transformation itself, if we identify the tangent spaces at different points
with the linear space, so a left invariant vector field X:Gl(n,R)— Mat(n,R)
has the form X(A) = AM, where M € Mat(n,R) is a fixed matrix.

The integral curves of a left invariant vector field on Gl(n,R) can be
described with the help of the exponential function for matrices. If M is an

arbitrary square matrix, then we define eM as the sum

0
]
]
n=o ™
If we define the curve 7A:R——> Gl(n,R) by
7,(t) = A eMt,
then we obtain an integral curve of the vector field X(A) = AM. Indeed,
Mt Mt

7A’(t) = Ae M = X(Ae'7) = X(yA(t)).
The flow generated by the left invariant vector field X consists of the

diffeomorphisms
Mt
Ht(A) = Ae 7,

that is, Ht is a right translation by eMt.

Now let us take two left invariant vector fields X(A)=AM and Y(A)=AN and

consider the flows Ht and Gt generated by them.



Computing GtOHt(A)—HtOGt(A) up to o(tz), we get

Mt Nt Nt Mt 1 1
e -e e

G, oH, (A)-H, oG, (A) = Ale ) = ACIME+Z (ME) ™) (T+NE+5 (NE) )

-ACLNERE (NE)P) (T2 (D)%) o (£7)=
ACMN-NM) £ %+0 (7).
We obtain, that the Lie algebra of Gl(n,R) is isomorphic to the Lie

algebra of all matrices with Lie bracket [M,N] = MN-NM.

Further Exercises

Exercise 10-1. Let 61 and 62 be the two coordinate vector fields on R
determined by the identity mapping. Describe the vector fields
X(Xl’xz) = X161+X262

Y(Xl’xz) = X261—x162,

compute their Lie bracket, and determine the flows generated by them.

Exercise 10-2. Show that the Lie algebra of SO(n) is isomorphic to the Lie

algebra of skew-symmetric nxn matrices with Lie bracket [X,Y]=XY-YX.

Exercise 10-3. Show that R3 endowed with the cross-product x 1is a

3-dimensional Lie algebra isomorphic to the Lie algebra of S0(3).

Exercise 10-4. For v € R3, let Xv denote the vector field on R3, defined by
X (x) = v x x.
Y

Describe the flow generated by Xv’ and prove that

X ,X 1 =-X__.
v iw VxW

Exercise 10-5. Show that the Lie algebra of left invariant vector fields on a

Lie group is isomorphic to the Lie algebra of right invariant vector fields.



Unit 11. Differentiation of Vector Fields

Affine connection at a point, global affine connection, Christoffel symbols,
covariant derivation of vector fields along a curve, parallel vector fields
and parallel translation, symmetric connections, Riemannian manifolds,
compatibility with a Riemannian metric, the fundamental theorem of Riemannian

geometry, Levi-Civita connection.

Although there is a natural way to differentiate a smooth function defined
on a manifold with respect to a tangent vector, there is no natural way to
differentiate vector fields. In fact, there are lot of possible rules for
differentiating vector fields with respect to a tangent vector, and to choose
one of them, (the most appropriate one), the differentiable manifold
structure alone is not enough. A fixed rule for the differentiation of vector
fields is itself an additional structure on the manifold, called an affine
connection. Later we shall see that on Riemannian manifolds i.e. on manifolds
the tangent spaces of which are equipped with a dot product we can introduce
differentiation of vector fields in a natural way. A precise formulation of
this statement is the ”fundamental theorem of Riemannian geometry”.

As far as only vector fields on an open domain of R” are considered, the
following definition seems to be quite natural.

Definition. The derivative of a smooth vector field X on an open subset U

in R" with respect to a tangent vector Y € TpRn is defined by

\Y % X = (Xey)’ (0)

where y :[-g£.e]— U is any smooth curve such that ¥(0) = p and y ’(0) = Y.

We see that

n
v y X :i§1 Y(Xi) ai(p) , (%)
where ai denotes the i-th coordinate vector field on Rn, Xi are the

components of the vector field X. In particular, the value of VYX does not
depend on the choice of 7.
It is easy to check that differentiation of vector fields has the

following properties.



V(Y Ly )X = VY X + VY X (1)
1 2 1 2
VCY X =c VYX (2)
VY(X1+X2) = VYX1 + VYXZ (3)
VY( fX)=Y(f) X+ f VYX (4)
Ve X, = Ve X = [X1’X2] (torsion free property) (5)
1 2
Y(<X ,X >) = <V X ,X >#<X ,V. X > (agreement with the metric) (6)
1’2 Y 17 2 17 Y 2
where X ,X_ € IRM, Ye TR, fe¥ (RY, c eR

Now we shall study the general case. Let M be a smooth manifold. As we
mentioned, there is no natural rule for derivation of vector fields on M, so
we introduce such rules axiomatically, as operations satisfying some of the
properties (1-6).

Definition. An affine connection at a point p € M is a mapping which

assigns to each tangent vector Y € TpM and each vector field X € X(M) a new

tangent vector V X € TpM called the covariant derivative of X with respect to

Y
Y and satisfies the following identities

V(Y Ly )X = VY X + VY X (1)
1 2 1 2
VCY X =c VYX (2)
VY(X1+X2) = VYX1 + VYX2 (3)
VY( fX)=Y({) X+ fip) VYX (4)

where X ,X € ¥(M), Y,Y ,Y € TM, fe% (M), c €R.
1’72 1’ 2 p

Definition. A global affine connection (or briefly a connection) on M is a

mapping which assigns to two smooth vector fields Y and X a new one VYX

called the covarilant derivative of the vector field X with respect to the

vector field Y, having the following properties

V(Y Ly )X = VY X + VY X (17)
1 2 1 2
VCY X =c VYX (27)
VY(X1+X2) = VX VX (3)
VY( fX)=Y({) X+ f VYX (4)



where X1’X2’Y’Y1’Y2 €e X(M), f,c e F (M).
Lemma. For a global affine connection V, X,Y € X(M), p € M, the tangent

vector (VYX)(p) depends only on the behavior of X and Y in an open
neighborhood of p.
Proof. Let us suppose that the vector fields X, and X, coincide on an open

1 2
neighborhood U of p. Choose a smooth function h € F(M) which is zero outside

U and constant 1 on a neighborhood of p. Then we have h(Xl_XZ) = 0,

consequently
0= VY(h(Xl_XZ)) = th(Xl—X2)+Y(h)(X1—X2).
Computing the right hand side at p we get
0= (VYX1)(p) - (VYXZ)(p).

Similarly, if the vector fields Y1 and Y2 coincide on an open neighborhood

U of p and h is chosen as above, then we have

0= h(Yl_YZ)X = vh(Y _y )X = hVY X - hVY X,
1 2 1 2

which yields (V, X)(p) - (Y, X)(p). |
1 2
The lemma shows that an affine connection can be restricted onto any open

subset and can be recovered from its restrictions onto the elements of an

open cover.

Let Xl""’Xn be local coordinates defined on an open subset U of M and
a, = —Q—, ,0 = 9 be the corresponding basis vector fields on U. Given an
1 6X1 n axn

affine connection V on M, we can express the vector field V

d. as a linear
8.J

i
combination of the basis vector fields

The components F?i are smooth functions called Christoffel symbols.

Proposition. The restriction of an affine connection onto an open
coordinate neighborhood U is uniquely determined by the Christoffel symbols.
Any n3 smooth functions F?i on U may be Christoffel symbols for an

appropriate affine connection on U.

n n

Proof. Let X = X Xi 61, Y =2 Y, 8. be two smooth vector fields on U.
i=1 j=1

Then by the properties of affine connections V

YX can be computed as follows



n n n
VX =V [ 2 X, 0 ] = X Y.V [ = X, 0 ] =
Y [ n ] j=1 101 =1 J aj j=1 101
> Y. 4
j=1 J J
n n
= = > Y, [6.(X.)6. + X,V 6.] =
i=1 j=1 J J 171 i aj i
n n n K
= = = [Y. 8.(X,)3, +X,Y, £ T,. 9 ] =
i=1 j=1 J 171 175 o 1) k

n n n Kk
s [Y(Xk) +T T XY, ri.] 8 -
k=1 i=1 j=1 *+J Y

This formula shows that the knowledge of the Christoffel symbols enables us
to compute the covariant derivative of any vector field with respect to any
other one. On the other hand, if F?j is an arbitrary smooth function on U for
1 €1, j,k € n, then defining the covariant derivative of a vector field by

the above formula, we obtain an affine connection on U. I

Observe, that in fact, the tangent vector (VYX)(p) depends only on the
vector Y(p), so a global affine connection on a manifold defines an affine
connection at each of its points. Furthermore, we do not need to know the
vector field X everywhere on U to compute (VYX)(p). It is enough to know X at
the points of a curve y [-g,e]— M such that y(0) = p, 7 > (0)=Y(p).

Definition. Let y:[a,b]—> M be a smooth curve in M. A smooth vector field

X along the curve ¥y is a smooth mapping X:[a,b]l—> TM which assigns to each

t € [a,b] a tangent vector X(t) e Ty(t)M'

Now suppose that M is provided with an affine connection. Then any vector

field X along ¢y determines a new vector field g% along 7y <called the

covariant derivative of X. In terms of local coordinates, if 61,...,6n are

the basis vector fields determined by a chart and the functions Xi:[a,b]——> R

and Yi:[a,b]——> R assign to t € [a,b] the components of the vectors X(y(t))

and Dy’(t) in the basis 61(7(t)),..., an(y(p)), then g% is defined as follows
DX n n n K
Gt (v) := = [Xk’(r) +3 = Xi(r)Yj(r) Fij(y(r))] ak(y(r)).
k=1 i=1 j=1

Definition. A vector field X along a curve % 1s said to be a

parallel vector field if the covariant derivative g% is identically =zero.




Proposition. Given a curve y and a tangent vector X_  at the point y(0),

0
there is a unique parallel vector field X along y which extends XO'
Proof. The proposition follows from results on ordinary differential

equations. Using local coordinates, condition g% = 0 ylelds a system of
ordinary differential equations for the components of X

n n K
Xk’ + 2 = XiY' Fi.oy = 0.
i=1 j=1 +J Y
Since these equations are linear, the existence and uniqueness theorem for
linear differential equations guaranties that the solutions of this system of
differential equations are uniquely determined by the initial wvalues Xk(O)
and can be defined for all relevant values of t. I
The vector Xt = X(y(t)) 1is said to be obtained from XO by parallel

translation along 7.

Definition. A connection 1is called symmetric or torsion free if it

satisfles the identity

v,Y - V., X = [X,Y].

X Y
Applying this identity to the case X = 61, Y = aj, since [ai,aj] = 0 one
obtains the relation
< =r%.
ij ji
Conversely, 1if F?j = F?i then using the expression of covariant derivative

with the help of Christoffel symbols we get

VY - VX =

n n n Kk n n n k

= = [X(Yk) +T T VX, ri.] o, - = [Y(Xk) +T T XY, ri.] 8,
k=1 i=1 j=1 JoHJ k=1 i=1 j=1 JoHJ
n

= =z [X(Y ) - Y(X )] 3
o1 K k'] %k

= [X,Y].

There is a useful characterization of symmetry. Consilder a “parameterized
surface” in M that is a smooth mapping s:R— M from a rectangular domain R
of the plane RZ into M.

By a vector field X along s 1is meant a mapping which assigns to each
(x,y) € R a tangent vector X(x,y) € T

(X,y)M'

As examples, the two standard vector fields 3 x and 5§§ on the plane give



rise to vector fields Ts(ggg) and TS(EQ§) along s. These will be denoted
2

briefly by gz and g;. Here Ts: TR —> TM denotes the derivative of s.

For any smooth vector field X along s the covariant partial derivatives
%§ , g§ are new vector fields along s constructed as follows. For each fixed
Yor restricting X to the curve x+— S(X,yo) one obtains a vector field along

this curve. Its covariant derivative with respect to x 1s defined to be
D

55 (X,yo). This defines g§ along the entire parameterized surface s.

Proposition. A connection is symmetric if and only if

D s _ D OJs

8 x 8y 8y ox

for any parameterized surface s in M.

Proof. Let us choose a local coordinate system (Xl,.. .,Xn) on M. The
mapping s is given by n functions S. = X;°s. The vector field %5 has the form
n dJs,
8= 5 1 (00
Yy i=1 Yy

The partial covariant derivative of this vector fleld with respect to x is

equal to
n Js n 625 ds
% g—s = % [ > 6_1 (aios)] = X [ = aiOS + 6_1 %(aios)] =
Y i=1 ¢V i=1\ axay Y
n azsi n n n asi Jds . K
= = 9,05 + % [ 2% s g—i ;s ]akos.
i=1 8xady k=1 \i=1 j=1 ° Y J

This formula shows that interchanging the role of x and y we obtain the same

vector field for any s if and only if F?j = F?i. I
Roughly speaking, the torsion free condition halves the degree of freedom
in the choice of Christoffel symbols, a symmetric connection is uniquely
n(n+1)
2
of symmetric affine connections on a manifold is still infinite dimensional.

determined by n arbitrarily chosen functions, nevertheless, the space

We can reduce further the degree of freedom putting condition (6) on the
connection. This condition however does not make sense on an arbitrary
manifold, because dot product of tangent vectors at a given point is not
defined in general.

Definition. Let M be a differentiable manifold. Suppose that each tangent
space TpM of M is equipped with a positive definite symmetric bilinear form
<,>p so that for any two smooth vector fields X,Y:M— TM the function
M>p = <X(p),Y(p)>p is smooth. Then M together with this structure is a



Riemannian manifold, the system of bilinear forms on the tangent spaces is

the Riemannian metric on M.

Example. A hypersurface of R together with the first fundamental form is
a Riemannian manifold.

Definition. A connection V on M is compatible with the Riemannian metric
if parallel translation preserves inner products. In other words, for any
curve y and any palr X,Y of parallel vector filelds along ¥, the inner product
<X,Y> should be constant.

Lemma. Suppose that the connection is compatible with the metric. Let V,W

be any two vector fields along ¥. Then

d _ DV DW
ﬂ<V,w>—<dt,w>+<V,dt>.
Proof. Choose parallel vector fields Xl""’Xn along ¢y which are
orthonormal at one point of ¥ and hence at every point of ¥. Then the given
n n
fields V and W can be expressed as Z ViXi and X wiXi respectively (where
i=1 i=1
n
vi = <V , Xi> is a real valued function ). It follows that <V ,W> = Viwi
i=1
and that
DV ; dvi . DN _ ; dwi .
dt . t dt dt i
i=1 i=1
Therefore
n dv dw
DV DW _ i i _d
<E’w>+<v’ﬁ>_i§1[dtw1+vldt]__dt<v’w>'I

Corollary. An affine connection on a Riemannian manifold is compatible
with the metric if and only if for any vector fields Xl’ X2 on M and any
tangent vector Y € TpM we have

Y(<X1,X2>) = <VYX1,X2> + <X1,VYX2>.
Theorem. (Fundamental theorem of Riemannian geometry.) A Riemannian
manifold possesses one and only one symmetric connection which is compatible

with its metric.

Proof. Applying the compatibility condition to the baslis vector fields

ai,aj,a corresponding to a fixed chart on the manifold and setting

k,

< 5 = . . .
aj,ak gjk one obtains the identity



8, By = < Vg8, 8 >+ <a, Vb

i =jk 61 J k ai k
permuting i, j and k this gives three linear equations relating the three
quantities
< > < > < >,
va.aj R ak R va.ak R ai R Va ai R aj
i J k
(There are only three such quantities since V6 aj = Va 61 . ) These equations
1 J
can be solved uniquely; yielding the first Christoffel identity
1
< > = = _
vaiaj , Oy 5 (aigjk + ajgik akgij)
n
The left hand side of this identity is equal to X Fij g1y Multiplying by
1=1
the inverse (gkl) of the matrix (glk) this yields the second Christoffel
identity
n
1 _ kl
Iy = k§1 > (085 ¥ 9581 ~ 8y5) 8

Thus the connection is uniquely determined by the metric.

Conversely, defining Fij by this formula, one can verify that the
resulting connection 1is symmetric and compatible with the metric. This
completes the proof. I

The unique symmetric affine connection which is compatible with the metric

on a Riemannian manifold is called the Levi-Civita connection.

The connection V we introduced on open subsets of R” is Jjust the

Levi-Civita connection of R'.

Consider now a parameterized hypersurface r:Q— R". It is a Riemannian
manifold with respect to the first fundamental form. The basis vector fields
r. through suitable identifications are the same as the basis vector fields

ai corresponding to the chart r_l. Comparing the formulae
n-1
k

ar r. = ri. = X Fi. rk + hi' N
i J S & J
and
Kk 1 b
Ny =2 151 g (g5 5" 8151 7 85,1

proved in unit 7 with the formulae derived for the Levi-Civita connection we
may conclude that the Christoffel symbols of a hypersurface introduced
previously in wunit 7 are the Christoffel symbols of the Levi-Civita

connection of the hypersurface. Furthermore, denoting by V the Levi-Civita



connection of the hypersurface, we see that for tangential vector fields X,Y

ﬁYx is the tangential component of BYX.

VYX = 6YX - < 6YX , N>N

Further Exercises

Exercise 11-1. Show that if V and V are two affine connections on a manifold
M, then their difference S(X,Y) = VXY—exY is an ¥(M)-bilinear mapping.
(In other words, S is a tensor field of valency (1,2)). Conversely, the sum
of a connection and an ¥(M)-bilinear mapping S:X¥(M)xX(M)—X(M) 1is a
connection. (According to these statements, affine global connections form an

affine space over the linear space of (1,2)-tensor fields.)

Exercise 11-2. Show that the torsion T:¥(M)xX¥(M)— X(M) of a connection V
defined by

T(X,Y) = VXY - VYX - [X,Y]
is an F(M)-bilinear mapping (i.e., T is a tensor field).

Exercise 11-3. Show that if T is the torsion of an affine connection V the

V-T/2 is a symmetric connection.

Exercise 11-4. Check that the connection defined by the Christoffel symbols

n-1
kK _ 1 K1 )
T =2 151 g (g5 5" 8151 7 85,1

is symmetric and compatible with the metric.



Unit 12. Curvature

Curvature operator, curvature tensor, Bianchi identities, Riemann-Christoffel
tensor, symmetry properties of the Riemann-Christoffel tensor, sectional
curvature, Schur’s theorem, space forms, Ricci tensor, Ricci curvature,

scalar curvature, curvature tensor of a hypersurface.

If V is an affine connection on a manifold M, then we may consider the
operator
R(X,Y) = [VX,VY] - V[X’Y]:%(M)——> X (M),
where [VX,VY]:VXOVY—VYOVX is the usual commutator of operators. The mapping
that assigns to the vector fields X,Y the operator R(X,Y) is called the
curvature operator of the connection. The assignment
I(M)xX(M)xX(M)— X(M)

(X,Y,Z2)— R(X,Y)(2)

is called the curvature tensor of the connection. To reduce the number of

brackets, we shall denote R(X,Y)(Z) simply by R(X,Y;Z). Thus, the letter R is

used in two different meanings, later it will denote also a third mapping,
but the number of arguments of R makes always clear which meaning is
considered.

Proposition. The curvature tensor is linear over the ring of smooth
functions in each of its arguments, and it is skew symmetric in the first two
arguments.

Proof. Skew symmetry in the first two arguments is clear, since

R(X,Y) = [VX,VY] - V[X,Y] = —[VY,VX] + V[Y,X] = -R(Y,X).
According to this, it suffices to check linearity of the curvature tensor in

the first and third arguments.

Linearity in the first argument is proved by the following identities.

R(X, +X_.,Y) = [V ,V.,] -V = [V, +V, ,V.] - V =
1 "2 X1+X2 Y [X1+X2,Y] X1 X2 Y [Xl,Y]+[X2,Y]
= [VX ,VY] + [VX ,VY] - V[X R0 V[X R% = R(Xl,Y) + R(XZ,Y).
1 2 1 2

and

R(fX,Y;2) = ([VfX,VY] - v[fX,Y])(Z) = vavYZ_vY(vaZ)_vf[X,Y]—Y(f)X(Z) =
= fVXVYZ - fVYVXZ - Y(f)VXZ _fv[X,Y]Z + Y(f)VX(Z) =
= f(VXVYZ - VYVXZ - V[X,Y]Z) = f R(X,Y;2).



Additivity in the third argument is clear, since R(X,Y) is built up of

the additive operators V V., and their compositions. To have linearity, we

XY
need
R(X, Y5 £2) = VU (£2) = WV (£2) = V(o 1 (£2) =
= Uy (Y(£)ZHV 2) =V, (X(£)Z+V, 2) = [X, Y] (£)Z-AV [y 12 =
= XY(£)Z+Y (£IV Z+X (£)V, Z+EV, Y Z =YX (£)Z-X(£)V, 2-Y (£)V, Z~£V, V. 7~
SRY(£)ZHYR(£)Z = £V [y 42
= V2 = VWV, Z = Vi g2) = f R(X,Y;2). 1}

The proposition is a bit surprising, because the curvature tensor is built up
from covariant derivations, which are not linear operators over the ring of
smooth functions.

We have already introduced tensor fields over a hypersurface. We can
introduce tensor fields over a manifold in the same manner. A tensor field T

of type (k,2) is an assignment to every point p of a manifold M a tensor T(p)

of type (k,£) over the tangent space TpM. If 61,...,6n are the basis vector
fields defined by a chart over the domain of the chart, and we denote by
dxl(p), e, dxn(p) the dual basis of 61(p),...,6n(p), then a tensor field is
uniquely determined over the domain of the chart by the components
11 1 1
TJ_ 5 (p)=T(p)(dx ~(p),...,dx (p);aj (p),...,8j (p)).
17771 1 1

We say that the tensor field 1s smooth, if for any chart the functions
i
T_1 _k are smooth. We shall consider only smooth tensor fields.
J ...3
1 1

Tensors of valency (1,0) are the vector fields, tensors of valency (0,1)

are the differential 1-forms. Thus, a differential 1-form assigns to every

point of the manifold a linear function on the tangent space at that point.
Differential 1-forms form a module over the ring of smooth functions, which
we denote by Ql(M).

Every tensor field defines a multi-¥(M)-linear mapping

ol x. . xt MDxX %, xXM) — FM)

and conversely, every such multi-F(M)-linear mapping comes from a tensor
field. (Check this!) Therefore, tensor fields can be identified with multi-
F(M)-linear mappings Ql(M)X...XQl(M)X%(M)X...X%(M) — F(M).

Tensors of type (1,k), that is multi-F(M)-linear mappings

Q! Mxx M)x. . xX (M) — FO)

can be identified in a natural way with multi-%(M)-linear mappings

¥(M)x...xX(M) — X(M).



By this identification, R:X¥(M)x...xX¥(M) —> X(M) corresponds to
Rl M)x¥(M)x. . .x¥(M) — F(M), defined by ﬁ(w;xl,...,xk):w(R(xl,...,xk)).

Using these identifications, the curvature tensor is a tensor field of
valency (1,3) by the proposition. It 1is a remarkable consequence, that
although the vectors VXZ(p) and VYZ(p) are not determined by the vectors
X(p),Y(p),Z(p), to compute the value of R(X,Y;Z) at p it suffices to know
X(p),Y(p),Z2(p).

Beside skew-symmetry in the first two arguments, the curvature tensor has
many other symmetry properties.

Theorem. (First Bianchi Identity). If R is the curvature tensor of a
torsion free connection, then

R(X,Y;Z2) + R(Y,Z;X) + R(Z,X;Y) =0

for any three vector filelds X,Y,Z.

Proof. Let us introduce the following notation. If F(X,Y,Z) is a function

of the vector fields X,Y,Z, then denote by [j]F(X,Y,Z) or [f]F(X,Y,Z) the sum
XYz
of the values of F at all cyclic permutations of the variables (X,Y,Z)

[f]F(X,Y,Z) = F(X,Y,Z2) + F(Y,Z,X) + F(Z,%X,Y).

We shall use several times that behind the cyclic summation Lﬂ we may

cyclically rotate X,Y,Z 1in any expression
[JFx,v.2) = [JF(v, 2% = [Jr@Ex, ).

The theorem claims vanishing of

[ rx.v;2) = [ (VVZ = YV Z = Yy (42) = [ (VVGZ = VY = Vo 12)

=9 oy 21 - vy 2 = [0 v, v - vy g2 = [Tz v,

but the latter expression is 0 according to the Jacobi identity on the Lie
bracket of vector fields. (At the third and fifth equality we wused the
torsion free property of V.) I

The presence of an affine connection on a manifold allows us to
differentiate not only vector filelds, but also tensor flields of any type.

Definition. Let (M,V) be a manifold with an affine connection. If
w € Ql(M) is a 1-form, X is a vector field, then we define the covariant
derivative V,w of w with respect to X to be the 1-form

X
(VXw)(Y) = X(w(Y)) - w(VXY), YeX (M).

In general, the covariant derivative VXT of a tensor field

Tt x. . x@  M)xE(M)x. . . x¥(M) —> F(M)

of valency (k,£) with respect to a vector field X is a tensor field of the



same valency, defined by

(VXT)(wl""’wk;Xl""’XE) = X(T(wl""’wk;xl""’XE)) -
k
—.Z T,y Vg, 03X, X)) -
i=1
L
_jle(wl,...,wk;Xl,...,VXXj,...,XgL

For the case of the curvature tensor, this definition gives
(VXR)(Y,Z;W) = VX(R(Y,Z;W)—R(VXY,Z;W)—R(Y,VXZ;W)—R(Y,Z;VXW).
Theorem. (Second Bianchi Identity) The curvature tensor of a torsion free
connection satisfies the following identity

[] (WRI(Y,Z:W) = (VR)(Y,Z:W) + (V,R)(Z,X:W) + (V.R)(X,Y;W) = 0.
X X Y Z
XYZ

Proof. (VXR)(Y,Z;W) is the value of the operator

VXOR(Y,Z)—R(VXY,Z)—R(Y,VXZ)—R(Y,Z)OVX : X(M) — X¥(M)
on the vector field W, hence we have to prove vanishing of the operator

[] 9,°R(Y,2)-R(V,Y,Z)-R(Y, V,Z)-R(Y,Z) ¥, .

XYZ
First, we have
[J0yoR (1, 2)-R(Y,2)o0y= [T (V0 9,0, 9,000, 0  )= (T 0, 0,00, 0,0 (1 0,)=
XYZ XYZ
[j](VXVYVZ—VXVZVY—VXV[Y,Z])—(VXVYVZ—VXVZVY—V[Y,Z]VX)=[j] Viv.21% ~ v 21

XYZ
On the other hand,

[] ROV,Y,2)-R(Y,7,2) = [ R(V,Z,Y) - R(V,Y,2) = [] R(V,X,2) - R(V,Y,2) =

XYz

xvz o X K oxvz X X Xz 0
[ RVX-V,Y,2) = [ R(IY,X1,2).
XVZ XVZ

Combining these results,

[ VeR(Y,2)-R(V,Y,Z)-R(Y,V,2)-R(Y,Z) oV,

XYZ
= [9 vy V-V, o +ROIY,X],2)
= v,z xR 1Y, 2]
= [9 vy V-V, o +R(IZ, Y], X)
= v,z xR 1Y, 2]
- [J Viv,z21IVx % 1y, 21V iz, V% T YRz, vl T Viiz, v, X
XYZ
=[9v =V =o0. i
xvz LV.21X] [J1ix,v1,2]

In the remaining part of this wunit, we shall deal with Riemannian



manifolds. If (M,<,>) is a Riemannian, manifold with Levi-Civita connection
V, and R is the curvature tensor of V, then we can introduce a tensor R of
valency (0,4), related to R by the equation

R(X,Y;Z,W) = < R(X,Y;2),W >.

ﬁ is the Riemann-Christoffel curvature tensor of the Riemannian manifold.

To simplify notation, we shall denote R also by R. This will not lead to
confusion, since the Riemann-Christoffel tensor and the ordinary curvature
tensor have different number of arguments.

Levi-Civita connections are connections of special type, so it is not
surprising, that the curvature tensor of a Riemannian manifold has stronger
symmetries than that of an arbitrary connection. 0Of course, the general
results can be applied to Riemannian manifolds as well, and yield

R(X,Y;Z,W) = -R(Y,X;Z,W);

[f] R(X,Y;Z,W) = 0.
XYZ
In addition to these symmetries, we have the following ones.

Theorem. The Riemann-Christoffel curvature tensor is skew-symmetric in the
last two arguments
R(X,Y;Z,W) = - R(X,Y;W,2Z).
Proof. By the compatibility of the connection and the metric, we have

X(Y(<Z,W>)) = X(<VYZ,w>+<Z,va>) = <VXVYZ,W>+<VYZ,va>+<vXZ,va>+<Z,vXVYw>,

and similarly,

Y(X(<Z,W>)) = <VYVXZ,W>+<VXZ,VYw>+<VYZ,VXW>+<Z,VYVXW>.

We also have

[X,Y]I(<Z,W>) = <V ZW >+ <2,V W >.

[X, Y] [X, Y]
Subtracting from the first equality the second and the third one and applying
[X,Y] = XoY - YoX, we obtain

0= <VXVYZ_VYVXZ_V[X,Y]Z’w>+<z’VXVYW_VYVXW_V[X,Y]

The symmetries we have by now imply a further symmetry.

W>= R(X,Y;Z,W)+R(X,Y;W,2). [

Theorem. Assume that R is an arbitrary tensor of valency (0,4) having the
following symmetry properties
R(X,Y;Z,W) = -R(Y,X;Z,W) = -R(X,Y;W,2Z)

and [j] R(X,Y;Z,W) = 0.
XYZ
Then

R(X,Y;Z,W) = R(Z,W;X,Y).
Proof. Let wus apply the Bianchi identity for the following five

arrangements



R(X,Y;Z,W) + R(Y,Z;X,W) + R(Z,X;Y,W)
R(X,Y;W,Z2) + R(Y,W;X,Z2) + R(W,X;Y,2)
R(X,W;Z,Y) + R(W,Z;X,Y) + R(Z,X;W,Y)
R(Y,Z;W,X) + R(Z,W;Y,X) + R(W,Y;Z,X)
2R(Y,W;Z,X) +2R(W,Z;Y,X) +2R(Z,Y;W,X) = 0.

o o o O

Changing the order of letters in the first two and last two places to the
alphabetical order, we obtain the following equalities.

-R(X,Y;W,Z) - R(Y,Z;W,X) + R(X,Z;W,Y) =

R(X,Y;W,2) - R(W,Y;X,Z2) + R(W,X;Y,2)

R(W,X;Y,2) + R(W,Z;X,Y) - R(X,Z;W,Y)

R(Y,Z;W,X) + R(W,Z;X,Y) - R(W,Y;X,2)

2R(W,Y;X,Z2) -2R(W,Z;X,Y) -2R(Y,Z;W,X) = 0.

0
0
0
0

Adding these five equalities, we get the following equation after obvious
simplifications.
2 R(W,X;Y,Z2) -2 R(Y,Z;W,X) =0,

and this is the identity we wanted to prove. I

We know from linear algebra that a symmetric bilinear form is uniquely
determined by its quadratic form. More generally, when a tensor has some
symmetries, 1t can be reconstructed from its restriction to a suitable linear
subspace of 1its domain. For tensors having the symmetries of a curvature
tensor we have the following

Proposition. Let S, and S, be tensors (or tensor fields) of valency (0,4),

1 2
satisfying the following relations
Si(X,Y;Z,W) = - Si(Y,X;Z,W) = - Si(X,Y;w,Z);

Lﬂ Si(X,Y;Z,W) = 0.

XYZ
Then if Sl(X,Y;Y,X) = SZ(X,Y;Y,X) for every X and Y, then 51252.

Proof. Consider the difference S = Sl_SZ' S has the same symmetries as S1

and SZ’ S(X,Y;Y,X) = 0 for all X,Y and we have to show S = O.

We have for any X,Y,Z
0 = S(X,Y+Z;Y+2,X)

S(X,Y;Y,X) + S(X,Y;Z,X) + S(X,Z;Y,X) + S(X,2;2,X) =
S(X,Y;Z,X) + S(X,2;Y,X) +

+ (S(X,Y;2,X) + S(Y,Z;X,X) + S(Z,X;Y,X))
2S(X,Y;Z,X).

Now taking four arbitrary vectors (vector fields) X,Y,Z,W and wusing
S(X,Y;Z,X) = 0, we obtain
0 = S(X+W,Y;Z,X+W) = S(X,Y;2,X) + S(X,Y;Z,W) + S(W,Y;Z,X) + S(W,Y;Z,W) =



= S(X,Y;2Z,W) + S(W,Y;Z,X),
i.e., 5 is skew symmetric in the first and fourth variables. Thus,
S(X,Y;Z,W) = S(Y,X;W,Z2) = - S(Z,X;W,Y) = S(Z,X;Y,W),
in other words, S is invariant under cyclic permutations of the first three
variables. But the sum of the three equal quantities S(X,Y;Z,W), S(Y,Z;X,W)
and S(Z,X;Y,W) is O because of the Bianchi symmetry, thus S(X,Y;Z,W) is O. I
Exercise. Let S be a tensor of valency (0,4) having all the curvature
tensor symmetries, and let QS(X,Y) := S(X,Y;VY,X). Prove that QS(X,Y)=QS(Y,X)
and
6S(X,Y;Z,W) = QS(X+W,Y+Z)—QS(Y+W,X+Z) +
+QS(Y+w,X)—QS(X+W,Y)+QS(Y+W,Z)—QS(X+w,Z)+
+QS(X+Z,Y)—QS(Y+Z,X)+QS(X+Z,W)—QS(Y+Z,W)+
+QS(X,Z)—QS(Y,Z)+QS(Y,W)—QS(X,W).
Definition. Let M be a Riemannian manifold, p a point on M, X and Y two
non-parallel tangent vectors at p. The number
R(X,Y;Y,X)

|2—<X,Y>2

K(X,Y) =

is called the sectional curvature of M at p, in the direction of the plane

spanned by the vectors X and Y in TpM.
The name assumes that K(X,Y) depends only on the plane spanned by

the vectors X and Y. This is indeed so, since if x and x2,y2 are two

Y
bases of a 2-dimensional linear space, then we can tr;;sgérm one of them into
the other by a finite number of elementary basis transformations of the form

X > ax , y—> By, where a3#0; x > Xty , y > y; X >y, ¥y~ X
and we have the following proposition.
Proposition. If M is a Riemannian manifold with sectional curvature K, X
and Y are tangent vectors at p € M, « and B are non-zero scalars, then
(i) K(X,Y) = K(X+Y,Y);
(ii) K(X,Y) = K(aX,BY);
(iii) K(X,Y) K(Y,X).

Proof. (i) follows from
R(X+Y,Y;Y,X+Y)=R(X,Y; Y, X)+R(X,Y; Y, Y)+R(Y,Y; Y, X)+R(Y,Y;Y,Y)=R(X,Y; VY, X)
and

|47 |2 Y [2-<x+Y, ¥> 2

2

(R| 2+ Y] %+2<x, Y50 [Y] 2= (<X, Y>242<X, > | Y| 24| Y| D) =

|X|2|Y|2—<X,Y>2.

(ii) follows from



R(aX, BY; BY, oX) = o«2B% R(X,Y;Y,X)

and

|aX|2|BY|2—<aX,BY>2 = a232(|X|2|Y|2—<X,Y>2).

Finally, (iii) comes from the equalities R(X,Y;Y,X) = R(Y,X;X,Y) and
|X|2|Y|2—<X,Y>2:|Y|2|X|2—<Y,X>2.I

Definition. Riemannian manifolds, the sectional curvature function of

which is constant, called spaces of constant curvature or simply space forms.

The space form is elliptic or spherical if K > 0, K 1s parabolic or Euclidean

if K=0 and is hyperbolic if K < 0.

Typical examples are the n-dimensional sphere, Euclidean space and
hyperbolic space. Further examples can be obtained by factorization with
fixed point free actions of discrete groups.

The following remarkable theorem sounds similarly to the theorem saying
that a connected surface consisting of umbilics is contained in a sphere or
plane (page 51).

Theorem (Schur). If M is a connected Riemannian manifold, dim M > 3 and
the sectional curvature K(Xp,Yp), Xp,YpETpM depends only on p (and does not
depend on the plane spanned by Xp and Yp’ then K 1s constant, that is, as a
matter of fact, it does not depend on p either.

Proof. By the assumption,

R(X,Y;Y,X) = f (|X|2|Y|2—<X,Y>2)
for some function f. Our goal is to show that f is constant.
Consider the tensor field of valency (0,4) defined by
S(X,Y;Z,W) = £(<X,W><Y,Z>—<X,Z><Y,W>).
It is clear from the definition that S is skew-symmetric in the first and
last two arguments. S has also the Bianchi symmetry. Indeed,

El S(X,Y;Z,W):El f(<X,w><Y,Z>—<X,Z><Y,W>):L<—| (<Y, W><Z,X>-<X, Z><Y,W>)=0.
XYZ XYZ XYZ
We also have R(X,Y;Y,X) = S(X,Y;VY,X), therefore R

Set S(X,Y;Z) = f(<Y,Z2> X -<X,Z> Y). Then
<R(X,Y;2),W> =R(X,Y;Z,W) = S(X,Y;Z,W)

S.

<S(X,Y;2),W>,
that is,

R(X,Y;Z) = S(X,Y;2) for all X,Y,Z.
Differentiating with respect to a vector field U we get

(VUR)(X,Y;Z) = (VUS)(X,Y;Z) = VU(S(X,Y;Z))—S(VUX,Y;Z)—S(X,V Y;Z)—S(X,Y;VUZ).

U



Since

VU(§(X,Y;Z)) = U) (<Y, 2> X =<K, 2> Y)+EV (<Y, 2> X =<K, 2> Y) =

U(f) (KY,Z2> X =<X,2> Y)+f(U<Y,Z> X + <Y,Z>V. X -U<X,Z2> Y —<X,Z>VUY) =

U(f) (<Y, Z>X-<X,Z>Y)+
+f(<VUY,Z>X+<Y,VUZ>X+<Y,Z>VUX—<VUX,Z>Y—<X,VU

U(f) (<Y, Z>X-<X,Z>Y)+

+§(va,Y;z)+§(x,v

U

Z>Y—<X,Z>VUY) =

UY;Z)+S(X,Y;VUZ),
we obtain

(VR)(X,Y;2) = (7,S)(X,¥;2) = U(£) (<Y, 2>X-<X, 2>Y).
Using the second Bianchi identity, this gives us

[ U (<¥,22%-<x,2>7) = [] (YRI(X,¥;2) = 0.
UXY UXY
If XETpM is an arbitrary tangent vector to the manifold, then we can find

non-zero vectors Y, Z2=U € TpM such that X,Y and U are orthogonal (dim M >
3!'). Then
0 = [ UE) (<Y, ZX—<X, Z>Y) = X(£)<U,U>Y - Y(£)<U,U>X.
UXY

Since X and Y are linearly independent, X(f)<U,U> = Y(f)<U,U> = 0. <U,U> is
positive, therefore X(f) = Y(f) = 0, yielding that the derivative of f in an
arbitrary direction X is 0. This means that f is locally constant, and since
M is connected, f 1is constant.l

The curvature tensor 1is a complicated object containing a 1lot of
information about the geometry of the manifold. There are some useful ways to
derive some simpler tensor fields from the curvature tensor. 0f course, the
simplification 1s paid by losing information.

Definition. Let (M,V) be a manifold with an affine connection, R be the

curvature tensor of V. The Ricci tensor Ric of the connection is a tensor

field of valency (0,2) assigning to the vector fields X and Y the function
Ric(X,Y) the value of which at p € M is the trace of the linear mapping
TM— TM,
p p

Z + R(Z ,X(p);Y(p)), where Z € T M.
p p p p

Proposition. The Ricci tensor of a Riemannian manifold is a symmetric
tensor
Ric(X,Y) = Ric(Y,X).
Proof. Let el,...,en_ be an orthonormal basis in TpM, where p 1is an
arbitrary point in the Riemannian manifold M. We can compute the trace of a



linear mapping A:TpM——> TpM by the formula
n

trace A = z <Ale.),e.>.
i i

i=1
In particular,
n n
Ric(X,Y)(p) = Z <R(ei,X(p);Y(p)),ei> = Z R(ei,X(p);Y(p),ei> =
i=1 i=1
n n
- Z R(Y(p),e ;e ,X(p)> = Z R(e,,Y(p);X(p),e,> = Ric(Y,X) (p). |
i=1 i=1

Since the Ricci tensor of a Riemannian manifold is symmetric, it is
uniquely determined by its quadratic form X— Ric(X,X).
Definition. Let )%) € TpM be a non-zero tangent vector of a Riemannian

manifold M. The Ricci curvature of M at p in the direction Xp is the number

Ric(X ,X )
r(x) = — B P
P X |
p
X
Fixing an orthonormal basis P > = el,ez,. .,en we can express the Riccl
%
curvature as follows
Ric(X ,X ) 2 R(e.,X ;X ,e.> 02
rx ) =—FE B =} L PP 1 o} g e
P o % |? o P
P i=1 P i=2

The meaning of this formula is that the Ricci curvature in the direction X
is the sum of the sectional curvatures in the directions of the planes
spanned by the vectors Xp and e, where e, runs over an orthonormal basis of
the orthogonal complement of Xp in TpM. It is a nice geometrical corollary
that this some is independent of the choice of the orthogonal basis.

With the help of a scalar product, one can associate to every bilinear
function a linear transformation. For the case of the Riemannian metric and
the Ricci tensor, we can find a wunique ¥(M)-linear transformation
Ric: X(M)—> X (M) such that

Ric(X,Y) = <X,Ric(Y)> for every X,YeX(M).

Definition. The scalar curvature s(p) of a Riemannian manifold M at a

point p is the trace of the linear mapping Ric :TpM——> TpM.
Let us find an expression for the scalar curvature in terms of the Ricci
curvature and the sectional curvature. Let e ,...,en be an orthonormal basis

1
in T M. Then
p

10



n n n
s(p) = trace Ric = z <Ric(e.),e.> = Z Ric(e,,e.) = Z r(e.),
i i it7i i

i=1 i=1 i=1
i.e. s(p) is the sum of Ricci curvatures in the directions of an orthogonal

basis. Furthermore,
n n

n n
s(p) = Z r(e,) = z Z K(e,,e.) =2 z K(e.,e.),
i i3 i3
i=1 i=1 j=1 1<i<j<n
j#i
that is, the scalar curvature is twice the sum of sectional curvatures taken
in the directions of all coordinate planes of an orthonormal coordinate
system in TpM.

To finish this wunit with, let wus study the curvature tensor of a
hypersurface M in R”. As we observed at the end of the previous unit, the
Levi-Civita connection V of a hypersurface can be expressed as v = Pog,
where 8 is the derivation rule of vector fields along the hypersurface as
defined in Unit 5 (page 43), P is the orthogonal projection of a tangent
vector of R at a hypersurface point onto the tangent space of the
hypersurface at that point. 8 is essentially the Levi Civita connection of
Rn, thus, as the curvature of Rn is O,

%%y 0y% = 91x,v]
for any tangential vector fields X,Y € X(M).

We have
vaY Z = P(6XVY Z) = P(6X(6Y Z - <6YZ,N >N )) =
= P(6X6Y Z) - P(X(<6YZ,N>) N) - P(<6YZ,N >6XN )
= P(6X6Y Z) - <6YZ,N >6XN ,

where X,Y,Z € ¥(M).
Similarly,
VYVX Z = P(6Y6X zZ) - <6XZ,N >6YN .

Combining these equalities with

Vix,v12 = PO, v1%
we get the following expression for the curvature tensor R of M
R(X,Y;2) = (VXVY Z - VYVX zZ) -V [X,Y]Z =
= P((6X6Y zZ - 6Y6X zZ) - a[X,Y]Z) - <6YZ,N >6XN + <6XZ,N >6YN
= <6XZ,N >6YN - <6YZ,N >6XN .

11



Since <Z,N > is constant zero,

0 = X(<Z,N >) = <6XZ,N > + <Z,6XN >

and

0 = Y(<Z,N >) = <6YZ,N > + <Z,6YN >.

Putting these equalities together we deduce that

R(X,Y;2) = <Z,6YN >6XN - <Z,6XN >6YN = <Z,L(Y)>L(X) - <Z,L(X)>L(Y).

Comparing the formula

R(X,Y;Z) = <Z,L(Y)>L(X) - <Z,L(X)>L(Y)
relating the curvature tensor to the Weingarten map on a hypersurface with
Gauss’ equations proved 1n unit 7 we see that the curvature tensor R
coincides with the curvature tensor defined there. This way, the last
equation can also be considered as a coordinate free display of Gauss’

equations.
Further Exercises

Exercise 12-1. Consider tensors of valency (0,4) over an n-dimensional vector
space V that satisfy
S(X,Y;Z,W) = - S(Y,X;Z,W) = - S(X,Y;W,2);

[] sx,v;z,w) = o.
XYZ
Prove that these tensors form a linear space and determine the dimension of

this space.

Exercise 12-2. Prove that if X1 and X2 are two nonparallel principal

directions at a given point p of a hypersurface M, K K, are the
corresponding principal curvatures, then

K(Xl,XZ) = KK,
What is the minimum and maximum of K(X,Y), when X and Y run over TpM?
Exercise 12-3. Express the Ricci curvature of a hypersurface in Rn+1 in a

principal direction in terms of the principal curvatures.

Exercise 12-4. Express the scalar curvature of a hypersurface in terms of the

principal curvatures.

12



Unit 13. Geodesics

Definition of geodesics, normal coordinates, variation of a curve, a
variation formula for the length, description of spheres about a point with

the help of normal coordinates, minimal property of geodesics.

We define the length of a smooth curve y:[a,b]l— M lying on a Riemannian

manifold (M,<,>) to be the integral

b .
) = | Vo (), 5 (£)> at.
a

It is worth mentioning that the classical definition of length as the limit
of the lengths of Iinscribed broken lines does not make sense, since the
distance of points 1is not directly defined. The situation 1s just the
opposite. We can define first the length of curves as a primary concept and

derive from it a so called intrinsic metric d(p,q), at least for connected

Riemannian manifolds. d(p,q) is the infimum of the lengths of all curves
Jjoining p to q. The metric enables us to define the length of ”broken lines”
1,...,PN to be the sum of the
distances between consecutive vertices. There is a theorem saying that the

given Jjust by a sequence of vertices P

length of a smooth curve y:[a,b]l— M is equal to the limit of the lengths of
inscribed broken lines 7(t0),7(t1),...,7(tN), a:t0<t1<...<tN:b as the maximum

of the distances |ti—ti_ tends to =zero.

|

To find the analog of straight lines in the intrinsic geometry of a
Riemannian manifold we have to characterize straight lines in a way that
makes sense for Riemannian manifolds as well. Since the length of curves is
one of the most fundamental concepts of Riemannian geometry, we can take the
following characterization: a curve is a straight line if and only if for any
two points on the curve, the segment of the curve bounded by the points is
the shortest among curves joining the two points. A slight modification of
this property could be used to distinguish a class of curves, but it 1s not
clear whether such curves exist at all on a general Riemannian manifold.

For a physicist a stralight line is the trajectory of a particle with zero

acceleration or that of a light beam. This observation can also lye in the

base of a definition. We only have to find a proper generalization of



”acceleration” for curves lyling in a Riemannian manifold. It seems quite
natural to proceed as follows. The speed vectors of a curve yleld a vector
field along the curve. On the other hand, by the fundamental theorem of
Riemannian geometry, the Riemannian metric determines a wunique affine
connection on the manifold which 1s symmetric and compatible with the metric.
This connection allows us to differentiate vector fields along a curve with
respect to the curve parameter. In particular, one can differentiate the
speed vector field with respect to the curve parameter and may call the
result the acceleration vector (or acceleration vector field along the

curve).

Definition. Let M be a Riemannian manifold, y be a curve on it and denote
by 52€ the covariant differentiation of vector fields along ¥ induced by the
Levi-Civita connection. We say that y is a geodesic if

D
at?
Remark. More generally, if (M,V) is a manifold with an affine connection,

= 0.

| J—

then curves satisfying 52€ Y = 0 are sald to be autoparallel. Geodesics are

autoparallel curves for the Levi-Civita connection.
Proposition. The length of the speed vector of a geodesic is constant.

Proof. By the compatibility of the connection with the metric, parallel
translation preserves length and angles between vectors. The definition of
geodesics implies that the speed vector field is parallel along the curve,

consequently consists of vectors of the same length. I

The proposition follows also from the equality

d b b —_— D b b b D b —_—
ﬂ<7 > >_<dt7 s >+<7 ’dty >=0.
As a consequence, we get that the property of ”being geodesic” 1is not
invariant under reparametrization. The parameter t of a regular geodesic is
always related to the natural parameter s through an affine linear

transformation i.e. t = a s + b for some a,b € R. This motivates the

following definition.

Definition. A regular curve on a Riemannian manifold is a pre-geodesic if

its natural reparameterization is geodesic.



In terms of a local coordinate system with coordinates x ;X @ curve y

17
determines (and is determined by) n smooth functions VT Xpor 1 €1 € n. The

equation 52€ ¥ > = 0 then takes the form
dzyk n K dyi dy .
— Z Fi.oy——J:O for 1 <k<n.
dt P dt dt
i, j=1

The existence of geodesics depends, therefore, on the solutions of a

certain system of second order differential equations.
dy.
Introducing the new functions v, = — this system of n second order
dt
differential equations becomes a system of 2n first order equations

e _
dt k
< for 1 <k <n
dv n
k _ z k
—_— = - Fi.oy viv.
dt e J
i, j=1

Applying the theorem the existence and uniqueness theorem for ordinary
differential equations one obtalns the following.

Proposition. For any point p on a Riemannian manifold M and for any
tangent vector X € TpM, there exists a unique maximal geodesic ¥ defined on
an interval containing O such that ¥(0) = p and y ’ (0)= X.

If the maximal geodesic through a point p with initial velocity X is
defined on an interval containing [-e,€] then there is a neighborhood U of X
in the tangent bundle such that every maximal geodesic started from a point g
with initial velocity Y € TqM is defined on [-g,€].

Since a geodesic with zero initial speed can be defined on the whole real
straight line, for each point p on the manifold one can find a positive &
such that for every tangent vector X € TpM with I X I < &, the geodesic
defined by the conditions ¥(0) = p, ¥y *(0)= X can be extended to the interval
[0,1].

This following notation will be convenient. Let X € TpM be a tangent
vector and suppose that there exists a geodesic y :[0,1]— M satisfying the
conditions ¥(0) = p, ¥ *(0)= X. Then the point y(1)e M will be denoted by
expp(X) and called the exponential of the tangent vector X.

Using the fact that for any positive c¢ the curve t— y(ct) is also a

geodesic we see that the geodesic ¥y is described by the formula



y(t) = expp(tX).
As we have observed, expp(X) is defined provided that I X I is small
enough. In general however, expp(X) is not defined for large vectors X. This

motivates the following.

Definition. A Riemannian manifold is geodesically complete if expp(X) is
defined for all p € M and all vectors X € TpM. This is clearly equivalent to
the following requirement that every geodesic segment should be possible to
extend to an infinite geodesic.

Proposition. For a fixed point p € M, the exponential map expp is a smooth
map from an open neighborhood of 0 € TpM into the manifold. Furthermore, the
restriction of it onto a (possibly even smaller) open neighborhood of 0 € TpM
is a diffeomorphism.

Proof. Differentiability of the exponential mapping follows from the
theorem on the differentiable dependence on the initial point for solutions
of a system of ordinary differential equations. To show that expp is a local
diffeomorphism, we only have to show that its derivative at the point 0 € TpM
is a non-singular linear mapping (see Inverse Function Theorem). Since TpM is
a linear space, 1its tangent space TO(TpM) at 0O can be identified with the
vector space TpM itself. Through this identification, the derivative of the
exponential map at O maps TpM ~ TO(TpM) into TpM. We show that this
derivative is just the identity map of TpM, hence non-singular. Let X be an
element of the tangent space TpM ® TO(TpM). To determine where X is taken by
the derivative of the exponential mapping, we represent X as the speed vector
of the curve t +— ¢(t) = tX at t = 0. The exponential mapping takes this
curve to the geodesic curve y = exppow y(t) = expp(tX), the speed vector of
which at t = 0 is X, so the derivative of the exponential map sends X to
itself and this is what we claimed. I

By the proposition, we can introduce a local coordinate system, based on
geodesics, about each point of the manifold as follows. We fix an orthonormal
basis in the tangent space TpM, which gives us an isomorphism L:TpM——> R
that assigns to each tangent vector its components with respect to the basis,
and then take Loexpgl. The map Loexp;1 is a diffeomorphism between an open
neighborhood of p and that of the origin in Rn, therefore, it is a smooth
chart on M. Coordinate systems obtained this way are called

normal coordinate systems, while the inverse of them we shall call

normal parametrizations .




For a Riemannian manifold M, we can define the sphere of radius r centered
at p € M as the set of points g € M such that d(p,q) = r, where d(p,q)
denotes the intrinsic distance of p and q. When the radius of the sphere is
increasing, the topological type of the sphere changes at certain critical
values of the radius. For small radii however, the intrinsic spheres are
diffeomorphic to the ordinary spheres in Rn, and what is more, we have the
following.

Theorem. The normal parameterization of a manifold about a point p maps
the sphere about the origin with radius r, provided that it is contained in
the domain of the parameterization, diffeomorphically onto the intrinsic
sphere centered at p with radius r .

We prove the theorem later.

Definition. A variation of a smooth curve ¢y :[a,bl— M is a smooth

mapping T from the rectangular domain [-68,8]lx[a,b] into M such that
7*(O,t) = y(t) for all t € [a,b].

Given a variation of a curve we may introduce a one parameter family of
curves y_ € € [-8,8] by setting 78(t) = 7,(e,t). By our assumption these
curves yield a deformation of the curve ¥ = 7-

Theorem. Let T be a variation of a geodesic y. Let £(e) denote the length

of the curve Ve Then the following formula holds

dy v’ (b) dy vy’ (a)
dl _ * *
e®) = <ge 0P mmmy > T g (0 @
Proof. By the definition of the length of a curve, one has
de d _ ° [, dy,
a—(O) = 9e J ” It (s,r)” dr s J < Tt (s,r),a—€ (e,x) > dr
a a
o d dy dy
= J Is < Tt (s,r),d T (e, ) > dr
e=0
a
dy dy
d *
b 3 <3z (s,r),d T (e,r) > £=0
= dr

2 <%(0 )%(0 ) >
at tWagyr ‘YT

With the help of the covariant differentiation induced by the Levi-Civita

connection this expression can be written as follows.



D dy* dy*

b<gzat Othgy 00> P p gy v (1)

*
dr = | < =— — (0,7) , —— > dv
J Iy (x) I J € ly * (L)l

By the symmetry of the connection, this is equal to

b
D dy, y ' (x)
J< dtde O mpomn 9T
a dy,, vy’ (t)
Let us observe, that the function t— < a—g(O,t), ﬁ§—7T€7ﬁ > is a primitive

function (=indefinite integral) for the function to be integrated. Indeed,
the derivative of this function is

dy vy’ (t)

d * _
it <3t momon T T

y o (t) dy,, D v ()
= <— —(0,t), m > + < R(O’t)’d t ly ()l 25

but the second term on the right hand side is zero since jy 1s geodesic

Consequently,
b
as D dy, y O (T)
E(O):J<dtds(0"‘)’||7’(~c)||>d'”:
a
dy,, v’ (b) dy,, ¥’ (a)
= <— (0,b), =5+ > - < — (0,a), ——— >.J}
de "~ 7777 Ay ()N de "~ 7777y ’(a)ll

Theorem. Let M be a Riemannian manifold, p € M, and denote by Sr the
sphere of radius r in TpM centered at the zero tangent vector. Presume r is
chosen to be so small that the exponential mapping 1s a diffeomorphism on a
ball containing Sr and denote the exponential image of Sr by gr' Then for any

~

X € Sr the radial geodesic t+— expp(tX) is perpendicular to Sr'

Proof. Every tangent vector of gp can be obtained as the speed vector of a
curve eXpPOB where B is a curve in Sr passing through B(0) = X. Given such a
curve, let us define a variation of the geodesic y :t+H> expp(tX) in the

following way

7. (e, t) o= expp(tB(S)).
For a fixed €, the curve Ve is a geodesic of length r so £(e) is constant.

Thus, the previous theorem implies that



dy y (1) dy y ’(0)

= Aoy - o X . —
0730 = <3¢ O w=mm >~ <ge @9 o >

Since 7y (g,0) := expp(O B(e)) = p and , 7y, (g,1) := expp(B(s)) we have
dy dy

* *
a—g(0,0) = 0 and a—g(O,l) = (eXpPOB) (0), therefore, we get

y (1)
0= <(epr°B) (o) , HE_TTTTH >,

showing that y intersects gr orthogonally. I

Now we are ready to prove the theorem saying that Sr is a sphere in the
intrinsic geometry of the manifold. It is clear that for any point g on Sr
d(p,q) € r, since the radial geodesic from p to r has length r, so all we

need is the following.

Theorem. If % :[a,bl—> M is an arbitrary curve connecting p to a point of

§r, then its length is » r.

Proof. We may suppose without loss of generality that %(b) is the only
intersection point of the curve with gr and % (t) # p for t > a. Then there
is a unique curve 7y in the tangent space TpM such that y = exppoy. Let N
denote the vector field on TpM - {0} consisting of unit vectors perpendicular
to the spheres centered at the origin. N is the gradient vector field of the
function f:X+— 1l X Il on TpM. The theorem above shows that the exponential
map takes N into a unit vector field N on M, perpendicular to the sets St'
We can estimate the length of a curve as follows

b b
by = [y onar > [ <70 @, NG > d

a a
Since < y ’(t), N(y(x) > is the component parallel to N(q) of the speed

vector ¥ ’ (t) with respect to the splitting TqM =R N(q) @ qu* at q = y (1),
it is equal to the component parallel to N(X) of the speed vector ¥ ’(t) with
respect to the splitting

S

*

TX(TpM) = R N(X) @ TX

at X = y (t). Therefore,

<y (r), N(3(t) > =<y " (v), N(y(r) > = < gy ’(x), grad f(y(x)) >

d
a—E foy (T),

and



b b
j <y ), NGF(r) > dr = a§€ foy (v) dv = Ny - Nyl = r. [}
a a
The proof also shows that the equality £(y) = r holds only for curves

perpendicular to the spheres §*_

Exercise. Show that such curves are pre-—-geodesics.

Theorem. A smooth curve % :[a,bl— M parameterized by the natural
parameter in a Riemannian manifold is geodesic if and only if there is a

positive € such that for any two values t,,t, € [a,b] such that |t1—t < g

1’72 2|
the restriction of ¥ onto [tl’tZ] is a curve of minimal length among curves
joining 7(t1) to 7(t2).

Remark. It is not true in general, that a geodesic curve is the a curve of
minimal length among curves Jjoining the same endpoints. To see this, it is
enough to consider a long arc on a great circle on the sphere.

Further Exercises

Exercise 13-1. Show that a regular curve in a hypersurface M < Rn+1 is a

geodesic if and only if its ordinary accaleration ¢’’ (t) is perpendicular to
M for every t. y is a pre-geodesic if and only if ¥’’ (t) is contained in

T
y(t)
the plane spanned by %’ (t) and the normal vector of M at y(t).

Exercise 13-2. Show that great circles on the sphere and helices on a

cylinder are pre-geodesics.

Exercise 13-3. Find a regular pre-geodesic on the cone $x"2+y*2=2"28%,

different from stralight lines.
Exercise 13-4. Show that straight lines on a hypersurface are pre-geodesics.

Exercise 13-5. Show that symmetry planes of a surface in R3 intersect the

surface in pre-geodesic lines.

Exercise 13-6. Using the results of Exercise 7-2 write the differential
equation of geodesics on a surface of revolution with respect to the usual
parameterization. Derive from the equations Claireaut’s theorem: For a
pre-geodesic curve on a surface of revolution the quantity d cosa is
constant, where d denotes the distance of the curve point from the
axis of symmetry, o 1s the angle between the speed vector of the curve and

the circle of rotation passing through the curve point.



