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In this paper, we have tried to apply the concepts of fuzzy set to Lie groups and fuzzy dif-
ferential invariant (FDI) in order to provide suitable conditions for applying Lie symmetry
method in solving fuzzy differential equations (FDEs). For this, we define a C1-fuzzy sub-
manifold and fuzzy immersion with some examples. In main section, we defined the fuzzy
Lie group and some its relative concepts such as fuzzy transformation group and fuzzy G-
invariant. The goal of this paper is to introduce and study new defining for fuzzy Lie group
and fuzzy differential invariant (FDI). Also, some illustrative examples are given.
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1. Introduction

The fuzzy differential equation (FDE) was first introduced by Kandel and Byatt [13] and then was formulated by Kaleva
[12]. Its topics have been rapidly growing in recent years [4,14,16]. The theory of fuzzy differential equations has attracted
much attention in recent times because this theory represents a natural way to model dynamical systems under uncertainty
[21]. The fuzzy differential equation is a very important topic from the theoretical point of view [8,12,17] as well as the ap-
plied point of view [1,4,14,16]; for example, in population models [8], civil engineering [17], and in hydraulics modeling [2].
Fuzzy differential equations were considered by many papers. Numerical techniques were developed in [11,13] and others.
Pederson and Sambandham [19,20] study the Euler and Runge–Kutta numerical methods, respectively for hybrid fuzzy dif-
ferential equations. In some sense, Pederson and Sambandham [12,13] ‘‘rewrite the whole literature on numerical solutions
of ODEs” in the hybrid fuzzy setting, focusing on the Euler and Runge–Kutta methods, respectively.

Lie symmetry method has long been used to study differential equations. It has been developed into a powerful tool to
solve differential equations, to classify them and to establish properties of their solution space. These aspects of Lie group
theory have been described in many books and papers [10,18]. Now we want to applicable Lie symmetry method as a ana-
lytical method in solving fuzzy differential equations (FDEs). For this, we require to define new fuzzy concepts such as fuzzy
Lie group, fuzzy transformation group, fuzzy differential invariant (FDI) and other their relative concepts. The notion of a
fuzzy Lie group is depend on the basic concepts in fuzzy topology [3,5,7], C1-fuzzy manifold and fuzzy differentiable function
between two C1-fuzzy manifolds [9].

2. Preliminaries

A fuzzy topology s on a group G is said to be compatible if the mappings
m : ðG� G; s� sÞ ! ðG; sÞ ðx; yÞ#xy ð1Þ
i : ðG; sÞ ! ðG; sÞ x#x�1 ð2Þ
are fuzzy continuous [3,15]. A group G equipped with a compatible fuzzy topology s on G is called a fuzzy topological group [6].
. All rights reserved.
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A fuzzy topological vector space, is a vector space E over the field F of real or complex numbers, if E is equipped with a fuzzy
topology s and F equipped with the usual topology F, such that following two mappings are fuzzy continuous:
Please
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ðE; sÞ � ðE; sÞ ! ðE; sÞ ðx; yÞ#xþ y

ðF;FÞ � ðE; sÞ ! ðE; sÞ ða; xÞ#ax:
Let E; F be two fuzzy topological vector space, the mapping / : E! F is said to be tangent to 0 if given a neighborhood W of
0d, 0 < d 6 1, in F there exists a neighborhood V of 0�, 0 < � < d, in E such that
/½tV � � oðtÞW;
for some function oðtÞ, and if f : E! F be a fuzzy continuous mapping, the f is said to be fuzzy differentiable at a point x 2 E if
there exists a linear fuzzy continuous mapping u : E! F (It is denoted by u 2LðE; FÞ:) such that
f ðxþ yÞ ¼ f ðxÞ þ uðyÞ þ /ðyÞ; y 2 E;
where / is tangent 0. The mapping u is called the fuzzy derivative of f in x that is denoted by f 0ðxÞ; f 0ðxÞ 2LðE; FÞ. The mapping
f is fuzzy differentiable if it is fuzzy differentiable at every point of E.

A bijection f : E! F is said to be a C1- fuzzy diffeomorphism if it and its inverse f�1 are fuzzy differentiable, and f 0 and
ðf�1Þ0 are fuzzy continuous (see to [9]).

Let X be a set. A C1-fuzzy atlas on X is a collection of pairs fðAj;/jÞgj2J , which satisfies the following conditions:

(i) Each Aj is a fuzzy set in X and supjflAj
ðxÞg ¼ 1, for all x 2 X.

(ii) Each /j is a bijection, defined on the support of Aj,
fx 2 X : lAj
ðxÞ > 0g;

which maps Aj onto an open fuzzy set /j½Aj� in some fuzzy topological vector space Ej, and, for each l 2 J, /j½Aj \ Al� is an
open fuzzy set in Ej.
(iii) The mapping /l � /�1
j , which maps /j½Aj \ Al� is a C1-fuzzy diffeomorphism for each pair of indices j; l.

Each pair ðAj;/jÞj2J is called a fuzzy chart of the fuzzy atlas. If a point x 2 X lies in the support of Aj then ðAj;/jÞj2J is said to
be a fuzzy chart at x.

Let ðX; sÞ be a fuzzy topological space. Suppose there exists an open fuzzy set A in X and a fuzzy continuous bijective map-
ping / defined on the support of A and mapping onto an open fuzzy set V in some fuzzy topological vector space E. Then
ðA;/Þ is said to be compatible with the C1-atlas fðAj;/jÞgj2J if each mapping /j � /�1 of /½A \ Aj� onto /j½A \ Aj� is a C1-fuzzy
diffeomorphism. Two C1-fuzzy atlases are compatible if each fuzzy chart of one atlas is compatible with each fuzzy chart of
the other atlas. It may be verified immediately that the relation of compatibility between C1-fuzzy atlases is an equivalence
relation. An equivalence class of C1- fuzzy atlases on X is said to define a C1-fuzzy manifold on X [9].

If X;Y be the fuzzy manifolds; then the product X � Y is also a fuzzy manifold.
The function f : X ! Y is said to be fuzzy differentiable at a point x 2 X if there is a fuzzy chart ðU;/Þ at x 2 X and a fuzzy

chart ðV ;uÞ at f ðxÞ 2 Y such that the mapping u � f � /�1, which maps /½U \ f�1½V �� into u½V � is fuzzy differentiable at /ðxÞ.
The mapping f is fuzzy differentiable if it is fuzzy differentiable at every point of X; it is a C1-fuzzy diffeomorphism if
u � f � /�1 is a C1-fuzzy diffeomorphism, [9].

We denote by Kn the family of all nonempty compact subsets of Rn, the n-dimensional Euclidean space. If A;B 2Kn and
k 2 R, then the operations of addition and scalar multiplication are defined as
Aþ B ¼ faþ b : a 2 A; b 2 Bg; kA ¼ fka : a 2 Ag:
If A 2Kn, we define the �-neighborhood of A as the set
NðA; �Þ ¼ fx 2 Rn : dðx;AÞ < �g;
where dðx;AÞ ¼ infa2Akx� ak and k:k is the usual Euclidean norm on Rn. The Hausdorff qðA;BÞ of A;B 2KnðXÞ is defines by
qðA; BÞ ¼ inff� > 0 : A � NðB; �Þg;
and the Hausdorff metric on Kn is defined by
hðA;BÞ ¼maxfqðA; BÞ;qðB;AÞg:
Let l be a fuzzy set of X and a 2 ½0;1�, the set fx 2 X : lðxÞP ag is called a a-level subset of l and is symbolized by la. For
a ¼ 0 the support of l is defined as l0 ¼ suppðlÞ ¼ fx 2 X : lðxÞ > 0g [4]. There are some of properties for level subsets:

(i) For all 0 6 a 6 b, we have lb # la #l0; and
(ii) if an % a then la ¼

T1
n¼1lan

.
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Now, a fuzzy set l is called compact if la 2Kn for all a 2 ½0;1�, and also, l is called convex if la is a convex set for all
a 2 ½0;1�. Let X ¼Fn be the space of all compact and convex fuzzy sets on Rn. If l 2F, then l is called a fuzzy number if
the a-level set la is a nonempty compact interval for all a 2 ½0;1�. The sum and the scalar multiplication operations on F

are defined as
Please
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ðlþ kÞðxÞ ¼ sup
y2Rn
flðyÞ þ kðx� yÞg and ðk � lÞðxÞ ¼

lðxÞ if k–0;
v0ðxÞ if k ¼ 0

�

where v0 is the characteristic function of f0g. It is well known that the following operations are true for all a-levels:
ðlþ kÞa ¼ la þ ka; and ðc � lÞa ¼ cla; 8a 2 ½0;1�; c 2 R:
We set
Dðl; kÞ ¼ sup
a2½0;1�

hðla; kaÞ; 8a 2 ½0;1�:
and by it, we can extend the Hausdorff metric h to Fn.
Let E ¼ ða; bÞ and F ¼Fn be the space of all compact and convex fuzzy sets on Rn. The fuzzy mapping f : ða; bÞ !Fn is

differentiable in t0 2 ð0;1Þ if there exists an element f 0ðt0Þ 2Fn such that the limits
lim
h!0þ

f ðt0 þ hÞ � f ðt0Þ
h

and lim
h!0þ

f ðt0Þ � f ðt0 � hÞ
h

exist and are equal to f 0ðt0Þ (for more details see to [4]).

3. C1-Fuzzy submanifold and fuzzy Lie group

Definition 3.1. A fuzzy differentiable function w : M0 ! M is called a fuzzy immersion if its rank is equal to the dimension of
M0 at each point of its domain. If its domain is the whole of M0, w is said to be a fuzzy immersion of M0 into M.

Definition 3.2. A C1-fuzzy manifold M0 is said to be a C1-fuzzy submanifold of a C1-fuzzy manifold M if

(i) M0 is a fuzzy subset of M.
(ii) Natural fuzzy injection j : M0 ! M is a fuzzy immersion.
Example 3.3. Clearly Mðn� n;RÞ, the set of real n� n matrices, is a C1-fuzzy manifold and GLðn;RÞ is a fuzzy subset of it. If
j : GLðn;RÞ ! Mðn� n;RÞ is the natural fuzzy injection and
det �j : GLðn;RÞ ! R
is fuzzy differentiable, then j is a fuzzy immersion so GLðn;RÞ is a C1-fuzzy submanifold of Mðn� n;RÞ.

Definition 3.4. A fuzzy Lie group G is a C1-fuzzy manifold G which is also G is a group, such that the mappings
m : ðG� G; s� sÞ ! ðG; sÞ; i : ðG; sÞ ! ðG; sÞ
defined in (1) and (2), be fuzzy differentiable.

Example 3.5

(i) One of the simplest example of a fuzzy Lie group is Rn that is commutative fuzzy Lie group. The group operation is
given by vector addition. The identity element is the zero vector, and the inverse of a vector x is the vector �x. If
Rn equipped with the ordinary fuzzy topology, it is trivial which the mappings
m : Rn � Rn ! Rn ðx; yÞ#xþ y;

i : Rn ! Rn x#x�1;

are fuzzy differentiable.

(ii) The other example of fuzzy lie group is the general linear group GLðn;RÞ consisting of all invertible n� n real matrices,

with matrix multiplication defining the group multiplication, and matrix inversion defining the inverse. In fact,
GLðn;RÞ is an n2-dimensional C1-fuzzy manifold such that
m : GLðn;RnÞ � GLðn;RnÞ ! GLðn;RnÞ ðA; BÞ#AB;

i : GLðn;RnÞ ! GLðn;RnÞ A#A�1
;
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Definition 3.6. A fuzzy transformation group acting on a C1-fuzzy manifold is determined by a fuzzy Lie group G and fuzzy
differentiable map U : G�M ! M, which satisfies

(i) U is a fuzzy global surjective,
(ii) Uðg;Uðh; xÞÞ ¼ Uðgh; xÞ; for any x 2 M and g;h 2 G.
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Example 3.7. GLðn;RnÞ acts on Rn as a fuzzy transformation group with the map
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U : GLðn;RnÞ � Rn ! Rn ðA; xÞ#Ax:
Definition 3.8. Let G be a fuzzy Lie group, then H � G is called a fuzzy Lie subgroup if H is both a subgroup and a C1-fuzzy
submanifold. For instance, Oðn;RÞ, that is real orthogonal n� n matrices, is a fuzzy Lie subgroup of GLðn;RÞ.

Proposition 3.9. If a fuzzy Lie group G acts on C1-fuzzy manifold M as a fuzzy transformation group then so does any fuzzy Lie
subgroup H of G.

Proof. If j : H! G is the natural fuzzy injection and id : M ! M be a fuzzy identity map. There is a suitable global function
UH : H �M ! M such that
UH ¼ U � ðj� iÞ;
where j� i : H �M ! G�M: Therefore UH is a fuzzy surjective and fuzzy differentiable function which we have
UHðh;UHðh0; xÞÞ ¼ ðU � ðj� iÞÞ h; ðU � ðj� iÞÞðh0; xÞ
� �

¼ Uðh;Uðh0; xÞÞ ¼ Uðhh0; xÞ ¼ ðU � ðj� iÞÞðhh0; xÞ ¼ UHðhh0; xÞ
for any x 2 M and h;h0 2 H. h

Example 3.10. In Example 3.5. (ii), the GLðn;RÞ is a fuzzy Lie group, and Oðn;RÞ is one of its fuzzy Lie subgroups, then Oðn;RÞ
also acts on R3 as a fuzzy transformation group.

Definition 3.11. Let U : G�M ! M be a fuzzy transformation group. A subset S � M is called fuzzy G-invariant subset of M, if
UðG� SÞ# S.

Proposition 3.12. Consider U : G�M ! M as a fuzzy transformation group. If a regular C1-fuzzy submanifold M0 of C1-fuzzy
manifold M is G-invariant, then G acts naturally on M0 as a fuzzy transformation group.

Proof. Suppose that k : G�M0 ! G�M is the natural fuzzy injection, then the function U0 : G�M0 ! M0 induced by U � k
is fuzzy differentiable that is defines the required action of G on M0. h

Proposition 3.13. If M=q is a quotient C1-fuzzy manifold of M and equivalence relation q is preserved by a fuzzy Lie transforma-
tion group G on M then G acts naturally on M=q.

Proof. Let a : M ! M=q be natural fuzzy surjection and U : G�M ! M be fuzzy differentiable map so
a �U : G�M ! M=q is a fuzzy differentiable function. G� ðM=qÞ is a quotient C1-fuzzy manifold of G�M and a �U is
an invariant of corresponding equivalence relation on G�M. It therefore projects to the fuzzy differentiable function
U : G�M=q! M=q ðg;amÞ#aðgmÞ:
This defines the required action G on M=q. h
4. Fuzzy jet spaces and prolongations

Consider the fuzzy initial value problem
x0ðtÞ ¼ f ðt; xðtÞÞ; xð0Þ ¼ x0; ð3Þ
that is studied by Kaleva [12], where f : ½0; a� �F!F is continues and x0 is a fuzzy number. It is possible to extend the
fuzzy differential equation (FDE) in this problem to
uxðxÞ ¼ f ðx;uðxÞÞ; uð0Þ ¼ u0;
where x ¼ ðx1; . . . ; xpÞ and u ¼ ðu1; . . . ;uqÞ, and ux is the partial differential equation u respect to x. Also,
f : ½0; a� � . . .� ½0; a�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}�F� . . .�F|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
q times

!F� . . .�F|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
q times
p times

is continues.
cite this article in press as: Nadjafikhah M, Bakhshandeh-Chamazkoti R. Fuzzy differential invariant (FDI). Chaos, Solitons & Fractals
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Example 4.1. For instance, the fuzzy initial value problem (3) is a FDE with p ¼ q ¼ 1, X ffi R and U ffi R. Let us consider the
fuzzy problem
Please
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uxðx; yÞ þ uyðx; yÞ ¼ �cuðx; yÞ;
uð0;0Þ ¼ u0:

(

where c > 0 and u0 is fuzzy number. This is an example of FDE with p ¼ 2; q ¼ 1, X ffi R2 and U ffi R.
A general system of fuzzy differential equation (FDE) involves p independent variables x ¼ ðx1; . . . ; xpÞ,

xi 2 ½0; a�; 1 6 i 6 p, which we can view as local coordinates on the Euclidean space X ¼ ½0; a� � . . .� ½0; a�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
p times

ffi Rp, and q

dependent variables u ¼ ðu1; . . . ;uqÞ, uj 2F; 1 6 j 6 q, coordinates on U ¼F� . . .�F|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
q times

ffi Rq. The total space will be the

Euclidean space
E ¼ X � Y ¼ ½0; a� � . . .� ½0; a�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
p times

�F� . . .�F|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
q times

ffi Rpþq
coordinatized by the independent and dependent variables.

Definition 4.2. A (locally defined) fuzzy diffeomorphism on the total space E that is defined by a fuzzy transformation:
ð�x; �uÞ ¼ g � ðx; uÞ ¼ ðvðx; uÞ;wðx;uÞÞ ð4Þ
is called fuzzy point transformation.

Example 4.3. Consider the one-parameter group of rotations
gt � ðx; uÞ ¼ ðx cos t � u sin t; x sin t þ u cos tÞ; ð5Þ
acting on the space E ¼ ½0; a� �F ffi R2 consisting of one independent and one dependent variable. The equation for the
transformed function �f ¼ gt � f is given in implicit form
�x ¼ x cos t � u sin t; �u ¼ x sin t þ u cos t;
so that �u ¼ �f ð�xÞ is found by eliminating x from this two equations. For example, if u ¼ axþ b is affine, then the transformed
function is also affine, and given by explicitly by
�u ¼ sin t þ a cos t
cos t � a sin t

�xþ b
cos t � a sin t

;

which is defined provided cot t–a (see to [18]).

Definition 4.4. For the total space E ¼ X � U ffi Rp � Rq, the nth fuzzy jet space Jn ¼ JnE ¼ X � UðnÞ is the Euclidean space of
dimension
pþ qðnÞ 	 pþ q
pþ n

n

� �
;

whose coordinates consist of the p independent variables xi of space X, the q dependent variables ua of UðnÞ, and the derivative
coordinates ua

J ; a ¼ 1; . . . ; q, 1 6 #J 6 n. The points in the space UðnÞ are denoted by uðnÞ, and consist of all the dependent vari-
ables and their derivations up to order n; thus the derivative coordinates of a typical point z 2 Jn are denoted by ðx;uðnÞÞ. A
fuzzy differentiable function u ¼ f ðxÞ from X to U has nth prolongation uðnÞ ¼ f ðnÞðxÞ (also known as the n-jet and denoted jnf .),
which is the function from X to UðnÞ defined by evaluating all the partial derivatives of f up to order n; thus the individual
coordinate functions of f ðnÞ are ua

J ¼ @J f aðxÞ.
If g is a fuzzy point transformation (4), then g acts on functions by transforming their graphs, and hence also naturally acts

on the derivatives of the functions. This allows us to define the induced prolonged fuzzy transformation
ð�x; �uðnÞÞ ¼ gðnÞ � ðx;uðnÞÞ;
on the fuzzy jet space JðnÞ.

Example 4.5. For a rotation in the one-parameter group, considered in Example 4.3. the first prolongation gð1Þ1 will act on the
space coordinatized by ðx;u;uxÞ. The first prolongation of a rotation group is explicitly given by
gð1Þt � ðx;u; uxÞ ¼ x cos t � u sin t; x sin t þ u cos t;
sin t þ ux cos t
cos t � ux sin t

� �
; ð6Þ
defined for ux– cot t.
cite this article in press as: Nadjafikhah M, Bakhshandeh-Chamazkoti R. Fuzzy differential invariant (FDI). Chaos, Solitons & Fractals
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Definition 4.6. Let G be a fuzzy point transformation group. A fuzzy differential invariant (FDI) for G is a fuzzy differential
function l on Jn which satisfies
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lðgðnÞ � ðx;uðnÞÞÞ ¼ lðx;uðnÞÞ;
for all g 2 G and all ðx;uðnÞÞ 2 Jn where gðnÞ � ðx;uðnÞÞ is defined.

Example 4.7. Consider the usual action of the rotation group SOð2Þ on E ¼ ½0; a� �F ffi R2. The radius r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ u2
p

is an
ordinary fuzzy invariant of SOð2Þ. The first prolongation SOð2Þð1Þ was given in (5), besides the radius r, there is one additional
first order fuzzy differential invariant (FDI), which can be taken to be the function
w ¼ xux � u
xþ uux

;

provided x–� uux. Geometrically, x ¼ tan /, where / is the angle between the line from the origin to the point
ðx;uÞ ¼ ðx; f ðxÞÞ and the tangent to the graph of u ¼ f ðxÞ at that point; see Fig. 1 ([18]).
5. Applications and new ideas

A fuzzy differential invariant (FDI) is merely an fuzzy invariant, in the standard sense, for a prolonged group of fuzzy
transformations acting on the fuzzy jet space Jn. Just as the ordinary fuzzy invariants of a group action serve to characterize
fuzzy invariant equations, so fuzzy differential invariants (FDIs) will completely characterize fuzzy invariant systems of fuz-
zy differential equations (FDEs) for the group. Fuzzy differential invariants (FDI) has any application in solving a fuzzy dif-
ferential equation (FDE) by Lie symmetry method and we can classify fuzzy differential invariants for many of the groups of
physical importance.

There are some fields and new ideas for more works:


 A suitable definition for fuzzy differential operator (FDO)and fuzzy contact invariant (FCI) and investigation of their rel-
ative theorems.


 What’s the fuzzy differential forms and it’s invariance?

 Is there a symmetries fuzzy subgroup for a fuzzy differential equations (FDE)? and how is possible to reach it?

References

[1] Abbasbandy S, Allahviranloo T, Lopez-Pouso O, Nieto JJ. Numerical methods for fuzzy differential inclusions. J Comput Math Appl 2004;48:16331641.
[2] Bencsik A, Bede B, Tar J, Fodor J. Fuzzy differential equations in modeling hydraulic differential servo cylinders. In: Third Romanian–Hungarian joint

symposium on applied computational intelligence (SACI). Timisoara, Romania: 2006.
[3] Chakrabarty MK, Ahsanullah TMG. Fuzzy topology on fuzzy sets and tolerance topology. Fuzzy Sets Syst 1992;45:103–8.
[4] Chalaco-Cano Y, Roman-Flores H. On new solution of fuzzy differential equations. Chaos, Solitions & Fractals 2008;38:112–9.
[5] Chang CL. Fuzzy topological spaces. J Math Anal Appl 1968;24:182–90.
[6] Das NR, Das P. Neighbourhood system in fuzzy topological group. Fuzzy Sets Syst 2000;116:401–8.
[7] Das P. Fuzzy topology on fuzzy sets: product fuzzy topology and fuzzy topological groups. Fuzzy Sets Syst 1998;100:367–72.
[8] Fei W. Existence and uniqueness of solution for fuzzy random differential equations with non-Lipschitz coefficients. Inform Sci 2007;177:4329–37.
[9] Ferraro M, Foster DH. C1-fuzzy manifolds. Fuzzy Sets Syst 1993;54:99–106.

[10] Ibragimov NH. Lie group analysis of differential equations symmetries, exact solutions and conservation laws. Boca Raton, FL: CRC; 1994.
[11] Buckley James J, Feuring Thomas. Fuzzy differential equations. Fuzzy Sets Syst 2000;110:43–54.
[12] Kaleva O. Fuzzy differential equations. Fuzzy Sets Syst 1987;24:301–19.
[13] Kandel A, Byatt WJ. Fuzzy differential equations. In: Proc int conf cybern and society. Tokyo: 1978. p. 1213–16.
cite this article in press as: Nadjafikhah M, Bakhshandeh-Chamazkoti R. Fuzzy differential invariant (FDI). Chaos, Solitons & Fractals
), doi:10.1016/j.chaos.2009.03.070



M. Nadjafikhah, R. Bakhshandeh-Chamazkoti / Chaos, Solitons and Fractals xxx (2009) xxx–xxx 7

ARTICLE IN PRESS
[14] Khastan A, Ivaz K. Numerical solution of fuzzy differential equations by Nystrom method. Chaos, Solitions & Fractals, in press, 2008, doi:10.1016/
j.chaos.2008.04.012.

[15] Mordeson IN, Bhutani JK, Rosenfeld A. Fuzzy group theory. Springer-Verlag; 2005.
[16] Nieto JJ, Roadriguez-Lopez R. Bounded solutions for fuzzy differential and integral equations. Chaos, Solitions & Fractals 2006;27:1376–86.
[17] Oberguggenberger M, Pittschmann S. Differential equations with fuzzy parameters. Math Mod Syst 1999;5:181–202.
[18] Olver PJ. Equivalence, invariants, and symmetry. Cambridge: Cambridge University Press; 1995.
[19] Pederson S, Sambandham M. Numerical solution to hybrid fuzzy systems. Math Comput Modell 2007;45:1133–44.
[20] Pederson S, Sambandham M. The Runge–Kutta method for hybrid fuzzy differential equations. Nonlinear Anal: Hybrid Syst 2008;2:626–34.
[21] Zadeh L. Toward a generalized theory of uncertainty (GTU) an outline. Inform Sci 2005;172:140.
Please cite this article in press as: Nadjafikhah M, Bakhshandeh-Chamazkoti R. Fuzzy differential invariant (FDI). Chaos, Solitons & Fractals
(2009), doi:10.1016/j.chaos.2009.03.070

http://dx.doi.org/10.1016/j.chaos.2008.04.012
http://dx.doi.org/10.1016/j.chaos.2008.04.012

	Fuzzy differential invariant (FDI)
	Introduction
	Preliminaries
	 {{\bcal{C}}}^{1}-Fuzzy submanifold and fuzzy Lie group
	Fuzzy jet spaces and prolongations
	Applications and new ideas
	References


