EXTERIOR DIFFERENTIAL SYSTEMS WITH SYMMETRY
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Abstract. The symmetry group of an exterior differential system is used to simplify
finding integral manifolds in the case of Pfaffian systems. This leads to the definition of
a moment map for Pfaffian systems.
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1. Introduction. Let A = 0 be a system of differential equations,
and let S be its solution space. A symmetry group of the differential equa-
tions A = 0 is group G which acts on the space of solutions §. Typically
a symmetry group of a differential equation is known, even though the
solution space is not. A basic idea, which originated with Sophus Lie, is
that it might be easier to determine §/G than it is to determine S. This
idea (simplifying finding solutions to differential equations using a group)
is one of the principle motivating problems in studying exterior differential
systems with symmetry.

To describe the quotient S/G we first partition S into orbits having
inequivalent stabilizers,

S=8%US'U...usire, (1.1)

The set S corresponds to fixed points of the action of G. The solutions in
SC are the G-invariant solutions, which are also sometimes called equiv-
ariant solutions. The set S/7°¢ correspond to points in S on which G acts
freely. Solutions in S¥7¢¢ have no symmetry. The intermediate terms in
(1.1) are solutions which are fixed (invariant) respect to some subgroup of
G. The quotient can then be partitioned,

S/G = (SC/G)U (ST/G)U...U (ST /Q). (1.2)

where S¢/G = S°.
EXAMPLE 1.1. Laplace’s equation on R? — (0,0),

Ugg + Uyy =0

admits SO(2) acting on the punctured plane in the usual way

x cosf —sinf T
-~ ) ,
Y sinf  cosf y
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as a symmetry group. If u = f(x,y) is a solution to Laplace’s equation,
then it is easy to check that

F(z,y) = f(xcosf + ysinf, —xsinf 4y cos )

is also a solution, and so SO(2) acts on S. The set S¢ are the rotationally

invariant solutions to Laplace’s equation. These satisfy f(z,y) = f(z,y),
and so f must have the form

f=Ff(Vzt+y?).

This leads to the fundamental solution. The set ST™¢ are the solutions to
Laplace’s equation without any rotational symmetry, which would be most
solutions.

Lie’s original way of thinking was to find a family of quotient differ-
ential equations A = 0 whose solutions would be in 1-1 correspondence
with the different terms in the quotient S/G in Equation (1.2). A serious
problem with this idea is that it is unclear whether the quotient of a differ-
ential equation is another differential equation. For example, what would
the quotient of Laplace's equation by SO(2) in Example 1.1 be? The diffi-
cultly here lies in the usual coordinate description of differential equations.
However exterior differential systems (EDS) are a coordinate invariant way
to represent differential equations and in this context the idea of a quotient
differential equation can be easily realized.

A second important problem which arises in implementing a quotient
is the following. Suppose that A was a set of differential equations whose
solutions represented one of the quotients in Equation (1.2). We then need
to take a solution 3 to this quotient equation A and construct a solution s
to the original equation A = 0. This is sometimes called the reconstruction
problem.

In this article I will focus on how to find the quotient A, and what
is the “reconstruction problem”. I would like to list two other important
problems which should be kept in mind in the theory of quotients.

1) The inverse problem. Given a differential equation § = 0, is there
“simple” differential equation A = 0 such that § = A?

2) How are the geometric properties of A = 0 related to those of
A = 0? For example suppose A = 0 are the Euler-Lagrange equations for
some Lagrangian A. Are A the Euler-Lagrange equations for some quotient
Lagrangian A? For S€ the question is known as the principle of symmetric
criticality [4, 1). For Sfm*¢ this is sometimes known as Lagrangian Re-
duction [9, 10]. Symmetric criticality and Lagrangian reduction lie at the
opposite ends of the symmetry spectrum!

2. Symmetries and quotients of EDS.
DEFINITION 2.1. An exterior differential system (EDS) is a differen-
tial ideal T C Q*(M).
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Differential equations A = 0 give rise to exterior differential systems
(EDS). Examples are given below.

DEFINITION 2.2. An integral manifold of T is an immersion s : N —
M such that s*Z = 0.

Solutions to A = 0 are integral manifolds to a corresponding EDS 7.

DEFINITION 2.3. A symmetry of an exterior differential system is a
diffeomorphism ¢ : M — M such that ¢*Z = Z. A symmetry group of T
will be a Lie group G acting smoothly on M where each diffeomorphism
g: M — M is a symmetry of Z.

Symmetries of differential equations determine symmetries of their cor-
responding EDS Z. Symmetries of EDS behave like symmetries of differ-
ential equations. If ¢ is a symmetry of the EDS Z and s : N — M is an
integral manifold of Z, then

(po0s8)' T =s"¢"T =5"T =0.

Therefore symmetries map integral manifolds to integral manifolds. Given
a symmetry group G of an EDS Z, the symmetry group of an integral
manifold is

Gs={geG|gs(N)=s(N) }.

If G, = G, then N is a G-invariant integral manifold. The G-invariant
solutions to a differential equation correspond to G-invariant integral
manifolds.

We use the following notation. If {#'} € Q*(M) is a set of differential
forms, then the differential ideal they generate is

T =<6 d6" >,

where <, > means the algebraic ideal in Q*(M). If §* € Q'(M) (one-
forms) then 7 is a Pfaffian System. The EDS which will be of main interest
through this article are constant rank Pfaffian systems.

DEFINITION 2.4. A (constant) rank r Pfaffian system T is an exterior
differential system generated by the sections of a rank r subbundle I C
T*M.

We will usually refer to the bundle I as the Pfaffian system, and we
will also denote by

I= {6}

the subbundle of 7* M which is the point-wise span of the differential one-
forms 6 € Q1(M).

The annihilator I+ C TM of a rank r Pfaffian system I C T*(M) is
the rank n — r subbundle defined point-wise by

[F={VeT,M|0(V)=0, VeI, peM}.
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An integral manifold of a constant rank Pfaffian system I is then an im-
mersion s : N — M such that

s TN € Ijpyy.

Symmetries of a constant rank Pfaffian system I are diffeomorphisms ¢ :
M -- M which preserve the subbundles I and I*+.

REMARK 2.1. Infinitesimal methods will be used when discussing
symmetry [13].

ExAMPLE 1.1 (Continued). Laplace’s equation on R? — (0,0), gives
rise to a rank three Pfaffian system I = {6y,60.,,0.,} on a seven manifold
My = (z,y, U, Uz, Uy, Ugy, Uyy), where

Oy = du — ugdz — uydy,
O, = dug + Uy dy — uzydy, (2.1)

Ou, = duy — UgydT — uyydy.

Solutions u = f(x,y) to Laplace’s equation define integral manifolds s :
R2 - (0,0) — M7,

s(z,y) = (:L'vyvu = f, up = fr, uy = fya Ugy = foys Uyy = fyy)-
The infinitesimal generator of the prolonged SO(2) action on M7 is

X = 10y — YOz + uzOy;, — UyOu, ~ 2uyy0,

Ugy

+ 2u 5,0

Uyy

(2.2)

and is an infinitesimal symmetry of I (or T ).

2.1. The quotient. Let G be a Lie group acting smoothly on M,
with infinitesimal generators I'. Let I' C T'M, be the corresponding point-
wise span of elements of I'. In the following discussion we will assume that
the action of G on M if sufficiently regular so that q: M — M/G = M is
a smooth submersion. With this hypothesis on the action, ' C TM is a
rank g subbundle where ¢ is the dimension of the orbits. Furthermore

' = kerq,

which is also the vertical bundle for q.
_ DeFniTION 2.5, The quotient of an EDS T C Q*(M), is the EDS
ZCOQ*(M) defined by

T={0cQ (M) |qdecT}.

If Z is a constant rank Pfaffian system (with bundle I C T*M), the
quotient of the bundle I is the subset I C T*M given point-wise by

L;={0€T:M| q*0; € I, where q(z) =7 }.
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This can be computed in terms of I+ € TM by
= L
I=(q,(I))".

Necessary and sufficient conditions that the subsets I € T*M, or q,(I1) C
TM are subbundles are well known [8].

LEMMA 2.1. The subsets I C T*M, and q,(I*) C TM are subbundles
if and only if there exists a non-negative integer k such that

dim (I; N (kerq,);) =dim (I; NTe) =k, VzeM.  (23)

Then rank q,(I*) =n—r—k andrank I =r+k —q, whererank I' = q.

It is handy to write out the intersection I NI, in Equation (2.3) in
a basis. Let z € M, {X,}1<q<q be a basis for I'; and let {#'}1<i<, be a
basis for I,. Then

I NT, =ker6'(X,), (2.4)

where the kernel is computed on the index a.

The first issue that occurs in EDS reduction is that even when condi-
tion (2.3) is satisfied, bundle reduction and Pfaffian system reduction do
not necessarily commute.

EXaMpPLE 2.2. Consider the three dimensional manifold M =
(x,u,uz), with rank one Pfaffian system

I'={du—uzdz}, and 7= <du—uzdz, duy Adr >.

The group G = R acting on M by c-(z,u,uz) = (,u+c, ug) is a symmetry
of I. The projection map is q(z,u, u;) = (z,u,). The bundle quotient is

q,(I*) =TR?, therefore I =0.
While the EDS quotient is,
T = <dug Nz >.

If a Pfaffian systems Z is completely integrable then EDS reduction
and bundle reduction commute [5]. For Pfaffian systems which are not
completely integrable, sufficient conditions are given in [2].

The intersection condition in Equation (2.3) will be the focus for the
remainder of the article. We begin with a simple application, see [5].

THEOREM 2.1. Suppose T is a constant rank Pfaffian system with
symmetry group G. If there exists X, € I;C’;) NIy, with Xz, # 0, then
eXxy, X € g is a one-dimensional integral manifold.

The integral manifold Xz in this theorem is the integral curve of
the infinitesimal generator X through the point z¢. Equivalently, it is the
orbit of the one-parameter subgroup e‘*X through the point zg.

We now turn to a few examples before continuing with the development
of the theory.
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3. Examples.
EXAMPLE 3.3. The Chazy equation

Yzzz = 2YYzz — 3yg

gives rise to the completely integrable rank three Pfaffian system I =
{6',62,6%} on a four dimensional manifold My = (,y, Yz, Yzz), where

0! = dy — yodz, 67 = dyy — yeodz, 6> = dyzz — (2YYes — Byg)da: (3.1)

Solutions to the Chazy equation are integral manifolds of I. The Pfaffian
system (3.1) is invariant with respect to the (infinitesimal) action of SL(2)
on My given by ' = {X1, X2, X3} where

Xl = 6za

Xo =220, — 2y0y — 4y, 0y, — 6Yz20y,.,

X3 = "‘1281 + 2(zy + 3)82/ +2(2zy, + y)ayx + 6(yz + xyxx)aym-

By Equation (2.4), there exists X, € I NIy, with X, # 0 if and only if the
determinant det(6*(X;)) = 0. This occurs at the points p € My satisfying,

1 1 3
Yoz = Yz — §y3 + 5(1/2 — 6yx)?. (3.2)

For initial conditions (z°,y°, 0, vy2,) satisfying this constraint, the (unique)
solution obtained from Theorem 2.10 is the one-dimensional orbit,

(8° + 392 + y°V/69)

ty0(y® + V60) — 1

.0 0 04\2 0 00\/_0 0,050 0 0
y=1y +2ty; ((3t(yz) —y 1y, 6" )Vl + ty,y"s -3yz‘5)

z =2z + 2

where 6° = (y°)? —6y2. This is a 2 parameter family of invariant solutions
to the Chazy equation, which are easily written as a graph.

EXAMPLE 3.4. The standard Pfaffian system for the ordinary differ-
ential equation

2
5uzxx(guza:xxuzm - 8uxz:z)
2 b
JuZ,.

Uggrrr =

is tnvariant with respect to the five dimensional special affine group
G=5A2)={(4,b) | Ae SL(2,R), be R? },

with affine action on (x,u) and then prolonged. Fuvery solution is the orbit
of a one-parameter subgroup, from which the general solution,

u=co+c17 + Vcax? + c,x + cp(descy — ¢2)



EXTERIOR DIFFERENTIAL SYSTEMS WITH SYMMETRY 357

where ¢y, ¢1, Cy, C3, ¢, are constants, can be found. See [5] for the details.
EXAMPLE 3.5. Consider the pseudo-Riemannian metric on R*,

= e‘gz“(dxldxg — dzodzs) + e%“dxgdzg + ¢ dzadzy

where if ¢ < 0 the metric is Lorentzian, and if ¢ > 0 the metric has split
signature. The geodesic equation define a completely integrable rank eight
Pfaffian system I on a nine-dimensional manifold My = {(t,x;, %), 1 <
1 < 4} given by

2 4
I= {dmi—ﬂcidt, d¢1—§¢4(2¢1—3¢3e224)dt, diry— zdatadt,
4 1 4 2 (3:3)
ditg—datadt, dieto (6_5””4(43’:1&:3—2i%)—e§x4:i‘§) dt}.

The geodesics are integral manifolds. The Pfaffian system (3.3) is invariant
with respect to time translations and the induced action of the isometry
group which has Killing vector-fields

X] = 811 7X2 = a:l:zv X3 = 8.’[37 X4 = m2a.'51 +x3a€ll27
X5 = 5I1311 + 2.’132312 - 1L'33x3 -+ 38“.

We work at the point p € My given by

t=0, x=(0,0,0,0), x = (g,o,k,O), (3.4)

where k # 0. The vector-field X € T,

X =0+ gxl + kX3 =0, +§azl + ko,

satisfies 0(X) = 0, V 8 € I, where p is the point (8.4). The integral curve
of X in M through the point (3.4) is

T = Z—t, To =0, z3 = kt, 4 = 0, (3.5)
which by Theorem 2.10 is an integral manifold. The curve (3.5) is a
geodesic which is the orbit of a one parameter subgroup corresponding
to X.

REMARK 3.1. Geodesics which are orbits of the isometry group are
called homogeneous geodesics. Homogeneous geodesics always exist for ho-
mogeneous Riemannian manifolds [11], but it is an open question whether
every homogeneous pseudo-Riemannian manifold admits a homogeneous
geodesic.

EXAMPLE 3.6. FEvery geodesic on a Riemannian symmetric space s
homogeneous.
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EXAMPLE 3.7. The contact system on J?(R,R?) is a rank four Pfaf-
fian system I = {6:,6,,0;,0;} on a seven dimensional manifold M7 =
(t, z,y,4,9,%,§) where

0, = dz — &dt, 0, = dy — ydt, 0; = di — &dt, 0, =dy — jdt.  (3.6)

Any prolonged graph (z(t),y(t)) is an integral manifold. The action of the
oriented Euclidean group E(2)%,

_ [ cosf —sind YN, (@
T\ sinf  cosd Yy b )’
cosf —siné T
( ):< sing cosf ) ( Y )’ (3.7)
__{ cosf) —sind Z
T\ sin®  cosé ]
15 a symmetry group of I. The only possible integral curves which are orbits

satisfy £ = § = 0, and are single points. (Re-parameterization of t is not
being allowed as part of the symmetries.)

W 8y Qo Ko & 8

4. Quotients.

4.1. Invariant integral manifolds. In order to compute the quo-
tient of a constant rank Pfaffian system I, we need to partition M into
G-invariant subsets on which we can control the behavior of the quotient.
One key is the intersection condition

Itnr,

from Equation (2.3) of Lemma 2.1, or (2.4). Let K C M be the G-invariant
subset

K={zeM|T,CIt}. (4.1)

This is the set of points x € M where every form § € I, vanishes on every
X; € I'y. Tt is also the set of points where the matrix in (2.4) has the
smallest possible rank (zero).

Assume  : K — M is an embedded submanifold and that T, K NJ Ii has
constant dimension independent of . Then Tx = +*7 is a constant rank
Pfaffian system. Further assume that the action of G on K is sufficiently
regular so that q : K — K/G is a smooth submersion. At points z € K,
I, C (Ixz)*, and so by Lemma 2.1 the quotient Ik has the same rank
as Ix. It is also easy to show that bundle reduction and Pfaffian system
reduction commute in this case, and therefore Zx is constant rank Pfaffian
system.

The Pfaffian system [ determines the “G-invariant solutions”.
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THEOREM 4.1. Let N C M be an embedded integral manifold of I .
Then N = q~Y(N) C M is a G-invariant integral manifold of I.

Proof. The manifold N is clearly G-invariant, so we only need to show
it is an integral manifold. Let z € N, X € T, N, and # = q(z), X = q, X.
Note Z € N and X € TxN.

Choose an open set U C K containing Z, and a cross-section o : M —
M with ¢(Z) = z. Then

X=0X+V
for some V € I'; (the vertical bundle at z). Evaluating on 6 € Z,

0(X) =0(c, Xz +V)
=g*9(X) +0(V)
=0.

The first term vanishes because ¢*@ € Z, and N is an integral manifold.
The second term vanishes because we are at point of K (4.1). a

A few important remarks about this theorem are appropriate.

REMARK 4.1. The reconstruction problem is algebraic. The inverse
image process in the theorem provides the reconstruction.

REMARK 4.2. The converse of this theorem is also true. Every invari-
ant integral manifold factors though the set K, and projects to an integral
manifold of Tk.

REMARK 4.3. Integral manifolds of Zx can always be enlarged (lo-
cally) to be invariant.

REMARK 4.4. The set K is the subset of M on which I' are Cauchy-
characteristics for Zx. Perhaps this makes Theorem 4.1 not so surprising.

ExAMPLE 1.1 (Continued). For Laplace’s equation with Pfaffian sys-
tem (2.1), we determine the set K. With the forms in (2.1) and X in (2.2)
we get

0%(X) = (yuz — Tuy, —Uy — TUgy — Ulyy, Uy — TUyy + YUgy) -

The set K is then given by 0%(X) = 0. Solving these equations we find K
is four dimensional and choosing coordinates K = (z,y,u,a), the inclusion
t: K — My is

2zya (x? —y2)a)

T=T, Y=Y, U=U, Uy = AT, Uy=QY, Ugpy=——F5—F5, Uyy =
( ) ) ] ’ Y 3 Y $2+y2’ vy x2+y2

The one-forms in I pullback by ¢ to give,
("0, = du — axdz — aydy,

2

2z%a 2xya

*0y, = xd d
L0y, $a+m2+y2 $+x2+y2
2y%a

2zya
d dy.
212 x+z2+y2 Y

dy,

t*0y, = yda +
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Therefore I is rank two. The quotient K/G = {(r,u,a) |7 > 0} is three
dimensional and the rank two quotient Pfaffian system is,

Ig ={ du—ardr, rda+ 2adr}.
The submanifolds
s(r) = (r, c1 + calogr, cor™?) (4.2)

are integral manifolds of Ix. By Theorem 4.1, the inverse image of (4.2)
leads to the invariant solutions

(:r, Y, u=cy + %2— log(ar;2 + yz), a= cz(a:2 + y2)—1)-

4.2. The transverse set. A second G-invariant subset of M is the
transverse set

Mi={zeM|I}nT,=0} (4.3)

This is the set of points in M where the rank of the matrix in (2.4) is as
large as possible.

Suppose M? is an embedded submanifold and that G acts regularly on
M?. Let

Ty = Ile

be the restriction of Z to M*. The transversality condition Ij- N, =0
implies that Zs+ is a constant rank Pfaffian system with the same rank as
Z. Unlike the case for the invariant integral manifolds in section 4.1, the
quotient Ty is not necessarily a Pfaffian system.

The set M! was studied in detail in [2]. We recall a few things from
that reference. First, the integral manifolds of Zps¢ have essentially no
continuous symmetry. Second, if s : N — M, an integral manifold of Zy,e,
then qos : N — M? is an integral manifold of Zps:. (The immersion
property still holds).

A generalization of Proposition 6.1 from [2], solves the reconstruction
problem.

THEOREM 4.2. Let N — M? be an embedded integral manifold of
Zare. Then I|q-1(w) 18 completely integrable, and the leaves are integrable
manifolds of T.

An immediate consequence of this theorem is that the integral mani-
folds of T are surjective (locally) by q onto the integral manifolds of Zyy:.

There is a particularly nice geometric way to think about the recon-
struction problem when the action of G on M? is free. Starting with an
integral manifold s : N — M?* of Ty, let $: N — M be any cover of N.
Any other cover s : N — M of § is of the form

s(t) = p(A(2),5(2))
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where A : N — G is unique. If we require s(¢) to be an integral manifold of
Z, then A(t) satisfies a generalized equation of Lie type. Equations of Lie
type are differential equations on Lie groups which have many applications
and interesting properties. For example, the equations are integrable by
quadratures for (simply connected) solvable Lie groups.

ExaMpPLE 3.7 (Continued). The infinitesimal generators of the ac-
tion of the oriented Euclidean group E(2)t in (8.7) on the 7 dimensional
manifold J%(R,R?) are

I' = span { Oz, Oy, 20y — yOz + £0y — y0; + L0y — 40z }.

Using the forms in Equation (3.6) for I, the transverse subset M in Equa-
tion (4.8) for the E*(2) action is

M'={pe J*(R,R?) | (&,5) # (0,0)}.

The group E(2)* acts freely on M' and the quotient is M* = M*/G is 4
dimensional, M = {(t,v, k1,kq),v # 0}. The quotient EDS is

Tape = <dv — kodt,dks A dt, kydk; A dt >,

which is not a Pfaffian system. A typical integral manifold for Iy is

S(6) = (6,0 = v{t), b = k1 = k(t)), v(t) #0.

An integral manifold in Mt which projects to 3 is of the form
s(t) = u(A(t), 0 0 5(2))
where o(t,v, k1, k2) = (¢,0,0,0,v,k1,k2), and A: R — E(2)* satisfies

%% = —v(t)siné(t) =0, gg = v(t) cos (1), % - ]:)1((;))

This is an equation of Lie type for the curve o : R — g,

oft) = (o, —u(®), f}l(i?) _

REMARK 4.5. The example above can be generalized to J*(R,G/H)
with the following interpretation. Compute the quotient of the contact
structure Z on J*(R, G/H)/G on the transverse set for k sufficiently large.
Let 5 be an integral manifold to the quotient system. By finding an integral
manifold to Z projecting to §, we have solved the prescribed “curvature”
problem for curves in a homogeneous space. The curve 5 is the prescribed
curvature. The reconstruction is done (in general) by solving an equation
of Lie type on the group G.
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ExaMpPLE 1.1 (Continued). Laplace’s equation with the basis for I in
Equation (2.1), and infinitesimal generator (2.2), the matriz 0*(X) is
(Yug — TUy, —Uy — TUgy — Ulyy, Uy — TUyy + YUgy) -

On the SO(2)-invariant set M = {yuy — zu, # 0}, which is a subset
of M*, the matriz 6%(X) is full rank. The quotient is siz dimensional
M¢/SO(2) ={(r,v,p,q,s,t) | 7 > 0} with projection map

1 2, .2y . _ _ _
T—210g($ +y)aU—U,P—-IUz+yuy, q = TUy — YUy,

oo Ty~ Yl + 2yTuyy + (22 — Y?) sy

TUy — YUz
f = Uyy (2% — y?) — 2Yusy — Tus — Yuy
TUy — YUz ‘

The quotient jM(g s the rank two Pfaffian system
Ingg = { dp — sdv + (tq + ps)dr, dg— tdu+ (tp — sq)dr }.
The submanifold

v
(r=r,v=vp=—,q=r s=r"1 1t=0)
T

is an integral manifold of fMé.
The reconstruction problem leads to the completely integrable system
of partial differential equations for 6(r,v),

r20,0 = —v, rd,0=1.

The solution is 8 = vr~! + ¢y. This leads to the integral manifolds (as a
graph)

1
U=y log(z? + y?)(arctan y_ ),
xr

which are not SO(2) invariant.

REMARK 4.6. It is a good exercise to compute the equation of Lie
type on SL(2) for the Chazy equation on the set of transverse initial con-
ditions. The transverse initial conditions will be the complement to those
in Equation (3.2).

EXAMPLE 4.8. In this last example, we demonstrate an inverse prob-
lem. Consider the “Cartan-Hilbert equation” in the form of the rank
three Pfaffian system I = {6',62,0%} on the five dimensional manifold
M5 = (Zl, 29,23, tl, tz), where

1 1 1
o' = 5d21 = tadty, 02 = dzy — §tfdt2, 0% = dzz + Et%dtl. (4.4)

IThe usual form of Cartan Hilbert equation is 2’ = (y"')2.
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The derived flag for this Pfaffian system is (3,2,0), and the Lie algebra
of the symmetry group is the split form of Ga. The integral manifolds are
easily determined with t = t; to be,

1d
z1 = f(t), ta = §d_];’ zg = F1(t), 23 = Fa(t)
where Fy, Fy satisfy,
2 2
4 _1gfs iR 1[4 s)
dt 4 dt? dt 8 \ dt

The group G = R? acting on Ms,
(a,b, C) . (21,22, Z3,t1,t2) = (21 +a,29 + b, 23 + C,tl,tg) (4.6)

is a symmetry group of 1.
Now let I = I, ®1, be the direct sum two copies of the “Cartan-Hilbert”
Pfaffian system (4.4), on the ten-dimensional manifold My x Mg where,

1 1
I = {5dw1 — 89dsy, dsy — 53%(132, dss + %s%dsl}
is on the second five-dimensional manifold Ms = (w1, wa,ws, s1,52). Let
G =R3 from (4.6) act diagonally on My x Ms by
a(z,t) x (w,s) = (z+a,t) x (w+a,s)

where a € R3. The quotient (M5 x Ms)/G is a seven dimensional manifold
M7 = (zy, Z2, Z3, t1, t2, S1, S2), and the quotient map q : My X Mg — My is

q:(z,t) x {(w,s) =(Z=2z—w,t,s),

where Z; = z;—w;, 1 <1 < 3. The quotient Pfaffian system (I, ®13)/G =T
is easy to compute and is the rank three Pfaffian system,

1 1 1 1 1
I= {§d21 —todty +s2dsy, dZa— 5tfdt2 + 5sfdsz, dzz+ §t§dt1 - §s§dsl }

By making a change of coordinates

3 o 2,2
_ Huy — Yuyy — Tugy) = 6uy, ur — T — 3zuz, Uy,
= N = 3 )
Uyy Uyy
2 2 2
z4(1 4 3u,us,) Uy (uy — 2zu
g = . 3yy Y 4 9 (zug —u) + y(Uy ry)’
Uyy Uyy
= Ugylyy — 1 o = TUgyUyy — Uylyy — T
1— 9 2 — ]
Uyy Uyy
_ UgylUyy + 1 | TUgyUyy — Uylyy + 2
Sl - ___——_—7 82 - b

Uyy Uyy
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we get
- 1
I= {du—umdx—uydy, dux+3—u—3—dx~uwydy, AUy —Ugy dT—Uyydy } 4.7)
vy

This is the standard Pfaffian system for the non-Monge-Ampere partial
differential equation,

Buggtid, + 1 = 0. (4.8)

By taking integral manifolds to I, and Iy, the map q produces the
general solution to this non-Monge-Ampere equation by a non-linear super-
position of solutions to the Cartan-Hilbert system. The solution is given
implicity by

o= = -9+ 3la- 1)
_1 (tg —sf)>  (sg' +tf)((2s—t)g' + (2t —5) )
u=5(G2—F) - 24(t—s) 48(t — s)
tsfg  (FL—Gi)(g' —f)
12(t — s) At —s)
where

(f(t1), F1(t1), F2(t1)), and  (g(s1),G1(s1), G2(51))

are integral manifolds of the corresponding system (4.5).

REMARK 4.7. The Pfaffian system in Equation (4.7) for the non
Monge-Ampere partial differential equation in the plane (4.8) is the quo-
tient of two fairly simple Pfaffian systems. The quotient allows us to find
the general solution to the partial differential equation (4.8). The Pfaffian
system (4.7) is called Darbouz Integrable. It can be shown that a Darboux
integrable EDS can be given explicitly by a non-linear superposition (or
G-quotient) of two “simple” EDS. Darboux integrability also occurs for
systems of equations, such as the harmonic map and the Toda Molecule
equation. See [3] for more details.

5. The moment map. The procedure in Sections 4.1 and 4.2 for
finding integral manifolds involves two steps. The first step is to restrict
the Pfaffian system to a G-invariant set (K or M?!). The second step is to
compute the quotient Pfaffian system on the invariant set.

This two step process is very similar to symplectic [13] or contact
reduction [12] where a moment map is used. In the reduction process we
have outlined, there is a moment map which is a direct generalization of
the moment map in contact geometry (a contact manifold is a particular
rank one Pfaffian system).
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We begin with a local description of this map. Suppose I is constant
rank r Pfaffian and {6'}1<;<, is a basis of local sections. The moment
@i M- R"®g" given by

0(X), Xeg

In this equation we have identified g with the infinitesimal generators T'.
The set K in Section 4.1 is then the zero-set of the moment map, while
M? is the full rank set for the moment map. The reduction process we
have described is then similar to that for symplectic or contact reduction -
restriction then quotient.

A global description of u can be given [12]. Let L = TM/I* be the
quotient vector-bundle, and let & : TM — TM/I* be the vector-bundle
projection map. The moment map u is a section of Hom(g,L) = g*® L
given by

pe(X) =2(X:) X€g.

The argument in [12] for contact manifolds proves the following theorem.

THEOREM 5.1.  The moment map p : M — Hom(g,L), is
equivariant.
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