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ABSTRACT

The equivalence problem for systems of second-order differential equations under point transfor-
mations is found to give rise to an {e}-structure of dimension n>+4n +3. It is then shown that the
structure function for this {e}-structure is a differential function of two fundamental tensor invariants.
The parametric forms of the fundamental invariants are given and their vanishing characterizes the
trivial equation ¥ = 0. We also show that the vanishing of the fundamental invariants characterizes the
unique system of second-order ordinary differential equations admitting a maximal-dimension Lie
symmetry group. Thus, equations not equivalent to ¥ = 0 admit symmetry groups of dimension strictly
less than n? + 4n + 3.

1. Introduction

In this article we consider the following problem: given two systems of
second-order differential equations

di' dx’ o
—Jt‘Z‘= '(t,x’, E) (I1=i,j=n), (1)
d¥x' -/  _ dx’ .
;7—2=f'<t,X’, F{) (1=<i,j<n), (2)

are they equivalent under the pseudo-group of smooth invertible local point
transformations? In other words, can one make an invertible change of
coordinates

(1, &) =W(t, X') = (¢(t, X'), ¥/'(1, X)) 3)

such that when the system (1) is expressed in the coordinates (7, ¥') it is identical
to the system (2). This notion of two systems of second-order differential
equations being equivalent defines an equivalence relation on the set of
differential equations of the form (1). We analyse this problem by applying Elie
Cartan’s method of equivalence [2] which, in theory, provides a way to distinguish
between equivalence classes of the systems (1).

The problem of equivalence for scalar equations (n =1) was originally solved
by Cartan [3]. Subsequently Chern [5] investigated the two equivalence problems
for systems under the restricted pseudo-groups of smooth invertible local
transformations which preserve the independent variable as given by

(FxX)=(¢'() and @ X)=( ' x)). 4)

Chern was able to cast the question of equivalence between equations (1) and (2)
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into a question about the equivalence of exterior differential systems associated to
the corresponding equations, at which point the equivalence method of Elie
Cartan was immediately applicable. By applying Cartan’s method, Chern was able
to associate to any system (1) an {e}-structure or an invariant coframe which may
be used to determine whether the systems (1) and (2) are equivalent by either of
the transformations in (4). Similarly we obtain an invariant coframe (of different
dimension to that of Chern) by applying the equivalence method with the larger
group of point transformations (3).

The invariant coframe or {e}-structure in our problem is of dimension
n?+4n +3, and enjoys the important property that its structure function can be
expressed solely in terms of two fundamental families of tensor invariants (which
we call Pjand §},), and their successive covariant derivatives. From the general
theory of {e}-structures we then know that P; and S}, (along with their
corresponding covariant derivatives) can in principle be used to characterize the
different equivalence classes of systems of the form (1). Thus, tensors P} and 8%,
are essential in determining the geometric properties of the system (1). One
example where this can be seen is the inverse problem in the calculus of
variations [1]. Here the structure of the tensor invariant P} plays a significant role
in determining whether a system of the form (1) is a multiple of a set of
Euler-Lagrange equations for some Lagrangian (see the memoir by Anderson
and Thompson for details [1]). One importance of the tensor Si, is that its
vanishing characterizes systems of second-order equations which may be as-
sociated with a projective connection. This is demonstrated in Appendix B.

It is classical (see Cartan [4]) that the dimension of the symmetry group of an
{e}-structure is bounded above by its dimension which in our case is n> + 4n + 3.
The fact that the symmetry group of the system (1) is identical with the symmetry
group of the {e}-structure immediately re-establishes the fact proved by F.
Gonziles-Gascén and A. Gonzédlez-Lépez [8] that the symmetry group admitted
by a system of second-order differential equations is bounded above by
n?+ 4n + 3. For comparison, we point out that the proof of Gonzilez-Gascén and
Gonzélez-Lépez uses Lie-theoretic techniques.

Gonzalez-Gascon and Gonzélez-Lépez [8] have demonstrated that the simple
system

d*x!

ar 0 ©)
is an example of a system which admits a Lie symmetry group of the maximal
dimension n* + 4n + 3. Our contribution here consists of sharpening this result by
analysing the integrability conditions of our {e}-structure to show the remarkable
fact that (5) is the unique system of second-order differential equations (up to
change of coordinates) which admits a point symmetry group of maximal
dimension. We may state this in another way by saying that given a system (1)
admitting a symmetry group of dimension n”+4n +3, there exists a set of
coordinates such that the system may be put in the form (5). Furthermore, we
also show that the vanishing of the fundamental tensor invariants provides a
simple coordinate-invariant characterization of the systems equivalent to (5).

It is interesting to note that this uniqueness result does nor hold for either of
the pseudo-groups of transformations in (4) considered by Chern. That is, there
exists more than one equivalence class of equations which are maximally



SECOND-ORDER ORDINARY DIFFERENTIAL EQUATIONS 223

symmetric under transformations of either form given in (4). In the scalar case
(n =1), the characterization of the equation ¥ =0 by the property of having a
point symmetry group of maximal dimension (which is 8) was known to Lie [11].
Furthermore, Lie was interested in maximally symmetric systems of equations
due to their relationship with the projective groups. Finally, we also note that a
complete classification of scalar equations which admit fibre-preserving symmetry
groups has been given by L. Hsu and N. Kamran [10].

2. Equivalence of systems of second-order ordinary differential equations

By following Chern [5] we cast the equivalence problem for equations (1) and
(2) into a question of equivalence for exterior differential systems on J'(R, R").
Let (¢, ', p') be coordinates on J'(R, R") and 8’ = dx’ — p'dt the contact forms.
We assume that f'(t, x/, p/) are smooth functions on a contractible open subset U
of J'(R, R") and associate to equation (1) the Pfaffian system on U generated by

O =dx' —pid, #'=dp' - fi(t, ¥, p)adh (6)

The significance of this Pfaffian system is provided by the following lemma.

Lemma 2.1. The solutions x' = x'(t) to equations (1) are in one-to-one corres-
pondence with the one-dimensional integral manifolds y: R— U of the Pfaffian
system (6) which satisfy the independence condition y* dt # 0.

Similarly if we let U < J'(R, R") be a contractible open subset with coordinates
(7, ', p') and contact forms 8' = dx' — p’ dt, we then associate with equations (2)
the Pfaffian system generated by

§'=dx' —p'di, T =dp'-F(i %, p")dE. )

To express the condition for equivalence of equations (1) and (2) in terms of the
Pfaffian systems (6) and (7) we need the explicit form of the prolongation of the
point transformation (7, ') = W(s, x') in (3). We write the prolongation
v J(R, R") =T (R, R")
in coordinates as
where
¢> tdy'
= yi(, X, p’ (
p'=u(, X, p)= dr dr

Let w =dr and @ =d7 so that with the collection of 1-forms in equations (6)
and (7) we have (w, &, n') and (@, &, #') being local coframes on U and U
respectively. It is now possible to express the equivalence condition as an
equivalence problem for the Pfaffian systems (6) and (7).

LemMA 2.2. The two systems of differential equations (1) and (2) are equivalent
if and only if there exists a point transformation (1,%')="¥(1, x") with first
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prolongation W,: U— U satisfying

@ o
Wi ?’ =9 6| )]
Fd 7

where &+ U—H is a smooth function on U taking values in the Lie subgroup
H <= GL(2n + 1, R) defined by

a E; 0
H= 0 A 0 ), aeR* A} eGL(n,R), E, e R", Cie M,(R) (. (9)
0 C} a"A}

Proof. In order to verify this lemma, we need to compute W¥7'. This is found

to be

ol . 3 ,
PN P \IJ< 9 i+ ¢dx)
ox’ ap ax’

widp' - Fdry="Lar +

= 4" Al(dp) - fidi) + C6) + (i'ow, —a-'%)w, (10)

where

ay' dd d¢, o 0 do
A = — — , C' oY, — = —
ax’ P ox’! -f " ox! ? dr
From equation (10) it is then clear that a necessary and sufficient condition for
equivalence is
- dyy
U q; =1 ,
feWi=am,
which proves the lemma.

By this lemma the problem of the equivalence of (1) and (2) is set in a form to
which the Cartan method may be readily applied. We now describe the
equivalence method.

Given two coframes (%), (w?) with 1 <a, b <N on open contractible subsets
U,V cR", the Cartan equivalence method provides a solution to the problem of
whether there exists a diffeomorphism ¢: U— V such that

d)*wv waU f0r1<a b<N (11)

where K} maps U to H and H<c GL(N, R) is a linear Lie subgroup of dimension
h. In Gardner’s book [7], we find a detailed presentation of an algorithm which
implements the equivalence method and we present the essentials of this
algorithm. First define the lift of the coframe w7, to the product space U X H by

w® = Fiwl). 12)

Subsequently, we complete the collection of forms «” to a coframe on U X H by
lifting a maximal set of right-invariant Maurer-Cartan forms on H to U X H. We
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label the lifted forms by a° where 1<s=h, and note that any other such
collection of forms &* which complete w” to a coframe on U X H are of the form

a’=a*+ Vi’ 13)
with V§ e C®(U X H). Differentiating (12) we obtain the structure equations
dw® = ([dINF VA0 + PLdwl = Cha Aw® + T80’ At 14)

At this point we perform what Gardner (7] calls absorption of torsion. This
amounts to using the freedom in the forms a° in equation (13) to eliminate as
many of the I'j.w? A w® terms in equation (14) as possible. This requires solving
for as many of the functions V' as possible in the equation

V-‘[.cCg]s = ch- (15)
The resulting structure equations then take the form
dw® = C4,8° A w” + T2.w° A 0, (16)

where the T, are linear combinations of the original I'4.. The importance of this
procedure is that T2, is now a tensor function on U XH (H-equivariant). The
absolute invariants of T'4. will provide necessary conditions for the existence of an
equivalence. The invariants may then be used to reduce the structure group H to
a linear subgroup H, c H. After a reduction of the group H to H, we return to
the start of the algorithm with H, in place of H.

If the tensor I'%. vanishes or if its structure is difficult to normalize, we prolong
the problem. The first step in prolongation is to compute the degree of freedom
we have in the coframe (w? a‘) which leaves I'2, unchanged. The freedom here is
given by the solution to the homogeneous system of equations for V3 in (15)
which are

ic ‘!z)]s = O (17)
The abelian group
I 0
H® =< o ) 18
Vi Dy (%)

with V7 satisfying (17), is called the (first) prolongation of H. We then start the
process again by lifting the coframe (w“ &) on UXH to UxHXxH®. The
algorithm terminates when we obtain the trivial group by either reduction or
prolongation. In this case the equivalence problem is known as the equivalence
problem for {e}-structures.

The entire equivalence method may be given by a geometric description using
principal fibre bundles. This approach is given by Sternberg in [12].

3. The associated {e}-structure

In this section we apply the Cartan equivalence method with the coframes and
structure group given in Lemma 2.2. For convenience we will introduce the
following notation: let V = R* and n° be a coframe on V with X, being the dual
frame to n“ and let w be a 1-form and © a 2-form. We then define the coefficient
operator by

(W)ge=X,dw, (O)pep =X, X, 10O,



226 M. E. FELS

with the obvious extension to forms of higher degree. As well, we use the
summation convention and (jk), [jk] for symmetrization and skew-
symmetrization on indices defined by

Vay=3(Vi + Vi), Vi =35V = V).

By using the coframe in equation (6) and the structure group of Lemma 2.2, we
can see that the lift of the coframe to U X H is

g |={0 A4 0 o | (19)
b d 0 C a'Ai/\#

The structure equations for the lifted forms are then

dw w do
de' |=dP)S Al & |+ S| db’ |, (20)
i n dn’

where (d¥)& " is the lift to U X H of the Maurer—Cartan form for H given by

o K 0
a9 =10 Q 0 : (21)
0 = Q-ab

We now apply the Cartan equivalence method to prove the following theorem.

THeoREM 3.1. Solutions W: U— U to the equivalence problem for systems of n
(=2) second-order ordinary differential equations are in one-to-one correspon-
dence with the solutions of an equivalence problem for an (n*+4n +3)-
dimensional {e}-structure which is obtained by applying the equivalence method to
the initial coframe (&, 6, &') with the structure group H given in Lemma 2.2.

Proof. By using the Maurer-Cartan form in (21) and the coframe in (6) we
find that the structure equations (20) can be written as (see Lemma 4.1 for more
details)

do=anrw+ kA"t +gm Anw+h Aw+kyd A6

dO'=Qnl ~ ' Ao+ [0 Aw+mpb A0+ 1 AnE,

dr'=SIA 0 +(Q— a8) Ar’ + Pj¢ nw + Q)0 A 6*
+ K;ﬂjAw + L}kﬂjAGk,

where g, h;, ki, 1j, mj, n;, P}, Qi, K}, Lj, are functions on U X H. If we absorb
torsion by setting

a=a+gm—n\(Ki- D, Q=0Q+1lo+m6—n,
K= R; + hjw + k; 6, T =2+ Pjw + Qj6* + (miy— Lij)n*,

(22)
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the structure equations become (after dropping the hats)
do=anrw+KAl,
de'=QA0 — ' A w, (23)
dr' =Zin 0 + (Q — ad) Al + Kird Aw + (n;84y — g;8i)7 A 75,
where K| is trace free. Setting d*6' = 0 determines that n; = g;, and
dQ=QAQf — ' Ak, —ZiAw mod (&), (24)
which allows us to compute d’z’ =0 mod (') to find
dKi+2% - 2n7"58) - QUKF + KiQf + aKj=0 mod (w, ¢, 7).

In this equation the appearance of the forms Z; allows us to use the group action
of C; to translate Kj to zero and resulting in a reduced structure group H,c H
and reduced Maurer—Cartan form given by

C}= cA}, with c e R, and 2§= ‘755

where o is a right-invariant form on H,. In the new structure equations with the
reduced group H; we may use the absorption for a, k' and ; in equation (22)
and the only change for the equations in (23) is

dﬂ"ZUA0’+(Q;—&5;)A7T]+P;9)/\Q) +Q;k6}/\6k +(L}k_m;k)n"’/\9k

We may further absorb torsion in this equation by setting (assuming that n =2)

I, 1 : LIy
Q=00+ Lij6", 0 =6+~ Piw+— 048" ~— L7,

) . (25)
a=a-——L{yo*, & =k-——Ljw,

n—1 {tk] j I p—-1 U}

where L}, = L, —mi, so that the resulting equation for drn’ is (dropping the
overlines on o, a, «;, and €))

dr' = o A0+ (- ad)an’ + Pi0 Ao + Qi 6/ A"+ Lin A6,
where Pi, O, and L}, are the trace-free parts of P, Q) and L{, respectively. By
using (24) we now find that
(dzﬂi)lrilr"w = _;’k =Vu

At this point we prolong the structure equations, and a parametrization for the
prolonged group H{" (the solution to equations (17)) is given by (K;, D;) in the
following:

where for these formulas we require n=2. The overlined forms provide the
canonical form (or lifted forms) for the principal bundle U X H; X H{’— U X H,
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and we apply the equivalence method in this case. The Maurer-Cartan form
(B;, Y;i) for H{" is given parametrically by

allowing the structure equations to be written in the general form (by dropping
the overline)

dw=a/\w+xj/\9j,
d0i=Q;A9j - rw,
dr'= a0+ (Q— ad)arl + P60/ Anw + 0,6/ A 6%,
da=B;n0 +1° 27
dk;= Y,-k/\ek +Birw +Tf,
do=B;rm +1t,
dQ =288/, A 0% + T,
where t° and t' are 2-forms, T7 is an R"-valued 2-form, and T} is an M, (R)-valued

2-form all of which are contained in the exterior algebra generated by
(v, 0, 7', @, 0, Q, x;). Now we absorb torsion in equation (27) by setting

B; = B]. — (to)gn - (t’)e(k,,ne", (28)
Y = Vi = (TE)em, (29)

so that (after dropping the hats) the structure equations (27) retain the same form
but with the additional conditions

(‘O)a‘ =0, ('l)e(*nﬂ =0, (T%j)ﬂk) =0. (30)

To determine the left-over torsion (the structure function) we apply a sequence of
integrability conditions. The first condition we use is d°6' =0 which, on account
of equation (27), gives

Ti=QUAQ ' Ak — oA w8+ Qb Aw + £ A 0", (31)

where &, is a collection of one-forms satisfying

Exnt A 6“=0. (32)
The next integrability condition, d’w =0, gives
t'=—kAl +Arw+ A0, (33)
T'=ank + AU+ EAY +E o, (34)
where &, £ and A are one-forms subject to the conditions
EAGAD =0, (35)
(M) =(A)e=0. (36)

The condition (36) means that A has no w or 6 terms, and arises in order that the
decomposition for t° in (33) be unique. The absorption in equation (28) (or see
(30)) implies that

(to)e- = ‘f? =0
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in equation (33). The next integrability condition, d°x* = 0, becomes, on account
of (27),

0= (dPi- Q.Pf+ PiQf +2aPi+30im) A0 Ao
+ (de'k - '1Q§k - 2Q5UQ‘<] + aQ}k + Pka]) AO ABK
+E AN AT ~(A+20)rn0AT + (I +ano)a b (37)

Putting the coefficient of w7z’ in this equation to zero and recalling from
equation (36) that A has no 8' or w terms, we have

A=-20. (38)

Before proceeding with equation (37) we need information about the form of t'.
This we get by setting d’a =0 to find

d’a =dBjA9i-B,-Ad9j—dKjAlrj+Kj/\dftj
-2doArw+20rdw

=2(cra—-tY)Arw mod(6) (39)
Thus we have
t=ocra+Er0+x Ao, (40)
where x' and ¢] are one-forms subject to the conditions
(D= (x"e=0, (41)
(t])e(‘nn = —(géi)n/) = O; (42)

where condition (41) gives a unique decomposition in (40) and condition (42)
comes from equation (30). Now substitute t' from equation (40) into (37) and set
the 8% A 7/ term to zero to obtain

(£ — (AP o — 30w + (dQ1k) 8" + 8(£]) 0] A 8 AT = 0. (43)
From this we may conclude that §j~k may be written as
£ = ;kw + Rju0' + S}zkﬂl, (44)

with T}, S and Rjjy = R}y being functions on U x H X H"). By considering the
condition in equation (32) and equation (43) we have the following constraints on
these functions

Ti[jk] =R 'fjkr] =0, Sj‘kl = Sijkl)- (45)

At this point it is possible to determine the action of H{" on ), by taking the
exterior derivative of

dQ—(n+1)da=n+2)(k;AT + 0 Aw)
+ (Thw + Riyd* + Sium“)A 6, (46)
to get
d*Qi-(n+1)d*a=dSi~(n+2)Yu=0 mod(w, &, 7, a, K, 0, Q)).

Thus we may translate the trace S::jk to zero by using the action of Dj. The ‘
corresponding reduction of H®) has

D;=0 and Y, =0.
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Explicitly we will write
Ci i 3
S jkl = S ki~ n

Tzsﬁgkaf), (47)

and the reduction of H{" by (H{"),. To continue now we may use all the previous
equations except the absorption in (29) and thus the conditions on T? in (30) must
be dropped. If we try to prolong (H{"),, it is easily seen from equations (27) that
the prolongation will be trivial, and thus the theorem is proved.

We now summarize what is known at this point about the structure equations
for the {e}-structure (w, &, 7', a, o, k;, @, B;) on U X H, x (H{"),. By using the
equations in (27) and the information in equations (31), (33), (34), (38), (40), and
(44), we have

dw=a/\w+:<j/\9’,
d9’=Q}A0j" AW,
dr'= o a6+ (Q—ad)Ar/ + Pi0 rw + QL6 A6,

da=Br0 — kAl =20 AW,

do=Bar torna+E A0+ Aw, (48)
dQ=2Bud A0 + UAQ — ' Ak = T A w8+ (O — T rw
+ R0 A6+ Shm* A O,
dek;=Birnw +a Ak + KjAQH- §fjA9’,
with the conditions on Qf, R, S}, Tj from (45) being
) 0 =0, Riun=Riun=0, § Uy = gj‘kb v =0, (49)

and the traces of P}, O, and S}, are zero. The conditions on the 1-forms &}, y'
and ¢;, from equations (35), (36), (41) and (42) are

EWer=(EPDw=0, (xNu=(xDe=0, (£i)ew=0, E70'A0/=0. (50)

We now proceed to examine further the torsion in this {e}-structure.

4. The fundamental invariants

In this section we examine the structure equations for the {e}-structure of
Theorem 3.1 to prove that all the tensor invariants which arise in the structure
equations are differential functions of P; and S,

THEOREM 4.1. All tensor invariants which arise in the structure equations for the
{e}-structure (v, 6, ', @, &, 0, Q; B;) are homogeneous linear differential func-
tions of P} and S}, That is, the tensor invariants may be expressed as
homogeneous linear combinations of Pj,, Sj and their successive covariant
derivatives.

The method of proof involves taking the integrability conditions for the
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{e}-structure in (48) and showing that all the coefficients in the structure equations
are determined by Pj and §j,. We give the explicit dependencies for only a few of
the invariants.

Proof. We go back to equation (37) and take into account equations (38), (40)
and (44) (or use equation (48)) to get

0= (dP! - QLP* + PLOk +2aPi + 300 7% — Tin* — y'8) A6 nw

i il 21 ! i Di 1 ai i ! j k (51)
From this equation we obtain the following congruences:
dPi— Q\Pf + PO +2aPi+3Qjn* = Tiyn* — x'8/=0 mod (6), 52)

dQi — Qi0h — 200, — aQl + Pijkiy + £,84) + Rizm'=0 mod (w).

If we take the trace in the first of these equations and take into account equation
(50) which shows that y' has no w or 6’ terms, we find that

x] = _n_lTLiﬂk.
Now taking the coefficients of 7° A @ A w in equation (51) we obtain
(AP +304—Tiy+n"'Tid;=0. (53)

From this equation we determine T, by skew-symmetrizing on j, k and taking the
trace to get
Ti=(n=1)""(dPY)s

where we have used the conditions on QY% and Ti in (49). Now skew-
symmetrization and symmetrization in equation (53) leads to

Ol = 5((@P)m = Vi;8ly),

i Bi ~1g8i (4Bl (54)
jk = (dP(J)”k -+ (n - 1) S(k(dpj)),,z.
If we now take the trace in the second equation in (52), we have
& =01 -n)""k Py + Wyr* + X,;6" + Yo, (55)

where Wy, Xj, and Y; are functions yet to be determined. By the conditions on ¢l
in equation (50) these functions satisfy

Wiy = Xy = 0. (56)

Upon substituting (55) into (51) and applying symmetry arguments similar to
those above we find that

(dQfi)n + Wyibig + Rip =0, Y;=(n—1)""(dP)s, 57
with the first of these equations giving
ij = 2(1 - n)_lRfkj],-, Rl(}k), = 0 (58)

At this point all information from equation (51) has been obtained while W, and
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X in (55) are still undetermined. The next integrability condition we use is by
taking the exterior derivative of equation (46) to get

0=(n+2)(Exn0 AT — kK AP AW — ;A Q0O A B* + E] A6 Aw)
+d(Ty6' Aw + R0’ A 6%), (59)
which implies that & has the form
&= Wyt + Xub' + 0¥, (60)

where W,,, X, and ¥, are smooth functions. By equations (50) and (59) these
functions are subject to the conditions

Wie=Wany, X =0, Pi=0. (61)
The coefficient of w A 8% A7 in equation (59) being zero gives

By observing the symmetry properties of ?,-k and W, from equations (61) and (56)
we find that symmetrization on j, k in equation (62) determines ?,-k while
skew-symmetrization gives

1 i
mk = 3_n (dT,'U)”kl (63)

where we have used equation (58) and the symmetry properties of R, in (49) to
arrive at this. Thus we have ?jk and Wy in terms of covarian; derivatives of Tj»k
which is given in (54). As well we may use W, to determine Rj, by e‘%/uation (57).

Lastly, the coefficient of ' A8/ A" in equation (59) determines i, and we
only have to determine X in (60).
To determine Xj,k we first use equation (39) to get
dp; = B A + kA0 — ﬁ,-/\ﬂk + Kk/\i’]"‘w - 25} AW
+ KI/\Q§k9k + /\jk/\ek, (64)

where the 1-forms A; satisfy A;A 6 A6’=0. This allows us to compute the
following:

(@) mrrter = (S ) am = Wbl = 0.

This determines W,-,k in terms of § }k,. To complete the theorem it is clear that the
integrability condition d’«; =0 along with the expression in (64) will completely
determine dfB;. This allows us to conclude that all the tensor invariants in the
structure equations for the {e}-structure are homogeneous linear functions of the
tensor invariants P} and S‘j-k, and their successive covariant derivatives, thus
proving the theorem.

(For a complete list of the explicit dependencies of the tensor invariants in
terms of P} and S, see [6).)

Now we will perform some of the parametric calculations to find the explicit
form of the tensor invariants P} and 8!« In order to simplify the formulas we use
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the following notation for differentiation:

Fi= o ap’ dr o oxlt T ap

ax!’ fij: fj'

We now give the parametric forms for the tensor invariants 2/ and §%,

LEMMa 4.1. The parametric forms for Pi and 8, at the identity of the structure
group H x (H{"), are

Di ld k _ 1 k
(P})|1d 2dtf|’ f; lf|kf|; (2 dt |/< f,k - fokfw),
(Sj'kl)‘ld =f1jkl -3(n+ 2)_1f7r1n(jk85)-

Proof. We first need to determine the frame corresponding to the reduction of
H to H;. From the initial coframe in (6) we have

do =0, db'=—dp'adt, di'=-df ads, (65)
and by using
I a”' —a'E (A7) 0 w
' |=| o (A 0 6’
7! 0 —a(A™"NCIHA™, a(@A )/ \n

we find that the structure equations are
do=anrw+kn8 —E(A)(7 = C(AT)[0))A(w — E,(A71)6),
do'=Qin8/ — (' — CLA™FO) A(w — E(A7))}6),
dr'=Zin 0/ + (- ad) A = CiA™ (! = Cl(A™HE™) A (0 — EL(A71)F67)
— (a7 A AT = CL(AT)70') + ALf (A7)0 ] A (0 = E(AT)[6").
From these equations it is easy to determine K/ in equation (23) to be
Ki==a ' A(fIAT) = 2CA™)f + n T SIAR(FINA ™), + 2CTATHE.

Thus changing to the frame

A

é=dt, @ =dx'-p'd, #'=dp'-fdi—-3Lf0, (66)
will give rise to an equivalence problem with structure group H;. We now
compute dit’, by using the frame (66), to be

dit’ = —df ndt = 3d(f) A0 = 3f|(& AR + L fiud A 8%)
—p,9’ w+%f|wAﬁj+%f'ijk9’Aﬁk+‘t§kéjA9", _ (67)
where

d . .
f‘ 4f|kf|; and TJk'%(f'[,ku]"‘%f'l/[jfl]k])- (68)

pi=fi+ 5]
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From this it is immediate that
(PDlia=p}j—n""8pi,

which proves part of the lemma. In order to find (Si,)|i.a We need first to
determine

;kl = (de'lld)ﬁ"é’

in equation (44) which is before the reduction of H{" to (H{"),. To determine this
we need to compute (dQ)|;4 parametrically and this will require the parametric
form of the structure equations for the lift of the coframe (66). These equations
are given by equations (78) and (79) in Appendix A. Thus we are in a position
which allows us to write the parametric form of the absorption occurring in (22)
and (25) as

a=a+ E(A7")1 +2c(w — E(A7')}9),
Kj=Rj— Ek(A_]);(#Ei(A'I)J{
~ [CEA™ + 3 E(fL)AT )0 — EA™)E0),

-2
o=+ [Cz + E1-’-1—pf:|(a) - Ek(A_l)fOi)

1 “INk B 227", ~Ink | pj
+—— [ Ex(A™ ) Pj+ —— 1y (A7) |6, (69)
n—1 1-n
Q= T'E (A7)f +[c8) — 3a T Al ) (AN (w = Ex(AT')}6")
— JALS (A7)0 (AT
To begin by computing d<, we first notice that
d=a"(w-EJ(AT)0),
so that
dla™ (o — Ex(A71)r67)] =0.
By using this we find that
(dQ;)lld = (Be)|an ékaf + (Bj)lld A B+ (dA;, /\dA]"()|1d
- ﬁi A (dEj)|ld - d(CS; - %a_lA;(f[lm)(A_l);")hd/\ (I)
= 3d(Aflim) (AT AT) 1A 6" (70)

Now use equation (69) in the form da|;y = a
that

1¢, to find by the absorption in (28)

(Bj|ld)ﬁ" =0.
Finally using equation (69) in the form
dEj|Id = Kjl1d dAj’lId = j‘l]d + %(f’[,)‘:’ + %(f’ijk)ék,

we determine the 7% A 8 term of (dQ}]ld) from (70) to be

i i i —_ a3fi
S;u: (de|Id)r‘r"é’= (df[jk)r?’_ apf apk apl'
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To qomplete the proof we note that, from equation (47), § jk, is the trace-free part
of Sj in the above equation.

In the next section we refer to the following simple corollary of Theorem 4.1.

CoroLLaRrY 4.1. The structure function for the {e}-structure of Theorem 3.1 is
constant if and only if the tensor invariants P} and S, are constant.

S. Systems with maximal symmetry

In this final section we examine the {e}-structures which are maximally
symmetric. Maximally symmetric {e}-structures are characterized by having a
constant structure function and, in the light of Corollary 4.1, the {e}-structure we
have obtained in Theorem 3.1 will be maximally symmetric if and only if the
tensor invariants P} and S, are constant. To examine the possibility that P/ and
S« are constant we determine their dependence on the group parameters.

THEOREM 5.1. The infinitesimal form of the group action of H{" x (H{"), on P}
and Sy, is given by

dPi—- QiPf+ PiQf +2aP'=0 mod (v, &, ),
dS_;’k[ - Q:nS‘;ZI + S;mI(QT 6m) + S]kaI + S;'mklgzjn = 0 mod ((U, ei’ ”i)‘

Proof. We begin the proof by using equation (52) from which the expression
giving the infinitesimal action of the structure group on P’ above follows
immediately. In order to find the infinitesimal action on § it Set d Q’ 0 mod (w),
which will lead to the second equation in (71) and prove the theorem

The presence of the a term in the equations (71) implies that the one-
parameter subgroup of H{" generated by the element a acts on both Pj and S},
by scaling. This allows us to make the following observation.

COROLLARY 5.1. The tensor invariants P} and 8/, are constant if and only if they
are zero. In other words there exists a unique {e}-structure which is maximally
symmetric, and hence a unique (up to equivalence) system of second-order
ordinary differential equations which admit a Lie symmetry group of dimension
n®+4n + 3. This equivalence class is invariantly characterized by the conditions

=0, S§i=0, (72)
and a representative for this class is given by
d2 i
73
rE (73)

For completeness we also state the following corollary.
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CoroOLLARY 5.2. All systems of second-order equations not equivalent to (73)
admit Lie symmetry groups only of dimension strictly less than n* + 4n + 3.

It is interesting to note that in the paper by Gonzilez-Lépez [9] the most
general linear system which can be transformed to (73) by a point transformation
is given. The expression given in [9] for this system of linear equations can easily
be checked to satisfy the conditions of Corollary 5.1. Lastly we remark that
putting P}=O and S‘}k,=0 in the structure equations for the {e}-structure in
Theorem 3.1 gives the symmetry algebra of the equation (73). That is, the
structure equations are the Maurer—Cartan equations of sl(n + 2, R) (see [8]).

6. Appendix A

Here we give the parametric form of the structure equations for the lifted
frame

6/ |={0 A 0 8
o 0 cAl a'Ai/\#

with (&, 8', #') being defined in (66). The structure equations for the lifted forms
are

dw a K 0 w
de' |=| 0 Q} 0 Al 6/
dar’ 0 o8 Q—af; e
a E; 0 dd

+10 A 0 ae’ |, (74)

0 cA; a'Aj/ \d#/
where
a=a"'da, ki =dE, (A7)} —a ' daE, (A7),
Q=dA (A7), o=(dc+ca'da)s].

Now we write the expressions for d@, dd' and d#’ back in terms of the lifted
frame as

dd =0, (75)
db'= (A7) — (A7)0 + Ja  (fi)AT)}6"] A (w = E(AT)}07), (76)
and (from (67))
i = |2 (AN - H(F)AT R + he( (A~ et
Ao — E(A7"),,0™)

+ (T (AT WA A 0™ = Sa(Flu) AT WA Yer! A O™
(77)
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Now we substitute from (75), (76) and (77) into (74) to get the equations
do=anrw+ kA0 = E(A™)][n —cb/ +3a™ Al(fi)AT),07]
A(w — E,(ATY)67), (78)
de'=Qin0’ —[n' —c6' + %a“A}(fj,‘)(A"){‘e’] A(w = E(A7N)f67),
and
dn' =g a0+ (Q— ad) A —c[n' — c6' + Ja ' AL(FI)(AT)i6"]
Aw =~ E(A7Y)[6)
+a ' Alla” (p)(ATNE" = (FNATNem" + de(FI)(AT).6]
A(w = E(AT)r6))
+a AT ATAT)LE A 0™ = JAL(fTi) (AT AT YT A 8™
We then simplify dr' to
dr'=o a0 + (- ad)ar +a AU THNATWAT)LE AO™
+[a AP (ATt + 20 — e — Ja T AU FIA )
Ao = E(AT)67) = JAIflu)(A™)(AT )i A 6", (79)

7. Appendix B

The purpose of this appendix is to demonstrate that systems of second-order
ordinary differential equations with n dependent variables for which the tensor
8! vanishes are in one-to-one correspondence with projective connections on an
(n +1)-dimensional space. Before proceeding I would like to thank the referee
for clarifying this point.

The geodesic equations for two affine connections T, T, on U, U< R"*! with
coordinates x“, x” and affine parameters s, § are given by

d’x” , dxPdxs

_dsz == bczz withO=<aq, b,c=sn, (80)
d’x° -, dx’dx

=T wi = =n 81
P be Je a5 withO<a,b,c<n (81)

The two affine connections are projectively equivalent if there exists a
diffeomorphism ®: U— U such that the paths, or solutions to (80), are in
one-to-one correspondence with the paths (or solutions) of (81). It is important to
note that the existence of @ is independent of the affine parameters s, 5. The
following lemma, which can be found in [13], gives necessary and sufficient

conditions for I' to be projectively equivalent to I'.

Lemma B.1. Two affine connections T and T are projectively equivalent if and
only if there exists a collection of functions ¢, such that

gc = l:gc + ¢(b6g)' (82)
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An equivalence class of affine connections is called a projective connection.

In order to determine the role of the tensor Si, we first associate with (80) a
system of second-order ordinary differential equations in n dependent variables in
the following way. Given a solution x® = ¢“(s) to (80) we rewrite the system (80)
by eliminating the parameter s by solving for one of the dependent variables as
x°= ¢°s). With the notation t = x°= ¢(s), we then find that the system (80)
becomes

d’¢ _ <d¢> < o dx! dx* dx’/
—_ +2r% —+ 19 )
ds> \ds Diar ddr “Ydr
d*¢p dx’ (d¢>2d2x’ (d¢)< - dx! dx* dx’/ ) .
=) - (2 (=g i ) forl<ij k<n
s> ds) dr ds) \"* g g © T T iw) OTASLLRSR

From these two equations we immediately obtain the second-order system in n
dependent variables

d*x’ dax’ dx dx dx’ dx
d2 r(lk61) d d d (2 k)

, Codd
+ (F808,'-—2Fb,)37— 00, (83)

where T'%. are functions of (¢, x°) in our notation. Thus the connections I', T are
projectively equivalent if and only if the system (83) is equivalent to the
corresponding system for I’ by a point transformation.

Among all second-order systems of ordinary differential equations in n
dependent variables the ones which satisfy the invariant condition S'}k,=0 are
related to projectively equivalent affine connections by the following lemma.

Lemma B.2. The systems of second-order ordinary differential equations

d*' < . dx’)
ax L . ax S

=f'lt,x withi<i,jsn 84
dr? T dr ] &)
which satisfy the invariant condition §' it =0 are in one-to-one correspondence with
projectively equivalent affine connections on an (n + 1)-dimensional space.

Proof. First, given an affine connection I' we have the associated system of
second-order equations in (83) which is easily seen to satisfy the condition
Siy =0,

We now proceed to show that for any second-order system in n dependent
variables with §%,=0 we may associate an (n + 1)-dimensional affine connection.
By differentiating the equation $j,, = 0 with respect to p” we obtain

[ 3 m i
f|;’klr - mflmr(jksl) =0. (85)

Now taking the trace on i, r in this equation we find

n-1_
n+2 | jktm = OJ
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which, by (85), gives
f 1jklm =0.

In other words, f(t, x/, ¥/) is at most cubic in %/, If we substitute the most general
cubic polynomial in #/ into the equation §j,,=0, we find the form of f'(t, x/, ¥’)
and the corresponding system of equations to be

d*x’ ax’ dx dx' . dx*dx* dx*

=0§;A —+Bjy——+Ci—+ D/, 86

de YR e d T TR dr dr T dr (86)
where Ay, Bj, C;, and D’ are functions of (1, x). Given the system (86) we may
then define the affine connection

f;’k = B}k, f(j)k = Ajk; ﬁ)j = C;» f&o =D’ (87)

Finally, to complete the lemma we note that by constructing the affine connection
f* in (87) using the system of equations (83), the connection I' is projectively
equivalent to the original connection I' (Lemma B.1) which gave rise to the
system (83).

The notion of projectively equivalent affine connections originated with Weyl
[14] and Cartan [3].
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