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INTRODUCTION

Methods of differential geometry are now very popular in mathematical physics.
In particular, the Hamiltonian formalism has long been recognized as playing a basic
role in both classical and quantum mechanics. In the last few decades, following the
intensive study of integrable systems derived from the original works of Kruskal,
Gardner, Miura and Greene, there has been a revival of the Hamiltonian formalism,
for this is generally accepted as the key to explain the integrability properties.

To motivate the introduction of the Hamiltonian formalism consider a particle

of mass m moving in a harmonic potential V(q) = 25’:1 ¢;? so that
mg = —grad V(q).

Introducing the momentum p; = mg; and the energy hy = p?/2m+V (q), Newton’s

equations of the motion are equivalent to Hamilton’s equations
Z; = {zi, hi}g,

where = (¢,p), and { , }, is the Poisson bracket

3

_ 0f10fs  0f20f

U1 f2lo = ; (a% Opi  9gi Ip; )

Now, the Poisson bracket can be used to express remarkable properties of the

system. For example, the condition that f is a first integral (a constant of the

motion) can be expressed by the commutativity relation

{fv hl}O =0.
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The general Hamiltonian formalism is based on the recognition that the Poisson
bracket is the fundamental structure underlying the system, which in turn can be
thought of as being “defined” by the Hamiltonian function. Therefore, one proceeds
to define a Poisson bracket as a bilinear operation on a set of functions satisfying
three basic properties: (i) skew-symmetry, (ii) Jacobi identity and (iii) Leibnitz
rule. The Hamiltonian system is then specified by fixing a specific function, the
Hamiltonian.

In the example above, at least from the physical point of view, there is no reason
why the bracket was so chosen (except, perhaps, from the fact that in this case the
hamiltonian is what one usually calls the “energy”). As a matter of fact, we could

have taken, for example, the bracket

3
(0242 [Of10f2  Of20f1
— (qi”+pi”) _
{flan}l ;e (8% api aqi 8}%) :

Although this requires a new choice of hamiltonian, namely hy = 2?21 %e‘“2+1’i2,

we still have that Newton’s equations are equivalent to

Z; = {zi, hi}ty = {xi, ho}y-

Hence, we have two distinct Hamiltonian formulations for the same system. Less
trivial examples of systems admitting a bi-Hamiltonian formulation will be given
throughout the text.

The two Poisson brackets above are compatible in the following sense: the sum
{, }o+1{, } is also a Poisson bracket. Because a Poisson bracket has to satisfy
the Jacobi identity, a non-linear equation on the coefficients J;; = {;,z;}, this
compatibility property is far from being a trivial requirement. In fact, it is the clue
to a fundamental result due to Magri relating the existence of a bi-Hamiltonian
formulation for a system with its integrability. A (finite dimensional) Hamiltonian
system is said to be completely integrable if it has enough first integrals in involution

(i.e. whose pairwise Poisson brackets vanish). Magri’s theorem gives a method



to produce first integrals of a non-degenerate, bi-Hamiltonian system. The non-
degeneracy hypothesis means that at least one of the Poisson brackets has maximal
rank, i.e., the matrix J = (J;;) is invertible (in this case the Poisson bracket
is derived from a symplectic form). Then one can define a 1-1 tensor N, called
the recursion operator of the system, which gives the sequence of first integrals

{ho, h1, ha, ...} through the formula:
dhis1 = N*dh;,  i=0,1,....

The compatibility condition is reflected on the vanishing of a torsion associated
with N, which in turn implies that the right-hand side is actually a closed 1-form.

We can now explain the organization of this thesis.

We review all the basic facts concerning Poisson manifolds and bi-Hamiltonian
systems in the first two sections of chapter I. Besides laying down the foundations
of the theory, we are interested in explaining how some of the techniques can be
extended to the degenerate bi-Hamiltonian systems, through the use of a reduc-
tion. For this, it is convenient to combine the master-symmetries introduced by
Fuchssteiner together with a result due to Oevel relating conformal symmetries
and bi-Hamiltonian structure, as presented in section 3. Then we show by an ex-
ample, that it can happen that the master-symmetries survive reduction while the
recursion operator does not. For the example studied, the non-periodic Toda lat-
tice, we deduce exact deformation relations previously known to hold only up to
some equivalence relation. As a byproduct, we obtain a new set of time-dependent
symmetries for the Toda lattice, which can be used to integrate the system explic-
itly. At present we don’t know of any general methods to deal with the degenerate
case.

The next question we address (chapter II) is the following: does every com-
pletely integrable system possess a bi-Hamiltonian formulation ? We generalize, to
any number of dimensions, a result due to Brouzet for dimension 4. It gives a nec-

essary and sufficient condition for a completely integrable Hamiltonian system to



have a bi-Hamiltonian formulation in a neighborhood of an invariant torus (mod-
ulo some natural hypothesis). This condition is expressed in terms of the affine
structure defined by the action-angle variables, as a restriction on the graph of the
Hamiltonian function. We then interpret it geometrically in terms of Darboux’s
hypersurfaces of translation, and give examples and counter-examples generalizing

Brouzet’s original example.

The third and final chapter is dedicated to the investigation of certain non-
linear Poisson brackets that appear as second Poisson brackets in some integrable
systems. In virtually all examples with physical meaning, the first Poisson bracket
of a Poisson pair arises either from a symplectic form or by reduction from one
(including, for example, the Lie Poisson brackets). One would like to have similar
geometric interpretations for the second Poisson bracket. Also, there is a very close
connection between integrable systems and Lie algebraic properties. Examples
include Lax pairs, Lie-Poisson brackets, cotangent spaces of Lie groups, etc. We

consider here the Poisson Lie groups of Drinfel’d.

A Poisson Lie group is a Lie group G equipped with a Poisson bracket, such that
group multiplication G x G — G is a Poisson map. The associated infinitesimal
objects are the Lie bialgebras (g, g*). We propose a corresponding notion for sym-
metric spaces. A Poisson symmetric Lie group is a pair (G, S), where G is a Poisson
Lie group and S : G — G is an involutive Poisson Lie group anti-morphism. The
associated infinitesimal objects are the symmetric Lie bialgebras: a triple (g, g*, s)
where (g, g*) is a Lie bialgebra, and s : g — g is an involutive Lie bialgebra anti-
morphism. Using the structure theory of real semi-simple Lie algebras we obtain
examples of symmetric Lie bialgebras. This is essentially equivalent to solving the

Yang-Baxter equation under an additional constraint.

Given a Poisson symmetric Lie group, the associated symmetric space G/H,
where H denotes the fixed point set of S, is a Poisson manifold. The Poisson

brackets arising in this manner seem to be relevant to the theory of integrable



systems. In fact we show that several examples of Poisson brackets that have
appeared before in the literature, can be obtain in this way. Also, some of the usual
techniques for symmetric spaces can be extended to the Poisson case. Closing the
chapter we return to the Toda lattice and show how the second Poisson structure
arises in this geometric setting.

The original results contained in chapters I and II were announced in [Fel,Fe2].



CHAPTER 1

POISSON PAIRS

In this chapter, we start by recalling some basic facts of Poisson Geometry
(section 1), and the theory of Poisson pairs (section 2). The main result here is
Magri’s theorem, relating bi-Hamiltonian structure and first integrals of the system,
through some remarkable relations known as Lenard’s recursion relations. In section
3, the notion of symmetry of a differential equation is extended to include the so-
called mastersymmetries. For a bi-Hamiltonian system, a result due to Oevel relates
mastersymmetries to a conformal symmetry of the system, and yields deformation
relations complementing the Lenard’s recursion relations. In the final section of the
chapter, we illustrate all these constructions with the example of the non-periodic,
finite, Toda lattice. Our approach consists in working in the physical variables, and
then reducing to Flaschka’s variables. Although the recursion operator itself cannot
be reduced, deformation relations and mastersymmetries do reduce. In this way,
one obtains new time-dependent symmetries of the Toda lattice. Also, we believe
that this approach is more natural. For example, deformation relations, previously

known to hold up to a certain equivalence relation, are shown to be exact.

1. Poisson geometry

As usual, all objects are assumed to be C'*°.

Recall that a Poisson bracket [Li,Li-Ma,Wel] on a manifold M is a bilinear
skew-symmetric map { , } : C°(M) x C®°(M) — C*°(M), satisfying the Jacobi



identity!

(1.1) O{fAg.h}} =0, fg.heC>),

fig9,h

and Leibnitz rule

(1.2) {f,g-h} ={f,9th+g{f,h}, f,g,h e C™(M).

Sometimes it is more convenient to work with bivectors. One defines the Poisson

bivector A by setting

(1.3) {f,g} =< A, df Ndg >, f,ge C®(M).

The Jacobi identity (1.1) is then equivalent to the vanishing of the Schouten bracket
(1.4) [A,A] = 0.

Associated with a Poisson bracket (or bivector) we have a bundle map J : T*(M) —
T (M), so that to each smooth function h € C°°(M) there is associated a vector
field X}, = J - dh. One calls h the Hamiltonian function, X; the Hamiltonian

vector field, and the equation for the integral curves of X}
(1.5) z=J-dh,

Hamilton’s equations of motion. The rank of the Poisson bracket at a point

m € M, is the rank of the linear transformation J(m).

EXAMPLE 1.1. Let (M,w) be a symplectic manifold. For each h € C°°(M)

there is defined a vector field X}, on M, by requiring that
(1.6) Xn 2w =dh.
X}, 1s also called the Hamiltonian vector field associated with h. If we set

(1.7) {fLg}=<w, Xy NXy;> f,geC®(M)

!The symbol (O denotes a cyclic sum over the indexes
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then { , } is a Poisson bracket, and Hamiltonian vector fields in the new and old
senses coincide. The rank of { , } is everywhere equal to the dimension of M.
Conversely, if M is a Poisson manifold whose bracket has rank everywhere equal to

the dimension of M, then (1.7) defines a symplectic form on M.

For an arbitrary Poisson manifold M, the distribution I'm J is integrable. The
associated foliation is called the Kirillov foliation [Wel]. It is, generally speaking,
a singular foliation. The restriction of the Poisson bracket to each leaf defines
a symplectic form, so the Kirillov foliation is made of symplectic manifolds. A
function constant on the leaves of the Kirillov foliation is called a Casimir. It

Poisson commutes with every other function.

ExaAMPLE 1.2. Let g be a finite dimensional Lie algebra, and let g* be the space
of linear functionals on g. Then g* becomes a Poisson manifold if we introduce the

bracket

This bracket is known as the Lie-Poisson bracket.
The symplectic leaves of the Kirillov foliation of g* coincide with the orbits of

the co-adjoint action, so the Casimirs are just the invariants of this action.

A morphism in the Poisson category is a map ® : M — N, between Poisson

manifolds, preserving the Poisson brackets:

{fag}Noq):{foq)7goq)}M

Direct products exist in the Poisson category.

A Poisson Lie group [Dr] is a Lie group G equipped with a Poisson bracket,
such that the group operation G x G — G is a Poisson map. A Poisson action of
a Poisson Lie group G on a Poisson manifold M is a group action ¥ : G x M — M

which is also a Poisson map.



EXAMPLE 1.3 [Lu]. Let G be a Lie group equipped with the zero Poisson bracket.
It is a Poisson Lie group. If M is a Poisson manifold, and if ¥ : G x M — M
is a group action, then ¥ is a Poisson action iff for each fixed ¢ € G the map
U(g,:) : M — M is Poisson. Most symmetries of Hamiltonian systems are of

this nature, and the associated theory is the well known Meyer-Marsden-Weinstein

reduction ( [Me,Ma-We,Ma-Ral)).

EXAMPLE 1.4. Consider the realization of SL(n,R) as the group of n x n ma-
trices (s;;) with determinant 1. The bracket
(1.9) {8ij, sk} = (sgn(i — k) —sgn(l — 7))siusk;
makes SL(n,R) into a Poisson Lie group.

Let P(n,R) be the set of positive-definite, symmetric, n x n matrices (p;;) with
determinant 1. The Poisson bracket
(1.10) {pij, pra} = (sgn(i — k) —sgn(l — j))papk; + (sgn(j — k) —sgn(l —i))pjipix
makes P(n,R) into a Poisson manifold

Define a group action ¥ of SL(n,R) on P(n,R) as follows. If g € SL(n,R) and

p € P(n,R), weset ¥(g,p) =g-p-g’, where the superscript denotes transposition.

This defines a Poisson action.
In chapter 3, we shall return to the geometry of Poisson actions, where we will

explain how the brackets (1.9) and (1.10) were obtained.

2. Poisson pairs

Most of the results in this section can be found in the unpublished notes of Magri

and Morosi [Ma-Mo|. However, we simplify some of the proofs.

DEFINITION 2.1. A Poisson pair on a manifold M is a compatible pair (Ag, A;)

of Poisson bivectors on M, i.e., Ay and Ay are bivectors on M such that
(2.1) [Ao, Ao] = [A1,A1] =0
(2.2) [Ao, A1] = 0.

9



A bi-Hamiltonian system is prescribed by specifying two Hamiltonian functions

ho, h1 € C*° (M) satisfying
(2.3) X = Jidho = Jodhy,

where J;, i=0,1, are the bundle maps determined by A;. The vector field X is said

to be a bi-Hamiltonian vector field.

One of the basic problems we shall address is the relationship between the com-
patibility condition (2.2) and the integrability of the bi-Hamiltonian system. First

we look at an example:

EXAMPLE 2.2. PERIODIC TODA LATTICE [Ar-Gi]. This system can be de-
scribed as a 1-dimensional infinite lattice, where each spring has a potential ¢(r) =
e” — r, and where one identifies the particles i and i+N. The equations of motion
are: ,

Cihgi = ¢ (yi — Yi+1) — ¢’ (Yi-1 — vi) (Yi+N = Yi)-

Define the new variables:

G = Yi — Yit1 ; Pi = Yi-

The equations of motion become

qi = Pi — Di+1
1=1,...,N
Pz’ = e%i-1 _ 4

One checks that the system is bi-Hamiltonian with respect to the Poisson structures

N
0 0 0
Ao = Z (3%—1 B 36]1) : opi

i=1
N
0 0 0 0 0 0 0
A = A +pi | 0 — No—+et A
! ;(8%‘ an'+1 P (8%‘—1 8%‘) op; ¢ api+1 8271')

and Hamiltonian functions
N N
2
hozz;pi hlzz;ipi + q;-
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In this example, the Poisson pair is non-degenerate since the Poisson structure
A is symplectic. We shall consider degenerate cases later on in this chapter. If we

assume a non-degenerate pair we can make the following definition.
DEFINITION 2.3. The recursion operator associated with a non-degenerate

pair (Ag, A1) is the (1,1)-tensor N defined by

N=JJ;!

A first consequence of the compatibility condition is the following result.

PROPOSITION 2.4. The Nijenhuis torsion of the recursion operator N associated

with a Poisson pair (Ao, A1) vanishes.

PRrROOF. We recall the following expressions for the Nijenhuis torsion and the

Schouten bracket, resp.?:

(24)  Tn(X,Y)=Lyx(NY)=NLyx(Y) = NLx(NY)+ N?Lx(Y),

VX,Y € X(M)

(2.5) 2[Ao, A1) (e, B) = Lyys(J1)e+ J1 Ly (B) + Jid (a, JoB)
+ Ly s(Jo)a+ JoLyo(B) + Jod (o, J1B), Va,B € QY (M)

where L denotes the Lie derivative. Now given X,Y € X(M) let o, 3 € QY (M) be
such that X = Jya,Y = JofB (o and [ exist since Ay is symplectic). Using (2.4)
and (2.5) we find

TN (X, Y) = —N2 [AQ, Ao} (Oé, /8) + 2N [Ao, Al] (Oz, ﬁ) - [Al, Al} (Oz, B),

and the result follows. O

2The symbols X(M) and Q! (M) denote, resp., the spaces of vector fields and differential 1-
forms on M.

11



As in the Hamiltonian case, we define a locally bi-Hamiltonian vector field

to be a vector field X for which there exists closed 1-forms « and [ satisfying

X = J10é = Joﬁ

In the case where both Poisson structures are symplectic, a vector field X is locally
bi-Hamiltonian iff it is an infinitesimal automorphism of the Poisson bi-structure,

i.e. if it satisfies

(2.6) LxAg=LxA; =0.

Henceforth we denote by Xgg the vector space of locally bi-Hamiltonian vector

fields.

A second consequence of the compatibility condition is the following result.

PropPOSITION 2.5. The space of locally bi-Hamiltonian vector fields is a Lie
algebra (with the usual bracket) which is invariant under the action of the recursion

operator N. If X, Y € Xy then

(2.7) N[X,Y]=[NX,Y]=[X,NY].

In particular, given X1 € Xppg the sequence X, = N""1 X ,r =1,2,... forms a set

of mutually commuting vector fields.

PRrROOF. The first statement follows easily from the formula

(X,)Y]=J,(d< (,X >), where Y = J, 3.

Now suppose X € Xpy. We claim that then NX € Xgg. In fact, if X = Jia =

Jo B for some closed 1-forms o and 3, we have

NX = JoN*3 = J13,

12



so all we have to show is that N*( is closed (here N* denotes the adjoint of N

relative to the natural pairing between vectors and forms). Now, from proposition

2.4 and (2.4) we obtain

(2.8) Lnx(N)—NLx(N)=0, VX € X(M),
and dualizing we find

(2.9) Lyx(N*)— Lx(N*)N* =0, VX € X(M),

We can use (2.9) and the closure of o and 3 to get

<dN*3,X >=Lx(N*3)—d< N*3, X >
= Ly(N*B)—d < 3,NX >
= Lx(N"(3) — Lnx (B)
= N" (Lx(N"@) = Lyx(a)) + (Lx (N")N™ = Lyx (N7)) ()

— N* < d(N*a), X >

=N*"<dp, X >=0.
Finally, to prove (2.7) we observe that by (2.6), we have for every X,Y € Xpy
Lx(N)= Ly(N) =0,

and, in particular, it follows that

which gives

[INX,Y] = N[X,Y] = [X,NY],
as desired. [
An important corollary is the following integrability result due to Magri [Ma]:

13



THEOREM 2.6. Consider a bi-Hamiltonian system
T = Jidhy = Jodhq,

on a manifold M, whose first cohomology group is trivial. Then there exists a hier-
archy of mutually commuting bi-Hamiltonian functions hg, h1, ho, ..., all in involu-

tion to each other, with respect to both Poisson brackets. They generate mutually

commuting bi-Hamiltonian flows X;, 1 = 1,2,..., satisfying the Lenard recursion
relations

(2.10) Xiy; = Jidhj,

where J; = N'Jy, i =1,2,... are the higher order Poisson tensors.

If enough of the integrals given by Magri’s Theorem are functionally independent
then the system is completely integrable (in Arnold’s sense, [Ar, chapt.10]). This
happens in the case of the periodic Toda lattice where one obtains a complete set

of highly non-trivial first integrals.

3. Mastersymmetries and bi-Hamiltonian systems

We recall some basic facts of the theory of mastersymmetries for differential
equations. More details can be found in Fuchssteiner [Fu].

Consider a differential equation on a manifold M:
(3.1) T = X(z).
As usual, a vector field Y is a symmetry of (3.1) if
(3.2) Y, X] =0.

More generally, a family Y = Y (z,t) of vector fields depending smoothly on ¢ is a
time-dependent symmetry of (3.1) if

(3.3) %—f + [V, X] = 0.

14



We view Y as a time-dependent vector field.
We can generalize (3.2) as follows. A vector field Z is called a generator of
degree n if

[...12,X],...],X], X]] = 0.

If Z is a generator of degree n then the time-dependent vector field

no ok
(3.4) Yy =exp(ad X)-Z =3 %[[. (2, X],...],X], X]]
k=0

satisfies (3.3), and so is a time-dependent symmetry of (3.1). Thus, ¢-time depen-
dent symmetries which are polynomial in ¢ are in 1-1 correspondence with genera-
tors of degree n.

Generators satisfy the following properties:

(i) If Z is a generator of degree n, then [Z, X] is a generator of degree n-1;

(ii) If Z; and Z5 are generators of degree ny and ns, then [Z7, Z5] is a generator
of degree ny + no;

(iii) A symmetry is a generator of degree 0;

In particular we see that the set of all generators form a Lie subalgebra of
the algebra of all vector fields X(M). We shall call a generator of degree 1 a

mastersymmetry. Thus the condition for Z to be a mastersymmetry is:
[[Z,X],X]=0, and [Z,X]#0.

PROPOSITION 3.1. Let Z be a mastersymmetry. Then:
(i) [Z, X] is an ordinary symmetry;
(ii) [Z,[Z, X]] is an ordinary symmetry;

PRrROOF. It is obvious from the definitions and the Jacobi identity. [

In general, given a mastersymmetry all we get is the two symmetries given in
the proposition. However, under an additional assumption, we can generate further

symmetries as follows.

15



PROPOSITION 3.2. Suppose Y is a symmetry of (3.1) which commutes with every

other symmetry, and let Z be a mastersymmetry. Then [Z,Y] is also a symmetry.
ProoF. Use Jacobi identity again. [J

On a manifold M, whose first cohomology vanishes, we consider a bi-Hamiltonian

system
(3.5) X1 = Jidhg = Jodhq,

where J; are compatible Poisson tensors, and h; are the Hamiltonian functions. As

before, we assume that .Jy is symplectic, so we can introduce the recursion operator
N=JJ;t,

the higher order flows

X;=N"1X,, (i=1,2,...),
and the higher order Poisson tensors

Ji=N'Jy, (i=1,2,...).

The Hamiltonians {h;} satisfy

dh; = (N*)'dho, (i=1,2,...),

where N* denotes the adjoint of N. These relations are equivalent to the Lenard
recursion relations:

Xi-l—j = Jldh] .

For a bi-Hamiltonian system mastersymmetries can be obtained from the follow-

ing result due to Oevel [Oe]:

16



THEOREM 3.3. Suppose that Zy is a conformal symmetry for both Jy, Ji and

ho, i.e. for some scalars X\, u, and v we have
Lz,Jo = XJo, Lz,Ji =pJi, Lzho=rhg.

Then the vector fields
Z;=N"Z,
satisfy
(a) [Zi, Xj] = (+v+ (G — D —N) Xigys
(0) 12, Zj) = (= NG = 1) Zitj;
(c) Lz, Jj= (p+ (G —i—1)(n—N)Jits
The set of first integrals {h;} can be obtained from the formula
(d) Zi 5 dhj = (v + (i +j) (1= N)hit;.

PRrROOF. (a) We compute
[Z;,X;] = —Lx,(N'Zy)

= —N'Lx,(Z)

= N'[Zo, X],
because any bi-Hamiltonian vector field X satisfies Lx (N) = 0. Therefore

[Zi, X;] = N'Lz,(X;)

= N'Lz,(N"H) X, + N L, (Xy).
But:

LzN = Lz,(J1)Jg " = JuJy ' Lz, (Jo) Jg
= iyt = A Jg
= (H - )‘)N7

17



Lz, X1 = Lz, (JidHp)
= Ly, (J1)dHoy + J1d(Lz,Hyp)
= (,U + V)JldHo

== (,u + V)X17
so we conclude that

Zi, X3] = (n =N = DN X + (u+ v) N7

= (p+v+ G- —N) Xty
(b) From (2.8) we compute

[Z:,Z;] = [N'Zy, N? Zy)
= Lyiz,(N?)Zo + N’ Lyiz,(Zo)
= N'Lyz, (N Zy— N Lz, (N"Zp)
= N%(u— NN/ Zy — NVi(u — )N Z,
= (u =N )N Z

= (k=N =) Ziyy.
(c) From (2.5), we see that [A1, Ag] = 0 is equivalent to:
Ljp(J1)a+Jy <dB, Joa > +Lyg(Jo)a+ Jo < df, Jia >=0, «,f €
Similarly, [Ag, Ag] = 0 is equivalent to:
Ljp(Jo)a+ Jy <dp, Joa >=0, «,3€QM),
which gives

< dp, Joa > = —Jy ' Ly,5(Jo)a,

<dB, Jia >=—Jy ' Lj5(Jo)Jy  ic.

18
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Putting all this together, replacing § = Jo_lZ, and using N = J; Jo_l, we find
Lyz(Jo)ao= NLz(Jo)ao+ Lz (Jo)N*aw — Lz (J1)a.
This last formula gives a special case of (c):
Lz, Jo = Lnz,Jo
= ANJo+ AJN* — puJy
= 2\ — p)J;.
Using induction, one can show that
Lz,Jo = Lyiz,Jo
= (A—i(p—A)N"Jo
= (A—i(p—N)J;.
Finally the general case follows:
Lz, J; = Lz,(N?Jp)
= Lyiz,(N7)Jo + N7 Az, Jo
= NI L7 (N)Jo + (A —i(u — X)) Nt Jq
= A+ =) —X)NTJo
— (A4 G = )= V) s

(d) It is enough to prove the differential version of (d), which can be done as

follows:

= Lz, (N*)"* dhy)

= Lz, (N*)*)dho + (N*)"*7 Lz, dhg

= (i 4 7)(N*) " Ly (N*)dho + v(N*) dhg
= (i + §) (= N(N") T dhg + v(N*) dhg

(v + (i + )= V)dhisy. O

19



JFrom the observations on mastersymmetries made above, we obtain:

COROLLARY 3.4. Under the hypothesis of the theorem, for each integer i =
1,2,..., the vector fields

Yy, =Zj+t(p+v+(G—1)(p—N)Xitj, 7=12,...

are time-dependent symmetries of the i*"-order flow.

ProOOF. Each Z;, j =1,2,..., is a mastersymmetry. Using (3.4) and relation

(a) of the the theorem we compute:

Yy, = Z; + 1[Z;, Xi]

=Z;j+t(p+v+(Gi—1)(p—N)Xiy;. O

4. Example: The Toda Lattice

In example 2.2 we considered briefly the periodic Toda lattice. In this section we
illustrate all the concepts introduced above for the finite, non-periodic, Toda lattice,
which leads to a degenerate Poisson pair in the so-called Flaschka’s variables.

In the letter [Dal], a construction of mastersymmetries and deformation rela-
tions for the Toda lattice was given, as well as its connection with the R-matrix
approach, in terms of the Flaschka’s variables. On the other hand, theorem 3.3
above relates mastersymmetries to a conformal symmetry of the system, when a
recursion operator is available. We shall relate these two constructions using a
reduction.

Our approach consists in working in the physical variables, and then reducing to
Flaschka’s variables. Although the recursion operator itself cannot be reduced (this
is also observed in [Mo-Tol), the deformation relations and mastersymmetries do
reduce. One advantage of this approach is that it yields immediately a hierarchy of

time-dependent symmetries for the Toda lattice. Also, we believe that this approach
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is more natural. For example, the deformation relations, previously known to hold
up to a certain equivalence relation [Dal], are shown to be exact.

The finite, non-periodic, Toda lattice, is a system of particles on the line under
exponential interaction with nearby particles. It has the following bi-Hamiltonian

formulation:

.9 0
JO_Zaqi/\api

’L 1 a a " 6 6
4.1 9e2(a'=a"") + i A
(4.1) Z Opit1 api ;p 0q*  Op;

+ = Z A —
2 = 0qJ 8qZ
n n D 2 n—1 ‘ -
_ , _ 21 2(¢"—¢"")
- sz hl — Z 2 + Z e
1=1 1=1 1=1

Note that Jy is symplectic. The recursion operator is then

= 0
N = pi—i®d

n—1

(4.2) + Z 9¢2(a'=a""") ( 8p?+1 ® dg' — 8% ® dqiﬂ)
‘Z(a ; ®dpj — aaj ®dpz) +sz 0 - @ dp;

We will now show th;?the vector field

(4.3) Zy = ; %—22 0 2’; o

is a conformal symmetry for both .Jy, J; and hg, so we will be able to apply theorem
3.3 and its corollary.

In fact, we compute:

n

Lz, Jo = zn: [Mi 0 2 } + ) [p-i,i/\ 6]
Q=1

52 2 0q¢l " 0q¢*  Op; J@pj dqt  Op;

"9 0
_O_Zz_;@qi/\@pi

= —Jo.
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Next observe that Zj is a Hamiltonian vector field with respect to J; for the Hamil-

tonian f =) . ¢*, so we have

Lz, Ji = 0.

Finally, a simple computation shows that Lz hg = ho.
Therefore theorem 3.3 holds with A = —1, © = 0, v = 1. It follows that the

higher order Poisson tensors for the Toda lattice satisfy the deformation relations:

(4.4) Lz, Jj=(j—1i—1)Jitj,

(4.5) Lzh; = (i+j+ 1hit;,
where Z; = N'Z, satisfy
(4.6) (Zi, Z;] = (5 — i) Zi;-

If we denote by X; the Hamiltonian vector field generated by h;, with respect to

Jo, we also have

(4.7) Zi, Xj] = jXivj)

and from the corollary we obtain the time-dependent symmetries
(4.8) Yz, =Z; +itXiy;, j=1,2,....

Another multi-Hamiltonian formulation is known for Toda lattice in terms of the
Flaschka’s variables. Recall that the Flaschka transformation is the map 7 : R?" —

R2"~! defined by

(qlv"'vqnvp17-"7pn) = (a17---:an—17b17---:bn)7
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7,_qi+l)

where a; = eld , bi = p;. The Poisson tensors Jy and J; reduce to R?"~1!,

This can be checked directly by setting

I B B )
JO - Zal(a—al A abz B 60,2‘ A 6bi+1>

1=

n—1
- 0 0 0 0
4. =3 (aibi Ay — aiby )
(4.9) /1 z_; P LY PR T
0 =1 o 9
2a; Qi1 m—— N

i Z ai" 6b1+1 " o5 2:: 24 50 " das
and observing that the projection 7 : (R?",.J;) — (R?"~' .J;) is a Poisson mor-
phism.

The bi-Hamiltonian formulation for the Toda lattice in the Flaschka’s variables, is

exactly the one defined by the Poisson tensors (4.9), and the reduced Hamiltonians
b 2 n—1

n
T , 7 Oi 2
ho = Zbl hy = Z TR
=1 =1 =1
There is however a big difference between the original bi-Hamiltonian formulation

and the reduced bi-Hamiltonian formulation. The Poisson structures jo and J; are
not symplectic, and so there is no obvious recursion operator. In fact, the recursion
operator N given by (4.2) cannot be reduced. This is most easily seen using the
notion of projectable vector field. Recall that a vector field Z is projectable if
for every vector field Y tangent to the fibers 7=1(x), the vector field Ly Z is also
tangent to the fibers. If that is the case, the vector field Z can be reduced to a
vector field Z given by Z(n(z)) = dr(z) - Z(z). Conversely, any vector field on the
reduced space is the image by 7 of a projectable vector field.

Now we claim that N does not map projectable vector fields to projectable vector
fields, as it is required for reduction to work. To prove this we note that the fibers
are the lines in R?" parallel to the vector (1,...,1,0,...,0), so a vector field Z is
projectable iff for every function f € C°°(M) there exists a function g € C°°(M)
such that

25 ) =0 g
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For example, the vector field 8?11» is projectable but

0 0 i—1_ i 0 i il 0
= pi— — 220 ) 9e2(¢°—a"") _~
8qz p 8qz € 8p1—1 +2e apz—i—l’

is not projectable. We conclude that no recursion operator exists relating the two

reduced Poisson tensors.
In spite of the fact that there is no recursion operator for the reduced Toda lattice,
higher order Poisson structures are known, and they satisfy certain deformation

relations [Dal]. This can be explained by the following result.

THEOREM 4.1. The vector fields Z; = N'Zy, i = 0,1,2,..., are projectable.

The corresponding reduced vector fields satisfy
(4.10) Zi, Z3) = (5 — i) Zis s

In particular, the higher order Poisson tensors can be reduced to Poisson tensors

Ji, satisfying the deformation relations

(4.11) Lz J;=(—i—1)Ji,.

There are also reduced Hamiltonians {h;} and reduced higher order flows X; satis-

fying:
(4.12) Ly hj=(i+j+1)hi,
(4.13) Zis Xj) = i X5

PROOF. All we have to prove is that the vector fields Z; are projectable, so the

all hierarchy can be reduced. The rest of the proposition follows from relations
(4.4)-(4.7).

We compute:

[N’ Xn: aiz] :nz_:l 224"~ <8ipz ®dgt — L ® dqi)

i1 i—1 Opit1
- o1 o 0 ‘
— Z 2¢2(a ' —a )< ®dq" — ® dq’_l) =0.
2 Opi—1 opi
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Therefore, for any f € C*°(M) we find

(N Zo, | Z

] (N*Z0)( 81 [NlZO’Zaaqi}
:g; 5t e [ZO,XZ_) ]
:ggaaqi

sothe Z; = N'Zy, i =0,1,2,..., are projectable. [

The deformation relations (3.11) where known to hold up to a certain equivalence
relation [Dal]. Our proof shows that they are actually exact. We note that the
mastersymmetries {Z}, for ¢+ > 2, are different from the mastersymmetries given
in [Dal]. However, for i = 1 they differ by a multiple of the Hamiltonian vector
field X1, and so the higher order reduced Poisson tensors (4.11), coincide with the
ones given in [Dal].

It follows, exactly as in corollary 3.4, the existence of a hierarchy of reduced

time-dependent symmetries:

COROLLARY 4.2. For each integer i = 1,2, ..., the vector fields
Yzj EZj —l—itXi+j, j=1,2,

are time-dependent symmetries of the it"-order Toda flow.

We have learned during our research, that corollary 4.2 has also been obtained

in [Da2], although through different methods.
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CHAPTER 1II

COMPLETE INTEGRABILITY =
BI-HAMILTONIAN STRUCTURE ?

The main purpose of this chapter is to answer the question: does every com-
pletely integrable system have a bi-Hamiltonian formulation 7

The study of completely integrable Hamiltonian systems, i.e., systems admitting
a complete sequence of first integrals, started with the pioneering work of Liouville
[Lio] on finding local solutions by quadrature. We have now a complete picture of
the semi-local geometry of such systems, which in its modern presentation is due
to Arnol’d [Ar]. A major flaw in the Arnol’d-Liouville theory is that it provides
no indication on how to obtain first integrals, and this is one of the reasons for the
growing interest on bi-Hamiltonian systems.

We saw in the previous chapter, that for a given bi-Hamiltonian system, Magri’s
theorem yields a whole hierarchy of first integrals. Under additional assumptions
on the algebraic structure of the pair, one obtains a complete sequence of first
integrals. Moreover, this assumption may be formulated in a way that still makes
sense in the setting of infinite dimensional systems. Therefore, if one wants to
extend the notion of complete integrability, the following natural question arises:
Given a completely integrable Hamiltonian system, does the complete sequence of
first integrals arise from a second Hamiltonian structure via Magri’s theorem?

This problem was first studied by Magri and Morosi in their unpublished notes
[Ma-Mo], which seems to contain an incorrect answer. More recently, R. Brouzet in
his “thése de doctorat”, studied the same question when the dimension equals four,
and showed that the answer in general is negative [Br]. Theorem 3.1 below shows

that a second Hamiltonian structure exists if and only if the Hamiltonian function
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satisfies a certain geometric condition. This condition may be expressed in an

invariant way, using the action-angle variables, as a restriction on the Hamiltonian.

A related problem was considered by De Filippo et al. [Fi]. They showed that
a completely integrable system always has a bi-Hamiltonian formulation, but we
remark that, in general, neither of the Poisson structures coincides with the given
one. The situation we are considering here is more restrictive. We fix the original
Hamiltonian structure, and ask under what conditions there exists a second Hamil-
tonian structure such that the sequence of first integrals is obtained via Magri’s
result.

This chapter is organized as follows. In section 1, we review the Arnol’d-Liouville
theory of completely integrable systems, with an emphasis on action-angle variables.
In section 2, starting with a bi-Hamiltonian system for which Magri’s theorem
gives a complete sequence of first integrals, we construct a set of coordinates which
have the property of splitting both the Hamiltonian and the action variables. The

construction is based on the systems of first order p.d.e.’s

VF = BVG,

first studied by Olver [Ol], who used it to give a local classification of bi-Hamiltonian
systems. In section 3, we interpret this property as a geometric condition on the
graph of the Hamiltonian, and show how it can be used to rule out the existence of a
second Hamiltonian structure. Conversely, we show that any completely integrable
system whose Hamiltonian satisfies this condition has a bi-Hamiltonian formulation.
In section 4, we give several examples illustrating these results. In particular, we
give an example of a completely integrable Hamiltonian system, which is not bi-
Hamiltonian in the sense just described, but admits a degenerate bi-Hamiltonian
structure. This explains why a bi-Hamiltonian formulation is not known for many
of the classical examples of completely integrable systems: in general, degenerate

Poisson pairs will be required.
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1. Arnol’d-Liouville theory revisited

Given a Hamiltonian system (M?",w, h) on a symplectic manifold, we say that
the system is completely integrable if there exists n independent functions f; =

h, fa, ..., fn, with pairwise vanishing Poisson brackets

The geometry of completely integrable systems is described by the so-called

Arnol’d-Liouville theorem.

THEOREM 1.1 [Ar]. Let m: M — R™ be the fibration x — (f1(x),..., fu(x)).
Then:

(i) m is a Lagrangian fibration and each connected component of 7=1(c) is a
cylinder. There exists affine coordinates (0,...,0™) on ©='(c) which straightens
out the Hamiltonian flow, i.e., 6F = const;

(ii) If 7=1(c) is connected and compact then it is a topological torus T™. There
exists a neighborhood U of 7=1(c) and a trivialization (st,...,s™, 0% ...,0") : U —

R™ x T™ such that w =Y, ds" A df";

For the remaining of the chapter we restrict ourselves to the compact case. For
this, it is enough to guarantee that at least one non-degenerate surface level f; = ¢
is compact (this is often the case with the energy surface h=c).

Suppose that we started with a different complete sequence of commuting first

integrals fl =h, fg, ceey fn, and assume that
(1.1) det (0*°h/0s'0s7) # 0.

This is a non-degeneracy condition which is most often used in the following
form: any first integral depends only on the action variables. In fact, (1.1) implies
that the non-resonant tori are dense, but any first integral is constant on any

such torus. Then by standard arguments in Poisson geometry, one has necessarily
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fi = fi(fl, .oy fn), i = 1,...,n. Therefore, the Lagrangian foliation is uniquely
determined, i.e., it does not depend on the particular choice of complete sequence
of first integrals.

The variables (s*, 8%) referred to in the theorem, are the so-called action-angle
variables. Explicit formulas for the action variables can be obtained as follows.
Since each torus 7~!(c¢) is a Lagrangian submanifold, on some neighborhood U
of this level set the symplectic form is exact: w = da. The action variables are

obtain by integration along a basis (71, ...,7v,) of 1-cycles of the integral homology
H1(T™,Z) of each torus:
3
Si=— ¢ «
Z 2m Vi

If we change the basis of the homology group H;(T",Z), the new action variables
will be related with the old variables by an invertible, integral, linear transforma-
tion. Also, since we can choose any torus as the origin of our system of coordinates,
the addition of a constant vector is also possible. We see that the action variables
define a canonical integral affine structure on the open subset U C R"”, i.e., they
are unique up to translations and invertible, integral, linear transformations of R"
(for more details see [Ar-Gi)).

Note that the Arnol’d-Liouville theory tells nothing about how to find a complete
set of first integrals. It is therefore interesting to study its relation with the theory
of bi-Hamiltonian systems.

A first, rather trivial remark, is the following: any completely integrable Hamil-
tonian system X}, is bi-Hamiltonian in a neighborhood of an invariant torus [Fi].
An outline of the proof is as follows. There is a neighborhood where one can find
coordinates, say (x!,...,2%"), such that X, = %, S0 it is easy to construct some
bi-Hamiltonian formulation for X;. However, in general this coordinates will not be
canonical, and this artificially constructed Poisson pair has no direct relationship

with the original Poisson structure. In practice, some natural Poisson structure is

known and one seeks a second one that might give the integrability of the system.
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This is the problem we will consider for the remainder of this chapter.

2. Splitting variables for CIS

In this section we look at a completely integrable Hamiltonian system (CIS)
(M?",w, h) and ask if the complete sequence of integrals arises from a second Pois-
son structure via Magri’s theorem.

The local problem is more or less trivial and is not so interesting from the point
of view of the theory of integrability. We shall look rather at a neighborhood of a
fixed invariant torus. By the Arnold-Liouville theorem a tubular neighborhood of
the torus can be described by choosing action-angle variables (s°,0%), so without
loss of generality we can assume that M?2" is a product R™ x T™, where the original
torus is identified with {0} x T" and h = h(s',...,s") , w = > . ds" Adf’". The
canonical projection m : M — R" is a Lagrangian fibration, so each torus 7—1(z)
is a Lagrangian submanifold and Ker d,,m = (Ker d,,7)*. We make the following

assumption.
(ND). det (8%h/0s'0s7) # 0 in a dense set.

This non degeneracy condition was explained in the previous section.
We want to investigate the existence of a second Poisson structure, possibly
degenerate, giving the complete integrability of the system. Thus we consider an

additional assumption:

(BH). The system is bi-Hamiltonian with diagonalizable recursion operator N,

having functionally independent real eigenvalues \i, ..., >

;From the Lenard’s recursion relations (1.2.10) in Magri’s theorem, it follows
that the sequence A1, ..., \,, is a complete sequence of first integrals of the system.
Given a point m € M we denote by Fy(m) the (real) eigenspace of the recursion
operator N belonging to a eigenvalue A in the spectrum o(N) = {\1,..., A\, }. For

31t seems possible to relax this condition by assuming only distinct eigenvalues. All the re-
sults that follow still hold in this more general setting. Here we consider only the functionally
independent case in view of Magri’s theorem and in order to keep technical details to a minimum.
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diagonalizable (1,1)-tensors with vanishing Nijenhuis torsion we have the following

classical result [Ni]:

PROPOSITION 2.1. For any subset S C o(N) the distribution m — ®xesEx(m)

is integrable. If p € o(N)\S, then u is an integral of the distribution.

PROOF. Let X, and Y, be eigenvectors of IV corresponding to eigenvalues A and

p. From expression (1.2.4) for the Nijenhuis torsion of N we find:
(2.1) 0= T (Xx, ) = (N-AD(N =) X, Y+ ) { (Xaot) Y= (V- M) X}
If one applies (N — A\ )(N — pl) to both sides of this equation one gets:
[Xz,Y,] € Ker (N — X)*(N — pul)?.
But N is diagonalizable, so we have

Ker (N = X)*(N — pI)?> = Ker (N — M)?>@® Ker (N — ul)?

= Ker (N — X))@ Ker (N — ul),
and the first part of the proposition follows. If A # u, (2.1) now gives:
Xy p=Y,-A=0,

so the second part also follows. [J

Fori =1,...,n, we denote the foliations associated with the integrable distribu-
tions m — Ej,(m) and m — Ex,(m)®--- @Ej\(m) @@ Ey, (m) by ®; and A,,
respectively (here E means omit the factor E). It is obvious from these definitions

that ®; and A; are transversal. In fact, we have the following stronger result:

PROPOSITION 2.2. If i # j the foliations ®; and ®; are w-orthogonal. In par-

ticular, one has ®; = A,;.
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Proor. If X, and X, are eigenvectors of N corresponding to distinct eigenval-

ues A and p we find:

Thus w(Xy, X)) =0, so E and E,, are w-orthogonal. [J
The foliations ®; are invariant under the Hamiltonian flow:

LEMMA 2.3. Suppose \; € o(N) and X is a vector field tangent to ®;. Then
[ X}, X] is also tangent to ;.

PROOF. Because of (BH) the Lie derivative Lx, N vanishes. Therefore, if X €
E), one finds:
N[X),, X] = NLx, X
= Lx,(NX)
= Ly, (NX) = (Xn - A)X + M [Xn, X].
But ); is a constant of the motion, so [X, X] € Ey,. O

JFrom proposition 2.1 we know that each \; is an integral of A;. On the other
hand, (BH) implies that each \; is a constant of the motion, and so by (ND) depends
only on the action variables. Since the \;’s are functionally independent we can use

them as new “action” variables (y1,...,¥,) on R™ to obtain:

PROPOSITION 2.4. The foliations A; on M project to (n — 1)-dimensional fo-
liations on R™ which are pairwise transversal. In particular, there are coordinate

functions (y*) on R™, such that each y' o is constant on the leaves of A;.

In the sequel we will not distinguish between 3* and y* o 7. Our interest in the

new coordinates (y°) lies in the following splitting result.
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THEOREM 2.5. In the new coordinates (y*) one has the following splittings:
h(y's ™) = ha(yh) +- -+ haly™) sy y") = sy sy,

PROOF. Denote by ¢!, i = 1...,n, conjugate coordinates in M to the coordi-

nates y°, so we have the Poisson bracket relations
{yl7yj}:0 ) {yla(p]}:(szj s {SOZ,SOJ}:O i,j:1,...,n.

Explicitly, one finds

-7
. 0st

(2.2) 0" =

1=

We claim that in the new coordinates one has
(2.3) T®;, = span {Xyi, X,i + Z ainyj} (a;; =0).
j=1

To prove this assertion, observe that by proposition 2.4 each y° is constant on
the leaves of ®; (i # j), while by proposition 2.2 (T'®;)t = TA; = T®, + -+ +
ﬁ +:--+T®P,, so we have X,; € T'®;. This shows that

T®; = span {Xyi,wai + Zainyj + ZcinW}'
j=1 Jj=1

where we can assume a;; = ¢;; = 0. Since X, € T'®;, each X, is orthogonal to

T®; for i # j, so it follows that:
0= w(ij,bX(pi + Z aikka + Z Cz‘]{X(pk) = Cij (Z 7& ])
k=1 k=1
We conclude that
T®;, = span {Xyi,wai + ZCLinyj}.
j=1
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Finally, if the coefficient b vanishes at some m € M, then T,,®; C Ker d,,m, and

from proposition (2.2) we get that
T®; C Ker dpm = (Ker dym)™ C (T,®:)" = T Ay,

which contradicts the transversality of ®; and A;. Thus we can assume b = 1 and
(2.3) follows.
Using (2.3), we can determine the expression for N in the coordinates (3%, ).

The final result is:

(2.3a) N = <g R) where A =diag (A1,...,\n) , Bij = (\j — Ai)aji

Recall now that (BH) assures the existence of a second Hamiltonian h such that
N*dh = dh,

and by (ND) we must have h = h(y*,...,y"). Thus the first n equations of this

system reduce to

;Oh  Oh
(2.4) y oy oy

By crossing differentiating (2.4) we see that 9%h/0y’dy* = 0 (i # j), which proves
the splitting for h.

The analogous splitting for s’ is proved by showing that X,: is a bi-Hamiltonian
vector field in the set of points where all \;’s are nonzero. Then we can repeat the
argument of the last paragraph to show that the splitting holds on this set. But, by
(ND), it must hold everywhere. Now, if all the \;’s are nonzero the second Poisson
structure is symplectic, and X, is bi-Hamiltonian provided Lx ;N = 0. In the
original variables (s?,6%) one has X, = 0/06" so the Lie derivative of N vanishes
if one can show that its entries do not depend on the 6%’s. This is proved in two

steps:
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(i) In the variables (3¢, ¢*) the entries of N do not depend on the ¢*’s;
Since \; = y, we see from (2.3a) that the assertion will follow provided that

ai; = a;j(y',...,y"). By lemma 2.3 and (2.3) we have
[Xha Xpi+ ) az‘ijﬂ‘] = ~Xinpy + ) (Xn(ai)) Xys — ai Xinyy) € TP
j=1 J=1

Since {h, o'} = 2 {h,y7} =0, we conclude that
Oy

- 9%h
Z<_8y16yﬂ' + Xh(aij>>ij eToP,;.
j=1

But we have shown already that 92h/0y'0y’ = 0 (i # j), so by (2.3) we also have
Xp(aij) =0 (i # 7). Finally from (ND) we conclude that a;; = a;;(y?,...,y").

(i) In the variables (s%, %) the entries of N do not depend on the 6’s.

Because of the form of the transformation (s%,6%) — (y%, %) (cf. (2.2)), we see
from (i) that the entries of N when written in the variables (s?, ) are at most
linear in the #*’s. But those entries are well defined functions on the tori, so in fact

they do not depend on the 6%’s at all. [

REMARK 2.6. In Morandi et al. [Mo], a partial version of theorem 2.5 was ob-
tained (cf. prop. 3.22). They use the Lagrangian approach, and prove separability
of the Hamiltonian with respect to both Hamiltonian structures. However, they
fail to recognize the importance of the action-angle variables, which as we will see

in the next sections play a central role.

3. Geometric interpretation

Let (z!,...,2""1) be affine coordinates in a (n+1)-dimensional affine space
A"l A hypersurface in A”*! is called a hypersurface of translation if it

admits a parameterization of the form:

(31 .y =y =) ") (=1, 0+ 1)



This generalizes Darboux’s definition [Dar| for n=2: a surface of translation is a
surface obtained by parallel translating a curve along another curve.

The results of the previous section lead to the following geometric picture:

THEOREM 3.1. A completely integrable Hamiltonian system is bi-Hamiltonian if
and only if the graph of the Hamiltonian function is a hypersurface of translation,

relative to the affine structure determined by the action variables.

PRrROOF. The ‘only if’ part was the subject of the previous section. Now assume
that (M?",w, h) is a completely integrable system and that graph h is a hypersur-
face of translation relative to the action variables (s?), so it has a parameterization
of the form (3.1), with ' = s’, i = 1,...,n and 2""! = h. We can choose the

parameters (3°) so that the Hamiltonian takes the simple form

If (p!,...,¢") are coordinates conjugate to the (y',...,y"), we define a second

Poisson structure by the formula

"9 )
Al—zy ayl/\ﬁgoz

=1
One checks easily that the two Poisson structures are compatible, and that the

recursion operator is given by

N = éy’(i}l ® dy' + 8?01' ®dgpi)

It is now clear from the expression of the Hamiltonian function in the y-coordinates

that Lx, N = 0, so the vector field X}, is bi-Hamiltonian. [J

REMARK 3.2. Note that the notion of the graph of the Hamiltonian being a
hypersurface of translation is associated with the system in an invariant way, being
defined relative to the affine structure determined by the action variables (see the

remarks on unicity of the action variables following theorem 1.1). It should not be
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confused with separability of the Hamiltonian system, or of the Hamilton-Jacobi
equation, which are coordinate dependent. For example, consider a system with
Hamiltonian h(s!, s?) = s'(1 + (s?)?) expressed in action-angle variables. It will
be shown below that graph h is not an hypersurface of translation. But if we
introduce new canonical coordinates (y',y?, ¢!, ©?) with y! = h(s!, s?), the Hamil-
tonian system splits in the new coordinates into two independent, two-dimensional,
Hamiltonian systems.

It arises the problem of recognizing when is graph h a hypersurface of translation.
For this purpose, we introduce the Hessian metric g on R™, which is defined with
respect to the affine coordinates (s*) by the formula:

0%h
— 0s5t0sJ

2,3

(3.2) g= ds'ds’

In the (non-affine) coordinates (y®) the metric g is given by:

0%h Oh 0%s
= — « B
g az; < oyeoyl  0sk dy*oyl ) dy"dy”,

and so, by (3.1), diagonalizes:

0%h D25k

33 oy~ 0 ooy

0 (a#p).

Defining the coordinate vector fields Y, = 9/0y®, these conditions on the metric

can be written in the form

(3.4) 9(Ya,Yp) =0 (a# D),

(3.5) Ya(Ys(s*) =0 (a#p).

We conclude that the existence of vector fields Y,, o =1, ..., n, satisfying (3.4)
and (3.5) is a necessary and sufficient condition for graph h to be an hypersur-

face of translation. Note that we can find the n-tuples of vector fields satisfying
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(3.4) by solving an eigenvalue problem. This will define the (Y,)’s up to multi-
plicative factors C,, and equations (3.5) then form a system of first order linear
p.d.e’s for each of these factors. Our recognition problem is then reduced to the

investigation of the local solvability of these equations. Suppose for example that

Yo =Ca Y ; Aui0/0s". Then (3.5) gives:
(3.6) Yo(Cp)Apk + CpYa(Apr) =0 (a # ).

Since we are interested in non-zero, local, solutions of this equation, we obtain the

following integrability conditions
(37) Ya(Aﬁk)Aﬁl — AﬁkYa(Aﬁl> =0 (04 7& ﬁ, k 7é l)

A more invariant way of describing the above conditions can be given as follows.
Denote by V the law of covariant differentiation associated with the connection
defined by the affine structure on R™. Then the Hessian metric defined by h is
given invariantly by the expression g(X,Y) = VxVyh. To solve our recognition
problem we seek an orthonormal basis (Y7,...,Y,,) for the tangent bundle T'(M),
satisfying

VYo =0 (a#p),

i.e., such that each vector field Y, can be obtained by parallel transport along the
integral curves of any other vector field Y, (o # ).
4. Examples and counter-examples

COUNTER-EXAMPLES. A possible way to construct CIS with no bi-Hamiltonian
formulation is to consider the standard model M ~ R" x T" with w = > "1 | ds" A
df?, and choose any Hamiltonian function h = h(s!,...,s") whose graph is not a

hypersurface of translation. For example, take

h(st,...,s") =s' + 51 ()2 + ()2 4+ -+ (")
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The Hessian matrix has eigenvectors

0 9
Yie=0Crp <252@ + (8T £ 1/(s1)2 + 4(s2)2 )@),
9]

@, ]:3,,n

Yj=Cj

It is easy to check that conditions (3.7) are not satisfied. For example, if we let

a=1,00=2,k=1,1l =2 we obtain

Yl (AQ]_)AQQ — A21Y1(A22> = —4(82)2 + 1281(S2>2\/(81)2 + 4(82)2 7’é O

We conclude that graph h is not a hypersurface of translation. Brouzet’s original

counter-example corresponds to the case n=2 (see Brouzet, 1990).

A counter-example with some physical meaning is obtained by considering the
perturbed Kepler problem. In spherical coordinates (r, 6, ¢), where 6 denotes the

co-latitude and ¢ the azimuth, the Hamiltonian takes the form

2 2

1 Po Do 1 €
TR U S
o\ e ) T T

Two additional integrals, Poisson commuting with H, are the total angular mo-

mentum
py?

l2 = 2 + ,
po sin’ 0

and the component of the angular momentum along the polar axis

mEp¢.

For E < 0, each common level set {h = E,l = L,m = M} is an embedded 3-torus
on the phase space. The action variables are obtained by integration along a basis

(71,72, 73) of 1-cycles for this torus:

1
S; = 2—}{ prdr + pedf +p¢dgb
Yi

™
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We obtain

1
S5¢ = =— P ppdp = M

2T
1 1 / M?
56 21 j{pe 21 j{ sin’ @

1 1 2 L2 1
s,«z—j{prdr:—%\/QE—l——— +€dr: —VI2+¢
2 2r r r2 V. 1o

We conclude that the Hamiltonian, when written in action variables, takes the form

1

h=— -
2(sr 4+ /(sp +50)2 +¢)

A more or less tedious computation, similar to the one in the previous example,
shows that conditions (3.7) once again are not satisfied. Also we note that for the
unperturbed Kepler problem (¢ = 0) the graph of the Hamiltonian is a surface of
translation, and so it has a bi-Hamiltonian formulation (on the other hand, one
can show that the relativistic Kepler problem also does not have a bi-Hamiltonian

formulation).

These counter-examples help one understand why a bi-Hamiltonian formulation
is not known for many of the classical integrable systems. In general, one will re-
quire some degenerate Poisson pair in a higher dimension manifold. This is the
situation, for example, in the R-matrix approach (see next chapter). In the case of
the perturbed Kepler problem, the Hamilton-Jacobi equation can be solved by sep-
aration of variables, and it follows from the work of Rauch-Wojciechowski [Ra| that
this system admits a degenerate bi-Hamiltonian formulation in a higher dimensional

manifold.

AN EXAMPLE. Consider a symmetric top rotating freely about a fixed point. As
in the general theory of tops (see for example [Bo] and references therein), it can
be realized as an Hamiltonian system for the Lie-Poisson structure on ¢(3), the Lie

algebra of the group of motions of three dimensional Euclidean space. For the usual
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coordinates (my, mso, ms, p1,p2,p3) on e(3), the Poisson bracket is defined by the

relations
{m;,m;} = e;jpmy, {mi,pj} = €ijrpr, {pi,p;} =0,
and the Hamiltonian is given by

1 1
h = —— ms2.
ol (m1 + mo )+ 213m3

Note that this bracket is degenerate, the algebra of Casimirs being generated by
Ci=>, p;2 and Cy = >; pim;. Since mg provides an additional first integral com-
muting with h, it follows that the system is completely integrable when restricted
to any symplectic leaf of the Kirillov foliation. Let us consider the symplectic leaf
Cy; = 1,05 = 0. It can be identified with the tangent bundle T'S? of the unit sphere

on R3, and this suggests introducing new variables (6, ¢, pg, p,) given by

p1 = cos B cos ¢ P2 = cosfsin p3 = sin 6
mi = pytanfcosp —pgsing my =p,tanfsing + pgcosp M3 = p,

This coordinates are canonical and the Hamiltonian function takes the form

1 1 1
h:p¢2<2—htan 9—|—E) +2—Ilp9 .

For E/m? > 1/2I3, the level surfaces {h = E,m3 = L} are embedded 2-tori in the

fixed symplectic leaf. The action variables are computed in the usual way:

=—7§ pods = 5= pLds =L

I
Sg = — podl = %\/QEH L2= — [2tan?6 df
Y2 I3

2
I, —1
— \/2E11 _r2t 3
I3

The expression for the Hamiltonian in the action variables is

Lo 5 ]
T oLl S 21 (s1+52)%,
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so according to theorem 3.1 the system possesses a bi-Hamiltonian formulation. It
is easy to see that the second Poisson structure (cf. proof of theorem 3.1) is given

by:

" L-I ,0 9 L—I3 , 1 N O 0
AO N 2[1[3 51 881 A 891 ( 2[1[3 51 2[1 (81 +52) )891 A 852
+ L(S +s )Qi A i
2[1 ! 2 852 892

which can, in principle, be written in terms of the original variables.
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CHAPTER 1III

POISSON SYMMETRIC SPACES

We have seen in the previous two chapters several examples of Poisson pairs.
In most instances, the first Poisson structure of the pair arises from a symplectic
form or by reduction from it, while the second Poisson structure is given a priori.
Although no general method to construct Poisson pairs is known, it is often the case
that the second Poisson bracket also has some geometric structure underlying it.
This chapter is devoted to the study of certain geometric objects yielding non-linear
Poisson brackets.

We have mentioned in chapter I the notions of Poisson Lie group and Poisson
action, first introduced by Drinfel’d in [Dr]. We shall now proceed along these
lines to develop several new concepts in Poisson geometry. For example, a Poisson
homogeneous space is a homogeneous space M = G/H where G is a Poisson Lie
group, M a Poisson manifold, and 7: G — M a Poisson map. These objects have
been study in [K-R-R,L-Q,Lu-We,STS]. We go a step further: we call a pair (G, S)
a Poisson symmetric Lie group if G is a Poisson Lie group and S:G — G is an
involutive Poisson Lie group anti-morphism. If H is the fixed point set of S, then
M = G/H is a Poisson homogeneous space, and we call M a Poisson symmetric
space. For example, every Poisson Lie group is a Poisson symmetric, for the usual
construction G ~ G x G/H, where H is the diagonal and S(g1, g2) = (g2, 91), goes
through (see example 4.9 below). As this example shows, the requirement “anti-
morphism” rather than simply “morphism” is essential. Another nice feature of
the theory is that the usual duality for symmetric spaces extends to the Poisson

case. The compact Poisson Lie groups of Majid [M] and Lu and Weinstein [Lu-We]
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are examples of compact Poisson symmetric spaces, and the results of Deift and Li
[D-L] on solutions of the Yang-Baxter equation, have here a natural interpretation.
As several examples will show, Poisson brackets arising in this way are related with
Poisson pairs for integrable systems.

The organization of this chapter is as follows. In sections 1 and 2 we review
some basic results on Poisson Lie groups and Poisson actions. In section 3 we in-
troduce Poisson homogeneous spaces. In section 4 we define Poisson symmetric Lie
groups and the corresponding infinitesimal objects, the symmetric Lie bialgebras.
Associated with them are the Poisson symmetric spaces. We then show that the
duality for symmetric spaces extends to the Poisson case. In section 5 we recall
some facts concerning r-matrices, which we view as an algebraic tool underlying this
Poisson geometry in the semisimple case. We use them in section 6, together with
some structure theory of real Lie algebras, to give several examples of orthogonal
symmetric Lie algebras. Section 7 contains a study of the Poisson properties of the
Cartan immersion, and in the final section we present several examples related to
Poisson pairs and integrable systems.

In this chapter we assume that all Lie groups are connected.

1. Poisson Lie groups and Lie bialgebras

Let G be a Poisson Lie group (sec. I.1.1). Denoting by L, (resp. Ry) left transla-
tion (resp. right translation) on G, the requirement that multiplication G x G — G
be a Poisson map can be written in the form

(1.1) AS, = (L) AY + (Ry),AS,  g.heg,

g

where A denotes the Poisson bivector on G.
It follows from (1.1) that the rank of the Poisson Lie bracket at the identity
e € G is zero, so linearization at e [Wel] furnishes the Lie algebra g = Lie(G)

with a linear Poisson structure. Equivalently, the dual space g* has a Lie algebra
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structure. The map ¢:g — g /\ g dual to the Lie bracket on g* is a 1-cocycle for

the adjoint action.

DEFINITION 1.1 [Dr]. Let g be a Lie algebra with dual space g*. The pair (g, g*)
is called a Lie bialgebra if there exists a Lie algebra structure on g* such that the

map :g — g /\ g dual to the Lie bracket on g* is a 1-cocycle.

Therefore, to every Poisson Lie group corresponds a tangent Lie bialgebra. Con-

versely, we have the following result [KS].

THEOREM 1.2. To each Poisson Lie group G corresponds a tangent Lie bialgebra
(g,9%). Conversely, if G is connected and simply connected, each Lie bialgebra
structure on g defines a Poisson Lie structure on G whose tangent Lie bialgebra is
the given one. Moreover, homomorphisms of connected, simply connected, Poisson

Lie groups are in one-to-one correspondence with homomorphisms of Lie bialgebras.

Let G be a Poisson Lie group, with Lie bialgebra (g, g*). The connected, simply
connected, Poisson Lie group G* whose Lie bialgebra is (g*, g) is called the dual

Poisson Lie group of G.

ExXAMPLE 1.3. Suppose that G is equipped with the zero Poisson bracket. The
tangent Lie bialgebra is (g, g*) where g is the Lie algebra of G and g* is abelian. The

dual Poisson Lie group is the vector space g* with the usual Lie-Poisson bracket?.

EXAMPLE 1.4. In example 1.1.4, we have made SL(n,R) into a Poisson Lie
group. If we equip the corresponding Lie algebra si(n,R) with the non-degenerate,
bilinear form

(z,y) =tr (xy), x,y € sl(n,R),
then the corresponding Lie bialgebra sl(n,R)* is identified with the vector space
sl(n,R) with a new Lie bracket

(1.2) [z,y], = [Az,y] + [z, Ay],

4Caution!! In our non-commutative world “Poisson Lie bracket” and “Lie-Poisson bracket”
have completely different meanings.
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where A:g — g is the linear map defined by

—x itz eny
Ax = 0 ifxep
x ifxen_

and ny (resp. n_, h), denotes the set of upper triangular (resp. lower triangular,
diagonal) n x n matrices of trace zero.

The bracket (1.2) has the following explicit form
[:L'l +h1+y1,x2 + ho + yz]* = —2[:131,:132] +ad hy - (—:L'Q + yz)
—ad hy - (=21 4+y1) +2[y1, 92, @i €ny b €9y Enc.

so g* is isomorphic to the semi-direct product b X (ny @ n_) relative to the ho-
momorphism ¢: h — Der(n, @ n_) defined by h — (ad(—h),ad h). Thus the dual
Poisson Lie group is isomorphic to the Lie group H x (N4 x N_), where H, N
and N_ are respectively the diagonal matrices of determinant 1, upper triangular
and lower triangular matrices with 1’s in the diagonal, and whose product is given
by

(D1,Uy, Ly) - (D2, Us, Ly) = (D1 Do, Dy *Us DUy, LyD1 Ly DT Y).

where D, € H, U; € N_|_, and L; € N_.

Let G be a Poisson Lie subgroup. If H C G is a closed Lie subgroup with Lie
subalgebra b € g, then H is a Poisson submanifold of G iff the annihilator b= of
is an ideal in g*. In this case H is called a Poisson Lie subgroup. It is a Poisson

Lie group with tangent Lie bialgebra (b, g*/h*).

EXAMPLE 1.5. The group U(n,R) of upper triangular matrices of determinant
1 is a Poisson Lie subgroup of SL(n,R). In fact, its Lie algebra u = h + ny has

1

annihilator u—~ = ny which is an ideal in g*. The corresponding Lie bialgebra is

(u,u*) where u* is isomorphic to the semi-direct product hrn_.

On any Poisson manifold (M, A) the vector space Q' (M) of differential 1-forms

on M carries a Lie algebra structure defined by [We2]
(w1, wa] = d[A (w1, w2)]+ < dwy, Jwy > — < dws, Jwi >, wi,wy € QY(M).
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The bundle map J: Q'(M) — X(M) is a Lie algebra anti-homomorphism:
[JCUl,JCUQ] :—J[wl,wg] wl,wgeﬁl(M).

If now G is a Poisson Lie group, the left-invariant 1-forms on G form a Lie
subalgebra of Q!(G) isomorphic to g* [We2], and any £ € g* can be identified with
the corresponding left-invariant 1-form ¢¥ on G. Define 1: g* — X(G) by setting

(1.3) V() =JEt,  feg

Then ¢ is a Lie algebra homomorphism, and integrating it we obtain a (local)

action ¥U: G* x G — @G, called the left dressing action of G* on G.

THEOREM 1.6 [STS2]|. The symplectic leaves of the Kirillov foliation of a Pois-
son Lie group G are the orbits of the dressing action of G* on G.

We shall see in the next section that the dressing action is an example of a

Poisson action.

EXAMPLE 1.7. From example 1.3 we know that g*, with the Lie-Poisson bracket,
is a Poisson Lie group whose dual group is G. The left dressing action of G on g*
coincides with the co-adjoint action. Theorem 1.5 reduces to a well known result
about the Lie-Poisson bracket: the leaves of the Kirillov foliation of g* are the orbits

of the co-adjoint action.

REMARK 1.8. One can also define the right dressing action of G* on G. If
one identifies £ € g* with a right-invariant 1-form ¢ on G, then the right dressing

action is obtained by integrating the infinitesimal action v: g* — X(G) defined by

(1.3.a) V(€)= —JEN,  fegn

Theorem 1.6 holds also for the right dressing action.
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2. Poisson actions

Let U: G x M — M be an action of a Poisson Lie group (G,A%) on a Poisson
manifold (M, AM). For each g € G, and each m € M, we define ¥,: M — M and
V,.: G — M by the formulas

Uy:m— U(g,m) =g-m, Upig = ¥(g,m) =g-m.

If x € g, which we view as a left-invariant vector field on G, we denote the cor-
responding infinitesimal generator on M by X, so X:g — X(M) is a Lie algebra
anti-morphism. Finally, if f € C°(M) we set Vf(m) =d.(fo ¥,,) € g*.5

PrRoOPOSITION 2.1. The following conditions are equivalent:

(a) ¥ is a Poisson action;

(b) For allm e M and g € G

(2.1) Aty = (Wm) Ag + (W) Ay

m

(¢) For all fi, fo € C°(M) and x € g

(2.2) Xo A f1, fo} = {Xe - f1, o} +{f1, X - fo}+ < [Vf1, Vo], x >;

ProOOF. The proof follows immediately from the definitions. [

REMARK. As we have noted before (example 1.1.3), Hamiltonian actions corre-
spond to the case where GG has the trivial Poisson bracket, so the Lie algebra g*
is commutative. In this case, the last term on the r.h.s. of (2.2) vanishes, and we
obtain a well known formula for Hamiltonian actions.

The proof of the following corollary can be found in [Lu-We].

5Unless otherwise stated, we will assume left group actions. Occasionally, we will need right
actions. Virtually all results to be stated below hold for both type of actions, with obvious
modifications.
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COROLLARY 2.2. The dressing action of the dual Poisson Lie group G* on G is

a Poisson action.

Recall from the previous section that Poisson Lie subgroups correspond to ideals
bt in g*. Under the weaker assumption that the annihilator h+ is a subalgebra
of g*, we have the following result which will be applied later in the study of

homogeneous spaces.

PROPOSITION 2.3 [STS2]. Let ¥: G x M — M be a Poisson action. Let H C G
be a Lie subgroup with Lie algebra b, and let b+ C g* be the annihilator of b. If
the orbit space M/H is a smooth manifold, there exists a Poisson bracket on M/H
such that the projection m: M — M/H is a Poisson map iff b~ is a subalgebra of

g*. Such a Poisson structure is unique.

PRrROOF. Identify C°°(M/H) with the space of H-invariant elements of C*°(M).
A function f € C*°(M) is H-invariant iff X, - f = 0, for all € h. In this case
Vf € bt. Therefore, if fi, fo € C°(M) are H-invariant, it follows from (2.2) that

X {f1, fo} =< [Vf1, VL], x>, T €h.

This shows that {f1, fo} is H-invariant iff - C g* is a Lie subalgebra. [

In order to determine the Kirillov foliation of the quotient Poisson manifold M /G
one needs to introduce, just as in the symplectic case, the notion of a momentum

map. The correct definition in this context is due to Lu.

DEFINITION 2.4 [Lu]. A smooth map P: M — G* is called a momentum map

for the Poisson action U: G x M — M if
X,(m) =J(m) T} Pz, Ve €g, Yme M,
where 2% € Q(G*) denotes the left invariant 1-form whose value at e is .
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EXAMPLES 2.5.

(a) If G has the zero Poisson bracket and M is a symplectic manifold then G* =
g* (cf. example 1.3) and the definition above coincides with the usual definition of
a momentum map P: M — g*.

(b) The identity map is a momentum map for the dressing action G x G* — G.

The usual results for Hamiltonian systems with symmetry still hold in this more

general context [Lu]. Noether’s theorem can be stated as follows.

THEOREM 2.6. Let H € C*°(M) be an Hamiltonian, invariant for a Poisson
action of G on M with momentum map P: M — G*. Then P is a constant of the

motion.

We have introduced in the previous section the dressing action of G* on G. Since
the notion of duality is reflexive, we also have a dressing action of G on G*. When
we say that a momentum map P: M — G* for some Poisson action is G-equivariant,
we mean for the given action of G on M and for the dressing action of G on G*.

The main result of Poisson reduction has now the following formulation.

THEOREM 2.7. Let W:G x M — M be a Poisson action with G-equivariant
momentum map P: M — G*. Assume that p € G* is a reqular value of P, and that
the residual symmetry group G, acts reqularly on the submanifold P~*(n). Then
there is a natural immersion ¢ making P~ (u)/G,, into a Poisson submanifold of

M/G in such a way that the following diagram commutes:

If M is symplectic, P~ (n)/G,, is a leaf of the symplectic foliation of M/G.
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Any Hamiltonian system on M having G as a symmetry group, reduces to Hamil-

tonian systems in the other spaces of the diagram.

3. Poisson homogeneous spaces

Recall that M = G/H is a homogeneous space if G is a Lie group and H C G is
a closed subgroup. We denote by m: G — M the canonical projection g — gH.

DEFINITION 3.1. A Poisson homogeneous space is a homogeneous space
M = G/H such that G is a Poisson Lie group, M is a Poisson manifold and

m: G — M is a Poisson morphism.

If M = G/H is a Poisson homogeneous space the natural left action of G on M

is a Poisson action.

. From proposition 2.3 we obtain an infinitesimal criteria for a homogeneous space

to be Poisson.

PROPOSITION 3.2. Let M = G/H be a homogeneous space and let h C g be
the Lie algebra of H. Then M is a Poisson homogeneous space iff (g,9*) is a Lie

bialgebra and b~ C g* is a Lie subalgebra.

ExamMpPLE 3.3. A Lie group G is trivially a homogeneous space for we have
G ~ G x G/H where H C G x G is the diagonal. Similarly, this makes a Poisson
Lie group G into a Poisson homogeneous space, when we consider on G x G the
Poisson bivector A% @ (—A%). Then G x G is a Poisson Lie group with Lie bialgebra
(0D 9,8"Dg;,,) Ifh={(x,z): 2 € g} is the Lie algebra of the diagonal H, then
bt = {(&,—€) : € € g*} is a Lie subalgebra of g* @ g,pp- From proposition 3.2
we conclude that G x G/H is Poisson homogeneous. The map (g1, g2) — 9195 1

induces a Poisson isomorphism from G x G/H onto G.
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ExaMPLE 3.4. Let G be a Poisson Lie group with Lie bialgebra (g,g*). We
define a new Lie algebra ? with underlying vector space g&® g* and with Lie bracket:
(3.1) (21 + &1, 0 + &2 = [w1, 22] — ad™§o - 21 + ad™ &y - 2o

+[€1, & +ad w1 - &3 —ad*wy - &
There is an analogous bracket on 0*. The pair (g, g*) being a Lie bialgebra, implies
that (9,0%) is also a Lie bialgebra, called the double of (g, g*). The corresponding

Poisson Lie group D is called the double of G. From proposition 3.2 one concludes

that D/G* ~ G and D/G ~ G* are Poisson homogeneous spaces.

ExXAMPLE 3.5. In example 1.1.4 we have introduced a Poisson bracket on the
homogeneous space P(n,R) = SL(n,R)/SO(n,R). This space is Poisson homoge-
neous, since the annihilator so(n, R)* is the space p of symmetric matrices of trace

zero, and an elementary computation using (2.1) shows that p C g* is a subalgebra.
The Kirillov foliation of a Poisson homogeneous space is obtained as follows.

PROPOSITION 3.6. Let M = G/H be a Poisson homogeneous space and let
H* be the Lie subgroup of G* whose Lie algebra is b. Then the dressing action
G* x G — G induces an action of H- on M whose orbits are the leaves of the

Kirillov foliation of M.
PROOF. We have the infinitesimal action : b+ x G — X(G) given by
(32) ¢(§,g):J(g)§L, gEG,§€ bl7

induced from the left dressing action (1.3). This action factors through to an

infinitesimal action of h~ on M = G/H iff

(33) dgﬂ- ' ¢(€7g) = dg-h7r ’ 1/1(579 ' h): Vh € H.

We prove (3.3) as follows. The map (dym)*: Ty 5 (G/H) — T, (G) is a bijection
onto {X(g) : € € b}, and we have

(dgnm)*(dgm)* " - E5(g) = €"(g-h),  VheH.
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Therefore, from relation (3.2) it follows that for every h € H:

dgnm P& g-h) =dgnm-J(g-h) (g h)
=dgpm-J(g-h)- (dgnm)” - (dgﬂ—)*_l 'fL(g)
= dgﬂ' . J(g) : §L(9) - dgﬂ- ' @0(579)7

where the last equality holds since the Poisson tensor J projects down to G/H. O

4. Poisson symmetric spaces

By a symmetric Lie group we mean a pair (G,S) where G is a Lie group
and S:G — G is an involutive automorphism. Denote by H® the subgroup of
elements of G fixed under S. It is a closed subgroup, so the connected component
of the identity is a Lie subgroup H C G. The homogeneous space M = G/H is a
symmetric space.

The infinitesimal version of a symmetric space is a symmetric Lie algebra,
i.e. a pair (g,s) where g is a Lie algebra and s: g — g is an involutive Lie algebra
automorphism. Let h and p denote the +1 and —1 eigenspaces of s. Then the
vector space decomposition g = f @ p holds, and since s: g — g is a homomorphism

we have the relations

(4.1) [b,b] Ch, [b,p]Cp, [p,p]CH
In the Poisson category we propose the following definition.

DEFINITION 4.1.

(i) A Poisson symmetric Lie group is a pair (G, S) where G is a Poisson Lie
group and S: G — G is an involutive Poisson Lie group anti-morphism.

(ii) A symmetric Lie bialgebra is a triple (g,g*,s) where (g,g*) is a Lie

bialgebra and s: g — g is an involutive Lie bialgebra anti-morphism.

Let G be a Poisson Lie group, and S:G — G a group homomorphism. The

requirements for (G,.S) to be Poisson symmetric are
(4.2) S? =id, {foS,goSt=—{f,g}oS, f,geC®(qQ).

53



Similarly, let (g, g*) be a Lie bialgebra, with associated 1-cocycle p:g — g A g. If
s: g — g is a Lie algebra homomorphism, then (g, g*, s) is a symmetric Lie bialgebra

i the relations
(4.3) s? =id, pos=—80(,

hold. Here we have denoted by the same letter the endomorphism of A\* g extending
the map s: g — g.

If (G, S) is a Poisson symmetric Lie group, let (g, g*) be its tangent Lie bialgebra
and set s = Lie(S): g — g. Then (g, g%, s) is a symmetric Lie bialgebra, for con-
ditions (4.1) imply (4.2). Conversely, a slight modification of the proof of theorem

1.2 gives the following correspondence.

THEOREM 4.2. There is a one-to-one correspondence between simply connected

Poisson symmetric Lie groups (G, S) and symmetric Lie bialgebras (g, g%, s).

The results of the previous section on Poisson homogeneous spaces imply the

following proposition.

PROPOSITION 4.3. Let M = G/H be the symmetric space associated with a
Poisson symmetric Lie group (G, S). Then there is a unique Poisson structure on
M such that m: G — M s a Poisson map. The leaves of the Kirillov foliation of
M are the orbits of the action of H+ on M induced from the dressing action of G*

on G. The symmetry So: M — M : gH — S(g)H is a Poisson anti-morphism.

PROOF. Let (g,g*) be the Lie bialgebra of G, and s = Lie(S): g — g. Then the
dual map s*:g* — g* is a Lie algebra anti-morphism.

The decomposition g = h @ p, gives the dual space decomposition g* = p+ @ b+,
and we have s*|,. = id, s*[;. = —id. Since s*:¢g* — g* is an anti-morphism we

obtain the relations

(4.4) b= pt], bt [bhpt] Cpt, [bTHY] Cht
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In particular, h= C g* is a Lie subalgebra, so the result follows from propositions

3.2 and 3.6. 0O

Henceforth, we shall call a symmetric space M = G/H as in the proposition, a

Poisson symmetric space.

EXAMPLE 4.4. Any Poisson Lie group is a Poisson symmetric space. In example
3.3 we have made G x G into a Poisson Lie group. The map S: GxG — G xG defined
by S(g1,92) = (g2, 91) is an involutive Poisson Lie group anti-morphism. The fixed
point set of S is the diagonal H C G x G, so G x G/H is Poisson symmetric. As was
observed in example 3.3, this space is Poisson isomorphic to G. The corresponding
symmetric Lie bialgebra is (g g, g* ©g;,,, s) where s: gbg — gdg is the involution

s(z1,x2) = (22, x1).

EXAMPLE 4.5. The Poisson homogeneous space P(n,R) = SL(n,R)/SO(n,R)
of example 3.5 is a Poisson symmetric space: the map S:SL(n,R) — SL(n,R)
T)—l

defined by® g — (g is an involutive Poisson Lie group anti-morphism, whose

fixed point set is SO(n,R).

Let g be a real Lie algebra. Recall that if (g, s) is a symmetric Lie algebra with
decomposition g = h @ p, then the dual symmetric Lie algebra is the pair (g, §),
where g is the subalgebra b & ip of the complexification g¢ of g and §: g — g is the
involution x + iy — x — iy. Duality works in the Poisson category. If (g, g*, s) is a
symmetric Lie bialgebra then its dual is the symmetric Lie bialgebra (g, g*, §), where
(g, 3) is the dual symmetric Lie algebra to (g, s) and g* is the subalgebra p* @ ih=+

of g¢ with Lie product ¢[ , |,. Thanks to relations (4.4), g* is well defined. The

extensions to gc of the 1-cocycles ¢ and ¢ associated with the Lie bialgebras (g, g*)
and (g, g*) are related by

(4.5) ¢ =ip.

6The superscript 7' denotes matrix transposition.
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It follows from (4.2) that 5% = id and o35 = —50 @, so (g,§*,5) is a symmetric
Lie bialgebra.

We finish this section by recalling some facts from the theory of symmetric spaces
(for details see [He,Ko-No]).

Let M be a manifold with an affine connection. A symmetry 5,, at a point
m € M is a diffeomorphism of a neighborhood U of m into itself sending exp(X)
exp(—X). If (z',...,2") are normal coordinates then S,, sends (x!,...,2") —
(—z!,...,—2"). In particular, S? = id and T,S,, = —id. The manifold M is said
to be affine symmetric if for each m € M the symmetry S,, is a globally defined
affine transformation of M.

Fix a point my € M on an affine symmetric manifold, and denote by A(M) the
group of affine transformations of M. Then if G = Ay(M) is the connected compo-
nent of the identity of A(M) and H C G is the subgroup of affine transformations
fixing mg, a standard argument shows that M = G/H. Moreover, if we define
S:G — G by

S(g) = Sy 0go St

mo?
the pair (G, S) is a symmetric Lie group, and H5 C H C H®. The connection on
M coincides with the unique G-invariant, torsion free, affine connection on G/H
[Ko-No, Ch.XI].

A Riemannian manifold M is said to be Riemannian symmetric if it is affine
symmetric with respect to the Levi-Civita connection. In this case we can take G
and K to be, respectively, the connected component of the identity of the group of
isometries and the isotropy subgroup of G at a point mg € M. The corresponding

symmetric space M = G/K satisfies
Adg(K) is compact.

When we express this condition in terms of the associated symmetric Lie algebra
(g, s), we see that £, the set of fixed points of s, is a compactly embedded subalgebra
of g, i.e. (g,s) is an orthogonal symmetric Lie algebra [He, Ch.IV].
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A symmetric Lie algebra (g, s), with decomposition g = £¢@®p, is said to be effec-
tive if ENCenter(g) = {0}. The symmetric Lie algebras associated with Riemannian
symmetric spaces M = G/K are effective because K has no normal subgroups of
G distinct from {e}. Conversely, every effective, orthogonal, symmetric Lie alge-
bra is associated with a Riemannian symmetric space. For effective, orthogonal,

symmetric Lie algebras there is the following classical decomposition [He, Ch.V].

PROPOSITION 4.6. Let (g, s) be an effective, orthogonal, symmetric Lie algebra.

Then there are ideals g+, @o, and g—, such that:

=09+ Dgo Do

Denote by s, so, and s—_, resp., the restrictions of s to each of this factors. Then
(g+,54), (go,50) and (g—,s_) are effective, orthogonal, symmetric Lie algebras
satisfying:

(i) (g+,s+) is of compact type, i.e., gy is compact and semisimple;

(ii) (go, So) is of euclidean type, i.e., & is compact and pg is an abelian ideal;

(iii) (g—, s_) is of noncompact type, i.e., g_ is semisimple and ¢_ G p_ is a

Cartan decomposition;

If (g,s) is an orthogonal symmetric Lie algebra of compact type then its dual
symmetric Lie algebra (g, §) is an orthogonal symmetric Lie algebra of noncompact
type, and vice-versa.

The classification into compact, euclidean and noncompact type is justified be-
cause the associated Riemannian spaces have, respectively, non-negative, zero and

non-positive sectional curvature.

5. R-matrices

Let (g,9") be a Lie bialgebra, so the map ¢:g — g A g dual to the Lie bracket
on g* is a l-cocycle. We shall assume the cohomology Hi(g, V), where V is the

g-module g A g, vanishes. In particular, ¢ is exact: ¢ = or
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A 0O-cochain r is just an element of g A g, which can also be viewed as a skew-
symmetric linear transformation r: g* — g. The dual of the coboundary ¢ = Jr is

then given by:

©* (&1 N&) = ad™ (r&r) - & — ad™ (rée) - &1 = [&1, &,

Define the element [r,7] € g AgAg by”:

< [7“, T’],fl N 52 A 53 >= @ <€17 [T’(fg),?‘(&g)}-
£1,62.,€3

Then it is easy to show that [, |, defines a Lie bracket on g* iff r satisfies the

Yang-Baxter equation:
(YB4) [r,r] is adg-invariant;

We conclude that:

PROPOSITION 5.1. Let g be a Lie algebra such that Hy(g,V) = 0. The Lie
bialgebras (g, g*) are in one-to-one correspondence with skew-symmetric solutions

of the Yang-Baxter equation.

For a skew-symmetric solution r of (YB;) the corresponding Poisson Lie bivector

on G is given by:

(5.1) Ag = (Lg)sr — (Rg)ur,
The case
(YB1(0)) [r,7] =0,

is known as the classical Yang-Baxter equation. In this case, Ag = (Lg)«r and

Afl = (Ry).r are, respectively, left and right invariant Poisson bivectors on G [Dr].
"The bracket defined here is an algebraic analog of the Schouten bracket.
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Conversely, every (left or right) invariant Poisson bivector on G takes this form, for
some solution r of YB1(0).

Suppose now that we can identify g with g* via an invariant, non-degenerate,
symmetric form ( , ) (for a classification of Lie algebras admitting such a bilin-
ear form see [Me-Re]). Under the identification g* ~ g, the 0-cochain r:g* — g
corresponds to a skew-symmetric linear map A:g — g, and the Lie bracket [, ].

corresponds to the Lie bracket [ , |4 on g defined by:
[l':y]A = [Ax,y] + [IL’,Ay]

This leads to the following definition [STS1]:

DEFINITION 5.2. An r-matrix is a linear transformation R:g — g of a Lie
algebra g with the property that the modified bracket [x,y]r = [Rx,y] + [z, Ry]
defines a second Lie algebra structure. The pair (g, R) is called a double Lie
algebra.

Henceforth, we shall write gr to denote the Lie algebra with underlying vector
space g and Lie bracket [, |g.
The non-trivial condition to be verified in definition 5.2 above is the Jacobi

identity for [, |g. This identity can be written in the form:

[[Rz, Ry] — R[z,y]r, 2] = 0.

0)

We conclude:

PROPOSITION 5.3. Let g be a Lie algebra such that Hy(g,V) = 0, and suppose
that there exists an invariant, non-degenerate, symmetric form on g. The Lie

bialgebras (g,g*) are in one-to-one correspondence with skew-symmetric solutions

A:g— g of

(YBy) O [[4z, Ay) - Ale,y]a, 2] = 0.

x?yﬁz
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In this case the bracket (5.1) is known as the Sklyanin bracket, and it takes

the form

(5.2) {f1, F23(9) = (A(V1(9)), VI2(9)) — (A(V f1(9)), V f2(g)),

where we have denoted by V and V, resp., the left and right differentials on G:

(V5(9),2) = S fgesplia)mo (VH(9).2) = 5 Flexp(ta)o)lizo

for all g € G, x € g. In this case, the dressing action is obtained as follows. By the
duality, we can identify an element x € g4 with a right invariant differential form
o, € g*. The infinitesimal dressing action G x g4 — X(G) : (g, z) — ¥.(g) is the
image of —a, under the Poisson tensor on G (cf. (1.3)), and a small computation

using (5.2) shows that
(53) 1%(9) :TeLg(Ad g_10A~a’:—AoAd g_l ZL‘)

Integrating we obtain the (global) dressing action.
If g is a semisimple Lie algebra the hypothesis made above are satisfied: the
Killing form provides an invariant bilinear form (, ), and Whitehead’s lemma gives

Hq(g,V) = 0. In this case the Yang-Baxter equation takes a very special form.

PROPOSITION 5.4. Let g be a real semisimple Lie algebra with canonical decom-

position

(5.4) 0=01D DI DIp+1 D D Gptqs

where each g; is simple, and in the first p factors (g;)c is simple and in the last q

factors each (g;)c is a sum of two simple ideals. Then (Y By) is equivalent to

(YB) [AxaAy] - A[xvy]A = Q[w,y],

where Q: g — g is a linear map such that

Q

Qlg, = a;I;+6;J;, p+1<j<p+gq, o,p;€R

g = ail;, 1<i<p aeR
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with I; denoting the identity map on g;, and J; the complex structure on g;.

PROOF. Denote by ¢ the element corresponding to [r, 7] under the identification

of g with g* provided by the Killing form ( , ):

(5.5) q(z,y,2) = () ([Az, Ay], 2)

I?yﬁz

= ([Ax7Ay]_A[x7y]Aaz)7 :L',y,ZEQ.
Then ¢ € \® g* and (YB;) gives

qu?x]?y? 'Z) + q(x7 [w7 y]? Z) + q(a"7 y? [w7 Z]) = 07 vx? y? Z7w E g?

i.e., ¢ is an invariant 3-cocycle. A result of Koszul [Ko, sec.11] shows that if
Hi(g,V) = Hs(g,V) = 0 the invariant 3-cocycles are in 1-1 correspondence with

invariant symmetric bilinear forms, the correspondence being given by

(5.6) q(z,y, 2) = B([z,y], 2).

If g is simple, then two things can happen:

(i) gc is simple, and there is a scalar a € R such that

B(x,y) = a(z,y), Va,y € g;

(ii) gc = g1 @ g2 where each g; is a simple ideal in g¢ isomorphic, as a real Lie
algebra, to g. The complex structure on g; (or go) induces a complex structure J

in g, and there are scalars a, 3 € R such that

B(z,y) = a(z,y) + B(Jz,y), Va,y € g;

Returning now to the general case where g is semisimple, we have the decomposition

(5.4), and there must exist @ as in the statement of the proposition, such that

a(z,y,2) = B([z,y], 2)
:(Q[x7y]7z)7 r,y€g
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which together with expression (5.5) for ¢ leads to

[A.CL‘, Ay] - A[J:? y]A = Q[xa y]a
as desired. O

Let us consider in more detail the case where A is a solution of
(YB(Q)) [AJ:? Ay] - A[.I‘, y]A = —Oé[{l,‘, y]?

for some scalar parameter «. The transformation A — (1/4/a) A maps solutions of
YB(«) to solutions of YB(1). Therefore, over the complex field, YB(«) is equivalent
to either YB(0) or YB(1), while over the real field there is the third possibility
YB(-1).

In the case where A solves YB(1) the factorization results of [STS1] allow one

to give an explicit description of the dressing action.

PROPOSITION 5.5. Set g =Im(A+1), ¢ = Ker(AF1I). Then:

(a) A+ 1:g4 — g are Lie algebras homomorphisms;

(b) g+ are subalgebras of g;

(c) ¢y are ideals in gy ;

Moreover, let 0:g, /¢, —g_/t_ : (A+Dax+t, — (A—1)xz+¥t_ be the Cayley
transform of A. Then:

(d) Every x € g has a unique factorization

rT=x4 —T_, Ty €94, 0(Zy)=17_,
and ga can be identified with the subalgebra
(5.7) ga={(z4,2_) € g4 Do :0(z4) =2_}.

This result has a (local) Lie group counterpart. Let GL C G be (local) Lie
subgroups corresponding to the subalgebras g+ C g. Then each g € G has a unique

factorization:

(58) g = g+g:17 g+ € G:I:: @(g-‘r) =g,
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where © denotes the lift of #. This furnishes a concrete realization for GG 4: it is the

(local) Lie group with base manifold G and group operation defined by
(5.9) gANh =g hg~".

PROPOSITION 5.6. Using the model G4 ~ G the dressing action G X G4 — G

18 given by the formula

(5.10) (h,g) = g5 h(h™ gh)+.

The usefulness of this proposition is limited by ones ability to solve the factor-
ization problem (5.8). For evolution equations, where the groups in question are
loop groups, this is a Riemann-Hilbert type factorization problem, while for the

finite dimensional problems we are considering this is an algebraic factorization.

6. Orthogonal symmetric Lie bialgebras

In this section we consider an orthogonal symmetric Lie bialgebra (g, g*, s) with g
semisimple. It follows from the results of the previous section that the Lie bialgebra
(g, g") is defined by a skew-symmetric r-matrix A:g — g, and that g* ~ g4 under
the identification provided by the Killing form ( , ). It is easy to see that condition
(4.3) relating s and the 1-cocycle ¢ is now equivalent to the anti-commutation

relation
(6.1) sA = —As.

LEMMA 6.1. Let g = €@ p be the canonical decomposition into eigenspaces of s.
Then

(6.2) A(®) C p, A(p) C &

Proor. Use (6.1). O
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If (g,9%, ) is the orthogonal symmetric Lie bialgebra dual to (g, g*, s), then the
Lie bialgebra (g, §*) is also defined by an r-matrix A: § — §. In fact, it follows from
(4.5) that the extensions of A and A to gc are related by

(6.3) A=iA.

Note that relations (6.2) imply that A(¢) C ip and A(ip) C €, so A maps § = €@ ip
into itself. Also, if A solves (YB) with coefficient @, as in proposition 5.4, then A
solves (YB) with coefficient —Q.

Our objective, for the remainder of this section, is to explore the structure theory
of real semisimple Lie algebras to obtain solutions of (YB) satisfying (6.1), and
hence examples of symmetric Lie bialgebras.

The semisimple orthogonal symmetric Lie algebras decompose into irreducible
factors [He, Ch.VIII]. The irreducible orthogonal symmetric Lie algebras of the
compact type are:

(I) Pairs (u,#)) where u is a compact simple Lie algebra and 6 is an involutive
automorphism of u;

(IT) Pairs (u @ u,0) where u is a compact simple Lie algebra and 6(z1,x2) =
(22, 71);

The irreducible orthogonal symmetric Lie algebras of the noncompact type are:

(III) Pairs (g, ) where g is a noncompact simple Lie algebra, gc is a simple Lie
algebra, and # is a Cartan involution;

(IV) Pairs (g%, ) where g is a complex simple Lie algebra g, viewed as a real
Lie algebra, and 6 is conjugation with respect to a maximal compactly embedded
subalgebra;

Types I and 111, as well as types II and IV, are dual to each other. For each of
this types we would like to find a skew-symmetric solution A of (YB), satisfying
(6.1), so they become symmetric Lie bialgebras.

Let g be a simple complex Lie algebra. Solutions of the Yang-Baxter equation

were classified in [Be-Dr|. Let h C g be a Cartan subalgebra, with associated root
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system A = A(g, ), and root space decomposition

g=b+> g%

Also, let {(ha,xa) : @ € A} be a Weyl basis, so h,, € b, z, € g%, and they satisfy

[Ty ZT—a) = ha, [h,zo] = a(h)zs, heED,
(64) [.’Ea,fL’ﬂ]:O, a+B¢A7 a—i—ﬂ%O?
[Za, 23] = Na,gTats a+ B eA,

where N, 3 = —N_,,_g. The simplest solutions of Y B(1), in the Belavin-Drinfel’d

classification, take the form
r  ifre@,.,0"
(6.5) Az = 0 ifxeh

v ifre@,,0°

This solution is skew-symmetric relative to the Killing form on g since g, L gg if

a+ [ #0.

TYPE IV. Let g be a simple complex Lie algebra as above. Relations (6.4) show

that

(6.6) U=y iRho+ Y R(@a—7_0)+ Y iR(za +2_0),

aEA aEA a€A
is a compact real form of g. Let g® denote the real Lie algebra obtained from g by
restricting the scalars to R, and let 0: g® — g® be conjugation with respect to u.
Then (g®, #) is a symmetric Lie algebra of type IV. The Killing forms on g® and
g are related by

(6.7) (%,y)ge = 2Re(2,y)q,
so (6.5) defines a skew-symmetric solution of YB on g®. Moreover, we have

A = —0A.
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In fact, if we set p = iu, so g = u @ p, a small computation shows that
Alw)Cp,  Alp)Cu,

which is equivalent to (6.7). Therefore, A makes (g®, ) into a symmetric Lie

bialgebra.

TyPE II. The symmetric Lie algebras of type 11, being dual to type IV, are also
transformed into symmetric Lie bialgebras. If (g, ) is of type IV, as above, its

dual is the symmetric Lie algebra (g, ) where g = u® Jp (J denoting the complex

structure on (g®)c) and 0: § — § is the involution

O(x+ Jy) =z — Jy, T EU, YEDP.

The dual r-matrix A, as obtained from (6.3), is given by

(6.8) Az + Jy) = —Ay + J Az, T EU yEDP.

If we set u; = {x + Jiz : x € u} and ugy = {x — Jix : © € u}, then u; and uy are
ideals in g isomorphic to u, so we have g ~ u @ u. Under this isomorphism, we see

that

(69) 9(5(31,.732) = (.1‘2,331), A(.I‘l,l‘g) = (—iA.TQ,iA.Tl), T1,To € U.

This gives an explicit form for the r-matrix on any symmetric Lie algebra of type

IT which makes it into a symmetric Lie bialgebra.

TypE III. Let (g,0) be an orthogonal symmetric Lie algebra of type III. Our
plan is to use the root space decomposition of gc relative to a carefully chosen
Cartan subalgebra b, so solution (6.5) of YB in g¢ can be reduced to g.

Since #: g — g is a Cartan involution, we have g = € ® p where £ and p are the

+1 and —1 eigenspaces of #. The Killing form is negative definite on £ and positive
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definite on p, so u = € @ 1p is a compact form of gc. We denote by ¢ and 7 the

conjugations of gc relative to g and u. Then
(6.10) 0=o0r=r0.
Let a be a Cartan subalgebra of g which is #-invariant, so that:
a=agda,, where ag=aNt a, =anp.
Then h = ac is a Cartan subalgebra of gc and we have the root space decomposition

ge=h+ ) g2

a€A
where A = A(gc, h) is the root system of gc relative to h. We can choose a Weyl

basis {(ha,Za) : @ € A} such that 7(z,) = —x,. Then there are constants k, € C
such that

(6.11) 0(Ta) = kaTas,
where « +— a“ is the involution of A defined by

(6.12) a’(h) = a(o(h)), Vh € b.

PROPOSITION 6.2. Suppose that we can choose a Cartan subalgebra a C g and
an ordering of A such that o — a is an order preserving map. Then solution

(6.5) of YB on gc restricts to a solution on g satisfying:

A = —0A.

PROOF. Since a — a7 is order preserving we have:

cAx, = o(£x,)
= j:k?a.’lfaa

= A(kqtor) = Aoz, +a > 0.
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Then Ao = g A, so A restricts to g. On the other hand, we compute
TAz, = 7(£24)

= FTa

=Ax_, = —Arx,, +a > 0.

so we also have 7A = A7r. From (6.10) we conclude that A0 = —0A. O

REMARK 6.3. In contrast with the complex case, the Cartan subalgebras of a
real Lie algebra g in general are not conjugate under Int(g). The equivalent classes
of Cartan subalgebras vary between two extreme cases. The case where the vector
part a, is maximal abelian in p and the case where the toral part ag is maximal
abelian in €. In Araki’s method ([A],[Wa,Ch.I]) of classification of real simple Lie
algebras, Cartan subalgebras with maximal vector part are used, and to each pair
(g,0) is associated the Satake diagram. It is easy to see that the hypothesis of the
proposition holds iff the Satake diagram of (g, #) has no black holes.

EXAMPLE 6.4. Let g be a normal real form of gc, so a Weyl basis can be chosen

such that

g= Y Rho+ > Ra,.

aEA aEA
In this case we have

£ = ZR(wa—x_a), p= ZRhQ+ZR(1‘a+ZB—a),

a>0 aceA a>0

so the Cartan subalgebra a = ) .\ Rh, = a, is maximal abelian in p. The map
a +— af is the identity map and hence proposition 6.2 holds. This agrees with the
(obvious) fact that A restricts to g. This type of solutions of YB were considered
in [D-L].

EXAMPLE 6.5. Let su(p, p) be the real form of s[(2p, C) consisting of all complex

matrices of the form
A B
(BT C) A,CEu(p), tr A+tr C =0.
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It is defined by the conjugation o(X) = —JX7TJ, where J = (é _OI) The map

0(X) = X7 is a Cartan involution of su(p, p) with eigenspaces

e={(5 &)} =norxsi<u, o={(g 7)}

The subalgebra a of matrices of the form

1Dy Do . .
( Dy iDy ) D1, D5 real diagonal matrices,

is a f-invariant Cartan subalgebra. It’s complexification §h = ac consists of those

matrices h(X,Y) = (ig ;;) in s[(2p,C) with X and Y diagonal. Conjugation
by the matrix % _II §> transforms b into the standard Cartan subalgebra of

s[(2p, C). Hence, if we let &; and 7); be the linear forms on h defined by

& (MX,Y)) = X + Vi, ni (R(X,Y)) = Xii — Y,

the roots of A(gc, ) are the differences between the elements

(613) 517---761)777177"'7771'

Let us take as a basis {aj,...,a9,_1} for A the difference between consecutive

elements of the sequence (6.13). Then we check using definition (6.12) that

o =agp_q, 1=1,...,p, oy = ay,.
Therefore, for the order determined by this basis, the map a — o is order pre-
serving, and proposition 6.2 gives a solution of YB in su(p, p) making it into a Lie

bialgebra.
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TypEe I. By taking the dual to Lie bialgebras of type I1I we obtain Lie bialgebras
of type L.

EXAMPLE 6.6. Let us consider the dual Lie bialgebra (u,0) to the symmetric
Lie bialgebra (g,#) introduced in example 6.4. Then u is the compact real form

(6.6) of gc, 0:u — u is the automorphism

(X —T—p) =T — T_q, 0(ihy) = —ihg, O0(i(zxa +2_0a)) = —i(za +2_q),

and A is the r-matrix defined by relations

Ay —2_0) =i(zq +T_0), A(ihy) =0, A(i(zg +2-0)) = —(Ta — T—q)-

REMARK 6.7. Other types of solutions of the Yang-Baxter equation for real
Lie algebras were found in [L-Q,K-R-R|. However, this solutions do not satisfy the
anti-commutation relation (6.1), and hence do not make them into symmetric Lie
bialgebras. In [K-R-R] a Poisson structure is given on any hermitian symmetric
space G /K, such that it makes it into a Poisson homogeneous space. However, this

does not make it into a Poisson symmetric space.

7. The Cartan immersion

In this section we consider a Poisson symmetric space M = G/K associated
with an orthogonal symmetric Lie bialgebra (g, g*,6), so we have for some skew-
symmetric r-matrix A:g — g, anti-commuting with 6, the isomorphism g* ~ g4.
The Poisson-Lie bracket on G, here denoted by { , }q, takes the form (5.2), and
according to proposition 4.3 reduces to a Poisson bracket { , }; on G/K, such that
the projection m: G — G/K is a Poisson morphism.

Now consider the map t: M — G defined by

WgK) = gb(g™).
This map is well defined and we have the following well known proposition.
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ProproOSITION 7.1. The map v: M — G is a totally geodesic immersion. If P
denotes its image, then P = exp(p) and coincides with the connected component of
{g0(g™1) : g € G} containing the identity. Moreover, If M is of non-compact type,
L 18 an embedding and exp:p — P is a diffeomorphism.

We shall now study the Poisson properties of the Cartan immersion ¢ and the
exponential map.

First note that P, being the connected component of the identity of the fixed
point set of the diffeomorphism g — 6(g~1), is a regular submanifold of G. We
then have the following proposition.

PROPOSITION 7.2. The bilinear map { , }: C*°(G) x C*(G) — C*(G) defined

by

(7.2) {f1, f2} =(A(V 1),V f2) = (A(V f1),V f2)
+ (0A(V 1),V f2) — (0A(V £1), V f2)

can be reduced to C*°(P), and makes P into a Poisson manifold.

PrROOF. The proof is divided into two parts.

(i) {, } restricts to P.

We have to show that if fi, fo € C®°(P) and fi, fo € C°°(P) are extensions of
these functions to G, then the restriction of { f1, fg} to P does not depend on the
particular extensions that were choosen.

Since the map (fi, f2) — {f1, f2} is bilinear, skew-symmetric, and satisfies the

Leibnitz identity, we have a well defined bi-vector A € A®T(G) by setting

{f1, fz} =< A,dfl VAN dfg > .

Let J:T*(G) — T(G) be the corresponding bundle map. All we have to show is
that Im J(g) € T, P whenever g = exp(p) € P. From (7.2) we compute

(7.3) J(9)-df(g) = (T.Ly-A-Adg ' ~T.R,-A+T.L,-0A—T.R,-0A-Ad g~ "),
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where © = Vf(g). Now if g = exp(p) € P, a more or less tedious computation

using

(7.4) 0-Adg=Ad g -0,

shows that

(7.5) J(g) - df(9) = (TeLg — TeRy) -y + (TeLg + Te Ry) - 2,
where

Y= %(9+I)(A+I)(I—I—Ad g Hzrep,

- %(9 C DA+ 1) - Ad gDz  p.

The first term on the right hand side of (7.5) can be written in the form

d d
—exp(—ty) exp(p) exp(ty) | = — exp(Ad(exp(—ty)) - p) |
dt = dt t=0
d =1
- E eXp(Z ﬁad (_ty) : p) ‘ € Texp(p)P7
i=o t=0

since [h, p] C p. On the other hand, the second term on the right-hand side of (7.5),

can be written as

d d _
— exp(tz) exp(p) exp(tz) | = —a(t)f(a(t)™") |
dt t=0 dt t=0
d
= %L@L(t)) |t:0 € Toxp(p) P,

where a(t) = exp(tz) exp(p/2). Therefore, J(g) - df(g) € Ty P as required.

(ii) The restriction of { , } to P is a Poisson bracket
We have to verify the Jacobi identity, or equivalently, the vanishing of the
Schouten bracket
A, A], =0,

whenever g = exp(p) € P.

72



Using expression (1.2.5) for the Schouten bracket, we compute

(7.6) (A A)(a, B,7) = () <B,[Jo, Jy] > —Lja < B, J7 >,
a,B,y

We can identify right-invariant forms on G with elements of g* ~ g4. Then if z,y

and z correspond to right-invariant forms «, 3 and -, we see that

(7.7) (A, Alg(, 8,7) = (D (w: [ (9) - 2,7 (9) - 4)) = Lyaly, I (9) - 2),

I?yﬁz

where now J denotes the Poisson tensor in the right-invariant frame:
(7.8) J@)=Adg - A-Adg ' —A+Adg-0-A—0-A-Ad g .
It is shown in the appendix to this chapter, that using (7.8) in (7.7) one obtains

(A, Alg(a,7) = () (Ad g™ -, [A-Ad g™ -y, A- Ad g~ " - 2]) — (=, [Ax, Ay])

xTr,Y,z
(7.9 + Oz, AlAdg " -y, Adg 2], —[A-Ad gy, A-Ad gt 2))
xT,Y,z
+ (D0 Ad g~ -z, Aly, 2], — [Ay, Az]).
T,Y,z

Since A solves (YB), the first factor on the right-hand side of (7.9) vanishes. There-

fore, if we let Q:g x g — g be as in proposition 5.3 we see that (7.9) reduces to

(A, Alg(a, 8,7) = () (02, Q(Ad g™ -y, Ad g™ - 2)) — (6- Ad g™ - 2,Q(y, 2).)

w7y7z

The proof of proposition 5.3 shows that
QAd g -y, Ad g-z) = Ad g-Q(y, 2),
so we have

A, Alg(a, B,7) = (D) ((Ad g -0 — 0 Ad g™ ")z, Q(y,2)) = 0,

x’y’z

where we used (7.4). O

REMARK 7.3. Poisson brackets on Lie groups similar to (7.2) were studied in
Li-Par|, but the results there don’t apply directly in our scenario, since it can be
y y

shown that the Poisson bracket (7.2), in general, is not defined on the Lie group G.
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Our next result shows that P, equipped with the Poisson bracket of proposition

7.2, 1s a “model” for the Poisson manifold G/K.
THEOREM 7.4. The immersion v: G/K — P is a Poisson map.

PROOF. Let i: G — P be the map g — g6(g~'). Since m: G — G/K is a Poisson

| A

G/K

map and the diagram

commutes, all we have to show is that i: G — P is a Poisson map. Let f € C*>°(P)

and extend it to a smooth function on G. Then we compute

(V(fo Z)(g)7x> = dg(fo Z) 'TeLg -,

(710) = de(f o Rg(g—l) o] Lg) . (I — 9) -, Ve eg,ge(G.
(V(fol)(g),z)=dy(fol) TeRy x
(7.11) = digyfTu(ioLy) - x

= (V/(ilg)) — 0V [(i(9)),x) Vzeggeq.

It follows from (7.10) that if z € b the scalar product (V(f o)(g), ) vanishes, and
so V(foi)(g) € b+ = p. But then lemma 6.1 and (7.11) gives:

{f1o0, faoita(g) = —(A(V(f100)(9)), V(f2010)(9))
= —(A(Vf1(i(9)) = 0(V f1(i(9)))) V f2(ilg)) = O(V f2(i(9))))-
Now set # = Vf1(i(9)), y = Vfa(i(9)), ¥ = Vf1(i(g)) and § = V fa(i(g)). Then

= {f17f2}(2(g))7
so i:G — P is a Poisson map. [
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REMARKS 7.5.

(i) The results in [D-L] resemble (a special case of) theorem 7.4, but the authors
don’t seem to have in mind the complete geometric picture we are aiming to present
here.

(ii) The proof above shows that the Poisson bracket on P can also be written in

the form

(7.12) {f1. f2} p = (A(Vfr =0V 1),V f2 — OV f)
In [Gu], the bracket (7.12) is studied for the case § = id. It is shown there that,
in this case, the map g +— ¢" perserves the bracket for any fixed integer n. The
infinitesimal version of this bracket is also given.

In our approach the case # = id is trivial. Nevertheless we shall prove the

following result:

PROPOSITION 7.6. The bracket on G defined by

(7.13) {f1. f2} = (A(Vf1 = V1),V fa = V f2),
18 quadratic in exponential coordinates. In particular, it is invariant under scalings

exp(x) — exp(ax) for any scalar o € R.

Proor. Consider the bracket on g defined by

(7.14) {1, f2}(z) = (A[V f1(z), 2], [V fa(), z]).
This bracket is homogeneous of degree 2 and is invariant under scalings =z — ax.
We claim that (7.13) and (7.14) are exp-related. In fact, we have the following

formula for the differential of the exponetial map:

I —exp(—ad z) = (—1)" n
T, exp = TeLexp(x) ad = = 2:0 m(ad IE) , T eg.

It follows that if f : G — R is smooth, we have
[V(f oexp)(x),z] = (I — Ad(exp(x)))V f(exp(x))
= Vf(exp()) = V f(exp(x)),

so the claim follows. [
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8. Hamiltonian systems on symmetric spaces

We shall now consider Hamiltonian systems on a Poisson symmetric space, de-
fined by certain special functions. For computational purposes it is easier to work
on the image P of the Cartan embedding, rather than on the symmetric space G/K
itself, and use the formulas for the brackets deduced in the previous section.

The basic result here is the following.

THEOREM 8.1. Let h: P — R be a function for which there exists a central

extension h: G — R. Then Hamilton’s equations on P take the “Lax pair form”
(8.1) p=T.L, (RVh) —T.R, - (RVh),
where R = A(I — ). Moreover, if f: P — R also has a central extension to G then

(8.2) {h7 f}P = 07

so any such function is a first integral of the system.

PROOF. If h is central, Vi = Vh, so (8.1) follows from (7.3) and (8.2) follows
from (7.12). O

The term “Lax Pair” is justified because if G is a matrix group then the equation

of the motion (8.1) takes the form
L=I[L,R(Vh)], LEeG.

The previous proposition can be interpreted as a non-linear version of the Adler-
Kostant-Symes scheme [Ad,K,Sy].

We now consider the class of examples furnish by the r-matrices on normal real
forms g given in example 6.4. We let G be a connected Lie group with Lie algebra
g, and we use the Iwasawa decomposition of G ([He, ch.VI]), i.e. we decompose G
as NAK where K, A, and N are the analytic subgroups of G with Lie algebras ¢, a,

and n = > _ Rz, (some notation as in example 6.4). Then the factorization

a>0
results of Semenov-Tyan-Shansky, mention at the end of section 5 can be used, in

the manner explained in [STS1] (see thm. 14), to prove the following result.
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PROPOSITION 8.2. For the r-matrix naturally associated with a real normal form
g, the solutions of Hamilton’s equations (8.1), determined by an Hamiltonian h :

P — R admitting a central extension to G, take the form

(8.3) p(t) = b(t) - po,

where b(t) is obtained by solving the factorization problem
exp(2tVh(p,)) = b(t)k(t), b(t) e B=NA, k(t) € K.

In formula (8.3) the dot represents the action of G on P induced from the left
action of G on G/K, i.e,

(9.p)—g-p=gpd(g™ "), geG, peP.

The Poisson symmetric spaces associated with the r-matrices of the proposition
above are of non-compact type (see section 6). It should be clear that one can use
the duality for Poisson symmetric spaces to study the solutions of dual systems on

spaces of compact type.

EXAMPLE 8.3. TODA LATTICE REVISITED. Let us consider the case of the
Poisson bracket on SL(n,R)/SO(n,R) studied in examples 1.4 (ch. I), and 1.3,
3.5, 4.5 (ch. III). It follows from the results of section 6 that it is associated with
the r-matrix on the normal real form of si(n,R). The Poisson bracket is given by
formula (I.1.10), and coincides with the Poisson bracket obtained from the r-matrix
using the formalism of the previous section (theorem 7.3).

Now the explicit form (I.1.10) for the bracket, shows that it can be reduced to

the set of positive definite tridiagonal matrices of the form

b1 @
a
0
L =
0
Anp—1
an—1 bn

7



so this set is a Poisson submanifold. The reduced bracket is given by the relations:

{ai,ai41} = —aa;41 {ai,b;} = 2a;b;

{ai,bit1} = —2a;bi41 {bi,bis1} = —4a;?

so we see that it coincides, up to a factor, with the quadratic Poisson bracket for

the Toda lattice in Flaschka’s variables (cf. 1.4.9).

The powers of the traces, hy(L) = tr L**! furnish n-1 functionally indepen-
dent functions on P(n,R) which extend to central functions on SL(n,R). The
Hamiltonian system defined by hg is precisely the Toda lattice, and it follows from
theorem 8.1, that this is a completely integrable system, a well known result due

independently to Flaschka, Hénon and Manakov[F1,H].

In this example, the factorization of proposition 8.2 is as follows. Any element
L € SL(n,R) factors as L = RQ where Q € SO(n,R) and R € B(n), the group
of upper triangular matrices with determinant 1. The solution of the Toda flow is

then obtained from

L(t) = R(t)LoR(t)",

where R(t) is the solution of the factorization problem

exp(2tLg) = R(t)Q(t), R(t) € B(n), Q(t) € SO(n,R).

This method of integration of the Toda flow was known to several authors (see
e.g. [Pe]), and it was generalized to the “Fat Toda lattice” by Deift and co-workers.
They also gave a dynamical interpretation of the QR-algorithm to compute eigen-

values of a symmetric matrix, as a time 1 flow of the Fat Toda lattice [D].
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Appendix

In this appendix we furnish some details omitted in the proof of proposition 7.2,
namely, we will show how (7.9) follows from (7.8) and (7.7).
We rewrite (7.7) in the form

(A.1) [, Al (e, B.v) = (D (y: [ (9) -, T (9) - 2]) = (4, Lra( T (9)) - 2),

x7y7z

and we compute the Lie derivative in the second term as follows. Let y(¢) be the
integral curve of the vector field Ja through the point ¢ € G. Then a simple

computation gives

%Ad(v(t))l | =Adg-ad(Ad g™t J(g)x)
t=0
C A ()] = —ad(Ad g~ J(g)x) - Ad g7,
t=0

so we have

Lia(J(9)=Ad g-ad(w)-A-Ad g~' — Ad g- A-ad(w) - Ad g~ "
(A.2) + Ad g-ad(w) - 0A+ 0A - ad(w) - Ad g~ !
where we have set
w=Ad g~ - J(g)x.

Replacing (A.2) in (A.1) we find

(A, Alg(a, B,7) = () (Ad g7 - J(g)z, [Ad g~ -y, Ad g7 - 2] )

x7y7z

(A.3) — (z,[J(g) -y, J(g) - 2]) + (Ad g - 0A - 2,[J(g) - x,y] + [z, T (9) - y])

The first term on the right hand sides gives:

(A.4) (DAdg™ 2, [A-Ad g™ -y, A-Ad g7' - z]) + Rem 1,

x’y’z
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where
Rem 1 = @((QA ~Ad g ' 0A-Adg ) -z, [Ad gy, Ad g7t - 2] ).
T,Y,z
The second term gives
(A.5) (O (x,[Ay, Az]) + Rem 2,
T,Y,z
where

Rem 2 = (%) (z,[Jo(9) -y, Jo(9) - 2 = [J(9) -y, Jo(9) - 2] — [Jo(9) - v, (9) - 2]),

x’y?'z

and we have denoted by Jy(g) the terms in J(g) that contain §. There is a remark-
able cancelation of terms when we add Rem 1, Rem2 and the third term on the

right hand side of (A.3). In fact, the sum Rem 1 + Rem 2 + 3"¢ term gives

@(x,@A[Ad gy, Ad gt 2], — Ad g 0AJy,2],)

x’y7z

(A.6)
+ (2,[A-Ad g7 - y,0A-Ad g~ " - 2]) + (x,[Ad g-0A -y, Ad g - OA - 2]).

Finally, using (A.4), (A.5) and (A.6) we conclude that

(A Alg(e, B,7)= (D) (Ad g™" -2, [A-Ad g7' -y, A- Ad g7 - 2]) — (, [Ax, Ay))

T,Y,z
(A7)
+ () (z,Ad g 0Aly, 2], — [Ad g- 0Ay, Ad g - 0Az))
xT,Y,z
+ () (2, 0A[Ad g™ -y, Ad g™ 2], — [PA- Ad g~" -y, 0A- Ad g~ - 2)).
xT,Y,z

which gives immediately (7.9).

80



References

S. Araki, On root systems and an infinitesimal classification of irreducible symmetric
spaces, J. Math. Osaka City Univ. 13 (1962), 1-34.

M. Adler, On a trace functional for formal pseudo-differential operators and the
symplectic structure of KdV equations, Invent. Math. 50 (1979), 219-248.

V. 1. Arnol’d, Mathematical Methods of Classical Mechanics, 2nd ed., Springer-
Verlag, New York, 1988.

V.I. Arnol’d and A. B. Givental, Symplectic Geometry, Encyclopaedia of Mathemat-
ical Sciences, Dynamical Systems IV (V.I. Arnol’d and S.P Novikov, eds.), Springer-
Verlag, Berlin, 1988.

A. Belavin and V. Drinfel’d, Solutions of the classical Yang-Baxter equation for
simple Lie algebras, Funct. Anal. Appl. 16 (1982), 159-183.

A.I. Bobenko, A.G. Reyman and M.A. Semenov-Tian-Shansky, The Kowaleski top
99 years later: A Lax pair, generalizations and explicit solutions, Commun. Math.
Phys. 122 (1989), 321-354.

R. Brouzet, Systémes bihamiltoniens et compléte intégrabilité en dimension 4, C. R.
Acad. Sci. Paris 311 série I (1990), 895-898.

P. Damianou, Mastersymmetries and r-matrices for the Toda lattice, Lett. Math.
Phys. 20 (1990), 101-112.

, Symmetries of the Toda equations, J. Physics A (1993) (to appear).

G. Darboux, Le¢cons sur la Théorie Générale des Surfaces, 1.ptie., Gauthiers-Villars,
Paris, 1887.

P. Deift and L.-C. Li, Poisson geometry of the analog of the Miura maps and Backlund
-Darboux transformations for equations of Toda type and periodic Toda flows, Com-
mun. Math. Phys. 143 (1991), 201-214.

V. G. Drinfel’d, Hamiltonian structures on Lie groups, Lie bialgebras and the geo-
metric meaning of the classical Yang-Baxter equation, Soviet Math. Dokl. 27 (1983),
68-71.

R. L. Fernandes, On the mastersymmetries and bi- Hamiltonian structure of the Toda
lattice, J. of Phys. A 26 (1993), 3797-3803.

, Completely integrable bi-Hamiltonian systems, J. Dynamics and Diff. Equa-
tions (1993) (to appear).

S. De Fillipo, G. Vilasi, G. Marmo, and M. Salermo, A new characterization of
completely integrable systems, Nuovo Cim. 83B (1984), 97-112.

H. Flaschka, The Toda lattice, I,II, Prog. Theor. Phys. 51 (1974), 703-716.

B. Fuchssteiner, Mastersymmetries, higher order time-dependent symmetries and
conserved densities of non-linear evolution equations, Progr. Theor. Phys. 70 (1983),
1508-1522.

D. I. Gurevich, Poisson brackets associated with the classical Yang-Bazter equation,
Funct. Anal. Appl. 23 (1987), 68-69.

M. Hénon, Integrals of the Toda lattice, Phys. Rev. B9 (1974), 1921-1923.

S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, Academic
Press, Boston, 1979.

B. Kostant, The solution to a generalized Toda lattice and representation theory,
Adv. in Math. 34 (1979), 195-305.

J.-L. Koszul, Homologie et cohomologie des algebres de Lie, Bull. Soc. Mat. France
78 (1950), 65-127.

S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, vol. 1 and 2,
John Wiley & Sons, New York, 1963.

81



[Ma-Ra]

[Ma-We]

S. Khoroshkin, A. Radul and V. Rubtsov, A family of Poisson structures on hermit-
ian symmetric spaces, Commun. Math. Phys. 152 (1993), 299-315.

Y. Kosmann-Schwarzbach, Poisson-Drinfel’d groups, Topics in Soliton Theory and
Exactly Solvable non-Linear Equations (M. Ablowitz, B. Fuchssteiner and M. Krus
kal, eds.), 1987.

Z-J. Liu and M. Qian, Generalized Yang-Bazter equations, Koszul operators and
Poisson Lie groups, J. Diff. Geometry 35 (1992), 339-414.

A. Lichnerowitz, Les variétés de Poisson et leurs algebres de Lie associées, Journal
of Diff. Geom. 12 ((1977)), 253-300.

P. Libermann and C. Marle, Géometrie Symplectique. Les Bases Theoriques de la
Mecanique., Publ. Math. de I’Université Paris VII, 1986.

L.-C. Li and S. Parmentier, Non-linear Poisson structures and r-matrices, Commun.
Math. Phys. 125 (1989), 545-563.

J. Liouville, Note sur l’intégration des équations differéntielles de la dynamique, J.
Math. Pures Appl. 20 (1855), 137-138.

J.-H. Lu, Momentum mappings and reduction of Poisson Actions, Symplectic Ge-
ometry, Groupoids, and Integrable Systems (P. Dazord and A. Weinstein, eds.), M.
S. R. I. Publ., vol 20, Springer-Verlag, New York, 1991, pp. 209-226.

J.-H. Lu and A. Weinstein, Poisson Lie groups, dressing transformations and Bruhat
decompositions, J. Diff. Geometry 31 (1990), 501-526.

S. Majid, Matched pairs of Lie groups associated to solutions of the Yang-Baxter
equation, Pacific J. Math. 141 (1990), 311-332.

F. Magri, A simple model of the integrable Hamiltonian equation, J. Math. Phys. 19
(1978), 1156-1162.

F. Magri and C. Morosi, A geometric characterization of the integrable Hamiltonian
systems through the theory of Poisson Nijenhuis manifolds, Publ. Universita degli
Studi de Milano, 1984.

J. Marsden and T. Ratiu, Reduction of Poisson manifolds, Lett. Math. Phys. 11
(1986), 161-169.

J. Marsden and A. Weinstein, Reduction of symplectic manifolds with symmetry,
Reports on Math. Phys. 5 (1974), 121-130.

K. Meyer, Symmetries and integrals in Mechanics, Dynamical Systems (M. Peixoto,
ed.), Academic Press, New York, 1973, pp. 259-272.

A. Medina and Ph. Revoy, Algébres de Lie et produit scalaire tnvariant, Ann. Ec.
Norm. Sup., 4éme Série (1985), 553-561.

G. Morandi, C. Ferrario, G. Lo Vecchio, G. Marmo and C. Rubano, The inverse
problem in the calculus of variations and the geometry of the tangent bundle, Phys.
Rep. 188 (1990), 147-284.

C. Morosi and G. Tondi, Some remarks on the bi-Hamiltonian structure of integral
and discrete evolution equations, Inv. Prob. 6 (1990), 557-566.

A. Nijenhuis X,,_1—forming sets of eigenvectors, Kon. Nederland Akad. Wet. Proc.
54A (1951), 200-212.

W. Oevel, Topics in Soliton Theory and Exactly Solvable non-Linear Equations (M.
Ablowitz, B. Fuchssteiner and M. Kruskal, eds.), World Scientific Publ., Singapore,
1987, pp. 108.

W. Oevel and O. Ragnisco, R-matrices and higher Poisson brackets for integrable
systems, Physica A 161 (1989), 181-220.

P. Olver, Canonical forms and integrability of bi-Hamiltonian systems, Phys. Lett.
A 148 (1991), 177-187.

82



S. Rauch-Wojciechowski, A bi- Hamiltonian formulation for separable potentials and
its application to the Kepler problem and the FEuler problem of two centers of gravi-
tation, Preprint Lith-Mat-R-91-17, Universitetet i Linkdping, Sweden, 1991.

W. W. Symes, Systems of Toda type, inverse spectral problems, and representation
theory, Invent. Math. 59 (1980), 13-51.

M. Semenov-Tyan-Shansky, What is a classical R-matriz, Funct. Anal. Appl. 17
(1983), 259-272.

, Dressing transformations and Poisson group actions, Publ. RIMS, Kyoto
Univ. 21 (1985), 1237-1260.

G. Warner, Harmonic Analysis on Semisimple Lie Groups, vol. 1, Springer-Verlag,
New York, 1972.

A. Weinstein, The local structure of Poisson manifolds, J. Diff. Geometry 18 (1983),
523-557.

, Some remarks on dressing transformations, J. Fac. Sci. Univ. Tokyo, Sect.
1A Math, 36 (1988), 163-167.

83



