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Abstract

The authors of this paper study a second-order nonlinear parabolic equation with a background describing the motion of the
power-law generalized Newtonian fluid. The existence of similarity solutions is obtained and the asymptotic behavior of the solution
is studied.
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1. Introduction

This work is concerned with the following flow problem: the mass of an incompressible fluid occupying the half-
space n > 0 is set in motion by imparting a velocity u(0, t) = U(tr), T > 0 on the boundary n = 0.
In dimensionless variables, the equation of motion of a power-law liquid reads

u 0 [|ou||N! ou
— =—|— — 1, n>0,7t>0,
at an \ |9n an
u(n,0) =0, n >0, (1.1)
u(0, 1) = Upt?, T>0,Uy>0,
lim u(n,7)=0, T>0.

n—+oo

The equation describes the motion of Newtonian fluid in the case N = 1 and the motion of non-Newtonian fluid in
the case N # 1. Such problems have been studied extensively by many authors, interested readers may refer to [1-3]
and the references therein.

The problem of finding similarity solutions can be formulated by setting x = Xnt~* and writing

1+ WN-Do

N+1 _ 1-N
N T XMT=puTh

u=Upt?y(x),
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Noticing that 7% ~ n*x~* where A = %, we then obtain that the similarity solution of our problem satisfies

(V@MW) =ave =2/, x>0,
yO) =1, (12
lim 21y (0 =0,

where

—A, if—12>0
[=A) = {0, otherwise.

The same problem of finding similarity solutions to the above equation was studied by the authors of [2]. They
formulated the similarity solution with certain boundary conditions and obtained some numerical results. It is
unfortunate that the boundary conditions mentioned there was not the equivalent form of the original problem.

In this paper, we will reformulate the problem of finding a similarity solution to the problem mentioned above and
show that there exists a similarity solution to the problem. Furthermore, we will study the asymptotic behavior of the
solutions.

The main result in this paper is

Theorem 1. The problem (1.2) has a nonnegative solution for any N > 0 and . > —1. Also, the solution y(x) has

the following asymptotic properties:

(1) y(x) has compact support for N > 1, that is, there exists a positive number xo < 400 such that y(x) = 0 for all
x € [xo, +00);

@) y(x) = 07 for N = 1;

3) yx) = O(x_%)foro <N<1

Remark. It is clear that the conditions A > —1 and p > 0 place some restrictions on the parameter o. It is easy to
verify that the allowable range for o in our theorem is o > —ﬁ for N > 1 and —ﬁ <o < ﬁ forO <N < 1.

The outline of this paper is the following. In the next section, we first formally reduce the problem (1.2) to that
of a initial value problem of an integro-differential equation, then we will study the reduced problem in Section 3 by
utilizing a perturbation technique and the Schauder’s fixed point theorem, the proof of the main result is given in the
last section of this paper.

2. Reduction of the problem

Assume that y(x) is a nonnegative solution of the boundary value problem (1.2) with the property that y'(x) < 0,
then the function ¢+ = y(x) has an inverse function which we denote as x = w(¢). It is obvious that w(l) = 0
since y(0) = 1 and w(0) = +oo since limy— 400 y(x) = 0. Since for any # € (0,1], + = y(w(z)), we obtain
Y (w(t)) = 1/w'(¢) < 0. Plugging x = w(¢) into (1.2), we get

-1\ 1 , Y _ w ()
<|w,(t)|N> i (—|y w ()| ) =k -

Therefore

<_—1> = aw'(t) — w(t). Q2.1

lw' @OIN

Set v(r) = 1/|w'(t)|V, then

1
w' () =—v YY), and w(t):/ v VN (5)ds.
t
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Hence by (2.1),

1
v/(t)=)»tv_1/N(t)+/ v VN (5)ds. (2.2)

t

Then lim,_, 5 y(x) = 0 and the monotonically decreasing property of y(x) imply that
lim y'(x) =0,
X—>00
and

. 1 . ’ N
v(0) = }%W = lim [y' ()" = 0. (2.3)

We then reduce the problem (1.2) to that of (2.2) (2.3) which is an initial value problem of the integro-differential
equation. We have

Theorem 2. The problem (2.2) (2.3) has a unique solution v(t) for N > 0 and A > —1 which is positive in (0, 1) and
can be written as

tf(1), N > 1,
U(Z‘): t«/—lntg(t), N:]’
2N
tT+N h(t), 0<N <1,

where f(t), g(t) and h(t) are continuous functions defined on [0, 1] which are positive in (0, 1).
3. Study of the reduced problem

To prove the existence of solutions to the problem (2.2) (2.3), we first consider the following approximation
problem:

1
V() = av VN () +/ v /N(s)ds, 0<t <1,
vO) =h, (h>0).

3.1

We have the following lemmas.

Lemma 1. The problem (3.1) has a positive solution for any h > 0, N > 0 and A > —1.

Proof. We define a mapping ¢ : 2 — {2 as

t 1
ov(t) =h+ A+ 1)/ sv N (s)ds + t/ v YN (s)ds,
0 t
where
2 ={v@) € C[0,1],v(¢) > h > 0}.

Then, it is clear that pv(t) € {2 for any v(¢) € {2. Also, {2 is obviously a convex subset of the Banach space C[0, 1].
If {v,(r)} C {2 is a sequence of functions converging to vy(¢) uniformly, the Lebesgue Dominated Convergence
Theorem implies that

t 1
lim_gu,() = lim |:h+(k+1)/ sv;]/N(s)dert/ vn]/N(s)dsi|
0 t

n—-+00

t 1
h+ O+ 1)/ svo_l/N(s)ds—i-t/ vo_l/N(s)ds
0 t

= @uo(?).

This shows that ¢ is a continuous mapping over (2.
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For any v(z) € (2,

t
h<ou@t) <h+ O+ 1)h*1/N/ sds+h" VN1 —1)
0
<nenN [ Logps!
- 2 41"
Therefore, {pv(t), v(t) € §2} is uniformly bounded. On the other hand,

lpv@1| = [ar0™ N o) +f1 v N (s) ds
< |AJp~YN +h*‘/'tv
= (Al + DA™YV,
Hence, for any #1, , € [0, 1] and v(¢) € 2
lpv(t1) — pv()| < |lpv)]j—¢| 111 — 12
< (M + Dr" N — 1),

where £ is between #; and ;. This inequality shows that {pv(¢), v(¢) € {2} is a family of equicontinuous functions.
The Arzela—Ascoli Theorem implies that ¢ is a compact operator on 2. By the Schauder fixed point principle, there
is a function v(¢; h) € {2 such that

t 1
v(t;h) =h+ (L + 1)/ sv™ VN (s: h)ds +r/ v VN (s: h)ds, for0 <t <1. (3.2)
0 t
It is easy to verify that v(¢; h) is a solution of (3.1). [

Lemma 2. For any h > 0, the solution of (3.1) is unique.

Proof. Let vi(z; h) and v, (¢; h) be two solutions of (3.1).

We first show that vi(1; h) = va(1; h). If this were not true, without loss of generality, we may assume that
v1(1; h) > va(1; h). By the continuity of vy and vy, we know that there must be a point o € [0, 1) such that
v1(tg; h) = va(to; h) and vy (t; h) > vo(¢; h) for all ¢ € (ty, 1]. This leads to v/l (to; h) > vé(to; h). On the other hand,
since v; and vy are solutions of (3.1), we have

1
V) (to; h) = mov;‘/’v(zo;hwrf v, N (53 h)ds

fo

1
< Movz_l/N(to; h) + / vz_l/N(s; h)ds

fo
= v)(to; h),
a contradiction. Now, we set vi(1; h) = v2(1; h) = a > h > 0, then by (3.1),
vi(1; h) = xa™ VN = vi(1; h).

It is clear that vy (¢; k) and vy (¢; k) are solutions of the following initial value problem
A
V()= — Do V@) — Ntv_l_l/N(t)v/(t), 0<t<1

v()=a, vV(A)=ra""V,

since the right-hand side of this equation is continuous for ¢ € [0, 1] and is continuously differentiable for ¢ > 0. The
uniqueness of solutions to the initial value problem implies that vy (¢; h) = vo(¢; h). U

Lemma 3. Let v(t; h) be the solution of the problem (3.1). Then, for any h1 > hy > 0, we have
0<wv(tsh) —v(tshy) <ht—hy, 0<t<1.
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Proof. The inequality v(¢; 1) > v(t; hp) can be proven in a similar way as that for Lemma 2.

We now prove v(t; h1) — v(t; hy) < hy — ha.
By (3.2),

t 1
v(t;h1)=h1+(k+1)/ sv_l/N(s;hl)ds-i-t/ v Ny (s: hy)ds
0 t

' 1
v(t; ho)) =hy + (A + 1)/ svil/N(s; ho)ds + t/ vil/Nv(s; ho)ds.
0 t
Thenfor0 <t <1

t
vt h) = vieiha) = b = b+ Gt 1) [ [N s = )] s
0

1
—H/ [vil/N(s; hy) — vil/N(s; hz)] ds.
t

The inequality v(¢; k1) > v(¢; hy) implies that v"/N(t; hp) < v’l/N(t; h3). Therefore, the two integrals on the
right-hand side of the above equality are all nonpositive and hence v(¢; h1) — v(t; hy) < hy — hy. The lemma is
proven. [

From Lemma 3, We know that as & approaches 0 monotonically, we can find a function v(f) > 0 such that
limy, o v(#; h) = v(¢) uniformly for ¢ € [0, 1]. Taking limit in (3.2) and using the monotone convergence theorem, we
get

t 1
v(z)z(/\+1)/ sv_l/N(s)ds—i-t/ v N (s) ds. (3.3)
0 t

Differentiating (3.3) with respect to ¢, we have

1
V(1) = A VN (1) +/ v N (s)ds,

t

and
v(0) = }llﬂ)l v(0,h) = }g%h =0.

It is clear that v(¢) is a solution of the problem (2.2) (2.3). Hence, we have proven
Lemma 4. The problem (2.2) (2.3) has a solution for each N > 0 and A > —1.
Lemma 5. Let v(t) be the solution of (2.2) (2.3), then v(t) > 0 fort € (0, 1).
Proof. If v(tp) = 0 for some ty € (0, 1), then by (3.3),

to 1
0=v(ty) = (x+1)/ sv_l/N(s)ds—I-to/ v N (5) ds.
0 0]

The nonnegativity of v(r) implies that v /¥ () = 0 for t € (19, 1), that is v(r) = oo for r € (fo, 1) which is
impossible since v(?) is a continuous function on [0, 1]. The proof is complete. []

Lemma 6. Let v(t) be the solution of (2.2) (2.3). Then for any A > —1, v(t) can be expressed as

tf (1), N > 1,
v(t) = {tv—Intg), N =1,
2N
tTHN h(t), 0<N <1,

where f(t), g(t) and h(t) are continuous functions defined on [0, 1] which are positive on [0, 1).
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Proof. For N > 1, set v(t) = tf(¢). Then, it is easily seen from (3.3) that f(¢) is a continuous function on (0, 1]
which is positive in (0, 1). We only have to show that f(0) = lim;—,¢ f(¢) > 0. Using (3.3), we get, for0 <t < I,

t 1
1) =0+ 1)/ sl_l/Nf_l/N(s)ds—i—t/ sTUN VN (5)ds.
0 t
Therefore
t 1
f<t>=(x+1>}f sl—”Nf—”N(s>ds+f §TUN F=UN (g
0 t

In particular, this implies that for 0 < ¢ < 1/2,

1
f@ > / sTUN =N (5)ds > 0.
12

The claim of f(¢) > 0 is proved. Furthermore, we have

f(©O) = lim f()
t—0
t 1
= lim [(x + 1);/ sITUN =N (5)ds +/ s]/Nfl/N(s)dsi|
t— 0 t

1
= lim |:(A + D TN N ) +/ s_l/Nf_l/N(s)ds]
t—

t
1
=/ sTUN £=1UN (5)ds.
0

In the case of N = 1, set v(¢) = t+/— Intg(¢). We need to show that g(0) > 0.
By (3.3)

¢ ds 1 ds
/1 =(A+1 — S Tncole)
t nrg(t) A+1 0 mg(s) +t/l‘ s+/—Insg(s)

That is
© = r+1 ! ds N 1 fl ds
8 tv/=Int Jo V=Insg(s) ~—IntJ: sv/—Insg(s)
Therefore
. a+1D [! ds 1 /‘ ds
0) = lim +
8O t—>0|:t\/—lnt 0 ~v/—1Insg(s) +/—IntJ; s+/—1Insg(s)

. [ 20+ 1) 2 } 2
= lim 4+ ==
(2(=Inr) — Dg()  g@) g(0)

This proves that g(0) = V2 >0.

ForO < N < 1,setv(t) = tl%TNNh(t). By (3.3) and a similar argument as that above, we can show that

t—0

A+ +—

14+ N N + 17
N =0
N I—N

h(0) = [
The details are omitted. The proof is complete. [

In the following, we study the uniqueness of solutions to the problem (2.2) (2.3). We have

Lemma 7. The problem (2.2) (2.3) has at most one solution for N > 0 and A > —1.
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Proof. We first consider the case A > —1.

387

Let v1(¢) and v, () be two solutions of the problem (2.2) (2.3). We claim that vy (1) = v2(1). Since if this were not
true, then without loss of generality, we may assume that vi(1) > vy(1). By the continuity of the functions, we can

find a point #p € [0, 1) such that vy (o) = va(f9) and v1(¢) > vo(¢) for all ¢ € (¢, 1].
If fg > 0, then v (f9) > v}(fo), but (2.2) implies that

1
v/l(to) = Movl_l/N(to) +/ vl_l/N(s) ds

fo

1
< aigvy N (1) +/ v; N (2) ds = v)(t0),

fo
which is impossible.
If tp = 0, then vy (¢) > vy(¢) forall ¢ € (0, 1]. Thus
1
vi(l) = (L + 1)/ svl_l/N(s) ds
0

1
< A+ 1)/ sv; N (@) ds = (1),
0

this contradicts to v1 (1) > vy (1). The claim is proven. Then the same argument as that in the proof of Lemma 2 shows

that v1(¢) = v (r).
Now, we study the case A = —1.

If N > 1, Lemma 6 implies that v(¢) = ¢f(¢) for some continuous function f. By (3.3), we get

1
f(;)=/ sTUN =N ds, 0<r<I.
t

34

_ _ LA . I\ — _—1/N g—1/N
Hence f(1) = 0. Set p(t) = f ~ (¢). Using the fact that f'(r) = —¢ f (1) for 0 < t < 1, we know that

p(t) is the solution of the problem

[p’(t) - -
p(1)=0.
The existence and uniqueness results to the initial value problem imply that
p(;):N—H(l—tNT”), 0<r<l.
N -1
Then the only function which satisfies (3.4) is

1+ N
+—t_1/N, 0<t<l1

N +1 voiy Y/ VD
t)y=|—— l—tT) , 0<t<l.
0 [ i ( ] <t=
Therefore, the problem (2.2) (2.3) has a unique solution v(¢) for N > 1 where
N +1 noiy Y/ WVAD
v(t) =1 (1—tT) . 0<r<l.
N —1

For N = 1, let v(¢) be the solution of the problem (2.2) (2.3), we have by (3.3),
LN
v(t):t/ —ds, 0<r<l.
¢ v(s)
Then,
v(t) t

"ty=—-——, 0<t<l.
v (1) ; o) <t<

3.5)

(3.6)
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Set v(t) = tg(t), then

, 1
tg (t)——%, O0<t<l. (3.7
If we write ¢ (t) = g2(¢), then by (3.7), ¢ (¢) satisfies
, 2
{q (== 0<i<l, 38)
q(l) =0.
The uniqueness of solutions to the initial value problem implies that ¢ (t) = —2In ¢. Hence, the function which makes

(3.7) hold is unique, that is g(¢) = +/—2Int. Therefore, the solution to the problem (2.2) (2.3) is unique when N = 1
and

v(t) = vV2tv/=Int.

In the case 0 < N < 1, Lemma 6 implies that v(r) = 2N/A+N) (1), We get from (3.3) that

1-N 1 2 1
h(t):tlTN/ sTTNRUN(6)ds, 0<t<1.
t

Hence
1-N
W()=1"" hit)y—h "N@y|, 0<r<l. 3.9
() [1+N () () <t=< (3.9
Set R(t) = hYtN)/N (1), Then it satisfies
1+N[1-N
R’(z):L — RO -1|t7Y, 0<t<l.
N [1+N
R(1) =0.

Using the uniqueness result to the initial value problem again, we know that
R(y = TN (1 _ ,(1—N>/N) _
1-N
Therefore the function /(¢) which satisfies (3.9) is unique and
N/(1+N)
o = [N (1 0w |
1-N
This proves that for 0 < N < 1, the solution of (2.2) (2.3) is unique and furthermore
N/(14+N)
1—-N :| '

The proof of Lemma 7 is complete. [

sy =0 [LEN (oo

The conclusion of Theorem 2 follows from the above lemmas.
4. Proof of the main results

We have proved in the previous section that the problem (2.2) (2.3) has a unique solution for A > —1 and N > 0.
The solution is closely related to the solution of (2.1). We will prove Theorem 1 in this section by using the results in
Theorem 2.

Set
1_N —N/(1-N)
(1 + H_—NX(1+N)/N> . 0<N < 1,
y(x) = {exp(—x?/2), N=1,
N—1 N/(N—1)
[1 - _x(1+N>/N} L ONs1
N+1 n
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Then, it is easily seen that the function y(x) is a solution of the problem (2.1) for A = —1. Therefore, we only have to
prove Theorem 1 for A > —1 and verify the asymptotic behavior of the solutions.
Let v(¢) be the solution of (2.2) (2.3). We know that v(¢) > 0 for ¢t € (0, 1). We define

1
w(t):f v /N (s)ds, 0<r<l. 4.1
t

Then
w @) =—v "N <0, forO<t<1. 4.2)

It is clear that w(#) = x is a strictly decreasing function in (0, 1] and hence the inverse function exists. We denote the
inverse function as = y(x). Then y(0) = 1. Set xg = w(0) = fol v~ /N (s)ds, then xg < 400 and y(xp) = 0. The
function t = y(x) is a continuous function defined on [0, xp). If xo < +00, we define y(x) = 0 for x € [xg, +00).
We will prove that y(x) is a solution of the boundary value problem (2.1) with the asymptotic behavior as stated in
the theorem.

The asymptotic behavior of y(x): For N > 1, Lemma 6 says that v(¢) = ¢f(¢) for 0 < ¢ < 1. Thus

1
x0 = w(0) = / sTUN £=1N (6)ds.
0

It is clear that x9 < +oo. This implies that # = y(x) is a continuous function defined on [0, o) with a compact
support.

For N = 1, Lemma 6 and its proof imply that v(z) = t4/—1Intg(¢) for0 <t < 1 and g(0) = V2. By the continuity
of g(t), we know that for any e > 0, there exists a § > 0 such that for 0 < r < 4§, V2—e< g() < V2 + e. Then

UJ(I) = /1 L
t S«/—1Insg(s)
_ 8 ds ! ds
B /t sa/—Insg(s) +/5 s+/—Insg(s)

—A+/(S ds
N ' s«/—lnsg(s)7

where the constant

A—/] ds
N s s\/—lnsg(s)'

ForO <t <$§
A+ ! /6 ds <w() <A+ ! /‘5 ds .
\/E—i—e t sm \/i—e t s\/m
That is
Al + —zm <w() <Ay + —2m
V2+e V2—e
with
Al :A—@ and A2=A—@.
V2+e V2—e
It is easy to conclude from this inequality that
w(t)

lim =1.

t—0 ﬁ«/—ln[ o
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Therefore, ast — 0

w(t) ~ v2/=Int
and hence
¢~ e—wz(t)/2.

This implies that y(x) = 0(e‘x2/2) as x — +o00.
In the case of 0 < N < 1, by Lemma 6, v(¢) = 2N/A+N) (1), Then

1
x = w(t) =/ s AFN) p=1/N (5)qs.
t

Therefore,
fim — 29y !
x—o0 x—(I+N)/(1=N) ;9 [fl s—2/(+N) p=1/N (5)ds
t
~(1=N)/(1+N) —(1+N)/(A=N)
= lim

le s=2/(+N) p=1/N (5)ds
i|(1+N)/(1N)

]—(1+N)/(1—N)

t—0

> 0,

1-N
= [—h‘/N(O)
1+ N

which shows that y(x) = O (x ~I+N)/(1=N)y

From the above, it can be seen that the asymptotic behavior of the function y(x) is exactly what we have in
Theorem 1.
The proof that y(x) is a solution of (2.1): We first prove that the function y(x) satisfies the equation.

Inserting (4.1) and (4.2) into the Eq. (2.2), we get

V() = —Atw' () + w(?).
Replacing ¢ with y(x) in this equation, we have
V() = =y w' (y(x) + wyx), 0=x < xo.

Using the fact that

x=w(yx)), and y(x)= m <0,
we obtain
V(y(x)) = —Ay(x) - b +x, 0<x < xp. 4.3)
y'(x)

On the other hand, the equation

v(y(x)) = =y w|"

1
lw’(y )Y

and
/
Vo' e = (Y @Y
together with (4.3) imply that

(YY) = -+ /'@, 0<x <,
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that is
(V@Y @) =m - '@, 0<x<x

By our definition, if xg < oo, y(x) = 0 for x € [xo, +00) which clearly satisfies the equation.
y(0) = 1 was proven while constructing the function y(x).
The asymptotic behavior of the function y(x) implies that
lim x+y(x) =o0.

x—>400

The proof of Theorem 1 is complete.
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