INVARIANTS OF PFAFFIAN SYSTEMS(")

BY
ROBERT B. GARDNER

1. Introduction. Let M be a real C*-differentiable manifold, and T*(M) its
cotangent bundle. Let ¢(M) denote the ring of C*-functions on M, and let I'*(M)
denote the ¢(M)-module of global C®-sections of T*(M).

DErFINITION 1. A Pfaffian system is a ¢(M)-submodule of I'*(M).

Dually we let T(M) denote the tangent bundle and I'(M) the ¢(M)-module of
global C*-sections of T(M).

DEFINITION 2. A vector field system is a ¢(M)-submodule of I'(M).

Let I be a Pfaffian system, and let U be an open neighborhood on M, then
we let Iy denote the ¢(U)-module obtained by the restriction of the one-forms in
Ito U.

DEerINITION 3. A Pfaffian system is said to have dimension » at a point pe M
if there exists a neighborhood U of p and n-linearly independent one-forms defined
on U which generate Iy.

DErFINITION 4. A Pfaffian system is said to be nonsingular if the dimension is
defined at every point p € M and is constant.

In this paper we will assume that all Pfaffian systems under consideration are
nonsingular.

In §2 we review in a modern formulation the notions of class, derived systems,
and type; and we conclude with a set of integrability conditions for derived systems.
In §3 we consider the rank of a Pfaffian system and prove a generalization of the
theorem of Cartan-von Weber. In §4 we introduce a conformal tensor defined on
Pfaffian systems with even codimension, and a conformal tensor on the second
derived system of Pfaffian systems satisfying a particular type restriction. In the
last two chapters we analyze the cases when the conformal tensors introduced in
§4 become conformal bilinear forms. As an application we consider the Pfaffian
system associated with a second order partial differential equation in one independ-
ent and two dependent variables. This leads to a new interpretation of the type
and characteristic curves of such equations. We conclude the paper by deducing
certain invariants of the second derived system of normal systems of codimension
two and by proving an integrability theorem.

2. The type. Let E(I'*(M)) denote the exterior algebra over I'*(M), and let

Received by the editors December 27, 1965.

(*) The results in this paper were partially obtained at the Courant Institute of Mathe-
matical Sciences, New York University, under the sponsorship of the National Science Found-
ation, Grant NSF-GP-3465.

514




INVARIANTS OF PFAFFIAN SYSTEMS 515

1 denote the interior product adjoint to left exterior multiplication on E(I'(M)),
and let

d : EC*(M)) — E(T*(M))

denote the exterior derivative on M.
Given a Pfaffian system I, we may associate a vector field system

Char I ={Xel'M)| Xlw =0, Xldwel forall we I}

called the characteristic system of I, which is known to be completely integrable
[10].
The annihilator of the characteristic system is a Pfaffian system

C(I) = [Char I]*

called the Cartan system of I. The basic property of this system is given by the
following theorem of E. Cartan [5].

THEOREM 1. Let I be a Pfaffian system, then the Cartan system of I is the smallest
completely integrable Pfaffian system with the property that if {x1, ..., x*} is a local
system of first integrals, then locally there exist generators for I which only depend
on {x1, ..., x*} and their differentials.

DEeFINITION 5. The dimension of the Cartan system of a Pfaffian system I is
called the class of I.

The class, therefore, is the minimum number of variables necessary in order to
write down local generators of the system.

Let I be a Pfaffian system, then I is a ¢(M)-submodule of the ¢(M)-module
I'*(M), and we may form the quotient module

I*(M)/I.

The space of exterior two-forms over this space is again a ¢(M)-module and we
introduce the notation

A2I*(M)/T) = A2T*(M) mod I.
The composition 8 of exterior differentiation with the natural projection
155 A2T*(M) —> A2T*(M) mod I

is a ¢(M)-module homomorphism. Thus the image of 7 under § is a ¢(M)-module
which we denote by dI mod I, and the kernel of § is a ¢(M)-submodule of I which
we denote by 7. The submodule 7 is called the first derived system of I, and
we have a short exact sequence of ¢(M)-modules

0—>I<1’—>Io—>d1mod1—>0.



516 R. B. GARDNER [March

DEerINITION 6. Let I be a Pfaffian system, the rth derived system 7 is defined
inductively by
0—s O — 5 0= % L grr=1 mod [~V — (.

An immediate consequence of the definition is the existence of a smallest non-
negative integer N such that either

(1) JE+D) — {0} or I(N+l7) = JN+p+1)

for all p=0. We note that I is the largest completely integrable system contained
in L

DErFINITION 7. Let I be a Pfaffian system, then the smallest nonnegative integer
N which satisfies (1) is called the derived length of I.

Thus if I is a Pfaffian system of derived length N, there is an increasing sequence
of ¢(M)-modules

IMc...c[®c]
and assuming that these are all nonsingular we may define integers by
po = dim IV dim IP[I¢*Y =py_; (0 =i=N-1).
As a result

N
dim [ = Z Dis
i=0

and if we let py ., denote the codimension of I in C(1),
N+1
class I = Z Di.
i=0
Matters being so, we say that the Pfaffian system I has type
(Pos - - +» P> P +1)

and by abus de langage we will call py,, the codimension of I.
The type of a Pfaffian system is not arbitrary, a fact which is exhibited by the
following proposition.

PROPOSITION 1. Let I be a Pfaffian system of type

(pOa .. -’pNspN+1)
then for —1<isN—-1,

Py_ii1 S pyoi(Py-is1+DPN—i2+ - +PN+PN+1)+(pAé_i)-

Proof. Let {¢, ..., ™ define a basis of I¢*, and let {8, ..., BP~-1} define a
basis of a complement of 74+ in I®, then we will have formulas

dqsk = zlgj A ’7? mod IG+D),
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and hence
dim 7¢+D/14+2 < dim I9[T¢* V. dim C(I)/1® +dim A2IP[[6+D)]

which gives the above inequality.
In particular if I is an n-dimensional Pfaffian system of class n+m, then these
inequalities imply

2 dim IV =z n—m(m—1)/2.

PROPOSITION 2. Let I be a Pfaffian system, and let {o*, .. ., «™¥ -1} define a basis
for any complement of I+ in I, then for all € I"+V

3) db Adet A+ A afx-r) =0 modIT+D,

We call these equations the integrability conditions for 7¢+1 in I,

Proof. It suffices to verify the integrability conditions for IV in I. Let {w?, . . ., w'}
define a basis of IV, and {c!, ..., &~} define a basis for a complement of IV in I.
Then by definition of I

6] dawt AWt A AW A A APy =0 1=igy
and by linear independence
®)] WA AW A A A aPy # O,

Now if Q is any exterior two-form and 7%, ..., »" are linearly independent one-
forms, then QZAn* A - - - A9"=0 implies

QLAY A AGFA-A=0 (1 =iZ5n),
where the ~ stands for delete. Therefore (4) and (5) imply
(6) @2 AW A ARAAWA A APn =0

for 1Si=<s.
If 1 £i, j<s, then by definition we have

@wi+dw) Awt A AW At Acos APy =0,
and hence
@ +dw)2 AW A AW A AW A A APy =0,
but (dw'+ dw’)?=(dw")? + 2dw' A dw’ + (dw’)?® and taking account of (6), we have
@) 2w A AW A WA AW A AW A A APy =0,
Now by (6) and (7) the exterior derivative of (1) becomes
dawr AW A AW Adt Ao A aPi) =0

and, since this is true for {w!, ..., w'} a basis of '™, we have (3) as claimed.
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3. The rank. We now consider another integer valued invariant of a Pfaffian
system which Cartan attributes to Engel [5].

DEFINITION 8. Let I be a Pfaffian system, then 7 is said to have rank p if p is the
smallest integer such that

)Pt =0
for all Ae dI'mod I.
PROPOSITION 3. Let I be an n-dimensional Pfaffian system with type
(Po> - - +> P> Pr 1)
and rank p, then
2p = py+1 S p(nt1).

Proof. This is a tautology of the elementary inequality due to Dearborn [7],
which states

n+2p < classI < n+np+p.
PROPOSITION 4. Let I be a Pfaffian system with type (po, - - ., Pns Pn+1) then
pI") = py-ri1 (I=r=N-D.

Proof. Let {w!,..., wP»-r+1} define a complement of I in I“~Y, then for
a € I™ the defining relations are

de A WA+ A wWPr-r+1 =0 mod I,
and since {wl, ..., wP~y-r+1} are linearly independent this implies
(do)pw-r+1=0 mod I™,
which verifies the proposition.
THEOREM 2. Let I be a Pfaffian system with type (pg, . . ., Dns Pn+1), then

(p(I)) 2 py+1

implies
pI®) < py—1.

Proof. Let {«, ..., oP~} define a basis for any complement of IV in I, and let
¢ € IV, then the defining relations give

dp Aot Ao Ao =0 modID.

Therefore, there exist one-forms 7; such that

PN
®) dp= 3 5 Ao mod I,
i=1
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The integrability conditions of I¥ in I gives
dp Adle A+ A o) =0 modI®

which with (8) implies
PN
> (=1i*t A dei =0 mod I
i=1

As a result, for 1 <= py,
dod Ay Ao Ay, =0 mod’
which if
M A AN, #0 modl
implies
(def)Pn*1 =0 mod I
Therefore, the hypothesis that p(I) = py+ 1 implies
M A Any =0 modl,
and hence by (8)
(dp)>» = 0 mod IV,

but we chose ¢ € I‘*? arbitrarily, proving p(/V)<py—1.

As a corollary we have the theorem of Cartan-von Weber [2].

COROLLARY 1. Let I be an n-dimensional Pfaffian system whose type satisfies

pN=l,

519

then if {¢*, ..., "1} defines a basis of IV, and o denotes a complement of IV

in I, the relation
) de)® A APp* A--- APt #£0
implies that IV is completely integrable.
Proof. Equation (9) proves that
p(IV) = 2
and since py=1, Theorem 2 applies, and we deduce
pI®) =0

which is equivalent to the complete integrability of I,

This result can be rephrased to give another example of the nonarbitrariness

of type which is not included in Proposition 1.



520 R. B. GARDNER [March
COROLLARY 2. Let I denote an n-dimensional Pfaffian system whose type satisfies
py=1 and py,, > 2
then I has derived length N=1.
Proof. A calculation proves that the class of such a Pfaffian system is
2p(I)+n.
Hence py ., >2 if and only if p(/) = 2. Now I has derived length N=1 if and only if
I® = [

which occurs if and only if 7™ is completely integrable. The corollary now follows
from Corollary 1.

In particular the Pfaffian systems whose type satisfies py=1 and which have a
derived length N> 1 are all Pfaffian systems of codimension two.

As a final application we prove a result related to the theorem of Cartan in
[2, §45, p. 60].

COROLLARY 3. Let I be an n-dimensional Pfaffian system whose type satisfies
px=2, then if the rank

o) = 3

and the derived length N> 1, there exists an intrinsically defined (n—1)-dimensional
subsystem of codimension two.

Proof. Theorem 2 applies and we deduce
p(IV) = 1.
In particular every ¢ € IV’ has an exterior derivative of the form
(10) dp =7 A« modI®

where « € I and «%0 mod IV, Applying the exterior derivative to equation (10)
yields

T Ade=0 mod],
which, if 7520 mod I, implies
11 (d)2 =0 mod L.

Now if do! and de? were any two linearly independent elements of dI mod I
satisfying (11), then

(12) (ade* +bdo?)® =0 mod/

for any a, b e c(M). But py=2, and hence da' and do? would form a basis of
dl mod I, and (12) would contradict that p() = 3.
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Therefore, there exists an intrinsically defined (n— 1)-dimensional subspace P
of I such that ¢ € P if and only if

(13) (d$)? =0 mod L.

In particular 7' < P, and we may choose 8* a complement of /> in P. Since
B! satisfies (13), there exist one-forms = and =% complementary to I such that

(14) dgt =7t A 7?2 mod L.
We have seen that every element ¢ € IV is written
dp =7 A B modID,
but, since 7 A dB*=0 mod I, equation (14) gives
TAT A72=0 modl

Therefore, if {¢*, ..., $" "2} is a basis of IV we have {¢*, ..., "2, B} a basis
of P and equations

dﬁl at A 72 mod [
dpt =yt A B

e mod I
d¢n—2 = ,yn—2 A lgl
and y' A7t Am?2=0mod I.

If we can prove that these congruences mod I can be replaced by congruences
mod P, then

class P = n+2.
Let B2 define a complement of P in I, if 82 were in the Cartan system C(P), then
dB2 AT AN APTZAB ABEATATE=0
by the complete integrability of C(P), and this would imply
dB?? =0 modlI

which contradicts the hypothesis. Therefore g2 ¢ C(P) and the congruences mod
may be replaced by congruences mod P as claimed.

Thus the classification of Pfaffian systems whose type satisfies Py=1 or 2 leads
to Pfaffian systems of codimension two. We will consider the discouraging problem
of classifying the Pfaffian systems of codimension two later in this paper.

4. Intrinsic conformal tensors. Let I be an n-dimensional Pfaffian system of
class n+2r, then we may use the existence of the Cartan system to define an intrinsic
symmetric conformal tensor of degree r on I which for {¢%, ..., ¢i} € I is written

RNy
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and a representative for which is defined by
dpy Ao A dbr A WEA AWt = (B, Qg
where {w', ..., w"} defines a basis for I, and Q, . ,, is any nonzero (n+2r)-form in
An+21C(I)‘
The definition makes sense since any (n+2r)-form in A**2"C(I) is a multiple of
Qn+2r and

(L. os B0

is clearly symmetric and r-multilinear. If we chose any other basis for I, or any
other nonzero form in A"*2'C(I), then the definition would only be modified by
a nonzero function. Since these are the only ambiguities in the definition, the tensor
is conformally defined over ¢(M).

Similar constructions may be used on Pfaffian systems satisfying particular type
restrictions. For example, let 7 be an n-dimensional Pfaffian system with type

(pO,' . -,pN—2’m’ r, m),

then we may define on /@, the second derived system, an intrinsic symmetric
conformal tensor of degree m which for {#%, ..., #.} € I® is written

G
and a representative for which is defined by
gy Ao Adpl Aat Ao AT A A A GRTERTT = (B Qi

where {¢*, ..., $" "™~ 7} defines a basis for I®, and {a?, .. ., o’} defines a basis for
any complement of I/ in I, and Q, ., is any nonzero (n+ m)-form in A**™C(I).

In order to verify that this tensor is intrinsic it suffices to prove that the definition
is independent of the choice-of complement of 7 in I. Analytically this is equivalent

to showing that, for {¢},..., ¢4} € I® and B any element of a complement of
1(2) in I(l),
(15) déy A+ A ddi, ANB=0 modI?®,

Let {8, ..., 8™} define a basis for any complement of 7 in I, then, if ¢ € I®,
the defining relations for 7®® guarantee the existence of one-forms 7, such that

(16) dé

Z B, mod I®,
a=1

As a result the left-hand side of (15) is a (2m+ 1)-monomial involving (m+ 1)-
linear differential forms from an m-dimensional space, and hence must vanish.

5. Pfaffian systems of codimension four. Let / be a Pfaffian system of codi-
mension four, then the results of §4 apply which we state as a proposition.
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PROPOSITION 5. Let I be a Pfaffian system of codimension four, then the c(M)-
module I admits an intrinsically defined symmetric conformal c(M)-bilinear form
o If {t, ..., " is a basis of I, and Q, ., is any nonzero (n+4)-form in
A EC(I), and ¢, $ € I, then a representative for { , > is defined by

db A dp NG A A= (b EODia

We recall that the rank of a bilinear form is the dimension of the largest sub-
module on which the form is nondegenerate, and the index of a bilinear form is
the dimension of the largest submodule on which the form is negative definite.
We define the rank of the above conformal bilinear form to be the rank of any
representative, and the index to be the index of a representative for which the
orientation of I and Q,,, is so chosen that its index be minimal among all
representatives.

PROPOSITION 6. Let I be a Pfaffian system of codimension four, and let { , ) be
the intrinsically defined bilinear form of Proposition 5, then the best possible in-
equalities on its invariants are

rank{ , > <6
and
index ( , > = 3.

Proof. Visibly the first derived system 7 is contained in the conjugate subspace
of ( , > on I, and by equation (2)
dim IV = n—6.
Therefore, we deduce
rank ( , > < 6.
Furthermore, since
0——>I<1>—>16—>d1m0d1——>0,

the bilinear form ¢ , > on I induces a bilinear form { , »; on dl mod I by

A 3(#), 3@ = b

forall ¢, d €l

Let 4 and B be elements in A2I'*(M) mod I, and « and B8 any representatives in
A2T*(M), then we may define a symmetric conformal ¢(M)-bilinear form { , >,
on A?I'*(M) mod I with a representative defined by

a ABAGEA AP =<4, B)Q

where {#!, ..., $"} is a basis for I, and Q is any nonzero (n+4)-form in A"**C(I).

There is a canonical injection of ¢(M)-modules

0 — dI mod I — A’T*(M) mod I

and by definition we see that { , ), is the restriction of { , ).
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Now let {=!, n%, 73, 7} define a complement of I in C(I), then
f1=771/\772, f2=7T1/\7T4, f3=7T1/\773,
ft=a° A 7t f5=m2 A 7l [ =7t A 2
represents a basis of A?I'*(M) mod I, and if we choose

Q=m' AP AT AT AP A A"

the matrix of (f% f7>, is

where Og is the 3 x3 zero matrix and I is the 3x 3 identity matrix. Since this
matrix has index three, and { , »; is the restriction of { , >, we may only assert

index ( , > < 3.

As an application of this bilinear form we consider the Pfaffian system associated
with a second order partial differential equation in two independent and one
dependent variables. Let J7(2, 1) denote the fiber bundle of r-jets of mappings of the
plane R? into the real line R®.

If f: R? — R, then the r-jet of fat p € R? is written

J(f)
and we may define the r-graph of f
J(NH: R2—J(2, 1)
by
JN)p) = jz ()
We introduce cartesian coordinates {x, y} in R?, z in R,
p = 0z/ox, q = 0z[dy
in the fibers of J1(2, 1) over R?x R, and
r = 0%z/0x2, s = 0%z/]ox 0y, t = 9%z/0y>

in the fibers of J2(2, 1) over J*(2, 1). Matters being so, a second order partial
differential equation is a hypersurface

a7 F(x,y,z,p,q,1,51t) =0

transversal to the fibers of J2(2, 1) over J(2, 1).
There is a canonical Pfaffian system defined on J2(2, 1) by

Q%(2, 1) = {we T*J%2, 1) | j3(f)*w = 0, for all f: R* — R}.
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This system has generators in the above local coordinates given by
w! = dz—p dx—q dy,
w? = dp—rdx—sdy,
w? = dg—sdx—tdy.

The Pfaffian system 7 associated to a second order partial differential equation
(17) is the Pfaffian system on J2%(2, 1) with generators

I = {w', w2, wo, dF}.

This is a four-dimensional Pfaffian system of class eight, and as such admits a
bilinear form defined for ¢, ¢ € I by

dp A db A wt AW AW AdF = (b, 5
where we choose
Qg = —%dx ANdy ANdz ANdp Adg A dr Ads A dt
The forms w! and dF are in the conjugate subspace of ¢ , > and
((wz, w2 (w2, w3>) _ ( oF|ot —%8F/8s).
Wi, w2 wd, wd —10F|os oF|or
Let
A = 8F|or OF|ot—30F|os2,

then the bilinear form < , > may have
(a) Rank one, which means

A=0

or the equation was of parabolic type, and there exists a unique three-dimensional
maximal totally isotropic subspace [6] N of ( , > on L.
(b) Rank two, and index one, which means

A<O

or the equation was of hyperbolic type, and there exist two three-dimensional
maximal totally isotropic subspaces M; and M, of ( , > on L.
(¢) Rank two and index zero, which means

A>0

or the equation was of elliptic type.

In particular the intrinsic bilinear form gives rise to a definition of type of a
second order partial differential equation which is obviously invariant under
prolonged contact transformations.
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We will now show that the bilinear form may also be used to define the charac-
teristic curves of such an equation.
Let
f*R*—R
be a solution of the equation (17), and V(R?) the vector field system of all vector

fields on R?, then we may introduce an injection

0—> V(RY) LT
defined by
pAX) = L2 xw?

where the right-hand side is the Lie derivative of the one-form w! along the vector
field j2(f)« X.

This injection induces a symmetric conformal C(R?)-bilinear form < , >, on
V(R?) by

(X-Youp) = Lpf(X), p(Y)(JF(S)).

Since
pr(0/0x) = w? and p[(9/0y) = w?,

if T has one of the three-dimensional maximal totally isotropic subspaces
Na Mla M2a

then there is induced a one-dimensional maximal totally isotropic vector field
system in F(R?%) which we denote respectively by

Nf’ le’ M2f'
The annihilators
N}a Mff’ Méfs

are all one-dimensional Pfaffian systems of class at most two, and hence are
completely integrable. In any one of these cases if

dp = od/ox dx+ ooy dy
defines an exact basis, then the vector field
X = o¢joy 0]ox—oplox 0]dy

defines the original vector field system. The condition that X define a maximal
totally isotropic subspace of { , >, on V(R?) is simply <X, X>,=0.
Now if

G:J*2,1) >R and f:R2—R
we define G,: R? — R by
G/(p) = G = j*(f)(Pp).
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With this convention
(X, X); = 0F|[0t; (0/0y)*>+ OF|0s; od|ox ooy + OF[or; (04[0x)>.
Thus the first integrals of any of the Pfaffian systems
N % ’ M IJl-fa M éf,
are solutions of a quadratic first order partial differential equation. The curves
¢ = constant

are called the characteristic curves on the source, and the curves

z= f(xa y)ld>=constant

are called the characteristic curves on the integral surface.
The study of the Pfaffian systems

Na Ml) M2,

lead to a coordinate free description of the methods of integration of Monge and
Ampere which I hope to present in a forthcoming paper.

6. Pfaffian systems of codimension two. Let / be an n-dimensional Pfaffian
system of class n+2 defined on an (n+2)-dimensional manifold M. Equation (2)
implies

dimI® z n—1,
and, if dim I¥=n, then
I=1%
which implies that I is completely integrable and the derived length N=0. As a
result we will assume that
dim IV = n—1.
The inequalities of Proposition 1 then give
dim I® =z n—3.
If dim I'®=pn—1, then
IO — [@
which implies that 7> is completely integrable and the derived length N=1.
If dim I®=n—2, then Corollary 1 to Theorem 2 applies to I‘”’, and either
I® is completely integrable or I is itself a Pfaffian system of codimension two.

As a result the Pfaffian systems of codimension two and derived length N> 1
are partitioned.into two classes.
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Class (A). The type is of the form
e, 1,...,1,2)

where I™ for 1<r<N-—1 are all Pfaffian systems of codimension two, and
I™ is a po-dimensional completely integrable system. These have been called
special systems by Goursat [8], and a theorem due to von Weber asserts that there
exist (N + po+ 2)-independent functions
{xa 21500y Zpoa IZBTRE ~’yN}
such that locally I has a basis
{dzy, ..., deo, dy—y,dx,dy,—ys dx,...,dyy_1—yydx}.

Class (B). The type has the form (po, ..., Px—m> 2, 1,..., 1,2) where I” for
1 =r=m are all Pfaffian systems of codimension two, and

Py i1 =dim ™" P—dim ™2 = 2.

These have been called normal systems by Cartan [4], and have not been studied
except for Cartan’s paper [3], which deals with Pfaffian systems of type (0, 2, 1, 2).

We thus turn our attention to the normal Pfaffian systems of codimension two.
These all contain a derived system I which has type of the form

(Po, .. -’pN—Za 2’ 1’ 2)*

Let {4, ..., "2 B, B2 «, 7, A} denote any basis of the Cartan system C(I)
such that {¢%, ..., ¢"~3} defines a basis of I®, {#*, B2} defines a basis of a comple-
ment of I? in IV, « defines a complement of IV in I, and {r, A} defines a basis of
a complement of I in C(I). We will call such a basis an adapted basis.

In particular the results of paragraph 4 apply which we state as a proposition.

PROPOSITION 7. Let I be an n-dimensional Pfaffian system of codimension two
and type
(Po, .. 'spN-zs 2> 1’ 2)

then the c(M)-module I'® admits an intrinsically defined symmetric conformal
c(M)-bilinear form { , >. If

{()61’ s ¢.n—3, Bls Bz’ &, 7T, A}

is any adapted basis for C(I), Q, 5 is a nonzero (n+2)-form in A"+*2C(I), then a
representative for { , > is defined for ¢, ¢ € I'® by

d N dp Ao n gt A A G0 =l B Qa
Now by definition of the first derived system we will have relations
dpt = (at+bA) A «
dp? = (ct+ed) A «

mod I
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and if (a7+bA) A (cm+ eA)=(ae—bc)r AA=0, then there would exist functions A
and p such that
AdBt—pdp? =0 mod IV,

and this would contradict the fact that 8* and B2 define a basis for a complement
of I® in IV, Thus

ae—bc # 0,
and by applying a nonsingular transformation to ' and f? we may assume that
dﬁl =7 A«
(18) mod IV,
di?=A A«

An adapted basis which satisfies the additional conditions (18) will be called a
normalized adapted basis.
The integrability conditions for 7® in I give

dét A B A dB2—ddt A B2 A dB* =0 modI?,
and by (16) this becomes
BEAns AP ANdRP—B* At AB2AdBr=0 modI®
and by (18) this gives
BAGAB ANAANa—B AL ABATae=0 modI®,

Therefore
7L A 7+ AA=0 modl],

and Cartan’s lemma implies the existence of functions f*, g, h' € ¢c(M) such that

: i g T
(= 1)) o
We now introduce the vector notation
B=(F) 7 =M 7 ="Y74)
and hence equation (16) becomes
dg' = (B,7) mod I
where ( , ) is a standard euclidean inner product, and equation (18) becomes
dB=1Aa modI?®

and equation (19) becomes
n' = Fir mod ]

AR &
F _(gi hi)

where we have written
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Thus given any normalized adapted basis of C(I), we have constructed a 2x2
symmetric matrix from every element of 1,

Let W denote the set of 2x2 symmetric matrices with entries from c(M),
viewed as a ¢(M)-module under addition and scalar multiplication, then this
construction defines a ¢(M )-module homomorphism

7 1P — W
where, for ¢ € I? satisfying
dé = (B,m) modI®

and
n = Fr mod]/

with respect to a normalized adapted basis, we set

m(¢) = F.

The definition of the homomorphism is not intrinsic, but only depends on a
choice of basis 7 for a complement of I in C(I).

The invertible 2 x 2 matrices with entries from c¢(M) form a group which we
denote by G1(2, ¢(M)), and if Q € G1(2, ¢(M)) and we choose a new basis 7’
for a complement of I in C(I) with

7 = Q0r mod]

and let 7, denote the above homomorphism computed with respect to any nor-
malized adapted basis with 7' the complement of I in C(J), then

mo($) = p(Q)m(¢)

where
p: G122, c(M)XW — W
is the action defined by
p(QF = 'QFQ
for Q € G1(2, ¢(M)), and F e W. This proves
ProOPOSITION 8. Let I be an n-dimensional Pfaffian system with type

(pOa .. '9pN—29 2’ 1’ 2)

then every element ¢ in the second derived system I'®, has two invariants

rank 7m(¢) and index m(¢).

Next, we observe that all the homomorphisms =, differ by at most an automor-
phism of W, and as a result their kernels coincide and define an intrinsically defined
subspace S. Let us remark that

I®<cS
because if ¢ € I®, then dp=0 mod I® and m(¢)=0.
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The classical invariant theory of nets of binary quadrics suggests a symmetric
¢(M)-bilinear form < , >; for W, where for

() o)

elements of W, we define
(F, Gy = ft+hr—2gs.
By choosing the basis (F1, F2, F?®) where

1 0 1 0 0 1
Fl = 2 _ 3
(0 1) F (0 —1) d (1 0)

the matrix (Fi, F’>, becomes

2 0 0
0 -2 0
0 0 -2

which proves that { , >, is nondegenerate and Lorentzian.
This bilinear form has the additional property that for Q € G1(2, ¢(M))

COFQ,'QGQ), = (det Q)XF, Gy
We will let
< ) >C(L)

denote the conformal C(M )-bilinear form with representative ¢ , >;.

PROPOSITION 9. Let w: I® — W be the c(M)-module homomorphism constructed
with respect to any normalized adapted basis, then for ¢, ¢ € I® we have

(b > = (@) (o
Proof. By equation (16)

dpt A dp = (g A mhi—mi A 7h) A B A B2 mod I

letting
i ] i
RS
7}12 gt hl A
we have
(Mm% A mh—mb A 90) = (fIW +hf7—2g'%g)r A A mod I
and hence

' ¢ = (F', Fhow = {m(¢), m(¢))cw

as was to be proved.
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Let us assume that { , > is identically zero on I®. Then since 7: [® — W is
an isometry, 7® must map into a maximal totally isotropic subspace of W, and
hence

dim /®—dim S £ 1.

As a special case it may happen that dim I*®=dim S which implies that = is
the zero map.

THEOREM 3. Let I be an n-dimensional Pfaffian system whose type satisfies
py=1and py_,=2; then I has derived length N =2 if and only if the homomorphism
w is the zero map.

Proof. If I has derived length N=2, then
@ = [®

hence I® is completely integrable and the Frobenius conditions imply that = is
the zero map.
Conversely let

m: 1® — {0}
then, if {¢!, ..., " 3} is a basis of /), by equation (16) we have relations
dg' = (8, 7) mod I®
and
7' =0 mod]I
but this implies
CU® <1

and since the Cartan system C(I‘?) is completely integrable and I is not completely
integrable

C(I(z)) = J@
and the theorem is proved.
PRrROPOSITION 10. Let I be an n-dimensional Pfaffian system of type
(pO’ s s PN-2s 2> 1’ 2)5
then
Class I® = n+1
if and only if
<, >=0 onI®.

Proof. If Class I'®<n+1, then { , >=0 since the defining equations would be
an (n+2)-form in an (n+ 1)-dimensional space.
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If ¢, >=0 and I®=S, then we saw that I‘® was completely integrable and
hence

Class I® = n—3.

If <, >=0, and I® S, then let y denote a complement of S in I®. Since
{r(y), 7(y)>L = 0

we know det m(y) =0, and hence we may choose a normalized adapted basis

(¢1’ MR ¢n_3’ Bli ﬁzi a’ T’ A)

w09

such that

and as a result

20) dy = Bt A T+ (aft+asf?) A ¢ mod I®
where a,, a, € C(M). If ¢ € S, then
1) dé = (B,m) modI?®

and =0 mod I. Therefore, equations (20), and (21) prove that
Class I® £ n+1

which completes the proof.
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