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SIMILARITY OF APPROXIMATE TRANSFORMATION GROUPS
R. K. Gazizov and V. O. Lukashchuk UDC 517.95

Abstract: We propose similarity conditions for isomorphic approximate transformation groups and
their Lie algebras. The construction of similarity transformations reduces to solving systems of first-
order semilinear partial differential equations with small parameter. We consider the solvability of
overdetermined systems of this type and the structure of their general solutions.
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Introduction

It is well known that the realizations of isomorphic Lie algebras in the space of first-order differential
operators can lead to nonsimilar Lie algebras of operators. A classical example of this is the representation
of two-dimensional Lie algebras by differential operators with two variables (see [1] for instance). In Lie
theory some Lie group is associated to every Lie algebra, and similar problems appear in the theory of
continuous transformation groups.

The questions of similarity for Lie transformation groups (and Lie algebras) are essential, for instance,
in the classification problems for differential equations from the viewpoint of their symmetry properties.
Also, the knowledge of similarity transformations of Lie algebras admitted by two differential equations
can be used for constructing a change of variables relating these equations.

Eisenhart studied the similarity of exact groups [2] (also see [3]) by considering the two arbitrary
r-parametric transformation groups in R"™:

aa _ paq n, 1 r /=l pafa a1 m, 1 I
To : 2% = fYa,...,2"a,...;a"), T,:Z*=h%",....2" a " ,...;d"),

a =1,...,n. He stated necessary and sufficient conditions for their similarity. Those conditions and
their proofs are in terms of the corresponding Lie algebras of operators. Namely, studying the similarity
of transformation groups reduces to studying the solvability of a system of first-order partial differential
equations whose coefficients are ones of the basis operators of the algebras in question. These systems are
complete due to the commutation of the basis operators and an isomorphism between the Lie algebras.
Their compatibility is equivalent to the solvability of a certain system of algebraic equations relating the
variables @ and z'“ of the Lie algebras.

In this article we solve a similar problem for approximate transformation groups. Considering simi-
larity for approximate groups is equivalent to considering the similarity of approximate Lie algebras [4]
and reduces to solving a system of first-order partial differential equations with small parameter, whose
construction is given in Section 1. Some particular cases of the solvability of the systems of this type
were previously studied in [5], which dealt with the systems linearly disconnected in the principal order
by € in the cases that they are either complete (i.e., the Jacobi brackets yield no new equations linearly
disconnected with the original ones) or the completeness condition for the system is a system of algebraic
equations in the variables ® and 2'“ whose solution cannot lead to relation between % or 2'“. The case
was not considered in [5] of the systems of linearly connected equations, which often arises in the problem
of similarity for approximate transformation groups and leads to additional differential equations even
when the system is complete (see Subsection 3.2).

In contrast to the case of exact Lie algebras, the completeness of approximate Lie algebras with
respect to commutation (even in the case of their isomorphism) fails to imply the completeness of the
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corresponding system of differential equations (see Section 2), which increases the amount of calculations
required to solve the problem. Therefore, it is important to construct necessary conditions for the
similarity of approximate Lie algebras, which we obtained in Sections 1 and 3. In Section 4 we give
examples of the construction of similarity transformations for some approximate Lie algebras.

The article uses the following notation. The equality f(z,e) = o(¢) means that lim._,o @ = 0.
By an approximate equality f ~ g we mean f(z,e) = g(z,e) + o(¢). In the expressions of the form

£ (x, 5)% we assume summation over the repeated index.

1. The System of Differential Equations for a Similarity Transformation

In R™ consider two r-parametric approximate (up to o(e)) transformation groups: the group G, of
transformations [4, 6]

To : 2%~ fYx,a,¢) = f§(z;a) + efi(z;a) +0(e), a=1,...,n, (1)

where the approximate functions f® are considered at the points z = (x!,...,2") and depend on some

1

parameters a,...,a", and the group H, of transformations

v T (2l d e) = hi(a;d) +eh§(a’;d) +o(e), a=1,...,n, (2)
where the functions h® are considered at the points ' = (2’ 1, ...,2'™) and depend on some parameters
o', ... a". We consider the similarity of these groups in the following sense.

DEFINITION 1. Approximate transformation groups ér and ﬁr are called similar whenever there
exists a system of r independent functions #%(a) such that we can find a nondegenerate (for ¢ = 0)
coordinate transformation

o' =9z, e) =Y (x) +e¥i(z) +o(e), a=1,...,n, (3)

and the replacement o’ = 6(a), 2’ = Y(x,¢), ¥’ = (Z,¢) carries T,, into Tg,.

The question of similarity for approximate transformation groups is equivalent to the question of
similarity for the corresponding approximate Lie algebras [4]. Therefore, instead of the groups G, and H,
we will consider the corresponding approximate Lie algebras L and L’ with the basis operators

(07 a « « a
I Xao: §a0 (w7€)8xg ~ (éao(O) (.CL‘) =+ é—{go(l) (.’E))%, (4)
eXay = &g, (33,5)@ R (5531(0)(95))%,
a=1,...,n, ay=1,...,179, ar=1r9g+1,...,7,
and 5 5
L/ : X(/z(): :z% (xlve) 8‘T/aa ~ ( (/La()(O) (SL‘/) + 55(/1;(;(1) (aj,)) ax/om (5)
Ethll: gé.gol[ (CU/, 8) ax/a ~ (85;01[(0) (x/))axﬁ7
respectively.

DEFINITION 2. The approximate Lie algebra L’ of operators <XLILO7EX1,11> is isomorphic to the Lie
algebra L of the operators (Xq,,Xq,), a0 =1,...,7r0, a1 =ro+1,...,7, whenever there exists a bijective
linear mapping ¢ : L — L such that ¢([e'X,,,&7 Xy, ]) = [¢(e' Xy, ), ¢(7 Xy, )], where i,5 =0, 1.

It is obvious that if some approximate algebras are similar then they are isomorphic. By analogy
with exact Lie algebras [7] we can show that in isomorphic approximate Lie algebras we can choose bases
to achieve the equalities of their structure constants. By Definition 1 the similarity of two approximate

algebras with the operators (4) and (5) is equivalent to the existence of transformations of the form (3),
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which carries the operators of one algebra into the operators of the other. Then by the change-of-variables
formula in the operators X' = X (z') B‘Z,, taking the form of (4) and (5) into account, we obtain

oz’

€1 0y (8) + <6y (&) & (€5, ) (&) + <0 () S (6)
o oz’
5&1(0) (2") ~ 5551(0) (@Wa (7)
a,Bf=1,....n, ay=1,...,179, a1 =ro+1,...,7.

Consequently, the construction of similarity transformations reduces to solving the system n - r of first-
order semilinear partial differential equations with a small parameter of the form (6) and (7) in the
unknowns z'“ for a = 1,...,n. It is convenient to consider (6) and (7) as a set of n systems (resulting
for fixed «), each of which is determined by the same r differential operators X,,, €X,,, and which are
connected one to another with the free terms (the left-hand sides of (6) and (7)).

We study the completeness and compatibility conditions of the system (6), (7) in the following
sections. Observe that the nondegeneracy condition for the similarity transformation (3), expressed as

o3

yields the equality of the ranks of the matrices
18| || = r8llamlls  rell€ain || = rall€

§OZO (0)

ay

where Hf;’(o)H = ,a=1,....,n,a90=1,...,r9,and ay =rg+1,...,7.

Lemma 1. If two algebras L and L' with basis operators (4) and (5) are similar then (8) holds.

Moreover, the similarity of approximate algebras L and L’ implies the similarity of exact algebras
Loy and Li)(o) with the basis operators X, ) and X, A 0(0) respectively and the similarity of algebras L)

and Ll(o) generated by the operators X, gy, X4, (o) and Xc’lo(o), X(lzl(O) respectively. Here

o 9 o %)

o)
l,/

i=0,1.
2. The Completeness Condition for the System
Rewrite (6) and (7) for a fixed « as
Xao(#'%) = &5 (2,),  eXa, (2'%) ~ €65 (2)

and verify its completeness. In order to calculate the Jacobi brackets (see [8]) introduce the differential
operators X,, = (ééo( )( ) + z—:fi (1)( ))Dl corresponding to (6), and X,, = 521(0) (z)D; corresponding

to (7), where D; = 8# + 2 ot ax,a + ... is the total derivative operator (i = 1,...,n). Then determine
the Jacobi brackets {, } for the equatlons of the system (6), (7) as

(€' X0, (2"7) — '€l (' ), X, (a7) — %€’ (', €)}
e (X, (X2 — &P (2 2)) — X, (Xatx —&,(@,9)))
~ €m([Xat7sz]x/ﬁ + <€l/;l:§f:,“ - gat 8§/H>> (9)

where s,t = 0,1, m = max{s, t}, and [X,,, Xp.] & Xq,(Xp,) — X, (Xq,) is the commutator of X,, and X, .




Since X4, €Xq, and X, , X, constitute bases for approximate Lie algebras L and L/, it follows

from (9) with ¢t =0, s = 0,1 that

; oz'? -
{Xao(@"”) = €0’ ), Xig (27) = &0 (o, €)} e ) &8 (0 €) 5 — € & (0 2),

. ox'? :
e{ Xao0) (@) = €00 ) @), X, (27) = (@)} m el € (a) 5 — et 6 (@),

where cfl p. and Ll p. for j =1,... 7 are the structure constants of L and L' respectively. By the isomor-
00s ap0s

phism of the original algebras (C;J b = ¢ p. for s = 0,1) these brackets amount to linear combinations
00s ap0s

of equations in (6) and (7) and cannot lead to new equations. Observe that if the original algebras
are not isomorphic then algebraic equations on z’ A
incompatible.

The Jacobi bracket of two equations of the first order in e (the equality (9) for ¢ = s = 1) in the
general case can lead to a new equation of the same form, while the commutator of the corresponding
approximate operators is always equal to zero since it is of the second order in €. This follows since
calculating the Jacobi brackets involves calculating commutators in X, ), X4, (0) and X ! 5(0) X! L (0)
which in the general case do not form Lie algebras. If some commutators of the operators of the form
Xa,(0) are not representable as linear combinations of X, ) and X, ) then we add them to these

operators. Make similar operations for the corresponding operators in X L’l 0(0) and X éL NOE Eventually

result, which means that the system in question is

we obtain exact Lie algebras L) and L?o) with the operators X, (0), Xa,(0) Xdl(o) and X(;o(o)’ X;l(o),
/

X éh(o)‘ The operators )N(dl (0) and X C’ll (0) generate new equations in (7). If the algebras L) and L(o) have
different structure constants then (9) implies that the system

Ko (2') (/1(3(.7}/,8), eXg, (') ~ 6{1'101‘(96'), 6)?611(30’&) ~ egéﬁ‘(x’), (10)
a=1,....n,a0=1,...,70, a1 =r9+1,...,7,di=r+1,...,7, r <7 <n, is incompatible.

Consequently, the necessary conditions for the similarity of approximate Lie algebras are not only
the conditions of their isomorphism, but also the condition of the isomorphism of some exact Lie algebras
/

L) and L’(O), as well as the concordance of the algebra structures of L with L) and of L' with L(O).
This means that it is possible to choose the basis operators in L and L) so that the structure constants
in the commutators of operators in L of type X,, among each other and those of type X,, with X,
in the principal order by € coincide with the structure constants in the commutators of the correspond-
ing operators in L. Assume henceforth that the structures of exact and approximate Lie algebras
are concordant.

The above implies that the construction of similarity transformations in the Lie algebras with X,

eXq, and X, eX] is equivalent to solving the same problem for approximate algebras with X,,, € Xq,,
eXq, and X, eX; , €X) . In these algebras the operators X, (o), Xa,(0), Xd,(0) and X(’ZO(O), Xc’ll(o), X )

constitute bases for exact Lie algebras. Precisely these algebras usually arise in applications while we
consider approximate algebras resulting as perturbations of some exact algebras. Therefore, henceforth
we consider only the algebras of this type and assume that (6), (7) is a complete system.

3. The Compatibility Condition

We will consider a complete system (6), (7), in which all equations are linearly independent. However,
the equations of the system can turn out linearly connected: some of them result as linear combinations
of others with coefficients which are functions of 2% or z/“.

3.1. The case of linearly disconnected operators. Suppose that all operators of the approxi-
mate algebra L (and, by (8), of L’ as well) are not linearly connected: rgHﬁg‘(o)H = r. Then the system
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(6), (7) is integrable (see [5]) and its general solution in the zeroth order by £ depends on n arbitrary

functions of n — r variables, and in the first order by € on n arbitrary functions of n — rg variables.

Moreover, the arguments in the arbitrary functions are invariants of approximate transformation groups.
Therefore, we have

Theorem 1. Suppose that two r-dimensional approximate Lie algebras L and L' are isomorphic
and the following hold:

(1) the structures of Lie algebras with the operators (X (o), Xa,(0)) and (X;O(O),Xél(0)> are concor-
dant with the structures of the corresponding approximate Lie algebras with the operators (4) and (5)
respectively;

(2) rg||530(o)H = rgH%‘;m)H, rgHi‘i‘m)H = rg}liii?ml!;

(3) rngg(O)H =T
Then L and L' are similar and, moreover, so are the corresponding approximate groups G, and H,.

REMARK 1. If approximate Lie algebras are not perturbations of exact algebras then by analogy
with Section 2 the Jacobi brackets can yield new differential equations. Then Theorem 1 remains valid
if conditions 1 and 2 hold for (10):

e o
1g | 2 :rg‘ “a(0 ‘ =T
§,(0) Sy (0)

3.2. The case of linearly connected operators. Suppose that the essential operators of the
algebra are linearly connected: part of the operators X, () and X, () is a linear combination ¢(z) of
the remaining operators with some functions as coefficients. (By (8) we also have this for the operators
in L'.) If we put rngg(o)H = q and rngg‘O(O)H = qo then linear connectedness means that ¢ < r and
qo < ro, and consequently the two cases are possible: rg < ¢ or ¢ < rg. Consider the case gy < r9 < ¢;
the remaining cases are similar.

In order to determine the form of arbitrary functions in the similarity transformation, construct
approximate invariants of L as solutions to

o o af
(&80 (@) +€€“°(1)(x))8? =0, a=1,...,n, ap=1,...,70, -
0
6531(0)(1")87;; =0, aa=ro+1,...,m

Assuming that a solution is of the form f(z,e) = f(o)(7) + ef(1)(x) + o(¢), for the unknown functions
fo)(z) and f(1)(x) we obtain from (11) the systems €2y and € of the form

o 9f) o 9f )
Qo : ao(O)(w)Tma =0, & 0@ 9z 0,
o ) | ,a 9f)
Ql : ao(O)(x) 8560‘ +£a0(1)(x) 8560‘ =0

The system 2y of homogeneous equations is complete and has n — ¢ independent solutions. The system
Q) can be regarded as a system of inhomogeneous equations for determining f(;)(x) under the condition
that f()(x) are available and satisfy (9. The completeness of )y follows from the completeness of (6)
and (7), and its compatibility generates additional equations for f(o)(:c). Indeed, since gy < rg, the rg —qo
operators X, are represented as linear combinations of the remaining go disconnected operators:

h
&p0) = 5 (@)&0)
for some functions gog(as), where p =qo+1,...,79 and h = 1,...,qo. Inserting these relations into 1,
we obtain ry — qg differential equations

0
(€50, &) — @ () 2L =0 for i,




Suppose that the system (2 obtained by adding these equations to €2y and completing the extended
system includes ¢* (> ¢) linearly disconnected equations. Then it has sp = n — ¢* independent solutions,
and the original system (11) has s; = n — qo independent solutions of the form (see [9] for instance)

fo(x,e) = f(%)(x) + afg)(a:), ¥=1,...,50,
fp(x7€):€f(p0)(x)7 p=so+1,...,81,
which determine invariants of L.
Using the solutions just found, construct the change of variables
a_c’\:x)‘, )\:1,...,qO,
7 = foy(@) +efiy(@), o=q¢+1,...,n

Then by (6) and (7) the basis operators become

Xao = (€20 + €6ans )Eﬂ +e€l (13)

a cH
%, 55 +€§ 8 s

A=1,...,9, p=qo+1,....¢4°, a=1,...,r9, ar=1r9+1,...,7

Likewise, construct invariants of L’ and make the corresponding change of variables, upon which the
operators in L' reduce to the form (13). In this case for the similarity of L and L’ it is necessary that
the number of invariants of these algebras be the same. This is possible if rg ||£|| = rg [|£'||, where [10]

30(0) ao 1) ) 5;040(0) 5;1(3(1)
ll=1 0 &l =) © 0(0) ||
0 a1 (0) 0 a1(0)

while the basis minors of these matrices must be constructed on using the corresponding isomorphic
operators. Then, omitting the bar, we write (6), (7) in the new variables as

K 1K
Ox Oz "

(520(0)(37) +5§20(1)(37)) Dz + fu ( )8:[3/‘ ~ §a0(0)(x') +5§£{;(1)($/)7 (14)
ox'" ox'" .
€§a1(0 ( )a 2\ + é‘ﬂ ( )81'/1‘ ~ 55;1(0)(IE,), (15)
ox'" ox'" 5
(&200) (@) + €01y (@)) Gy + ) (@) o & e 1) (@), (16)
ox'" ox'" 5
10 55 + 0@ g F o) (@), (17)

Nek=1,...,90, pv=qo+1,....,4°, ap=1,...,19, ar=ro+1,...,m

The resulting systems of partial differential equations in 2’ and z’” are connected to each other with coef-
ficients and free terms. In order to solve them it is necessary to verify the completeness and compatibility
conditions. In Section 2 we established that the system is complete. However, since it includes linearly
connected equations, we can choose an order ¢y minor of HE;%(O) H and renumber the indices so that

gpo(o) SOpO ( /)5208(0)7 bo IQO+1,...,T0, hO = 17"')Q0' (18)



Similarly we can choose an order ¢ minor of H{; 0(‘0) H, while by the construction of this matrix the chosen
minor will include the already available minor of order gy, and the rows of this matrix satisfy

h, h
&) = o1 (@)€ho(o) + ¢ (T)E51 00 (19)
h0:17--'aQO7 h1:T0+17"'7m7 m =170+ q — qo,
p=m-+1,....,r, a=1,....q".

Choosing the corresponding basis rows in the matrices Hfg“o 0) H and Hﬁg‘(o)
minors occur, we can write down similar relations for the unprimed variables as well. Inserting the

expressions in (18) into (14) with ag = qo + 1, ...,79, we obtain the equations of the form
oz'" 0x'"
A h,
e | (&por) — Pretin) 5ox o (&) — Prohom)) Gy
h
(901/000 B SOpo )fho e [((ppo gho £;:J’Z(l))] ) (20)
which for ¢ = 0 amount to algebraic equations in 2’ and z, and for ¢ in the first power they are differential
equations. Inserting (18) into (16) with ag = qop + 1,. .., 79, we obtain the differential equations
o’ &r”’
A ho ¢\ / ho ¢
5( po(l) sOP(())gho(l ) oA + 5( po(1) §h0 ) - 5(gplg(l) - SDP(()]ghVo(l))' (21)

Finally, inserting (19) into (15) and (17) with a1 = ro+q—qo+ 1, ..., 7, we obtain the system of algebraic
equations
e(ep’ = wp) =0, e(op! — o) =0, (22)
where hg =1,...,q90, i =10+ 1,... . m,pr=m-+1,...,r
Add (20) and (21) to the remaining linearly independent equations of (14)—(17). The resulting system
of differential equations can turn out incomplete since the Jacobi bracket of, for instance, (17) and (21)
includes the commutator of the operators in (13) and
= 0 0
Xpy = (5{3\0(1) - 90285});0(1)) 72+ (550(1) — 8028550(1)) e
which in the general case creates new equations. The same commutators are calculated in constructing
the invariants; hence, the resulting complete system will have exactly ¢* linearly disconnected differ-
ential equations with the unknowns z’ 1, o @ However, then the compatibility conditions can yield
additional algebraic equations of the form (22).
Seek a solution to the new complete system in the form (3). Then the unknown functions v (x) and
P& (x) (= 1,...,q") satisfy the equations of the system Qg and Q; of the following form: the system

g K
520(0) (m)aizﬁg = 5;10(0) (0),

Ol g .
| @58 + & o) ()58 =& ) (W), (23)
........ R R
520(0)(9”)% =0,
oY oY
&) (x)% + €l 0)(®) 5ot = & ) (¥0), -
ovg oy ” 5
(51/2\0 gho )éhg + (550( 1) %85%(1)) axg = (52,0(1) - 9028520(1)),




and the system

oYPr ol oYL
520(0) (1')% + 520(1)(35)% =+ f;‘:o(l)(x)a% = aﬁféo) (0 +f (7/10)7

(26)
g oYg 9 @ K K
(Epory = Pro€inoy) Bat T+ (6 1y = ho&h 1) ok = afigg DT+ (p3& 1y — )
oy oy aw
§h00) (®) 03 + Enon (@) 7% T Gy (B 50 = Shocn (¥0); (27)

)‘7H:1a"'7QO7 MaVIQO+1>---7C]*» h(]:la"'7QOa p0:q0+17"'aT0>
hi=rg+1,....m, pr=m+1,....,r, m=1r9+qg— qo.

Here the dots stand for the additional equations adding in the completeness. Observe that all these
equations include derivatives with respect to z%+1 ... 27 .
If in the system 2y the algebraic equations (25) are compatible and yield no relations among just z¢
Dm0 o ok ...

or ¢, and rgH 5e H = ¢, then we can express ¢ functions w(l), el wg in terms of z and the
0
unknown functions ¢q+1 TR
i+1 * .
Yo =g (z,ud™ ), B=1,....4 (28)
Suppose that ¢ < go. The homogeneous equations (24;) yield
%:1/;6(35‘10‘?17“.’3;”)7 v=gqy+1,...,q". (29)
Then, taking (28) and (29) into account, we obtain from (23;) for each function ¢q+1 .., ¥ a system of
first- order qo linearly disconnected semlhnear partial differential equations with ¢y independent variables
xl, ..., 2%, According to [8] we can write solutions to the systems of this type as

1 * G+1 ~
wng/Jg(xl,---aqu,wgﬁ 7---7¢8 a68+ a'--7980)7 72q—|—1a'-'7q07

with arbitrary functions ] = 6 (xq0+1, . ,x”). By analogy, inserting this solution into the remaining
q* — qo linearly disconnected equations of (24) in ¢* — g independent variables x%*! ... 29" by [8] we
can write (29) as

v __ v +1 * ng+1 q _qo+1 q* _ *
1[10—1/}0(1‘(10 S A/ N e ,...,00), v=gqyo+1,...,q%,

where o = of (24T, ... 2") are arbitrary functions.
Proceed to solving ;. Taking the constructed solutions to Qg into account, for each of the unknown

functions @ZJ%H, e ,11}‘1]* we obtain from (27) a system of gg linearly disconnected differential equations
with g independent variables z', ..., 2%. Therefore, by [8] its solution is
Yy = zpl”(:cl,...,qu,OgH,...,0q°,080+1,...,og*,a‘fOH,...,ai’*), v=qo+1,...,q%

where o] = of (:cq°+1, ey x”) are arbitrary functions. Inserting these solutions into the right-hand side
of (261) we obtain for the unknown functions 1, ..., 9 a system of go linear inhomogeneous equations
with go independent variables x!,...,2%. According to [8] its solution is

1 G+1 +1 | *

Yf =o¢f (2!, .20l 00, 0T, ol oy, 0T ), k=1,...,q.



We can show that inserting all functions 1, ... ,w‘f* thus found into the differential equations of the
system (262) for ¢ and adding the unsolved ¢ — gp equations of the system (232), we obtain the system
of ¢* — gy equations

ol 90y, A aw g
g;jl((]) (x) aag axu = gh’i(o) (1/’0) - ghl(o)( ) 0 é ( )81/}2’
aw’Y o6 awlho
h, 0 0 _ 4 «

(5;:0( o Sopggho(l)) 896 ot aw[c:u 1/}1 ( 6 gpo(l))

Iy h 3#}

—(&) 1y — ety 1) 2 — (& 0y — oy n

( po(1) Do hO(l)) O ( po(1) Po ho(l))awo

for the unknown functions 94+1 ., 08° with ¢* — qo independent variables .CCq0+1 ozt

# 0, we can rnultlply both sides by the inverse matrix to H agb
9q+1
o s

Since detH aeb and obtain a system

for the unknown functions .,08° as we had for 1§. According to [8] the solution to this system
becomes i i
6, ZHg(xq°+l,...,xq ag+1,...,ag ,0’%,...,(7[11 ), y=q¢+1,...,q.
Therefore, we have proved the following statement.

Theorem 2. Suppose that two r-parametric groups ér and JEIT are isomorphic and the following
hold:

(1) the group structures with the operators (X, (), Xa,(0)) and <X¢/10(0

h el X X;1(0)> are concordant with
the group structures of G, and H,;

(2) 18 ll€aoll = 18 1€0, 0y > T8 [18a(0) | = 8 [1€50) Il = ¢ 8 [I€ll = 28 [I€']l = ¢, ¢ < ¢* <

(3) the system of algebraic equations in Qo is compatlble and implies no new relations among =’ or %

Then G, and H, are similar.

If we can express ¢ functions from the algebraic equations then the similarity transformations depend
on q* — ¢ arbitrary functions Ug+1<l’q*+1, ce ™) ,Ug* (x*L ... 2") of (n — ¢*) variables and ¢*
arbitrary functions of (x0T .. ") ..., O'il* (x@+t . 2™) of (n — qo) variables.

Theorems 1 and 2 remain valid for » = rg and ¢ = g, when the algebra includes only the operators
of the form 9

Xa = (&) (@) + 553(1)(95))@'

In this case the conditions in Theorems 1 and 2 completely coincide with the analogous similarity criteria
for exact groups (see [2]).

4. Examples

Our theorems can be used in solving the classification problem for nonsimilar approximate Lie alge-
bras. These classifications are based on the available classifications of nonsimilar 2- and 3-dimensional
Lie algebras on the plane (see [1] for instance) and in space (see [11]). The examples below illustrate that
the choice of an isomorphism is essential.

1. Consider the two-dimensional abelian Lie algebra on the plane with the operators

0 0
Ly: Xy = 3y Xo(0) = Ty

and two perturbations of it with operators of the form

0
L: X;= X1(0)7 Xy = X2(0) + Ea(l’)%,
0

0
L' X{=Xjg. X=Xy + 8z +er@) g



In this case the concordance conditions for the algebra structures are fulfilled, and the ranks of the
matrices [|§q() || and [|£4,(0) || coincide and are equal to ¢ = 1. Consequently, this is the case of linearly
connected operators with g < 7.

An isomorphism between the approximate Lie algebras L and L’ can be constructed either by the
rule X1 — X, Xo — X/ or the rule X; — X}, X — Xj. Construct the similarity transformation
generated by the first isomorphism. The system (6), (7) in this case becomes

oz’ _ oy _

@7:; - 07 871/ - b

ea(z) 2L = p(a)), 504(3:)%—3;; =a —x+ey(2).
If we seek the similarity transformation in the form (3) then upon the separation by the powers of £ and
solving the system (o, we obtain a similarity transformation of the exact algebra L. The compatibility

conditions of §; imply that the approximate algebras L and L’ are similar only for a(x) = B(x). The
corresponding similarity transformation (up to inessential terms) is of the form 2/ = x —evy(z) and y' = y.

While constructing by a similar scheme the similarity transformation generated by the second iso-
morphism we find that the approximate algebras L and L’ are similar only if a(x) = —233(1/x), and the
corresponding change of variables (up to inessential terms) is of the form

ool ()} v-te B}

For instance, in this case the algebras in whose operators a(z) = x and 3(z') = —2/* are similar.

2. Consider the 3-dimensional Lie algebra in the space of three variables with the operators

—z 0 s 0 o

This algebra is a realization of the Lie algebra with the commutation relations
[(Xa0), X30)] = X200y, [X300), X1(0)] = —X10)s  [Xi(0)» Xo0)] =0

in the space of first-order differential operators with three variables. Consider the two perturbations
preserving the commutation relations:

.0
L: Xi1=Xy0), Xo=Xyo) +eye oy’ X3 = X30),
r 0
LI : X{ = Xi((])’ Xé = Xé(()) + €y/267z @7 X:/} = Xé(())

It is obvious that the concordance conditions for the algebra structures are fulfilled, the matrices
I€a)ll and [[€44(0) || coincide and have rank 2.

As in the first example, seek the similarity transformation generated by the isomorphism X; — X7,
X9 — X4, and X3 — X} in the form (3). Then the solution of Q) leads to the change of variables

1:/ = 1,6790(@/) + SDO(y) + 5901(1"’ Y, Z)’ y/ =y+ 8’([)1(1’,y, Z)7 Z/ =z+ QO(y) + 501(:177:% Z)a
and the system €2y:

91 = _fre~00W), oL — yxe_eo(y)%%) + yaa% = e W) —yf e 0w,
- —

00, _ 06, | 06

5 =0, B T or =0

turns out incompatible.
If we seek the change of variables generated by the isomorphism X; — X5, Xo — X/, and X3 — X4;
then both systems €y and ; are compatible, and the similarity transformation is
, T x , 1 x ,

T=—+€5%5, Y :i—i_gE? Z =z

10
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