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Introduction

The main task of this paper is to overview a series of our results achieved recently in
understanding integrability properties of partial differential equations (PDEs) arising
in mathematical physics and geometry [1-10]. These results are essentially based on
the geometrical approach to PDEs developed since 1970s by A. Vinogradov and his
school (see |[L1-15] and references therein). The approach treats a PDE as an (infinite-
dimensional) submanifold in the space J*(w) of infinite jets for a bundle m: E — M
whose sections play the role of unknown functions (fields). This attitude allowed to
apply to PDEs powerful techniques of differential geometry and homological algebra.
The latter, in particular, made it possible to give an invariant and efficient formulation
of higher-order Lagrangian formalism with constraints and Calculus of variations
(see [14, 16-25] and, as it became clear later, was a bridge to BRST cohomology in
gauge theories, anti-field formalism and related topics, |26]; see also [27-29].

Geometrical treatment of differential equation has a long history and originates
in the works by Sophus Lie [30-32], as well as in research by A.V. Bécklund [33],
G. Monge [34], G. Darboux [35], L. Bianchi [36] and, later, by Elie Cartan [37]. Note
incidentally that Cartan’s theory of involutivity for external differential systems was
an inspiration for another cohomological theory associated to PDEs and developed in
papers by D. Spencer and his school, [38,139]. Spencer’s work (the so-called formal
theory) closely relates to earlier and unfairly forgotten results by M. Janet [40] and
Ch. Riquier |41]; see also [42] as well as [43-146].

A milestone in geometry of differential equations was introduction by Charles
Ehresmann the notion of jet bundles |47, 48] that became a most adequate language for
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Lie’s theory, but a real revival of the latter came with the works by L.V. Ovsyannikov
(see his book [49] on group analysis of PDEs; see also [50-53]).

A new impulse for reappraisal of the Sophus Lie heritage was given by the discovery
of integrability phenomena in nonlinear systems [54-62] in the fall of 1960@ and
Hamiltonian interpretation of this integrability [58, 66]. In particular, it became clear
that integrable equations possess infinite series of higher, or generalized, symmetries
(see |11, 167]), and classification of evolution equations with respect to this property
allowed to discover new, at that time, integrable equation, |68-70]. Later the notion
of a higher symmetry was generalized further to that of a nonlocal one [71] and the
search for a geometrical background of nonlocality led to the concept of differential
covering [72]. The latter proved to play an important role in the geometry of PDEs and
we discuss it in our review.

It also became clear that the majority of integrable evolutionary systems possess a
bi-Hamiltonian structure 73, [74], i.e., can be represented as Hamiltonian flows on the
space of infinite jets in at least two different ways and the corresponding Hamiltonian
structures are compatible. Bi-hamiltonianity, by Magri’s scheme [74], leads to existence
of infinite series of commuting symmetries and conservation laws. In addition, it
gives rise to a recursion operator for higher symmetries that is an efficient tool for
practical construction of symmetry hierarchies. Nevertheless, recursion operators exist
for equations possessing no Hamiltonian structure at all (e.g., for the Burgers equation).
A self-contained cohomological approach to recursion operators based on Nijenhuis
brackets and related to the theory of deformations for PDE structures is exposed in |15].

The literature on the Hamiltonian theory of PDEs is vast and we confine ourselves
here to the key references |[75-78], but one feature is common to all research: theories
and techniques are applicable to evolution equations only. Then a natural question
arises: what to do if the equation at hand is not represented in the evolutionary form?
We believe that (at least, a partial) answer to this question will be found in this paper.

Of course, one of possible solutions is to transform the equation to the evolutionary
form. But:

e Not all equations can rendered to this form.

e How to check independence of Hamiltonian (and other) structures on a particular
representation of our equation? In other words, if we found a Hamiltonian operator
in one representation what guarantees that it survives when the representation is
changed?

e Even if the answer to the previous question is positive how to transform the results
when passing to the initial form of the equation?

In what follows, we treat any concrete equation “as is” and try to uncover those
objects and constructions that are naturally associated to this equation. In particular,
we do not assume existence of any additional structures that enrich the equation. Such

I Though discussions on “what is integrability” continued [63] and hold now still (see, e.g. quite recent
papers [64] or [65]).
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structures are by all means extremely interesting and lead to very nontrivial classes of
equations (e.g., equations of hydrodynamical type [79], Monge-Ampére equations [80]
or equations associated to Lie groups [81]), but here we look for internal properties of
an arbitrary PDE.

As it was said in the very beginning, an equation (or, to be more precise, its
infinite prolongation, i.e., equation itself together with all its differential consequences)
is a submanifold in a jet space J*(m). To escape technical difficulties, we consider the
simplest case, when 7m: ' — M is a locally trivial vector bundle, though all the results
remain valid in a more complicated situation (e.g., for jets of submanifolds). The reader
who is interested in local results only may keep in mind the trivial bundle R™ x R™ — R"
instead of .

Understood in such a way, any equation & C J*°(m) is naturally endowed with a
(dim M )-dimensional integrable distribution C (the Cartan distribution) which consists,
informally speaking, of planes tangent to formal solutions to £. This is the main and
essentially the only geometric structure that we use.

In the research of the PDE differential geometry we use somewhat informal but
quite productive guidelines which were originally introduced in [82] (see also [83, 184])
and may be formulated as

The structural principle: Any construction and concept must take into account the
Cartan distribution on &.

The correspondence principle: “Physical dimension” of £ is n = dimC = dim M
and differential geometry of £ reduces to the finite-dimensional one when passing
to the “classical limit n — 07.

The invariance principle: All constructions must be independent of the embed-
ding £ — J*°(7) and defined by the equation & itself.

Below we accompany our exposition by toy dictionaries that illustrate the
correspondence between two languages, those of the geometry of PDEs and classical
differential geometry.

The paper consists of three sections. In Section [I] we describe the geometry of the
“empty equation”, i.e., of the jet space J°°(m). In particular, we define the tangent and
cotangent bundles to J>°(7), introduce variational differential forms and multivectors,
define the variational Schouten bracket. We discuss geometry of Hamiltonian flows
on the space of infinite jets (i.e., Hamiltonian evolutionary equations) and Lagrangian
formalism without constraints. Section[2ldeals with the same matters, but in the context
of a differential equation & C J*°(w). Although the exposition in this part is quite
general, the result on the Hamiltonian theory (the definition of the cotangent bundle, in
particular) are valid for the so-called 2-line equations only (we call such equations normal
in Section [2). This notion is related to the cohomological length of the compatibility
complex for the linearization operator of £ and manifests itself, for example, in the
number of nontrivial lines in Vinogradov’s C-spectral sequence, [16] (see also [14, 18, 185]
and [13, 186]). From this point of view, jet spaces are 1-line equations and this is the
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reason why they have to be treated separately. Finally, in Section [3l we briefly overview
the theory of differential coverings for PDEs and some of its applications: nonlocal
symmetries and shadows, Backlund transformations, etc.

We did our best to illustrate the general theory by a reasonable number of examples
and really do hope that the result will be interesting to the readers.

1. Jet spaces

Jet spaces constitute a natural geometric environment for differential equations and for
equations of mathematical physics, in particular. But these spaces are themselves an
interesting geometric object that contains information on Lagrangian and Hamiltonian
formalisms without constraints. Thus, we begin our exposition with a description of
these spaces and structures related to them.

1.1. Definition of jet spaces

Let m: E — M be a locally trivial smooth vector bundkﬂ over a smooth manifold M,
dim M = n, dim £ = m + n. In what follows, M will be the manifold of independent
variables while sections of 7 will play the role of unknown functions (fields). The set
of all sections s: M — E will be denoted by I'(7) and it forms a module over the
algebra C>(M). Two sections s, s’ € I'(m) are said to be k-equivalent at a point x € M
if their graphs are tangent to each other with order k at the point s(z) = §'(z) € E.
The equivalence class of s with respect to this relation is denoted by [s]* and is called
the k-jet of s at x. The set

JHr) = {lsl; | v € M,s € T(m)}
is endowed with a natural structure of a smooth manifold; the latter is called the
manifold of k-jets of sections of w. Moreover, the maps

e JH () = M, [s]F s (1.1)
and

T JE(m) = JH(7),  [s]F > [s]] k>1, (1.2)

are smooth fibre bundles, 7 being vector bundles. For any section s € I'(r) the map
Gre(8): M — J*(m), x> [s]F, (1.3)

is a smooth section of 7 that is called the k-jet of s.
Here we are mostly interested in the case k = oo, i.e., in the space J*°(7). It can
be understood as the inverse limit of the chain

e S () B TR ) = s I () 25 0 = B S M. (1.4)
Due to projections (L4 there exist monomorphisms of function algebras

C*(M) C Fo(m) C ... C Fr(m) C Frpa(m) C ..., (1.5)

§ For a definition of jets in a more general setting see, e.g., |11, [14, 87, [88].
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where Fj (1) = C°°(J*(n)), and we define the algebra of smooth functions on J*®(r) as
the filtered algebra F(m) = UpFi(m). Elements of F(m) are identified with nonlinear
scalar differential operators acting on sections of 7 by the following rule:

Ap(s) =Joo(s)"(f),  s€l(m), f€F(m). (1.6)

More general, let 7': E' — M be another vector bundle and 7*(7’) be its pull-back

to J°°(m). Introduce the notation F(mw, ') = I'(r*(7’)). Then any section f € F(m, ')

is identified, by a formula similar to (L6]), with a nonlinear differential operator that
acts from I'(m) to I'(n).

1.2. Vector fields and differential forms

A wvector field on J*(7) is a derivation of the function algebra F(7), i.e., an R-linear
map X: F(m) — F(m) such that

X(fg) = fX(g9)+gX(f)

for all f, g € F(m). The set of all vector fields is denoted by X'(7) and it is a Lie algebra
with respect to commutator (the Lie bracket).

The definition of a differential form of degree r on J* () is similar to that of smooth
functions. Using projections (IL4]) we consider the embeddings A”(J*(7)) C A™(J*1(m))
and set A"(m) = URA"(J*(m)). We shall also consider the Grassmann algebra of all
forms A*(7) = &,>oA"(m) with respect to the wedge product.

Coordinates. Let U C M be a coordinate neighbourhood such that the bundle © becomes
trivial over &. Choose local coordinates ', ..., 2" in U and u?,..., u™ along the fibres
of m over U. Then adapted coordinates in 7—'(U) C J*>°(7) naturally arise. These
coordinates are denoted by u]I', I being a multi-index, and are defined by

o olilgi
: *(0J) —
Jels) () = S
where s = (s',...,s™) is a local section of m over U. In other words, the coordinate

functions “]1 correspond to partial derivatives of local sections.
In these coordinates, smooth function on J*°(M) are of the form

.f = f(xl>u]1)a

where the number of arguments is finite. Vector fields are represented as infinite sums
0 .0 ;
_ j j
X—Zai%—i—Zalﬁ, CLi,CLIEf(W),
i I

while differential forms of degree r are finite sums

w= Y bl dat AL A Aduft AL A du

Ul yeenlesJetlymes Iy
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1.8. Main structure: the Cartan distribution

Let 8 € J*(w). Then graphs of all sections j.(s), s € I'(7), passing through the
point 6 have a common n-dimensional tangent plane Cy (the Cartan plane). The
correspondence C: 0 — Cy is an integrabld|| n-dimensional distribution on J>°(7) that is
called the Cartan distribution. This distribution is the basic geometric structure on the
manifold J*°(7). In particular, the following result is valid:

Proposition 1.1. A submanifold of J>°(M) is a maximal integral manifold of C if and
only if it is a graph of j(s), where s is a local section of 7.

Moreover, since the planes Cy project to M non-degenerately, any vector field X
on M can be uniquely lifted up to a field CX on J*°(w). In such a way one obtains a
connection in the bundle 7., called the Cartan connection. This connection is flat, i.e.,

CIX,Y]=I[CX,CY] (1.7)
for all vector fields X, Y on M. Due to (I.7), the space CX(7) of all vector fields lying
in the Cartan distribution is a Lie subalgebra in X(m). Vector fields belonging to X ()
will be called Cartan fields.

Any vector field Z € X () can be uniquely decomposed to its vertical and horizontal
components,

Z=2"4+2Z" (1.8)
where ZV is the projection of X to the fibre of the bundle m,, along Cartan planes,
while Z" lies in the Cartan distribution. Thus, one has

X(m) =X"m) @ CX(n), (1.9)
where X¥(r) is the Lie algebra of vertical vector fields.

Dually to (IL9)), the module of differential forms A'(7) splits into the direct sum

A(m) = Ay(m) @ A (), (1.10)
where Al(7) consists of 1-forms that annihilate the Cartan distribution (they will be
called Cartan forms), while elements of A} () are horizontal forms.

Coordinates. Choose an adapted coordinate system (27, u}) in J*°(7). Then one has

0 0 .0
¢ ox’ ~ oxt + ;uh ou} (1.11)

The fields D; are called total derivatives and they span the Cartan distribution.
For the basis in the module Al(7) one can choose the forms

w) = du) — Zujh da’, (1.12)

while horizontal forms are

w= Zai da’, a; € F(m). (1.13)

|| Integrability is understood formally here and means that if X and Y are two vector fields lying in C
then their bracket [X, Y] lies in C as well.
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Remark 1. It should be noted that all results and constructions below are valid not
for the entire jet space only, but for an arbitrary open domain in J*(7). Everywhere
below, when speaking about J*°(7), we actually mean an open domain.

1.4. FEwvolutionary vector fields and linearizations

We shall now describe infinitesimal symmetries of the Cartan distribution on J*(7). A
vector field X € X(m) is a symmetry if [X,Z] € CX(m) as soon as Z € CX(m). The
space CX(7) is an ideal in the Lie algebra X () of symmetries. Due to integrability of
the Cartan distribution, any Z € CX(w) is a symmetry, and we call such symmetries
trivial. Thus, we introduce the Lie algebra of nontrivial symmetries as

symm = X (m)/CX ().

By (L9), sym 7 is identified with the vertical part of X, (7).

Take a vector field X € sym7 and restrict it to the subalgebra Fo(m) C F(m).
Then this restriction can be identified with an element ¢y € F (7, 7). For shortness, we
shall use the notation F(m,m) = ().

Theorem 1.2. The correspondence X +— @x defines a bijection between sym
and ().

The element ¢y is called the generating section of a symmetry X, while the
symmetry corresponding to a section ¢ € () is called an evolutionary vector field
and is denoted by E,.

Theorem allows to introduce an JF(m)-module structure into the Lie
algebra sym 7 by setting

f-Ey, = Eg,.

This multiplication differs from the usual multiplication of vector field by functions and
does not survive when passing from the space of jets to equations (see Section [2]) below.

On the other hand, the same theorem determines a Lie algebra structure in s(7):
the Jacobi bracket {p,1} is uniquely defined by the equation

Eipu) = [Ey, Ey]. (1.14)
The Jacobi bracket can also be computed using the formula

{0} = Ex(¢) — Ey(p). (1.15)
Coordinates. Let in an adapted coordinate system a section ¢ € s(m) be of the
form ¢ = (¢!, ..., ™). Then the corresponding evolutionary vector field is

0
B~ i) (L16)
I Ouy

where D; = D;, ... D;, is the composition of total derivatives corresponding to the
multi-index I =4y ...1;.
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If ¢ = (1, ...,9™) is another element of s(m) then the components of the Jacobi
bracket are

(ol =X (D5 - Do) 32 ). =t (LD

o
I dug I

Fix a section ¢ € s(m) and consider the map
Cy: () — 2(m), ly(p) = E (). (1.18)
This map is called the linearization of the element v (recall that 1) may be identified
with a nonlinear differential operator acting from 7 to ).

More generally, let n': B/ — M be a vector bundle. Then the action of an
evolutionary vector field E, can be extended to

E,: F(r,n') — F(m,x")

in a well defined way. Consider a section ¢ € F(m, '), i.e., a nonlinear differential
operator from I'(7) to I'(n’). Its linearization is the map

by e(m) — F(m,7') (1.19)
defined similar to (LIS]).

Coordinates. Let in adapted coordinates p = (¢',..., ™) and ¢ = (¢',...,9™). Then
the jth component of £, () is

. 7j=1,....m
J
0y = 8_waDI (1.20)
I 8U1 a=1,...m.
Using linearizations, formula (LI5]) can be rewritten as
{09} = Lulp) = L) (1.21)

1.5. C-differential operators

From (L20) we see that linearizations are differential operators in total derivatives. We
call such operators C-differential operators. More precisely, let £ and £ be two vector
bundles over J>°(w) and P, P’ be the F(m)-modules of their sections. An R-linear
map A: P — P’ is a C-differential operator of order k if for any point § € J>°(7) and a
section p € P the value of A(p) at € is completely determined by the values of D;(p),
|I| < k, at this point. The space of all such operators is denoted by Ci(P, P’) and we
also set C(P, P") = UCi(P, P').

A closely related notion to that of a C-differential operator is horizontal jets. Let P
be as above. We say that two sections p, p’ € P are horizontally k-equivalent (the
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case k = oo is included) at a point 8 € J*(n) if D;(p) = D;(p') at 0 for all I such
that |I] < k. Denote the equivalence class by {p}%. The set

Jn(P)={{p}§ | 0 € J=(r),p € P}
forms a smooth manifold that is fibred over J* (),
&t JR(P) — J>(m).
The section j(p): J®(7) — JE(P), 0 — {p}E, is called the horizontal jet of p € P.

Proposition 1.3. For any C-differential operator A € Ci(P, P') there exists a unique
morphism ®, of vector bundles &, and £ such that A(p) = ®A(j(p)).

Two natural identifications will be useful below.
Proposition 1.4. For any vector bundle w one has:
(i) The module Al() is isomorphic to C(s(m), F(7)).

(ii) The module J;°((m)) is isomorphic to X*(w). The vector fields corresponding to
sections of the form j" (p) are evolutionary fields.

Coordinates. Choose an adapted coordinate system in the manifold J*(7) and let r, r/
be dimensions of the bundles £, ', respectively. Then any operator A € C(P, P’) is of

the form
B=1,...,r
A=|> alsD, alg € F(m). (1.22)
I a=1,...,r’,
If v!, ..., v" are fibre-wise coordinates in the bundle £ then adapted coordinates vl

in Jp°(€), K being a multi-index, [ = 1,...,r, are determined by the equalities

7% (8)"(vi) = Dk (s"), (1.23)

where s = (s!,...,s") is a local section of the bundle .

Remark 2. The space of horizontal jets J;°(P) is also endowed with an integrable
distribution similar to the Cartan one: if § € J°(P) then the corresponding plane Cy is
tangent to the graphs of horizontal jets passing through this point. The differential of
the map £.: Jp°(P) — J*(7) isomorphically projects Cy to Ce_(s)-

Moreover, if P is of the form P = ['(7} (§)), where ¢ is a vector bundle over M

and 7% (§) is its pull-back, then one has a diffeomorphism
T (P) = J=(m X ),

where 7 xj; € is the Whitney product, and this isomorphism takes the Cartan
distribution on Jp°(P) to the one on J®(m X/ ).

Remark 3. In the case when the modules P = I'(x?_(£)) and P’ = T'(7%,(¢')) are of the
form considered in Remark [2] C-differential operators from P to P’ may be understood
as non-linear differential operators that take sections of 7 to linear differential operators

acting from & to £'.
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1.6. Variational complex and Lagrangian formalism

Consider now decomposition (LI0) and note that it implies a more general splitting
= P Ax(m) @ Ad(m), (1.24)
p+a=k
where
AR(T) = AL(m) Ao A AL(T), A (m) = Ap(m) AL AN ()

Vo Vo
p times q times

Introduce the notation AL(m) ® Af(m) = E§4(w). By Proposition [[.4] (i), this space
is identified with the module C5*(s¢(m), Al (7)) of p-linear skew-symmetric C-differential

operators acting from s(m) to Af (7).
The de Rham differential d: A*(7) — A¥l(x), by ([L24), splits into two parts d =
dc + djp,, where

de = d29: E2Y(7) — EL™(n), dj, = 29 EP(nr) — ERT(r) (1.25)

are the vertical (or Cartan) and horizontal differentials, respectively These differentials
anti-commute, i.e.,

deody, +dyode =0. (1.26)

Coordinates. For a function on J*°(7) (i.e., a 0O-form) the action of the Cartan differential

is given by
of :
def=>_ = dewd, (1.27)
1; 9Ur
where deu) = w) are the Cartan forms presented in (LIZ), while the horizontal

differential acts as follows
dpf =Y Dy(f)da’. (1.28)

To compute the action on arbitrary forms it suffices to use (L27) and (L28)) and the fact
that d. and d;, differentiate the wedge product and anti-commute with the de Rham
differential.

Let EP(m) be the cohomology of dj, at the term E{(7), i.e.,
EP(m) = ker d9/imd? ", (1.29)
Due to (I.26), the vertical differential d, induces differentials E¥%(7) — EP*1%(1) which
will be denoted by 6*7. The groups E{"(m), together with the differentials 69, play
one of the most important roles in the geometry of jets providing the background for
Lagrangian formalism without constraints. To describe them we shall need new notions.
Let £ be a vector bundle over J*(w) and P =I'(§). Introduce the adjoint module
P = Homz( (P, Aj(m)). Consider another module of sections @ and a C-differential
operator A: P — (). Then the adjoint operator A*: Q) — P is defined and it enjoys the
Green formula

(A(p), @) — (p, A(q)) = daw (1.30)
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for all p € P, ¢ € Q and some w = w(p,g) € A" }(r), where (-,-) is the natural
pairing between the module and its adjoint. It is useful to keep in mind that the
correspondence (p,q) — w(p,q) is a C-differential operator with respect to both
arguments.

An operator A is called self-adjoint if A* = A and skew-adjoint if A* = —A.
Coordinates. If A =", a;D; is a scalar operator then

A=) (-1)"D;oa;. (1.31)

I
For matrix C-differential operators A = ||A;;|| one has

A =A%, (1.32)
where A%, is given by (IL3T).
We can now describe the groups E}?(7).

Theorem 1.5 (One-line Theorem). Let m: E — M, dim M = n, be a locally trivial
vector bundle. Then:

(i) the groups E?’q(ﬂ'), qg=20,...,n—1, are isomorphic to the de Rham cohomology
groups H1(M) of the manifold M;

(ii) the group EY"(w) consists of the Lagrangians depending on the fields that are
sections of T;

(iii) the groups EY"(m), p > 0, are identified with the modules C3*7(s<(m), 52(m)) of
(p — 1)-linear skew-symmetric C-differential operators that are skew-adjoint in each
argument (in particular, E}"™ () = (7));

(iv) all other terms are trivial.

Remark 4. The group E? "(7) is also called the nth horizontal cohomology group of 7
and denoted by H}'(m).
Remark 5. The construction above is a particular case of Vinogradov’s C-spectral
sequence, [13, 114, [16-118].

In what follows, we shall assume the manifold M to be cohomologically trivial, i.e.,
its de Rham cohomology is isomorphic to R.

Define the operator 6: A}'(w) — (7) as the composition of the projection A} (7) —
EY™ and the differential 60": EY" — E}™.
Remark 6. In what follows, we shall also use the notation & for the differential 67" itself.
Coordinates. If w € A?(r) is of the form Ldz' A ... Adz" then

oL oL
where
oL oL
— = —Nip,=—= 1.34
du Z( ) I&L? (1.34)

are variational derivatives. Thus, § is the Fuler operator and it takes a Lagrangian
density w to the corresponding Fuler-Lagrange operator.
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Proposition 1.6. Let 7 be locally trivial vector bundle over a cohomologically trivial
manifold M. Then the complex

d0,0 d(),l dO,nfl
F(m) h—)A,lL(W) Ly AZ_l(TF) s A}(mr) (1.35)

51,n 52,n
Ly 50 By O (5e, 50) s O (50, 50) — - -

is exact, i.e., the kernel of each differential coincides with the image of the preceding

one.

In the coordinate-free way, the Euler-Lagrange operator can be computed by

d(w) = £:(1), w e A}(m), (1.36)
while the differentials 67" enjoy the equality
p
(" A) (@1, 0p) = D (D M g (9i) + (=1l (#0), (1.37)

i=1
where A € C3¥% (s¢(m), 2(m)) and @1, ..., ¢, € . We use the notation la g, . 4, (¢) =
E_ (A)(¢1,...,¢x) In particular, if ¢ € 3(r) then

5" (W) = by — 0. (1.38)

Remark 7. Complex ([L33]) is exact starting from the term A}(7) independently of
cohomological properties of the manifold M. This complex is called the global variational
complex of the bundle 7, see [89].

As a consequence of Proposition [I.6, we obtain the following result:
Theorem 1.7. For a vector bundle 7 one has:

(i) The action functional

5 /Mjoo(s)*(w), sel(m), weA}(n),

is stationary on a section s if and only if j.(s)*(d(w)) = 0 (i.e., as we shall see
below, s is a solution of the Euler-Lagrange equation corresponding to w).

(ii) Variationally trivial Lagrangians are total divergences, which amounts to ker § =
imd)" "

(iii) All null total divergences are total curls, i.e., d)" 'w = 0 if and only if w = d)" >
for some 6 € A}"%(mr).

(iv) If ¢ € 3(m) then the nonlinear differential operator Ay:»(m) — (m) is of the
form éw (i.e., is an Euler-Lagrange operator) if and only if £, = ¢}, (the Helmholtz
condition).

1.7. A parallel with finite-dimensional differential geometry. I

We want to indicate here a very useful and productive analogy between geometry of jet
spaces (and, more generally, of differential equations) and classical differential geometry
of finite-dimensional smooth manifolds. This parallel was exposed by A.M. Vinogradov
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first within his philosophy of Secondary Calculus (cf. |[14] and references therein) and
we elaborate it further.

Two points of view on jet spaces as geometrical objects may exist. The first one
is formal, traditional and straightforward. It was described on the previous pages and
treats J°°(m) as a particular case of general infinite-dimensional manifolds. Such an
approach, being by all means necessary for a rigorous exposition of the theory, actually
ignores essential intrinsic structures of jet spaces.

Another viewpoint is completely informal but incorporates these structures ab ovo
and allows to reveal new and non-trivial relations and results just “translating” from
the language of the classical differential geometry. To facilitate such translations, we
shall compile a sort of a dictionary.

So, we consider the space J*°(m) endowed with the Cartan distribution C and take
for the points of the new “manifold” maximal integral submanifolds of C. As it was
indicated above, they are graphs of j.(s), s € I'(7), and thus new points are sections
of 7 (i.e., fields).

Let w € A}(m) be a horizontal n-form on J*(w) (or a Lagrangian density). Then
to any “point” s € I'(7) we can put into correspondence the number

() = [l @)
M
Thus, Lagrangians are understood as functions. Due to the identity
Joo(8)"(dnw) = d(joo(s)"(w))
and the Stokes’ formula

/d@:/ 0,  0eAY(M),
M oM

“functions” of the form djw vanish at all points. So, no-trivial functions are elements
of the cohomology group Ey"(r) = H'(r). Thus, the beginning of the dictionary is

Manifold M Jet space J(m)
points +— sections of 7 (fields)
functions +— Lagrangians w = Ldz' A ... Adz"
value at a point, f(x) <— integral w(s)= / Joo(8) w
M

The next step is to define vector fields. They should be infinitesimal transformations
of J*°(m) that preserve the Cartan distribution (or, equivalently, move “points” to
“points”). These are exactly the fields lying in X, (7). But vector fields X € CX(n)
(i.e., lying in the Cartan distribution) are tangent to maximal integral manifolds of the
latter and thus are trivial in the space of fields. Consequently, non-trivial vector fields
are identified with elements of sym 7, i.e., with evolutionary vector fields on J*°(7). On
the other hand, as it was indicated above, they are integrable sections of J;°(s¢). Hence,
this bundle can be considered as the tangent bundle to J*°(7). So, the dictionary can
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be continued as follows:

Manifold M Jet space J*°(m)

vector fields, X(M) <+—  evolutionary vector fields, s(m)
tangen bundle <— bundle of horizontal jets J;°(s¢())
Differential forms on a smooth manifold M may be understood as multi-linear
functions on the space of vector fields (or fibre-wise multi-linear functions on T'(M)):

we insert a vector field into a p-form and obtain a (p — 1)-form. In our context, such

objects are exactly elements of C3¥% (s, ) = EP"(w). We call them variational forms

of degree p and have the following parallel:
Manifold M Jet space J>°(7)

differential forms, AP(M) <« variational forms, C3*7 (5, %)

de Rham complex <— variational complex

Remark 8. It can also be shown that smooth maps J®(r) — J*°(n’) preserving the
Cartan distributions are completely determined by non-linear differential operators
from I'(m) to I'(#") while the differentials of these maps J°(s) — J;°(5¢) correspond
to linearizations. Unfortunately, a detailed exposition of this parallel is out of scope of
our review.

We shall continue to compile our dictionary in Subsection

1.8. Hamiltonian formalism

The objects dual to Ci*3i(s¢(m),s(w)) are the modules of wariational multivec-
tors Dp(m) = C3<4(3¢(m), »(m)). In particular, Dy(m) = »(m). We also set Do(m) =
AP(r)/imd)" " = EY™(n). To describe Hamiltonian formalism on J*(r), we first
introduce the variational Schouten bracket |1]

[ I: Dp(7) X Dy(m) = Dpiga(m)

in the following way (cf. with [90, 91], see also [77,192]). If B = [w] € Dy(7) is a coset
of a horizontal form w € A} (7) and A € D,(7), p > 0, then we set

[A, B] = (=1)"[B, A] = A(éw),

while for any B € Dy(m), ¢ > 0, and ¢ = dw € 3(m), w € A} (7),
[A, B)(v) = [A, B)] + (=1)"'[A(v), B],

and these two equalities define the bracket completely. In particular,
[, W] = [Ey(w)], @€ Di(m) =3(r), we Aj(n),

and

[[()07 ()0/]] = ESO(SO/) - E@'(@) = {()07 ()0/}7 ()07 ()0/ € Dl(ﬂ-)'
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Proposition 1.8. The variational Schouten bracket determines a super Lie algebra
structure in the space D(m) =} ., Dy(m) in the following sense:

[A, B] = —(—1)"~V=V[B A], (1.39)
(=1)@EDUEDIA, B, €] + (1) VPV[B, €], A] (1.40)
+H(=1)II[[C, AL B] = 0

for all A € Dy(m), B € Dy(m), C' € D,(r).

To compute the Schouten bracket explicitly, for any natural n consider the set S’
of all (n — i)-unshuffles consisting of all permutations o of the set {1,...,n} such that

ol)<...<o(i), oli+1)<...<a(n).

We formally set S! = & for i < 0 and ¢ > n. We also use a short notation Yo (ke ko)

for Yo(ryys -+ Vo(ky)-
Let now A € D,(m) and B € Dy(m). Then for any ¢4, ..., V1,1 € %(m) we have

[[A> B]] (wb ce >wp+q—1) = Z (_1)U€vaa(1,q71) (A(wO(q7p+q—1)))

cesi!

p+q—1
—(=1)r- b Z (=1)7B(Chy, ., 1) Yow)s Yopripra-1)
Uesp+q 1
—(=1)®ED N (1) a0 (BWorpta-1))
JESZZ;L; 1
+ Z UA EB Ao (1,g— 1)(¢a(q) wa (g+1,p+q— 1)) (1-41)
Uesp+q 1

where (—1)7 stands for the parity of o and, as before, la 4, 4, (¢) = Eo(A) (Y1, ..., Yg).
We say that a bivector A € Dy(m) = C*(3¢(r), %(7?)) is a Hamiltonian structure
on J*>(rm) if

[A, A] = 0. (1.42)

Remark 9. A more appropriate name is Poisson structure but we follow here the
tradition accepted in the theory of integrable systems.

Given a Hamiltonian structure, one can define a Poisson bracket on the set of

Lagrangians:

{w,w'ta = (A(6(w)), 6(w")), w,w’ € Dy(m). (1.43)
Two elements are in involution (with respect to the structure A) if

{w,w'}a = 0.
Proposition 1.9. For any A € C*(3(r), s(r)) one has

{w,w}ha=—{u wha (1.44)

If in addition A satisfies (I.42) then
{w, {w' W tata +{ {W" whata +{W" {w,w'}a}a = 0. (1.45)
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One also has
Afwwrya = {As, Awr}, (1.46)
where A, = A(d(w)) € »(m) and the curlies in the right-hand side denote the Jacobi
bracket.
Chose a Hamiltonian structure A and consider the sequence of operators
0 — Do(m) 2 Dy(n) = -+ — Dy(rr) 2 Dypr(mr) — -+, (1.47)
where 04(B) = [A, B].
Proposition 1.10. Sequence (L.47) is a complex, i.e., 04 0 04 = 0.
We say that E, is a Hamiltonian vector field if ¢ € ker 04. This is equivalent to
E,({w,w'}a) = {Ep(w),w't s + {w, Ey(w)}a, (1.48)
i.e., E, preserves the Poisson bracket. Due to Proposition [LI0] a particular case of
Hamiltonian fields are fields of the form E (). In this case, w € Dy(7) is called the
Hamiltonian of the field under consideration.
We say that w € Dy(r) is a first integral of a Hamiltonian field E,, if E,(w) = 0.
A Hamiltonian field E, is a symmetry for the field E, if [E, E,| =0, or
(B, — es@)(‘ﬂ/) = 0.
Proposition 1.11. If E, is a Hamiltonian vector field with respect to Hamiltonian

structure A then the operator Ao d = 04: Dy(m) = D;(m) takes first integrals of E,, to
its symmetries.

A Hamiltonian structure B € Dy(7) is said to be compatible with the structure A
if B € kerdy4, or

[4, B] = 0. (1.49)
This is equivalent to the fact that all bivectors
A + uB, A €ER, (1.50)

are Hamiltonian structures on J*°(x). The family (.50) is called a Poisson pencil. When
two Hamiltonian structures are given, one also says that they form a bi-Hamiltonian
structure.

Coordinates. Let us indicate how to verify conditions ([.42]) and (L.49) in coordinates
(the explanation will be given below in Subsection[I.9], see Remark[12]). Take bivectors A,
B € Do) = C5%*(3¢(7), »(m)). Then A and B, in adapted coordinates in J>(r), are
represented as matrix C-differential operators

A=|>"diD,|, B=|> biD,|,
where ¢, j = 1,...,m = dimx. Let us put into correspondence to these operators the
functions

WA = Za’?pipj> WB = Z b?pirpja (151)

U7Z7] 0—727.7
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where p’ are odd variables. Then A is a Hamiltonian structure if and only if

W4 0W 4
: : = 1.52

while two Hamiltonian structures are compatible if and only if

5WA 5WB 5WB 5WA
. . . . =0. 1.

i

Theorem 1.12 (Magri Scheme, see [74,190]). Let (A, B) be a bi-Hamiltonian structure
on J*®(w) and assume that the complex (L47) is acyclic in the term D;(r), i.e., every
Hamiltonian vector field with respect to A possesses a Hamiltonian. Assume also that
two densities wy, we € Dy(m) are given, such that 0a(wy) = dp(wz). Then:

(i) There exist elements ws, . ..,ws, ... € Do(m) satisfying
0A(w8) = 8B(w5+1). (154)
(ii) All elements wy,...,ws,... are in involution with respect to both Hamiltonian

structures, i.e.,
{wa’wﬁ}A = {wa’wﬁ}B =0
for all o, 5 > 1.

Example 1 (the KdV hierarchy). Consider J>°(7) for the trivial one-dimensional
bundle m: R x R — R. Let x be the independent variable and u be the fibre coordinate
(unknown function). Then the adapted coordinates u = wg, uq,...,ux,... in J(r)
arise, where u; corresponds to 9%u/dz*. The operators

0 > 0
A=D, =— —
ox +;uk+10uk
and
B = D? 4+ 4uD, + 2uy,

as it can be easily checked using (I.52)) and (L.53)), constitute a bi-Hamiltonian structure
on J*®(m). Then obviously for the horizontal forms

1 1
w; = —u?dz, we = —udx
2 2

one has dqw; = A(u) = uy and Opwy = B(1) = uy, i.e.,
8Aw1 = 83&]2.

The first cohomology group of d4 is trivial (see [93]), and consequently we obtain an
infinite series of first integrals and the corresponding symmetries. The second, after u.,
symmetry is 6uu; + us:

1 1
6ury + uz = Oa((u® — §u%) dz) = 8B(§u2 dx).
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The corresponding flow on J°°(7) is governed by the evolution equation
U = 6Uly + Ugaa!

thus, we obtain the Korteweg-de Vries equation and the corresponding hierarchy of
commuting flows (higher KdV equations). The entire family of commuting flows can
me obtained by applying the Lenard recursion operator (see [60])

R=BoA™' =D+ 4u+2uD;! (1.55)
to the right-hand side of the first flow u; = u, sufficiently many times.

Example 2 (the Boussinesq hierarchy). Consider the adapted coordinates x, u,
V..., Uk, Vg, ... in the space J®(m), where m: R? x R — R is the trivial two-dimensional
bundle over R. Then the operators

e 0 D, B_ UD:% +uD, + %ul %sz
D, 0 ’ %va + %Ul D, ’

where o is a real constant, form a bi-Hamiltonian structure. For the differential
forms w; = 2(u + v) dr and wy = wvdz one obviously has dsw; = Opws. The arising
hierarchy of commuting flows corresponds to the evolution equation

Ut = ULV + UVyg + OVgza, (156)
Vg = Ug + VU

which is the two-component Boussinesq system which can be obtained from the Kaup
equation, see [94]. Note that there exists another Hamiltonian operator

Cuu  (wv
¢= ( cve  (Cwv ) ’

3 1
C" =oD3 + §UU1D§ + (ovy +uv) D, + 5(0213 + uvy + uyv),

where

1 1
C" =oD3 + (u+ ~v*)D, + ~uy,

4 2
1 1
c" = aDz + (u+ sz)Dx + §(u1 + vuy),

1
c%" =vD, + ZUI,

which is compatible both with A and B. In this sense, system (L50) is tri-Hamiltonian.

Example 3 (the KdV hierarchy, II). Let m:R?® x R! — R! be the trivial three-
dimensional bundle with the coordinates ¢ in the base and u, v, w in the fibre. Introduce

the adapted coordinates wug, vy, wy, where k = 0,1,2,..., in J*(7) and consider the
operators

0 -1 O 0 —2u —D; — 2v
A=11 0 —-6u |, B= 2u D, —12u® — 2w |,

0 6u Dy —D,+2v 12u®+ 2w  SuD,; + 4uy
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which form a bi-Hamiltonian structure on J*(7). It can be easily seen that Jiw; =
Opwa, Where
w; = (uw — Y + 2u”) dt, Wy = —(iu + iw) dt.

Thus, we obtain a hierarchy of commuting flows whose first term is
Uy = U, Uy = W, Wy = Uy — Buw,

which is obviously the KdV equation rewritten in a different way (cf. with the paper [95]).
Note that the Lenard recursion operator (L.53]) in the new representation of the
KdV hierarchy acquires the form

0 —2u —D; —2v —36uD;'ou 1 —6uD;?
R= 2u D, —12u? —2w | o —1 0 0
—D;+2v 12u® — 2w  8uD; + du, 6D;'ou 0 D!

Remark 10. In a recently published paper |96], the authors formulate a much weaker
than triviality of the first Poisson cohomology group criterion for feasibility of the Magri
scheme. The criterion is given in the framework of Dirac structures [77, [97] (though
it also admits a self-contained formulation) that unfortunately lie outside the scope
of our review. Note that Dirac structures that merge the notions of symplectic and
Hamiltonian operators constitute an interesting object for geometrical research in PDEs.

1.9. A parallel with finite-dimensional differential geometry. 11

Let us now continue to construct the dictionary started in Section [[.7]

Of course, variational multivectors introduced in Section [[.8 are exact counterparts
of classical multivector fields in differential geometry. These fields are naturally
understood as smooth functions on T*M skew-symmetric and multi-linear with respect
to fibre variables. Exactly the same interpretation is valid for variational vectors if one
considers the bundle 7*: J;°(3) — J*°(7)9. Thus, we have the following translations:

Manifold M Jet space J™(7)

multivector fields variational multivectors, C3<7 (3, )

Schouten bracket variational Schouten bracket
Poisson structure Hamiltonian operator
variational cotangent bundle,

S () — J>(m)

cotangent bundle,
M — M

[1111

As it is well known, the tangent space T*M is endowed with the natural symplectic
structure Q = dp A dg € A*(M) and, in addition, Q = dp, where the form p = pdq is
defined invariantly as well. Similar constructions exist on J;°(s). Let us show this.

€ Note that in such a way we independently arrived to Kupershmidt’s notion of the cotangent bundle
to a vector bundle, see [24].



Geometry of jet spaces and integrable systems 20

To this end, recall (see Remark 2]) that the manifold J°(s) is diffeomorphic
to J®(m X 7), where @ = Hom(mw, A" T*M). Hence, the module of variational 1-forms
on J°(7) is isomorphic to

s(m X ) = 22(T0) X joo(m) 2¢(0). (1.57)
Then the 1-form p, (the analog of pdq) is uniquely defined by the condition
Jn () (px) = (1,0), (1.58)

where 1) € 3(7) is an arbitrary variational 1-form on J*°(7r).
Now, by the same reasons and dually to (L57), the module of vector fields on J;°()
is
2(T0 Xpp ) = 22(T0) X goo(my 2¢(70).

Consequently, the symplectic structure €2, must be an element of the mod-
ule C* (se(m X gy 7), 22(m x 3y 7)). For any element (p,v) € »(m x ) 7) we set

Qe(p,¥) = (=, 9); (1.59)

this is a skew-adjoint C-differential operator of order 0.

Remark 11. The form p, can be defined in a different way. Namely, let X = (¢, %) be a
vector field on Jp°(5). Then its 1st component is a vector field vertical with respect to
the projection Jp°(3) — J*°(7w) and may be understood as a function on J°(%). Then
we set pr(X) = ¢. This definition is equivalent to (L58]).

Of course, the operator €2, is invertible and the inverse one S, = Q! is a bivector
on the cotangent manifold Jp°(3). There exist two points of view at this manifold
(as well as at T*M). The first one treats it as a classical (“even”) manifold. The
second approach considers J;°(3) as a super-manifold with odd coordinates along the
projection Jp°(3) — J°°(m) and even ones in the base. If one takes the first approach the
bivector S, will define the Poisson bracket for functions on Jg°(5¢). The second approach
leads to functions multi-linear and skew-symmetric with respect to fibre variables. As it
was stated above, these functions are identified with variational multivectors on J* (7).
Then the super-bracket defined by S, coincides with the Schouten bracket. The bracket
is given by the formula

{w1,ws}, the even case,

1.
Jwi,ws], the odd case, (1.60)

Sr(0wr)(wa) = (Sr(dwr), dwa) = {

in both cases.

Remark 12. The above said clarifies the meaning of formulas (L5I)-(L53). Namely,
the correspondence A +— W, given by (L5I]) describes how to construct the function
on J°(3) by a bivector A (to be more precise, this function is the cohomology class of
the form Wada' A... Adz™ in HP(r)). The argument of ¢ in (I57) is the coordinate
expression of the bracket (L60) in the odd case while (IL60) itself checks triviality of its
horizontal cohomology class.
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2. Differential Equations

With the concept of jet bundle at our disposal we give a geometric definition of
differential equations.

2.1. Definition of differential equations

Suppose we have a system
Fy(z',u)) =0, s=1,...,1, (2.1)

of partial differential equations in n independent variables 2z’ and m dependent
variables u’. Equations (2.1)) determine a locus in the jet space J*(m) of a vector
bundle 7: £ — M, such that dim £ = m +n, dim M = n.

The subset of J*°(7) defined in this way is not an adequate geometric construction
corresponding to the system at hand, because it does not take into account differential
consequences of (2.I)). So, we extend (2.]) to a larger system

D;(F,)=0 for all multi-indices I and s =1,...,1, (2.2)

and consider the locus £ C J*(m) defined by (2.2]).
Thus, we get a correspondence

F(o',u)) =0 (&) > E C J®(m).

This correspondence behaves nice with respect to solutions of (ZI): they are those
sections of m whose infinite jets lie in £. To put this another way, the solutions of (2.1])
are the maximal integral submanifolds of the Cartan distribution restricted to £.

This shows that £ endowed with the Cartan distribution can be taken as the
geometric object corresponding to system (2.1]), we call such a manifold £ an equation.

An equation is generally of infinite dimension.

Without loss of generality we assume that (2.I) does not contain equations of
zero order, in geometric language this means that the projection muole:€ — JO(m) is
surjective. It is obvious that at every point 6 € £ the Cartan plane is tangent to the
equation, Cp C Tp(E), so that the dimension of the Cartan distribution on an equation
is equal to n, the same as on the jet space.

System (2.1]) is a coordinate description of an equation £. Every equation has many
different coordinate descriptions.

Example 4. Take the KdV equation (cf. with Example [ from Section [I)
Uy — 6UUy — Ugpy = 0. (2.3)

The bundle 7 here is the projection m:R* — R?, (z,t,u) — (z,t). The jet space J>(m)
has coordinates x, t, u, ug, Uy, ..., ur, ... The equation & C J*°(w) is given by the
infinite series of equations

up = Buly + Uggs,

_ 2
Uty = 6ux + 6uuxx + Ugzzs,
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ur = Dr(6uty + gy ),

The Cartan distribution on £ is two-dimensional and generated by
0 0
D:v = 5 s+l
ox * ; Ust1 Ou,
0

0
D, = — D: (6 T )N )
s 8t+¥ °(6uu, + u )8us
where us = u,. , (s times). The functions x, ¢, us can be taken to be coordinates on £.
The system

Uy —v=0, v,—w=0, w,—u+6uv=0 (2.4)

gives rise to the same equation & C J*°(7’) with 7: R®> — R?, (z,t,u,v,w) — (z,t). To
prove that (Z3]) and (24]) define the same equation consider the mappings

a: J2(7T) — JO(T(,% CL(ZL’, t> u> Ug, ut> u:(::(:> Ugt, utt) = (l’, t> U, Ug, uxx)>
b: J(n') — JO(n), bz, t,u,v,w) = (x,t,u).

Let a®: J>®(w) — J®(n') and b>°: J*(n') — J*°(m) be the lifts of these maps. Then
it is easy to see that ™| o b>°|, = b®|; 0 a™|, = id|.. Lifts preserve the Cartan
distributions, hence the maps a™|, and b*°|, are isomorphisms of equations determined
by (23] and (24).

Thus, two different coordinate expressions (2.3) and (2.4) determine the same
equation & included into two different jet spaces:

J> ()
et

£

J®(n").
As usual, the choice of functions (2.1) should be restricted by some regularity

assumptions. Namely, we require that there exists a subset ¥ C {D;(F;)} of functions
on J*(7) such that

(i) FseXforalls=1,...,[;
(ii) the functions that belong to ¥ define the equation &;
(iii) the differentials df are locally linearly independent on £ for all f € 3.

We always require these conditions to be satisfied.

In this review, we shall assume that an equation at hand £ C J*(7) is globally
defined by a relation F' = 0, where F'is a section of an appropriate [-dimensional vector
bundle ¢ over the jet space J>°(w). This is always possible. Equations (2.]) are local
coordinate expressions for F' = 0. Denote by P the F(m)-module of sections of £, so
that F' € P.
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The above regularity conditions imply the following very useful fact: a function
f € J®(m) vanishes on &, f|, = 0, if and only if f = A(F) for some C-differential
operator A: P — F(m).

Let & = {F = 0} be the equation defined by a section F' € P. The section F'
is called normal if for any C-differential operator A: P — F () such that A(F) = 0
we have A|; = 0. The equation £ C J*() is called normal if it can be defined by a
normal section.

Example 5. A simple example of an abnormal equation is the system

Uy — vy = 0, U, —w, = 0, v, —wy, = 0.
The gauge equations, including Maxwell, Yang-Mills, and Einstein equations, are not
normal as well. Such equations are beyond the scope of our review. On the other hand,

majority of equations of mathematical physics, in particular, all evolution equations,
are normal.

The Cartan vector fields on an equation € form a Lie algebra CX(£). In the same
manner as for jet spaces we define the Lie algebra of symmetries of £ and spaces of the
Cartan and horizontal forms:

symé& = Xe(€)/CX(E),
where X, (£) ={ X € X(E) | [X,CX(E)] CcCX(E)},
AN(E)={weAP(€) | ix(w)=0 VX eCX(E)},
A(€) = A(E)/A(E),
A(E) =N (E) N ... ANL(E).
We shall discuss them in more details below.

A morphism of equations f:£ — &’ is a smooth map that respects the Cartan
distribution, i.e., for all points § € £ we have f.(Cy) C Cy(p), where Cy is the Cartan
plane at a point 6 € £.

If a morphism f:& — &' is a fibre bundle and the map f.:Cy — Cyp) is an

isomorphism of vector spaces for all points 6 € £ then f is called a covering.
We shall discuss the theory of covering in Section [3

Example 6. For an equation £ we construct the quotient bundle
T(E)=T(E)/C =€,

where T'(£) — £ is the tangent bundle to £, C C T'(€) is the Cartan distribution thought
of as a subbundle of T'(£). Given an inclusion €& C J*(rw), m: E — M, as above, the
fibre bundle 7: 7(€) — &£ can be identified with the vertical bundle with respect to the
projection & — M.

Every Cartan vector field X € CX(E) can be lifted to a vector field X € X(T(£))
as follows. It suffies to define action of X on fibre-wise linear functions on 7(€) that
can be naturally identified with Cartan 1-forms w € A}(E). We put

X(w) = Lx(w),
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where Lx denotes the Lie derivative. In coordinates, we have D; = D;, where D; in the
right-hand side are the total derivatives on T (&).

Let us describe an inclusion of 7(€) to a jet space. Assume that & C J*®(m) is
given by F' = 0. Let x: J®(m X m) — J°°(7) be defined by the projection to the first
factor. Then T (&) C J®(m xp ) is defined by equations

F = 0, ZF(’U) = 0,

where the tilde denotes the pullback by x (with the tilde for the Cartan vector fields
defined above), v € (m) = F(m Xy w,m) is the projection to the second factor
[(m xp 7) = (7).

So, T(€) is an equation and the vector fields of the form X generate the Cartan
distribution on it. Thus, the bundle 7: T (£) — & is a covering called the tangent
covering to &.

In coordinates, we have v = (v!,...,v™) if the coordinates on J>(m X, 7) are

xt, ujll, U}, with u} and v} corresponding to the first and second factors, respectively.

Thus, coordinate description of 7 (€) has the form
Fo(a',up) =0, vf =
([L’ uI) Z 8U1

Note that if £ is normal equation then 7(€) is normal as well.

The reader will find more examples and a detailed discussion of coverings in
Section 3] below.

2.2. Linearization

Let £ C J*°(7) be an equation defined by a section F' € P. Denote by s the restriction
of the module s(7) = F(m, ) to £. The linearization of the equation £ is the restriction
to £ of the linearization of F"

EFZEFL‘:Z%—)P.

We denote by bar the restriction of a C-differential operator to £ and preserve the
notation of modules for their restrictions.

Remark 13. The operator ¢ is well-defined globally only if the module P has the form
P = F(m,n’). For an arbitrary module P the operator ¢z is defined only locally. But
its restriction ¢ is well-defined globally on the whole &£.

Remark 14. A C-differential operator A on & is called normal if for any C-differential
operator [J the condition [(Jo A = 0 implies [1 = 0.

The linearization operator ¢ of an equation & is normal if and only if the section F
is normal.

Recall that in coordinates the linearization ¢z has the form (cf. with (L20)):

OF;

EF: a—u?

a=1,...,m.
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If an equation £ is defined by two different sections F} € P; an F; € P, in different,
generally speaking, jet spaces

Joo(m)

7
g\

J> ()

then the corresponding linearizations ZF12%1 — P and ZF2:%2 — P, are equivalent
[8,198] in the sense that there exist C-differential operators «, 3, o, §, s1, and sy on &

S1

= T
n - P1 (25)

o

e

such that
Zplﬁ:ﬁ/gpw EFQOKIO/ZFN Ba:id+31l7p1, Oéﬁ:id—i-SggFQ.

Example 7. Consider two presentations (2.3) and (2.4) of the KdV equation from
Example @l The operators of diagram (2.5) are:

ZFl = Dt - Dmmm - 6UD.CB - 6ux7

D, -1 0
lp, = 0 D, -1

—Dy+6v 6u D,
and

1
a = | D, |,

Dy,
Bo=(1 0 0),

0
o = 0],

-1
B = (—Dy—6u —D, —1),
s =0,

0 0 O
Sy = 1 0 0

D, 1 0

The form of operators o and 3 is obvious from the form of operators a and b in
Example @l The operators o’ and ' show how equations (2.3) and (2.4) are obtained
one from the other.
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Example 8. Let the number of dependent variables m be equal to 1. Consider the lift
L: J>°(m) — J*(m) of the Legendre transformation

Ll iy (20, i) = (Ui, D2 %Uge — u, 7).
It is defined wherever det ||u,i.i| 7# 0 and preserves the Cartan distribution. Of course,
L is not a map of fibre bundles.

Consider an equation € defined by F' = 0, then L*(F) = 0 defines the same
equation £. The operators in diagram (2.0]) are as follows:

F=F
Fy = L*(F)

and

a=—1, o =1, 51 =0,

g =-1, p=1, so = 0.
Let us explain how to compute the maps o and . To this end, we have to take a
symmetry of the Cartan distribution X € A;(7)/CX(7w) and see how the generating
section of X transforms under the Legendre map. The generating section can be

computed by the formula ¢ = w(X), where w = du — Y, u,: dz’ is a Cartan form.
So, ap) = w(L(X)) = L*(w)(X) = —w(X) = —¢.

2.3. Symmetries and recursions

We have defined symmetries of differential equation £ as elements of quotient space
sym& = X (E)/CX(E),

where X, () = {X e X(&) | [X,CX(E)] C CX(E)}, that is, symmetries of equations
are symmetries of the Cartan distribution on it modulo trivial symmetries (the ones
belonging to the Cartan distribution).

Obviously, symmetries of an equation form a Lie algebra with respect to the
commutator.

Given an inclusion € C J*®(m), each symmetry X € sym& contains exactly one
vector filed XV € X, (&) vertical with respect to the projection m.: & — M, where M is
the base manifold of the bundle 7. Next, for every such a field XV there exists a unique
element ¢ € 3 = ()|, such that

X" = Eylg,
where ¢’ € () is an arbitrary extension of ¢ to J*°(w). Hence, we can denote the
field XV by E,.
Element ¢ € s such that there exists symmetry E, is called the generating section
of this symmetry.

If the equation at hand £ is defined by an equality ' = 0, then the existence of a
symmetry E, boils down to the condition

E,(F)|, =0,
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where ¢’ € () is an arbitrary extension of ¢, which is equivalent to the condition
lr(p) =0 oné&. (2.6)

This is the determining equation for the symmetries of the equation £ = {F' = 0}.
The Jacobi bracket (ILI5]) yields the Lie algebra structure on sym& in terms of
generating sections:

{o. v} =lu(e) = L,(v), @0 Ekerly C . (2.7)

Searching symmetries, that is solving (2.6]), one usually begins with choosing
internal coordinates on .

Example 9. We have seen in Example [4 that on the KdV equation
U — OUUL — Uggew = 0

the functions x, t, us = u,. . (s times) can be taken to be coordinates on €. These are
internal coordinates for the KdV equation.

Of course, the choice of internal coordinates is not unique.
Next, one can start with finding symmetries whose generating sections depend on
derivatives of order less than some number k, ¢ = p(z,t,u, uq, ..., ug).

Example 10. Let us find symmetries of the KAV equation such that ¢ = ¢(x,t, u, uy).
The determining equation for symmetries has the form:

(Dy — D2 — 6uD, — 6u,)p(z,t,u,u;) = 0. (2.8)
The left-hand side of this equation is a polynomial in us and us. The coefficient of the
product usug is equal to =3¢y 4y, SO Py u, = 0, and we have

Y= (po(xa t> U) + Qpl(gj” ta U)Ul.
Now, the left-hand side of (2.8)) is a polynomial in ug, us and wuy, with coefficient of s
equal to —3D,(¢'). Hence,

Y= (po(xa t> U) + Qpl(t)ul
With such ¢, the left-hand side of (2Z.8]) does not depend on u3 any more. The coefficient
of the product ujusy is —3p?,, hence

o =" (2,1) +up” (£, ) + @ (H)ur.
The coefficient of uy is =39, so that
o ="(x,t) +up® (t) + ¢ (hu
and the left-hand side of (2.8) is a polynomial in u; and u. The coefficient of the

product uu; shows that ¢ = 0. The remaining coefficients of u; and u, and the free
term reveal that

0" = ¢y, o' = 60"t + c1,

where ¢y and c¢; are arbitrary constants. Therefore we have found two independent
symmetries of the KdV equation

o1 =u, and @y = 6tu, + 1. (2.9)



Geometry of jet spaces and integrable systems 28

Let X € sym& = X.(€)/CX(E) be a symmetry. Vector fields Y € A, (E) belonging
the equivalent class X we shall call representatives of X. As we explained above, any
symmetry has a unique representative of the form E,. But this representative can be
not the simplest one.

Example 11. Symmetries (2.9)) of the KdV equation can be represented, respectively,
by the fields Y} = —0/0x and Y, = 0/0u — 6t0/0x, because

Euz - Yi = Dm7 E6tuz+1 - }/2 = 6th

The fields Y; and Y5 are the lifts from the zero order jet space, hence they correspond
to one-parameter groups of transformations:

Yii @’ =x—¢ (translation along x),
Yor 2/ =2 —6et v =u+e (Galilean symmetry).
A symmetry X is called classical if it can be represented by a field Y|, with
Y € X(m) being the lift from a finite order jet space. Classical symmetries form a
subalgebra of the Lie algebra sym €. By the Lie-Bécklund theorem (see [12]), Y is a lift
from the zero order jet space (if the number of dependent variables m > 1) or from the
first order jet space (if the number of dependent variables m = 1). Thus, in coordinate
language, the generating section of a classical symmetry has the form

_{(gol,...,gom) for m > 1,

. 2.10
oz’ u, u;) form =1, (2.10)

where ¢, = by(x',w/) + D7 ar(z’,u?)ug, while ¢ is an arbitrary smooth function.
The vector field Y on J°(w) or J'(m) that represents the symmetry with generating
section (2.I0) has the form

Yy — {ZlejauJ Zk 1akaik form>1,
- dp B Ao\ 9
_Zyzl 8:28:02' +(SO_ZZ lulaul)ﬁu—i_zl 1(8:(:2 Z@i)au for m = 1.

Example 12. In Example [0 above we computed symmetries of the KdV equation

with generating sections depending on z, ¢, u, and u,. To find all classical symmetries,
we allow also dependence on u; and compute symmetries in the same manner as in
Example [[0. We get two additional classical symmetries:

p3=u; and @, = zu, + 3tu; + 2u,
with the corresponding one-parameter groups of transformations being
p3: t'=t—c¢ (translation along t),
py: ¥ =efx t'=et U =e*u (scale symmetry).
Solving (2.6]) for sections ¢ that depend on at most kth order derivatives will not
give us a complete description of all symmetries. We can find all classical symmetries or a
slightly large subspace of symmetries, which can be considered to be a lower estimate of

the full symmetry algebra. Letting the maximal order k be arbitrary and by solving (2.6])
describe the dependence of ¢ on derivatives of order k, k — 1, etc. This will be an
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upper estimate of the symmetry algebra. Sometimes these estimates allow to find more
symmetries and, in some cases, obtain a complete description of the symmetry algebra.
We refer the reader to [12] for examples of such calculations.

A different approach is to look for a recursion operator that is C-differential operator
R: 3 — 3 such that there exists another C-differential operator R’ satisfying the
condition

(rR= Rl (2.11)

Operators of the form R = (¢, with [J being arbitrary, enjoy (Z.11)) for all equations, so
we consider recursion operators modulo such trivial ones. Obviously, R(sym ) C sym &,
so that having a recursion operator we can produce an infinite number of symmetries
from a given one.

Example 13. The heat equation u; = u,, has two recursion operators of the first order
Ri=D, and Ry =2tD,+=x
(and, of course, the identical operator, which is of no interest).

For nonlinear equations we often are able to find a nontrivial recursion operator
only if we allow it to contain the “integration” operator D 1. In Section B3] we explain
how to define such recursion operators in a rigorous way.

Example 14. As it was already mentioned, the KdV equation has the Lenard recursion
operator

R = D? + 4u + 2u,D;". (2.12)

It is obvious that R(u,) = u; and R?(u,) = R(us) = Uszeee + 10Uz + 200050 + 30U,
Thus, we have a new higher (that is non-classical) symmetry of KdV. We can proceed
in the same way and compute R3(u,), R*(u,) and so on. As it was already mentioned
(see Section [LH), all R*(u,) exist, that is the computation of D! will be possible for
all k. So, we have constructed an infinite set of symmetries of the KdV equation.

If we try to apply the Lenard recursion operator to the other two classical
symmetries, s (Galilean) and ¢4 (scale), we get R(p2) = 2p4, but R(p4) does not
exist. In fact, R(p4) is a nonlocal symmetry, as explained below in Section Bl

Now, let us explain how to compute recursion operators. To this end, note that
C-differential operators s — 2 modulo operators of the form [0/ can be naturally
identified with elements of A}(E) @z 5, that is with s-valued Cartan 1-froms. This
identification takes an operator R: 3 — s to the form wp € AL(E) ® F(€) *, such that
wr(E,) = R(p).

Next, recall that the Cartan 1-forms w € Al(€) are functions on the tangent
covering T (€) (see Example [) that are linear along the fibres of the projection
7:T(E) — £. Hence the forms w € A(E) @z s are elements of the pullback 3¢
of the module s by 7. Thus, to a recursion operator R: s — » we assign a fibre-wise
linear element wg € 7.
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In coordinates, to the operator R = HZ I f}lﬁ DIH there corresponds the element
1
WwRr = (Z flﬁ’U?, ey Z f}nﬁvlﬁ>
B?I B?I

with v? being coordinates along the fibres of 7.
Condition ([2.I1]) on R is equivalent to the following condition on wg:

ZF(MR))T(S) —0. (2.13)

Example 15. For the heat equation u; = u,, the tangent covering is given by
Ut = Ugg, Ut = VUgg-

Let z, t, up = us. », and vy = v, be internal coordinates on it. To compute recursion
operators of order 1 in D, we are to solve the equation

(Dy — D) (f (2, t, up)ve + g, t,u,)v) = 0.

It is easy to show that the solutions are: v, v,, and 2tv, + xv, with the corresponding
operators id, D,, and 2tD, + x.

Example 16. The tangent covering over the KdV equation has the form
Up — Ugpr — OUU, = 0, Vy — Uppe — OUV, — Bu,v = 0.

Computation of recursion operators amounts to solving equations like the following:

(D; — D? — 6uD, — 6u,)( foves + five + fov + fo1v_1), (2.14)
where f; = fi(z,t,ux) and v_; is s new variable such that

D,(v_1) =, (2.15)

Di(v_1) = vy + 6uv. (2.16)

As we saw above, the variables v; correspond to the total derivatives D;, so that the
variable v_; is defined in (2I5)) to correspond to D!, while (ZI6)) provides the equality
Dy(D,(v_1)) = Dy(D¢(v_1)). We shall defer a rigorous explanation of this computation
until Section [3

One can check that v,, + 4uv + 2u,v_; is a solution of (2.14)), it yields the Lenard
recursion operator (Z12)).

The Lie algebra structure on ker /r C s (the Jacobi bracket on symmetries) has a

natural extension to a Lie superalgebra on ker (r , called the Nijenhuis (also
A2 (E)®F(g)

Frélicher-Nijenhuis) bracket and denoted by [-,-]. For detailed definition we refer the
reader to [15]. Since we identified recursion operators with elements of ker £ ALe) :

c(&)®F g
we can compute the Nijenhuis bracket of them. Two particular cases are of importance

for us here: the bracket of a recursion operator with itself (the Nijenhuis torsion):

SIR R 1(e1,2) = (Rlp), Riga)} — RER(1), 02} — Ripn, R(p2)} + Ro{on, 02}
= lRrp, (R(#1)) = lrp (R(p2)) + RlRp, (p2) — RlRp, (92),
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where @1, @2 € 3, and the bracket of a recursion operator and a symmetry with
generating section ¢ € ker £ C s (the Lie derivative):

Ly(R)(¢) = [¢, RI(¢) = {¢, R(¢)} — R{p, ¢}, ¥ €,
or Ly(R) = E,(R) — [(,, R].

A recursion operator R is called Nijenhuis (or hereditary) if its Nijenhuis torsion
vanishes, i.e., [R,R] = 0. Almost all known recursion operators are Nijenhuis,
including the operators encountered above. The main property of Nijenhuis operators
is the following: for every two symmetries with generating sections 1, @o € 3¢ such
that {¢1,p2} = 0, L, (R) = 0, L,,(R) = 0 and for arbitrary k; and ky we have
{R* (1), B*(2)} = 0.

Example 17. For the KdV equation take ¢; = s = wu,. Obviously, we have

L,,(R) = 0, where R is the Lenard recursion operator (2.12)), so that all symmetries
R*(u,) commute.

2.4. Conservation laws
A conserved current w on an equation £ with n independent variables is a closed
horizontal (n — 1)-form on &, i.e., w € A} (&), dyw = 0.

Example 18. Consider the equation of continuity in fluid dynamics

P+ (pvl)m + (pv2)x2 + (pvg)xa = 0.
The form w = pdz; Adws Adzs —pvt dt Adws Adas + pv? dt Adzy Adas — pv® dtAde; Adasy
is a conserved current.

Example 19. For the KdV equation u; — ty,, — 6uu, = 0 the forms

wdz + (g + 3u®) dt,
u? dz 4 (2uitye — u? + 4u®) dt,
(u2/2 — u?) dz + (Uplpee — U2, /2 — U Uyy + 6uu’ — 9u*/2) dt

are conserved currents.

For any 7 € A}~ ?(€) the form w = dj,7 is always a conserved current. Such currents
are called trivial because they are not related to the equation properties and hence are
of no interest. Consider the quotient space

Hy ' (&) ={w e A7HE) | duw =0}/ {w e ATHE) [w=dun, n€NTE)}

of horizontal cohomology of £. We also want to quotient out the topological conserved
currents that lie in the image of the map ¢: H" () — H;' *(€) induced by the natural
projection A"71(&) — AP7H(E); here H"(E) is the (n — 1)st group of the de Rham
cohomology of the space £. Such currents are related to the topology of the equation £

only. Thus, we define cl(€) = H '(£)/im( to be the set of conservation laws of
equation &.
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We shall now discuss how to compute conservation laws for normal equations. To
this end, let us consider the following complex:

0— Q) S Y E) S X)L (2.17)
where

Q&) = cl(&),

OP(&) = 27 dn(AL(E) ®Fe) AL TH(E)),
and Z% = kerd), C AL(E) @z A} (E), for p > 0. The differential § is induced by the
Cartan differential d., so that §2 = 0.

Remark 15. Complex (2.I7)) is a part of Vinogradov’s C-spectral sequence (see [14, 16—
18]), namely QP(E) = EY"1(E) for p > 0, Q°(E) = EY"1(E)/H"(E), and & = d7" .

Assume that £ is a normal equation defined by a normal section F' € P. In this
case complex (2I7)) can be described in the following way:

r(E) = er/er, (2.19)

where OF is a subset of 3¢, (s, P) that consists of operators A € Ck (o, P) such that

(2.18)

p—1
E}‘A(Qpb R ()Op—l) - ZA*Q(SOM s agF((pa)a R ()Op—l) =0
a=1
for all ¢1,...,¢,—1 € 3, where " denotes the operation of taking adjoint with respect

to the ath argument. The subset ©) C ©F consists of operators A € ©F of the form

A((plw"a(pp—l) = (_]-)a—i_lA/(EF((pa)a(plw"a()bon"wspp—l) (220)
1

bS]
—

Q
I

for some C-differential operators A’: P X 2 X ... X 2 — P.
In particular, for p = 1, we have

QY(&) =ker I, C P. (2.21)
If p =2 then
QPE)={AeCle, P) | T5A = ANUp}){ANlp | NeC(P,P), A=A}

The differential §: Q°(€) — Q'(€) is given by the formula §(w) = V*(1)|., with V
being a C-differential operator from P to A} (m) such that dyw = V(F) on J*(7).
The differential §: QP(€) — QPTH(E), p > 1, has the form:

p

5<A)(8017 R SDP) = Z(_l)a+1£A7§01 ~~~~~ Pauyens @p(¢a> + V‘E*l (@17 ey @P)’
a=1
where V is a C-differential operator V: P X s(m) X ... X s(m) — 3(m) that satisfies the
relation
p—1

g;‘A(gplv R gpp—l) - ZA*Q(SOD s 7£F<§0a>7 R gpp—l) = V<F7 P15 - - '73010—1) (222)

a=1
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on J®(r).
In the case of evolution equation F' = u; — f we have A € C™*(, ) and the
operator V can be chosen in the form:

V(h, 12 ERRE 901?—1> = _£A7§017---74Pp71(h)7

where h € P.

If p=1and ¢ €imd C Q'(£), then we can put V = —£5,.

The above description of elements in QP(E) in terms of C-differential operators
makes sense only for a given inclusion of equation £ to a jet space. If we consider two
inclusions

J>(my)
7

£l

Joo(ﬂ-2)7

so that the corresponding linearizations are equivalent and we have diagram (2.5]), then
operators A; and A, that define the same element of QP (€) with respect to two inclusions
are related as follows:

Al = O/*A2(O‘(')a"'>a('))a A2 :ﬁl*Al(ﬁ()a>5())

Elements of Q(&) are said to be cosymmetries of the equation £. We say that
isomorphism (221 takes a cosymmery to its generating section belonging to ker % C P.

The “Two-line Theorem” by Vinogradov (see, e.g., [12]) implies that complex (2.17)
is exact at the term Q°(€), hence the conservation laws of £ form a subset of the space
of cosymmetries, cl(£) C Q}(€). The generating section of a cosymmery that belongs
to 0(cl(€)) is called the generating section of the conservation law.

As noted above, to compute the generating section of a conservation law we extend
it arbitrarily to a form w € A}~ () on the jet space J*(), so that dyw|, = 0. Hence
there exists a C-differential operator A: P — AJ(7) such that dyw = A(F); the element
= A" (1) € P is the generating section of the conservation law under consideration.

The generating section ¢ of a conservation law can always be extended to the jet
space J°(m) in such a way that (¢, F') = djw, with w being a conserved current for the
same conservation law.

Example 20. The generating section of the conservation law from Example [18is equal
to 1.

The generating sections of the conservation laws from Example are 1, 2u,
and g, + 3u’.

The determining equation for the conservation laws of equation €& = {F = 0} is
O () = 0. (2.23)

This equation is dual to equation (2.6 for symmetries. The computations involved in
solving (223)) are very similar to those used to compute symmetries. However, unlike
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the case of symmetries, not all solutions of (2.23]) give conservation laws. To check if
a generating section of a cosymmery corresponds to a conservation law we can use the
following corollary of the “T'wo-line Theorem” by Vinogradov (see [12]): if the de Rham
cohomology H™(E) = 0, complex (217) is exact at the term Q'(€). So, in this case the
generating section v € ker £} is a generating section of a conservation law if and only if
() = 0, that is, there exists a self-adjoint operator A’ = A’ € C(P, P) such that

by + V"= Alp,

where V € C(s(7), P) satisfies the equality
Up(¥) = V(F) on J*(m).

Note that the generating section 1 of a conservation law can always be extended
to the jet space J°°(m) in such a way that the horizontal n-form (¢, F) will be exact:
(¢, F) = dpw, with w|, being a conserved current that corresponds to .

2.5. A parallel with finite-dimensional differential geometry. II1

In this section we begin compilation of a dictionary between the geometry of normal
differential equations and finite-dimensional differential geometry, similar to the one for
jet spaces from Sections [[.7] and

We start just as we did for jet spaces: we consider the space £ endowed with the
Cartan distribution C and take for the points of that “manifold” the maximal integral
submanifolds of C, i.e., the solutions of £. Further, the dictionary reads:

Manifold M Normal equation &

points <— solutions

functions C*°(M) <— conservation laws cl(&)

the de Rham complex +—  complex (Z.17)

of differential forms S U ) 2, PE)— ...
vector fields +— symmetries

the tangent bundle +— the tangent covering 7: T (£) — &

In addition to considerations from Section [L.71 on jet spaces, this dictionary is
justified by the following facts.

First, on a finite-dimensional manifold the differential forms are functions on the
tangent bundle with odd fibres. Correspondingly, definition (ZI8) shows that

(€) = cl(T(€)),

with elements of QP(&) given by fibre-wise p-linear conserved currents. Fibres of the
tangent covering 7: 7 (£) — & are assumed to be odd.

Since elements of (P(€) can be understood as conservation laws on T (&), we can
ask what are the generating section of these conservation laws? For an element of QP(&)
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that corresponds to an operator A € C;lil(%, f’) the generating section is (—V*1, A),
where the operator V is given by (2.22]). Here we interpret skew-symmetric C-differential
operators X . .. X »x — ), modulo operators of form (2.20)), as elements of the module @)
pulled back on 7(&). This describes the isomorphism (2.19).

Second, on a finite-dimensional manifold vector fields define the interior product
and the Lie derivative on differential forms. Correspondingly, on an equation & the
evolution field E,, ¢ € sym¢&, induces the interior product and the Lie derivative

on Q*(€) defined by (2.I8):
i, QP(E) — QPH(E), Ly:QP(E) — QPFL(E).

These operations are related to the differential o by the usual identity
L, = 61, + 1,0.

In terms of C-differential operators, the interior product i,: QP(€) — QP~1(E) for
p > 1 is the contraction of the operator with ¢. For p = 1, the interior product i,(¢),
¥ € ker (%, is the conservation law defined by the conserved current w|, € A}™'(£) such
that

(Le(p), v) = (@, (p(¥)) = dpw  on J=(m).

If ¢ € P is a generating section of a conservation law, then a symmetry ¢ € sym &
acts on it by the formula

Lso(w) = Ecp(@b) + D*(¢)>
with an operator O € C(P, P) satisfying the equality (r(¢) = O(F') on J*(m).

Third, on a finite-dimensional manifold a symplectic form gives rise to a Poisson
bracket. The corresponding construction for an equation £ relies on the notion of a
symplectic structure that is a closed element of Q?(€). We do not assume that the
symplectic form is nondegenerate, so the Poisson bracket will be defined on a subset
of cl € (recall that conservation laws are analogues of functions on £.)

In terms of C-differential operators, a symplectic structure is the equivalence class
of operators A € C(x, P) such that

(oA = A*lp,
EAMQ (301) - EA,%(()O?) + Vlg*l (Qpla 902) =0,
where @1, @9 € 2, V: P X 3¢ — 3 is a C-differential operator such that

(A — Al =V(F, ) on J¥(m),
modulo operators of the form A'lp, A’ € C(P, P), A" = A’
Example 21. For the simplest WDVV equation

(2.24)

2 _
Uyyy — Uggy T Uzzalayy = 0

the operator D, is a symplectic structure.
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For evolution equations conditions (2.24]) amount to
A* = —A,

Un o (P2) = Lag (01) = L o, (92).

The construction of the Poisson bracket is similar to the one on a finite-dimensional
manifold. Let Q € Q?(€) be a symplectic structure, i.e., §(2) = 0. A conservation law
with the generating section 1 is called admissible if there exist a symmetry ¢ € sym &
such that

b= i) (2:25)
Symmetries that correspond to admissible conservation laws in the sense of (2.2
are called Hamiltonian symmetries.
By definition, the Poisson bracket of two admissible conservation laws w and W’
with the generating sections ¢ and v)’, respectively, has the generating section

{Wa WI}Q = ch(w,) = isoiso’Qa
where ¢ and ¢’ are Hamiltonian symmetries corresponding to conservation laws w
and w’. To the conservation law {w,w'}q there corresponds the Jacobi bracket {¢, ¢'},
so that Hamiltonian symmetries form a Lie algebra: [L, Ly| = Ly oy

As we see from ([2:27]), a symplectic structure takes a symmetry to a conservation
law, in terms of operators (2.24)), this map has the form ) = A(p).

2.6. Cotangent covering to a normal equation

In the previous section we discussed geometry related to the tangent covering and
functions on it (forms). But what about the cotangent covering?

We have defined the tangent covering for an equation £ without fixing an inclusion
of £ to a jet space. Dualizing such an invariant definition requires use of homological
algebra, so we will define the cotangent covering for an equation £ embedded to a jet
space, & C J*(r), and then check that the construction does not depend on the choice
of the embedding.

For a normal equation £ given by a normal section F' =0, F' € P, with P being a
module over J*(r), we define an equation 7~ (€) C J°(P) by the equations

F=0, 5 (p) =0,

where the tilde denotes the pullback to J,fo(f’) and p € P corresponds to the identity

operator P — P under the identification P = C (]5, ]5) The natural projection
7T () — &€ is called the cotangent covering to &.

In coordinates, we have p = (p', ..., p') if the coordinates on J,‘j"(f?) are z°, u’}, pjll,
with u]I and pf} being fibre coordinates respectively along projections &€ — M and
JX(P) = €.

Below we assume that not only equation £ is normal but the operator £} is normal
(see Remark [I4) as well. Then 7 (£) will also be a normal equation.
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Remark 16. Obviously, for every £ the cotangent equation 7 (&) is an Euler-Lagrange
equation with the Lagrangian density L = (F,p). In applications, considering 7 (&)
instead of £ is occasionally useful to handle the equation as though it were Lagrangian
(see, e.g., [99, Volume 1, Sections 3.2, 3.3]). We refer to [100, Section 4.5.1] and [101,
Section 5] for more details and references.

If we have two inclusions of equation £ to jet spaces

J>(my)

g/

.
Joo(ﬂ-2)>

then the adjoint linearizations ?}1 and !7}‘;2 are equivalent:

T
]51 - n (2.26)
F1
A T
R 13 !
P2 : 2
\_/
e
such that
(" = 'l T =Bl o787 =idtsily, B0 = id+ s,

where the operators a, 3, o/, ', s1, and sy are defined in (2.5]). Therefore, the cotangent
coverings constructed using (7. and (7, are isomorphic, thus the cotangent coverings do
not depend on the choice of inclusion & C J* ().

Now we describe an isomorphism between sym € and the subspace of cl 7~ (€) that
consists of conservation laws with fibre-wise linear conserved currents. Thus we will
justify the first parallel in the prolongation of our dictionary:

Manifold M Normal equation &

the cotangent bundle <—  the cotangent covering 7*: T (§) — &
multivector fields < conservation laws cl(7 (E€)) (2.27)

Let ¢ € s be the generating section of a symmetry of £. Extend it to an element
¢ € »(m) and consider the Green formula

(r(p),¥) — (o, lp(1)) = dpw(ep, ¥), (2.28)
where ¢ € P, w(p, ) € Ap~'(r). The mapping ¢ +— w(p, ) is a C-differential operator
P — A7 }(7), so that it gives rise to a closed form w, € AP"H(77(E)). The induced
map sym& — cl 7T (£), which takes the symmetry with generating functions ¢ to the
conservation law with the current w,, gives the desired isomorphism.
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In fact, formula ([228) gives more. It holds not only for generating sections of
symmetries of £, but also for arbitrary ¢ € s, so that we obtain a map » —
AN TT(E)). Since 3 is a direct summand in »(7" (£)), the element w(ep,) yields
an element p € QY(7(£)). One can prove that p does not depend on the choice of
inclusion & — J*°(7) used in its construction.

In terms of isomorphism (2.19), we have p = (p,0).

This is a very important element since it plays the role of the canonical 1-form pdgq
on a finite-dimensional cotangent space:

Manifold M Normal equation &

the canonical 1-form pdgq s peQYT(E))

the canonical symplectic form <—  canonical symplectic structure
dp A dg — Q=46(p) € QUT(E))

In terms of operators (ZI9), the canonical symplectic structure on 7 (€) has the

Q:(_Ol (1))

As to entry (2.27)) of our dictionary, we take it for the definition of multivectors.

form

Since we are interested in skew-symmetric multivectors, we assume the fibres of the
cotangent covering 7 (£) — & to be odd.

Conservation laws of T~ (€) whose currents are fibre-wise p-linear we call variational
p-vectors on € and denote by D,(€). Thus, Dy(E) = cl€ and D;(€) = symE.

For D,(€) we have a description in terms of C-differential operators similar to (2.19)).
Namely,

Dp(g) = Ep Efn

where =, is a subset of C;lil(P, ») that consists of operators A € C;lil(P, ) such that

p—1
EFA(wla s >wp—l) - ZA*“Wl, s >E}(¢O¢)> ce a,lvbp—l) =0
a=1

for all ¢y,...,9,1 € P, where *» denotes, as before, the operation of taking adjoint
with respect to the ath argument. The subset Ef, C Z, consists of operators A € =, of
the form

3
L

~

A(,lvbb s ’,lvbp—l) = (_1)a+1A,(E*F(¢a)’ 'le, cee a,lvbOm ce >wp—1)

1

Q
I

A

for some C-differential operators A’: 3z X P X ... x P — .
In particular, for p = 2, we have

Dy(&) = {A€C(P,3) | lpA =N} {ANE | A eCl5e,), AN =AY
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For the element of D,(€) that corresponds to an operator A € C;lil(f?, ») the
generating section is (—V*', A), where the operator V: P x P x ... x P — P is given
by

p—1
eFA(wlv s 71/}])—1) - Z A*a(wla s 7£*F(wa>7 s 7¢p—1) = V(Fv ¢17 s 7¢p—1>’ (229)
a=1

In the case of evolution equation F' = u; — f we have A € C™*(i, ) and the
operator V can be chosen in the form:

V(h, ¥, 1) = Loy, (R),

where h € P.
Since we assume the fibres of cotangent covering to be odd, the bracket defined on
cl(7T7(€)) by the canonical symplectic structure will be the variational Schouten bracket

[-,-]:Dix Dy = Dyyy—1.
In terms of C-differential operators, this bracket has the form:

[[Ah A2]] (1/}17 s 71/}16-1-1—2) = Z (_1>U€A2,¢a(1,171) (Al(wa(l,k+l—2)))

TES) 412
—(=1)=11 Z (=17 Ao (VT (Yo(1,k))s Yokt kt1-2))
U€S£+l72
_(_1)(k_1)(l_1) Z (_1)J€A17¢U(1,k71)(A2(wo(k,k+l—2)))
‘7651’;;1172
+(_1>l_1 Z (_1>0A1(V;1(w0(1,l))7wcr(l+1,k+l—2))7
o€SL 1 o

where Ay € Dy(P), Ay € Dy(P), V; and V, are defined by ([2:29), ¥, ..., ¥ryo € P,
cf. with with (L41]).

The above description of variational multivectors in terms of C-differential operators
makes sense only for a given inclusion of equation £ to a jet space. If we consider two
inclusions

Joo ()
7

N

Joo(ﬂ-2)7

so that the corresponding linearizations and adjoint linearizations are equivalent and we
have diagrams (2.0]) and (2:26)), then operators A; and A, that define the same element
of D, (&) with respect to two the inclusions are related as follows:

Ay = al(7(+),....a" (), Ay = BAB7 (), ..., 7).
An element A € Dy(€) is called the Hamiltonian structure on & if [A, A]

= 0.
Two Hamiltonian operators A; and A, are said to be compatible if [A;, As] = 0
(cf. with Section [LS]).
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Remark 17. Using this definition of the Hamiltonian structure, the Hamiltonian
formalisms on jet spaces, including the Magri scheme, explained in Section [L.§, can
be extended straightforwardly to the case of equations described here.

Example 22. The Camassa-Holm equation [102]
Up — Uty — Ulbgypy — 2Uplypy + SUU; = 0
has a bi-Hamiltonian structure:
Ay =D,, Ay =—D;, —uD, + u,.
This equation is often written in the form
my +umg + 2u,m = 0,
m — U+ Uy, = 0.

Then the bi-Hamiltonian structure takes the form

D 0 0 ~1
! T I
Al_(Dm—Df’; o)’ A2_<2sz+mx o)‘

Example 23. Let £ be a bi-Hamiltonian equation given by F' = 0 and A; and A be

the corresponding Hamiltonian operators. The Kupershmidt deformation [103, [104] £
of € has the form

F+Aj(w) =0,  Aj(w)=0,
where w = (w!,...,w!) are new dependent variables. For example, the KdV6
equation [105]

VUt + Vpzz + 1200, —w, =0, Wage + SVW, + dwv, = 0,

is a Kupershmidt deformation of the KdV.
The following two variational bivectors define a bi-Hamiltonian structures on &:

A — (Al —A, ) A, — ( Ay —Az)
0 Lriarwy+azw) /)’ —LlFyArw)rAyw) O

Example 24. The equation
Zyy + (1/2)3e +2=10

associated with an integrable class of Weingarten surfaces [106] is bi-Hamiltonian with
operators D? and 22D, — z,D, + 2, D,

3. Nonlocal theory

Nonlocal phenomena in the theory of integrable systems is quite common. Here by
nonlocality we mean the extension of the initial system by new variables (fields) that are
related to the old ones by differential relations. Perhaps, the simplest way to observe how
nonlocal objects originate is to analyse the action of recursion operators on symmetries.
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Example 25. Consider recursion operator (L55) R = D2 +4u+2u; D! that generates
higher KdV equations (it can be shown that successive application of R to the

first symmetry ¢; = wu; results in polynomial expressions in w, uy,...,u,..., see,
e.g., [107,1108]). When one applies the operator R to the first (z, t)-dependent symmetry
_ 1
Y1 = tu1 + 6

(the Galilean boost), this will result in the scaling symmetry

_ 1 2
P35 = tuz + (6tu + gx)ul + 3

but application of the recursion operator to ¢z leads to an expression that contains the
nonlocal term D, !(u) which can not be expressed in the geometrical terms introduced
abovdfl.

An apparent way to incorporate this nonlocal object into the initial geometric
setting is to introduce a new variable, say w, that is related with the old one by w, = u.
This relation, due to the KdV equation, implies another one: w; = 3u? + u,, and thus
we shall result in the system

2
U = 6Uuly + Upps, Wy = U, w; = 3U” + Ugy.

A general geometric formulation of this construction was first introduced in |71, [72]
and below we shall give a concise exposition of the theory together with a number of
applications.

3.1. Differential coverings

The notion of a covering was already used in Section 2 in the context of the tangent
and cotangent coverings. Here we discuss it in more detail.

Let &€ C J*(7), where m: E — M, dim M = n, be an equation. Consider a locally
trivial bundle 7: £ — € and endow the manifold £ with an n-dimensional distribution C
in such a way that

(i) C is integrable and
(i) for any point 6 € € the restriction dr| ¢, 1s a one-to-one correspondence between Cj
and the Cartan plane Cf(é)-

Then we say that ¢ is endowed with the structure of a differential covering (or simply
a covering, to be short) over £.

Coordinates. Consider a trivialization of the bundle 7 and let w!,...,w’,... be fibre-
wise coordinates (the so-called nonlocal variables). The number r of these coordinates
is called the dimension of .

Let Dy,..., D, be the total derivatives on £. By Property (i) in the definition of
the distribution C there exist 7-vertical vector fields X, ..., X, on & such that the fields

DZ:DZ—FXZ, izl,...,n,

* Of course, the Lenard operator itself contains a nonlocal summand, but we can consider it just as a
convenient reformulation of the Magri relation (LL54).
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lie in C. Then Property (@) is equivalent to the system of equations

where Xi,..., X, are 7-vertical fields and D;(X;) denotes the component-wise action.
Since the vector fields X; are 7-vertical fields, they can be presented in the form

'L, 0
R J
X, = E 1j Xz,
]:

where X7 are smooth functions on &, while £, as a manifold with distribution, is
isomorphic to the infinite prolongation of the system of PDEs
ow’
X, i=1,...n j=1,...n
Oxt
which extends the initial equation £ and is compatible over it due to (8I]). This system

is called the covering equation.

Example 26. Consider the one-dimensional covering over the KdV equation
determined by

~ 0 ~ 0
Dy = Dy + u——, Dy = Dy + (3u® + uy) =—.
ow ow
The covering equation in this case is
ow ow
- — =3 2 TT
B u, 5 u”+u

and is isomorphic to the potential KAV equation w; = 3w? + wyyy.
Note the the relation between w and u may be expressed in the form w = [udz,
or w = D 'u and thus this is exactly the nonlocality that arose in Example

Example 27. Let again the base equation be the KdV and the covering be described
by the system

X =u+w?+ )\ T = uy + 2wuy + 2u® + 2(w? — Nu — 4\ (w? + 1), (3.2)

where A € R. Actually, (8:2) determines a one-parameter family of covering structures
in the trivial bundle £ xR — &, but the covering equation is isomorphic to the modified
KdV equation w; = 6w?w, + wya,. Of course, the covering under consideration is a
geometric realization of the Miura transformation [55].

Remark 18. Note that any differential substitution u = ¢(z,w, ..., wy,...) is associated
with a covering over the initial equation, though this covering may be infinite-
dimensional. For example, such is the covering over the KdV equation u; —6ut, + ., =

0 determined with the Hirota substitution
2

u=—-2——Inhw

Ox?
(see [109]). Nevertheless, in spite of the infinite dimension of this covering, the covering
space is isomorphic to the fourth-order scalar equation

2
WWyt — Wiy + WappaW — 4WeppWy + 3w, = 0

in one unknown function.
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Example 28. Let P be the module of sections for some vector bundle £ over £. Then
the bundle j : J°(P) — & of horizontal jets is an infinite-dimensional covering over £.
If vt are adapted coordinates in J°(P) then the total derivatives lifted to J°(P) are
of the form

X 0
Di=D;+ ) %W‘ (3.3)
K

LK

This construction is generalized in the next example.

Example 29 (A-coverings). Let £ be an equation and consider a C-differential
operator A: P — (), where P and () are modules of sections for some vector bundles
over £. Let ®a: J°(P) — @ be the corresponding morphism of vector bundles (see
Proposition [[.3]). Then, under natural conditions of non-degeneracy, En = ker @, is a
sub-bundle in j%: J2°(P) — £ that carries a natural structure of a covering: the total
derivatives in this covering are obtained by restriction of the operators (8.3]) to En. We
call this covering the A-covering over £.
If the operator A is locally given in the matrix form A = || Y d%; Dk || then the
subspace Ea C Jp°(€) is described by the relations
> di =0
oK
and their prolongations. Obviously, the tangent and cotangent coverings are particular
cases of this construction.
A-coverings play the key role in solving the following factorization problem:
let A" P" — @’ be another C-differential operator; how to find all operators A: P — P’
such that

AoA=BoA, (3.4)
i.e., such that the diagram

P#Q

al |5

Pl s Ql
A/

is commutative? Note that any operator A of the form A = B’o A, where B: Q) — P’ is
an arbitrary C-differential operator, is a solution to (3.4]). Such solutions will be called
trivial.

To find nontrivial solutions, first note that since A’ is a C-differential operator it
can be lifted to the covering just by changing the total derivatives D; to the lifted
ones D;. Denote this lift by A, Second, let us put into correspondence to any
operator A = || 3~ aks|| the vector-function

o § K .« 2 K |«
@A — < aa7vi, ey aaﬂn/,UK)
a,K a,K

r’ = dim P,

Y

En
Then one has:
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Proposition 3.1. Classes of solutions of Equation (3.4) modulo trivial ones are in one-
to-one correspondence with solutions of
A(Dy) = 0.

Operators satisfying (B3.4]) take elements of ker A to those of ker A’.

Consider system (3.I) that determines a covering structure in the space £ and
assume that the coefficients X! of the vertical vector fields X; are independent of
nonlocal variables w®. In this case, (B.1]) reduces to

Di(X;) = Dj(X;),  1<i<j<mn (3.5)

the corresponding covering is called Abelian. The covering in Example 26]is an Abelian
one, while the covering associated with the Miura transformation (Example 27)) is not.
Let dim7 = 1 and define a differential horizontal 1-form on & by setting

Wy = ZX,- da’. (3.6)
i=1
Then (B.H) amounts to the equation
dpw, = 0, (3.7)

where d;, is the horizontal differential on £. Thus, one-dimensional Abelian coverings
over & are in one-to-one correspondence with closed horizontal (n — 1)-forms.

In Example we presented a one-parameter family of coverings over the KdV
equation. Are these coverings different for different values of the parameter A or not
and what the word “different” means in this context? The answer is the following.

Consider an equation &£ and two coverings 7:& — &, i = 1, 2, over £. We
say that these coverings are gauge equivalent (or simply equivalent) if there exists an
isomorphism : gl — 5~2 of the equations 5~1 and 5~2 such that the diagram

5~1 — gg
&
is commutative, i.e., 79 0 ¢ = 71. In this sense, all coverings (B.2)) are different, i.e.,
pair-wise non-equivalent for different values of A\. General cohomological technique to
check whether a parameter is “fake” or not was suggested in [110, [111].

We say that a covering 7:& — & is trivial if for any point § € & there exists a
neighbourhood U > 6 such that

(i) 7], is a trivial bundle;
(i) there exist an adapted coordinate system in U for which the fields D; are of the
form D, =D;,i=1,...,dim M.
Theorem 3.2. There exists a one-to-one correspondence between equivalence classes
of one-dimensional Abelian coverings over £ and elements of the horizontal cohomology

group H}(E) given by (30). In particular, a covering T is trivial if and only if the
form w, is a co-boundary, i.e., w, = dn(f).
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Since H}(€) coincides with the group of conservation laws when dim M = 2,
Theorem allows one to construct special type of coverings by conservation laws
of the equation at hand.

Example 30. The Camassa-Holm equation

Up — Upgy + SUU, = 2UpUyy + Ulgyy
admits the conservation law

w= (U — Uy) dr + %(ui — 3u® + 2uu,,) dt;
consequently, the corresponding covering is given by

1
Wy = U — Ugy, wy = §(ui — 3u” + 2uty,).

Remark 19. Since the group H} (€) is trivial for normal equations in the case dim M = 2,
this implies that such equations possess no nontrivial one-dimensional Abelian covering.
Actually, there exist very strong indications that these equations do not have finite-
dimensional coverings at all (see [112]).

Example 31 (the KP equation). Consider the dispersionless Kadomtsev-Petviashvili
equation

(U — 6UUy + Ugzy)w = Uyy-
It admits an obvious covering
Wy = Uy, wy = U — 6UU, + Uyyy, (3.8)

which at first glance seems to be one-dimensional. But this is not the case because
Equations (3.8]) do not contain information on the derivative w;. To incorporate these

data, we must introduce infinite number of nonlocal variables w®, w', ... such that
w =w, w)=w, ... w =w,

and express their z- and y-derivatives using (B.8]). Thus, the covering is infinite-
dimensional actually.

It was shown above that one-dimensional Abelian coverings can be constructed
using conservation laws of the equation. Another type of coverings is related to
Wahlquist-Estabrook prolongation structures [113-115] and their description is based
on the following ansatz: Let u; = f(u,uq,...,ux) be a system of evolution equations,
w=(ul,...,u™), f=(f..., f™) being vectors and u; denoting the ith derivative with
respect to x. Let us look for coverings such that the coefficients of the fields X and T

mn
D, =D, + X, D,=D,+T

depend on u, uy, . .., ux_1 and nonlocal variables only. Then description of such coverings
locally reduces to representations of a certain free Lie algebra (the so-called Wahlquist-
Estabrook algebra) in vector fields on the fibre W of the trivial bundle 7: & x W — &.
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Example 32. Consider the potential KAV equation

and let us describe coverings [)x =D,+ X, Dt = D, + T over £ such that the fields X
and T depend on u, u; and uy only. Straightforward computations show that all these
coverings are of the form
X =v’a+ub+c,

1 (3.10)
T = (2uuy — uf + 2u*uy)a + (ug + 2uuy)b + uyfc, b] + §u2[b, d] + ul[c,d] + e,
where a, b, ¢, d and e are vector field on the fibre W of the covering (i.e., such that

they do not depend on the equation coordinates) which enjoy the commutator relations
2a=[a,b], b=]Jac, d=2c+][cDb],
[a,d] = [c,e] =0,
[hﬂ+%bﬁhﬂkﬂx b,e] + [c, [, d]] = 0,

a.] + b c.d]] + Sfe [b,d]] =0

Now, to find all Wahlquist-Estabrook coverings for (B.9) amounts to describing
representations as vector fields on W of the free Lie algebra generated by the elements a,
b, c, d, and e with the above indicated relations.
If W =R then all such representations, up to an isomorphism, are
ar— %, b — (2w+5)%, cr (w2+5w+7)%,
d— N e»—>A(wQ+5w+7)i
ow’ ow’
where 3, v € R and A = 32 — 4v. The corresponding one-dimensional coverings, up to
gauge equivalence, are of the form
0
2 2
X = (v 4+ 2wu+w —I—V)%
(the parameter § can be removed by a gauge transformation) and with 7" given by (3.10);
they are pair-wise inequivalent for different values of ~.

Remark 20. The term covering also refers to the parallel between classical differential
geometry and geometry of PDEs. Namely, if we define dimension of an equation & (or
of a jet space J*°(7)) as that of the corresponding Cartan distribution (i.e., the number
of independent variables) then fibres of a differential covering become zero-dimensional,
and this complies with the definition of a topological covering. That was the initial
reason to name the object in [71].

But the parallel goes far beyond this trivial observation. In [116] a new powerful
invariant (the fundamental Lie algebra) of differential equations was proposed whose role
in the theory of differential coverings is quite similar to the one that the fundamental
group plays in topology. In particular, the fundamental Lie algebra allows one to
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enumerate all coverings over a given equation in the same way as conjugacy classes of
subgroups of the fundamental group enumerate topological coverings. So, the dictionary
evolved in the previous sections can be continued:

Manifold M Differential equation &

topological dimension <—  differential dimension
topological coverings  +—  differential coverings

fundamental group +— fundamental Lie algebra

Note also that using the fundamental Lie algebra technique the author of |116]
proved inexistence of Backlund transformations for some pairs of differential equations.
It seems that it is impossible to achieve such a result by other methods.

3.2. Nonlocal symmetries

The concept of a symmetry discussed in Section 2] can be generalized to the nonlocal
situation. Consider an example.

Example 33. Let
Up = Uy + Ugy (3.11)

be the Burgers equation (its Lie algebra of symmetries was fully described in [71]). Direct
computations show that ([B.I1]) does not possess symmetries of the form ¢ = p(z,t, u),
but if one extends the setting by a new (nonlocal) variable w such that

1
w, = u, wy = §u2 + Uy (3.12)
then the equation ¢¢(p) = 0 will acquire a new family of solutions of the form
¢ = (au — 2a,)e 2", (3.13)

where a = a(x,t) is an arbitrary solution of the heat equation a; = G-

The question is: can functions (B:I3)) be considered as symmetries of Equation (B11))
in some natural sense? To answer this question, consider an arbitrary equation & C
J® () and a covering 7: £ — £. We say that ¢ is a nonlocal symmetry (or T-symmetry)
of € if it is a symmetry of &.

Coordinates. Let £ C J*°(m) be an equation and 7: E — & be a covering locally given
by the total derivatives

N )
. ] < .
DZ—DZ+ E XZ%, Z—l,,dlmM

J

Then any nonlocal 7-symmetry is of the form

. 9
E, + Zw%. (3.14)
J
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Here ¢ is an m-component vector-function on € that satisfies the equation

le(p) =0, (3.15)

Y/ are functions on £ such that
8X J
Di(v') = Z (3.16)

and

B.= Y DM)% (317)

over internal

coordinates
(recall that “tilde” over a C-differential operator denotes its natural lifting to the

covering).

Example 34. Let us consider Example B3] again. In the case of covering (312
Equations (3.16]) take the form

D)=,  Di(¢) = up+ Du(p) (3.18)
and for ¢ of the form (B.I3]) we see that
Y= —2qe 3

satisfies (B.I8). Thus, the pair of functions ¢ and v determine a nonlocal symmetry of
the Burgers equation in the sense of the above definition.

However, the situation of the previous example is not general.
Example 35. Consider the covering
Wy = U, wy = 3u® + Uy,

over the KdV equation u; = 6uu, + uz,, and let us try to find nonlocal symmetries in
this covering. In the case under consideration, Equations (B.16) acquire the form

Da() =@,  Di(vh) = 6up+ D2(p), (3.19)
while (B15) is
Di(g) = 6urp + 6uDy () + D3(¢).

The simplest solution of the last equation that depends on w is
1 1 9 1 8 ,
© = tus + 10tu+§x us +4 5tu1—|—§ us + 2 | 15tu +:cu—|—§w ul—l—gu .
But solving (8:19]) with ¢ of the above form leads to contradiction: no function 1 exist
on & such that ([B19) is valid for our ¢.
Nevertheless, if we introduce another nonlocal variable w’ satisfying
w, = u?, w, = 4u® — uZ + 2ty

then (3.19) will be resolved in the new setting.
But a similar problem arises at this step: now we need to reconstruct the
coefficient ¢’ at 0/0w’.
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The procedure we encountered in Example 33l is typical and we shall describe it in
general terms now. Let 7:& — & be a covering and denote by F and F the function
algebras on £ and &, respectively. An R-linear map X: F — F is called a 7-shadow if

(i) X is a derivation, i.e.,

X(fg) = X(g)+9X(f)
for all f, g € F;

(ii) the action of X preserves the Cartan distribution, i.e., Lx(w) € A.(€) as soon
as w € A¢(&) (or, equivalently, for any Cartan field § on £ and its projection Y
to € the commutator [X,Y] = XY — Y X is a Cartan field again).

In particular, any symmetry of £ can be considered as a shadow in an arbitrary
covering T.

Coordinates. Let U be the set of internal coordinates on £. Then any 7-shadow is given
by the formula

5 .9
E‘P = Z DI(()O])—]W
j duy
ur €U
where ¢!, ..., ¢™ are functions on € and Di,...,D, are total derivatives on &

(cf. with (B17)).

We say that a 7-shadow X is reconstructed in 7 if there exists a nonlocal 7-
symmetry X such that X| = X. As Examples 34 and show, not all shadows
can be reconstructed in a S{Ttraightforward way. A general result that describes the
reconstruction procedure was proved in [117] (see also [72]):

Proposition 3.3. Let 7: €& — & be a covering and X be a T-shadow. Then there exists
another covering 7:£ — &€ and a T-shadow X such that X‘f = X.

Thus, putting 7 = 79 and 7,7 = 7; and applying Proposition sufficiently
(maybe, infinitely) many times we shall arrive to a covering in which the given shadow
is reconstructed.

Coordinates. Actually, the results of |[117] not just state an existence of the needed
covering but provide a canonical way to construct the one. The construction is in a
sense tautological and copies relations (3.16]).

Proposition 3.4. Let 7:& — &£ be a covering over & with nonlocal coordi-
nates w',...,w’,... and Dy,..., D, be total derivatives in this covering. Let also
be a T-shadow. Then:

(i) the relations

ol - 0X7
81;)2.:Xg(<p)+ La®, i=l...n, j=1...dim7, (3.20)

«

define a covering over & whose dimension equals that of T
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(ii) equations (3.106) are solvable in this covering.

Remark 21. From B20) it follows that for an Abelian covering 7 the covering 7 is
Abelian as well. Hence, at every step of reconstruction obstructions to solving (3.16])
lie in the horizontal cohomology group of the corresponding equation. Consequently,
if €& — &£ is an Abelian covering and H}(§) = 0 then any 7-shadow can be
reconstructed to a nonlocal 7-symmetry. In particular, any local symmetry of £ can
be lifted to &.

Let £ be an equation and {[w®]}, w® € A}(€), be an R-basis of the group H}(E).
Assume that

w® = X0dz' + ..+ X2 da"

and consider the covering 71: & — & determined by

ow*
ori !
for all @« and i = 1,...,n. For & let us construct the covering m: & — & in a similar

way, etc. The covering 7,: &, — £ obtained as the inverse limit of the sequence
RS L& Ba e
is called the universal Abelian covering over €. By construction, H}(E,) = 0.

Proposition 3.5. For an arbitrary Abelian covering T: & — & there exists a uniquely
(up to a gauge equivalence) defined morphism

f -
\ / ¢

£
and any T-shadow can be reconstructed in 7,. In particular, any symmetry of £ can be
lifted to €&,.

Remark 22. Though the covering 7 whose existence is stated in Proposition is

s

determined canonically by the shadow X, the new shadow X is not unique, but is

defined up to an infinitesimal gauge symmetries of 7, i.e., up to Y € sym(&) such
that Y| = 0. Due to (3.16)), these symmetries are given by the equations

- _ 0Xx?
Di(,lvbj) = - a—w;
and are of the form Y = )" _¢*0/0w®.
Example 36. For Example 26 Equations (8.21]) take the form
Du(¢) =0,  Dy(¢) =0
and consequently infinitesimal gauge symmetries are y0/0w in this case, v € R.
On the other hand, if we consider Example 27 then Equations (8.21]) are written as

D, (1) = 2w, Dy(v¥) = 2(uy + 2uw — 4 w)ip.

The only solution of this system is ¢» = 0 and thus there is no ambiguity in shadow

e (3.21)

reconstruction in this case.
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Non-uniqueness of solution to the problem of reconstruction leads, in turn, to the
problem of commutation for shadows: no well defined way to compute the Lie bracket
of shadows is known. This problem was first indicated in [118]. A way to solve it was
suggested in [119], but a practical realization of the approach is somewhat cumbersome.

To conclude this subsection, let us make a remark also related to the problem of
reconstruction. Let 7:& — € be a finite-dimensional covering and X be a symmetry
of £. One can (at least, locally) lift X to £ in an arbitrary way. Then, if X is an
integrable vector field (i.e., if it possesses the corresponding one-parameter group of
transformations) then the lifted field X is integrable as well. If X is a symmetry of £
then this means that we managed to reconstruct X up to a nonlocal symmetry in the
covering 7.

Otherwise, consider the one-parameter group of transformations {fb\} correspond-
ing to X and for any A € R define an n-dimensional distribution C* on € by

éA; 60— (/79)\ = A)\’* (@I;%a)) (322)

where 6 € £, Cp is the Cartan plane at the point 8 and F, denotes the differential of the
map F'.

Proposition 3.6. Correspondence (3.22) determines a one-parameter family T, of pair-
wise inequivalent coverings over £ such that 1o = 7.

Example 37. Take the covering
X =u+w? T = uy + 2wuy + 2u® + 2wu

over the KdV equation and apply Proposition 3.4 using the Galilean boost tu; +1/6 for
the symmetry X. This will result in the Miura covering described in Example 271

Not all one-parameter families of coverings can be obtained by this procedure (a
counter-example can be found in [120, [121]). But a weaker result was proved in [122]:

Theorem 3.7. Let 7,: & — £ be a one-parameter family of coverings regarded as a
deformation of the covering 7 = 1y. Then the corresponding infinitesimal deformation
is a T-shadow.

3.3. Backlund transformations and zero-curvature representations

In conclusion, let us briefly discuss how the constructions of Béacklund transforma-
tions [123, [124] and zero-curvature representations [125] are translated to geometrical
language.

A Bicklund transformation between two equations £ and £” with the unknown
functions u’ and u”, respectively, is another equation £ in unknown functions both u’
and u” such that for any solution u’ of £ a solution u” of £ is a solution of £” as well and
vice versa. If £ coincides with £” then one speaks about auto-Bdcklund transformation.
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Example 38. Consider the sine-Gordon equation
Ugy = Sinu. (3.23)

Then the system

. Utu 2 . v—u
Uy — Uy = 2Asin 5 Uy + Uy = —sin

A 2
where \ # 0 is a real parameter, determines the classical auto-Backlund transformation

(3.24)

(a one-parameter family, actually) for (8.23]), see [126].

Example 39. The second example (which now can also be considered as a classical
one) was found in [113]. It is of the form

U+ w vV —Ww 2
(228) 4 (5) o aem

(27), o () (59) (7)o

and relates solutions of the KdV equation to each other (or, to be more precise,

(3.25)

system (B.28) is a Bécklund transformation for the potential KdV equation, while
solutions of the KdV itself are obtained by u = v,).

Analysis of these two examples (as well as other ones) shows that a Bécklund
transformation between equations £ and £” is a diagram

/ 8 \
8/ 5’//7

where 7/ and 7" are coverings. The correspondence between solutions of £ and &”
is achieved in the following way. Let v = u/(2’) be a solution of & and assume
that 7/ is a finite-dimensional covering. Then the Cartan distribution of the equation £
induces on the finite-dimensional manifold &, = (7/)7'(v/) C € an n-dimensional
integrable distribution. In the vicinity of a generic point the latter possesses a (dim 7’)-
parameter family of maximal integral manifolds that are projected to «’ by 7" and to
the corresponding family of solutions of £” by 7”. Generically, such a correspondence is
non-trivial provided 7" and 7" are not gauge equivalent.

Example 40. A common way to construct non-trivial Backlund transformations is the
following. Let 7: & — € be a covering and f:€ — & be a finite symmetry of &, i.e., a
diffeomorphism preserving the Cartan distribution. Then the composition 7/ = 7o f is
a covering as well and the pair (7,7') is an auto-Bécklund transformation for €. If f is
not a gauge equivalence then this transformation is non-trivial.

Consider covering (3.2 from Example 27 and note that the change of the nonlocal
variable w <> —w is a symmetry of the covering equation (the mKdV one), but is not
a gauge symmetry of the covering itself. Thus, for any value of the parameter A we get
an auto-Backlund transformation of the KdV equation, i.e., a one-parameter family of
Backlund transformations.
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Note that the Wahlquist-Estabrook construction (Example [39) is a consequence of
the latter one.

Remark 23. Families of Backlund transformations, like the ones from Examples
and 39, provide a base to construct special exact solutions of integrable equations (such
as multi-kink solutions for the sine-Gordon equation, multi-soliton solutions for the
KdV, etc.). The construction uses the nonlinear superposition principle which, in turn,
is based on the following informal statement:

Theorem 3.8 (Bianchi Permutability Theorem). Assume that an equation £ possesses
a one-parameter family of auto-Béacklund transformations By and let A € R be the
parameter. For any solution u = u(x) of €& denote by By(u) the set of solutions
obtained from u by means of By. Then for any \; # Ay there exists a solution uy, \, €
B, (B, (u)) N By, (By, (u)) that is expressed as a bi-differential operator applied to some
solutions u; € By, (u) and ug € By, (u).

This “theorem” was first observed by Bianchi in [36] (see also [123]) in application
to the sine-Gordon equation (Example B8) and since then dozens of examples were
computed, but nevertheless a general formulation of this statement is unknown to us.
Some hints to a rigorous approach to the problem can be found in [127].

Geometrical theory of Backlund transformations is also related to an unorthodox
approach to recursion operators [128]. Consider an equation £ and its tangent
covering 7: T () — & (see Section [2). Recall that symmetries of £ are identified with
sections of 7 that take the Cartan distribution on &€ to that on 7(£). Hence, if we
consider a diagram of the form

£
7N
T(€) T(€)
N,

where 7" and 7”7 are coverings, then this Backlund transformation will relate symmetries
of £ to each other. Thus, this Backlund transformation plays the role of a recursion
operator for symmetries of £.

Example 41. Consider the KdV equation u; = 6uu,+u,., and two copies of its tangent
covering with the new dependent variable v that enjoys the the additional equation
vy = 6ULV + 6UV, + Vpgy-

Introduce a nonlocal variable v by setting

Uy =, Uy = B6UV + Vg

Thus, internal coordinates in £ are

T, t, U ="1Ug, Uy =U], ..., V=", Up = V1, ..., V.
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Define the covering 7" by
7' (2, t, ug, vk, 0) > (2, t, ug, vg)
and the covering 7" by
7' (b, g, vg, 0) = (2,8, g, D (vg + 4uw + 2ui)).

The Bécklund transformation obtained in such a way is the geometrical realization of
the Lenard recursion operator R = D? + 4u + 2u; D' (L55).

Another, less trivial example will be considered later (see Example 3] below), after
discussing the concept of zero-curvature representations (ZCR).
Let 7: & — & be a covering. We say that it is linear if

(i) 7 is a vector bundle;

(ii) the action of vector fields Dy, ..., D, on F(&) preserves the subspace of fibre-wise
linear functions.

Coordinates. Let v!, ... v", ... be local coordinates along the fibre of 7 and the covering
be given by the total derivatives

~ 0

DZ-:DZ-+ZX{8UT, i=1,...,n (3.26)

Then the covering is linear if and only if the coefficients X[ in (3.20) are of the form
X7 => X,
where X are smooth functions on £. If we now identify the vertical terms X; =
>, X70/ov" in ([3.26) with the function-valued matrices
X0 X3
XA Xn
then (3.26]) will be rewritten as
Dz:Dz+Xza z'zl,...,n,
while the conditions [D;, D;] = 0 will acquire the form
In other words, we arrive to the classical definition of a ZCR (cf. with [125]).

Example 42. The well known two-dimensional ZCR for the KdV equation (see [125])
is given by

D, =D, + A, D, =D, + B,

0 1 —u 2u — 4\
A= B = v )
(—u—i—)\ 0)7 (—um—2u2+2)\u+4>\2 Uy )

where
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Example 43 (vacuum Einstein equations). Consider the Lewis metric ds® =
2f(x,y)dedy + 37, ; g;dz" d2/ in R* with coordinates x, y, z', and 2* (see [129]).
The the vacuum Einstein equations read

(v/det gg.g™ "), + (v/det gg,g7 1), = 0. (3.27)
After a re-parameterization, (3.27) acquires the form
umy:uuy Uy lu +uy’ Umy:vu+y+uvy__v +vy. (3.28)
U 2 x+y U 2 x4y

Bécklund transformations and ZCR for (3.28)) were constructed in many papers (see,
e.g., [130-133]). The latter is of the form

D,=D.,+A  D,=D,+B,

where
1 _ (0+D)ug (60+1)vg 1 _ (0+1)uy (0+1)vy
A=— u s B=— u us ; 3.29
2\ (6 -1, @l | 20 \ (1- 0w, U |» (3:29)
here § = /(A + y)(A — x) and X is the spectral parameter.
Using ZCR (B3:29), a three-dimensional covering over 7(£) can be constructed

(see [134]). Let U and V be the variables in 7 (€) corresponding to u and v, respectively,
and w!, w?, w? be the nonlocal variables. Then the covering is given by the relations
Ll=60 o, 140 4 140 140

w,, 5 VW™ + ou2 VW T z T 2—u2uxU,
1+46 1+46 1+46 1+6
w? = —vawl 7 upw? — vaU + iVgc,
2 U u3 2u?
1+46 0—1
w? = (0 — Dv,w' + Lugcw3 + —V,
U 2
and
. -1 2+1+9 3+1+9 1+0U
w, = Vy W vyw” + ——=u, U — ——
y 20 Y 20u? Y 20u? Y 20u Y’
1+6 1+6 1+6 1+6
2 _ 1 2
YT T Y T Ty Y T g ol + 20u? %
1-46 1+40 1-46
wz’ = vyw' + 00 w,w* + W\/y.

This covering gives rise to a Backlund transformation of the form
U’ = 2uw' + U, V' = —Pw? — w?,
i.e., to a recursion operator for symmetries.

Remark 24. Note that with an arbitrary covering 7: € — € one can naturally associate
a linear covering 7: 7% € — €. The space T € is a submanifold in 7 € and consists of
tangent vectors that vanish under the action of the differential 7,.

Note also the existence of the exact sequence of coverings

0——T0¢ T &0

LA
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where 75: T° € — € is the quotient. The terms of this sequence possess the following
characteristic property: integrable section of 7% are infinitesimal gauge symmetries
of 7, integrable sections of 7 are, as it was mentioned above, nonlocal T-symmetries
of £, and integrable sections of 7° are T-shadows.

Concluding remarks

We described a geometrical approach to partial differential equations which proved to be
efficient both from the theoretical point of view and in particular applications. Based
on this approach, in particular, Hamiltonian formalism for arbitrary normal (2-line)
equations is constructed. On the other hand, a number of interesting and important
problems are waiting for their solution. We plan to continue the research along the
following lines:

e Generalization of the Hamiltonian formalism from normal equations to arbitrary
p-line ones that, in particular, include gauge-invariant systems.

e Incorporation of Dirac structures into the above described scheme and elaboration
of their computation and use.

e Further development of the nonlocal theory and, in particular, analysis of
differential coverings over the systems with the number of independent variables
greater than two and generalization the theory of variational brackets to nonlocal
structures.
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