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We study conditions under which the solutions of a fuzzy integral equation are bounded.
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1. Introduction. The concept of set-valued functions and their calculus [2] were
found useful in some problems in economics [3], as well as in control theory [17].
Later on, the notion of H-differentiability was introduced by Puri and Ralesku in or-
der to extend the differential of set-valued functions to that of fuzzy functions [29].
This in turn led Seikkala [30] to introduce the notion of fuzzy derivative, which is a
generalization of the Hukuhara derivative and the fuzzy integral, which is the same
as that proposed by Dubois and Prade [7, 8]. A natural consequence of the above was
the study of fuzzy differential and integral equations, see [5, 9, 10, 11, 12, 18, 19, 20,
21, 23, 24, 25, 26, 28, 29, 30, 31, 32, 33].

Fixed point theorems for fuzzy mappings, an important tool for showing existence
and uniqueness of solutions to fuzzy differential and integral equations, have recently
been proved by various authors, see [1, 4, 13, 14, 15, 16, 22, 27]. In particular, in [22]
Lakshmikantham and Vatsala proved the existence of fixed points to fuzzy mappings,
using theory of fuzzy differential equations. Finally, stability criteria for the solutions
of fuzzy differential systems are given in [21].

In this paper, we examine conditions under which all the solutions of the fuzzy
integral equation

t
x(t) = J;J G(t,s)x(s)ds+ f(t) (1.1)

and the special case
t
x(t):.[o k(t—s)x(s)ds+ f(t) (1.2)

are bounded.
These fuzzy integral equations are proved useful when studying observability of
fuzzy dynamical control systems, see [6].

2. Preliminaries. By Py (R"), we denote the family of all nonempty compact convex
subsets of R™.
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For A,B € Py(R"), the Hausdorff metric is defined by

d(A,B) :max{supinf la—Db]l, supinf IIa—bII}. (2.1)

acAbeB beB acA

A fuzzy set in R" is a function with domain R" and values in [0, 1], that is an element
of [0,11R" (see [35, 34]).
Let u € [0,1]%", the a-level set is

[ul*={x eR":u(x) 2a}l, aec0,1],

[u]®=Cl({x e R":u(x) > 0}). 22
By E", we denote the family of all fuzzy sets u € [0,1]R" (see [18, 29, 35]), for which:
(i) u is normal, that is, there exists an element xy € R", such that u(xg) =1,
(ii) u is fuzzy convex,
(iii) u is uppersemicontinuous,
(iv) [u]°is compact.
Let u € E™. Then for each a € (0,1] the a-level set [1]? of u is a nonempty compact
convex subset of R", that is, u € Py (R"). Also [u]° € Pi(R").
Let

D:E"XE"™ — [0,00), D(u,v) =sup{d([ul?,[v]*):a e [0,1]}, (2.3)

where d is the Hausdorff metric for nonempty compact convex subsets of R™ (see
[18]).
3. Main results

NOTATION 3.1. By 0 € E", we denote the fuzzy set for which 0(x) =1 if x =0 and
0(x) =0if x = 0.

DEFINITION 3.2. A mapping x : T — E" is bounded, where T is an interval of the
real line, if there exists an element » > 0, such that

D(x(t),0) <r, VteT. (3.1)

THEOREM 3.3. Suppose that f:[0,+00) — E™ with D(f(t),()) <M,andG:A— R is
continuous, where A = {(t,s):0 < s <t < oo}, If there exists m < 1 with fé |G(t,s)|ds
<m, fort € [0,+c), then all solutions of the fuzzy integral equation

t
x(t) :IOG(t,S)x(S)dS+f(t), (3.2)

are bounded.
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PROOF. Let x(t) be an unbounded solution of (3.2). Then for every v > 0, there
exists an element t; € (0, ), such that

D(x(s),0) <rv, Vse[0,t;), D(x(t;),0)=r. (3.3)
Clearly, we can find a positive number » with
M+mr <r. (3.4)

By (3.3), (3.4), and the assumptions of the theorem we have

¥ =D(x(t1),0)

D( : G(tl,s)x(s)ds+f(t1),()>

D(I: G(tl,s)x(s)ds,()) +D(f(t1),0)

<
, (3.5)
1 ~
< | D(G(t1,5)x(s),0)ds+M (see[19, Theorem 4.3])
0
t .
< J |G (t1,s)|D(x(s),0)ds+M (by the definition of D, see [19])
0
<M+mr<r,
which is a contradiction. Thus x(t) is bounded. ]

THEOREM 3.4. Suppose that f :[0,0) — E™ and k : [0,0) — R are continuous and
that there exist constants A, B, and a > 0 with 0 < B < 1 and

t
D(f(t),0) < Ae %, J |k(t—s)|ds <Be %, (3.6)
0
Then, every solution of the fuzzy integral equation

t
x(t)=JO k(t—s)x(s)ds+ f(t) (3.7)

is bounded.

PROOF. Let x(t) be an unbounded solution of (3.7). Then for every v > 0, there
exists an element t; € (0, o), such that

D(x(s),0) <r, Vse[0,t;), D(x(t;),0)=r. (3.8)
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Clearly, we can find a positive number » with
A+Br <r. (3.9)

By (3.6), (3.7), and (3.8) we have

7/':l)(x(tl)!(’j)

D(Jt1 k(t;—s)x(s)ds +f(t1),f))
0

IA

D( "kt —s)x(s)ds,@) +D(f(t1),0)
0

<| D(k(t;-5)x(5),0)ds+D(f(t1),0) (see[19, Theorem 4.3])
0

t
< Jol |k(t; —s)|D(x(s),0)ds+D(f(t;),0) (by the definition of D, see [19])

< Ae %1 4 Be %y

< Ae 1 4 Be~4liy

(3.10)
and thus
ey < A+Br <7, (3.11)
which is a contradiction. Thus, x(t) is bounded. O
REMARK 3.5. Now, since the initial value problem
x'(t) = f(t,x(t)), teT, x(0)=xo, (3.12)
where f: T X E™ — E™ is continuous, it is equivalent to the integral equation
t
x(t) = x0+J f(s,x(s))ds, te[0,b] (see[20,Lemma 3.1]). (3.13)
0

If for the map f: T X E™ — E™ the conditions of Theorem 3.3 or 3.4 hold true, then
all the solutions of the initial value problem (3.12) are bounded.

4. Conclusion. In this paper, using a Gronwall type inequality, we give conditions
under which the fuzzy integral equations (3.2) and (3.7) possess only bounded so-
lutions. Consequently, this implies that the Cauchy problem (3.12) possesses only
bounded solutions as well. It appears that, these fuzzy equations are useful when one
studies the observability of fuzzy dynamical control systems. We also think that, our
results can be of use in studying stability of fuzzy differential equations and fuzzy
differential systems.
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Special Issue on

Uncertainties in Nonlinear Structural Dynamics

Call for Papers

Nonlinear dynamical systems usually display high complex-
ity. The last decades has seen a remarkable and fruitful devel-
opment of nonlinear dynamics and a large number of papers
have been published in all branches of science.

In modeling natural and man-made systems, it is assumed
in general that the system is perfect and that all parameters of
the system are known. However, real systems are usually im-
perfect and uncertainties are present both in system param-
eters and in the modeling stage. This is associated with the
lack of precise knowledge of the system parameters, random
or noisy external loading, operating conditions and variabil-
ity in manufacturing processes, among other things. In many
situations, these uncertainties are not important and may be
overlooked in the mathematical modeling of the problem.
However, in several situations, the uncertainties can have sig-
nificant influence on the dynamic response and the stability
of the system.

Uncertainties may also be found in system response, even
in cases where all parameters are well established, such sys-
tems exhibiting high sensitivity to initial conditions.

This is particularly important in strongly nonlinear
chaotic systems and those with fractal-basin boundaries.

Also, in many systems, unexpected interactions between
different parts of the systems such as in nonideal problems
may lead to complex responses.

However, the influence of uncertainties on local and global
bifurcations and basins of attractions and on important en-
gineering concepts such as reliability, safety, and robustness
is not well studied in literature.

Even the definition of a random bifurcation is still an open
problem in nonlinear dynamics.

This is a rather broad topic in nonlinear dynamics. So,
the present special issue will be dedicated to the influence of
uncertainties on structural dynamics (beams, plates, shells,
frames, etc.). In these structures, the main sources of uncer-
tainties are:

o Imperfections.

e Uncertainties in system parameters (mass, damping,
and stiffness).

e Uncertainties in the external load, such as random
loads (wind, earthquake, etc.)

e Sensitivity to initial conditions.

e Interaction between load and structure.

These types of uncertainties coupled to system nonlineari-
ties may have a marked influence on the structure’s response,
particularly in a dynamic environment.

So it is useful to study their influence on bifurcations, sta-
bility boundaries, and basins of attraction.

It is also interesting to discuss their influence on safety fac-
tors, integrity measures, and confiability.

These topics are essential for a safe design of structures and
the development of mathematically based safe (but not too
conservative) design codes and methodologies. Since struc-
tural systems may be studied using both continuous and dis-
cretized models, problems involving PDEs and ODEs should
be considered. There is a large scientific community working
on nonlinear dynamics of structures that may contribute to
this special issue.
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Short Range Phenomena: Modeling,
Computational Aspects, and Applications

Call for Papers

In recent years, the mathematical formalism of impulsive sys-
tems (based on impulsive differential equations) has tried to
join together the rigorous aspects from continuous systems
formalism and the wide range of applications of discrete sys-
tems formalism. They were introduced to handle many evo-
lution processes which are subject to singular short-term per-
turbations. Abrupt changes must be approached with mathe-
matical and technical aspects dealing with the final evolution
of such impulsive sources, whose effects are entirely trans-
ferred to the new state of the systems like transitions in quan-
tum mechanics. Modern aspects in physics (quantum the-
ory) and mathematics (wavelets, fractal theory) should be ex-
pedient in modeling short range phenomena and describing
dynamics of perturbations and transitions in natural systems
(advanced materials science) and advanced systems (optic,
electronic, and quantum devices).

Thus, a special issue on all theoretical, computational, and
practical aspects of modeling short range phenomena would
be an opportunity of extending the research field of wavelets
analysis, fractal theory, and applied mathematics (signal pro-
cessing, control theory) for presenting new fundamental as-
pects in science and engineering. We are soliciting original
high-quality research papers on topics of interest connected
with modeling short range phenomena that include but are
not limited to the following main topics:

e Mathematical aspects of pulse generation

e Dynamical and computational aspects of pulse mea-
surement

e Wavelets analysis of localized space-time phenomena

e Stochastic aspects of pulses, sequences of pulses and
time series
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gineering manuscript format described at the journal
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thors should submit an electronic copy of their complete
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