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Preface

This book grew out of two-semester courses given by the second-named author
in 1996/97 and 1999/2000, and the first-named author in 2005/06. These lectures
were directed to graduate students and PhD students having a working knowledge
in calculus, measure theory and in basic elements of functional analysis (as usually
covered by undergraduate courses).

It is one of the main aims of this book to develop at an accessible, moderate
level an L, theory for elliptic differential operators of second order,

" 0%u " ou
A = — . J— - ,
u j kE=1 ajr(x) 3,k + lgzl a;(x) o, + a(x)u (%)

onbounded C *° domains 2 in R”, including a priori estimates for homogeneous and
inhomogeneous boundary value problems in terms of (fractional) Sobolev spaces on
2 and on its boundary 9€2, and a related spectral theory. This will be complemented
by a few L, assertions mostly connected with degenerate elliptic equations.

This book has 7 chapters. The first chapter deals with the well-known clas-
sical theory for the Laplace—Poisson equation and harmonic functions. It may
also serve as an introduction to the typical questions related to boundary value
problems. Chapter 2 collects the basic ingredients of the theory of distributions,
including tempered distributions and Fourier transforms. In Chapters 3 and 4 we
introduce Sobolev spaces on R” and in domains, including embeddings, extensions
and traces. The heart of the book is Chapter 5 where we develop an L, theory
for elliptic operators of type (x). Chapter 6 deals with some specific problems
of the spectral theory in Hilbert spaces and Banach spaces on an abstract level,
including approximation numbers, entropy numbers, and the Birman—Schwinger
principle. This will be applied in Chapter 7 to elliptic operators of type (*) and their
degenerate perturbations. Finally we collect in Appendices A—D some basic ma-
terial needed in the text, in particular some elements of operator theory in Hilbert
spaces.

The book is addressed to graduate students and mathematicians seeking for an
accessible introduction to some aspects of the theory of function spaces and its
applications to elliptic equations. However it is not a comprehensive monograph,
but it can be used (so we hope) for one-semester or two-semester courses (as we did).
For that purpose we interspersed some Exercises throughout the text, especially
in the first chapters. Furthermore each chapter ends with Notes where we collect
some references and comments. We hint in these Notes also at some more advanced
topics, mostly related to the recent theory of function spaces, and the corresponding
literature. For this reason we collect in Appendix E a few relevant assertions.



vi

In addition to the bibliography, there are corresponding indexes for (cited) au-
thors, notation, and subjects at the end, as well as a list of figures and selected
solutions of those exercises which are marked by a * in the text. References are
ordered by names, not by labels, which roughly coincides, but may occasionally
cause minor deviations.

It is a pleasure to acknowledge the great help we have received from our col-
leagues David Edmunds (Brighton) and Erich Novak (Jena) who made valuable
suggestions which have been incorporated in the text.

Jena, Fall 2007 Dorothee D. Haroske
Hans Triebel
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Chapter 1
The Laplace-Poisson equation

1.1 Introduction, basic definitions, and plan of the book

Many questions in mathematical physics can be reduced to elliptic differential equa-
tions of second order, their boundary value problems and related spectral assertions.
This book deals with some aspects of the underlying recent mathematical theory on a
moderate level. We use basic notation according to Sections A.1, A.2 in Appendix A
without further explanations.

Definition 1.1. Let 2 be an (arbitrary) domain in R” where n € N. Let

{aj}iee, CC(Q), {af)_, CC*(Q), aeC™(Q) (LD
Js

with
ajp(x) =arj(x) €eR, xeQ, jk=1,...,n. (1.2)
Then the differential expression A4,
“ 0%u “ ou
(Au)(x) = _ﬂ; ajk(x)axj—axk(x) + ;al(x)a—m(x) +a(xu(x), (1.3)

of second order is called elliptic if there is a constant £ > 0 such that for all x € Q2
and & € R” the ellipticity condition

n

> ap(x)EE = EfEP (1.4)

Jk=1
is satisfied.

Remark 1.2. As usual, A4 is called an elliptic operator, sometimes also denoted
as uniformly elliptic operator since E in (1.4) is independent of x € Q2. One may
think of u € C?!°(Q) in (1.3). But later on u might be also an element of more
general Sobolev spaces.

Example 1.3. The most distinguished example is

n 82

—A:—Z@, (1.5)

j=1

where A is the Laplace operator. We shall adopt the usual convention to call (1.5)
simply Laplacian.
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Remark 1.4. The following observation will be of some use. Let
E=(&,...,6) € C" with§ =Re&; +ilmé =n; +i¢;, (1.6)

where 1;,¢; € R, j = 1,...,n. Then

n n n
Y ap@EE = ] ar & = Y ar (OEE (1.7)
jk=1 Jk=1 Jk=1
is real and one thus obtains

D apEE = Y ap () +i8) e — i)
Jk=1 Jk=1
= > ap ()i + &)
k=1
> E[£]?. (1.8)

Hence the ellipticity condition (1.4) with E_J in place of &; applies to & with (1.6),
too.

Exercise* 1.5. In which domains Q c R2 is

2 2

(Au)(x1,x2) = —é(xl,xz) —xzé(xhxz)

elliptic?

Typical problems, plan of the book

Let © be a bounded C*° domain in R” according to Definition A.3, and let A be
an elliptic operator, say, the Laplacian (1.5). Let f be a function in 2 and ¢ be a
function on the boundary 2. In the typical boundary value problem we are dealing
with one asks for functions in © such that the Dirichlet problem,

() Au=f inQ, (L.9)
U = ¢
4 and the Neumann problem,
Au = f inQ,
Q du (1.10)
5)39 =9,
Figure 1.1

can be solved.
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Furthermore of interest are eigenvalues A € C and (non-trivial) eigenfunctions u
such that, for example,

Au = Au in Q and U o =0 on 09. (1.11)

It is the main aim of this book to develop an L, theory of these problems, subject
to Chapters 5 and 7. The other chapters are not merely a (minimised) preparation
to reach these goals, but self-contained introductions to

* the classical theory of the Laplace—Poisson equation (Chapter 1),
* the theory of distributions (Chapter 2),
* Sobolev spaces in R” and R, (Chapter 3) and on domains (Chapter 4),

* the abstract spectral theory in Hilbert spaces and Banach spaces (Chapter 6).

1.2 Fundamental solutions and integral representations

Letn > 2,andr = r(x) = |x| = w/27=1 x]? be the usual distance of a point
x € R” to the origin. We ask for radially symmetric solutions u(x) = v(r) of the

Laplace equation

n
82
Au(x)zzgz(x)zo in R” \ {0} (1.12)
j=1 J
Inserting
du dv, _or dv, _ x;
—(xX)=—r—x)=—m =L, j=1,...,n, 1.13
= g g0 =0 N(RE)
and
9%u v X7 dv 1 X7
)= () L+ —[--Z 1.14
8xf(x) drz(r) r2+dr(r)(r r3) (1.14)
in (1.12) one gets
d>v  n—1dv
— — =0, 0. 1.15
dr? + rodr "= (1.15)

If n > 3, then v(r) = ¢; r>" + ¢, is the solution, which must be modified by
v(r) = c1 + coInr when n = 2, where ¢y, ¢, € C.

Let |wy| be the volume of the unit sphere w, = {x € R"” : |x| = 1} in R".
Otherwise we refer for notation to Sections A.1, A.2.



4 Chapter 1. The Laplace—Poisson equation

Definition 1.6. Let n > 2, and Q be a bounded C! domain in R” according to
Definition A.3 (ii). Let ® € C?(Q) with A®(x) =0, x € Q, and x° € Q. Then

1
~3 In|x — x% + ®(x), n=2,
yeo(x) = 4 | (1.16)
d(x), n >3,
(1= Dl Tx—xopz TP =

is called a fundamental solution for A and x° € Q.
Remark 1.7. By the above considerations we have
Ayo(x) =0 inQ\ {x°}. (1.17)
Recall that |, | can be expressed in terms of the I"-function as
2/
r(3)

with the well-known special cases |w2| = 27, |w3| = 4. But (1.18) will not be
needed in the sequel. A proof may be found in [Cou36, Chapter IV, Appendix 3,
p- 303].

(1.18)

|wn| =

Again we refer for notation to the Appendix A. In particular, v stands for the
outer normal on d€2 according to (A.13), and the related normal derivative is given
by (A.14).

Theorem 1.8 (Green’s representation formula). Let Q be a bounded C' domain
in R" wheren > 2. Letu € C*(Q) and Au(x) = f(x), x € Q. Let x° € Q, and
v,0(x) be a fundamental solution according to Definition 1.6. Then

0y,0

d
w6 = [ [ro© 50 —u) 220 i - [ yow feax. @19

aQ Q

Proof. Step 1. By (A.17) with u and @ in place of f and g, respectively, one obtains

/CD(x) Au(x) dx = / [(D(o)g—l:(o) — u(o)%—f(o)]da, (1.20)

Q aQ

due to A® = 0. Hence it is sufficient to prove (1.19) for & = 0. Furthermore we
may assume x° = 0 € Q.

Step 2. Letn > 3. In view of ® = 0, x0 =0, (1.16) reads as

1
(n —2)|wn]|x |2

Yo(x) = (1.21)
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Let £ > 0 such that
K. =K. (0)={xeR":|x| <&} CQ.

We apply (A.17) with u in place of g and yq in place of f to the C! domain Q \ K,
and get by (1.17) and Au = f that

— [ remear = [ [u0)20) - n0) 3 o) o

& d
K ¢ . (1.22)
— [ [0 220 - @50 a0
0K
where v in the last term is now the outer nor-
mal with respect to the ball K, in Figure 1.2. K,
Lebesgue’s bounded convergence theorem im-
plies v
'/ﬂwm@MX§c§, v
I Q IQ
such that the left-hand side of (1.22) tends to the
lasttermin (1.19) when ¢ — 0. Comparing (1.19) Figure 1.2
and (1.22) it remains to prove that
ad 0
lim / [yg(a)—u(o) _ u(o)ﬁ(o)] do = u(0). (1.23)
£—0 v v
0K ¢
By (1.21) it follows that
1 ou ’
do| < ————— — d
'/mw)(w '—(—mm¢n2 (o) do
0K ¢ lo|=¢
f;/dozceﬁo (1.24)
|wn |72
|lo|=¢e
for ¢ — 0. Furthermore, with
0 1 1
yo(a)z— =— o € 0K,,

v

|wn [|o|"—1 |wn|8n_1’
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we can continue,
— /u(a)%(o) do = W / u(0)do + /(u(a) —u(0))do

0K ¢ 0\ € lo|=e
= u(0) —|— / (u(0) —u(0)) do. (1.25)
|O'| &

Since u is continuous the absolute value of the last term can be estimated from
above by

= sup |u(o) —u(0)| —> 0. (1.26)

lo|=e

=7 sup [u(o) —u(0)| /do
|a)n|€ lo|=¢

Now (1.24)—(1.26) prove (1.23). O
Exercise 1.9. Prove (1.19) for n = 2 using (1.16).

1.3 Green’s functions

Boundary value problems of type (1.9), (1.10) are at heart of the theory of elliptic
differential equations of second order. The Representation Theorem 1.8 gives a first
impression how u in  may look like if Au = f in  and the behaviour of u at the
boundary d€2 is known. However, compared with (1.9), (1.10) where A = —A, it
seems to be desirable to simplify the first integral on the right-hand side of (1.19),
i.e., to have only the term with u(c) on 92, or only the term with g—’: on d€2 in
(1.19). In case of the Dirichlet problem (1.9) this would mean to eliminate the first
term in the integral over €2 in (1.19) by choosing ® in Definition 1.6 in such a
way that one has y,0(0) = 0 for o € dQ2. This is the basic motivation for Green’s
functions.

Definition 1.10. Let 2 be a bounded C! domain in R”, n > 2, and let x° € Q.
Then g(x°, x) is called a Green’s function if

(i) yyo(x) = g(x% x) is a fundamental solution according to Definition 1.6,
(i) g(x%0)=0,0 € 0Q.

Remark 1.11. As we shall see later on there are good reasons to look at g(x?, x)
as a function of 27 variables in  x Q. This may explain the different notation of
2(x°, x) (with the separately indicated off-point x® € Q) compared with y,0(x).
It is one of the major problems to prove the existence of Green’s functions which
results in the solution of the Dirichlet problem

1 1

A®=0inQ, and qn(a):( _2)| T = ifo €dQ  (1.27)
n—2)|wyl|lo—x
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for the function ® in Definition 1.6 (for n > 3, with obvious modification for
n = 2). If a Green’s function g(x°, x) exists, then (1.19) reduces to

9g(x%,0)
u(x) = — [ ¢(0)——5——do - / g(x%, x) f(x)dx (1.28)
I Q
with
Au=f inQQ,
u|39 = Q.
This coincides with the Dirichlet problem (1.9) replacing A by A. But even if
2(x%, x) exists, then (1.28) does not mean automatically that u(x°) solves (1.29)

for given f and ¢. This must be checked in detail and the conditions for f and ¢
have to be specified. This will be done below in case of balls in R”,

(1.29)

Kr=Kr(0)={xeR":|x| <R}, R>O0, (1.30)

where we are first going to construct g(x°, x) explicitly.

Theorem 1.12. Letn > 3, R > 0, 2 = Kg C R” given by (1.30), and x% e Q.

Then
1 R\ 1 020
—— | — —_— X ,
L) e T ) e
g x) =
(n —2)|wy 1 1 o
w2 e X' =0,
(1.31)
RZ
; , Lo 0_ .0 0
is a Green’s function in 2, where x, = x O] Jor x? #£0.

Proof. Let 0 # xo € Q; since |x°||x?| = R? for 0 < |x°| < R, it follows from
Definitions 1.6 and 1.10 that y,0(x) = g(x°, x) is a fundamental solution. It re-
mains to check Definition 1.10 (i), i.e., g(x°, x) = 0 for |x| = R, or, equivalently,

2
02 = |x —x%2, |x|=R.0< x| <R. (1.32)

02 |x —x

Let |x| = R; by the definition of x?, see also Figure 1.3,

02 = (x2 -2 0y ozsz_ZR2 0y 4 R* 133
=202 = |2 = 2(x.x%) + x| epn ) o (139
such that
2 o 2 R? . o0 0 2 02
[x" —x|* = (|x°]" = 2{x, x") + R%) = |x — x| (1.34)

X0 X012
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Figure 1.3

The case x° = 0 is obvious. O

Exercise 1.13. Letn = 2, R > 0, and 2 = Kg be given by (1.30).

2

R
(a) Justify Figure 1.3 for the reflection point x° = x° 02 of x® € Q\ {0}.

(b) Let x° € Q, and x? = x° for x° # 0. Prove that

X0

R
| In|x —x° —In|x — x| +In—-. x®#0,
g(xo,x)z—z— |xO]
T
In|x| —InR, x% =0,

is a Green’s function in the circle 2.

Theorem 1.14. Letn > 2, R > 0, and Q = Kgr C R” given by (1.30). Let
u e C?(Q)and Au(x) =0, x € Q. Then for x° € Q,

R? —|x°)? / u(o)

u(xo) = Rwn|
n

oo (1.36)
lo|=R

Proof. Letn > 3. Inview of (1.28) with g(x°, x) givenby (1.31)and Au = f =0
we have

u(x% = — / u(o)g—‘i(xo,a)da. (1.37)
lo|=R

Let x° # 0. Then one obtains by (1.31) that

8—g(x0,x) _ 1 |:|Xj _xj(') . (i)n—ij - (xg)ji|; (1.38)

Ox; onl Llx —x0  \[x9| lx — x0|
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thus (1.32) leads for |x| = R, x0 = x* &> o

x0]
g 0 N 1 0 |x0|2 0
E(X . X) = —m(xj — X~ (6 = (X))
. R2 _ 1y012
_ Y Ealy (1.39)
|x —x01"  R2|wn|
Now (1.36) follows from (1.37) and
R2 _ 1v012 1

Z—( 0 f R x| . (1.40)

Rlwy|  |x —xO 0

Exercise 1.15. Check the case x° = 0. Prove (1.36) for n = 2.

Remark 1.16. Rewriting the right-hand side of (1.36) as an integral operator (of u),

the function
— x> 1

Rlw,|  |x —y|"

K(x,y) =
is sometimes called Poisson’s kernel for the ball Kg, R > 0, and n > 2.

Corollary 1.17. Letn > 2, R > 0, and Q = Kg according to (1.30). Then

Ll bl [ 90 <R (1.41)
=1, X . .
R |wn| lo —x0
o|=R
Proof. We apply (1.36)tou = 1. (]

Exercise* 1.18. (a) One can extend the notion of Green’s function from a bounded
domain €2 in R” to, say, the half-space

Q=R ={x=(x1....,x,) € R" : x,, > 0}.

Let y,0(x) be a fundamental solution according to (1.16) with ® € C*(R%),
Ad(x) = 0,x € R".. Then 2(x% x) = y,0(x) is a Green’s function for Q = [R"
if g(x%,0) = Ofora €IR: ={y e R": y, =0}

Determine @ appropriately, formulate and prove the counterpart of Theorem 1.14
for @ = R%.
Hint: Use a suitable reflection idea similar to the proof of Theorem 1.12.

(b) Let Q = K;g = {x = (x1,x2,x3) € R®: |x] < R, x3 > 0}, R > 0.
Determine a Green’s function for K ;5.

Hint: Combine ideas from (a) and Theorem 1.12.
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1.4 Harmonic functions

Again we refer for notation to Appendix A.

Definition 1.19. Let 2 be a connected domain in R”. Then u is called a harmonic
function in Q if u € C%'°°(Q) and

Au(x) =0 forx € Q. (1.42)

Remark 1.20. Obviously the real part and the imaginary part of a harmonic function
are also harmonic functions.

In case of n = 1 the connected domain €2 is an interval and f is harmonic in 2
if, and only if, it is linear, u(x) = ax + b, a,b € C, and x € Q. For n > 2 there
are many harmonic functions. In the plane R? all polynomials 1, x, y, xy, x2 — y2,
x3 —3xy2, ..., but also e?* sin(ay), e** cos(ay) with a € R are real harmonic
functions.

Definition 1.21. Let Q be a connected domain in R”, and let u be continuous in Q.
Then u is said to have the mean value property if

1
u(x%) = ——— / u(o)do (1.43)
" lo—xO|=R
for any x° € Q and any ball
Kr(x®) ={xeR":|x—x" < R} C Q. (1.44)

Remark 1.22. Since u is continuous in 8_2, the right-hand side of (1.43) makes sense
even if IKg(x%) N I # @. Obviously, |0Kg(x%)| = R""!|w,| what explains to
call (1.43) a mean value. Recall that a (real or complex) function u in a domain €2
is called analytic if it can be expanded at any point x° € Q into a Taylor series

D¢ 0
u(x) = Z u—('x) (x—x%% 0<|x—x°<r, (1.45)
aeNG o

for some r = r(x%) > 0. Obviously an analytic function is a C® function.

Theorem 1.23. Let Q be a bounded connected domain in R" and let u be a real
Sfunction which is continuous in Q and harmonic in Q2 according to Definition 1.19.

(1) Then u has the mean value property according to Definition 1.21.

(ii) Furthermore u is an analytic (and hence C*°) function in 2.
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(iii) (Maximum-Minimum principle) There are points x! € 9Q and x* € IR
such that

u(x!) = max u(x) and u(x?) = min u(x). (1.46)
xeR xeQ

Proof. Step 1. We prove (i) and assume 0 = x° € Q. Then Kg(0) in (1.44)
coincides with Kg in (1.30), and application of Theorem 1.14 gives the desired

result,
0= [ 42 [ woa (1.47)
u(0) = o= ——— u(o) do, .
R |w,| Rn R 1 |w,|
lo|=R lo|=R

where one has to apply an additional continuity argument if Kz(0) N 02 # 9.

Step 2. To prove (ii), note first that the kernel [0 — x°|™ of the integral (1.36) is a
C function on Kg x 0Kg. Hence u is C* in K g. Furthermore, the coefficients
of the Taylor series in C” of

n —n/2
lo—z| ™" = (Z(oj —z,-)2) . zeC" |z < (1.48)
=1

can be estimated uniformly with respect to |o| = R if ¢ > 0 is chosen sufficiently
small. This results in

ID*u(0)| < ca!t ™ sup |u(o)|, «e NG, (1.49)
lo|=R

for some ¢ > 0 and 0 < 7 < 1, independent of «. Here u is given by (1.36). This
can be proved by elementary reasoning. But it may also be found in [Tri97, (14.22),
14.5, pp. 95, 97] with a reference to the C"-version of Cauchy’s formula, [Tri97,
(14.62), (14.63), p. 103]. Thus (1.45) with x° = 0 converges if |x| < 7.

Step 3. We prove assertion (iii) and restrict ourselves to the maximum. Since the
real function u is continuous on the compact set Q one finds points x! € Q with
(1.46).

. . o
We assume that there is some x! € Q with

this property and choose R > 0 such that 00
Kr(x') C Q, see Figure 1.4 aside. Plainly,

u(o) < u(x') for all o € dKg(x!). If there

was some 0 € dKg(x!) with u(og) < u(x!), Kr(x!)
then by continuity one has u(o) < u(x!)in a

neighbourhood of oy, and we get a contradic-

tion if we apply (1.43) with x° = x!, Figure 1.4
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1y _ 1 1 1 _ 1
u(x’) fu(o)do < KRG /u(x )do = u(x"). (1.50)

B Rn_1|wn|
K r(x1) K R(x1)

Hence u(x) = u(x') for all x € Kg(x!). This argument applies in particular to
balls with K g (x') N9 # @, recall Remark 1.22. Hence there are points x! € 92
with (1.46). O

Exercise* 1.24. (a) Prove the estimate (1.49) directly.
Hint: Expand (1.48) for z € R” with |z| < e.

(b) Let u(xy,x2) = x7 — x3, (x1,x2) € R?, and Kg C R? given by (1.30),
R > 0. Determine

sup  u(xy,xz) and inf u(xy, x2).
(x1,x2)€EKR (x1,x2)€KR
(c) Why is the function

f(X17X2,X3) = (xf + x% + x% — l)esin(x1+x2+x3)
not harmonic in the unit ball K; C R? according to (1.30)?

Exercise 1.25. (a) Letn > 2, R > 0, and Q2 = Kr C R” according to (1.30).
Let u € C?(R2) be harmonic in  and let u(x) > 0, x € Q. Prove Harnack’s
inequality,

R+ |x|
(R —|x])n—1

n—2 R'_|x|
(R + |x[)—1

Hint: Use the Theorems 1.14 and 1.23 (i).

u(0) < u(x) < R"2 u(0), x € Kg.

(b) Prove another Harnack’s inequality: Let 2 be a connected bounded domain
in R” and K a compact subset of 2. Let # be harmonic and ¥ > 0 in 2. Then there
exists a constant ¢ > 0 depending only on K and €2 such that for all x,y € K,

chu(x) <u(y) < culx).
Hint: Cover K with finitely many balls K, (x;) according to (1.44) and use (a).

Corollary 1.26. Let Q2 be a bounded connected domain in R" and let u € C(R2)
be a real harmonic function in Q2 such that

u(x') = max u(x) (oru(x?) = min u(x)) (1.51)
xeQ xeQ

for some x' € Q (or some x> € Q). Then u is constant in Q.
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Proof. Any point x € € can be connected with x! € Q having the property

(1.51) by a smooth path in 2. Applying the arguments from Step 3 of the proof
of Theorem 1.23 to a suitable finite sequence of balls one gets u(x) = u(x!).
Similarly for the minimum. a

There is a converse of Theorem 1.23 (i). The spaces C(2) and C2'°°(2) have
the same meaning as in Section A.1.

Corollary 1.27. Let Q2 be a bounded connected domain in R™ and letu € C(2) N
C21°¢(Q) be a real function satisfying the mean value property according to Defi-
nition 1.21. Then u is harmonic.

Proof. We conclude from (1.43) with x® = 0 by straightforward calculation that

|wn |u(0) = / u(ro)do, 0<r <ry, (1.52)

lo|=1

for some suitably chosen number ry > 0. Taking the derivative with respect to r
one gets (after re-transformation),

0= / g—z(a)dcr: / Au(x)dx, (1.53)

lo|=r |x|<r

for small » > 0, where the latter equality comes from (A.17). Then Au(0) = 0.
An additional translation argument gives the desired assertion Au(x) = 0 for all
x € Q. O

Corollary 1.28. Let n > 3, and Q be a bounded C' domain in R" according to

Definition A.3 (ii). Let x° € Q and g(x°, x) be a real Green’s function according
to Definition 1.10. Then for all x, x? € Q, x! # x2,

0 < g(x1,x? < ! ! (1.54)
s (n = 2)[wn] JxT —x2[2’ '
and
g(x!, x?) = g(x?, x"). (1.55)

Proof. Step 1. We show (1.54). Let x! € Q be fixed, then the real harmonic func-
tion @ in (1.16) is negative on 92, and as a consequence of Theorem 1.23 (iii), P is
negative on . This proves the right-hand side of (1.54). Concerning the left-hand
side we remark first that g(x!,-) is positive in Kg(x!) C Q for sufficiently small
8 > 0, since ® is bounded. Here Kj(x') is given by (1.44). Moreover, g(x!,) is
positive on Q2 U dKs(x!), harmonic in Q \ Kg(x'), such that Theorem 1.23 (iii)
implies the left-hand side of (1.54).
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Step 2. Let x!,x2 € Q, x! # x2, and

ur(x) = g(x',x),  uz(x) = g(x?x),
such that it remains to show
up(x?) = ua(x').
We apply (A.17) to the harmonic functions u; and
u, inthe domain Q5 = Q\{Ks(x')UKj(x?)} with
sufficiently small § > 0, Ks(x!) N Ks(x?) = 0.
Since g is a Green’s function,

/ (11 (1) Atz () — 2 () Ay (x))dx
Qs

Figure 1.5

0 0
=0= [ (11©52@) 1050 Jao
av Jdv
aQ
such that Theorem A.7 (ii) implies

0= / (110122 (0) ~1200) 32 0 )0
0K 5(x1)
d d
+ [ (105320 - u0) 50 )

9K 5(x2)

(1.56)

We are in the same situation now as in (1.23): replacing the off-point 0 by x!, yo by
Uy = g(xl, -), and u by u,, we obtain that the first integral on the right-hand side
of (1.56) tends to u,(x') for § — 0, whereas, by parallel arguments, the second
term converges to —u1(x2). This finishes the proof of (1.55). |

Exercise 1.29. (a) Prove that the (surface) mean value property according to Def-
inition 1.21 is equivalent to the volume mean value property

/ u(x)dx (1.57)

for any x® € Q and any ball Kg(x%) C Q given by (1.44).

Hint: Use polar coordinates as in (1.52), differentiate and integrate with respect
tor.

(b) Let u € C(2) according to Definition A.1 be harmonic in 2 and let K be a
compact subset of £ with

d = dist(K,0Q) = sup inf |x—y|>0.
xeK Y€
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Then

sup max

n
< — sup Ju(x)|.
xeK J=L,...,n d

xe

ou
E(X)

ad

Hint: Apply (a) to the harmonic functions 8—u, j=1,...,n,inaball K;_.(x?),
Xj

e >0, x% € K, and use GauB’s formula (A.15). Let ¢ — 0.

Exercise 1.30 (Sobolev’s mollification method). Let @ be given for x € R” by

1

e

w)y=1¢¢ T Ixl<L (1.58)
0, |x| > 1,

where the constant ¢ > 0 is chosen such that [ w(x)dx = 1.

n

Figure 1.6

1
For h > 0,let wp(x) = o (;l—c),x € [R”,thatis,/ op(x)dx = 1.
[Rn

Let u be a locally integrable function in
@p (x) R". The convolution

up(x) = (wp * u)(x)

< = [ ontut = ay
[R}’l
o(x)
LJ\ =[wh(x—y)u(y)dy (1.59)
- —t=
1 0 1 R%

Figure 1.7 is called Sobolev’s mollification method.
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(a) Prove that wy are C*° functions in R” for & > 0.
(b) Let u be a locally integrable function in R”, &7 > 0. Show that uj is a C*
function in R”.

Hint: Either use the mean value theorem for differentiable functions and
Lebesgue’s bounded convergence theorem to obtain

0

0
P up(x) =/—wh(x—y)u(y)dy» (1.60)
xj dxx;

[Rn

or consult [Tri92a, Sect. 1.3.6].
(c) Prove that any real continuous function in R” that satisfies the mean value
property according to Definition 1.21 is a C*° function.

Hint: Show
up(x) = u(x), h>0, xeR", (1.61)

where uy, is defined by (1.59).

Exercise 1.31. Use Exercise 1.30(c) to replace the assumption u € C(2) N
C?21°¢(Q) in Corollary 1.27 by u € C(R).

Exercise 1.32 (Liouville’s theorem). Prove that any bounded harmonic function in
R” is constant.

Hint: Apply the volume mean value property (1.57) to u(0) and u(x®) and show
that u(x%) — u(0) — 0 if R — oo.

Exercise 1.33. Let Q2 be aconnected domainin R”. Thenareal functionu € C2(Q)
is called subharmonic or superharmonic in Q according as

Au(x) >0 or Au(x) <0 for x € Q. (1.62)

For convenience we formulate some results for subharmonic functions merely.
Their counterparts for superharmonic functions are obvious.

(a) Letu be subharmonic in Q. Show that for any x° € © and any ball K (x%) C
Q given by (1.44) the mean value properties of harmonic functions (1.43) and
(1.57) can be replaced by

1 1
u(xo)gm /u(a)da and u(xo)fm /u(x)dx.

9K R (x9) Kr(x%)

(b) Prove that a subharmonic function u in €2 satisfies that

max u(x) = m% u(y). (1.63)

xeQ ye
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(c) Let ®: R — R be a smooth convex function and u real harmonic in £2. Then

v = @ o u is subharmonic. Verify that for any real harmonic v in €2 the
function v = |Vu|? is subharmonic, where Vu is given as usual,
du du
Vu = (——) 1.64
0x1 0xy, ( )

(d) Letu € C(R2) be real harmonic, v € C(£2) subharmonic with Uge = Vlsar
Then v < u in Q.

Hint: As for parts (a)—(b) adapt the corresponding arguments used for harmonic

functions.

Remark 1.34. The last assertion (d) explains and justifies the notation subhar-
monic, i.e., a function that is subharmonic in a bounded domain €2 is dominated
by any harmonic function in € having the same boundary values. Similarly for
superharmonic functions. For further details see Note 1.7.2.

1.5 The Dirichlet problem

We furnish the compact boundary 92 of a bounded domain €2 in R” with the usual
Euclidean metric inherited from R”. Then C(d$2) collects all complex-valued
continuous functions on d2. Otherwise we refer for notation again to Sections A. 1
and A.2.

Definition 1.35 (Dirichlet problem for the Laplace equation). Let €2 be a bounded
connected domain in R” and let ¢ € C(02). Then one asks for functions u €
C(2) N C%°¢(Q) such that

Au(x) =0 if x € Q, (1.65)
u(y) =p(y) ifyedQ. (1.66)

Remark 1.36. In other words, we look for harmonic func_tions u according to
Definition 1.19 which are continuous on the compact set €2 and take the given
boundary values (1.66).

Theorem 1.37. Let Q be a bounded connected domain in R", and ¢ € C(9R2).
Then the Dirichlet problem according to Definition 1.35 has at most one solution.

Proof. Let uy, uy be two solutions of the Dirichlet problem. Then u = u; — u;
is a harmonic function in Q with Upg = 0. If u is real, then Theorem 1.23 (iii)
implies u = 0 in Q; otherwise u can be decomposed in its real and imaginary part
leading by the same arguments as above to Reu = 0, Imu = 0. (|
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Exercise 1.38 (Stability). Let u; and u, be real solutions of the Dirichlet problem
according to Definition 1.35 with respect to boundary data ¢;, ¢, € C(9€2). Prove
that

max [uq(x) — uz(x)| < max [@1(y) — 2(»)l. (1.67)
xeQ yeI2

Remark 1.39. Boundary value problems are one of the central objects of the the-
ory of elliptic equations (of second order). They are subject of Chapter 5 in the
framework of an L, theory. In Note 1.7.2 we add a few comments as far as classi-
cal methods are concerned. There are only a few cases where the problem (1.65),
(1.66) can be treated in an elementary way and where the solution u can be written
down explicitly. We restrict ourselves to the case where the underlying domain is a
ball. Obviously we may assume that this ball is centred at the origin. The natural
candidate for a solution of the Dirichlet problem in a ball is given by (1.36) with
¢(0) in place of u(o).

Theorem 1.40 (Poisson’s formula). Letn > 2, 2 = Kr C R” be given by (1.30),
R > 0, and ¢ € C(0KR). Then the Dirichlet problem according to Definition 1.35
has a uniquely determined solution u, which is given by

R2_ 2
R =X / O 45 x <R,
u(x) = Rlwy| lo— x| (1.68)

P(x), x| =

Proof. Step 1. Theorem 1.37 covers the uniqueness; so it remains to prove that u
in (1.68) has the required properties. Plainly u € C?''°°(Kg) and we wish to show
that

R2 _ 2
AR o0 v e kel o] = k. (1.69)
lo — x|"
Let n > 3 and note that for |o| =

R —|x]*> o> —((x—0)+o0.(x—0)+0)

o —x|" lo —XI”
=T |n S — Z o) |0 x|n. (1.70)

Since for fixed o both |0 — x|~"*~2) and its derivatives,

0 1 =(2—n) Xj—dj

xj Jo —x["=2 o — x]"

are harmonic in Kg, we obtain (1.69).
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Step 2. It remains to prove that u € C(Kg), which reduces to the question whether
for given 0 € 0Kg and ¢ > 0 one can find a sufficiently small neighbourhood

Ks(0) N Kg of o such that for all x € Kg5(o) N KR,
lu(x) —¢(0)| < 2e. (1.71)

We decompose dK g into a neighbourhood S; of o and
S> = 0KRg \ S1. Application of (1.41) and (1.68) for

Ks(o)
|x|] < R leads to 52
S1
R2 — |x|2

¢(t) — ¢(0) *0
GERGE Trealll B R,
|z|=R
R —|x? / N R? — |x|? / Figure 1.8
R |wy| R |wp| .
S1 S>

Since ¢ € C(dKR), we may choose S sufficiently small such that

sup () —p(0)| < &.

TeS
This implies together with another application of (1.41) that

R? — |x|? /w(f)—w(a)

R |wy| |z —x|"

dr

R? — |x|? dr
< sup ()~ o) [ _
b onl ) Te—x]
S1 |T|=R

<e

(1.72)

uniformly for x € Kr. We now choose § > 0 sufficiently small such that for all
x € Kr N Ks(0), as indicated in Figure 1.8, |t — x| > ¢ for t € S5, hence

2 _ 2 _ 2 2
R” —|x| /w(f) ACI _R |x| C—Z/dr
R |wy| It —x|" R |wn| cf

S>

S>
<c3 R"2(R+|x(R—|x|)<e (1.73)

for sufficiently small § > 0. This gives (1.71). a

Exercise* 1.41. Let Q2 = Kg, R > 0, according to (1.30) and n = 2.
(a) Prove (1.69).

(b) Let C € R be some constant. What is the unique solution for the Dirichlet
problem according to Definition 1.35 in €2 when ¢ is given by

@(Rcosy, Rsiny) = C sindy, ¢ €[0,27)?
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Exercise* 1.42. Let @ = K7, R > 0, that is,
Ky =KF@O0) ={x=(x1,....x0) € R" : x| < R, x» > 0} (1.74)
naturally extending Exercise 1.18 (b).
(a) Letn =3and g € C (8K1’;). Solve the Dirichlet problem according to Defi-
nition 1.35 for Q2 = K;g.
Hint: Apply Exercise 1.18 (b) and proceed similar to the proof of Theo-
rem 1.40.
(b) Letn = 2 and
@(Rcosy, Rsiny) = R%cos2y, 0<vy <,
(p((),xz)z—x%, — R <xy <R.

What is the unique solution ¥ = u(x1, x2) of the Dirichlet problem in Q
according to Definition 1.35?

1.6 The Poisson equation

We refer for notation to Sections A.1, A.2 and the beginning of Section 1.5.

Definition 1.43 (Dirichlet problem for the Poisson equation). Let €2 be a bounded
connected domain in R” and f € C(2), ¢ € C(dS2). Then one looks for functions
u e C(Q) N C?°(Q) such that

Au(x) = f(x) ifx e Q, (1.75)
u(y) =¢(y) ify e dQ. (1.76)

Remark 1.44. If f = 0, then the above Dirichlet problem for the Poisson equa-
tion (sometimes denoted as the Laplace—Poisson equation) reduces to the Dirichlet
problem for the Laplace equation according to Definition 1.35. For given f and ¢
the Dirichlet problem (1.75), (1.76) has at most one solution. This is an immediate
consequence of Theorem 1.37. One may try dealing with (1.75), (1.76) in two
consecutive steps: first looking for a solution of Av = f, and afterwards solving
Aw = 0 with boundary data w(y) = ¢(y) — v(y). Then u = v + w would give
the desired result. However, there are functions f € C(€2) for which Av = f has
no solution v € C%'1°°(Q). We return to this question in Note 5.12.11 below.

Theorem 1.45. Letn > 2 and f € C*(R") with f(x) = 0 for |x| > r and some
r > 0. Let u be the Newtonian potential,

1
o [ 1o ml=yiy. a=2,
T
2

o 0y,
(=] J Ty ™

u(x) = (Nf)x) = (1.77)
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where x € R*. Thenu € C%'°°(R"), and
Au(x) = f(x), xe€R" (1.78)
Proof. Letn > 3. It follows from

1 f(x—y)d

"= el |

(1.79)

and Lebesgue’s bounded convergence theorem that u is continuous in R”, since f
is continuous with compact support in R”. By the same arguments the assumptions
on f imply that u € C2(R") and

82
S ) dy

2( ) == (n—2)|a)n| /3)(2 Iy[2’ x € R", (1.80)

for j = 1,...,n, such that

AS—y)
Au =-4 —2)|wn| / 2

A
= f(y) ) dy, X € [Rn
- T IAFSST

On the other hand, application of Theorem 1.8 for sufficiently large balls €2 and
with f in place of u gives

__ 1 Af() "
fx) = Dol [R/ T dy, xeR" (1.81)

O

Exercise 1.46. Prove Theorem 1.45 forn = 2.

Remark 1.47. Forn > 3onehasu(x) — 0if |x| — coandu € C?(R"). Ifn = 2,
then it may happen that |u(x)| — oo if |x| — oo and one has only u € C21°¢(R?).
Otherwise the assumptions on f in the above theorem are convenient for us. They
assure that u given by (1.77) is a classical solution of (1.78). But one can ensure
u € C%°°(R") and (1.78) under weaker and more natural conditions for f. We
refer to Note 5.12.11. For more general f it is reasonable to ask for distributional
solutions u of (1.78). We add a corresponding argument in Note 1.7.3 below.

Theorem 1.48. Letn > 2, Q2 = Kr C R” be given by (1.30), R > 0, ¢ € C(0KR),
and f € C%(R") with f(x) = 0 for |x| > r and some r > 0. Then the Dirichlet
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problem for the Poisson equation according to Definition 1.43 with Q@ = Kpg has a
uniquely determined solution u, given by

R” — x| / ¢(0) = (N f)(o)
R|wn]|

o] do, |x| <R,
o= R (1.82)

p(x), x| = R,

(N)x) +

u(x) =

where x € R", and N f(x) is the Newtonian potential according to (1.77).

Proof. As mentioned in Remark 1.44 the uniqueness is a consequence of Theo-
rem 1.37. By Theorems 1.40 and 1.45 we have

Au(x) = AN f)(x) + Alu =N f)(x) = f(x) +0, [|x[<R.  (1.83)
Furthermore, Theorem 1.40 implies that

R? — |x? [ Ho-Whe),

R|awn| o — x|

(N )x) +

lo|=R

can be extended continuously from |x| < R to |x| = R with boundary data

(N IX) + (@ = (N )x) =ex), |x|=R.
This finishes the proof. O

Exercise* 1.49. Solve the Dirichlet problem for the Poisson equation where the
domain  C R? is the annulus
X2

1
Q= (xl,)cz)e[k2 : e—2<xf+x§<1=,

Au(xi,x) =1, (x1,x) € Q, /\

D

and with boundary data \y% I x
1 1
2+—2 1fxf—|—x§=—2,
p(x1,x2) = ¢ ¢
2 ifx? +x3 =1. Figure 1.9

Hint: Use the above decomposition idea for u twice: first find a (simple) function u;
which satisfies Au(x1,x2) = 1, (x1,x2) € Q. Then adjust the boundary values
by means of a harmonic function u5(x1, x3). Recall, in particular, those radially
symmetric functions, harmonic in €2, which satisfy (1.15) for n = 2.
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Remark 1.50. We add a comment about notation. To call (1.75), (1.76) Dirichlet
problem for the Poisson equation comes from the long history of this subject. Later
on we prefer to denote (1.75), (1.76) as the inhomogeneous Dirichlet problem for
the Laplacian, whereas the homogeneous Dirichlet problem for the Laplacian refers
to (1.75), (1.76) with ¢ = 0. Both will be studied in Chapter 5 in the framework of
an L, theory for general elliptic differential operators according to Definition 1.1

in bounded C*° domains in R”. In Note 1.7.4 we comment on the assumption
f € C2(R").

Exercise 1.51. Let u be a solution of the Dirichlet problem for the Poisson equation
according to Definition 1.43. Then u satisfies the following a priori estimate: There
exists a constant ¢ > 0 depending only on €2, such that

[ulC() < [le|CO + cll fFIC()]- (1.84)
Hint: Assume 2 C {x € R"” : 0 < x; < a} for a suitable a > 0, and consider
h(x) = [lo|COQ)I + (e =™ fIC(), x = (x1,...,xs) € R".

Show that u — h is subharmonic with (u — /) 9 < 0. Apply Exercise 1.33 (b) and
repeat the argument for 1 = —h.

Remark 1.52. A priori estimates will play an essential role in our later investigations
in Chapter 5.

1.7 Notes

1.7.1. Differential equations of second order play a fundamental réle in many
branches of mathematics and physics. The material of Chapter 1 is very classical
and the subject of many books and lectures. We followed here the relevant parts of
[Tri92a]. More substantial introduction into the classical theory, including detailed
studies of boundary value problems in the context of Holder spaces (which will be
shortly mentioned in Exercise 3.21) may be found in [CH53], [CH62], [Mir70],
[GTO1], [Hel77], [Pet54], [Eva98], [Jac95].

1.7.2. The solution of the Dirichlet problem according to Definition 1.35, say, in
smooth bounded domains in R” is one of the most distinguished problems in the
theory of elliptic equations. In Chapter 5 we return to this question in the framework
of an L, theory. As for the classical theory we have so far only for the ball 2 = Kg
a satisfactory solution in Theorem 1.40. For general bounded (smooth) domains
there are essentially two classical approaches. The method of single-layer and
double-layer potentials reduces (inner, outer) Dirichlet problems and (inner, outer)
Neumann problems to Fredholm integral equations on d2. The theory can be found
for n = 2 in [Pet54] and for n > 3 in [Tri92a] with a reference to [Giin67]. The
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other method goes back to Perron (or Poincaré—Perron according to [Pet54]) and
is characterised by the key words subharmonic and superharmonic functions as
briefly mentioned in Exercise 1.33 and Remark 1.34. This may be found in [Pet54],
[GTO1], [Eva98] and [Jac95]. In particular, the Dirichlet problem according to
Definition 1.35 has a unique solution in smooth bounded connected domains.

1.7.3. The Newtonian potential (1.77) makes sense on a much larger scale. Its
kernel,
1
2— In |x|, n = 2’
Gx)={" | (1.85)
- s n Z 3’
(n —2)|wp| |x|"—2

is called the fundamental solution of the Laplacian A, hence AG = §, where § is
the §-distribution according to Example 2.12 below. If f € L,(R") with f(x) =0
if |x| > r, then u(x) in (1.77) is locally integrable in R” and one has (1.78) in the
distributional sense. Details may be found in [Tri92a, Sect. 3.2.3].

1.7.4. The assumption f € C2(R") in Theorem 1.48 looks slightly incongruous.
It can be replaced by the more adequate assumption f € C2(Kpg) according to
Definition A.1. This follows from the extension Theorem 4.1 below and the ob-
servation that u is independent of the behaviour of f outside the ball K in R”.
But one cannot reduce the smoothness assumptions for f to f € C(Kg) which
would be natural by Definition 1.43. There are counter-examples. We discuss these
problems in some detail in Note 5.12.11.

1.7.5. Although Theorem 1.23 is very classical, itis a little bit surprising that mostly
only the C*° smoothness of harmonic functions according to part (ii) is discussed.
An explicit proof of the analyticity in the plane R? may be found in [Pet54, §30]. As
for an n-dimensional assertion we refer to [Krz71, §31.8, p. 259/260] and [Eva98,
Theorem 2.2.10, p. 31].



Chapter 2
Distributions

2.1 The spaces D () and D’ (L)

We give a brief, but self-contained introduction to the theory of distributions to an
extent as needed later on.

Letn € N and €2 an (arbitrary) domain in R”. Recall that domain means open
set. We use the notation introduced in Appendix A without further explanations.
For f € C'°°(Q) we call

supp f = {x € 2: f(x) # 0} 2.1

the support of f. The closure in (2.1) is taken with respect to R”. In particular,
it may happen that some points y € 92 = Q \ 2 belong to the support of f. A
function f € C'°°(Q) is said to have compact support (with respect to Q) if

supp f is bounded (in R") and supp f C Q. 2.2)

Recall that a set K C R” is called compact in the domain € if K is a closed
bounded subset in R” and K C Q. In particular, if f € C'(Q) has a compact
support in €2, then f € C(R2).

Remark 2.1. For continuous functions f € C'°(Q) the definition (2.1) of a
support is not only reasonable, but also in good agreement with the support of
a regular distribution 7¢ generated by f as introduced below. However, if f is
only (locally) integrable in €2, then the right-hand side of (2.1) and the support of
an associated regular distribution Ty may be rather different and greater care is
necessary. We return to this point in Remark 2.23 below.

Definition 2.2. Let Q be a domain in R” where n € N, and let C°°(£2) be as in
(A.9). Then

D(Q) = {p € C™®°(Q) : supp ¢ compact in Q}. 2.3)

A sequence {@;}%2, C D(LQ) is said to be convergent in D () to ¢ € D(RQ), we
JSj=1

shall write ¢; ? @, if there is a compact set K C 2 with

suppp; C K, j €N, 2.4)

and
D%p; = D%p forall@ € Ng. (2.5)
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Remark 2.3. Recall that (2.5) means uniform convergence for all derivatives, that
18,
lo; —@lC™ () -0 if j - o0 (2.6)

for all m € Ny, where we used the notation (A.8). Plainly, (2.5) implies
suppp C K. 2.7)

Sometimes D (£2) is also denoted as C§°(£2) in good agreement with (A.9), and its
elements are occasionally called test functions.

Exercise 2.4. Let {g; }72, be a sequence in D (£2) with (2.4) for some compact set
K C Q,and forallm € Ny, ¢ > 0,

loj —elC™ ()| <& if j =k > k(e,m). (2.8)

Then there is a function ¢ € D(R) with (2.5). Thus any such sequence in D ()
is convergent in D (2).

Hint: Use Remark A.2. This is the obvious counterpart of the well-known assertion
that any Cauchy sequence in a Banach space is a converging sequence. We also
refer to Note 2.9.3.

Definition 2.5. Let 2 be a domain in R” and let $(£2) be as in Definition 2.2.
D’(R2) is the collection of all complex-valued linear continuous functionals T over
D(RQ), that is,

T:D(Q)—C, T:oT(p), ¢eD), 2.9)

T(Aig1+A202) = AT (1) +A2T(92), A1,A2 € C; @1, 02 € D(RQ), (2.10)

and
T(p;) — T(p) for j — oo whenever g; - ¢ (2.11)

according to (2.4), (2.5). T € D'(R) is called a distribution.

Remark 2.6. A few historical comments and some references may be found in the
Notes 2.9.2, 2.9.3, including a remark that one can look at D(2), D’() as the
dual pairing of locally convex spaces (just as X’ as the dual of a Banach space X).
In particular,

Ty = T, in D'(2) means T (¢) = T(p) forall p € D(RQ), (2.12)
and D’() is converted into a linear space by

(M Ty + A2T2) (@) = A1 Ti(p) + A2 Ta(p), ¢ € D(Q), (2.13)



2.2. Regular distributions, further examples 27

for all A1,A, € C, T1,T>, € D'(R). For our purpose it is sufficient to furnish
D’ () with the so-called simple convergence topology, that is,

T)—>TinD'(Q), T, €D(Q),jeN TeDQ), (2.14)
means that
Ti(p) > T(p)inC if j — oo forany ¢ € D(RQ). (2.15)

If there is no danger of confusion we abbreviate T(¢) = T¢ for ¢ € D(Q),
T € D'(Q).

2.2 Regular distributions, further examples

Distributions are sometimes called generalised functions. This notation comes from
the observation that complex-valued locally Lebesgue integrable functions f in a
domain € in R” can be interpreted as so-called regular distributions Ty € D'(£2).
We describe the underlying procedure assuming that the reader is familiar with basic
measure theory, especially the Lebesgue measure in R”, and related L, spaces. But
we fix some notation and have a closer look at a few more peculiar properties needed
later on.

Again let Q be an arbitrary domain in R”. Then L,(2), 1 < p < oo, is the
usual Banach space of all complex-valued Lebesgue measurable functions in €2
such that

1/p
1Ll = ( [ 1olrax) <oc, 216
complemented by Lo (£2), normed by
1/ 1Loo ()| = inf{N : [{x € @ : | f(x)| > N}| = 0}. (2.17)

Here |I"| is the Lebesgue measure of a Lebesgue measurable set " in R”. Strictly
speaking, the elements of L, (£2) are not functions f, but their equivalence classes
[ f] consisting of all Lebesgue measurable functions g that differ from f on a set
of measure zero only,

[f1={g: [{xeQ: f(x)# gx)} =0} (2.18)

Replacing f in (2.16), (2.17) by any other representative g € [ f] does not change
the value. One must have this ambiguity in mind if one wishes to identify (locally
integrable) Lebesgue measurable functions with (regular) distributions. Otherwise
adetailed discussion of all those questions, including a proof that L, (£2) are Banach
spaces, may be found in [Tri92a]. This applies also to the following observations,
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but we outline proofs to provide a better understanding of the context. Let for
1 <p=<oo,

Ly*(Q) = {f : f € Lp(K) for any bounded domain K with K C Q}. (2.19)

Naturally, f € L,(K) means that the restriction f % of the Lebesgue measurable
function f is contained in L,(K). Again, f € L;’C(Q) must be interpreted as the
sloppy, but usual version of [ f] € L}DOC(SZ).

Proposition 2.7. Let Q2 be an arbitrary domain in R".
(i) Let1 < p < oo. Then D(R) is dense in Ly(L2).
(i) Let f € LY(Q). If

/f(x)(p(x)dx =0 forall p € D(Q), (2.20)
Q

then [f] = 0.

Proof. Step 1. We begin with part (i). Any f € L,(£2) can be approximated by step
functions

g

m
/\/\/f g:ZanQj, a; G(]:, (221)
j=1

where y o, are the characteristic functions
J

Q of open cubes Q; with Q; C Q.
Figure 2.1

Hence it is sufficient to approximate the characteristic function y 0 of a cube Q
with O C Q in L,(2) by O(£2)-functions.

Let i > 0, and ()(Q)h be the molli-
fied characteristic function according to
(1.59). By Exercise 1.30 (or [Tri92a,
1.3.6]) and

suppwp = K = {x e R": |x| < h}

in view of (2.1) and (1.58), see also Fig-
ure 2.2 aside, one has

(XQ)h € D(NQ) (2.22)

Figure 2.2

for0 < h < hg, and
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(Xp)h = Xg i Lp(R) forh — 0. (2.23)
This proves (i).

Step 2. We deal with (ii). Let K; and K, be two bounded domains with K, C
K, € K, C Q. Let f € L(Q) and f, = f)(Kz, then f> € L{(R") (extended

by zero outside €2). Using (1.59) with supp w, = Kp, (2.20) implies that

/ﬁUMA%wMy=/ﬂww@—w®=Q rek.  (224)
R7 Q

for 0 < h < h¢ and sufficiently small &y > 0. In view of (1.59), (2.24) can be
reformulated as

(f2)n(x) =0, x € Ky, 0<h < hy. (2.25)
On the other hand, (1.59) also gives
(om0 = [ Sl =hjo(dy. xR, (226
[R}’l

such that
(2)r(x) = fa(x) = /[fz(x —hy) — f2(x)]w(y)dy (2.27)
[Rn
in view of (1.58). We apply a well-known continuity property for L; norms (see
also Exercise 2.8 below) to (2.27) and arrive at

120 = f2l La(RY)] < f 1/2(- = hy) = 2()IL1(RD [lo(y)dy — 0 (2.28)
R”

for h — 0. Using (2.25) one obtains
[ 21L1 (KD < [1f2 = (f2)nlL1(R*)|| = 0 for b — 0. (2.29)

Since f>(x) = f(x), x € Ky, it follows finally [f] = 0 in any K; C ; thus
[f]=0in Q. O

Exercise 2.8. (a) Let 1 < p < co. Prove that
[/l Lp (R < N FILp(RM)I,  f € Lp(R"), h >0, (2.30)

as a consequence of the triangle inequality for integrals applied to (2.26).

(b) Let 1 < p < oo. Show that for any f € L,(R") and any ¢ > O there is a
number §( f, &) > 0 such that

[£C+y)=FOIL(RM)| <& forall y, [y| <8(f ¢). (2.31)
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Hint: Use Proposition 2.7 (i).

(c) Show that (2.31) cannot be extended to p = oo and that D (R") is not dense
in Loo(R™).

Exercise 2.9. A Banach space is called separable if there is a countably dense set
of elements. Prove that L,(2) with 1 < p < oo is separable, unlike L (£2).

Hint: Reduce the question to the uncountable set of all characteristic functions of
cubes in 2.

Let Q be a domain (i.e., an open set) in R” and f € L'*(Q) (that is, [f] €
L'*(R)). Then

T;(p) = [ Fpdx, ¢ € D). 2.32)
Q

generates a distribution Ty € £D'(R2) according to Definition 2.5. This follows from
fo € L1(2) which justifies (2.9), (2.10), whereas the continuity (2.11) with (2.4)
is a consequence of

ITr (@) < L/ IL1(K)Il sup [(x)]. (2.33)

xeK
Obviously, Ty = Ty if g € [f] € L'*°(2). The converse, leading to
Tr =Ty € D'(Q) if,andonlyif, [f—g]=0, (2.34)
where f € LY(Q), g € L°(R), follows immediately from Proposition 2.7 (ii).

Definition 2.10. Let Q be a domain in R”. Then a distribution 7' € D’(2) is said
to be regular if there is an f € L'*°(€2) such that T can be represented as T = T
according to (2.32).

Remark 2.11. By the above considerations, (2.32) generates a one-to-one corre-
spondence

felQ) < TreD(Q) (2.35)

as indicated in Figure 2.3. But one

should always bear in mind that f

must be considered as a represen- (2.32)
tative of its equivalence class [ f].

One avoids this ambiguity if one

looks at f as a complex o-finite

Radon measure in 2. We comment Figure 2.3
on this interpretation in Note 2.9.4.
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But in this book we adopt the usual identification
of f € L*(Q) with Ty according to (2.35) when
it comes to distributions, writing f € D’(Q).
C>*(Q) This applies also to subspaces of L'*(2), in par-

ticular to the inclusions shown in Figure 2.4, and
LIIOC(Q) D) C COO(Q) - L;)C(Q)

2.36
C LY(Q) c D'(R), (230

with 1 < p < oo, where the last but one inclusion
Figure 2.4 comes from Holder’s inequality for L, spaces on
bounded domains.

Example 2.12. Let Q be a domain in R” and a € Q. Then it follows immediately
from Definition 2.5 that §,, given by

Sa(p) = p(a), ¢ € D(Q), (2.37)

is a distribution, §, € D'(RQ). If a = 0 € Q, then we put 8o = §. Both § and §,
are called §-distributions.

Since §,(¢) = 0 if p(a) = 0, it follows from Proposition 2.7 (ii) applied to
Q\ {a} that 6, € D’(R) cannot be regular according to Definition 2.10. Further-
more, 8}, a € Q, y € N, with

85 (@) = =H"D7g(a), ¢ € D), (2.38)
belongs to D’ (£2), and also T]?‘ € D'(Q), where

T8 = ) [ foptptar. geo@. 39
Q

where & € N? and f € L(Q2). The factor (=Dl is immaterial, but useful.
Exercise* 2.13. A distribution T € D’(R) is called singular if it is not regular.
(a) Prove that §) in (2.38),a € Q, y € N?, is singular.

(b) Show that Tj?‘ in (2.39), o € IN?, is regular for some non-trivial f € Lll"c(Q),
and singular for other f € LI*(Q).

2.3 Derivatives and multiplications with smooth functions

By Remark 2.6 the set D’(R2) of distributions on a domain € in R” (according to
Definition 2.5) becomes a linear space. Now we additionally equip £’ (2) with two
distinguished operations: derivatives, and multiplication with smooth functions.
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Definition 2.14. Let Q be a domain in R” and let HD’(2) be as introduced in
Definition 2.5 and Remark 2.6.

(i) Leta € Nj and T € D'(2). Then the derivative D*T is given by
DT)(¢) = (D T(D%). ¢ € D). (2.40)

(i) Let g(x) € C*!°¢(Q) according to (A.7), T € D’(RQ). Then the multiplica-
tion gT is given by

gT)(p) =T(gp), ¢ € D(Q). (2.41)

Remark 2.15. One verifies immediately that for T € D'(RQ), g € C*!°°(Q), and
a € N, DT and gT are distributions according to Definition 2.5, in particular,
since ¢; ? ¢ implies

D%; Y D%, go; - 8¢ (2.42)

foralla € NI, g € C®l¢(Q).

If f e LY(Q) and g € Co!°°(Q), then both f and gf € LY(Q) can be
interpreted as regular distributions according to Definition 2.10 and (2.32). For
¢ € D(R2) we have

Ter(¢) = [ FO@edx = Tr(gg) = (Ty)(g).  (2.43)
Q

hence Tgr = gTr in H'(R2). In other words, the above definition extends the
pointwise multiplication of regular distributions in a consistent way to all distri-
butions in O’($2). Concerning derivatives, let f € C*'°°(Q) and let temporarily
DY f € C°(Q), |a| < k € N, denote its classical derivatives. Then it follows by
(2.40) and integration by parts that

(D*Ty)(p) = (—1)* T/ (D)

= (1) / F() (D) (x)dx
Q
- / (DY /)(x)p(x)dx = D2 f(p) (2.44)
Q

forallp € D(2). Thus classical derivatives (if they exist) are extended consistently
to D'(R). This observation finally explains the factor (—1)!%! appearing in (2.40).
Consequently, in view of the above interpretation, we shall not distinguish between
D¢ and D* in the sequel.
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Example 2.16. Let §,, a € 2, be the §-distribution according to (2.37), and let
f e LIIOC(Q). Then

D’8, =38! and D'Ty = Tfy, y e NI, (2.45)
as defined in (2.38) and (2.39).

Exercise* 2.17. Let 2 = R.
(a) The function
1, t>0,

10 = Hig o)) = {0, [ <0,
. . . 1 d .
is called the Heaviside function. Prove that y € L°(R) and o x = 4 in
D'(R).
d?g d (dg
de2  dr \dt

Proposition 2.18. Let Q2 be a domain in R™ and let derivatives and multiplications
with g € C*!°¢(Q) be explained as in Definition 2.14. Then

) n D'(R).

d
(b) Let g(x) = |x|, x € R. Determine d—f and —

3 T
9 (eT) = —gT+g L TeD(Q),j=1,....n, (2.46)
0x; 0x; 0x;
and
D*TAT = D¥(DAT) =DP(DT), T e D'(Q). a. B € NE. (2.47)

Exercise 2.19. Prove this proposition by straightforward reasoning or consult
[Tri92a, p. 47].

Remark 2.20. It is well known that changing the order of classical derivatives

in R2,
Pf a(af) a(af)
=L )=—=* 2.4
8x18x2 8x1 8x2 8x2 axl ( 8)

causes some problems in general — unlike for distributions. They have derivatives
of all order which commute arbitrarily without any additional requirements.

2.4 Localisations, the spaces &'(2)
Let I' be a compact (that means, bounded and closed) set in R”, n € N. Let

dist(x,T) =inf{|[x —y|: y €T}, xeR", (2.49)
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and
I ={x e R" : dist(x,T') < ¢}, &>0, (2.50)

be an open neighbourhood of I'. Then one can construct real non-negative functions
¥ with
YedDIe) and Y(x)=1, xel. (2.51)

This can be done by mollification of y = Xr , according to (1.59), (2.26),
&e/2

V0 = 1,0 = [@rt=ndy. xeR0<h<i @)
R”

we also refer to Figure 2.2 as far as this procedure is concerned.

Resolution of unity

Next we describe the so-called resolution of unity. Let the above compact set I" be
covered by finitely many open balls K; of radius r; >0, j =1,...,J.

Let Kj‘s be a ball concentric with K; and of
radius 67;, where § > 0. Then we can even
refine our assumption

by

r. c|JK? (2.53)

. for suitably chosen § < 1 and ¢ > 0, see Fig-
Figure 2.5 ure 2.5 aside. This can be verified by standard
reasoning.

In view of our above considerations there are functions { with (2.51) and
yj € D(K;) withyj(x) =1, xe Kl j=1,....J. (2.54)

We extend v outside of I'; and ¥; outside of K; by zero. Then

J
o(x) = ij(x) e D(R*) and @kx)>1, x eI, (2.55)
=1
Hence
goj(x):M eDK; NIy, j=1,...,J, (2.56)

@(x)
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(extended by zero outside of K; N I'y) makes sense and

J
Y gjx)=1 ifxel. (2.57)
j=1

Finally, {¢; }]J=1 is the desired resolution of unity (subordinate to I' C Ujjzl K;).
Let 2 be a domain in R” and let, say, f € L'*°(2). Assume that

oo
Q= U K; where K; are open balls. (2.58)

Then, plainly, f can be recovered from all its restrictions f Ik, . It is remarkable

that distributions, though introduced globally according to Deﬁnltlon 2.5, admit a
similar localisation. If T € D’(2), then T|K' € D'(K;), where
J

(T|Kj)(¢>) =T(p), ¢<cDK;), jeN (2.59)

Theorem 2.21. Let Q be a domain in R”, n € N. Let Ty, T, € D'(Q) according
to Definition 2.5. Let {K; };”;1 be open balls with (2.58). Then T, = T, in D'(Q)
if, and only if,

T1|K,- = T2|K,- inD'(Kj), je€N. (2.60)

Proof. Obviously T} = T, in D’(R) implies (2.60). It remains to prove the
converse. Assume that (2.60) is true for Ty € D'(Q), T, € D'(Q), let p € D(Q).
Then I = supp ¢ is compact (in £2). It can be covered by finitely many of the balls
K; in (2.58) and we obtain (2.53) for some J € N. Letg;, j =1,...,J,beasin
(2.56), (2.57). Then p@; € D(K;) such that (2.60) and the linearity of 77, T lead
to

J J J
Tip) =T (Y 0ei) = Tilee) = Y Talew) = Do), (2:61)
j=1 j=1 j=1

where we used (2.60). This is just what we wanted to show. O

In (2.1) we said what is meant by the support of a continuous function, comple-
mented in Remark 2.1 by a warning about possible generalisations. Theorem 2.21
paves the way to define the support of T € D’(2) in such a way that it is consistent
with (2.1) when the continuous function f is interpreted as a regular distribution
according to Definition 2.10.

If T(¢) = O forall ¢ € D(Q), then T is called the null distribution, written as
0 € D'(R). As before, let

Ks(x)={yeR":|y—x| <8}, §>0. (2.62)
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Definition 2.22 (Support of a distribution). Let 2 be a domain in R”?, n € N, and
T € D'(R). Then

suppT = {x eQ: T|QﬂK5(x) # 0 for any § > O} (2.63)

is called the support of T .

Remark 2.23. The restriction of 7 to 2 N K (x) is defined in analogy to (2.59).
We return to Remark 2.1 and interpret f € C!°°(Q2) as a regular distribution 7¢
according to Definition 2.10. Then Proposition 2.7 (ii) implies

suppTy ={x € Q : f(x) # 0} (2.64)

in agreement with (2.1). But for arbitrary f € L*(£2) the right-hand side of (2.64)
and supp Ty may be different (see also Exercise 2.24 (b) below). For example, let
Q =R,

1, ¢ rational,
f@) =

0, elsewhere,

then [ /] = 0 and hence supp Ty = @, whereas

{teQ : f(t)#0} =R

Convention. We agree here that

supp f = supp Ty whenever f € L*(Q) (2.65)

and [ is considered as a distribution (as always in what follows). This does not
contradict with our previous notation since we introduced supp f in (2.1) only for
continuous functions where we have (2.64).

Exercise 2.24. (a)Let T € D'(R2). Prove that K = Q\ (2 Nsupp T) is the largest
domain with K C €2 such that T|K =0.

Hint: Recall that in this book domain means open set. Use the above resolution of
unity.

(b) Let f € LY*(Q) and Ty € D’'(S2) the corresponding distribution given by
(2.35). Show that a weaker version of (2.64), that is,

suppTr C{x € Q : f(x) # 0}

is always true.

Remark 2.25. Usually it does not matter very much whether one assumes that the
underlying domain is connected or not. Butin case of Definition 2.22 the situation is
different. Even if Q is assumed to be connected, 2 N K5 (x) need not be connected.
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Exercise 2.26. Leta € Q, D”§, with y € N be the derivative of §, according to
(2.45). Prove that

suppD¥é, = {a}, y e Ng. (2.66)
Definition 2.27. Let Q be a domain in R” where n € N.Then
&' (Q) ={T € D'(R) : supp T compact in Q}. (2.67)

Remark 2.28. One should have in mind that in general supp T is a subset of Q.
The assumption that supp 7" is compact in 2 means that ' = supp 7' C 2 and that
there are functions ¢ € D(2) with ¥ (x) = 1, x € T, in analogy to (2.51).

Theorem 2.29. Let Q be a domain in R" and T € 8'(Q2). Then there is a number
N € N and a constant ¢ > 0 such that

IT(@)| <c > sup [D%(x)] (2.68)
la|<N xeQ

Sforall p € D(Q).

Proof. We proceed by contradiction. Assume that (2.68) fails and, consequently, for
any c = N = j € N there is a counter-example ¢; € D(2) of (2.68). Moreover,
since with ¢; also Ag; yields such a counter-example for any A € C \ {0}, we can
find a normalised sequence {g;}72, C £ (£2) such that

L=|T(g)l>j > sup[D%(x). jeN. (2.69)

lal<j *ES

Let € O(Q2) with ¥ (x) = 1 in a neighbourhood of supp T'. Then T' (Y ¢;) =
T'(¢;) and hence | T (Y ¢;)| = 1. On the other hand, Definitions 2.2, 2.5 and (2.69)
imply

v, ? 0 and T(Yg;) =0 if j — oo. (2.70)
But this contradicts |7 (Y ¢;)| = 1. |
Remark 2.30. Leta € 2, N € Ny, a, € C, and
T= ) a,D%, with Y |aa|>0. (2.71)
la|<N la|<N

Then one proves immediately that supp 7 = {a}. There is a remarkable converse
of this assertion.

Theorem 2.31. Let Q be a domain in R, and let a € Q, T € D' (Q) with
suppT = {a}. Then

T = Z ay D%8, (2.72)
le|<N

for some N € N and suitable aq € C.
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Proof. Wemay assumea = 0and Ky, = {x € R" : |x| < 2¢} C Q for sufficiently
small ¢ > 0. We want to apply (2.68). Let h € D(Kze) C D(Q) with h(x) =1,
|x| < e and hj(x) = h(2/x), j € N. Let ¢ € D(Q) and

o= Y PO = 3 b0 1) T

]
le|<N ' lo|<N

its Taylor expansion at x® = 0, where r(x) is the remainder term with
IDYr(x)| < c x|V fory e NE, |y| < N.

Thus (2.73) and supp T = {0} lead to

T(p)=T(hg) = ) ba(D*)O)T(h) +T(hr).  (2.74)
lx|<N
Since _ _ .
IDA 1 (x)D?r(x)| < ¢ 2/1Bla=/ WV HI=IYD < ¢/ 9= (2.75)

if |[B] + |y| < N, one obtains by (2.68) and supp 7" = {0} that
|T(hr)| = |T(hjr)] — 0 if j — oo. (2.76)

Hence the last term in (2.74) disappears and we get

T(p)= Y (=D by T(x*h)(D8)(p). (2.77)
le|<N
where we used, in addition, (2.38) and (2.45). This proves (2.72). O

2.5 The space 8 (R"), the Fourier transform

In the special case 2 = R” we have so far the space D(R") as introduced in
Definition 2.2 and its dual space of distributions £’ (R") according to Definition 2.5.
The Fourier transform is one of the most powerful instruments in the theory of
distributions and, in particular, in the recent theory of function spaces. But for
this purpose, £ (R") is too small and, consequently, D’(R") too large. Asking for
something appropriate in between one arrives at the optimally adapted space & (R")
and its dual 8'(R").

Definition 2.32. Forn € N let
S(R") ={p € C(R") : ||@|lk,e <ooforallk € Ng, £ € No}, (2.78)

where

lile = sup (1+ PR Y7 IDYe(x)]. (2.79)
xeR”

loe|<¢
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A sequence {¢;}72, C $(R")is said to converge in §(R") to ¢ € §(R"), we shall
write ¢; 7 @, if

le; —@llke — 0 forj — ocoandallk € Ng, £ € Np. (2.80)

Remark 2.33. Let ¢ € §(R") and £ = 0in (2.79), then |¢(x)| < cx(1 + |x|¥)~!
forall k € N and x € R”; similarly for all derivatives D*¢(x), & € INf. This
explains why 8 (R") is usually called the Schwartz space of all rapidly decreasing
infinitely differentiable functions in R" (Schwartz space, for short).

By Definition 2.2,

DR") C 8(R"), and ¢, - ¢ implies ¢, 5 ¢ (2.81)

On the other hand, there are functions ¢ € & (R") which do not belong to D (R"),
the most prominent example might be

o(x) =e P x eRr (2.82)

For later use, we introduce the notation
& =0+ [EHV2 Eer (2.83)

Exercise 2.34. (a) Prove that it is sufficient to restrict (2.78)—(2.80) to

lelle = sup (x)* Y [D¥@(x)|. £ € No. (2.84)

xR || <t

(b) Let {g;}72, C 8(R") be a sequence in §(R") such that for all £ € Ny, and
e>0,
loj —eklle <& if j =k = k(e, 0). (2.85)

Prove that there is a (uniquely determined) function ¢ € §(R") with (2.80). Hence
any such sequence in 8 (R") is convergent in §(R").

Exercise 2.35. Let for ¢ € §(R"), ¢ € 8(R"), the functions ¢: 8(R*) — [0, co0)
and o: §(R") x 8(R") — [0, co) be defined by

o0

o)=Y 2% %, 0. ¥) =23(p — V). (2.86)
k=0

Prove that o is a metric and that (8 (R™), Q) is a complete metric space with the
same topology as $(R"): A sequence converges in (§(R"), ¢) if, and only if, it
converges in §(R") according to Definition 2.32.
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Definition 2.36. Let ¢ € 8(R"). Then
P() = (Fo)(§) = @m)™/? / e p(x)dx, £eR", (2.87)
IRIZ
is called the Fourier transform of ¢, and
06 = 0O =00 [, g @8y
R~7
the inverse Fourier transform of ¢.

Remark 2.37. Recall that x£ is the scalar product of x € R” and & € R”, see (A.5).
Since |¢(x)| < c|x|7""! for |x| > 1, both (2.87) and (2.88) make sense and

[P1Loo (R < cll@llntr0. ¢ € SR, (2.89)
and similarly for ¢¥. As we shall see below ¢ € §(R") if ¢ € 8§(R") and

Fl'Fo=FFlo=9, ¢ec8R". (2.90)
This will justify calling ¥ ! the inverse Fourier transform.

Recall our notation (A.3).

Theorem 2.38. (i) Let ¢ € 8(R"). Then F¢ € 8(R") and F ¢ € §(RM).
Furthermore, x*¢p € 8(R"), D*p € §(R") for o € N7}, and

D*(F)(€) = (=) F (xp(x))(), «eNp, &eR", 2.91)

and
EN(F)E) = (- F (D*0)(E). o€ Nj, &R (2.92)

(ii) Let {p; 172, C $(R"), and ¢; 7 ¢ according to Definition 2.32. Then
Fo; ? Fo and ?7_1<pj ? F . (2.93)

Proof. Step 1. If ¢ € §(R") and @ € N7, then one gets immediately x*¢ € §(R")
and D%p € &(R"). Hence the right-hand sides of (2.91) and (2.92) make sense.
The mean value theorem and Lebesgue’s bounded convergence theorem imply

d )
@(?q))(s) = (2r) ™2 [ (—i) xg e Ep(x)dx = (=) F (x p(x)) (). (2.94)
R”
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Iteration gives (2.91). As for (2.92) we first remark that

0 .
E(Fo)(E) = Qu) /2 / (g, (2.95)

[Rﬂ

Integration by parts in x,-direction for intervals tending to R leads to

| 0
E(F)E) = (i) @n) ™" [ e 22 (x)dx = (1) 3’(3—2)@) (2.96)

R”
and iteration concludes the argument for (2.92).

Step 2. By (2.91), (2.92) and (2.89) one obtains

17 @llke = cllelletntie. @ € SRY). (2.97)
This proves F¢ € 8(R") and ¥~ '¢ € §(R"). Furthermore, (2.93) is now an
immediate consequence of (2.80) and (2.97). O

Exercise* 2.39. What are the counterparts of (2.91), (2.92) for 12
Proposition 2.40. (i) Let ¢ > 0 and ¢ € 8(R"). Then

Foen® =" 7@ (5), sew (2.98)
(i) Furthermore,

$(6—|x|2/2)(§-) — e—|E|2/27 £eR". (2.99)

Proof. We replace ¢(x) in (2.87) by ¢(ex) and obtain (2.98) from the dilation

y = ex. In view of the product structure of (2.87) with p(x) = e P12 s
sufficient to show (2.99) for n = 1. For this purpose we consider

)
h(s) = (2m)~Y/? / e P2e7isqr 5 e R, (2.100)

—o0

and calculate by integration by parts,

o0

W(s) = 2m)~ V2 / %e—tz/z e sds
—o0
00

= —s (27)"/? / e 267154 — g h(s). (2.101)

—00
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Hence

h(s) = h(0)e™*/2 = ¢=5%/2 s eR, (2.102)
since 71(0) = 1 (the well-known Gauf integral), cf. [Cou37, Chapter X.6.5, p. 496].
By (2.100) this is nothing else than (2.99) forn = 1. O

Remark 2.41. Due to (2.99), ¢(x) = e~ /2 is sometimes called an eigenfunction
of ¥.

After these preparations we can prove (2.90) now. So far we know by Theo-
rem 2.38 (i) and (2.97) that

F8[R") c 8(R") and F!8(R") C S(R"). (2.103)
Theorem 2.42. Let ¢ € §(R"). Then
o=F'Fo=FF 1o (2.104)
Furthermore, both ¥ and ¥~ map 8(R™) one-to-one onto itself,
FE[R") = 8(R") and F'8(R") = 8(R"). (2.105)

Proof. Step 1. We begin with a preparation. Let ¢ € §(R"), ¥ € 8(R"). Then we
get by Fubini’s theorem and (2.87) for x € R” that

/ (Fo)E) ey (E)dE = 2m) "2 / o) / IOy (£)dEdy
R~

R” R”
- / o(F )y — x)dy. (2.106)
|Rﬂ
A change of variables leads to
/ (FQ)(E) ey (E)de = / o0 + (FY) )y (2.107)
R7 R7

2|42

Let ¥ (x) = e~"2 fore >0, x € R". Then Proposition 2.40 implies that

Vi

FPo = e (Y) = o)

We insert it in (2.107) and the transformation y = ez gives

[ (Fo)E) e g = / o(x +e2) e~ F dz. (2.109)

R” R”
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With ¢ — 0 it follows by Lebesgue’s bounded convergence theorem that

/ (Fo)(E) e di = (%) / eI P2dz = 21y 2p(x), (2.110)
R7 R~

using again the Gauf} integral as in connection with (2.102). In view of (2.88) this
proves the first equality in (2.104); similarly for the second equality.

Step 2. We apply (2.104) to ¥ = F ¢ with ¢ € 8(R") and obtain ¢ = F .
This establishes the first equality in (2.105). Similarly for the second equality. If
F @1 = ¥ ¢,, then one gets by (2.104) that ¢; = ¢,. Hence ¥ and, similarly, !
are one-to-one mappings of §(R") onto itself. |

2.6 The space 8'(R")

We introduced in Definition 2.5 the space D’(2) as the collection of all linear
continuous functionals over D(2). Now we are doing the same with §(R") in
place of D ().

Definition 2.43. Let §(R") be as in Definition 2.32. Then §’(R") is the collection
of all complex-valued linear continuous functionals 7" over & (R"), that is,

T:8R") —C, T:9o+—T(p), ¢ec8R", (2.111)

T(A1@1+A202) = AT (p1)+A2T(92), A1, A2 € C; 91,92 € 8(R"), (2.112)

and
T(¢j) — T(p) for j — oo whenever g; ? 0, (2.113)

according to (2.79), (2.80).

Remark 2.44. We write T € §8’(R") and call T a tempered distribution or slowly
increasing distribution. This notation will be justified by the examples given below.
Some comments may be found in Note 2.9.2.

Similarly to Remark 2.6 with respect to D(2), D'(R2), we look at §(R"),
&'(R™), as a dual pairing of locally convex spaces. In particular,

Ty = T, in 8'(R") means T} (¢) = T>(p) for all ¢ € 8(R"), (2.114)
and 8'(R") is converted into a linear space by
MTi + 22T2)(p) = MiTi(p) + A2Ta(p), ¢ € 8(R), (2.115)

for all A;,A, € C and T, 7> € §'(R"). Again it is sufficient for us to furnish
8'(R™) with the simple convergence topology, that is,

T, > Tin8'[R"), T8 ®R"), jeN, Tes R, (2.116)



44 Chapter 2. Distributions
means that
Ti(p) > T(p)inC if j — oo forany ¢ € §(R"). (2.117)

Remark 2.45. On R” one can compare (with some care) the three types of distribu-
tions D' (R"), &'(R™), 8'(R™), introduced in Definitions 2.5, 2.27 (with Q = R")
and 2.43, respectively. Appropriately interpreted, one has

&' (R") C 8'(R") C D'(RM). 2.118)

The second inclusion means that 7 € §’(R") restricted to D (R") is an element
of D'(R™). As for the first inclusion one extends the domain of definition of
T € &'(R") from D(R") to (R™) by

T(p) =T(py), ¢8R, (2.119)

where ¥ € D(R") and ¥ (x) = 1 in a neighbourhood of the compact set supp 7.
One must prove that this definition is independent of .

Exercise 2.46. Prove (2.118) in the interpretation given above.
Hint: Use Exercise 2.24 and Theorem 2.29.

Example 2.47. By (2.118) and the given interpretation, (2.66) implies that
D"§, € 8'(R"), ae€R", yeNj. (2.120)

Theorem 2.48. Let T be a linear form on 8(R"™) satisfying (2.111) and (2.112).
Then T € 8'(R") if, and only if, there are numbers ¢ > 0, k € Ng, £ € Ny, such
that

1T = cllgllke forallg € 8(R?), (2.121)

with ||¢|lk¢ as in (2.79).

Proof. Let T be alinear form on & (R") with (2.111), (2.112); then (2.121) implies
(2.113), i.e., T € 8'(R"). Conversely, let T € 8'(R"). We prove (2.121) by
contradiction: Assume that for all k € N there exists some ¢ € §(R") with
|T(¢r)| > k| ¢kllx k. Moreover, forany A € C with A # 0, Agy satisfies the same
inequality, k € N, such that we can assume

1 =T (ex)l > kllek

kko keEN. (2.122)

This implies that ¢y ? 0, and T (¢x) — O for k — oo, since T € 8'(R"). This
contradicts (2.122). O
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Remark 2.49. Recall that by (2.35) with (2.32) one has, appropriately interpreted,
LY*(R") c D'(RY). (2.123)

One may ask for which regular distribution f € L11°°([R”),

Ty (p) = / Fp(dx, ¢ € SR, (2.124)
|Rn

generates even a tempered distribution. If this is the case, then it follows by (2.118)
and the discussion in Remark 2.11 that one can identify f, more precisely, its
equivalence class [ f], with the tempered distribution generated. Having in mind
this ambiguity we write f € 8'(R") as in (2.35).

Corollary 2.50. Let 1 < p < co. Then

L,(R") C §'(R") (2.125)
in the interpretation (2.124).
Proof. Let p’ be given by % + # = 1. Then (2.125) follows by Holder’s inequality,
since for ¢ € §(R"),

= 1 fILp (Rl Lp (R*)] < [LF Lo (R™) Il

] [ reees o (2.126)
[Rn

for some k € N, k > k(p,n). O
Exercise* 2.51. Determine k(p, n).

We collect some further examples and counter-examples of distributions in
§'(R™), always interpreted as in (2.124).

Exercise* 2.52. (a) Let for m € Ny,

p(¥) = ) aux® aq€C,aeNj xeR", (2.127)

loe|<m

be an arbitrary polynomial, recall notation (A.3). Prove that p € 8'(R").

(b) Show that g(x) = elx? g 8'(R").

()Letl < p < oo, f € L,(R"), p apolynomial (of arbitrary order m € Ng)
according to (2.127). Prove that

pf €8 (R"). (2.128)
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Remark 2.53. The above examples and counter-examples may explain why the
distributions T € 8'(R™) are called tempered (or slowly increasing). Note that
Exercise 2.52 (b) implies that one cannot replace HD’(R") in (2.123) by 8’(R").

Remark 2.54. Recall that we furnished 8’(R") with the simple convergence topol-
ogy (2.116), (2.117), see Remark 2.44. If { f;}°2, C L,(R") is convergent in
Ly(R"),1 = p < oo,

fi — finL,(R") if j — oo, (2.129)
then one gets by (2.126) also

fi — fin8'(R") if j - oc. (2.130)
Hence, (2.125) is also a topological embedding.

According to Definition 2.14 and (2.43), (2.44), derivatives and multiplications
with smooth functions can be consistently extended from functions to distributions
T € D'(Q). Whereas (2.40) has an immediate counterpart for tempered distri-
butions 7' € §’(R") the multiplication (2.41) with smooth functions requires now
some growth restriction at infinity. This follows from the above examples and
counter-examples in Exercise 2.52. We restrict ourselves here to

(x)°, o €R,

(2.131)

m
p(x) = Zajeihjx, meN, a;j €C, h/ e R",
j=1

Z aﬁxﬂ, me N, BeNj, ag € C,

recall notation (2.83).

Definition 2.55. Let @ € Nj and let p be as in (2.131). Let 7 € §'(R"). Then the
derivative D*T is given by

DT)(p) = (=D T(D%). ¢ € SR, (2.132)
and
(pT)(@) =T(py). ¢ <€ S[R"). (2.133)
Corollary 2.56. Let « € Nj, and p be as in (2.131). Let T € 8'(R"). Then
DT € 8'(R") and pT € 8'(R").
Proof. This follows immediately from Theorem 2.48. O

Remark 2.57. Again by Remark 2.15, Definition 2.55 and Corollary 2.56 are
consistent with the above considerations (classical and distributional interpretation
as elements of D’(R")).
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2.7 The Fourier transform in §’(R")

So far we introduced in Definition 2.36 the Fourier transform ¥ and its inverse ¥ !
on §(R"). By (2.125) one can consider 8 (R") as a subset of 8’(R"). In this sense
we wish to extend ¥ and ! from §(R") to 8'(R"). Temporarily we reserve @
and ¢V for ¢ € 8(R") according to Definition 2.36.

Definition 2.58. Let T € §'(R"). Then the Fourier transform % T and the inverse
Fourier transform % ~!T are given by

(FT))=T@ and (F'T)p) =T("), ¢eS®"). (2134

Remark 2.59. Theorem 2.38 implies for ¢ € 8(R") that ¢ € $(R") and ¢V €
& (R™); hence (2.134) makes sense. Furthermore, one gets by (2.121), (2.97) that

(FT) @) <clle

for some k € Ng, £ € Ng. Then we obtain by Theorem 2.48 that ¥ T € §'(R").
Similarly, # 1T € 8’(R").

Letg € 8(R"), ¥ ¢ be asin (2.134) and ¢ according to (2.87). Let ¥ € §(R");
then Fubini’s theorem leads to

ki @ € SR, (2.135)

(F)W) = (i) = / o) (x) dx

R}’l

= ()" / / o)™ Y (y) dy dx
R” R

- / v @m) [ ¢ () dx dy
|Rn

R”

- / YIPO) dy = §(). (2.136)
[Rn

Hence ¢ = @. Similarly, ¥ "'¢ = ¢V. In other words, ¥ and ¥ ~! extend the
Fourier transform and its inverse from -8 (R") to §’(R™), respectively.

Theorem 2.60. (i) Let T € 8'(R™). Then
T=FF'T=F"'FT (2.137)
Furthermore, both ¥ and ¥ ~' map 8'(R™) one-to-one onto itself,

F8[RY) = 8'(RY), F 18 (R") =8 [R"). (2.138)
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(ii) Let T € 8'(R") and a« € Nj. Then x*T € 8'(R"), and D*T € §'(R").
Furthermore,

FDT) =i x*(FT) and F(x°T) =i D*(FT). (2.139)

Proof. Step 1. By Remark 2.59 one has ¥ T € 8'(R") and F~'T € &'(R") if
T € 8'(R"). Then (2.134) and Theorem 2.42 imply for ¢ € 8(R"),

(FFIT)) = (F'T)P) = T(9)") = T(p). (2.140)

This proves (2.137) and also (2.138) by an argument parallel to Step 2 in the proof
of Theorem 2.42.

Step 2. By Corollary 2.56 we have x*T € 8'(R") and D*T € 8'(R") for T €
8'(R"), « € Nj. Let ¢ € 8(R"). We obtain by (2.134) and (2.132) that

F(DT)(p) = (D*T) (@) = (1) T(D*p)
=il T(x%p) = i FT)(x%p)
=il FT)(p), (2.141)

where we additionally used (2.91). In a similar way one can prove the second
equality in (2.139). (]

Exercise* 2.61. What is the counterpart of (2.139) for 1?2
We collect further properties and examples of & on §'(R™).

Exercise 2.62. (a) Let § = §y according to Example 2.12. Prove that

37( 3 aaD"‘S) = @) Y ag ity (2.142)

la|l<N la|<N

Hint: Verify first
F§=2n)™"? (2.143)

and use (2.139) afterwards.
(b) Let & € R™. Show that the translation

(thp)(x) = p(x + h), xeR" ¢ec8R"), (2.144)
can be consistently extended to §’(R") by
(@ T)(p) =T(_pp)., T €8 (R"), p € S(R"). (2.145)
Prove that for T € 8'(R"), h € R",

F(uT) = "™ FT, (2.146)
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and
F (e Ty = 4, F T. (2.147)

(¢c)Let T € 8'(R") with supp T = {a} for some a € R". Prove that ¥ T is
regular.

Hint: Use Theorem 2.31 together with parts (a) and (b) above.

The following simple observation will be of some service for us later on. For
o € R, let I, be given by

I, f =F " YEFF  fe8RMY. (2.148)

Proposition 2.63. Let 0 € R and I, be given by (2.148). Then I, maps §(R")
one-to-one onto 8(R"), and 8'(R") one-to-one onto 8'(R"), respectively,

I, 8(R") = 8(R"), I,8'(R")=38'(R"). (2.149)
Proof. The multiplication
f > (&) f with f € 8(R")or f € §'(R"), (2.150)

respectively, maps -§(R") onto §(R"), and also §’(R") onto §'(R™). This fol-
lows from Definitions 2.32, 2.43, Theorem 2.48 and Corollary 2.56. In view of
Theorems 2.42 and 2.60 one obtains the desired result. O

Remark 2.64. Later on we shall use I, as [ifts in the scale of function spaces with
fixed integrability and varying smoothness. We refer also to Appendix E.

2.8 The Fourier transform in L ,(R")

By Corollary 2.50 any f € L,(R") with 1 < p < oo can be interpreted as
a regular distribution according to Definition 2.10 belonging to 8’(R™). Hence
F f € 8'(R™). Recall that a linear operator T € £(H) in a Hilbert space H is
called unitary if

ITh|H| = |h|H]|| forhe H, and TH = H, @2.151)

where the latter means that the range of T, range(7'), coincides with H. As for
basic notation of operator theory one may consult Section C.1.

Theorem 2.65. Letn € IN.

(i) Let f € Ly(R")with1 < p <2, then ¥ f € 8" (R") is regular.
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Gi) If f € L1(R"), then
(F 1)(E) = @m) 2 / e f()dx, £ e R, (2.152)
R7

Furthermore, ¥ f is a bounded continuous function on R" and

ésuugi ((F HE| < @) "I fILRY| forall f e Li(R"). (2.153)

(iii) The restrictions of ¥ and ¥ =1, respectively, to L,(R"™) generate unitary op-
erators in L, (R™). Furthermore,

FFL1=F"1F =id (identity in L,(R")). (2.154)

Proof. Step 1. Part (i) follows from parts (ii) and (iii) and the observation that any
J € Lp,(R*) with 1 < p < 2 can be decomposed as

f(x) = fl(X) + fz(X), fl S Ll([Rn), f2 € Lz([Rn), (2155)
where
fi = T T T (2.156)
otherwise.

Step 2. As for I part (ii) we first remark that the right-hand side of (2.152), temporarily
denoted by f (§), makes sense and that we have (2.153) with f inplaceof ¥ f. The
continuity of f in R” is again a consequence of Lebesgue’s bounded convergence
theorem. Finally, ¥ f = f follows in the same way as in (2.136).

Step 3. It remains to show (iii). We apply (2.107) with x = 0 and ¢ € §(R"),
Y € 8(R") and obtain the so-called multiplication formula,

[ (Fo)®) p(E)dE = / o) FP)(dn. (2.157)

[R)’l

Let o € 8(R"), then Definition 2.36 gives ¥ (§) = (Fo)(€) = (F12)(¢) (in
obvious notation). We insert it in (2.157) and obtain for the scalar product in
L,(R") that

(Fo,Fo)L,rm) = /(f 0)(€) (Fo)(E)dE = /w(n)g(n)dn
i (2.158)

= (¢, 0) L, (R")-
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By Proposition 2.7 there is for any f* € L»(R") a sequence { f;}72, C §(R") such
that
fi = finLa(R") if j — oo. (2.159)

It follows by (2.158) that {¥ f;}72, C 8(R") is a Cauchy sequence in L,(R"),
hence for some g € L,(R"),

Ffi — gin La(R") if j — oo. (2.160)

We use (2.157) with ¢ = f;, j € N, and obtain for j — oo that

[ () (E)dE = / FOEW A = (F ) @161
an

[RH

for any ¥ € §(R"). Hence ¥ f = g € L,(R") and by (2.158),
17 fIL2(RDI = | fIL2(R")]. f € La(R?), (2.162)

thatis, # isisometric on L, (R"). The same argument can be applied to ¥ ~! instead
of ¥ . In view of the above approximation procedure, (2.104) can be extended to
(2.154). In particular, the range of ¥ and ¥ ! is L,(R"). Thus both, ¥ and !,
are not only isometric, but unitary. O

Remark 2.66. In Note 2.9.5 we add a few comments about Fourier transforms of
functions f € L,(R"). In particular, if 2 < p < oo, then there are functions
J € Lp(R?) such that ¥ f is not regular. The simplest case is p = co. By (2.143)
the Fourier transform of a constant function f(x) = ¢ # 0 equals ¢’§ with ¢’ # 0,
which is not regular.

Exercise 2.67. Let f € L;(R").

(a) Prove that
(F f)(E) — 0 for|&] — oo. (2.163)

Hint: Combine (2.103) and (2.153).
(b) Letg € L1(R™). Show that the multiplication formula (2.157) can be extended
from §(R”) to L1(R"), i.e.,
[En© s = [ roEama. e
R R

We add a few standard examples, restricted to the one-dimensional case R, for
convenience.

Exercise* 2.68. Determine the Fourier transforms ¥ f; of the following functions
fir:R=>R,i=1,...,4:
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@ fi(x)=e" a>0;

e_x, X > 03
) folx) = sgn(x)e_‘xl =1{0, x =0,
_ex’ x < 0,
1, —a <x < a,
. o) = ) = =7 = where a > 0;
© 300 =1, 0™ {0, otherwise,

1— x|, |x] <1,

0, otherwise.

(d fax)=(0~—[xD+ = {

Hint: Verify that f; € L1(R),i = 1,...,4, and use Theorem 2.65 (ii).

1
b f3

S
Ja

-1

Figure 2.6

Remark 2.69. The more complicated n-dimensional version of Example 2.68 (a)
is given by
a
FePMhE) =c ————. £eR", (2.165)
(€> +a?) 2
where ¢ is a positive constant which is independentof a > Oand ¢ € R”. It generates

the so-called Cauchy—Poisson semi-group, see also Exercise 2.70 (c). Details may
be found in [Tri78, 2.5.3, pp. 192-196].

We end this section with a short digression to an important feature of the Fourier
transform: their interplay with convolutions.
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Exercise* 2.70. Let f € L1(R"), g € L1(R"). Then their convolution f * g is
defined by

(fx2)(x) = / f(x—y)g(y)dy, xeR". (2.166)
[Rﬂ
(@) Let1 < p,r < oosuchthat 1 < % +1 <2 Let f € Lp(R"), g € L, (R").
Thenf*geLq([R")withé =%+%_1,
ILf * glLg (R < Ng|Lr (RDINSILp (R, (2.167)

that is, the famous Young’s inequality, see Theorem D.1. Prove their special
cases p =r = l,and p = r = 2, corresponding to g = 1 and g = oo.

(b) Prove that for f € L;(R"), g € L1(R"),
F(f *@E) = @n)">(F [)E) (FE), §eR. (2.168)

What is the counterpart for F 1 (f * g)?
Hint: Recall that we obtained in (2.106) for ¢, ¥ € §(R") that

Q)" F N Fo-9)(x) = (o x Fy)(x), (2.169)

which leads for f = g and ¥ = F g to (2.168) when f € §(R"), g € 8(R").
Adapt the argument to f € L;(R"), g € L1(R"). Use Theorem 2.65 (ii).

(¢) Leta > 0 and consider for x € R

sin(ax)

. X #0,
X

ha(x) = ga(x) =

7(x2 4+ a?)’ a =0
T’ o

Use (the one-dimensional case of) (2.168) to show that for any b > 0,
ha * hp = hatb, &a * &b = &min(a,b)-

Hint: Recall Exercise 2.68 (a), (c).

2.9 Notes

2.9.1. The material in Chapter 2 is rather standard and may be found in many
textbooks and monographs. We followed here essentially the relevant parts of
[Tri92a] restricting ourselves to the bare minimum needed later on. In [Tri92a] one
finds a more elaborated theory of distributions at the same moderate level as here.
In this context we refer also to [Hor83] and [Str94] where the latter book contains
many exercises.
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2.9.2. The theory of distributions goes back to S.L. Sobolev (the spaces D(£2),
D'(Q), ka(Q) on bounded domains) in the late 1930s as it may be found in
[Sob91], and to L. Schwartz (the spaces D(2), N'(R), S(R™), 8'(R") and, in
particular, the Fourier analysis of tempered distributions) in [Sch66]. On the one
hand, the theory of distributions has a substantial pre-history (especially when
taking [Sch66], first edition 1950/51, as a starting point). Some comments and also
quotations may be found in [Pie01, Section 4.1.7] and [Gar97, Chapter 12], but
it is also hidden in [CH53] (first edition 1924) as sequences of smooth functions
(approximating distributions). On the other hand, according to [Gar97, p. 80],

‘At the time (1950) the theory of distributions got a rather lukewarm
and sometimes even hostile reception among mathematicians.’

L. Schwartz’s own description how he discovered distributions may be found in
[Sch01, Chapter VI]. But the breakthrough came soon in the 1950s. Nowadays it is
accepted as one of the most important developments in mathematics in the second
half of the last century influencing significantly not only analysis, but many other
branches of mathematics and physics.

2.9.3. By Definition 2.32 and the Exercises 2.34, 2.35 one gets that 8 (R") is a linear
topological (locally convex, metrisable) space and that 8’(R") as introduced in Def-
inition 2.43 and characterised in Theorem 2.48 is its topological dual. The situation
for the spaces D () and D’ () as introduced in the Definitions 2.2, 2.5 is more
complicated. But one can furnish (£2) with a locally convex topology such that
converging sequences {¢; }}?‘;1 with respect to this topology are just characterised
by (2.4), (2.5). The corresponding theory may be found in [Yos80, p. 28, 1.8] and
[Rud91, Chapter 6] going back to [Sch66, Chapter III]. In particular, the resulting
linear topological space is no longer metrisable [Rud91, Remark 6.9] in contrast to
&(R™). We adopted in Section 2.1 a more direct approach in good company with
many other textbooks and monographs introducing distributions as a tool.

2.9.4. The close connection between o-finite Borel measures in a domain €2 in R”
and distributions belonging to D’(2) or (in case of & = R™) to §’(R") played a
decisiverole in the theory of distributions from the very beginning and had been used
for (local) representation of distributions in finite sums of derivatives of measures
[Sch66, Chapter 111, §7-8]. Theorem 2.31 may serve as a simple example. One may
also consult [Rud91, Theorem 6.28, p. 169]. In connection with the identification
(2.35) and the discussion in Remark 2.11 the following observation is of some
use. Let M }"C(Q) be the collection of all o-finite (locally finite) complex Radon
measures on £2. Then

Ty :@r— /(p(x)u(dx), e M*(RQ), ¢ € D(R), (2.170)
Q
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generates a distribution 7, € D'(Q). Moreover, if u! € M*(Q) and u? €
M%"C(Q), then

T, =T, in D'(Q) if andonlyif, u'= > (2.171)

This follows from the famous Riesz representation theorem according to [Mal95,
Theorem 6.6, p. 97]. We refer for a similar discussion and some further details
to [Tri06, Section 1.12.2, pp. 80/81]. Hence (2.170) is a one-to-one relation and
one may identify M[°(Q2) with the generated subset of D'(R). Furthermore,
interpreting f € LI°(Q) as fur € M|°(Q) where ju is the Lebesgue measure
in R”, then one gets

LY(Q) ¢ M*™(Q) Cc D'(Q) (2.172)

and (2.34), based on Proposition 2.7. In other words, interpreting L?¢(£2) not as
a space of functions (equivalence classes) but as a space of complex measures the
ambiguity we discussed in Remark 2.11 disappears.

2.9.5. Choosing f > 0and & = 0in (2.152) it follows that the constant (277) /2 in
(2.153) is sharp. Interpolation of (2.153) and (2.162) gives the famous Hausdorff—
Young inequality

1_1
IF fILy (RN < @u)"@ 2| fIL,(RD)|l, 1<p <2, (2.173)

where % + # = 1, [Tri78, Section 1.18.8]. However, (271)”(%_%) is only the best
possible constant when p = 1 or when p = 2. It turns out that

1. .n
con = (@) "7 pr(p)) 7 (2.174)
is the sharp constant in
17 fILp (RO = cpull fILp(RDI. 1< p=2. (2.175)

We refer to [LL97, Section 5.7] where the Fourier transform is differently normed.
However, if 2 < p < oo, then there are functions f € L,(R") such that f €
&'(R™) is singular, [SW71, 4.13, p. 34]. Hence Theorem 2.65 (i) cannot be extended
to 2 < p < oo. In case of p = oo this follows also immediately from (2.143).



Chapter 3
Sobolev spaces on R" and R’

3.1 The spaces W) (R")

We always interpret f € L,(R") with 1 < p < oo as a tempered distribution
according to Remark 2.49 and Corollary 2.50. In particular, D* f € 8’(R") makes
sense for any o € N.

Definition 3.1. Let k € N and 1 < p < co. Then
ka(IR") ={fe€L,(R"):Df € L,(R") foralla € N, |a|] <k} (3.1)
are the classical Sobolev spaces.

Remark 3.2. We incorporate notationally L, (R") = WPO(IR”). Otherwise ka (R™)
collects all f € L,(R") such that the distributional derivatives D* f € §8'(R")
with |@| < k are regular and, in addition, belong to L,(R"). Some references
and comments about classical Sobolev spaces on R and on domains may also be
found in the Notes 2.9.2, 3.6.1, 3.6.3 and 4.6.1. Strictly speaking, the elements of
ka (R™) are equivalence classes [ f]. But by (2.40), (2.124) one has D* f = D%g
in 8'(R") for g € [f] and all @ € N§. If, in addition, D* f € L,(R"), then
D%g € [D* f]. As usual, we do not care about this ambiguity which we discussed
in detail in (2.32)—(2.34), Definition 2.10 and Remark 2.11.

Theorem 3.3. Let 1 < p < oo and k € Ng. Then ka([R”) Sfurnished with the
norm

/
LDl = (X D 1L, @)) (3:2)

loe|<k

becomes a Banach space and
S(R") C WFR™) C Lp(R") C §'(R"). 3.3)
Furthermore, D (R") and 8 (R") are dense in ka([R”).
Proof. Step 1. By (2.115), (2.132) we have for any o € N7,
D¥(A1 f1 +A2f2) = MD* fi + A2D% fo,  f1, f2 € 8'(R"); 41,42 € C. (3.4)

In particular, ka (R™) is a linear space, a subspace of §’(R"). Since both L,(R")
and the related (finite-dimensional) sequence space £, are normed spaces, one gets

I f1 + ALIWERD] < [ AIWERDI+ | LIWERDIL fi. fo € WERY), (3.5)
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and
IAfFIWE@RD| = AL IWERDIL f e WERY), AeC.  (3.6)

If ||f|ka(IR”)|| = 0, then, in particular, || f|L,(R")|| = 0, hence [f] = 0,
that is, f = 0in §’(R"). This implies that (3.2) is a norm.

Step 2. Let {f;}72, be a Cauchy sequence in ka([R"). Then {D* f;}72, are
Cauchy sequences in L, (R") for |@| < k. Hence there are /% € L,(R") with

D*f; — f*in Ly(R"), |o| <k, and f°=f (3.7)

It follows from (2.40),

[ siewar = 0 [ ot pes@). 69
R”

[Rn

and Holder’s inequality applied to D* f; — f*, f; — f € L,(R") and ¢, D%p €
L,/ (R™) that

/ FH)p)dx = (—1) / FOD%)dx, ¢ e SE®Y).  (3.9)
[R}’l.

IRI’I
Then f* =D®f, |a| < k,and f € WF(R") with
fi = finWER") for j — oo. (3.10)
Consequently, ka (R™) is a Banach space. Furthermore, (3.3) is obvious by Corol-

lary 2.50.

Step 3. Since §(R") C ka([R"), it remains to prove that D (R") is dense. Let

f e W;‘([R”). By the mollification according to Exercise 1.30 with the functions
wp € D(R™), h > 0, especially (1.59), (1.60), one obtains

(D% fin)(x) = [ D2wp(x — )./ ()dy

[Rn
= (1)« [ Dewp(x — 1)/ ()dy
|Rn
- / on(x— D NIy = O (). G
R~

The same argument as in (2.28) with (2.30), (2.31) implies

[D* f —D* fy|L,(R")|| - 0 ifh — 0, |a| <k. (3.12)
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Hence f;, € C*°(R*) N ka([R”) and
fu = fin WE®") forh — 0. (3.13)

In particular, it is sufficient to approximate functions g € C*°(R*) N ka (R™) in
ka([R”) by functions belonging to D(R"?). Let ¢ € D(R") and ¢(x) = 1 if
|x| < 1. Then

D[R™) 3 (277 x)g(x) — g(x) in WER™) if j — o0 (3.14)
by straightforward calculation. O

Exercise 3.4. Let k € Ng and 1 < p < oco. Prove the following homogeneity
estimates for Sobolev spaces: There are positive constants ¢, ¢’ and C, C’ such that

¢ R™2 | fILy(RY| < [l f(R)IWERM| < /R™P | fIWERD] (3.15)
forall f € ka([R”) andall0 < R <1, and
C R™?|fIWE®RM| < | f(RYIWERM| < C'RFF || fIWFERY (3.16)
forall f € WF(R") andall R > 1.

Remark 3.5. Two norms || - ||; and || - || on a Banach space B are called equivalent,
denoted by || - |1 ~ || - |2, if there are two numbers 0 < ¢; < ¢; < oo such that

cillbllr < 16ll2 < c2|lb||1 forall b € B. (3.17)

We do not distinguish between equivalent norms in the sequel and may switch from
one norm to an equivalent one if appropriate. For example,

LAIWE®RD* = > [ID*fIL,(RM)I|.  f € WE®R"),  (3.18)
loe| <k
is equivalent to (3.2).
Exercise 3.6. (a) Letn € N, n > 2, and » > 0. Consider the radial functions
hy(x) = @(x)|log|x|[*, x € R,

where ¢ € D(R") is some cut-off function, say, with

1 1
p(x)=1, |x]| < 7 and ¢(x) =0, |x| > > (3.19)

see Figure 3.1. Show that h,, € W,(R")if x < 1— 1.
(b)Letn € N, n > 2, and

g(x) = ¢(x)log|log|x[|, xe€R"
with ¢ € D(R") according to (3.19). Prove that g € W,1(R").
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Ny (x) Xn

X1

Figure 3.1

Remark 3.7. We shall return to these examples in connection with so-called Sobolev
embeddings in Section 3.3 below. We refer, in particular, to Theorem 3.32 and
Exercise 3.33.

3.2 The spaces H*®(R")

For p = 2 and k € Ny the classical Sobolev spaces Wzk([R”) according to Defini-
tion 3.1, Theorem 3.3, equipped with the scalar product

(Fghwsan = O [ D*D7gCidx (3.20)
lo|<k Rn

become Hilbert spaces. We wish to characterise the spaces Wzk([R") in terms of
the Fourier transform generalising Theorem 2.65 (iii). For this purpose we need
weighted L, spaces.

Definition 3.8. Letn € N and let w be a continuous positive function in R”. Then

Ly(R", w) = {f € LY(R") : wf € Ly(R")}. (3.21)

Remark 3.9. Quite obviously, L, (R"”, w) becomes a Hilbert space when furnished
with the scalar product

(f.8) L@ w) = [ w(x) fw(x)g(x)dx = (wf, wg)r, ). (3.22)

[RH

Furthermore, f +— wf maps L,(R", w) unitarily onto L,(R"). Of special interest
are the weights

wy(x) = (x)* = (1 + [x])*?, seR, xeR", (3.23)
recall (2.83).
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Proposition 3.10. Let L,(R”, ws) be given by (3.21), (3.23) with s € R. Then
Ly (R", ws) together with the scalar product (3.22) with w = wy is a Hilbert
space. Furthermore,

S(R") C Lo(R",wg) C 8'(R") (3.24)
in the interpretation of Definition 2.55 and Corollary 2.56. Both D (R") and §(R")
are dense in L, (R", wy).

Proof. As mentioned above, L, (R"”, wy) is a Hilbert space. The left-hand side of
(3.24) follows from Definition 2.32 whereas the right-hand side is covered by Corol-
lary 2.56 (and L, (R") C 8’(R")). If (27/-) are the same cut-off functions as in
connection with (3.14), then ¢(27/ ) f approximate any given f € L,(R", w,). By
Proposition 2.7 the compactly supported function ¢(27/-) f can be approximated
in L,(R"), and hence in L,(R”, wy), by functions belonging to D (R"). |

According to Definition 2.58 and Theorem 2.60 the Fourier transform ¥ and its
inverse ¥ 1, respectively, are defined on §'(R"). In view of (3.3) and (3.24) one
can restrict ¥ and ¥ ! to W2k (R™) and to L, (R", wy) (denoting these restrictions
by ¥ and ¥ 1, respectively, again).

Theorem 3.11. Letk € Ng. The Fourier transform ¥ and its inverse ¥ ~! generate
unitary maps of Wzk([R”) onto L(R", wy), and of L,(R", wy) onto Wzk([R"),

FWERY) = FTIWFR") = Lo(R", wy). (3.25)
Proof. Let f € Wzk([R”). Equations (3.2), (2.139), and Theorem 2.65 (iii) imply
1A IWE@DI2 = 3 D% f Lo (R

loe|<k

= 3 IF O HIL®RDI?

loe|<k

- / (X P)IF fooPdx. (3.26)

rr  lal<k

Since Zlal <k |x%|? ~ w,% (x), one obtains with respect to this equivalent norm,
denoted by || - ||, that

I FIWE @R = |F £1L2(R", wi)]|. (3.27)

Hence ¥ is an isometric map from Wzk([R") to L,(R", wg). Conversely, let g €
Lo (R", wy) and f = F~'g. By (2.139) and Theorem 2.65 (iii) one has

DY f =il F 1 (x%g) € Lo(R"), |a| <k. (3.28)

This proves f € W2k (R™). Hence ¥ in (3.27) maps Wzk (R™) unitarily onto
L>(R", wy). Similarly one proceeds for the other cases. |
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Remark 3.12. One can rewrite (3.25) as
WER") = FLy(R", wi) = F Lo (R™, wy). (3.29)

In other words, one could define Wzk (R™) as the Fourier image of L,(R”, wy). But
for such a procedure one does not need that k € No. We have (3.24) for any s € R.
The resulting spaces W3 (R"), especially if s = % + k, where k € Ny, will be of
great service for us later in connection with boundary value problems. Furthermore,
one may ask whether one can replace Wzk (R™) in Theorem 3.11 by ka (R™) with
1 < p < oo. Butif p # 2, then the situation is more complicated. We return to
this point in the Notes 3.6.1, 3.6.2.

Definition 3.13. Let s € R and wy as in (3.23). Then
HS(R") ={f € 8'(R") : wsF f € Lo(R")}. (3.30)
Remark 3.14. It follows by Theorem 3.11 and (3.27) that
H*([R") = WFR™), k€ N,. (3.31)

One can replace ¥ in (3.30) by F~!. In any case the spaces H*(R") extend
naturally the classical Sobolev spaces Wzk([R”) according to Definition 3.1 from
k € No tos € R. As for a corresponding extension H,(R") of ka([R”) from
k € Notos € Rand with 1 < p < oo we refer to Note 3.6.1. It is usual nowadays
to call H;(R") Sobolev spaces forall s € R, 1 < p < oo.

Exercise 3.15. Let k € N. Prove that

(3.32)

k
8xj

0
ARV

IF L@+
j=1

is an equivalent norm in Wzk (R™).
Hint: Use (3.31).

We start with some elementary examples for s > 0; there are further ones related
to s < 0 in Exercise 3.18 below.

Exercise* 3.16. Lets > 0.

(a) Show that e=*l € H*(R) if, and only if, s < 3.
Hint: Use Exercise 2.68 (a).

(b) Leta > 0. Prove that y_ € H*(R) if, and only if, s < 1.
Hint: Use Exercise 2.68 (¢).
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(c) Leta >0and A = [—a,a]" ={x e R" : |xj| <a, j =1,...,n}. Prove
. . 1
that X, € H*(R™) if, and only if, s < 5
Hint: Use (b) and the special product structure of A and y "

(d) Leta > 0,r € N, and f the r-fold convolution of y

J(x) = (x

[—a,a] ’

*eee ok X[_a,a])(x), x eR.

[~a.a]

r-times

Prove that f € H®(R) if, and only if, s < r — %, r e N.
Hint: Use Exercises 2.68 (¢) and 2.70 (b).

Proposition3.17. Lets € R. The spaces H® (R"), furnished with the scalar product
(f&)us@n) = / ws (0)F f(x) w5 (x) F g (x)dx, (3.33)
R
are Hilbert spaces. Furthermore,
S(R") c H*(R") c 8'(R"), (3.34)
and 8(R") is dense in HS(R").
Proof. By definition,
[ wd f: HY(R") - Ly(R"), (3.35)

generates an isometric map into L,(R"). Choosing f = ¥ Y(w_sg) € §'(R")
for a given g € L,(R") it follows that (3.35) is a unitary map onto L,(R"). Hence
H*(R") is a Hilbert space. Furthermore, by the same arguments as in the proof of
Proposition 2.63 it follows that (3.35) maps also § (R") onto itself and §"(R") onto
itself. Then both (3.34) and the density of & (R”") firstin L, (R"), and subsequently
in H*(R") follow from Theorem 3.3. |

Exercise* 3.18. (a) Prove that
§ e HS(R") if,andonlyif, s < —g. (3.36)

Hint: Use (2.143).

(b) Prove that for given s < 0 there are singular distributions f € H*(R).
Hint: Apply (2.147) to

o0
f@) =) Y 2k xeR 0<0 <|s|, (3.37)
k=0
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with ¢ € D(R) and p(x) = 1if |x| < 7.
(c) Construct a singular distribution which belongs to all H*(R) with s < 0
simultaneously.

Hint: What about 0 = 0 in (3.37)? Use Exercise 2.67 (a).

(d) Let n € N. Prove that for given s < 0 there are singular distributions
f e H*(R").
Hint: Multiply (3.37) with a suitable function belonging to D (R*™!).

By (3.30) one has
H'(R") ¢ H*2(R") if —oo <53 <s§1 < 00, (3.38)
and, in particular,
H'Y(R™) € H'2(R") C Lo(R*) if0 < sy <51 < 00. (3.39)

Hence the gaps between the smoothness parameters k € N of W2k (R") = H*(R")
are filled by the continuous smoothness parameter s.

However, it would be highly desirable to have descriptions of H*(R"), s > 0,
parallel to H*(R") = Wzk(IR”), k € Ny, given in Definition 3.1 at our disposal,
avoiding, in particular, the Fourier transform. This is not only of interest for its
own sake, but essential when switching from R” to (bounded) domains, subject to
Section 4.

It is well known that fractional smoothness, say, for continuous functions, can
be expressed in terms of differences resulting in Holder spaces. Let

AR f)x) = f(x+h)— f(x), heR" xeR" (3.40)
Exercise 3.19. Let A }l = Ay, and define for m € N the iterated differences by

(AP N(x) = A, (AR ))(x), xR, heR" (3.41)

(a) Prove that

m
ApHE =3 (’") (~)" f(x+ jh), xeR" heR",
j=o \/
where ("/1) = (m_L/'),/, are the usual binomial coefficients.

(b) Show that forallm € N, h € R”, x € R", and A > 0,
(AR D (x) = (AT f)(Ax).
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(c) Prove that

2(AR F)x) = (Aan f)(x) = (A} F)(x) (3.42)

and its iteration
m—1
(AR () = (A O + AP (Y ama fC+ 1) (x) (3:43)
=0

for m € IN, where the real coefficients a,, ; are independent of f and h.
Hint: One may also consult [Tri83, p. 99].
Let C¥(R") be the spaces according to Definition A.l1 where k € Ny. Let

s =k + o withk € Ng and 0 < ¢ < 1. Then the fractional extension of (A.8) for
Q = R” are the Holder spaces normed by

D*f(x) =D* f (I

17ICS R = I ICKRY + S sup |

le|=k X#£y |x_y|o
|(ApD* /) ()]
— IfICk®) I+ 3 sup  sup Lot SID
la|=k 0#heR” xeR" |h|
ApD*
~AICEE+ S sup sup LEIDEDON g
lee| =k 0<|h|<1 x€R” |h|
the latter being an equivalent norm.
Exercise* 3.20. (a) Prove that C*(R"), s > 0, s ¢ N, is a Banach space.
(b) Let Lip(R™) be normed by
I ILip®)] = 1 /1CE] + sup LSO 5 45,
X#£y |x - y|
Prove that Lip(R") is a Banach space and that
C'(R") < Lip(R"). (3.46)

Exercise 3.21. Let 0 < s = k + o with k € Ng, 0 < ¢ < 1. Prove that for any
m € N and A} given by (3.41),

ATDY £)(x
ACKRD+ S sup sup (BTN g,
ok 0#heRn xeRn 1
is an equivalent norm in C*(R").
Hint: Use Exercise 3.19 (c).

Some further information will be given in the Notes 3.6.1, 3.6.5.
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We ask now for an L, counterpart of (3.44). Let agains = k 4+ o with k € Ny,
and 0 < 0 < 1, and let W2k([R”) be normed according to (3.2) with p = 2. Then
the appropriate replacement of the two Lo, norms in (3.44) is given by

£ I3 (RM)]
o _ Do 2 1/2

ot |X _y|n+2(r

R2n

_ dh 1/2
- (||f|W2k<R">||2+ SR N IV TRCOTE W)
lal=k gn

dh 1/2
~(||f|W2"([R”)II2+Z / |27 | ARD* £ | L2 (R") ) . (3.48)

||
=k hi<1

where the latter is an equivalent norm due to

[Ang|L2(R™)|| < 2| g|L2(R")| forany i € R", (3.49)
and, hence,
—20 o ny 2 dh o ny 2
||~ | ApD* f1L2(R™) || P < c[[D* f|L2(R™) " (3.50)
|h|>1

This shows, in addition, that both n and o > 0 in the exponent of the denominator
in (3.48) are needed to compensate the integration (compared with 6 > 0in (3.44)).
Furthermore,

loIW5 (Rl < oo ifp € S(R") (3.51)

as a consequence of

[(Ar@) ()| < ¢y [hl(x)™7.  |h| < 1. x € R", (3.52)
forall y > 0 and appropriate ¢, > 0, recall notation (2.83). Here o < 1 is essential.
Definition 3.22. Lets = k + o withk € Ny, 0 < o < 1. Then

Wy (R*) = {f € L2(R") : || f[W5 (R")]| < oo} (3.53)
with || - [W5(R™)]| as in (3.48).

Remark 3.23. The norm || - |[W;(R")|| is related to the scalar product

(ApD* f, ApD*g) Ly wny dh
|h|2° ||

(S 8wy wny = {f ) wrwm + >

led=k /<1

, (3.54)

where we used (3.20).
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Next we wish to extend (3.31) to all s > 0.

Theorem 3.24. Let0 <s =k + o0 withk € Noand 0 < o < 1. Let H5(R") and
W3 (R™) be the spaces according to Definitions 3.13 and 3.22, respectively. Then

H*(R") = W5 (R") (3.55)
(equivalent norms). Both D(R™) and 8 (R") are dense in W, (R").
2

Proof. Step 1. Obviously WS (R") is a linear space with respect to the norm

generated by the scalar product (3.54). If f € WJ(R") and ¢ € §(R"), then

Jo € WJ(R"). This follows from (3.48), together with the old trick of calculus,

() (x +h) = (ef)(x) (3.56)
= f(X)(e(x +h) — (X)) + ¢(x + ) (f(x + 1) — f(x)),

and

. Jh| <1, xeR. (357

dg
8_xl(x)

xeR”

lp(x + 1) —p(x)| < |h| > sup
=1

If we apply this observation to ¢; f with ;(x) = ¢(27/x), j € N, where ¢ is a
cut-off function, that is, ¢ € D(R") with ¢(x) = 1 if |x| < 1, then one obtains
by (3.56), (3.57) with ¢; in place of ¢ uniform estimates. This yields an integrable
upper bound for the corresponding integrals in (3.48) with ¢; f in place of f. Thus
@;j f tendsto f in W3 (R") dueto (¢; f)(x) — f(x)in R"” and Lebesgue’s bounded
convergence theorem.

We wish to prove that D(R"”) — and hence, by (3.51) also §(R”") — is dense
in W3 (R"). By the above consideration it is sufficient to approximate compactly
supported functions f € WJ(R"). Let

i) = [om)f-may. veRo<rsl G5
[R)’l
be the mollification of a compactly supported function f € W, (R") according
to (2.26), based on (1.58), (1.59). The triangle inequality for integrals (and the
translation-invariance of || - |L,(R")||) imply
I fe W5 (R < 1 F W5 (R (3.59)

Similarly one finds for given ¢ > 0 and « with || < k a number § > 0 such that

2 » dh 12
([ wram izaene )
|h|<é

dh 1/2
([ |h|—2“||AhD“f|L2(ne">||2W) <e  (3.60)
|h|<é
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uniformly in ¢, 0 < ¢ < 1. This leads to
fi = fin Wy (R") ift -0, (3.61)

in view of (3.60) and Step 3 of the proof of Theorem 3.3. Since f; is a compactly
supported C *° function, where the latter is covered by Exercise 1.30, it follows that
D(R") is dense in WS (R").

Step 2. By Proposition 3.17 and the above considerations & (R") is dense both in
H?(R") and W (R"). Then (3.55) will follow from the equivalence

/(§)2s|(37f)(§)|2d§ ~IFIW@®DIZ f € SR, (3.62)

lkl’l

which we are going to show now. Assume first 0 < s = o < 1. By Theo-
rem 2.65 (iii) the Fourier transform ¥ is a unitary operator in L,(R"). Hence,

[|h|‘2"||f(-+h) G )ILz([R”)II2

|h|"
R~
= [mriE e m - s >)|L2<[R”>||2|h|,, (3.63)
[Rn
We insert
FUC+ 1)~ f()E) = Quy "2 / E(f (x4 h) — ()
[R)’l
= (" —1)(F 1)) (3.64)
in (3.63) and obtain that
—20 ny |2
/|h| I8 1L2BOI
2 iEh 20 _h
[R['”@' [|e — PR e
/|$|2"|f f(f)|2/|e P20 %dé
= / E[2717 £(6) P (3.65)

for some ¢ > 0, where we used that the converging integral over % in the last but one
line is independent of £ € R”, & # 0. This proves (3.62) incase of 0 < s =0 < 1.
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Ifs = k+0 wherek € Nand0 < o < 1, then one applies (3.65)to D* f, || = k,
instead of f. By the same arguments as in (3.26) and

> IE P ~ g
la|=k

one obtains the desired result as far as the respective second terms in (3.48) are
concerned. Together with Theorem 3.11 and (3.26) this gives (3.62). O

Corollary 3.25. Let WJ(R™) with s > 0 be the spaces as introduced in Defini-
tion 3.1 if s = k € Ng and in Definition 3.22 if s & Ny, respectively. Let H’(R")
be the spaces according to Definition 3.13. Then

H*(R") = W (R"), s>0, (3.66)
(equivalent norms). Both O (R") and §(R") are dense in W3 (R").

Proof. This is an immediate consequence of (3.31) and the Theorems 3.3 and 3.24.
O

Remark 3.26. In Note 3.6.1 we describe some extensions of H°(R") and W3’ (R")
from p = 2to 1 < p < co. But then the situation is more complicated.

Exercise 3.27. Lets = k + o withk € Ngand 0 <o < 1. Let A, m € N,
h € R", be the iterated differences according to (3.41). Prove that

dh \/?
HﬂWWﬂ+Z(IWWMWWMWW ) (3.67)

hn
|Bl<k “gn | |

and

5 1/2
dn ) (3.68)

ok f
AF——L>(R"

WMWW+Z(ﬁw”
Jj=1 R”

are equivalent norms in W;’ (R") where the integral over R” can be replaced by an
integral over {h € R" : |h| < 1}.

Hint: Use (3.42), (3.43) first to reduce the question to m = 1. Afterwards, study
the terms with | 8| < k, modify (3.65) and rely on (3.32).

The following observation will be of some use for us later on.

Proposition 3.28. Let Af, m € N, h € R", be the iterated differences according
to (3.41). Let fors € Rand f € HS(R"),

sup AT AY fIHP(R")|| < oo. (3.69)
0<|h|<1
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Then f € HST™(R") and for some ¢ > 0,

I fIHST™ (R < el fIH* (R + ¢ Sﬁlqp A" AR SIHA (R (3.70)
0<|h|<1

Proof. Tteration of (3.64) yields that
FARNHE = =1D)"Ff5). &R (3.71)

Then it follows from (3.69) and Definition 3.13 that

/ B[ 7271 = M PME P (F f)(E)PdE < € < o0 (3.72)
R”

uniformly in &, 0 < || < 1. Choosing h = (h1,0,...,0) leads to

[ 6P ESI(F £)(E)Pde < € 3.73)
R7

in view of Fatou’s lemma according to [Mal95, 1.7.7, p. 38] (or [Tri86, 14.2.5,
p.- 125]). Similarly for the other directions. This proves (3.70). O

Exercise* 3.29. (a) Letm € N and 0 < s < m. Prove that

dh \'/?
1/ 1L2(RY)] + ( [ sy ia@n 2 —) (3.74)

i
R7

is an equivalent norm in H*(R") where the integral over R” can be replaced by an
integral over {h € R" : |h| < 1}.

Hint: The case 0 < s < 1 is covered by (3.68) with k = 0. Form > s > 1 use
(3.71) and modify (3.65). See also Note 3.6.1.

(b) Let y > 0 and ¢ € D(R") be some smooth cut-off function, say, as in
connection with (3.14) with supp ¢ C K,. Prove that

fr(x) = |x["o(x), xeR",

belongs to H*(R")if0 <s <y + 3.
Hint: Apply (3.74) withm € N,m > y + 5.

(c) Extend the homogeneity estimates as formulated in Exercise 3.4 for spaces
W2k([R") (p = 2) to spaces H*(R"), s > 0.
Hint: Use (3.74) together with Exercise 3.19 (b).
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3.3 Embeddings

Embedding theorems play a central role in the theory of function spaces. We
concentrate here on the Sobolev spaces H*(R") as introduced in Definition 3.13.
According to Corollary 3.25 they coincide with the spaces W; (R") for s > 0.

Theorem 3.30. Let
—00<s <s<sr <00 and s=(1—0)s;+ Os, (3.75)

with 0 < 8 < 1. Then there is a positive constant ¢ such that for any ¢ > 0 and
any f € HS2(R"),

IFIHS@MI < |LFIHS @RI fF1H2RY)
<&l fIH>(R")| + ¢ &7 | fIH* (R™)]. (3.76)

Proof. Equation (3.30) with g = ¥ f and Holder’s inequality imply
1/2
ILf1H (RY)] = (/((S)zs‘Ig(§)|2)1_9(<5)2s2|g(§)|2)9dé)
R”

__1_ _ 1
< (T fIHS ®RMI)' P 7 | fIH2 (R (3.77)
< & || fIHV R+ ¢ e¥ | fIH2@®D)].  (3.78)
where we used the well-known inequality ab < % + br—r,/ fora,b > 0and r €

(1, 00), % + % = 1 in the last line. Now (3.77) with ¢ = 1 and (3.78) with
¢ = ¢’e'/? prove (3.76). O

Corollary 3.31. Let W} (R™) with s > 0 be the spaces as introduced in Defini-
tions 3.1 and 3.22 for s = k € Ng and s & Ny, respectively. Let t be such that
0 <s <t < o0o. Then there are constants ¢ > 0 and ¢’ > 0 such that for all ¢ > 0
and all f € W} (R"),
1—s S
1AW @R < el fIL2RDIT £ IW5 (R™)]|7
< el fIWS R +¢ e = | fIL2®D]. (3.79)

Proof. This follows from Corollary 3.25 and Theorem 3.30 with s; = Oand 6 = 7.
O

Next we are interested in the so-called Sobolev embedding

id: WS (R") < CYR™), £ e N, (3.80)
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where C¢(R") are the spaces introduced in Definition A.1 with Q = R”. Here id is
the identity interpreted as a linear and bounded map between the spaces indicated,
hence

IAICE @D < I IW5 ®DI, f € WH(R™). (3.81)

As for the use of ‘>’ one may consult Appendix C.1.

Strictly speaking, W' (R") consists of equivalence classes [ /] whereas the ele-
ments of C*(R") are functions. Then (3.80) must be understood in the sense that
one finds in any equivalence class [ /] € W (R") arepresentative ' € C E(R™) (be-
ing unique if it exists) with (3.80). If one proves (3.81) first for smooth functions
(being their own unique representatives), then one obtains in the limit just what one
wants. We do not stress this point in the sequel.

Theorem 3.32 (Sobolev embedding). Let C e([R”), £ € Ny, be the spaces in-
troduced in Definition A.1 and let W} (R") be the Sobolev spaces according to
Definitions 3.1 and 3.22, respectively, with s > £ + % Then the embedding

id: W3 (R") — Cé([R”) (3.82)
exists in the sense explained above.

Proof. We know by Corollary 3.25 that §(R") is dense in W} (R"). In view of the
above explanations it is thus sufficient to prove that there is a number ¢ > 0 such
that

ID*e(x)| < cllplWy (RMI.  |a| < £, x € R", (3.83)

for all ¢ € §(R"). Equations (2.104), (2.91) and Hoélder’s inequality imply that
ID*¢(x)| = D*(F ' Fo)(x)| = |F T (E*F o()(v)]

/ efxésa(m@)ds‘
|Rn
< / (E)° 17 p(®) () d

R”

1/2 1/2
SC'( / <s>“|m(s)|2ds) ( / <s>—2“—‘>ds) LG
[Rn [Rn

The last integral converges due to 2(s —£) > n, and the first term in (3.84) represents
an equivalent norm in W3’ (R") according to Corollary 3.25 and ws(§) = (§)°. O

=C

Exercise* 3.33. Show that (3.82) fails for s = £ + 7 in general.

Hint: Review the examples considered in Exercise 3.6.
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Exercise 3.34. Let C"(R") withr = k + 0,k € Ny, 0 < 0 < 1, be the Holder
spaces normed by (3.44). Prove that Theorem 3.32 can be extended to C*(R"),

id: WS R") < CY(R") if s — % >1>0. (3.85)

Hint: Combine (3.84) with the arguments from (3.64), (3.65).

Remark 3.35. By the above proof (and the extension indicated in Exercise 3.34)
it follows that . n
id: WS (R") — C'(R") ifs— > >t >0, (3.86)

where the latter spaces stand for the completion of §(R™) in C?(R"). In particular,
one obtains for all f € W;(R") and all & with 0 < |a| < s — 7 uniformly (with
respect to |x|) that

D* f)(x) = 0 if |x] = oco. (3.87)

Exercise* 3.36. (a) Prove that ¢t (R™), t > 0, is also the completion of H(R") in
C!(RY).
(b) Show that CO’([R”) is a closed proper subspace of C*(R"), i.e.,
C'(R") € C'(R).
Hint: What about f = 1?

3.4 Extensions

For arbitrary domains (i.e., open sets) €2 in R” we introduced in Definition A.1 the
Banach spaces C*(Q2) where £ € Ny. Now we are interested in Sobolev spaces
on 2 considered as subspaces of L,(2), where the latter has the same meaning as
at the beginning of Section 2.2, always interpreted as distributions on £2.

Definition 3.37. Let €2 be an arbitrary domain in R”. Let W, (R") be either the
classical Sobolev spaces according to Definition 3.1 with 1 < p < co and s € Ny,
or the Sobolev spaces as introduced in Definition 3.22 with p = 2 and s > O,
s & N. Then

W) = {f € Lp(RQ) : there exists g € W, (R") with g|Q = f}. (3.88)
Remark 3.38. Here g o denotes the restriction of g to 2 considered as an element

of D'(R2), hence g|Q = f means

g(p) = f(p) forall p € D(Q). (3.89)

One can replace f € L,(S2) in (3.88) by f € D’(2) and extend this definition to
the spaces H*® with s < 0 according to Definition 3.13.
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Proposition 3.39. Let 2 be an (arbitrary) domain in R™ and let either 1 < p < 00,
s € No,or p=2,5 > 0. Then Wlf (Q), furnished with the norm

L/ IW3 @) = inf{llg| W3 R - g € Wi (R"), g =/} (3.90)
becomes a Banach space (and a Hilbert space if p = 2), and
D(Q) C W)(R2) C Lp(R) C D'(Q). (3.91)
Furthermore, the restriction D(R") Qo D(R™) to Q and the corresponding re-
striction () = 8(IR”)|S2 are dense in Wy (£2).
Proof. Let Q¢ = R" \ Q and
W3(Q°) = {h € WS (R") : supph C Q°}. (3.92)
Since Q€ is a closed set it follows from
(i3>, C W5(Q€) and  hg — h in WS(R") (3.93)
that h € W;, (2€) as a consequence of Definition 2.22 and, say, (2.11). Hence
W5 (R29) is a closed subspace of W (R") and
WS(Q) ~ Wi (R") ] W5(Q) (3.94)

is isomorphic to the indicated factor space which, in turn, is a Banach space (and a
Hilbert space if p = 2). As for the latter assertions one may consult [Yos80, I.11,
pp- 59/60] (or [Rud91, pp. 30-32] where factor spaces are called quotient spaces).
Finally, (3.91) is just the interpretation of W (£2) as a space of distributions (2.36).
The density of D(R") Q and §(€2) in W;($2) follows from the corresponding
assertions in Theorems 3.3 and 3.24. O

Remark 3.40. Note that (3.91) is the counterpart of (3.3). We return to Sobolev
spaces on smooth bounded domains later on in Chapter 4. At this moment we are
only interested in 2 = R’} where

R ={x = (x1,....x,) € R" : x,, > 0}, (3.95)

occasionally written as x = (x,x,) € R with x" = (x1,...,x,-1) € R
Xn, > 0. We shall deal with the extension problem first, asking for linear and
bounded (common) extension operators extl, L € N, such that

C'(RY) < C!(R"), [=0,....L,
ext’: { WH(RL) < W!(®R"), 1=0.....L, 1< p<o0, (3.96)
WH(R) — W (R"), 0<s<L,
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with
extX f“R’i = f (3.97)

This is the usual somewhat sloppy notation which means that ext” is defined on the
union of all these spaces such that its restriction to an admitted specific space has
the properties (3.96), (3.97).

Recall that we said in Remark 3.5 what is meant by equivalent norms.

Theorem 3.41. (i) For any L € N there are extension operators ext’ according to
(3.96), (3.97).

(i) Let 1 < p <ooandl € Ng. Then

L], = (3 I L@ 1) ~ rwien] 698

la|<l

is an equivalent norm on Wl (R7).
(iii) Let s =1 + o withl € Ngand 0 < o < 1. Then

If W3 (R Il
o o 2 1/2
( Z ||Daf|L2([R )”2 + Z / / |D f(xi |13+2J;(Y)| dxdy)
la|<l loe|= I[R" n
~ I IWE (R (3.99)

is an equivalent norm on W3 (R%.).

Proof. Step 1. Let Z" be as in Section A.1 and let {,, : m € Z"} be a related
resolution of unity in R” with respect to suitable congruent balls K, centred at
m € Z" in adaption of (2.53)—(2.57) where we may assume ¥, (x) = ¥ (x — m),
m e Z", x € R". Hence

Ym € D(Km), 0=y, <1, Z Ym(x) =1 ifx e R", (3.100)

meZn

see the left-hand side of Figure 3.2 below.
Consequently,

| FIcT @] ~ sup. | vm FICT®

fec! (R%). (3.101)
Furthermore one gets by Proposition 2.18 and iterates that

/
LA ~ (X s i@ 7). ewi@n. @i

meZn
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Xn Xn
o o e o o Km ° ° .Zg
m
o |o o o o o o .Z" Km c Zg
o o o o o/ o @ o
e o e o o o o o [Rn_l ° ° °
o o o o o o o o
o o o o Jof jof Jof e
o o o Jof Jof jof Jof o ° ° °
Figure 3.2

We decompose the lattice Z" into finitely many sub-lattices
J
7" = UZ’?, Zi={xelR":x=Mm, meZ"}
izo (3.103)
70 =mV +73, j=1...J
where M € Nandm) € Z" with j = 1,..., J, are suitably chosen, see the right-
hand side of Figure 3.2. In particular, balls K,, belonging to the same sub-lattice

Z;? have pairwise distance of, say, at least 1. Then one obtains a corresponding
decomposition for the resolution of unity (3.100),

J
YO@ = 3 Ym), Y yP@ =1 xek", (3.104)
j=0

n
mer

and as in (3.102),

J
| FIWL@RD |~ DD fFIWL®RD |, f € W (RY). (3.105)
j=0

This localises the extension problem and leads, in particular, to

/
| FIWERD)|| ~ ( > eranWp’([Ri)H”)1 " few!®y.  (3.106)

meZn"

Step 2. By Step 1 it is sufficient to extend functions f in R’} with

supp f C{y € R" : [y| <1, yp = 0} (3.107)
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toR”. LetA; < A, <"~<XL+1 < —1and

S ), xp >0,
(exth f)(x) = { L1 / (3.108)
Y arf(X Akxn), X <0,
k=1
AMXn o Xn

forx = (x',x,) € R*. If x, < O,
then Axx, > 0; hence (3.108) makes
sense, see Figure 3.3 aside.

Let f € C! (R ). We want to choose
the coefﬁ01ents ag,k=1,...,L+1,
in such a way that ext” f Cl([R”).

For that reason one has to care for N ,
the derivatives in the x,-direction at N g
x, = 0. Since '
Figure 3.3
r arf arf
. L . ’
ext x) = lim X) = x,0), r=0,...,L, (3.109
xn 40 8x;( ) X740 8x;( ) 8x;( ) ¢ )
and
L+1
extt X llm agAy
lim ( f)x) = Z k
L1 (3.110)
x’,0) Zakﬂ, r=0,...,L,
the coefficients have to satisfy
L+1
darrp =1, r=0... L. (3.111)

We can always choose the aj’s appropriately since Vandermonde’s determinant,

1 1 ... 1
Al /\2 AL.}_]
=[]0« —20 (3.112)
: : k>{
AL AR AR
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is different from zero. In particular, ext’ f € C!(R?),
[ext® fFICT@®M| < | FICHRL)| (3.113)
for some ¢ > 0 and all f € CI(IR'J’F) with (3.107). In addition, one has
suppextt f Cc{y e R" : |y| < 1}. (3.114)

Step 3. Let1 < p <ooand! € N with/ < L. It follows from Proposition 3.39
that the restriction D (R") g O R’} is dense in Wpl (R”.). But for smooth functions
+

one gets by Step 2 that
| ext” FIWERY| < || FIWE R, (3.115)

for some ¢ > 0 and /! € N with / < L where we used (3.98). The rest is now
a matter of completion having in mind the discussion before Theorem 3.32. This
proves part (i) for Wpl and also (ii).

Step 4. Let0 <s =k + 0 < L withk € Ngand 0 < o < 1. First we claim that
the counterpart of (3.102) is given by

AR~ 3 [vm fIWs®D

meZn"

~ . (Wmlez"([R”)||2 (3.116)

meZ"

o _ Do 2
Py ID* (Y f)(x) = D* (Yrm /) (¥)] dxdy)

—_ y|nt20
lel=k gn gn |)C yl

which can be reduced to the question whether

[ [ @00-gmp0rt,

[x — y[rt2e

dy
[x—m|<c |x—y|<1

, / lg(x) —g(»)I?

=c |x_y|n+26

dxdy + ¢’ / lg(x)|? dx (3.117)

[x—m|<c |x—y|<1 |x—m|=<c

for some ¢ > 0, ¢’ > 0. However, the old trick of calculus

Um&)(x) = (Ymg)(¥) = ¥m(¥)(g(x) —g(»)) + g () (Ym(x) =¥m(y)) (3.118)

and |V, (X) — ¥m (¥)|? < ¢|x — y|? prove (3.117). By Proposition 3.39 the restric-
tions éD([R”)hRn and 8(R") = 8([R”)|[Rn are dense in W5 (R, ). Now we are in
i i

the same position as in Step 3 asking for the counterpart of (3.115),
| ext™ fIWS (R < c|l fIW5 (R« (3.119)
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for compactly supported C*° functions as in Figure 3.3. Compared with the pre-
ceding steps it remains to prove that

/ [ ID*(ext™ f)(x) = D*(ext” f)(y)[? d
xdy
|x — y[rt2e
R”? R~
[D* f(x) = D* f(»)?
<c / X — ynt2o dxdy. (3.120)

% RY
Letx = (x’,x,) and y = (', y»). The integration over R” x R” on the left-hand
side of (3.120) can be decomposed into

{(x,y) € R*" 1 x,y, =0} and {(x,y) € R*" :x,y, <O} (3.121)

The corresponding parts with x,y, > 0 can be estimated from above by the right-
hand side of (3.120). As for x, > 0, y, < 0 (and, similarly, for x, < 0, y, > 0)
one has to show that

/ [ 11-D® f(x', xn) — Skt ax A (DY L), Ak ym)?
dxdy
|x — y|rt2e
[Ri R
o _ N 2
. f [|D fO =D SO g (3.122)
[x — y[rt2e

R R

where r = |a| with 3.111) and R” = {y = (y1,...,¥n) € R* : y, < 0}
Replacing the factor 1 in front of D* f(x’, x,,) by the left-hand side of (3.111) this
question can be reduced to

Ig(x’,xn)—g(y’,kyn)lzd dy < lg(x) —g(»)I?
|x_y|n+2t7 x4y =¢ |x_y|n+2(r
R% R R R

dxdy

(3.123)

o (¥, Ayn) with A < —1. If 0 < Ay, < Xxp, then
PR 0<xp—Ayy < Xp— yn. f Ay, > xp,
I then one obtains

(x/’xn) - |
O oo 4 (¥ xn) Xn —Ayn| <A
e : n |xXn Vnl = |Al[ynl (3.124)
: AN | EM’HX}’l_ynlv
X AN e R7—1 . . .
N :y see also Figure 3.4 aside. Hence if one
SN replaces |x — y|? on the left-hand side of

o (. vm) (3.123) by

Figure 3.4 X" = ¥ 1> + (X — Ayn)® < |x — y|?
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one obtains an estimate from above which results in (3.123). This proves part (i) of
the theorem and also part (iii). O

Exercise 3.42. Prove the equality in (3.112).

Hint: Develop Vandermonde’s determinant (of order L + 1) by its last column,
determine the zeros of the corresponding polynomial and reduce by this method the
problem to the corresponding one of order L. Iterate the process.

Exercise 3.43. Justify the counterpart of (3.106) for W, (R"), s > 0, s ¢ N.
Hint: Rely on (3.48) and the arguments in (3.117).

We give a simple application of Theorem 3.41 (i) which will be of some use for
us later on.

Corollary 3.44. Let W3 (R".) and W] (R".) be the same spaces asinTheorem3.41 (i)
with) <s <t < oo. Then there are constants ¢ > 0 and ¢’ > 0 such that for all
e>0andall f € W(RY),

£ IS R < ell £ILRD T £ IWS (R
<&l SIWs (R + ¢ 775 | fIL2 (R (3.125)

Proof. Let extl be a common extension operator for the spaces involved. Then
(3.125) follows from Corollary 3.31 and

115 (R < ]l extE f1La®™)] T [ ext fIW’(IR")H

< | FIL@®D| T | FIWERL)| (3.126)
O

3.5 Traces

Let C!(R") and C! (R ) with I € N be the spaces as introduced in Definition A.1,
where R” is given by (3.95). Obviously, any f € C'(R") or f € Cl([R ) has
pointwise trace

(trr f)(x) = f(x",0) (3.127)

on
={x=(x".x,) €R": x, =0} (3.128)

If C'(R") c 8'(R") and C l([R ) C D'(R7}) are considered as distributions, then
(3.127) means that the trace is taken for the distinguished (and unique) represen-
tative of the corresponding equivalence class [ f]. But this point of view can be
extended to the Sobolev spaces considered so far, ka([R”), ka (£2) according to
Definitions 3.1, 3.37, and H*(R"), W;(R") according to Definitions 3.13, 3.22
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and Theorem 3.24. In other words, one may ask whether there are distinguished
representatives of elements (equivalence classes) of some of these spaces for which
(3.127), (3.128) make sense. In this context one may also consult Note 4.6.3. As
a first, but not very typical example may serve the Sobolev embedding in Theo-
rem 3.32, Exercise 3.34, where the distinguished representatives of f € W}(R")
according to (3.81), (3.82), (3.85) have (pointwise) traces according to (3.127),
(3.128). It is usual to adopt an easier and slightly different approach (resulting in
the same traces as indicated).

Let A(R") or A(R",) be one of the above spaces, for example W (R7), and
let $(R) = & (IRn)hR’jL be again the restriction of §(R") to R% . Then one asks

whether there is a constant ¢ > 0 such that
lolLpy(M) < cllelARL)]| forallp € S(RY), (3.129)

and an obvious counterpart for A(R") and ¢ € §(R"). Assuming that §(R’}) is
densein A(R’, ) one approximates f € A(R"}) by ¢; € (R ) where j € N. If one
has (3.129), then {g; (x, O)}""_1 is a Cauchy sequence in Lp (T). Its limit element
is called the trace of f € A([R ) and denoted by trr f € L,(I"). Completion
implies

ltrr fILp (DI < el FIARDIL - f € ARL), (3.130)

and
trp: A([R{D — L,(T) (3.131)

is a linear and bounded operator. By (3.129) the resulting trace trr f € L,(I") is
independent of the approximating sequence {¢;}72, C §(R’.). Later on we deal

in detail with traces of spaces ka (2) and H*(2) = W3 (2) on the boundary 92
of bounded C *° domains in R”. At this moment we are more interested in the above
description of the trace problem which will now be exemplified by having a closer
look at the spaces W (R ) and W (R™).

Theorem 3.45. Letn > 2,1 < p < oo, and let W (R™) and W (R") be the
spaces according to the Definitions 3.1 and 3.37 with SZ =R, respecnvely Let "
be as in (3.128). Then the trace operators,

trr: W) (R") <> L, (T), (3.132)

and
trF W ([R ) — L,(I'), (3.133)

exist and one has for some ¢ > 0,

ler fILp (D < el fIW, ®RYI, € W, (R, (3.134)
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and
Ik fIL, (D < el fIW, (RN f € W) (RY). (3.135)
Furthermore,

tr f =tufg for f e W) (R") and g = f|rk,,+. (3.136)

Proof. Step 1. Let f € C! (R’} ) be real and assume

supp f C{x € R% : |x| <1}.  (3.137)

For fixed x’ € R"!, |x/| < 1, we may choose
7 = t(x’) € [0, 1] such that

Figure 3.5

1
/f(x’,xn)dxn = f(x', 7). (3.138)
0

Then one obtains by Holder’s inequality

p

T2 O)II’—‘f(x r)—/—(x xn)
0

p
)dxn. (3.139)

<c /1(|f(x’,xn>|1’+ o
0

Integration over x’ € R"~! gives (3.135) where one may use (3.98). This inequality
can be extended to complex -valued functions f € C 1([R ) with (3.137). Recall
that 8(R’} ) is dense in Wp (R} ) according to Proposition 3.39. Then the above
approximation procedure with (3.130) is a consequence of (3.129), and the decom-
position argument (3.106) together with its obvious counterpart for L,(I") proves
(3.135).

Step 2. The above arguments cover also (3.134) and one obtains as a by-product
(3.136). O

Remark 3.46. Obviously one can replace Wp1 (R™) in (3.134), (3.135) by Wpl (R™)
with [ € N and, if p = 2, by W/ (R") with s > 1. We refer later on in Section 4.5

to traces of W3’ (€2) spaces on the boundary d€2. Then it comes out that (3.134),

(3.135) with p = 2 remains valid even for s > %
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3.6 Notes

3.6.1. Itis not the aim of Chapters 3 and 4 to develop the theory of Sobolev spaces
(or even more general spaces) for their own sake. We restrict ourselves to those
topics which are needed later on, that is, we concentrate preferably on the Hilbert
spaces W5 on R" and R’} with s > 0 (Chapter 3) and on bounded C*° domains €2
and their boundaries I' = 92 (Chapter 4). On the other hand, if no additional effort
is needed or if it is simply more natural, then we adopt(ed) a wider point of view.
This applies to the spaces H*(R") which we introduced in Definition 3.13 for all
s € R, though we are mainly interested in the case s > 0 where they coincide with
the spaces W3’ (R") according to Definition 3.22, Theorem 3.24 and Corollary 3.25.
Similarly, the classical Sobolev spaces ka (R™) have been introduced in (3.1) for
all p, 1 < p < oo (and k € Ny) though the Fourier-analytical characterisation of
interest, (3.31), is restricted to p = 2. One may ask to which extent these assertions
and also the descriptions in terms of differences according to (3.48) and (3.74) have
counterparts if L, is replaced by L. It is not the subject of this book and will not
be needed later on, but it seems reasonable to add a few relevant comments. One
may also consult Appendix E for further information.
First we extend H*(R") in (3.30) by

HIR") = {f € 8'(R"): F ' (wyF /) € Lp(R")} (3.140)

fromp =2,s € R,tol < p < 00, s € R, where wy is given by (3.23). (Recall
that in case of p = 2 one has (2.162) both for ¥ and # ~!.) Nowadays it is quite
usual to call H,(R"), naturally normed by

I FIHS R = | F " (wsF [)ILp(RM)]. (3.141)

Sobolev spaces, where the notation classical Sobolev spaces is reserved for the
spaces ka (R™) as introduced in Definition 3.1. The crucial assertion (3.31) can be
generalised to

HE®R") = WERY), 1< p <o, keN,. (3.142)

In contrast to (3.31) which is an easy consequence of the observation that  and
F~1 are unitary operators in L,(R"), (3.142) relies on the Michlin—-Hérmander
Fourier multiplier theorem in L,(R"), 1 < p < oo, which is much deeper. It
says that there is a constant ¢ > 0 such that for all m € C!(R") according to
Definition A.1 with/ € N,/ > 7 (one may choose the smallest / with this property,
[ =53]+ Dandall f € L,(R"),

|71 onF NILy®RD] < ¢ sup sup x| D*m ol FILpRD].  (3.143)

xeR”? |a|<]
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A proof of (a vector-valued version of) (3.143), comments and references may
be found in [Tri78, Section 2.2.4]. Taking (3.143) for granted the justification of
(3.142) is not complicated.

What about L, counterparts of (3.48), (3.74) (and of (3.50), (3.47)) and also of
Theorem 3.247? It turns out that the situation is now more complicated and it seems
to be reasonable to say what is meant by the classical Besov spaces B, ,(R"), where
s >0,1 < p=<o00,1=<gqg =< o0. Let A} be the differences according to (3.41)
andletforO <s <m € N,

dh '
||f|B;,q(tR")||m=||f|Lp<tR")||+( [ wraag sz, @ e )

7]
|hl<1
(3.144)
when ¢ < oo, modified by
£ 1By oo (R)lm = [If|Lp(R")[| + |:1\]p |12 AR fILp(RM)]I. (3.145)
<1
In particular, with €%(R") = B;O,OO(ER"), s > 0,
IAIE R m = | FICRD + sup sup [h[7*|AF f(x)]. (3.146)
|h|<1 xeR”
Then
B, (R") ={f € Lpy(R") : || f|B, 4(R")|lm < oo} (3.147)

These spaces are independent of m (in the sense of equivalence of norms) in gen-
eralisation of the Exercises 3.21, 3.27, 3.29, but with the same hints. Similarly as
in (3.48), (3.67), (3.68) one can replace some differences in (3.144) by derivatives.
In particular,

B;’p([R”) withl < p<oo,s=k+4+0, keNy, 0<o <1, (3.148)

can be equivalently normed by
| /185, D],

=/ IWERDI+ Y

|oe|=k

o — D« v
( / ID® £ (x) — DY £ (y)|” dxdy) " 3.149)
|x_y|n+op

R2n

In generalisation of Theorem 3.24 it seems to be natural to ask whether the above
Sobolev spaces H,(R") and the special Besov spaces B, ,(R") coincide. But this
is not the case whenever p # 2. More precisely, for givens > 0and 1 < p < oo,
then

B, ,(R") = Hy(R") if andonlyif, p=2. (3.150)



84 Chapter 3. Sobolev spaces on R” and R

It should be mentioned that the spaces B, ,(R") with (3.148) had been introduced in
the late 1950s, denoted as W, (R") and called Slobodeckij spaces. But the notation
W, (R") is slightly dangerous as it seems to suggest that W;(R") = B, ,(R")
naturally fill the gaps between the classical Sobolev spaces ka([R”), k € Np.
However, this is not the case if p # 2, also for structural reasons we are going
to discuss now. The natural extension of classical Sobolev spaces W, (R") with
s =k € No to arbitrary s € R are the Sobolev spaces H;(R") in good agreement
with (3.142).

3.6.2. Two (complex) Banach spaces B; and B, are called isomorphic, written as
B1 ~ B,, if there is a linear and bounded one-to-one map 7" of B, onto B; such
that

ITh|B2| ~ [Ib| Byl b€ By (3.151)

(equivalent norms). Then the inverse 7! maps B, isomorphically onto B;. Let,
asusual, £,, 1 < p < oo, be the Banach space of all sequences b = {b; }}";1 with
b; € C, j € N, such that

> 1/p
1b1€, | = (Z ijl”) <0 (3.152)
Jj=1
if p < 0o, modified by
16|€so|| = sup |bj| < oo. (3.153)
jeN

All Hilbert spaces in the Chapters 3 and 4 are complex and separable and, hence,
isomorphic to £,. This applies especially to the spaces H*(R") in Definition 3.13,
Proposition 3.17 and hence to W’ (R") in Corollary 3.25, but also to their restrictions
to bounded C *° domains 2 in R”?, and to ' = 9<2 as considered in Chapter 4 below.
If p # 2, then the situation is different.

Let/ = (0,1) = {t € R:0 <t < 1} be the open unit interval in R. We collect
some isomorphic relations between L, spaces and £, spaces going back essentially
to the famous book by S. Banach [Ban32, Chapter 12]:

L1) Let Q be an arbitrary domain in R” and let 1 < p < oo. Then
y p

L,(Q) ~ L,y(I).

(LL) Let1 < pg < 00,1 < p; < 0o. Then

Lpo(I) ~ LPI (I) if,and onlyif, po = p;1.

(£L) Letl < pg < 00,1 < p; < oo. Then

Lpy =~ Lp, 1if,and onlyif, po = pi.
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(L8) Letl < pg < 00,1 < p; < oco. Then

Lp,(I) =~ {p, if,andonlyif, po= p1 =2.

We followed essentially [Tri78, Section 2.11.1] where one finds the necessary ref-
erences, especially to the original literature. A more recent account on problems of
this type has been given in [AKO6]. The isomorphic structure of H,(R") in (3.140),
of B, ,(R") in (3.148), and of €*(R") normed by (3.146) is the following:

(H) Let1l < p <ocoands € R. Then

H3(®") ~ Ly(I).

(B) Let1 < p <ooands > 0. Then
B, ,(R") ~ {).

(€) Lets > 0. Then
CS(R") ~ Loo.

We refer to [Tri78, Section 2.11.2, pp. 237-240, and p. 343], and, more recently, to
[Tri06, Section 3.1.4, p. 157] where one also finds further isomorphic assertions,
comments, and references to the (original) literature. In particular, in view of (LY),
(H) and (B), the spaces H,(R") and B, ,(R") belong to different isomorphic
classes (unless p = 2) which sheds some new light on (3.150).

3.6.3. The spaces on R” and R’} considered in this Chapter 3 and also their restric-
tions to domains €2 and to the related boundaries <2, treated in Chapter 4, including

Hj, B, ., €° mentioned above, are special cases of the two scales of spaces

By Fpgo Where0 < p <o0,0<g=<oo, seR, (3.154)

(p < oo for F-spaces) which are subject of several books and many papers, es-
pecially of [Tri78], [Tri83], [Tri92b], [Tri06]. We refer, in particular, to [Tri92b,
Chapter 1] and to [Tri06, Chapter 1] which are historically oriented surveys from
the roots up to our time. There one finds many references and discussions, includ-
ing the classical spaces treated in the present book. This will not be repeated here,
but we wish to mention the outstanding Russian contributions subject to [BIN75],
[Maz85], [Nik77], [Sob91]. Here we are mainly interested in Sobolev spaces.
There are several books devoted especially to diverse aspects of Sobolev spaces on
R” and in domains. We refer, in particular, to [AF03], [Bur98], [Maz85], [Zie89].
In Appendix E we recall briefly the formal definitions of the spaces in (3.154),
complemented by a few properties mentioned in diverse Notes in this book. We list
some special cases covering especially the spaces mentioned in Notes 3.6.1, 3.6.2.
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3.6.4. In the Sections 3.4, 3.5 we dealt with extensions and traces in connection
with R . Both topics deserve to be commented. But we return in Chapter 4 to
these outstanding problems in connection with bounded C* domains and shift
some discussion and also references to the Notes in Section 4.6.

3.6.5. We wish to discuss a peculiar point in connection with the ‘sinister’ role
played by the differences A;l" according to (3.41) in (3.44), (3.47), (3.67), (3.68),
(3.74), but also in (3.144), (3.146). One may have the impression that the more
handsome first differences are sufficient as in (3.44) and (3.149). This is also largely
correct as long as 0 < s ¢ N. Butif s € N, then one needs at least second dif-
ferences Ai. This has been observed 1854 in connection with the above spaces
€Y (R") = B}, o, (R") (different from C'(R") being a genuine subset of €' (R"))
more than 150 years ago by B. Riemann in his Habilitationsschrift (German, mean-
ing habilitation thesis) [Rie54] and has again been treated by A. Zygmund 1945
in [Zyg45]. More details may be found in [TriO1, Section 14.5, pp. 225/226]. A
log-term is coming in which is rather typical for the recent theory of envelopes of
spaces of this type which may be found in [Har07] and the references given there.



Chapter 4
Sobolev spaces on domains

4.1 Basic definitions

For arbitrary domains € in R” we introduced in Definition A.1 the spaces C*(Q)
where £ € Ng or £ = o0, in Definition 3.37 the spaces

WX(Q)., 1= p<oo, keNo, 4.1)

and
WS (), s=>0. 4.2)

Recall that domain means open set. Plainly, W’ (€2) in (4.2) coincides with ka ()
in (4.1) when s = k € Ny, p = 2. Proposition 3.39 implies that W (2), s > 0,
are Hilbert spaces. We wish to extend Theorem 3.41 from R’} to domains. But
this is not possible for arbitrary domains. One needs some specifications. We
rely on bounded C*¢ domains in R” and, especially, on bounded C * domains in R”
according to Definition A.3. Recall that by definition C* domains and C * domains
are, in particular, connected open sets. We complement Definition A.3, Remark A.4
and Figure A.1 as follows.

Let €2 be a bounded C*° domain in R” and let the balls K; with j =1,...,J,
form a suitable covering as in (A.11). Then there are diffeomorphic C*° maps
(curvilinear coordinates)

y=yVx): K <=V, =yvVD(K;), j=1...J, 4.3)

such that
vOK;, NQ) R, yY(K; NaQ) c R, (4.4)

as indicated in Figure 4.1 below.

02

Figure 4.1
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One may assume that V; is simply connected and that the upper boundary of
v (K; N Q) can be described by y, = t()(y’), where /) is a C* function.
In the canonical situation as sketched in Figure A.1 together with (A.12) one may
choose y’ = x’ and y, = x, — h(x’) locally. For our later purpose the fibre-
preserving specification of (4.3) as indicated in Figure 4.2 is of some use:

Vs y)

y—1
& (V) v () R
12
Figure 4.2

Here the inner normal directions v, with z € 9 N K; are mapped in normal
yp-directions with the foot-points ¥ ) (z).

4.2 Extensions and intrinsic norms

We are looking for the counterpart of Theorem 3.41 with bounded C*° domains
in place of R’, . One can rely largely on the techniques developed so far.

Let K; with j = 1,..., J be the same balls
as in Definition A.3 and in the preceding
Section 4.1. Let ¢ be an inner domain with
Q_o C € as indicated in Figure 4.3 aside;
hence

J
0 C U Kj
Jj=1 J 4.5)

and CQOU<UK]').
Jj=1

Figure 4.3

Let {¢; ;.’:0 be a related resolution of unity of  according to Section 2.4, hence
@; are non-negative functions with

@0 € D(Ro), ¢ € D(K;), j=1,...,J, (4.6)
and

J
Y i) =1 ifxeQ. (4.7)
Jj=0
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Let w(j ) be the diffeomorphic maps (4.3). As in (3.96), (3.97) we ask for
(common) extension operators extL, where L € N, such that

c{Q) — Ct[®r", ¢=0,... L,
extg: { WHQ) > WERY), £=0.....L, 1< p<oo, 4.8)
W7 (Q) — WJ(R"), 0<s<L,
with
exts fla=1 4.9)

The understanding of (4.8), (4.9) is the same as the corresponding one for (3.97)
with € in place of R” .

Theorem 4.1. Let Q be a bounded C® domain in R" and let C4(2), Wlf (),
W3 (R2) be the spaces recalled in Section 4.1.

(i) For any L € N there are extension operators exté according to (4.8), (4.9).
(ii) Let1 < p <ooandl € Ny. Then
1/p
LAIWE@ = (D2 ID*FILp@)17) " ~ /W@ (4.10)
|| <£
is an equivalent norm in Wpé (R2).

(i) Let0 <s =0 + L withl € Ngand 0 < o < 1. Then

| f 1w, (4.11)
D —_ D 2 1/2
(S wesize+ ¥ [ PR )
loe] <€ lel=C 550
~ W@

is an equivalent norm in W3 (Q2).

Proof. Let {g; }]J=O be the resolution of unity according to (4.5)—(4.7) and let
Y )}jJ=1 be the diffeomorphic maps as described in (4.3) and Figure 4.1. We
are essentially in the same position as in the proof of Theorem 3.41. It follows from
Proposition 3.39 that it is sufficient to extend smooth functions f from Q to R”
and to control the norms of the corresponding spaces C ¢ Wlf and WJ'. Again we
decompose f according to (4.6), (4.7), hence

J
F00) = o) f() + Y 0 (0) f(x), xeQ. @.12)
j=1
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where the term ¢g f can be extended outside of Q2 by zero.

supp ¢; f

e suppextl g;

(x) ()

Figure 4.4

The functions ¢; f have supports as indicated in Figure 4.4. Using the C * diffeo-
morphisms ) according to (4.3), (4.4) and Figure 4.1 one obtains functions

G =@ Ho@) ), j=1,...J, (4.13)

to which Theorem 3.41 can be applied. The procedure as indicated in Figure 3.3
and according to Step 2 of the proof of Theorem 3.41 results in functions

extt g;j with supp(ext” gj)CV; = w(j)(Kj). (4.14)
Returning to the x-variables one gets functions
hj(x) = (extt g)) oy (x). supph; CKj. hjjg =i f  (415)

with the desired properties, assuming, in addition, that we put ;(x) = 0if x €
R™ \ K;. Then
J
exth f =gof + Y _h (4.16)
j=1

is the extension operator we are looking for. Since everything is reduced to the
R’ -case one obtains (4.10) from (3.98) by standard arguments which are also
the subject of Exercise 4.3 below. Transformation of (3.99) gives (4.11), but with
> _ja|<¢ also in the terms with respect to the integration over Q x Q. However, if
£ € N, then Corollary 3.44 implies that

L 1Wy @)1 < ell fIW5 (Q)]]- (4.17)

This shows that the disturbing terms with |¢| < £ in the integration over Q2 x 2 can
be incorporated in the first sum in (4.11). O

Exercise 4.2. Let @ = K1/2(0) CR",k € No, 1 < p < o0.
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(a) Leta € R and g4(x) = |x|%, x € R". Show that

ither & = 2r, r € No,
2o € WK(Q) if,andonlyif, o * T AT E R0
p or o >k—%.

Hint: Show that for o # 2r with r € N,

, meN,

n

_ 0 —am—

IAmga(x)| ~ |x|a 2m, and Z WAmgm(x) ~ |x|tx 2m—1
j=1""

2

where A = 27:1 (,;;—2_, as usual. Use (1.12)—(1.14). Compare it with Exer-
cise 3.29 (b). ’

(b) Let ©® = (—=1,1) x (=1,1) = {(x1.x2) € R? : [x1] < 1,|x2] < 1} C R?, and

1 —xq] if [xa] < [x1],
u(xy,x2) =

1 —|xaf if xq] < [x2],

as indicated in Figure 4.5 below. Show that u € Wpl(G)) forl < p < o0.
Hint: Use (2.44) and Exercise 2.17 (b) extended to R2.

u(xi, x2) X2

Figure 4.5

Exercise 4.3. A continuous one-to-one map of R” onto itself,

y=v(x)=W1(x),....¥n(x)),

4.18
x=y7 ) =W ). 19

is called a diffeomorphism if all components ¥; (x) and 1//1._1 (y) are real C*° func-
tions on R” and for j = 1,...,n,

sup (|ID¥y; (x)| + |D°‘1ﬂj_1(x)|) < oo foralla € Nj with |a| > 0. (4.19)

xeR”?
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Extend consistently the composition

S oy (4.20)

from functions to distributions f € §'(R™). Let A(R") be one of the spaces
CY(R™), Wlf([R"), W3 (R") as in (4.8). Prove that (4.20) is a linear and isomorphic
map of A(R") onto A(R"). Show that (4.20) maps also §(R") onto itself, and
&’ (R™) onto itself.

Hint: Concerning the extension of the composition f o ¥ to 8’(R") the Jacobian
should appear. In case of WIf(IR") and WJ (R") one may use the density of & (R")
in these spaces.

Exercise 4.4. Let Q2 be a bounded C°° domain in R” and let
o = Y(Q) = {y € R" : there exists an x € Q with y = ¥ (x)}, 4.21)

where ¥ is the above diffeomorphism. Let A(S2) be one of the spaces C¢(R2),
WPK (2), W5 (R2) as in (4.8). Prove that (4.20) is a linear and isomorphic map of
A(w) onto A(2).

Remark 4.5. In modification of fibre-preserving maps as indicated in Figure 4.2
the following version of the extension procedure will be of some use. If ¢ > 0 is
sufficiently small, then the strip

S; = {x € R" : there exists a y € dQ2 with |x — y| < &}, (4.22)

in Figure 4.6 below around the boundary 02 of the above bounded C *° domain 2
can be furnished at least locally with curvilinear C *° coordinates

o= (0',0,) whereo’ = (01,...,0n—1) € 0Q, |oyn| <&, (4.23)

and 0, measures the distance to 2 along the C*°
normal vector field v,/ (or any other non-trivial,
non-tangential C*° vector field on d$2). Also the
resolution of unity in (4.6) can be adapted assum-
ing that 9; € D(K;), j =1,...,J,1s given by

pj(o) = (P]/' (0/)(pj,n(0—n),
gD; € D(K; NoR),

(4.24)

- - and ¢;, € D((—¢,¢)) with ¢;,(0,) = 1 when
Figure 4.6 lon| < €e/2.

Afterwards one can repeat the above extension procedure as indicated in Figure 4.4
with the (local) curvilinear C*° coordinates (07, o5,) in place of (¥, y,).
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Recall that O‘D([R”)|Q and 8(Q2) = 5(|Rn)|§z are the restrictions of £ (R") and
8 (R™) to €2, respectively, as in Proposition 3.39.

Corollary 4.6. Let Q be a bounded C* domain in R" and let L € N. Let CY(R),
Wlf(Q) and W3 (2) be the same spaces as in (4.8) and Theorem 4.1. Then

D[R")|, = $(Q) and cl(Q) (4.25)

are dense in these spaces.

Proof. By Proposition 3.39 both JL)([R")|Q and §(2) are dense in Wpe(Q) and
W3 (2). Since Q is bounded these two sets coincide. By Theorem 4.1 any f €
CY(Q) is the restriction of

g = extSLZ /e CYR™ with supp g compact. (4.26)

By the same mollification argument as in the proof of Proposition 2.7 one can
approximate g in C*(R") by functions belonging to O (R”). In particular, 8 () is
dense in C e(Q) and, as a consequence,

CHQ) Cc WHQ), CH(Q)C W5 (Q), (4.27)
which completes the proof. a

Exercise* 4.7. Let £ € N, 1 < p < oo. Prove that for bounded C! domains  in
R” the counterpart of Theorem 3.3 (for 2 = R”) is not true, that is, £ (£2) is not
dense in Wlf ().

Hint: First reduce the situation to W' () as a consequence of Holder’s inequality.
Choose # = 1 on 2 and show that there is some positive constant ¢ (depending on
Q2 only) such that

lu —|WHQ)|| > ¢ forall p € D(Q).
Exercise* 4.8. (a) Let 2 = (0, 1) be the unit interval in R. Prove Poincaré’s

inequality in W) (Q),1 < p < o0, i.e.,

|u|Lp(Q)| < |u'|Lp(2)|| forallu € WPI(Q) With/u(x)dx =0. (4.28)
Q

Hint: Integrate u(x) —u(y) = fyx u'(z)dz over y and apply Holder’s inequality.
(b) Show that (4.28) does not hold for 2 = R.

Hint: Construct odd functions ug, k € N, with [|ug|L,(R)|] = 1 and
[u} |Lp(R)|| — O for k — oo.
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4.3 Odd and even extensions

Our later considerations of elliptic equations in bounded C* domains €2 in R”
rely at least partly on subspaces and traces of W3’ (£2) on 2. This section may be
considered as a preparation, but also as a continuation of the preceding section.

The boundary I' = 92 of abounded C *° domain €2 in R” will be furnished in the
usual naive way with a surface measure do as used in Section A.3 in connection with
integral formulas and in Section 1. The corresponding complex-valued Lebesgue
spaces L,(I"), where 1 < p < oo, are normed by

1/p
lglLy (D) = ( / |g(y>|1’da<y)) . (4.29)
r

Let A(€2) be one of the spaces covered by Corollary 4.6. Then one can look for
traces of f € A(2) on I by the same type of reasoning as in Section 3.5. Since
&(L2) is dense in A(£2) one asks first whether there is a constant ¢ > 0 such that

lolLp (M) < clielA2)]|  forall g € 8(S2). (4.30)

If this is the case, then one defines trr f* € L,(I") for f € A(£2) by completion
and obtains

e fIL,(D)| < el fIAG)].  f € A), (431

for the linear and bounded trace operator
trr: A(Q2) = Ly(I). (4.32)

All this must be done in the understanding as presented in Section 3.5. Parallel to
our discussion in Section 3.5 in connection with Theorem 3.45 one finds that A(2)
can be replaced by A(R") in (4.32) with the same outcome (as a consequence of
the density assertions in Corollary 4.6). In Section 4.5 we shall deal with traces of
W3 (2) in detail. Here we discuss some consequences of Section 3.5.

Let sz () with £ € Nand 1 < p < oo be the classical Sobolev spaces
as introduced in Definition 3.37 where Q2 is again a bounded C°*° domain in R”.
Combining the decomposition technique of Section 4.2 with Theorem 3.45 it follows
that the spaces WpZ (€2) with £ € N have traces on I' = 0€2,

trr: WH(Q) < Ly(), LeN, 1<p<oo, (4.33)
and
lter fILp (D) < cll fIWLIL  f € WHR). (4.34)
Furthermore, by the discussion in Remark 4.5,
9
U o Wi (Se N Q) with f € WH(Q). £ €N, (4.35)

v
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makes sense. Taking the trace, (4.33), (4.34) imply that

3
e o W) = Lp(T), LeN, £>2,1<p<oo, (4.36)
V

and
8f 12 12
e == Ly < el fIW, @, f € W, (@), (437)
are well-defined traces. In particular, the following definitions make sense.

Definition 4.9. Let ©2 be a bounded C*° domain in R” and let 1 < p < oo.

(i) Then
Wro(Q) ={f e W} (Q) : tr [ =0}, (4.38)

and w? () is the completion of

{f €C*Q) : ur f =0} (4.39)
in W2(Q).
(ii) Then
W0(Q) = {f e W (Q) : ur % = o%, (4.40)

and wg’O(Q) is the completion of

o } (4.41)

}fecz(sz) Str — =0
av
in W2(Q).

Remark 4.10. In view of the above discussion and Corollary 4.6 the definitions
are reasonable. Furthermore, WPZ,O(SZ), WPZ’O(Q) as well as w;,o (), wg’o (R2) are

closed subspaces of WPZ(Q). Corollary 4.6 and the discussion about traces imply
w2 (Q) C W2y(Q) and w2O(Q) C W20(Q). (4.42)
One can prove that
Wy o(Q) = Wyo(R) and wy®(Q) = W0(Q) ifl<p<oo (443)

But this will not be done here in general. However, in case of p = 2 we return to
(4.43) in Proposition 4.32 and Remark 4.33 below. We postpone this point for the
moment and deal with the w-spaces subject to a special extension procedure.
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~ =T 7> . 02=T  Werely on Remark 4.5 and Figure 4.6 with

the outer normals v = vy. Let again Q¢ =
\ R\ 2. There is a one-to-one relation between
| x € S;NQC and its mirror point x* € S, N,

/ x*=x+ v,
v ] ) . (4.44)
dist(x, ") = dist(x™,T") > 0,

~ —

Figure 4.7 as shown in Figure 4.7 aside.

Let y € D(2 U S;) be a cut-off function with y(y) = 1if y € Q U S;/5. Then
the odd and the even extensionof f € C2(S2), given by

bl S-z’
O-ext f(x) = % (T, e (4.45)
—X(x)f(x¥), x €8, NQE,

and

x(x) f(x),  xeqQ,

E-ext f(x) = (4.46)

xX) f(x*), xeS:.NQ°,
respectively, and extended by zero outside of 2 U S, are well-defined. Of course,
O-ext f may be discontinuous at I' and E-ext f may have discontinuous first
derivatives at I". But restricted to the spaces introduced in Definition 4.9 one
obtains the following assertion.

Theorem 4.11. Let Q2 be a bounded C*° domain in R" and let 1 < p < co. Then
O-ext: wy o(Q) — W7 (R") (4.47)

and
E-ext: w>%(Q) < W7 (R") (4.48)

are linear and bounded extension operators for the spaces indicated.

Proof. The above discussions, especially in connection with Remark 4.5, imply
that it is sufficient to deal with the same standard situation as in the proof of The-
orem 3.41, Figure 3.3 and (3.108). But this is essentially a one-dimensional affair.
Hence, let f € C2?(R4) according to Definition A.1 with f(x) = 0if x > 1 and
R+ = (0, 00) according to (3.95). Then f and its first and second derivatives f”
and f" are continuous in Ry = [0, c0).

For convenience, we deal with the odd extension only, i.e., we consider (4.47).
Let g = O-ext f be the odd extension of f according to (4.45), which in our case
may be simplified by

g(x) = O-ext f(x) = S ). x>0 (4.49)
—f(=x), x<0.
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Let
f(x), x >0,
g'(x) = { (4.50)
f/(—X), x < Oa
and
/7 (x), x>0,
g"(x) = { (4.51)
—f"(=x), x =<0,

be the pointwise derivatives. The distributional derivatives are denoted by g" and g”.
As usual, § is the §-distribution with respect to the origin. Then

g =2f0)+ g’ . (4.52)

This can be seen as follows. Let ¢ € §(R), then integration by parts yields

[e’e] 0
¢'(@) = —g(¢) = — f £GP ()dx + / Fx)¢ (x)dx
0 —00

) 1]
= 2£(0)p(0) + / £/ (p()dx + [ F(—0)p(o)dx
0 —00

= 2f(0)8 + &) (9). (4.53)

Since f(0) = 0 in our case we get g’ = g’. As for g’ we are led in a similar way
to g” = g"” since g’ is continuous at the origin. In particular, g € sz([R) and

IgIW; @) < cll £ IW; (R (4.54)
This proves (4.47). The argument concerning (4.48) is similar and left to the reader.
O
Exercise 4.12. Prove (4.48).
Hint: Modify the above proof appropriately, using this time f’(0) = 0.
4.4 Periodic representations and compact embeddings
Letn € N, and
Ql=(Cma)'={xeR’:—n<x;<mn j=1,...,n}, (4.55)

asin (B.1), and
K=K (0)={xelR":|x| <1} (4.56)
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be the unit ball in R”, see (1.30). According to Theorem B.1 any f € L,(Q") can
be represented as

f) =D amhm(x), xe@", (4.57)
mezZn
where
hm(x) = Q) 2™, meZ", x Q" (4.58)

is an orthonormal basis in the complex Hilbert space L,(Q"). In particular,

IFIL2@M> = Y lam|* where ay = (2m)™"/ f f(x)e™Mm*dx, (4.59)

mezZn Q"

are the related Fourier coefficients. With the interpretation of Q" as the n-torus T”
one can develop a theory of periodic Sobolev spaces H*(T"), s € R, and W/ (T"),
s > 0, which is largely parallel to the theory of spaces H*(R") and W; (R"),
respectively, in Section 3.2. This will not be done here. A few comments may be
found in Note 4.6.5. We use expansions of type (4.57) for elements f belonging
to W (Q"), s > 0, according to Definition 3.37 with compact supports in Q" as a
vehicle for a more detailed study of W}’ (£2) in bounded C*° domains €2 in R”.

Theorem 4.13. Let Q" and K be given by (4.55) and (4.56). Let s > 0. Then
f € L@, supp f CK, (4.60)

belongs to W (Q") if, and only if, it can be represented by (4.57)—(4.60) such that

1/2
@D = (Y A+ mPlan) " <oo. @61
meZ"
Furthermore,
1 IWS @ ~ L/ 1W5 @) (4.62)

(equivalent norms).

Proof. 1t is sufficient to prove (4.62) for f € D(Q") with supp f C K. The rest
is a matter of approximation or mollification as in the proof of Corollary 4.6. Let
f € D(Q") be expanded by (4.57). Then

D*f(x) = Y i"m¥aphm(x). xe@, (4.63)

meZn"
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where o € Nj and m* = m‘i” ---my" asin (A.3). For s = k € Ny one obtains by
Theorem 4.1 with Q" in place of Q2 that

LAWF@D]> = D D% fIL2(@™)]?

lee|<k

= > Im*Planl

la|<k mezZ"

~ | fIWF @Y% (4.64)

in view of supp f C K. If 0 < s < 1, then it follows again by supp f C K and
Theorem 4.1 that

| Fiws @y
\ 1f) — )P
=L@+ [ [ RIS
Q" Q"
~ IFIL2 @) + [ |72 / G+ h) — FOI d @T (4.65)

|h|<1 Q"

The following estimate of the second integral in (4.65) is more or less the discrete
version of (3.65). Consequently we can proceed similarly for its evaluation, that is,

fO+h) = f(x)=Qm)™ Y am(e™ — 1)

meZ"
= Y am(E™ = Dhp(x) (4.66)
meZ"
implies
dh
2 [ 15 = P ax o
|r|<1 Q"
_ - dh
= X lanl [ B o
Im>0 jhist
i m dh
= > lanP i [ A = AR e
|m|>0

|h|<|m|

where we replaced i by h/|m|. However, the last integral can be estimated uni-
formly in m € Z" \ {0} from above and below by positive constants. Then (4.65)
and (4.59) prove (4.62). O
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In Corollary 3.31 and Theorem 3.32 we dealt with embeddings and e-inequali-
ties. This can be carried over immediately to spaces on domains including an
e-inequality for (3.82) using

WL (R™) — W (R") — CY(R") (4.68)
if
n
t>s>£+§ (4.69)

and Corollary 3.31. But we prefer here a direct approach based on Theorem 4.13
since we need later on some technicalities of the arguments given.

Exercise 4.14. Derive an g-version of (3.82).
Hint: Use (4.68), (4.69).

We introduce temporarily
WS (K) = {f € W (@") : supp f C K} (4.70)

as a closed subspace of W, (™), where one canreplace W’ (Q") by W (R"). Here
we assume s > 0 and Q”, K as in (4.55), (4.56). Similarly, let

CYUR)={f eCY@Q") :supp f C K}, £ e N, (4.71)
with 5(1?) = C’O(I?). This notation is consistent with (3.92).

Proposition 4.15. Let Q" and K be as in (4.55), (4.56). Let WZS (K) withs > 0
and C *(K) with £ € Ny be as above based on W3 (Q") and CY(@Q") according to
Definitions 3.37 and A.1.

(i) Let0 <t < s < 00. Then the embedding
id: WS (K) — WHQ") (4.72)

is compact. F I_Arthermore, there is a constant ¢ > 0 such that for all ¢ > 0 and
all f € Wi(K),

LA WL < ell £IWS (K)|| + ¢ &5 || 1 L2 Q)] (4.73)

(ii) Lets > £ + 5. Then the embedding
id: W§(K) — Cc{@") (4.74)

is compact. Furthermore, for any ¢ > 0 there is a constant ¢, > 0 such that

fordll f € Wi(K),

I/1C RN < el £IW5 ()| + eell £IL2(Q)]). (4.75)
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Proof. Step 1. Let f € WZS (I?) be given by (4.57) with (4.61), (4.62). We obtain
for0 <t <sand M € N that

LA @IIP < e M? Y aml +¢ M2 3" m> |an >, (4.76)
|m|<M |m|>M

which reads for ¢ = M ~6~ as (4.73). Assume now s > ¢ > { + %, then

IAIC @M <c > (1 + [m)|an]

meZ"
1/2 o\ 1/2
<c( Y a+mplan) (3 1+ Imh=200)
meZ" mezZ"
4.77)
by Holder’s inequality. Since 2(¢ — £) > n, the last factor converges,

DA+ mphT0 ~ / (1 + [x))72¢"Hdx < 0. (4.78)
meZn R”

Combining (4.77) with (4.76) or (4.73), respectively, leads to (4.75).
Step 2. We first prove the compactness of the identity (4.72) for t = 0 and split

id: W3 (K) <= Ly(@Q"), s>0, (4.79)
into id = idps + id™, where M € N, and

idy f = > amhm. A" f = D" amhm, (4.80)

lm|l<M |m|>M

assuming that f € WZS (K) is given by (4.57) with the Fourier coefficients a,, as in
(4.59). Then it follows by (4.59) for the finite-rank operator idy; mapping W; (K)
into L,(Q") that |lidas|| < ¢ independently of M. In particular, ids is compact.
As in (4.76) with t = 0 one gets

lid —idp || = [[id™ || <ec M™% — 0 for M — oo. (4.81)

Thus id is compact. This covers (i) forz = 0. Next we prove thatid in (4.72) is also
compact if 0 < ¢ < 5. Since the image of the unit ball Uy in W3’ (K) is precompact
in L,(Q™") we find for any § > 0 a finite -net

ok, L=L®), |fWiE)|<1 forl=1,..., L, (4.82)

and

geeey

minL |f = felL2(@M)|| <68, f e Us. (4.83)
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Consequently, (4.73) implies

ZminL||f—ﬂ|W2‘(I?)|| <cetceTTs<c e (4.84)
=1,...,

with § = e +1. It follows that (4.72) is compact. Using (4.75) one obtains in the
same way that id in (4.74) is compact, too. O

Exercise 4.16. Prove that one may choose ¢, = ce™* in (4.75) with

Y t+3
s—L—3%

and some ¢ > 0 independent of ¢ > 0.

Theorem 4.17. Let Q2 be a bounded C*° domain in R" according to Definition A.3.
Let CY(Q), £ € Ny, be the spaces as introduced in Definition A.1 and let W3 (2),
s > 0, be the Sobolev spaces as in (4.2).

(i) Let0 <t < s < 00. Then the embedding
id: W5 (Q) — Wi (Q) (4.85)

is compact. Furthermore, there is a constant ¢ > 0 such that for all ¢ > 0 and
al | e Wi (Q),

1£ W @)1 < ell FIW5 (@) + ¢ &5 || fILa()]]. (4.86)

(ii) Let £ € No and s > £ + 7. Then the embedding
id: W5 (Q2) — ct(Q) (4.87)

is compact. Furthermore, for any ¢ > 0 there is a constant ¢ > 0 such that
forall e WS (Q),

1/1CE@)I < el £IW3 @) + cell fIL2()]. (4.88)
Proof. We may assume that
n 1
QC erR:|x|<§. (4.89)

Let K be the unit ball according to (4.56) and let y € D(K) with y(x) = 1 when

|x] < % If one multiplies the extension operator extSL2 according to (4.8) and
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Theorem 4.1 with y, then one obtains again an extension operator. In other words,
one may assume that there is a common extension operator

cl(Q)— C4“K), t=0,... L,
W@ > W(K), 0<s<L,

L

exth (4.90)

using the notation (4.70), (4.71). Denoting temporarily id in (4.72), (4.74) by iﬁ,
then the embedding in (4.85), (4.87) can be decomposed into

id=re o id o extl, 4.91)

where re is the restriction operator. Then all assertions of the theorem follow from
(4.91) and the corresponding assertions of Proposition 4.15. |

Exercise 4.18. Give a direct proof of (4.86), (4.88) based on (4.8).
Hint: Use Corollary 3.31 and the e-version of (3.82) subject to Exercise 4.14.

Exercise* 4.19. The assumption that €2 is bounded is essential for the compactness
of the embedding (4.85) (unlike its continuity). Take, for instance, 2 = R”,
t =L e Ng,s =k e N, < k. Prove that there exists a set ® C ka(R”) which

is bounded but not precompact in Wlf (R™).

Hint: Choose ¢ € D(R") with suppy C K;/2(0), ¢ # 0, and consider the set
@ ={p(—m)imezr.

4.5 Traces

As in Section 4.3 we furnish the boundary I' = 992 of a bounded C*° domain 2
in R”, where n > 2, with a surface measure do. There we introduced the spaces
L,(T'), 1 < p < oo, and explained our understanding of traces as limits of point-
wise traces of smooth functions (which are dense in the spaces considered). This
will not be repeated here. So far we have (4.34) for trr in (4.33) and (4.37) for
trr % in (4.36). We are now interested in the precise trace spaces of W, (£2) where
the latter have the meaning as in (4.2). This requires the introduction of Sobolev
spaces on I'. We rely on the resolution of unity according to (4.6), (4.7) and the local
diffeomorphisms 1) mapping I'; = T' N K onto W; = yU)(T;) as indicated in
Figure 4.4. Let g;(y) be as in (4.13). Restricted to y = (y’,0) € W},

g = )o@, j=1...J feLyD), (4.92)

makes sense. This results in functions g; € L,(W;) with compact supports in the
(n —1)-dimensional C > domain in W;. (Strictly speaking, y’ € W; in (4.92) must
be interpreted as (y’,0) € W;, but we do not distinguish notationally between g;
and ()1 as functions of (y’,0) and of y'.)
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Definition 4.20. Let_ n > 2, and let Q be a bounded C*° domain in R” with
I' = 09, and ¢;, w(/), W; be as above. Assume s > 0. Then we introduce

WS(D) = {f € Lo(T) s g € WS (W), j=1..... 0}, (493)
equipped with
J A\ 1/2
1wl = (3 I W) (4.94)
j=1

where g; is given by (4.92).

Remark 4.21. We furnish W, (W) with the intrinsic (n — 1)-dimensional norms
(and related scalar products) ||| W, (W )|« according to Theorem 4.1. A few further
comments may be found in Note 4.6.4.

Proposition 4.22. Let I" = 02 be the boundary of a bounded C *° domain Q2 in R"
withn > 2.

(i) Let s > 0. Then the spaces W3 (') according to Definition 4.20 are Hilbert
spaces. They are independent of admissible resolutions of unity {¢;}; andlocal
diffeomorphisms {y )} e

(1) If0 < 81 < §2 < 00, then
W,2(T) — W, (T') < Ly(T) (4.95)
are compact embeddings.

(i) If0 < s < 1, then

2 1/2
A3 = (171220 + / / W= TOF dot) o)

(4.96)
is an equivalent norm on W3 (I").
@iv) If s =L € N, then
Wy(T) = {f € Lo(T) : D{ f € Lo(D). la] <4}, (4.97)

where D{ are tangential derivatives (in local curvilinear coordinates on I').

V) Ifs=4L+owithl € Ngand 0 < o < 1, then

WS(T) = {f € WLT) : D f € WZ () fora € NI with |ae| = £}. (4.98)
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Proof. In view of Definition 4.20 all assertions can be carried over from C* do-
mains €2 in R” to boundaries I' = 92 using Theorem 4.1 and, as far as the com-
pactness in (4.95) is concerned, from Theorem 4.17. O

Remark 4.23. The assumption n > 2 in Proposition 4.22 is natural. However, in
what follows it is reasonable to incorporate also n = 1 where the formulations given
must be interpreted appropriately: If n = 1, then according to Definition A.3 (iv),
Q is a bounded interval / = 2 and its boundary I' = 92 consists of the endpoints
of I, say, a and b with a < b. By Theorem 3.32,

f(a), f(b) make sense if f € Wy (I), s> %, (4.99)

and
3
f'(a), f'(b) are well-defined if f € WS(I), s> 3 (4.100)

This is the correct interpretation of trr and trp a% if n = 1 in what follows.

Theorem 4.24. Let Q be a bounded C*° domain in R" and let T = 02 be its
boundary.

(i) Lets > % Then trr (in the explanations given above) is a linear and bounded

_1
map of W3 (Q2) onto W, 2 (T),
_1 _1
trr: Wi (Q) = W, 2(I), tr Wi(Q) =W, 2(T). (4.101)

(i1) Let s > % Then trr a% (in the explanations given above) is a linear and

_3
bounded map of Wy (2) onto WZS 2(D),

3 3

trr %: Wi (Q) < W, 2(T), tr %WZS(Q) =w, 2(). (4.102)
Proof. Step 1. In view of Remark 4.23 we may assume n > 2. By the above local-
isations one can reduce these problems to the functions g; in (4.13) and their traces
in (4.92). Furthermore, the extended functions extsL2 g; according to Theorem 4.1
and g; have the same traces. We discussed this point in some detail in connection
with Theorem 3.45. This applies not only to trr but also to trr % having in mind
the discussion in Remark 4.5 about fibre-preserving maps. Hence we can restrict
our attention to the model case considered in Theorem 4.13 with

trr: f(x) — f(x',0), xe Q"= (—m, )", (4.103)
and 3 3
trr —: f(x) —> / (x',0), xeQ”. (4.104)
av 0xy,
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In other words, we may assume that
feW)(@Q"), suppf C{xeR":|x| <1} (4.105)

is represented by

F0) = @0 S ane™, am = @02 [ feimiar, @106

meZn Qn

Q" relying on the equivalent norm in (4.61).
Let, as indicated in Figure 4.8 aside,
X, =0

B U ™ Q"= (-m0)"  and
SUPP L7 & Q = (—m, 7)"! (4.107)

={x=u\x)eQ":x, =0}

Figure 4.8

Step 2. We prove the first assertion in (4.101). Let f be given by (4.106) with

o0
F(xX',0) = 2n)™"/? Z bue'™* where bpy = Z A(m! ,my)-
m'ezn—1 mp=—00
(4.108)
Let x be chosen such that 2s > » > 1. For m’ # 0 one obtains by Holder’s
inequality that

|bm’| = Z |a(m’,mn)| + Z |a(m’,mn)||mn|7 |mn|_7

lmp|<|m’| lmp |>|m’|

1
1 2
= C|ml|2( Z |a(m/,mn)|2)

[mp|<|m’|

1=
e[ Z( 2 N Plmal®)” (4.109)

[mp|>|m’|

(S

Since |m’| < |m| and |m,| < |m| for m = (m’, m,), we can further estimate

' b 2 < elm® Y agmma |+ elmP T agn

[mp|<im’| |y |>|m’|
o0
<im0 laml, (4.110)

mp=—00
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where we used, in addition, that 0 < »x < 2s. Hence,
S A+ P P < Y (14 mP)laml? @.111)
m’ez"—1 mezZ"

and it follows from Theorem 4.13 applied to Q" and Q’ that

_1
|G 0) [ Wy 2(@)] < el £IWs @] (4.112)
for f with (4.105). By Step 1 we get the first assertion in (4.101) (the map into).

Step 3. We prove that trr in (4.101) is a map onto, which again can be reduced to
the above model situation. Let

_1
g(x’) e W, 2(@Q) with suppg C {x' € (—m, )" ' x| <1} (4.113)
be represented by
g0 = > bwe™¥ b= @n)"T / g(x)e ™ X dx',  (4.114)
m'ezn—1 o

where Q' is interpreted as in (4.107). By Theorem 4.13 we have

1 1
lglWy, 2@)7~ Y (b (1 +|m' P72 (4.115)

m’ezZn—1

Let {@m }mezn be such that

G(x', xy) = Z ame'™*
meZn
L
=bo+ Y Tty N glmnn, (4.116)

/
0#£m’ezZn—1 ']

mp=|m’|

in particular, with a,, = 0 for the remaining terms. Firstly we observe that

G(x',0) =g(x"), x'eq@. (4.117)
Secondly, (4.116) implies
Y lan PPy = ol 3 T Y (0
mez" 0#£m’ezZn—1 mp=|m’|
~ 3 P+ Py (4.118)

m/ezn—1



108 Chapter 4. Sobolev spaces on domains

Theorem 4.13 suggests
G(x) € Wy(QY), (4.119)

but this is not immediately covered since G need not to have a compact support in
Q" (which would be sufficient to apply Theorem 4.13). We return to this point in
Remark 4.26 below and take temporarily (4.119) for granted. Then

f(x) = x()G(x) € W3 (@")  with f(x",0) = g(x), (4.120)

where y € D(Q") with y(x) = 1if |[x|] < 2. But this is just the extension of
_1
g€ WZS (@) to f € WS (Q") we are looking for. By the above considerations
_1
it follows that trr in (4.101) maps W3’ (£2) onto Wzs 2(D).

Step 4. We prove part (ii) which can be reduced to the model situation as described
in Step 1, in particular, in (4.104). If f is given by (4.105) now with s > 2, then

af s—1 n af
ox, e W7 (Q"), supp o

CixeR":|x| <1 4.121)

Application of part (i) gives the first assertion in (4.102), hence trr a% is a map from

_3
W3 (R2) into WZS 2(T). It remains to verify that this map is also onto. Let
_3
g(x) e W, 2(@Q)), suppg C{x' e R"1: x| <1} (4.122)
be represented by (4.114) with

2
~ 3 b P PR (4.123)

m'ezZn—1

Hngj_%(Q’)

as the counterpart of (4.115). The substitute of G in (4.116) is given by

G(x',xp) = Z ame’™*

meZ"
b , 2|m/|—1 eimnxn

_ m im'x’

=bo+ Y - ] € > ——, (4.124)
0#£m’ €Zn=1 mp=lm’| "

with a,, = 0 for the remaining terms. Then
G
(x',0) =g(x") if x' e@, (4.125)

0xy,
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and

po2 2=t g 2)s

R e D
mezZn 0#m’ezZn—1
~ 3 P 2y (4.126)

m’ezZn—1

mp=|m’|

are the counterparts of (4.117), (4.118). The rest is now the same as in Step 3. This
concludes the proof of (4.102). O

Exercise 4.25. Review Theorem 4.24 and its proof in case of n = 1.
Hint: Rely on (4.99), (4.100).

Remark 4.26. We justify (4.119). For this purpose we extend G (x) periodically to
neighbouring cubes of the same size and multiply the outcome with suitable cut-off
functions. It follows by the same arguments as in the proof of Theorem 4.13 that
these functions belong to W3’ (R"), hence G € W;(Q") by restriction. Moreover,

1/2
IGws @Ml =e( 3 (1 +ImP lanl?) (4.127)
meZ"
where we used (3.90). On the other hand, the reverse estimate follows from the
arguments in the proof of Theorem 4.13. In other words, one obtains not only

(4.119) (which would be sufficient for our purpose), but also the norm-equivalence
(4.61), (4.62) for these periodic functions belonging to W (Q").

Exercise 4.27. Letk € Nands > k + % Prove by the same method as explicated
for Theorem 4.24 that

kWSsz w3 akWSsz W), 4128
rop W) < (), rr W () = (I), (@.128)
and that

trr D% WE(Q) > WS T3(T) it e N7 with o] < k. (4.129)

Hint: Reduce (4.129) to (4.128).

Remark 4.28. Again let Q2 be a bounded C*° domain in R” and I' = 9Q its
boundary. Let i = pu,, withy € I" be a non-tangential C > vector field on I' which
means that the components of i, = (u)l,, ..., ) are C* functions on I' and that
My vy > 0 for the related scalar product of u, and the outer normal v,,. Then one
obtains by the same arguments as above that (4.102) can be generalised by

_3 s
trr %: Wi (Q) < W, (), trr aa W5 (Q) = 2(r) (4.130)
3

where s > 5.
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We proved a little bit more than stated. Both the extension of g(x’) in (4.114) to
G(x) and to f(x) in (4.116), (4.120) and its counterpart (4.124) are linear in g and
apply simultaneously to all admitted spaces. Clipping together these model cases
according to Step 1 of the proof of Theorem 4.24 one gets a universal extension
operator

_1 1
extp: W, 2(T) <= WE(Q), s> 5 (4.131)

such that .
trr oextp = id  (identity in W, 2(I")). (4.132)

_1
Universal means that extp. is defined on (. ! WZU (") so that its restriction to
a specific space has the properties (4.131), (4.132). We formulate the outcome.

Corollary 4.29. Let Q be a bounded C*° domain in R™ and let T' = 9Q be its
boundary.

(i) Lets > % and let trr be the trace operator according to Theorem 4.24 (1). Then
there is a universal extension operator exty with (4.131), (4.132).

(ii) Let s > % and let |1 be a non-tangential C*° vector field on T according to

Remark 4.28 (with the field v of outer normals as a distinguished example).
Then there is a universal extension operator extp " with

_3 3
extr,: W, 2(I) <= W5 ([R"). s> 5 (4.133)

such that 3 ,
tr o oexty,, =id (identity in W, 2(I)). (4.134)
P :

Proof. All assertions are covered by the proof of Theorem 4.24 and the above
comments. (]

Definition 4.30. Let 2 be a bounded C*° domain in R” and let I’ = 902 be its
boundary.

(i) Lets > % Then

W3o(Q) = {f € W3(Q):ur f =0}, (4.135)

(i) Lets > % and let u be a non-tangential C*° vector field on I' according to
Remark 4.28 (with the field v of outer normals as a distinguished example).

Then 9
Wy (@) =\ € W3(Q) : ur % =0y (4.136)
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Remark 4.31. This complements Definition 4.9 for p = 2. By Theorem 4.24 and
Remark 4.28 the above definition makes sense and both Wy ,(£2) and Wzs H(Q)
are closed genuine subspaces of W3 (€2). The related orthogonal complements are
denoted by Wy ,(22)* and W, (Q)*.

Proposition 4.32. Let Q be a bounded C*° domain in R" and let T' = 0Q be its
boundary.

(i) Lets > % Then
{feC®(Q) : trr f =0} (4.137)

is dense in Wy (S2). Furthermore,
W3 (Q) = W3 0(Q) & Wa,(Q)" (4.138)

and :
trr: Wio(@)F 2 W, 2(I) (4.139)

_1
is an isomorphic map of Wy (2)* onto WZS 2 (D).
(i) Lets > % and let . be as in Definition 4.30 (ii). Then

af

feC®Q) :tupr — =0 (4.140)
I
is dense in WZS H(Q). Furthermore,
WE(Q) = W Q) @ Wy (@)t (4.141)
and 3 ,
trr - Wttt 2 w2 () (4.142)
n

_3
is an isomorphic map of W;’“(Q)J‘ onto W; 2 (D).

Proof. Both (4.138), (4.141) are obvious by definition. Furthermore, (4.139),
(4.142) follow from Hilbert space theory and (4.101), (4.130). Corollary 4.6 implies
that (4.137) is a subset of Wy ,(£2) and that (4.140) is a subset of W, ().

It remains to prove the density assertions. Let f € Wj,(S2). In view of
Corollary 4.6 one finds for any ¢ > 0 a function g, € §(2) with

_1
If —gelWs (@)l <& and |trgW, 2(I)] <e. (4.143)
Then we conclude by (4.131) that

he =extpotrr ge € Wy () and  |he|W; (Q)|| < ce (4.144)
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for some ¢ > 0 independent of ¢. By Corollary 4.29 the extension operator is
universal. Thus i, € C*°(2) since trr g € C°°(I") using Theorem 3.32. With
fe = ge — h, this leads to

If = fIW5 (@) <c’e and  f; € C®(Q), tr fo=0. (4.145)

This proves that (4.137) is dense in W5 ((€2). Similarly one can show that (4.140)
is dense in W, (Q). O

Remark 4.33. Note that, in particular, this covers (4.43) when p = 2.

4.6 Notes

4.6.1. The Extension Theorems 3.41 (for spaces on R to R") and 4.1 (for spaces
on domains to spaces on R") are cornerstones of the theory of function spaces not
only for the special cases treated in this book, but also for the more general spaces
briefly mentioned in the Notes 3.6.1, 3.6.3; see also Appendix E. They have a long
history. The procedure described in Step 2 of the proof of Theorem 3.41 and in
Figures 3.3, 4.4, 4.7, is called the reflection method for obvious reasons. The first
step in this direction was taken in 1929 by L. Lichtenstein in [Lic29] extending
C'! functions in domains in R* beyond the boundary using ‘dachziegelartige Uber-
deckungen’ (German, meaning filing) on 9<2, hence (4.5) and Figure 4.3 (referring
to some needs in hydrodynamics as an excuse for publishing such elementary stuff).
The extension of this method as described in Step 2 of the proof of Theorem 3.41
for C* spaces (not Sobolev spaces as occasionally suggested, which are unknown
at this time, at least in the West) is due to M. R. Hestenes [Hes41]. This method was
extended to Sobolev spaces in smooth domains in [Bab53], [Nik53], [Nik56] in the
1950s and to the classical Besov spaces as briefly described in (3.144) (restricted
to domains) in [Bes62], [Bes67a], [Bes67b] in the 1960s. (The lastis O. V. Besov’s
own report of the main results of his doctoral dissertation, doktorskaja, the second
Russian doctor degree.) This method has been extended step by step and could
be applied finally to all spaces briefly mentioned in (3.154). We refer to [Tri92b,
Section 4.5.5] and the literature quoted there. It should be remarked that there is
a second method based on integral representations and (weakly) singular integrals,
especially well adapted for the extension of Sobolev spaces from bounded Lipschitz
domains to R”. It goes back to [Cal61] and [Smi61] around 1960. But this will
not be used in this book. A more detailed account on these methods and further
references may also be found in [Tri78, Section 4].

4.6.2. According to Definition 3.37 we introduced the spaces W, (£2) on domains
€ in R” by restriction of W;(R") to €2. But at least in case of classical Sobolev

spaces ka () with 1 < p < 00, k € N, one can also introduce corresponding
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spaces intrinsically, hence
L’;(Q) ={f e€Ly(Q):D*f € Lp(R), « € N, |a| <k}, (4.146)

where D* f € D’(Q2) are the distributional derivatives similarly as in Definition 3.1
and Remark 3.2. Obviously, L’; (£2), normed by

1/p
1/1LE@)] = ( ) ||D“f|Lp(sz>||") , (4.147)

la|<k
is a Banach space. One may ask under which conditions the spaces
WEQ) and LE(Q), 1<p<oo keN, (4.148)

coincide. According to [Ste70, Theorem 5, p. 181] for bounded Lipschitz domains
Q in R” there exists a universal extension operator

ext: LE(Q) = WFER"), 1<p<oo kel (4.149)

In particular, one has ka (Q) = L’; (2) in this case. But for more general domains
the situation might be different. This problem has been studied in great detail. We
refer, in particular, to [Maz85, §1.5]. On the one hand, there are easy examples of
(cusp) domains in which the spaces Lllj (2) and ka (R2) differ. On the other hand,
one has for huge classes of bounded domains in R” with irregular fractal bound-
aries that L¥(Q) = WF(Q), including the snowflake domain in R? illustrated in
Figure 4.9 below. We refer to [Jon81], [Maz85].

(] F == 39
o i
. /. Q o
(] (] \o . Q
0o T
(' =0Q)
Figure 4.9

4.6.3. We described our understanding of traces at the beginning of Section 3.5:
First one asks for inequalities of type (3.129) for smooth functions, having pointwise
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traces and defines afterwards the trace operator trr according to (3.130), (3.131) by
completion avoiding the ambiguity of selecting distinguished representatives within
the equivalence classes both in the source space and the target space. The same
point of view was adopted in the Sections 4.3, 4.5 in connection with Definition 4.9
and Theorem 4.24. Moreover, the interpretation of the embeddings (3.81), (3.82)
requires to select the uniquely determined continuous representative f of the equiv-
alence class [ f] € W7 (R"),s > 5. If s < Z, then such a continuous distinguished
representative does not exist in general. (It is well known that there are elements
of W;(R") with 0 < s < 7 which are essentially unbounded. One may consult
[TriO1, Theorem 11.4] and the literature given there in the framework of the more
general spaces briefly mentioned in (3.154).) Nevertheless in any equivalence class

[f] € WJ(R") with s > %, or, more generally,
1
[fle Hy(R"), 1<p<oo,s>—, (4.150)
p

according to (3.140), there is a uniquely determined distinguished representative
f for which traces on I' according to (3.128)—(3.131) or I' = 92 as in the Sec-
tions 4.3, 4.5 make sense more directly. We give a brief description following
[TriO1, pp. 260/261] where one finds the necessary detailed references, especially
to [AH96].

First we recall that a point x € R” is called a Lebesgue point for f € L'1°C(IR”)
according to (2.19) if

f(x) = lim

1
A K 0l / f(ydy, (4.151)

Ky (x)

where K, (x) stands for a ball in R” centred at x € R” withradiusr, 0 <r < 1,
see (1.30). It is one of the outstanding observations of real analysis that one gets
(4.151) with exception of a set " having Lebesgue measure |I'| = 0, [Ste70, p. 5].
If [f] € Hy(R") with s > %, then one has (4.151) for all x € R” and the uniquely
determined continuous representative f € [f]. Forthe general case [ f] € H,(R"),
with0 < s < %, one needs the (s, p)-capacity of compact sets K given by

Cs,p(K) = inf{|lo|H,(R")|| : ¢ € 8(R") real, ¢ > 1 on K}, (4.152)

where this definition can be extended to arbitrary sets K C R”. It turns out that
in each equivalence class [ f] € H,(R") there is a uniquely determined represen-
tative f € [f] for which (4.151) is true with exception of a set K with capacity
Cs,p(K) = 0. Furthermore, if I is either given by (3.128) or I' = 9%, that is,
the boundary of a bounded C*° domain, and if K is a set in R” with C; ,(K) =0
where 1 < p < 00, s > %, then K N T has (n — 1)-dimensional Lebesgue measure
(surface measure) zero. Hence (4.151) makes sense on I pointwise with exception
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of a subset of (n — 1)-dimensional Lebesgue measure zero. It coincides with trp f
introduced via a limiting procedure. In other words, these uniquely determined
distinguished representatives pave the way for a direct definition of traces. We refer
to [TriO1, pp. 260/261] for details. This is reminiscent of the famous final slogan
in G. Orwell’s novel ‘Animal farm’, [Orw46, p. 114], which reads, adapted to our
situation, as

All representatives of an equivalence class are equal,
but some representatives are more
equal than others.

4.6.4. In Definition 4.20 we introduced the spaces W, (I") on the boundary I' = 92
of a bounded C*° domain 2 via finitely many local charts characterised by (4.92).
The description given in Proposition 4.22 is satisfactory but not totally intrinsic.
To get intrinsic norms one can convert I' into a compact Riemannian manifold,
characterised by the same local charts. Afterwards one can replace |y — | in (4.96)
by the Riemannian distance and D{* in (4.97), (4.98) by covariant derivatives. One
can do the same with the more general spaces considered in Note 3.6.1 where the
I'-counterpart B, ,(T') of B, ,(R") in (3.148), (3.149) is of special interest. This
can be extended to all spaces mentioned in (3.154) and to complete (non-compact)
Riemannian C *° manifolds (of bounded geometry and of positive injectivity radius).
We refer to [Tri92b, Chapter 7]. But this is not the subject of this book. The only
point which we wish to mention here is the extension of the characterisation of
the trace of W} (2) in (4.101) from p = 2to 1 < p < oo, which is also related
to (4.150). Let H,(£2) be the restriction of H,(R") according to (3.140) to the
bounded C*° domain 2 in R” as in Definition 3.37 wherenow 1 < p < o0, s > %.
Let B, ,(I') be as indicated above. Then the extension of (4.101) from p = 2 to
1 < p < oo is given by

_1 _1
trr: H3(Q) < By, ,” ('), tr H3(Q) = B, ,” (). (4.153)

We refer to the books mentioned after (3.154) where the above special case may be
found in [Tri78, Section4.7.1]. In Note 3.6.2 we discussed the isomorphic structure
of H;(R") and B; ,(R"). There are counterparts for the two spaces in (4.153),

_1
H3(Q) ~ Lp(I) and B, ,”(T) ~ {,. (4.154)

1
According to (L£) in Note 3.6.2 the space H,(£2) and its exact trace space BIS,, » (@)
belong to different isomorphic classes if 1 < p < oo, p # 2.

4.6.5. Let Q" = T" be as in (4.55) and let D(T") be the restriction of

{feC®R": f(x)= f(y)ifx —y e2rnZ"} (4.155)
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to T, the space of C* functions on the torus T”. It is the periodic substitute of
the Schwartz space 8 (R") in Definition 2.32. The counterpart of the space 8’(R")
according to Definition 2.43 is now the space D'(T™) of periodic distributions.
The role of the Fourier transform in §(R"), 8’(R") is taken over by the Fourier
coefficients,

f €D (T") > {amimezn, am = 2m) "2 f(™). (4.156)

On this basis one can develop a theory of the periodic counterparts H*(T™"),
W3 (T") of the spaces H*(R"), WJ(R") according to the Definitions 3.13, 3.22
but also of other spaces mentioned above, including the periodic counterpart of the
spaces in (3.154). This may be found in [ST87, Chapter 3]. We relied in Section 4.4
on periodic expansions, but avoided to refer directly to results from the theory of
periodic spaces to keep the presentation self-contained. This caused occasionally
some extra work, for example in connection with the spaces in (4.70), (4.71) and
Proposition 4.15.

4.6.6. The theory of spaces B;,q, Flf,q with s, p,q as in (3.154) on R” and in
domains and their use for the study of pseudo-differential operators relies on some
key problems,

e extensions,
* traces,

* pointwise multipliers,

* diffeomorphisms,

and, in case of spaces on domains,
e intrinsic characterisations.

The full satisfactory solutions of these key problems needed years, even almost
two decades, from the early 1970s up to the early 1990s and is the subject of [Tri92b],
including diverse applications, in particular, to (elliptic) pseudo-differential equa-
tions. In the above Chapters 3, 4 we dealt with the same problems, having applica-
tions to boundary value problems for elliptic differential operators of second order
in mind, the subject of the following chapters, but now restricted mainly to W;’ in
R” and on domains. Then the task is significantly easier and we tried to find direct
arguments as simple as possible. But there remains a hard core which cannot be
circumvented and which lies in the nature of the subject. We try to continue in this
way in what follows true to Einstein’s advice,

Present your subject as simply as possible, but not simpler.



Chapter 5
Elliptic operators in L,

5.1 Boundary value problems

In Section 1.1 we outlined the plan of the book. Chapter 1 dealt with some classi-
cal assertions for the Laplace—Poisson equation. For the homogeneous and inho-
mogeneous Dirichlet problem according to the Definitions 1.35, 1.43 we merely got
in case of balls some (more or less) satisfactory assertions in the Theorems 1.40, 1.48.
On the one hand, the Chapters 2—4 are self-contained introductions to the theory
of distributions and Sobolev spaces. On the other hand, they prepare the study of
boundary value problems for elliptic equations of second order as outlined in Sec-
tion 1.1. We stick at the same moderate level as in the preceding chapters avoiding
any additional complications. In particular, we deal mostly (but not exclusively)
with (homogeneous and inhomogeneous) boundary value problems in an L setting.

First we recall some definitions adapted to what follows. As for basic notation
we refer to Appendix A. In particular, D* f indicates derivatives as introduced
in (A.1), (A.2). Domain in R” means simply open set. Moreover, according to
Definition A.3 a bounded domain € in R” is called a bounded C* domain or
bounded C*° domain if it is connected and if its boundary 92 has the smoothness
properties described there. We use the notation C(£2) as in Definition A.1 as the
collection of all complex-valued bounded functions which are continuous on the
closure  of the domain Q. Next we recall and adapt Definition 1.1.

Definition 5.1. Let 2 be a bounded C *° domain in R” according to Definition A.3.
Let
@iyl eey CCQ). tarfi, CC(Q). aeC(Q) 5.1)
with 3
ajr(x) =ar;j(x) eR, xeQ, jjk=1,...,n. 5.2)
Then the differential expression A4,

n

0?2 " d
(Au)(x) =— Y ajk(x)ﬁm + Z“f(x)a_;,(x) +au(), (5.3)
J I=1

X
J.k=1

of second order is called elliptic if there is a constant £ > 0 (ellipticity constant)
such that for all x € Q and & € R” the ellipticity condition

n

> ap()EE = EfEP (5.4)

Jk=1

is satisfied.
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Remark 5.2. Recall that according to Example 1.3 the most distinguished example
of an elliptic differential expression of second order is the Laplacian

n 82
A=-A=-) —, 5.5
; 2 (5.5)

where one may choose £ = 1 in (5.4). Otherwise we refer for some discussion to
Section 1.1. In particular, Remark 1.4 implies that

n

Y ap (0 = EE?, EeCn (5.6)

J.k=1

Furthermore, (1.9) and (1.10) indicate what is meant by boundary value problems.
Now we give some more precise definitions adapted to the L, theory we have in
mind.

Forbounded C *° domains €2 in R” we have the equivalent norms for the Sobolev
spaces W (£2), s > 0, as described in Theorem 4.1. In particular,

/
L@l ~ (X @) fewi@. 6

loe|<2

In the Sections 4.3 and 4.5 we dealt in detail with traces

trru  and trp %u onI' =0 foru € WZZ(Q), (5.8)
now restricted to s = 2. Here u = p, with y € I is a non-tangential C*
vector field on T as introduced in Remark 4.28 with the usual C*° vector field of
outer normals v = v, y € T, as a distinguished case. In terms of the Sobolev
spaces W;'(I") at the boundary I" = 02 according to Definition 4.20 we obtained
in Theorem 4.24 complemented by (4.130) that

trp: W2(Q) > W/2(T),  trp WA(Q) = W,/2(D), (5.9)
and
d 3
trp — : W2(Q) — W/A(I),  tp — W2(Q) = W,/2(D). (5.10)
ol o
Of interest for us are now the special cases
Wio(Q) ={f € WZ(Q) :trr f =0} (5.11)
and
af

W Q) = {f e W2(Q) : tr i 0 (5.12)
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of the spaces introduced in Definition 4.30. They are closed subspaces of W2 ()
and one has the orthogonal decompositions according to Proposition 4.32 which
(in slight abuse of notation) can be written as

W2(Q) = W2,(Q) & W,/(T) (5.13)

and
W2(Q) = W2H(Q) & W,/2(ID), (5.14)

including the density assertion with respect to (4.137), (4.140). As for L, counter-
parts one may consult Definition 4.9 and Remarks 4.10, 4.33.

Definition 5.3. Let 2 be a bounded C*° domain in R” as introduced in Defini-
tion A.3 with the boundary I' = 92 and let A be an elliptic differential expression
of second order according to Definition 5.1.

(1) Let f € Ly(RQ) and g € W23/ 2(F). The inhomogeneous Dirichlet problem
asks for functions u € W;(2) with

Au= f inQ and trru=g onTl. (5.15)
The homogeneous Dirichlet problem asks for functions u with
Au=f inQ and ue W7 (Q). (5.16)

(i1) Let p be a non-tangential C*° vector field on I' according to Remark 4.28.

Let f € L,(Q2) and g € Wzl/ 2(F). The inhomogeneous Neumann problem
asks for functions u € W22(Q) with

0
Au= f inQ and trp a—u =g onl. 5.17)
uw

The homogeneous Neumann problem asks for functions u with

Au=f inQ and ue WM (Q). (5.18)

Remark 5.4. Since all coefficients in (5.3) are bounded (5.7) implies that
Au = f € Ly(Q) ifue Wi Q). (5.19)

Together with (5.9), (5.10) it follows that the above boundary value problems make
sense. Of course, the homogeneous problems are simply the corresponding inho-
mogeneous problems with vanishing boundary data. If A = —A is the Laplacian
according to (5.5) and if u = v is the C*° vector field of the outer normals on T,
then (1.9), (1.10) give first descriptions of the above boundary value problems. For
A = —A it is natural to choose the vector field 4 = v of outer normals for the
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Neumann problems. For more general A this is no longer the case and one may ask
for a distinguished substitute. This is the so-called co-normal on I,

n
=M v =D au(u(y). yeT, (5.20)
k=1

where v = (Vi (y))} _, is the outer normal on I'. Recall that the coefficients ax are
continuous on  and, hence, on I'. However, we deal here mainly with the Dirichlet
problem and look at the Neumann problem only if no substantial additional efforts
are needed. This means that in case of the Neumann problem we restrict ourselves
to the Laplacian A = —A and the outer normals &t = v on I" in (5.17), (5.18). But
we comment on the more general cases in Note 5.12.1.

Exercise 5.5. Prove that v4 according to (5.20) generates a continuous non-tangen-
tial vector field on I'.
Hint: Show that (v4,v) > 0 for the scalar product of v4 and v.

Exercise 5.6. Justify for the co-normal v4 according to (5.20) with constant coef-
ficients a;r = ay; the generalisation

/ 3 g (g

- > apil (x)—(x)dx+ [enssaom  Gan

Q Jk=1 r

of the Green’s formula (A.16). (This makes clear that for given {ax}" the

Jk=1
co-normal v4 is a distinguished vector field on I'.)

5.2 Qutline of the programme, and some basic ideas

First we discuss what follows on a somewhat heuristical and provisional level. So
far we have for the inhomogeneous Dirichlet problem and the Laplacian
A = —A, given by (5.5), Definition 1.43, the existence and uniqueness Theo-
rem 1.48, and the discussion in Remark 1.50 hinting at the present chapter. Now
we deal with boundary value problems of this type in the framework of an L, theory
in arbitrary bounded C *° domains in R” and for general elliptic equations accord-
ing to Definition 5.3. The precise assumptions for the given data f and g in, say,
Definition 5.3 (i) suggest that one gets also precise answers for possible solutions u
in (5.15), their existence, uniqueness and smoothness with the ideal outcome

lulW2@)[ ~ | fIL2()] + g5 > (D). (5.22)
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The proof of Theorem 1.48 advises, also in the framework of an L, theory, the
reduction of the inhomogeneous Dirichlet problem (5.15) to the homogeneous one
in (5.16) with the optimal outcome

lul WZE) ~ | f L2, u € WS o(R). (5.23)

It is usual and one of the most fruitful developments since more than fifty years
to incorporate (homogeneous) boundary value problems into the operator theory
in Hilbert spaces (or, more general, Banach spaces) resulting in our case in the
(unbounded closed) elliptic operator A,

n

= — 2
A= _ij::I 8x] 8xk IZ: l_ +au, dom(4) = Wy, (), (5.24)

in L (2), where dom(A) is its domain of definition. In other words, we interpret A
either as a continuous operator from W2(£2) or WZZ’O(Q) into L, (2) according to
(5.19), or within L;(£2) as an unbounded operator described by (5.24). The adopted
point of view will be clear from the context. However, if there is any danger of
confusion, the spaces involved will be indicated. In particular, (5.24) reduces the
(homogeneous) Dirichlet problem (5.16) to the study of the mapping properties
of the unbounded operator A. However, the suggested uniqueness according to
Theorem 1.48, tacitly underlying also (5.22), (5.23), cannot be expected in general.
On the contrary, under the influence of the needs of quantum mechanics in the late
1920s, 1930s and (as far as differential operators are concerned) in the 1950s it
came out that it is reasonable to deal not with isolated operators A, but with the
scale

A—Aid where A € C and idu = u, u € dom(A4), (5.25)

is the identity. In this context the non-trivial null spaces or kernels
ker(A — Aid) = {u € dom(A) : Au = Au} (5.26)

(having dimension of at least 1) are of peculiar interest. Then A is called eigenvalue
of A and
Au = Au, u € dom(A4), u #0, (5.27)

are the related eigenfunctions, spanning ker(A — A id). The spectral theory for A,
in particular, the distribution of its eigenvalues, will be considered later in detail in
Chapter 7. But some decisive preparations will be made in this chapter. This may
explain that we do not deal exclusively with A but also with its translates in (5.25).
As mentioned before, (5.22), (5.23) cannot be expected if 0 is an eigenvalue of A
according to (5.24). The adequate replacement of (5.23) is given by

lu| W ()| ~ | Au|L2()]| + [[u| L2 (). u € WF (), (5.28)
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or, explaining the equivalence ~, there are constants 0 < ¢y < c; such that for all
u e WZZ,O(Q),

cr [ulWz (@)1 = [ Au|Lo()] + llul L2 ()| < ez [ul WR Q)] (5.29)

Usually equivalences of this type are called a priori estimates. Assuming that the
homogeneous Dirichlet problem (5.16) is solved, then one gets (5.28) with little
effort from the operator theory in Hilbert spaces. But usually one follows just
the opposite way of reasoning proving first (i.e., a priori) (5.28) and using these
substantial assertions afterwards to deal with the homogeneous (and then with the
inhomogeneous) Dirichlet problem. One may summarise what follows in the next
three chapters as follows:

* In this Chapter 5 we concentrate first on the indicated a priori estimates,
preferably for the Dirichlet problem, but also for the Neumann problem (if
no additional effort is needed). Afterwards we deal with the boundary value
problems according to Definition 5.3. This will be complemented by some
assertions about degenerate elliptic equations and a related L, theory.

* In Chapter 7 we have a closer look at the spectral theory of operators of type
(5.24) including assertions about the distribution of eigenvalues.

* Itis expected that the reader has some basic knowledge of abstract functional
analysis, and, in particular, of the theory of unbounded closed operators in
Hilbert spaces. But we collect what we need (with references) in Appendix C.
Some more specific assertions, especially about approximation numbers and
entropy numbers, respectively, and their relation to eigenvalues will be the
subject of Chapter 6 preparing, in particular, Chapter 7.

5.3 A priori estimates

Let {ay, : v € V} and {b, : v € V} be two sets of non-negative numbers indexed
by v € V. If there are two numbers 0 < ¢; < ¢, < oo such that

c1ay < by < cray forallv € V, then we write a, ~ by, v €V, (5.30)

and call it an equivalence; (5.28) with the explanation (5.29) and V = W22,O(Q)
may serve as an example. According to the programme outlined in Section 5.2 we
deal first with the a priori estimate (5.28). Recall that bounded C*° domains in R”
as introduced in Definition A.3 are connected. The spaces sz (2) and W22’0(Q)
have the same meaning as in Theorem 4.1 and (5.11), always assumed to be normed
by (5.7).
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Theorem 5.7. Let 2 be a bounded C*° domain in R" where n € N and let A be
an elliptic differential expression according to Definition 5.1. Then

[ Au| L)l + u|L2(Q)] ~ [[u[WZ Q). u € WSo(S). (5.31)

Proof. Step 1. By (5.1), (5.7) we have for some ¢ > 0,
1Al L)1l + [ul L2 < cllul W)l u € Wio(R).  (5.32)

Step 2. As for the converse it is sufficient to prove that there is a constant ¢ > 0
such that

clulW @) < | Aul L2 ()| + [ulL2(R),  u € C¥(Q), trru = 0. (5.33)

This follows from Proposition 4.32 (i) with s = 2 and a standard completion argu-
ment. In particular, we may assume in the sequel that u has classical derivatives.

We prove (5.33) by reducing it in several steps to standard situations. First we
assume that we had already shown

clloxul WA < | Aleru)| L2(2)]| + [lgxu|L2()]] (5.34)

foru € C*°(Q2), trr u = 0, where {(pk},fzo is the resolution of unity according to
(4.5)—(4.7) and Figure 4.3. Of course, this implies pgu € C*°(Q2) with trp (¢ru) =
O0fork =1,...,J. Then one obtains by (5.3) and Theorem 4.17 that
lul W5 () < cllAu|Lo(Q)]| + cllulW, ()]
< | Au| L2 ()] + ellul W ()] + cellulL2(Q)]), (5.35)
where ¢ > 0 is at our disposal. This proves (5.33). Hence the proof of (5.33) is a

local matter where the boundary terms in (5.34) are of interest, i.e., k > 1. One
gets the term with @q as an easy by-product.

Step 3. By Step 2 it is sufficient to prove (5.33) for a local standard situation as
considered in connection with the Figures A.1 and 4.1.

, suppv

Rn—l

()
Figure 5.1
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We may assume that 0 € I' = 92 and that I" near the origin is given by
xp=1(x"), x'=(x1,....x5-1), |X| <e, (5.36)

where 7 is a C® function in R*~! with

() =0 and 2T(0)=0fork =1.....n—1. (5.37)
Xk

Then the indicated locally diffeomorphic map y given by
vk =xpfork=1,....,.n—1 and y, =x, — ¥, (5.38)
flattens R, = Q N{x e R" : |x| <e}and ', = T N{x € R"” : |x| < &} such that

V(Q) C REN {yeR":|y]<e} and

(5.39)
Y C RPNy eR7 Y <6
If u € C°(Q) with suppu C Q, and trr u = 0, then
v(y)=@oy )(y), yeRL and |y|<e, (5.40)

has corresponding properties. In particular, v(y’,0) = 0if |y’| < &. Transforming
Au given by (5.3) according to (5.38), (5.40), leads to

(Au)(x) = (Av)(y)

=- Z aj(y)

Jk=1

ay e (y)+Z I(Y)—(y)-i-a(y)v(y) (5.41)

with
ajk(y) = app (W ) + e (). leir() <6, (5.42)

where § > 0 is at our disposal (choosing the above ¢ > 0 sufficiently small). In
particular, one obtains a transformed ellipticity condition (5.4),

n

> ap0)EiE = — |$|2 el (5.43)

Jk=1
at the origin. Furthermore, since d; (y) are continuous at the origin, we have
djr(y) = ajk(0) + bjx(y) with [bjr(y)| <6, |y| < e, (5.44)

where § is at our disposal (at the expense of ¢). Inserting (5.44) in (5.41) results
in the main term now with ;¢ (0) in place of a;,(y) and perturbations of second
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order terms with small coefficients. Altogether one arrives at the following model
case: Let

- 0%u "
(Au)(x) = _jél Ak axj—an(X), x € R", (5.45)

with constant coefficients a ;i satisfying the ellipticity condition (5.4). Then we
wish to prove that there is a constant ¢ > 0 such that

¢ ul W R < [|Au| La(RD) | + [lul L2(RY)] (5.46)
for
ueC®RY), suppu CRL N{xeR":|x|<e}, u(x,0)=0 (547
for small ¢ > 0. Afterwards the above reductions and re-transformations prove
(5.3) in the same way as in Step 2.

Step 4. Next we wish to reduce the desired estimate (5.46) with (5.47) on R” to

a corresponding estimate on R” using the odd extension procedure according to
(4.45) and Theorem 4.11, hence

supp u
- v(x) = O-extu(x)
' \
“xnt N[N () if x> 0,
+— 9 R = (5.48)
chfgx 0 /N —u(x’',—x,) if x, <O.
~suppv 2 iom
By Theorem 4.11 one has v € W, (R") and

Figure 5.2 suppv C {x € R” : |x| < &}. If one replaces

u(x), x € R, in (5.45) by v(x), x € R”,

according to (5.48), then the differential expression is preserved with the exception

of the terms with j = n, 1 < k < n — 1, which change sign. We remove this

unpleasant effect applying first an orthogonal rotation H = (h ml):ln, = in R" and
afterwards dilations with respect to (new) axes of coordinates,

n
Yi .
v = Z:hjmxm, zj = d—;, j=1,....n, (5.49)
with d; > 0. Analytic geometry tells us that H can be chosen such that
‘ 9u
-y g o Z f 2(y) —Au*(2), (5.50)
J.k=1

where u(x) = u(y) = u*(z) are the transformed functions according to (5.49).
As for the corresponding quadratic forms one has
n
> ajkike = del > E|n|* = E|g|*. (5.51)

Jk=1 =1
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andfor/ =1,...,n,

E<d <dM withM = kmax @], (5.52)
Jk=1,..., n

where d > 1 is independent of £ and M (this will be of some use for us later on).
If u is given by (5.47), then u*(z) = u(x) has similar properties with u*(z) = 0
on the transformed upper hyper-plane {z € R” : x,(z) = 0}. We arrive finally at
the Laplacian in a half-space. Of course, we may assume that this half-space is R}
and we wish to prove that

e ulWy (R < [AulLa(RD)| + [lul L2(RY) | (5.53)

for u with (5.47). Hence (5.46), (5.47) can be reduced to (5.53), (5.47). Now we
apply the odd extension (5.48) described above which reduces (5.53) to

¢ [ WERM)|| < [|Av|L2(R™) || + [[v] Lo (R™)]] (5.54)
forv € W22([R”).

Step 5. We observe that (5.54) is essentially covered by Theorem 3.11. In particular,
(3.26) implies that

2@ = [ 3 17O ©F i = [ (X 18P iroer de

rr lel<2 rr  lal=2
< f|s|4|37v(5)|2ds e [m(s)ﬁ at
R~ R~

= c|Av[La(RM)|* + cllv] L2 (R™) > (5.55)
This completes the proof of the theorem. |

Exercise* 5.8. Justify (5.51). How does 1 depend on £?

Corollary 5.9 (Garding’s inequality). Let 2 be a bounded C *° domain in R" where
n € N. Let A be an elliptic differential expression according to Definition 5.1 where,
in addition, the functions a ;i (x) are Lipschitz continuous, hence

laje) = M, ()| =M, Ja(x)| <M forxeQ  (556)
and all admitted j, k, [, and
laje(x) —ajx(M < Mlx -y, xeQ, yeQ, (5.57)
for j,k =1,...,n, and some M > 0. Then
1Au|L2(Q)]] = c1 ENulWZ (@) = c2llul L2l u € Wo(R).  (5.58)

with positive constants c1, ¢z depending only on M and M/ E.
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Proof. One can follow the above proof of Theorem 5.7. The additional assumption
(5.57) is helpful in connection with (5.44). The quotient M/E influences the
estimates transforming y in z in (5.50), (5.52). O

Remark 5.10. One may ask for a counterpart of Theorem 5.7 with respect to
homogeneous Neumann problems according to Definition 5.3 (ii). This can be
done but requires some extra efforts which we wish to avoid. Some information
will be given in Note 5.12.1 below. Otherwise we use the same notation as in
Definition 5.3 and Remark 5.4. In particular, v is the C* vector field of outer
normals on I". Recall that A = —A is the Laplacian (5.5). Furthermore, WZZ(Q)
and W22’” (£2) have the same meaning as in Theorem 4.1, Definition 4.30 and (5.12)
with . = v always assumed to be normed by (5.7).

Theorem 5.11. Let Q2 be a bounded C°° domain in R" where n € N. Then
1AU|Lo(2)] + ulLo(Q)] ~ lul WA, u e Wy (Q). (5.59)

Proof. We follow the proof of Theorem 5.7 indicating the necessary modifications.
Step 1 remains unchanged. The counterpart of (5.33) is given by

clulWZ @) < Aul L2 + [ulL2(2)], u € C®(Q), ur g—z =0,
(5.60)
where the restriction to smooth functions is justified by Proposition 4.32 (ii). We
now base the localisation described in Step 2 on the special resolution of unity
according to Remark 4.5, in particular, (4.24). Then trp g—"f = 0 is preserved.
Similarly one modifies (5.38) in Step 3 by curvilinear coordinates with y, pointing in

the normal direction as indicated in Figure 4.6. Then one arrives at the counterparts
of (5.45)—(5.47), hence

c JulWZ R < [AulLa(RY) ]| + llulL2(RY)| (5.61)

for

9
" (x,0)=0. (5.62)
0xy,

ueC®(RY), suppu CRL N{xeR":|x| <e},

Instead of the odd extension (5.48) we use now the even extension,

u(x) if x, >0,
v(x) = E-extu(x) = (5.63)
u(x’,—x,) ifx, <0.

By Theorem 4.11 (with w3® = W;*'(R")) we have v € W2(R"). There is no
need now for the rotation and dilations as in Step 4 which would not preserve
(.gc—';(x’ ,0) = 0 in general. We get immediately (5.54) and its proof in (5.55). 0O
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Remark 5.12. There is a full counterpart of Theorem 5.7 with u € W22’“ () in
place of WZZ’O(Q) where again y is an arbitrary non-tangential C* vector field on
I' = 09Q. Following the arguments in the proof of Theorem 5.7, then the rotation
and dilations in Step 3 transform p into another non-tangential vector field EL now
on I" = R”~!. This would require an assertion of type (4.48) with, say, W22’” (R™)
in place of wg ’O(Q). This can be done, but it is not covered by our arguments. In
addition, application of such an extension to A in R’} does not produce in general
A in R” which we used stepping from (5.53) to (5.54).

Exercise 5.13. Let {q; };‘=1 C C(R2) and a € C(R2). Prove Theorem 5.11 for the
perturbed Laplacian

Au=—Du+Y ax) KL (5.64)
P ax;

in place of A.
Hint: Use the arguments in Step 2 of the proof of Theorem 5.7.

As outlined in Section 5.2 the spectral theory of elliptic operators A of type
(5.24) requires to deal with the scale (5.25). This will be done in detail below. We
prepare these considerations by the following assertion. Let C!(£2) be the spaces
as introduced in Definition A.1.

Corollary 5.14. Let Q be a bounded C*° domain in R" where n € N.

(1) Let A be an elliptic differential expression according to Definition 5.1 where,
in addition, aj; € C Y(Q). Let E be the ellipticity constant and let

lajklCH@)) < M, Jail|lC@) < M, [alC(@)] < M, (5.65)

for all admitted k, j,l and some M > 0. Then there are positive constants Ao,
1, c2 depending only on E, M (and 2) such that

(A + Xid)u|Lo(Q)] = e llu|W5 ()]l + €2 A [lulL2(Q)] (5.66)
forallu € W22,0(Q) and all A € R with A > Ay.

ii ain let v be the vector field of the outer normals on I’ = . There are
Again let v be the C* vect Ild of th l ' =0Q. Th
positive constants Ay, c1, C2 such that

I(=A + Xidyu|Lo()] = 1 [ulW5 Q)] +c2 A [ulL2(Q)]  (5.67)

forallu € W,>* (Q2) and all A € R with A > A
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Proof. Step 1. We prove (i). As before it follows from Proposition 4.32 (i) that it is
sufficient to deal with C* functions u € WZZ,O(Q). Let

n

0 0
Aoy = — Z W(ajk(X)i)’ ueC®(Q), trru =0, (5.68)
jk=1 "

which makes sense since we assumed aj; € C 1(Q). Integration by parts implies
for the scalar product (Aou, u) in L,(2),

(Aou, u) / Z (a,k(x)—k) u(x) dx

/ Z a,k(x) (x)—(x) dx > 0, (5.69)

ijl

where the last follows from (5.6). Furthermore,

n
9
Au :A0u+2b1£+bu = Aou + Aqu, (5.70)
)
=1

where b; and b = a can be similarly estimated as in (5.65). Then one obtains for
A >0,
1A + Aid)u|L2 ()]
= (Au + Au, Au + Au)
= || Au|L2(Q)]1* + 2A(Aou, u) + 2A Re(A u, u) + A?|u|L2(Q)|?
> | Aul Lo ()% + A2 [|u|L2(Q)]1* + 2A Re(Aqu, u). (5.71)

Using Theorem 4.17 one can estimate the last term from above by

20[(Aru )] < e lulWy (@) A lJul L2(2)
/\2
= Sl Lo (@ + ellul W5 () + celul L)% (5.72)

We insert (5.72) in (5.71) (estimate from below), use (5.58) and choose ¢ (indepen-
dently of A) sufficiently small. Hence,
/\2
A+ 2w L@ = e W@ + (5 ¢ ) llLa@I?  573)
for some ¢ > 0 independent of A > 0. Choosing A > Ay and A sufficiently large
results in (5.66).
Step 2. The proof of (ii) is the same using now Theorem 5.11. |
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Exercise 5.15. Let Q2 and A be as in Corollary 5.14 (i) and let v4 be the co-normal
according to (5.20). Prove the generalisation of (5.67),

pAa
I(A + 2id)u| Lo @) = 1llulWZ( Q)] + A ul L)1, u € W5 (),

(5.74)
for some ¢; > 0,c2 > 0,19 > 0andall A > A,.
Hint: Take the generalisation of (5.59),
[ Au| Lo (@)1 + ul Lo ()] ~ [l W2, u € W"(Q). (5.75)

for non-tangential C*° vector fields . on I' = 92 for granted and rely on Exer-
cise 5.6.

5.4 Some properties of Sobolev spaces on R,

In the preceding Section 5.3 we always assumed that €2 is a bounded C*° domain
in R” according to Definition A.3, where we also explained what is meant by
bounded C* domains, £ € N. By the arguments given it is quite clear that it would
be sufficient for the assertions in Section 5.3 to assume that 2 is a bounded C?
domain (or C3 domain in case of Neumann problems), not to speak about some
minor technicalities. But this is not so interesting and will not be needed in the
sequel. On the other hand, we reduced assertions for bounded C*° domains via
localisations and diffeomorphic maps to R” and R’ . This technique will also be of
some use in what follows. For this purpose we first fix the R, counterparts of the
above key assertions complemented afterwards by some density and smoothness
properties playing a crucial role in the sequel.
Let C(R) and C I(Rﬁ-) be the spaces as introduced in Definition A.1 where
again
R ={xeR":x=(x',x,), x' € R"!, x, > 0}, (5.76)

forn € N. The spaces W2Z (R}) have the same meaning as in Theorem 3.41 and are
assumed to be normed by (3.98). Traces must be understood as in (3.127), (3.128)
with the obvious counterparts of Definition 4.30,

W5 o(RY) = {f € Wy (R}) : trr f =0}, (5.77)
if s > % and
s,V n S n af
Wy ([R+)=%f€W2([R+):trra—v=O}, (5.78)

if s > %, where we now assume that v is the outer normal, hence

@ N =760, (1w D)o =0 519

av 0xy,

We strengthen the R} counterpart of Definition 5.1 by (5.65) with R”} in place of €2.
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Theorem 5.16. (i) Let A be a second order elliptic differential expression in R",,

n

(Au)(x) == 3 ajr(x) o

0+ Z az(x)—(x) +a(x)u(x), (5.80)

Jk=1
with L
ajp(x) =agj(x) eR, xelRy, 1=<jk=n, (5.81)
n
> ap(x)EE = EE?, x eRL. £ R, (5.82)
Jk=1

for some E > 0 (ellipticity constant), and
lajk|CHRDN < M, al|CRY)| < M, [alC(RY)| < M (5.83)
for all admitted j, k,l and some M > 0. Then
[ Au| La(R) | + [ul L2 (R ~ [ulWZ (R, u € Wio(RY).  (5.84)

Furthermore, there are positive constants Ay, ¢1 and ¢, depending only on E and
M such that

1(A + Aid)u| La®) [ = cxllul W2 (R + 2 Allul L2(RY) | (5.85)
forallu € WZZ,O([R:’_) and all A € R with A > Ay.

(ii) Let A = —A be the Laplacian according to (5.5) and let v be the outer
normal as in (5.79). Then

1A Lo R+ Il Lo(R) ]~ ulWZ R, w e W (R, (5.86)

Furthermore, there are positive constants Ao, c1 and ¢, depending only on E and M
such that

I(=A + Xid)u|La(RD) | = crllul WS (R + c2 Allu|La(RD)[| (5.87)
forallu € W' (R%) and all A € R with A > Aq.

Proof. As for part (i) one can follow the proof of Theorem 5.7 with a reference
to Corollary 3.44 instead of Theorem 4.17 in connection with the counterpart of
(5.35). Then one obtains (5.84) and also a counterpart of Corollary 5.9. Similarly
one gets (5.85) as a modification of (5.66). Furthermore, part (ii) is the counterpart
of Theorem 5.11 and Corollary 5.14 (ii). O

The theory of elliptic operators in R”} is in some aspects (but not all) parallel to
the corresponding theory in bounded C *° domains. But some technical instruments
are more transparent in R” . This is the main reason for having a closer look at R’}
in preparation of what follows Recall (5.77), (5.78) and that § (R ) = §(R"

)] R,
as in Proposition 3.39.
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Proposition 5.17. Let f € Lo(R%).
(i) Letu € Wzlo([R ) and

0x;

/Z—( )—(x)dX— /f(X)w(x)dx (5.88)
[Rl‘l

forall ¢ € 8(RY) with trr ¢ = 0. Thenu € W (R%).

(ii) Letu € W (R"}) and

[Z—( )—(X)dX— /f(x)rp(x)dx (5.89)

|Rn Jj=1

ad
orall ¢ € 8(R",. with trp 22 = 0. Thenu € Wy*" (R
v

Proof. Step 1. Letx = (x/, x,) € R", x’ € R"~!. We insert
o(x', xp) =¥ (x', xp) — ¥ (x',—x,) withy € D(R") (5.90)

in (5.88). The arguments in the proof of Theorem 4.11 and Remark 4.33 imply for
the odd extensions

{ u(x’, x,) if x, >0,
U(x) = O-extu(x) =
—u(x’',—x,) ifx, <0,
(5.91)
f(x/, Xn) if x, > 0,

F(x) =0-ext f(x) = {
—f(x',—x,) ifx, <O,

that U € W(R"), F € L,(R"), and

/Z—( )—( )dx —/F(x)w(x)dx, ¥ € D(R). (5.92)

R”

For the justification of the transformation of the left-hand side of (5.88) into the
left-hand side of (5.92) one may approximate u by smooth functions using the R’}
counterpart of Proposition 4.32 (i). However, one gets by (5.92) and (3.30), (3.31)
that

U—-AU=F+U =G € L,(R"), (5.93)

(1+ 52T ) = G(§) € La(R"), (5.94)
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and hence U € W} (R"). This proves u € W7o (R").
Step 2. We insert

(X', xn) = Y (x', xn) + ¥ (X', —x,) withy € D(R") (5.95)

in (5.89). Again by the arguments in the proof of Theorem 4.11 this leads for the
even extensions

u(x’,xn) ifx, >0,
U(x) = E-extu(x) =

u(x’,—x,) ifx, <0,

(5.96)

f(x', xn) if x, >0,
F(x) = E-ext f(x) = " "

f(x, —x,) ifx, <0,
toU € W, ([R") F € L3(R"), and (5.92). By Proposition 3.39 the set §(R"}) is
dense in W (R ). This justifies by approximation the transformation of the left—
hand side of 5. 89) into the left-hand side of (5.92). Otherwise we get by the same
arguments as in Step 1 that U € WZ([R”) and, hence, u € Wz([R ). Furthermore
one obtains
U du '.0) ou

= X s = —

v 8xn 0xp

Hence u € W, " (R%). O

trr — (x',0) = 0. (5.97)

Remark 5.18. We wish to discuss the effect that the identity (5.89) foru € W, (R7))
does not only improve the smoothness properties, u € Wz([R ), but even ensures

that From du (x’,0) = 0 in the interpretation of (5.79) (or (5.97)). Let SL)([R”) be
the restriction of D(R") to R’ (denoted previously for arbitrary domains €2 by
JD(IR”)lg) and let

of

DERL) = {fe:o([k) ( 0):0}. (5.98)

Proposition 5.19. (i) The set D (R R™)Y is dense in w,! (R7).
(ii) The set D(R",) is dense both in WZIO([R ) (also denoted by W (R%)) and
in

f
» 0}. (5.99)

Proof. Step 1. We prove (i). According to Proposition 3.39 it is sufficient to
approximate f € JD(R ) by functions belonging to (5.98). For f € !O([R ) and
e>0let

W2(R" )—{feWz([R ):trp f = trp ——

fEe D(RY), supp [ C{x e R :0 < x, <2¢} (5.100)
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and
(X xn) = f(x',0)x, if0<x, <eandx’ € R* 1 (5.101)

There are functions of this type with
| fewy) (RE)[| <ce forsomec > 0andall e with0 <& < 1. (5.102)
Then fo = f — f¢ € JD([R )" approximates f in W, (R").

Step 2. We prove (ii) for the spaces W2([R ). First remark that f € WZ([R ) can
be approximated by functions

oY (xn) f € W2(R™) (5.103)
where ¢ € D(R*!), ¥ € D(R) with
p(x")=1if|x'| <c¢ and Y¥(x,) = 1if |x,]| <c. (5.104)

Hence we may assume that f € Wz(DQ ) has compact support in [R” Let f; €

JD([R’J‘F) be an approximating sequence of f in Wz([R” )if j — oo. Then it follows
by Theorem 4.24 and its proof that for 0 < || < 1,

3_
(D [;)(x',0) = trr DY f =0 in W2 “(R"™1)if j — co.  (5.105)

This is immediately covered by Theorem 4.24 if & = O or if D¥ = —a% is the
normal derivative. As for tangential derivatives D% = 3xk k=1,. —1, we
have
i i
trr — = —trp, k=1,...,n—1. (5.106)
oxy  0xk

This is obvious if applied to smooth functions and it follows in general from our
definition of traces as limits of traces of smooth functions as indicated several times,
for example in (4.30)—(4.32) (extended to target spaces of type W3 (I')). Next we

use (5.105) for the approximating sequence f; — f € Wz([R ) in W2(R™) to
prove that for || < 2,

/WWWW@M—(DMfﬂWW@MM o€ DR". (5.107)
[Rn

We use integration by parts for f; € {O(E) and get

.ﬂWﬂmme—(DM/ﬁM®%mﬁw%/~w (5.108)

|R" Rn—1
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with at most first order boundary terms for f;. Then (5.107) follows from (5.108),
(5.105) and j — oo. We extend f from R’} to R” by zero. Then one obtains by
(5.107) that

f(x) ifx, >0,
ext f(x) = " (5.109)
0 ifx, <0,

is a linear and bounded extension operator from I/f/zz(ﬂ?’i) into W22([R”). If Fe
W#(R") and

Fp(x) = F(x + h), then F, — F in W/ (R") for h — 0. (5.110)

This is clear for smooth functions, say, ' € D(R"), and follows for arbitrary
F € W7 (R") by approximation. We apply this observation to F = ext f in
(5.109) and i = (0, hy,) with i, < 0 and &, — 0. This proves that F in W2(R")

]
and, as a consequence, f € WZZ([R’J’F) in R can be approximated by f; having
a compact support in R’ . The rest is now a matter of mollification as detailed in

(3.58), (3.61). Hence D(R?) is dense in ﬁ’/22(u21). But the above arguments also
show that D(R™) is dense in I/f/zl([R’j_). O

Exercise* 5.20. Construct explicitly functions f¢ with (5.100)—(5.102).
Exercise 5.21. Let k € N. Prove that D(R” ) is dense in

° ot
WE(RL) = feWzk(uzi):trpa—v];=0for1=o,...,k—1. (5.111)

Hint: Use Exercise 4.27. One may also consult Note 5.12.2 for a more general
result.

5.5 The Laplacian

We are mainly interested in boundary value problems for second order elliptic
differential equations in bounded C *° domains in R” as described in Definition 5.3.
The first candidate is the Laplacian,

Au=—-Au=-Y ——. (5.112)

Usually we reduced questions for Sobolev spaces and elliptic equations in bounded
C* domains to corresponding problems on the half-space R’ . The same will be
done in what follows. This may justify dealing with boundary value problems for
the Laplacian first, both in R’ and in bounded C* domains. We rely now on
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the theory of self-adjoint operators in Hilbert spaces H = L;(2). We refer to
Appendix C where we collected what we need now. We use the notation introduced
there.

The Dirichlet Laplacian in the Hilbert spaces H = L»(R".) is defined by

Apu = —Au  with dom(A4p) = D(RY), (5.113)
and the Neumann Laplacian by
Anu = —Au  with dom(An) = D(R% R")Y, (5.114)

where i)([R )V is given by (5.98). Integration by parts implies that

(Apu, v) /( Au)(x)v(x)dx = / Z—(x)—(x)dx (5.115)
[Rl‘l :

for u € dom(Ap), v € dom(Ap), and similarly,

(Anu, v) / Z (x)—(x)dx (5.116)

for u € dom(Ay), v € dom(Ay). One may consult Section A.3. In particular,
(Apu,u) >0, u € dom(Ap) and {(Anu,u) >0, u € dom(Ay), (5.117)

and hence both Ap and Ay are symmetric positive operators in L,(R"”) according
to Definition C.9. If ¢ > 0, then both Ap + ¢id and Ay + ¢ id are positive-definite.
We choose ¢ = 1 and abbreviate for convenience,

AP = Ap +id and AN = Ay +id. (5.118)

Let A'ID, and AN be the respective self-adjoint Friedrichs extensions according to
Theorem C.13 w1th spectra 0(A%) C [1,00) and 6(A"%) C [1, 00). In particular,

A% dom(4%) 2 Lo(RY),  AY: dom(A%y) 2 Lo(R%) (5.119)

are one-to-one mappings, the corresponding inverse operators exist and belong to
L(L2(R)). Let Wy ((R%) = W (R%), W o(R%), and WY (R™) be as in (5.77),
(5.78) and Proposition 5.19.

Theorem 5.22. Let AP and AN be the above operators in the Hilbert space Ly (R™).

Then one has
HAD = W2 ([R") and HAN = W2 ([R ) (5.120)



5.5. The Laplacian 137

for the corresponding energy spaces, and
AZu =—Au+u, dom(4}) = W7(R%), (5.121)

and
ANu = —Au +u, dom(AY) = W, (R). (5.122)

Proof. Step 1. The density assertions in Proposition 5.19 and (C.36) imply (5.120).

Step 2. In view of the R, counterpart of Proposition 4.32 (i) any u € WZZO([R )
can be approximated in WZ([R ) by functions belonging to

{f e i)([R ) : f(x',0) =0} (5.123)
Then integration by parts and approximation imply

0
((—A +id)u, v) = f ( a—ua—(x) + u(x)v(x))
R}

= (u, (—A +id)v) (5.124)
foru € WZZ’O([Rf’Q and v € W22,0( R’ ). In particular, Theorem C.13 leads to
W7o (R%) C dom((AP)*) N H o = dom(AY). (5.125)

Let u € dom(A%). Then u € Wzlo([R )and AQu = g € Ly(R%). In view of
Remark C.14 one obtains for any ¢ € 8(R’}), trr ¢ = 0, and with f =g—uc
Lo (RY),

/Z@(x)_(x)dx_(*‘%”—”@)z /f(X)w(x)dx. (5.126)
[R” k=1 [Ri

Now one obtains by Proposition 5.17 (i) that u € WZZ’O(Rﬁ). This is the converse
of (5.125). Hence we have (5.121).

Step 3. The proof of (5.122) follows the same line of arguments using the R’}
counterpart of Proposition 4.32 (ii). It follows that i)([R )V according to (5.98) is
dense in W2 v([R ) and one gets a counterpart of (5.124) resulting in

W' (R%) € dom((AM)*) N H v = dom(A}). (5.127)

We have (5.126) with u € dom(A') C W,'(R%) and ¢ € §(R%), trr 3 = 0.
Then one obtains by Proposition 5.17 (ii) that u € W2 "(R" ) which completes the
proof. |
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Remark 5.23. Although Hpp = H Ao = W (R ) is a genuine subspace of
Hyuno= HAN =W, (R} ) a corresponding assertion for dom(A%) and dom(A4'}.)
cannot be Vahd We refer to Note 5.12.3, too.

Remark 5.24. As remarked above one has o(4%) C [1, 00) and 0 (A'}) C [1, 00)
for the spectra of A% and A'Y.. It turns out that

o(A2) = o (4Y) = [1, 00) (5.128)

and
0p(A%) = 0p(A}) = 0, (5.129)

where 0,(A%) and 0, (A} are the corresponding point spectra (collection of eigen-
values, see Section C.1, (C.9)). Hence neither A% nor A’}‘, possesses eigenvalues.

Exercise 5.25. Justify (5.129).
Hint: Prove first that A, given by
Au = (=A +id)u, dom(A4) = WA(R"), (5.130)

is a positive-definite self-adjoint operator in L»(R") and that 0,(A) = @. Use the
Fourier transform. Reduce (5.129) to this case relying on the above technique of
odd and even extensions. We refer also to Note 5.12.4.

Next we deal with the counterparts of (5.113), (5.114) and Theorem 5.22 in
bounded C*° domains €2 in R” as introduced in Definition A.3. First we need the
Q-versions of the Propositions 5.17 and 5.19. The spaces Wzl,o(Q)’ sz,o(Q) and

W22’v (£2) with the C *° vector field v of outer normals have the same meaning as in
Definition 4.30. We use C*°(L2) as in (A.9).

Proposition 5.26. Let 2 be a bounded C*° domain in R" and let f € L,(R2).
(i) Letu € WZI,O(Q) and

/Z—( )—(x)dx —/f(X)so(x)dx (5.131)

ox;

forall ¢ € C®(Q) with trr ¢ = 0. Then u € W7 ().

(ii) Letu € W21 () and

/Z—( o (x)dx —/f(X)so(x)dx (5.132)

ad
for all ¢ € C*(Q) with trr 8_(5 = 0. Thenu € W;"" ().
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Proof. As indicated in Figure 5.3 below we furnish a neighbourhood of yp € T =
d$2 with orthogonal curvilinear coordinates
yi=hj(x), j=1,...,n, (5.133)

such that y, points in the direction of the outer normal v, hence y, = 0 refers
locally to I' = 92 and the level sets y,, = ¢ are parallel to I', where |c| is small.

x) o )

Figure 5.3
Let

n
7=((52) ) and w0y =, v =60, £0) = ).
Xk / jk=1

(5.134)
where u, ¢ and f are as in the proposition. Let J* be the adjoint matrix of the
Jacobian J. The integrands on the left-hand sides of (5.131), (5.132) can be written
as the scalar product (grad u, grad ¢) of the related gradients. In [Tri92a, Sections
6.3.2,6.3.3, pp. 373-378] we discussed in detail the impact of orthogonal curvilinear
coordinates on gradients and the Laplacian. We may assume additionally that J* J
is the unit matrix and that det J = 1 for the Jacobian determinant. Then

(grad u, grad ¢) = (J*J grad v, grad y) = (grad v, grad ¥) (5.135)
and also 5 5
Au(x) = Av(y). trr 22 = IV (o) o, (5.136)
v Jdy,

(We shall not use directly that the Laplacian is preserved, but it illuminates what
happens.) Restricting (5.131), (5.132) to a neighbourhood of a point yy € I" which
corresponds to y = 0 in the curvilinear coordinates, now interpreted as Cartesian
coordinates, then one obtains

/ Z—( 1o = [ oo (5.137)
3)’/ dy;
R}
fory € 8(R) with ¢ (y) = 0if [y| > 1, and either Y(y’,0) =0or a‘” (y',0) =
0, respectively. It follows from Proposition 5.17 and its proof with U and F replaced
by V and G, respectively, that

— AV =G € Ly(K) with,say, K = {y e R" : |y| < 11, (5.138)
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where V € W,}(K) as a counterpart of (5.93). Let y € D(K), then
— A(xV) € Ly(R"), and, hence, yV € WZ(R"), (5.139)

in the same way as in (5.94). This proves v € W near I and u € WA(Q).
Furthermore, u € W22’”(§2) in case of part (ii) of the proposition. |

Remark 5.27. The question arises whether one can always find orthogonal curvi-
linear coordinates (5.133) with the desired properties.

If n = 2, then this can be done even globally in a neighbourhood of I". But
otherwise it is a matter of trajectories of the vector field of normals on a sequence of,
say, (n — 1)-dimensional C*° surfaces F'(x’, 1) = 0 for a parameter A as indicated
inFigure 5.4. The generated trajectories are orthogonal to the surfaces F(x’, 1) = 0
in R". Afterwards one repeats this procedure on a fixed surface F(x’, A1) = 0, and
SO on.

l O F(x'\ ) =0

Xn ; T
I
1 S
N R7—1

Figure 5.4

Next we deal with the €2 counterpart of Proposition 5.19 and a crucial inequality.
Recall that bounded C *° domains in R” according to Definition A.3 are connected.
Furthermore C*°(£2) was introduced in (A.9).

Proposition 5.28. Let Q2 be a bounded C*° domain in R". Let v be the C*° vector
field of outer normals.
(1) The set
0
C®(Q) = {f €C°°(Q):trpa—f =0} (5.140)
%
is dense in W21(§2).

(ii) The set D () is dense both in WZIJO(Q) (also denoted as I/fle (R)) and in

W2(Q) = {f e W2(Q) :trr f = trr g—f: - 0}. (5.141)
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(iii) (Friedrichs’s inequality) There is a number ¢ > 0 such that

/1L <c(/21 (x)

dx i for f € WHQ). (5.142)

Proof. Step 1. As for the proof of the parts (i) and (ii) one can follow the proof of
Proposition 5.19. By Proposition 3.39 it is sufficient to approximate f € C*°(2)
in Wz1 (2) by functions belonging to (5.140). But this can be done in obvious
modification of (5.101), (5.102). This proves (i). Concerning part (ii) one can
follow Step 2 of the proof of Proposition 5.19.

Step 2. We prove part (iii) by contradiction and assume that there is no such ¢ with
(5.142). Then there exists a sequence of functions { f;}72; C W, (2) such that

1/2
L= fjIL2@)] > /(/Z\ £ ()| dx) SN CREE)

In particular, the sequence { f; }7= is bounded in W, (£2) and hence Theorem 4.17
implies that it is precompact in L,(€2). We may assume that

fi = finLy(R) with || f|L2(Q)] = 1. (5.144)

By (5.143) the sequence { f;}72, converges also in V([)/zl (2) (to the same f) and
one obtains

d 0
—f(x) =0, k=1,....n, feW Q). (5.145)
0Xk
In particular, A f = 0in Q. If ¢ € D(L2), then
A(pf) € Lo(Q) and, hence, ¢f € WZ(Q) (5.146)

as in (5.139). Assuming ¢f € WZI (R2) for some / € N, [ > 2, then one gets
Alpf) € WITH(R) and, hence, of € WTH(Q). (5.147)

Consequently, iteration and the embedding (4.87) imply that f is a C*° function
on  with (5.144) and (5.145). Since € is connected it follows f = |Q|~1/2,
However, this contradicts trp f = 0. (|

Remark 5.29. Note that
f(x) ifx e,

ext f(x) = ) (5.148)
0 ifx e Q°=R"\ @,

is a linear and bounded extension operator from fozl () into W,'(R") and from
W2(RQ) into W2(R").
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Exercise 5.30. Let k € N. Prove that D (L) is dense in

o 0!
WE©Q) =1f e Wwk(Q) :trra—v{ =0forl =0,....k—1{, (5.149)

and that ext f in (5.148) is an extension operator from I/%)/Zk (2) into Wzk (R™).

Hint: Use Exercise 4.27, compare it with Exercise 5.21.

After these preparations we come now to the counterpart of Theorem 5.22 for
bounded C*° domains 2 in R” which may be considered as the main result of
this Section 5.5. As before, —A in R” is the Laplacian according to (5.112) and v
denotes the C*° vector field of outer normals on I = Q2.

The Dirichlet Laplacian in the Hilbert space H = L,(2) is given by Ap,
Apu = —Au  with dom(Ap) = D(RQ), (5.150)
and the Neumann Laplacian by Ay,
Anu = —Au  with dom(A4y) = C*(R)", (5.151)

where C°°(2)” is defined in (5.140). As in (5.115) and in (5.116) one concludes
for the scalar product (-, -} in L, (2) that

(Apu,v)g = [( Au)(x)v(x)dx —fZ—( )—(x)dx (5.152)

Q

for u € dom(Ap), v € dom(Ap), and analogously,
(Anu, v)g = [ Z—( )—(x)dx (5.153)

This follows again by integration by parts according to Theorem A.7. In particular,
(Apu,u)g >0, u € dom(Ap), and (Anu,u)g >0, u € dom(Ay). (5.154)

Hence both Ap and Ay are symmetric positive operators in L,(£2) according to
Definition C.9. But compared with the corresponding operators in R’} resulting in
Theorem 5.22 there are now some remarkable differences and the shifting (5.118)
is no longer of any use. Otherwise we rely again on the notation and assertions
in Appendix C. Let in particular Ap 7 and An,F be the corresponding self-adjoint
Friedrichs extensions according to Theorem C.13 and Remark C.17. Then Ap, r
and Ay, F are positive operators in the understanding of Definition C.9 and one finds
(at least) for their spectra,

0(Ap,r) C[0,00) and o(An,F) C [0, 00). (5.155)
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Let W, ((Q) = I/(I)/zl(SZ), W7 4(£2), and W,;*"(R2) be as in Definition 4.30 and
Proposition 5.28. Recall that A € R is called a simple eigenvalue of the self-adjoint
operator A if

dimker(4 — Aid) = 1. (5.156)

Theorem 5.31. Let Q2 be a bounded C *° domain in R" according to Definition A.3
and let v be the C*° vector field of outer normals.

(i) Let Ap,F be Friedrichs extension of the Dirichlet Laplacian (5.150). Then Ap,
is a self-adjoint positive-definite operator with pure point spectrum according
to Definition C.7. Furthermore,

Hao = WH(Q). (5.157)
Ap,pu = —Au  withdom(Ap,r) = W7(R), (5.158)

and
o(Ap,r) C [c,00) (5.159)

with the same constant ¢ > 0 as in (5.142).

(i1) Let An,F be Friedrichs extension of the Neumann Laplacian (5.151). Then
An, F is a self-adjoint positive operator with pure point spectrum. Furthermore,

Hay . = W) (Q), (5.160)
AnFu = —Au  with dom(Ayr) = W,""(Q), (5.161)

and
o (An,F) C [0, 00) (5.162)

where 0 is a simple eigenvalue with the constant functions u(x) = ¢ # 0 as
the related eigenfunctions.

Proof. Step 1. We conclude from (5.152) and (5.142) that Ap is positive-definite.
Then (C.36) and Proposition 5.28 (ii) prove both (5.157) and (5.159) for the Dirich-
let Laplacian. As for the Neumann Laplacian one obtains the corresponding as-
sertions (5.160), (5.162) from (5.153), (C.36) (combined with Remark C.17) and
Proposition 5.28 (i).

Step 2. As for (5.158) and (5.161) one can argue in the same way as in the Steps 2
and 3 of the proof of Theorem 5.22 relying on the one hand on the density assertions
in Proposition 4.32, and on the other hand on Proposition 5.26.

Step 3. Theorem 4.17 and (5.157), (5.160) imply that the embeddings

id: Hay p <> La(RQ), id: Hyy , = L2(Q), (5.163)
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are compact. Then it follows from Theorem C.15 that Ap r, An,F + id, and hence
An, F are operators with pure point spectrum. It remains to clarify what happens at
A = 0 in case of the Neumann Laplacian. Of course, u(x) = ¢ for x € Q belongs
to dom(An,r) and Au(x) = 0. Hence O is an eigenvalue and we must prove that
any eigenfunction is constant. Let u be an eigenfunction for the eigenvalue 0. Then

—Au ug—/Z’—(x)

(5.164)

Hence I, du -(x) = 0 and one obtains by the same arguments as at the end of Step 2 of

the proof of Proposition 5.28 that u is constant. Since €2 is connected it follows that

the eigenvalue 0 is simple and that the constant functions are the only eigenfunctions.
O

Remark 5.32. The energy spaces and the domains of definition for the Dirichlet
Laplacian and the Neumann Laplacian on R according to Theorem 5.22 on the
one hand, and the corresponding energy spaces and domains of definitions for the
Dirichlet Laplacian and the Neumann Laplacian on a bounded C*° domain Q2 as
described in the above theorem on the other hand are similar. But otherwise there
are some striking differences. As mentioned in (5.129), the operators A?, and AN
in L>(R” ) have no eigenvalues at all, but the spectra of Ap r and Ay, F in LZ(Q)
consist exclus1vely of eigenvalues of finite (geometric = algebraic) multiplicity.
Hence both Ap r and An,r in L»(£2) are outstanding examples of operators with
pure point spectrum. We refer to Remark C.16 where we discussed some con-
sequences. In Chapter 7 we return in detail to the study of the behaviour of the
eigenvalues {A;}22, of such operators. Some comments may also be found in
Note 5.12.5 below

Exercise 5.33. In Exercise 4.8 we already considered Poincaré’s inequality (4.28)
for1 < p < ocoinan interval. We deal now with p = 2 and arbitrary bounded C*°
domains €2 in R”.

(a) Prove that

1/2
dx) (5.165)

n 9 2
71zl = e [ 3|5
Q /=1’

for f € W21(Q) with [ f(x)dx = 0 and some ¢ > 0. Let
Q

Wy () = {f e Wl (Q): /Qf(x)dx = 0},
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normed by ||f|W21’M )] = IIVSI]|L2(2)]. Show that
W (Q) = WZI,M (2) & {f is constant on Q},

and A, r is positive-definite on W,} /().

Hint: Modify the proof of (5.142). Use the last assertion of Theorem 5.31.
Recall that C*° domains are connected.
(b) Use (a) to show that

n 2 1/2
(Q/,; dx) + uf(x)dx

is an equivalent norm on W2l (2).
Hint: Modify Step 2 of the proof of Proposition 5.28.

~FIW Q) (5.166)

af
Wj (x)

5.6 Homogeneous boundary value problems

We always assume now that €2 is a bounded C*° domain in R” according to Defi-
nition A.3 and that A, given by

(Au)(x) == D7 aju(x) 5= a”Xk (x) + Z‘”(”a_;‘x) +aou(x), (5.167)
jk=1 J I=1

is an elliptic differential expression according to Definition 5.1 and (5.65), hence
lajlCH I = M, alC@)] = M. [lalC()] = M (5.168)

for all admitted j, k, [/ and some M > 0,

ajp(x) =agj(x) €R, xeQ, 1<jk<n, (5.169)
such that )
Y ap)EE = EEP. xeQ. §eRr, (5.170)
Jjk=1

for some ellipticity constant E > 0. As for C1(RQ2), C(Q) we refer to Defini-
tion A.1. We are now interested in the homogeneous Dirichlet problem according
to Definition 5.3 (1) in WZ%O(Q), where the latter has the same meaning as in (5.11).
So far we got in Theorem 5.31 (i) a satisfactory theory for the Friedrichs extension
Ap,F of the Dirichlet Laplacian written now as (—A)p,

(—A)pu = —Au, dom((—A)p) = W7(R), (5.171)
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and considered as an unbounded operator in L,(€2). What follows is a typical
bootstrapping procedure. We begin with (5.171) and climb up in finitely many steps
from —A to A in (5.167) using the a priori estimates according to Theorem 5.7 and
Corollary 5.14 as an appropriate ladder. As suggested by Corollary 5.14, but also
by the spectral assertions about the Dirichlet Laplacian in Theorem 5.31 (i) it is
reasonable to deal not only with A but with A + Aid where A € C. The starting
point of this procedure is the following perturbation assertion. Let, as usual,

1 ifj =k,
8 = =J (5.172)
0 ifj #k,
where 1 < j, k <n.

Proposition 5.34. Let Q be a bounded C*° domain in R" and let A be a differential
expression according to (5.167) with bounded complex-valued coefficients such that

n n

Z sup |aji (x) — 8k | + Z sup |a;(x)| + sup la(x)| < e (5.173)
jk=1 x€Q =1 x€Q xeQ

for some & > 0. If ¢ is sufficiently small, then

A: sz,o(Q) 2 L,(RQ) is an isomorphic map. (5.174)

Furthermore,
A7V Ly(Q) < Lo(R) is compact. (5.175)

Proof. Step 1. We write A with dom(4) = W7 () as

A= (—A)p+ A4,

- " 0%u " ou (5.176)
Au = — E - R E il .

u jk=1ajk(x) 9%, 0%k + 2 ay(x) ox; + a(x)u,

where dj;(x) = aji(x) — ;. Then
[Au| Lo ()] < c ellul W ()|, u € dom(4) = WS o(), (5.177)

where c is independent of ¢ in (5.173). Theorem 5.31 (i) implies that the inverse
(=A)p! is an isomorphic map of L,(£2) onto W (€2). Choosing & > 0in (5.177)
sufficiently small one obtains

IB| <1 for B =(—A)p'oA: WSo(Q) = W2, (R). (5.178)

Basic assertions of functional analysis tell us that —1 € o(B) = C\ o(B), i.e., —1
belongs to the resolvent set of B according to (C.7). Hence B + id is invertible in
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W22,0 (R2), that is, for any f € L,(S2) there is a unique solution u € WZZ’O(Q) such
that
Bu+u=(=A)' f € Wi(Q). (5.179)

We apply the isomorphic map (—A)p from sz,o(Q) onto L,(£2) and conclude that
Au = (=A)ou + Au = f € L»(R) (5.180)

has a unique solution. Now A is an isomorphic map of WZ%O(Q) onto L,(2).
Step 2. We decompose A1 in (5.175) as

AN (L2(Q) = L2(RQ))
= id(W2(Q) = L2(RQ)) 0 A™H(L2(Q) = W5o(Q)) (5.181)

where the last operator is the above isomorphic map and id is the compact embedding
according to Theorem 4.17. This proves that A~ in (5.175) is also compact. [

Remark 5.35. If ¢ > 0 in (5.173) is sufficiently small, then one has (5.170) for
some E > 0. Hence A according to (5.167) with (5.173) is elliptic, but in general
no longer symmetric. In particular, the spectrum o (A~!) of 47! in (5.175) need
not to be a subset of R. But one has

o(A7) = {0} Uop(4™) (5.182)

according to Theorem C.1. One can extend the definition of the resolvent set o(A),
the spectrum o (4) = C \ 0(4), the point spectrum o, (A) and the geometric multi-
plicity of eigenvalues from bounded operators 7 in the Appendix C.1 to unbounded
operators A in a Hilbert space or Banach space, respectively, in an obvious way
(avoiding the struggle with powers of unbounded operators in connection with
algebraic multiplicities of eigenvalues, also discussed in Note 5.12.6). If A™! is
considered as a compact map in L, (£2) according to (5.175) and A as an unbounded
operator in L, (£2) with domain of definition WZZ,O (2), then the following assertions
are true:

A eo(A) if andonlyif, A'epd™!) ford #0, (5.183)

and
A € 0,(A) if,andonlyif, A7' € a,(A7") for A #0, (5.184)

with
dimker(A4 — A id) = dimker(A~! — A71id) < oo. (5.185)

As for (5.184), (5.185) it is sufficient to remark that

Au = Ay € W7o(Q) if,andonlyif, uw=2147"u € W7((Q)., (5.186)
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whereas (5.183) looks natural, but requires some extra care. Assuming that 0 #
A € 0(A). Then the left-hand side of

(A—2id)A ™' = 447! =17 tid) (5.187)

is a one-to-one continuous map of L, (£2) onto itself (via sz,o(Q))- Then it follows
from the open mapping theorem in the version of [Rud91, Corollary 2.12(c), p. 50]
that the left-hand side of (5.187) has a bounded inverse. Hence A~ € o(A7!).
Conversely, if A™! € o(A™!), then (5.187) implies that (4 — A id) is a one-to-one
continuous map of sz,0 (2) onto L,(£2). Its inverse must be bounded from L, (£2)
onto WZZ,O(Q) and hence into L (£2) by the same reference as above. Consequently

A € o(A). Furthermore, 0 € o(A) and 0 € o(A~!). Thus the spectrum of A
consists of eigenvalues of finite geometric multiplicity. Some further information
may be found in Note 5.12.6.

Theorem 5.36. Let 2 be a bounded C°° domain in R" and let A be an elliptic
differential operator according to (5.167)—(5.170) with its domain of definition
dom(A) = W22,0 (R2). Then there is a positive number A (depending only on E,
M and 2) such that

A+ Aid: WZZ’O(Q) 2 L,(R2) is an isomorphic map (5.188)
forall A € R with A > Ag. Furthermore,
(A+ Aid)7 ' Ly(Q) = Lo(Q) is compact (5.189)

and
1A+ Aid) ™" Ly(Q) = Ly(@)] < S, 4> Ao (5.190)
A

for some ¢ > 0 which depends only on E, M and 2. The spectrum o (A) consists of
isolated eigenvalues of finite geometric multiplicity u = & +inwithé e R, n € R,
located within a parabola

{EmMeR: E+6=Cr} (5.191)
forsome C > 0and &gy € R, see Figure 5.5 below, with no accumulation point in C.

Proof. Step 1. We use Corollary 5.14 (i) where A9 > 0 has the same meaning
as there. Recall notation (5.172). We apply the so-called continuity method. For
0 < 6 < 1 let Ay be the family of elliptic operators

Agu = 0Au + (1 — 0)(—A)u

=— Y ah(x)

J.k=1

0%u
0x; 0xg

" ou
+ l; Gal(x)a—XI + Ba(x)u, (5.192)
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n

2R
_)L%o —fo“ £
Figure 5.5
where
af (x) = Oap(x) + (1 - )8 (5.193)
One may assume 0 < E < 1in (5.170). Then
" —
Y ah(EE = EEP. xeQ EeR, (5.194)

Jhk=1
uniformly in 6. Similarly one may assume that
lafelCt @) = M, Ollalc@)ll <M. Olalc@)I <M (5195

for all admitted j, k, [ and some M > 0 as the uniform counterpart of (5.168). By
(5.66) one has for some ¢y > 0 and ¢, > 0,

1(Ap + A id)ul Lo(Q)]| = e1 [ulWE )] + caAlul La(R)]. u € WR(R).
(5.196)
forall A € R with A > Ag and all & with 0 < 6 < 1. Obviously, 49 = (—A)p
is the Dirichlet Laplacian in the notation (5.171). By Theorem 5.31 and (5.175)
(based on (5.181)) one obtains for 8y = 0 that

Ag, +Aid: WZZ’O(Q) 2 L,(R2) is isomorphic for all A > A, (5.197)
(Ag, + Aid)7: Ly(Q) — Lo(RQ) is compact, A > A, (5.198)
and as a consequence of (5.196),

cad|[(Agy + Aid) T FIL2(Q)] < || f1L2(Q)], A > o. (5.199)
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This leads to (5.190). Now we assume that we have (5.197) for some 0 < 6y < 1.
We intend to apply the perturbation argument of the proof of Proposition 5.34 to

(Ag + Aid)u = Agyu + Au

+(9—90)( Z b,k(x) +Z (x)——l-a(x)u)
k=
He (5.200)

where bjx(x) = ajr(x) — k. If 0 < 6 — 6y < § is sufficiently small, then there
is a uniform counterpart of (5.173). Inequality (5.199) implies (5.190) with A
replaced by Ag, uniformly in 6. Then one

obtains (5.197) and also (5.198), (5.199) with (=A)p  Ag, A
Ag, replaced by Ag. Beginning with 6y = 0 — — %
one arrives at & = 1 in finitely many steps. 0 8 1
This proves (5.188)—(5.190). Figure 5.6

Step 2. It follows from the argument in Remark 5.35 that the spectrum o (A) consists
of isolated eigenvalues of finite (geometric) multiplicity with no accumulation point
in C. Itremains to prove that these eigenvalues are located within a parabola of type
(5.191). Let u = & 4 in be an eigenvalue and u € W22,0(Q) with ||u|L2(RQ)] =1
a related eigenfunction such that £ + in = (Au,u)q. Then integration by parts
leads to

€+in=[[ > g Zaz(x)—u+a(x)|u|2}
& Lik=1

(5.201)

where the first term on the right-hand side is real and can be estimated from below
by E|Vul|? in view of (5.6). We use the standard notation

Vu = (a—”a—”) (5.202)

0x1 0xp

The real part of the remaining terms on the right-hand side can be estimated from
below by

—[||Vul [L2(Q)]* = ce,

where ¢ > 0 is at our disposal. Consequently we obtain for the real parts,

1 +C2/|Vu(x)|2dx > £ > 63/|Vu(x)|2dx—04, (5.203)
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and for the corresponding imaginary part that
1/2
In] < cs(/ |Vu(x)|2dx) + cs. (5.204)
Q

Of interest are only eigenvalues u = & + in where |&| 4 |n| is large. Then it
follows by (5.203), (5.204) for & > 0 large that || < c7 \/E This proves (5.191)
as illustrated in Figure 5.5. |

Remark 5.37. If A € o(A) belongs to the resolvent set of the above operator A,
then for any f € L,(S2) there is a unique solution of the homogeneous Dirichlet
problem

(A—Aidu = f, ueWHQ), trru=0, (5.205)

according to (5.15), (5.16). In particular, for A € o(A) one has (5.188) with A—A id
in place of A+ A id. In the next section we deal with corresponding inhomogeneous
problems. But first we comment briefly on the homogeneous Neumann problem
according to Definition 5.3 (ii). So far we have the satisfactory Theorem 5.31 (ii)
for the Neumann Laplacian Ay r = (—A)y with respect to the C° vector field v
of outer normals. To extend these assertions to arbitrary elliptic operators, say, of
type (5.167)—(5.170) by the above method one would require counterparts of the a
priori estimates in Theorem 5.7 and Corollary 5.14 (i). All this can be done, even
for arbitrary non-tangential C *° vector fields u according to Remark 4.28. But it
is not the subject of this book in which we try to avoid any additional technical
complications. Some comments in connection with the above theorem may be
found in Notes 5.12.1, 5.12.7, 5.12.8.

Exercise 5.38. Let A be an elliptic differential operator with (5.167)—(5.170) such
that its co-normal v4 according to (5.20) coincides with the outer normal v = A,
Prove that

A+ did: W () 2 Ly(R) is an isomorphic map (5.206)

for A > A¢ where A9 > 0 has the same meaning as in (5.74). Formulate and verify
the counterparts of the other assertions in Theorem 5.36.

Hint: Use Theorem 5.31 (ii) as a starter and proceed afterwards as in the proof of
Theorem 5.36 based on (5.74).

5.7 Inhomogeneous boundary value problems

We deal with the inhomogeneous Dirichlet problem as introduced in Definition 5.3 (i)
where A is the elliptic differential expression according to (5.167)—(5.170). We



152 Chapter 5. Elliptic operators in L2

o
denote now the operator A as considered in Theorem 5.36 by A to avoid misunder-
standings, hence

A: dom(A) = W3o(Q) = La(Q). (5.207)

Let Q(/T) be its resolvent set. Then its spectrum 0(/;) = C\ Q(/‘lj) consists of
isolated eigenvalues of finite multiplicity with no accumulation point in C. We
formalise the inhomogeneous Dirichlet problem by

Ty = (A—Aid, trr): dom(Ty) = WA(Q) <> Lo(Q) x W./2(T)  (5.208)
with ' = 92 and A € C. Hence
Thu = ((Au)(x) — Au(x), trr u). (5.209)
Furnished with the norm
I(f. ) 1La(2) x W52 (D) = (L 1L + llg W, 2 (DH2, (5.210)

L,(2) x W23/ 2(1“) becomes a Hilbert space where W23/ 2(F) may be normed as in
Definition 4.20.

Theorem 5.39. Let Q2 be a bounded C *° domain in R" and let T, be given by (5.208)
where Au is the elliptic differential expression according to (5.167)—(5.170). Let

S Q(fi)) where Q(/i)) is the resolvent set of/i) in (5.207). Then
Ty: WA(Q) 2 Ly(Q) x W,/*(T) (5.211)
is an isomorphic map.

Proof. Obviously, T, is a continuous map from WZZ(Q) into L, () x W23/ 2(F).
But it is also a map onto: Let

felyQ). geW,/*(T) and heW2(Q) withtrh=g. (5212)
We used (4.101). Theorem 5.36 implies for A € Q(ff) that there is a function
v e Wgo(Q) with Av—Av = f — Ah + Ah € Ly(9). (5.213)
Then one has for u = v + h € W () that
Au—Au=f and tru=trrh=g. (5.214)
Assuming that for w € W2(Q),

Aw—Aw = f and trrw =g, (5.215)
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then
(A—Aid)(u —w) =0 in L,(R2), trr(u—w)=0. (5.216)

Hence u —w € W22,0(Q)' Since A € Q(/f), one obtains ¥ = w. This shows that

T, is a continuous one-to-one map of W;(2) onto L»(2) x W23/ 2(T"). Thus T, !
is also continuous and

I Tl La() x Wy 2(D)| ~ W)l u € WE(SQ). (5.217)
We refer to [Rud91, Corollary 2.12(c), p. 50]. O

Remark 5.40. In other words, if A € Q(fi)), then the inhomogeneous Dirichlet
problem
Au—Au = f, trru=g, (5.218)

has for given f € L,(2) and g € W23/ 2(I’) a unique solution u € W7(Q2) and
lul W2 @) ~ 11 £ 1L + gl W5 (D). (5219)
Exercise 5.41. Prove the inhomogeneous a priori estimate
lul W2 (@)l ~ [ Au| Lo (@) + ul Lo()]) + [t | W5 2(D)] - (5.220)

for u € W2(2) which is a generalisation of the (homogeneous) a priori estimate
(5.31).

Hint: Use (5.219).

Exercise 5.42. Let A be the specific elliptic differential operator according to Ex-
ercise 5.38, hence v4 = v, and let A € o(A) be in the resolvent set of

A: dom(A) = W,""(Q) = La(RQ), (5.221)
and
U, = (4 —Aid, trp a%): dom(Uy) = W2(Q) <> Lp(Q) x W,/*(T') (5.222)
as the Neumann counterpart of (5.207), (5.208). Prove that
Up: WA(Q) 2 Lo(Q) x WAI), A€ o(A), (5.223)

is an isomorphic map. Show the inhomogeneous a priori estimate

lul W2 ()1l ~ [l AulLo()] + llu| L2(2)]] +

ou
trr - ‘W;”(F)H (5.224)

foru € Wi (Q).
Hint: Consult Definition 5.3 (ii), use the Exercises 5.38, 5.41.
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5.8 Smoothness theory

Theorem 5.39 may be considered as the main assertion of Chapter 5. It solves the
boundary value problem (5.218) for ' € L,(2)and g € W23/ (I ina satisfactory
way, including the stability assertion (5.219) saying that small deviations of f and g
in the respective spaces cause only small deviations of the solution u in WZZ(Q).
What can be said about u if one knows more for the given data, typically like

3
feWk@) and ge W, TII), keNg? (5.225)

The boundary data g are harmless. By Theorem 4.24 (i) the corresponding inho-
mogeneous problem can easily be reduced to the related homogeneous problem in
the same way as in the proof of Theorem 5.39. Hence it is sufficient to deal with
homogeneous problems. Let

Weo(Q) ={f e Wf(Q):ur f =0}, keN, (5.226)

as introduced in Definition 4.30. In the Definitions A.3 and A.1 we said what is
meant by bounded C *° domains and by the space C *°(£2) in R”, respectively, where
n e N.

Proposition 5.43. Let Q be a bounded C*° domain in R" and let A be an elliptic
differential expression according to Definition 5.1 now assuming, in addition, that

{ajk};-’,k=1 CC™(Q), {a;}j—, CC®(Q), aeC>Q). (5.227)
Letu € WZZ’O(SZ) and Au € Wzk(Q) where k € No. Thenu € Wzk’(')"z(Q) and
e W32 (Q) ) ~ 1] Au W Q)] + [[u] L2(R)]]- (5.228)

Proof. Step 1. Ifu € W §?(R), then the right-hand side of (5.228) can be estimated

from above by the left-hand side. Hence we have to prove that u € W2k *2(Q) and
that there is a constant ¢ > 0 such that

lulWET2(Q)|| < ]| Au|WF Q)| + cllu]L2(2)]. (5.229)

Step 2. We wish to use the same reductions as in the proof of Theorem 5.7. But
one has to act with caution since one knows only u € sz,o(Q)- At the end we
argue by induction with respect to k € Ng. Let us assume that we already knew
ue W2k *1(Q) in addition to Au € W2k (2) where k € N. Then one can apply the
localisation argument of Step 2 of the proof of Theorem 5.7. Hence the improved
smoothness u € W2k *2(Q) and (5.229) is a local matter (under the hypothesis that
induction applies). As in Step 3 of the proof of Theorem 5.7 one can straighten
the problem as indicated there but only up to (5.41). The final reduction to elliptic
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expressions with constant coefficients would cause now some problems. In other
words it is only justified to assume that

u € Wi (RY),

suppu C {x Eﬁ: |x| < 1},

Au € WE(R™).

Figure 5.7

Step 3. Let h = (h1,...,hy) € R" with h, = 0 and let A}’ be the iterated
differences according to (3 41). Then Aj'u € W220([R ) acts parallel tol = R"!
and one obtains by Theorem 5.7 (apphed to R")

AT ulW2 (R < cll AQATWIL2 (R + cllAful La@®)[l. (5.230)

Unfortunately A4 has variable coefficients of type (5.227) with R’} in place of .
Recall that for x € R", h € R”,

(AR (feNx) =) ( )(A ) (AR ) (x +rh), (5.231)
r=0

subject to Exercise 5.44 below, see also Exercise 3.19 (a). This implies

A (Au)(x) =A(AFu)(x)+
. - m r m—r 82” D
+ Z Z (r)(Ahajk)(x)Ah m(x + rh) + Ryu(x)
Jk=1r=1 J

=A(A7u)(x) + Rpu(x), (5.232)

where Rpu(x) collects terms w1th and u instead of % 3 . Let Au € Wk (R%).

We assume again that we already knew that u € W'"“([R ) where m € N and
m < k. Let extl be the extension operator according to (3.108) where L is
sufficiently large. Then

extbu e W tH([R™)  and extL(A;l”u) = Af(extL u) (5.233)

using that A}" is taken parallel to ' = R”~1. By the same commutativity property
it follows from (5.232) that

7 (exth Au)(x) = ext® (A(ATu))(x) + exth (Rpu)(x), (5.234)

where extl (Rju) preserves the structure of Ryu. Now (5.230) can be extended
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to R”,
| AT (ext™ u) [ W3 (R™) |
< c|| A} (ext" Au)| La(R™)|| + ]| ext™ (Rpu) | Lo (R")]|
+ || AT (exth u)| Lo (R™)|. (5.235)

By construction ext” (Au) € W2k (R™). We apply Proposition 3.28 and the technique
developed there. With f = ext’(Au) one obtains

(@ — 12

h—2m Am L [Rn 2: e —
| | ” hf| 2( )” J |h|2m|s|2m

EP"1(F £)(E)I*dE

<clfIw"@®MI? (5.236)
uniformly in & with || < 1. The structure of Rju implies the estimates

|17 || ext® (Rpu) | Lo (R || < ¢ [lu|Wy"+H (R)]|
~ |l ext® u| WL R || (5.237)

uniformly in 4. This covers also the last term in (5.235) divided by |#|™™. In view
of (5.235) and the arguments of the proof of Proposition 3.28, especially (3.73),
this leads to

ID*u W (R < ell Aul Wy (R + cllul Wy (RY) | (5.238)
forall @ = (ay,...,0,) with o, = 0 and || < m. Consequently,
DPu e Ly(R%) forall B = (Bi1,...,Bn), |Bnl <2, |Bl <m+2. (5.239)

Since A is elliptic one has a,,(x) > E, hence a;,% (x) € C*°(R"). Then

82
T2 = arn (0| Au() = Y ajk(x> )
1<j k<n
ou
— Z aj (x)a—(x) — a(x)u(x)] (5.240)
=1 A
where Zl< Jk<n Means the summation over all j,k except j = k = n. By

(5.239) one can apply DY with |y| < m and |y,| < 1 and one obtains (5.239) with
|Br| < 3. Iteration gives (5.239) for all || < m + 2, and hence u € W'”+2(IR ).
Now (5.238) implies that

lul Wy 2R < el AulWam (RE) || + clu Wa T (R)|
< N Au|WF R + ¢ llul La(R%) ], (5.241)
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where the latter follows from (4.86).

Step 4. We justify the above induction. By Theorem 5.7 we have (5.228) for k = 0.
Then the Steps 2 and 3 can be applied to k = m = 1, resulting in (5.241) with
m = 1, and hence (5.228) with k = 1. Now it is clear that the above induction
works. 0

Exercise 5.44. Prove (5.231).

Hint: Either use induction or (more elegantly) shift the question to the Fourier side
in view of

FAT(f)E) = e — 1) / F (& — ) Fg(n)dn. (5.242)
[RH

The question arises whether there is a counterpart of Proposition 5.43 related to
the Neumann problem. Recall that A = —A is the Laplacian (5.5). Furthermore,
Wzk (2) and Wzk’” (£2) have the same meaning as in Theorem 4.1 and Definition 4.30
with the C*° vector field of the outer normals y = v.

Corollary 5.45. Let Q be a bounded C*° domain in R*. Let u € WZZ’V(Q) and
Au € WF(Q) where k € No. Thenu € Wi (Q) and

lulWEF2(Q)] ~ [AulWEQ)] + [ulLa(@)]- (5.243)

Proof. The case k = 0 is covered by Theorem 5.11. The proof of (5.59) (hence
(5.243)) is reduced to the localised version in R according to (5.61), (5.62). But
then one can argue as in the proof of Proposition 5.43. O

Proposition 5.43 and Corollary 5.45 pave the way to complement the homo-
geneous and inhomogeneous boundary value problems as considered in the Sec-
tions 5.6 and 5.7 by a corresponding smoothness theory in a satisfactory way. We
always assume that €2 is a bounded C *° domain in R” according to Definition A.3
and that A,

n

9 . 9
(A0() = = 7 @) g () + 3 @) g (0 +alu(), (5:244)
jk=1 7 I=1

is an elliptic differential expression as introduced in Definition 5.1 now with
{ajk};’,k=1 CC™(Q), {a;}j—, CC®(Q), aeC™Q), (5.245)

where C*°(2) is given by (A.9). Let W;(I") with I" = 9<2 be the same spaces as in
Definition 4.20. Otherwise we use the same notation as in Section 5.7. In particular,
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Q(/i)) is the resolvent set of the operator A with a reference to Theorem 5.36. Let
again
Thu = ((Au)(x) — Au(x), trr u) (5.246)

as in (5.209), but considered now for k € Ng as a bounded map
3
Ty = (A — Aid, trr): dom(Ty) = WFT2(Q) — WF(Q) x W2k+2(F), (5.247)

where the latter space, furnished with the norm

k+3 k+3
1AW (@) x Wy, () = (LF WS @17 + llglW, > (D)2 (5.248)
becomes a Hilbert space.

Theorem 5.46. Let Q be a bounded C*° domain in R" and let T) be given by
(5.247) with k € INO where A is the above elliptic dlﬁerentlal operator (5.244) with

(5.245). Let A € Q(A) where Q(A) is the resolvent set of Ain (5.207). Then
Tp: WEF2(Q) 2 WEQ) x WS (5.249)
is an isomorphic map.
Proof. We argue in the same way as in the proof of Theorem 5.39. Let
FeWrQ)., geWSTEM) and he WA(Q) with trh = g,

(5.250)
where we used (4.101). By Theorem 5.36 and A € g(A) there is a function

veWPg(R) with Av —Av = f — Ah + Ah € WS (Q). (5.251)

Proposition 5.43 (with A replaced by A — A id) implies that v € Wzlfsr 2(Q). The
rest is now the same as in the proof of Theorem 5.39. (|

Remark 5.47. In other words, if k € Ng and A € Q(/i)), then the inhomogeneous
Dirichlet problem
Au—Au = f, trru =g, (5.252)

3
where [ € Wzk (RQ) and g € W2k+2(F) are given has a unique solution u €
Wzk *2(Q) and

k+3
e W2 @) ~ £ IWF (@)1 + llglWy (D). (5.253)
Furthermore,
k+3
[l Wy F2(Q)| ~ | Au| WX ()1 + lul La()1] + [l trr ul W, 2(D)]| (5.254)

foru € Wzk *2(Q) in generalisation of Remark 5.40, Exercise 5.41 and the homo-
geneous a priori estimate (5.228).



5.8. Smoothness theory 159

Exercise 5.48. Prove (5.254).
Hint: Use (5.253) and (4.86).

Remark 5.49. In view of Theorem 5.46 and the comments in Remark 5.47 one
has a perfect solution of the (homogeneous and inhomogeneous) Dirichlet problem
in the spaces W5 (Q2) if s = k € Ny. What about an extension of this theory to
arbitrary Sobolev spaces W, (£2), s > 0, as considered in Chapter 4, especially in
the Theorems 4.1 and 4.24? This is possible. We return to this point in Note 5.12.9.

Let again 2 be a bounded C*° domain in R” and v be the C° vector field of
outer normals. So far we know according to Theorem 5.31 (ii) that the spectrum
0 (A) of the Neumann Laplacian A,

Au = —Au: dom(4) = W22’”(Q) — [,() (5.255)
consists of the simple eigenvalue 0 and positive eigenvalues A ; of finite multiplicity

tending to infinity if j — oco. Let 0(A) be the resolvent set. In particular, if
A € 0(A), then the homogeneous Neumann problem

_ 9
Au—du=felyQ), tr a—” -0 (5.256)
V

has a unique solution in sz’v(Q). According to Definition 5.3 (ii) (and as used
before in (5.221), (5.222)) the corresponding inhomogeneous Neumann problem
can be reduced to

9
Uy, = (—A—Aid,trr 8—): dom(Uy) = W2(Q) <> Lo(Q)xW,/A(") (5.257)
Vv
with I’ = 02 and A € C, hence

d
Upu = (— Au(x) — Au(x), trr 8—”) (5.258)
v
We ask for a counterpart of Theorem 5.46 and consider U, now as a bounded map
d 1
Uy = (— A — Aid, trp —): dom(Uy) = WEH2(Q) — WE(Q) x w2 (D)

Jdv
(5.259)
for k € N where the latter space, furnished with the norm

I @) IWE@) < WET2 )] = (LA IVE @I + g Wi 2 ()22 (5.260)

becomes a Hilbert space.
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Theorem 5.50. Let 2 be a bounded C* domain in R" and let v be the C* vector
field of outer normals on T' = 9S2. Let A € 0(A) where 0(A) is the resolvent set of
A in (5.255). Then

1
Uy: WE2(Q) = whk@) < w2 (), (5.261)

is an isomorphic map.

Proof. Relying on (4.102) and Corollary 5.45 one can argue as in the proof of
Theorem 5.46 reducing the problem to (5.256). (|

Remark 5.51. The above result implies that for k € Ng and A € o(A) the inho-
mogeneous Neumann problem

P
—Au—Au=f tr 8—” — g, (5.262)
1%

1
has for given f € Wzk (R) and g € Wzk+2 (I") a unique solution u € W2k+2(S2),
and
k+%
W 2@ ~ LS IWE (@) + llglW, 2 (D). (5.263)

Furthermore,

e W2 Q)] ~ | Au W5 (@)1 + lul L2 ()] +

d 1

trp 2 ‘ w2 () H (5.264)
v

foru e Wzk *2(Q). This is the counterpart of Remark 5.47 and Exercise 5.48.

5.9 The classical theory

In Chapter 1 we dealt with harmonic functions Au = 0 and inhomogeneous Dirich-
let problems in bounded connected domains €2 in R” according to Definition 1.43
for the Laplacian (called there the Dirichlet problem for the Poisson equation for
historic reasons). But only in case of balls 2 = Kr we obtained in Theorem 1.48
a (more or less) satisfactory (i.e., explicit) solution. According to Remark 1.44
with a reference to Theorem 1.37 one has uniqueness for all admitted domains €2
in R”. We return now to the classical theory, more precisely, the C*° theory as an
aftermath of the above L, theory.
As in Section 5.8 we now assume that A4,

(An)@) == 3 @) 7 a”Xk (x) + Zal(x)a—;ll(x) +a()u(x), (5.265)
Jk=1 7 I=1

is an elliptic differential expression as introduced in Definition 5.1 with

{ajK}i =1 CCT(RQ), HAar}jo, CC®(Q), aeC?(Q) (5.266)
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in bounded C*° domains €2 in R” according to Definition A.3, whereas C*°(R2)
has the same meaning as in (A.9). If A with dom(4) = WZZ’O(Q) is considered as

an (unbounded) operator in L,(£2), then we shall denote it by A ,
A: dom(A) = W2o(Q) — La(Q) (5.267)

as at the beginning of Section 5.7. Recall that the spectrum G(z‘f) consists of
isolated eigenvalues of finite multiplicity located as shown in Figure 5.5. As before,

Q(/i)) =C\ 0(/;) is the resolvent set. The spaces C/(I") with I € Ng on the
boundary I" = 92 can be introduced much as in Definition 4.20. Let

Cc>T) =) ciD. (5.268)
=0

Theorem 5.52. Let A be the above elliptic differential expression in a bounded C *°
domain Q in R™.

(1) Let f €e C*(R2), g € C®(T) and A € Q(/T). Then (the classical inhomoge-
neous Dirichlet problem)

Au—Au= finQ and trru=gonl (5.269)
has a unique solution u € C°°(Q2).

(ii) Let A € o(fi)) be an eigenvalue of/(l) according to (5.267) and let u be a related
eigenfunction,
Au=AuinQ and trru=0onT. (5.270)

Thenu € C*°(R2).
Proof. Step 1. Obviously C!(Q) C WZI (Q)and C(I") Wzl (T") for any I € Ny.

Then it follows from Theorem 5.46 and Remark 5.47 that (5.269) has a unique
solution

ue (W Q) =()CQ)=C>). (5.271)
k=0 =0

where we used Theorem 4.17 (i1).

Step 2. If u is an eigenfunction of A according to (5.270) and (5.267), then u €
W7 4(82). Application of Proposition 5.43 with Au € W(R2) gives u € Wy (().
Iteration results in u € C*°(R2). |

Remark 5.53. The Theorems 5.46 and 5.52 give satisfactory answers for the Dirich-
let problem in W2k (2) and in C*°(£2). One may ask for corresponding assertions
in other spaces, for example, ka (£2) according to (4.1) or C k(€2) as introduced in
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Definition A.1. We add a few comments in Note 5.12.10 as far as Sobolev spaces
and Besov spaces are concerned. As for the spaces C k (), k € Ny, the situation
is different from what would be expected at first glance. It turns out that the spaces
C* () do not fit very well in the above scheme. To get a theory comparable with
the above assertions one must modify them by Holder spaces as briefly mentioned
in (3.44) and Exercise 3.20. However, this is not the subject of this book. But we
add a comment on the dark side of C¥(€2) in connection with elliptic differential
equations. The natural counterpart of assumptions for f and g in the context of
a Wzk theory according to Theorem 5.46 and Remark 5.47, respectively, would be
f € C*¥(Q)and g € C¥(I") for some k € Ng. If k > 2 and | = k — 2, then one
can apply (5.252) to

[ e CHQ) = W Q) = W, (Q).
143 (5.272)
g € CK() = WKI) — w, "2 (D).

One obtains a unique solution u € Wzl 2(Q) = Wzk (2) of (5.252). But this is far
from the desired outcome u € C**2(Q). Assuming that (5.252) with f € C¥(Q)
and g € C*(I') had always a solution u € CK*2(Q), then one would get the
counterpart of the a priori estimates (5.253), (5.254),

[ulC*F2(Q)|| ~ [|AulCH Q)] + [ulC(Q)] + [l rr u|CED)].  (5.273)

Questions of this type attracted a lot of attention in the 1960s and 1970s also in
the framework of the theory of function spaces. As a consequence of (5.273) with
A= —Aand k = 0, n = 2 one would obtain

[reaeteo] < |5z \
c =
+ulC®)], ue DR,

9x10x; @) o2 3@ + 2 le®) + T ‘C([Rz)

(5.274)

|5

for some ¢ > 0. But this was disproved in [Bom72]. One may also consult [Bes74],
[KJF77, Section 1.9, p. 52], [Tri78, Section 1.13.4, p. 86] and Note 5.12.11 below
where we return to problems of this type.

Exercise 5.54. (a) Construct a function ¥ € C(RR?) such that all derivatives on the
right-hand side of (5.274) are also elements of C(R?) which disproves (5.274).

Hint: Rely on the same function

1
u(xy,x2) = x1x2 loglog (—)
\/xf + x3

as in the above-mentioned literature, see Figure 5.8 below.

near the origin, (5.275)
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u(xy, x2)

X2

X1

Figure 5.8
1
(b) Why can one not work with #(xy, x) = x1x3 log (—) ?

/.2 2
X7+ x5

2%~ 92~
L u u ..
Hint: Check the continuity of —, — at the origin.
oxy 0x5

Theorem 5.55. Let Q2 be a bounded C*° domain in R" and let v be the C* vector
field of outer normals on T' = 0Q2. Let A according to (5.255) be the Neumann
Laplacian with resolvent set o(A) and spectrum o (A).

() Let f € C®(Q), g € C®((T) and A € o(A). Then (the classical inhomoge-
neous Neumann problem)

el
Au+Au= finQ and trr 8_u =gonT (5.276)
v

has a unique solution u € C°°(Q2).

(ii) Let A € o(A) be an eigenvalue of A and let u be a related eigenfunction,

) ou
—Au=AuinQ and trr 3 = OonT. (5.277)
v
Thenu € C*°(Q).
Proof. This is the counterpart of Theorem 5.52. One can follow the proof given
there relying now on Theorem 5.50, Remark 5.51 and Corollary 5.45. O

Exercise 5.56. (a) Let Q2 be a bounded C*° domain in R”. Prove that there exist
complete orthonormal systems {u;}2,; C C*°(£2) in L(£2).

Hint: Apply Theorem 5.52 or Theorem 5.55 to the (self-adjoint Dirichlet or Neu-
mann) Laplacian.

(b) Apply (a) to prove that

{ \/Zsin(mx)} and { l} ) { \/ZCOS(H’[X)} (5278)
T m=1 4 T m=1

are complete orthonormal systems in L, (/) with I = (0, ).
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5.10 Green’s functions and Sobolev embeddings

One of the main problems in the classical theory of the Dirichlet Laplacian is
the question of whether Green’s functions according to Definition 1.10 exist. We
discussed this point in Remark 1.11. So far we have a satisfactory answer in Theo-
rem 1.12 only in case of balls. We refer also to Exercise 1.18. Recall our definition
of C*(£2) in (A.9).

Theorem 5.57. Let Q2 be a bounded C *° domain in R" according to Definition A.3
where n > 2. Then there exists a (real uniquely determined) Green’s function
g(x%, x) according to Definition 1.10. Furthermore, for any x° € Q and & > 0,

g(x’.) € C¥(Q\ K:(x0) (5.279)
IfFK(x%) ={yeR':|y—x° <e} CQ, and
gxt, x?) = g(x%,x), x'eQ, x? e Qwithx! # x2. (5.280)
Ifn > 3, then

1 1
(n = Dwn| |x — x0p=2°

0 < g(xo,x) < xe, x%eQ, x ;éxo. (5.281)

Proof. If fi) = —A is the Dirichlet Laplacian in (5.267), then it follows from
Theorem 5.31 (i) that 0 € Q(/i)). Theorem 5.52 (i) with A = —A and A = 0 implies
that (1.27) (with the usual modifications in case of n = 2) has a unique (and thus
real) solution ® € C°°(£2). This proves the existence (and uniqueness) of the
(real) Green’s function and covers also (5.279). The remaining properties (5.280),
(5.281) follow from Corollary 1.28 (in case of (5.280) extended to n = 2). O

Exercise* 5.58. Is there a direct counterpart of (5.281) for n = 2?

The classical inhomogeneous Dirichlet problem for the Laplacian with f €
C>®(Q)and ¢ € C®(T"), ' = 902, as formulated in (1.29), can now be solved
by (1.28). In particular, if A=—Ain (5.267) is the positive-definite self-adjoint
operator with pure point spectrum according to Theorem 5.31 (i), then its compact
inverse (—A)~! in L,(2) can be represented by

(AN 7f(x) =u(x) = /g(x,y) f(y)dy, xeQ, (5.282)

Q

at least if f € C°°(2). Let y be the characteristic function of a ball in R” such
that y(x —y) = 1if x € Q, y € Q. Weextend f € C*(Q2) outside 2 by zero.
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Let n > 3; then (5.281) implies for x € €2 that

- - x(x—)
(—A)7 (o) _c/muwdy

/ - |,,+S £ ()ldy (5.283)

for 0 < e < 2. We apply Theorem D.3, with p = 2, ¢ = n — 2 + ¢, ¢ near 2 and
q > p = 2. Then one obtains for f € C*°(R2),

I(=A)"" fIL2AQ)] < el (=) FILg() < I fIL2()]. (5.284)

Hence the right-hand side of (5.282) is a bounded operator in L,(£2). Then it
follows by completion that the inverse operator (—A)~! can be represented for all
f € Ly(2) by (5.282). But (5.284) shows that one gets more.

Theorem 5.59. Let 2 be a bounded C*° domain in R" wheren € N. Let p*, given

by
1 1 2
—=—-——= forn=>5, (5.285)
p* 2 n
be the Sobolev exponent. Then
id: WZZ(Q) — L,(R2) (5.286)

is compact if
I1<p=<oo forn=1,2,3,

l<p<oo forn=4, (5.287)
1<p<p* forn>5.
Furthermore, id in (5.286) is continuous, but not compact if

p=p* forn=>5. (5.288)

Proof. Step 1. Letn = 1, 2 or 3. Then it follows from Theorem 4.17 (ii) with
s =2and !/ = 0 that

id: WA(Q) = C(Q) — Ly(Q), 1<p<oo, (5.289)

is compact where we used the boundedness of €2 in the last embedding. This covers
the first line in (5.287).

Step 2. Letn > 5 and p* as in (5.285), hence 2 < p* < oo, complemented by
p* = oo if n = 4. The continuity (compactness) of id in (5.286) can be reduced

to the continuity (compactness) of

ido: W2(R) = Lp(Q) (5.290)
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where WZZ’O(Q) has the same meaning as before, e.g., as in (5.11). This follows
from the extension Theorem 4.1 where one may assume that the extension operator
in (4.8) is multiplied with a suitable cut-off function in R”. We decompose idg into

ido(sz,o(Q) = Lp(2))
= (—A) N (L2(Q) = Lp(R)) o (—A)(W5((Q) = Lr(RQ)) (5.291)

where the latter is an isomorphic map according to the above consideration and we
may assume that (—A)~! is given by (5.282). We apply the Hardy-Littlewood—
Sobolev inequality, Theorem D.3, in the same way as in (5.283), (5.284) with
o =n—24¢,0<e <2, preplaced by 2 and g replaced by p, respectively, hence
n—2+¢ 1 1 e

=T =42 (5.292)

n 1
p n 2 p* n

2—¢

2 <

’

and
0<e<2, 1<p<p* ifn=4,

. . (5.293)
0<e<?2, 1<p<p* ifn>5,

using, in addition, that €2 is bounded. Then Theorem D.3 covers the continuity
assertions in the above theorem if n > 4.

Step 3. We prove the compactness of id given by (5.286). Theorem 4.17 implies
that the embedding
id: WA(Q) = Ly(Q) (5.294)
is compact. Hence the unit ball U in
% W2(S2) is precompact in L, (2) and for
any ¢ > 0 there exists a finite e-net for the
p image of U in L,(f2), that is, there ex-
& ist finitely many elements { gk}ffl) cU
S such that for any g € U there is at least
pod one k with

Lo lg = glL2(Q)] <& (5.295)

' : Let2 < p < ¢ < p* as indicated in
, 1 Figure 5.9 aside with

1 1-6
— = 4
P q

N SRRRREE
—_ 4
=

Q= 4
S =

|
T
1
F

NSRS

Fi 5.9
reure for some suitable 6 € (0, 1).

Since (5.286) with ¢ in place of p is continuous, Holder’s inequality implies

g — gkl Lyl < cllg — gkl Lo (@)1 llg — glL2()))? < ' (5.296)
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for any g € U and appropriately chosen g;. Hence {gx }ffl) isan & = ¢’¢?-net in
L,(2). This proves that id is compact in all cases covered by (5.293) (using again
the boundedness of €2).

Step 4. Tt remains to show that id in (5.286) is not compact when p = p* and
n > 5. Let ¢ € D(R"™) be a not identically vanishing function and

0i(x) =275 Pp2/x —x/), x/eQ,jeN, (5.297)

such that

suppe; C Q, and suppe; Nsuppyg =9, j # k. (5.298)

Figure 5.10

Then one obtains
loj IWZ (@) <c¢ and lg; — gi|Lp=(Q)] = ¢’ (5.299)

for some ¢ > O and ¢’ > O and all j,k € N with j # k. This shows that {¢;}; is
bounded in W,*(2), but not precompact in L= (£2). |

Remark 5.60. Continuity and compactness of the embedding in (5.286) are special
examples of the famous Sobolev embedding, the never-ending bargain

‘Give smoothness and you get integrability.’

It goes back to S.L. Sobolev [Sob38] and as far as limiting embeddings of type
(5.285) with p = p* in (5.288) are concerned to [Kon45]. We refer also to [Sob91,
§6] including Sobolev’s own remarks concerning the limiting case. We add a few
comments about these embeddings in Note 5.12.14.
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5.11 Degenerate elliptic operators

So far we considered the homogeneous Dirichlet problem for elliptic differential
expressions A of second order,

n

02 - 0
(A0 = = 3 () g () + @) () +atu(o), (5300)
jk=1 J I=1

according to Definition 5.1 in bounded C*° domains 2 in R” (as introduced in
Definition A.3) as (unbounded) operators in L, (£2) with domain of definition

dom(A) = W7(Q) ={f € WS (Q) :trp f =0} (5.301)
and I' = 0Q. If we strengthen (5.1) by (5.168), that is,
{aj) pmy € CHR), )], CCHRQ), a e C(Q), (5.302)

then we can apply Theorem 5.36 where we now assume (without restriction of
generality) that 0 € o(A). In particular,

A7" Ly 2 WE4(Q) s isomorphic,

. (5.303)
A7 La(R) — Lo(R2) is compact.

There are several good mathematical and physical reasons to have a closer look at
degenerate elliptic operators typically of type

d(x)A, Ad(x), or di(x)Ady(x), (5.304)

where d, d; and d, are singular functions, for example, like d(x) = |x — x°|*%,
x% € Q, x € R (including x = 2 — n as in the Newtonian potential (1.77)),
d(x) = dist(x,I')*, x € Q, ¥ € R, or some singular potentials of quantum
mechanics. We return to related questions later on in the Chapters 6 and 7 in greater
detail.

At this moment we wish to demonstrate how the results of the preceding Sec-
tion 5.10 including the Sobolev embeddings can be used to say something about
degenerate elliptic operators of type (5.304). If dy, d, are ‘rough’, then there is a
problem with the domain of definition. This suggests to deal with the ‘inverse’,

B =by, A7 by with A7! asin (5.303), (5.305)

where by, b, are (singular) functions. One may think about dib; = dyb, = 1 in
the context of (5.304).

Theorem 5.61. Let Q2 be a bounded C°° domain in R™ where n € N and let A be
the above elliptic operator according to (5.300)—(5.303).
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(1) Let1 <n <3,2<p <00, and

11 1
bi € Ly(Q) with ~ =2 —— and by € Lp(Q). (5.306)
q p

Then B,
B=by A" by Ly(Q) = Ly(Q) (5.307)

is compact.

2 *
= < < <
= Assume2 < p < p*, 1 <r <00,

. . 1 _ 1
(ii) Letn = 4 and p* be given by ¥ =3

1 <r, <oo, and
1 1 1 1 1 2
by e L, (), by e L, () with— = - — —and — + — < —. (5.308)
rn 2 p ro ra n
Then B according to (5.307) is compact.

Proof. Letn > 4; then we have the situation as indicated in Figure 5.11 below.

s 5 It follows from Holder’s inequality,
24 b W;0(€2) (5.303) and Theorem 5.59 that

B=bhbyoidoA  ob; (5.309)
with
b]l LP(Q) —> Lz(Q),
AT Ly (Q) = Wiy (Q).
id: WZo(Q) = Lu(R),
byt Ly(R2) — Ly(R).

A 47!
(5.310)

—_—

1 1

2 p
N is compact since id is compact. If 1 <
n < 3, then one may choose u = oo
and (5.306) implies that B is compact.
Figure 5.11 (]

Remark 5.62. According to the Riesz Theorem C.1 the spectrum of the compact
operator B in L, (2) consists of the origin and at most countably many eigenvalues
different from zero. Let0 # p € o,(B)and f € L,(2) be arelated eigenfunction,

by A7V by f = Bf = uf. (5.311)

Assume that b, # 0, then substituting f = byg, b = b1by, A = 1 leads formally
to
Ag = Ab(+)g. (5.312)
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This type of modified eigenvalue problem attracted some attention originating from
physical questions. One may consider the above theorem (combined with Theo-
rem C.1) as a rigorous reformulation of (5.312) trying to compose given b = b1 b,
optimally and looking for a suitable p such that Theorem 5.61 and (5.311) can be
applied. We add a few comments in Note 5.12.15.

5.12 Notes

5.12.1. Chapter 5 dealt with Dirichlet and Neumann boundary value problems for
elliptic differential expressions of second order according to the Definitions 5.1 and
5.3 in the framework of an L,(€2) theory where Q2 is a bounded C*° domain in
R”. In case of the Neumann problem we mostly restricted our considerations to
the Laplacian (5.5) and the C*° vector field u = v in (5.17) of outer normals on
I' = 0. This theory can be extended to other basic spaces than L,(£2) and to
more general (elliptic) differential operators, say, of order 2m withm € N,

Au= )" a,(x)D*u= finQ, ayecC®Q). (5.313)

loe|<2m

called properly elliptic if (5.4) is replaced by

D ag(x)E* #0 forallx € Q. 0#E € R (5.314)

|le|=2m

Typically the boundary conditions in (5.15), (5.17) are generalised by

Bju = Z bjg(y)trr DPu = gionT, bjgeC™), (5.315)
|BI<k;
where j =1,...,m,and k; € No with
0<ki<ky<---<ky <2m. (5.316)

Several other conditions both for 4 in (5.313), the boundary operators B; in (5.315)
and, in particular, their interplay are needed to obtain a satisfactory theory general-
ising the Theorems 5.39, 5.46, 5.50. This is one of the major subjects of research in
analysis since the late 1950s up to our time. As far as an L, theory is concerned we
refer to the celebrated book by S. Agmon [Agm65]. The extension of this theory
to L, spaces with 1 < p < oo is more difficult and attracted a lot of attention.
It may be found in [Tri78] including many references, especially to the original
papers. One can replace L, with 1 < p < oo by Hélder—Zygmund spaces €*
or spaces of type B;, ,, F,, , as mentioned briefly in Notes 3.6.1, 3.6.3 (restricted

p.q°
to 2). The corresponding theory in full generality has been developed in [FR95]
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and may be found in [RS96, Chapter 3]. We restrict ourselves here to an outstand-
ing example which goes back to [Agm62] (we refer for formulations also to [Tri78,
Sections 4.9.1, 5.2.1]):

Letm € Nandk € Ng withk < m. Let Q be a bounded C°° domain in R”
and | be a non-tangential C* vector field on I' = 0. Let A in (5.313) and B;
in (5.315) be specified by

3k+j_1u 5
Au = (=A)"u, Bju =trr (W + Z big(y)D u), (5.317)
1Bl<k+j—1
where j = 1,...,m and bjg € C®°(I"). Then one has full counterparts of the

appropriately modified Theorems 5.36, 5.46 in the framework of an L, theory with
1 < p < oo (may be with exception of (5.191)).

5.12.2. Proposition 5.19 plays a crucial role in our arguments. The density asser-
tions proved there can be extended in several directions. Let Wpl (R") with [ € N
and 1 < p < oo be the spaces considered in Theorem 3.41. Then D(R”) is dense
in

o ok f _
WIHRY) =1 f € WH(RY) : trp %= Owithk =1,...,1—1 (5.318)
where we used the same notation as in connection with (5.99), in particular,

akf o okf

=2 (x0)=0 k=1,....1-1 (5.319)

trp —2 = —2
vk oxk

The case p = 2 is covered by Exercise 5.21. Otherwise we refer to [Tri78, Sec-
tion 2.9.1, p. 211] where one finds also further assertions of this type.

5.12.3. In Appendix C, especially in the Sections C.2, C.3 we collected some as-
sertions about self-adjoint and positive-definite operators in Hilbert spaces where
the energy spaces and Friedrichs extension according to Theorem C.13 and Re-
mark C.14 were of special interest for us. For operators A as in (C.34) there is
an elaborated spectral theory which, in particular, gives the possibility to introduce
fractional powers A%, x € R, of Ar with their domains of definition dom(A% ).
Of special interest is the observation that

dom(\/ A p) = H,4 (the energy space). (5.320)

We refer for details again to [Tri92a, Chapter 4]. In the concrete case as considered
in Theorem 5.22 and the Remarks 5.23, 5.24 one gets for the shifted Dirichlet
Laplacian and Neumann Laplacian,

dom(@) = WL (RY), dom(@) = W (RY). (5.321)
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5.12.4. In connection with the (abstract) Theorem C.3 and the concrete assertions
about the spectrum of the Dirichlet Laplacian and the Neumann Laplacian, respec-
tively, in Remark 5.24 and Exercise 5.25 we add a comment about the resolvent set
0(A) and the spectrum o(A4) = C \ o(A) of a self-adjoint operator A in a Hilbert
space. We prove in Theorem 6.8 below that A € o(A) if, and only if, there is a
number ¢ > 0 such that

|Ah — Ah|H|| > c||h|H| forall h € dom(A). (5.322)

Hence A € 6(A) if, and only if, there is no such ¢ > 0 with (5.322). In other words,
A € 6(A) if, and only if, there is a sequence

{h}%, C dom(A), |hj|H| =1, Ahj—2Xh; —0if j - o0, (5323)

If there is a converging subsequence {Ej J72o of {hj}72,, then i = lim; o0 Zj is
an eigenelement of A and, hence, A € 0,,(A) belongs to the point spectrum. On the
other hand, a sequence {/,}; according to (5.323) is called a Weyl sequence (of A
corresponding to A € C) if it does not contain a converging subsequence and

0e(A) = {A € C : there is a Weyl sequence of A corresponding to A} (5.324)
is called the essential spectrum of A. Then
0(A) = 0,(A4) U 0e(4) CR. (5.325)
In particular, by (5.128), (5.129) one has
0(AR) = 0e(AR) = [1,00), 0 (AR) = 0e(Al) = [1,00) (5.326)

for the shifted Dirichlet Laplacian and Neumann Laplacian in R”, , respectively. If
one replaces R’} by a bounded C*° domain €2 in R", then Theorem 5.31 implies a
totally different assertion,

0e(Ap,F) = Oc(An,F) = 0. (5.327)

A discussion of various types of spectra in the context of quasi-Banach spaces may
be found in [ET96, Section 1.2]. We return to problems of this type in the Chapters 6
and 7 in greater detail.

5.12.5. Let ©2 be a bounded C*° domain in R” according to Definition A.3 which
means in particular that €2 is connected. According to Theorem 5.31 (ii) the Neu-
mann Laplacian (5.161) is a positive operator in L,(£2) with pure point spectrum.
Its smallest eigenvalue is O and this eigenvalue is simple in the understanding of
(5.156), the related eigenfunctions are constant in 2. By the same theorem the
Dirichlet Laplacian

Appu = —Au, dom(Apr) = W5 o(RQ), (5.328)
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is a positive-definite operator in L, (£2) with pure point spectrum. Its smallest eigen-
value, denoted by A, is positive (obviously) and simple (remarkably). Furthermore,
according to Theorem 5.52 one has

u € C*(RQ) for the eigenfunctions — Au = Au in Q. (5.329)

It has been observed by R. Courant in 1924, [CHS53, pp. 398/399] that any such
(non-trivial) eigenfunction (5.329) has no zeros in €2 (called ‘Nullstellenfreiheit’ by
him) and, hence,

ux)=cUx), ceC,c#0, Ux)>0inQ. (5.330)

Courant’s strikingly short elegant proof of (5.329), (5.330) on less than one page
entitled

‘Charakterisierung der ersten Eigenfunktion durch ihre Nullstellenfreiheit’

indicates what follows in a few lines. Based on quadratic forms Courant relies (as
we would say nowadays) on W, arguments. But he did not bother very much about
the technical rigour of his proof. A more recent version may be found in [Tay96,
pp. 315/316].

5.12.6. The Riesz theory as presented and discussed in Theorem C.1 and Re-
mark C.2 stresses the algebraic multiplicity of the non-zero eigenvalues of compact
operators in (quasi-) Banach spaces. Formally one can extend the notion of alge-
braic multiplicity according to (C.11) to unbounded operators A in Hilbert spaces
and Banach spaces, respectively. But then one may have some trouble with the
domains of definition of the powers of A whereas the geometric multiplicity does
not cause any problems at all. We discussed this point in Remark 5.35 where A
is the elliptic operator (5.167) underlying Proposition 5.34 and Theorem 5.36. As
for the algebraic multiplicity of u € o,(A) it might be better to shift this ques-
tion to its compact inverse 7 = A~ and u=! = 1 € 0,(T) in (C.11) (assuming
0 € 0(A)). One may replace A~! by any (4 — xid)™! with % € o(A4). A detailed
discussion about these questions may be found in [Agm65, Section 12, especially
pp- 179-181]. Recall that

o0
ue | Jker(A™ = 27Nd)*, A € op(4). (5.331)
k=1

is called an associated (or generalised) eigenelement with respect to A and A. As
discussed in Theorem C.15 and Remark C.16 the eigenelements of self-adjoint
(positive-definite) operators with pure point spectrum span the underlying Hilbert
space. One may ask for conditions ensuring that associated eigenelements of non-
self-adjoint operators span the underlying Hilbert space. The abstract theory has
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been developed in [GK65]. Some information may also be found in [Tri78, Sec-
tion 5.6.1, pp. 394/395]. Corresponding assertions with respect to elliptic dif-
ferential operators of order 2m as briefly mentioned in Note 5.12.1 (covering, in
particular, elliptic operators of second order as treated in this chapter) may be found
in [Agm65, Section 16] and also in [Agm62]. We return later on in Section 7.5 to
this point.

5.12.7. Let A be a (closed) densely defined operator in a Hilbert space or a Banach
space such that (—oo, Ag] C 0(A) for some A9 < —1. If there is a d > 0 such that

[(4—=rid)7Y < % forall A < Ao, (5.332)

then one says that the resolvent R = (A4 — A id)~! has minimal growth. A typical
example in our context is the operator A in Theorem 5.36 with (5.190). There is no
better decay than in (5.332). We must even have d > 1. We prove this assertion by
contradiction assuming that we have (5.332) with d < 1. Obviously

A—pid=(A—-Aid)[id — (u —A)Ry] foru € C. (5.333)

However, both operators on the right-hand side are invertible for some A < A¢, the
second one according to the Neumann series applied to

|l — Al

= AR = d
Al

—d <1 if|A] = oo. (5.334)

Furthermore,
[Rull < C [[Rall — 0 if [A] — o0, (5.335)

where C may be chosen independently of n. Hence R, = 0 which is a contra-
diction. Operators A in Hilbert spaces and Banach spaces with resolvents hav-
ing minimal growth according to (5.332) are the best possible generalisations of
(unbounded) self-adjoint operators in Hilbert spaces. Several properties of self-
adjoint operators in Hilbert spaces can be extended to this distinguished class of
(unbounded) operators, including integral representations (as a weak version of
spectral representations), fractional powers and their domains of definition in terms
of (real and complex) interpolation spaces. One may consult [Tri78, Sections 1.14,
1.15] where one finds also the necessary references to the original papers.

5.12.8. In Step 1 of the proof of Theorem 5.36 we relied on the so-called continuity
method which has been used before in [LU64, Chapter III, §§1,3] and [GTO1,
Section 6.3] for similar purposes.

5.12.9. For a bounded C*° domain €2 in R” with boundary I' = 02 we have by
Theorem 4.24 that for s > 0,

s+2 s+3 s+2 s+3
trr: W5 (Q) = W, (), tr W, (Q) =W, *(I'). (5.336)
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We used this observation with s = k € Ng in the proof of Theorem 5.46. In
particular 7}, given by (5.246), generates the isomorphic map according to (5.249).
It is quite natural to ask whether this assertion can be extended from the classical
Sobolev spaces Wzk (2) with k& € Ny to arbitrary Sobolev spaces W' (£2) with
s > 0. By Theorem 4.1 and Proposition 4.22 we have for all spaces W3 (2) and
W3 (I') with s > 0 natural intrinsic norms. One can extend (5.249) from k € Ny
to s > 0 by real or complex interpolation. The corresponding theory is beyond the
scope of this book, but all that one needs can be found in [Tri78]. An interpolation
method, say, the so-called complex method |-, ]9, constructs a new Banach space

Xg = [Xo, X1]s, 0<6 <1, (5.337)

from two given (complex) Banach spaces Xg, X1, say, with X; C Xy. In case of
the above Sobolev spaces one obtains for 0 < 59 < 57 < 00,

WS(Q) = [W,°(Q). Wy (Q)]g. s = (1 —6)so + 051, (5.338)

hence an ‘intermediate’ space. One can replace 2 in (5.338) by I' = 02. Then the
so-called interpolation property extends immediately (without any further consid-
erations) the isomorphism (5.249) from 0 < 59 = kg € No and 59 < 57 = k1 € N
to all s > 0. In other words one gets the following assertion:

Under the hypotheses of Theorem 5.46 the operator T), given by (5.246) generates
for all s > 0 an isomorphic map

T WSH2(Q) 2 WHQ) x Wi (D). (5.339)

5.12.10. We asked in Remark 5.53 for extensions and modifications of the L, theory
subject of this chapter and also of the preceding Note 5.12.9. Recall that we have
for the spaces ka () with k € Ng and 1 < p < oo satisfactory intrinsic norms
according to Theorem 4.1 (i1). An extension of the classical Sobolev spaces ka (Q)
to the Sobolev spaces H;(£2) with 1 < p < oo and s > 0 has been indicated in
Note 4.6.4 as the restriction of the corresponding spaces on R” according to (3.140)—
(3.142). In particular,

HE(Q) = WF(Q) ifkeNgand 1 < p < oo. (5.340)

As for traces of HIf(Q) on I' = 92 we recall (4.153). Then (5.336) can be
generalised by

s+ s+

tr: HIY2(Q) < By (). trp HSY2(Q) = By ). (5341)
where BJ (I') are the same Besov spaces on I as in Note 4.6.4. One can extend

the 1somorphlsm (5.339) as follows:
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Under the hypotheses of Theorem 5.46 the operator T), given by (5.246) generates
foralls > 0andall 1 < p < oo an isomorphic map

_1
Ty: HIY2(Q) 2 HI(Q) x By 7 (D), (5.342)

For a proof of this assertion, diverse modifications and also the generalisations to
elliptic differential equations of higher order as indicated in Note 5.12.1 we refer
to [Tri78]. In case of p = oo one must replace the Sobolev—Besov spaces in
(5.342) by respective Holder—Zygmund spaces €° on 2 and on I" as restrictions
of corresponding spaces € (R") according to Note 3.6.1, especially (3.146), to 2
and I'. Then one gets that T} is an isomorphic map

Ty: €5T2(Q) 2 €5(Q) x €5T2(IN) (5.343)

for all s > 0. One may consult [Tri78, Section 5.7.3] or, better, [Tri83, Sec-
tion 4.3.4].

5.12.11. Whereas the assertions of the preceding Note 5.12.10 for the Sobolev
spaces H, (§2) and the Holder—Zygmund spaces € (§2) are satisfactory we indicated
in Remark 5.53 that nothing of this type can be expected in terms of the spaces
Ck(Q) with k € Ng. Let

Q=K=K(0)={xeR?:|x| <1} (5.344)

be the unit circle in the plane R? and let I' = dQ = {y € R? : |y| = 1} be its
boundary. Let ¢ € D(K) with ¥ (0) # 0 and ¥ (y) = 0if |y| > &. Then

f(x) =Auy)(x) € C(K), (5.345)

where u is the same function as in (5.275), assuming that ¢ > 0 is sufficiently small.
Then the homogeneous Dirichlet problem

Av(x) = f(x)ifx e K, v(y)=0if|y| =1, (5.346)

has a unique solution which belongs to W22,0(K ) as a consequence of Theorem 5.31.
By Exercise 5.54 the unique solution v = ur of (5.346) does not belong to C2(K).
This disproves (5.273) with k = 0 and makes clear that nothing like (5.343) can
be expected. Essentially, the end of Remark 5.53 and Exercise 5.54 are refor-
mulations of this negative assertion in terms of function spaces. There one finds
also a few related references. As a consequence the Dirichlet problem for the
Poisson equation according to Definition 1.43 has not always a classical solution
u € C(Q) N C?c(Q) for given f € C(Q) and ¢ € C(I'). This nasty effect
is known for a long time and usually discussed in literature in terms of counter-
examples. Almost the same counter-example as above was used in [LL97, p. 223],
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whereas different ones may be found in [GTO1, Problem 4.9, p. 71] and [Fra00,
Exercise A.29, pp. 217/218]. Closely related to assertions of type (5.343) for the
Laplacian in terms of Holder—Zygmund spaces, but also to the questions discussed
above is the problem of the smoothness of the Newtonian potential N f according
to (1.77) in dependence on the smoothness of f. This was the decisive ingredient
in Theorem 1.48. So far we proved in Theorem 1.45 that u = N f € C>I°°(R")
if f € C?(R") has compact support in R”. But this assertion can be strengthened
(with some additional efforts) in a natural way as follows. Let €°(R") be again the
Holder—Zygmund spaces as used in Note 5.12.10 with a reference to Note 3.6.1.
Then

u=NFf e€>(R") locally, if f € €5(R"), (5.347)

0 < s < 1, and supp f compact. Furthermore,
Au(x) = f(x), xeR" (5.348)

A proof of this well-known assertion may be found in [Fra00, Theorem A.16,
p- 211]. Moreover, the above-mentioned counter-example [Fra00, Exercise A.29,
pp- 217/218] makes also clear that there are compactly supported functions f €
C(R?) such that u = N f satisfies (5.348), but does not belong to C2:1°°(R?).

5.12.12. Let 2 be a bounded C *° domain in R”. Then it follows from Friedrichs’s
inequality in Proposition 5.28 (iii) that

(u, v) A1@) Z /8xj (x) —(x) dx (5.349)

is a scalar product generating an equivalent norm in H! Q) = ﬁ/zl (£2). One obtains
by the same inequality that for given f € L,(R2),

ve HY(Q) — (/. V)1,(Q) = / F(x)v(x)dx, (5.350)

is a linear and bounded functional on /! (£2). Hence there is a uniquely determined
u € H'() such that

U 0) g1 = (Pla@, ¢ € D). (5.351)

Here we used that D (€2) is dense in H! (£2) which s covered by Proposition 5.28 (ii).
By (5.349) withv = ¢ € D(L2), and standard notation of the theory of distributions
according to (2.40) one gets

(—Au)(p) = f(p) forall p € D(Q). (5.352)
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Usually one calls the uniquely determined u originating from (5.351) and (5.352)
a weak solution of

—Au=felyQ), ueH'(Q). (5.353)

But one can say more than this. First we remark that by Proposition 5.28 (ii) or

Remark 5.29, anyu € H! (R2), extended by zero outside of 2, belongs to H ! (R") =
W,}(R™). Then it follows easily from Definition 3.13 that Au € H~!(R") and by
restriction as in Definition 3.37 that Au € H~'(S2). One obtains

~ A HY Q) — HY(Q). (5.354)

Let w be an arbitrary bounded domain in R” (that is, an arbitrary open set in R").
Let H!(w) and H ™! (w) be defined by restriction of the corresponding spaces on

R” to w as in Definition 3.37, and let i () be the completion of D(w) in H ! (w).
Then it follows by standard arguments that H ! (@) can be equivalently normed by

el ()] = (é Ha% \Lz(a))ﬂz)l/2 (5.355)

generated by the scalar product (5.349) with w in place of 2. Within the dual
pairing (D(w), D’(w)) one gets for the dual space of H ! (w) that

(H'(w)) = H (). (5.356)

We refer for details, proofs and explanations to [Tri01, Proposition 20.3, pp. 296—
298].

Let 2 be again abounded C*° domain in R”. Then one can extend the arguments
in (5.351)—(5.353) from L,(2) to H (). Together with (5.354) one gets that

— A: HY(Q) = H™'(Q) is an isomorphic map. (5.357)
This complements the previous assertion that
—A: WZZ,O(Q) — L,(£2) is an isomorphic map, (5.358)

which is covered by Theorem 5.31 (i) and which can also be obtained from the above
considerations if one applies, in addition, Proposition 5.26 (i). However, the main
advantage of the method of weak solutions is not so much that one can complement
(5.358) by (5.357), but that it can be applied to more general situations.

Let now w be an arbitrary bounded domain in R” and let {a;x (x)};.” k=1 C
Loo(w) with

ajx(x) =ar;j(x) eR, xew, 1<jk=<n, (5.359)



5.12. Notes 179

such that

n
Y apEE = EfEP xew, EeR”, (5.360)
J.k=1

for some £ > 0 asin (5.169), (5.170). Then for given f € L,(w) there is a unique
u € H'(w), called weak solution, such that

[D3ETCE: ) ) dx = / ()7 (5361

w Jk=1

for all ¢ € D(w). This follows from the above considerations and the observation
that the left-hand side of (5.361) is a scalar product generating a norm which is
equivalent to the norm in (5.355). The above arguments and (5.356) imply that
one can replace the right-hand side of (5.361) by f(p) with f € H™ l(a)) and
¢ € D(w). One gets again a uniquely determined weak solution u € jig (w).
Some additional smoothness assumptions for the coefficients aj; ensure also a
counterpart of (5.354). Altogether one obtains the following assertion:

Let w be an arbitrary bounded domain in R". Let A,

n

i) 9 o
Ay(x)=— 3 g(ajk(x)i), ue H (), (5.362)
J

Jk=1

be an elliptic differential operator with {ajk};’k=1 C CY(w), (5.359), and (5.360).
Then .
A: HY(w) 2 H Y(w) is an isomorphic map. (5.363)

By the above comments it remains to justify the counterpart of (5.354). This
follows froma;xv € H™'(w) if v € H ™' (w) obtained by the above duality (5.356)

from a;ru € H Yw)ifu e H !(w). Finally, we refer to [Tri92a, Section 6.2]
dealing in detail with weak solutions for boundary value problems for second order
elliptic operators.

5.12.13. It is quite natural to ask how (strong) solutions of second order elliptic
equations with (5.358) as a proto-type, weak solutions as indicated in the preceding
Note 5.12.12, and classical solutions as briefly mentioned in the Notes 1.7.1 and
1.7.2 are related to each other. This is not the subject of this book, but a few
comments and references may be found in [TriO1, Section 20.14, pp. 309/310].

5.12.14. So far we discussed in Theorem 4.17 (ii) compact embeddings of W, (£2)
in C!() and in Theorem 5.59 Sobolev embeddings in a rather specific case. These
are two examples of a far-reaching theory of embeddings between function spaces,
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one of the major topics of the theory of function spaces as it may be found in [Tri78],
[Tri83], [Tri92b]. We restrict ourselves to a few assertions which are directly related
to the above spaces. In particular, let H;(£2) with s > 0, 1 < p < 00, and €*(£2)
with s > 0 be the same spaces as in Note 5.12.10 where again Q2 is a bounded C*°
domain in R”. Then one has the following assertions which generalise and modify
the above-mentioned results.

(i) Ler1 <p<oo,s>0,ands—%>o>0, 1 < g < oo. Then both
id: HI;‘(Q) — €%°(Q) and id: H;(Q) — Lg(2) (5.364)
are compact.

(ii) Letl<p<oo,s>0,ands—%=0,1§q<oo. Then

id: Hy(Q) — L4() (5.365)
is compact.
(iii) Let 1 <p<oo,s>0,ands—% =—p”—* < 0. Then
id: Hy(Q) = Ly(R), 1=<q<p~, (5.366)
is compact and
id: Hy(Q) < Lp=(2) (5.367)

is continuous, but not compact.

Although these are special cases of a more general embedding theory, they com-
plement and illustrate the specific assertion in the Theorems 4.17 and 5.59. In
connection with / = 0 in (4.87) and also n = 4 in (5.285) one may ask whether
(5.367) can be extended to the limiting situation

id: H'P(Q) = Loo(R). 1< p < o0, (5.368)

which is also illustrated in Figure 5.9. But this is not the case, recall also Exer-
cises 3.6 and 3.33. Problems of this type have been studied in detail in literature
and resulted finally in the theory of envelopes as it may be found in [HarQ7].

5.12.15. The interest in eigenvalue problems of type (5.312) where A might be an
elliptic operator of second order (or higher order as outlined briefly in Note 5.12.1)
and b is a singular function comes from physics. For example, the eigenfrequencies
e'* (where ¢ represents the time) of a vibrating drum (or membrane) in a bounded
domain  C R? can be characterised as the eigenvalues A? of the boundary value

problem
—Au(x) = A’m(x)u(x), xe, trru=0, (5.369)
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where m(x) is the mass density. We return in Example 6.1 below to this point. If
the mass is unevenly or even discontinuously distributed on the membrane, then one
gets a problem of type (5.312) or (5.369) with non-smooth m(-). Other examples
come from quantum mechanics where m(-) stands for (singular) potentials. One
may consult Note 6.7.1. The first comprehensive study may be found in [BS72],
[BS73]. Theorem 5.61 might be considered as an example in the context of this
book. Otherwise we refer to [ET96] dealing systematically with problems of this
type. Recently there is a growing interest in the replacement of (possibly singular)
functions b(-) in (5.312) or m(-) in (5.369) by finite Radon measures in R”. This
comes again from quantum mechanics but also from fractal analysis, resulting in
the fractal counterpart of (5.305), say,

B =(—A)"'opu, u finite Radon measure. (5.370)

Of course, first one has to clarify what this means. We refer to [Tri97], [TriOl],
[Tri06] where problems of this type have been considered systematically.



Chapter 6

Spectral theory in Hilbert spaces and Banach
spaces

6.1 Introduction and examples

So far we got in Chapter 5 a satisfactory L, theory for (Dirichlet and Neumann)
boundary value problems for second order elliptic differential equations in bounded
smooth domains. This covers first qualitative assertions about the spectrum of the
operators considered. Of special interest is the question whether these operators
have a pure point spectrum or whether related inverse operators are compact. We
refer to the Theorems 5.31 (Laplace operator), 5.36 (second order operators, not
necessarily self-adjoint), and 5.61 (degenerate operators). In Note 5.12.4 we dis-
cussed some types of spectra, mostly to illuminate what had been said before.
Now we return to these questions in greater detail, mainly interested in quantitative
assertions, especially the

distribution of eigenvalues.

This Chapter 6 deals with the abstract background, especially approximation num-
bers, entropy numbers and their relations to spectra. This will be used in Chapter 7
to discuss the spectral behaviour of elliptic operators.

The distribution of eigenvalues of elliptic operators is one of the outstanding
problems of mathematics in the last century up to our time. This interest comes not
only from challenging mathematical questions, but even more from its numerous
applications in physics. We give some examples for both.

Example 6.1 (Vibrating membrane). We suppose that a membrane fills a bounded,
say, C® domain 2 in the plane R?, fixed at its boundary I' = 9 and buckling
under the influence of a force with the continuous density p(x), x € €2, in vertical
directions, see Figure 6.1 below.

Let v € C2(Q) with trr v = 0 be the elongation resulting in a surface F which
can be described as

x3 = v(x), x = (x1,x2) € 2 C R?
with v(x) = 0if x € T". Let | F| be the surface area and
AF = |F|—Q|

be the enlargement of the membrane under the influence of p.
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Tp (x)

~

I =0Q
Figure 6.1

The corresponding potential J(v) is given by

J(v) = AF +/p(x)v(x)dx

Q
2 2
:/( 1+Z(%(x)) —1+p(x)v(x))dx
Q j=1 !
- / (%|Vv(x)|2 + P(x)v(x))dx = J(), (6.1)
Q

where we first used Theorem A.8 and afterwards assumed that the elongation is so
small that v and its first derivatives are small. The wisdom of nature (i.e., to be as
stable as possible) or the calculus of variations (resulting in the Euler—Lagrange
equations) propose that

d o
d—J(v + 8(p)|8=0 =0 forallp € D(Q), (6.2)
€

where ¢ > 0. Then (6.1) and integration by parts imply

2.9 9
0= [ (X 500 55+ popto)ax

A = ij
= /(—Av(x) + p(x))e(x)dx forall ¢ € D(RQ). (6.3)
Q

Using Proposition 2.7 (ii) it follows that v is the solution of the Dirichlet problem

Av(x) = p(x), x € Q, 0. (6.4)

Vo =

Assume now that the membrane is vibrating in the vertical elongation and that
v = v(x,t) with x €  and the time ¢ > 0. Then one has to replace p(x) in (6.4)
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by the acceleration
0%v
m(x)m(x, t), xe,t>0,
where m(x) is the mass density of the membrane at the point x € Q2. Consequently
one obtains for t > 0,

2
Av(x,t) = m(x) ngz)(x,t), xeQ, and v(y,t)=0, yel. (6.5)

Of interest are eigenfrequencies, hence non-trivial solutions v(x,7) = e/*u(x),
A € R, of (6.5). This results in the eigenvalue problem for the (degenerate) Dirichlet
Laplacian,

—Au(x) = A2 mx)u(x), x € Q, trru =0, (6.6)

and fits in the scheme of Theorem 5.61 and of Note 5.12.15 where we discussed
problems of this type. If the mass density is constant, say, m(x) = 1, x € €,
then one has Theorem 5.31 (i) and Courant’s remarkable observation described in
Note 5.12.5. By the above considerations it is clear that the distribution of the
eigenvalues of the Dirichlet Laplacian is not only of mathematical interest, but also
of physical relevance. It will be one of the main concerns in Chapter 7, we refer in
particular to Theorem 7.13.

Example 6.2 (The hydrogen atom and semi-classical limits). The classical Hamil-
tonian function for the (neutral) hydrogen atom H with its nucleus fixed at the
origin in R3 and a revolving electron having mass m and

-TTT e,m charge e is given by
/ o

e Dx, p) = ——(p3 + p3 + p3) - < (6.7)

0 , ’ am Ut T2 Oy '
T where x € R3 is the position of the electron and p € R3 its
Fioure 6.2 momentum, see Figure 6.2 aside. Recall that —e?|x| ™! is
1Bure 6. the Coulomb potential. Quantisation requires the replace-

ment
Xj > x; - (multiplication operator) and p; = — P (6.8)
1 Xj
in (6.7) resulting in the hydrogen operator
n? e? 2/p3

Hu [ = —%Af - mf’ dom(H#p) = W5 (R°), (6.9)

in L,(R3) where # = % and & is Planck’s quantum of action. Hpg is called the
Hamiltonian operator of the hydrogen atom. In Note 6.7.1 we add a few further
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comments about the quantum-mechanical background. We compare #Hg in (6.9)
with

Hef =—Af+f+BV(X)f B~h? dom(Hp) = WS (R, (6.10)

where we transferred % in (6.9) to the potential V(x) = |x|~! and shifted the
outcome by id. Only the dependence of B on & will be of interest. As indicated
so far in Exercise 5.25 and Note 5.12.4 (and considered later on in Section 7.7) we
know that A, given by

Af = —Af + f. dom(A) = WA(R?), (6.11)
is self-adjoint, positive-definite in L,(R?) and
0(A) =0e(4) =[1,00), o0p(4) =0. (6.12)
Furthermore, if for real V' (x) the multiplication operator B,
Bf =V(x)f, dom(B) D dom(A4), (6.13)
is relatively compact with respect to A, that is, BA 1is compact, then
Jg = A+ BB, dom(Hg) = dom(4) = WS (R?), (6.14)
is also self-adjoint and
0e(Jp) = 0e(A) = [1.00), (6.15)

where 8 > 0 is the coupling constant. One asks for the behaviour of possible
negative eigenvalues if 8 — oo, in particular, for the cardinal number

#{o (Jg) N (—o00, 0]} (6.16)

This is the problem of the negative spectrum we are dealing with in Section 6.5
on an abstract level and returning in Section 7.7 to operators of type (6.10). The
interest in these questions comes from quantum mechanics. Planck’s quantum of
action £ is so small that it developed (by the wisdom of physicists) the ability of
tending to zero, what means that the coupling constant 8 ~ h~2 in (6.10) tends to
infinity. This is called the semi-classical limit and the physicists extract information
from the cardinality of the set (6.16). But the physical side of this problems is not
the subject of this book. We add some references in Note 6.7.10.

Example 6.3 (Weyl exponent). Let

Au = —Au, dom(4) = W5 ((RQ), (6.17)
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be the Dirichlet Laplacian in a bounded C* domain € in R” as considered in
Theorem 5.31 (i) and let

O<Ai <Ay <o =A<, A = o0if j = 00, (6.18)

be its eigenvalues repeated according to their (geometric = algebraic) multiplicities.
(By Note 5.12.5 the first eigenvalue is simple.) Of interest is the distribution of these
eigenvalues, also for physical reasons as outlined in Example 6.1. To smooth out
possible local irregularities in the behaviour of A; it is usual to consider the spectral
counting function

NA) =#jeN:A <Al A>0. (6.19)

The first systematic treatment of problems of this type goes back to H. Weylin 1912
[Wey12a], [Wey12b] resulting in the question under which circumstances one has

NQA) = (2n)‘"|w,,||£2|/l% — xn|89|n_lk%(l +o(l)) fordA — oco. (6.20)

Here |w;, | is the volume of the unit ball in R” mentioned in (1.18), x;, is some positive
number depending only on 7, |2| is the Lebesgue measure of Q and |9€2|,,—; is
the surface area of I' = 02 which can be calculated according to Theorem A.8
(for smooth surfaces). As usual, 0(1) indicates a remainder term tending to zero if
A — oo. Generations of mathematicians dealt with this problem up to our time.
The state-of-the-art at the end of the 1990s may be found in [SV97]. We add a
few further comments in Note 6.7.2. Sharp asymptotic assertions of type (6.20) are
beyond the scope of this book. We are interested in the simple consequence

Aj~j¥n. jeN, (6.21)

inserting A = A; and N(A;) = j in (6.20). Sometimes '2—’ in (6.20) or % in (6.21),
respectively, is called Weyl exponent.

Remark 6.4 (Our method, generalisations). Our proof of (6.21) will be based on
approximation numbers and entropy numbers of compact embeddings as consid-
ered in Theorems 4.17, 5.59 on the one hand, and isomorphic mappings of elliptic
operators according to Theorems 5.31, 5.36 or continuous mappings as in Theo-
rem 5.61 on the other hand. These are qualitative assertions and nothing like (6.20)
can be obtained in this way. However, this type of arguments can be applied to all
the operators in the just-mentioned theorems, hence self-adjoint, not self-adjoint,
regular and degenerate elliptic operators. As said, Chapter 6 provides the abstract
background, whereas Chapter 7 deals with applications to function spaces and el-
liptic operators including the above examples.
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6.2 Spectral theory of self-adjoint operators

In this book we encounter three types of linear operators in complex Banach spaces
and Hilbert spaces. First there are bounded operators in or between Banach spaces.
If such an operator acts compactly in a given Banach space, then the related spectral
theory is covered by the Riesz Theorem C.1. Secondly we deal with (unbounded)
self-adjoint operators in (complex separable) Hilbert spaces. Thirdly, in cases where
the operator A considered in a Hilbert space is unbounded and not necessarily self-
adjoint, then we know in addition that its inverse A~! (or the inverse (4 — A id)~!
for some A € C) is compact which gives the possibility to reduce spectral assertions
to compact operators in Hilbert spaces. Typical examples are the operators A in
Proposition 5.34 and Theorem 5.36. We discussed the somewhat delicate question
of related spectral assertions in Remark 5.35 and Note 5.12.6. We return later on
briefly to this point in connection with the density of the linear hull of associated
eigenvectors in the Sections 6.6 and 7.5. At this moment it is sufficient for us to
collect and complement what had been said so far about the spectrum of (unbounded)
self-adjoint operators.

As always we assume that the reader is familiar with the basic elements of
operator theory in Hilbert spaces. We collected some related notation and assertions
in Appendix C, especially in Section C.2. In particular, we recalled in (C.14)—(C.19)
under which conditions a (linear, densely defined, not necessarily bounded) operator
A is called self-adjoint. As in Section C.1 we let £(H ) be the space of all linear and
bounded operators in the Hilbert space H. Let id be the identity in H according to
(C4)withX =Y =H.

Definition 6.5. Let A be a self-adjoint operator in the (complex, separable) Hilbert
space H.

(i) Then
0(A) ={L eC : (A—Aid)~! exists and belongs to £(H)} (6.22)
is the resolvent set of A and
o(A) =C\o(4) (6.23)
is called the spectrum of A.
(i) A number A € C is an eigenvalue of A if there exists an element /,
h € dom(A), h #0, with Ah = Ah. (6.24)

Furthermore,

ker(4 — Aid) = {h € dom(A) : (A — Xid)h = 0} (6.25)
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is the kernel (or null space) of A — Aid, and
dim ker(A4 — A id) (6.26)

the multiplicity of the eigenvalue A. The point spectrum o,(A) is the collection
of all eigenvalues of A.

(iii) For A € C a sequence
{thj}72, Cdom(A), |h;|H|| <1, Ah; —Ahj — 0if j — 0o, (6.27)

is called a Weyl sequence (with respect to A and A) if {/;}; has no convergent
subsequence. The essential (or continuous) spectrum ce(A) is the collection
of all A € C for which such a Weyl sequence exists.

Remark 6.6. We collected what we need in the sequel. Otherwise we refer again
to Appendix C, where now Sections C.1, C.2 are of relevance. Furthermore, one
may consult Note 6.7.3 below for additional information especially about Weyl
sequences which will be of some use for us later on. In connection with (C.10),
(C.11), naturally extended to (not necessarily bounded) self-adjoint operators (what
does not cause any problems), we recall that

ker(A — X id)F = ker(4 — Aid) foranyk € N, (6.28)

what makes clear that there is no need to distinguish between the algebraic mul-
tiplicity and the geometric multiplicity of an eigenvalue of a self-adjoint operator
(speaking simply of multiplicity). InNote 5.12.4 we discussed briefly the point spec-
trum, the essential spectrum and Weyl sequences in connection with the Dirichlet
Laplacian and the Neumann Laplacian. Now we return to these questions in greater
detail. One comment seems to be appropriate. In abstract spectral theory (of
self-adjoint operators) it is desirable to collect in the point spectrum op(A4) only
eigenvalues of finite multiplicity. This is supported by Rellich’s Theorem C.15. If
A € 0p(A) is a (real) eigenvalue of infinite multiplicity of a self-adjoint operator
A, then A € g.(A) (subject to Exercise 6.7 below). However, self-adjoint elliptic
differential operators (of second order) do not have eigenvalues of infinite multi-
plicity. This may justify that we stick at the above definition of the point spectrum
0p(A).

Exercise* 6.7. Prove that eigenvalues of infinite multiplicity of a self-adjoint op-
erator A belong to o.(A). Construct operators having eigenvalues of infinite mul-
tiplicity.

Hint: Use orthonormal bases in ker(4 — Aid) and determine the spectrum of
Ag =d -id withd € R.
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Theorem 6.8. Let A be a self-adjoint operator in a Hilbert space H. Let 9(A),
0(A), op(A) and 04(A) be as in Definition 6.5. Then

A€o(A) ifandonlyif, |(A—Aidh|H| = c|h|H| (6.29)
for some ¢ > 0 and all h € dom(A). Furthermore,
0(A) CR and 0(A) = 0p(A) Uoe(A). (6.30)
Proof. Step 1. If A € p(A), then there is some C > 0 such that
[(A—xid)"'h|H| < C|h|H|, heH. (6.31)

This implies the right-hand side of (6.29) with ¢ = C~!. Conversely we rely on
Theorem C.3 (i). In particular, any u € C with Im & # 0 belongs to o(A), also
subject of Exercise 6.9 below. It remains to check that the right-hand side of (6.29)
implies A € o(A) for A € R.

We choose € C \ R with |A — | < 5 as indicated in

AN 5 Figure 6.3 aside. Then u € o(A) and
/ 2 oﬂ\\ ¢
: } I(A—pid)h|H|| = =||h|H]|, h < dom(A). (6.32)
\ A / R 2
\ /
ST For some g € H the question whether there exists a
(unique) & € dom(A) with
Figure 6.3

Ah—Ah =g (6.33)
is equivalent to the question whether there is an 7 € H with
(d+T)h=(A—pid)~lg withT = (u—A)(A4 — pid)™. (6.34)

Since (6.32) implies ||T|| < 1 one can solve (6.34), and hence (6.33) uniquely
(Neumann series) and obtains A € g(A).

Step 2. We prove (6.30) where, as said, the assertion o (A4) C R is taken for granted.
If A € 0 (A), then it follows by (6.29) that there is a sequence

{hj}ie, Cdom(A), |hj|H| =1, Ahj—2Ah; —0if j - oc0.  (6.35)

When there is a converging subsequence of {#;};, identified with {/;}; for con-

venience, then we have i; — h in H for some h € H, |h|H| = 1, and for any
v € dom(A),
(Av,h) = lim (Av,h;) = lim (v, Ah;) = (v, Ah). (6.36)
j—o0 j—00

Thus 7 € dom(A*) = dom(A4), Ah = Ah, and hence A € 0,(A4).
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If {h;}; is not precompact, then we find for some ¢ > 0 a subsequence of {/;};,
again identified with {4, }; for convenience, such that ||h; — hg|H || > e if j # k.
Consequently {#;}; is a Weyl sequence and hence A € 0.(4). O

Exercise* 6.9. Let A be a self-adjoint operator in a Hilbert space H. Prove that

H = range(A — A id) @ ker(A — Aid), A eC, (6.37)
ker(4 — Aid) = ker(4 — Aid) = {0}, A e C, ImA # 0, (6.38)

and
(A —Aid)h|H| = |ImA||h|H||, & € dom(A), A € C. (6.39)

As a consequence of (6.37)-(6.39) show that 6 (A) C R.

6.3 Approximation numbers and entropy numbers:
definition and basic properties

Asindicated in Remark 6.4 we rely on approximation numbers and entropy numbers
to get assertions of type (6.21). This Section 6.3 deals with basic properties of these
numbers in Banach spaces. Spectral properties are shifted to the next Section 6.4.
Recall that all Banach spaces considered are complex. Let

Uy ={xeX:|x|X| <1} (6.40)
be the (closed) unit ball in the Banach space X .

Definition 6.10. Let X and Y be Banach spaces andlet T € £(X,Y), k € N.

(i) The kth (dyadic) entropy number ey (T) of T is defined as the infimum of all
& > 0 such that

2k—1

T(Uyx) C U {yi + eUy} forsome yi,...,yx—1 €Y. (6.41)

i=1
(ii) The kth approximation number ay(T) of T is defined by
ap(T) =inf{||IT -S| : S € £(X,Y), rank § < k}, (6.42)

where rank S = dim range S.
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Remark 6.11. Obviously {y + eUy} = K (y) is a ball in Y centred at y and
of radius ¢ > 0. In the Notes 6.7.5 and 6.7.6 we give some references and add a
few historical comments. Here we restrict ourselves to basic properties. We follow
essentially [ET96].

Theorem 6.12. Let X, Y, Z be Banach spaces and T € £(X,Y). Let hy stand
for either the entropy numbers, i.e., hy = ey, or the approximation numbers, i.e.,
hyx = ay, respectively.

(i) (Monotonicity) Then
IT| =hi(T) = ho(T) = --- = 0. (6.43)
(ii) (Additivity) Let S € £(X,Y). Then forall k,m € N,
hiegm—1(S +T) < hg(S) + hu(T), (6.44)

in particular,
|hi(S) —he(T)| < |S—=T|, keN. (6.45)

(iii) (Multiplicativity) Let R € £(Y, Z). Then for all k,m € N,

hiym—1(RoT) < hi(R)hm(T). (6.46)

Proof. Step 1. The monotonicity (6.43) and a1(T) = ||T| are obvious. Defini-
tion 6.10 (i) with y; = 0 gives e;(T) < ||T||. As for the converse, assume that
e >e1(T)>0andlety € Y besuchthat T(Uyx) C {y 4+ eUy}. Then for arbitrary
x € Uy there are z1,2, € Uy suchthat Tx = y + ¢z1, T(—x) = y + &z, which
leads to | Tx|Y|| < e. Taking the supremum over Uy and afterwards the infimum
over all ¢ > e (T) results in ||T|| < e((T).

Step 2. We first consider approximation numbers, i.e., hy = ar. The additivity
(6.44) is a consequence of

(S—L)y+(T—-M)=S+T-N (6.47)

and optimally chosen finite rank operators L and M . More precisely, let A > a (S),
w>an(T),and L € £(X,Y), M € £(X,Y) be such that

rank L <k —1, ||S=L|| <A, and rankM <m—1, |[T — M| < .

Since N € £(X,Y),rank N <k +m—2,and ||(S+T) — N| < A + u, (6.44)
follows. In a similar way one can prove the multiplicativity of approximation
numbers (6.46) (with hy = ay), this time using the counterpart of (6.47) in the
form

(R—L)o(T—M)=RoT—-N (6.48)
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for optimally chosen finite rank operators L and M related to ag(R) and a,,(T),
respectively.

Step 3. We prove the additivity of entropy numbers, i.e., (6.44) with hy = ej. Let
& > 0, then there exist elements {y1,..., y,k—1} C Y and {z1,...,Zpm—1} C Y
such that

zk—l 2m—1

SWx) € | J i + e+ ea(S)Ur}y, TWx) C |tz + (€ + en(T)Uy},
i=1 j=1

according to (6.41). Hence for any x € Uy there are y, € {y1,..., Vox—1} and
z; € {z1,...,Zpm—1} such that
(S +T)x —yr —zlY || < ex(S) + em(T) + 2, (6.49)

that is, (S + T)(Uy) can be covered by 25¥~1 . 2"=1 balls of radius e (S) +
em(T) + 2¢, where ¢ > 0 can be chosen arbitrarily small. This proves (6.44).
As for the multiplicativity property (6.46) with hy = eg, one first covers 7' (Uy)
by 2"~1 balls {z; + (¢ + e (T))Uy} in Y and afterwards each of their images
R({yi +(e+em(T))Uy}) in Z by 251 balls of radius (¢+e,,, (T)) (¢ +ex (R)). This
gives a covering of (R o T')(Uy ) with 2K*¥=2 balls in Z of radius ex (R)e,, (T) + &’
where ¢’ > 0 can be chosen arbitrarily small. This concludes the proof of (6.46).

O

Remark 6.13. Let T € £(X,Y). Then

T is compact if, and only if, lim ez (7T) = 0. (6.50)
k—o00

This is obvious since 7' (Uyx) is precompact in Y if, and only if, one finds for any
& > 0 a finite e-net which can be taken as centres of e-balls.
If T e £(X,Y) is an operator of finite rank, i.e., rank T = dimrange T < oo,
then
am(T) =0 if,and only if, rank7T < m. (6.51)

Furthermore, if T € £(X,Y), then

lim ar(T) = 0 implies that 7" is compact. (6.52)
k—o00

This is a consequence of the approximation of 7" by finite rank operators. However,
in contrast to (6.50) the converse is not true in general, but for Hilbert spaces subject
to Exercise 6.14 (c). We add also a corresponding comment in Note 6.7.9.

Exercise* 6.14. (a) Let X be a Banach space withdim X > m,and T = idy €
£(X) the identity in X. Prove the norm property of approximation numbers,

ap(idy) =1, k=1,....m. (6.53)
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Hint: Apply (6.43) and the fact (proof ?) that for any L € £(X) withrank L < m
there exists an xo € X with L(x¢) = 0 and xo # 0.
(b) Prove the rank property of approximation numbers (6.51).

Hint: The if-part is obvious; for the converse use (6.46), (6.53) and the fact that
rank 7 > m implies the existence of a Banach space Z with dim Z = m, and of
operators S € £(Z,X), R € £(Y, Z) such that RTS = idz is the identity in Z,
cf. [CS90, Lemma 2.1.2].
(c) Let Hy, H, be (separable complex) Hilbert spaces and T € £(H;, H>).
Prove that
T is compact if, and only if, k]im arp(T) = 0. (6.54)
—>00

Hint: Use the orthogonal projections on subspaces spanned by finite e-nets men-
tioned in Remark 6.13 or consult [EE87, Theorem I1.5.7], [Tri92a, Theorem 2.2.6,
p- 971.

Exercise* 6.15. (a) Let X and Y be real Banach spaces and 7' € £(X,Y). Prove
that

k

rank T = m if, and only if, ¢ P <er(T) < 4||T||2_km;1 (6.55)

for some ¢ > 0 and all k € N. This implies for a finite-dimensional real Banach
space X withdimX =m <ooand T = idy € £(X) that

ex(idy) ~275%, ke N. (6.56)

(b) Prove that for a finite-dimensional complex Banach space X with dim X =
m < oo the equivalence (6.56) must be replaced by

ex(idy) ~ 275, ke N. (6.57)

Hint: Reduce the complex case to the real one in the same way as in the proof of
Theorem 6.25 below. Compare this result with the rank property (6.51) and the
norm property of approximation numbers (6.53).

Example 6.16. Let £,, 1 < p < oo, be given by (3.152), (3.153). We consider the
diagonal operator Dy : £, —> £, defined by

Dg : x = (§)k —> (o )k (6.58)

where (0x)ren is @ monotonically decreasing sequence of non-negative numbers
01 > 02 > --- > 0. For convenience, let £,, be real. Then

ax(Dg) = or, k€N, (6.59)
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and
—1

ex(Dg) ~ sup 2_%(01 ---O’m)%, k € N. (6.60)

meN
We refer to [CS90, Proposition 1.3.2, (1.5.11)] and to [Pie78] for a proof of (6.60)
and to Exercise 6.17 below concerning (6.59). Obviously, (6.53) and (6.55) coincide
with (6.59) and (6.60), respectively, for X = £,.

Exercise* 6.17. Prove (6.59).

Hint: For the estimate from above, ai(Dy) < 0}, one may approximate Dy by D,
with 7; = o0j for j <k —1and t; = 0 for j > k. Conversely, when o > 0, the
idea is to consider first the k-dimensional matrix operator D’; corresponding to the
‘upper left corner’ suggested by D, and to prove ay (D];) > oy, using (6.46) and

(6.53). Afterwards, represent D’; as Py o Dy oidy, where Py and id; are a suitable
projection and identity, respectively, such that (6.46) concludes the argument.

Exercise 6.18. Of interest are universal estimates between entropy numbers and
approximation numbers. Prove that in general there cannot exist constants ¢ > 0
or C > 0 such that for arbitrary operators T € £(X, Y) in some Banach spaces X
and Y the inequalities

ex(T) <cap(T), ke N, or ar(T)<C ex(T), k € N, (6.61)

are true, respectively.

Hint: To disprove the first estimate, recall either (6.51) in connection with (6.55),
or use (6.59), (6.60) for an appropriately chosen sequence (0% )xen. As far as the
second estimate is concerned, review Remark 6.13 together with Note 6.7.9.

Remark 6.19. Though universal estimates of type (6.61) cannot be true, there
exist rather general inequalities using weighted means of entropy numbers and
approximation numbers, respectively. We refer to Note 6.7.8, in particular, to
(6.155) and (6.156).

Exercise* 6.20. According to Exercise 6.18 there cannot exist general term-wise
estimates of type (6.61). However, for arbitrary Banach spaces X and Y and
T € £(X,Y) itis not difficult to prove that

klim ex(T) <au(T) foralln e N. (6.62)
—>00

Hint: Approximate 7" by finite rank operators and use their compactness.

6.4 Approximation numbers and entropy numbers:
spectral assertions

As indicated in Remark 6.4 we wish to discuss the distribution of eigenvalues of
elliptic differential operators, where (6.21) may serve as a proto-type, by reducing
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these problems to the study of approximation numbers and entropy numbers, re-
spectively, of compact embeddings between function spaces. In this Section 6.4 we
develop the necessary abstract background.

Notational agreement. 1If the compact self-adjoint operator 7" in the Hilbert space
H has only finitely many non-vanishing eigenvalues A1(7T), ..., Ax(T) according
to Theorem C.5, then we put A,,(T) = 0 form > k.

Theorem 6.21. Let T be a compact self-adjoint operator in the (complex, separable,
infinite-dimensional) Hilbert space H. Let for k € N, A (T) be the eigenvalues
of T according to Theorem C.5 and let ay (T) be the corresponding approximation
numbers as introduced in Definition 6.10 (ii). Then

(A (T)| = ax(T), k e N. (6.63)
Proof. Step 1. We apply Theorem C.5, in particular (C.27), and represent T as
o0
Th=> Xjhhj)h;. heH, (6.64)
j=1

where A; = A;(T') and {A;}; is a corresponding orthonormal system of eigenele-
ments, Th; = A;h;. Plainly, a1(T) = |T|| = |A1] in view of (6.43) for aj and
Remark C.6. Let k > 2. Then

ar(T) < HT —kiilj(whj)hj H = H i)‘j("hj)hj H <Akl (6.65)
j=1 i=k

Step 2. It remains to show the converse, i.e., [Ax| < ax(T), k € N, k > 2. Let
S € L(H) withrank § < k — 1. We shall prove that there exists an #° € H such
that Sh° = O and ||h°| H| = 1. Let {vy,...,vr—1} be an orthonormal system
spanning range S such that

k—1
Sh= (Sh.v;)v;. heH. (6.66)

j=1

Let {A;}; be the above orthonormal system of eigenvectors, Th; = A;h;; then

k k k—1 k
S(Zl’brhr> = Z/LrShr = Z (Z/’chjr)vj (6.67)
r=1 r=1 j=1 r=1
with i, € Candcj, = (Shy,v;). Since thereis anon-trivial solution {7, ..., py }

of

k
Y wreir=0. j=1..k-1,
r=1
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we have found h° = Zle Hoh, with Sh® = 0 and h° # 0. Without restriction of
generality we may assume that ||7°|H | = (Zle |/L;|2)1/2 = 1. Consequently,

k k
1/2
ITh 1 = | Y g Aol | = (2P ) = 1Akl 668)
r=1 r=1

Moreover, |h°|H || = 1 and Sh° = 0 imply that
IT =S| > |Th® = Sh°|H| = |Th°|H| > |Al. (6.69)
and finally taking the infimum over all admitted S concludes the argument. |

Remark 6.22. The proof uses that H is a Hilbert space and that 7" is compact and
self-adjoint. Otherwise an assertion of type (6.63) cannot be expected. This can be
illustrated by the following example due to [EE87, pp. 59/60].

Example 6.23. Let X = C? and T € £(X) be connected with the matrix

T = (? (1)) having eigenvalues A1(7) = 2, A,(T) = 1.

However, according to [EE87, pp. 59/60] the corresponding approximation numbers
satisfy

ay(T) = 3+ 5> A(T) and ax(T) = /3 —+/5 < Ao(T).

Remark 6.24. In other words, a result like (6.63) cannot be expected in general.
Some further comments may be found in Note 6.7.5. On the other hand, for arbitrary
compact operators in Banach spaces there is a remarkable relation between entropy
numbers and eigenvalues we are going to discuss now.

Let T € £(X) be a compact operator in the infinite-dimensional (complex)
Banach space X. By the Riesz Theorem C.1 the spectrum of T, apart from the
origin, consists solely of eigenvalues of finite algebraic multiplicity according to
(C.11), denoted by {Ax(T)}, repeated according to their algebraic multiplicity
and ordered so that

IT)| > [A1] = [A2] = -+ > |Ag| = -+~ > 0. (6.70)

Recall our notational agreement on p. 195, i.e., if T has only finitely many distinct
eigenvalues different from zero and k is the sum of their algebraic multiplicities,
then we put again A,,(T) = 0 form > k.
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Theorem 6.25 (Carl’s inequality). Let T € £(X) be a compact operator in the
infinite-dimensional (complex) Banach space X . Let {A(T)}x be its eigenvalue se-

quence as described above and let ey (T') be the related entropy numbers according
to Definition 6.10 (i). Then

k 1/k .
(]‘[ |)L,-(T)|) < inf 22 ,(T), k e N. (6.71)
i=1 meN

Proof. Step 1. We begin with a preparation and assume that A # 0 is an eigenvalue
of T with algebraic multiplicity m. Let b be an (associated) eigenvector such that
(T—Aid)'h#0, and (T —Aid)" b=0forre N, r <m. (6.72)

Then the elements {by,..., b},
bj = (T —Aid)/'b, j=1,...,r, (6.73)

are linearly independent. Since
bjy1 =T —Aid)b; forj=1,...,r—1, (6.74)

one obtains

Thj =bjy1+Abjforj=1,....,r—1, and Tb, = Ab,. (6.75)

In particular, for a = Z]r-=1 y;b; with y; € C one gets for r > 2,

r—1 r
Ta = yj(bj+1+ b)) + Ayrby = yidbi + ) (-1 + v )b (6.76)
j=1 J=2

Let T be the related matrix so that

15! A0 0\ ("
1 2 0 0
T|:|=|0 1 2 of1: |:c"—c. (6.77)
Vr 0 -«- 0 1 AJ \yr
In particular, A = span{by, ..., b,} is an invariant subspace of 7" with TA = A,

since A # 0. We interpret C” as R?" equipped with the Lebesgue measure and
decompose A and y; into their real and imaginary parts, respectively. Let T R be
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the corresponding matrix, then

Re y; ReA —Im A 0 0 Re y
Im y, ImA Rel Imy;
TR : _ 1 0
Re y, 0 o0 1 ReA —ImA Re v,
Im y, ImA Rel Im y,
(6.78)
as amap in R?". If M is a bounded set in A, interpreted in R?”, one obtains
vol(T(M)) = |A|*" vol(M). (6.79)
Now let
A (T)| = [A2(T)] = -+ = [A(T)] > 0. (6.80)

Then the counterparts of (6.77), (6.78) have a block structure with (6.77), (6.78) as
blocks. We add a comment about this argument in Remark 6.26 below. Parallel to
(6.79) one obtains

k
vol(T(M)) = [ 14, (T)? vol(M), (6.81)
i=1
where M is abounded set in the span of the (associated) eigenelements correspond-
ingto Ay (T), ..., Ak (T).

Step 2. Let A = span{bq, ..., b} be the span of the (associated) eigenelements of
A(T), ..., Ax(T) and let T(Uy) be covered by 2! balls of radius ce,,(T) for
some ¢ > 1 where we may assume that

Ux those balls having non-empty intersection
A with A are centred in A (at the expense
@ a5 of ¢). We apply (6.81) to M = Uy N A,
' see Figure 6.4 aside. Since

TM)CcTWUx)NT(A) =TUx)NA,
Figure 6.4

one obtains by (6.81) that

k
[ 113D vol(Ux N A) < vol(T (Ux) N A)
j=1

<271 (¢ e (T))* vol(Uy N A). (6.82)
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This leads to

e

< ¢ 2"F ep(T) < ¢ 25 ep(T). (6.83)

(_1i[ 2,(T))

Step 3. It remains to care about the constant ¢ in (6.83). We apply (6.83)to S = T”
withr € N. Note that A,,(T") = A}, (T') (including algebraic multiplicities) which
can be justified by looking at the canonical situation in (6.77) (or (6.86) below),
where T" is again the triangular matrix with A” in place of A. Inserted in (6.83)
with m replaced by m’ = rm one obtains

k - _
(T c2® ey sc2B @), 689)
j=1
where we used (6.46) with i, = ej. This implies
k 1 .
(TT @) = 23 enm), (6.85)
j=1
and finally (6.71) when r — oo. |

Remark 6.26. We proved (6.77) under the assumption (6.72) and obtained the so-
called Jordan canonical form for the restriction of T to A = span{by,...,b,}. As
indicated, but not proved in detail, this can be extended to the first k eigenvalues
with (6.80) (always counted with respect to their algebraic multiplicities). One
obtains

Y1 110 Y1
R 0
Y
A1 0
0 1. :
rl:|= Y | 686
0
Ar O
0 0 lk".“‘(.)'.
Yk LAk |) \y

with the Jordan A-blocks as in (6.77). A detailed proof may be found in [HS74,
Chapter 6, §4]. One may also consult [Gre81, Chapter 13]. This sharp Jordan
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canonical form is not needed. It is sufficient to know that T in (6.86) is a triangular
matrix. This is the version used in [CS90, Theorem 4.2.1, Lemma 4.2.1, Supple-
ment 1, pp. 139-143] where it comes out as a refinement of the Riesz Theorem C.1.

Corollary 6.27. Let T € £(X) be a compact operator in the infinite-dimensional
(complex) Banach space X. Let {Ai(T)}i be its eigenvalue sequence ordered by
(6.70) and let e (T) be the related entropy numbers according to Definition 6.10 (i).
Then

Ae(T)| < V2 e (T), k € N. (6.87)

Proof. This follows immediately from (6.71) due to the monotonicity (6.70) on the
left-hand side, and with m = k on the right-hand side. O

Remark 6.28. In Note 6.7.7 we add a few comments about the history of Theo-
rem 6.25 and Corollary 6.27.

6.5 The negative spectrum

In Example 6.2 we discussed the problem of the so-called negative spectrum and
its relations to physics. Now we deal with the abstract background and return later
on in Section 7.7 to some applications.

Again we assume that the reader is familiar with basic operator theory in Hilbert
spaces collected in Appendix C, especially in Sections C.2 and C.3. Furthermore,
we rely on Section 6.2, in particular Definition 6.5 and Theorem 6.8.

Definition 6.29. Let A be a self-adjoint positive-definite operator according to
(C.19) and Definition C.9 in a (complex, infinite-dimensional, separable) Hilbert
space H and B be a symmetric operator in H with dom(A4) C dom(B). Then B
is said to be relatively compact (with respect to A) if BA™! € £(H) is compact.

Remark 6.30. One can replace A~! in this definition by any other resolvent R =
(A —Aid)~! with A € o(A). This follows from the so-called resolvent equation
which will also play a role in what follows. Let A € o(A) and i € 9(A). Then
(5.333) implies that

id = (A —Aid)[id — (1t — )RR, (6.88)

and
Ry — Ry = A —wRyR,. (6.89)

In particular, R R, = R, R;. Furthermore, for A € 0(4) and u € 0(4),

BRj is compact if, and only if, BR|, is compact. (6.90)
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The resolvent equation (6.89) suggests that R is an analytic function in o(A) and

that (formally)
dR;

di
The following exercise clarifies what is meant by (6.91).

=R;, Ae€o(A). (6.91)

Exercise 6.31. A vector-valued function A +— h(A) € H defined in an open set
A C C is called analytic in A if for any A € A there exists an element A’ (1) € H
such that
h(A) — h(w)
A—p
The above vector-valued function /(1) is called weakly analytic in A if for any
A € A there is an element 4'(1) € H such that forany g € H,

<h(l)—h(ﬂ)
A—p

—> h'(A) in H forpu — A. (6.92)

g> — (W(A),g) inCforu— A. (6.93)
Prove that #(A1) = R, is an analytic function and a weakly analytic function in
0(A) and that
Ryh — R, h
A—p
Hint: Use (6.89) and similar arguments as in (5.333), (5.334).

—> RZh=Hh (1) forpu— A€ o(A). (6.94)

Theorem 6.32. Let A be a self-adjoint positive-definite operator and let B be a
symmetric relatively compact operator according to Definition 6.29 in the Hilbert
space H. Let o, be the point spectrum and o¢ be the essential spectrum as in-
troduced in Definition 6.5. Then the eigenvalues {jui i of BA™! are real, and
(BA™Y* = A™'B is the adjoint operator after extension by continuity from
dom(B) to H. Furthermore,

C =4+ B, dom(C) = dom(A), (6.95)

is self-adjoint,
0.(C) = 0e(A), (6.96)

and

#{0p(C) N (=00, 0]} = #{o(C) N (—o00, 0]}
=#{k e N:pur(BA™) < -1} < 0. (6.97)

Proof. Step 1. If u is an eigenvalue of BA™!, then one gets from BA™'v = puv,
v # 0, that

Bw = pAw withw = A7 'v € dom(4), w # 0.
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By (Aw, w) > 0 it follows from
(Bw,w) = u{Aw, w), (6.98)
that p is real. Since
(BA v, w) = (A™w, Bw) = (v, A" 'Bw), ve H, wedom(B), (6.99)

this leads to (BA™')* = A~ B (recall that dom(B) is dense in H).

Step 2. Theorem C.3 (ii) implies that the symmetric operator C is self-adjoint if for
any A € C with Im A # 0,

range(C + Aid) = H. (6.100)

In other words, one has to ask whether one finds for given v € H an element
u € dom(A) = dom(C) such that

Au + Bu + Au = v. (6.101)
Since —A € p(A) the question (6.101) can be reduced to
w+ B(A+Aid) lw=v with (4 + Aid)u = w. (6.102)

According to (6.90) the operator B(A4 + Aid)~! is compact. By Theorem C.1 the
equation (6.102) is uniquely solvable if, and only if, —1 is not an eigenvalue of the
related operator. We proceed by contradiction. Let us assume that there exists a
non-trivial solution of (6.102) with v = 0. This implies the existence of a non-
trivial solution ¥ € dom(C) of (6.101) with v = 0. However, this is not possible
since Im A # 0 and

(Cu,u) + A|u|H|* = 0. (6.103)

Step 3. We prove (6.96) and assume A € 0¢(A4). Thus one finds a Weyl sequence
according to (6.27). By the spectral theory of self-adjoint operators it follows that
one may assume in addition that both

{h;j}72, and {Ah;}72, are orthogonal and ||, |H || > ¢ (6.104)

for some ¢ > 0. We refer to [Tri92a, Section 4.3.7, especially Remark 1, p. 252].
Some additional explanations may be found in Note 6.7.3 below. We rely on this
refinement and ask whether

Ahj + Bhj —Ah; — 0 if j — oo. (6.105)
This is equivalent to the question whether

gj+BA'gi—247'g; — 0 if j — oo where g; = Ah;. (6.106)
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Since BA™! is compact we may assume in addition that
BA 'g; — g inH. (6.107)
Letu; = g2; —g2j-1,j € N, then
{u;}72, is orthogonal ~ and BA 'u; — 0in H. (6.108)

Hence,
uj + BA 'u; — A4 'u; — 0 if j — oo, (6.109)

and one obtains (6.105) for l7 i = hyj —hy,_; instead of /1;. This proves that {i;};
is a Weyl sequence for C = A + B if A € 0.(A). Consequently g¢(A) C 0(C)
and by a parallel argument, interchanging the roles of A and C, also (6.96).

Step 4. Next we prove that
#{0p(C) N (—00,0]} < oo. (6.110)

We proceed by contradiction and assume that C has infinitely many eigenvalues
A; < 0. Let {u;}; be arelated orthonormal system of eigenelements,

(A+ B)u; = Aju;, A, <0, j €N. (6.111)

Then
uj + A7 Bu; = A7y, jeN, (6.112)

and
1+ (A" Buj,uj) = (u; + A7 Buj,u;) = A (A uj,u;) <0 (6.113)

since A is positive-definite. Recall that A~ B is the adjoint operator of BA™!,
hence it is compact and we may assume A~' Bu; — u in H such that

(AT Buj,uj)| < e+ [(w.u)l,  j = jole). (6.114)

However, since {(u,u;)}; € {, are the Fourier coefficients of u € H, this leads to
a contradiction with (6.113),

0>1+ (A 'Buj,u;) -1 forj — oo.

Step 5. It remains to prove (6.97). We begin with a preparation. We replace C =
A+ B by the family of operators C, = A+¢B fore € R withdom(C;) = dom(A4).
Of course, one has the obvious counterparts of (6.96) and (6.110). If ¢ > 0 has the
same meaning as in (C.29), then A — d id with 0 < d < c is also positive-definite.
This shows that (6.110) can be strengthened by

#op(Co) N (—o0,d]} <00, e€R. (6.115)
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If A;(e) < d is a possible eigenvalue of C,, ordered by A;(¢) < A2(¢) < ---, then
it follows from the Max—Min principle as it may be found in [EE87, Section XI.1,
pp- 489-490] that

Aj(e) = sup inf((A + sB)h,h), j €N, (6.116)
where the supremum is taken over all linear subspaces M; 1 in H of dimension at
most j — 1 and the infimum is taken over

{h € dom(A) : hAM; ;. |h|H| = 1}. (6.117)

From this observation it follows easily that possible eigenvalues A; (g) < ¢ depend
continuously on ¢ (including multiplicities). In particular, if || is small, then C,
has no negative eigenvalues. We assume A;(¢) < 0.

We wish to prove that

Ai(n) <Aj(e) <0ifn>¢ and lnigslx\j(n):)tj(s), (6.118)
where the latter again means continuity. Let ¢ > 0 and 0 < » < 1. Then one has
for (Bh,h) < 0and (Ah,h) > 0in (6.116) with A;(e) < 0,

e(Bh,h) < —(Ah,h) < —x(Ah,h) (6.119)
and with n = &/x that
n(Bh,h) < —(Ah,h) if e(Bh,h) <—(Ah,h). (6.120)

This proves by (6.116) the first assertion in (6.118). As for the second assertion one
may insert an optimal system M;_; (the orthonormal eigenvectors for C,). Letting
n — eone gets limys, A; () > A;(¢). Now the second assertion in (6.118) follows
from the first one.

Step 6. We prove (6.97). For small ¢ > 0

we know that C; = A + ¢ B has no nega- L lee>0

tive eigenvalues. If 1; < 0 is an eigenvalue A1(e) A (&)

of C = A + B, then (6.118) implies that Lol L

there must be an ¢ with 0 < ¢ < 1 such that A4 e imilkm-&-l o(A)
Aj(e) = 0. (One is sitting at the origin and 0

observes what is passing by when ¢ 1 1, see
also Figure 6.5 aside.) Hence

#{o(A+ B)N(—00,0]} =#{j e N:A;(¢) =0forsome 0 < ¢ < 1}. (6.121)
However, if for some u € dom(A4),

Au + ¢Bu = 0, then v + eBA™ v = 0 where v = Au, (6.122)

Figure 6.5

and vice versa. Hence (6.121) coincides with the number of eigenvalues of BA™!
which are smaller than or equal to —1. This concludes the proof of (6.97) and the
theorem. 0
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Remark 6.33. In Note 6.7.10 we give some references and add a few comments.

6.6 Associated eigenelements

In Note 5.12.6 we discussed the question of associated eigenelements of unbounded
operators A in Hilbert spaces or Banach spaces. Under the assumption that o(A4) #
@, say, 0 € o(A), we advocated to shift the question of associated eigenelements to
A~! as done in (5.331). However, under some restriction the more direct definition
of an associated eigenelement is successful.

An element

0#£ve mdom(Aj)

Jj=1

of a linear operator A4 in a (complex) Banach space is called an associated eigenele-
ment if

(A—2Aid)fv =0 forsomeA € Candk € N. (6.123)

Then A is an eigenvalue. Similarly as in (C.11),

o0
dim ) ker(4 — 1id)* with A € C (6.124)
k=1

is called the algebraic multiplicity of the eigenvalue A. If A is a self-adjoint operator
in a Hilbert space H, then one has again

ker(A — Aid)* = ker(4 — Aid), k € N. (6.125)

In particular, the algebraic multiplicity coincides with the geometric multiplicity
(the dimension of the null space). If, in addition, A is a self-adjoint (positive-
definite) operator with pure point spectrum, then the corresponding eigenelements
span H. We refer to Section C.3, especially, Remark C.16. Of course, the assump-
tion that A is positive-definite is immaterial. One may ask whether this assertion
can be extended to (unbounded) operators and their associated eigenelements. In
general, this is impossible, but we formulate an interesting result which fits in
the scheme of the above considerations. Recall that a; (T") are the approximation
numbers according to Definition 6.10 of an operator T, in our case T € £(H).

Theorem 6.34. Let A be a self-adjoint operator in a Hilbert space H with pure

point spectrum according to Definition C.7. Let B be a linear operator in H with

o0
dom(A) C dom(B) and Y ax(BR;)? < oo (6.126)
k=1
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for some A € 0(A), Ry = (A—Aid)™!, and some 1 < p < oo. Then the spectrum

of
C =A+ B, dom(C) = dom(A), (6.127)

consists of isolated eigenvalues of finite algebraic multiplicity and the linear hull
of corresponding associated eigenelements is dense in H.

Remark 6.35. Algebraic multiplicity must be understood as explained above in
(6.123), (6.124). It follows from the resolvent equation (6.89) and Theorem 6.12
that the assumption (6.126) is independent of the chosen point A € o(A). The
above formulation has been taken over from [Tri78, Theorem 3, pp. 394/395] with
areference to [GK65, Chapter V, § 10] for a proof. We apply later on in Section 7.5
this assertion to elliptic differential operators, complementing Theorem 5.36.

6.7 Notes

6.7.1. The application of the quantisation rules (6.8) to (6.7) results in the Hamilto-
nian g in (6.9) for the (non-relativistic) hydrogen atom (without spin). This is the
most distinguished example of a so-called Schrodinger operator. The underlying
mathematical foundation of quantum mechanics was formulated in the 1920s, see,
for example, [Hei26], [HVNN28], [vN32], and can be found nowadays in several
books, e.g., in [Tri92a, Chapter 7] (and in a more extended version in its German
original, 1972). The operator in (6.11) is self-adjoint. One can prove that B,

(Bf)(x) = [x|7! f(x), dom(B) = W;(R?), (6.128)

is a symmetric operator in L, (R?), which is relatively compact with respect to A4
according to Definition 6.29, hence

|x|"Y(=Af + f)~!is compact in L,(R?). (6.129)
Then Theorem 6.32 implies that K is self-adjoint and
Oe(Hu) = 0e(—A) = [0, 00). (6.130)
Furthermore, the point spectrum o, (g ) consists of negative eigenvalues,
, me*
op(Hr) ={En}S=, with Exy = N7 N e N, (6.131)

of (geometric) multiplicity N2, see Figure 6.6
aside, where m, e, and  have the same meaning as

£y En  0e(Hn) in Example 6.2. A detailed proof may be found in
T T T 1 [Tri92a]. In physics eigenvalues of Hamiltonians
0 are identified with the energy of related stationary

Figure 6.6 states. By Bohr’s postulate a quantum mechani-

cal system jumping from one stationary state of
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energy E into another stationary state of energy E* can emit or absorb electromag-
netic radiation of frequency
|E — E7|
V= ; ,
where & is Planck’s quantum of action. This underlines the importance of eigen-
values and their distributions also from a physical point of view. In case of the
hydrogen atom one gets one of the most famous formulas of quantum mechanics,

(6.132)

_|EN—Epm| _

1 1
VN.M = 7 R(— — —), M >N > 1, (6133)

N2 M2

where R = 2m2me*h™3 is the Rydberg constant. Assuming that all constants are
fixed (the usual destiny of constants), but that Planck’s constant / tends to zero,
h | 0, one obtains

#{06(Hy) N (—o0, —1]} ~ K3 (6.134)

(with equivalence constants which are independent of ). This is a concrete example
of the negative spectrum as considered in (6.14)—(6.16) with Theorem 6.32 as the
abstract background. We return to problems of this type in Section 7.7. Further
references may be found in Note 6.7.10.

6.7.2. Let (—A)p = Ap,r and (—A)y = An,r be the Dirichlet Laplacian and
Neumann Laplacian, respectively, in a bounded C*° domain €2 in R” according to
Theorem 5.31. Then the spectral counting function N(A) in (6.19), (6.20) can be
detailed by

(2n)—n+1

T lona1[1920,-14"7 (1+0(1) (6.135)

N = @m) " wa||Q12% +
for A — oo with the same explanations as in connection with (6.20). Here the ‘—’
corresponds to (—A)p and the ‘4’ to (—A)y. We refer to [SV97, Example 1.6.16,
p- 47], where a corresponding assertion is formulated for the Laplace—Beltrami
operator with respect to an n-dimensional Riemannian manifold. One may ask
what happens if one replaces the Laplacian —A by a more general self-adjoint
operator of second order, typically of type

n

0 du
Au = — Z g(ajk(x)m) 4+ a(x)u, dom(A) = WZZ’O(Q), (6.136)
k=1 "7

where a;; and a are C* coefficients satisfying (5.169), (5.170), (5.227), or of
higher order as discussed briefly in Note 5.12.1, or of even more general fractional
powers of elliptic operators or pseudo-elliptic operators. Problems of this type
have been considered with great intensity since a long time beginning with H. Weyl
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[Weyl12a], [Wey12b]. A detailed account and recent techniques may be found in
[SVI97] and [Sog93, Section 4.2]. In case of (6.136) we are typically led to

N = coA? + OA"Z") as A — oo, (6.137)
with
=0 eaxr Y apgs <1y, ©138)
and n—1 n—1
lim A~"Z |O(A"7)| < oo. (6.139)
A—>00

This coincides in the case of the Dirichlet Laplacian with the main term in (6.135).
Assertions of type (6.135)—(6.139) are beyond the scope of this book. We are in-
terested in the Weyl exponent as indicated in (6.21), subject of Chapter 7. On the
other hand, our method relies on entropy numbers and approximation numbers of
compact embeddings between Sobolev spaces. This applies also to rough ellip-
tic operators and even degenerate elliptic operators where nothing like the sharp
assertions (6.135) or (6.137) can be expected.

6.7.3. LetA = (a jk);‘l, ¢~ be areal symmetric matrix which can be interpreted as
a self-adjoint mapping A in the complex n-dimensional Hilbert space H = C”.
Let

—00 <A << Ay <00, Aej=2Aje;, e €H,

be the ordered eigenvalues A; and the related orthonormal eigenelements e;. Then
A can be written formally (in a strong or weak sense similarly as explained in
connection with (6.93), (6.94)) as a (vector-valued or scalar) Riemann—Stieltjes
integral

o0 n
Ah = / MEzh =" Aj(-ej)e;. heH, (6.140)
A j=1

where E; is the projection of H onto span{e; : A; < A}. This is illustrated
formally in Figure 6.7 (a) below. It is one of the most spectacular (and most beau-
tiful) achievements of the analysis of the last century that there is a counterpart
of (6.140) for arbitrary self-adjoint operators A in (infinite-dimensional) complex
Hilbert spaces H,

o0
Ah = [AdE,lh, h € dom(A), (6.141)
—0o0

where { £ } <R is a so-called spectral family consisting of projections such that

Eyh—0 ifA—>—o00, Ezh—h ifA—>o00, heH, (6.142)
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and
E,{EM = E;LE)L = Emin(l,u)s A €R, JYARS R, (6.143)

illustrated in Figure 6.7 (b) below.

E; E)
d4----- d4-------=-=
, 1
? T
— i i i o
A1 Az An R oy R
Figure 6.7 (a) Figure 6.7 (b)

This may be found in many books, for example in [Rud91] or [Tri92a, Sections 4.3,
4.4]. Roughly speaking, A € o,(A) if, and only if, E, is discontinuous at A and,
more precisely,

A € 0s(A) if, and only if, dim[(Ej4+.— Ej—c)H] = 00 (6.144)
for any ¢ > 0. If we assume (without restriction of generality) that for A € g(A),
dim[(Ey, — Ex,, )H] =00, A;j=A+27, /€N, (6.145)

then there are orthonormal sequences h; € (Ex; — E; ;) H such that
{Ah}32, is orthogonal and Ah; — Ahj — 0. (6.146)

Hence {/;}; is a special Weyl sequence according to Definition 6.5 (iii). For details
we refer to [Tri92a, Section 4.3.7, Remark 1, p. 252]. We used these special Weyl
sequences in Step 3 of the proof of Theorem 6.32.

6.7.4. Some (apparently) typical assertions of spectral theory in Hilbert spaces can
be extended to quasi-Banach spaces. This applies in particular to (6.29) and to
the second half of (6.30). This is of some use for a theory of elliptic operators
in quasi-Banach spaces. We refer to [ET96, Section 1.2] for the abstract part and
subsequent applications.

6.7.5. An early proof of (6.63) may be found in [GK65, Chapter II, § 2.3, Theo-
rem 3.1] with a reference to [All57]. The approximation numbers in Banach spaces
according to (6.42) had been introduced in [Pie63]. Afterwards it turned out that
there are many other useful numbers to characterise subclasses of compact operators
in Banach spaces, called s-numbers (including, e.g., Kolmogorov numbers, Weyl
numbers, Gel’fand numbers, ...). All this has been studied with great intensity from
the middle of the 1960s up to the end of the 1980s (with some modest contributions
of the second-named author of this book). The standard references of the abstract
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theory are [Pie78], [Pie87], [Kon86], [CS90], [EE87]. They are in common use up
to our time. The step from Hilbert spaces to Banach spaces is crucial in this context
and the diverse s-numbers coincide when reduced to Hilbert spaces. Then one is
back to H. Weyl’s seminal paper [Wey49]. There one finds what has been called
later on Weyl'’s inequalities:

Let T € £(H) be a compact operator in an (infinite-dimensional complex) Hilbert
space and let { A (T)} be its eigenvalues (counted with respect to their algebraic
multiplicity) and let ay (T') be the corresponding approximation numbers as intro-
duced in Definition 6.10 (ii). Then

m m
[T14() < []ae(T). men. (6.147)
k=1 k=1
and
m m
Y P <Y ar(T)?, meN, 0<p<oo. (6.148)
k=1 k=1

Of course, if T is self-adjoint, then both (6.147) and (6.148) follow from (6.63). It
is one of the main subjects of the above-mentioned books to study in detail gener-
alisations of these results, for example, replacing £, in (6.148) by other sequence
spaces and, in particular, to extend this theory to Banach spaces. For example, if X
is an arbitrary Banach space and T € £(X) compact, then (6.63) can always be
replaced by the weaker assertion that

Ae(T)] = lim ap(T™Y™, ke N,
m—00

see [Kon79].

The entropy numbers do not fit perfectly in the scheme of s-numbers, although
they have a lot of properties in common, recall Theorem 6.12. On the other hand, in
contrast to approximation numbers they obviously do not satisfy one of the consti-
tutive features of s-numbers, that is, the rank property (6.51), recall Exercise 6.15.
But they have their own history which we outline next.

6.7.6. The idea to measure compactness in terms of g-entropy goes back to [PS32]
and, in particular, to [KT59]. Let M be a precompact set in a Banach space Y. Let
N (e, M) denote the finite minimal number of balls of radius ¢ > 0 in Y needed to
cover M. Then

H(e, M) =1logN(e, M), (6.149)

is called the e-entropy, where log is taken to base 2. The idea to use the inverse func-
tions came up in [MP68] and in [Tri70]. Based on [MP68] the mth entropy number
em(M, Y) of the precompact set M in the Banach space Y had been introduced in
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[Tri70] as the infimum of all £ > 0 such that

m
M C U{yi +¢eUy} forsome yi,...,ym €Y, m e N, (6.150)

i=1

N, M)| —

2k—1 i

7
ex (M) em(M) e
Figure 6.7

where we used the same notation as in connection with (6.41). In [Pie78, Sec-
tion 12.1] it had been suggested to work only with the dyadic sequence m = 2%~
k € N, hence

ex(M,Y) =e0-1(M,Y), keN. (6.151)

With M = T (Ux) one gets the numbers ex(T) = ex(T(Ux),Y) according to
Definition 6.10 (i). For a while they had been denoted as dyadic entropy numbers.
But especially after the discovery of the spectral assertions (6.71), (6.87) in 1979 it
became clear that e; might be the better choice for many purposes. The motivation
in [Tri70] to deal with the (original) entropy numbers

em(T) =em(T(Ux),Y), TeX(X,Y), meN, (6.152)

using the same notation as in Definition 6.10, came from the proposal to study
so-called entropy ideals E, 4 with0 < p < 00,0 < g < o0,

o0

{T e (X, Y): > zsf,l(T)(logm)%_lm_1 < oo}, q < o0,
Epq(X.Y) = m=2
p.g\ &, 1
{TGSE(X,Y): sup &, (T)(logm)» <oo}, q = o0,
m>2

o0
{T €L(X.Y): Y e(T)ks " < oo}, g < oo,
= k=1 . (6.153)
{T € LX,Y): super(T)k? < oo}, g = oo,
k>1

where the second line makes clear again that the use of e simplifies the matter
considerably. These entropy ideals (also called entropy classes) attracted afterwards
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some attention especially the distinguished case 0 < p = g < oo, hence E, ,
selecting those compact operators T € £(X,Y) for which {ex (T)}x € £, (and their
weighted counterparts). We refer in particular to [Pie78, Section 14.3.1, p. 197],
[Car81b] and [CS90, Section 1.5].

6.7.7. In 1979 B. Carl discovered (6.87) in the even a little bit sharper version
A (T)| < inf 2" ep(T), k€N, (6.154)
meN

published in [Car81b] as suggested by the first inequality in (6.83). Discussing this
remarkable formula with the second-named author of this book it came out more
or less instantaneously (within hours) that this assertion can be improved by (6.71)
using geometric arguments, published in [CT80]. The proof given there became
standard (with some modifications). It is not only the same as the above one in
connection with Theorem 6.25, but was taken over in all books known to us dealing
with this subject, including [CS90], [EE87], [ET96], [K6n86], [Pis§89].

6.7.8. The systematic study of entropy numbers in Banach spaces is not subject of
this book. We refer to [Pie78], [Kon86] and in particular to [CS90] which is the
standard reference in this field of research. Some generalisations to quasi-Banach
spaces may be found in [ET96]. One may ask how the entropy numbers are related
to other s-numbers, in particular, to approximation numbers. We restrict ourselves
to the typical, but rather useful observations,

sup kY er(T)<C sup kYap(T), meN, (6.155)
k=1,....m k=1,....m
and
sup (log(1+k))’er(T) <C sup (log(l1+k))’ ar(T), me N,
k=1,....m k=1,....m

(6.156)
where v > 0 and C is some positive constant (which may depend on v, but not
on m). This goes back to [Car81b], [CS90, p. 96] (for Banach spaces) and [ET96,
p. 17].

6.7.9. One has (6.50) as a characterisation of compact operators 7 € £(X,Y)
acting between Banach spaces X and Y in terms of their corresponding entropy
numbers e (7). In case of approximation numbers ay (T) there is (6.52) based on
the observation (6.51) for finite rank operators. Is there a converse or an extension
of (6.54) from couples of Hilbert spaces to Banach spaces? The answer is negative.
We illustrate the situation and first recall the notion of the approximation property
in Banach spaces.

A Banach space X is said to have the approximation property if for every
precompact set M C X, and every ¢ > 0 there is a finite rank operator L € £(X)
such that

|x — Lx|X|| <e forevery x € M. (6.157)
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One gets as an immediate consequence of [LT77, Theorem 1.e.4, p. 32] that the
following two assertions are equivalent to each other:

(1) X has the approximation property,

(ii) for any Banach space Y andany T € £(Y, X),

T is compact if, and only if, lim ap(T) = 0. (6.158)
k—o00

This is the converse of (6.52) and the perfect counterpart of (6.50). The question
whether each Banach space has the approximation property was one of the most
outstanding problems of Banach space theory for a long time. It was solved finally
by P. Enflo in [Enf73] negatively: there exist separable Banach spaces which do
not have the approximation property. We refer to [LT77, Section 1.e] and [Pie78,
Chapter 10] for further information.

6.7.10. In Example 6.2 we discussed the problem of the negative spectrum and its
physical relevance. Theorem 6.32 is the abstract background. In particular, (6.97)
is called the Birman—Schwinger principle. It goes back to [Bir61], [Sch61]. Proofs
may be found in [Sim79, Chapter 7] and [Sch86, Chapter 8, § 5]. A short description
has also been given in [ET96, Section 5.2.1, p. 186]. Our formulation is different
and adapted to our later needs. Nevertheless a few decisive ideas of the proof have
been borrowed from [Sim79, p. 87]. This applies in particular to the continuously
moving eigenvalues as described in (6.118). But our justifications via (6.116) and
the use of the Max—Min principle might be new. Using (6.87) with T = BA™! one
obtains by (6.97) that

#{o(C) N (=00, 0]} < #{k € N: v2ex(BA™Y) > 1}. (6.159)

This entropy version of the Birman—Schwinger principle appeared first in [HT94a,
Theorem 2.4], cf. also [ET96, Corollary, p. 186].

6.7.11. There are further interesting connections between (the limits of) entropy
numbers and approximation numbers on the one hand, and spectral assertions as
well as famous inequalities on the other hand. This concerns, for example, the
first eigenvalues of (—A)p and (—A)y in a bounded domain €2, the (essential)
spectral radius of compact embeddings of type id: WZI(Q) — L,(£2), as well as
connections to Poincaré’s inequality (5.165) and Friedrichs’s inequality (5.142).
First results may be found in [Ami78] and [Zem80], we refer to [EE87, Section V.5]
and [EE04, Section 4.1] for a comprehensive account on this topic.



Chapter 7

Compact embeddings, spectral theory of elliptic
operators

7.1 Introduction

In Section 5.6 we dealt with the homogeneous Dirichlet problem for regular elliptic
differential operators A,

n 82 n 8
Aur)=— Y ajk(x)ﬁ(x) + Za,(x)a—;‘l(x) +a@ux), (7.1
jk=1 J 1=1

in L,(€2), where 2 is a bounded C*° domain in R” and A is interpreted as an
unbounded operator in L, (£2) with

dom(A) = W5(Q) = {f € WS(Q) : trr [ =0} (7.2)

according to (5.11) as its domain of definition. Theorem 5.36 solves this problem in
a satisfactory way including an assertion about the spectrum o (A) of A, consisting
of isolated eigenvalues of finite multiplicities located as indicated in Figure 5.5.
One may ask whether one can say more about the distribution of eigenvalues and
the (associated) eigenelements. For self-adjoint operators A,

n

d 0
Au = — Z Wj(ajk(x)é) + a(x)u, dom(A) = sz,o(Q)’ (7.3)
k=1

according to (6.136), we described in Note 6.7.2 and in Example 6.3 far-reaching
assertions about the distribution of eigenvalues of these operators with pure point
spectrum according to Definition C.7 and Theorem C.15.

The most distinguished case is the Dirichlet Laplacian A = (—A)p. In Sec-
tion 6.1 we stressed the physical relevance of eigenvalue problems. In Remark 6.4
we outlined our method to get assertions of type (6.21) (the Weyl exponent) based
on approximation numbers and entropy numbers. To apply the corresponding ab-
stract theory as developed in Chapter 6 we rely on Theorem 4.13 reducing Sobolev
spaces to weighted £, spaces. This may justify our dealing first in Section 7.2 with
approximation numbers and entropy numbers for compact embeddings between
weighted sequence spaces. This will be employed in Section 7.3 to study corre-
sponding problems in function spaces. Equipped with these assertions we discuss
afterwards in the Sections 7.4-7.6 eigenvalue problems for self-adjoint, regular,
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and degenerate elliptic operators. Finally we deal in Section 7.7 with the problem
of the negative spectrum as considered so far in Example 6.2 (physical relevance)
and in Section 6.5 (abstract background).

7.2 Compact embeddings: sequence spaces

Let M e Nand 1 < p < oc0. By Eljy we shall mean the linear Banach space of all
complex M-tuples £ = (£1,...,Ey) € CM such that

(iw)”” l<p<
N 2o
lele ) = N (7.4)

max i =00
=1 M |§l|’ P )

is finite. We further need £,, sequence spaces consisting of weighted blocks of the
above type (7.4).

Definition 7.1. Letd > 0,6 > 0,1 < p < oco. Let M; € Nbesuchthat M; ~ Jd
for j € Ng. For

b={bjneC :jeNy,m=1,...,M;} (7.5)
we introduce
(32 Y )
. ) 2J P |bj,m p ’ P < oo,
|6 16,7007 = = s (7.6)
sup 2% sup 1bjml, p = oo.
Jj€Ng m=1,...,Mj
Then oy o w
L2700, 7y = {b 1 || b [6,2750,7) | < oo}. (1.7)

Remark 7.2. Recall that M; ~ 274 means that there are two constants 0 < ¢; <
Cp < 00 such that

€12/ < Mj <c; 2/ forall j € N. (7.8)

If § =0, then{, = ¢, (2j8€;,‘4j) are the usual £, spaces. In any case, £, (Zj‘gﬁglj)

is a Banach space. These are special cases of the larger scale of spaces £,(2/ Sﬁf,uj )
with 0 < g < 00,0 < p < oo, where (7.7) is generalised by

s M; N
(3 ) )

2/8  qu b; } E”, = 0.
{2 s o)y a2

) p<00,

| b [eg27 6,7 = (7.9)
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These sequence spaces play a crucial rdle in the recent theory of function
spaces of type B;, ,(R") as briefly mentioned in the Notes 3.6.1, 3.6.3 and in Ap-
pendix E. Here we are mainly interested in the case ¢ = p and, in particular,
g = p = 2. But we add a few comments in Note 7.8.3 below about the more
general spaces.

Since particular attention should be paid to approximation numbers and entropy
numbers for compact embeddings between the spaces according to Definition 7.1,
we deal first with the above spaces E},” . Approximation numbers and entropy
numbers have been introduced in Definition 6.10.

Proposition 7.3. Let 1 < p < ocoand M € N. Let KIIJM be the above (complex)
spaces and let

1. oM M
id: €M < ¢} (7.10)
be the identity. Then
, 1 ifl<k<M
d: (M s My = - = 7.11
ar(id: €, ») §0 k> M. (7.11)
and
1 ifl <k <2M
id: (M s My - o7 7.12
ex (i D 14 ) {2_2?‘4 if k >2M, ( )

where the equivalence constants are independent of k € N, M and p.

Proof. Step 1. Plainly, (7.11) coincides with (6.53) in Exercise 6.14 (a).

Step 2. One may interpret the complex space Z},"I as R?M furnished with the norm
generated by (7.4). Let |U| be the volume of the unit ball U in E},"I (in the above
interpretation). Then 272M|U | is the volume of a ball of radius 1/2; hence (6.43)
(with . = ex) implies ez (id: €Y < £21) > 7 and the first line in (7.12). Let
k > 2M and let K, be the maximal number of points y” € U with

Iy =y M) > e =272, r#£1 (7.13)
Since the balls centred at y", 7 = 1, ..., K, and of radius ¢ cover U,
1< K,e*M = K. 27%  thus, K, >2F. (7.14)

On the other hand, balls of radius /2 are pairwise disjoint and contained in 2U,
such that

s 2M
Ks(i) <2?M thatis, K, < 2¢4M, (7.15)
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Consequently, (7.14) and (7.15) lead to
erranrr1 (id: € s €M) < 27907 < o (id: €M s €M), (7.16)
This proves the second line in (7.12). O

Remark 7.4. This is a simplified version of a corresponding proof in [ET96,
pp- 98/99] dealing with the more complicated situation of embeddings (7.10) be-
tween 611)‘4 spaces with different p-parameters for source and target space, see also
Exercise 7.5 below. We return to this point in Note 7.8.2 where we also give some
further references.

Exercise* 7.5. Prove the following (partial) counterpart of Proposition 7.3 in the
more general situation

id: 1 0<p<pr<oo, MeN. (7.17)
Then
3. M M
ex(id: £, — ) ~ 1, k <log(2M), (7.18)

where the equivalence constants are independent of k € N, M € N. Here log is
taken to base 2.

Hint: Concerning the lower estimate in (7.18) one may consider the 2M ‘corner’
points (0,...,%1,...,0) of U and estimate the radius that is necessary to cover
these points with 251 < 2\ balls. Further details are given in Note 7.8.2.

Theorem 7.6. Letd > 0,8 > 0, 1 < p < oo, and let £,(2/ Sﬁj,wj ) be the spaces
according to Definition 7.1 with M; as in (7.8). Then

idepy: £,275 050 ) < ¢, (7.19)
is compact and
er(depy: L7500 > ) ~ k734 ke N. (7.20)
Furthermore, if in addition p = 2, then
ariday: L2705 > ) ~ k™4 ke N, (7.21)

Proof. Step 1. The compactness of id,) follows from § > 0.
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Step 2. First we show (7.21). Let

2:&8
x| O 0
——
M1~2d
0
Dy = 2E8 ..
: 0 | & ot 0
0 ...2%J8
Mj~2jd

be the indicated diagonal operators in £, inverse to each other. Then D_ is a
compact self-adjoint operator in £, with eigenvalues

Ae(D_) ~2778 ~ k734 ifk e N, k ~ 274, (7.22)
since
278 -
S 0
0
D = 28 0
0 . 0—J8
~————————
Mj ~2J/d
Thus (6.63) implies
ap(D_: by <> ) ~ k%4 keN, (7.23)

see also (6.59). We use the factorisations
D_( = ) = idpy) (62(272€37) > £5) 0 D_(Ls — £,(27°037))  (7.24)
and

ida) (2(27507) > ) = D_(ts > £5) 0 D4 (62(2786)7) > £5),  (7.25)
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where the second operators on the corresponding right-hand sides are isomorphic
maps. Consequently, by (6.46),

a(idey: (270 030) > b)) ~ ap(D—: by > ) ~ k™4, ke N. (7.26)

This proves (7.21).
Step 3. We split the proof of (7.20) into two steps. For j € N we decompose

14, (657 < £31) =id; o idpy) o id/, j € No, (7.27)
as represented in the following commutative diagram,

AN N Y Tl

Id; l Jvidw) (7.28)

M4
@p./ — Ep
id;
where
c 47 M; is  Mj
J - J
id/: 0,7 —€,(27°0,7),
(xi,l,...,Xj,M/)f—)(0,...,O,Xj,l,...,xj,M/,O,...),
. M;
idj: £, > 0,7,
(xo,l,xl,l,...,xj,l,...,xj,Mj,xjH,l,...)|—>(xj,1,...,xj,Mj).

Plainly,
lid/: 67 — €,(27%67)| =275 and |id;: €, — €7 | = 1. (7.29)
Then by (6.46),
er(1d;: 7 < 67) < 28¢; (id(py: €,(270007) > £,), keN, (7.30)
and (7.12) with k ~ 2J/d M; implies for some ¢ > 0 and ¢’ > 0 that
1< ¢ 2e(idgpy: £,(275057) < 1))

and hence . '
ex(idpy: €,(2730,7) e £,) > ¢/ 2778 ~ =8/, (7.31)

This is the estimate from below in (7.20).
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Step 4. It remains to prove the estimate from above in (7.20). For this it is sufficient
to show that there are two positive constants ¢ and ¢’ such that

eerra(Qdepy: £p(2750)7) <> £,) < /2718 forall L € N, (7.32)

Let ey (-) = epy(-) for A € R, A > 1, for simplicity, where [A] = max{k € Z :
k < A}. We decompose

idep (6,(2786,7) Zld + Z id;, LeN, (7.33)
j=L+1
where
idj: 6,250 ) > €, x — (0,...,0,x1,....Xum;,0,...), j €No,

Since [lid; : £,(2780)") < £,]| <2773, one obtains
H 3 idj: 62007 el,ﬂ <c2B LeN. (7.34)
j=L+1

By an argument similar to Step 3 we may decompose id; asid; = id i o 1d; o id/,

g )

1d, J lidj

Ef,‘/[j —

id;
with
id” Ep(zj‘sﬁé,wj) S>ol xe (X1 XM )
ﬁj: Ef,uj Ly, (X1, Xm) (000,51, .., x5 a,,0, .00,
such that
[id/: 6,270 ) = 67 | =278 and [id;: 67 < £, =1, j € No.

Thus (6.46) (with h; = e ) implies

em(id;: £ (275007) > €,) = em(id; o 1d; (€7 < €57 o id/)
<c2 e(id;: )7 ). meN. (7.35)
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Let0 < ¢ < d and

kj =2Ld p=L=De ;i —0,... L, (7.36)
i.e.,
kj =2/d 2L=Dd=8) > 9jd _ pp o j=0,... L, (7.37)
and
L
k=>kj~2" LeN. (7.38)
j=0

We apply (7.35) and the second line in (7.12) with k; > M; ~ 274 and obtain

L L kj
> e (id)) <y Yy 270 27
j=0 j=0

L
< 27H Yo p 2T gL, (7.39)
j=0

where c1, ¢z, c3 are positive constants which are independent of L. Now (7.32)
follows from (6.44) (with hy = ey ), (7.38), together with (7.34) and (7.39). O

Remark 7.7. The proof of (7.20) is a simplified version of corresponding assertions
in [Tri97, Theorem 8.2, p. 39]. There we dealt with

id: g, (275007 ) > £y, (L), 8> 0, (7.40)

for0 < p; < pr < 00,0 <¢q1,92 <00,d > 0,and M; ~ 2jd,j € Ny, using
the notation (7.9). The space on the right-hand side refers to the unweighted case,
hence 1 in place of 2/% in (7.9). If p; = p, = p, then one can easily replace the
outer p’sin (7.19) by ¢; and ¢ (in the interpretation of (7.40)). The case p; # p2
is more difficult, but of great use in the theory of function spaces as indicated in
Remark 7.2. We return to theses questions in Note 7.8.3 below where we give also
some references.

7.3 Compact embeddings: function spaces

Theorems 4.13 and 4.17 open the possibility to transfer problems of compact em-
beddings
id: W () — L,(R2), s>0, (7.41)

to corresponding questions for sequence spaces of the above type. We use the same
notation as in Section 4.4, in particular,
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Q=(nn)'=xelR':—nm<xj<m j=1,...,n}, (7.42)

and
K=Ki(0)={xeR":|x| <1} (7.43)

We always assume that €2 is a bounded C*° domain in R”. If, in addition,
1
QcC xe[R”:|x|§§, (7.44)

then we can apply the common extension operator

exts: Wi (Q) — WS(K), 0<s<L, (7.45)
according to (4.90) with WZS(I? ) as in (4.70). Now we can complement Theo-
rem 4.17 as follows.

Theorem 7.8. Let Q be a bounded C*° domain in R" according to Definition A.3
and let W3 (2) with s > 0 be the Sobolev spaces as in (4.2) (with a reference to
Definition 3.37). Then the embedding

id: WS (Q) = L (Q) (7.46)

is compact. Let ay(id: W5 (Q2) — L»(2)) and ex (id: W (2) — L»(K2)) be the
corresponding approximation numbers and entropy numbers according to Defini-
tion 6.10. Then

ar(id: W3 (Q) < Lo(RQ)) ~ ex(id: W5 (Q) — L(R2))
~ k7" ke N, (7.47)
where the equivalence constants are independent of k.

Proof. Step 1. By Theorem 4.17 we know that id is compact.

Without restriction of generality we may assume
that €2 satisfies (7.44) as shown in Figure 7.1. Let
{5, be the space of all sequences b = {b,, € C :
m € Z"} normed by

b1l = (3 (1 + mPY1bal?)”. (7.48)

meZ"

used (implicitly) in Theorem 4.13. Then

Figure 7.1 id: 05 <> €5 = £, is compact. (7.49)
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Furthermore, id according to (7.46) can be factorised as
id(W5 () — La(R2)) =reqoT o ﬁ(@% > ¥{3)oSo0 extng (7.50)

with exté given by (7.45),

S:W5(K) > 65, f > {bu(f)Imezn (7.51)
with by (f) = 27)” 3 / F(x)e ™xdx, m € Z", (7.52)
Qn
T: > La(@"),  {bmimezn = f=Qu)"3 Y bue™, (153
mezZn

and the restriction
req: Lz(@n) —> Lz(Q) (754)

By the above comments, (4.59) and Theorem 4.13 it follows that all operators are
bounded. With £, replaced by either aj or ey, respectively,

hie(id: W3 (Q) — La(Q)) < chi(id: £5 < £5), k € N, (7.55)
is a consequence of Theorem 6.12.

Step 2. We wish to prove the converse
of (7.55) assuming without restriction of
generality that Q" and Q are located as
indicated in Figure 7.2. There is a lin-
ear and bounded extension operator from
W3 (Q") according to Definition 3.37 into
W3 (£2). But we did not prove this (Q" is
not a C*° domain, unfortunately). How-
ever, one can circumvent this problem as
follows.

Figure 7.2

Let0 < s < 1 and f be given by
f)=@n)"% > bpe'™, x€Q". b= {butmezr €5,  (1.56)
meZ"
normed as in (4.65) by
|f() = SO

1/2
pTEET dx dy) , (7.57)

THACH (||f|Lz<®")||2+ I
(Dn XQ”
where 7 refers to periodic. (One may first assume that only finitely many coef-
ficients b, are different from zero, the rest is afterwards a matter of completion.)
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Then we extend f periodically into adjacent cubes and multiply the outcome with
a cut-off function ¥ € D(R) with ¥ = 1 on Q”. The resulting function f 9,

e =y@)Qr)72 Y bwe™, xeQ. bels, (7.58)

meZn

belongs to W, (£2) and one gets by the same arguments as in (4.65)—(4.67) that
LA WS @)1 ~ L W3 (@M ~ [1b165]. (7.59)

These arguments can be extended to W2k (@"), k € N, and then to all W (Q"),
s > 0. In particular, at least the periodic subspace W (Q")" of W} (Q") spanned
by (7.56) has the desired extension operator. Now one can prove the converse of
(7.55) factorising id in (7.49) as

1d(5 <€) = V orequ o id(W () <= Ly(R)) o U, (7.60)

with
U: 5 — Wy () according to (7.58), (7.61)

the restriction regn from L,(£2) to L,(Q"), and the isomorphic map V' in (4.59).
In that way one obtains the converse of (7.55) and hence

he(id: W3 (Q) < Ly(Q)) ~ he(id: €5 < £), k € N. (7.62)

Step 3. For j € N one has

#meZ": 2 <|m| <2/t ~ M;
~ 2/ (71.63)

as indicated in Figure 7.3. Then it follows from
(7.48) and Definition 7.1 that (after a suitable
re-numbering)

65 = 6,750 (7.64)

withd = n,8 = 5. Now (7.62) and Theorem 7.6
Figure 7.3 prove (7.47). O

Exercise* 7.9. Consider the embedding

id: W (Q) = Wi (Q), 0<1t<s < o0, (7.65)
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and show that
a(id: W5(Q) — W3 (RQ)) ~ ex(id: W3 (Q) — W;(Q))
~k™, ke, (7.66)

for the corresponding approximation numbers and entropy numbers.

Hint: The extension of V from L, to W, causes some trouble. Use
W5 () <= W5 () < L»(2) (7.67)
and what is already known.

Remark 7.10. The above theorem is a rather special case of a far-reaching theory
of approximation numbers and entropy numbers for compact embeddings between
function spaces. One may consult Note 7.8.5 below where we also give some
references. But we formulate a specific result which will be of some use for us later
on as a corollary of the compact embedding in Theorem 5.59.

Corollary 7.11. Let Q be a bounded C*° domain in R" where n € N. Let
id: W2(Q) = Ly(Q) (7.68)
be the compact embedding (5.286), (5.287). Then
er(id: W2(Q) = Lp(Q)) ~ k72", keN. (7.69)

Proof (of a weaker assertion). A full proof of (7.69) is beyond the scope of this
book. It is a special case of more general properties mentioned in Note 7.8.5. But
one can prove some weaker estimates supporting (7.69).

Step 1. Let, in addition, p > 2. Then
ex(id: W2(Q) < Ly(RQ)) > c k=2/" (7.70)
for some ¢ > 0 and all k € N as a consequence of (7.47) and
WE(Q) = Ly(Q) <= La(Q). (7.71)
Letn > 5and2 < p < p* with p* as in (5.285). For some ¢ > 1 one finds for all

k € N elements {gj}Jz-l:l1 C WA(Q2) with || g;[W2(Q)]| < 1 such that

min || f — g;|L2(Q)]| < ¢ ex(id: WS () — L2())
j (7.72)
forall f € WA(Q), || fIW2(Q)] < 1.

Using
1 1—-6 0

lelLp (@)1 < gL @' llgl Ly ()], 2= T (7.73)
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and the continuity of the embedding (7.68) with p replaced by p* according to
Theorem 5.59, (7.72) and (7.47) imply that

er(id: WA(Q) = Lp(Q) < c e} 0(d: W2(Q) — L(RQ))
< kTRt ke, (7.74)

The exponent can be calculated directly or obtained by arguing that it must depend
linearly on % with —% if p=2and0if p = p*, given by (5.285). Obviously this
is a weaker estimate than the desired one (7.69).

Step 2. Let 1 < p < 2. Then one obtains

e (id: WZZ(Q) — L,(Q)) <c k2/m (7.75)
for some ¢ > 0 and all k € N as a consequence of (7.47) and
W2(Q) < La(Q) > Ly(R). (7.76)

We prove the converse and choose anumber r > 2 satisfying (5.287) with p replaced

by r. Let

1 1-6 6

—=—+—-, 0<0<l. (7.77)

2 p r
We cover the unit ball U in W} (2) with 2k=1 palls K 7 in L,(£2) having radius
(1 + g)ex(id: WA(2) < L,(R)) for given & > 0. Each of the sets K; N U can
be covered by 2%~ balls in L,(2) of radius 2(1 + €)ex (id: W22(§2) — L,(R2))
with centres in K; N U (the number 2 comes from the triangle inequality and the
assumption that the centres should lie in K; N U). There are 22k=2 gych centres gi.
Hence for given f € U there is one such centre g; with

If = gl L ()] < ¢ exlid: Wi (Q) = Lr(R)) (7.78)
and
If = gilLp(Q)] < ¢ exlid: WF(Q) = L,(Q)). (7.79)
Using (7.77) and the counterpart of (7.73) one gets by (7.47) that
k2" < e eqpy(id: WR(RQ) <> La(R)
<c'ef 70 (d: W2(Q) — Ly(Q))ed (id: W2(Q) > L, (Q))  (7.80)

for some ¢ > 0 and ¢’ > 0 and all k € N. Now we take (7.69) for r = p > 2 for
granted and insert it in (7.80). Hence,

ex(id: W2(Q) = Lp(Q)) = c k2", keN, (7.81)
for some ¢ > 0. This is the converse of (7.75) and proves (7.69) for 1 < p < 2.
|

Remark 7.12. This is a special case of a more general assertion mentioned in
Note 7.8.5. The arguments in Step 2 reflect the so-called interpolation property of
entropy numbers. We return to this point in Note 7.8.4 including some references.
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7.4 Spectral theory of elliptic operators: the self-adjoint case

Equipped with Theorem 7.8 and the assertions about approximation numbers and
entropy numbers as obtained in Chapter 6 on an abstract level we can now com-
plement the theory of elliptic differential operators as developed in Chapter 5 by
some spectral properties. We outlined the programme in Section 7.1. For sake of
convenience we recall and refine some basic notation.

We always assume that €2 is a bounded C*° domain in R” according to Defini-
tion A.3 and that C(R2) and C!(Q) are the spaces as introduced in Definition A.1.
Let A,

n

(Au)(x) == > a,k(x) o+ Zaz(x)—(x) +a(u(x), (7.82)

k=1

be an elliptic differential operator according to Definition 5.1 now with

{ajk} ey CCHR), Har)jo, CC(RQ), a e C(RQ), (7.83)
and
ajr(x) = ag;j(x) € R, xeQ, jk=1,...,n, (7.84)
such that
n p—
Y ap(0EE = EEP. xeQ £ el (7.85)
jk=1

for some ellipticity constant E > 0. The spaces W7 (), W7 (), and W ()
have the same meaning as in Definitions 3.37 and 4.30 where v is the C* vector
field of outer normals on I' = d2. As in Theorem 5.36 elliptic expressions of type
(7.82)—(7.85) are considered as unbounded operators in L;(£2) with WZZ’O(Q) or

W22’v (£2) as their respective domains of definition.
Theorem 7.13. Let Q be a bounded C°° domain in R".

(i) Let A,

n

0
(e == Y 5o (an@e @) +atout. (156
J

Jk=1
be an elliptic operator with real coefficients,

{aji} ey CCHR), aeC(R), a(x) =0, (7.87)
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(7.84), (7.85) and dom(A) = W22,0 (R2) as its domain of definition. Then A is
a positive-definite self-adjoint operator with pure point spectrum according to
Definitions C.7 and C.9. Let

O<Ai A <o <A <--, Ay > o00asj— 00, (7.88)

be its ordered eigenvalues repeated according to their multiplicities. Then there
are two constants 0 < ¢1 < ¢y < 00 such that

L k¥ < Ap < k™, keN. (7.89)
(ii) Let A,
(Au)(x) = —Au(x), dom(A4) = W,""(Q), (7.90)

be the Neumann Laplacian. Then A is a self-adjoint positive operator with
pure point spectrum according to Definitions C.7T and C.9. Let

0=A0<A1§sz"'flj<"‘, /\j—)OOClSj—)OO, (7.91)

be its ordered eigenvalues repeated according to their multiplicities. Then
Ao = 0is a simple eigenvalue and Ay with k € N satisfy (7.89).

Proof. Step 1. We prove (i) in two steps. Let u € C*(Q), v € C*®(R), and
trru = trr v = 0 for I' = dQ. Integration by parts implies

(Au,v) / Z ( ]k(x) (x)) v(x)dx+[a(x)u(x)mdx
Q

/ ( Z ajk(x) (x) —(x) +a(x)u(x)v(x))dx
Q j k=1
= (u, Av) (7.92)

since a (x) and a(x) are real. By the density assertion of Proposition 4.32 (i) we
can argue by completion that

(Au,v) = (u, Av), u € dom(A4), v € dom(A4). (7.93)

Hence A is a symmetric operator. By the Theorems 5.36 and C.3 (ii) it follows that
A is self-adjoint. Furthermore, due to the ellipticity condition (7.85), a > 0, and
Friedrichs’s inequality (5.142) one gets for u € dom(A) that

(Au,u) > C/; |%(x)‘2dx > c’/|u(x)|2dx, (7.94)
Q /T Q
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for some positive constants ¢ and ¢’. Hence A is a positive-definite self-adjoint
operator. Following the same arguments as in Step 3 of the proof of Theorem 5.31
one concludes that A is an operator with pure point spectrum and we have (7.88)
for its eigenvalues.

Step 2. To complete the proof of (i) it remains to verify (7.89). It follows by
Theorem 7.8 and the same restriction and extension arguments as used there that

ar(id: WR(Q) <= La(Q)) ~ ax(id: W2y(Q) < La(Q)) ~ k2" (7.95)

for the approximation numbers of the corresponding embeddings. We factorise the
inverse A~! of the above operator A as

ATH(La2(Q) = L2(Q))

o » R (7.96)
= 1d(W;5(2) <> La(82)) 0 A7 (L2(2) — W;((2))

where the latter is an isomorphic map according to Theorem 5.36. Application of
Theorem 6.12 and (7.95) leads to

ar(A7V Ly(Q) = Ly(Q) <c k™2™, keN. (7.97)

The factorisation

id(W3o(Q) = La(R))

. ) (7.98)
= A7 (L2(R2) = L2(2)) 0 A(W; 4 () — L2(2))
results in the converse of (7.97). Hence,
ar(A7': Ly(Q) = Ly(Q)) ~ k72", ke N. (7.99)

Now (7.89) is a consequence of (7.99) and (6.63).

Step 3. The proof of (ii) follows from Theorem 5.31 (ii) and the same type of
arguments as in Step 2. |

Remark 7.14. We obtained the Weyl exponent % as discussed in (6.21). Otherwise
we refer to Example 6.3 and Note 6.7.2 for further comments and sharper results.

7.5 Spectral theory of elliptic operators: the regular case

For self-adjoint elliptic operators (7.86) we got the satisfactory Theorem 7.13 in-
cluding the assertion (7.89) about the distribution of eigenvalues. Furthermore,
according to Remark C.16 the corresponding eigenfunctions span L, (2) (there is
even a complete orthonormal system of eigenfunctions in H = L,(£2)). The ques-
tion arises whether there are similar properties for the more general regular elliptic
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operators (7.82)—(7.85) with dom(A4) = W22,0 (2). So far we have Theorem 5.36.
We may assume without restriction of generality that 0 belongs to the resolvent set
0(A) of A. Then

A7V Ly(Q) — Ly(Q) is compact (7.100)

and one can apply the Riesz Theorem C.1. We discussed in Remark 5.35 how the
spectra o (A), o (A™") and the point spectra o (A4), 0, (A™") are related to each other
with a satisfactory outcome as far as the geometric multiplicities of eigenvalues are
concerned. Furthermore, the spectrum is located as indicated in Figure 5.5. In
Note 5.12.6 we dealt with the more delicate question of the algebraic multiplicity
of A € 0p(A) advocating that it might be better (at least in an abstract setting) to
shift this question to the algebraic multiplicity of A~! € 0,(A™!). However, if one
has additional information, then it is reasonable to define the algebraic multiplicity
of A € 0p(A) as

o0 o0
dim (dom(A°°) n | ker(4 2 id)k) with dom(4%°) = () dom(4”).
k=1 Jj=1
(7.101)
In other words, only

u € dom(4A%°) with (4 — Aid)*u = 0 for some k € N (7.102)

are admitted. On dom(A™) one can freely operate with powers of A and A~!. In
particular, if ¥ € dom(A4*°) and

(A—7rid)*u =0, then (47'—2A"Yid)ku =0, (7.103)

leading to

dim (dom(A°°) ka ker(A—A id)k) < dim (Ql ker(A™! —rlid)k) (7.104)

where the latter is the algebraic multiplicity of A~! with respect to the bounded
operator A~ ! according to (C.11). In other words, we adopt now the same point of
view as in Section 6.6 with the possibility to apply Theorem 6.34. We complement
Theorem 5.36 as follows.

Theorem 7.15. Let Q2 be a bounded C*° domain in R" and let A be an elliptic oper-
ator according to (7.82)—(7.85) with its domain of definition dom(A) = WZZ’O(Q).
Then the spectrum o (A) consists of isolated eigenvalues A = & + in with & € R,
n € R, of finite algebraic multiplicity according to (7.101) located in a parabola

{(E,n) eR?:E+E& > Cn?y forsome C >0, & € R, (7.105)
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see Figure 5.5. Let
0<[A] = A2 =S X[ =+, |Ajl > 00as j — oo, (7.106)

be the ordered eigenvalues repeated according to their algebraic multiplicities.
Then there is a positive number ¢ such that

Ak| > ck?", keN. (7.107)
Furthermore, the linear hull of all associated eigenfunctions is dense in L, (2).

Proof. Step 1. In view of Theorem 5.36 it remains to prove (7.106), (7.107) and
the density of the linear combinations of all associated eigenfunctions in L, (£2).
The inverse A~! can be factorised by

AN (L2(Q) = L2 (Q))

2 . 5 (7.108)
=1d(W5(2) = L2(82)) 0 A7 (L2(2) — W;,(£2))

where the latter is an isomorphic map. Using (7.95) with the entropy numbers ey
in place of the approximation numbers aj, Theorem 7.8 and (6.46) with h = ey,
leads to

ex(A7V: Ly(Q) = Ly(Q)) <c k72", keNl. (7.109)

Application of (6.87) to A™! and its eigenvalues ;. # 0 (counted with respect to
their algebraic multiplicities) gives

Ikl <c k™", keN, (7.110)

for some ¢ > 0. By (7.104) one obtains |A;|™! < ||, thus leading to (7.107).
Step 2. The operator A can be written as

n

(A)(x) == )

Jk=1

= (Au)(x) + (Bu)(x), (7.111)

a 9 " 9
a_xj(ajk(x)é(x)) + ;al(x) a—;ll(x) + a(x)u(x)

where A refers to the first sum with dom (/i)) = dom(B) = WZZ’0 (£2). Theorem 7.13

implies that Aisa self-adjoint positive-definite operator with pure point spectrum.
We may assume that 0 € o(A). Then BA~! can be decomposed into
BA™(La(Q) = La(%))

= id(W,1(Q) <> La(R)) 0 BIWZ,(R) = W, () 0 A1 (La2(R) = WEo(Q)).
(7.112)
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The last operator is an isomorphic map, B is bounded and one can apply (7.47)
to id: W () < L»(2). Together with the multiplicativity of approximation
numbers (6.46) (with iy = ay) this results in

ar(BA™': Ly(Q) < Lo(Q) <c k™", keN. (7.113)

Using Theorem 6.34 gives both (7.106) as far as the existence of infinitely many
eigenvalues is concerned and the density of the linear hull of all associated eigen-
functions in L, (£2). O

Remark 7.16. In Note 7.8.7 we give some references and add a few comments.

7.6 Spectral theory of elliptic operators: the degenerate case

Although we did not give a complete proof of Corollary 7.11 we apply this result
now to the degenerate elliptic operator B in Theorem 5.61.

Theorem 7.17. Let Q2 be a bounded C *° domain in R" wheren > 4 and let A be a
elliptic operator according to (7.82)—(7.85) such that 0 € o(A). Let pL* = % —
and2 < p < p*. Let1 <ry <o00,1<ry <ooand

1 1 1 1 1

2
by e L, (), brel,,(Q) with—=—-——, —4+ — <—. (7.114)
ri 2 pon 12 n

SN I

Then B,
B =byA7 by Ly(R) — Ly(RQ) (7.115)

is compact. If there are infinitely many non-vanishing eigenvalues |1y which are
counted with respect to their algebraic multiplicities and ordered by

Il = [p2l = -+ = |pi| = -+ >0, (7.116)
then there is a positive number ¢ such that
el <c k™", keN. (7.117)

Proof. According to Theorem 5.61 (and Theorem C.1) it remains to prove (7.117).
We use the decomposition (5.309), (5.310), that is,

B =byoido A7 o b,
with
bi: Lp(R) — L2(2),
AT Ly (Q) = Wi (Q).
id: W5o(Q) = Lu(Q),
by: Ly(R2) — Lp(R).

(7.118)
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W22,0(Q)

Figure 7.4

By Corollary 7.11 we have for the embedding id: W22,0 (R) — Ly(R)in (7.118)
that

er(id: W3o(R) <> Lu(Q)) ~ k™ n (7.119)

for k € N. Consequently, Theorem 6.12 (iii) (with s = eg) implies that
ex(B: Lp(Q) > Ly(Q)) <ck™n (7.120)
for k € N; hence (7.117) follows from (6.87). O

Remark 7.18. If A is the positive-definite self-adjoint operator studied in Theo-
rem 7.13, then one obtains

(A ~ k72" ke N, (7.121)

for its eigenvalues. If B is given by (7.115) with (7.114), then one has at least
the estimate (7.117) from above with the same Weyl exponent % This somewhat
surprising assertion is a consequence of the miraculous properties of entropy num-
bers with (7.69) as a special case and their relations to spectral theory according to
Theorem 6.25 and Corollary 6.27. We add a few comments in Note 7.8.8 below.

Exercise* 7.19. Formulate and prove the counterpart of Theorem 7.17 for the di-
mensions n = 1,2, 3.

Hint: Rely on Theorem 5.59 and Corollary 7.11.
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Exercise 7.20. Let
b € Loo(R2) bereal with0 < ¢; < b(x) < ¢, x € Q, (7.122)

for some 0 < ¢; < ¢ < 00. Let A be the same operator as in Theorem 7.13 and
Remark 7.18. Prove that B, given by

B=boA ' ob: Ly(Q) — L2(Q). (7.123)
is a self-adjoint, positive, compact operator with
pi(B) ~ k72" keN, (7.124)

for its eigenvalues. The corresponding eigenfunctions span L, (€2).

Hint: Prove
ar(A™Y ~ap(B), ke N, (7.125)

and use Theorem 6.21.

7.7 The negative spectrum

In Example 6.2 we discussed the physical relevance of the so-called negative spec-
trum. The abstract foundation of this theory was subject of Theorem 6.32. Now we
are in R” and it appears reasonable to illuminate what follows by glancing first at
the Laplacian 4,

A=-A=-)" o7 dom(A) = W2(R™), (7.126)

as an unbounded operator in L, (R"). Throughout the text we scattered comments
about this operator, but not in a very systematic way (Remark 5.24, Exercise 5.25,
(6.11), (6.12)). Recall that WZZ([R”) is the Sobolev space according to Definition 3.1.
Otherwise we use the same notation as in Appendix C. In particular, we fixed in
Definition C.9 what is meant by a positive operator in a Hilbert space H, here
H = L,(R"). Furthermore, the resolvent set o(A4), the spectrum o (A), the point
spectrum o (A), and the essential spectrum o, (A) of a self-adjoint operator A have
the same meaning as in Definition 6.5. Recall Theorem 6.8.

Proposition 7.21. The Laplacian A according to (7.126) is a self-adjoint positive
operator in Lo(R™). Furthermore,

0(A) = 0s(A) =[0,00), o0p(4) =0. (7.127)
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Proof. Let L,(R", wy) be the weighted L, spaces as considered in Definition 3.8,
Remark 3.9 and Proposition 3.10. By Theorem 3.11 the Fourier transform ¥ and
its inverse F ! generate unitary maps

FWER") = F'WHR") = Lo(R", wo). (7.128)
For f € W2(R") one obtains by (2.139) that
Af = FIFAf = F7YEPF f). (7.129)
Hence A is a unitary equivalent to the multiplication operator B in L,(R"),
(Bg)(x) = |x|?g(x), x €R", dom(B) = L,(R", w,), (7.130)

and it is sufficient to prove the proposition for B in place of A. Of course, B is a
symmetric, positive operator in L,(R"). If A <O and f € L,(R"), then

g € dom(B) where g(x) = f(x), x € R". (7.131)

1
x| -2

Furthermore, (B — Aid)g = f and hence range(B — Aid) = L,(R"). By Theo-
rem C.3 the operator B is self-adjoint. If for some g € dom(B) and A > 0

(Bg)(x) = |x|*g(x) = Ag(x), (7.132)

then g = 0 (in L>(R")). Hence o,(B) = @. If A > 0, then one finds a
Weyl sequence {¢;}72, C D(R") of functions with pairwise disjoint supports,
lgj[L2(R")[| =1, and

2
180, = 205 L@ = [ [1s =2l P ax >0 i j = o0, (1133
R”7

as indicated in Figure 7.5 (a) below (for n = 1), see also Figure 7.5 (b) below.

Pk
7

R
0 Vi I+l R4
Figure 7.5 (a)

Hence A € 0¢(B) according to Definition 6.5 (iii). This proves (7.127) for B
and hence for A. O
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Exercise* 7.22. Let A > 0. Construct such a sequence {g;}72, C D(R") with
supp ¢; Nsupp g = @ for j # k, |l¢;|L2(R")|| =1, j € N, and (7.133).

Hint: One may take Figures 7.5 (a) (forn = 1) and 7.5 (b) as inspiration.

Pk

¥j

~ 27 - R”

Figure 7.5 (b)

After this preparation we deal with the negative spectrum of the operator #g,
Hpf =(A+id) f +BV()Sf
=Jof +BV()f.  dom(JHg) = Wi (R"), (7.134)

where V is a suitable real potential and 8 > Oisaparameter. Of course, #y = A+id
is the shifted Laplacian A = —A as considered in Proposition 7.21.

Theorem 7.23. Letn € N, r >2,0 < 1 < 2 and let
V € L. (R") be real with supp V compact. (7.135)
Then the multiplication operator B,
(Bf)(x) = V(x) f(x), dom(B)=W;(R"), (7.136)

is relatively compact with respect to o according to Definition 6.29. Furthermore,
Hpg given by (7.134) with B > 0, is a self-adjoint operator in L,(R"), with

0e(Hp) = 06(Ho) = [1,00), (7.137)

and
#{o(Hg) N (—o0, 0]} < ¢ /> (7.138)

for some ¢ > 0 and all B > 0.

Proof. Step 1. First we prove that B makes sense and that BJ; 1 is compact in
L, (R"™). We rely on the same arguments as in connection with Theorem 5.59 and
Figure 5.9 with p = 2 now being Figure 7.6. In particular, for any ball K with
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W22

1
P
Figure 7.6
supp V C K the embedding
1 1 1
id: WA(K) = Ly(R"), —=-——, (7.139)
u 2 r
is compact. Then one obtains by Holder’s inequality that
B: Wi (R") < L(R") (7.140)

makes sense and is compact. Since V is real it follows that B is symmetric. Let i
be a smooth cut-off function with respect to the above ball K D supp V. Then the
factorisation

BHy ' (L2(R") = Lo(R"))
= V(Ly(R") = Ly(R")) 0 id(WZ(K) < Ly, (R")) (7.141)
o Y (WS (R") = WH(K)) o Hy  (L2(R") — WZ(R"))

and (7.139) show that B#; !'is compact. Now it follows from Definition 6.29 and
Theorem 6.32 that g is self-adjoint and

Tt
0 1 oe(Hp) 0o(Hp) = 0e(Ho) = [1,00).  (7.142)
Figure 7.7

Step 2. We apply Corollary 7.11 to id: WA(K) <> Ly (R") in (7.139) such that
(7.141) implies for some ¢ > 0,

ex(BHy ' Ly(R") <> Loy(R™) < c k2", ke N. (7.143)
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Using again Corollary 6.27 leads to
|k (BH;H < k72", keN, (7.144)

for the ordered eigenvalues of BJ{, . Application of (6.97) to BBH; ! results in
the question for which k € N,

N > ¢, thatis, <c .
=2/n hatis, k <c'g"? (7.145)
for some ¢ > 0 and ¢’ > 0. This proves (7.138). O

Remark 7.24. A comment is added in Note 7.8.9 below. We return to the hydrogen
operator #p according to (6.9). The Coulomb potential ¢ |x|~! in R3 fits in the
above scheme at least locally if one chooses V(x) = |x|~!v(x) in (7.134) where
¥ (x) is an appropriate cut-off function. Then one obtains by (7.138) that

#{o(Hg) N (—o0,0]} < ¢ B2, (7.146)

But this is just what one would expect according to (6.134) with B ~ A2 as
suggested by (6.10). If one wishes to deal with V(x) = |x|~! instead of |x|~ 1y (x)
one needs some splitting arguments. This may be found in [HT94b] and [ET96,
Sections 5.4.8, 5.4.9].

7.8 Notes

7.8.1. A quasi-norm on a complex linear space X is a map || - | X|| from X to the
non-negative reals such that

|x|X] =0 if, and only if, x =0, (7.147)
[Ax|X|| = |Alllx|X]|| forallA € C andall x € X, (7.148)

and there exists a constant C > 1 such that for all x; € X, x, € X,
X1 4+ x2 X[ < C(llx1 [ X[ + [lx2| X ). (7.149)

If C = 1 is admitted, then || - | X || is a norm. X is called a quasi-Banach space
(Banach space if C = 1) if any Cauchy sequence in the quasi-normed space X
converges (to an element in X'). In this book we dealt mainly with Hilbert spaces
and occasionally with Banach spaces. Recall that for given p with0 < p < 1, a
p-norm on a complex linear space X is a map || - | X || from X to the non-negative
reals satisfying (7.147), (7.148) and

||x1 +X2|X||p < ||X1|X||p + ||XZ|X||p, x1 € X, xp €X, (7.150)
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instead of (7.149). Of course, any p-norm is a quasi-norm. There is a remarkable
converse. The equivalence of norms according to (C.1) can be extended to quasi-
Banach spaces verbatim. It can be shown that for any quasi-norm | - |X||; on a
quasi-Banach space X there is an equivalent p-norm || - |X||» for some p with
0 < p < 1. We refer to [Kon86, p. 47], [K6t69, §15.10] or [DLI3, Chapter 2,
Theorem 1.1]. But otherwise the theory of abstract quasi-Banach spaces is rather
poor, compared with the rich theory of abstract Banach spaces. However, in case
of the function spaces

By ,(R"). Fy (R") withs € R, 0< p <o0, 0<gq < oo, (7.151)

according to Appendix E (with p < oo for the F-spaces) and briefly mentioned in
Note 3.6.3 and their restrictions to domains €2 in R”,

By ,(Q), F,,(Q) withs €R, 0 < p <00, 0<g <00, (7.152)

as in Definition 3.37 (with p < oo for the F-spaces) the situation is completely
different. These are quasi-Banach spaces and s, p, g as above are the natural
restrictions. Another useful extension from Banach spaces to quasi-Banach spaces
are the sequence spaces

M and €,(27%6,7), 0<p<o0,0<q<oo, (7.153)

according to (7.4) and (7.9) naturally extended to all p and g as above. Obvi-
ously there is no problem to extend the Definition 6.10 of entropy numbers and
approximation numbers from Banach spaces to quasi-Banach spaces.

7.8.2. Proposition 7.3 can be extended from 1 < p < ocoto0 < p < co. But
the situation is more complicated if one asks for the entropy numbers ey (id) of the
compact embedding

id: ) > e 0<py<py<oo, MeN, (7.154)

for the above complex quasi-Banach spaces. One obtains for k € N,
1, 1 <k <log(2M),
1 1
ep(id: )1 — €0y ~ { (k"log(1 + 2L)) 71772, log2M) <k <2M,

2~ (2M)Pa k > 2M,

(7.155)
where log is taken to base 2 and the equivalence constants are independent of M
and k. Recall Exercise 7.5. Obviously, (7.12) follows from (7.155) with p; = p,.
The case 1 < p; < p» < oo is due to Schiitt [Sch84]. The extension to all
parameters 0 < p; < p, < oo was done in [ET96, Section 3.2.2, pp. 98-101],
[Tri97, Theorem 7.3, p. 37]. But there remained a gap as far as the estimate from
below in the middle line in (7.155) is concerned. This was finally sealed in [KiihO1].
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7.8.3. Theorem 7.6 can be easily extended from 1 < p < c0cto 0 < p < 0.
Furthermore, (7.155) is the main ingredient to study the behaviour of the entropy
numbers of the compact embedding

id: £, 75000 < 0, (009, (7.156)

where the first space is quasi-normed by (7.9) and the latter refers to a corresponding
space with 1 in place of the weight factors 2/ 8 Otherwise we again assume as in
(7.8) that

§>0, d>0, M ~2/% forjeNg. (7.157)
Let
1 1§
0<pr <00, —=—+—, p«<pr=<o0, (7.158)
p« o d

and 0 < q; < 00,0 < g < 00. Then id: qu(ZjSE%j) < qu(ﬁgj) is compact
with

1

er(id: £, @0y s 0, () ~ kTP, keN.  (7.159)

This is a rather sharp and final assertion. The first step was taken in [Tri97, The-
orem 8.2, p. 39]. The above version is due to [HTOS5, Theorem 3.5, p. 115] and
may also be found in [Tri06, Theorem 6.20, p. 274]. More general situations were
studied in [KLSS06a], [KLSS06b], [KLSS07], whereas corresponding assertions
for approximation numbers ay (id) of id given by (7.156) were obtained in [Skr05].

The main interest in the above sequence spaces and assertions of type (7.159)
comes from the possibility to reduce compact embeddings between the function
spaces in (7.152) to these sequence spaces, for example via wavelet expansions.
But this is beyond the scope of this book. Details may be found in [Tri97], [TriO1],
[Tri06]. As far as further types of useful sequence spaces are concerned one may
consult [Tri06, Section 6.3] where one finds also relevant references.

7.8.4. In Step 2 of the proof of Corollary 7.11 we used the interpolation property
of entropy numbers in a special situation. Recall that two complex quasi-Banach
spaces X and X are called an interpolation couple {X¢, X1} if they are (linearly
and continuously) embedded in a linear Hausdorff spaces X which may be identified
(afterwards) with the quasi-Banach spaces X¢ + X, consisting of all x € X such
that x = x¢ + x; for some xo € Xp, x; € X;, and quasi-normed by Peetre’s
K-functional

K(t,x) = K(, x; Xo, X1) = inf(||xo| Xol| + [lx1|X1l]) (7.160)

for some fixed + > 0, where the infimum is taken over all representations x =
Xo + x; with x9 € Xp and x; € X;. Plainly, K(¢1,x) ~ K(t3,x) for fixed
0 < 1 <t < oo. As mentioned in Note 7.8.1 any quasi-Banach space is also
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a p-Banach space for some p with 0 < p < 1. Then the following assertions
are called the interpolation property for entropy numbers . As usual, Xo N X is
quasi-normed by || x| Xo N X1 || = max(||x]|Xoll, [|x]|X1])-

(1) Let X be a quasi-Banach space and let {Yy, Y1} be an interpolation couple of
p-Banach spaces. Let 0 < 0 < 1 and let Yy be a quasi-Banach space such
that Yo NY, < Yy — Yoy + Y7 and

Iy ¥l < I¥1Yol"PlyY1]® forally e Yon Y. (7.161)
Let T € £(X,Yy N Yy). Then forall kg, ky € N,

eko+ik,—1(T: X < Yp)

7.162
<2V el (T X < Yo)ef (T: X <> 1y). (7.162)

(i) Let {Xo, X1} be an interpolation couple of quasi-Banach spaces and let Y be
a p-Banach space. Let 0 < 0 < 1 and let Xg be a quasi-Banach space such
that Xy — Xo + X1 and

170 K(t,x) < |x|Xg| forallx € Xgandall0 <t < co. (7.163)

LetT: Xo+ X1 < Y be alinear operator such that its restrictions to Xy and
X1, respectively, are continuous. Then its restriction to Xg is also continuous
and for all kg, k; € N,

kog+k1—1(T: Xg = Y)

7.164
<27 e (T: Xog > Y)ef (T: Xy = Y). (7169
T Yy Xo T|X0
0 X { Y (i) X E} y
Y; X4 T|X]
Figure 7.8

Figure 7.8 illustrates the situations. By (7.73) one obtains (7.74) as a special case of
(7.161), (7.162). The above assertions have a little history. The first step was taken
by J. Peetre in [Pee68] which corresponds (after reformulation in terms of entropy
numbers) to the cases X = Y in (7.162) and Xy = Y in (7.164). A complete proof
of the above assertions (again after reformulation in terms of entropy numbers) for
Banach spaces was given in [Tri70]. One may also consult [Tri78, Section 1.16.2,
pp- 112-115] for further results and references (at that time). The extension to
quasi-Banach spaces including the above constants goes back to [HT94a] and this
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formulation coincides with [ET96, Section 1.3.2, pp. 13/14]. From the point of
view of interpolation theory both (i) and (ii) as illustrated in Figure 7.8 are special
situations.

Let {Xo, X1} and {Yy, Y1} be two interpolation couples. What can be said about
the entropy numbers of

T:Xg—Yy, 0<6<1, (7.165)
in dependence on the entropy numbers of
T:Xo—>Yy and T: X1 — Y ? (7.166)
This is an open problem.

7.8.5. Asjustexplained, the interest in the entropy numbers of compact embeddings
between sequence spaces according to (7.156) comes mainly from the possibility
to transfer these results to function spaces of type (7.152). We formulate here a key
result of this theory and add afterwards a few comments. As far as the function
spaces Bj ,(£2) are concerned one may consult Appendix E.

Let Q be a bounded domain (i.e., a bounded open set) in R". Let s1 € R, s, € R,

0<pr <00, 0<pr<o0, 0<gy=<o00, 0<gz=<o0, (7.167)
and
n n
§1 — §p > max (O, —— —) (7.168)
P1 P2
Then
id: BS! . (Q) = B2 . (Q) (7.169)

is compact and
51—52

ex(id: BS! , (Q) — B2 (Q)) ~k™ 7

k e N. (7.170)

Let W;(2) with 1 < p < oo and
s € N be the classical Sobolev spaces
on €2 according to Definition 3.37 and
Theorem 4.1. Then it follows from
the above assertion and the embeddings

. mentioned in Theorem E.8 (ii) below
(55:52) that

id: WS(Q) = Lg(9),

1<q<oo,s>n(%—%),

S1

(7.171)

3
=,

is compact and

Figure 7.9
er(id) ~ k7" ke N.  (7.172)
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Corollary 7.11 based on Theorem 5.59 is a special case of (7.171), (7.172). Also the
second equivalence in (7.47) is covered by (7.170) since W = Bg’z. Assertions
of the above type have a long and substantial history. First of all we mention that
(7.171), (7.172) is due to [BS67], [BS72] using sophisticated piecewise polynomial
approximations in the spaces under consideration, extending (7.171), (7.172) also
to fractional s > 0, s & N, where WPS = B;’ p- The first proof of (7.168)—(7.170)
for bounded C*° domains in R” and

l<pyi<oo, l<py<oo, 1=<g; <00, 1=<¢gy=<o00, (7.173)

was givenin [Tri78, Theorem 4.10.3, p. 355] based on [Tri70], [Tri75] using (7.171),
(7.172) and interpolation for entropy numbers as indicated in Note 7.8.4. In [Tri78]
one finds also further references to related papers at that time. Restricted ton = 1
and an interval the above assertions had been extended in [Car81a]to 1 < p; < oo,
1 < p2 < oo reducing this problem for the B; , spaces to corresponding sequence
spaces of the same type as in (7.156) using the so-called Ciesielski isomorphism in
terms of splines. We refer in this context also to [K6n86, Section 3.c, especially
Proposition 3.c.9, p. 191]. On the one hand, the Ciesielski isomorphism gives the
possibility to reduce some Besov spaces B, , to sequence spaces introduced in
Remark 7.2, but on the other hand, this method is rather limited and there is no
hope to prove (7.169) for all parameters according to (7.167), (7.168). This was
done in [ET89], [ET92] by a direct approach using the Fourier-analytical definition
of the B, , spaces as indicated in Appendix E. The rather long proof (14 pages) for
bounded C * domains €2 in R” may also be found in [ET96, Sections 3.3.1-3.3.5].
Finally one can remove the smoothness assumption for 2. This was indicated in
[ET96, Section 3.5] and detailed (based on a new method) in [Tri97, Section 23].
However, the main advantage of [Tri97] compared with [ET96] and the underlying
papers was the observation that there are constructive elementary building blocks,
called quarks, which allows us to reduce problems of type (7.167)—(7.170) to their
sequence counterparts (7.156)—(7.159). This technique has been elaborated over
the years. It is quite standard nowadays employed in many papers and also in the
books [Tri97], [Tri01], [Tri06]. Moreover, it can be used for function spaces on
rough structures such as fractals and quasi-metric spaces. This was even the main
motivation to look for such possibilities. In case of R” or domains in R” one can
use nowadays also wavelet isomorphisms as explained in [Tri06] and the references
given there.

7.8.6. For entropy numbers one has the final satisfactory assertion (7.167)—(7.170),
whereas the outcome for approximation numbers is more complicated. For our
purpose, (7.47) is sufficient. Nevertheless, we formulate a partial counterpart of
Corollary 7.11 and (7.167)—(7.170), complementing Theorem 7.8.

Let Q be a bounded C*° domain in R" and let
n n

s>0, 1<p<oo, s§—= > ——. (7.174)
2 p
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Then
id: W) (Q) — L,(2) (7.175)

is compact and for k € N,

ar(d: Wi (Q) < Ly(Q)) ~ (7.176)

I s

By (7.170) entropy numbers and approximation numbers behave differently if p, >
p1 = 2. For general compact embeddings of type (7.167)—(7.169) the behaviour of
approximation numbers is rather complicated. The (almost) final outcome may be
found in [Tri06, Theorem 1.107, pp. 67/68] going back to [ET89], [ET92], [ET96,
Section 3.3.4, p. 119] and [Cae98].

7.8.7. The self-adjoint operator A in Theorem 7.13 has a pure point spectrum. In
particular, its eigenelements span L, (£2), their linear hull is dense in L,(€2). This
applies also to the more general elliptic operators of higher order mentioned briefly
in Note 5.12.1 as long as they are self-adjoint. We reduced the corresponding ques-
tion for regular non-self-adjoint second order elliptic equations in Theorem 7.15
to the abstract Theorem 6.34. This can be done for higher order elliptic operators,
too. We refer to [Tri78, Theorem 5.6.3, p. 396]. The same arguments apply also to
several types of degenerate higher order elliptic operators, [Tri78, Theorems 6.6.2,
7.5.1, pp. 425, 449]. A different approach to problems of this type using the ana-
lyticity of the resolvent R, and its minimal growth as considered in Remark 6.30,
Exercise 6.31 and Note 5.12.7 was given in [Agm62] and [Agm65, Section 16].
One may also consult Note 5.12.6.

7.8.8. The distribution (7.117) of the eigenvalues j; of the degenerate operator B
based on the elliptic operator A of second order according to (7.82)—(7.85) might
be considered as a typical example of a more general theory. One can replace
A by higher order elliptic operators, their fractional powers or pseudodifferential
operators and one can rely on more general assertions for entropy numbers of related
embeddings of type (7.170). This theory started in [ET94], [HT94a], [HT94b] and
has been presented in detail in [ET96, Chapter 5].

7.8.9. Much as in the preceding Note 7.8.8 one may consider Theorem 7.23 with
Hp as in (7.134)—(7.136) as a typical example which fits in the context of this
book. But again there are many generalisations. We refer to [HT94a], [HT94b] and
[ET96, Sections 5.4.7-5.4.9], also for some new aspects.



Appendix A
Domains, basic spaces, and integral formulae

A.1 Basic notation and basic spaces

We fix some basic notation. Let N be the collection of all natural numbers and
No = N U {0}. Let R” be Euclidean n-space, where n € N. Put R = R! whereas
C is the complex plane and C” stands for the complex n-space. As usual, Z is the
collection of all integers, and Z", where n € N, denotes the lattice of all points

m = (my,...,my) € R"withm; € Z, j =1,...,n. Let Njj, where n € N, be
the set of all multi-indices, @ = (a1, ...,a,) witha; € Ng and
n
|a|=Zai, al =oq!-ay!. (A.1)

i=1

As usual, derivatives are abbreviated by

glel
DY = ———  «aeN xeR" A2
axy! -+ dxp" 0 (A-2)
and
¢ = ‘1’” on.  aeNg, £eR". (A.3)
We shall often use the notation
€ =0+ Eer (A4)

For x € R, y € R", let
n

Xy =(x.y) =Y Xy, x=@1....X), ¥ = 1. n). (A
j=1

If a € R, then

a, a=>0,
a+ = max(a,0) = (A.6)
0, a<0O.

For a set M of finitely many elements, we denote by #M its cardinality, i.e., the
number of its elements.
An open set in R” is called a domain. If it is necessary or desirable that the do-

main considered is connected, then this will be mentioned explicitly. The boundary
of a domain 2 in R” is denoted by 02, whereas 2 stands for its closure.
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Let © be an (arbitrary) domain in R”. Then C'*¢(Q) = C%!1°°(Q) is the collec-
tion of all complex-valued continuous functions in Q. For m € N let C™!1°°(Q)
be the collection of all functions f € C'°(Q) having all classical derivatives
D% f € C'°°(Q) with |a| < m, and let

COO,]OC(Q) — ﬂ Cm,IOC(Q) (A7)

m=0
be the collection of all C*° functions in 2.

Definition A.1. Let 2 be an (arbitrary) domain in R” and letm € Ng. Then C™(L2)
is the collection of all f € C ’”’l‘f (2) such that any function D* f with |a| < m
can be extended continuously to €2 and

IFIC™ @) = ) sup [D* f(x)] < oc. (A8)

lalm ¥

Furthermore, C(Q2) = C%(R) and

C*@Q) = () C™®Q). (A.9)
m=0

Remark A.2. Recall that C™(Q2) with m € Ng normed by (A.8) is a Banach
space. Details may be found in [Tri92a]. Some other notation are in common use
in literature, especially, if 2 is unbounded and, in particular, if 2 = R”. We are
mostly interested in bounded smooth connected domains.

A.2 Domains

Recall that domain means open set.

Definition A.3. (i) Letn € N, n > 2, and k € N. Then a special C k domain in
R” is the collection of all points x = (x’, x,,) with x’ € R"~! such that

h(x') < x, < o0, (A.10)

where i € C*(R"™!) according to Definition A.1.

(ii) Letn € N, n > 2, and k € N. Then a bounded C* domain in R" is a
bounded connected domain Q2 in R” where the boundary d€2 can be covered by
finitely many open balls K; in R*, j = 1,..., J, centred at d2 such that

KjﬂQZKjﬂQj with j =1,...,J, (A.11)

where §2; are rotations of suitable special C¥ domains in R”.
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(iii) Let n € N, n > 2. If Q is a bounded C* domain for every k € N, then it
is called a bounded C*° domain.

(iv) If n = 1, then bounded C*° domain simply means open bounded interval.

Remark A.4. In other words, for n > 2 we have the illustrated situation

Q;
\ Ki .
Q
= 02 /o-/l(x/)
:/ n—1
70 0 o \ R
%
Figure A.1

where one may assume that 2 N K; can be represented in local coordinates by
ah

Xp = h(x’) with h(0) =0 and
0x,

©0)=0,r=1,....,.n—1. (A.12)
Using these local coordinates the outer normal v = v(o) at a point (¢/,0,) = 0 €
0% is given by

v(©0) = (11(0).....va(0))
1 oh oh
—(),...,

I+ 2 )P (5 P

(o’),—l). (A.13)

A.3 Integral formulae

Let 2 be abounded C ! domainin R” according to Definition A.3 andlet f € C!(Q)
as introduced in Definition A.1. Then

of 2\ of
E(a) = ; Wj(a)uj(a), o €09, (A.14)
is the normal derivative at the point 6 € d$2, where v is the outer normal (A.13).
Let do be the surface element on 02 (in the usual naive understanding).

Theorem A.5 (GauB’s formula). Let n > 2, Q be a bounded C' domain in R,
and f € CY(Q). Then

[ sewas = [ f@wene =t @9
Q Q2
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Remark A.6. Usually the above assertion is formulated for more general domains,
called normal domains or standard domains, as it can be found in Calculus books,
cf. [Cou36, Chapter V, Section 5]. As for a short proof one may consult [Tri92a,
Appendix A.3].

More or less as a corollary one gets the following assertions. Recall that

2
j=1 3xj

A =

is the Laplacian.

Theorem A.7 (Green’s formulae). Let n > 2, Q be a bounded C' domain in R",
and f € C%(Q).

(i) Let g € CY(Q). Then

/ g()(AS)(x)dx

Q

a
- ‘Z/ —(X)—(X)dx + /g(o)a—f(o)do. (A.16)

Q2
(ii) Let g € C?(Q). Then

/(g(X)(Af)(X) — (Ag)(x) f(x))dx
Q

d 0
- / (s0 L) - E@ /)i @1

0

A.4 Surface area

We have a closer look at the area (volume) of smooth (n — 1)-dimensional surfaces
in R” again adopting the usual naive point of view in the Riemannian spirit. Sim-
ilarly as in (A.12) and in modification of (A.13) we assume that the surface ® is
given by

xp = h(x"), x' eR" heClw), (A.18)

where @ C R"™! is a smooth bounded domain as indicated in Figure A.2 below,
that is, x = (x/, h(x')) € ® for x’ € w, and

P(x) = (—;—)fll(x’),...,— ", ) x' € w, (A.19)
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is the modified normal to ® of length

n—1 ah 2
5| = 1+Zr(x/) . X cow. (A.20)
j=1'%%
P
Xn ‘
Vo 1%
do e 0
Rr-1 Lo
dx’
Figure A.2

Theorem A.8. Let the smooth surface ® be given by (A.18). Then

n—1

|| :/l'\?(x’)ldx’:/ 1+;

(2] @

2
dx’ (A21)

Wj(x/)

is its surface area (volume).

Proof. Let do be the surface element at x = (x’,x,) € ®. Then one has — as
indicated in Figure A.2 — that do = |V(x’)|dx’. Using (A.20) one obtains (A.21)
by Riemannian arguments. O
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Orthonormal bases of trigonometric functions

Letn € N, and
Q=(nn)'=xelR':—n<xj<m j=1,...,n}, (B.1)

where x = (x1,...,x,). Let L, (Q") be the usual complex Hilbert space according
to (2.16) where p = 2, furnished with the scalar product

ig) = / F()g@dx. (B.2)
(Dn

Theorem B.1. Let h,,(x) = (271)_% el m e 7" x € Q". Then
{hm(+) : m e Z"} (B.3)
is a complete orthonormal system in L,(Q™).

Proof. Step 1. One checks immediately that (B.3) is an orthonormal system in
L>(Q"). It remains to prove that this system spans L,(Q"). If one knows this
assertion for n = 1, then it follows for n > 2 by standard arguments of Hilbert
space theory.

Step 2. Hence it remains to show that the (one-dimensional) trigonometric polyno-
mials

1 eimx

N2 ’

are dense in L,(Q). By Proposition 2.7 (i) it is sufficient to prove that any f €
D(Q) = Cg°(Q) can be represented in L, (Q) by

L
p(x) = Z Am

m=—L

x€Q = (—m,m), (B.4)

o] 1 )
f(x) = Z am Jz_e’mx, x €QqQ, (B.5)
m=—o0 T

with

am = \/%_/‘ f(x)e"™¥dx, meZ. (B.6)
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By
T

am = ! / dkf(x)e—"'"xcix meZ\{0}, k e N (B.7)
" V2w (im)k ) dxk ’ ’ ’ '

it follows that |a,, | decreases rapidly. In particular,

gx)= Y am J% ™, xeq, (B.8)

m=—0o0

converges absolutely and g(x) is a continuous function. We prove f(x) = g(x)
by contradiction, assuming that 4(x) = f(x) — g(x) does not vanish everywhere.
The functions f and g have the same Fourier coefficients and, hence,

/h(x)p(x)dx =0 (B.9)

for any p with (B.4). Then /(x), and, consequently, Re 2(x), Im /(x), possess the
same property. In other words, if & = f — g is not identically zero, then there is
a real continuous function ig with (B.9) and h¢(xg) > 0 for some xo € Q. For
6 > 0 sufficiently small, let

po(x) = 1 4+ cos(x —xp) —coséd, xeQ. (B.10)

Then po(x) > 1 if, and only if, |x — x¢| < §. One obtains

b1
/ho(x)pg(x)dx — oo ifk € Nand k — oo, (B.11)

-7
what contradicts (B.9) with p = p’oc and h = hy. O

Remark B.2. Basic properties for trigonometric functions may be found in [Edw79].
As for a theory of function spaces on the n-torus parallel to the Euclidean n-space
we refer to [ST87].



Appendix C
Operator theory

C.1 Operators in Banach spaces

We assume that the reader is familiar with basic elements of functional analysis,
in particular, of operator theory in Banach spaces and in Hilbert spaces. Here we
fix some notation and formulate a few key assertions needed in this book. More
specific notation and properties which are beyond standard courses of functional
analysis will be explicated in the text, especially in Chapter 6.

All Banach spaces and Hilbert spaces considered in this book are complex. The
norm in a Banach space Y is denoted by || - |Y||. Usually we do not distinguish
between equivalent norms in a given Banach space Y, that is, where

Iy [l ~ ly|Y ]2 means cifly|Y]i < [[y[Yl2 < c2ly[Y ] (C.D

for some numbers 0 < ¢; <c; <ooandally €Y.

Let X and Y be two complex Banach spaces. Then £(X,Y) is the Banach
space of all linear and bounded operators acting from X into Y furnished with the
norm

1T =sup{lITx|Y|:|Ix|X||<1, xe X}, TeLX7Y) (C.2)
If X =Y, then we put £(Y) = L£(Y,Y). As usual nowadays,
T: X —Y standsfor T € £(X,Y). (C.3)

If for X C Y the continuous embedding of X into Y is considered as a map, then
this will be indicated by the identity (operator) id,

id: X < Y, henceidx = xforallx € X (C4

and
Ix|Y|| <cllx|X]| forall x € X and some ¢ > 0. (C.5)

IfT € £(X,Y) is one-to-one, hence Tx; = T x5 if, and only if, x; = x»,, then
T~ stands for its inverse,

Tx =y — x:T_ly, x € X. (C.6)

Of course, 7! is linear on its domain of definition dom(7 ~1); this is the range
of T, range(T). But T~! need not be bounded.
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For T € £(Y) the resolvent set o(T) of T is the set
o(T) = {A € C : (T — Aid) ! exists and belongs to £(Y)}. (C.7)
Here id stands for the identity of ¥ to itself, hence (C.4) with X = Y. As usual,
o(T)=C\o(T) (C3)

is called spectrum of T'. By the point spectrum o, (T) we mean the set of eigenvalues
of T; thatis, A € 0p(T) if, and only if, A € C and

Ty = Ay forsome y # 0. (C.9)

Then
ker(T —Aid) ={y € Y : (T — Aid)y = 0} (C.10)

is called the kernel or null space of T — Aid. It is a linear subspace of Y and its
dimension, dim ker(7" — Aid), is the geometric multiplicity of the eigenvalue A of T'.
Furthermore,

o0
dim | ] ker(7 — Aid)* with A € C (C.11)

k=1
is denoted as the algebraic multiplicity of A. Itis atleast 1 if, and only if, A € op(T).
An operator T € £(X,Y) is called compact if the image T Uy of the unit ball

Uy ={xeX:|x|X| <1} (C.12)

inY is pre-compact (its closure is compact). The following assertionis a cornerstone
of the famous Fredholm—Riesz—Schauder theory of compact operators in Banach
spaces.

Theorem C.1. Let Y be a (complex) infinite-dimensional Banach space and let
T € £(Y) be compact. Then

o(T) = {0} U 0,(T). (C.13)

Furthermore, o (T) \ {0} consists of an at most countably infinite number of eigen-
values of finite algebraic multiplicity which may accumulate only at the origin.

Remark C.2. Detailed presentations of the Fredholm—Riesz—Schauder theory may
be found in [EE&7, pp. 1-12] and [Rud91, Chapter 4]. For a short proof of the above
theorem and further discussions about the spectral theory of compact operators in
quasi-Banach spaces one may consult [ET96, Section 1.2, especially p. 5]. As for
the Riesz—Schauder theory in Hilbert spaces we refer also to [Tri92a, Section 2.4].
It is remarkable that some basic assertions of the above theorem go back to F. Riesz
in 1918 ([Riel8]) more than ten years before the theory of Banach spaces was
established formally, [Ban32].
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C.2 Symmetric and self-adjoint operators in Hilbert spaces

We collect some assertions about bounded and (preferably) unbounded operators
in complex separable infinite-dimensional Hilbert spaces H furnished in the usual

way with a scalar product {-,-) = {-,-)g and anorm || f|H || = /{f, f), f € H.
Again we assume that the reader is familiar with basic Hilbert space theory as it

may be found in many books, for example [Tri92a, Chapter 2].

Up to the end of this Section C we now follow [Tri92a, Chapter 4] essentially;
there one finds further details, explanations and proofs. We also refer to [RS75,
Chapter X.1, 3] in this context.

We say that A is a linear operator in H if it is defined on a linear subset of H,
denoted by dom(A), the domain of definition of A, and

A(k]hl + )Lz/’lz) = /\1Ah1 + AzAhz, /\1,12 eC, /’l],/’lz € dOl’l’l(A), (C14)
and Ah € H for h € dom(A). The range (or image) of A is denoted by
range(A) = {g € H : thereis an h € dom(A) with Ah = g}. (C.15)

We shall always assume that dom(A) is dense in H unless otherwise expressly
agreed. Then the adjoint operator A* makes sense, defined on

dom(A*) = {g € H : thereis g* € H such that
for all h € dom(A): (Ah,g) = (h,g*)},

(C.16)
and A*g = g*. In particular,

(Ah,g) = (h,A*g) forall h € dom(A) and g € dom(A*). (C.17)
A linear operator A is called symmetric if, again, dom(A) is dense in H, and

(Ah,g) = (h, Ag) forall h € dom(A) and g € dom(A). (C.18)

In particular, the adjoint operator A* of a symmetric operator A is an extension of
A, written as A C A*. A (densely defined) linear operator

A is called self-adjoint if A = A™. (C.19)

Hence any self-adjoint operator is symmetric. The converse is not true. Itis just one
of the major topics of operator theory in Hilbert spaces to find criteria ensuring that
a symmetric operator is self-adjoint. The notion of the resolvent set in (C.7), the
spectrum (C.8), the point spectrum and also of (C.9), (C.10) are extended obviously
to arbitrary linear operators A; one may consult also Section 6.2.
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Theorem C.3. (i) Let A be a self-adjoint operator in H. Then
0(A) CR and range(A—Aid)=H ifAeC, ImA#O0. (C.20)

(i1) A symmetric operator A is self-adjoint if, and only if, there is a number
A € C such that

range(A — Aid) = range(A — Aid) = H. (C.21)

Remark C.4. If 1 € o(A), then exists, by definition, (4 — Aid)™! € £(H). In
particular,
range(A — Aid) = H if A € o(A). (C.22)

Hence the second part of (C.20) follows from the first one. Furthermore, for a self-
adjoint operator A any eigenvalue A € 0,(A) is real and its algebraic multiplicity
coincides with the geometric multiplicity,

dim (] ker(4 — Aid)* = dimker(4 — Xid), X € op(A). (C.23)
k=1

‘We combine Theorems C.1 and C.3.

Theorem C.5. Let A be a compact self-adjoint operator in H. Then
o(A) C[— 1Al IIAI] and 0 € o(A). (C.24)

Furthermore, 6 (A) \ {0} consists of an at most countably infinite number of eigen-
values Aj of finite multiplicity which can be ordered by magnitude including their
multiplicity,

|11|Z|12|2, kj —>0f0}’j—>00, (C.25)

(if there are infinitely many eigenvalues). There is an orthonormal system {h;}; of
related eigenelements,

(hj,hg) =0ifj #k, |hj|H| =1, Ah; = Ajh;. (C.26)

Furthermore,

Ah =" 2;(h.hj)h; foranyh € H. (C.27)

J

Remark C.6. One obtains (C.24) from Theorem C.1 and (C.20). Moreover,
|[A1] = ||A||. Here we have the situation as indicated in Figure C.1.

Al A4As Ae Ar=2A3

| | |

—|lAll 0 Al

Figure C.1
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By (C.23) there is no need to distinguish between geometric and algebraic multi-
plicity.

Definition C.7. A self-adjoint operator is called an operator with a pure point
spectrum if its spectrum consists of eigenvalues with finite (geometric = algebraic)
multiplicity.

Proposition C.8. An operator A with pure point spectrum does not belong to £ (H)
(it is not bounded). Furthermore, if . € 0(A), then (A — Aid)™! is compact. The
eigenvalues have no accumulation point in C.

C.3 Semi-bounded and positive-definite operators
in Hilbert spaces

Not every symmetric operator can be extended to a self-adjoint operator. But this
is the case for an important sub-class we are going to discuss now. First we remark
that for symmetric operators A,

(Ah,h) = (h, Ah) = (Ah,h), h € dom(A), (C.28)
is real.

Definition C.9. A (linear, densely defined) symmetric operator in H is called semi-
bounded (or bounded from below) if there is a constant ¢ € R such that

(Ah,h) = c|h|H||*> forh € dom(A). (C.29)

If ¢ = 01in (C.29), then A is called positive, if ¢ > 0 in (C.29), then A is called
positive-definite.

Remark C.10. If A4 is semi-bounded, then A 4 Aid is positive definite for A4+c¢ > 0.
Hence, at least in the framework of the abstract theory one may assume without
restriction of generality that A is positive-definite.

Definition C.11. Let A be a positive-definite operator according to Definition C.9.
Then the energy space H4 is the completion of dom(A) in the norm

|h|Hall = V/[h,h]la where [k, g]la = (Ah, g) (C.30)
for h € dom(A) and g € dom(A).
Remark C.12. The idea is to collect all elements 7 € H for which there is a
Cauchy sequence {£;}72, C dom(A) in the norm || - |H|| (which is also a Cauchy

sequence in H). As mentioned above, we closely followed [Tri92a]; in this case
one may consult [Tri92a, Sections 4.1.8, 4.1.9, 4.4.3]. Furthermore,

dom(A) < Hy < H, (C.31)
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which is even a continuous embedding (hence ‘—’), if one furnishes dom(A) with
the norm

lhldom(A)[| = VI ARIH |2 + [|h|H|?> ~ [[Ak|H|, & € dom(A). (C32)
If Ag and A; are symmetric operators, then it follows from
Aop C A1 that A} C Aj. (C.33)

In particular, if one looks for a self-adjoint extension A, of the symmetric operator
Ag, hence A; = A7, then it must be a restriction of Ag. It turns out that in case
of positive-definite operators A = A (and hence also for semi-bounded operators)
there exist restrictions of A* which are self-adjoint extensions of A.

Theorem C.13 (Friedrichs extension). Let A be a positive-definite operator in the
Hilbert space H with (C.29) for some ¢ > 0. Let Hyq be the energy space according
to Definition C.11. Then

Aph = A*h, dom(Afp) = H4q Ndom(A4*), (C.34)
is a self-adjoint extension of A and
(Aph,h) > c||h|H|*, h e dom(AF), (C.35)
with the same constant ¢ as in (C.29). Furthermore,
0(AF) Clc,00) and Hy,. = Hy. (C.36)

Remark C.14. By (C.31) and A C A* itis clear that A is an extension of A, that
is, A C Ar. Moreover, (C.36) implies that 0 € o(A F); in particular, A;l e £(H)
exists. Furthermore,

[h,gla = (AFh,g) ifh € dom(AF), g € dom(AF). (C.37)

Theorem C.15 (Rellich’s criterion). A self-adjoint positive-definite operator ac-
cording to Definition C.9 is an operator with pure point spectrum in the sense of
Definition C.7 if, and only if, the embedding

id: Hy — H (C.38)
of the energy space as introduced in Definition C.11 is compact.

Remark C.16. In view of (C.35) the spectrum of a positive-definite self-adjoint
operator A with pure point spectrum consists of isolated positive eigenvalues A ; of
finite (geometric = algebraic) multiplicity,

0<Ai <Ay <---, Aj - ooforj — oo, (C.39)
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where the latter assertion follows from A & £(H). Hence
Auj =/\juj, j €N, (C.40)

and u; € dom(A) are related eigenelements spanning /. In particular one may
assume that {u;}?2 | is an orthonormal basis in H. Furthermore, A1 is compact,

A7y =27y, j e, (C.41)

and
o(A7h) ={0yu AR, (C.42)

The latter result follows from Theorem C.1.

Remark C.17. The restriction to positive-definite operators in Theorem C.13 is
convenient but not necessary. If 4 is semi-bounded according to Definition C.9 and
A+ ¢ > 0, then A + Aid is positive-definite and A,

Arh = (A + Aid)ph — Ah,  h € dom(A + Aid)p, (C.43)

is a self-adjoint extension of A which is independent of A with the same bound ¢
as in (C.29) (in analogy to (C.35)).



Appendix D
Some integral inequalities

Integral inequalities for convolution operators play a decisive rdle in the theory of
function spaces. Not so in this book where they are needed only in connection with
a few complementing considerations. We collect very few assertions which are of

interest for us in this context. The spaces L,(R") with 1 < p < oo have the same

meaning as in Section 2.2. Let, as usual, % + # =1lforl < p <oo.

Theorem D.1. Letk € L, (R") where 1 <r < oo. Let
, 1

1<p<r and -

q

Then the convolution operator K,

(Kf)x) = / k(e — ) f()dy = / k) f(xr—y)dy. xeR'. (D2

R” R”
maps L, (R™) continuously into L4 (R"),
IKfILg (R < Ik ILr R*) LS ILp (R (D.3)

Remark D.2. This well-known assertion, often called Young’s inequality, follows
from Holder’s inequality. We refer, for example, to [Tri78, Section 1.18.9, p. 139];
see also Exercise 2.70 (a). Combining this inequality with some real interpolation,
then one obtains the following famous (and deeper) Hardy-Littlewood—Sobolev
inequality.

Theorem D.3. Let

n
O<a<n, l<p<
n

Then K, given by

f)

dy, xeR", (D.5)
lx — y[®

kN = [
J

maps L, (R") continuously into L, (R"),

IKfILg®R)] < cll f1Lp(RM)]. (D.6)
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Remark D.4. The integral (K f)(x) in (D.5) is called the Riesz potential of f.

This inequality has some history. The case n = 1 goes back to Hardy and
Littlewood, [HL28], [HL.32]. This was extended by Sobolev in [Sob38] ton € N,
and may also be found in [Sob91, §6] (first edition 1950). Furthermore, one can
prove (D.6) by real interpolation of (D.3). This was observed by Peetre in [Pee66].
Short proofs (on two pages) of both theorems using interpolation may be found in
[Tri78, Section 1.18.9, pp. 139/140].
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Function spaces

E.1 Definitions, basic properties
This book deals with the Sobolev spaces
WER™), H(R"), W5 (R"), (E.1)
as introduced in the Definitions 3.1, 3.13, 3.22 and their restrictions
W), WS (). (E2)

to domains €2 in R” according to Definition 3.37. However, in the Notes we hint(ed)
occasionally at more general spaces covering the above spaces and their properties
as special cases. To provide a better understanding what is meant there we collect
some basic definitions and assertions, and list a few special cases.

We use the same basic notation as in Section A.1. In particular, arbitrary open
sets 2 in R” are called domains. We extend the definition of the complex Lebesgue
space L, (2) as introduced at the beginning of Section 2.2 naturally from 1 < p <
oo (Banach spaces) to 0 < p < oo (quasi-Banach spaces according to Note 7.8.1
consisting of equivalence classes (2.18) quasi-normed by (2.16), (2.17) now for
0 < p < o0). Let 8(R"), 8'(R") as in the Definitions 2.32, 2.43 furnished
with the Fourier transform and its inverse according to Definitions 2.36, 2.58. Let
Yo € 8(R") with

3
po(x) = lif[x| <1 and @o(y) = 0if [y| = 5, (E.3)

and let
or(x) = po(27%x) — o2 ¥ %), x eR" k€N, (E4)

see also Figure E.1 below.

%o #1 $2
: : : —+— : H— : : :
o 132 3 4 x|

Figure E.1
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Since

o0
Z(pj(x) =1 forx e R",
j=0

the {¢;}72, form a dyadic resolution of unity. The entire analytic functions
(¢; F)V(x) make sense pointwise for any f € §'(R").
Definition E.1. Let ¢ = {¢;}72, be the above dyadic resolution of unity.

(i) Let
O<p=<oo, 0<g=<oo, sek (E.5)

Then B; ,(R") is the collection of all f € &'(R") such that
s n - jsq AV nyq 1/a
171834 ®"lle = (322700 DYIL,EDI7) " <00 (E6)
j=0

(with the usual modification if ¢ = 00).
(i) Let
O<p<oo, 0<g<oo, sek (E.7)
Then F, ,(R") is the collection of all /" € §’(R") such that

188, ® = | (216 DY) L@ | <00 @)
j=0

(with the usual modification if ¢ = 00).

Remark E.2. Itis not our aim to give a brief survey of the above spaces. We wish to
support some Notes in the main body of this book where we hinted on spaces of the
above type and to provide some background information. We refer, in particular, to
the Notes 3.6.1-3.6.3 where we gave also a list of relevant books for further reading
and to Note 7.8.5.

Theorem E.3. The spaces B, ,(R") and Fy ,(R") are independent of ¢ (in the
sense of equivalent quasi-norms). They are quasi-Banach spaces. Furthermore,

S(R™") C Bls,,q([R”) c 8 (R"), (E.9)
S(R") C Flf,q([R”) c 8'(R"), (E.10)

and
B;,min(p’q)([R”) L Fps,q([R”) L= B;’max(p,q)(lR”) (E.11)

for all admitted parameters.
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Let D(R2) and H’(R) be as in Definitions 2.2 and 2.5. Furthermore, g| o €
D’(Q) for g € 8'(R") means

(8]g) (@) = g(p) forg € D(Q). (E.12)

Definition E.4. Let 2 be a domain in R”. Let A} /(R") be either B, ,(R") with
(E.5) or F, ,(R") with (E.7). Then

A5, ,(Q) ={f € D'(Q) : there exists g € A, ,(R") with g|Q = f}, (E.13)

quasi-normed by
1/ 145 4 () = inf ||g[ A}, , (R, (E.14)
where the infimum is taken over all g € 47, (R") with g‘Q = fin D'(Q).

Remark E.5. This is a generalisation of Definition 3.37.

Theorem E.6. Let Q2 be a domain in R". Then

By, (R). 0<p=<o0, 0<g=o0 s€eR, (E.15)
and
F,,(R), 0<p<oo,0<q=<o0 seR, (E.16)
are quasi-Banach spaces. Furthermore,
D) C B;’q(Q) C D'(Q), (E.17)
D) C Flf,q(Q) C D'(Q), (E.18)
and
B;’mm(p,q)(ﬂ) > sz,q (RQ) — B;,max(p’q)(Q) (E.19)

for all admitted parameters.

Remark E.7. For bounded domains €2 the assertion (7.170) is independent of ¢;
and g5 in (7.169). Then it follows from (E.19) that one can replace there B by F on
one side or on both sides. In particular, with the special cases listed in Section E.2
below one gets for

§>0, l<p<oo, s—os_2 (E.20)
2 )4
that .
er(id: WE(Q) < Ly(Q) ~k~%, ke, (E21)

complementing Corollary 7.11.

Theorem E.8. Let Af,,q be either B;’q with (E.5) or Flf,q with (E.7).
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(i) Let

Then

id: A3 (R") — A2 (R")

is continuous, but not compact.

(i) Let Q2 be a bounded domain. Then

id: AY) (Q) = AR ()

is compact if, and only if,

n n
§1 — S > max (0, — = —)
P11 P2

(E.22)

(E.23)

(E.24)

(E.25)

Remark E.9. Below we have sketched the different situations for R” and for a

bounded domain €2 in Figure E.2 (i) and (ii), respectively.

§ Sh (F.s1)
s 1 s 21
1 '(171 , Sl) 1 ;
I
(57 Sz)
11 1 T
o
(éyh pr p P1 p
1) R (ii) bounded domain 2
Figure E.2

By (E.19) the assertions (7.167)—(7.170) strengthen part (ii) of the theorem,

specifying the degree of compactness.

E.2 Special cases, equivalent norms

Although we discussed in Note 3.6.1 some generalisations of the spaces (E.1), (E.2)
it seems reasonable to complement the preceding Section E.1 by a few properties,

special cases and equivalent quasi-norms.
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Lifting. For o € R let
If =F"Y°Ff fe8®R, (E.26)

as in (2.148), recall notation (2.83). According to Proposition 2.63 the operator I,
maps §(R”) onto itself and §’(R") onto itself. Let A ,(R") be either B,  (R")
with (E.5) or Flf’q([R”) with (E.7). Then

Io 4 ,(R") = A7 (R"), o €R. (E.27)
We used assertions of this type in Section 3.2 in connection with the spaces H*(R").

Spaces of regular distributions. According to Definition 2.10 a distribution f €
8'(R") is called regular if, in addition, f € LY*(R") (in the interpretation given
there). With A}, ,(R") as above one has

1
Als,’q([R”) C 5/([]3") N LIIOC([RH) ifs >0, = n(; — 1)+_ (E.28)

This refers to the shaded area in Fig- s
ure E.3 aside. If s < o), then (E.28)
is not true (which means that there
are singular distributions belonging
to A, ,(R")). The case s = o is
somewhat tricky. One may consult
[TriO1, Theorem 11.2, pp. 168/169]
and the references given there. In 1
addition, Exercise 3.18 illuminates
the situation. Figure E.3

s=n(%—l)

=

Sobolev spaces. Let 1 < p < oo and s € R. It is usual nowadays to call
H,(R") = IsLp(R"), | fIH,(R")|| = 15 fILp(R)I|. (E29)

Sobolev spaces (fractional Sobolev spaces, Bessel potential spaces). If | < p < oo
and s = k € Ny, then they contain classical Sobolev spaces

WE®R™) = HI®Y), [ fIWEERD) | = Y ID*SIL,RD]  (E30)
lo|<k
as special cases. Furthermore,

H3(R") = FS,(R"), seR, 1<p<oo, (E31)

is called the Paley-Littlewood property of the Sobolev spaces. Obviously, the norms
in (E.29), (E.30) and in connection with (E.31) are equivalent to each other (for the
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indicated parameters). We dealt with spaces of this type in Sections 3.1, 3.2 where
we had been interested in the case p = 2 especially. Then these spaces are Hilbert
spaces,

H*(R") = Hy(R") = F; ,(R") = B3 ,(R"), seR. (E.32)

One may also consult Note 3.6.1.
Hoélder-Zygmund spaces. The spaces
C(R") = B, (R"), s€R, (E.33)

are usually called Holder—Zygmund spaces, sometimes restricted to s > 0, where

one has
€ (R") — C(R"), s >0. (E.34)

Here C(R") has the same meaning as in Definition A.1. Let again
A Hx)= fx+h)— f(x), xeR" heR", (E.35)
be the usual differences in R”. Let Ay, = A;l and form € N, m > 2,
(AT F)(x) = AL (ATL ) (x), x eR™, heR, (E.36)
be the iterated differences. Let
O<s=4L+o0, {£eNg s>{¢. (E.37)
Assume o < m € N. Then €°(R") is the collection of all f € C(R") such that

I/ TE (R llem = sup | O]+ sup [A|77|AF (D f)(x)] <00,  (E38)

where the second supremum is taken over all x € R”?, all & € R” with 0 < |h| < 1
and all « € Nj with |a| < £ (equivalent norms). In particular, if 0 < s < 1, then
one obtains the usual Holder norm

I£1E* (R llo,1 = I/ IC*(RM)]]
= Suugqlf(X)lJr sup. A7 f (e 4+ 1) = f()]. (E.39)

0<|hl <1

If s = 1, this leads to the so-called Zygmund class €' (R") which can be normed
by
I/1EN RN = sup |f@)+ sup [HITIATS)L. (B40)
x€R”

x € R,
0<|hl <1

We refer also to (3.44) and Exercises 3.20, 3.21.



E.2. Special cases, equivalent norms 267

Besov spaces. The spaces B; ,(R") according to Definition E.1 are called Besov
spaces. Let

1
O0<p=<oo, 0<g=<oo and s>op:n(——1). (E.41)
p +

Then (E.28) can be strengthened by
By, ¢(R") = Linax(p,1)(R"). (E.42)

Furthermore, let A}* be as in (E.36) with s < m € N. Then

dh \'/
||f|Lp(|Rn)||+(/ [A| | AR f1Lp (R[4 |h|n) (E43)
|h|<1

(usual modificationif g = o0) is an equivalent quasi-normin B, , (R"). This covers
in particular the classical Besov spaces

B;’q([R"), §s>0, 1<p<oo, 1=<gqg=<oc. (E.44)
We also refer to Note 3.6.1.

Remark E.10. We de not give specific references. All may be found in the books
mentioned in Note 3.6.3, especially in [Tri83], [Tri92b], [Tri06]. This appendix is
not a brief survey. We wanted to make clear that some assertions for the special
spaces on (E.1), (E.2) proved in this book are naturally embedded in the larger
framework of the recent theory of function spaces.
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Exercise 1.5. inf{x; : (x1,x2) € Q} > 0.

Exercise 1.18. (a) Let x® = (x{,...,x0) e R%, x§ = (x),....x0_,. —xD),
1
——(In|x —x°% —In|x — x3]), n=2,
0 b v
ggn (X7, x) = 1 1 1
* - ) n = 37
(1= Dln \[x — 22 [x—xgp2) "

2 0
u(x%) = *n f u(0) do, x°eR%.

|wn| lo — x|
op=
(b)Letx® = (x9,...,x%) € K},
R2
x? = x° ,
i |02
xy = (P, X0 —x)),

g(xoﬁx) = gKR(XO,.x) _gKR(xg’x)

R
_ 0 _ " 0
= g0, (1) ~ 8y (620,

— 0 + 3
Letn =3,x" € Kz CRy,

R? — |xO2 1 1
0y _
u(x’) = IR / u(cr)[la_x0|3 - |a—x3|3}d0

lo] =1,
o3>0

L / ( )[ 1 R? 1 }d
- u\o — a.
2r lo —x0P  [x%] o — x2]?

o?+02<1,
0’3=0

Exercise 1.24. (b) Au = 0, then Theorem 1.23 (iii) gives

sup u(xl,xz) = R2’ inf u(xl,xz) — _RZ'
(x1,x2)€KR (x1,x2)€KR
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(©) f(0,0,0) = —1, f(x1,x2,x3) = 0if (x1,x2,x3) € 0K;, thus Theo-
rem 1.23 (iii) fails and f cannot be harmonic in K;.

. ac 4 3
Exercise 1.41. (b) u(x1,x3) = F(xlxz — X1X3).

Exercise 1.42. (a) Let ¢ € C(0K ;), then for x € K3,

R? — |x|? 1 1
== - - d
U =R /‘”(0)[|o—xl3 Ia—xvl3] ’

lo] =1,
0’3>0

T ) L. .

2 lo—xP  |x]? |0 — xs|3
o2 +o03<1,
03=0
2
with xy = (X1, X2, —X3), Xs = X W, and
X

u(x) =¢(x), xce€ BK;.

(b) u(x1,x2) = x7 — x3.

1 3
—(1 + e_z) log(x? 4 x2); log

1 7
Exercise 1.49. u(x1,x3) = Z(xf + x2) + it

taken with respect to base e.

Exercise 2.13. (b) For the regular case one may choose a smooth function f such
that T;‘ = Tpa y; in the singular case, say, withn = 1, Q = -1,D),a=1,let

xV, x>0,
X) =
S x) {O, X <0,
with =1 < v < 0. Then f € L**(), but there is no g € L°() with Ty = T}
since [/ & L(Q).
Exercise 2.17. (b) %% = (1) — y(1) g _ s
xercise 2.17. (b) — = —x(=t), —= =26
a7t X dr?

Exercise 2.39. D¥(F ~1¢)(§) = il FH(x%(x))(€),

EUF o)) =i FTHD ) (5).
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n n
Exercise 2.51. k > —,,e.g.,kzl—i—max me Ng:m< —qg.
p

p/
Exercise 2.52. (b) Recall that ¢(x) = e~ *I> € §(R).

Exercise 2.61. ¥ (DT = (—i)l*l x¢(F~1T),
F1(x2T) = (i)l DY(F~1T).

—alx| 2a
Exercise 2.68. (a) ¥ (e )(E) = \/2— a2+ g2
(b) F (sgn(x)e *N(&) = \/__ ii;z
sm(af)
(© F (1 g (NE) = { e
=0.
2(1 — cos E)
(@ F (1~ |x))(E) = { 7o
=0

Exercise 2.70. (b) ¥ ' (f * £)(€) = 2n)"*(F ' f)() (F ') (&)

1 1
©) hy = — F (e, go = — F(x ), thus (2.168) and Exer-
21 V2 [-a.d]
cise 2.68 (a), (c) imply,

ha*hy = F(F(ha *hb))
= «/_S«f(

—a\E\ —b|E| _
Nird )J_( ))—ha+b,

a*x8h = V2 F (\/— [—a.a] \/— b,b]) = &min(a,b)-

Exercise 3.16. (a) w; F (e7¥1) ~ (x)37! € Ly(R) if, and only if, s < 3.
(b) wy Jv’v)([_a,a] ~ (x)% € L»(R) if, and only if, s < %
© ws()F (x (N (x) = ws () [Ty F X[_g.q%))- thus

1
wsF(x,) € Lo(R™) if, and only if, s < X
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T r
@DF f~(F X[—a,a]) , hence
. . 1
ws F f € Lp(R") if, and only if, s <r — 7

Exercise 3.18. (a) wy F8 ~ (x)¥/2 € L,(R") if, and only if, s < -3
(b), (c) f & LY(R) for o > 0, and

o0
lws F fIL2(R)|> ~ Y 22K6F) < o0
k=0

ifs4+0<0,ie.,o <]|s|.
(d) Choose o with 0 < o < |s], let f be given by (3.37), then

gx) = fxD)¥(x2,....xn), x=(x1,...,%5) € R",
with ¥ € D(R*™1), supp ¢ C [0, 1]"71, is an example.
Exercise 3.20. (b) f(x) = min(|x|, 1) € Lip(R") \ C}(R").

Exercise 3.29 (b) First estimate f|h|>1 == by ¢ || fy|L2(R")]|, using s > 0, Exer-
cise 3.19 (a) and f;, € Lo(R").
Secondly, for small /2, 0 < |k| < 1, by similar arguments

1/2
(/ |A;"fy(x)|2dx) < c|h"ts,
|x|<2m|h|

for ¢ independent of /.

Finally, for 2m|h| < |x| < m + 2 all differences of f, are smooth (since
supp(A}' fy) C Km+2) and can be estimated by their derivatives leading to
|AF fy ()] < c’|h|™|x|Y~™; thus

1/2
(/ |A21fy(x)|2dX) < " |hPtE,
2mlh|<|x|<m+2

since m > y + 5, i.e., [|A} f|[La(R")| < C|h|Y*t%; inview of s < y + 5 this
completes the argument.

Exercise 3.33. Lets = 1,£ = 0,n = p = 2, then there are functions (e.g., /,, and
g as in Exercise 3.6) in W (R") = W,}(R") which are not bounded.

Exercise 3.36. (b) Let f = 1, then for all ¢ € D(R")
If = IC'®) = I f —|CRM| = 1.



Selected solutions 273
Exercise 4.7. [EE87, Section V.3.1, pp. 222/223].

Exercise 4.8. (b) Let u be such that |u|L,(R)|| = 1, |u/'|L,(R)| < ¢, e.g.,
u(x) = cp(@V?(x —2) — 0P (x + 2)) where  is given by (1.58) (with n = 1)
and ¢, appropriately chosen; put

up(x) = k= YPu(kx),
then [[ug|Lp(R)[| = [[u|Lp(R)|| = 1, but
| Lpy(R)|| = k| Lp(R)|| < ck™" — 0 for k — oo.
Exercise 4.19. Let ¢ € D(R"), ¢ > 0, be such that ||<p|ka([R”)|| = 1, hence

lo|Lp(R™)| > 0O (take, e.g., ¢(x) = cpw(4x) with @ from (1.58) and appropriate
cp > 0);let @, = @(- —m), m € Z", then ||¢m|%k(ﬂ3”)|| =1,m e Z", but

lom — @r Wy (R = llgm — @r|Lp(RM)]
= 2Y2lp|L,(R")]| > O,
since supp ¢, Nsupp, = @, m,r € Z".

Exercise 5.8. If the rotation H and its transpose H T = H™! are such that

d 0

HTAH = | o o A=) o

0
0 dy
and d; > 0 are the eigenvalues of A, then § = Hnandn = H €.

Exercise 5.20. fé(x',x,) = ¥(xn)x, f(x’,0) with v € D([0,2¢]), v(y) = 1
forO0 <y <e.

Exercise 5.58. g(x° x) > 0 by the same arguments as for Corollary 1.28, but

g(x%, x) < —5= In|x — x°| only when maxyepq |x® — y| < 1, recall also Exer-
cise 1.13; in general we obtain

1
g(x° x) < Z(ynég’?z In|y —x° —In|x —xol)

and

1
0 : 0 0
X ,X >—(m1n In —x|—-In|x —x )
g( )_2 yed ly | | |

which improves g(x?, x) > 0 if |x — x°| < dist(x?, 9R2).
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Exercise 6.7. An orthonormal basis {/, },2,; C dom(A) inker(A — A id) is a Weyl
sequence for A.

Exercise 6.9. [Tri92a, Lemma 4.1.6, Theorem 4.1.6/2, Lemma 4.2.2].

Exercise 6.14. [CS90, Section 2.1], [EE87, Proposition I1.2.3, Corollary 11.2.4].
Exercise 6.15. [EE87, Proposition II.1.3], [CS90, Section 1.3].

Exercise 6.17. [CS90, Section 2.1].

Exercise 6.20. [CS90, Lemma 2.5.2], [EE87, Lemma 11.2.9].

Exercise 7.5. [ET96, Proposition 3.2.2].

Exercise 7.9. For the upper estimates in (7.66) proceed as in Step 1 of the proof of
Theorem 7.8, using that obviously

hi(d: €5 <> €5) ~ by (id: €570 <> £,), ke N.

For the converse apply (7.67), the multiplicativity in Theorem 6.12 (iii), and Theo-
rem 7.8.

Exercise 7.19. For n < 3, assume that 2 < p < oo, and

1 1 1
by e L, (), byeL,(Q) with—=—-——,
r 2 p

replacing (7.114). The remaining assumptions (on €2 and A) are the same. Then B,
given by (7.115), is compact with (7.116), (7.117).

Exercise 7.22. Forn = 1, take ¢;(x) = 273y (27 (x2 — 1)), with v € D(R)
such that

2
suppy C (1.2) C R, /1 V2()dy = 1,

(e.g. ¥(y) = Vw(2y — 3) and w given by (1.58) with n = 1); it then follows that
lloi |L2(R)|| = 1, supp ¢; N supp ¢ = @ for j # k, and

/ o = AP g (o) Pdx < 2207 lgs [La(R)P — 0 if j — oo,
R

similarly forn € N.
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