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Foreword

Harmonic maps between Riemannian manifolds provide a rich display
of both differential geometric and analytic phenomena. These aspects
are inextricably intertwined — a source of undiminishing fascination.

Analytically, the problems belong to elliptic variational theory: har-
monic maps are the solutions of the Euler-Lagrange equation (section
1.2)

ou? OuF
920 928 (1)

associated to the Dirichlet integral (section 1.1)

u(z)|?
E(u) = /M wdvolg .

Surely that is amongst the simplest — and yet general — intrinsic
variational problems of Riemannian geometry. The system (1) is second
order elliptic of divergence type, with linear principal parts in diagonal
form with the same Laplacian in each entry; and whose first derivatives
have quadratic growth. That is quite a restrictive situation; indeed,
those conditions ensure the regularity of continuous weak solutions of
(1).

The entire harmonic mapping scene (as of 1988) is surveyed in the
articles [50] and [51].

Agu' + g (@)1 (u(z))

2-DIMENSIONAL DOMAINS

Harmonic maps u : M — N with 2-dimensional domains M present
special features, crucial to their applications to minimal surfaces (i.e. con-
formal harmonic maps) and to deformation theory of Riemann surfaces.
Amongst these, as they appear in this monograph:

ix
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(i) The Dirichlet integral is a conformal invariant of M. Conse-
quently, harmonicity of u (characterized via the Euler-Lagrange
operator associated to E) depends only on the conformal struc-
ture of M (section 1.1).

(ii) Associated with a harmonic map is a holomorphic quadratic dif-
ferential on M (locally represented by the function f of section
1.3).

(iii) The inequality of Wente. Qualitatively, that ensures that the Ja-
cobian determinant of a map u (a special quadratic expression
involving first derivatives of u) may have slightly more differen-
tiability than might be expected (section 3.1).

(iv) The C? maps are dense in H' (M, N)t

To gain a perspective on the use of harmonic maps of surfaces, the
reader is advised to consult [48] and [116] for minimal surfaces and the
problem of Plateau. Applications to the theory of deformations of Rie-
mann surfaces can be found in [68] and [49]. The book [98] provides an
introduction to all these questions.

REGULARITY
A key step in Morrey’s solution of the Plateau problem is his

Theorem 1 (Morrey) Let M be a Riemann surface, and u: M — N

a map with E(u) < +o00. Suppose that uw minimizes the Dirichlet integral

Ep on every disk B of M (with respect to the Dirichlet problem induced

by the trace of u on the boundary of B). Then u is Holder continuous.
In particular, u is harmonic (and as regular as the data permits).

The proof is based on Morrey’s Dirichlet growth estimate — related to
the growth estimates in section 3.5.

The main goal of the present monograph is the following result, giving
a definitive generalization of Theorem 1:

Theorem 2 (Hélein) Let (M,g) be a Riemann surface, and (N,h) a

compact Riemannian manifold without boundary. If u : M — N is a
weakly harmonic map with E(u) < +o00, then u is harmonic.

1 See the proof of lemma 4.1.6 and [145].
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That is indeed a major achievement, made some fifty years after Mor-
rey’s special case. Hélein first established his theorem in certain partic-
ular cases (M = S™ and various Riemannian homogeneous spaces); then
he announced Theorem 2 in [85]. That Note includes a beautifully clear
sketch of the proof, together with a description of the new ideas — an
absolute gem of presentation!

The high quality is maintained here:
COMMENTARY ON THE TEXT

First of all, the author’s exposition requires only a few formalities from
differential geometry and variational theory. Secondly, the pace is leisurely
and well motivated throughout.

For instance: chapter 1 develops the required background for har-
monic maps. The author is satisfied with maps and Riemannian metrics
of differentiability class C?; higher differentiability then follows from gen-
eral principles. Various standard conservation laws are derived. All that
is direct and efficient.

As a change of scene, chapter 2 is an excursion into the methods of
completely integrable systems, as applied to harmonic maps of a Rie-
mann surface into S™ (or a Lie group; or a homogeneous space), via
conservation laws. Omne purpose is to illustrate hidden symmetries of
Lax form (e.g. related to dressing action). Another is to provide motiva-
tions for the methods and constructions used in chapter 4 — especially
the role of symmetry in the range.

Chapter 3 describes various spaces of functions — Hardy and Lorentz
spaces, in particular — as an exposition specially designed for applica-
tions in chapters 4 and 5. Those include refinements and modifications
of Wente’s inequality; and come under the heading of compensation
phenomena — certainly delicate and lovely mathematics!

Chapter 4 is the heart of the monograph — as already noted. There
are two new steps required as preparation for the proof of theorem 2:

(i) Lemma 4.1.2, which reduces the problem to the case in which
(N, h) is a Riemannian manifold diffeomorphic to a torus.

(ii) Careful construction of a special frame field on (N, h) — called
a Coulomb frame. Equations (4.10) are derived, serving as some
sort of conservation law. When the spaces of Hardy and Lorentz
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enter the scene, they produce a gain of regularity (see lemma
4.1.7).

Finally, in chapter 5 the methods of Coulomb frames and compensa-
tion techniques are applied to problems of surfaces in Euclidean spaces
whose second fundamental form or mean curvatures are square-integrable.

James Eells



Introduction

The contemplation of the atlas of an airline company always offers us
something puzzling: the trajectories of the airplanes look curved, which
goes against our basic intuition, according to which the shortest path
is a straight line. One of the reasons for this paradox is nothing but
a simple geometrical fact: on the one hand our earth is round and on
the other hand the shortest path on a sphere is an arc of great circle:
a curve whose projection on a geographical map rarely coincides with a
straight line. Actually, choosing the trajectories of airplanes is a simple
illustration of a classical variational problem in differential geometry:
finding the geodesic curves on a surface, namely paths on this surface
with minimal lengths.

Using water and soap we can experiment an analogous situation, but
where the former path is now replaced by a soap film, and for the surface
of the earth — which was the ambient space for the above example —
we substitute our 3-dimensional space. Indeed we can think of the soap
film as an excellent approximation of some ideal elastic matter, infinitely
extensible, and whose equilibrium position (the one with lowest energy)
would be either to shrink to one point or to cover the least area. Thus
such a film adopts a minimizing position: it does not minimize the length
but the area of the surface. Here is another classical variational problem,
the study of minimal surfaces.

Now let us try to imagine a 3-dimensional matter with analogous prop-
erties. We can stretch it inside any geometrical manifold, as for instance
a sphere: although our 3-dimensional body will be confined — since
generically lines will shrink to points — it may find an equilibrium con-
figuration. Actually the mathematical description of such a situation,
which is apparently more abstract than the previous ones, looks like
the mathematical description of a nematic liquid crystal in equilibrium.

xiii
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Such a bulk is made of thin rod shaped molecules (nema means thread
in Greek) which try to be parallel each to each other. Physicists have
proposed different models for these liquid crystals where the mean ori-
entation of molecules around a point in space is represented by a vector
of norm 1 (hence some point on the sphere). Thus we can describe the
configuration of the material using a map defined in the domain filled
by the liquid crystal, with values into the sphere. We get a situation
which is mathematically analogous to the abstract experiment described
above, by imagining we are trying to imprison a piece of perfectly elastic
matter inside the surface of a sphere. The physicists Oseen and Frank
proposed a functional on the set of maps from the domain filled with
the material into the sphere, which is very close to the elastic energy of
the abstract ideal matter.

What makes all these examples similar (an airplane, water with soap
and a liquid crystal)? We may first observe that these three situations
illustrate variational problems. But the analogy is deeper because each
of these examples may be modelled by a map (describing the deformation
of some body inside another one) which maps a differential manifold into
another one, and which minimizes a quantity which is more or less close
to a perfect elastic energy. To define that energy, we need to measure the
infinitesimal stretching imposed by the mapping and to define a measure
on the source space. Such definitions make sense provided that we use
Riemannian metrics on the source and target manifolds.

Let M denote the source manifold, A the target manifold and u a
differentiable map from M into N. Given Riemannian metrics on these
manifolds we may define the energy or Dirichlet integral

1
E(u) = - |du|?dvol,
2 Jm

where |du| is the Hilbert—Schmidt norm of the differential du of u and
dvol is the Riemannian measure on M. If we think of the map u as the
way to confine and stretch an elastic M inside a rigid N, then FE(u)
represents an elastic deformation energy. Smooth maps (i.e. of class C?)
which are critical points of the Dirichlet functional are called harmonic
maps. For the sake of simplicity, let us assume that A is a submanifold
of a Euclidean space. Then the equation satisfied by a harmonic map is

Au(x) 1 Tu(x)Na

where A is the Laplacian on M associated to the Riemannian metric,
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and T, is the tangent space to N at the point u(z). For differ-
ent choices on M and N, a harmonic map will be a constant speed
parametrization of a geodesic (if the dimension of M is 1), a harmonic
function (if AV is the real line) or something hybrid.

It is possible to extend the notion of harmonic maps to much less
regular maps, which belong to the Sobolev space H'(M,N) of maps
from M into N with finite energy. The above equation is true but only
in the distribution sense and we speak of weakly harmonic maps.

Because of the simplicity of this definition, we can meet examples of
harmonic maps in various situations in geometry as well as in physics.
For example, any submanifold M of an affine Euclidean space has a
constant mean curvature (or more generally a parallel mean curvature)
if and only if its Gauss map is a harmonic map. A submanifold M of
a manifold N is minimal if and only if the immersion of M in N is
harmonic. In condensed matter physics, harmonic maps between a 3-
dimensional domain and a sphere have been used as a simplified model
for nematic liquid crystals. In theoretical physics, harmonic maps be-
tween surfaces and Lie groups are extensively studied, since they lead
to properties which are strongly analogous to (anti)self-dual Yang—Mills
connections on 4-dimensional manifolds, but they are simpler to handle.
In such a context they correspond to the so-called o-models. Recently,
the interest of physicists in these objects has been reinforced since their
quantization leads to examples of conformal quantum field theories —
an extremely rich subject. In some sense the quantum theory for har-
monic maps between a surface and an Einstein manifold (both endowed
with Minkowski metrics) corresponds to string theory (in the absence of
supersymmetries). Other models used in physics, such as the Skyrme
model, Higgs models or Ginzburg-Landau models [12], show strong con-
nections with the theory of harmonic maps into a sphere or a Lie group.

Despite their relatively universal character, harmonic maps became
an active topic for mathematicians only about four decades ago. One
of the first questions was motivated by algebraic topology: given two
Riemannian manifolds and a homotopy class for maps between these
manifolds, does there exist a harmonic map in this homotopy class? In
the case where the sectional curvature of the target manifold is negative,
James Eells and Joseph Sampson showed in 1964 that this is true, using
the heat equation. Then the subject developed in many different direc-
tions and aroused many fascinating questions in topology, in differential
geometry, in algebraic geometry and in the analysis of partial differential
equations. Important generalizations have been proposed, such as the
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evolution equations for harmonic maps between manifolds (heat equa-
tion or wave equation) or the p-harmonic maps (i.e. the critical points of
the integral of the p-th power of |du|). During the same period, and es-
sentially independently, physicists also developed many interesting ideas
on the subject.

The present work does not pretend to be a complete presentation of
the theory of harmonic maps. My goal is rather to offer the reader an
introduction to this subject, followed by a communication of some recent
results. We will be motivated by some fundamental questions in analy-
sis, such as the compactness in the weak topology of the set of weakly
harmonic maps, or their regularity. This is an opportunity to explore
some ideas and methods (symmetries, compensation phenomena, the use
of moving frames and of Coulomb moving frames), the scope of which
is, I believe, more general than the framework of harmonic maps.

The regularity problem is the following: is a weakly harmonic map u
smooth? (for instance if N is of class C**, is u of class CF*, for k > 2,
0 < a < 17?7). The (already) classical theory of quasilinear elliptic partial
differential equation systems ([117], [103]) teaches us that any continuous
weakly harmonic map is automatically as regular as allowed by the the
regularity of the Riemannian manifolds involved. The critical step is
thus to know whether or not a weakly harmonic map is continuous.
Answers are extremely different according to the dimension of the source
manifold, the curvature of the target manifold, its topology or the type
of definition chosen for a weak solution.

The question of compactness in the weak topology of weakly harmonic
maps is the following problem. Given a sequence (ug)ren of weakly har-
monic maps which converge in the weak topology of H'(M, ) towards
a map u, can we deduce that the limit u is a weakly harmonic map?
Such a question arises when, for instance, one wants to prove the ex-
istence of solutions to evolution problems for maps between manifolds.
This is a very disturbing problem: we will see that the answer is yes in
the case where the target manifold is symmetric, but we do not know
the answer in the general situation.

The first idea which this book stresses is the role of symmetries in
a variational problem. It is based on the following observation, due to
Emmy Noether: if a variational problem is invariant under the action
of a continuous group of symmetries, we can associate to each solution
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of this variational problem a system of conservation laws, i.e.one, or
several, divergence-free vector fields defined on the source domain. The
number of independent conservation laws is equal to the dimension of the
group of symmetries. The importance of this result has been celebrated
for years in theoretical physics. For example, in the particular case where
the variational problem involves one variable (the time) the conservation
law is just the prediction that a scalar quantity is constant in time
(the conservation of the energy comes from the invariance under time
translations, the conservation of the momentum is a consequence of the
invariance under translations in space. ..). One of the goals of this book
is to convince you that Noether’s theorem is also fundamental in the
study of partial differential equations such as harmonic maps.

In a surprising way, the exploitation of symmetries for analytical pur-
poses is strongly related to compensation phenomena: by handling con-
servation laws, remarkable non-linear quantities (for an analyst) natu-
rally appear. The archetype of this kind of quantity is the Jacobian
determinant

Y )
I dz oy Oy oz’

where a and b are two functions whose derivatives are square-integrable
(i.e.a and b belong to the Sobolev space H'). Since Charles B. Morrey,
it is known that such a quantity enjoys the miraculous property of be-
ing simultaneously non-linear and continuous with respect to the weak
topology in the space H'; if a. and b, converge weakly in H' towards
a and b, then {ac, b} converges towards {a,b} in the sense of distribu-
tions. This is the subject of the theory of compensated compactness
of Frangois Murat and Luc Tartar. Moreover the same quantity {a,b}
possesses regularity or integrability properties slightly better than any
other bilinear function of the partial derivatives of a and b. It seems that
this result of “compensated regularity” was observed for the first time by
Henry Wente in 1969. For twenty years this phenomenon was used only
in the context of constant mean curvature surfaces, by H. Wente and
by Haim Brezis and Jean-Michel Coron (further properties were pointed
out by these last two authors and also by L. Tartar). But more recently,
at the end of the 1980s, works of Stefan Miiller, followed by Ronald Coif-
man, Pierre-Louis Lions, Yves Meyer and Stephen Semmes, shed a new
light on the quantity {a, b}, and in particular it was established that this
Jacobian determinant belongs to the Hardy space, a slightly improved
version of the space of integrable functions L'. All these results played
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a vital role in the progress which has been obtained recently in the reg-
ularity theory of harmonic maps, and are the companion ingredients to
the conservation laws.

The limitation of techniques which use conservation laws is that sym-
metric variational problems are exceptions. Thus the above methods are
not useful, a priori, for the study of harmonic maps with values into a
non-symmetric manifold. We need then to develop new techniques. One
idea is the use of moving frames. It consists in giving, for each point y
in A/, an orthonormal basis (ey, ..., e,) of the tangent space to A/ at v,
that depends smoothly on the point y. This system of coordinates on the
tangent space Ty was first developed by Gaston Darboux and mainly
by Elie Cartan. These moving frames turn out to be extremely suitable
in differential geometry and allow a particularly elegant presentation of
the Riemannian geometry (see [37]). But in the problems with which we
are concerned, we will use a particular class of moving frames, satisfying
an extra differential equation. It consists essentially of a condition which
expresses that the moving frame is a harmonic section (a generalization
of harmonic maps to the case of fiber bundles) of a fiber bundle over M
whose fiber at z is precisely the set of orthonormal bases of the tangent
space to A at u(z). Since the rotation group SO(n) is a symmetry group
for that bundle and for the associated variational problem, our condition
gives rise to conservation laws, thanks to Noether’s theorem. We call
such a moving frame a Coulomb moving frame, inspired by the analogy
with the use of Coulomb gauges by physicists for gauge theories. The
use of such a system of privileged coordinates is crucial for the study of
the regularity of weakly harmonic maps, with values into an arbitrary
manifold. It leads to the appearance of these magical quantities similar
to {a, b}, that we spoke about before.

The first chapter of this book presents a description of harmonic maps
and of various notions of weak solutions. We will emphasize Noether’s
theorem through two versions which play an important role for harmonic
maps. In the (exceptional but important) case where the target manifold
N possesses symmetries, the conservation laws lead to very particular
properties which will be presented in the second chapter. But in con-
strast, there is a symmetry which is observed in general cases and which
is related to invariance under change of coordinates on the source man-
ifold M. It is not really a geometrical symmetry in general and it will
lead to some covariant version of Noether’s theorem: the stress—energy
tensor
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S |du|? ou  Ou

af = Ty das dr>’ OxP
always has a vanishing covariant divergence. This equation has a conse-
quence which is very important for the theory of the regularity of weak
solutions: the monotonicity formula. In the case where there is a ge-

ometrical symmetry acting on M, some of the covariant conservation
laws specialize and become true conservation laws. One particular case

is when the dimension of M is 2, since then the harmonic map prob-
lem is invariant under conformal transformations of M, and hence the
stress—energy tensor coincides with the Hopf differential and is holomor-
phic. We end this chapter by a quick survey of the regularity results
which are known concerning weak solutions.

The second chapter is a suite of variations on the version of Noether’s
theorem which concerns harmonic maps with values into a symmetric
manifold N. We present various kinds of results but they are all con-
sequences of the same conservation law. If for instance N is the sphere
S? in 3-dimensional space, we start from

div(u'Vu! —u/Vu') =0, Vi,j =1,2,3.

Using this conservation law, we will see that it is easy to exhibit the
relations between harmonic maps from a surface into 52, and surfaces
of constant mean curvature or positive constant Gauss curvature in 3-
dimensional space. We hence recover the construction due to Ossian
Bonnet of families of parallel surfaces with constant mean curvature
and constant Gauss curvature. Moreover, we can deduce from this
conservation law a formulation (which was probably discovered by K.
Pohlmeyer and by V.E. Zhakarov and A.B. Shabat) using loop groups,
of the harmonic maps problem between a surface and a symmetric man-
ifold. Such a formulation is a feature of completely integrable systems,
like the Korteweg—de Vries equation (see [150]). Many authors have used
this theory during the last decade in a spectacular way: Karen Uhlen-
beck deduced a classification of all harmonic maps from the sphere 52
into the group U(n) [174]. After Nigel Hitchin, who obtained all har-
monic maps from a torus into S* by algebraico-geometric methods [94],
Fran Burstall, Dirk Ferus, Franz Pedit and Ulrich Pinkall were able to
construct all harmonic maps from a torus into a symmetric manifold
(the symmetry group of which is compact semi-simple) [24] and more
recently an even more general construction has been obtained by Joseph
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Dorfmeister, Franz Pedit and HongYu Wu [46]. We will give a brief
description of some of these results.

In another direction, the same conservation law allows one to prove
in a few lines some analysis results such as the compactness in the weak
topology of the set of weakly harmonic maps with values into a sym-
metric manifold, or their regularity (complete or partial depending on
other hypotheses): we present the existence result for solutions to the
wave equation for maps with values in a symmetric manifold due to Jalal
Shatah, and my regularity result for weakly harmonic maps between a
surface and a sphere.

The third chapter, which is essentially devoted to compensation phe-
nomena and to Hardy and Lorentz spaces, brings very different ingredi-
ents by constrast with the previous chapter, but complementary. The
main object is the Jacobian determinant {a,b}. We begin by showing
the following result due to H. Wente: if a and b belong to the Sobolev
space H'(2,R), where ) is a domain in the plane R?, and if ¢ is the
solution on € of

-A¢ = {a,b} inQ
0] = 0 on 0f,

then ¢ is continuous and is in H!(Q, R). Moreover, we can estimate the
norm of ¢ in the spaces involved as a function of the norms of da and
db in L?. Then we will discuss some optimal versions of this theorem
and its relations with the isoperimetric inequality and constant mean
curvature surfaces. Afterwards we will introduce Hardy and Lorentz
spaces and see how they can be used to refine Wente’s theorem. As an
illustration of these ideas, the chapter ends with the proof of a result
of Lawrence Craig Evans on the partial regularity of weakly stationary
maps with values into the sphere.

The fourth chapter deals with harmonic maps with values into mani-
folds without symmetry. We thus need to work without the conservation
laws which were at the origin of the results of chapter 2. For the regular-
ity problem we substitute for the conservation laws the use of Coulomb
moving frames on the target manifold N. Given a map u from M into
N, a Coulomb moving frame consists in an orthonormal frame field on
M which is a harmonic section of the pull-back by u of the orthonormal
tangent frame bundle on A (i.e.the fiber bundle whose base manifold
is M, obtained by attaching to each point z in M the set of (direct)
orthonormal bases of the tangent space to N at u(z)). Using to this
construction and the analytical tools introduced in chapter 3, we may
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extend the regularity results obtained in the two previous chapters, by
dropping the symmetry hypothesis on N: we prove my theorem on the
regularity of weakly harmonic maps on a surface, then a generalization
of it due to Philippe Choné and lastly the generalization of the result of
L.C. Evans proved in chapter 3, obtained by Fabrice Bethuel. Strangely,
we are not able to present a definite answer to the compactness problem
in the weak topology of the set of weakly harmonic maps. Motivated
by this question we end chapter 4 by studying the possibility of build-
ing conservation laws without symmetries. It leads us to “isometric
embedding” problems for covariantly closed differential forms, with co-
efficients in a vector bundle equipped with a connection. Such problems
look interesting by themselves, as this class of questions offers a hybrid
generalization of Poincaré’s lemma for closed differential forms, and the
isometric embedding problem for Riemannian manifolds.

The fifth chapter does not directly concern harmonic maps, but is
an excursion into the study of conformal parametrizations of surfaces.
The starting point is a result of Tatiana Toro which established the re-
markable fact that an embedded surface in Euclidean space which has a
square-integrable second fundamental form is Lipschitz. Soon after, Ste-
fan Miiller and Vladimir Sverak proved that any conformal parametriza-
tion of such a surface is bilipschitz. Their proof relies in a clever way
on the compensation results described in chapter 3 about the quantity
{a,b}, and on the use of Hardy space. We give here a slightly different
presentation of the result and of the proof of their result: we do not use
Hardy space but only Wente’s inequality and Coulomb moving frames.
More precisely, we study the space of conformal parametrizations of sur-
faces in Euclidean space with second fundamental form bounded in L2,
and we show a compactness result for this space. This tour will natu-
rally bring us to an amusing interpretation of Coulomb moving frames:
a Coulomb moving frame associated to the identity map from a surface
to itself corresponds essentially to a system of conformal coordinates.
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Notation

Q) will denote an open subset of R™.

e LP(Q): Lebesgue space. For 1 < p < oo, LP(Q) is the set (of equiv-
alence classes) of measurable functions f from Q to R such that
[|fllLr < o0, where

[|flle := </ |f(x)pdx1...dxm> ’ ,if 1< p< oo,
Q

[ £llze := mf{M € [0, +o0] [ [f(z)] < M a.e.}.

o [P

7.(82): space of measurable functions f from € to R such that for

every compact subset K of 2, the restriction of f to K, f|x, belongs
to LP(K).

e WkP(Q): Sobolev space. For each multi-index s = (s1, ..., 8,,,) € N™,
we define [s| = > . Then, for k € R

a=1Sas and Dy = (@z1)°1.. (0z™)m *
and 1 <p < o0,

WhP(Q) = {f € LP(Q) | Vs,|s| < k, D.f € L"(Q)}.

Here, D f is a derivative of order |s| of f, in the sense of distributions.
On this space we have the norm

1 llwer == D 11Ds Il

ls|<k

e WEP(Q): the dual space of W*P(Q).
e H*(Q) := Wk2(Q). On this space we have the norm (equivalent to

xxiii



XXiv Notation

1 llwe2)

s = Z D5 flI72

Is|<k

C*(Q): set of continuous functions on Q which are k times differen-
tiable and whose derivatives up to order k are continuous (for k € N
or k = 00).
Ck(9): set of functions in C*(Q) with compact support in .
D'(2): space of distributions over € (it is the dual of D(Q) := C°(Q)).
C%(Q): Holder space. Set of functions f, continuous over €2, such
that

[f(x) = f(y)]

SUp, yen |gc — y|0‘ < +00,

(for 0 < v < 1).

Ckh(Q): set of k times differentiable continuous functions such that
all derivatives up to order k belong to C%%().

H!': Hardy space, see definitions 3.2.4, 3.2.5 and 3.2.8.

BMO(): space of functions with bounded mean oscillation, see def-
inition 3.2.7.

L9 (Q): Lorentz space, see definition 3.3.2.

L22(Q):  Morrey-Campanato space, see definition 3.5.9.

E, r: see example 1.3.7, section 4.3 and section 3.5.

The scalar product between two vectors X and Y is denoted by (X,Y")
or X Y.

{a b} da 9b da 9b

910y — oy oz 5 section 3.1.

{u-v}: if u and v are two maps from a domain in R? with values into
a Euclidean vector space (V,{(.,.)), {u-v} := <8—Z, %Z> — <%Zv %>

{a,b}ap: see section 4.3.

(;b, C’?})Q: see section 3.1.

APR™: algebra of p-forms with constant coefficients over R™ (p-linear
skew-symmetric forms over R™). AR™ = G};’;O APR™,

A: wedge product in the algebra AR™ (see [47] or [183]).

d: exterior differential, acting linearly over D'(2) ® AR™ and such
that Vo € C™(Q), Ya € AR™, d(¢ @ ) = N7 22 dz A a.

a=1 9z«

x: vector product in R3:
7l y! 228 — $3y2
22 | x| v? | = 2%yt a2ty

T Y xly? — 22yt
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ty: for any vector u = = (ut L u™).

GL(E): if E is a vector space, GL(E) is the group of invertible endo-
morphisms of F.

M(n x n,R) or M(n x n,C): algebra of (real or complex) square
matrices with n rows (and n columns).

1: identity matrix.

0y : Kronecker symbol, its value is 1 if a = b and 0 if a # b.
O(n):={R€ M(n xn,R) | 'RR = 1}.

SO(n) :={Re M(nxn,R) | 'RR=1,detR = 1}.

SO(n)¢ :={Re M(nxn,C) | 'RR = 1,detR = 1}.

so(n) :={Ae€ M(nxn,R)|'A+ A=0}.

SU(n):={Rec M(nxn,C) | ‘RR=1,detR = 1}.

su(n) :={A€ M(nxn,C) | A+ A=0,trA =0}.

Spin(3): (2-fold) universal covering of SO(3). It is identified with
SU(2).

S L= {y e R™ | Jyl = TP T+ 7 = 1),
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Geometric and analytic setting

This chapter essentially describes the objects and properties that will
interest us in this work. For a more detailed exposition of the general
background in Riemannian geometry and in analysis on manifolds, one
may refer for instance to [183] and [98]. After recalling how to associate,
to each Riemannian metric on a manifold, a Laplacian operator on the
same manifold, we will give a definition of smooth harmonic map be-
tween two manifolds. Very soon, we will use the variational framework,
which consists in viewing harmonic maps as the critical points of the
Dirichlet functional.

Next, we introduce a frequently used ingredient in this book: Noether’s
theorem. We present two versions of it: one related to the symmetries of
the image manifold, and the other which is a consequence of an invari-
ance of the problem under diffeomorphisms of the domain manifold (in
this case it is not exactly Noether’s theorem, but a “covariant” version).

These concepts may be extended to contexts where the map between
the two manifolds is less regular. In fact, a relatively convenient space
is that of maps with finite energy (Dirichlet integral), H'(M,N'). This
space appears naturally when we try to use variational methods to con-
struct harmonic maps, for instance the minimization of the Dirichlet
integral. The price to pay is that when the domain manifold has dimen-
sion larger than or equal to 2, maps in H*(M,N) are not smooth, in
general. Moreover, H'(M,N') does not have a differentiable manifold
structure. This yields that several non-equivalent generalizations of the
notion of harmonic function coexist in H'(M,N) (weakly harmonic,
stationary harmonic, minimizing, ...). We will conclude this chapter
with a brief survey of the known results on weakly harmonic maps in
HY(M,N). As we will see, the results are considerably different accord-
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ing to which definition of critical point of the Dirichlet integral we adopt.

NOTATION: M and N are differentiable manifolds. Most of the time,
M plays the role of domain manifold, and N that of image manifold;
we will suppose A to be compact without boundary. In case they are
abstract manifolds (and not submanifolds) we may suppose that they are
C* (in fact, thanks to a theorem of Whitney, we may show that every C*
manifold is C*-diffeomorphic to a C> manifold). Unless stated otherwise,
M is equipped with a % Riemannian metric g, where 0 < oo < 1. For
N, we consider two possible cases: either it is an abstract manifold with
a C' Riemannian metric h, or we will need to suppose it is a C? immersed
submanifold of RY. The second situation is a special case of the first
one, but nevertheless, Nash’s theorem (see [123], [74] and [77]) assures
us that if h is C! for [ > 3, then there exists a C' isometric immersion of
(N, h) in (RN (.,.)).

Several regularity results are presented in this book. We will try to
present them under minimal regularity hypotheses on (M, g) and (N, h),
keeping in mind that any improvement of the hypotheses on (M, g)
and (N, h) automatically implies an improvement of the conclusion, as
explained in theorem 1.5.1.

We write m := dim M and n := dimN.

1.1 The Laplacian on (M, g)

For every metric g on M there exists an associated Laplacian operator
Ay, acting on all smooth functions on M taking their values in R (or
any vector space over R or C). To define it, let us use a local coordinate
system (z!,...,2™) on M. Denote by

gap (@) = 9(2) (aia’C'gB)

the coefficients of the metric, and by det g(x) the determinant of the
matrix whose elements are gog(z). Then, for each real-valued function
¢ defined over an open subset Q of M, we let

1 0 0

where we adopt the convention that repeated indices should be summed

Agp =

over. The metric g induces on the cotangent space 7,) M a metric which
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we denote by g¥. Its coefficients are given by ¢*° = g¥(dz®, dz”). Recall
that g (z) represents an element of the inverse matrix of (gag)-

Definition 1.1.1 Any smooth function ¢ defined over an open subset )
of M and satisfying

Agp=0
1s called a harmonic function.

We can easily check through a computation that the operator A, does
not depend on the choice of the coordinate system, but it will be more
pleasant to obtain this as a consequence of a variational definition of
Ag. Let

dvol, = \/det g(z) dz" ... dz™, (1.2)

be the Riemannian measure. For each smooth function ¢ from Q C M
to R, let

Blag(@) = | elo) dvo, (1.3)

be the energy or Dirichlet integral of ¢ (which may be finite or not).
Here, e(¢) is the energy density of ¢ and is given by

1 0¢p 0¢

e(p) = igaﬁ(x)%w~

It is easy to check that the Dirichlet integral does not depend on
the choice of the local coordinate system and that, if ¢ is a compactly
supported smooth function on Q C M, then for all ¢t € R,

(1.4)

Elg)(6+ t4) = Eggg)(6) —t /Q (Bgd)e dvoly +O(2).  (L5)

Hence, —A, appears as the variational derivative of Eq, which pro-
vides us with an equivalent definition of the Laplacian.

Thus, the Laplacian does not depend on the coordinate system used.
However, it depends on the metric. For instance, let us consider the effect
of a conformal transformation on (M, g), i.e. compare the Dirichlet
integrals and the Laplacians on the manifolds (M, g) and (M, e*Vg),
where v is a smooth real-valued function on M. We have

dvoleavg = €™ dvoly, (1.6)
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and for the energy density (1.4)

coarg(9) = € Veg(9). (L.7)

Thus,
Ea,00g)(6) = /Q =2 () dvoll,. (18)

However, we notice that in case m = 2, the Dirichlet integrals calcu-
lated using the metrics g and e?g coincide, and thus are invariant under
a conformal transformation of the metric.

Still in the case m = 2, we have

Agzog (@) = e 2" Ayh. (1.9)

Therefore, for m = 2, every function which is harmonic over (M, g) will
also be so over (M, e?Yg). More generally, if (M, g) and (M’, ¢’) are two
Riemannian surfaces and Q and €’ are two open subsets of M and M’
respectively, then if T : (22, g) — (€', ¢’) is a conformal diffeomorphism,

we have
E.g(¢0T) = E g1(9), ¥ € CH(,R) (1.10)
and
Ag(¢oT) = NAgd)oT, (1.11)
where
1 oT? 9T
— — o8 ! - 77
Thus,

Proposition 1.1.2 The Dirichlet integral, and the set of harmonic func-
tions over an open subset of a Riemannian surface, depend only on the
conformal structure of this surface.

This phenomenon, characteristic of dimension 2, has many conse-
quences, among them the following, which is very useful: first recall
that according to the theorem below, locally all conformal structures
are equivalent.
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Theorem 1.1.3 Let (M, g) be a Riemannian surface. Then, for each
point xo in (M, g), there is a neighborhood U of x¢ in M, and a diffeo-
morphism T from the disk

D ={(z,y) e R?| 2? + 4% < 1}

to U, such that, if c is the canonical Euclidean metric on the disk,
T : (D,c) — (U,g) is a conformal map. We say that T~' is a lo-
cal conformal chart in (M, g) and that (z,y) are conformal coordinates.

Remark 1.1.4 There are several proofs of this result, depending on the
reqularity of g. The oldest supposes g to be analytic. Later methods
like that of S.S. Chern (see [36]), where g is supposed to be just Holder
continuous, have given results that are valid under weaker reqularity as-
sumptions. At the end of this book (theorem 5.4.3) we can find a proof
of theorem 1.1.8 under weaker assumptions.

Using theorem 1.1.3, we can express the Dirichlet integral over U of a
map ¢ from M to R, simply as

[ <66y v, [ 1 [(wg;ﬂ)l(@w;;ﬂy

and ¢ will be harmonic if and only if

dxdy ,

0?(poT 0?(poT
A(poT) = (;;2 )+ (gyz ) _o.

Thus, when studying harmonic functions on a Riemannian surface,

we can always suppose, at least locally, that our equations are simi-
lar to those corresponding to the case where the domain metric is flat
(Euclidean).

1.2 Harmonic maps between two Riemannian manifolds

We now introduce a second Riemannian manifold, A/, supposed to be
compact and without boundary, which we equip with a metric h. Re-
call that over any Riemannian manifold (N, %), there exists a unique
comnection or covariant derivative, V, having the following properties.

(i) V is a linear operator acting on the set of smooth (at least C1)
tangent vector fields on N. To each C*¥ vector field X (where
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k > 1) on N, we associate a field of C*~1 linear maps from T,, N
to T, N defined by
T,N3Y — Vy X € T, N,
(ii) V is a derivation, i.e. for any smooth function « from A to R,
any vector field X and any vector Y in T, NV,
VY(Oz X) = da(Y)X + aVy X.
(iii) The metric h is parallel for V, i.e. for any vector fields X,Y, and
for any vector Z in T, NV,
A(hy (X, Y))(Z) = hy(V2X,Y) + hy(X,VY).

(iv) V has zero torsion, i.e. for any vector fields X,Y,

VxY - VyX —[X,Y] =0.

V is called the Levi-Civita connection.

Let (y',...,y™) be a local coordinate system on N, and h;;(y) the
coefficients of the metric h in these coordinates. We can show (see, for
instance, [47]) that for any vector field Y = V-2

8y15
) oY’ )

Yi—— X7 e, Xiy*k
VX( W) ( g7 |k ) oy

where
Ohy  Oh oh.;
— il gl Kkl Jk
=gt (axk "o T ol ) (1.12)

are the Christoffel symbols.
Let u: M — N be a smooth map.

Definition 1.2.1 u is a harmonic map from (M,g) to (N,h) if and
only if u satisfies at each point x in M the equation

oud OuP

Agut + g @iy () o 55 = (113)
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Once more, the reader may check that this definition is independent
of the coordinates chosen on M and A. However, it is easier to see this
once we notice that harmonic maps are critical points of the Dirichlet
functional

Epm,g)(u) = /M e(u)(zx) dvolgy, (1.14)

where
1 out Ou?
e(u)(z) = §g“ﬁ(x)hij(u(x))a?w7
and where u is forced to take its values in the manifold A/. The proof
of this result, in a more general setting, will be given later on, in lemma
1.4.10. When we say that u : M — N is a critical point of Em,g)s it
is implicit that for each one-parameter family of deformations

u: M — N, telCR,

which has a C! dependence on ¢, and is such that ug = « on M and, for
every t, u; = u outside a compact subset K of M, we have

iy Epm,q) (ut) t— Ea,g)(u)
t—

=0.

Different types of deformations will be specified in section 1.4. Notice
that, by checking that E(r 4)(u) is invariant under a change of coordi-
nates on (M, g), we show that definition 1.2.1 does not depend on the
coordinates chosen on M (the same is true for the coordinates on N).

EFFECT OF A CONFORMAL TRANSFORMATION ON (M, g), IF m = 2

As we noticed in the previous section, in dimension 2 (i.e. when M
is a surface), the Dirichlet functional for real-valued functions on M
is invariant under conformal transformations of (M, g). This property
remains true when we replace real-valued functions by maps into a man-
ifold (M, h). An immediate consequence of this is the following general-
ization of proposition 1.1.2.

Proposition 1.2.2 The Dirichlet integral, and the set of harmonic maps
on an open subset of a Riemannian surface, depend only on the confor-
mal structure.
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By theorem 1.1.3, we can always suppose that we have locally confor-
mal coordinates (z,y) € R? on (M,g). In these coordinates equation
(1.13) becomes

aQui + aQui + I (u) %iuk + %aiuk
ox? oy? ak Oz Oz dy Oy

ANOTHER DEFINITION

Henceforth, we will not use formulation (1.13), but an alternative one
where we think of A/ as a submanifold of a Euclidean space. In fact,
thanks to the Nash-Moser theorem ([123], [102], [77]), we know that,
provided h is C3, it is always possible to isometrically embed (N, k) into
a vector space RY . with the Euclidean scalar product (-,.). Then, we
will obtain a new expression for the Dirichlet integral

1 ou Ou
= —_— aﬁ —_— —
Ep,g)(u) /M 59" (@) <axa’ 8x5> dvol, (1.15)

where now we think of « as a map from M to RV satisfying the con-
straint

u(z) € N,Vz € M. (1.16)

Therefore, we have another definition.

Definition 1.2.3 u is a harmonic map from (M, g) to N C RY | if and
only if u is a critical point of the functional defined by (1.15), among the
maps satisfying the constraint (1.16). We can then see that u satisfies

Agu L Tu(x)./\/‘, Vre M. (1.17)

The proof of (1.17) will be given, in a more general setting, in lemma
1.4.10. This equation means that for every point & of M, Agju(z) is
a vector of RY belonging to the normal subspace to N at u(x). At
first glance, condition (1.17) seems weaker than equation (1.13), since
we just require that the vector Aju belongs to a subspace of RY. This
imprecision is illusory: by this we mean that it is possible to calculate the
normal component of Aju, a priori unknown, using the first derivatives
of u.
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Lemma 1.2.4 Let u be a C? map from M to N, not necessarily har-
monic. For each x € M, let P be the orthogonal projection from RN
onto the normal subspace to Tu(w)./\/' in RN. Then, for every x in M,

Ju Ou
1 _ _aB —_- =
P (Agu) = —g*" A(u) (3x°" 83:5) , (1.18)
where A(y) is an RN -valued symmetric bilinear form on Ty N whose
coefficients are smooth functions of y. A is the second fundamental form
of the embedding of N into RN .

A first way of writing A explicitly is to choose over sufficiently small
open sets w of N an (N —n)-tuple of smooth vector fields (e, 41, ..,en) :
w — (RM)N=" such that at each point y € w, (€ns1(Y),...,en(y)) is
an orthonormal basis of (T,N')1. Then, for each pair of vectors (X,Y’)
in (T,N)?,

N

AW)(X,Y) = D (X, Dyejey,
j=n+1

where Dye; = Zf\;l Y gZ{ is the derivative of e; along YV in RY. An-

other possible definition for A is

AW)(X,Y)=DxP;(Y). (1.19)

Proof of lemma 1.2.4 We have

0
Pt (gaﬁ detga;ﬁ) =0,

which implies that

0 ou 0Pt ou
1 af el u af Y
P; <8xa (g detgaxﬁ>) + 9z (g detgaxﬁ> =0.

Thus,

u

ou
PH(A = Pt af —
Bou) = g B (a z (g detgaw))
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And we conclude that

ou 6u>7 (120

Pr(Au) = —gPA(u) | =—, =—=
u ( (]u) g (U)(alﬂa, 8xﬁ
where A is given by (1.19). O

We come back to harmonic maps according to definition 1.2.3 and
denote, for each y € N, by P, the orthogonal projection of RY onto
T,N. Since P, + PyL = 1, from lemma 1.2.4 we deduce that for every
harmonic map u from (M, g) to NV,

Oou Ou
af _
Agu+ g A(u) (8:0‘1’ 8xﬁ> =0. (1.21)
Example 1.2.5 R"-VALUED MAPS

If the image manifold is a Euclidean wvector space, such as (R™,{.,.)),
then a map u : (M,g) — R™ is harmonic if and only if each of its
components u® is a real-valued harmonic function on (M, g).

Example 1.2.6 GEODESICS
If the domain manifold M has dimension 1 (i.e. is either an interval in
R, or a circle), equation (1.21) becomnes, denoting by t the variable on

M,
d?u du du

which is the equation satisfied by a constant speed parametrization of a
geodesic in (N, h).

Example 1.2.7 MAPS TAKING THEIR VALUES IN THE UNIT SPHERE OF
R3
In this case we have

N =5%={y eR’||y| =1},

3

2

where |y| = (Z(yZ)Q> is the norm of y. Notice that for each map
i=1

u:(M,g) — S?, we have

0=Aylul* =2 (u, Ayu) + de(u),
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where

1 ou JOu
o= 53070 (e 35

and thus, since the normal space to S? at u is Ru,

Pr(Au) = (u,Ayu)u
= —2e(u)u. (1.22)

But if u is an S?-valued harmonic map,

P,(Agu) =0,

which, together with (1.22), yields

Agu+ 2e(u)u = 0. (1.23)

Exercises

1.1 Let (M, g) be a Riemannian manifold. Show that a map u :
(M, g) — S' is harmonic if and only if for any simply con-
nected subset Q2 of M, there exists a harmonic function f :
(©,9) — R such that

u(z) = @ vz e Q.

1.3 Conservation laws for harmonic maps

Noether’s theorem is a very general result in the calculus of variations.
It enables us to construct a divergence-free vector field on the domain
space, from a solution of a variational problem, provided we are in the
presence of a continuous symmetry. For 1-dimensional variational prob-
lems, the divergence-free vector field is just a quantity which is conserved
in time (= the variable): for instance in mechanics, the energy or the
momentum. We can find in [124] a presentation of Noether’s theorem,
and of its extensions (see also [140]). We will present here two versions
which are frequently used for harmonic maps. The first is obtained in
the case where the symmetry group acts on the image manifold, and the
second is connected to the symmetries of the domain.
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1.3.1 Symmetries on N

We start with a simple example, that of harmonic maps from an open
set 2 of R™, taking values in the sphere S? C R3. In this case equation
(1.23) of the previous section can be written as

Au + uldul* =0, (1.24)
where
|du|? = 23: zm: (a“i )2 = 2¢(u)
i=1 a=1 Oz ’
and

Taking the vector product of equation (1.24) by w, we obtain

uxAu=0, (1.25)
or equivalently,
0 ou " du ou
. ) = X — Au=0. 1.26
az::l Oz« (u 8 8xa) = Oz " oo xS (1.26)

Several authors (see [99], [35], [153]) have noticed and used indepen-
dently equation (1.26). Its interest is that it singles out a vector field
j=(t,...,™) on £, given by

ou
ox«

which is divergence-free. It allows us to rewrite (1.24) in the form (1.26)
where the derivatives of u appear in a linear and not quadratic way,
which is extremely useful when we are working with weak regularity
hypotheses on the solution (see the works of Lufs Almeida [2] and Yuxin
Ge [65] for an example of how to take advantage of this equation under
very weak regularity hypotheses).

We will now see that the existence of this conservation law (div j = 0)
is a general phenomenon, which is due to the symmetries of the sphere
S2. Let Q be an open subset of M and L be a Lagrangian defined
for maps from Q to A: we suppose that L is a C! function defined on

j% =ux
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TN @mxnT* M :={(z,y,A) | (z,y) € MxN, A e T NRT; M} with
values in R (here A can be seen as a linear map from T, M to T,N).
We take a (C! density) measure du(z) on 2. It is then possible to define
a functional £ on the set of maps C*(2, ) by letting

L(u) = /QL(x7u(x)7du(x))du(ac).

For instance, if we are given metrics g and h over M and N, we may
choose

L(z,u(2), du(x)) = e(u)(z) = 9*” (2)hi; (u(@))

and

du(z) = dvoly(x).

Let X be a tangent vector field on N'. We say that X is an infinitesimal
symmetry for L if and only if

oL ; oL oX?

gy (0o X )+ g (y A) s ()4 = 0 (1.27)

This implies, in particular, the following relation. Suppose that the
vector field X is Lipschitz. It is then possible to integrate the flow of X
for all time (N is compact!). For any y € N/, ¢ € R, write

exp, tX =7(t) e N,

where + is the solution of

2(0) =y
v
at = X(v)-

A consequence of (1.27) is that for every map u from Q to N,

L(z,exp, tX,d(exp, tX)) = L(z,u,du) . (1.28)

To check it, it suffices to differentiate equation (1.28) w.r.t.t and use
(1.27).
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Theorem 1.3.1 Let X be a Lipschitz tangent vector field on N, which
is an infinitesimal symmetry for L. If u: Q — N is a critical point of

L, then

oL
div <8A X(u)> =0 (1.29)
or equivalently, using the coordinates (z',..., ™) on Q such that du =

p(x)dxt ... dx™

Z ai ( f(u)gj(z,u,du)) =0. (1.30)

@

Remark 1.3.2
(i) In the case where L is the Lagrangian of the harmonic map, this
result was first obtained in [134].
(ii) The vector field J defined over Q2 by

J* = p(z) = (2, u, du) X (u)

0A
is often called the Noether current by physicists. Equations (1.29)
and (1.30) are called conservation laws.

Proof of theorem 1.3.1 To lighten the notation, we can always suppose
that the coordinates (z!,...,2™) on § are such that du = da' ... dz™
This corresponds to fixing an arbitrary coordinate system, in which du
has the density p(x), and then changing L(x, u, du)p(x) into L(x, u, du).
The proof will be the same. With an analogous simplification purpose,
we will replace exp,, tX by u+tX (u)+o(¢) in the calculations (for small
t). If we choose to use local charts on A, and hence view u as a map
from Q to an open subset of R™, this will not be a big problem. In the
case where we choose to represent N as a submanifold of RY, we should
extend L, a priori defined over TN ®apxnr T*M, to a C! Lagrangian
function on Q x RY x (RY @ T M). Such a construction does not pose
any particular problem. The fact of u being a critical point of £ implies,
in particular, that for every test function ¢ € C°(Q2, R),

Lexp, (toX)) = L(u+tdX +o(t))
L(u) + o(t). (1.31)
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But

L(u+tpX + o(t))

/ L(z,u + toX (u), du + topd(X (u)) + tde - X (u))da’ ... dz™
Q

+ o(t)

L(z,u + toX (u), du + topd(X (u)))dz' ... dz™

16¢ oL 1 m
+t/QX8:1:a8Aé(x’u’du)dm co.dz™ 4 o(t).

By relation (1.28),

L(z,u+tpX (u),du + topd(X (u))) = L(z,u, du) + o(t),

and so

L(u+tpX +o(t)) = E(u)Jr/Q(Xi aaAI; (x, u,du))%dml co.dz™4o(t).

(1.32)

Comparing (1.31) and (1.32), we obtain

Oz 0A?

(63

/ 8is(Xi oL (z,u,du))dz’ ...dz™ =0, V¢ € C (Q,R),
Q

which is the variational formulation of (1.30). O

As an example of applying this result, let us consider the case of
harmonic maps. We have
L(z,y, A) gaﬁ(w)hij(y)Af;Aé
9°%(x) (Ao, Ap)

N[= D=

and
p(z) = /detgdz'...dz™.

Then X is an infinitesimal symmetry if the flow generated by X is a
family of isometries of (AN, h), i.e. if X is a Killing vector field. Such
fields are characterized by the fact that

Lxh =0,

where L is the Lie derivative. In local coordinates, this is written as
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Ohi; ~ OX*F ox*
(Lxh)i; = X* aykj +37y" kj"'aiyjhik
= hjkViXk+hikVLXk:O.

ay*

%

The Noether current is then the vector field

0

ou 0
=JY— =¢g*P — —
J=J oo Y (2) <X(u), 8w5> det g pl

Example 1.3.3 Let us come back to the sphere — this time of arbitrary
dimension n:

N=8"={yeR" ||y =1}.

The group of rotations of R"*1, SO(n + 1), leaves S™ invariant, and
acts isometrically on S™. The set of Killing vector fields on S™ can be
identified with the Lie algebra so(n+1) of SO(n+1). We will systemat-
ically identify so(n + 1) with the set of (n+1) X (n+ 1) skew-symmetric
real matrices, and

SOn+1)={ReM((n+1)x (n+1),R) | ‘RR=1,detR =1}.

In fact, to each element a € so(n + 1), we may associate the tangent
vector field on S™ given by

X, y—ay,

and we can obtain all Killing vector fields in this way. The previous
theorem states that the Noether current

e

0 ou 7]
@ apB
J=J = <a.u, pye > g%’ (x)+/detg e (1.33)

18 divergence-free, i.e.

m

WNYA 0 ou
af —
2 e = O? 1 e <g (2) <a.u, :v5> V4 detg) =0.
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Example 1.3.4 (continuation of the previous example). We restrict
ourselves to the case where (1 is an open subset of R™ equipped with
the FEuclidean metric, and where n = 2. By successively choosing for
a € so(3)

0 0 O
a1 = 0 0 -1 5
01 0
0 0 1
ay = 0o 00 |,
-1 0 0
0 -1 0
az = 1 0 0 5
0O 0 O
we obtain the currents (using (1.30))
ou? Ou?
; .2 .3
JNa = U Oxc u axav
out ou?
; _ .3 !
R
ou? out
: _ 1 2
Jha = W T Gga

We recognize that (j1,a, j2.a,J3,a) are the three components of the vec-

82:12 , and Noether’s theorem yields

tor u X

ii u X u =0
A= da Az )

Thus, we recover (1.26).

This equation is particularly interesting in the case of a sphere (also
for other homogeneous manifolds), since the isometry group SO(n + 1)
acts transitively on S™ and, at an infinitesimal scale, this yields that
at each point y of S™, the set of all ay, for a € so(n + 1), is equal
to T,S™ (equivalently if a; is a basis of so(n + 1), then the a;.y’s span
T,5™). This implies that equation (1.26) is equivalent to the original
S2-valued harmonic map equation, (1.24). We will take advantage of
this in sections 2.5 and 2.6.
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1.3.2 Symmetries on M: the stress—energy tensor

Let us start with an example: when the manifold M is 2-dimensional,

surprising conservation laws occur. Let us place ourselves in local confor-

mal coordinates (z,y) on M, and consider the C-valued function defined
2 |ou

by
2 ./ 0u Ou
) e P T
y oz’ Jy

One can check that when u is a harmonic map taking values in a Rie-
mannian manifold (N, k), f is a holomorphic function of the variable
z = x +14y. This was first noticed, in some special cases, by H.E. Rauch
and K. Shibata, then by J. Sampson ([143]), in the 1960s, before peo-
ple realized around 1980 that this result is general and related (through

~ |0u

=%

Noether’s theorem) to the problem’s invariance under conformal trans-
formations ([5], [127]).

Remark 1.3.5 A geometric characterization of f is the following: the
inverse image (or pull-back) by u of the metric on N,

u'h = [ug*(dz)? + (ug, uy) (dr @ dy + dy ® d) + |uy|*(dy)? |

may be decomposed over the complexified tangent space T, M ® C, as
1 —
u'h = Z[f(dz)2 + |dul*(dz ® dz + dZ ® dz) + f(dz)?].

This decomposition does not depend on the local (conformal) coordinate
system chosen. Thus, we can define f by the relation 4(u*h)(2’0) =

F(d2)?.

We will come back to this in definition 1.3.10. First we will study the
general case where (M, g) is an arbitrary manifold of any dimension.

Let @ be a diffeomorphism of the open subset Q C (M, g) onto itself,
and u be a map from Q to A/. The pull-back of g by ® is the tensor ®*g
defined by

. 097 09°
(®9)ap = 9+45(2(2)) 55 55 (1.34)

®*g defines a new metric over 2, such that (2, ®*g) and (£2,g) are
“geometrically identical” manifolds, in the sense that

P (Q,0%g) — (2,9)
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is an isometry. This is why we consider that the two maps

uw:(Q,9) — (N,h)
and
uo®: (Q,0*g) — (N, h)
are two different representations of a same geometric object. Moreover,
the transformation of u into wo ®, which is just a change of coordinates,

preserves the Dirichlet integral, provided that we also transform the
metric. In fact, a change of variable,

¢ = ®(x),
yields
0x® 0z° /O(uo ®) O(uo ®)
_ s
E@apluc®) = /ng ((I)(x))atlﬂ (‘M)‘S< oz 7 OaP >

Vdet ®*gdazt ... dz™

ou Ou
— 6 1 m
/Qg (¢)<a¢a,8¢g>\/detg(¢)d¢ - dd

= E(th) (u)

Hence, we notice the invariance of the Dirichlet integral under the
action of the diffeomorphism group

Diff(2) = {® € C*(Q, Q)| ® is invertible and &~ € C' (2, Q)}

on the pairs (g,u). We expect to find conservation laws. Nevertheless,
two remarkable differences should be pointed out, when compared to the
classical setting of Noether’s theorem (like the one we saw before). First,
the group Diff(Q?) is infinite dimensional. Next, the Lagrangian of the
harmonic map is not exactly invariant under this group action, to the
extent that we need to change the metric g, and thus the Lagrangian
L, at the same time as we change the map u, in order to obtain the
invariance. The result we will obtain will not concern the existence of
divergence-free vector fields, but that of an order 2 symmetric tensor,
whose covariant derivative (w.r.t. the metric g) will vanish. Such a tensor
S will be defined by

S=ce(u)g—u"h, (1.35)
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where e(u) is the energy density. In local coordinates

1 out Oul Ou’ Ou’
Sap() 5’%3’(“(1‘))9”6(33) 907 93 0B hij(u(%’))@w

1 Ou Ou Oou Ou
= —¢%){ —,=— ) —( =—,=—= ).
29 ( )<8x7’8x5>ga5( ) <6m0"8x5>
The tensor S is called the stress—energy tensor (this name comes from
general relativity where its variational origin was first pointed out by

David Hilbert [91]). The following result is due to Paul Baird, James
Eells and A.L. Pluzhnikov.

Theorem 1.3.6 [5/, [127] Let u : (M,g) — (N, h) be a smooth har-
monic map. Then, the stress—energy tensor of u, S, has vanishing co-
variant divergence. This can be stated in two equivalent ways:

(i) For every compactly supported tangent vector field X on M,
/ (Lxg")*?Sag dvoly =0, (1.36)
M
where

ary

dg*B  9X« 0x”8
Lvahof — x7 — B
(Lxg%) oz oz 9 oz

is the Lie derivative of g* with respect to X.
(ii) The tensor S satisfies the following equation for 8 =1,...,m,

divg(9°7Sy5) = V_2_(9775,5) = 0. (1.37)

Proof We first prove (i). Let X be a compactly supported Lipschitz
vector field on M, and ¥, the flow generated by X,

Dy(x) =2, Vo € M
O(2¢(x))
ot

For all ¢, ®; exists and is an element of Diff(M).

= X(P(2)).
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Recall that for any tensor field T = T3 g« 2 ® 5 ®de? ®
- ®dxz® on M, the Lie derivative of T w.r.t. X is defined by

(I)Z (T<1>t(m)) — Ty

(LxT), = tlg% ; (1.38)
Here, ;7T denotes the tensor field such that
T A ol ol
(@:T)Otl..‘oza 8 t a t 1--Qg a t a t (139)

2018 Pgon g T 2u@).818; 9gBr T 9ebs

Replacing in (1.39) ®.(z) by = + tX (x) 4+ o(t), and (®;T), by T, +
t(LxT), + o(t) (a consequence of (1.38)), we obtain

Ty 5.%, X" X"
a1...0 _ zf31...0 a]...0 ]...Q0
(LXT)xllﬁuﬂb = X7 ox7 + T s, 9P ot Ty 9x0b
_ T’y...aa aX R 117 T ax

zB31...0 o zB31...0p or

Since u is harmonic, i.e. a critical point of E(aq,4), we have

d
7 (B (uo®-p), o =0. (1.40)

We will take advantage of this relation. We start by noticing that
performing the change of variable

¢ =(Pi) " (x) = By(2),
we have, writing Ey = E(y ),
Ejuo® ) = Egrg(uo®_ody)
= Earg(u).

We need to estimate Eq>t*g(u) for small ¢, and in order to do so, we
first calculate ®;g, up to first order in ¢:

(®9)ap = gap(a +tX(2))(82 + 12X (0 + 1257) + o(t)
9ap(x) + t(Lxg)ap(x) + o(t),

where

09a oX" 0xX"
9ap +

(LXg)ozﬁ = X" Oz Oz 95 + Wga'y .

Thus, we deduce that
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det (27 g)

det (gaﬁ + t(LXg)aﬁ) + O(t)
= det (gag) det (65 +t g*7(Lxg) ) + o(t)
(detg) (1 +t trg(Lxg)) + o(t). (1.41)

We also need to estimate ®;g*:

(®igh) = ¢(z+tX(2)) <5a - taXa> (55 - t%);f) + o(t)

0
= ¢"(2) + t(Lxg")*" (z) + oft). (1.42)

Now we obtain, thanks to (1.41) and (1.42),

Buigl) = [ (¢°0) + (L) { e, 2%

Vdetg\/1+t g*P(Lxg)apdal...dz™ + o(t)

/M 9*% (@) <;Zié > Vdetgdz' .

ou Ou
fyap
oo f | ()

1 ou Ou
- apB L ™
+ 29 <8a:a 6x5> x9) 75} Vdetgdzt ...

+ o(t).

But since

0=Lx(9""g,5) = (Lx9")*’gap + 9*°(Lx 9)ap

we finally have
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Egrg(u) = Eg(u)+t/M(LXgu)a5 [<$,§;>

1 ou Ou
_ -0 1 m
59 <8x“/’ 8m5>g‘w] Vdetgdz®...dx™ + o(t)

— By(w)—t / (Lxgt)*P S dvol, + oft).
M

Thus, for (1.40) to be true it is necessary (and sufficient) that

/M(Lxgﬁ)aﬁsag dVOlg =0.

This proves (1.36).

Proof of (ii) First, we notice that for any tangent vector field X,

ox”» IX*  0g*P
ay B By e By _ ¥
gV o XU+ g7V o X% = g 3x7+g 5 3m7X
= —(Lxgﬁ)aﬁ. (143)

To check this, it suffices to develop the L.h.s.of (1.43). It follows that,

since Sag = S3a,

29V _o_X"S,5=—(Lxg*)*PS,p. (1.44)

ax

Suppose that X is compactly supported. Then, using (1.44) we have

(by Stokes’ formula)

0
_ ya y 3 1 m
0 = /M = (g X7Sap detg) de”...dx

//vl Voo (g"’“XBS’a,g) Vdetgdzt ... dz™

oxY

W(v X)ﬁS +XPV o (47%Sag) ) dvol
™ g _o_ af 81%9 afl g

1
/ —~(Lxg")*? S, dvol, —|—/ Xﬁv$(97a5’a5) dvoly .
M 2 M ol
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This identity clearly shows that (1.36) is equivalent to

/ Xﬁdivg(g'yo‘Sag) dvol, = 0, VX compactly supported,
M

which is the same as (1.37). U

1.3.3 Consequences of theorem 1.3.6

Case A EXISTENCE OF A KILLING VECTOR FIELD

Suppose that there is a tangent vector field X on (M, g) whose flow is a
family of isometries, i.e. that X is Killing. Such a field is characterized
by the equation Lxg = 0. Hence, X is an infinitesimal symmetry for
E(r,g), in the sense that

By(uo®_,) = Fazy(u) = Fylu).

We are precisely in a case where Noether’s theorem applies (see [124]):
the Noether current

J* =g’ S5, X7 /det g (1.45)
satisfies
0J”
div J = Z 5oa =0 (1.46)

This can be deduced from the previous theorem since from (1.44) it
follows that

Vs, (9°75p,X7) = g“ﬁ(V o X)"Sap+ X"V o (g *$ S5y
= (Lxg) BSap + X'V o (g*PSs,)

Forac
:()’

using (1.37) and the fact that Lxg* = 0.

Case B THE METRIC ¢g IS EUCLIDEAN
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Suppose that M is an open subset €2 of R™ and that g is the Euclidean
metric. Then, all translations in R™ are symmetries (generated by con-
stant vector fields). Thus, using the preceding results we obtain

m
oS
S22 =0, v, (1.47)
lokne
a=1
This equation gives rise to the following formula: let X be a C! tangent
vector field on €2, and consider the tangent vector field ¥ = Y¢ agw

defined on 2 by

Y(x) = Sap(x) X (z).

We integrate div Y over an open subset w of {2, with smooth boundary,
and use Stokes’ formula

/ div Ydzt ... da™ = / Y.n do(z) .

ow
Using (1.47), we obtain

X8
/ Saﬂ%?dl‘l coode™ = ; SagXB.nadO'(l‘>. (148)

Recall that in R™, S can be written as
1, 5 Oou Ou
Ss = gl (e 3 )

where |dul? = Z (gga

(1.48). '

2
) . We give two examples of applying

a=1i=1

Example 1.3.7 As w we choose the ball

B(xg,r) = {z € R™| |z — zo| < 1},

and as X, X(x) = x —xqg. Then (1.48) yields

0
(2—m)/ |du|2dx1...dxm:r/ 9| 2¥
B(xo,r) 9B(xo,r) on

2
- |du|2> do(x).
(1.49)
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For zg € Q, and r such that B(xo,r) C Q, let

Ezo,r(u) = ,},,27m/ ‘du|2d$1 Loodx™.
B(wo, )

Differentiating w.r.t. T,

o) = @omr [ et da
dr B(zo,r)

+r2_m/ |du|*do (),
OB(zq,r)

and using (1.49), we obtain

2

0" (). (1.50)

or

d
—Ey r(u) = r2_m/ 2
dr ’ ) OB(zq,r)

This identity was first noticed by [131] for the Yang-Mills problem
(see [146]). In the context of harmonic maps it is due to [149]. In
particular, it implies the monotonicity formula d%Emo,T(u) > 0, which is
an essential ingredient of the regularity theory for minimizing harmonic
maps [146], and of theorems 3.5.1 and 4.3.1 of this book (see [54], [10]).

Example 1.3.8 We suppose that w and X are such that
(i) the tensor

1, .. 1 /90X~ 0Xx°
Aag(x) = §(dlv X)(Sag 3 (&Tﬁ + 81’“)

is positive definite everywhere (which excludes the case m = 2,
where tr A =10).
(ii) on Ow, X -n > 0. Then (1.48) yields

Ou Ou 1 m

_ 1 [ Ou OuN oo
_/&U <2|du Xn <3x°"3$5>X n) do(z). (151)

Now suppose that u is constant on the boundary of w. This implies

that 82:13 = g—:ﬁna, and that the r.h.s. of (1.51) is equal to
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1
—/ —|du*X -n do(x),
ow 2

which is negative. Thus, we obtain the inequality

Ou Ou 1 m

But since the tensor <86;¥ , (%},> is non-negative and Aqp is positive, this

implies that
Qu du\ _
oz’ 0xB |

and thus u is constant over w.
This type of result was first obtained in [129], in the case of the Yamabe
equation. In the harmonic map context it was settled by John C. Wood,

who showed that every C?> harmonic map over an open star-shaped set of
dimension greater than 2, which is constant on the boundary of this set,
is also constant in its interior [184]. Recall that w is star-shaped if and
only if there is a point xy in w, such that for all x € Ow, the segment
[0, x) belongs to w. Wood’s result follows from the preceding analysis
by choosing as the vector field X (x) = x — xg. In the case where m = 2,
this method no longer works, but Luc Lemaire proved a similar result
which is valid for every simply connected open set [106].

Case C M IS A SURFACE

Let us come back to identity (1.44) which we used in Case A to deduce
a conservation law in the case where there exists a Killing vector field.
Writing S5 = g*7.5,3, this identity states that, for any vector field X,

2S§V%X°‘ = —(Lxg®?)Sup.
oz

If w is harmonic, theorem 1.3.6 (1.37) implies that Voo Sg =0 for
all §, and thus

V.o (S8X%) = ngixwr(visg)xa
oxB 8aB

oaP

1
—§(Lxgaﬁ)saﬁ. (1.52)
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We see that for the vector field Y = S8 X % to be covariant divergence-
free, it is necessary and sufficient that

(Lxg*?)Sas =0. (1.53)

For instance we know that this condition is satisfied when X is an
isometry flow. Let us see what happens when X generates a flow of
conformal diffeomorphisms of (M, g). We call such a field a conformal
Killing field. It is characterized by the fact that there exists a real
function A on M such that

Lxg=2X\g
and
Lxg' = —\g*.
For such a flow,
(Lxg®?) Sap = —Xg*Saps
= =X(m—2)e(u).

It follows that for m = 2 we have

V o (SPX) =0.

8al

Consequently we obtain

Theorem 1.3.9 Suppose m = 2. Then for every conformal Killing field
X and for any harmonic map u : (M, g) — (N, h) we have

1 0
V_ o (S8XY) = ——= ——(y/detgS5X*) = 0. 1.54
2, (SEX?) = <o 5 (et 1) (1.54)

The interest of this theorem is that the group of conformal transforma-
tions of a Riemannian surface is very big. In fact, thanks to proposition
1.1.2 and theorem 1.1.3, it is always possible to use local conformal co-
ordinates, z = z+iy € w C C, on M, in which the metric can be written
as

g = e ((dz)® + (dy)*),
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and every holomorphic (or anti-holomorphic) diffeomorphism over w in-
duces a conformal transformation. Thus, for every holomorphic function
F:w — C, the vector field

0 0
X=R(F)=— +3(F)—
R(F) 5 +9(F)
is a conformal Killing field.
In these coordinates

AP (10 Jua® (e, wy)
(Sap) = 9 0o 1) (Ug, Uy) |Uy|2
_ L( W %9
T2\ Q¢ Re )7
where
oul? ou|?
2 _ |0U g
jdul” = Ox + oyl ’
and
2 2
o= |2 _|Oul” gy [ Ou DuN

It follows that S§ = e 2/ 8,5 and Vdet g S5 = Sap. By applying

theorem 1.3.9 successively with X = % and Y = a@, we obtain
y

a aC\ —
~5a R0+ 5,30 =0,

and
0 0
Thus, it follows that

06
5 =0. (1.55)

We see a holomorphic function appear, which can “generate” all con-
servation laws due to conformal transformations. If we make a conformal
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change of coordinates, i.e. if we make a change of variables
z=z+iy=T(X+12)=T(2),

where T is an orientation—preserving conformal transformation, then the
new holomorphic function obtained from the stress—energy tensor in the

Z coordinates is given by
oT\?
TZ)| =—= ) -
601(2) (55)

This is the reason why we usually consider the quadratic differential
form

w = ¢(dz)? (1.56)

which is invariant under a holomorphic coordinate change.

Definition 1.3.10 Let u be a C' map between a Riemannian surface
(M, g) and a Riemannian manifold (N',h). By the Hopf differential of
u we mean the C-valued bilinear form w, defined on M by the following
property. In every local conformal coordinate system z = x + iy, on

(M, g), w is written as
Ju 2 ./ O0u Ou

A more intrinsic way of defining w is w = i(u*h)@’o) (see remark 1.3.5).

2

_|Ou
dy

Exercises

Let Q be an open subset of R”™ and N a manifold without boundary.

x = (x',...,2™) are the coordinates on R™, and y = (y*,...,y™) the

local coordinates on A/. For each map u from Q to N, we define

L(u) = / L(u,du)dz = / L <ui, 8u> dz,
Q Q oz
where the Lagrangian L is a C? function on the set

{(y,A) | y € N, Ais a linear map from R™ to T,N'} .

Given that L does not depend on z, the variational problem associated
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to £ is invariant under the action of the translations of R™. We define
the Hamiltonian tensor as

OL

HY(y, A) = ——
B(ya ) 8A}l

(yv A)AZB - 5gL(ya A)
(see [140]).

1.2 Show that if A is a Riemannian metric on N and L(y, A) =
$hi;(y) AL AJ,, then for each map u from 2 to N

@ )

S% = —Hg (u, du).

1.3 Show that if u : Q@ — N is a critical point of £, then

9 rra
14 Study the extensions of the results stated above in example 1.3.7

and example 1.3.8 to maps u which are critical points of L.

1.5 Assume further that m = 2. Give a characterization of La-
grangians which are invariant under conformal transformations
of R? (answer: see the end of section 4.2). For critical points,
prove the existence of a holomorphic generalized Hopf differen-
tial.

1.6 Find all Lagrangians which are invariant under volume—preserving
transformations of €2 and characterize the corresponding Hamil-
tonian tensor. Interpret in this situation the conservation law
proved in exercise 1.3.

1.4 Variational approach: Sobolev spaces

Up to now, we have only considered smooth maps, i.e. at least C2.
If we want to use variational methods, it is necessary to extend the
definitions given, to the case where the maps belong to a “Hilbert space”
derived from the Dirichlet integral by taking the closure of C*°(M,N)
relative to “weak” norms derived from the energy. It then becomes very
convenient (although it is not essential, see [80]) to suppose that (N, h)
is isometrically embedded in an Euclidean space (RY,{(.,.)), in order to
be able to give the following definition.
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Definition 1.4.1

HYM,N) ={ue L}, (M,RY) / |du|?dvol, < +o00,u(z) € N a.e.}.
M

Remark 1.4.2 Since N is compact and u(z) € N a.e., the condition u €
L}, (M, RYN) could be replaced by u € L (M, RN), without changing the
definition of H*(M,N).

It is natural to ask if this definition depends on the isometric embed-
ding of (N, h) into RY used. We have:

Lemma 1.4.3 Let J; : (N,h) — N; C RN and Jo : (N,h) —
Ny € RNz be two C isometric embeddings. Then, these two isometric
embeddings lead to equivalent definitions of H*(M,N) in the following
sense: there exists a C' map, ®, from RN to R™V2 (bounded in C' (RNY)),
coinciding with Jo o Jl_1 on N1, and such that

uw€ H'(M,N)) <= ®douc H'(M,N,) (1.57)

and

/M |du|?* dvol, = /M |d(® o u)|? dvol,. (1.58)

Proof By considering R™ and R™? as subspaces of RY, where N =
sup(N1, Na), we can always reduce to the case where Ny = Ny = N.
Let us construct ®. Let V55(N7) be a tubular neighborhood of A in
RV, and let P be a projection from Va5(N7) to 7. By this we mean
that P maps Vas5(N7) onto N7, and that its restriction to A coincides
with the identity map. Moreover, we will assume P to be C!, and that
all over V5(N7), the derivative of P, dP, has rank n = dim A (P will
then be a submersion). We leave to the reader the task of showing that
for § sufficiently small, it is possible to construct such a projection by
using the inverse function theorem and a partition of unity argument
(see exercises 1.7 to 1.11).
We choose a function n € C*°([0, +00), [0, 1]) such that

1 on [1,0]
n(z) =0 on [2§,+00),
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and define, for each y € RV,

{ ®(y) = n(dist(y,N1))J2 0 J; ' o P(y) if ye VasM
P(y) =0 if y ¢ VasNi .

It is clear that

d=JyoJ ! over N} (1.59)

and

(Vs(N1)) = Ns. (1.60)

Let u € H'(Q, N); then it is obvious that ®ou(x) € N> a.e. Moreover,
for any y € N1, the restriction d®| 7, x; of d® to TyN is an isometry
from T, N1 to Ty, Na. This yields

|du(z)|? = |d(® o u)(z)* a.e.

which proves (1.58) and, consequently, also (1.57). O

Remark 1.4.4 In the proof of this lemma we used, not the orthogonal
projection from Vas(N1) onto N7 (though it is easy to define), but rather
a non-orthogonal projection. This stems from the fact that if N7 is C',
then the orthogonal projection is generally only C°.

Remark 1.4.5 Another possibility would have been to use, instead of
HY(M,N), the space

C2(M7N)H = {u € L®(M,N)| 3(ér)ren, a sequence in C*(M,N)
such that klim || w— ¢k ||gr=0}.

— 400
Nevertheless, it happens that, in general, this space is different from
Hl
HY (M, N), unless m = 2 (see [146], [15], [8]). Moreover, C2(M,N)
seems less appropriate for the calculus of variations than H'(M,N)
since, unlike H*(M,N), in general it is not closed for the H* weak

topology (see [8]).
Thus, we have a function space H' (M, N), over which we can define a

functional, the Dirichlet integral F(xq,q). In order to prove the existence
of harmonic maps from M to N, it is natural to attempt to study the



34 Geometric and analytic setting

critical points of (g q)in H LM, N'). This involves the following three
steps:

e to define what we mean by weak solutions;

e to prove the existence of weak solutions, critical points of E(xq,q) (ex-
istence);

e to prove that a weak solution is a smooth harmonic map from M to
N (regularity).

Problems will show up at each of these steps. A specialist in non-linear
variational problems will expect to find difficulties, and sometimes barri-
ers, to proving existence and regularity, and this is, in fact, the case. But
it happens that even the definition of what should be a weak solution is
not totally obvious. The reason is that, unless m = 1, H*(M, ) is not
a manifold, and thus a good notion of tangent space to H(M, N') does
not exist. Consequently, we have some problems in defining the varia-
tional derivative of E. This leads to the possibility of giving different
definitions of weak solutions.

It would be difficult to present the main points of this theory in a
book. Below, we will briefly present the simplest approach to proving
the existence of weak solutions: the minimization of E(xq ). We will
then give a list of the different notions of critical points. In the following
section we will present some regularity results, some of which will be
proved in later chapters.

AN EXAMPLE OF A METHOD TO PROVE THE EXISTENCE OF WEAK
SOLUTIONS: THE MINIMIZATION OF E(M,g)

It consists of choosing a subset £ of H'(M,N), defined by imposing a
constraint such as the boundary condition in a domain, or the homotopy
class, and showing that the infimum

it B (@)

is attained. The map that achieves the minimum is called minimizing
(see below). We can easily show (see exercise 1.12) that H*(M,N) is
closed for the weak topology of H'(M,R"), and that E(m,g) 18 coercive
and lower semi-continuous. Nevertheless, as we will see below, we will
come across several problems that are connected to the choice we made
of the class €.
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THE DIRICHLET PROBLEM

It consists, in the case where M # (), of fixing a boundary condition,
i.e. a map

g:OM — N,

and considering the space

HY M, N) = {u € H' (MN)| u=g on IM}.

We then minimize the Dirichlet integral over H; (M, N') in order to find
a harmonic map from M to AN that coincides with g on M. The first
thing to check is whether Hj (M, N) # (). Some obstructions may show

up.

Example 1.4.6

M= B? = {(z,y) e R?| 2? +y* < 1},
N =8t ={(z,y) e R?| 22 +y* =1} = IB?, and
g(z,y) = (z,9).

Then, there is no finite energy extension of g in Hgl(B2,Sl). The
reason is a topological obstruction. For each C! map g : St — St (in
fact it would suffice to suppose that g € H? (S1)), the following quantity
is called the topological degree (or winding number):

1
deg(g) = %/a ] g'dg® — g*dg".
B

It is an integer which represents the number of times the point g(x,y)
goes around S, when (z,y) goes once around S'. We will see that if
u € HY(B?%, SY), then the degree of ujgp2 is necessarily equal to 0. Since
for g(x,y) = (x,y), we have deg(g) = 1, this implies that Hgl(B2, S1) s
empty.

(i) On the one hand, for any map v € H'(B? R?), we have, by

Stokes’ formula,
/ do :/ a, (1.61)
B2 ):2

where o = utdu® — u?du'. This is a well-known formula in the
case where u is of class C*. It extends to H*(B?,R?), by using the
density of C*(B? R?) in H'(B% R?), and showing that the two
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integrals in (1.61) are continuous functionals over H'(B? R?)
and Hz (0B?,R?), respectively.
(ii) On the other hand, if u € H' (B2, S'), we deduce from |u(z,y)|* =
1 a.e. that
(u,du)y =0 a.e.on B>

This equation implies that

2
du' = E u'(uldu' — utdu') = —ula a.e.

i=1
and
2
du® = Zu’(u’du2 —u?du’) = v'a a.e.
i=1
and thus

du' Adu? = —urvPaANa=0 a.e. (1.62)

(iii) Therefore, if u € HY(B?, S1), we deduce from (1.61) and (1.62)
that the degree of ujgp= is zero.

Other difficulties appear when we only have g € Hz(OM,N) (the
natural trace space). In fact, in this case, we still do not know exactly
if H)(M,N) is empty or not (see [82], [13], [138]).

Example 1.4.7 (Case where it works). If g is C*, and is homotopic to a
constant, we can show that Hy(M,N) # (. Likewise, in case M = B3,
the unit ball in R3, we may extend any map g € H*(OB*,N) to all of

B3 by letting
x
=9 ()

We can thus show that Hj(B®,S%) # 0.

Let us recall that if E and F are two topological spaces (in fact, we
are interested in the case where E and F are manifolds), and if ugp and
uy are two continuous maps from E to F, we say that ug and uy are
homotopic if there exists a continuous map H : E x [0,1] — F, called
a homotopy, such that H(x,0) = ug(z) and H(x,1) = ui(x).

We can show that homotopy is an equivalence relation, and the equiv-
alence classes are called homotopy classes. (In the case E = F = S1, the
homotopy classes are precisely the subsets of maps in C(S*,S*) which
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have the same degree. Likewise, it is possible to characterize the homo-
topy classes of maps from S? to S? by defining a topological degree for
maps from S* to S?).

Once we know that H)(M,N) # 0, it is easy to show that E(xy,g)
attains its minimum in H, (M, ) (see exercises 1.12 to 1.14). The map
thus obtained is said to be minimizing (see below).

HARMONIC REPRESENTATIVES OF A HOMOTOPY CLASS

The problem here is, given a map ¢ from M to N, to find a harmonic

map homotopic to ¢. To simplify, suppose that OM = @, and denote

the homotopy class of ¢ by [¢]. It is then natural to try to minimize
1

E(pm,q) Over [¢]H , the closure of [¢] in H*(M,N). The difficulty here
1

is that [¢] may include smooth maps which are not homotopic to ¢.

Example 1.4.8 M = N = S3, the unit sphere in R*. Then, if ¢ = 1,

—H
[@¢]  contains all the constant functions.

1

In fact, the set WH was thoroughly characterized by [180]. In general,
the only case where homotopy is preserved under H'® strong convergence
is when M is a surface. But even then homotopy is not preserved under
the weak topology of H! (see [141]).

We will now stop drawing the pessimistic picture of all the difficulties
that show up. Depressed readers may refer to [51] to convince themselves
of the efficacy of the variational techniques, and have an overview of
the set of results obtained. As we mentioned, in general the solutions
obtained using variational methods in H'(M,N) are not smooth and
hence are “weak solutions”. This is why we need to give a more precise
definition of weak solutions.

WEAK SOLUTIONS

1.4.1 Weakly harmonic maps

Suppose that A is of class C2. Let VzN be the tubular neighborhood of
radius § of A in RY, and P the projection from VzA onto N, defined
as in lemma 1.4.3. We suppose § to be sufficiently small for P to be
defined and C!.
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Definition 1.4.9 We say that u € H' (M, N) is weakly harmonic if and
only if, for any map v in H(M,RN) N L>®(M,RY),

lin Ep,g) (P(u+ t:)) = E(m,g)(u)

Here HY(M,RY) is the closure of C°(M,RY) in H*(M,RY).

= 0. (1.63)

We remark that (1.63) has a meaning for sufficiently small ¢ since v €
L®°(M,RY) and thus u + tv belongs to Vs if |t| < 6|v|;%. In case N/
is C2, we can write an Euler equation for w.

Lemma 1.4.10 Suppose that N is C?. Then, every weakly harmonic
map u € H' (M, N) satisfies

(i) the equation

—Agu L TN

weakly, i.e. Yv € HY (M, RM)NL®(M,RY), ifv(z) L TN a.e.,
then

Oou Ov
aB _— =
/Mg (x) <6‘x°" 8zﬁ> dvoly = 0, (1.64)

or equivalently,
(i) the equation

o ou Ou

weakly, i.e. Vv € HF (M,RN) N L®(M,RY),

fule e )

+ g% (z) <A(u) <66;f¥, gxuﬂ) v>] dvol, =0, (1.65)

where A is the second fundamental form of the immersion of N
in RN (see lemma 1.2.4).
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Proof Suppose v € H} (M, RY) N L°(M,RY). We have

P(u + tv) = u + twy,

1
OP 4
where w; = / -(u + stv)v'ds. Hence
0o Oy

Oou Ow
Ep,q) (P(u+1tv)) =E(M,g)(u)+t/ gaﬁ(m)<8 = o ;> dvoly +o(t)
M €T

and thus (1.63) is equivalent to

ou Ow
. af t
}E)I(l) Mg ($)<8xa 5 ﬁ> dvoly =0.

Since P is C2, it follows that

wy — wo = dP(u).(v) in H' N L™,

and therefore,

/M () <35“a 3‘96 (dP(u)(v ))> dvol, = 0. (1.66)

Since v(z) L Ty(xz)N a.e.implies that dP(u)(v) = v a.e., equation
(1.64) follows immediately. We leave to the reader the task of checking
that (1.64) implies (1.65) (see the proof of lemma 1.2.4). O

As in lemma 1.4.3, we will check that definition 1.4.9 depends on the
isometric immersion used for (A, h).

Lemma 1.4.11 Let J; : (N, h) = N7 C R, and Jo : (N,h) — Na C
RN be two C? isometric immersions of (N,h). Let ® : RM — RNz
be the extension of Joo J; ' : N1 — Ny defined in lemma 1.4.3. Then,
® is C%, and u € H* (M, N1) is weakly harmonic if and only if ® ou €
HY(M, N3) is weakly harmonic.

Proof As in lemma 1.4.3, we suppose that Ny = Ny = N. It is easy to
check that ® is C2. Since the desired equivalence is symmetric w.r.t. N
and N, it suffices to show that ® o u weakly harmonic = u weakly
harmonic. Let u € H'(M,N;). Suppose that ® o u is weakly harmonic
in HY(M,N3). Let v € HY}(M,RY), and ¢ be a sufficiently small real
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number to ensure that u + tv belongs to Vs N] a.e. (see lemma 1.4.3).
Let

uy = Pu+ tv).

Notice that d(P(u+tv)) takes its values in T3, N1, and that d®.,, | 7, v,
is an isometry from T, N1 to Te(y, ) N2. It follows that

|d®,,, [d(P(u+ tv))]|* = |d(P(u+ tv))]> a.c.

But since ® o P = ® on Vs, d®y, 0 Pty = dPy 4y, and hence

|d(P(u 4+ tv))|? = |d(®(u + tv))]* a.e. (1.67)

Moreover,

O(u+tv) = O(u) + twy, (1.68)

1

oP ;

where w; = / 3 =(u + stv)v'ds € HY(M,RY) N L>®°(M,RY).
o 9y

From (1.67) and (1.68), it follows that

Bt (P(u+ 1) /M Sl(P(u+ 1) dvol,

/%|d(@(u+tv))|2dvolg
M
1 2
= [ Sl dvl,
M

0®(u) Ow,
ap hudhad ] 2
+t/Mg (x)< D ’3x5> dvoly + O(t7) .

Thus,

liy Ea,g)(P(u+ ttv)) — Ep,g)(u)
e
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)
lim [ ¢*"(x) <8 () 8wt> dvoly
M

t—0 Oz ’ OxP

[ ) (20, 2800

since wy — wo = d®(u)(v) in H' N L>. We deduce from this identity
that if ® o u is weakly harmonic, then u is also weakly harmonic. |

Remark 1.4.12 Actually, it is possible to assume that N is only of
class W2 (i.e. the sectional curvature is bounded) in lemmas 1.4.10
and 1.4.11. But the definition of weakly harmonic maps with values in
manifolds which are not W is a delicate question to which a satisfac-
tory answer is yet to be given. For instance, if the image manifold is a
cone

Cn={(y,z) e R" xR | z = 1|y|},

where T € (0,+00), or if the image manifold is compact but has a “cone-
like” point, there is no satisfactory definition of a projection from a
tubular neighborhood of Cy, onto Cy,, and definition 1.4.9 is meaningless.
Likewise, we do not know a generalization of lemma 1.4.11 to the case
where the image manifold is not W2,

In case the image manifold has symmetries, it is possible to extend
Noether’s theorem to weakly harmonic maps.

Theorem 1.4.13 Suppose that N is C2. Let X be a Lipschitz vector
field on N, which generates an isometry flow (a so-called Killing vector
field). Then, for each weakly harmonic map v € HY (M, N), the vector
field on M

0 ou\ 0
_ g0 9 _ ap ou\ J
J=J 5 =9 (x)y/det g(x) <X(u)7 8x5> s

is weakly divergence-free on M, i.e. for any function ¢ € H}(M,R) N
L% (M, R),

[ o (X, 2) 22 Jasigds .. <o
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Proof The proof is identical to that of theorem 1.3.1. It suffices to check
that all calculations make sense in H*(M,N). O

On the contrary, in general theorem 1.3.6 does not extend to weakly
harmonic maps (see the counterexample 1.4.19 below).

1.4.2 Weakly Noether harmonic maps

Let (®¢)icr be a family of diffeomorphisms from M to M, depending
on t in a C' way, such that ®,(x) = x outside a compact subset of M,
and ®g(z) = x on M.

Definition 1.4.14 We say that the map v € HY(M,N) is weakly
Noether harmonic if and only if for each family of diffeomorphisms of
M, of the type described above,

1%iirr(l)E(/\A’g)(uo<1>t) =0. (1.69)

Copying the proof of theorem 1.3.6 for Noether harmonic maps, we
prove the following.

Theorem 1.4.15 The map u € H*(M, N) is weakly Noether harmonic,
if and only if the distributional covariant derivative of the stress—energy
tensor

Oou Ou
s = 0o~ )

vanishes. This means that for each C vector field X with compact sup-

port (in M),

/M(Lxgaﬁ)salg dVOlg =0.

1.4.3 Minimizing maps

Definition 1.4.16 A map u € H* (M, N) is minimizing if and only if
for any point x € M, there exists a compact neighborhood K, of x, such
that Vv € HY (M, N), such that u =v a.e. on M\ K,
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E(M’g)(v) > E(M,g)(u) . (1.70)

1.4.4 Weakly stationary maps

Definition 1.4.17 A map u € H' (M, N) is weakly stationary if and
only if it is both weakly harmonic and weakly Noether harmonic.

1.4.5 Relation between these different definitions

What is the relation between these different definitions? It is easy to
show that every minimizing map is weakly stationary. We thus have the
inclusions

{Minimizing Maps}
C {Weakly Stationary Maps}
C {Weakly Harmonic Maps}.

We can also ask ourselves which of the two notions, weakly Noether
harmonic or weakly harmonic, is the “strongest”. The answer depends
on the regularity of u.

IF u 18 C?

(i) Every C? weakly harmonic map is Noether harmonic. The reason
is that a C? weakly harmonic map is in fact a classical harmonic
map, and thus we can apply theorem 1.3.6. In fact, for any
tangent field X on M, u, X = X*Z2% is a C' map from M to
RY, which can be used as test function in (1.63) (definition 1.4.9).

(ii) The converse is false unless u is a diffeomorphism from M to N.

Example 1.4.18 Let u € C2(M,N) be a conformal map, and suppose
that M is a surface. Then, we see that the conformality of u is equiv-
alent to Sqp = 0, and thus u is Noether harmonic. However, u is not
harmonic in general, unless its image u(M) is a minimal surface of N.

In fact, condition (1.69) just means that a Noether harmonic map
“parametrizes its image in a harmonic way .

IF u 1S NOT C?
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There is no connection between being weakly harmonic and being weakly
Noether harmonic.

Example 1.4.19 Choose M = B3, the unit ball in R3. Let

0
u: S?\ 0 — C
-1
1
v 1+y?

be the stereographic projection. w is a conformal diffeomorphism which
extends to a diffeomorphism from S? to C U {oco}. For X € (0,+00), let

vy: B — 62
z +— u! ()\u(ﬁ))

In spite of having a singularity at 0, vy belongs to H'(B3,S8?) and is
weakly harmonic. However, vy is not weakly Noether harmonic, unless
A = 1. In fact, the stress—energy tensor of vy satisfies the following
equation in the sense of distributions:

3
a=1 z

0
0
where &g 1s the Dirac mass at 0, and V = 0 with
fN)
FO) = =T O aN logh— 1) ifA£ 1
Tl &
fa =o.
Exercises

The purpose of these exercises is to show that if & > 1 and N is a
compact C* submanifold of R", then there is a neighborhood VA of N
in RY and a C* submersion P : VN — N coinciding with the identity
map over N. Let p = N — n be the codimension of N. We denote
by Gr,(N) the Grassmanian of p-dimensional vector subspaces RY, and
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by M(N x N,R) the set of N x N real matrices (equipped with the
Euclidean distance, d, given by the Hilbert—Schmidt norm).

1.7

1.8

1.9

1.12

1.13

Show that we can identify Gr,(N) with
Py(N)={A € M(N x N,R) | A= '"A= A%, trA = p}.

Show that there is a neighborhood V of P,(N) in M(N x
N,R) over which the projection II : V — P,(N), defined
by d(A,II(A)) = d(A, P,(N)), exists and is of class C>.

For any point y € N, we define A, = (T, N')* € P,(N). Prove
that for every real number ¢ > 0, we can cover N by a finite
union of balls B(ya,7s) in RY, centered at points in A/, such
that Vy € B(ya,7a) NN, d(4,,,4y) < §.

We consider a partition of unity (xa)i<a<s defined over VAN,
associated to the balls B(yq,7a) (i.e. Supp(Xa) C B(YasTa)

and Zxazlin./\/').
=1

a=
Check that if € is sufficiently small, then we can define a map
v from N to P,(N) by

y) =T Ay xay))

that v is C* and that d(y(y), A,) < €.

Deduce, using the implicit function theorem, that if e is suffi-
ciently small, the family {(y,7(y)) | v € N} defines a C* folia-
tion of VN (up to redefining V'), where (y,v(y)) is the affine
subspace of RY passing through y and parallel to ().
Construct the projection P from VN to A such that P~ (y) =
(y,7(y)) N VN, and check that P satisfies all the required con-
ditions.

Exercises

Using the Rellich-Kondrakov theorem (see [19]) and a diagonal
argument, show that for every sequence (uy,)nen of HY (M, N)
which converges to a map u € H'(M,RY), in the weak topology
of H*(M,RY), we have that u € H'(M,N).

Let € be a subset of H'(M,N), closed in the weak topology
of HY(M,R¥), and let (u,)nen be a minimizing sequence for
E(M,g) in £.
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Suppose that u,, converges to u in the weak topology of H'(M,N).
Show that v is minimizing.

1.14  We suppose that OM # () and that there exists a map g
OM — N such that H}(M,N) # 0. Prove the existence of a
minimizing map in Hj (M, N).

1.5 Regularity of weak solutions

What can we say about the regularity of the weak solutions presented
above? First of all we have the following result:

Theorem 1.5.1 Every continuous weakly harmonic map u € HY (M, N)
is smooth. More precisely, if we suppose that g is C*® (where k > 0
and 0 < a < 1), and that h (the metric on N') is C* (where | > 1)

or, which is equivalent, that N is a C'T1® submanifold, then u will be
Cinf(k+1,l+1),a.

The proof of this theorem is the result of contributions made over several
years. The first step is to show that every weakly harmonic map u in
HY(M,N)NC°(M,N) belongs to C%. This is obtained by adapting
a theorem of Olga Ladyzhenskaya and Nina Ural’tseva ([103], chapter
8, see also [93] or [98]). The final result then follows using classical
techniques (see [103] or [69]).

This does not completely answer the previous question since it remains
to be seen whether a weakly harmonic map in H!(M,N) is continuous.

The answer differs a lot according as we are considering minimizing,
weakly stationary, or weakly harmonic maps. Here is a brief survey of
some known results. For more information see [50], [51].

CASE WHERE m = dimM =1

In this case, every map u € H*(M,N) is a priori continuous (and even
CO’%), and it is easy to show that every weakly harmonic map is smooth
(as smooth as the smoothness of N allows it to be). A fortiori, weakly
stationary and minimizing harmonic maps are also smooth.

CASE WHERE m = 2

This is the limit case, since in dimension 2 the space H'! is continuously
embedded in all LP spaces for 1 < p < 400, and even in BMO (see
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chapter 3), but not in L> or C°. Nevertheless, weakly harmonic maps
are smooth. This result was obtained for minimizing maps by Charles B.
Morrey [116], then by Michael Griiter for the case of conformal weakly
harmonic maps [78], and by Richard Schoen for weakly stationary maps
[144]. The general proof, due to myself [83], [85], will be presented in
chapters 2 and 4 of this book.

CASE WHERE m > 3

More complex phenomena show up. The first case to be completely
solved was that of minimizing maps. Richard Schoen and Karen Uhlen-
beck showed that if u € H'(M,N) is minimizing, then there exists a
closed subset S of M (called a singular set of u), such that

(i) The Hausdorff (m — 3)-dimensional measure of S, H™ 3(S), is
finite. This means, for instance if m = 3, that S consists of a
finite union of points (see section 3.5 for a definition of Hausdorff

measure).
(ii) w is smooth over M\ S (see [145], [146]).

This result had previously been obtained by Mariano Giaquinta and
Enrico Giusti for the case where the image of v is contained in an open
subset diffeomorphic to an open subset of R™ [70].

This theorem is optimal since we can give examples of minimizing
maps having such a singular set. For instance, if M = B™ = {x €
R™ | |z| < 1} and N' = S™~1 = 9B™, then the map

w: B™ — gm-l
ro— =

]

is a minimizing map for all m > 3 (this was shown for m = 3 in [22]
and for m > 3 in [108]). For stationary maps, results were obtained
by Lawrence Craig Evans for the case where N' = S™ [54] (see theorem
3.5.1), and then by Fabrice Bethuel for the general case [10] (see theorem
4.3.4): every stationary map u € H'(M,N) is smooth outside a singular
set S, where S is a closed set whose (m — 2)-dimensional Hausdorff
measure, H™2(S), is zero. Subsequently Fang Hua Lin has shown that
if we also suppose that there are no non-constant harmonic maps from 52
to N, then H™~4(S) is finite [109]. Improvements of these results with
more precise estimates were recently obtained by F.H. Lin and T. Riviere
[110]. (See also [169] and [139] for similar results on Yang-Mills fields.)
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Finally, any hope of establishing a regularity result for weakly har-
monic maps in general was dissipated by Tristan Riviéere, who con-
structed everywhere—discontinuous finite energy weakly harmonic maps,
taking values in the sphere S? [136]. We notice, to conclude, that many
more precise results may be obtained if we make stronger hypotheses on
the image manifold NV, as for instance that of [92] for weakly harmonic
maps into a “geodesically convex ball”. For more references on all these
aspects, see the reports [50], [51], [81] or the book [71].



2

Harmonic maps with symmetry

This chapter will be mainly devoted to maps between a surface and a
sphere. This special case is particularly interesting. First, it is the sim-
plest setting, apart from real harmonic functions, which is non-linear.
Second, both differential geometry and physics provide numerous exam-
ples where sphere-valued harmonic maps play a major role (Gauss maps
for constant mean curvature surfaces, o-models, liquid crystals, etc.).
In particular, in the first section we will consider the link with constant
mean curvature surfaces. Finally, it is a simple model for understand-
ing the special properties of harmonic maps with values in symmetric
manifolds. Recall that over such a manifold N, the isometry group is
sufficiently large to act transitively on N, i.e. we can go from any point
in N to any other point in N through the action of this group. This
hypothesis is very strong and, in particular, implies that A is locally
isometric to a quotient &/RK of Lie groups, where & is the isometry
group of N and £ is the subgroup of & that fixes a point yo arbitrar-
ily chosen in N. If, moreover, we suppose that the domain manifold is
2-dimensional, then the simultaneous action of the conformal transfor-
mations of the domain and the isometries of the image creates a very
rich setting where numerous geometric, algebraic and analytical miracles
occur. These miracles stem from the fact that we will be in the pres-
ence of a completely integrable (Hamiltonian) system, as in the famous
example of the Korteweg—-de Vries equation. We will present some as-
pects of this complete integrability in sections 2.2, 2.3 and 2.4. Finally,
sections 2.5 and 2.6 concern analysis results, more specifically, the weak
compactness and regularity of weakly harmonic maps in dimension 2.

NoOTATION: We write

49
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S"={y eR" ||y =1}

the unit sphere, and

SOn+1)={ReM((n+1)x (n+1),R) | '/RR=1, det R =1}

the group of rotations in R™*!, acting transitively and isometrically over

S

2.1 Backlund transformation

A Bécklund transformation is a non-local transformation which, to a
solution of a system of partial differential equations, associates a function
which is itself a solution of a system of partial differential equations. A
simple example is that of R-valued harmonic functions on a (simply
connected) open subset 2 of C. Let u be such a function. Knowing that

0 (0Ou 0 ou
su= g (Gn) o (52) =0 .

we can show that there exists v from  to R, unique up to a constant,
such that

o _ o
oxr y

(2.2)
o _ o
oy oz’

Furthermore, v will then be harmonic and F' = u + iv will be a holo-
morphic function of z = = + iy.

2.1.1 S?-valued maps

Suppose that u is a harmonic map from a simply connected open subset
Q of C to S?. By Noether’s theorem 1.3.1, we have

0 ou 0 Oou
({)x(uxax>+6y<ux6y)0 (2.3)
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(see example 1.3.3). We deduce from (2.3) that there exists a map B
from € to R2, unique up to a constant vector of R3, such that

0B Ju
B = U %
(2.4)
0B ou
o = —uxoo
vl w!
Recall that if v = [ v? |, w= ( w? |,
v3 w?
vw? — v3w?
vxw=| *w — v'wd
Olw? — 2wl

What can we say about B? First of all, a direct calculation yields

AB =2uy; X uy = 2B, X By, (2.5)

where u, = %, Uy = %Z’ etc. We come across this type of equation

when studying constant mean curvature surfaces. In fact, for any im-
mersion X of an open subset of R? in R3, if X is conformal, i.e. if

T_[9X 9X\
S \ox oy /) 7

0X 90X
AX =2H— x —
or oy’

where H is equal to the mean curvature of the image surface of X at
the point X (z,y). Thus the conformal parametrizations of surfaces of
constant mean curvature equal to 1 are characterized by the system

axX|® |ox

O En
then X satisfies the equation

|Xa:|2 - |Xv‘2 -2 <XwaXv> =0 (2-6)

AX =2 X, x X, (2.7)

The resemblance between (2.5) and (2.7) is evident, but we do not
know whether B is conformal, i.e. whether B is a solution of (2.6). In
fact, B in general is not conformal except in two special cases:
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(i) w is an orientation-preserving conformal map, i.e.

det(u, ug, uy) > 0.

Then B = —u+ A, A € R? (exercise: check)
(ii) w is an orientation-reversing conformal map, i.e.

det(u, ug, uy) <0,
and then B =u+ A, A € R? (exercise: check).

However, we remark that B is an immersion if and only if w is an
immersion, and if so the image of B is a surface with constant Gauss
curvature equal to 1. In fact, in this case it is easy to check that u is
the Gauss map of the immersion B, and that the ratio of area swept by
u and by B, given by

det(u, ug, uy)

det(u, By, By)’
is equal to 1, which proves that the Gauss curvature of the image of B
is equal to 1.

As a matter of fact, constant mean curvature surfaces are not far away.
We check that

Au = —uldu|* = uy x By + By X u,. (2.8)

Thus, if we write the equations obtained after summing and subtract-
ing (2.5) and (2.8), we have

AB +u) = %(B—i—u) « %(Bm), (2.9)
A(B—u):%(B—u)x %(B—u). (2.10)

Therefore, we are led to consider

X+:B+u

and

X_=B—u.
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Moreover, we may check that X, and X_ are always solutions of

2
C/OXy 0Xi\
— 2 < R >_0. (2.11)

0X4
Ox

2 oXy
dy

This means that at any point z either dX1(z) =0 or X4 is a confor-
mal immersion of a neighborhood of z. We call every solution of (2.11)
a weakly conformal map. From (2.9), (2.10) and (2.11) we see that if
either X or X_ is an immersion, then the image surface has constant
mean curvature equal to %

Thus, under non-degeneracy hypotheses (u, Xy are X_ are immer-
sions), we may associate to a harmonic map u a “sandwich” of three
immersions of surfaces, at a constant distance 1 from each other, with
B(Q) in the middle (having Gauss curvature 1), and X () and X_(Q)
(having mean curvature %) at either side. Conversely, if we start from
one of these three surfaces, it is easy to reconstruct the other two, by
adding or subtracting the Gauss map. It seems that this result has been
known since Ossian Bonnet (see [18] and [42]).

We conclude this subsection with two remarks.

Remark 2.1.1 Suppose that B is an immersion of an open subset ()
of R2. Then, since the Gauss curvature of B(Q) is constant, we may
regard B(S)) as the isometric immersion in R® of an open subset of the
sphere S? (at least locally). Furthermore, equation (2.5) implies that

AB 1 B(Q)

and hence that B : Q — B(Q) is a harmonic map with values in (an
open subset of) S?. But this open set is not embedded in R® according
to the canonical embedding. We encourage the reader to think about this
remark until we get to section 2.4 of this chapter, where we will come
back to this phenomenon.

Remark 2.1.2 Imagine now that we replace the Laplacian by an elliptic
(or hyperbolic) operator of the form

2

L(f) =) % <aaﬁ(x)§£>, (2.12)

a,f=1

where (a®P) is a symmetric matriz whose elements are L>(Q) functions
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such that det(a®®) has a constant sign and never gets too close to zero.
We may decide to look for maps u from Q to S? which are solutions of

L(u)//u. (2.13)

We remark that, thanks to the action of SO(3) on S? and Noether’s
theorem, the solutions of (2.13) satisfy

2

0 ou
af _
g 1 Fyes (a (z)u x 8:03) 0,

a,f=

and hence, if Q is simply connected, there exists a map B from € to R3
such that

dB 15 du
D DLC R e
(2.14)
OB 2. 28 du
9z —;a (x)uxw

By a calculation analogous to the one we saw, we may then check that
if B is an immersion, then B(Q)) has Gauss curvature equal to

det(a®?(z))~t.

This may give us ways of constructing surfaces of prescribed Gauss
curvature, as in the Minkowski problem. Such an approach was used by
Yuzin Ge [63].

2.1.2 Maps taking values in a sphere S™, n > 2

For each integer n, let
S"={y e R"" | |y| =1}.

Let Q be an open subset of R?, and u :  — S™ a harmonic map.
Then by Noether’s theorem 1.3.1, u satisfies

0  Ou/ Ou’ 0 Ou/ Ou’
g —J S L Y =
ox <u o " 8m> * dy (u dy “ 8y> 0 (2.15)
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for each 1 <i,57 <n+ 1. In order to have at our disposal an operation
analogous to the R? vector product, it is convenient to introduce the
following notation. Every vector a € R™*! is identified with the column
vector

If a,b € R™!, we write

axb:=a®b—>bl.

Notice that a x b is an anti-symmetric (n+1) X (n+ 1) matrix. Below,
we identify the set of (n + 1) X (n + 1) matrices with the Lie algebra
so(n+ 1) of SO(n +1). We may rewrite (2.15) as

0 ou 0 ou

This implies that there exists a map b : Q@ — so(n + 1) such that

ab ou
7 = X o
(2.17)
ob ou
W —u X e
Remark 2.1.3 If n = 3, b can be expressed in terms of B, given by
(2.4), as
0 B® -B?
b= | -B3 0 B!
B -pB! 0

A direct calculation using (2.17) yields

ou Ou
Ab—2% X 87y’

and also
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=0, (2.18)

ob b
Ab+2 |2 2
" {3w’8y]

which generalizes (2.5).

Exercises

2.1 Check that the critical points of the functional

(e 2 (b o
FQ(b)—/Q( 5 +3tr b oz’ By dzdy

over the set of maps from Q to so(n + 1), are precisely the
solutions of (2.18).

Just like the map B, constructed in subsection 2.1.1 for the case of S2,
the map b given by (2.17) is not conformal in general. Nevertheless, there
exists a way of associating to u and b a map which possesses interesting
properties and which, in particular, is conformal. This construction
generalizes in a certain way that of the pair of maps (X4, X_) seen
above. Let M be the map from Q to so(n + 2) given by

w=(% %)

A direct calculation shows that M satisfies

avr s [20,0]

Oz’ Oy

and hence that M is a critical point of the functional

(M1 oM o
Fl(M)_/Q( 5 +3tr M o Oy dxdy.

Furthermore, M is conformal.

(2.19)

2.1.3 Comparison

We will see that in case n = 2, equation (2.19) is equivalent to the system
of equations (2.9) and (2.10) for X; and X_. The reason is that the
Lie algebra so(4) is isomorphic to the product so(3) x so(3) ~ R3 x R3.
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A convenient way of representing so(4) is to identify R* with the set of

quaternions
H := {t+zi+yj+ zk | (t,2,y,2) € R*},
where i2 = j2 = k? = —1 and ij = —ji = k, jk = —kj = i and
ki = —ik = j. Then we notice that a € so(4) has a unique decomposition
as
a=ar+agr
where
0 7p1 _p2 _p3
1 3 2
p 0 —p> p 1,2 3 3
ar, € so(4)r, = : p,p°,p°) ER
(1) pop 0 L |/t
p* —p* pt 0
and
o ¢ ¢ ¢
1 3 2
-¢ 0 —=¢ q 1 2 3 3
ar € so(4)gr = 7,4°,9°) ER
( ) *QQ qS 0 7q1 /( )

And one may easily see that so(4), and so(4) g are both isomorphic to
50(3). Because of the identification of H with R*, the map (¢, x, vy, 2) —
ar(t,z,y,z) corresponds to the left product

t+ iz + jy + kz — p(t +ix + jy + k=),
where p is a pure imaginary quaternion (i.e. of the form ip! + jp® + kp?).
Likewise we can represent ar by the right product
t+iz+jy+kz— —(t+ix + jy+ kz)q,
with a pure imaginary quaternion —q.

Therefore, we have: V¢ € H,

a(§) = p§ —&q. (2.20)
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It is then easy to see that every element of so(4); commutes with any
element of so(4) g, because of the associativity of the product in H, since

ar(ar(§)) = —p(€q) = —(p§)q = ar(ar(§)).
Thus, we have the following isomorphisms:

D: so(4) — S(H) o S(H)

where S(H) is the set of pure imaginary quaternions, and p and ¢ are
defined by (2.20). ® is a Lie algebra isomorphism, if we equip S(H) &
$(H) with the Lie bracket

(P, q), ®,d)] = (pp' = p'p,ad" — d'q).

We may also deduce from ® another Lie algebra isomorphism

U: so(4) — R3xR3

p! q*
a — pr || & = (7,9,
P a

where R? x R3 is equipped with the Lie bracket

(7. D), W, d)) = 2Fx P, T % d),

where X is the vector product in R3. Let us come back to the map M
from Q to so(4), and calculate ¥ o M:

1
\II [©] M = —§(X+,X_).

We then see that equation (2.19) for M is equivalent to equations
(2.9) and (2.10) for X and X_.

2.2 Harmonic maps with values into Lie groups

To go deeper into the structure of weakly harmonic maps from a sur-
face to a symmetric manifold, it is necessary to introduce one more
concept. The idea is to reformulate the harmonic map equation as an
integrability condition (vanishing curvature) for a differentiable 1-form
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with coefficients in the Lie algebra of the symmetry group (a connection
form), such a 1-form depending on an auxiliary complex parameter.
This may seem very strange at first sight, yet it is this reformulation
which opens the gates of the arsenal of techniques developed for com-
pletely integrable systems, like the Korteweg-de Vries or the non-linear
Schrédinger equations (see [56]).

These ideas were introduced in our context by several authors, both
physicists and mathematicians ([128], [185], [174]). In [174], Karen Uh-
lenbeck uses this formulation to study harmonic maps from a surface to
the Lie group U(n), and in particular classifies all harmonic maps from
S? to U(n).

Another important result in [174] is the existence of a very big group
(the group of maps from the circle to U(n)), acting on the set of U(n)-
valued harmonic maps. These symmetries had already been found in
their infinitesimal version by [45].

We present here this formulation for the case for harmonic maps with
values into a compact Lie group & (we shall keep in mind the two cases
& = SO(n) and 8 = U(n)). As a warm-up, we start by considering
the elementary example of real-valued harmonic functions. Let u : Q C
C — R be such a function. Then the function from 2 to C defined by

f_ 1o ou
0z 2\ 0z Z@y

is holomorphic, i.e.it satisfies
of

5 =0 (2.21)

Another way to write (2.21) is the system

d(du) =0 (2.22)
d(*du) = 0, (2.23)
where xdu = fg—’;d:z: + g—gdy. Likewise, any constant coefficient linear

combination of du and *du will be closed thanks to (2.22) and (2.23).
Hence, we can also write (2.21) as

dgr =0, YAeC* (2.24)
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where

A+ 1A—2"1

1
2
1 B _
3 (A=A fdz+ (1 -\ fdz] . (2.25)

Why do we choose such a g)?7 In fact, in this simple example, consid-
ering (2.25) is a useless complication. On the other hand, it is possible to
generalize (2.24) and (2.25) to the case of harmonic maps taking values
in a non-Abelian group, and g, is then the right concept.

Let & be some compact Lie group (say SO(n) or U(n)) and let u :
Q) € C — & be a map, not necessarily harmonic. Let

a; = u! 8—u
v Oz
(2.26)
a = y ! @
Yy 8y '
A direct calculation shows that (2.26) implies
OJay, Oay
it 2, 0yl = 0. 2.27

Conversely, we can show using the Frobenius theorem that if Q is
simply connected, any pair of C! maps (a,,a,) from Q to M(n,C) sat-
isfying (2.27) may be obtained from a map u from Q to GL(n,C) us-
ing (2.26). (To prove it, for instance consider the vector fields X; :
(xz,y,9) — (1,0,9a,) and X5 : (z,y,9) — (0,1, ga,) tangent to the
manifold 2 x GL(n,C) and observe that condition (2.27) is equivalent
to [X1, X2] =0.) In our case, the constraint

ued

will be equivalent to (up to left multiplication by a GL(n,C) constant)

Gz,0y € g: the Lie algebra of &,

ie.g = so(n) for & = SO(n) and g = u(n) for & = U(n). If we now
assume u to be harmonic, Noether’s theorem implies that
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day | Oay
= (2.28)
Hence, the study of harmonic maps from 2 to & reduces, if {2 is simply
connected, to the study of the pairs a,,a, : Q@ — g satisfying (2.27)
and (2.28). Notice that (2.27) is the non-linear analogue of (2.22), and
(2.28) the analogue of (2.23).
We can rewrite this system using the complex variable z = x + iy.
Writing

Ou
= — 1 e 717
f= 2(@I iay) =u 5, eg®C,
the system (2.27), (2.28) is equivalent to
of 1.
52 t5lff1=0 (2.29)

which looks like a Lax pair formulation.
Finally, we can interpret equation (2.27) in a more geometric way, in
terms of connections on bundles.

CONNECTION AND CURVATURE FORMS ON VECTOR BUNDLES

We briefly recall the notions on bundles that we will need (see [101] or
[47] for more details).

If M is a manifold and & is a Lie group, a fiber bundle F over M,
with fiber F' and structure group &, is a differentiable manifold equipped
with a differentiable map P, called the projection from F onto M, such
that

(i) There exists a covering of M by open sets U; such that for all 4,
there exists a diffeomorphism ®; : U; x F' — P~Y(U;) such that
Pod,(M,f)=M.

(i) If U; NU; # 0, we have for M € U; NU; and f € F, (®;)" ' o
(M, f)=(M,T;;(M)(f)), where T;;(M) represents the action
of an element of the group & on F.

The set Fpy := P~1({M?}) is the fiber over M; it is diffeomorphic to F.

A section of the bundle F over M is a map o from M to F, such that
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Poo(x) =x,Vx € M.

One of the main difficulties of differentiable calculus on bundles, mak-
ing the difference between a fiber bundle and a Cartesian product of
manifolds, is that there is no canonical way of comparing two points
“living” in two different fibers, even if they are infinitesimally close.
The extra information that we need is the choice of a connection or co-
variant derivative. Since the situation of interest to us is that when F is
a vector space (for instance R™), and & is a subgroup of the endomor-
phism group of F', we present the definition of a connection only for the
special case of vector bundles.

A connection or covariant derivative V is an operator acting on the
differentiable sections of F and satisfying the following conditions:

(i) V associates in a differentiable fashion to every M € M, V €
Ty M and every C! section o of F, a vector in Fjs, denoted by
Vv o, which depends linearly on V and o.

(ii) V is a derivation: if ¢ € C*(M) and o is a C' section, then
Vv(d)O') = dgb(V)U + ¢Vyo.

(iii) V is compatible with the action of the group &. This means that
Vv € G, Vy(yo) = yVyo, where s — ~s is the action of v on
F.

It suffices to know the action of V on a family of sections F =
(Eq, ..., Ey), such that at every point M of M, (Ey(M),...,E,(M)) is a
basis of Fjs. It is determined by the Maurer-Cartan 1-forms wi on M
(1 < a,b < n) using the relations

VyE, = Bt (V).

Thanks to the linearity of V and to (ii), we have for any section o =
E.s% Vy (o) = Eg(wi(V)s® + ds*(V)).

A remarkable property is that there exists a 2-form Qv on M, with
coefficients in the endomorphisms of Fy;, called curvature form, such
that VV, W € TP(M)M, VvVwo —-VwVyo — V[V,W]J =Qv(V,W).o.

The curvature is characterized by a family of 2-forms 2} on M such
that, decomposing a section along ¢ = E,s* we have Q(V,W).c =
E,Q8(V,W)s’. We can check that Qf = dwf + w? A wf.

The curvature is a barrier to the existence of parallel sections, i.e. of
sections o which are solutions of Vo = 0. In fact, one can show, using
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the Frobenius theorem, that the local existence of n parallel sections
Fq, ..., E, forming a moving frame is true if and only if Qy = 0.

As an example, we come back to one case that interests us: M is
an open subset © of R%, F is R™ with the canonical Euclidean scalar
product, & = SO(n) and F = Q x F. Every orthonormal basis E =

(Eq,...,E,) of R" gives a family of (“constant”) sections such that w{ +
b _

w, =0, i.e.w is an so(n)-valued form. Conversely, to every 1-form on

a = azdzr + aydy (2.30)

whose coefficients a, and a, take values in so(n), we can associate a
connection V on F (for which w = a). The curvature of this connection
is

Oay,  Oday

Qv =d = (=2 -
\v4 at+ala <8l‘ 8y

+ [az, ay}> dz A dy. (2.31)

Thus, condition (2.27) means that V has vanishing curvature. This
yields that there are sections ¢; of F such that V¢; = 0 and that
(41, ..., &) is a basis of R™. Moreover, we can chose this basis to be
orthonormal (because if it is orthonormal at a point (z,y), it will be
so everywhere, since a has anti-symmetric coefficients). The matrix v
whose columns are the components of the ¢; belongs to O(n) and sat-
isfies the relation dv = wva. Thus, we have a solution of the system
(2.26).

Similarly if & = U(n), a, and a, take values in u(n).

Exercises

We identify R* with the set of quaternions H, R® with the set of imag-
inary quaternions $(H) and S® with the set of quaternions of norm 1
in H. We recall that for any R € SO(3), there exists some p € S% such
that, V¢ € R3,

R(¢) = p(p,

and that p is unique up to sign.
We denote by 2 a simply connected domain of C.

2.2 Let X : @ — R? be a conformal immersion into a surface of
constant mean curvature % In particular, X is a solution of the
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2.3

2.4
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equation
_0X0X |

AX—%aiy m

H.

Let us consider the map from Q to so(3) defined by

0 X3 —-X?
A= -x* o x' |,
X2 —-Xx! 0
and consider the connection 1-form on 2
0A 0A
=——d —dy.
“ y S oz Y
Show that da + a A a = 0 and deduce that there exists a map
U : Q — SO(3) such that dU = Ua and that U is harmonic

and conformal.

Prove that there exists a smooth map p : Q — S2 such that
V¢ € R? ~ S$(H),

U(¢) = p¢p in H.

Show that

1 /70X 0X
pdp = - | =—dr— -—dy | in H
2 <6y “ Ox y) S

and that p is a harmonic conformal immersion in S% and hence
minimal. Prove that conversely one may associate to each con-
formal minimal immersion of  in S? a conformal constant mean
curvature immersion in R? (see [104]).

Let u be a harmonic map from Q into S™ (for n > 2). Let

0 b o . . .
M = ( u b ) as in in the previous section. Consider the

connection form

Prove that df + 6 A & = 0 and thus that there exists a map
g : 2 — SO(n+2) such that dg = gf. Show that g is harmonic
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and conformal. In the following we will assume that n = 2.

2.5 Prove that for any rotation R € SO(4) there exists a pair (p, q) €
S3 x §2 such that V¢ € H,

R(¢) = p¢q in H

and that (p, ¢) is unique up to sign.

2.6 Let g : @ — SO(4) be the harmonic map constructed in ques-
tion 2.4. Prove that one can associate to g a pair of maps
(p,q) : 2 — S3 x S3 such that

9(2)(¢) = p(2)¢q(2), V¢ € H,Vz € Q,

and that
1 0X 4 0X .
dp==p| ——dzx — d H
p 219( o " o y) in H,
1 0X_ 0X_
dg=-q| —dx — ——d in H
q 2‘1( ay 4 O y> n I,

where X, and X_ are the conformal constant mean curvature
immersions constructed in subsection 2.1.1 (outside degenerate
points). Show that p and ¢ are conformal harmonic maps into
$3. Conclude.

2.2.1 Families of curvature-free connections

After all this talk about different formulations, we will take a big step
and introduce an auxiliary complex parameter A\ (which we may call a
“spectral parameter”, see the comments at the end of this section). For
A € C*, we write

—_

Ay = 5[(1 — A7) fdz + (1= N fdz]
1 A+ 2! IA— A1
where a is given by (2.30). We remark that A, is a deformation of a, in

the sense that

(1) A,1 =a
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(i) A; =0
(iii) for |A| =1, Ay is a 1-form on  with coefficients in g.
(iv) In general, for A\ € C*, A, is a 1-form on € with coefficients in

g C.

Let us calculate the curvature of Ay, i.e.

dA)\ + A,\ N A/\
814)\,31 8A>\,z
- <8LL‘ oy + [A/\,QHA/\,y]) dx A dy

9 )
- (82 (AA ) — a*(A/\ 2+ [AA,ZaA)\,zO dz Ndz

0 [1-X\ 0 [1-A1 2-A—A"1
_ (az<2 f)—az( 5 f>+4 £ ])dzAd?

_ af 8f 1 _
(2.33)
Comparing this last expression with (2.29), we can immediately obtain

Theorem 2.2.1 [128], [185], [174] Let u be a map from Q to &, and Ay
the connection form on Q, with coefficients in g ® C, defined by (2.32).
Then w is harmonic if and only if the vanishing curvature relation

dAy +AxNAL=0 (2.34)

is true for any value of A € C*.

Remark 2.2.2 By relation (2.33), it is easy to see that it suffices to
have relation (2.34) true for at least two distinct values of X\, different
from 0 and 1, for u to be harmonic.

Theorem 2.2.1 yields an “integrated” version of the characterization
of harmonic maps, for simply connected domains.

Theorem 2.2.3 Suppose that Q is simply connected. Choose an arbi-
trary point p € Q, and let u be a map from Q to & such that u(p) = 1.
Then, the following properties are equivalent.
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(i) w is harmonic.
(ii) For any X\ € St, there exists a map Ey from Q to & such that

Ex(p) =1 (2.35)

Ey'dEy = ANl + S + A, (2.36)

where 5_1, éo and él are smooth 1-forms on Q with coefficients
mg®C, and £_4 (%) =0

B =1 (2.37)

E_i=u. (2.38)

(iii) For every A € C*, there exists a map Ey from Q to &C such that
(2.85), (2.36), (2.37) and (2.38) are satisfied, and moreover,

Es 1 = E,. (2.39)

Furthermore, for any z € Q, A — E) is holomorphic in C*.

Remark 2.2.4 Here we denote by SO(n)¢ := {R € M(n,C)/'RR =
I, det R = 1} and U(n)® := GL(n,C) the complezifications of SO(n)
and U(n). A map h: C* — &€ is holomorphic if and only if % =0.

On the other hand, the point of view which turns out to be most con-
venient is to see Ey not as a family of maps from Q to &€ parametrized
by A, but rather as a map from Q to the based loop group (based, since
they are equal to 1 at 1)

QG ={ge:S' — &/g; =1}.

Here and in the following we systematically denote by ge a map de-
pending on a spectral parameter in the circle S* (or in C*) and its value
at some A € S' (or C*) will be denoted gx. The product of ge and
he € Q& is defined by (gehe)r = grhy. It will also be useful below to
consider the complezification of Q®

Q6C = {go: S1 — &° | g =1},
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and the subgroups

Qo€ = {gs € Q&C | g, extends in a holomorphic way to C*},

Qhot® = QG N Qo BC.

We denote the Lie algebras of these groups by Qg, Qg%, Qn018%, Qnorg-
For instance,

Qg={&:8" —g| & =0},

and [€e,Me]x = [Ex, 71
We denote by FEo the map

Ey: Q — Qpo® C Q&
z — [A— E\(2)].

This map is called an “extended harmonic map”, although it is not a
harmonic map.

Proof of theorem 2.2.3
Proof of (i) = (ii) This follows essentially from the Frobenius theorem
and theorem 2.2.1. In fact, we know that if w is harmonic,

Ay = % [(1— A"Y)fdz + (1 - \)Fdz]

has zero curvature hence for every A € S*, there exists map F, from
to & such that

dEy = E\A,. (2.40)

Choosing F, such that Fe(p) = 1, E\ will be unique.

In particular, since A_; = u~'du, and E\(p) = u(p) = 1, we obtain
that F_; = u. Likewise, since A; = 0, £y = 1. Finally, relation (2.36)
follows from (2.40). We remark that it follows from Frobenius’ theorem
and the uniqueness of E that (z,A\) — E\(z) is continuous.

Proof of (i) = (iii) Consider

Ay =21 + &+ Ny = E;VdE).
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The fact that dAy + Ay A Ay = 0 for A € ST implies that this relation
is valid for all A € C*. Repeating the preceding arguments, we can thus
show that we can define E, for A\ € C*, which extends Ey on S!, and
satisfies (2.35), (2.36), (2.37) and (2.38). And since A is a holomorphic
function of A in C*, the same is true for E.

Condition (2.39) is called the reality condition. It is automatically
true for A € S', since E)(z) € & for A € S'. Thus, we know from (ii)
that for all z, A\ — (K)71 .E) is an analytic function in C* which

X
takes the value 1 over S'. Hence, this function is necessarily constant

and equal to 1 in C* by the analytic extension principle. This proves
(2.39).
Proof of (iii) = (i) Suppose E) is as described in (iii) and write
Ay =EJMEy = XM + & + M
Condition (2.37) implies that
A =0,

and condition (2.39) that
=4 and §=§.
Thus, if we write a = —25:1, then

Ay=-[1=-XNa+(1-Na] .

|~

But since é,l (a%) = 0, we deduce that there is a map f from €2 to g C
such that

Ay = % (1= AN fdz+ (1 -\ fdz] .

It is then easy to see that

L du
0z’

and since A, must satisfy the vanishing curvature condition, it follows

that

f=u
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of 1.
0= ol = 07
i
and thus w is harmonic (see relation (2.29)). O

To present all the results that have been obtained using the setting of
theorem 2.2.3 would take us too far. The interested reader should see
[24] for a Hamiltonian approach, or [25], [26], [174] or the books [62],
[76], [89].

JACOBI FIELDS

The results we have chosen to briefly present here are those that illus-
trate the existence of infinitesimal symmetries, i.e. the symmetries of the
linearized problem.

Given a harmonic map v : £ — &, the “harmonic deformations” of
u are represented, to the first order, by a map v :  — M (n,R) such
that

(u+tv) H(u+tv) = 1+ o(t) (2.41)
and

d[x(u + tv) " td(u + tv)] = 0 (2.42)
where *(agdr + aydy) = —oydr + a,dy. It is more convenient to write

v = uA. Condition (2.41) then becomes

Aecyg, (2.43)

and we can see that (2.42) is equivalent to

d[*x(dA + [A, A])] =0, (2.44)
where

A=u"tdu = fdz + fdz.

Definition 2.2.5 Let u be a harmonic map and A = v~ 'du. By a Jacobi
field we mean any infinitesimal deformation of u, u + tou, which is a
harmonic map “up to order 1 int”, or equivalently, any map A : Q — g
which is a solution of (2.44).
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Equation (2.44) has trivial solutions: the constant solutions (because
d* A = 0). These solutions reflect the existence of symmetries for the
harmonic map equation. Other solutions, much less trivial but remark-
able, have been found by Louise Dolan.

Theorem 2.2.6 [/5], [17/] Suppose a € g. Then, for every A € C*, the
map

A,\(a) : Q —g®C
(2.45)
2z o+ E;N(2)aBx(z)

is a solution of (2.44). Consequently, the real and imaginary parts of
Ax(a) are Jacobi fields for u.

By a complexified Jacobi field we mean a map which takes values in
g ® C, and is a solution of (2.44). Notice that a complexified Jacobi
field is not a Jacobi field in general, since it does not preserve the reality
condition u € &.

Remark 2.2.7 We can show that the vector space generated by
{R(Ar(a))/AeC*acg®C}

has a graded Kac-Moody algebra structure (a generalization of Lie alge-
bras). More precisely, this space can be identified with a set of formal
series in one complex variable, with coefficients in g C (see [45], [174]).
Such symmetries have also been observed for the self-dual Yang—Mills
equation in R* or S* (see [34], [41]). This Lie algebra action on the
“tangent space” to the set of harmonic maps u is the infinitesimal ver-
sion of the action of a symmetry group on harmonic maps (“dressing”).
This result, shown by [174], will be used below. An analogous result for
self-dual Yang—Mills was proved in [41].

Proof of theorem 2.2.6 In order to lighten the notation let Ay = Ax(a).
We start by calculating

d\y = —FE;'(dE\)E;'aE\+ E;'adE,

[E}'aEy, By dE)]
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= —[A\ A, (2.46)
and hence
dAy =~ (1= A7) Asldz — 5 (1= N [T, Axldz
Thus
it lan] = (P AA]> dz + (38“ 7. AA]>

w\H/—\

(14 AT Axldz + (14 VF, Axldz. (247)

Now since xdz = —idz and *dz = idz, (2.47) implies

*(dAx+[AAN]) = i(—;(1+)\1)[f,A,\]dz+;(1+,\)[f,A/\]dZ>
- T—ri <2(1 = ATH[f Az + %(1 —A)[f,AA]dE)
B 1+/\

which proves (2.44).

2.2.2 The dressing

We will now see that there is an infinite-dimensional Lie group acting
on the set of harmonic maps. This action is called the “dressing action”.
It is based on three facts.

(i) There exists a (loop) group G acting on Q,,,®. For every g, € G,
and ey € Qp0®, we denote by gefice the image of eq in 0, ®
under the action of g,.

(ii) This induces an action of G on the set of maps from an open
subset Q of C to Q,,,;®. For all g € G, and for all maps E, from
Q to Qper®, we write

goﬁEo5 Q —>Qhol6
z o gell(Fa(2)).

(iii) Miracle: if FE, is an extended harmonic map, i.e.if it satisfies
(2.36), (2.37), (2.38) and (2.39), then the same is true for gefF,.
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CONCLUSION: translating this last fact with the help of theorem 2.2.3,
we deduce that G acts on the set of harmonic maps. The group G is the
set of germs at 0 of holomorphic maps from a neighborhood of 0 in C to
&C. In other words, if for € € (0, 1], we write

then we can define

g= U{g. : B — &% | [ = g¢] is a holomorphic function of ¢} .
e>0

The group law on this set is given by the pointwise product, i.e.in
general, if X is a domain, a set of maps from X to & or &€ is equipped
with a group structure given by the product

V¢ € X, (gehe)c = gche.

We present here two special cases of the dressing action, simpler to
describe, and corresponding to certain subgroups of G: first

LT®C = {ge : St — &€ | go has a holomorphic extension to Bj
taking values in &€},

and, in the case where & = U(n),

A(S%,U(n)) := {ge : CU {0} — GL(n,C) | ge is meromorphic on
C U {co}, holomorphic at 0 and +o0, gz-1 = gx, and g1 = 1}.

We remark that the inclusion of A(S?,U(n)) in G can be conceived
modulo the restriction of a map in A(S?,U(n)) to a neighborhood of 0.

AcTION OF L1T&C

Define

Le® = {g, : S* — &},
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Theorem 2.2.8 [130] Assume that & = SO(n) or U(n). Then the
product

06 x LTt — &€

(607 Je) —— €eJe

is a diffeomorphism. In particular, for all vy € L&, e, € Q&, Jlg, €
L+eC,
Ve = €oJe- (2.49)

Remark 2.2.9 The proof of this result would be easy if we just needed
to show the linearized version around the identity: we consider
Ve € Lgc = {1e : st — g®C},

and we look for

Yo € L1gC := {v, € Lg® | 7o eatends holomorphically to By}

and

¢.EQg:{¢.:Sl—>g|¢)1:0}’
such that

(1+ te) = (14 te).(1+ tye) + 0(t)

which is equivalent to

wo = (bo + Yo - (250)
The proof of (2.50) reduces to showing that

LTg“ @ Qg = Lg",

a result that can easily be obtained by doing a series erpansion. On
the contrary, the proof of (2.49) cannot be obtained by such a simple
argument, and is a deep result.

Remark 2.2.10 In theorem 2.2.8, it is necessary to choose a topology
on L&C: the result is true if we consider loops in C*, or in H*(S', &°),
for s > 1 (see [130]).
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Let us describe the dressing action of LT®C on Q®: suppose go €
L+&C; for any e, € O,

JeCe € L&,

and thus, by theorem 2.2.8, 3!g, € LT&C, 3le, € O,

GJeCo = gogc . (251)

Notice that ge depends on eq and g, in general (unless & is Abelian).
We denote

goﬁeo - go - g.e.g:l (S &. (252)

(The visual aspect of this expression is the origin of the term “dressing”,
an English translation of the original Russian word.) The expected result
is the following.

Theorem 2.2.11 Let u : Q — & be a harmonic map, and E4 : Q —

Q& the associated extended harmonic map. Suppose go € LT&C then
the map

GeflEe:  — Q&
z |—>g.ﬂE,(z)

is also an extended harmonic map. This implies that
Gl := gelE_1 (2.53)

is still a harmonic map (by theorem 2.2.5).

Proof We start by noticing that the diffeomorphism property stated in
theorem 2.2.8 implies that gefF, is smooth in Q. By (2.52), we have for
every z

(goliEe)(2) = g.E.(Z)ﬁ.—l(Z),

and thus,
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(g.ﬁE.)_ld(g.]jE.) = goE:lgo_l(godEog:l - goEog._ldgogo_l)
= Go(EJ'dE, — 5 'dga)g, " (2.54)

Recall first that

(E;'dEs))\ = Ey'dE) = Ay

is a linear combination of \™1, 1 and \, and second that since g, € LT®C,

both g and g;l may be expressed as a non-negative power series in .
Then (2.54) yields

(gofEX) "'d(gefEx) = > GpAF, (2.55)

k>—1

where each ;) is a linear form on (2, and

€1 =Go(— N dz. (2.56)

Now, notice that gefF, € Q2&, and hence it satisfies the reality condi-
tion

g.ﬂEX—l = g.ﬁE)\ .

This property, together with (2.55), implies that

(gef Ex) M d(galiEN) = £ AT + 40 + &1 (2.57)

Recall also that if gefiFe € 2® then goff 7 = 1, and hence

1+ +6=0. (2.58)

We conclude that (2.56), (2.57) and (2.58) imply gefiF, is an extended
harmonic map, which proves our result. |
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2.2.3 Uhlenbeck factorization for maps with values in U(n)

A drawback of the dressing action is that it is difficult to picture its effect
without using the loop group machinery. An alternative possibility was
proposed in [174] for the case & = U(n). The interest of considering
the subgroup A(S?,U(n)) defined above is that it is possible to describe
its action “more explicitly”, in particular by decomposing each element
ge € A(S%,U(n)) as a product of elementary factors

Ge = Je,1 --- Je 5,

where each go ; € A(S?,U(n)) has one pole and one zero. This is the
approach used in [174] by Uhlenbeck, who obtains in this way a con-
structive proof of

Theorem 2.2.12 Let go € A(S?,U(n)) and eq € QpoU(n) then 31ge €
A(S%,U(n)), e, € QpaU(n) such that

Je€Ce = gogo .

More precisely, we may decompose ge G5 Go = Je,1---Go,k, Where each
factor ge; € A(S?,U(n)) is a homographic function, and obtain ge as
o = Ge.1---Ge ;. Where each ge j is also a homographic function which
may be calculated explicitly. We write gefice = €q.

Notice that replacing the group LTU(n)® by A(S?,U(n)), we have
extended the dressing given by theorem 2.2.8 to certain elements which
do not belong to LTU(n)®. This is possible because we are acting on the
subgroup Q,U(n) of QU (n). But the fact of having an action defined
only over Qp,,U(n) does not pose any problem for us since, by theorem
2.2.3, every extended harmonic map F, takes its values in Qp,U(n). We
can thus proceed as in theorem 2.2.11, and show that if g, € A(S?,U(n))
and E, : Q@ — Q3 U(n) is an extended harmonic map, then gefF, is
also an extended harmonic map (see [174]).

Notice that the dressing action of Q,,U(n) extends to the group G,
by adapting the arguments of [112] and [26].

In order to clarify the connections between the dressing and Dolan’s
Jacobi fields, constructed in theorem 2.2.6, we will study the effect of the
dressing action described in theorem 2.2.12 for g € A(S?,U(n)) close to
1. To do so, let
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A(S?%,u(n)) := {& :CU{x} — u(n) @ C]|
&4 is meromorphic on C U {oo},
holomorphic at 0 and oo,
gx—l = §>\, and §1 = 0}

be the Lie algebra of A(S?,U(n)). Let & € A(S?,u(n)), and u : Q —
U(n) be a harmonic map. For small ¢,
Gt =1+1t& +o(t) € A(S*,U(n)),
and by theorem 2.2.12, g, , € A(SQ,U(TL)),H!E.¢ € QnaU(n), such
that
Ge,tFe = Eo,tﬁo,t .

Writing E.yt = FEo+t0Es +0(t) and gt = 1+ tg. + o(t), we obtain
SEs = EoFe — Eofs .
Exercise (solved)

Consider

e L[A=Da+Y L A-DEHD
YT 2 =) 20 1) ]

(2.59)

where a € u(n) ® C,y € C*. It is easy to show that & € A(S?% u(n)),
and &, has poles at vy and 7 1.

Let us try to guess E. Since E. € A(S%,U(n)), it is a rational function
of A. Since dE, is holomorphic in C*, it is necessary that the poles which
show up in &, F, are cancelled when we subtract E.g., and thus §~. has
poles at v and 7~'. If we also use the reality condition &1 = &y and

& =0, we obtain

- 1[G =D+

A-DEF+1)
2 2(/\_7) E,,laEV_l

E-laE, + L _ DO T
e eSS D
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OBy = % [W(aEA — ExE]'aE,)
W(a& - E,\E;llaE,yl)} . (2.60)

The same reasoning with &) replaced by

L[ =D 41D A=1)F+1)
m—%[ PN S R TG W a} (2.61)
yields
SEy = % [W(a@ — E\E;'aE,)
_ W(aE}\ - E\ECNaBs )| . (262)

In equations (2.60) and (2.62), we constructed “extended Jacobi fields”,
i.e.infinitesimal deformations of an extended harmonic map FE,. Speci-
fying these relations for the case A = —1, we obtain Jacobi fields for u,
which are respectively

ou = R(au — uE;laEv) ,
and
ou = S(au — uE;laE.y).

Thus, we recover Dolan’s result (theorem 2.2.8).

2.2.4 S'-action

Another consequence of the formulation using Q,;® is that it enables
us to show that the group S' acts on the set of harmonic maps v from
Q to &, generating a family, parametrized by S, of deformations of a
harmonic map u. For v € S, let

By = (iE)x = Ex,E; .
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Theorem 2.2.13 For any v € S*, the map f: Q — g® C defined by

[= ’YilE'ny’yil

is such that

EyldBy = = [(1 =AY fdz + (1 - A)?dz] , (2.63)

N |

and hence, in particular, EV,\ is an extended harmonic map, and Yiu =
(Y4E)—1 is a harmonic map from Q to &.

Proof A direct calculation yields

~ | OE\ 1=t _
BN = v B!
~ | OE) 1—X_ -
E;' "2 = y—LE fE;?
Aoz R W B
which implies (2.63). O

CARTAN IMMERSION OF S"~! IN SO(n)

Having in mind the study of S"~!-valued harmonic maps, it is interesting
to notice that there exists an immersion of S"~1 in SO(n), given by

C: St — SO(n)
v up(2vt — 1),

such that for every map v : Q € C — S"~! v is harmonic if and only
if C o v is harmonic. Here ug is just a constant in O(n), chosen so that
u € SO(n) (detug = (—1)"~1). In fact, writing u = C o v, we have

utdu = 2(v'dv — dv'v) = 2v x dv, (2.64)

where we use the notation of the previous section. It follows that

d(xu~'du) = 2d(xv x dv),
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which gives the equivalence between the harmonicity of v and that of w.

We can interpret this using a general property characteristic of totally
geodesic maps. A map ¢ : (N,h) — (N’,}’) is totally geodesic if and
only if its second fundamental form

0%¢’ K 09" 007 O¢

WO = Gyrayr ~ i gyE T gyt 07

vanishes. (Here T'f; is the Christoffel symbol on (N, h) and T, is
the Christoffel symbol on (N’ ,h’).) But for every harmonic map u :
(M,g) — (N, h) and for every totally geodesic map ¢ : (N,h) —
(N7,1), the composition ¢ o u is still harmonic [51]. And here, C is
precisely a totally geodesic map.

It follows that the preceding results concerning SO(n)-valued har-
monic maps are still valid if the image is a sphere. In particular, the
image of S"~1 by C in SO(n) is preserved by the different groups which
act on harmonic maps.

Nevertheless, in order to study harmonic maps taking values in the
sphere (or any other homogeneous manifold), it is more convenient to use
an alternative formulation which we will present in the following section.

A mystery remains: what is the meaning of the parameter A? Al-
though the importance of this parameter is obvious, its meaning is not
clear. It is sometimes called the spectral parameter. We then refer
to an analogous formulation of the Korteweg—de Vries or non-linear
Schrodinger equations (see [105], [56]). For these equations, we asso-
ciate to the unknown function an operator whose evolution is governed
by the Lax equation. The spectrum of this operator has the property of
being conserved in time, and A then plays the role of an eigenvalue.

Other authors call A a twistor parameter: this is a comparison with
self-dual Yang-Mills connections on S* or R*. In fact, in this setting,
we are led to similar equations by lifting the equation to the bundle of
complex structures on S* or R*. This bundle has fiber $? ~ C U {00},
and in the case of S* it is identified with projective space PC3. We are
then in a well understood situation, thanks to Penrose’s twistor theory
([126]). By Ward’s construction, we obtain a system of equations where
an extra variable A € C appears: it is precisely a coordinate on the fiber
of the complex structure bundle (see [175], [3], [41]).

But in the case of harmonic maps on a surface, I do not know of a
precise “geometric” interpretation for .
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2.3 Harmonic maps with values into homogeneous spaces

A formulation analogous to that we just saw, for maps taking values in a
quotient of Lie groups &/RK, where R is a Lie subgroup of the Lie group
&, was developed in [25], [26], [46]. Notice that it is always possible
to embed B/RK in &, in such a way that the composition of a harmonic
map taking values in &/8 with this embedding is a B-valued harmonic
map (see [27]), and this enables us to use the preceding results. But
the following new formulation turns out to be more convenient. We will
present it for the case where

& :=S50(n+1), £:=50(n) and /K ~ S".

We start by defining the quotient SO(n + 1)/SO(n). The simplest
way is to consider

SO(n):R::{(é OR> |RESO(n)}CSO(n+1).

But we can also define £ in a more “intrinsic” way by considering

1 0
P .= < 0 1, ) €O0(n+1),

and letting

SO(n)~R:={ge®| Pg—gP=0}.

An equivalent way to define K is to introduce the canonical basis
(Eq, ..., E;,) = E of R""! and to let

Ri={ge&|g(Ey) =Eo}.

In all cases the result is the same, and it is clear that £ is a subgroup
of . Then, we define the following equivalence relation in &:

gRG < g ¢ € R.
We define, for each g € &,

the class of g, and
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&/R:={[g] | g € 6}.
Thanks to the introduction of the basis E on R"*!, we can easily see

that this space is diffeomorphic to S™: it suffices to realize that the map

6 — S
g +— g(Ep)

yields, by passing to the quotient, a diffeomorphism between & /& and
S™.

The idea is to represent a map v from Q C C to S™ (not necessarily
harmonic) by a lifting into &, i.e.a map

F:Q0— 6,
such that Vz € Q, [F(z)] = u(z). If Q is contractible, which we will
assume in the sequel, there is no problem in constructing such a lifting.
We remark that giving F' corresponds to specifying
u=eo=ELF} €S,

and

ej = Eka, fork=1,...,n,
i.e.an orthonormal basis (ey, ..., e,) of T;,S™. Both preceding relations
are condensed in
e=(ep,€1,...,n) = (Eop,...,E,)F = EF.

We should now study the “movement” of u as a function of the variable
z = x +1iy. For this, it is convenient to introduce the 1-form on §2, with
coeflicients in g, given by

6 = F~1dF = 'FdF,
called the Maurer—Cartan form. We can think of § as an anti-symmetric
matrix whose elements are
0 = FfdF} = (ExFfEidF}) = (e;,dej).

For j = 0, we write
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05 = (es,du) = o,

and if 4,7 # 0,

05 = (ei,dej) = w).

We can also introduce the column vector of 1-forms

0 wi wi

w? 0 w2
W= . .

wl' wy 0

In this way,

e:(o to‘).
« w

We remark that the information contained in «, and that contained
in w, are of different kinds: « represents the projection of du in the basis
(e1,...,€n), while w describes the movement of this basis. This is why
sometimes « is compared with a Higgs field and w with a connection
(see [94]). Tt is then natural to decompose 6 along

0 —‘a
91_(0{ 0>a

representing du in the moving frame (e, ..., e,), and

0 0
90_(0(.0)7

representing the connection.
Such a decomposition has a simple Lie algebra interpretation. The
automorphism of &
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T:g+— PgPi1

induces a Lie algebra automorphism in g:

T:a+— PaP_l,

which also has the property of being a linear operator on g with square
equal to 1. Thus, 7 diagonalizes over g, with eigenvalues 1 and —1. Let

go={acg|r(a) =a},

and

g1={acg]|7(a)=—-a},

the corresponding eigenspaces. In fact, go is the Lie algebra ¢ ~ so(n)
of R ~ SO(n). It is clear (once you think of it) that 8y is a 1-form with
coefficients in gy, and 6; is a 1-form with coefficients in g;. Hence, the
decomposition 6 = 6y + 0, follows from the decomposition

g=00Dg1-

Remark 2.3.1 Suppose that a,b are two elements of go; then

Pla,b)P~! = [PaP~!, PbP™'] = [a, D],

and thus [a,b] is also an element of go. By the same reasoning, we
can also see easily that [go,91] C g1, and [g1,91] = go (we have a Zs-
graduation of g).

In order to write the structure equations for 6, expressing the fact
that 6 “derives” from F', we will introduce the following notation. If

B = Bedx + Bydy and v = vy, dx + v, dy

are two 1-forms with matrix coefficients, we let

[BAA] [Bes vyldx A dy + [By, Vz]dy A dz
([6907’71/] + [’Yxaﬂy])dx A dy

= [yAQd].
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Now, using the fact that § = F~dF, we obtain

1
do + 5[0 A 0] =0. (2.65)

Projecting this equation over go and g1, respectively, we obtain (using
the Zg-graduation of g)

1 1
dby + 5[90 A 90] + 5[01 A 91] =0, (266)

dfy + 0o N61] =0. (2.67)

Remark 2.3.2 Using the variables o and w, we obtain an equivalent

system
do’ +w! Aol =0, (2.68)
dwj- +wi A wf =o' AN, (2.69)
or again
da+wAha=0, (2.70)
do+wAw=aA , (2.71)

i.e. the Cartan system of equations.

Suppose that u is harmonic: what are the extra equations that we can
obtain? Denote by x the Hodge star operator, whose action on 1-forms
is described by

*(ﬁxdw + 6ydy) = _ﬁydx + mdy,

and observe that

Au dz A dy = d(xdu).

Since we have to impose on u the fact that Au is everywhere orthog-
onal to T,,S™, we obtain
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(d(*du),e;) =0, Vi=1,..,n.

This equation is equivalent to

d(*{du,e;)) + ((xdu) Nde;) =0, Yi=1,...,n. (2.72)

We can formulate equation (2.72) in two ways:

d(xa') +wi A (xa) =0, Vi=1,..,n, (2.73)

or

d(x01) + [0 A (x61)] = 0. (2.74)

According to [25] and [46], we can condense equations (2.66), (2.67)
and (2.74) by introducing the parameter A € C* and writing

@)\ = )\719/1 =+ 00 =+ )\911/, (275)

where

0," = 6 (a)dz = 0.

Theorem 2.3.3 For any map u from 2, an open subset of C, to S™, u
is harmonic if and only if for every A € C*,

1
d@)\+§[@)\/\@)\]20. (2.76)

Proof By adding and subtracting equation (2.67) and ¢ times equation
(2.74), we obtain that (2.67) and (2.74) are equivalent to
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doy + [0 N0} =0, (2.77)

6! + [0 A 6,"] = 0. (2.78)

(Notice that these two equations are in fact equivalent by complex con-
jugation.) On the other hand, a direct calculation yields

1
d0x+5[0x A O] = A7L(d0] + [0 A 61))
1 1
+dfgy + 5[90 AN 00] + 5[91 A\ 91]

FA(dOy" + [0 A 61"]), (2.79)
7

which shows that (2.76) is true if and only if (2.66), (2.67) and (2.74)
are all true. U

As in the previous section, condition (2.76) allows us to integrate O
over any simply connected domain 2. This leads to a new formulation
of harmonic maps using extended harmonic liftings taking their values
in twisted loop groups. The translation between the two problems is
based on the following result.

Theorem 2.3.4 [/6] Let u be a map from Q to S™. Suppose that u(p) =
Eg, where p is a fized point in Q. Then,

(i) If, for any \ € S*, there exists a map F\ from Q to & such that

[F1] = u, (2.80)

FyYAFy = N tasy + ao + Aaa, (2.81)

where G_, = &dz, ag is a 1-form with coefficients in go, a1 = £dZ
and & is a map from Q to g1 ® C, then u is harmonic.

(ii) Conwersely, if Q is simply connected and u is harmonic, then for
any X € S, there exists a map Fy\ from Q to & such that (2.80)
are (2.81) are satisfied. Moreover, we can choose Fy such that

Fi(p) =1, vxeSh (2.82)
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and Fy will then be unique. F is called an extended harmonic
lifting.

Proof

(i) Let uw and F be such that (2.80) and (2.81) are true. Then, (2.80)
expresses the fact that F' := F} is a lifting of u and it follows from
(2.81) (for A = 1) that a_; = 64, a9 = 6y and a; = 6,”. This
yields that ©y = A710] + 0y + \0," = F/\_ldFA satisfies equation
(2.76), and hence that u is harmonic by theorem 2.3.3.

(ii) Conversely, if u is harmonic, we can construct a lifting F' of u,
such that F(p) = 1 (because u(p) = Eg), and construct from F a
1-form O}, depending on the parameter A € S! as in (2.75), which
is a solution of (2.76), thanks to theorem 2.3.3. Using Frobenius’
theorem and the fact that €2 is simply connected, we deduce that
there exists an unique map F from ) to & such that

dFy\ = F) ©,, (2.83)

satisfying the initial condition (2.82). It is then easy to see that
F) satisfies (2.81).

O

Corollary 2.3.5 Let Fy : Q — & be given by the preceding theorem.
Then, for any value of A € S1, the map uy := [F\] is a harmonic map
from Q to S™.

Proof 1t suffices to apply case (i) of theorem 2.3.4 with F\ = Fy/, for
any vy € S O

In this way, we recover the fact that any harmonic map may be con-
tinuously deformed into a family of harmonic maps parametrized by S*.
The relation between theorem 2.2.13, seen earlier, and corollary 2.3.5
will be discussed in section 2.4 of this chapter.

There is an elegant way of characterizing the maps F) from Q to &
depending on the parameter A € S* that satisfy (2.81). First of all, it is
convenient to consider the map F, from 2 to the loop group

L& :={g,: S' — &},
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given by
Fo: Q@ — L&
z — [A— Ex(2)].

If we impose on any map F, from 2 o L® the condition

for every fixed z, A —— AF)\(2) " dF\(2)
extends holomorphically to the disk || < 1, (2.84)

then we will have

—+oo
FoldFy = ) aphh, (2.85)
k=-—1

where each ay is a 1-form on Q with coefficients in g ® C. But knowing
that F is &-valued for |A| = 1, we have the reality condition

P = Fy,
which implies, using (2.85),
1

FyldFy = ) apht. (2.86)
k=-—1

Let us impose on F, the “twist” condition

T(F)\):PF)\P:F,)\. (287)

Then, we see that (2.86) and (2.87) are equivalent to (2.86) plus the
condition that a_; and a; have coefficients in gy ® C, and a¢ in go.
Therefore, if we add to the hypotheses (2.84) and (2.87) the condition

that
(0N
a_1 (82/) == O7 (288)

then F, satisfies condition (2.81) of theorem 2.3.4, and thus is an ex-
tended harmonic lifting.
Hence, we are led to introduce the set
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L&, :={ge:S' — & | 7(97) = g-1r}.

Note that, since 72(ge) = ge, it is obvious that L®., is a subgroup of
L&, called the twisted loop group.
As a result, we have the following reformulation of theorem 2.3.4.

Theorem 2.3.6 Let Fy be a map from 2 to L& such that

+oo
FUldFy = ) aphh, (2.89)
k=-—1

where a_1 (a%) = 0. Then, F, is an extended harmonic lifting, i.e.u :=

[F1] is an S™-valued harmonic map. Conversely, if  is simply con-
nected, any harmonic map from € to S™ can be obtained in this way.

We are no longer very far from being able to prove the following result:
every harmonic lifting (and hence every harmonic map) may be obtained
from a holomorphic map g from € to the complexified loop group L&,
such that

+oo
gxtdgx = D &r(z)M\dz,

k=—1

where each ék is a holomorphic function of z in 2, taking values in
so(n + 1) ® C. This means that there exists an (algebraic) algorithm
which enables us to produce any harmonic map from holomorphic data,
i.e. from solutions of a linear elliptic problem. Such a construction, due
to Joseph Dorfmeister, Franz Pedit and HongYu Wu, makes true the
dream of constructing a Weierstrass-type representation, analogous to
that for minimal surfaces.

But the algorithm is clearly more complicated than for minimal sur-
faces: we will need a version of the decomposition theorem 2.2.8 for the
complexified loop group, which is adapted to the case of twisted loop
groups. An ingredient we need to add is the Iwasawa decomposition.
Let &€ be the complexified group of £,

RC:{<(1) 2%) RESO(n)C}.
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Lemma 2.3.7 (Iwasawa decomposition) (see [90]). There exists a
solvable subgroup B of KC such that

Vg e &F, Ah e R, b € B,
g=nhb.
Remark 2.3.8 In our case, we can choose as B the subgroup of & that

leaves invariant the subsets of C*+1

Vi := (0, 4+00)(Eox—1 — iEox) + C(Bgg—3 —iEg_2) 4 - - + C(E; —iEy),
for 1 <2k <n.

We also define

L%@g = {ge: ST — 8% | 7(g9x) = g_»,
A — g has a holomorphic extension inside B; and gy € B}.
(See formula (2.48) for a definition of Bj.)

The main tool is the following variant of theorem 2.2.8.

Theorem 2.3.9 [46] The product map

L&, x L6 — LaC
(¢.7 b') [ — ¢obo

is a diffeomorphism. In particular, for any ge in L&E, Ip, € LB,
Jlbe € L+ &C, such that

T

Je = d).bo

Thanks to this result we have the following construction:

Theorem 2.3.10 [46] Let & be a holomorphic map from Q to the Lie
algebra LgS of L&E, of the form

T

o= Z €e(2)\dz, (2.90)

k=-1



2.8 Harmonic maps with values into homogeneous spaces 93

where each ék is holomorphic from  to g ® C. Such a &, is called a
holomorphic potential. Then,

(i) (Integration of £e w.r.t.2). There exists a unique map ge from 2
to LGS such that

ge(p) =1, (2.91)

dgo - g.ﬁ. . (292)

(ii) (Decomposition of ge(2), for every fized value of z). The “com-
ponent” of ge along L&, i.e. the map ¢o : ! — LG, such that
for each fized z,

go(2) = de(2)be(2), (2.93)

where by € L% &C, is an extended harmonic lifting.
(iii) Consequently, z — [¢p1(2)] is a harmonic map from Q to S™.

Proof
Step 1 Remark that, since 82(2’“) =0, Vk, and dz A dz = 0, we have that

dée =0
and

[€e A &a] = 0.

Hence,

1

dée + 5[5. NE]=0. (2.94)

The existence of a solution ge of (2.91) and (2.92) follows from the
Frobenius theorem. Recall that

—+oo

gxtdgx = Y &Atdz (2.95)
k=-1

(this will be used below).

Step 2 We use theorem 2.3.9. For any value of z, 3lbe(z) € L&,
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90 (2) = de(2)be(2),

or, equivalently, ¢o = geby !. Moreover, theorem 2.3.9 tells us that ge(2)
and be(z) are smooth functions of z. It follows that

6 dbe = balgs "dga — by dba]by . (2.96)

For the moment, let us fix z and analyze equation (2.96) w.r.t.\,
specifically the Laurent series expansions of both sides of this equation.
Since by € L% &C, by, b;l and b;ldbA only contain non-negative powers
of A\. Using (2.95), we deduce that

¢y ldox = > apAt, (2.97)

where

Hence, thanks to theorem 2.3.6, we see that ¢, is an extended har-
monic lifting. This proves the second and third points of the theorem.

O

In [46] the authors show that, conversely, any harmonic map from
to S™ may be obtained in this way. Furthermore, they prove an even
stronger version of this converse, more precisely, that it suffices to apply
the preceding algorithms with potentials &, having the special form

&= A_lé_l(z)dz,

where €_1(z) is a meromorphic function of z, taking values in g; ® C.
This last result uses the “twisted” version of the Birkhoff-Grothendieck
theorem (see [130] and [46]).

To conclude this section (which just gives an overview of a developing
subject), we mention that a study of the dressing action was carried out
in this formalism in [26].

On the other hand, it is useful to remark that we can conveniently
study the special case of S2-valued harmonic maps, by replacing the
group SO(3) by its universal covering
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SU(2)_{<Z _2> | a,beC, |a2+|b|2_1},

noticing that S$? ~ SU(2)/S0O(2), where

SO(2):{< gw - ) 9eR}.

2.4 Synthesis: relation between the different formulations

Let Q be a simply-connected domain in R?, choose a point p in €, and
consider
H:={u:Q — 8" | uis harmonic, u(p) = Eq}.

By what we saw above, we have two approaches using loop groups to
study H.

(i) Thanks to the Cartan immersion C from S™ to SO(n+1), we can
associate an SO(n + 1)-valued harmonic map

S=Cou= Sy(2u'u—1),

where S is any constant in O(n) such that det Sp = (—1)". For

instance
1 0
So=P= ( 0 —1 )

so that S(p) = 1. In this way we have a bijection between H and

S = {S:Q— SO(n+1) harmonic | Vz € Q, SpS(z) is
a symmetry w.r.t. a straight line and S(p) = 1}.

Furthermore, it is possible for each S € S to construct an
extended harmonic map F,, from Q to QS5O(n + 1), such that

E_ =8, (2.98)

Eo(p) = 1. (2.99)
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(i)

Harmonic maps with symmetry

This allows us to define an action of S! on S, by letting, for any
AeStand S €S,

U)\(S) = E,,\E)Tl.

In fact, we saw (theorem 2.2.13) that ox(S) was an SO(n +
1)-valued harmonic map. The fact that o) maps S to itself
(i.e. preserves the condition that Sy.S is a symmetry w.r.t. a straight
line) will be shown below.

The other approach consists of associating to u € H a lifting F’
of u, which we choose such that

F(p) =1

Then, we know how to construct an extended harmonic lifting
F,, from Q to LSO(n + 1),. We define

F:={F:Q — SO(n+1) | Ju harmonic map,
[F] =wand F(p) =1}.

In this way we can also identify H with F/G, where

G:={v:Q— R/y(p) =1}

can be interpreted as a gauge transformation group. The bundle
on which this gauge group acts is the inverse image by u of the
fiber bundle SO(n 4+ 1) — S™.

The existence of an extended harmonic lifting F, associated to
F enables us to define an action of S* on F by letting, for all
Ae Stand F € F,

pA(F) = Fy

(see corollary 2.3.5).

A natural question is to ask whether the two actions o and p) are in
correspondence via the identification

H~S~F/G.
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This turns out to be the case. Before proving that o) and p) are
essentially the same, let us prove:

Lemma 2.4.1 Suppose F' € F and S € S describe the same harmonic
map u € H. Then, for any A € C,

E\ = FhF L (2.100)
Proof The first step consists of writing the relation that exists between

S and F, knowing that S = C ou and [F] = u.
After thinking for a while, one sees that

S = PFPF™ . (2.101)
Thus, we define
T: F —S
2.102
F ~— PFPF-L. (2.102)
Next, we express a := S™'dS in terms of § = F~1dF.
a = (PFPF Y 'd(PFPF™1)
= F(PF'dFP - F 'dF)F!
= F(POP-0)F!
= —2FO, F L. (2.103)

Let us calculate

(F\F~ Y Yd(FF) F(F{'dFy — F~'dF)F~!
F(©, —0,)F!
= —F[(1=X2"H9 + (1 - N0 ]F12.104)

and using (2.103) in (2.104)

(FF))d(FyFY) = %[(1 AN 4 (1= A" = A (2.105)

Hence, we deduce from (2.105) that

di(FF B =0,
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and hence there exists a matrix M € SO(n + 1) such that

F\F~'=ME,.

But since Fy,) = F(p) = Ex = 1, necessarily M = 1, which proves
(2.100). O

It is now easy to show that the action of p) and that of o) coincide
through the map T defined in (2.102).

Theorem 2.4.2 The following diagram commutes for all A € S*.

Proof Let F € F and S =T(F) = PFPF~!. Define

Sy=o0x(S) =00 T(F),

and

S = T(Fy) =T o pa(F).
We have that

Sy1dSy = (PEAPF; V)~ ld(PFyPF;Y)
= F\(PF{'dF\P — Fy 'dF\)Fy!
= F\(PO,P-0,)—-F!
= —2F\(\T'Op + N EV. (2.106)

On the other hand, using lemma 2.4.1,

Sy tdS

(B_aEx1)Hd(B_yEYY)
(FoaFy ) H (BB

= Fy\(0_x—0,F"

= —2F\(A\T'0  + 0"y FyL (2.107)
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We deduce from (2.106) and (2.107) that

Sy dSy = 5y dSh,

and hence that Sy = Sy, since Sy (p) = Sx(p) = 1.
O

Remark 2.4.3 By proving this result, we have also shown that oy really
maps S to itself.

To conclude, we come back to a construction already seen in section
2.1. There we saw that if € is simply connected, to each harmonic map
u from Q to S™ we can associate a map b from Q to so(n + 1) (given by
(2.17)). In fact, the existence of b reflects the action of S* on harmonic
maps, which was the subject of the preceding theorem. More precisely,
the following result says that b is the infinitesimal variation of u under
the action of S*.

Theorem 2.4.4 Let u € H, and for any X in S*, let

uy = [FA] = [pa(F)]

be the deformation of u along S'. Let b: Q — so(n + 1) be a solution
of

db = —x(uxdu)
2.108
L) 2 o (2105)
Then
d
%(uei‘)h:o = bu. (2.109)

Proof Write
Foe = (1+t5)F + o(t),

where £ : Q@ — so(n + 1), and develop the relation

dF,.c = F.i© .
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It follows that

d[(1+t&)F) = (1 + t&)F (0 + t(x0y)) + o(t),

and hence

d¢ = x(FO,F71). (2.110)

A simple calculation then yields

d¢ = *(du x u) =db,

and thus, since £(p) = b(p) = 0, we obtain our result.
O

A second way of understanding the meaning of b is to see that b
“coincides” with the harmonic map u,,—, in the following sense.

Problem 2.4.5 Let u : Q@ — S™ be a harmonic map, F : Q —
SO(n + 1) a harmonic lifting of u and let, as in section 2.3,

(607 ~"7en) = (E07 7En)Fa

and

o = (deg, e;) = (du,e;), fori=1,..,n.

In a Euclidean space RY | let us look for an orthonormal family of n
vectors (f1, ..., fn) depending smoothly on z € Q (i.e. a smooth map from
Q to the family of n-tuples of orthonormal vectors in RY ), such that

d(xa*)fi + -+ +(xa™)f,] = 0. (2.111)

Here we have two solutions to this problem.:

SOLUTION GIVEN BY NOETHER'S THEOREM

n(n+1)
2

We choose RN =R ~ so(n+ 1) and

fj:6j><€0.

Then
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(*al)fl + -+ (*an)fn = dba

which implies (2.111).
SOLUTION GIVEN BY THE EXTENDED HARMONIC FRAME

We take RN = R** | and

fi = Fy=(E;).

Then

(ko) f1 + -+ (™) f = du; .

In case n = 2, we can even push the comparison between B (defined
in section 2.1 in (2.4)) and u; a little further: the inverse images of the
Euclidean metric on R® by B and u; coincide. Moreover, in case this
metric is non-degenerate, B and u; are harmonic maps taking values in
their image.

Still in the case where n = 2, we can combine the analysis done in sec-
tion 2.1 with the action of the circle described in the following sections.
Thus, we obtain that there exists an action of S' on the constant Gauss
curvature immersions of surfaces in R3. Then, we recover a result first
proved by Ossian Bonnet (see [17], [113]).

2.5 Compactness of weak solutions in the weak topology

In this and the following sections we consider very different questions
from above. We will be interested in weakly harmonic maps in H*(£2, S™),
where (2 is an open subset of R™. Nevertheless, the following results rest
on the same observation we used in sections 2.1, 2.2 and 2.3: the exis-
tence of a conservation law thanks to Noether’s theorem.

The general problem is the following: M is a manifold with boundary
and N is compact without boundary, as in chapter 1. Let (ug)gen
be a sequence of maps in H'(M,N), and suppose that there exists
u € H'(M,N) such that

up — u weakly in H'(M,N), (2.112)
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or equivalently, for every function ¢ € H'(M,RY),

lim (@, uk) + (do, dug)]dvol,
k—+o00 J pq

- / (b, u) + (db, dus)]dvol, . (2.113)
M

We will then say that u; converges weakly to w in the H' topology.
Suppose that each uy is weakly harmonic, may we deduce that w is also
weakly harmonic?

We do not know the answer to this question, in general. We do not
know of any example such that the limit « is not harmonic, but cannot
prove the contrary except in certain special cases. But in fact, it suffices
that there exists an isometry group acting transitively on N, in order
to conclude that the weak limit is weakly harmonic. As an example,
consider the case where N is the sphere S™.

Theorem 2.5.1 Let uy, be a sequence in H' (M, S™) such that

up, — u weakly in H'(M, S™), (2.114)

Auy, + ugldug|* =0 in D'(M). (2.115)

Then u is weakly harmonic, i.e.

Au+uldul* =0 in D'(M). (2.116)

Proof Tt seems very hard to pass to the limit in (2.115), because of the
quadratic term in duy.

Let us use Noether’s theorem 1.3.1: we obtain that for every map
a € H} (M, so(n+1)) N L>®(M,so(n+ 1)),

/ (da,up % dug)dvoly = 0. (2.117)
M
Let €2 be any open bounded subset of M, and suppose that the support

of a is contained in Q. A consequence of the compact embedding of
HY(Q,R™ 1) in L2(,R"T1) (Rellich’s theorem, see [19]), is that

up — w in L*(Q,R™T1).
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This implies that

up X dup — u x du weakly in L' (€, so(n + 1)).

Hence, we can pass to the limit in (2.117) and obtain

/ (da, w x duydvol, = 0. (2.118)
M

This implies that « is weakly harmonic, i.e. a solution of (2.116). To
check it, let ¢ € H}(M,R*" 1) N L°(M,R*H1) and write

V=0 —(u,P)u.
We have the identity, true a.e.

<d¢7du> - <u7 ¢>|du|2 = <du7dw>

<u7 u> <duv d¢> - <ua d¢> : <u7 du>
(u x du,u x dip)

(u x du,d(u x ¥))

= (uxdu,d(ux ¢)). (2.119)

(Where we used, among other things,

<U X du7 du x ¢> = (u,du) ' <du71/)> - <u7'(/)><du7 du) =0 )
Using (2.119) and (2.118) with o = u x ¢, we obtain

/ ((d, du) — {u, §)|dul?)dvol, =
M

/M (da, w x du)dvol, =0,

which yields our result. |

This type of result has been used independently by numerous authors
([99], [35], [153]), in order to construct weak solutions for sphere-valued
evolution problems. We will examine, as an example, the result due to
Jalal Shatah regarding the S™-valued wave equation (in fact the work
in [153] concerns O(4)-valued maps).
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It consists of finding S™-valued maps u, defined on the product I x M,
where I = [0,T), T € (0,400], and (M, g) is a Riemannian manifold
which we suppose to be complete and without boundary, and which are
solutions of

Ou + A(u)u =0, (2.120)
where
oul?
_ 2 _ |72
Mu) = ldzul? — |51
and
0%u
I:IU, = Agu — ﬁ .

We consider the initial conditions

u(0,2) = f(z), (2.121)
ou
5¢ 0:2) = g(@), (2.122)

where f: M — 8™, and g : M — R"*! is a map such that

(f(z),9(x)) =0. (2.123)

As is shown in [153], the Cauchy problem does not have, in general, a
smooth solution when m = dim M > 3, even if the initial conditions are
smooth. On the other hand, when m = 1, C.H. Gu [75], J. Ginibre and
G. Vélo [72], and afterwards J. Shatah, proved the existence of a smooth
solution for all times, if the initial conditions are smooth. The case m >
2 is still not well understood. The fact that the wave equation “develops”
singularities in general does not exclude the possibility of constructing
weak solutions. Following J. Shatah we define a weak solution of (2.120)
as being a function u in L}, (I x M, R"™!) such that

Ou+ AMu)u =0 in D'(I x M), (2.124)

u(z,t) € S™ ae., (2.125)
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I — HY(M,S")

t — [z+— u(t,z)]

(2.126)

is continuous for the weak topology of H', and

I — L*(M,R"H)

L |:x}_>g;L(t,x):| (2.127)

is continuous for the weak topology of L2.

Before stating an existence result, we can make the following obser-
vation, made by J. Shatah: if equations (2.125), (2.126) and (2.127) are
satisfied, then the condition (2.124) is equivalent to

—% <u X g?) +z:1(’§a (g“ﬁ det gu x ai?ﬁ) =0in D'(I x M).

’ (2.128)

This follows from the following equality whose proof rests on an iden-

tity similar to equation (2.119) given above: for any function ¢ €
Ce(I x M,R™H1),

//mw <_ <?9:5L’ (?;f> + (dou, dad) — A(u)<u,¢>> dt dvol,

_ //IXM (<u « %, %(u « ¢)> —(u % dyu, dy (1 X ¢>)>> dt dvol,.
(2.129)

Theorem 2.5.2 [155] Let f € H* (M, S™) and g € L*(M,R"*1) satisfy
(2.128). Then there exists a weak solution u € L} (I x M,S") to

the wave equation (2.120), i.e. a function u satisfying (2.124), (2.125),
(2.126) and (2.127), and such that

w0.) = J)
S02) = g,

Proof
Step 1 We start by solving an approximation problem. Let W be a C!
function from R™*! to R such that

(i) W(y) is a function of |y|.
(i) W(y) > 0.
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(iii) W(y) =0 < |y|=1.
An example of such a function is W (y) := (1 — |y|*)2. However, it is
better to use a modified version of this function, in order to also have

(iv) 3C > 0, Vy € R* T W(y) < O(1 + |y)?).

For € > 0, we look for maps u from I x M to R™*! which are solutions
of

Chu + G%VW(’LL) =0, (2.130)
u(0,2) = f(x), (2.131)
ou
3¢ (0.2) = g(2). (2.132)

Using classical results (see [159]), we can show that problem (2.130),
(2.131), (2.132), has a solution over any time interval I = (0,T) (T €
(0,4+00)). Let u. be such a solution, then

ue € C(I, HY (M, R™ 1)), (2.133)
Ouc 2 n+1
5 €CULLA(MR™), (2.134)

and moreover, u. satisfies the following energy conservation identity. For

every time t € I, we have

/ 1 1
M\ 2 2

O,

1
E ‘dx’u,6|2 + 462W(u6)> dVOlglt

1 1
= / (Ig2 + |d$f|2> dvoly. (2.135)
w\2 2
In particular, this implies that each term in the Lh.s.of (2.135) is

uniformly bounded for all times. Thus, we deduce that there is a subse-
quence € of € such that

ue — ug weak x in L>®(I, weak H'(M,R""1)), (2.136)
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8’&5/
ot

Here, the convergences are weak x w.r.t.t, and weak w.r.t.z. Notice
that (2.136) implies that

—yy weak % in L*(I, weak L*(M,R" 1)), (2.137)

ue — ug weakly in Hp (I x M,R™ ™). (2.138)

Step 2 By Rellich’s theorem (see [19]), the convergence (2.138) implies
that for any compact K in I x M, we can extract a subsequence of ¢
(which, for convenience, we still denote by €’) such that

e — ug in L*(K,R™), (2.139)

and

Uer — Uy  a.e.on K. (2.140)

Thus, applying Fatou’s lemma and (2.140), we deduce that

// W (up)dt dvoly < lim inf// W (uer)dt dvoly.
K ¢—=0 K

But since we know, thanks to (2.135), that the r.h.s.of this inequality

vanishes, we obtain
// W (ug)dt dvol, =0,
K

and because of conditions (ii) and (iii) imposed on W, this yields

up(t,z) € S"a.e.on K. (2.141)
Finally, since (2.141) is valid for any compact K, this shows that
up € L?SC(I, Hl (M7 Sn))

Step 3 We check that vy = %. To do this, it suffices to pass to the

limit in the identity

S (e ) (o) e ot =0,
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valid Vo € C(I x M, R™1).

Step 4 We show that ug € C(I, weak H(M,S™)) and 2% € C(I, weak
L?(M,R"1)). Proving the first statement consists in showing that, for
any function ¢ € C3°(M,R"*1), the map hg : I — R defined by
ho(t) = [ (@, dsuo(t,)) dvol,
M
= 7/ (Agth,up(t, x)) dvolg
M

is continuous over I. But, by (2.138), we know that hg is the limit of
he, for the weak topology of H(I), where

/ <dw($)7dwue’(t7$)> dVOlg

M

- / <Ag¢aue’(t7$)> dVOlg.
M

he' (t)

Moreover, we have

B () = —/M< v, 2 ‘9“5 < (1,2)) dvol,

and [, |2 |?dvol, is uniformly bounded in time, by (2.135). This
yields, using the Cauchy—Schwarz inequality, that ||k ||re is uniformly
bounded in € and in ¢. Hence, this implies that, up to passing to a new
subsequence €', ho converges uniformly to a certain continuous function
ko. But we already know that h. converges weakly to ho in H!(I);
hence we conclude that hg = kg. This proves that hg is continuous and
therefore that ug € C(I, weak H'(M,S™)). We proceed in the same

way for % .

Step 5 It only remains to show that ug is a weak solution of the wave
equation. In order to achieve this, we notice that (2.140) implies that,
in the sense of distributions,

0 ou 0 ou
_— ¢ IR e7C) €} —
5 <uE X > E: p (g det g u, x 8;105) 0 (2.142)

(we have also used property (i) of W). As in theorem 2.5.1, we can pass
to the limit in (2.142) and, using (2.136), (2.137) and (2.139), we show
that ug satisfies equation (2.142) in the sense of distributions. In view
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of identity (2.129) this proves that ug is a solution of the wave equation.
O

2.6 Regularity of weak solutions

We conclude this chapter by showing how the conservation law formula-
tion for the sphere-valued harmonic map equation enables us to prove,
in a rather simple way, the regularity of harmonic maps from a surface
to a sphere.

But first, we need to introduce one more ingredient. It consists of the
compensation phenomenon, which enables us to improve slightly the
classical elliptic estimates, and which is of the same nature as the phe-
nomenon that enables us to pass to the limit in equation (2.115) of the
preceding section. Everything starts with a calculation trick invented by
Henry Wente in 1969 ([177]), in a work about constant mean curvature
surfaces.

We have already seen in the first section of this chapter the equation
verified by a conformal parametrization X of a constant mean curvature
surface in R3. It can be written as

0X 0X
AX =2H— x — 2.143
or oy’ ( )
where H is the (constant) value of the mean curvature. The result of H.
Wente mentioned above is the following regularity theorem.

Theorem 2.6.1 [177] Let Q be an open domain in R?, and suppose X is
a map in H'(Q,R3) that is a distributional solution of equation (2.143).
Then X is C* in Q.

The crucial point in the proof of this result is that each component
in the r.h.s. of (2.143) is a Jacobian determinant of a map from Q to R?
(obtained by choosing two distinct components of X). Following [21],
consider a slightly more general problem: let a,b € H'(Q, R), and define

Oa 0b  Oa Ob
b}i= —— — ——. 2.144
{a, b} Ox 0y Oy Ox ( )
Consider the following question: we suppose that the function ¢ €
L}, (2, R) is a solution of
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“A b} in Q
{ z _ ({)“’} g; 50 (2.145)

(the homogeneous Dirichlet condition has been chosen for simplicity).
We want to know the regularity of ¢. More precisely, to which Lebesgue,
Sobolev or continuous function spaces does ¢ belong?

According to the classical theory, which is based on Calderén—Zygmund
estimates (see [156]), the determinant {a,b} is in L'(Q), with

{a; b}z < ||dal|2]|db]| 2.

And hence it follows that, if 2 is bounded,

¢ € LY, R), V1 < g < 400, (2.146)

dp € LP(,R?), V1 < p < 2. (2.147)

This means that ¢ is very close to belonging to H'(Q) N L>(Q), but
we cannot deduce from classical theory that ¢ belongs precisely to this
space. We are in a limit case (this is the disadvantage of L' and L
when compared to LP, for 1 < p < 400).

But if we use the very special algebraic structure of {a,b}, we can
slightly improve estimates (2.146) and (2.147).

Theorem 2.6.2 [177], [178], [21] Let Q = B? be the unit ball in R?. Let
¢ € LY(Q,R) be a solution of (2.145). Then, ¢ € H(B? R)NC(B* R),

and moreover,

[@llzee + [|d¢l[L2 < Cl|dal|2]|db]| 1, (2.148)

where C 1s a universal constant.

Remark 2.6.3 The fact of having restricted ourselves to the case ) =
B2 is not essential. The proof and some generalizations of this result
are the subject of chapter 3 (see theorem 3.1.2).

Proof of theorem 2.6.1 Ever since [103], we know that every continuous
solution X of (2.143) is C*° in the interior of Q. Thus, it suffices to show
that X is continuous in . Moreover, since we need to prove a local
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result, we can always reduce to the case where 2 = B2. We notice that
equation (2.143) may be written as

~AX' = 2H{X2? X3}
~AX? = 2H{X3 X} (2.149)
~AX3 = 2H{X! X?}

and by theorem 2.6.2, this immediately implies that X is continuous
inside B? (it suffices to decompose each component of X* into the sum
@' + " where v’ is the harmonic extension of the trace of X* over 0B2.
In B2, ! is C* since it is a real harmonic function, and ¢’ is continuous
by theorem 2.6.2). O

We now consider the case of weakly harmonic maps.

Theorem 2.6.4 [83] Let (M,g) be a Riemannian surface and u €
HY(M,S™). Then if u is weakly harmonic, u is C* on M.

Proof Tt suffices to study the case where M is the unit ball B? of R?,
with the standard metric. In fact, the study of the regularity of u in the
neighborhood of a point in M always reduces to this case by using local
conformal coordinates. Therefore we can write that

0 ou 0 ou\ . 12
o (ux 3x> + a9 (ux ay) =0 in D'(B?). (2.150)

This implies, since u € L?, that there exists b € H*(B?, so(n + 1))
such that

ob “ ou
Do o
or dy
» o (2.151)
ay T ox

Using again the fact that w is weakly harmonic, and the condition
(u,du) = 0 (which is a consequence of |u|? = 1),
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—Au = uldul?
(o oo
N Oz’ Oz Oy’ Ay

_(ou du ) Ou (O 0u, ) ou
- "oz o) o “ay 8yu dy
Thus, we obtain

0bou  0bou

“Au=——— —— 2.152
Y= o Oy Oyox’ ( )
which, rewritten component by component, yields
) n+1 ) )
—Au' = {b,u’ ). (2.153)
j=1

Applying Wente’s theorem 2.6.2, as in theorem 2.6.1, we deduce that
u is continuous. Using the results of [103], we conclude that u is C*°.
|

This result can be extended without major difficulties to the case where
the image manifold is a symmetric space, thanks to Noether’s theorem
[84]. But if the isometry group acting on the image manifold is too small
(which is what happens in the general case), we need to use the methods
presented in chapter 4. In a different direction, we may try to generalize
this theorem to the case where the dimension of the domain manifold is
larger than 2. As announced in chapter 1, there are some results, but
both the hypotheses and the conclusions are quite different. The case
where the image manifold is a sphere was studied by L.C. Evans, and
will be presented at the end of chapter 3, and the case of an arbitrary
image manifold is due to F. Bethuel, and will be presented in chapter
4. In all cases, the compensation phenomena indicated in theorem 2.6.2
play an important role, but other ingredients will also be used: the
e-regularity techniques of Morrey, and the monotonicity formula. We
must also use deeper versions of theorem 2.6.2 involving Hardy spaces
and apply the Fefferman—Stein theorem concerning the duality between
Hardy and BMO spaces. All these concepts will be introduced in the
next chapter.
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To conclude, we mention that the technique used in theorem 2.6.4 has
been used by several authors for studying the heat equation between a
surface and a sphere, i.e. the weak solutions of

Ju
ot
Among the topics studied we mention the behavior of a solution in the
neighborhood of a singularity, by Jie Qing [133], and the uniqueness of
the solution for the Cauchy problem, done by Tristan Riviére [137] under
small energy hypothesis, and by Alexandre Freire [60] in the general case.
We recall that Michael Struwe [160] had proved an existence theorem
for weak solutions to the Cauchy problem for equation (2.154). He
showed that the solutions are C*°, except maybe at a finite number of
points in space—time. This result is optimal in the sense that Kung Ching
Chang, Wei Yue Ding and Rugang Ye [29] have constructed examples of
solutions to equation (2.154) having point singularities.

+ Au + uldul* = 0. (2.154)



3

Compensations and exotic function spaces

In the previous chapter we saw some regularity results for weak solu-
tions of non-linear partial differential equations, whose proofs are based
on the fact that, among the quadratic combinations of derivatives of
functions, the Jacobian determinants have a subtle extra regularity. To
our knowledge, this phenomenon was first used by Henry Wente [177].
It is analogous to the compensations that allow one to pass to the limit
in certain non-linear combinations of weakly convergent sequences, and
which were used by Francois Murat and Luc Tartar in their compensated
compactness theory [122], [166].

Below, we follow the clear presentation, due to Haim Brezis and Jean-
Michel Coron [21], of H. Wente’s discovery, and we also present some of
its improvements. In particular, twenty years after H. Wente’s result,
works by Stefan Miiller and also by Ronald Coifman, Pierre-Louis Li-
ons, Yves Meyer and Stephen Semmes resulted in a finer study of these
compensation phenomena, in particular using Hardy spaces.

Other function spaces, less known to specialists in partial differen-
tial equations, such as Lorentz spaces, have also proven to be useful.
These developments are presented in sections 3.2 (Hardy spaces) and
3.3 (Lorentz spaces) of this chapter. As an example of the use of Hardy
spaces we present the regularity theorem for weakly stationary maps,
due to Lawrence C. Evans, in the last section of this chapter. Most of
the analytic results of this chapter will be applied in chapters 4 and 5,
to other geometrical settings.

114
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3.1 Wente’s inequality
3.1.1 The inequality on a plane domain

Let a and b be two functions ins H'(2, R), where € is an open subset
of R2, and define, as in the previous chapter,

Oa 0b  Oa Ob
{a,b} = %@ - @% .

It is clear that {a,b} belongs to L'(Q,R), and that

{a, b} |1 (o) < lldallL2()lldb|| L2 (g -

This implies, by classical elliptic theory, that if ¢ is a solution in
WLP(Q,R), for p > 1, of the equation

{—Ad) = {a,b} inQ 3.1)

o = 0 on 012,
q 1’q . . .
then ¢ € ﬂ LY(Q,R), and ¢ € ﬂ W9, R), and it is possible to

g<+oco q<2
obtain the estimates

[9llLae) < Colg, Q)[{a, b}, (), forgq< +o0,
ldollLaey < Ci(g, V){a,b}z1(q), forg<2.

Below, we will write
abg = ¢,
the solution of (3.1), or sometimes ab = abq, if there is no ambiguity.

Remark 3.1.1 The bilinear operator (a,b) — abg, is invariant un-
der conformal transformations in the sense that if T : Q1 — Qg is a
conformal transformation, and if a,b € H*(Qa,R), then the equation

—A(abg,) = {a,b} on

implies

—-A [(&)QQ)OT} ={aoT,boT} on ).

Thus, we conclude that
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—_~

abg, oT = (aoT)(boT),, . (3.2)
We will see that thanki to the special algebraic structure of {a,b},
it is possible to estimate ab in H'(Q,R) and L>°(Q,R), which is better
than what we would expect from (3.1). In what follows, B2 is the unit
ball in R2.
Theorem 3.1.2 [177], [178], [21] Let a,b € H*(B?,R) then
ab = abg> € C°(B%,R) N H'(B%,R),

and

labll L~ (52) + l|dabl| .2 (52) < Clldal 2 (52) | dbl| L2 (52 - (33)

Proof We reproduce here the proof given in [6], improving slightly the
proof of [21] which is based on the ideas in [177]. The difference is that
we take advantage of the conformal invariance property, which allows us
to obtain an optimal estimate for Ha~b||Loo(Bz).

Step 1 ESTIMATE AT 0
In this step, as well as in steps 2 and 3, we consider a,b € H'(B% R) N

C>®(B% R).
Let us use the integral representation

ab(0) = % /B (b)) <1og >d;z:1d:c

where r = |z|. The trick consists in writing {a,b} and the integral in
polar coordinates r and 6 = arctan (¥).

2 1 /8adb dadb
/ d’]"/ <log )7‘(87‘89_608’,“) rdf
2 d [ ob d [ b
- d’"/ (l"g ) {a (“ae) R (“mﬂ 0
2
- dr/ —d&

Let us define a" = 5~ fo a(r,0)df. Then we can write

ab(0)
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27 2
ob ob
—df| = —a")=—do
/0 a69 ‘ ; (a—a )89 ‘
< lla- oz |
= - L2(0,27) || ap
( ) 90 L2(0,2m)
‘8a ‘0[)
< sz — )
90 || 120,27y 1190 L2(0,2)
Hence,
~ 1 ['8a ob dr
o) < o~ [ |2 o dr
TJo L2(0,2m) r2(0,2m) T
1
< 5-lldallzz(s)lldbll 2 s) - (3.4)

Step 2 ESTIMATE FOR ||c%||Lm(BZ)

For each x € B?, choose a complex homographic transformation of B2,
T, such that T(0) = z }, and apply inequality (3.4) to aoT and bo T.
We obtain

—_~—

1
(a0 T)(boTYO)| < 5-lldla o T) s ldbo T a2

But, by (3.2) (see remark 3.1.1) and the conformal invariance of the
Dirichlet integral, this implies

jab@)| = |aboT(0)|
< 5 ldallagnlldbl e
and hence
bl o) < o ldall 2oy bl 2 (35)

Step 3 ESTIMATE FOR Hdcﬁ)HLz(Bz)
Using the Dirichlet boundary condition we have

T for instance T'(2) = £E%
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dabl e, /B ) —abAabdz' da?

/ ab{a, bydz'da?
B2

IN

Hilblle(Ba [{a, b} L1 (52
%Ilda\\iz ldbl|Z- ,

IA

which implies inequality (3.3) with C' = 5~ + \/%, for a,b € H*(B%,R)N
C>*(B% R).

Step 4 CONCLUSION
Let a,b € H'(B? R), and consider two sequences ay,b, € H'(B% R) N
C>(B?,R) such that

a, — a in HY(B?),
by — b in H'(B?).

Using (3.3), we easily show that anby is a Cauchy sequence in H' (B%,R)
N L*°(B? R). Thus, there exists ¢ € H'(B? R) N L*(B? R) such that
anb, — ¢ in H'(B?) and L>(B?), and

dollL>52) + ¢l (B2) < ClidallL>(s)lldbl|L>(52) -

But since each %f\l_)/n belongs to C*°(B?,R), this implies that ¢ is con-
tinuous. Moreover, we can independently show that an/\l_)/n converges to
ab in a bigger space than H'(B2 R), like WP (B2, R), for p < 2. This
implies that ¢ = L?b, which concludes the proof. 0

An important question is whether this result extends to the case where
the unit ball B2 is replaced by any open set  of RZ. In case § is
conformally equivalent to B? the answer is quite simple, if we keep in
mind remark 3.1.1 and the fact that the norms ||a| ;) and ||dal| ;2 (@)
are invariant under conformal transformations: theorem 3.1.2 extends
easily to the case of an open subset conformally equivalent to B2, and
inequality (3.3) remains valid with the same constant. However, if {2 has
a non-trivial topology, this will demand more work and a first answer is:
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Theorem 3.1.3 [1/] There is a positive constant C, such that for every
open subset Q of R%, and for any functions a,b € H(Q,R),

l[abll Lo () + l|dabl| L2 () < Clldal|L2()[|db]|L2(q) - (3.6)

The same authors (Fabrice Bethuel and Jean-Michel Ghidaglia) have
also generalized this result to the case where the operator —A is replaced
by an elliptic operator of the form

L=-3 g (i)

4,j=1

where the a* are L™ functions on €2 such that 3o € R%,VE € R?,

2
allel? < Y aleie < el
i,j=1
It is natural to wonder if the constant C of theorem 3.1.3 is greater
than or equal to that in theorem 3.1.2. More precisely, we may consider
the following two problems and we shall enlarge our setting to Riemann
surfaces.

3.1.2 The inequality on a Riemann surface

Let (M,g) be a Riergannian surface, with or without boundary. For
a,b € H'(M,R), let abpg be the solution of the equation

—-A¢p = {a,b} on M
p = 0 on OM, if OM # (3.7)
p(mo) = 0 at a certain mg € Mif OM = 0.

Notice that ab A exists even in the case where OM = (), since then
Juda,bydrdy = 0. Let

sup(ab) — inf (abpq)
Co(M,g) = sup )
o Mi9) = S Tdall sl dblzane

lld(aba)ll L2 (m)
a,b#0 Hda”L?(M)HdeL?(M)

CQ(M,Q) =

We remark that the norms used in this definition are conformally
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invariant. Therefore, by (3.2), Coo (M, g) and Cy(M, g) depend only on
the conformal class of (M, g). So these quantities actually make sense
on a Riemann surface.

CALCULATION OF Co(M) AND Cop (M)

3.1.2.1 Study of Ca(M)
We start by noticing that because of the symmetry

b ~
(ta) (t) =ab, VteR",
and the inequality

[dal| 2[db] .-

IN

1
5 (ldallzz + [ldb]I72)

1
= LB,
an equivalent definition for Cy(M) is

2||dab]| L2 (a1
Co(M) = sup —2() .
a,pe HL(M), (a,0)20 14(a; D)1 72 0p)
Determining Co(M) is equivalent to determining the norm of the op-
erator

H'(M,R?) — H'(M,R)
(a,b) — ab,

where H' (M, R) is equipped with the semi-norm ||d¢|| z2( ). This prob-

lem is analogous to the study of the continuous injection of H!(R") into
2n

L=»-2(R™). This suggests that the variational problem

_inf ld(a,b)]|72 (3.8)
ldabl| 2 =1

is probably of interest. In fact, this variational problem is connected in
a surprising way to constant mean curvature surfaces in R3.

Theorem 3.1.4 Let (a,b) € H'(M,R?) be a critical point of ||d(a, b)”%%/\/t)?
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satisfying the constraint |\dc%\\Lz(M) = 1. Then a,b and ab satisfy the

equation
~Aa = b, ab}
—Ab = Mab,a} (3.9)
—Aab = {a,b}
on M, with the boundary conditions
? = ? =0 ondM
" " (3.10)
ab = 0 on OM ,

where \ = ||da|\%2(M) = Hde%Q(M). Equivalently, if we define u from
M to R3 by

1 Va
u = 5 \/Xb ;
Aab

then

Ou Ou

in local conformal coordinates. Moreover, a,b and ab are C*° on M.

Remark 3.1.5 We may be led to think that the map u constructed above
parametrizes a surface of constant mean curvature equal to 1. However,
this is not so unless u is conformal, which supposes knowing that

2
./ Ou Ou
‘2’<ax’ay>—0

Furthermore, in case OM # (), due to the boundary conditions (3.10),
the image of OM by u is contained in the plane u® = 0, and if u is an
immersion, then u(M) intersects the plane u®> = 0 orthogonally along
u(OM). Actually, whether u is an immersion or not, the above implies
that we can always construct a C*> map from MUgpM to R3, extending
u by reflection across OM. Here M Ugapg M is the Riemann surface

_|ou
dy

Ju
or
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obtained by gluing along OM, M and M, a copy of M with the opposite
orientation.
The extension v is constructed by letting

ut ut
v=| w2 |onMandv=| u? on M.
ud —u3

In the proof of theorem 3.1.4, we will need the following lemma, whose
proof is left to the reader.

Lemma 3.1.6 Let a,b, c be three functions in H'(M,R). Suppose that
either OM # 0 and at least one of the three functions has vanishing
trace over OM, or OM = 0. Then

/M a{b, c}dxdy = /M c{a,b}dxdy = /M b{c,a}dxdy. (3.11)

Proof of theorem 38.1.4 Let (a,b) be a critical point in H'(M) of the
variational problem (3.8). Then, for any functions «,f € HY(M), the
first variation formula of ||dabl|? , under the change (a,b) — (a+to, b+

o) is

Sldab|2, = /2<d5b,d(&6+c7é)>dxdy
M

—2/ abA(ab + af)dzdy
M

-2 /M ab({a, b} + {a, 8})dzdy

—2/ ({b, ab}a + {ab,a}B)dzdy ,
M

where we used lemma 3.1.6 in the last equality. Likewise,

Oa 0b
et s) = 2 (afts o5}

—2/ (Aaa+ AbB)dxdy .
M
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The assumption that (a, b) is a critical point implies that for any o, 3 €
H'(M) such that 6||d(a,b)||?(cv, 3) = 0, we have §||dab||3.(a, ) = 0.
This yields that there exists a Lagrange multiplier A € R such that

~Aa = Mb,ab}
2 3.12
{ —Ab = Mab,a}, (8:12)
and that
Oa _ 0b _
n  In
on OM.

Multiplying the first equation of (3.12) by a, and integrating over M,
we obtain

/—Aaadxdy:/ Aa{b, ab}dxdy . (3.13)
M M

But since g—z =0 on OM,

/—Aaadmdy:/ |da|*dzdy (3.14)
M M

and using lemma 3.1.6 again,

/ a{b,ab}dxdy = / ab{a, b}dady
M M

/ —A(ab)abdzdy
M

/ |dab|dxdy . (3.15)
M

Since by hypothesis |\dc;v19\|Lz(M) = 1, it follows from (3.13), (3.14) and
(3.15) that

A = [ldal|Z2 () -

A similar calculation, starting from the second equation in (3.12), leads
to

A= [[dblI2 gy -
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Knowing that X is a strictly positive real, we can define u by

1 Va
u = 5 \/Xb y
Aab

and a simple calculation, using (3.12), yields

Wente’s theorem 3.1.2 then gives us that u, and consequently a, b and
ab, are C*° on M. |

Yuxin Ge determined the best constants C5 for every Riemann surface.
We reproduce here part of his proofs, which emphasize the link between
the variational problem (3.8) and the isoperimetric inequality in R3.

Theorem 3.1.7 [64]

(i) If M = B2, then C3(M) = \/12=, and moreover, the minimum
in (3.8) is attained for

(a,b): B? — R?
2(z,y)

By = ey

(i) If M = S?, then Co(M) = /32, and moreover, the minimum
in (3.8) is attained for

(a,b): S — R?

Y — (2,9).
y4

(iii) If M is a surface with non-empty boundary and is not diffeomor-

phic to B2, then Cy(M) = \/1o= and the infimum in (3.8) is not
attained.
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(iv) If M is a surface without boundary and is not diffeomorphic to

52, then Co(M) = (/55— and the infimum in (3.8) is not at-

tained.

Proof of (i) and (ii)
(i) Let (a,b) € C>(B% R?) N H'(B% R?). We construct a map u from
52 to R? as follows. We identify S? with CU {oo} via the stereographic
projection, and let

u(z) = | b(z) if 2] <1,
t ab(z)
and
a(z(2]?)
u(z)= | bz121) i ]2 > 1,
—t ab(z|z|7?)

where ¢ is a real parameter. Let V be the algebraic volume enclosed by
the image of v in R3, and A the area of the image of w.
On the one hand,

V = 2/ ud{ut, u?}dady
B2
= 2 / ab{a, b}dxdy
B2
= —2t/ abA (ab)dady
B2

= 2t/ |dab|*dzdy . (3.16)
B2

On the other hand,

A = 2/ g/ |du|?dzdy
B2 B2

/ (Ida|® + |db|* + t2|dab|?)dzdy . (3.17)
B2

or Oy
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Using (3.16), (3.17) and the isoperimetric inequality

36mV2 < |AP,
we obtain
~ ~ 3
14mt? dabl[f < (Jld(a,b)|32 + £]dab] 3.
Choosing
o lda, b2,
2||dab||7
in this inequality, it follows that
~ 3 (ldab)3.
2 <2 » /L .1

which yields that C2(B) < /12, since C*°(B,R?)N H'(B,R?) is dense
in H'(B,R?).
This value is attained for (a,b) = 1f§£ﬁ’;2

%, and we have equality in inequality (3.18).

since in this case ab =

(ii) The approach is the same for C5(S?). We start from (a,b) €
C>(S?,R?), and we consider the map u : S — R3,

a

u= | b ,
tab

ou Ou

where t is a real parameter. We estimate the area, A, of the image of w:
JE— X JE—

A:
/S2 Ox Oy

and the algebraic volume enclosed by the image of u,

1 2~
dedy < 2d(a,b)|[32 + 5 lldab 3

V= / u{ut, u?Ydady = t||dabl|?,.
SQ

Then, using the isoperimetric inequality

36mV2 < |AP,

we obtain
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~ 3
- d(a, b)|[2, + 2| dab|2
3672 [ dab||Ls < (” (a, )HH; |da ||L2> .

Hd(af)l\iz
2| dad|3 ,
we check that this value is attained for

We then choose t? = which yields Cy(5?) < y/=5-. Finally,

327

(a,b,ab) : 52 — R3
r z
Y L (xvyai)
z

O

Problem 3.1.8 For a long time it was belicved that there was no con-
stant mean curvature immersion of the torus in R3. In 1984, Henry
Wente gave an example of such an immersion, thus contradicting what
used to be called the Hopf conjecture [179]. Two years later, U. Abresch
gave a quasi-explicit expression of such an immersion, using elliptic in-
tegrals [1]. The surfaces constructed by Wente and Abresch have the
common feature of being invariant under symmetry with respect to a
plane.

We can then obtain them by starting from a constant mean curvature
immersion of an annulus of the plane into R3, such that the image of the
boundary of the annulus is contained in a plane P of R?, and the image
of the annulus intersects the plane P orthogonally along the image of the
boundary. In fact, it suffices to complete this immersion by gluing the
immersion of a copy of the annulus, which is the mirror image in P of
the first immersion, to obtain an immersion of a torus.

We recognize here the construction described in remark 3.1.5. We thus
conclude that the immersions of the annulus constructed by Wente and
Abresch correspond to critical points of the variational problem (3.8).

A natural question will then be: can we find these immersions using
a variational method? (see [64], [65] and [66]).

3.1.2.2 Study of Coo(M)

A study similar to the one done above for Cy(M) was partially carried
out by Sami Baraket and, very recently, completed by Peter Topping.
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Theorem 3.1.9 [178], [6], [170] For every Riemann surface M, with
or without boundary, we have

1

We will not prove this result. The inequality Cos (M) < 5= was proved
in [178] and [6], in case € is conformally equivalent to the ball B2, and
in [170] in the general case. The inverse inequality Coo (M) > 5= is due

to [6].

3.2 Hardy spaces

In 1989, Stefan Miiller noticed the following property. Let 2 be an open
subset of R™ and denote by L' log L!(€) the set of measurable functions
f from Q to R (or C) such that

/Q |f1(1+1log(1+|f]))dx < +o0. (3.19)

Theorem 3.2.1 [120] Let u € WH™(Q,R™), and

f(z) = det(du(x)) a.e.
Then, if f(z) >0 a.e., f € L*log L'(Q).

A special case of this result is that if Q@ C R? and u = (a,b) €
H'(Q,R?), then {a,b} € L'log L}(f), as long as {a,b} > 0 a.e. Hence,
we see that the algebraic structure of det(du(x)) yields a slight improve-
ment of the integrability of this function which, a priori, we would just
expect to be in L(Q).

We know a space close to L!(Q), the Hardy space H'(2), which has
an entirely analogous property to the one described in theorem 3.2.1:
HL(Q) is a subspace of L!(Q), and any function f in H!(2) which is
positive a.e. is necessarily in L' log L! (see [156]).

This somehow suggests the following result, due to Ronald Coifman,
Pierre-Louis Lions, Yves Meyer and Stephen Semmes.

Theorem 3.2.2 [39] Let u be a map in WH™(R™). Then f := det(du)
belongs to H'(R™), and moreover, there exists a constant C,,, depending
only on m, such that
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Il @y < Conllullwrm@my - (3.20)

Another result, which coincides with theorem 3.2.2 in case m = 2, is
the following.

Theorem 3.2.3 [39] Let ¢ be a map in H'(R™ R), and E a divergence-
free vector field in L?>(R™ ,R™). Then the quantity

9 pa

f = (grad¢, E) = a
= ox

belongs to H(R™). Moreover, there is a constant C,, depending only
on m, such that

£l @my < Conll ]l e 1B L2 2y - (3.21)

Before proceeding, we need to define what H!(R™) is (the definition
of H'(Q) being considerably harder). We will give several definitions.
The equivalence between these different definitions is far from obvious,
and relies on a difficult theorem by Charles Fefferman ([57], [58]).

Definition 3.2.4 (Hardy space 1) Let U be a C°(R™) function such

that
/ o1,

For each t > 0, we let Wy(z) = t~™W (£). Finally, for each function
f e LY(R™), we define

[ (@) = sup |(y  f)(x)] -

t>0

Then, f belongs to Hardy space HY(R™) if and only if f* € L*(R™).
Hardy space is equipped with the norm
||fHH1(R7n) = ||fHL1(Rm) + Hf*”Ll(R'rn) . (322)

Definition 3.2.5 (Hardy space 2) For any function f in L'(R™), we
denote by Ry f the function defined by
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F(Raf)(€) =|%| (1O,

where

FNO = gy [, ¢ f@)a

is the Fourier transform of f. Ry f is the Riesz transform of f. Then f
belongs to HY(R™) if and only if

Ya=1,...,m, R.feL'(R™).
We define a second norm on H(R™) by

m
£l @my = I fli@my + D IRafllz @) - (3.23)
a=1

Remark 3.2.6 Although we have used the same notation, the norms on
HY(R™) defined by (5.22) and (3.23) are not the same. Nevertheless,
they are equivalent.

Definition 3.2.7 (VMO and BMO space) For any locally integrable
function f from R™ to R, we define, for each x € R™,r > 0,

1
xTr,r = Th_ ~ d b)
Jor = 1Bwn)] /B(mf w)dy

and we let

1
IfllBsogn) = sup sup e e [f(y) = farldy-

The space BMO(R™) (Bounded Mean Oscillations) is the space of
functions f such that ||f||ppmom@my < +00. The quantity || f||zaromm)
is a semi-norm (|| fllgpo@my = 0 if and only if f is equal to a con-
stant a.e.). The quotient BMO(R™)/R is a Banach space. The space
VMO(R™) (Vanishing Mean Oscillations) is the subspace of functions
f in BMO(R™) such that Vx € R™,

1
lim ——— |f(y) = farldy = 0.
r—0 |B(I7T)‘ B(z,r)
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Definition 3.2.8 (Hardy space 3) H!(R™) is the dual space of VMO(R™).
The dual space of H*(R™) is BMO(R™).

Notice that any of the definitions given enables us to easily show that if
f e HY(R™), then [p,, f=0.

There are several ways of apprehending this strange space. A first way
is to look at a function f in H!(R™) through a microscope, and to see
that even if f oscillates violently (but not too much, since f € L(R™)),
these oscillations are balanced at all scales, i.e. calculating the mean
value of f in a ball of arbitrary position and size, the oscillations cancel
each other out.

Such a point of view is illustrated by other definitions: the atomic one
[40], or that using wavelets [114].

A second way is to think of Hardy space as the biggest subspace of
L(R™) for which we can use the recipes valid in LP(R™) for 1 < p <
+00, but which are no longer valid for L' (R™). An example of such a
property was already mentioned in the previous chapter in relation to
Wente’s lemma. If ¢ is a solution of

~A$=f, with f € LP(Q),

and 1 < p < +o00, then, if the boundary conditions for ¢ are sufficiently
smooth, ¢ € W2P(Q). This follows from classical Calderén-Zygmund
theory (see [156]). Such a result is false for p = 1, but we have:

Theorem 3.2.9 [157] Let ¢ € L'(R™) be a solution in R™ of
~A¢ = f € H(R™).
Then all the second derivatives of ¢ belong to L*(R™), and

<O f ey -
L1(R™)

_ 9%
0z*0xP

Likewise, if 1 < p < 400, every function f € LP(R™) satisfies
ffe LP(R™) and R, f € LP(R™),

but this is no longer true for p = 1, unless we “replace” L!'(R™) by
HY(R™).
Another property is that in dimension 2, if ¢ is a solution of
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_Ad) = f € Hl(RQ)a

then ¢ is continuous. We can deduce this from the fact that the kernel
of —A on R?, % log (%), belongs to BMO(R?), using definition 3.2.8 of
H1(R?). In fact, we will see more precise results in the following section.

Now that we have quickly described H!(R™), we see that theorems
3.2.2 and 3.2.3 establish subtle integrability improvements, and suggest
the existence of a compensated integrability theory, analogous to that
of Murat and Tartar. Theorem 3.2.3 is the prototype of a “div—curl”
lemma for such a theory.

What is the interest of this space in the setting of harmonic maps?
or, more generally, of non-linear partial differential equations? A first
example is that of weakly harmonic maps from an open set Q0 of R™
to S2. Then it is clear that Wente’s lemma is no longer very useful for
studying the equation

—Au = u|dul* in Q, (3.24)

if m > 3.
Using H!(R™), we can draw conclusions from this equation (by using
the conservation laws that are hidden in (3.24)).

Lemma 3.2.10 Let u € H*(Q,S™) be a weakly harmonic map. Then
for any ball B(xg,r) whose closure is contained in ), there exists f €
HYR™,R"1) such that

—Au=f inB(xg,r). (3.25)

Remark 3.2.11 This result seems to be just a slight improvement, but
it enabled Lawrence C. Fvans to prove that every stationary weakly har-
monic map taking its values in a sphere is smooth outside a closed set
whose Hausdorff (m — 2)-dimensional measure is zero [54]. His proof
uses in a crucial way the duality between H'(R™) and BMO(R™) (see
theorem 3.5.1 below).

Proof of lemma 3.2.10 We know that every solution u of (3.24) satisfies
the conservation law
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j i
; Ou ; O0u

o L LU
div (u'Vu/ — ! Vu') = Z o (u S U a) =0. (3.26)
= Ox Ox ox

It is convenient, when we work with an arbitrary number m of vari-
ables, to use the language of differential forms. Let x be the Hodge star
operator acting on the set of differential 1-forms on €2, A'€). The action
of x on 1-forms is given by

*xdr® = (=1)*"tda' A Ade®TE Ada® TN LA da™

Define

B9 = *(u'du? — v’ du?).

Then (3.26) may be written as

dB¥ = 0in Q. (3.27)

Choose a ball B’ contained in 2, and containing B(xg, ). Since B’ is
simply connected, there is an (m — 2)-form o on B’, with coefficients
in H'(B’), such that

do = 39 in B’ . (3.28)

(see lemma 4.3.6 in the next chapter).

Let x be a function in C°(B’,R) taking the value 1 over B(xzg, ), and
let f € L'(R) be defined by

n+1

fidxt A A dz™ = Z d(xuw’) Ad(xa) in B,
j=1

ff=0on R™\ B.

(3.29)

It is then easy to see that f? is a sum of terms of the form (grad¢, E),
where ¢ € H*(R™,R) (in fact, ¢ = yu’) and E is a divergence-free
L?(R™ R™) vector field. Hence, it follows from theorem 3.2.3 that fi €
HY(R™).

Moreover, we can rewrite (3.24) as
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n+l m ; ; ;
i ouw [, ou Jou' |
—Au' = ZZ ppe <u e uj@:v@) inQ,
j=1a=1
or also
n+1
—Autdz' A A dz™ = Z du? A B9 in Q.

j=1

We deduce from (3.28), (3.29) and (3.2) that —Au’ = fiin B’. [

Remark 3.2.12 Compensated compactness and regularity phenomena,
of a quite different nature from those above, have recently been observed.
Let ¢ € HY(Q,R) where  is an open subset of R?, and suppose that

“Ap=Ff nQ,

where f is either a positive Radon measure or an L'(Q) function. Then
the quantity (which we write in complex notation for simplicity)

_ (96 _ (00N _,, (09 (09
-(5) - () =) (E)
has compensation properties. More precisely, in the proof of an existence
result for solutions of a 2-dimensional Euler equation for an incompress-
ible fluid whose vorticity is a positive measure, Jean-Marc Delort proved
that for any sequence (¢,,) converging weakly to ¢ in H*(Q,R) such that

(—Ad¢,) is a bounded sequence of positive measures, the quantity w,
associated to ¢, converges to w in the sense of distributions [44].

In this result, the sign condition on —Af, may be dropped, provided
that the negative part of —Af, belongs to L*(Q)) [67]. Following this
result, L.C. Evans and S. Miiller showed that w is in local Hardy space
H},.(Q) [55] (see also [152]).

The surprise is that w does not have the same structure as the clas-
sical quantities of compensated compactness theory, and the geometric
meaning of this result is unclear. We notice however that w looks like
the Hopf differential (see definition 1.3.10) and is holomorphic if f = 0.
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3.3 Lorentz spaces

The use of Hardy spaces, and the theorems of the previous section, will
enable us to state improved integrability results that are more precise
than Wente’s lemma. In order to do this, we need to define some new
spaces, the Lorentz spaces, a sort of refinement of L? spaces.

These spaces were first used in harmonic analysis (see, for instance,
[111] or [158]). It was only later that people realized their impact on
Sobolev embeddings and partial differential equations (see, for instance,
[20], [23] and [165]). Here we will see that these spaces appear naturally
in estimates for solutions of some differential equations.

For an R-valued function f, on an open subset 2 of R™, the fact
of belonging to a Lorentz space is determined by a condition on the
non-decreasing rearrangement of |f| on [0, ]€]).

Definition 3.3.1 Let f : Q@ — R be a measurable function. The non-

increasing rearrangement of | f| on [0, |2|) is the unique function, denoted
by f*, from [0,]9]) to R which is non-increasing and such that

measure {x € Q| |f(z)| > s} = measure {t € (0,]]) | f*(t) > s}.
Definition 3.3.2 Let Q be an open subset in R™, p € (1,+0), q €

[1,+00]. The Lorentz space L®9(Q,R) is the set of measurable func-
tions f : Q@ — R such that

1

ooy, qat .
|f|(p7‘I) = (tpf (t)> 7 < +OO, qu < +OO,
0
or
|fl(p,o0) = iglgt%f*(t) < +o00, if ¢ = +oo.

These quantities |f](, ) are not norms since they do not satisfy the
triangular inequality. However, if we define

o= [ e

and
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1
q

e L s th :
Hf”(p,q) = ) (tPf (t)) ? , if ¢ < 400,

L sk
||f||(p,oo) = suptpf (t) s
t>0
we will have available in the Lorentz spaces norms which satisfy

1
E|f|p,q <|lf ||p,qS C|f|p,q

(see [186]).

Hence the Lorentz spaces become Banach spaces. Classically these
spaces show up in interpolation theory for linear operators between LP
spaces, as we will see below.

Each L% may be seen as a deformation of L?. For instance, we have
the strict inclusions

LD - [@d) - [.d") - L(pm)7

if 1 < ¢’ < ¢". Moreover,

LPp) — [P

Furthermore, if |Q] is finite, we have that for all ¢ and ¢/,

p<p = L®d) - (P9

Finally, for 1 < p < 400 and 1 < ¢ < 400, L(75:7%4) is the dual of
L®9_ For more details on Lorentz spaces, see [186], [158], [95] and [7].

The following interpolation result will be repeatedly used and will
enable us to deduce estimates on Lorentz spaces from the corresponding
estimates on LP spaces.

Theorem 3.3.3 [158], [95] Let Q be an open subset of R™ and U an
open subset of R™. Let ro,71,po,p1 be real numbers such that

1<ry<r <oo,

and

1<po#p1 <oo.
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Let T be a linear operator whose domain D contains

U @),

ro<r<ri

and which maps continuously L™ () to LPo(U), and L™ () to LP*(U),
with the norms

Vf c LT‘O(Q)7 HTfHLpo(U) S kOHfHLTO(Q) )
Vfe L), [Tflimw) < kallfllem @ -

Then, for each 1 < q < oo, and for every pair (p,r) such that 30 €
(0,1),

1 1-46 0 1 1-06 0
= +— and - = +—,
p Po p1 r To 1

f maps continuously L9 (Q) to LD (U), and moreover,

Vfe LOQ), (T flpwaw) < Bollflea @)

where

1
a 4 k k
Be(’”> 2p(r° +“1>, (3.30)
lv|p r—ry ri—7

and

SGDED 6D

Below, we will be essentially interested in the family L2, i.e.the spaces
L9 for 1 < g < +o0o0. Three members of this family are particularly
interesting: the mildest (L(?1)), the most violent (L(>°)), and the best-
known (L% = [2).

Here are some results which illustrate these spaces (for R?).

Theorem 3.3.4 Let Q) be an open subset of R?, with C' boundary. Let
f € HY(Q) and suppose that g—i and % are in LV (Q). Then f is
continuous and uniformly bounded in 2.
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Remark 3.3.5 It is well-known that in general a function in H*() is

neither bounded nor continuous.

Theorem 3.3.6 Let ) be an open subset of R?, with C' boundary. Let
f € LX), and ¢ be a solution of

Ay = f in Q
{ ¢ = 0 on 09Q. (3:31)

Then %, g—i € L(2’°°)(Q), and there is a constant depending only on €,

C(Q), such that

[dl L)) < CEDfllLr @) - (3.32)

Remark 3.3.7 It is also well-known that in general a solution ¢ of
(3.81) does not belong to H'(Q).

Theorem 3.3.8 Let Q) be an open subset of R?, with C' boundary. Let
f € HY(R?), and ¢ be a solution of

Ay = f inQ
{ 1) 0 ondf. (3.33)

Then g—i, g—‘; € L(2’1)(Q), and there is a constant depending only on €2,

C(Q), such that

1dol e @) < CEFflIre @2) - (3.34)

Before proving these results, we will present the deep reason that
makes them be true. The kernel of the Laplacian in R2, i.e. the distri-
bution K € D’(R?) such that

—AK = §y in R?

1 1
K=—1 -
2 Og(r)’

is given by

and its derivative is
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1
dK = ——— (xdz + ydy) .

2mr2

We may check that K is in BMO(R?), and that dK has coefficients
in L(2>°)(R?). Thus, it is the duality between BMO(R?) and H'(R?),
and that between L(2>°) and L1, that are at the origin of these results.

Proof of theorem 3.3.4 Let f be a function in C*(Q) with compact
support. Consequently, its derivatives belong to L(21)(Q). By Whitney’s
method (see [19]), we may construct a compactly supported extension
of f to R2, f. Since the boundary of Q is C!, the extension operator
f— fis continuous in all spaces WP for 1 < p < 400 and hence, by
the interpolation theorem 3.3.3, we may deduce that the derivatives of

f are in LV (R2), and that

ldf L@y < Clldfl|lLen @) (3.35)

where C' is a constant depending only on 2. Since fis compactly sup-
ported we have, for all z € R2,

for = [ dle—oftcc

~

—AK(z = ()f(Q)d¢

R2
= [ VKG9 (3.36)
RQ
which yields that
1F) < MK oo oy 17 o ey (3.37)

From (3.35) and (3.37) it follows that

[fllz=(@) < [Ifll=@2) < CldK || L@ @e)lldflLen@e) . (3.38)
This estimate implies, by the density of C2°(Q) in {f € HY(Q,R) | df €
LD (Q)}, that every function in H'(Q, R) with derivatives in L1 (Q)
is the uniform limit of a sequence of C*° functions and therefore is con-
tinuous. |
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In the proofs of theorems 3.3.6 and 3.3.8, we will use the interpolation
theorem 3.3.3 with a well chosen operator. This operator is obtained
by a construction which we will use below and which may in general be
useful for obtaining estimates with Lorentz norms. This is why we chose
to present it separately.

HODGE DECOMPOSITION OF A VECTOR FIELD
Proposition 3.3.9 We suppose that Q is a bounded open subset of R?,

with C' boundary. To each vector field g = (g1,92) € L'(2,R?), we
associate the functions a, B8,v on S, which are solutions of

dg1 . 0g2 .
-Aa = —|—=—+ Q
« <8m+8y> m
a = 0 on 082,
_ g1 dg2 .
—-ApB = 8y_8m in
6 = 0 on 082,
and
_oa 0p o
ano= dr Oy Ox
_ a8 o
g2 = Oy Ox Oy’
so that
—Av=0 in Q.
We let
Jda O«
and

dv v
H(g) =dv = <(‘3x’3y>

Elliptic theory gives us that for any 1 < p < 400, P and H map
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continuously LP(Q,R?) to itself. Therefore, by theorem 3.3.3, these op-
erators are also continuous between the L(p’q)(Q,IRQ), for 1 <p < +o0,
1<qg< +o0.

Proof of theorem 38.3.6 Let f € L'(Q2), and consider the function f €
L'(R?), obtained by extending f by 0 outside Q. Let ¥ be the function
defined on R? by

~

U(z)= [ K(z=()f(QdS,

R2

where K(z) = 5 log (ﬁ) We know that
~AU =7F in R

and that

dV(z) = | dK(z— ¢)f(¢)dC.

R2

Since f € L*(R?) and dK € L(2:>)(R?), we have that d¥ € L(2:>)(R?)
and

AV L2.00) (m2) < K || L2002y 1 [l 22 (2) - (3.39)

A way of seeing equation (3.31) is that d¢ is also given by

d¢ = P(d¥q),

where P is the operator defined in proposition 3.3.9. This operator is
continuous from L(%>)(Q) to itself, and hence we deduce that d¢ €
L(22°)(Q), and estimate (3.39) gives (3.32). O

Proof of theorem 3.3.8 We will need an extra result: the space W11 (R?)
is continuously embedded in L(2>1)(R2). This result is the purpose of
theorem 3.3.10, which we will prove below. Let f € H!(R?). As in the
previous proof, we consider ¥ defined by

U(z)= [ K(z={)f(Q)dC.

R2

Since
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—AU = f on R?

by theorem 3.2.9, all second derivatives of ¥ belong to L'(R?) and ¥ €
W21(R?). This implies, using the continuous embedding of W1 (R?)
into L(>Y(R?), that the derivatives of ¥ belong to L) (R?), and since
all the embeddings are continuous, there is a constant C' such that

9]0 rey < Cllfllrr 2 -

Using, as in the previous proof, the fact that (3.33) implies

dp = P(d¥q),

we deduce that dp € L1 (Q) and

dollLen @) < Cllfll#®2),

thanks to the continuity of the operator P, constructed in 3.3.9. O

Theorem 3.3.10 For each m > 2, the space WYL (R™) is continuously
embedded in L(7=T:1) (R™).

Remark 3.3.11 The following proof was communicated to us indepen-
dently by Haim Brezis and Pierre-Louis Lions. Other proofs are also
possible; in particular a method of Luc Tartar leads to more general
results [167].

Proof We consider first the case of a function in C2°(R™). The general
case then follows by the density of C°(R™) in WH1(R™). Suppose
feCx(R™). Let fbe the non-increasing rearrangement of | f|, i.e. the
unique function in C°(R™), depending only on r = |z|, non-increasing
as a function of r, and such that

measure {z € R™ | f(z) > s} = measure {x € R™ | |f(x)| > s}.

Denote by f* the non-increasing rearrangement of f over [0, +00), and
m—1
notice that if we denote by «a, = % the measure of the unit ball in

R™, we have the relation
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Fo(amr™) = f(r).

Using Pdlya—Szegd’s inequality (see, for instance, [118]), we have

v

[ 1afw)as

_ /+°°</S mld())dr

+oo
= —\Sm*1|/ lelrm_ldr
0 T

= |gm1 /0+OO f(r)(m — 1)r™2dr.

Performing the change of variable t = «,,r™, we obtain

[ 1dra)iaz

1 +oo m—1 dt
[ @l = m-vak [ rwF
m 0
> ,
> C(m)llfHL(mrgl,l)(Rm),
which proves our result. |

Before ending this section we will show that local L? estimates on the
gradient of a real harmonic map, of Morrey type, generalize to Lorentz
spaces. We start by recalling a classical result.

Lemma 3.3.12 Suppose that 1 < p < 400, and let B™ be the unit ball
in R™. For any function f € LP(B™), which is a solution of

—Af=0 on B™,
the function
1 P
T . | f|Pda (3.40)
is increasing (here B = B™(0,r)).

Proof We remark that for every smooth convex function K from R to
R, and for every harmonic function f,
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A(K(f) = K" (f)|df]> > 0.

Hence, integrating this inequality over the ball B]", and using Stokes’
formula, if v = K(f),

ov d
OS/ —dU:rmfl—/ v(rd)do(0) .
apm Or dr Jopm (r9)do (6)

Therefore, the function r — v(r#)de is non-decreasing. It follows
oB

/ v(x)dr = /pm_ldp/ v(p6)do
Bm 0 aBM

that

< / p™ tdp / v(rf)do
0 By
r’m r d

= — v(rf)df = — — v(z)dz .
m Japm mdr Jpm

Integrating this differential inequality, we see that

1
T —/ v(z)dx
rm Bm

is non-decreasing. This result applies to K.(y) = (¢2 +42)?/2, for all € >

m

0 and 1 < p < co. By writing that r— K.(f)dz is non-decreasing,

B
and passing to the limit when € goes to 0, we obtain our result. |

I was not able to obtain the same result for the norm L®% but I
found the following:

Lemma 3.3.13 Suppose that 1 < p < 400, 1 < ¢ < 400, and let
m
O<y<—.
p
Then, there exists a constant C(p,q,7) depending on p,q and vy, such

that, for any function f € L'(B™) such that df € L9 (B™), the solu-
tion F of

—AF 0 inB™
F = f onoB™

satisfies
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|dF (| L. (Bmy < Cpy @, V)| df | Lvar By - (3.41)

Proof We will just give the proof of this result for m = 2 (we leave
to the reader the task of generalizing this result for all m — for this
purpose, use the Hodge decomposition as in section 4.3). We remark
that dF" = H(df), where H was defined in proposition 3.3.9. For any
r € [0, 1], define the restriction operator to B}, acting on any function
g defined on B™, by

Ry g+~ gBm .

This operator is obviously continuous in all LP spaces. The conclusion
of the lemma is equivalent to saying that the operator R, o H acts on
L9 (B), is continuous and its norm satisfies

||R7‘ © HHL(p,q)(B) < C(p7 q, 7)T7 .

Choose p; < p < p2, where ps is such that v = p%, and apply lemma

3.3.12, in LP*(B) and LP2(B). This implies, in particular, that R, o H
is bounded in LP*(B) and LP2(B) with the estimates

IR, o H| o (5) < Crit (3.42)

IR, o Hl|1rs () < Criz | (3.43)
By theorem 3.3.3, we have that R, o H maps L"9(B) to L9 (B,),
and that
[ Ry o H||L(P~<1>(B) < C1T% + C2T£a

where C; and C5 are constants depending on p; and ps. This gives
(3.41). O

3.4 Back to Wente’s inequality

By applying Hardy and Lorentz spaces, we will be able to prove finer
versions of theorem 3.1.2.
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Theorem 3.4.1 Let Q be an open subset of R%, with C* boundary,
a,b € H*(¢) and ¢ be a solution of

-A¢ = {a,b} inQ
{ p = 0 on 08} (344)
Then 32, %j e LGZY(Q), and
do[l L ) < C(Q)|ldallLz(o)l|db]| 20 , (3.45)

where C()) is a constant depending only on Q.

Proof Let 6,3 € H'(R?) be two functions which extend a and b, respec-
tively, to R. We may build these extensions so that the maps a — @
and b — b are continuous from H'(Q) to H'(R2). By theorem 3.2.2
(or 3.2.3), we know that {@,b} € H!(R2), and that

IN

{@, b} /1 (m2) Ca||dal| L2 (r2)l|db] L2 (r2)

IA

ClHdaHLz(Rz)HdeLz(Rz) . (3.46)

This shows that —A¢ coincides with an H!(R?) function in 2. Hence
theorem 3.3.8 implies that d¢ € L1 (), and then inequality (3.46)
yields estimate (3.45). O

Remark 3.4.2 Lorentz space estimates had previously been proven by
Luc Tartar. In fact, in [165], he shows that the Fourier transform of
d¢ (where ¢ is defined by (3.44) in the previous theorem, i.e. ¢ = aNbQ)
belongs to L(>1)(R?).

Remark 3.4.3 Using theorems 3.3.4 and 3.4.1, we can also see that ab
18 CONtINUOUS.

Remark 3.4.4 Another proof of theorem 3.4.1 was communicated to
me by Luc Tartar. It uses in a simple way the interpolation between
bilinear operators acting on H® spaces, and the continuous embedding of
Hz(R2) in L"2)(R2). We explain the idea in the case of R2.

We consider the operator
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B: HYR?) x H'(R?) — L2(R2,R?)
(a,b) — d(ab).
We will show that B maps Hz (R2?) x H?(R?) to L2 (R2R?) (and

similarly, that B maps H 2 (R?) x Hz (R2) to L2:) (R2,R?)). Take a,b €
€ (R?), and notice that

0 ob 0 ob
teb) =5 (“ay) "oy (“w) '

L(2, 1))

It follows that

|dab|| 0y < C (

52/ LD H

< Cllallyan bl
< Cllall 3 bl

< Cllall,,3 1813

Here C is a universal constant. In the first inequality we used the fact
that dab = H(—ag—z, b%) (see proposition 3.3.9) and the interpolation
theorem 3.3.3, and in the second inequality, the continuity of the product
L2 x 42—, 121 and the continuous embedding Hz — L(*:2).

Doing the same for H % (R2) x H 2 (R?), and then interpolating between
the two, we obtain theorem 3.4.1 for Q = R?. The proof for an arbitrary
C? bounded domain can be obtained using techniques similar to those
used in the previous section.

To conclude, we present a version of theorem 3.4.1 under weaker hy-
potheses. It is due to Fabrice Bethuel [9], who used it to study the
regularity of weak solutions of the prescribed mean curvature equation.

We start by noticing that if @ and b are two functions such that da € LP
for 1 < p < 2and db € L?, we can still give a meaning to the quantity

{a,b} by letting
0 ob 0 ob
(o0} = g (v5y) 3y (55
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(See also [2].) In fact, in this case da € LP and we deduce from the
Sobolev embedding theorems that a € L2 With this convention we
have:

Theorem 3.4.5 Let Q be a bounded domain of R?, with C? boundary.
Suppose a and b are two functions on ) such that da € L(2’°°)(Q), and
db € L?(Q). Let ¢ be the solution of

-A¢p = {a,b} nQ
{ ¢ = 0 on 0N .

Then, ¢ is in HY(Q), and there is a constant C, depending only on Q,
such that

dollL2e) < Clldal| L0 (o) lldbl L2 (0 - (3.47)

Proof Let U be a smooth bounded open subset of R2, containing (2,
such that we know how to construct a continuous extension operator for
functions f € H'(Q) giving functions f € HL(U).

We first show inequality (3.47) for a,b € H*(£2), and later extend it
to the case where da € L2,

For any a,b € H(), let ZL\,Z € H{(U) be their extensions. Integrating
by parts we have (temporarily writing @ = a and b= b)

_/mm:/@mm
U U

—_~

_ /am@}:ZﬁAw@»

[dabu 117207,

U
— [ da-d(p(ab))
U

—_—

< Cda] e o A0 o 0

< C? ”daHL(?’OO)(U)”deL?(U)”d(;b”Lz(U) .

We used the fact that ab = 0 on OU, then lemma 3.1.6, the fact that

b(cﬂlvb) = 0 on U, and the hypothesis a = 0 on OU. Finally, we applied
theorem 3.4.1 twice. Next, since
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—Aaby = —Aaby inQ
abg = 0 on0f},

we deduce that ‘|d&)ﬂHL2(Q) < ||da7)U||L2(Q). The previous inequality
then yields

[dabal| L2y < C*||dal| 2.0 (g lldb]| L2 0 -

It remains to prove the theorem in the general case. Let a be such
that da € L(>°). Notice that in general there is no sequence (ax)ren in
HY(Q) such that limy_. o ||d(a — ag)||, ) = 0. (This lack of density
is analogous to the fact that C* is not dense in L*°.) However, it is
possible to construct a sequence (ak)ken in (<)o WLP(Q) such that

ar — a in WHP(Q), for p < 2, (3.48)
Jim l|dak|| L. (@) = [|dal| L. @) (3.49)

By (3.47) and (3.49), it is clear that axbg is bounded in H'(Q) and thus,
up to passing to a subsequence of k,

arbg — ¢ weakly in H'(). (3.50)
Moreover,

ldo 20y < C?||dal| .00 (o) | L2 () -

Thus, in order to conclude we just need to check that ¢ = c?lm. The
convergence (3.48) implies that

{ag,b} — {a,b} in W LP(Q), for 1 <p < 2,

(where we used {ay,b} = %(ak%) - a@y(ak%)). And hence,

agbg — {a,b} in WHP(Q) for 1 < p < 2.

It follows from (3.50) that ¢ = abg,. O

Remark 3.4.6 For a more general version of this theorem see [65].
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3.5 Weakly stationary maps with values into a sphere

We end this chapter with a result where Hardy space and BMO play
an essential role: Lawrence Craig Evans’ theorem [54] on partial regu-
larity of weakly stationary maps (see definition 1.4.17). Its proof brings
together the results presented above and more classical arguments due
essentially to Charles B. Morrey and Ennio de Giorgi, as well as the
writing of the harmonic map equation in the form of a conservation law,
as in theorem 2.6.4.

Theorem 3.5.1 Let € be an open subset of an m-dimensional Rieman-
nian manifold (M, g), and u € H*(, S™). Suppose that g € C*<, where
k>0 and 0 < a < 1. Then, if u is weakly stationary, there exists a
closed subset S of Q (which we call the singular set of u) whose (m —2)-
dimensional Hausdorff measure is zero, and such that w € CFtLHe in
Q\S.

To simplify, in the proof we will suppose that the metric g on M
is Euclidean, and hence that ) is an open subset of R”. We start by
explaining what Hausdorff measure is. For each measurable subset S of
(M, g), and for any s € [0,m], is is possible to define a measure (called
s-dimensional Hausdorff measure) of S, which we denote by

H(S),

taking values in [0, +o0]. If, for instance, S is a k-dimensional C! sub-
manifold of (M, g), then

H(S) = 4+ if0<s<k
H*(S) = Lebesgue k-dimensional measure of S
H(S) = 0 ifk<s<m.

The idea consists of covering S by a countable union of balls C; of
radii 7;, and considering

oo
a(s)er, (3.51)

j=1
which measures approximately the s-dimensional volume of S. The right
definition will be obtained by choosing coverings that are at the same
time the finest and most economical possible. Concern for economy leads

us to define, for § > 0,
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H3(S) =inf a(s)Y 5 | Sc | JCjandr; <43, (3.52)

J=1 J=1

and to optimize the refinement we will adopt:

Definition 3.5.2 The s-dimensional Hausdorff measure of S is given
by

H(S) = lim H3(S) = sup H3(S) .
6—0 5>0

For details see [186]. Notice that the constant «(s) in (3.51) is just a
normalization coefficient which is present so that when s is an integer,
‘H?® will coincide with the s-dimensional Lesbesgue measure. We will
now see how the Hausdorff measure plays a role in theorem 3.5.1. We
introduce the following notation: for each x €  and r € (0, +00), such
that B(x,r) is contained in 2, we let

1
Epr(u) = e /B@ , |du|?dz . (3.53)

Theorem 3.5.1 is a consequence of the following two independent results.
Theorem 3.5.3 (e-reqularity) Let u € H* (2, S™) be a weakly stationary

map. Then, there is a constant € > 0 such that if for a point x in Q,
there exists r > 0 such that

E,r(u) < €, (3.54)

s

then u is Holder continuous in a neighborhood of x.

Lemma 3.5.4 Let u € HY(Q, S™). Define, for any e > 0,

S = {x €Q | supE, ,(u) > 62} . (3.55)
r>0

Then, we have

H™2(S')=0. (3.56)
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Proposition 3.5.5 Theorem 3.5.1 is a consequence of theorem 3.5.3
and lemma 3.5.4.

Proof In fact, choosing for € in lemma 3.5.4 the value given by theorem
3.5.3, if u is weakly stationary, then by theorem 3.5.3, u is Holder con-
tinuous in a neighborhood of each point in 2\ &’. Thus there is an open
set w C Q (the union of the neighborhoods given by theorem 3.5.3) such
that O\ &’ C w and uy, is Holder continuous. Let S := Q\ w. It is
closed and contained in &’. To conclude the proof of theorem 3.5.1, we
just need to show that:

(i) If w is weakly stationary and Holder continuous in w = Q\ S,
then u is C**%* in w. This follows from theorem 1.5.1.
(ii) H™~2(S) = 0. Since S C &', this follows from lemma 3.5.4.

O

We shall first prove lemma 3.5.4 and terminate this section by the
proof of theorem 3.5.3.

Proof of lemma 3.5.4 We will proceed in several steps.

Step 1 CONSTRUCTION OF A COVERING OF &’ OF RADIUS 6 > 0

Here it will be important that every point in € is covered at most N
times, where N is a certain constant depending only on the dimension.
We consider a covering of &’ by k balls B(x;, g) such that the balls
B(x, %) are pairwise disjoint: we may for instance construct a periodic
lattice of balls of radius % which cover 2 and then select those which
intersect S’. For each 7, we choose

yiES/CB<xi7g)7

and we consider the family of balls B(y;,d). We can easily see that this
family covers S’ and that each point in Q is covered at most a certain
number N times by these balls. This yields

k
Z/ \dul?dz < N/k dul?dz.  (3.57)
i=1 7 B(yi,9) Uiy B(yi,9)

Step 2 H™2(S’) 1S BOUNDED
By definition of &', we have that for any y;,
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1
W/ |du|*dz > €. (3.58)
B(yi,0)

This inequality and (3.57) imply that

k252 < N / \du|?dz, (3.59)
Q

proving that HJ*~*(S’) is bounded by Ne~2 || du 172 (qy)» independently
of §, and hence that H™~2(8’) is bounded.

Step 3 H™(S’) 1S ZERO
This follows from

k
H™ (UB(yi,5)> < a(m)ko™

(a(m)g /Q |du|2da:) 62,

where we used (3.59). Since the coefficient of §2 in the last inequality is
bounded, this yields that H™(S’) = 0.

IN

Step 4 H™2(S8") =0
We write the following inequality which, like (3.59), follows from (3.57)
and (3.58), but is slightly more precise:

ke?6™ 2 < N / |du|?dz. (3.60)
z lB y176)

We already know that the Lebesgue measure of the integration domain
on the r.h.s.tends to 0 as ¢ tends to 0. Hence, it follows from the
Lebesgue dominated convergence theorem that this integral converges
to 0. Passing to the limit in (3.60) will then yield that H™~2(S’) = 0.

|

It remains to prove the e-regularity theorem 3.5.3. First we will show
a crucial inequality for E, ,(u). This property, called the “monotonicity
formula”, is a consequence of the fact that u is Noether harmonic. We
remark that theorems 3.5.1 and 3.5.3 would still be valid if instead of
supposing that u is weakly stationary, we supposed only that u is weakly
harmonic and satisfies the monotonicity formula.
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Lemma 3.5.6 Let N be a compact n-dimensional manifold without
boundary, C? embedded in RY. Let u € H*(Q,N) be a weakly Noether
harmonic map. Then, for every x € Q and 0 < r < 11 such that
B(z,r1) C Q, we have the “monotonicity formula”

Eyr(u) < By (u).

)

Proof This result has already been mentioned in chapter 1 (example
1.3.7) for the smooth case. In the present case the proof is analogous.
Recall that any Noether harmonic map has a divergence-free (in the
sense of distributions) stress—energy tensor (theorem 1.4.15). Define

1 ou Ou
Saﬁ = §|du|2(5aﬁ - <61‘0" agjﬁ> s

the stress—energy tensor. For each sufficiently small € > 0, we construct a

C! function, x., from (0, +0o0) to [0, 1], such that x. = 1in (0, 1—¢), xc =
0in (14 €, +o0) and x. < 0 everywhere. We fix a point xg € 2, and let

1 P
Fe(r) = 7,m_2/QXe(T>|dU|2 dz,

where p = |z — x¢|. We remark that Fy(r) = E, ,(u), and that F,
converges to Fy in WH((0,dist (x9,99))). Moreover, using the fact
that S,g is divergence-free (theorem 1.4.15), we obtain

0 P
0 = — (x| = )2"Sap )d
e (x (7))
1 2
_ 2/><2<p) ”<|du2 Ou >dx
Q r)r op
1 P 2
= el = — 2)|du|“dzx.
+ 5 [ xe(2) = 2lauao
Differentiating F, and using the previous identity we see that
2 P\ |ou
£ -~ 1P vu
0= [ ()5

which implies that F. is non-decreasing, and hence, passing to the limit
when € — 0, that Fj is also non-decreasing. 0

2
dx,
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Remark 3.5.7 The quantity E, ,.(u) satisfies another property which
will play an important role: it is homogeneous, i.e. dilation invariant.
This means that for every map u defined in the ball B(a,r), if we denote
by Ty ru the map defined in B(0,1) by

Toru(x) = u(re + a), Yz € B(0,1), (3.61)

then

E071(Ta77«u) = EaJ(u) .

Finally, the knowledge of E, (u) enables us to control the BMO norm
of u since, by the Sobolev—Poincaré inequality, we have that for any map
v

1
— [v — vgrldx < CEq - (v),
T B(a,r)
where Vg, = W}WIB(a,r)de' Thus, if the Eq .(v) are uniformly

bounded, v will be bounded in BMO.

Proof of theorem 3.5.3 It relies on the following “discretized” version of
theorem 3.5.3. |

Theorem 3.5.8 Let u € HY(Q,S™) be a weakly stationary map. Then,
there exist ¢ > 0 and T € (0,1) such that for any y € Q and r > 0 such
that B(y,r) C Q, if

By (u) <2m 2% (3.62)
then

Ey . r(u) < ZEy (u). (3.63)

N =

We will end by proving this result.

Stage A HOw THEOREM 3.5.3 FOLLOWS FROM THEOREM 3.5.87
The essential tool here is the family of Morrey—Campanato spaces.
Definition 3.5.9 Let Q be an open subset of (M, g), an m-dimensional

manifold. For q € [1,400) and A € (0,400), the Morrey—Campanato
space LI (Q) is
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LPNQ) := {u € LYQ) | [u]gn < +o0},

where

1
1 q
[ugr:= sup 7/ u—ugp|? dvoly | ,  (3.64)
el " JB(r)
0<r<diam($2)

and

1

_ udvol,.
‘B(l‘,?‘” B(x,r) I

Ugp 1=
This space is a Banach space with the norm

lull zax ) = llullLay + [ulga,

Morrey—Campanato spaces can be used to obtain the C%“ regularity
in theorem 3.5.3 thanks to the following result.

Theorem 3.5.10 [117], [69] For each m < X\ < m+q, the space L3 (Q)
is isomorphic to the space of Hélder continuous functions C>%(Q), where

(3.65)

o=
q

If m+q <\, then LY () contains only the constant functions.

The missing link for completing the proof of stage A is given by:

Lemma 3.5.11 Let 0,7 € (0,1), and u € H*(2,S™). We suppose that
at a point y of Q, there exists r > 0 such that B(y,r) C Q and Vp € (0,r)

Ey . p(u) <OE, ,(u). (3.66)
Then, for all0 < p <,
1 p 57

which implies, using the Sobolev—Poincaré inequality, that for all 1 <
2m
1< 75

> 52
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1 P\ 11ess
— lu — g |?de < C () ™7 By, .(u), (3.68)
PR Bly.p) P r Y,

Y,p

where C' is a constant that depends only on T.
Proof Tterating inequality (3.66) p times, we obtain that for all p € N,

Eyrop(u) < 0PE,,. (3.69)

Let 0 < p < r. There exists a unique p € N such that

log (£ log (2
g(m) o, loe(f) (3.70)
log 7 log 7
and for this value of p we have 7PT1r < p < 7Pr, and hence
1 or
Byp(u) < o Byror(u) < 5 By (u). (3.711)
Still using (3.70), we have
or 1 P\ Toe7
— -] 3.72
m—2 — rm—2f (7«) ( )

and we realize that (3.67) is a consequence of (3.71) and (3.72). Using
the Sobolev—Poincaré inequality (see [186]) we obtain that for all 1 <
q < 2m

m—2’

1

1 ! 1

(m / lu — uy,p|q> < C(Ey,p(u)) )
P JB(y.p)

which, together with (3.67), yields (3.68). O

Proof of theorem 3.5.3: end of stage A Assume the conclusion of theorem
3.5.8. Let z € Q and p > 0 be such that B(z,2r) C Q and
Epon(u) < €. (3.73)

Then an easy calculation shows that for any y € B(z,r), we have
B(y,r) C B(z,2r) and
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Byr(u) < 2™ 2By o, (u). (3.74)

The monotonicity formula and inequalities (3.73) and (3.74) imply that
Vp € (0,71)

Ey,(u) < By (u) < om=2¢2,

We now use theorem 3.5.8 to deduce that at the point y we satisfy the
hypothesis of lemma 3.5.11 with § = % Applying this lemma, and in
particular inequality (3.68) which is valid for all y in B(z, r), we conclude
that the restriction of u to B(z,r) belongs to the Morrey—Campanato

space L9*(B(x,r)), where 1 < ¢ < -2 and

q log6
A= .
mt 2log T
Then, theorem 3.5.10 implies that u is in C®% in B(x,r), where a =
log 0 |
2log 7"

Remark 3.5.12 The slightly artificial use of the coefficient 2™~2 in front
of €2 in theorem 3.5.8, is what allows us to prove the Hélder continuity
of u in a neighborhood of x, instead of continuity at the point x. Notice
also that we should necessarily have § < 72, because if not u would have
to be constant.

Stage B PROOF OF THEOREM 3.5.8
It breaks down into several steps.

Step 1 ARGUING BY CONTRADICTION

We will suppose that the conclusion of theorem 3.5.8 is false and rea-
son by contradiction. This means that we suppose that there exists a
sequence of balls B(zy, ) included in Q and such that

By (u) = /\i —0 (3.75)
and

1
Epy () > 5AL, (3.76)

where 7 may be arbitrarily chosen in (0,1). Let us do a scaling: for each
z in B(0,1), we let
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u(Tk + 1K) — Ugy ry,
AL ’

vg(2) =

where ug, ., = m fB(Ik’Tk) u(x)dz = ug. We deduce from (3.75)
and (3.76) that

Fox(vg) = /B(O Pz =1, (3.77)

and

1 1
Eo.r(06) =~ /B , )|dvk|2dz > (3.78)

Moreover, since the mean value of v over B(0,1) is zero, it follows
from (3.77) that

sup / log|2dz < +o0. (3.79)
keN JB(0,1)

Estimates (3.77) and (3.79) imply that there exists a subsequence of
k — which we will still denote by k& — such that

vx — v strongly in L*(B(0,1),R™*1), (3.80)

v, — v weakly in H'(B(0,1),R"*1). (3.81)

Step 2 THE LIMIT v OF vj, 1S AN R*"T1_VALUED HARMONIC MAP
In order to prove it, we take any test function ¢ € C°(B(0,1), R"*1),
and let

bu(@) = T_2x 1 6(z) = & (x ‘”) |

Tk Tk Tk

The hypothesis of u being weakly harmonic yields

/ (du, doy,) dz = / |du|?(u, ¢y, )dz. (3.82)
B(zk,rk)

B(Ik,’l’k)

We make the change of variable x = 7z 4+ x in both these integrals,

and write w in terms of vy (where u(z) = A\vy (I::’“> + Ug):
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/ (dvg, dp)dz — / AeldvogPulan +r2), $)dz. (3.83)
B(0,1) B(0,1)

When we pass to the limit in (3.83), we obtain, using (3.75), that

/ (dv, de) d= = 0, (3.84)
B(0,1)

i.e. that Av = 0. Therefore, we can use lemma 3.3.12 to obtain

1
— / |dv|?dz < 72,
"2 JB(o,7)

since by (3.77) and (3.80), fB(O n |dv|?dz = 1. This is the moment to
choose 7: if it is sufficiently small, we will certainly have

For(v) < % (3.85)

The idea now is to show that (3.78) and (3.85) are in contradiction,
but this cannot work unless we succeed in proving that v, converges
strongly to v in H'(B(0,1)).

Step 8 STRONG CONVERGENCE OF vy, IN H!
We will just prove this convergence in H'(B(0, §)): it is clear that choos-

ing 7 < %, this will suffice to give a contradiction. Let ¢ € C°(B(0,1))
be a function which is constant equal to 1 in B(0, %), and write

or = *(ur —v) € Hy(B(0,1)).

The idea is to take advantage of the facts that u is weakly harmonic,
and v is harmonic, using ¢, as a test function, i.e.

/ (dvk,d¢k>dz:)\k/ \do|? (T + Aevp, d) dz, (3.86)
B(0,1) B(0,1)

/ (dv, d¢y) dz = 0. (3.87)
B(0,1)

Subtracting (3.87) from (3.86), we obtain
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/ (d(vp — v),dey) dz = )\k/ |dvg|? (@ + Aevw, ¢r) dz .
B(0,1)

B(0,1)
(3.88)

However, in writing these equations there is a slight problem due to
the integral on the r.h.s.of (3.82) and (3.88). In fact, |dvk|?(2)(ux +
Mevr)(2) = |dog|?(2)u(rrz + o) is only bounded in L'(B(0,1)) and, a
priori, ¢y, is not bounded in L>°(B(0,1)) as k — oco. Thus this integral
could tend to infinity.

We disregard this (crucial) difficulty for the moment, and try to see
first, what it is possible to obtain from (3.88). Using the expression of
¢ as a function of v and vy, and using (3.80) and (3.81) in the integral
on the Lh.s. of (3.88), we see that the integral satisfies

L= [l oPdze2 [l o), (o - v)d) de
B(0,1)

B(0,1)

> / ld(vy, — v)|2dz + o(1),
B(0

'3)

and thus,
/ |d(vp — v)2dz < Ry +o(1), (3.89)
B(0.3)

where

Rk = )\k:/ |d1}k;‘2 <U7k+ )\k:vka ¢/€> dz.
B(0,1)

As in theorem 2.6.4, we will take advantage of the fact that 2{u, du) =
d(Ju|?) = 0, and hence that

(ug + Aok, dug) = 0.

This implies, introducing the (n + 1) x (n + 1) matrices

Ov Ov
b, = (U + )\kvk)a7§ - 87’; W + Aevr),

that (summing over « = 1,...,m)

8vk

|dvg)? (g + Mog) = bk,a.@,
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and thus,
ov
R, = Ak/ <<bkaaZa<(k_'U)>dz
B(0,1)
= Mg(Ax + Bi),
where
Ak - / <bk,a a(C’U:’C)7C(Uk - U)> dZ7
B(0,1) 0z~
o¢ >
B = bk aVk=——,C(vg —v) ) dz.
k B0 kaUk 50 (v )

We need to show that Ay and By have a meaning. Moreover, knowing
that A\, converges to 0, and because of (3.89), it suffices to show that
A and By are uniformly bounded in k to conclude that vy — v in
H'(B(0, 1)), and thus conclude the proof of the theorem.

We start by examining By, the simplest of the two. In fact, we can
easily see that by , is bounded in L?(B(0,1)), and therefore it suffices
to show that vy, is bounded in L*(B(0, 1)), for By to make sense and be
bounded. We will show this in the next step.

The estimate for Ay, will pass by a hairbreadth. We notice that

bea(z) = 1 ( Ou  Ou tu> (rez + 7)),

Oz Oz~
and thus, by Noether’s theorem,

Zai bka =

Since we also have that by, is bounded in L?(B(0,1)), we deduce,
just as in lemma 3.2.10, that by, 4. 8(83;’“) is bounded in the Hardy space
H(R™). We will also show in the following step that ¢ (vy—v) is bounded
in BMO(R™). Thus, using the Fefferman—Stein theorem on the duality

between H!(R™) and BMO(R™) (see definition 3.2.8), we deduce that

/B(O,l) <bk’a 3((94 a 2 G U)> dz

a(Cv
Mt 2 s ek — ) sy

C < +o0.

Ay

VARIVAN
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Step 4 ESTIMATES IN L* AND BMO

Lemma 3.5.13 With the hypothesis we made on vy, it is bounded in
LY(B(0, 1)) and ¢(vi — v) is bounded in BMO(R™).
Proof Choose zg € B(0, %) and 0 <7 < §, and let

r
Yk = T + Tr20 € B(wk, ?k)

Then, by lemma 3.5.11 (monotonicity formula), we have

Eylm""'rk (u) Sm_QEyk,%“ (u)
8m_2E$k,rk (u)

gm2)2.

A IA

Hence, coming back to vy,

E.,.-(vp) <8™72

Using the Sobolev—Poincaré inequality, this implies that

1
— [ve — (Vk) 20,r|dz < C < 400

m
r B(zo,r)

(recall that by (vg).,,» we mean the average of v, on B(zg,r)), and
since vy, is bounded in L?(B(0, 1)) we deduce, using the John—Nirenberg
inequality, that vy, is bounded in L?(B(0, %)) for 1 < p < 400, and thus
in particular for p = 4. This proves the first statement. Concerning the
BMO estimate, we use the fact that ( € C*° to deduce that

Cr
b [(C0n)zpr = (@ < T [l
B(zo,r) r B(zo0,r)
Hence, for zy € B(0, %) and 0 < r < %,

1

—_ Vi — (CUk) 20, |d2
e /BW)'” (o)
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1 Cr
< 4 v — (U)ol + Tn/ o dz
r B(zo,7) r B(zo,7)
C
< C+—— |vg|dz
r B(zo,r) L
C m
< C+—— / log|"dz | ™t
r B(0,%)
< C.

A similar inequality is trivially valid for zg € R™\ B(0, %) (since ¢ =0
on R™\ B(0, 2)). This implies that (v, is bounded in BMO(R™). [

Remark 3.5.14 [t is interesting to notice that the BMO estimates are
a consequence of the symmetries of the domain manifold, via Noether’s
theorem 1.4.15 and lemma 3.5.6, whereas the Hardy space estimates
come from the symmetries of the image manifold, via Noether’s theorem
1.4.18. And these two facts complement each other precisely, thanks to
the Fefferman—Stein theorem on duality between Hardy space and BMO.

A variant of the above proof, which uses basically the same argument,
but without arguing by contradiction, can be found in [71] or [87].

Let us add also that the ideas used in the proof of Theorems 2.6.4 and
3.5.1 have been applied to other questions concerning maps into spheres
or symmetric manifolds: to the regularity of weakly p-harmonic maps by
L. Mou and P. Yang [119], by P. Strzelecki [161], by H. Takeuchi [162]; to
the compactness of weakly p-harmonic maps by T. Toro and C. Wang
[173]; to subelliptic p-harmonic maps by P. Hajlasz and P. Strzelecki
[79]; to biharmonic maps by S.-Y.A. Chang, L. Wang and P.C. Yang
[31]. In particular it has been realized that the use of Hardy space can
be replaced by other arguments as shown in [79] and one simple such
proof has been found by S.-Y.A. Chang, L. Wang and P.C. Yang [30].

Lastly, beautiful results on wave maps into spheres have recently been
found by T. Tao [163], [164] and generalized to maps into homogeneous
manifolds by S. Klainerman and I. Rodnianski [100] using similar ingre-
dients.
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Harmonic maps without symmetry

We come back to the study of harmonic maps, but now we drop the
symmetry hypothesis on the image manifold. It is then clear that most
of the methods seen in chapter 3 are no longer valid. Nevertheless, it is
tempting to try to adapt these results to our new situation. This is the
naive point of view we will adopt in this chapter.

The tool we will use the most, and which will replace the conserva-
tion laws in chapter 3, is an orthonormal moving frame on the image
manifold: it turns out that this choice of representation, used a century
ago by Gaston Darboux for the study of surfaces, and developed by
Elie Cartan, is very efficient for studying harmonic maps. We remark
that, as with all geometric coordinate systems, there is not only one,
but infinitely many ways of defining orthonormal tangent frame fields.
Instead of being an inconvenience, this abundance of choice is an ad-
vantage since one passes from one orthonormal frame field to another
through the action of a gauge group.

In this way, symmetries re-enter, and Noether’s theorem is not far
away: by choosing a “Coulomb frame”, the orthonormal frame selected
satisfies an equation which may be written as a conservation law.

The use of “Coulomb frames” is fundamental for the regularity theo-
rems for harmonic maps which will be presented in the first three sec-
tions. We will also need exotic function spaces (Hardy, BM O, Lorentz)
and some results from the previous chapter. Likewise, in chapter 5, we
will come back to Coulomb frames, and we will give an example of their
use for studying surfaces.

In section 4.4, we will discuss the compactness of weakly harmonic
maps in the weak topology. This problem, which was solved in the case
where the image manifold is symmetric (see theorem 2.5.1), is still open
in general, and we will not be able to solve it. Nevertheless, we will see

165
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that it may be possible to find conservation laws for generalized harmonic
maps, which might enable us to pass to the limit in the equation satisfied
by a sequence of weakly harmonic maps. “Producing” these conservation
laws should be a hard problem since it is analogous to the isometric
embedding of a Riemannian manifold. This is why I doubt that such a
strategy could be an easy way to prove the weak compactness of weakly
harmonic maps. Its interest is that it gives rise to many interesting open
questions.

4.1 Regularity of weakly harmonic maps of surfaces

The purpose of this section is the following result:

Theorem 4.1.1 /[85] Let N be a C* compact Riemannian manifold
without boundary. Let (M, g) be a Riemannian surface, and let u €
HYM,N). Then, if u is weakly harmonic, u is C1*. Furthermore, if
the embedding of N into RN is Cb*, for some | > 2, then u is also CH*.

We start by noticing that to prove this theorem, it suffices to show
that it is valid in the neighborhood of each point in M. But, since ev-
ery sufficiently small geodesic ball in (M, g) is conformally equivalent
to the unit ball B? of R? equipped with the canonical metric (theorem
1.1.3), and since harmonic maps are preserved under conformal trans-
formation (proposition 1.1.2), it is enough to prove the result for maps
u € HY(B% N), where B? is the Euclidean unit ball.

PLAN OF THE PROOF OF THEOREM 4.1.1

We start by defining a smooth orthonormal tangent frame field over the
manifold (N, h). If y is a point in A/, we denote by

ely) = (e1(y), - en(y))

the “value” of the field in y: €(y) is an orthonormal basis of T, N

We will write the equations satisfied by a weakly harmonic map u €
H'(B?,N), by projecting them along the moving frame on A/. But first,
it will be crucial to optimize the moving frame, adapting it to u. More
precisely, we introduce the “gauge group”

HY(B? S0(n)) = {R € H'(B*, M(n x n,R))|/ R € SO(n) a.e.},
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and for each R = (R¢) € H'(B?,S0(n)), we consider

e(z) = (e1(2),...,en(2)) for almost all z € B?

where

ca(2) =) @(u(2))Ri(z). (4.1)

b=1

We choose an R that minimizes the functional

- Oe, 2 Oe, 2
.F(]:i)*/B2 Z <ax,€b> +<8y,€b> dfﬂdy

a,b=1

The frame obtained satisfies, in particular, the conservation law

0 /Oe, 0 /0Oe, P 9
am<8x,eb>+8y<8y,eb>—01n3. (4.2)

We call such a frame a Coulomb frame. An important consequence of
equation (4.2) is that the coefficients <%e; ,ep) and <%E; , eb> belong to
the Lorentz space L(>1)(B?), instead of just L?(B?). We remark that
this slight improvement is due only to equation (4.2), and is true even
if u is not weakly harmonic.

Next, we use the fact that u is weakly harmonic. Defining

and

(where z = = + iy and % =1 (% +ia%>), we see that a® and wy
satisfy

da® _ 3 wpal. (4.3)
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It is then possible to deduce from this equation that w is locally Lip-
schitz: it all boils down to showing that a® is locally bounded in L*°. A
priori, we know that a® and wj’ are in L?(B?) and it seems hard to obtain
such an estimate. However, thanks to the particular choice of orthonor-
mal frame made above, we can show that wj belongs to L(Qvl)(Bz), and
this suffices to conclude.

We did not mention a certain number of technical difficulties: can we
be sure that the frame field e, where we start from, exists? Is it possible
to minimize the functional F'?

We start by considering these questions.

It is not hard to find examples of manifolds A which, for topological
reasons, do not admit orthonormal frame fields defined everywhere: such
is the case for the spheres S™, except for n = 1,3 or 7. Thus, sometimes
it is impossible to construct the frame field (ey, ..., €,) mentioned above.
We will see two ways of getting around this difficulty: the first is to
construct an isometric embedding J of N into another manifold N , in
such a way that if u is a weakly harmonic map taking values in N, then
J o u is weakly harmonic with values in N.

At the same time, N will be constructed in such a way that we will
always be able to define a frame field over it (we will have N diffeomor-
phic to a torus). This result is the purpose of lemma 4.1.2 below. The
advantage of this construction is that it is valid for any dimension of the
domain manifold (of u), and we can thus use it to study the regularity
of stationary weakly harmonic maps in dimension bigger than 2 (see
theorem 4.3.1). The drawback is that we need to suppose N to be C¥,
with k£ > 4, to be able to construct the embedding J.

Once this result is proved, we will need to deform eow into a Coulomb
frame; that is the purpose of lemma 4.1.3, which is a generalization to
arbitrary dimension of a result in [43].

The second way to remedy the absence of smooth frame fields over N
is to directly construct a Coulomb frame adapted to u, by approximating
u by smooth maps u,. for which there are no problems. We then show
that the Coulomb frames e., associated to the wu., satisfy sufficiently
good estimates to allow us to pass to the limit when € goes to 0. This
result is contained in lemma 4.1.6. It is valid as long as A is C2, but it
is necessary for the map u to be defined over a surface. I do not know
whether this result can be generalized to higher dimensions.
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Lemma 4.1.2 Let N be a compact n-dimensional submanifold, without
boundary and C* embedded in (RY,(.,.)), where k > 4. Then there
exists an N -dimensional submanifold, ./\7, Ck=1 isometrically embedded
in (RN, (.,.)), and a C*~1 embedding, J, of N in ./\7, such that
() J: W, dps) — (N (L Jpw) @8 an isometric embedding.
(i) N is diffeomorphic to the torus TN = (SHN.
(iii) For any Riemannian manifold (M,g) of dimension m > 1, for
any open set  of M and for any map u € HY(Q,N), if u is
weakly harmonic, then so is J o u.

Proof We start by introducing the objects and the notation. Since
N is compact, there exists a cube CV in R which contains N'. By
identifying opposite faces of C™V, we obtain an N-dimensional torus TV .
Consider the Euclidean metric (.,.) on T. Indifferently, we consider A/
as a submanifold of CN, TN or RY. Let

VasN = {z € CV | d(z,N) < 26}

be a tubular neighborhood of A" in C. Choosing § € R’ sufficiently
small, we may define, using an argument based on the implicit func-
tion theorem and a partition of unity, a (not necessarily orthogonal)
projection

P:VosN — N,

which will be C¥, if A is C* (see exercises 1.7 to 1.11, end of section 1.4).
For y € N, we define

D, = {z € Vas\' | P(2) = y}.

D, is topologically a (N —n)-dimensional disk, cutting N/ transversally
at y. We may then define, for any z € Vos N, the orthogonal projection

V.: T.ON ~RYN — T.Dp,)

which, to each ¢ € T,CV | associates its “vertical” component V,(§) in
the fibration P : VosN' — N.

We remark that V, will then have a C*~! dependence on z.

We also consider the differential of P at z,
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dpP, : T.CN ~RN — Tp N

which is of class CF~1.
We define the C¥~1 metric hy on VasN by, Vz € Vos N, V¢, n € T.CV,

ho(2)(§,m) = (V2(8), Va(n)rv + (dP=(§), AP (n))r~

Then, choosing a function x € C°(VasN) which is equal to 1 over
Vs N, we may construct a metric h on T% (or RY), which coincides with
ho on VsA and with the Euclidean metric outside Vas A/, by letting

h'=xho + (1 = X){:s Jr~ -

Using the Nash-Moser theorem (see [123], [102], [77]), since k > 4
and h is C*~1, we may isometrically embed the manifold (TN, h) in the
Euclidean space (RY,{(.,.)). Let J be this embedding — it will be C*¥~1.
We define N = J(TV). Again, we consider the tubular neighborhood

VN = {z e RY | d(z,N) < 8},

and we suppose 5 to be sufﬁc1ently small for us to be able to construct
a CF=1 projection P : VN — N. We also let

VN = {z € RY | d(2,N) < 3} .
We suppose, as well, that 5 is sufficiently small to have

VAN AN € J(VsN)

so that, since J is an embedding, we can define the inverse diffeomor-
phism of J

K:‘Afg./\/ﬂ./v—>V5./\/

such that J o K is the identity over 173/\/’ nN.
Finally, for u € H'(Q, ), we define

1 Ou Ju
_ = af
B(u) = 5 /Qg (x) <8xa’ 5P >RN dvol,,
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(where HY(Q,N) = {u € H{(Q,RY) | u(z) € N ae.}) and if v €
HY(Q,N),

~ 1 o ov  Ov
E(w) = i/ﬂg ﬁ(m)<8$a’8$ﬂ>Rﬁ dvoly .

Once we are this far, it just remains to check (iii) to prove the lemma.
Let u € H'(Q,N) be a weakly harmonic map. Define

v=Joue H'(QN).
Let ¢ € HL(Q, RN) N L™ (Q,RN) be a test function and estimate
E(P(v+tg))
to order 1 in ¢.

We remark that K is an isometry from (‘A/SNH./\A/', (o) )gw) to (VsN, h) C
(RN, h). Since ﬁ(v +t¢) € N a.e., we can consider

wy = K o P(v+tg)

and deduce from the fact that K is an isometry

E(P(v+te)) = % / 9°8(2) h, (8““ awt)dvolg. (4.4)

0 oz’ 9P
Developing w; we have
w, = KoP(v) 4+t
= u-+ WJt ’
where

1 —~

OKoP ,
Yy = /0 7 (v+ stp)p’ds. (4.5)

Since K o P is bounded in CF~1 and k > 4, v; is bounded in H!.

Moreover, for sufficiently small ¢,
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Owy Owy . Owy Owy
M«mwwﬂ@&(w>d%4mﬂ>
awt awt
+ <wa, (8:}50‘> s Vi, (6355>> (4.6)

dPy, (g;”;) - %a(zﬂ(wt)). (4.7)

with

On the other hand,

Vi, = Vu +t6V4,

where

5‘/; / 8Vu+stwt

is bounded in L>(£2). And since V,, (ar’lfx
811),5 o ou 81/]25
Ve (G2) = ko) (2410
- ou O 2
() (32) (2]
Thus,

/Q 9 (x) <th (ﬁ) Vs, (g;“;»dvol = 0(t?). (4.8)

Therefore, we deduce from (4.6), (4.7) and (4.8) that

) = 0, we have

E(P(u+t¢)) = E(P(u+ ti;)) + O(t?). (4.9)
But it is easy to see that when ¢ goes to 0,
OK o P
oyl

and we can then deduce, from the fact that u is weakly harmonic, that

¢t - (’U)(bj7 in Hl(Q7RN)7
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iy EP @+ 19)) — B(v)
tgr(l) t

=0.
|

Thanks to the result we have just proved, it will be possible to re-
duce the study of a weakly harmonic map to the case where the image
manifold is diffeomorphic to a torus (as long as the image manifold we
start with is at least of class C*). The interest will then be that we
will have available a C' orthonormal frame field over the image man-
ifold, e(y) = (€1(y),..., en(y)). We denote by F the fiber bundle of
orthonormal frames over A. Its pull-back by u, which we will denote by
w*F, is the bundle over €2 whose fiber over a point x €  is the set of
orthonormal frames of T,(,)N. It is not a smooth bundle since the fiber
will depend on z in an H' fashion. From €, which we may interpret as
a section of F, we construct a section €owu of u*F. In fact, it consists of
the map z — (é1(u(z)),. .., en(u(z))). We will then need to construct,
using eowu, a Coulomb frame over €2, i.e. a finite energy harmonic section
of the fiber bundle w*F. This is the purpose of the following result.

Lemma 4.1.3 Let N be an n-dimensional compact manifold without
boundary, C* embedded in RYN. Let (M,g) be a Riemannian manifold
and Q an open subset of (M, g). Letu € H*(Q,N) ande = (e1,..., €,)
be any finite energy section of u*F. Then, there exists a Coulomb frame

over  associated to u, e = (e1,...,e,), i.€. a finite energy section of
uw*F such that

(4.10)
na(x)<§;z,eb> = 0 on 09,

where n 1s the normal vector on OX). Moreover, we have the estimates

| tedeH%Z(Q) <| tédé”QL?(Q)? (4.11)
and
del[Zzq) < IledelZzq) + Clldulliz(g » (4.12)

where C is a constant that depends only on N'. In case € = € o u, where
€ is a C' section of F, we deduce from (4.11) and (4.12) that
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[ del|72(q) < ClldullF2(q)- (4.13)

Remark 4.1.4 We can view e in two different ways. An intrinsic point
of view consists of seeing e as a harmonic section of u*F. But we can
also consider e as a map in H'(Q, (RN)™), which to nearly all x €
associates a family of n orthonormal vectors in RN constituting a basis
for Tu(I)N'. In what follows, we will in fact represent e as the n x N
matriz of the components in the canonical basis of RN of the n vectors
€1,...,6n, i.c.

1 1
e ... ey
e=(e1,...,6p) = : :
N N
eNoo.ooed

Thus, in inequalities (4.11) and (4.12), ‘ede should be interpreted as
a matriz product; in this case it will be the n x n matrixz whose ele-
ments are the 1-forms (de,, ep). Likewise, the action of the gauge group
HY(Q,50(n)) on u*F will be represented by the matriz product

e—eR

for any R € H*(Q,S0(n)) (here eq — Z ey RY).
b=1

Proof of lemma 4.1.8 For any map R € H*(2,SO(n)), we consider the
moving frame e defined by

ea() = () Ry (@),

and we consider the quantity

1
F(R) = 3 /Q | fede|*dvol,,

where
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Step 1 EXISTENCE OF A MINIMUM FOR F
Let (Ry)ken be a sequence in H!(Q, SO(n)), minimizing F. Define

erx(z) =e(z)Ri(x).

We start by showing that (Ry) is bounded in H*(£, SO(n)). We can
easily see that

|lexder|* = |%ede|* + 2('ede, dRy 'Ry) + |dRy "Ry |?
(|'ede| — |dRy|)? . (4.14)

v

But | ‘ede| is bounded in L?(12), and since (Rj) minimizes F, | e,dey]
is also bounded in L?*(2). Thus, we deduce using (4.14) that |dRy| is
bounded in L?(§2). Therefore, we may extract a subsequence of k (which,
to simplify, we still call k) such that there exists R € H!(£,SO(n)),
satisfying

dR;y — dR weakly in L%(Q, M(n x n,R))

Ry — Rin L%(Q,S0(n)) (4.15)

R; — R a.e. (4.16)

Using the dominated convergence theorem, we deduce from (4.16) that
|'edeR;, — ‘edeR|? goes to 0 in L'(Q), and thus that

‘edeR), — 'edeR in L*(Q, M(n xn,R)). (4.17)

Since (ede, dRy 'Ri) = ('edeRy, dRy), the convergences (4.15) and (4.17)
imply that

JJim [ (fede, dRy 'Ry dvol, = / (*ede, dR 'R)dvol, . (4.18)
Likewise, we deduce from (4.15) that
lim / |dRy 'Ry |*dvol, > / |dR'R|*dvol,, . (4.19)
k—+o0o Jq Q

Therefore, we may conclude, putting together (4.14), (4.18) and (4.19),
that
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Jim_ F(Ry) > F(R). (4.20)

This implies that R minimizes F'. We denote by e = (ey,...,e,) the
frame associated to R.

Step 2 EULER—LAGRANGE EQUATION
Given a test function ¢ € C*(, so(n)), and for € close to zero, let

Re = R(x)exp(ed(z))
R(z)(1+ ep(x) + o(e))

and
e.(r) = e(x)Rc(x)
= e(@)(1+eg(x) +o(e)).

Since R minimizes F, we necessarily have that

F(R.) = F(R) + o(e) .

A calculation yields

‘ecdec = 'ede + e(dp — ¢'ede) + o(e) .
Thus,
/ ('ede, dp — ¢'ede)dvol, = 0. (4.21)
Q
We now notice that, because ¢ takes values in so(n), the quantity

('ede, ¢ 'ede) always vanishes. This simplifies (4.21), and, integrating by
parts, we obtain

/89 <q§, tegz> do — /Q<q§, divy(‘ede))dvol, = 0, (4.22)

where

) 1 0 o Oe
div,('ede) = Jdeis 00° (g B(x)/det g (teéhﬁ)) .

It is now obvious that (4.22) implies (4.10).
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Step 3 ESTIMATES (4.11) AND (4.12)
Estimate (4.11) is a consequence of the construction of e, obtained by
minimization. We will deduce (4.12).

For any y € N, we denote by P(y) the orthogonal projection of RY
onto Ty N, and P*(y) = 1y — P(y). It follows from the hypothesis on
N that P and P+ are C' maps on N. Using the identity

de; = P(u)(de;) + P*(u)(de;)

we deduce
Idell7z) = ZHP )(dea)172(q) +ZIIPl u)(dea) 720
a=1
= ||edel|7: >+§:IIPL u)(dea)|2(q) - (4.23)

a=1

Since d(P+(u)e,) = 0, we obtain

n

> 1P (u)(dea) 720

a=1

> ldP () (ea)lF2q)

< Py lldulZeq) (4.24)
and (4.23) and (4.24) together imply that

A

Ide|Z2(q) < |l fedel7aq) + 1Pl ldull 2 q)
which is (4.12). O
Remark 4.1.5 We see that the above proof of equation (4.10) repro-

duces that of Noether’s theorem (theorem 1.5.1) with the symmetry group
SO(n). This explains why (4.10) is a conservation law.

Lemma 4.1.6 Let N be a compact submanifold without boundary, C?
embedded in RN . Let B? be the unit ball in R? and v a map in H* (B2, N).
There exists a constant v depending only on N such that if

||du||%2(32) <, (4.25)

then we can construct a finite energy Coulomb orthonormal frame for u
(i.e. a harmonic section of u*F).
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Proof This result is proved by essentially following the proof of lemma
5.1.4, of the next chapter. We leave it to the reader as an exercise. The
plan is as follows:

Step 1 We start by working with a map u € C?(B%,N) N H'(B?,N)
satisfying (4.25). Since u is smooth and B? is contractible, it is possible
to construct a section € of u*F (where F is the bundle of orthonormal
tangent frames on N) belonging to C*(B?) N H!(B?).

We will work with € as a map in H*(B?, M(n x N,R)).

Step 2 We let e(z) = €(z)R(z), where R € H'(B?,50(n)), and we

minimize F(R) = || tede||%2(32) asin lemma 4.1.3. In this way we obtain
a Coulomb frame which we still denote by e(z) = (e1(z),...,en(2)).

Thanks to equation (4.10), there exist maps A% in H'(B?) such that

DAY HAb Oe Oe
a @) = —2 (== . 4.2
( dx * Oy ) << dy ’eb>’ <3x ’eb>) (4.26)

A direct calculation then yields

N
—AAY = {ek ef} in B? (4.27)
k=1

and the boundary condition in (4.10) implies that we may choose

Ab =0 on 9B (4.28)

Using theorem 3.1.2, we deduce from (4.27) and (4.28) that there
exists a universal constant C; such that

[dA[|72 g2y = Z ”dAg”%P(B?) < Cil|de| 122 - (4.29)

4,g=1

Step 3 We put together inequality (4.12) of lemma 4.1.3, i.e.

||d€\|%2(32) < HdA”QL?(B?) + C2HdUH%2(B2)

with inequality (4.29). This yields

Cit* —t+ Calldul[F2(p2y > 0, (4.30)
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where ¢ = ||de||7 ). We remark that if

dullZ2(p2) < 70 := (4C1C2) 7,

then the polynomial in (4.30) would take negative values in a neighbor-
hood of t = (2C1) ™!, and hence Hde||2LQ(Bz) cannot approach this value.

Step 4 We go over the previous steps once again, but this time over balls
of variable size B2, 0 < r < 1. We show that HderH%z(Br) is a continuous
function of r, and that if (4.25) is true, then ||de, ||2L2( 5, cannot approach
t = (2C1)~!. By a continuity argument we deduce that

ldel[Z2(p2y < (2C1) 7

Step 5 We use a result of [145]: the set C2(B?, ) is dense in H!(B2, N),
and applying the previous steps to a sequence uy, in C%(B?, ') approach-
ing u in H'(B? N), we construct a sequence of bounded energy har-
monic sections u;F. Passing to the limit we obtain our result. |

The following result will specify what is the gain of regularity obtained
by using a Coulomb frame in dimension 2. Here we will encounter once
more compensation phenomena for Jacobian determinants, as well as
Hardy and Lorentz spaces.

Lemma 4.1.7 Let N be a compact Riemannian manifold without bound-
ary, C* embedded in RN . Letu € H*(B?,N') and e be a Coulomb frame,
i.e. a section of u*F belonging to HY(B?), and satisfying (4.10). Then,
all the coefficients of 'ede belong to L(z’l)(Bz), Moreover, there exists a
constant C' such that

|| tede”i(zl)(Bz) < C||de||i2(32) . (431)
Furthermore, in the case where the frame e is obtained by minimiza-

tion, in the gauge orbit of a frame @ = €owu (see lemma 4.1.3), we have
the estimate

I edel|7 21 2y < Clldul| 22y - (4.32)
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Proof Inequality (4.32) is an immediate consequence of (4.31) and of
inequality (4.13) in lemma 4.1.3.

In order to prove (4.31) we introduce the quantities A® € H'(B?)
defined by (4.26). Using equations (4.27) and (4.28) satisfied by A%,
and applying theorem 3.4.1, we obtain that A2 € L(>1(B?) and

1dAGNT 20 g2y < ClideallZe(pey lldes||Fa (52 (4.33)

which, because of (4.26), immediately yields (4.31).
O

Proof of theorem 4.1.1 Let uw € H'(B?,N) be a weakly harmonic map.
We will apply lemma 4.1.6, and for this we need to assume that
[dullF2(p2y <70 -

If such is not the case, it suffices to place ourselves in a smaller ball, so
that this hypothesis is satisfied. Thus, we obtain a finite energy Coulomb
frame e for u (a section of u*F). Moreover, by lemma 4.1.7 we know
that ‘ede is in L(>Y(B?). Let

a® = % €q ) —1 % e for a=1 n
- 6I7 a aya b — Ly

a 861,

wy :<8z’ea> for a,b=1,...,n.

Writing

du = Z(du, €a)€q (4.34)

a=1
and using the relations
d*u =0, (4.35)
d(xdu) = d @d — @dm‘ = Audz A dy LT, N (4.36)

we obtain that
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0a*® =
5 :Zwbab7 (4.37)
b=1

where the real part of (4.37) corresponds to (4.36) and the imaginary
part to (4.35). Putting

o
o= eCnm,
a7l
0 wi wh
wi 0 ... Wl
w=| . . . € SO(n) ® C,
wl wy 0
we can also write (4.37) as
0
a—; = wa. (4.38)

The important fact to retain is that o € L?(B?,C™), and that, be-
cause of lemma 4.1.7 (and w = £ ( fee —l—iteg—g)), w e LY (B2, s0(n)®

C). Using this information we will study equation (4.38).

EXISTENCE OF SOLUTIONS OF (4.38) IN LS,
For any zy € B?, we choose a ball centered at zy and contained in B2,
B2 | such that

z0?

1
||“’|B§0 ey < 3Van
We will construct 3 € L>(B2 ,GL(n,C)), a solution of

z0?

0
£ =wf in BZ . (4.39)
We temporarily denote by w the function on R? = C that coincides

with w in Bzo, and takes the value 0 outside ng' We always have

||w||L(2,1) < ﬁ
We now define the linear operator T on L*°(C, M (n,C)) by
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T(8)(2) = /Vw((z)f(;}))dvlva

(we remark that T is the composition of two operators, the first one
being the convolution product by 7%27 the kernel of %, and the second
one being the product on the left by w).

Here we use the fact that LV (R?) and L(*>)(R?) are in duality
(see [158]), and that L is in L(**)(R?). This implies that 7 maps

™

L>(C, M (n,C)) continuously to itself, with the bound

1 1
Tl < o e ol < 5 (1.40)
Applying T to both sides of equation (4.39), we see that any solution
B of (4.39) should be a solution of

where H : C — M(n,C) is holomorphic. Using estimate (4.40), we
deduce, using a fixed point argument, that if H is in L*>°(C) (and in
particular if it is constant), equation (4.41) has a unique solution. We
choose H = 1, so that

[SSRN )

16 =ML~ < 3,
and [ takes values in the set of regular matrices, GL(n,C). Further-
more, it is clear that (3 is also a solution of (4.39).

Conclusion We use over B2, the solution 3 of (4.39) which we have just
constructed. We deduce from (4.38) that

2 (g0 = 7w wpa=0.

Hence 8~ '« is holomorphic in BEO, and, in particular, is locally bounded.
This yields that o € L (B?,C"), i.e. that u is locally Lipschitz. Using

loc

equation (1.65), we deduce that Au € L2 | and hence, by the Sobolev

loc?

embedding theorems (see [19]), this implies that u is C. All higher
regularity follows from theorem 1.5.1. |
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A VARIANT OF THE PROOF

It is possible to obtain this result using, instead of complex analysis, esti-
mates in Morrey—Campanato spaces (see section 3.5). These techniques
are more complicated but have the advantage of being more flexible
when we are interested in generalizing theorem 4.1.1 (as we will see in
section 4.2). The method proposed here is a simplification of the result
in [38].

Proof of theorem 4.1.1 (variant) The beginning is similar to the previous
proof: we construct a Coulomb frame e = (eq,...,e,). Then, we know
by lemma 4.1.7 that ‘ede is in LV (B?), and that | 'edel|p 1 g2y is
controlled by |/dul[z2(p2). Up to working on an even smaller ball, we
can always suppose that

€0
b

| tedeHL(2y1)(B2) < 1 (4.42)

where £y > 0 is a constant which will be chosen later.

Step 1 REWRITING
For each 29 € B? and r > 0 such that B?(zq,7) C B?, we decompose
each 1-form (du, e;) over B, := B?(zp,r) according to

Ou ow® v
oz’ Ox Oy

in B,, (4.43)
Ou . _ ow® n ov®
oy’ ) oy Oz
where v® = (u, e,), i.e.
—Av* = A{u,e,} in B,
{ % = 0 on 0B, . (4.44)

We deduce, by a simple calculation using (4.43), that ||du||%2(Br) =
||dU||2L2(BT) + ||dw||2L2(Br)-

Having in mind (4.44), we might feel like estimating dv® in LV (B,.),
using the results of chapter 3. We will proceed otherwise, rewriting
(4.44) as
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s BB ) o) 5 oo

b=a

Likewise, using the fact that u is weakly harmonic and (4.43), we have

e (a5 (o) (5 o

b=a

For convenience, we condense equations (4.45) and (4.46), using (4.43),

as
—AU = AdU in B, (4.47)

where U and A = (A%, AY) are defined by

1

v
v=| ", | er>,
w

w’n
_y0e 0 i 0e 4 0
A ox oy A — dy or
, Oe . Oe |’ , Oe , Oe
e— e— —fe— fe—
y ox or dy

Pause IDEA OF THE PROOF

We will look for Morrey—Campanato-type estimates for U in a well-
chosen norm. The information we will use will be the fact that U is in
L*(B,) and A has its coefficients in L(>Y)(B,.), with the estimate

Al Len (s, < <o, (4.48)

thanks to (4.42). The idea is to treat equation (4.47) as a perturbation
of —AU = 0. In order to do so, we decompose U as

U=Uy+Uy,

where
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—AUO =0 in BT
{ Uy=U on 0B,, (4.49)
and
—AU; = AdU in B,
{ U =0 on 0B,. (4.50)

A second idea will be to work with the L(*°°) norm. The reason for
this is that because the r.h.s.of (4.47) belongs to L', we will (unfortu-
nately) not have an estimate of dU in L? (see theorem 3.3.6).

Step 2 ESTIMATE FOR U
Choose a € (0, 1] and apply lemma 3.3.13 to Uy, with p = 2 and ¢ = +o0.
We obtain that for each constant - such that 0 < v < %, there exists a
constant C'(7), such that

AU 200 B4,y < C)QT || AU ||, - (4.51)

It will suffice in what follows to choose, for instance, v = %

Step 8 ESTIMATE FOR Uj
We will use the fact that the r.h.s. of equation (4.50) is in L'(B,), to-
gether with theorem 3.3.6, to estimate dU; in L(2°°):

10U a2,y < ClAU 215, (4.52)
(Br)

But instead of using the inequality ||AdU||Lr < ||A||rz]|dU]| L2, we will
take advantage of the fact that L(21) and L(2°°) are in duality:

[AdU|L1(5,) < [ AllLen(s,)

dU || 2. (B,)- (4.53)
Then, it follows from (4.52), (4.53) and (4.48) that

1dUL [ @) B,y < CeolldU]| L) (p,)- (4.54)

Step 4 CONCLUSION
We put together estimates (4.51) and (4.54). They imply that

AU Lo By < (Ceo + C(y)a)||dU| L@ (s,)-
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It remains only to choose ¢y and « sufficiently small for 6 := Ceg +
C(v)a” to be strictly smaller than 1. By an argument analogous to that
of lemma 3.5.11, we deduce that there is a constant C' such that

14U || p2oor () < Crrloie, (4.55)

Then, using the estimate

"
|dU | o5,y < Cr 7 (|ldU || s (5,

valid for all 1 <p < 2 (see [95]), and the Sobolev—Poincaré inequality

1 g _2
(5 [ 10-va,i) <cr - javi

(for 1 < g < 32), we deduce from (4.55) that U belongs (locally) to

the Morrey—Campanato space L2 Hence, by theorem 3.5.10, U
is locally in CO’%. We remark that this reasoning is the same as that
used to conclude the proof of theorem 3.5.3. Using theorem 1.5.1, we
deduce our result. ]

Remark 4.1.8 Theorem 4.1.1 was extended to the case of weakly har-
monic maps on a surface M with boundary by Jie Qing ([132]).

Remark 4.1.9 (a heuristic justification for the use of Coulomb
frames) We can give two reasons why the use of Coulomb frames is well
adapted to the study of weakly harmonic maps. First, we may notice that
the essential difficulty of the problem is connected to the image mani-
fold being curved. The Riemannian curvature is precisely what measures
the lack of flatness. But, when we use Elie Cartan’s description of a
Riemannian manifold in terms of moving frames, the curvature is rep-
resented by a 2-form with coefficients in the Lie algebra so(n). Hence, if
we put ourselves in the place of a map u from B? to the manifold (which
may require a certain effort), the curvature effects are felt through the
pull-back by u of this curvature form, which is essentially a combination
of order 2 minors of the Jacobian matriz. But then, Wente’s theorem
tells us that this type of non-linearity is not very bad. A second reason
is the difficulty in taking advantage of the Euler equation Au L T, N.
Recall that it is an equation in the sense of distributions which needs
to be tested with functions ¢ in H}(Q,RN) N L>°(Q,RY). But we may
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as well suppose ¢ to be smooth. Moreover, if we see things on a very
small scale, we can finally think of ¢ as being a constant: then u can
have a violent behavior, without our being able to measure it using ¢.
We are in the situation of the “Young man intrigued by the theft of the
non-euclidean fly” (a drawing by Max Ernst): the mean displacement of
the fly in one direction is nearly null but, nevertheless, it moves a lot.
It is thus necessary to be able to follow the map w in all its movements,
even if it tries to escape. We have seen two procedures to achieve this:
when N is symmetric, the function ¢ that should be used is given by
composing a Killing vector field on N with u; in the general case, the
test function is constructed using a Coulomb frame.

4.2 Generalizations in dimension 2

The result of the previous section has been extended to other 2-dimensio-
nal variational problems for which the Lagrangian is a quadratic function
of the gradient. One possibility is, for instance, to consider that the
metric over the image manifold depends on both the domain and the
image variables, i.e.that we look at maps from B? (to simplify) to a
manifold A, which are critical points of

where ¢®%(z,u(z)) is a positive definite symmetric bilinear form on
Ty-yN. We can think of such maps as (weakly harmonic) sections of a
fiber bundle over B? or any other surface. This problem was studied by
Gilles Carbou [28], who proved the regularity of the critical points of F'
in the case where ¢®%(z,u(z)) = g(z,u(2))6*%. Another example of a
problem is to study the maps u in H'(B?, N') which are critical points

of the functional
/ [du? + w(u) Ou Ou dxd
B2\ 2 Oz’ Oy 4

2
= / |d;| dmdy—i—/ uw, (4.56)
B2 B2

where w is a 2-form on /. We will suppose that A is a C? submanifold
of RN, and that we extended w to a C? 2-form on RY. A calculation
of the first variation of E,, yields, for any function ¢ € H}(B% RM) N
L>(B2,RY) such that (¢, u) =0 a.e.,

E, (u)
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SEw(0) = [

Q

(<d¢,du> + dw (¢>, %, ?;)) dzdy. (4.57)

Consequently, the critical points of E,, are distributional (weak) solu-
tions of

—Au+F LT,N, (4.58)

where F is the map from B? to R such that F(z) € T,,(;)\ a.e.and

(4.59)

YV € TLN, (V,F(2)) = dw(u) (v, Ou a“) .

oz’ dy

We remark that in the case where A is 3-dimensional, dw may be
written as dw = 2Hdvol, where dvol is the volume form on N and H is
a Lipschitz function on N. We have already seen this type of equation
in chapter 2, for simple cases (N = R™): this equation is connected to
prescribed mean curvature surfaces because if u is a conformal immersion
satisfying (4.58), then the image of u will have a mean curvature equal
to H(u) (see [78]).

We will prove the following result, due to Philippe Choné, which gen-
eralizes a previous result due to Fabrice Bethuel [9].

Theorem 4.2.1 [38] Suppose that w is a C* 2-form on RY | and that N
is a C?> compact submanifold of RN with no boundary. Then, any map
u € HY(B% N), which is a weak solution of solution (4.58), is smooth.

Proof We start in the same way as in the proof of theorem 4.1.1. Using
lemma 4.1.6 we construct a Coulomb frame e over B? (up to replacing
B? by a smaller ball in order to have ||dUH2L2(32) < 7). Then, using

lemma 4.1.7, we deduce that ‘ede is bounded in LY. Up to changing
once more the size of the ball, we will suppose, once and for all, that

H t6d6||L(2,1)(BZ), ||d(3HL2(BQ)7 HduHL2(32) S €0 (460)

where ¢ will be chosen later.

Step 1 Using Cartesian coordinates y',...,7y" on RV, we may write
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w= Y wi(y)dy’ Ady,

1<i<j<N

and

do= > (dw)ir(y)dy’ Ady’ Ady".

1<i<j<k<N

We introduce on B? the functions

(dw)izre(u(2))eq (), (4.61)

M=

Bi(z) =

k=1

fora=1,...,nandi,j=1,...,N, so that
(F,eq) = Z ij{ui,uj} for a=1,...,n.
1<i<j<N

We remark that since the (dw);;i are Lipschitz functions, and because
of (4.60), we have
||ngj||L2(BQ) < Cey. (4.62)
Having introduced the notation Bf; we can rewrite equation (4.58) as

—(Au,el)+ Y Bi{uul}=0,Va=1,...n (4.63)
1<i<j<N

Step 2 Let zg € B2 and r > 0 be such that B, := B?(z,r) is included
in B2. We decompose the forms (du, e,) over B, as

<8u > ow*  Ov®
a1 €a = A T a5

0 13) 0
. o (4.64)
@ . _ Ow* B ov®
oy’ ‘) Oy Ox’
where
N —_
v = Z ukel o (4.65)

and
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(2 N (o B (0 N 0
£ 8x7 b bs oz aya b bs ay

- Z B?j{ui,uj} in B,. (4.66)

1<i<j<N

We also decompose, for ] <a<nand1<j <N,

Z Bdu' = ds? + xdt! (4.67)
where
Z Bguly (4.68)
We deduce from (4.67) that
N .
> By{ut Wi} = Z{sj,uj} - Z<dt;,duﬂ>. (4.69)
1<i<j<N j=t

We remark that, by the definition of ¢{, hypothesis (4.60) implies

ldt5 | L (s, < Ccg, (4.70)

which implies, again using (4.60) and (4.67),

||d5?||L2(BT) < CEO. (4.71)

We may now condense the system of equations (4.65), (4.66) and
(4.69) in the form

~AU = (AdU) — {s ul + = <dT du) (4.72)

where

U:( Y ) A= (A", AY),

w
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, Oe . Oe , Oe , Oe
Cor oy ‘o ‘o
z _ Y — Y
A=l o oo | A= Coe o0 |
dy ox ox y
0n><N OnXN
g s sk 7 T t'} th |

__ 0SS du 9S8 du

We remark that, thanks to (4.64), the norms of dU and du are all
equivalent, i.e.Vp € (1,4+00),Vq € [1,400],Im, M >0

m||dU| w0 < |dullpe.a < M||dU| Le.ao-

Step 8 We decompose U as U = Uy + Uy + Us, where

—AU() = 0 in BT
Uy U on 0B,

{ —AU, (AdU) + 3(dT,du) in B,

Uy = 0 on 0B,
—AU, = -i{S,u} in B,
U, = 0 on 0B,.

We now estimate Uy, Uy and U, in L(2:°°).

(i) Using lemma 3.3.13 with Uy, p = 2, ¢ = 400 and v € (0,1), we
obtain

[dUo|[ 200 B,y < C(V)QT|dU | L2200 (B,.) (4.73)

for all a € (0,1).
(ii) Using (4.60) and the duality between L) and L(>°°) we have
(A, dU) || L1 (B,

Al Lo (B 14U Lez.20) (5,

<
< C&Q”dUHL(z,oo)(BT),

and by (4.70)
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[{dT, du)||L1(B,) [dT|| L (B, ldul| o) (B,

<
S C€0||du||L(2,oo>(Br).

These two inequalities yield, using theorem 3.3.6,

AU @0 B,y < CeolldU]| Lz (5,)- (4.74)

(iii) Finally, to deduce from the equation on Us an estimate for dUs,
we use theorem 3.4.5 to obtain

[dU2][ L2001 (B,) |dUz||L2(B,)
ClldS|L2sylldull e (s,

Ceolldul| o) (B,)- (4.75)

ININ A

Step 4 We put together inequalities (4.73), (4.74) and (4.75) to obtain
that for every 6 € (0,1), we may choose €¢ and « sufficiently small in
order to have

dU|| L) (B,,) < OldU| Lo (B,)-

Then we can finish the proof as in the variant of the proof of theorem
4.1.1. O

This result is a step towards the proof of the following conjecture due to
Stefan Hildebrandt: in dimension 2, the maps in H! which are critical
points of a functional which is invariant under conformal transformation,
are smooth. We recall that every functional which is invariant under
conformal transformation on a domain € in R? is of the form

E(u):/QL(u, du)dzdy,

where it is reasonable to suppose that L is a C! function and satisfies

Z% 9L + %81/ — 9L
- axa% aya%lg

s oL acon
~oroty oyl "
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(See [88] for more details on this class of variational problems.)

4.3 Regularity results in arbitrary dimension

In this section we present a result due to Fabrice Bethuel which general-
izes the theorem of L.C. Evans (3.5.1) to the case of stationary harmonic
maps with values in arbitrary manifolds. A part of the procedure is es-
sentially the same, but the lack of symmetry makes the problem more
complex and we need to use Coulomb frames like those introduced for
theorem 4.1.1.

Theorem 4.3.1 [10] Let Q be an open domain in an m-dimensional
Riemannian manifold (M, g), and let N be a compact Riemannian sub-
manifold, isometrically embedded in a C° way into (RN, {(.,.)). We as-
sume g to be C%. Letu € HY(Q,N') be a weakly stationary map. Then,
there exists a closed subset S of 1, whose (m—2)-dimensional Hausdorff
measure is zero, and such that u is C* in Q\S.

Remark 4.3.2 In the case where it is possible to construct an orthonor-
mal tangent frame field on N, it suffices to suppose N to be C? for the
result to be valid. Moreover, depending on the reqularity of (M, g) and
of N, the reqularity of u outside S may be improved (see theorem 1.5.1).

For simplicity, we will just prove this result for the case where Q is
an open subset of R™. Part of the proof of this result is identical to
that of theorem 3.5.1: it consists of the arguments used for deducing
theorem 3.5.1 from theorem 3.5.3. We will not repeat this part and will
concentrate on proving the following (analogous to theorem 3.5.3).

Theorem 4.3.3 With the same hypotheses as in theorem 4.3.1, there
exists € > 0 such that if for x € Q and R > 0,

Egar(u) < €, (4.76)
then u is Holder continuous in a neighborhood of x.

Recall that if B(z,r) C §, we write

1
Epr=—- / |du|*da.
rm B(z,r)
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As in theorem 3.5.1, the hypothesis of u being Noether harmonic is used
only in order to have the monotonicity formula

By (u) < Ey oy (u), Yr1 <72, (4.77)

proved in lemma 3.5.4.
We will use the following quantity: for zo € ©Q, r > 0 such that
B(zg,7) C Q,

1
M(xo,m—sup{ 1 / dul dy|B<x,p>cB<xo,r>}.
p B(z,p)

Notice that, by the Poincaré—Sobolev inequality, M (xg,r) bounds the
BMO norm of u in B(zg,r). But the quantity M (zo,r) is itself con-
trolled by Ey, 2r(u), since by the Cauchy—Schwarz inequality,

1 C’ 1/2
S [ < (o5 [ Jaupay
pm B(z,p) P B(z,p)

= C(Bup(u)"?.

And, because of (4.77), and the fact that B(xg,2r) C Q,

Ew,p(u) < Ez,p-i-r(u) < 2m_2Ewo,2r(“)v

and thus, by the definition of M (zo,r),

M (20,7) < C (Egyor(u))? < 400. (4.78)

Theorem 4.3.3 follows from:

Theorem 4.3.4 Under the hypotheses of theorem 4.3.1, there exist € >
0,0 € (0,1) and 7 < 1 such that if B(y,2r) C Q and

By or(u) <2277, (4.79)

then
M(y,7r) < OM(y,r). (4.80)

How DOES THEOREM 4.3.3 FOLLOW FROM THEOREM 4.3.47

Let z € 2, and choose R > 0 such that B(z,4R) C Q and

EmAR(’LL) S 62.
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Then an elementary calculation yields that for all y € B(x, 2R), we have
that B(y,2R) C © and

Eyor(u) < 2m_2Em$4R(u) < 9mT2¢2,
Using the monotonicity formula (4.77), we deduce that Vr € (0, R),
Eyor(u) < Byop(u) < 2M 26 (4.81)
Applying theorem 4.3.4 we deduce from (4.81) that 37 € (0,1/2),
30 € (0,1), ¥r € (0, R),
My, mr) < OM(y,r).

By a reasoning identical to that of lemma 3.5.11, this implies that Vr €
(0, R),

log 6

r

(7) "7 M(y, R). (4.82)

M <
(y’ r) — R

S

In particular,

1 log 6

T\ Tog
— |du| dz < C | = M(y, R).
rmet /B@,,r) (R)

Using the Poincaré-Sobolev inequality, we deduce the following inequal-
ity, valid for all y € B(z,2R), r € (0,R), and 1 < ¢ < -

m—1

1
1 ! log 0
7m/ lu—uyr|?] < Crisr.
T JBy,r)

This means that the restriction u|p(, 2r) belongs to the Morrey—Campa-

nato space L (B(z,2R)), where A = m + qiggf and 1 < ¢ < 4. By

theorem 3.5.10, we deduce that u is COTEF in B(z,2R). We conclude
using theorem 1.5.1.

HODGE DECOMPOSITION OF DIFFERENTIAL FORMS

Recall that for weakly harmonic maps on surfaces, in the variant of the
proof of theorem 4.2.1, we used the Hodge decomposition

Ou . _ Ow* Ot
oy’ ) ox Oy

ou N _ o o
or ) = Oy Oz’

(4.83)
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Note that Hodge decomposition arguments can also be used for proving
theorem 2.6.4 without using Wente’s lemma or Hardy spaces. This was
actually the original method used in [83] for proving theorem 2.6.4, and
in [84] where theorem 2.6.4 was generalized to weakly harmonic maps
into homogeneous manifolds.

In the proof of theorem 4.3.4, we will be led to consider the generaliza-
tion of this decomposition to arbitrary dimension. We start by noticing
that, using the language of differential forms, (4.83) may be written as

(du,eq) = dw® + *xdv?,

where xdv® = *(%L;dx + ‘Zli;dy) = —%Lyada: + %L;dy. We will work with
this formalism. A general definition of the Hodge * operator is the fol-
lowing.

Definition 4.3.5 For 0 < k < m, we denote by AFR™ the vector space
of skew-symmetric multilinear forms on R™. The Hodge * operator is
the unique linear operator from AFR™ to A FR™ such that

(i) *1 =da' A ... Ada™
(ii) Vo, B € A*R™, a A (x8) = B A (xa) = (a, B)dzt A ... Adz™.

We also use the following notation: if ¢ belongs to L?(R™, AKR™),
5 = (=)™t s dx ¢

(6 is the adjoint of d for the scalar product in L2(R™, A¥KR™)).
A generalized version of (4.83) is:

Lemma 4.3.6 Let ¢ € L>(R™, A'R™) be a differential 1-form with co-
efficients in L*(R™). Then, there exists a unique function w € L* (R™)
and a unique 2-form v € L (R™, A’R™) (where 2* := 2m) such that

¢ =dw+ v (4.84)

dv =0. (4.85)

Furthermore, if we write v = Y7, <5<, Vapdz® A dzP, then dw and
dvag belong to L?(R™) and we have the estimate

[1(w, vag)|[72+ + [ld(w, vap)llZ> < CllgllZ-- (4.86)
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Remark 4.3.7 We will define
L3(R™):={f € L* | df € L*(R™)}.

This space is the closure of C3°(R™) for the seminorm ||df ||z (Gagliardo—
Nirenberg—Sobolev inequality, see [19]). The restriction of a function in
this space to any open bounded subset of R™ belongs to H'.

Proof of lemma 4.3.6 Recall that for any B € L2(R™, A*R™), a differ-
ential k-form, if

B = Z Boa...akdl'oq /\.../\dl’ak7

1I<ai<...<ap<m

then

(d + 6d)B = — S ABayagda® A Ade®E,

1< <...<ap<m

which justifies the following notation which we will use below:

—Ag = (6d + d(s)lL?(an#AkRm).
We look at relation (4.84): ¢ = dw + dv. Applying & we obtain

Zai in R™. (4.87)

If we impose the condition w € L%’ (R™), this implies the uniqueness
of w. The existence of w may be proved by minimizing in L?(R™) the

functional
[ 1t - opas
]Rm

(exercise!) We also have the inequality

|ldw||F2@my < (16172 @m)»

and using the Gagliardo—Nirenberg—Sobolev inequality, we deduce the
upper bound for [[w]|2+ gmy given by (4.86). Likewise, applying the
operator d to equation (4.84), and using (4.85), we obtain

—Agv =d¢ in R™, (4.88)
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or equivalently,

¢ 9¢a

Or>  0zP’

The existence, uniqueness and estimates for v in L?(R™, A2R™) are ob-

—A’Ualg =

tained as for w.

To conclude, let us check that we answered the question correctly: is
relation (4.84) satisfied? To see this, it suffices to notice that the 1-form
¢ — dw — dv is harmonic and has coefficients in L3(R™), and thus is
identically zero. Ul

Proof of theorem 4.3.4
STRATEGY OF THE PROOF

Choose a point y in €2, and a real r > 0, such that B(y,2r) C  and

By op(u) <2277, (4.89)

where € will be chosen later. We start by deducing from (4.89) and the
monotonicity formula, that for any ball B(z, p) contained in B(y,r),

E, ,(u) < 2" 2B, 5, (u) < €. (4.90)
The aim is, for a well-chosen real 7 € (0, %), to estimate M (y, Tr) using
M (y,r). Attending to the definition of M (y, 7r), this involves estimating
1
(Tp> B(z,mp)

using M (y, ), for each z and p such that B(z,7p) C B(y, 7r). We notice
that then B(z,p) C B(y,r) and hence (by definition)

M(z,p) < M(y,7). (4.91)

Thus, it suffices to prove the intermediate estimate

b
(roy =

We will then be able to conclude as follows: (4.91) and (4.92) imply
that

/ |du|dz < OM (z, p). (4.92)
B(z,7p)
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_
(o)

Taking the upper bound of the L.h.s. of this inequality, we obtain inequal-
ity (4.80):

/ |duldx < M (y,r), VB(z,7p) C B(y,r).
B(z,7p)

My, 7r) < OM(y,r).

We will now work over B(z, p), in order to prove (4.92).

Step 1 REWRITING THE EQUATION

Using lemmas 4.1.2 and 4.1.3, we construct a Coulomb frame e =
(e1,...,em), a section of the bundle u*F over B(z,p). We then know
that

ldell72 (52 < ClldullF2(p(z,py)- (4.93)
We use lemma 4.3.6 with the 1-forms

¢a = <d[<(u - uzm)]’ €a>,

where ¢ € C°(R™) is a function with support contained in B(z, 22 ),
taking the value 1 on B(z, ) and whose gradient is bounded by C’p ,
and u, , is the mean value of u over B(z, p). This yields

(d[C(u —uz,p)], €q) = dw® + 6v°. (4.94)

We remark that in R™,

092
- - Z ore’

which implies that in B(z, §) (using the fact that u is weakly harmonic)

dz’ dxe

—Aut = gﬁxa<8xa’ >
>

Ou Oe, >
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- _Zz<axa <8;Z,eb>,eb>. (4.95)

a=1b=1

We now use the fact that e is a Coulomb frame. This means that
§{deq,ep) = 0, for all a and b, and hence there exist 2-forms A% €
HY(B(z,p), A2R™), such that

(deq,ep) = —0AL. (4.96)
Moreover, we may choose A in such a way that

HAZHHl(B(z ) = CHd@HL2(B(z p) = CHdUHL2(B(z ) (4.97)

Putting A% = Y l<a<p<m Amﬂdx Adz?, relation (4.96) can be writ-
ten as

m m 6
(deq, ep) = Z ( 8(13[3) daP.
a=1

B=1
Substituting this expression into (4.95), we obtain that in B(z, §)

—Aw*®

I
|
NE
NE
]
—
Q
Tl
ms?
\/

(4.98)

I
T~
—
I
s
Q o
Q

@

—
Q

oy
[
o
<

of 0Og af o
where {f’g}aﬁ c%cf“ oz8 ﬁaz%

Likewise, we may obtain an elliptic equation for v*: applying the op-
erator d to (4.94) (and using dv® = 0), we see that in R™

— Z Avg gdz® A dr’ = —Av® = d{eq,d(C(u— Uz,p)))
1<a<B<m
= > e lu—usp)lapde® Ada”. (4.99)
1<a<pB<m

Finally, we decompose w® in B(z, §) as follows:

w® = w§ + wf in B(z, g) (4.100)

and
Awg =0in B(z, g),
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and

w{ =0 on dB(z, g)

And, using (4.94), we have in B(z, §)

jdul < Y | [dwg| + dwi|+ > |dvag] | - (4.101)

a=1 1<a<B<m

Step 2 ESTIMATE FOR dugg

We remark that here it is possible to estimate E, ,(vg ;) using M(z, p),
which is stronger than what we need. In order to achieve this, it suffices
to multiply equation (4.99) by vg 5, and to integrate over R™. However,
a difficulty shows up (already found in theorem 3.5.8) when trying to
give a meaning to

A {ea, ((u = uz,p) Yapvggd.

It is relevant to recall that if f,g,h € L}(R™), then [p,.{f,g}aphdx
generally does not have a meaning, unless m = 2. On the other hand,
if h belongs to BMO(R™) (instead of L™ (R™)), the Fefferman—Stein
theorem enables us to interpret this integral as a duality product between
Hardy and BMO. As a matter of fact, we can do better:

Lemma 4.3.8 If f,g,h € L3(R™), and if one of these functions, for
instance h, belongs to BMO(R™), then we can give a meaning to the
quantities

/ {f>g}a,6hd$=/ {h,f}a,ggdcv:/ {g,h}apfdz, (4.102)
Rm Rm Rm

and, furthermore, we have the estimate

[ 5t
R?n

< Clldf || 2|ldgl| 2|l Brro- (4.103)

Proof Inequality (4.103) is essentially a consequence of theorem 3.2.3
and the Fefferman-Stein H!(R™) — BMO(R™) duality theorem (we re-
mark that there is a direct proof of (4.103) without passing through
Hardy space, due to Sagun Chanillo [32]). The proof of (4.102) is
straightforward in case f,g,h belong to C°(R™). Using this identity
in the smooth case and estimate (4.103), we may define the integrals in
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(4.102) using precisely this relation as definition, and using the density
of C2°(R™) in L(R™). O

BACK TO STEP 2
After these precautions, we deduce from (4.99) that

A |dvgﬁ|2d$ - / {ea7 — Uy P)}aﬂvaﬁd‘x

Clldvagl\m ey |ldeallL2 (B2, 16 (w = vz )| BMO-
(4.104)

IN

By estimate (4.86) in lemma 4.3.6,
||dvaﬂ||L2 ®m) = Clld(¢(u - Uz,p))”%?(mm)
<

C| |du| |%2(B(z,p))'

Likewise, (4.93) yields an analogous estimate for Hdea||i2(3(z’p)). Using
(4.90), we deduce that
ldvd sl L2rmlldeal| L2 (B(2,p)) < Cp™ 262 (4.105)

It remains to estimate ((u — u. ,) in BMO. We leave it to the reader
to show that

1C(u = u. p)||Baro < CM (2, p). (4.106)

The proof is essentially the same as step 4 of the proof of theorem 3.5.8
(i.e.lemma 3.5.13).
We deduce from (4.104), (4.105) and (4.106) that

[ v ds < cpmearep),
which implies, by the Cauchy—Schwarz inequality,

1
pmfl

/ |dvggldz < CeM (2, p). (4.107)
B(z,p)

Step 3 ESTIMATE FOR dw{
We deduce from (4.95) and (4.100) that w{ is a solution of

_Aw% = Zl§a<ﬁ§m ZZ:1<{U7AZQ5}aﬁaeb> in B(Z7 %)
wy = 0 on 0B(z,%).
(4.108)
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The situation is more delicate than before. In fact, if we multiply (4.108)
by v and integrate by parts over B(z, §), we obtain

/ dutdp) = Y Z / ({1, A g ben)dr. (4.109)
B(z,5) 1<a<f<m b=1
It would be pleasant to choose ¥ = w{, but unfortunately this is not
possible. In fact, we cannot show that the product wfe;, belongs to H*
(unless for instance w¢ is bounded in L*°).

To get around this difficulty, we will take as ¢ a function which is
more regular than w§: it will be the solution of

{M; = div (W al) in B(z, §) (4.110)
w — 0 on ]Rm\B(Z»g)

Since “I is uniformly bounded in L, classic elliptic estimates (see

\V
[69], [155]) imply that 9 belongs to all W4 spaces, for 1 < ¢ < +o0,
and hence in particular ¢ € L>(R™) N H!(R™), with the estimates

[l|z~ < Cp, (4.111)

||dyp||p> < Cp. (4.112)

A consequence of this is that, since e, € H'(B(z, p)) N L>=(B(z, p)), the
product e, belongs to H'(R™) (we extend it by 0 outside B(z, §)), and

ld(Pep)||L2@m) < |9l|lldes]|L2(B(z.0)) + 1A L2-
Using (4.90) and (4.93), we obtain

lde]|72(p(z py) < Clldul[T2(p () < C?p™ 2.

Hence we conclude, using (4.111) and (4.112), that

ld(¥ep)l[Z22@my < Cp™ (4.113)

We may now come back to (4.109): we replace u by (u—u,,)¢ (which is
bounded in BMO) in the integral on the Lh.s. and we use lemma 4.3.8.
This yields
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/B(z,g)<dw(f’dw> Z Z/ {C(u—uz,p), CAaag}am/ﬂibdz

1<a<fB<m b=1
(4.114)

As in the previous step, we deduce that

IN

ClI¢(u = uz p)l Barolld(CAL o) L2 ]| d(vep) || L2
< Cep™ ' M(z,p),

[ tautan
B(z,5)

using (4.90), (4.97), (4.106) and (4.113).

On the other hand, we show, by integrating by parts and using (4.110),
that the integral on the lL.h.s.of (4.114) equals fB(z 2) |dw§]. Thus, we
>’
conclude that

L
72

1
— / |[dwf| < CeM (z, p). (4.115)
P B(z,%)
Step 4 ESTIMATE FOR dw§
Since we have almost everywhere
ldwg| < [dwt| + |dw®| < |dwi| + C(|du| + |dvgs)),
we deduce from (4.107) and (4.115) that

1 a
=g gl < CM G )
)

Using the fact that w§ is harmonic and lemma 3.3.13, we see that V7 €
(0, 3),
1

D dwg| < CTM(z,p). 4.116
T il < OTM Gz p) (4116)

Step 5 CONCLUSION
From (4.107), (4.115) and (4.116), it follows that

1

—_— du| < Ce+T1)M(z,p),
(Tp)M71 /B(z Tp)l | ( ) ( )

and choosing € and 7 sufficiently small, we obtain (4.92). ]
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4.4 Conservation laws for harmonic maps without symmetry

We come back to an analysis problem already treated in chapter 2: that
of weak compactness of weakly harmonic maps, i.e. that of determining
whether the limit in the weak topology of H'(M,N) of a sequence of
weakly harmonic maps is still weakly harmonic. In view of the positive
result obtained in chapter 2 (theorem 2.5.1) for S™-valued maps, we
have the right to be optimistic, and to think, for instance, that the use
of moving frames might solve the problem. Unfortunately, this problem
still remains open for the moment.

In the case where the image manifold is arbitrary, the only thing we
can do is to “pass to the limit” for sequences of solutions defined on sur-
faces. In fact, when the domain is 2-dimensional, we know from theorem
4.1.1 that every weak solution is smooth. Going over the proof of this
result, we see that we can obtain estimates in norms that are stronger
than H'! (for instance H?) for sequences of weak solutions, wherever the
energy density does not concentrate excessively (see, for instance, [132]
to see how such estimates can be obtained). On the other hand, we
can show that the energy density does not concentrate in the domain €2,
except maybe over a subset X which is a finite union of points. Thus, we
can deduce that there is strong convergence outside X, and hence that
the limit is harmonic outside ¥. Using a result in [141], we conclude
that the limit is harmonic everywhere (see also [11]).

Recently, a result was obtained for the wave equation on a surface,
with values in a manifold, by A. Freire, S. Miiller and M. Struwe. The
proof relies on the use of Coulomb frames, the duality between Hardy
and BMO spaces as in the regularity results of L.C. Evans and F.
Bethuel, and a detailed analysis of the concentration locus for the energy
density.

Theorem 4.4.1 [61] Let N be a C® submanifold, embedded in (RN, (., .)).
We also consider the Minkowski space R x R? = {(t,z,y) € R3}, over
which we define the d’Alembertian

Let u,, be a sequence of maps in L} (R x R* N), such that agt” , 65‘;' ,

%Ly" belong to L>=(R, L?(R2,RY)). We suppose that for any n, u, is a
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solution of

Ou, L Ty, N in D'(R x R?). (4.117)
We denote the total energy by

2
E(u(t)) = %/R ( ) dxdy,

and moreover, we suppose that the energy is uniformly bounded in time,
i.€.

ou

2 ou, |* |ou
S| +[5eo] +[5o

AEy such that Vit € R, Vn € N, E(uy(t)) < Fo. (4.118)

Finally, we suppose that

u, — u in L} (RxR2N) (4.119)
du, — du weak * in L™(R, L*(R%, RY)). '
Then w is still a weak solution of the wave equation
Ou L T,N in D'(R x R?). (4.120)

At this time, we do not know more.

Not being able to answer these questions, I will present a possible
strategy to tackle them. This is the purpose of section 4.4.1 below. The
idea, motivated by what we saw in chapter 2, is to try to construct con-
servation laws for harmonic maps, even when the image manifold is not
symmetric. This will naturally lead us to consider a class of new (open)
problems, which will be presented in section 4.4.2. These questions are
a generalization of the isometric embedding problem for Riemannian
manifolds, to know how to embed vector-bundle-valued covariant closed
differentials. In the special case of isometric embedding of surfaces, we
will propose in section 4.4.3 a variational approach. Finally, the aim
of section 4.4.4 is to suggest the existence of a particular structure for
harmonic maps of surfaces, which remains totally undiscovered.

4.4.1 Conservation laws

Let NV be a compact manifold without boundary, over which there is a
smooth orthonormal frame field € = (e, ..., €,). We may always assume
that this is the case thanks to lemma 4.1.2. We also suppose that A
is isometrically embedded in (R¥,(.,.)), and that for each point y € N/
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we can complete the family € to make an orthonormal basis of RY,
(e1,...,en), where (€,41,...,exn) is an orthonormal basis of the normal
space to TyN.

Let Q be an open subset of (M, g) (or, to simplify, of R™), u be an
H' map from Q to N, and define

eo(z) :=¢€40u(z), 1<a<N, (4.121)
a® = {du,e,), 1<a<n, (4.122)
wp = (dep,eq), 1<a,b<N. (4.123)

These quantities satisfy the structure equations

da® +winab =0, V1<a<n, (4.124)
wiNa® =0, VYn+1<a<N, (4.125)
dwp +wi Awp =0, V1<a,b<N (4.126)

(we agree that a® = 0if n+1<b < N) and

du = e a, (4.127)

where we sum over repeated indices.
If moreover u is weakly harmonic, we have the additional equations

0 = (d(xdu), ep) = d(xa®) + Wb A (%), V1 <b<n. (4.128)

This equation is analogous to the structure equation (4.124). A natural
problem is to try to see (4.128) as part of a system of compatibility
conditions to “integrate” the a’, just as (4.124), (4.125) and (4.126)
(Cartan equations) constitute the necessary (and sufficient) condition
for (4.127): (4.126) implies the existence of a solution e of de, = epw?,
and then (4.124) and (4.125) together imply that d(e,a®) = 0.

We should thus find N’ € N, and construct a map e* from € to the set
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of orthonormal frames in RN (which will be identified with SO(N")),
where N’ > n, such that

d(e(xa®)) = 0. (4.129)

This equation is equivalent to

n N’
b b
0 = Y lepdxa®) + ) ehwy® A (xa)
b=1 a=1

n n N’ n
= D er ldxa) + ) Wt Aad) [+ DY en Y wpt A (xa),
a=1 b=1

a=n+1 b=1

where

wp® = (deg, er).

Hence, (4.129) is also equivalent to the system

d(*xa®) + Zw{j“ A(*xa?) =0, Vi<a<n, (4.130)
b=1
Wit A (%) =0, VYn+1<a<N. (4.131)

Using (4.128), we see that (4.130) is satisfied if, for instance, wf® = wy,
for1 <a,b<n.

Problem 4.4.2 Given a weakly harmonic map v € H'(QL,N), and
e = eou, is it possible to find a map e* € H*(Q, SO(N')) such that if
we write

w;,a 1= (dej, €3),

the following conditions are satisfied:

wp=wp, if 1<a,b<n, (4.133)

Wy A(xa?) =0 if n+1<a<N'? (4.134)
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Remark 4.4.3 This problem is probably hard: apparently the difficulties
are similar to those encountered when constructing an isometric embed-
ding of a Riemannian manifold, with in addition very weak reqularity
hypotheses on the metric. It is not certain that it will always be possible
to make such a construction, with estimate (4.132). We will come back
to this point below.

Remark 4.4.4 We may always dream that we know how to solve this
problem. Let us then show how we can use it to deduce a weak-compactness
result for weakly harmonic maps.

Suppose § to be bounded. Let ui be a sequence of weakly harmonic
maps in HY(Q,N) such that
up — v weakly in H(Q,N). (4.135)
Let ex, = (ex1, .., ern) € HY(Q,SO(N)) with ek, = €4 0 uy and af =
(dug, ex,q). We have
||dek‘|L2(Q) < ||dU]gHL2(Q) <C. (4.136)

Now suppose that there exists a sequence e}, € H'(Q, SO(N")) with

l|def|| L2 ) < [ldukl|[r2@) < C, (4.137)
(e as €hp) = (deg,arerp), V1<a,b<n, (4.138)
Z(dez’a, erp) N(xaR) =0, VYn+1<a< N, (4.139)

b=1

i.e., that it is a solution of problem 4.4.2.

Using the compact embedding of H' () in L*(Q) and the Rellich—
Kondrakov theorem (see [19]), we deduce from (4.136) and (4.187) that,
up to extracting a subsequence k,

€hyar€hq — €ar€y weakly in H'(), (4.140)

€k,a, Cha — €ar €, N L*(Q). (4.141)
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Using also the fact that ey o and e} , are bounded in L>, we deduce the
following. (4.135) and (4.141) imply that

al = a® weakly in L*(Q),
and also
*xaf — xa® weakly in L*().

Moreover, using (4.141), we have

*afer . — *a’el weakly in L*(Q). (4.142)

On the other hand, using (4.138), (4.139) and the fact that u is weakly

harmonic, we deduce that

d(xaje; ,) =0 in D'(Q). (4.143)
Hence (4.142) and (4.143) yield

d(xa%es) =0 in D'(Q). (4.144)

Finally, we can pass to the limit in (4.138), using (4.140) and (4.141),
to obtain

(der,er) = (deq, ep), V1 < a,b < n. (4.145)

We just have to develop (4.144) to deduce, using (4.145), that

d(xa®) +wi A (xab) =0, V1 < a <n,

which means that u is weakly harmonic (see (4.128)).

Example 4.4.5 In case N' = S™~ !, problem 4.4.2 has an obvious solu-
tion given by N' = @, RN ~ so(n) and

g

€

€; X eg

(see problem 2.4.5).

We may formulate a little better the statement of problem 4.4.2, not
to simplify it, but to understand better its geometrical content. In doing
so, we will come across a series of problems which, in my opinion, have
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a geometrical interest by themselves.

4.4.2 Isometric embedding of vector-bundle-valued
differential forms

Let M be an m-dimensional manifold, and F be an n-dimensional vector
bundle over M (at each point z € M, the fiber, F,, is a vector space
isomorphic to R™). We denote by P : 7 — M the projection associated
to this bundle. We are given a metric A on F, i.e.a scalar product h,
on each F, (h, and F, depend smoothly on z). Moreover, we choose
a connection V on F, which is compatible with the metric h. (For an
introduction to fiber bundles see, for instance, [101] or [47]).

To be more explicit, we use local coordinates. Without loss of gener-
ality, we will thus restrict our attention to an open subset Q2 of M, on
which is defined a chart taking its values in an open subset of R™. If ()
has a trivial topology (which we will assume), we can find a trivializa-
tion of F over ), in the sense that if Fo := P~1(Q), then there exists
a diffeomorphism ®q between Fq and € x R™, such that the restric-
tion of ®q to each fiber F, is a vector space isometry from (F,, h;) to
(R™, (., .)).

Every section X of F (i.e.a map X from M to F such that Po X =
Id) is represented in this trivialization by a function X from Q to R”
such that

Vz e, ®o(X(z)) = (z,X(z)).

For instance, we consider the n sections of Fq Fn,..., E,, whose ex-
pressions in this trivialization are

1 0
~ 0 ~
E1: . ,“';En: ’
: 0
0 1

It is clear that for all z € Q, E(x) = (E1(z), ..., En(x)) constitutes an
orthonormal basis of F,.

The covariant derivative or connection V is known once we have spec-
ified the 1-forms w? such that

VE € TuM, VeE, = Ewl(). (4.146)
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These 1-forms, called connection 1-forms, satisfy

wg—l—wg =0, Vi<ab<n.
Thus, for any section X ="', X*E, of Fq,
VeX = B, dX(€) + Bl (6)X°, (4.147)
or equivalently,
(VeX)® = dX(€) + wi () X°. (4.148)

We also consider for each integer p between 0 and m the bundle AP M®
F of skew-symmetric p-forms on M, with coefficients in F. A point
in this bundle corresponds to specifying a point x in M and a skew-
symmetric p-linear form of T, M taking values in the vector space F,.
A section of this bundle is a differential p-form with coefficients in F.
We may thus define the covariant differential

dy : NP @ F — AP L @ F,

by letting

dvE, = Ey®, (4.149)

VX M — F, VB € APM, do(XB) = (dvX) A B+ XdB. (4.150)

In the trivialization over 2 we know, for instance, that for any section
X :Q — Fq,

(dvX) = E,dX® + By’ X = B, (dX* 4wl X"), (4.151)
dy odyX = E, Q8 X?, (4.152)

where Qf = dwj + wd A wy is the curvature form.
We are interested in the F-valued closed covariant p-forms. We start

with the case p = 1. A 1-form ¢ : M — A' ® F is said to be closed
covariant if

dyo = 0. (4.153)

Writing ¢ = E,¢%, where ¢* € A'M, equation (4.153) implies, using
(4.146),
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0= E,d¢" + dyE, A ¢* = E,(do® + wi A dg?). (4.154)

Therefore, we obtain the system

do® +wi A ¢ = 0. (4.155)

We remark that this system of equation is similar to that satisfied by the
Maurer—Cartan forms on a Riemannian manifold (see equation (4.124)).
This resemblance will be made more precise below.

Example 4.4.6 Let (N, h) be an n-dimensional Riemannian manifold,
and u: M — N be a differentiable map. Then the bundle

F=uTN ={(z,V) |z €M, V € T,(nxN'}

(pull-back of TN by u) is equipped with the metric u*h and the connec-
tion VeV = VZ(@V where V" is the Levi-Civita connection on (N, h).

We can then see ¢ = du as an F-valued 1-form. Moreover, ¢ is a
solution of (4.153). Using an orthonormal moving frame e = (eq, ..., ep,)
on N, and defining wy = u*(dey, eq) and a® = (du, e,), we remark that
these quantities are solutions of equation (4.154).

A natural question is to look for a converse to this example.

Problem 4.4.7 Let M be an m-dimensional manifold, F be an n-
dimensional vector bundle with metric h, and V be a covariant derivative
on F compatible with the metric. We suppose that ¢ is a closed covariant
F-valued differentiable p-form on M, and hence

dvé = 0. (4.156)
Find N € N and an embedding T of F into M xRY given by T'(z,X) =
(z, T (X)), where T, is a linear map from F, to RN, such that
(i) T is isometric, i.e. for every x € M, T, is an isometry.
(ii) If T(¢) is the image of ¢ by T, then
dT(¢) = 0. (4.157)

It is not superfluous to write a local version, using local coordinates,
of the above. Let (Ey,..., E,) be an orthonormal family of sections of
F, then

€1 = Tm(El),..., En = Tm(En)
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are an orthonormal family in R, for all z. We complete it to obtain an
orthonormal basis (ey, ..., ex) (depending on x) of RY. Then if

¢ = Eq0"
equation (4.157) means that
d(eq™) = 0. (4.158)
We write &f = (dey, e,) and develop (4.158). This yields

n N
D ealdd® + TN+ D eal@h A =0,
a=1 a=n+1

condition which, given (4.156), is satisfied if, for instance,

wy =y, V1 <a,b<mn, (4.159)

SIANG*=0,Vn+1<a<N. (4.160)

Thus, it is sufficient (and in generic cases also necessary) to solve the
following problem.

Problem 4.4.8 With the hypotheses of problem 4.4.7, find N € N, and
e: M — SO(N) (the set of positively oriented orthonormal frames of
RY ), such that

(deq,ep) =wl, V1<a,b<n, (4.161)

(dep,ea) N@® =0, VYn+1<a<N. (4.162)

Remark 4.4.9 We invite the reader to check that problem 4.4.2, related
to the construction of a conservation law for a harmonic map is — up to
reqularity questions — a particular case of problem 4.4.8, for p=m — 1.

Example 4.4.10 CASE m=n AND p=1

Suppose that ¢ is a sufficiently reqular (C3 is sufficient) section with
rank m everywhere. This means that for any point x of M, ¢ is an
isomorphism from T, M to F,. We can then construct a Riemannian
metric g on M by letting

g=1(¢)>=> ¢"®¢", where ¢ = E¢".

a=1

This metric is of class C3. Using the Nash—Moser theorem we see that
there exists an isometric embedding, u, of (M,g) into the Euclidean
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space (RN, (.,.)). For each x € M, we consider the basis of TyM,
= (f1, fm), dual to the basis (¢',...,¢™) of T M, i.e.

¢ (fo) = 0. (4.163)
Let
eq = du(f,). (4.164)

Clearly, f is an orthonormal basis of (T, M,g), and hence (eq,...,e,) is
an orthonormal family in RY. Moreover, we deduce from (4.163) and

(4.164) that
du = e, 0%,

and hence that d(e,¢®) = 0. Thus, we have found a map T satisfying
(4.157).

4.-4.3 A wvariational formulation for the case m =n =2 and
p=1

From example 4.4.10 above, we know that in case m = n = 2 and
p = 1, problem 4.4.7 consists essentially in isometrically embedding a
Riemannian surface. We also remark that the solution of this problem
enables us to produce conservation laws for harmonic maps of surfaces.
Below, 2 will denote an open subset of a surface M, F a plane-bundle
over M, and we consider an F-valued 1-form, such that

¢ = E1¢" + E>¢* in Q
is a solution of dy¢ = 0, i.e., over €,

{ d¢' +wing® = 0

de? +wiAngt = 0. (4.165)

We will study problem 4.4.7 supposing that N = 3. We consider the set
€ of maps from (2 to the set of positively oriented orthonormal frames
of R?® — which we identify with SO(3). Over £ we define the functional

Fle) = /Q¢1 A (des, e3) + (des, e1) A 62,

Since I do not have a clear idea on this subject, I will not specify
which topology should be used over £, and what follows is essentially
formal (notice that the H' topology might be suitable).
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Lemma 4.4.11 Let e € £ be a critical point of F. Then, we have

d¢1 + <d€2, €1> A (bQ = 0
d¢2 + <d€1, e2) A (bl = 0 (4.166)
¢)1 A <d63, €1> + ¢2 N <d€3, €2> = 0.

These equations formally imply that e is a solution of problem 4.4.7, i.e.

d(erpr + ea2) = 0.

Proof Tt consists of calculating the first variation of F. Let A = (A}) €
C° (€, s0(3)), and calculate the effect on F'(e) of a variation

er— ey = e.exp(tA) = e.(Id+ tA) + o(t).

This means that

eta = €q +tep. A +o(t). (4.167)

Write O = (dey, e,) and &f ), = (detp, €1,q). It follows from (4.167) that

W'y = Wy +t(dAy + g Ay — Azly) + o(t).

Substituting this expression into F'(e;), we obtain
Fle) = F(e)+t | diae? - 430"
+ t/QAé(qbl AL+ 6 AG2)
+A3(dg? + D2 A ¢1) + A2(do' + D A ¢%) + oft).
Thus,
SEEA) = [ AN+ oY)+ A3 + 3 1 )

+ AS(' A DY+ ¢* A D). (4.168)

And we see that e is a critical point of F' if and only if it satisfies
equations (4.166). U
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This variational formulation does not seem very convenient since we
might expect critical points of F' to be neither minimizing nor maximiz-
ing. A possible use for this variational structure is to try to use linking
or to construct a Floer theory (see [59]). A first step in this direction
consists of calculating the flow equation for F'.

To do so, we will suppose ¢ to be non-degenerate, i.e.for all x € M,
¢y TyM — F, is an isomorphism. We define on ) the metric g =
(¢)? = ¢! @ ¢! + ¢? @ ¢2, as in example 4.4.10. We also consider the
basis f = (f1, f2) of T, M, dual to (¢!, ¢?), which is orthonormal for g.

A solution of the flow equation for F will be a map defined on (a
subset of) {(z,t) € Q x R}, taking its values in SO(3), such that for any
t

sre) = [ (a805) 6! e (4.169)
Q ot
where (A4,0) = >, <3 AWy and &f = (dey, €q).

Lemma 4.4.12 ¢ is a solution of (4.169) if and only if

Bhg) = ~03(h) - B¥h)
Hg) = O - wh(fa) (1.170)
B(s) = BMA) - ().

Proof We leave the proof (using (4.169) and (4.168)) to the reader. [

We can also formulate equations (4.170) by introducing a map from €
to the Spin(3) group, the universal covering of SO(3) (which is also the
set of norm 1 quaternions). In order to do so, we will suppose € to be
simply connected.

We start by remarking that & = e~ !de satisfies

do+ONw =0,
which we may rewrite as
dg+0n0=0, (4.171)

where this time

9:

1 oy 02— ol
2

~1 > € su(2). (4.172)

/\2 ./\3 .
—W3; — Wy )



218 Harmonic maps without symmetry

Equation (4.171) implies that there is a map u :  x R — SU(2) such
that

du=u#. (4.173)

We introduce the matrices

1/0 -1 1/0 i 1/ —i 0
1_2(1 0>’J_2(¢0>’K_2< 0i>’

so that § = —©31 — ©3J — G1K. We check by a direct calculation that
(4.170) is equivalent to the following equation of “SU(2)-valued Dirac”
type,

—10u _

™ du( ), ) = [ du(f2) 1)+t =

wa (f)l +wy(f2)J . (4.174)

4.4.4 Hidden symmetries for harmonic maps on surfaces?

We come back to harmonic maps on surfaces. We saw in chapter 2
that when the image manifold N is symmetric, the set of symmetries
which act on harmonic maps on a surface is very big: apart from the
trivial symmetries (like the action of SO(n) on S"~1), there are also
the dressing action of the loop group of the manifold, and the action of
the circle. The quasi-algebraic description of the action of these groups
is an exceptional fact, which is characteristic of completely integrable
Hamiltonian systems. It is obvious that all this collapses if the symmetry
of A is broken. A naive question is: what happens to these symmetries?
We will see that something remains from the action of the circle. For the
moment, [ find it hard to identify what this residual symmetry is, and
to specify which is the right geometrical setting. We will limit ourselves
to examining two points of view, clearly incomplete, about this circle
action. I hope to convey to the reader a feeling for this phenomenon,
not being able to really explain it.

Remark 4.4.13 In example 4.4.6 above, we saw that to every map u
from a manifold M to a Riemannian manifold (N, h), we can associate
the bundle F = u*TN over M, which is naturally equipped with a metric
and a connection. Then, ¢ := du is an F-valued closed covariant 1-form.
Assume, in addition, that M is equipped with a metric g and that u is
a harmonic map. Then, we know that 1 := xdu (where x is the Hodge
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operator on (M, g)) is an F-valued closed covariant (m — 1) differential
form: this is exactly what equations (4.124) (& dvd = 0) and (4.128)
(& dvy = 0) tell us. In the case where M is 2-dimensional, it is
possible to use a conformal complex coordinate z = x + iy over M,
in which equations (4.124) and (4.128) may be condensed into a single
equation:

da§ +winab =0, VAeC*, (4.175)
where
0 0
af = )\_la“(a)dz + )\aa(g)di.

This form recalls the formulation given for harmonic maps between
a surface and a sphere in section 3.2. In particular, denoting by ¢) =
cos Ao + sin A\ the F-valued 1-form whose coordinate representation is
o, equation (4.175) is simply

dvox = 0.

Noticing that ¢1 = ¢ and ¢; = P, we thus interpret ¢y as an S'-
parametrized deformation of ¢, in a family of closed covariant 1-forms.

Remark 4.4.14 HARMONIC DIFFEOMORPHISMS

If u is a diffeomorphism from an open subset Q of a surface, to an open
subset of (N, h), then it is possible to identify the image of u with Q
equipped with the pull-back metric of h by u, u*h = o' ® o' + a? ® o2.
Hence, u is represented by the identity map from (Q,g) to (Q,u*h) ~
(N, h). For A € S*, we let

1 1 2 2
&:O()\®Ol)\+0é)\®0[)\,

and Ny = (Q,h)). Then, we define the map uy from (€, g) to Ny as
being the one which is represented by the identity map from (Q,g) to
(Q, R)).

Since u is a diffeomorphism, h\ is a metric for all A € S, and we as-
sociate to u a family, parametrized by S, of harmonic diffeomorphisms
taking values in a manifold Ny, which depends on A\. We check (exer-
cise) that if the curvature of N is constant, then the curvature of Ny
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will be equal to this same constant, and hence Ny will be locally isomet-
ric to N (actually, the curvature of the manifold is pointwise invariant
under this action). In this way we recover the results that were known
for sphere-valued maps.
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Surfaces with mean curvature in L2

We present here another example of the geometric application of com-
pensation phenomena. We will again use Wente’s inequality and the rep-
resentation of equations in moving frames. We will see that orthonormal
Coulomb frames on a surface are linked to conformal coordinates. This
link will be clearly stated in the last section.

The starting point here is the following result, obtained in 1991 by
Tatiana Toro, in her thesis.

Theorem 5.0.15 [171] Let Q C R? be a domain with Lipschitz bound-
ary, and u a map in H?(L,R). Let Ty, = {(z,u(2)) € R3 | z € Q} be the
graph of u.

Then T, is homeomorphic to a subdomain Q' of R? through a bilip-
schitz homeomorphism. More precisely, there exists a homeomorphism
®:Q — T, and L > 0 such that

|P(2) — D(2)] < Liz—2, Veyed
(5.1)
o~ Y(Z)-o N (Z)| < LIZ-2Z'|, VZ,Z' €T,
and furthermore,
L < (1+Cllullfzq)?- (5.2)

Moreover, on €', the inverse image by ® of the metric induced on T',,,
g = ®*(.,.), is comparable to the standard metric on ', in the sense
that

221
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sup 19:5(2) = 05| < CllullFz(q- (5.3)

This result is rather surprising. In fact, a map u € H?(Q) is generally
Holder continuous, but might not be Lipschitz. A counterexample is the
map u € H?(B(0, 1), R) defined by

u(z,y) = zlog |log v/ x2 + 32| (5.4)

This map is not Lipschitz, since its gradient is not bounded in a neigh-
borhood of 0. In fact, close to 0 we have

ou 1
5, = logllogr|+O(llogr|™),
(5.5)
ou 1
Biy = O(|logr|™"),

where r = y/x2 + y2. We could conclude naively that the graph of u
is not Lipschitz. But this is false, as is stated in the previous theorem
(we may show, in this particular example, that the graph of u is a C*
surface). Other examples given in [171] show that theorem 5.0.15 is op-
timal, in the sense that there exist functions in H?(B(0,1),R) whose
graph is a Lipschitz surface, but not C*.

This theorem follows from the more general result shown in [171].

Theorem 5.0.16 There exists € > 0, such that every surface S in R™
satisfying the following hypotheses, is Lipschitz:

(i) There exists a sequence of smooth surfaces Sy in R™, which con-
verges in measure in R™ to S.
(ii) Yo € R™, there exists a ball B(x, p) of R, and B > 0 such that
H2(S, N B(z, p)) < B, (5.6)

i.e. the 2-dimensional Hausdorff measure (= the area) of Sp N
B(z, p) is uniformly bounded, and

/ | AR |2dH? < €%, (5.7)
SkNB(z,p)
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where Ay, is the second fundamental form of the embedding of Sk
in R™.

In reality, a precise statement of this result requires working in the
varifold setting, but we will not follow this path. The proof of this result
is very delicate, and relies on the construction of a sequence of piecewise
affine bilipschitz maps, which converge to a bilipschitz homeomorphism
onS.

After this theorem, other proofs and more general results were ob-
tained. T. Toro, in the spirit of the Reifenberg theorem [135], showed
that if a locally compact subset of R", of Hausdorff dimension m, is
“locally well approximated” by pieces of m-dimensional affine spaces,
then this subset is a Lipschitz submanifold [172]. It was also noticed by
Stephen Semmes that this result implies theorem 5.0.16.

Remark 5.0.17 An important motivation for the study of surfaces sat-
isfying (5.7) is the Willmore surface problem. A brief description of this
subject will be given in section 5.3.

In another direction, Stefan Miiller and Vladimir Sversk have shown
that all conformal parametrizations of surfaces with square-integrable
second fundamental form are locally bilipschitz homeomorphisms [121].
Their proof reveals the presence of compensation phenomena, and uses
Hardy space. In sections 5.1 and 5.2, we present variants of their results.
Their approach is based on the following observation.

Let X : Q € R? — R? be a smooth conformal immersion. We write
the first fundamental form of X in the form

g = e*(dx)® + (dy)’]. (5.8)

Then f is a solution of the equation

~Af = Ke?t, (5.9)

where K is the Gauss curvature of the surface. But the quantity Ke?f
is precisely equal to the inverse image by u o X of the volume form on
S? (where u : X(Q) — S? is the Gauss map). The volume form on 52
is a closed (but not exact) 2-form, and hence its inverse image by uo X
is locally expressed in terms of Jacobian determinants of maps in H'.
By the results of chapter 3, we deduce that f is continuous and
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bounded, and hence that X is a bilipschitz immersion, either by Wente’s
inequality, or via Hardy spaces.

The approach we adopt here uses an orthonormal moving frame (eq, e2)
on the surface X (), preferably in the “Coulomb gauge”

d* <d62, 61> =0. (510)

An interesting point here is that (e, es) := MT?X\ (%—f, %) is such a

frame, as long as X is a conformal immersion, and in this case we even
have

*<d€2,61> = df, (511)

where f is defined by (5.8). Thus, the “Coulomb” orthonormal moving
frames on a surface are closely related to the conformal coordinates on
this surface.

We will study this point in more detail in section 5.4.

5.1 Local results

We start by defining for all v > 0 the set

C,(B) := {X € C>(B,R") | X is a conformal immersion,

and [ |A]2do <~} (5.12)

where B is the unit ball of R? ~ C, do represents the area element over

the surface S := X (B), and A is the second fundamental form of the
immersion of S in R™. We also define C,(B) as being the closure of
C,(B) for the weak topology of H'(B,R™). Then, we have

Theorem 5.1.1 For all v < 8{, every map X € C,(B) is either

(i) a constant map; or

(i) a bilipschitz conformal immersion. In this case, for any compact
subset K of B, there is a constant C' > 0, such that

1
Vz e K, ol < |dX(z)] < C, (5.13)

and the inverse image of the Euclidean metric in R™ by X is a
continuous metric.
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Remark 5.1.2 We recall the definition of the second fundamental form
A of a surface: A is the symmetric bilinear form over S, taking values
in the normal bundle of S in R™, such that if e := (e1,ea,e€3,...,€,) is
an orthonormal moving frame defined locally over S, in such a way that
b:= (e1,ea) is an orthonormal basis of the tangent plane T,,S, then

V(V,W) € (Tn8)?, Aumy(ViW) = > (V,Dwea)eq

a=3

N |

Z (V, ep)(deq, ep)(W)e,.

b=1a=3

(]

(5.14)
Thus we let

AP =" " [{dea, ). (5.15)

b=1a=3

An equivalent definition for |A|? consists of introducing the Gauss
map, defined over S, which assigns to each point m of S the (oriented)
tangent plane to S at m. The image space is Gra(R™), the grassmannian
of 2-dimensional oriented subspaces of R". We denote this map by

u:S — Gra(R"™). (5.16)

It is then convenient to identify Gra(R™) with SO(n)/(SO(2) xSO(n —
2)) as follows. Choose a positively oriented reference orthonormal basis
E:=(E1,E,,....E,) in R" and for each g € SO(n), denote by e = E.g
the frame obtained from E using the rotation g. Introduce the following
equivalence relation on SO(n),

/

— (9(E1),9(E2)) and (¢'(E1), ¢’ (E2)) are two bases of
the same plane of R™, with the same orientation.
(5.17)
Then, it is easy to see that SO(2) x SO(n —2) is the equivalence class
of 1, and to identify Gro(R™) with SO(n)/R. In this way we can define
a homogeneous metric on Gra(R™), by letting

gRyg

jdul* =35 [(dea, )2, (5.18)

b=1a=3
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where e = (e, €9,...,e,) = E.g is such that (e, eq) is a positively ori-
ented basis of u. Comparing (5.15) and (5.18), we see that

|A|2 = |du|?. (5.19)

The interest of this definition is that, since X is a conformal immersion
and the Dirichlet integral is invariant under conformal transformations,
we have

/|A|2da=/ |du|2da:/ (d(u o X)2dady. (5.20)
S S B

Remark 5.1.3 It is natural to wonder what happens to theorem 5.1.1
when we no longer assume that v < %’r. I do not know if the result is
valid for larger v, but I think that it should be possible to replace the
condition v € [0, 8F] by v € [0, 8n).

A partial global result will be given in section 5.2 (theorem 5.2.4).
Before proving theorem 5.1.1, we will need the following lemma.

Lemma 5.1.4 For every map u € H'(B, Gra(R")), such that

8w
ldullzzm) <vi= 75 (5.21)
there exists a map b := (e, ez) in HY(B,R" x R™), such that for almost

every z € B, b(z) is a positively oriented basis of u(z). Furthermore, the
energy of b is controlled by

ldb]| 22 (g < allldullz(g)), (5.22)

where

t — wT” {1 _ \/_7%} ) (5'23)

Moreover, b satisfies the equation

d(x{e1,des)) = 0. (5.24)
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Remark 5.1.5 Below, we will prefer to consider b as a section of a
fiber bundle. Let F := {(u,b) € Gra(R™) x R" x R™ | b:= (e, e3) is a
positively oriented orthonormal basis of u}.

F is a fiber bundle over Gry(R™), with fiber S*. The projection defin-
ing this fibration is just (u,b) — w.

There exists a canonical connection on this bundle. For each u €
Gro(R™), denote by P, the orthogonal projection from R™ onto w. Then,
every local section b : Gra(R™) — F may be seen as an R™ x R™-valued
map. We then let

Ve, e2) = (P, odey, Podesy). (5.25)

Surely, this connection has non-vanishing curvature — if not, locally
it would be possible to define parallel sections of F.

The pull-back of F by u is the bundle u*F = {(z,b) € BXxR" xR" | b
is an orthonormal basis of u(z)}. The lemma above essentially says that
if the energy of u is sufficiently small, we are able to construct sections
of u*F, whose energy may be controlled.

Remark 5.1.6 Again, we may wonder if lemma 5.1.4 remains true
without the assumption Hdu||%2(3) < 8. We will prove such a result
in section 5.2, but then we will lose control of the energy of the frame
constructed (theorem 5.2.1).

Proof of lemma 5.1.4

Step 1 CONSTRUCTION OF A FRAME IN THE SMOOTH CASE

We will consider in this step, as well as in steps 2, 3, 4, 5, that u €
HY(B,Gry(R™)) is C* on B. Then the bundle u*F is smooth, and since
the base manifold, B,, is contractible, we can trivialize it. This means
that there exists a section b = (é1,63) of u*F.

Step 2 CHOICE OF A COULOMB FRAME

In spite of being smooth, the frame b may have an arbitrarily large
energy. To avoid this, we will consider, for each § € H'(B,R), the
frame b = (e1, e2) obtained by letting

b::g< cos § —sin 6 ) (5.26)

sin 0 cos 0

and look for the Coulomb frames in the gauge orbit of H'(B,R). Actu-
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ally, we need to consider a family of such problems: for each r € (0, 1],
we will minimize over H!(B,R) the functional

1
F.(0) 5/ (|Ve1]? + |Veo|*)dzdy
= / |ws |2 dxdy, (5.27)

where w3 = (dea, e1).

As in the proof of theorem 4.1.1, we may show that for each r, the min-
imum of F, is attained, and that the frame, b, := (e, 1, €r,2), minimizing
F,., satisfies

dxwd) =0 in B,, (5.28)
wy (;l) =0 on OB,. (5.29)

Using equation (5.28), we deduce that there exists f, € H*(B,,R)
such that
df, =xwj in B,. (5.30)
Then, it follows from (5.29) that f, is constant on dB,, and hence it is
possible to choose f,. such that
fr=0 on 0B,. (5.31)

A direct calculation using (5.30) yields

o Oer1 Oeyo B ey Oera
—Afr = <8m’8y> <8y’8x>
= {er1-ern} (5.32)

In particular, (5.31) and (5.32) show that we may write f, = fr.1 +
.-+ fr.n where the f, ; are solutions of

—Afr; = {6117612} in B,
{ frj =0 on 0B,. (5-33)

Thus we deduce, using theorem 3.1.7, that
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3 . ,
ldfr il 72(m,) < ﬁ||d€i,1| T2 ldel sl 72, (5.34)

which implies, summing the inequalities over j, that

3
2||dfrllz2 s,y <4/ ﬁ(llder,llliz(m + |lderzlliz (s, ))- (5.35)

Step 3 A PRIORI ESTIMATE FOR THE ENERGY OF f,
We complete the basis b, = (e,1,€r,2) to obtain a moving frame of R”,
er = (€r1,€r2,€r3, -, €rn), and write w) ; = (de, j, €r).

From the identities

de,q = wa,ﬁk (5.36)
k=1
and
n
dey o = Z w,’f,gek (5.37)
k=2
we deduce that
2 n )
der 1 |” + |dero|? = 2Jwi|* + Z Z |Wf-,k|2
k=1j=3
= 2lws|® + |dul? (5.38)

and hence that

lder1l72s,) + derallta(s,) = 2ldflIZ2(s,) + ldullZas,).  (5:39)
Eliminating ||der%2(Br) between (5.35) and (5.39), we obtain

3
2[|dfrllL2m,) <4/ ﬁ(2||df7“”2L2(Br) +ldulf2(s,))- (5.40)

Hence, letting ¢ = [|df,||1>(B,), We notice that ¢ is a solution of

P(t) = 26> — 8\/? + lldulZ2 5,y > 0. (5.41)
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The reduced discriminant of P is A" = 1% — 2|[dul|7.p ). 1t follows
that

o if ||du||2L2(BT) > 8% P is always non-negative, and (5.41) gives no
information.

o if ||du||ig(Br) < 8% the polynomial P takes negative values be-
tween its two roots a < 3, and it follows from (5.41) that

ldfrllz2(B,) =t € [0,a] U[B, +00), (5.42)

where a = /4% — \/%” -1 |dull7z ), and
8=+ /% - Hldula s,

The purpose will now be to show that, in the second case, we have
ldfrllz2(B,) < o

Step 4 THE FUNCTION 7 +—— deTH%Z(BT) IS CONTINUOUS
We define the function ¢ : [0,1] — R by

9(0) = 0

o) = in B0 = s, >0 (543

and show that g is continuous.

In order to achieve this, we will show that ¢ is equal to the infimum
of a uniformly Lipschitz family of functions.

For any 7 € [0, 1], we define u, € C*°(B2, Gry(R")) by

up(2) = u(rz), Vz € B2.

We will denote S, € C*°(B2,0(n)), the map which to each z associates
the orthogonal symmetry of R™ around u,(z).

Lemma 5.1.7 There exists a constant Cy > 0, depending only on u,
such that for any ro € [0,1] and any basis b™ = (e1°,e3"), a smooth
section of uy F over B2, there exists a family bj° = (e, , ;%) of sections
of utF, parametrized by r € [0, 1], such that

70 — K70
b0 =b"°,
and

gvro (1) ::/ |<de:?1,e:?2)|2dxdy
B2
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is a Lipschitz function such that

950 (1) = goro ()| < Co (1 + [[db™|[z2)|r — +']. (5.44)

Proof We will construct b7° by parallel transport along the deformation
of uy, into u, defined by t — wn_¢)p4sr. For ro,r € [0,1], let

R : B — S0(n)

be the unique solution of the system of equations

R (z)=1, Vz€ B, (5.45)
ORY 1.4, 08 ro
5 (2) = QST (2). 5 (2).R° (%), Vz € B. (5.46)

We can easily check, using (5.46), that RI° takes values in O(n), and
that (R7)~1S, R does not depend on 7. Hence, taking into account
(5.45), we deduce that S.R° = R°S, . This implies that

by (2) = (R (2) (1), R, (2)(e3"))

is an orthonormal basis of u,(z).
We may then show that for every r,r’ € [0,1],

|gero () = gro (17)]

< (2lldb™[| L2 + |ldR° |22 + [[dR7S ||z2) 'R Ry — B2 dR2 || e,
which implies (5.44), using the fact that S,(z), and hence also R;°(z),
are C* functions in all the variables z € B% and r, 1 € [0, 1]. O

A corollary of the preceding lemma is that
g(r) = inf guro(r).

Notice that, thanks to the existence of a section b of u*F such that
M :=||db||2 < 400, we know that g(r) < M, and hence that
g(r) = inf — gyro(r).
To,bro
[[db™0 || 2 <M
We leave to the reader the task of showing, using this identity and (5.44),
that |g(r) — g(r')| < Co(1 + M)y — /|

Step 5 ESTIMATES FOR THE ENERGY OF f, AND b,
It follows from Step 3 that if
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8m

then, Vr € [0, 1], ||dfr||z2(B,) € [0,a]U[B, +00), where a < 3. Moreover,
by Step 4, r +— ||df,||2(p,) is a continuous function, which vanishes at
0. This implies for all 7 € [0, 1]

4 4r 1
ldfrll2(m) <1/ N \/3 - §||du||2L2(B7.). (5.48)

Going back to the identity (5.39), for » = 1, we now obtain

ldbl|72 5y < allldull2g)), (5.49)

where a(t) = 5% (1 \/1 — ol dull7, B))

Step 6 CONCLUSION
Suppose u € HY(B,Gry(R™)) is such that ||du||%2(B) < 5% Then
(see [145]) we can construct a smooth approximating sequence u, €

HY(B,G,,(R")) N C>, such that

8
lduc|22(s) < % Ve > 0 (5.50)

and

uc — u € H'(B), when € — 0. (5.51)

By Step 4, it is possible to construct, for each ¢ > 0, a frame b, a
section of u*F, whose energy is bounded according to (5.49). Using the
weak compactness in H'(B), and the compact injection of H'(B) in
L?(B), it is then simple to show that there exists a subsequence € of e,
and a map (e1,ez) € HY(B,R™ x R"), such that

(€cr1,ee2) = (e1,e2) weakly in H'(B) (5.52)
(ecr1,€02) — (e1,e9) in L*(B) and a.e. (5.53)

ld(er, e2) sz, < Jim inf d(eor, eo)Fom (5:54)
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In particular, the a.e.convergence implies that (e, ez) is a section of
u*F, and (5.54) implies that its energy is bounded.

Step 7 PROOF OF (5.24)
Using (5.52) an (5.53), it is easy to show that

(€e1,dec2) — (e1,des) in D'(B) (5.55)

and hence, by (5.28), (e1, e2) satisfies

d(x{e1, des)) = 0. (5.56)

This concludes the proof of lemma 5.1.4. |

Proof of theorem 5.1.1 Let v < %’T, and choose any X € C,. Then, there
exists a sequence of conformal immersions (Xj)ken, in C*°(B,R"), such
that

X}, — X weakly in H*(B, H) (5.57)

and

/B|d(uoXk)|2dxdy < %ﬂ (5.58)

From lemma 5.1.4 and (5.58), it follows that it is possible to construct,
for each k, a section by = (e1,e2,%) of (uo Xy)*F, whose energy is
bounded by a (57). Moreover, the by are solutions of (5.56).

Since each immersion X}, is conformal, 3fi, 0, € C*°(B,R) such that

dX, = el* [(cosOrer 1 + sinOgeg 2)dx
+ (—sinfgeg 1 + cosOrer 2)dy] . (5.59)

In particular, projecting the equation d?X; = 0 along er,1 and ey 2, we
see that

0  Ofs _ 1 (O
8$+8y B wk’2< )

b Of _ L (0
Oy oxr k2 ’

(5.60)
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where wy , = (de 2, €x.1)-
Step 1 ESTIMATES FOR f; AND 0

Equation (5.60) has several consequences. On the one hand, because of
(5.58), we have that

Af = 0. (5.61)
On the other hand,

n

—Afr ={er1-er2} = Z{ei)l,ei’z}. (5.62)

=1
Decompose fr = fr,0 + fe,1 + -+ + fi,n, where

~Afyo = 0 in B
{fk,o = fr on OB (563)
and fi; = (ei’l) (622). By theorem 3.1.2, we have that
D fral |
=t g 1771 L2(B)
(5.64)

ESTIMATE FOR f 0

To estimate fy o, we start by using the fact that fj o is smooth harmonic

in B and by applying the Poisson formula over every ball B, C B, where
€ (0,1]. This gives

Vz € By, rfrolz / fro r |Z||22ds(v). (5.65)

Integrating this formula for 1 — 6 < r < 1, we obtain

1 |U‘2_‘Z|2 152
7(2=0)3 Jp .., Jr0(v) lv— 22 dv’dv”.

(5.66)

Vz € By,  fro(2) =
The second fact we will use is that if f}j,o = sup(fk,0,0), then

/ f;fodazdy is uniformly bounded in k. (5.67)
B
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To prove (5.67), we remark that
1
/ e dady = 5HkaHiQ(B) (5.68)
B

is bounded, and that, by (5.64), A := érelfN; fr,; > —oo. It follows that

1
fitodedy < 7/ 20N dady
/Bk,o 2e1+2X B
< 2 dwd
= g [0
1
= de 1+2A||ka||L2 (569)

which, since X}, converges weakly to X in H'(B), implies (5.67).
We now derive the consequences of (5.66) and (5.67). First of all, for
each compact K C B, there exists a constant B(K) such that

Vze K, fro(z) <B(K). (5.70)

In fact, to see this it suffices to choose § > 0 such that K C Bi_os,
and to use (5.66). Then,

Vze K, fro(z) < 2= / fk odxdy (5.71)
which yields (5.70).

Next, there are the following two alternatives.

(i) (Collapse) There exists a subsequence k' of k such that

lim /f,;odxdy:—oo, (5.72)
k'—+oco JB )

where fi, o = inf(fi 0,0). Then,

fwro( /fk/ v)dvtdv* — —oo. (5.73)

But since by (5.67) we also have that
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1
fk/70(0) = m /B\Bl_6 fk/,o('l})d’l)ld’l}2. (574)

We deduce that for all § € (0,1), fB\Bl_(s frr o(v)dv'dv® tends to
—o0, and hence, by (5.66) and (5.67), firo converges uniformly
on every compact subset of Bi_s to —oo, and hence, § being
arbitrary, also on every compact K C B. Since X — X in H',
it follows that

X (172 5y < lim_inf 1dX k132 ) =lim_inf / 2w dady = 0.

K
(5.75)
And this being true for every compact K C B, we deduce that
|dX||z2(5y = 0, which means that X is a constant map.
(ii) [ frodzdy is bounded and, by (5.66), this implies that for any
compact K C B, JA(K),

Vze K, A(K)< for(z). (5.76)

From now on, we will exclude the case where X is the constant map.
This implies that uniform lower bound over every compact (5.76) is valid.
We remark that, since fo x is harmonic, estimates (5.70) and (5.76) also
imply that ||dfo x| z>(x) Will be a bounded function of &, for any compact
K C B. Putting together this estimate and (5.64), we conclude that

V compact K C B, | dfyllr2(k) + I frllL= (k) is bounded.  (5.77)
Now, since by, is bounded in H!(B), wj, o is bounded in L?, and hence,

by (5.60) and (5.77), we have
V compact K C B, | df||L2(k) is bounded. (5.78)

Step 2 PASSING TO THE LIMIT

Chose a compact K C B. Using the previous estimates and standard
theorems on Sobolev spaces, we may extract a subsequence k' of k, such
that

(bpr, Opr, frr) — (0,6, f) weakly in H'(K) (5.79)
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(bk’aek’>fk’) - (b>97f) in LQ(K) (5'80)

(bk/,Gk/,fk/) — (b,@, f) a.e.in B. (581)

Together with (5.77), this yields that we can pass to the limit in
equation (5.59), which gives

dX = el [(cos fe; +sin fBeq)dx + (—sin fe; + cos fex)dy]  (5.82)

and because of the a.e.convergence (5.81), (e1,ez) will be a section of
(uo X)*F.
This implies that X is a conformal immersion satisfying

et S < |aX| < ek S on K. (5.:83)

The pull-back by X of the Euclidean metric on R is e2/[(dz)2+(dy)?].
This metric is continuous since f is a solution of

—Af = {61 . 62}, (584)
and hence is continuous by Wente’s lemma. This concludes the proof of
theorem 5.1.1. ]

5.2 Global results

We will now deduce, using the results of the previous section, more global
versions of theorem 5.1.1 and lemma 5.1.4, without the hypothesis that
the Gauss map’s energy is bounded by a critical constant M (as, for
instance, M = %“) However, we should be careful since, as is shown by
example 5.2.2 below, if this energy is bigger than 87 (which corresponds
more or less to the case where u “has the possibility to cover the sphere
S? once”), then new phenomena may show up, and we can no longer
control the energy of the moving frame. We start by a direct consequence
of lemma 5.1.4.

Theorem 5.2.1 Let 2 be a simply connected open subset of C. Let
u € HY(Q, Gra(R™)); then there is a moving frame b, a section of u*F,
belonging to H (2, R™ x R™).
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Proof

Step 1 COVERING OF 2

We cover 2 by a finite family of simply connected open sets Uy, ..., Uy,
such that for each j =1, ..., p,

/ \dul2dzdy < %” (5.85)

UJ
To construct this covering we may, for instance, consider the sequence
of compact (K, )men, such that K, C Q, Vm € N, and

K is contained in the interior of K,,, if I < m, (5.86)
and z lim K; = Q. There exists m such that
— 400
9 9 8w
|du|*dzdy > [ |du|*dxdy — —. (5.87)
K Q 3

Then we choose as the first open set, Vj = Q\K,,,. Next, we cover the
compact set K, 41 by open balls V1, ..., V, of Q such that fvj |du|?dzdy <
%’T. In case certain open subsets are not diffeomorphic to balls, we cover
them by smaller simply connected open sets. In this way we obtain a
family Uy, ..., U, satisfying (5.85). Denote by u; the restriction of u to

Step 2 WORK IN EACH Uj

Each open set U; is conformally diffeomorphic to the ball B. Thus, we
can apply lemma 5.1.4 to each of these open sets (the L? norms of the
derivatives being invariant under conformal transformations), thanks to
condition (5.85). We obtain that, for j = 1, ..., p, there exists a section
b; == (ej1,€ej2) of uF with bounded energy. Define U;; = U; N Uj.
Over each non-empty Uj;, there exists 65 € H'(U;;, R) such that

i g
Cos Gj sin 9]

: g — bR h i— ) )
in Uy, b;j=0bR;, where R; ( sin 0 cos 6

) . (5.88)
This equation implies that

(dejo,ejn) = (deig,ein) — db. (5.89)

And hence, since d(x(dej 2, €;1)) = d(x(de;2,€:1)) = 0, 0} is a solution
of
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AfE =0 in Uj;. (5.90)

No_tice that 0; + 95 = 0 in U;;, and that in every Uy, = U; N U; N U,
the ¢ satisfy the cocycle condition

0L+ 0] +0F =0. (5.91)

Step 8 GLUING

We use an elementary result of sheaf theory: the Cech cohomology group
of the sheaf of real harmonic functions over  is trivial, since  is a
simply connected (see [73]). In our case this implies, by (5.91), that
over each U; there exists a real harmonic function h; such that

05 =h; —hj in Uj. (5.92)
Moreover, since each 9;- € H'(U;;,R), we deduce that for any compact
subset K of €,
hjx € H'(U; N K,R). (5.93)
Using (5.92), we may now rewrite (5.88) as
. N ([ cos hj —sin h; \ _, ([ cos h; —sin h;
i Uy, b ( sin h; cos h; ) a bl( sin h; cos h; (5-94)

and thus, over () we can define the section b of u*F by

cos h; —sin h; .
b:=1b; < sin b, cos h, ) in U; (5.95)
and b has a finite energy over every compact K in (. ]

Example 5.2.2 THE STEREOGRAPHIC PROJECTION
We will see in this example that the constant v in inequality (5.21) of
lemma 5.1.4 cannot be bigger than 8w, and that the function a such that

inf [|dbZ2p) = alt) (5.96)
b section of u*F
ldull22 )=t
t

cannot be smaller than a(t) = —8mlog (1 — & ).
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2x

2y . This map takes
1— |22
its values in S2, and is conformal. The inverse image of the standard
metric on S? by u is

1

Define on B, C C, u(z) = T2

4

(EREDE [(dx)? 4 (dy)?], (5.97)
and
R 2
dr 8RR
22 = 1 / r = . .
HduHL (By) 6m 0 (1 +T‘2)2 1 +R2 (5 98)

Let b = (e1, e2) be a minimizing section of u*F. We necessarily have,
denoting by w the volume form on S2, that coincides with the curvature

form of the bundle F,

4
——=d . .
TESERE x A dy (5.99)

We integrate this identity over the ball B,., for 0 <r < R,

47r? _ / "
572 = BTu w
= / <d€2,€1>
OB,
\// ds\// |(dea, e1)|?ds. (5.100)
OB, OB,

Recall that df = *x(dea, e1). Therefore, we deduce from inequality (5.100)
that

d<d62, 61> = u*w =

IN

83
2

Integrating this inequality over [0, R], we obtain

/R Smr3dr
o (IT+472)?

47 log(1 + R?) —

Y]

/ (df *ddy
B,

4T R?
1+ R?

(5.102)
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Hence, for any section b of u*JF,

Idbll72(m,y = 2lldf 725, ) + ldullZ2(p,) > 8mlog(1+ R?).  (5.103)
Eliminating R between (5.98) and (5.103), we see that
1db|Z2 12 > —8log (1 — ——||du?2 (5.104)
L2(B,)? = ~OT08 g 1“2 (B,) | :
so that the function a cannot be smaller than a(t) = —8wlog (1 — %)
On the other hand, this also proves that the constant vy cannot be bigger

than 87, since here th%l a(t) = +oc.
—87

Notice that inequality (5.103) is optimal since for

_1+\z|2d 1 B (1) 2z
4T “(0) ) 1HEP
(5.105)
9 0
o = Ha( V) =1 ) -2
2 1 0 1+ 22

we obtain equality in (5.103).

In fact, this example seems to be the most “efficient” to make Hde%Z(Br)
big, while keeping Hd“H%z(BT) constant. This leads us to the following
problem.

Conjecture 5.2.3 Prove that for any u € H*(B,Gra(R")) such that
||du||%2(BT) < 87, there exists a frame b in H'(B,R" x R™), a section of
u*F, such that

dbl|72 5,y < allldull}sz,)), (5.106)
where a(t) = —8mlog (1 — &) .
Let us come back to conformal immersions:

Theorem 5.2.4 Suppose that S is a connected Riemannian surface,
and X € HY(S,R"™) is such that there exists a sequence (Xi)ren in
C® N H'(S,R") satisfying the following hypotheses.
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(i) For each k, X}, is a conformal immersion.
(ii) For any x € S, there is a ball B(x, p,) in S, such that Vk € N,

8
/ Ay 2dzdy < X (5.107)
B(x.p.) 3

(iii) X — X, weakly in H*(S,R").

Then X 1is either a constant map or a bilipschitz conformal immersion.

Proof Applying theorem 5.1.1 over each ball B(z, p,), we obtain right
away that either X|p(; ,,) is a constant map, or X|p(,,,,) is a bilipschitz
conformal immersion. Hence, we deduce that the set

{zeS|dX =0} (5.108)

is both open and closed. Since S is connected, this yields our result.

O

Remark 5.2.5 Again, we can ask what happens when we do not con-
trol ||Ag|lL2 locally, as in the preceding result, but just assume that
|Akl|3. < C. Things are not clear. For instance, it could happen that
the immersion X thus obtained has branch points, but this is not certain.

5.3 Willmore surfaces

An important motivation for the preceding results is the study of im-
mersed surfaces in R, which are critical points of the functional

W(S) = /SH2dH2, (5.109)

where H = ’“'57]“2 is the mean curvature and dH? the 2-dimensional
Hausdorff measure. This functional was proposed by Tom Willmore in
1960, and is also called the Willmore functional [182]. Its critical points
are called Willmore surfaces, and satisfy the equation

AH +2H(H? - K) =0, (5.110)

where K = ki1ks is the Gauss curvature. Notice that in dimension 3, we
have
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AP K
H? = AF K 5.111
T (5.111)

where A is the second fundamental form. Thus, if the surface S has no
boundary and genus g € N, we have, by the Gauss—Bonnet theorem,

W(S) = %/S |A2dH? + 2n(1 — g), (5.112)

and consequently, the problem is, from the variational point of view,
equivalent to the study of the critical points of |, S |A|2dH?. A natural
question is to consider, for each g € N, the set £; of smooth compact
surfaces of genus ¢, without boundary and smoothly embedded in R3,
and, inside each class &£;, to look for the surfaces which minimize W.
For g = 0, it is easy to show that all the round spheres in R? minimize
W in &, using the identity

W(S):/S<kl;kz>2d7{2+/SKdH2. (5.113)

For g = 1, Tom Willmore proved that the torus of revolution obtained
by making a unit circle turn around a straight line contained in the plane
of the circle, and located a distance v/2 from the center of the circle, is
a Willmore surface. This torus was given the name of its author, who
conjectured that it minimizes W in &;.

In spite of some partial answers (see, for instance, [107] and [115]),
this conjecture has still not been proved. On the other hand, a deep
work of Leon Simon [154] shows the existence of a smooth surface in
&1 minimizing W. However, we still do not know if this torus coincides
with that of Willmore.

To conclude, we mention that this problem had been considered by
Thomsen and Shadow in 1923 [168], Blaschke in 1929 [16] and Konrad
Voss in 1950.

For a more detailed presentation of Willmore surfaces, see the last
chapter of [183]. A study of Willmore surfaces in the framework of
integrable systems and loop groups, like the theory for harmonic maps
presented in the second chapter of this book, was made in [86].
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5.4 Epilogue: Coulomb frames and conformal coordinates

As we saw at the beginning of this chapter, the existence of a Coulomb
orthonormal frame field is closely connected to the existence of conformal
coordinates on the same surface.

The following result sheds some light onto this connection.

Lemma 5.4.1 Let Q) be an open subset of a smooth Riemannian surface.
Then, for any Lipschitz orthonormal frame field (e1,es) on ), and any
function f € WH(Q,R), we have, writing wi = (Vea, e1),

[efer, efes] = €2 [(xwh — df)(e2)er — (xwa — df)(e1)ea). (5.114)
Consequently, if Q is simply connected, we have the equivalence (i) <=
(ii), where

(i) There exists a conformal diffeomorphism u, in Wlicoo , from an
open subset w in R? to Q, such that

ou ou
oz = o e1(u)
(5.115)
ou ou
87y = 87y GQ(U/).

(ii) (e1,e2) is an orthonormal frame field belonging to VVlt)fo (i.e. locally
Lipschitz) in €, such that

d(x(Veg,e1)) = 0. (5.116)
Proof
Step 1 We have
[efer,efes] = €2/ ([er,ea] + df(e1)ea — df (e2)er)

= *[Ve,e2 = Ve,er + df(er)ea — df (e2)ed]
= eM[(wi(er) — df(e2))er + (w(e2) + df(e1))ea]-
(5.117)
We recall that if (a!, a?) is the basis of 7% 2, which is the dual of (ey, ez),
we have

* =af, xa®=-—a, (5.118)
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which implies that

*(wy(e1)a’ + wy(e2)a?)
wy(er)a? — wi(ex)at. (5.119)

*Wy

It follows that
[ee1, el es] = € [(3wy(e2) —df (e2))e1 + (—wy (e1) —df (er) )e2] (5.120)
which implies (5.114).
Step 2 To show that (i) = (ii), it suffices to apply (5.114) with f =
log |%|. This yields
*wy = df (5.121)

which implies (ii).
Step 8 Conversely, if (ii) is true, then there exists f : & — R such that

df = %ws3. (5.122)

But since (eq, e2) is a pair of linearly independent locally Lipschitz vector
fields, it is necessary that the metric g, for which (e1, e2) is an orthonor-
mal basis, whose expression in local coordinates is

gr = (g9)7Y,  where g7 = elel + ebel, (5.123)

is itself locally Lipschitz and non-degenerate, and hence that the co-
efficients of the Levi-Civita connection V, associated to g, are locally
bounded. Therefore,

wy = (Ve er) (5.124)

is also locally bounded, and (5.122) implies that f is a locally Lipschitz
function on Q. Thus, we consider the vector fields on €2

X, =efe; and X, = efes. (5.125)
By (5.114) and (5.122), X; and X5 commute, i.e.

(X1, X2] =0 (5.126)
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and moreover, these vector fields are locally Lipschitz. Hence, we can
integrate them, and using the fact that €2 is simply connected, we deduce
that there exists an unique map u from an open subset w of R? to €,
such that

u(0,0) = mp (chosen point in Q)
ou
@) = Xi(u(z)) (5.127)
ou
@(ﬂf) = Xa(u(x)),
and hence u is a conformal diffeomorphism of class W2 O

Remark 5.4.2 In the previous lemma, if we also suppose that there
exists a constant § > 0 such that det(e1,e2) > 0 in Q, then the result
remains true if we replace all the locally Lipschitz quantities by globally
Lipschitz ones.

This result suggests that it should be possible to construct conformal
coordinates over a Riemannian surface using “Coulomb” orthonormal
moving frames. This idea is used in the following theorem, which is a
sort of converse of the results in section 5.1.

Theorem 5.4.3 Let (0, g) be an open subset of a Riemannian surface,
whose non-degenerate metric written in some local coordinates satisfies
(i) the coefficients of g belong to H*(2) N L>=(Q);
(ii) if K denotes the Gauss curvature of (2, g), then

K/detg;; € H},.(Q) (5.128)
(the local Hardy space).

Then, if Q is simply connected, there exists a bilipschitz diffeomor-
phism from an open subset w of R? to (Q, g), which is conformal.

Remark 5.4.4 There is no difficulty in giving a sense to K./det g;; if
g is in H' N L>. In fact, in this case, we can construct (by orthonor-
malizing) an orthonormal frame field (e1,e2) over 2, which also belongs
to H' N L™, and we can define
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wy = g(Vey, e1) = gijler, ea]'da?, (5.129)

which is clearly in L2. Then, the equation

dws = K+/det g;jdz* A dx? (5.130)

enables us to calculate K \/det g;;, and gives us that this quantity is in
H YO, R).

For a definition of the space Hi,.(Q), see [157]. Notice that we can
replace the hypothesis (5.128) by the hypothesis that K./det g;; is the
restriction to Q of a HY(R?) function.

Remark 5.4.5 The following proof has some similarities with the one
given by S.S. Chern [36]. Nevertheless, it does not involve integral equa-
tions in a complex variable, but elliptic estimates (although must admit
that often, hidden behind an elliptic estimate, there is an estimate on a
singular integral).

Proof of theorem 5.4.3

Step 1 CONSTRUCTION OF A COULOMB FRAME

Starting from the simplest frame field, (8%1’ 8%2)’ we construct, using a
standard algebraic procedure, a positively oriented orthonormal frame
field for the metric g, which we denote by (ey, ez). Since H! N L™ is an
algebra and ¢ is supposed to be non-degenerate, (e, e2) also belongs to
H'N L*. For § € H'(Q,R), we let

(5.131)

(conse0) = (61762)( cos § —sin 0 >7

sin 6 cos 0

and write w;,Q = g(Vepa,e92) = g(Vea,e1) — df. We choose, as in
lemma 4.1.3, or lemma 5.1.4, a @ which minimizes the energy

[ bt gyt (5.132)
Q
It follows that wy , is of class L? in ©, and is a solution of

d(xwp ) =0 in Q

9 (5.133)
wég (871) =0 on 09,
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where the Hodge x operator is that corresponding to the metric g. Hence-
forth, we denote by (e1, e3) the frame thus obtained.

Step 2 CONSTRUCTION OF A COMMUTING PAIR OF VECTORS
By (5.133), there exists a function f € H!(Q,R), satisfying

{ F=0 on 00 (5.134)

df =%wi in Q.

It follows from this equation that —\/det g;; A, fdz' Adz? = dw}, and
hence that

A=K i Q. (5.135)

Do not forget that the Laplacian used here is that for the metric g. This
equation yields

— E 3ai ( det g’” ) K./detg;; inQ (5.136)
— OT
irj

The r.h.s.of this equation belongs to local Hardy space. This im-
plies that f is locally bounded and continuous. To show this we use
a generalization of theorem 3.1.2 to the case of elliptic operators with
non-constant coefficients which are bounded in L*°; see [33] (see also
[14]). Let

X, :=ele; and X, :=ele,. (5.137)

We are tempted to integrate these two vector fields. However, there
is a difficulty that shows up: although it is simple to check that X; and
X5 belong to H! N L, it is in general not true that these fields are
Lipschitz, which poses a problem.

Step 3 INTEGRATION

Consider the basis of T*Q, dual of (eg, e2), which we denote by (a!, a?).
Again, it is easy to show that the 1-forms o' and o? are in H' N L.
We let

Al =e ol and A?=e 7o (5.138)

Likewise, A! and A2 are in H' N L>°. Now we remark that since
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df Aot = (xdf) A (xa') = —wi A a?, (5.139)

we have

dA* = eI (da! —df ANa') = e (dat +wi Aa?) =0. (5.140)

[Recall that by Cartan’s formula,

dal(eheg) = 61.0{1(62) - 62.041(61) - 0[1([61,62])
—al(Veleg — Ve,€1)
= —wy(ey), (5.141)

and hence, da' + wi A a? = 0].
Likewise, dA? = 0. This implies that there exists a map F :  — R2,
of class H? N W% such that

dF = ( j; ) . (5.142)

It is now easy to conclude that F' is a conformal Lipschitz diffeomor-
phism, whose inverse is the parametrization we were looking for. |

Remark 5.4.6 It would be interesting to take advantage of the geomet-
rical properties of Coulomb frames in other situations, for instance on
Riemannian manifolds of dimension larger than 2. As a curiosity, we
will conclude with a study of “special” Coulomb frames, over a symplec-
tic surface (the structure group involved being SL(2,R)).

SPECIAL COULOMB FRAMES OVER A SYMPLECTIC SURFACE

We start by giving some definitions. A symplectic surface is a surface
equipped with a symplectic form which — in this special case — is the
same as a volume form. Let (M,w) be such a symplectic surface: M is
a surface and w is a volume form on M. If Q is an open subset of M,
we define a special frame on £ to be the assignment, to each point z in
Q, of a basis (e1(z), e2(z)) of T, M such that

w(er,e2) = 1.

In spite of the small amount of geometric structure we assume, it is
possible to define a functional on the set of special frames on (£2,w),
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which generalizes what we saw for Riemannian surfaces. For any special
frame e := (e1, e2), we define

F(e) := /Q (w(el, le1, 62])2 + w([e, e2], 62)2) w.

We leave to the reader the task of checking that if (M,g) is a Rie-
mannian surface, w = dvol, and e is an orthonormal frame field, then
F(e) = [, |(de, e2)|?dvol,,.

It will be convenient to replace a frame by its dual coframe, i.e.at
each point z, the basis of Ty M dual to (e1(2),e2(z)): if we denote this

basis by a = (a!, a?), we then have

a’(ep) = oy, for a,b=1,2.

The condition of e being special is equivalent to

We define S(Q) := {a = (a!,a?) coframe field on , such that o A

a? = w}. We show, using the Cartan formula given above, that if we

define the quantities A' and A? such that

dot = M\w
do? = Nw,
then
A= —w(ler, ea], e2)
o= —w(er,[e1, e2))
and thus,

F(e) = F*(a) = / (2 + (022

Q

We will say that a € S(2) is a critical point of F*, if F*(«) is stationary
w.r.t. infinitesimal compactly supported variations in €.

Lemma 5.4.7 Suppose o € S(Q) is a smooth critical point of F*. Then,
there exists a function f : Q — R, and a chart (u,v) : Q@ — R?, such
that

(efat,efa?) = d(u,v). (5.143)
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Moreover, we may consider the metric g defined over € by
g=a'®a'+a®®a? (5.144)
and this metric has a constant Riemannian curvature.
Proof
Step 1 EXISTENCE OF (u,v)
It consists of showing that if a € S(Q) is a critical point of F*, then

there exists f such that d(efa!) = d(efa?) = 0. To show this, we simply
use the fact that= F*(«) is stationary for a transformation of the type

(al,a?) — (alcos(ed) + a sin(aﬁ) —alsin(ed) + a2 cos(eg))
(a + eda?, a? — epal) + o(e).
= (0¢

ag,a?),

where ¢ € C2°(Q,R) (action of SO(2)). We see that
dal = da' + e(dp A o® + pX2at A a?) + o(e),
do? = da? + e(a! Adgp — pXat A a?) + o(e),

and hence that the first variation of F*(«) is

SF*(a)(ga?, —gat)

2/ Mdo A a® + X2at Ado
Q

2/ d(p(\a? — X2at)) — gd(\'a? — A\2ah).
Q

(5.145)
We deduce from (5.145) that
d(M'a? — N%al) =0, (5.146)
and hence, that there exists f : 2 — R such that
Ma? — X2l = df. (5.147)

It is now easy to see that this yields that d(efa') = d(efa?) = 0 and
also the existence of (u,v) satisfying (5.143). We consider the metric
g defined by (5.144). The moving frame e = (e, e2) (dual basis to «)
will then be an orthonormal moving frame for this scalar product. The
associated connection form is wi = —w? such that de, = wle;. This

relation is also equivalent to
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do' +wi Ao =da® +winal =0.
Then, we can easily deduce that
ws = —Aa! =\ (5.148)
Step 2 THE COMPLETE EULER—LAGRANGE SYSTEM
We can apply two other types of infinitesimal variations a — «, where
ae = (@' +epa?, a® + epal) + o(e), (5.149)

and

ae = (o' + epat, a® — epa®) + ofe). (5.150)

For the first type (5.149), we have

SF*(a)(da?, gpat) = 2/ do A (Ao + N2ab) 4+ 202 20t A o
Q
For the second type of variation (5.150), we obtain

SF*(a)(dat, —pa?) :Q/Qdaﬁ/\()\lal—)\2a2)+¢(()\1)2—()\2)2)a1/\a2.

From these two relations we deduce two Euler equations which should
be added to equation (5.146) obtained before,

d(\'a? + 2%at) = 20 N2t A a?, (5.151)

d\ ot =A%) = (AH2 = (A)Hat Ao (5.152)

Step 8 INTERPRETATION OF THE EULER EQUATIONS
Let K be the curvature of the Riemannian surface (€2, g). This function
is defined on €2 by

—d(\ o' +2%a?) = dwj = Ka' Ao (5.153)

From (5.146), (5.151), (5.152) and (5.153), we deduce



5.4 Epilogue: Coulomb frames and conformal coordinates 253

d(A\tat) (A2 = (N2 = K)a' Aa?
dN\al) = A2t Aa?
dMa?) = AMA2atAa? (5.154)

d(X\20%) = L(—(\)2+(X2)? - K)ol Aa?.

Developing the relations d(A%a?) = dA® A a® + A\%da’, and using
(5.154), we obtain

(5.155)

{ d\' = (AP +K)a?
d\? —3(A? + K)at,
where [A|2 = (A1)2 + (A\2)2.

We remark that o' = e=/du and o? = e~ dv, by (5.143). Therefore,
(5.155) imply that if we consider A! and A? as functions of (u,v),

o _ o _
ou  ow
or equivalently, A! = M (v) and A\? = \2(u).
Still because of (5.155), we have
D e

1 _
S = =T (w) = (AR + K)e

which implies that this quantity is equal to a constant v. Hence, (5.155)
yields d\! = ydv and d\? = —vdu, and integrating (denoting by ug and
vp certain constants)

A= (v —w)
A = —y(u—up).
Substituting this into (5.147), we obtain

df = e y[(u— uo)du + (v — vy)dv)].
We deduce from this equation that
ef = 2((u—uo)? + (v = v0)?) +35,

where § is an integration constant. Knowing that £ (|A[? + K)e™/ =,
we conclude that

K = 2~6.
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