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Abstract. A non-standard way of representing an evolution equation in the form of a system
is propoesed. This representation allows us to investigate all the different classes of third-order
integrable evolution equations simultaneously. Using this approach, a preliminary classification
of these equations is made.

1. Introduction

The goal of this paper is to give a preliminary classification of the integrabie equations of
the form

wy = H(x, w, Wy, Wexs Wizx) n

based on its representation as a system

(Wx = Pilx,vs,..., Usy 1) i=1...,n (2)
(Ui)r=G:‘(xa UL,---,Um“'ux,---) (3)
M= F(X, 01, ... Uy i, gyl (4)

The complete classification of integrable equations (1) involves a huge number of
computations and is, therefore, a very difficult task. Representation (2)—(4) allows these
computations to be reduced by several times. We think that using this approach, the
classification problem could be performed in its entirety.

Relations (2) are an under-determined system of ordinary differential equations with a
number of equations equal to the number of vnknowns minus one. A known example [1}
is the Cartan—Hilbert equation p, = qfx, which can be written in the form

g =y g =2 p=1t pr=u
(me=v2 (=44  (r=u
Relations (3) and (4) can be considered [2] as an infinitesimal symmetry of (2).
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The system (2)(4) admits several interpretations. For example, we can consider the
variables v; as non-local (if v, = u then v = f #dx). Or we can see (2) as a differential
constraint on the system of evolution equations (3) and (4). A third point of view, if
equation (4) does not depend on vy, is to view (2) and (3) as a pseudopotential of (4) in the
sense of Wahlquist-Estabrook [3].

With the help of local invertible transformations{ it is sometimes possible to eliminate
(2) and reduce the system (2)-{4) to only one evolution equation

W;=H(x.w, wxs---)- (5)

The Cartan-Hilbert’s equation gives us one of the simplest examples of constraints that
cannot be eliminated by invertible transformations.

One of the main aims of this work is to demonstrate that it is often very useful to

replace evolution equation (5) by its equivalent system (2)(4).

Example 1. Let us consider the following integrable equation

~172
- Wox _ 3 Wiy
w, = —2, ( . 3 w2 ; (6)

Wyxy 2 w?

172
Putting vy == w, s = Wy, V3 = Wy, and u = ( —”") we obtain

Wy 2 w?
2, 3
W) =w (n2)x =13 (03)r = v2u” + e M
U2
T
(v = —zf
2vou,  2u3
(v} = T a (8)
2 4vu? 4 2
(va) = 2202 2 Ty 3
u u u ]
), = Uxxx _ﬁuxuxx +6£ — xx Eﬁ ©)
T u® us ud o 2ut),

Why is the form (7)-(9) more convenient than equation (6)7 Two reasons can be
noted. The first is a practical one. The system becomes quasipolynomial} even though
(6) is not quasipolynomial. In the search for such important properties such as higher
symmetries, conservation laws, zero-curvature representation, pseudopotentials, etc, very
heavy computations must be done. The use of computer algebra becomes necessary and if
the functions involved are quasipolynomial, the computation is much more productive than
in the case of algebraic functions.

§ The invertible transformations and symmetries for system (2) have been investigated in detail in [2] (see also
1.

1 By quasipolynomial we mean an algebraic sum of terms of the form cx'l"’ caxi®, where ¢, my, ..., ms are
constants.
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The second reason is a theoretical one. It turns out that the transition to sysiem (2-4)
allows a unification of different classes of evolution equation. This becomes very useful in
the classification of integrable equations. It is known [4] that integrable evolution equations
of the form (1) must have one of the following dependences on the third derivative wye,:

wy = flwxxx + f2 (10)
Wy = (AWas + )+ f (11)
W = 2 fittes + HIAWE, + e + )P4+ fo (12)

where f; = fi(x, w, wy, wy,). Equation (6) in example 1 belongs to class (12).
In order to construct what we will call the associated system (2)—(4) for the general
equation (1), we will always choose

-1/3
u =( oH ) (13)

Wy

and

Y =uw, ..., U0 =Wy x
jneg
where # is the order of the function & in the highest derivative of w. It turns out that after
such a choice of u, the associated systems for (10)-(12) are very similar in spite of the very
different forms of the original equations. Expression (13) often appears in work concerning
integrable equations of type (1). But the fact that, if we use (13) the right-hand side of
the associated system always becomes quasipolynomial, is still a mystery to us. A rigorous
description of the construction of the associated system can be found in the appendix.
If n < 3 then equation (1) is quasilinear, i.e. it has the form (10). For quasilinear
equations of the form

wy = (X, WWeer + Bx, W, Wy, W) (14)

we have n = 0, so the v; are absent. In the cases n = | and n = 2, the equations reduce
to the form

W, = (X, W, We)Wexx + B{X, W, Wy, Wyy) (15)

Wy = &(X, W, Wy, WeelWaxx + Blx, W, Wr, Wix) (16)
respectively. For equations of the form

Wy = (X )Wy + B, W, Wy, Wyy) (17)

u depends only on x and it is not a valid dynamical variable. Nevertheless, we can construct
an associated system for them in the following way. Two equations can be considered
equivalent if there exists a point transformation transforming one into the other. Performing,
for instance, a transformation such as X = w, w = x, equation (17} can be brought into an
equation of type (15). Finally, for non-quasilinear equations, # = 3 (cf example 1).
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It is clear that the source equation (1) turns into the first equation of system (3). Our
crucial idea is to concentrate on equation (4) instead of the source equation. In all integrable
cases we will see that, for any n, equation (4) has the unique form

M=G§+fwhuﬂmmhg. (18)

X

Moreover, in terms of the vector fields

3 = 3 < ]

=1

where &; and G; are the functions in (2) and (3), all formulae concerning equation (1) for
all cases (10}<12) can be written in a unified way.

2. Integrability conditions

In recent years the problem of classifying integrable partial-differential equations has
received considerable attention. There are several ways of defining integrability: using
generalized symmetries, conservation laws, Painlevé test and so on. These approaches have
been discussed in [5], where references can be found.

In this paper we use the approach of a canonical series of conservation laws [4,6-8].
For any integrable equation there exists a sequence of so-called canonical local conservation
laws

()=o) i=12,.... (20)

The canonical densities p; can be expressed explicitly in terms of the right-hand side of
the eguation and the fluxes o; and j = 1,...,{ — 1. The mechanism for obtaining such
formulae is described in detail in [9]. For a system of type (2){4), this mechanism was
generalized in [2]. The first five canonical densities, calculated in this way for the system
assoctated with (1), are given by

pL=u (21)
3F
=u® 22
M=t s (22)
aF aF \ 3F aF
- -2 2 -3,2 . 1,5 2 )
03 (Zu uy +u auz:c)x +uur + su (au“) -+ uu, - u s + uo (23)
3F OF  OF aF 3F 3F aF \?
= =1 ——— _I 2 _ 1,47 *° 1,3
o 3 Quzy Uxa Ux au i .za Uy 3 Quy Buiyx * 3 (a“n)
F 3
+ %u"’(a—) + tuoy (24)
Dityy

ad
05 = UOs — 0301 — 3—8;(:”)- (25)
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Here, and in what follows, vector notation will be used. Thus, the associated system (2)—(4)
has the form

v, = By, u) (26)

v, = G, u, ty, ) 27

ty = F(U, sty Bxx, Uxxy) (28)
where v = (x, vf, ..., ty) and

P =(1,PD..., P, G=(0,G,...,Gp). 2%

Sometimes we will identify these vectors with their vector field counterparts (19), hoping
that this will not lead to confusion.

In this paper the fact that expressions (21)—(23) must be densities of local conservation
laws is exploited; this implies strong restrictions on the form of the functions &, F and G
in the right-hand side of the associated system (26)~(28). Step by step, we will determine
their dependence on sy, iy, etc.

In the first step of this sharpening process, we take into account the condition that
@ = u must be 2 conserved density according to (21). This means that

F = {(oi{w,u, uy, itz ).

On the other hand, as is proven in the appendix (cf (73)), with the chosen form of i given
by (13), F must be of the form F = u~3u,,, + lower terms. Thus

F= (u_ﬂuxx + flo, u, uy))s. (30)

This formula describes the dependence of F in uz., and u,,. Using the compatibility
conditions

(G)x = (®) €1y

that must hold between (26) and (27), we are led to

oG 3P usn 3¢ 1 9%
Brigy T du ud Bury 43 du’
Therefore
ad
G = u'suu-g; + g, u, uy). (32)

The general procedure to further determine the integrable equations is comprised by steps
analogous to the one outlined above. In each step, one of the integrability conditions (20)
firstly allows the form of F to be refined. Secondly, compatibility condition (31) is used o
refine the form of G and ¥.

In the first step of our procedure, we used the first canonical density oy = #. In the
second step, we are going to consider the second canonical density py = (8 F/0u,,). But
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first, it is useful to derive some formulae concerning the form of a general conservation law
(26)—(28).

The fact that the integrability conditions have the form of a conservation law leads us to
study this notion more deeply. A local conservation law for the associated system (26)—(28)
is an expression of the form

(p(v’uv “x.: "'))l = (O'('U, u: u11 "'))I (33)

which must hold over all the solutions of (26)-(28). Or, equivalently, (33) must be an
identity in the variables v, u, ty, Uy, ..., when we eliminate all derivatives with respect to ¢
using (27)-(28). The functions p and o are called the density and flux of the conservation
law, respectively. From a conservation law (p,), = (o;),, we obtain another conservation
law (p2);, = (o2): putting p2 = o1 + ¢, and o2 = o + ¢, where ¢ is an arbitrary function
¢ (v, u, uy,...). We will say that these conservation laws are equivalent and write

P17~ Pa. (34)

It is easily verified that any conserved density is equivalent to one of the form g = R{v, u)

or one of the form

R
2

Oy

#0 (35)

p=R@ it ..o, dim)

where, for brevity, we denote by u, the derivative u ;. The number m is called the
order of the conserved density. v

The usual way of eliminating the function ¢ from a conservation law is to use the
variational derivative [10]. The variational derivative of a total x-derivative is zero and
the conservation law can be written only in terms of p. However, here we prefer 2 more
straightforward approach to restrict the form of a conserved density of (26)—(28).

Let R be a function as in (35). Then (R), must be a total x-derivative, After a short
calculation, we obtain that (R), depends linearly on uy+3), but we can subtract some total
derivative of a function of order m + 2 to get

3
1My 8°R

3 3
2 u Bu(m)

(R

+r2ufm+[)+r!u(m+ll+r0 (36)

where r; = r;(v, 4, 4x, ..., U@m). The right-hand side of (36) must be linear in #(n41), 50
we have 83R/ Bu?m) =0, ie. R= Au%m) + Buyyy + C. Calculating again

3
Ry ~ (3(2m — DutAn, +3u3A, — 24 5;1) Uprpy + F1&miry + Fo. (37)
X
This formula implies a relationship between A{w, u, 4z, ..., Uym—n) and the right-hand side
of (30)
3
S 2@m — Du~u, + 2u A1 A, (38)

Bur
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Now we can proceed with the second step in the procedure, calculating the integrability
conditions (20). The second canonical density is
af

F 3
Piirs =(—3nu), +u au—r (39

pp=u’

$0 pz is of order m = 1 whenever (33 f/3u3) # 0. In this case, relation (38) with m = 1
shows that u3(8f/3u,) is a total x-derivative so we must have (8° f/3u}) = 0, arriving at
a contradiction. Hence, f is quadratic in u,. We will use the notation

a9
f = o+ QE(p) + B us +q (40)

with p = p(v,u), ¢ = g{v, ) and E = E(v, u). This notation is convenient since the
second canonical density (39) is, up to a total x-derivative, equal to E.

In the third step of the procedure, the third integrability condition (23), in conjunction
with the compatibility conditions, allow the right-hand sides of equations (27) and (28) to
be stated precisely as follows

ap
Uy = (u‘sum - %u"‘uﬁ - %P'l——u'3u§ - %P'I'I'(P)u'sux + Euu, + g(v, u))

du .
(41)
arP o
_{,-3 3,—4,2 _ 3p-l -3.2 _ 3p-l -3 -3
v,.-(u Upy — 58ty — 3P Eu uy— 3P B(Pu " ur+ Eu ux)-{;’;
e ad
-3 =
_ %u ui_é? —u=3u, I:<I>, a:' + (v, 1) (42)
where
P =a@u®+ B{u+y y = constant (43)

is a quadratic polynomial, defined up to a multiplicative constant.

Let us make some remarks about the function E(wv, u}. Xf there exists some conserved
density of order m 2 1 then we see from (38)~(40) that, without losing generality, we can
take E = (. From the integrability condition of p;, we obtain

a*E 5 __ 8P 3E

— 2P —— =, 44

3 T Ju dul 0 )
From the integrability condition of g3 and (37), we conclude that E and the polynomial P
are connected by

yE =0. (45)

The dependence of ¥ on « can also be found from the compatibility condition (31). It
15 determined by the relations

#¥® , 4P

e T =0 (0]
287 (,.,0P _\[. 9 y 82
il lp-128 _ - il H(P)— 2E) = 0.
[@, au2]+(21= o )[@. 3u]+(P (P)~3E) 5= =0 47)

The preliminary classification is performed by studying the different solutions of
equations (46) and (47) which lead to different classes of integrable equations.
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3. Preliminary classification

To start the classification, the easiest way is to solve (46). In the generic case, the solution
is ® = (PY2)®, 4- u®, + Pp. In the degenerate case P = (au + b)? we obtain two more
types of solution corresponding to @ = 0 and g £ 0. Therefore, we obtain three types of
solutions of (46) related to the different dependences on u of $:

& = u®a(v) + 1P (v) + Po(v) (48)
= (a(v)u + b))~ @y (v) + ud, (v) + Bo(v) (49)
& = (a()u® + B + ¥) P8y (v) + ud (v} + Bo(v). (50)

Let us first study the case (48). Here, P = constant = ¥ 3 0. Then, according to (45),
E = 0. Substituting € in (47) and equating the coefficients of the different powers of u to
zero, we obtain the conditions

[®1,$2] =0 (2o, 211 =0. (1)
In order to investigate these conditions, we must take into account the structure of the vector
field ® in (19). Since v; = w and Vs = w,, ..., this vector field has the form
e T 3
D = i — + R(v, u)—. 2
ax+§v+;av‘_+ (v, u) " (52)

Hence, vector fields ¥; are of the form

3 n—1
®o =+ Z Vit 5— +Ro(v)— (53)
(54)
Py, =R 9 55
2= 2(‘0)8—%- (55)

If [®p, @] = 0 then the explicit form of the vectors requires either n < 2 or ®; = 0, If
n < 2 we have a quasilinear equation of type (14) or (15). The case &; = 0 corresponds
to the generic case

B = u P, (v) + Bo(v) P=1 E=0 (56)

to which example 1 belongs.
Analogously, studying the remaining types of solutions (49) and (50), we obtain some
cases with n < 2 and two additional generic cases

& = ud, (v} + Bolv) P = u%h(v) E = E(v) (57
$ = P2, (v) + Bo(v) P =u8(v) -1 E=0. (58)

We must note that in these three generic cases, any value for n < 3 is possible.

Now we show some examples with equations of the quasilinear types (14)-(16) and
fully nonlinear equations corresponding to the three generic cases. In all of them, g =0
and r =0,
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Examples of the generic case {56). The next equations are examples belonging to case {36)
3.,—4.2

and, for all of them, the r-evolution of u, given by (41). is u, = (>, — Ju~4u]) .

w = (wwy, — Fwtwl)

=32 3,,.-5/2.2
wy = Wy "wxxx-iwx / Wi,

-3/2
Wy = wu/ Wexr
—1/2
uwy = _ZwIXI/ .

Examples of the generic case (57). In these examples P = u?, E = 0 and (41) is

e = (u3uyy — 3u00l)
wy = (wwyy — 3w'4w§)x
w, = wx_swux - 3w;4w§x (59)
w, = wx_.x? Wrxx (60)
W = — Wik

Equations (59) and (60) can be transformed using a contact transformation to the linear
equation w; = Wyxx-

Examples of the generic case (58).
w, = (W wy, — Sw™Hw? - )7 2w - Duwl),
wy = (w_f + I)'mwmf - 3(w§ + 1)_5"2w§I
we = (Wl + 17 2w — 3w, + )™k,
wy = (Wi, + 17w,
Here P =u?— 1 and (41) is u, = (u‘3uH%u‘4(u2 - D 2u? — l)ui)x.

Besides the three generic cases, there are several special quasilinear cases with n < 2. It
is easy to see that any equation of the form (14), {15) and (17) can be reduced by a contact
transformation to the form (16} and then, without loss of generality, it can be thought that
any integrable equation of the form (1) belongs to one of the generic cases (56)-(58).
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Appendix. Non-standard dynamical variables
In this appendix we will use the notation

_dw
e

to stress the fact that in the algebraic study of an evolution equation

k
dw 8 w) 61)

w=H|x,w,—,..., —
! ( dx axt

these partial derivatives are regarded as independent variables (cf (33)). We will call the set
X, w, Wy, ..., W, ... the standard set of independent variables for (61). In terms of these
variables, the evolution equation (61) is a pair of compatible infinite dynamical systems of
equations

(x)x =1 (Wi)x = Wit (62)
(x);=0 (wi) = D' (H(x, wwy, ..., w)) i=0,1,... (63)

where

D—i+§:w- 2
T ax = ’Haw,-

is the total derivative with respect to x.
Formally, the transition from evolution equation (61} to the associated system is a change
of variables in the systems (62)-(63), namely to the new set of independent variables

X W Wiy euny Weo, U, 81, .0 (64)

where

80

ow,

# 0. (65)

u= Q(xa w, wl)-“rwn)

It is clear that u; = D'(Q). This change from standard to non-standard variables
is invertible, In fact, from equation (65), w, can be expressed in the variables
X, W, Wy, ..., Woet, U

wlt:R(x)wl w[s"-!wn—hu)' (66)

In order to express wy4; in non-standard variables x, w, wy, ..., wy_y, u, 2|, we have to
apply the total derivative operator D to (66):

PP U . L ST L SPPHY. L 67)
m T Sk Yow n-1 Swy_n " 8w,y Vou
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replacing w, by R. We can express the variables w; with i > n 4+ 1 analogously

W41 = DY(R) (68)
where
-3 = 3 & 3
D=— R o] — 69
ax +;w‘+13 + AW,y +§u+1 A (69)

is the total derivative with respect to x in the non-standard variables, The map between
standard and non-standard variables is now completely described and routine calculations
altow all objects such as vector fields, symemetries, conservation laws, etc to be rewritten. It
Is, in fact, an algorithmic procedure which can be implemented in computer algebra systems,
We have implemented this on the MATHEMATICA package, which was used to perform the
calculations involved in this paper.

It is easy to see that the infinite system (62)(63) is thus rewritten in non-standard
variables as

x) =0 (70)
(w,-);——-'“ﬁi(G(x,w,wl,...,w,,._l,u,...,uk_.,,)) f=0,...,n—-1 (71)
() = DI(F(X, W, w1, .0, Waets tly ..., HE)) j=0.... (72)

To find the explicit form of G we replace w,, w1, ..., w; in the right-hand side of (61)
using (68). To obtain F we can differentiate equation (65) with respect to ¢

u, = 90 {w,), + lower terms = 90 D"H 4 lower terms
awn wn
aQ oH
= ——wy s + lower terms
aw,, 3wk

and differentiating (65) i times with respect to x

=
i

Wiy + lower terms,
n

Therefore, w;+, = (8Q/9w,) 'u; + - - and

aH
= —uy + lower terms. (73)
Bwk
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