GLOBAL CONSERVATIVE SOLUTIONS OF THE GENERALIZED
HYPERELASTIC-ROD WAVE EQUATION

HELGE HOLDEN AND XAVIER RAYNAUD

ABSTRACT. We prove existence of global and conservative solutions of the
Cauchy problem for the nonlinear partial differential equation u¢ — ugetr +
fw)e — f(Waze + (g(u) + %f”(u)(ux)2)x = 0 where f is strictly convex or
concave and g is locally uniformly Lipschitz. This includes the Camassa-Holm
equation (f(u) = u?/2 and g(u) = xu+u?) as well as the hyperelastic-rod wave
equation (f(u) = yu?/2 and g(u) = (3 — v)u?/2) as special cases. It is shown
that the problem is well-posed for initial data in H'(R) if one includes a Radon
measure that corresponds to the energy of the system with the initial data. The
solution is energy preserving. Stability is proved both with respect to initial
data and the functions f and g. The proof uses an equivalent reformulation of
the equation in terms of Lagrangian coordinates.

1. INTRODUCTION

We solve the Cauchy problem on the line for the equation

Ut — Uggt + f(u)z - f(u)acacac + (g(u) + %fﬂ(u)(uw)z)z =0 (1'1>

for strictly convex or concave functions f and locally uniformly Lipschitz functions
g with initial data in H!(R). This equation includes the Camassa—Holm equation
H], the hyperelastic-rod wave equation [I1] and its generalization [, [7] as special
cases. ,

For f(u) = % and g(u) = ku + u?, we obtain the Camassa-Holm equation:

Ut — Ugat + KUy + Uty — 2Uplpy — Uz =0,  Ult=0 = T, (1.2)

which has been extensively studied the last decade [, B]. It was first introduced as
a model describing propagation of unidirectional gravitational waves in a shallow
water approximation, with u representing the fluid velocity, see [I8]. The Camassa—
Holm equation has a bi-Hamiltonian structure, it is completely integrable, and it
has infinitely many conserved quantities.

For f(u) = 'Y—gz and g(u) = 25%u?, we obtain the hyperelastic-rod wave equation:

Ut — Utgy + Suum - 'Y(QUmumm + uuzwz) = 07

which was introduced by Dai [T, [0, T2] in 1998. Tt describes far-field, finite length,
finite amplitude radial deformation waves in cylindrical compressible hyperelastic
rods, and u represents the radial stretch relative to a pre-stressed state.

Furthermore, for f(u) = % we find the generalized hyperelastic-rod equation

1
Ut — Uget + ig(u)m - ’Y(QUIU:&:& + uuxmaz) = 07 (13)
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which was recently studied by Coclite, Holden, and Karlsen [0l [7], extending earlier
results for the Camassa—Holm equation by Xin and Zhang, see [20]. They analyzed
the initial value problem for this equation, using an approach based on a certain
viscous regularization. By carefully studying the behavior of the limit of vanishing
viscosity they derived the existence of a solution of (L3)). This solution could be
called a diffusive solution, and will be distinct from the solutions studied here. We
will discuss this in more detail below.

We will not try to cover the extensive body of results regarding various aspects
of the Camassa—Holm equation. Suffice it here to note that in the case with kK =0
the solution may experience wave breaking in finite time in the sense that the
function remains bounded while the spatial derivative becomes unbounded with
finite H'-norm. Various mechanisms and conditions are known as to when and
if wave breaking occurs. Specifically we mention that Constantin, Escher, and
Molinet [, @] showed the following result: If the initial data u|;—o = 4 € H*(R)
and m := u — @” is a positive Radon measure, then equation ([CA) with x = 0 has
a unique global weak solution u € C([0,T], H*(R)), for any T positive, with initial
data 4. However, any solution with odd initial data @ in H3(R) such that ,(0) < 0
blows up in a finite time.

The problem of continuation of the solution beyond wave breaking is intricate. It
can be illustrated in the context of a peakon—antipeakon solution. The one peakon
is given by u(t,z) = cexp(— |z —ct|). If ¢ is positive, the solution is called a
peakon, and with ¢ negative it is called an antipeakon. One can construct solutions
that consist of finitely many peakons and antipeakons. Peakons move to the right,
antipeakons to the left. If initial data are given appropriately, one can have a
peakon colliding with an antipeakon. In a particular symmetric case they exactly
annihilate each other at collision time ¢*, thus u(¢*, ) = 0. This immediately raises
the question about well-posedness of the equation and allows for several distinct
ways to continue the solution beyond collision time. For an extensive discussion
of this case, we refer to [I7] and references therein. We here consider solutions,
called conservative, that preserve the energy. In the example just mentioned this
corresponds to the peakon and antipeakon passing through each other, and the
energy accumulating as a Dirac delta-function at the origin at the time of collision.
Thus the problem cannot be well-posed by considering the solution u only. Our
approach for the general equation (TI)) is based on the inclusion of the energy,
in the form of a (non-negative Radon) measure, together with the function u as
initial data. We have seen that singularities occur in these variables. Therefore
we transform to a different set of variables, which corresponds to a Lagrangian
formulation of the flow, where the singularities do not occur.

Let us comment on the approach in [0, [7]. The equation ([L3J) is rewritten as

1
g + yuu, + P =0, P—-P, = §(g(u) — yu?) + y(ug)?. (1.4)

By adding the term eu,, to the first equation, it is first shown that the modified
system has a unique solution[] Subsequently, it is proved that the vanishing vis-
cosity limit € — 0 exists. The limit is shown to be weak solution of ([J). In
particular, that means that ||u(¢, - )|| ;1 < ||w(0, -)|| ;2 and that the solution satis-
fies an entropy condition wu, (t,2) < K + 2/(~t) for some constant K. The solution
described above with a peakon and an antipeakon “passing through” each other
will not satisfy this entropy condition. Thus the solution concept is different in the
two approaches.

I fact, it it is proved that a more general parabolic-elliptic system, allowing, e.g., for explicit
spatial and temporal dependence in the various functions, has a solution.
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Here we take a rather different approach. Based on recent techniques developed
for the Camassa—Holm equation, see [T}, 2, [T, [[6], we prove that ([IZIl) possesses a
global weak and conservative solution. Furthermore, we show that the problem is
well-posed. In particular we show stability with respect to both perturbations in
the initial data and the functions f and g in a suitable topology.

The present approach is based on the fact that the equation can be reformulated
as a system of ordinary differential equations taking values in a Banach space. It
turns out to be advantageous first to rewrite the equation as

us + f(u), + P, =0, (1.5a)
P— Py, =g(u)+ %f"(u)ui (1.5b)

where we assume
{ FEWZR), f'(u) #0, u€R,
g € Wii*(R), (0) = 0.
We will use this assumption throughout the paper.
Specifically, the characteristics are given by

yt(t7 5) = f/(u(ta y(t7 6))
Define subsequently

U(t,€) = ult,y(t,€)),

y(t,€)
H(t,¢&) = / (u® +1u2) da,

— 00

where U and H correspond to the Lagrangian velocity and the Lagrangian cumula-
tive energy distribution, respectively. It turns out that one can derive the following
system of ordinary differential equations taking values in an appropriately chosen
Banach space, viz.

yr=U,

Ut = 7@7

H,=GU)-2PU,
where the quantities G, @), and P can be expressed in terms of the unknowns
(y,U, H). Short-term existence is derived by a contraction argument. Global exis-
tence as well as stability with respect to both initial data and functions f and g,
is obtained for a class of initial data that includes initial data u|;—o = @ in H(R),
see Theorem The transition of this result back to Eulerian variables is compli-
cated by several factors, one being the reduction of three Lagrangian variables to
two Eulerian variables. There is a certain redundancy in the Lagragian formula-
tion which is identified, and we rather study equivalence classes that correspond to
relabeling of the same Eulerian flow. The main existence result is Theorem X9 It
is shown that the flow is well-posed on this space of equivalence classes in the La-
grangian variables, see Theorem Bl A bijection is constructed between Lagrangian
and Eulerian variables, see Theorems On the set D of Eulerian variables
we introduce a metric that turns D into a complete metric space, see Theorem

The main result, Theorem BT3 states the following: There exists a continuous

semigroup on D which to any initial data (@, i) € D associates the pair (u(t), u(t)) €
D such that u(t) is a weak solution of (LX) and the measure p = p(t) with x(0) = g,
evolves according to the linear transport equation p+(up), = (G(u)—2Pu), where
the functions G and P are explicitly given. Continuity with respect to all variables,

2Without loss of generality we may and will assume that g(0) = 0. Otherwise, ([LED) should
be replaced by P — Prz = g(u) — g(0) + %f”(u)uﬁ
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including f and g, is proved. The total energy as measured by p is preserved, i.e.,
u(t)(R) = g(R) for all ¢.

The abstract construction is illustrated on the one and two peakon solutions for
the Camassa—Holm equation.

The paper is organized as follows. In Section ] the equation is reformulated in
terms of Lagrangian variables, and existence is first proved in Lagrangian variables
before the results are transformed back to the original Eulerian variables. Stability
of the semigroup is provided in Section Bl and the construction is illustrated on
concrete examples in Section Hl

2. EXISTENCE OF SOLUTIONS

2.1. Transport equation for the energy density and reformulation in terms
of Lagrangian variables. In ([L3H), P can be written in explicit form:

1 1
P(t,z) = 3 /]R el (gou+ §f” ouul)(t,z)dz. (2.1)

We will derive a transport equation for the energy density u? + uZ. Assuming that
u is smooth, we get, after differentiating ([CRal) with respect to x and using ([CEH),
that

et 5 £+ (Wt + P — g() = 0. (22)
Multiply (CHE) by u, @) by us, add the two to find the following equation
(u? +u2)e + (f'(u)(W? + u2))s = —2(Pu)s + (29(w) + £ (w)u?)u,. (2.3)
Define G(v) as
G) = [ (2a6:)+ ()2 (2.4)
then [E33) can be rewritten as
(2 +u2), + (' () (0 + 1)) = (G(u) — 2P, (2.5

which is transport equation for the energy density u? + u2.
Let us introduce the characteristics y(¢, &) defined as the solutions of

yt(tag) = f’(u(t,y(t@)) (26>

with y(0,¢) given. Equation ([ZH) gives us information about the evolution of the
amount of energy contained between two characteristics. Indeed, given £;,&5 in R,
let

y(t,62)
H(t) = / (u® +u2) do
y(t,61)

be the energy contained between the two characteristic curves y(t,£1) and y(¢, &2).
Then, we have

an
dt

y(t,€2)
O ) oyt O)E + [ s @)
y(t:€1)

We use () and integrate by parts. The first term on the right-hand side of ()
cancels because of [Z0l) and we end up with

dH )

— = [(Gu) —2Pu) o yg; . (2.8)

We now derive a system equivalent to ([LCH). The calculations here are formal and

will be justified later. Let y still denote the characteristics. We introduce two other
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variables, the Lagrangian velocity U and cumulative energy distribution H defined
by

U(t,f) = u(t,y(t,f)), (29)
y(t,€)
H(t,§) = [ (v + u2) da, (2.10)

respectively. From the definition of the characteristics, it follows from ([Chal) that
Ut(ta 6) = Ut (tv y) + Yt (ta é)uz (tv y)
= (ue + f'(w)uz) o y(t, §)
= —P,oy(t,§). (2.11)

This last term can be expressed uniquely in term of U, y, and H. Namely, we have
1 1
Poy (t,€) = ~3 / sgn(y(t, &) — 2)e V&=l (g oy 4 §f” ouu?)(t,z)dz
R

and, after the change of variables z = y(¢,7),

Ppoy(t,§) = - sgn(y(t, &) — y(t, n))e @Oy
2

R
1
X (g out g f"o Wi) (& y(t,m))ye (8 m) | dn.
Finally, since He = (u? + u2)oy e,

1

Pyoy(§) = 3 /ngn(y(g) — y(n))e~ VO -yl

x ((9(0) = 5" @)0)ye + 3 OV H ) )y (212)

where the ¢ variable has been dropped to simplify the notation. Later we will prove
that y is an increasing function for any fixed time ¢. If, for the moment, we take
this for granted, then P,oy is equivalent to @) where

Qt.€) = =3 [ sen(s = mexp (= sen(€ ~n)(u() ~ y(w)

< (o) = 30" W)0)e + 50" W)H) () dy, - (2.13)

and, slightly abusing the notation, we write
1
P(1.6) = 5 [ e (= sen(¢ ~ m)(w(©) ~5(n)

< ((6(0) ~ 57" @)0)ye + 5 7" (U)H ) (n)dn. (214)

Thus P,oy and Poy can be replaced by equivalent expressions given by (EI3)
and (ZT4) which only depend on our new variables U, H, and y. We introduce yet
another variable, ((t, ), simply defined as
It will turn out that ¢ € L>°(R). We have now derived a new system of equations,
formally equivalent (CH). Equations 1)), (Z8) and EH) give us
Ct = U’
U= -Q, (2.15)
H, = G(U) — 2PU.
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Detailed analysis will reveal that the system ([ZIH) of ordinary differential equations
for (¢,U,H): [0,T] — F is well-posed, where F is a Banach space to be defined in
the next section. We have

Qc = —5 1" (U)He + (P+ 3 /" (U)U% — 9(U))ve.
and Pr = Qye. Hence, differentiating @I3) yields
Ceo = f"(U)Ue (or yer = f"(U)Ue),
Uei = 5 f(U)He — (P + 5 5" (©)0 — g(U) e, (2.16)
He = —2QUye + (29(U) — f"(U)U? = 2P)U¢.
The system (TG is semilinear with respect to the variables ye, Us and He.
2.2. Existence and uniqueness of solutions in Lagrangian variables. In this
section, we focus our attention on the system of equations (2ZIH) and prove, by a

contraction argument, that it admits a unique solution. Let V' be the Banach space
defined by

V={feG(®)|fe e L*R)}
where Cp(R) = C(R) N L>(R) and the norm of V' is given by |[flly, = | fll oo (r) +
|| fe HLZ(R)' Of course H!(R) C V but the converse is not true as V contains functions
that do not vanish at infinity. We will employ the Banach space E defined by
E=VxH'R)xV
to carry out the contraction map argument. For any X = (¢,U, H) € F, the norm
on F is given by
XNz = lI<lly + 10 gy + [1H ]y -
The following lemma gives the Lipschitz bounds we need on @) and P.
Lemma 2.1. For any X = ((,U, H) in E, we define the maps Q and P as Q(X) =

Q and P(X) = P where Q and P are given by ZI3) and ZIA), respectively. Then,
P and Q are Lipschitz maps on bounded sets from E to HY(R). Moreover, we have

Qe = —5 /" (U)He + (P 4+ 3 O~ @) +),  (27)
Pe= Q1+ o) (2.18)
Proof. We rewrite Q as
—¢(&)
QX)E) = 5= [ xiacer e e
1 1
% (o) = 51U (1 + o) + 54" (V) He ) () dn

e$(©) o
5 /Rx{n>§}(n)e(§ n) =€)

x ((9U) = £/ @) A+ &)+ 37" OV ) (), (2.19)

where xp denotes the indicator function of a given set B. We decompose Q into
the sum Q1 + Qs where Q1 and Qs are the operators corresponding to the two
terms on the right-hand side of [ZId). Let h(§) = X{e>03(£)e™* and A be the map
defined by A: v — hxv. Then, 1 can be rewritten as

e—C(©

Qu(X)(§) = ——5— 40 R(C U, H)(§) (2.20)

+
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where R is the operator from E to L?(R) given by

RGU H)(E) = O ((o(U) = 3 /O +G) + 5 fOH) Q). (2:21)

We claim that A is continuous from L?(R) into H'(R). The Fourier transform of
h can easily be computed, and we obtain

~ . 1
i) = [ &)™ g = (2.22)

The H'(R) norm can be expressed in term of the Fourier transform as follows, see,
e.g., [14,
1x vl gy = || (L 4+ 72 Exw

L2(R)

. — 7 A~
Since h x v = hv, we have

Il 71y = [[(1 402 2

L2(R)
<Collpew by @2

=Cllv[lp2y by Plancherel equality

for some constant C. Hence, A: L?*(R) — H*(R) is continuous. We prove that
R(¢,U, H) belongs to L?*(R) by using the assumption that g(0) = 0. Then, A o
R(¢,U, H) belongs to H!. Let us prove that R: E — L2(R) is locally Lipschitz.
For that purpose we will use the following short lemma.

Lemma 2.2. Let Byy ={X € E | | X||g < M} be a bounded set of E.

(i) If g1 is Lipschitz from By to L% (R) and g Lipschitz from By to L*(R), then
the product g1go is Lipschitz from By to L*(R).

(i) If 1,92 are two Lipschitz maps from Bps to L= (R), then the product gig2 is
Lipschitz from By to L°(R).

Proof of Lemma B2 Let X and X be in By, and assume that g; and gy satisfy
the assumptions of (¢). We denote by Ly and Lo, the Lipschitz constants of g1 and
ga, respectively. We have

191(X)g2(X) = 91(X)g2(X)| 2 s
< H91(X) —gl(X)"Loo(]R) H92(X)||L2(R) + ||91 X HLoo(R) H92(X) —92(X)||L2(R)
< [2L1LoM + Ly | g2(0) | 2y + L2 191 O)] oo gy | 1X = X || 5

and (7) is proved. One proves (i) the same way. O

Let us consider a bounded set Byy = {X € E | | X||zp < M} of E. For X =

(¢,U,H) and X = (¢,U,H) in By, we have 101 oo r) < J% 10Ul g gy < %M
because % is the constant of the Sobolev embedding from H!(R) into L>°(R), and,

3

similarly, ||U||L°°(]R) \[M Let Iny = [— \[M \[M] and
Lot = I fllyore 1y + 19l 1y < 00 (2.23)
Then
19(7) = 9| Loy < N9llwroe (1) 1U = Ull oy < Lat [|U = Ul o

Hence, g1: X — g(U) is Lipschitz from By to L?(R). For X,X in By, we

have ||C||Loo ® < M and HEHLOO(]R) < M. The function x — e® is Lipschitz on

{x € R| |z| < M}. Hence, go: X + € is Lipschitz from By to L>°(R). Thus, the
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first term in ZZ), g1(X)g2(X) = eSg(U), is, by Lemma 2 Lipschitz from By
to L2(R). We look at the second term, that is, e¢g(U)Ce. For X, X in By, we have

_ _ 1 _
l9(U) = g(U)HLOC(]R) < Mgllwoo (100 U~ UHLoo(]R) = %LM U~ UHHl(]R) :

Hence, X ~ g(U) is Lipschitz from Bjs to L>°(R) and, by Lemma B2 as X — ¢
is also Lipschitz from Bjs to L>®(R), we have that the product X +— e‘g(U) is
Lipschitz from By to L (R). After using again Lemma 22 since X — (¢, being
linear, is obviously Lipschitz from Bjs to L?(R), we obtain, as claimed, that the
second term in ([ZZI), eSg(U){, is Lipschitz from Bjys to L%(R). We can handle
the other terms in (Z21]) similarly and prove that R is Lipschitz from By to L?(R).
Since A: L*(R) — H'(R) is linear and continuous, A o R is Lipschitz from B to
H(R). Then, we use the following lemma whose proof is basically the same as the
proof of Lemma

Lemma 2.3. Let R1: Byy — V, Ro: By — HY(R), and R3: By — V be three
Lipschitz maps. Then, the products X — R1(X)R2(X) and X — R1(X)R3(X) are
also Lipschitz maps from By to HY(R) and Byy to V., respectively.

Since the map X — e ¢ is Lipschitz from Bjps to V, Q1 is the product of two
Lipschitz maps, one from Bjys to H'(R) and the other from By to V, and therefore
it is Lipschitz map from Bj; to H!(R). Similarly, one proves that Qo and therefore
Q are Lipschitz on By;. Furthermore, P is Lipschitz on Bjs. The formulas (ZI7)
and ([ZIX) are obtained by direct computation using the product rule, see [I3} p.
129]. O

In the next theorem, by using a contraction argument, we prove the short-time
existence of solutions to (ZIH).

Theorem 2.4. Given X = (¢,U, H) in E, there exists a time T depending only on
||XHE such that the system ZIH) admits a unique solution in C'([0,T], E) with
initial data X .

Proof. Solutions of ([ZIH) can be rewritten as
t
X(t)=X +/ F(X(r))dr (2.24)
0

where F': E — Eis given by F(X) = (f'(U),—Q(X),G(U) —2P(X)U) where X =
(¢,U,H). The integrals are defined as Riemann integrals of continuous functions
on the Banach space E. Let Bys and Lj; be defined as in the proof of Lemma Bl
see EZZJ). We claim that X = ((,U,H) — f'(U) and X = ((,U,H) — G(U)
are Lipschitz from Bjy; to V. Then, using Lemma Bl we can check that each
component of F'(X) is a product of functions that satisfy one of the assumptions of
Lemma and using this same lemma, we obtain that F(X) is Lipchitz on Byy.
Thus, F' is Lipschitz on any bounded set of E. Since F is a Banach space, we use
the standard contraction argument to show the existence of short-time solutions
and the theorem is proved. For any X = (¢,U,H) and X = (,U, H) in By, we
have [|U]| gy < 75 M and [[U][« ) < 75 M. Then,
! 1(T7 ! [T 1
Hf ) - f (U)HLOO(R) <|f Hle“(IM) HU_ UHL“(]R) = E

and X — f/(U) is Lipschitz from By, into L (R). Since f’is C! and U € H'(R),
using [9, Appendix A.1], we obtain that f'(U)¢ € L*(R) and

F'(U)e = f"(U)Ug.

L[| = X
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As before, it is not hard to prove that X +— f”(U) is Lipschitz from Bjs into
L>(R). It is clear that X — Ug is Lipschitz from B into L?(R). Hence, it follows
from Lemma that X — f”(U)Ug is Lipschitz from By, into L*(R). Therefore,
X — f'(U) is Lipschitz from Bjs into V. Similarly, one proves that X — G(U) is
Lipschitz from Bjs into V' and our previous claim is proved. 0

We now turn to the proof of existence of global solutions of ([IH). We are
interested in a particular class of initial data that we are going to make precise
later, see Definition In particular, we will only consider initial data that belong

to EN [VVLOO(]R)]3 where
WH=(R) = {f € Cy(R) | fe € L=(R)}.

Given (¢,U, H) € EN[W%*(R)]?, we consider the short-time solution (¢, U, H) €
C([0,T], E) of ZIH) given by Theorem ZA Using the fact that Q and P are
Lipschitz on bounded sets (Lemma Tl and, since X € C([0,T], E), we can prove
that P and @ belongs to C([0,T], H'(R)). We now consider U, P and Q as given
function in C([0,T], H'(R)). Then, for any fired £ € R, we can solve the system of
ordinary differential equations

d "
Ea(tvg) =f (U)ﬁ(t,g),

9B(1.6) = 51" UN(1.E) + (— 31" W) +9(U) ~ PY(1+0)(1,), (225)

LA(6:6) = ~2QU)(1+ a)(,6) + (29(0) + f(U)? ~ 2P)5(1 ),

which is obtained by substituting (¢, Us and He in ZIH) by the unknowns «, £,
and 7, respectively. Concerning the initial data, we set («(0,£), 8(0,&),~(0,¢)) =
(Ge. T, He) i |Ge(6)] + |Te(€) |+ | He (€)] < o0 and (a(0,€), B(0.€),7(0,)) = (0,0,0)
otherwise. In the same way as in [0, Lemma 2.4], see also Lemma Z0l below, we
can prove that solutions of ([222H) exist in [0,7] and that, for all time ¢t € [0, T,

(a(tv 5); ﬁ(t7 f)v 7(t7 5)) = (C& (t7 5)’ U& (t7 5)’ H€ (tv 5))

for almost every £ € R. Thus, we can select a special representative for ((¢, Ue, H)
given by (a, 3,7), which is defined for all £ € R and which, for any given &, satisfies
the ordinary differential equation [ZZH) in R®. From now on we will of course
identify the two and set (¢, Ue, He) equal to (e, 5,7).

Our goal is to find solutions of ([CH) with initial data @ in H' because H! is
the natural space for the equation. However, Theorem B4 gives us the existence of
solutions to ([TIH) for initial data in E. Therefore we have to find initial conditions
that match the initial data @ and belong to E. A natural choice would be to use
7(&) = y(0,¢) = ¢ and U(€) = u(€). Then y(t, &) gives the position of the particle
which is at £ at time ¢ = 0. But, if we make this choice, then Hg = 4% + 2 and Hg
does not belong to L?*(R) in general. We consider instead j implicitly given by

9(8)
€= / (@* + u2) dx + (&) (2.26a)
and
U = uoy, (2.26b)
Y
H= (@ +u2) da. (2.26¢)

In the next lemma we prove that (7, U, H) belongs to the set G where G is defined
as follows.
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Definition 2.5. The set G is consists of all (¢,U, H) € E such that

(¢, U H) e Wh=(R)]?, (2.27a)
ye > 0,He > 0,ye + He > 0 almost everywhere, and ¢ lim H() =0, (2.27b)

yeHe = y,?U2 + U§2 almost everywhere, (2.27¢)
where we denote y(§) = ¢(§) + &.
Lemma 2.6. Given u € H'(R), then (7,U, H) as defined in [Z2Z0) belongs to G.

Proof. The function k: z — [ (a?+a2)(z) dz+ 2 is a strictly increasing continuous
function with lim, 4. k(z) = +oo. Hence, k is invertible and %(£) = k=1(¢) is
well-defined. We have to check that ({, U, H) belongs to E. It follows directly from
the definition that 7 is a strictly increasing function. We have

y(©)

C(¢) = f/ (@ +u3) da, (2.28)

— 00

and therefore, since @ € H', ¢ is bounded. For any (¢,¢') € R?, we have

1€ =&l =

7(§)
/ (@ 1 2) dr + 5(6) — §(€)
y(&")

9(&)
/ (@ + a2) dx
7€)

because the two quantities inside the absolute values have the same sign. It follows

from ([ZZ9) that g is Lipschitz (with Lipschitz constant at most 1) and therefore
almost everywhere differentiable. From (ZZJ), we get that, for almost every £ € R,

+ 15(&) — 5(&)] (2:29)

(e = —(a® +1a3)oy e
Since g¢ = 1+ (g, it implies

- u? + u?

Ce(§) = *moﬂ(f)- (2.30)

Therefore (¢ is bounded almost everywhere and ¢ belongs to W1H°(R). We also

have
= o] .
YT raz?

which implies that g¢ > 0 almost everywhere. From (ZZ5), we see that H = —(

and therefore H belongs to W1°°(R). Since H'(R) C L*(R), U = ioy is bounded.
We have, for almost every £ € R,

He = (a® + ) oy ge (2.32)
which, since Ug = Uz oy y¢ almost everywhere, gives us

JeHe = yiU* + UZ. (2.33)
Hence, U < y¢He and Ug is bounded and U belongs to W>°(R). We have

(¢,U,H) € [WH*°(R)]3. It remains to prove that U, (¢, Us and H¢ belong to
L?(R). By making the change of variable x = (£) and using (Z31]), we obtain

01y = [ @)1+ + ) (o) do

—112 —112 —12
S Nl 2@y + 1@l 700 gy 18017 ) -
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Hence, U € L%(R). Since 0 < He <1, H is monotone and
=112 = = .5 2
1|y < 1 Hell oo ey 1 Hell gy < Jim HE) = Nl g -
Hence, He, and therefore (¢, belong to L2(R). From [Z33) we get

1Tl ey < N Hell oy < (14 1 e ) N ey
and Ug € L(R). O

For initial data in G, the solution of ([ZIH) exists globally. To prove that we will
use the following lemma.

Lemma 2.7. Given initial data X = ((,U, H) in G, let X(t) = (C(t),U(t), H(t))
be the short-time solution of IH) in C([0,T], E) for some T > 0 with initial data
X = (¢,U,H). Then,

(i)  X(t) belongs to G for allt € [0,T], that is, G is preserved by the flow.

(it)  for almost every t € [0,T], ye(t,€) > 0 for almost every £ € R,

(¢4d) For allt € [0,T], ime 400 H(t,§) exists and is independent of time.

We denote by A the set of all £ € R for which [(¢(€)] + |Ue(€)| + [He(€)] < oo
and the relations in (Z2Z7H) and [ZZ7d) are fulfilled for g¢, Us and He. Since
by assumption X € G, we have meas(A¢) = 0, and we set (Ug, He, () equal to
zero on A€. Then, as we explained earlier, we choose a special representative for
(¢(t,8),U(t, &), H(t,&)) which satisfies (ZI0]) as an ordinary differential equation in
R3 for every & € R.

Proof. (i) The fact that W1°°(R) is preserved by the equation can be proved in the
same way as in [I6, Lemma 2.4] and we now give only a sketch of this proof. We
look at (1) as a system of ordinay differential equations in ENW1>°(R). We have
already established the short-time existence of solutions in E, and, since [ZI0) is
semilinear with respect to y¢, Ug and He (and affine with respect to (¢, Us and Hy),
it is not hard to establish, by a contraction argument, the short-time existence of
solutions in ENW1>(R). Let C1 = supyc(o 7 (U (2, Mree@ +1PE )l g +
1Q(: Il (ry) and Z(t) = [ICe(t, ) poory + Ut ) poo ry + He ()l oo ry-
We have C1 < supyco, 1 [|[X (¢, - )| g < oo. Using again the semi-linearity of (ZIG),
we get that

Z(t) < Z(0) +CT+C’/tZ(T)dT
0

for a constant C' that only depends on C7. Hence, it follows from Gronwall’s lemma
that sup,c(o 1) Z(t) < oo, which proves that the space W (R) is preserved by the
flow of [ZIH). Let us prove that (Z27d) and the inequalities in (227H) hold for any
¢ € A and therefore almost everywhere. We consider a fixed £ in A and drop it in
the notations when there is no ambiguity. From (EId), we have, on the one hand,

(YeHe)r = yer He + Herye
= f"(U)UeHe + (G'(U)Use — 2QUye — 2PU¢ ) ye
= f"(U)UeHe + (29(U) + f"(U)U?)Ueye — 2QugU — 2PUcye
and, on the other hand,
(WeU? + U) = 2yeyeU? + 292U U + 2U¢, U
=2f"(U)UeyeU? — 242QU

+ 2U§(%f”(U)H5 - %f”(U)Ust +9(U)ye — Pye).
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Thus, (yeHe — yzU? — UZ); = 0, and since yeHe(0) = (y2U? + UZ)(0), we have
YeHe(t) = (yZU? + UZ)(t) for all t € [0,T]. We have proved ([ZZId). Let us
introduce t* given by

t* =sup{t € [0,T] | ye(t') > 0 for all ¢’ € [0,¢]}.

Recall that we consider a fixed £ € A, and drop it in the notation. Assume that
t* < T. Since y¢(t) is continuous with respect to time, we have

ye(t*) = 0. (2.34)
Hence, from [ZZ7d) that we just proved, Ue(t*) = 0 and, by (ZI4),
yer(t°) = f"(U)Ue (") = 0. (2.35)
From (ZI6), since y¢(t*) = Ue(t*) = 0, we get
* * 1 *
ven(t") = f/(U)Ua(t) = 5 f"(U)* He(t"). (2.36)

If He(t*) = 0, then (ye, U, He)(t*) = (0,0,0) and, by the uniqueness of the solu-
tion of [IH), seen as a system of ordinary differential equations, we must have
(ye, Ue, He)(t) = 0 for all ¢ € [0, T]. This contradicts the fact that y¢(0) and He(0)
cannot vanish at the same time (7¢ + He > 0 for all £ € A). If He(t*) < 0, then
Yerr (£*) < 0 because f does not vanish and, because of ([Z34) and (3H), there ex-
ists a neighborhood U of t* such that y(t) < 0 for all ¢ € U \ {¢*}. This contradicts
the definition of ¢*. Hence,

He(t") >0, (2.37)
and, since we now have ye(t*) = ye(t*) = 0 and yeu(t*) > 0, there exists a
neighborhood of t* that we again denote by U such that ye(¢) > 0 for all t € U\ {t*}.
This contradicts the fact that t* < T, and we have proved the first inequality in
@270), namely that ye(t) > 0 for all ¢ € [0,7]. Let us prove that He(t) > 0
for all t € [0,T]. This follows from ([ZZZd) when y¢(t) > 0. Now, if y¢(t) = 0,
then Ug(t) = 0 from Z2ZIZd), and we have seen that He(t) < 0 would imply that
ye(t') < 0 for some ¢’ in a punctured neighborhood of ¢, which is impossible. Hence,
He(t) > 0, and we have proved the second inequality in (2270). Assume that the
third inequality in ([227d) does not hold. Then, by continuity, there exists a time
t € [0,T] such that (ye + He)(t) = 0. Since ye and He are positive, we must have
ye(t) = He(t) = 0 and, by Z2ZZd), Ue(¢) = 0. Since zero is a solution of (TG, this
implies that y¢(0) = Ue(0) = He(0), which contradicts (ye + He)(0) > 0. The fact
that lime_, oo H(t,€) = 0 will be proved below in ().

(i) We define the set

N ={(t,§) € [0, T] x R | ye(t, &) = 0}.
Fubini’s theorem gives us
meas(N) = / meas(Ne) d€ = meas(Ny) dt (2.38)
R [0,7]
where N and N, are the ¢-section and ¢-section of NV, respectively, that is,
Ne={t €[0,T7 | ye(t,§) = 0}
and
Ne={£ €R [ ye(t,€) =0}

Let us prove that, for all £ € A, meas(Ng) = 0. If we consider the sets Ng‘ defined
as

./\fgl ={t€[0,T] | ye(t,€) =0 and ye(t',€) >0 for all ¢’ € [t — 1/n, ¢+ 1/n]\ {t}},
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then

Ne= [ Mg (2.39)

neN

Indeed, for all t € N, we have ye(t,£) = 0, ye (¢, €) = 0 from ([ZZTd) and ZIH) and
Yerr (t,€) = 2 f"(U)?He(t,€) > 0 from ([ZI0) and @27H) (ye and He cannot vanish
at the same time for £ € A). Since f” does not vanish, this implies that, on a small
punctured neighborhood of ¢, ye is strictly positive. Hence, ¢ belongs to some N, ¢
for n large enough. This proves [Z39). The set N, ¢ consists of isolated points that
are countable since, by definition, they are separated by a distance larger than 1/n
from one another. This means that meas(N{') = 0 and, by the subadditivity of the
measure, meas(Ng) = 0. It follows from ([Z38) and since meas(A°) = 0 that

meas(N;) = 0 for almost every ¢ € [0, T]. (2.40)
We denote by K the set of times such that meas(N;) > 0, i.e.,
K ={t € R}y | meas(N;) > 0}. (2.41)

By ZZ0), meas(K) = 0. For all t € K¢, y¢ > 0 almost everywhere and, therefore,
y(t, &) is strictly increasing and invertible (with respect to &).

(#4) For any given t € [0, T, since He(t,£) > 0, H(t,£) is an increasing function
with respect to & and therefore, as H(t, -) € L*(R), H(t,£) has a limit when
¢ — 4oo. We denote those limits H(t,400). Since U(t,-) € H*(R), we have
lime 400 U(t,€) =0 for all ¢t € [0,T]. We have

H(t, &) = H(0,€) + /0 (G(U) — 2PU) (1, €) dr (2.42)

and lime_,1 00 G(U(t,€)) = 0 because lime_,10, U(t,€) = 0, G(0) = 0 and G is
continuous. As U, G(U) and P are bounded in L*°([0,7] x R), we can let &
tend to *oo and apply the Lebesgue dominated convergence theorem. We get
H(t,+00) = H(0,+00) for all t € [0,T]. Since X € G, H(0, —00) = 0 and therefore
H(t,—00) = 0 for all ¢ € [0, 7). O

In the next theorem, we prove global existence of solutions to [ZIH). We also
state that the solutions are continuous with respect to the functions (f,g) € &
(cf. (CH)) that appear in [CH). Therefore we need to specify the topology we use
on &. The space LY (R) is a locally convex linear topological space. Let K be a
given increasing sequence of compact sets such that R = U;en K, then the topology
of L{,(R) is defined by the sequence of semi-norms h — ||Al| ;. x,)- The space

L2 (R) is metrizable, see [I4], Proposition 5.16]. A subset B of LS (R) is bounded

loc loc

if, for all n > 1, there exists C,, > 0 such that ||f||Loo(Kn) < C, for all f € B, see
21, 1.7] for the general definition of bounded sets in a linear topological space. The
topologies of VVIIZ’COO (R) follows naturally from the topology of Li° (R) applied to

the k first derivatives. We equip £ with the topology induced Wlicoo (R) x Lo (R).

loc

We will also consider bounded subsets of € in W2®(R) x W,"®(R). A subset &

loc loc

of € is bounded in W2 (R) x W, (R) if for all n > 1, there exists C), such that

1 lw2oe(x,y + 19w (10, < Cn for all (f, g) € €. In the remaining, by bounded
sets of & we will always implicitly mean bounded sets of £ in W™ (R) x Wb (R).

Theorem 2.8. Assume ([CH). For any X = (3,U,H) € G, the system ([EI3)
admits a unique global solution X (t) = (y(t),U(t), H(t)) in CY(Ry, E) with initial
data X = (y,U,H). We have X(t) € G for all times. If we equip G with the
topology induced by the E-norm, then the map S: G X € X Ry — G defined as

St(vavg):X(t)
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is a semigroup which is continuous with respect to all variables, on any bounded set

of €.

Proof. The solution has a finite time of existence T only if | X (¢, -)| g blows up
when ¢ tends to T' because, otherwise, by Theorem B4l the solution can be extended
by a small time interval beyond T'. Thus, We want to prove that
sup (X (¢, )]l < 0.
te[0,T)

Since X(t) € G, He > 0, from [270), and H(t,§) is an increasing function in &
for all ¢t and, from Lemma miwe have limg_,oo H(t, &) = lime_o H(0,£). Hence,
supseqo,) [t ) L) = HHHLoo(R) and therefore supe(o 1y [[H(L, )| (r) 18
finite. To simplify the notation we suppress the dependence in ¢ for the moment
and denote h = HHHLOO(R). We have

3
v =2 [ UaUetndn=2 [ UoVedy  (24)

—oo {n<€lye(n)>0}

since, from ([Z27d), Us(n) = 0 when y¢(n) = 0. For almost every & such that
ye(€) > 0, we have

U2
UEU©)] = ‘MU@% <1 (U@?yg(e) n ﬁff) = SH(©),

from ([Z27d). Inserting this inequality in ([ZZ3)), we obtain U%(£) < H(&) and we
have

Ut €) el :=[-Vh V] (2.44)

for all ¢ € [0,T) and { € R. Hence, sup,c(o.1) |U(t; )|l ) < o0. The property
223 is important as it says that the L>°(R)-norm of U is bounded by a constant
which does not depend on time. We set

k&= fllwzoo ) + l9llwrsery -
By using (Z244)), we obtain

||f/(U)||Loc(]R) < ||fl||Loo(1) < K. (2.45)
Hence, from the governing equation (ZTH), it follows that

(¢, O <160, ) + KT,

and supcpo,7) I€(¢, - )||L°°(R) is bounded. Next we prove that sup,¢jo 1 [|Q(, - )||L°°(R)
is finite. We decompose @) into a sum of two integrals that we denote @, and Qy,
respectively,

Q(t,€) = —% /ngn(E — n)e” WO=vMly () (g(U) — .

§f”(U)U2) dn

R
= Qa + Qb'

Since y¢ > 0, we have

|Qa(t,8)] < Ch / e VO=vMlye () dny = Cy / e W®=2l gy = 20
R R
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where the constant C'y depends only on x and h. Since H¢ > 0, we have

Qs (2, 8)

K

K / e~ WO~y 7, () diy
4 Jr

IN

g /ngn(f —1)e WOV (n)ye(n)dn  (after integrating by parts)

fi_h
4 Jr
kh

=5 (after changing variables).

Hence, Qp and therefore () are bounded by a constant that depends only on x and
h. Similarly, one proves that sup,c(o 1) [ P(f, - )| g is bounded by such constant.
We denote

Ca= sup (U0t limqey + W )l

telo
FICE M ooy + 1P )l poomy + 1QUE )l ooy} (2:46)

We have just proved that C5 is finite and only depends on H)_( H g I and k. Let
t €10,T). We have, as ¢g(0) =0,

lg(U & D2y < Ngllwroe oy 10Ul 2@y < 51Ul L2 - (2.47)
We use [Z41) and, from [Z2Z]I), we obtain that
VR, gy < CUUE ey + 1t )l + 1Hel Dl agmy)

for some constant C' depending only on C5, h and x. From now on, we denote
generically by C' such constants that are increasing functions of HX H o I and k.

Since A is a continuous linear map from L?(R) to H!(R), it is a fortiori continuous
from L?(R) to L*(R), and we get

lA 0 R(t, Iz < COUUE iz + 16t Mg + 1Helt, )l o)
From (ZZ0), as HeiC(t")HLw(R) < C, we obtain that
1Q1(t oy < CUTE My + 166t pagey + 1Helt ) pagey)-
The same bound holds for )2 and therefore
1 ey < CUUE gy + 16t Mo + 1Helt, Vg (2:48)
Similarly, one proves
1Pt gy < CUUE gy + 160 oy + IHe o) (249)

Lot Z(8) = U (t, )l ey +1Ce(ts Moy & 10e(ts Ml oy + I Helt, )l oz then
the theorem will be proved once we have established that sup,cp7) Z(t) < oo.
From the integrated version of ([ZIH) and {ZIH), after taking the L?(R)-norms on
both sides and adding the relevant terms, we use (ZZ49), ZZ0) and obtain

IN

e~ WEO=vly (1) dn (as ye > 0)

2(t) < 2(0) + c/t Z(r) dr.

Hence, Gronwall’s lemma gives us that sup;cpo7) Z(t) < oo. Thus the solution
exists globally in time. Moreover we have that

sup [|X(t, )l <C(|X| 5. T, k) (2.50)
te[0,T)

where C' is an increasing function and & = |[fllyys.ccr) + [19lly1io () With I =

= HFIH%W(R) , HFIH%OO(R)]. Note that in order to obtain (1), we needed a bound
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on g in Wli’coo (R), which explains why we are working on a bounded subset of £ in
Wil (R) x Wip (R),

We now turn to the proof of the continuity of the semigroup. Let £’ be a
bounded set of £ in W2 (R) x W,n>° (R). Since G and & are metrizable, it is
enough to prove sequential continuity. Let X, = (§Jn, Un, Hy) € G and (fn, g9n) € &'
be sequences that converge to X = (y,U,H) € G and (f,g) € £. We denote
Xn(t) = Se(Xn, frn,gn) and X(t) = S¢(X, f,g). Let M = sup,,»; HX"HE’ we have
HH”HLOC(]R) < M for all n > 1. Hence, from (24, it follows that

Un(t,€) €I :=[-VM,VM] (2.51)

for all n > 1 and (¢,€) € Ry x R. Since £ is a bounded set of £ in V[/licoo(]R) X
Wli’coo (R) and (fn,gn) € £, there exists a constant x > 0 such that

[fnllwzee 1y + l9nllwre ) < %

_1 _ 1
for all n > 1. Hence, as I,, := [— HH"HEOO(]R)’ HnHzoo(R)] cl,

Kn = ||fn||W21oo(1n) + ||gn||Wlwoc(1n) <k (2.52)
for all n > 1. Given T > 0, it follows from (Z2{) and ZE2) that, for all n > 1,

sup || Xn(t, )llp < C(|| Xnll, T 6n) < C(M, T, k) =C" (2.53)
te[0,T]

and sup,cqo, 7 [|[Xn(t, - )| is bounded uniformly with respect to n. We have

1Xn(t) = X ()| 5 < [| X — X||E+/O [1E(Xn, fr gn) = F(X, f,9)ll g (s) ds (2.54)

where F' denotes the right-hand side of ([ZIH). We consider a fixed time ¢ € [0, T
and drop the time dependence in the notation for the moment. We have

HF(Xnafnagn) - F(X’ f’g)HE < HF(Xn;fnagn) - F(Xnafag)HE
+ 1F(Xn, f,9) = F(X, f,9)llp - (2.55)

The map X — F (X, f,g) is Lipschitz on any bounded set of E, see the proof of
Theorem EZ4l Hence, after denoting L the Lipschitz function of this map on the
ball {X € E | | X||g < C'}, we get from (ZD3) that

[F(Xn, f,9) = F(X, f,9)llp < L[ Xn — X 5. (2.56)

Denote by Q,, and Q,, the expressions given by the definition EZI3) of Q where we
replace X, f, g by Xp, fn, gn and X, f, g, respectively. We use the same notations
and define P, and P, from @Id), and G,, and G,, from @3). For example, we
have

Un Un
Go = [ Conle)+ 1)) dz and G = [ 20(2) 4 1112028

Still using the same notations, we have, from ([Z2TI),

(R~ ) ) = ¢ (9n(U2) — (U) — 5

+ e () — U Hne. (257)
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Let 8 = llfu = flweeqry + 190 — 9ll (- Since (farga) — (fg) in &, 6, — 0 as
n — oo. Hence, from ([Z57) and X)), we get

HRn = R - ¢ (1190 (Un) = 9(Ua)ll 2y + €' 190(Un) = g(Un)ll e )

+ 501U = Ul ey (M + V)

1
+ 5O 7 Un) = 1 (Un)ll oo iy ) (2.58)
Let 6;, = [|gn(U) — 9(U)|| (), We then have

l9(Un) = gn(Un)ll L2y < 90 (Un) = g (@)l L2(gy + 65 + 19(Un) — 9(U)l L2(g)
< 26U = Ullp2(my + 0p- (2.59)
Since g, — g in L), gn(U) — gn(U) in L®(R). As |g,(U) —g(U)| < 2k |U]
(because g(0) = 0 and [[g|lyy1.0(;y < ), We can apply the Lebesgue dominated

convergence theorem and obtain that lim, . §/, = 0. From [Zh8) and Z5d), we
obtain that
‘ L2(R)

for some constant C' which depends on M, T and . Again, we denote generically
by C such constants that are increasing functions of M, T and k, and are inde-
pendent on n. Since A in [ZZ0) is continuous from L?(R) to H!(R), it follows

< C(0n+ 8+ Un = Ul o)

that HQ" —Qn . < C(6n + 0, + ||Un — Ul 2wy ). Similarly, one proves that
‘ Pa= Pl ) S COnt 84 1Un = Ullgage) ). We have
-, - e
1% L (R)

+ [ (290 (Un) = g(U)) + (f/(Un) = £ (Un))U2) Unie| 2

< VM (2gn(Un) = 9(Un) | ooy + M 1157/ (Un) = £ (Un) | 1o 2y )
+2C" |90 (Un) = 9(Un) | oo @y + C"M[1f5/(Un) = " (Un)ll o ()

< Cép
by @31d). Finally, we have
HF(Xnafnagn) - F(X’m fa g)HE < C((Sn + 641 + ||Un - U||L2(R) ) (260)

Gathering (Z24), [Z5H), @20) and &), we end up with
t
1Xn(t) = XDl < [|Xn — X[y + CT (00 +0,) + (L+C)/O [ Xn — Xl (s) ds

and Gronwall’s lemma yields
1Xn(t) = X ()l < (| Xn — X||, + CT (65 +6},)) e FFOT.
Hence, X,, — X in E uniformly in [0, 7. O

The solutions are well-defined in our new sets of coordinates. Now we want to
go back to the original variable u. We define u(t, z) as

u(z,t) = U(€) for any & such that z = y(§). (2.61)

Let us prove that this definition is well-posed. Given x € R, since y is increasing,
continuous and limg .4,y = F00, y is surjective and there exists £ such that
x = y(§). Suppose we have & < & with © = y(&) = y(&). Then, since y is
monotone, y(§) = y(&1) = y(&2) for all € € (&1, &2) and y¢ = 0 in this interval. From
@219, it follows that Us = 0 on (&1,&2) and therefore U(&1) = U(&2).
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Theorem 2.9 (Existence of weak solutions). For initial data @ € H(R), let
(9,U, H) be as given by ZZ8) and (y,U, H) be the solution of [IH) with initial
data (y,U, H). Then u as defined in ([ZE1) belongs to C(R,, L>=(R))NL>® (R, H*(R))
and is a weak solution of ().

Proof. Let us prove that u € L>(R, H'(R)). We consider a fix time ¢ and drop it
in the notation when there is no ambiguity. For any smooth function ¢, after using
the change of variable z = y(£), we obtain

/uasdx:/U(qboy)ygds:/U\/masoy)\/%ds.
R R R

Hence, by Cauchy—Schwarz,

’/}Ruqﬁdm

as U?ye < He from [Z2Id). Therefore, u € L*(R) and [[u(t, )| p2p) < v/ H(t,00) =

H(0,00) = [|t]| 1 (g)- For any smooth function ¢, we have, after using the change

< 19l o / U2ye dé < v/H() 9]l 12

of variable z = y(&),

/R () () di = /R V()60 (0(E))e (€) dé = — /R Ue©)(boy)(©) . (2.62)

Let B = {¢£ € R | y¢(§) > 0}. Because of ([ZZId), and since y¢ > 0 almost
everywhere, we have Ug = 0 almost everywhere on B¢. Hence, we can restrict the
integration domain in [ZG2) to B. We divide and multiply by \/Y¢ the integrand
in (Z82) and obtain, after using the Cauchy—Schwarz inequality,

N Ye o v¢ o )2
/Ru%dx —’/Bmw Wy_fdﬁ’f\//wg d«s,//Bwﬁ )2y de.

2
By ([Z2ZZd), we have Z—: < H¢. Hence, after another change of variables, we get

/R uy | < \/H(00) |l 2z

which implies that u, € L*(R) and [lug(t, )| 2@y < @)lgig). Hence, u €
L(R, H'(R)) and

lull oo (g, (m)) < 2 18l 11 ) - (2.63)
Let us prove sequential convergence in C'(R4, L*(R)). Given ¢ € Ry and a se-

quence t, € Ry with ¢, — t, we set (yn (), Un (&), Hn(€)) = (y(tn, &), U(tn, &), H(tn,§))
and, slightly abusing notation, (y(€), U(€), H(€)) = (y(t,€), U(t, &), H(L,€)). For
any x € R, there exist &, and &, which may not be unique, such that x = y,(&,)
and x = y(&). We set x, = yn(§). We have

U(tn, x) = u(t, x) = u(tn, z) = ultn, Tn) + Un(§) = U(E) (2.64)

and

|u(tn,:c) - U(tna zn)| =

/ Ug (tn, x") da’
i 1/2

<+V|xn — 2| (/ Uy (tn, 2')? dm’) (Cauchy—Schwarz)

< VIyn(§) —y(§)] ”uHLOO(]R,Hl(]R))

_ 1/2
<2l gy lly — vallZ2 2, - (2.65)
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by @&3). Since y, — y and U,, — U in L*°(R), it follows from (264 and E5H)
that w,, — w in L*>(R).

Since u € L*®(Ry, H'(R)), g(u) + 3 f"(w)u? € L*(R4, L*(R)) and, since v —
(1 — Oyz) v is continuous from H(R) to H'(R), P € L>®(Ry, H'(R)). We say
that u is a weak solution of (L) if

/ (—ugs + f (u)uz ¢ + Prod) (t,x) dtdx = 0 (2.66)
Ry xR

for all ¢ € C*°(R4+ x R) with compact support. For ¢t € K¢, that is for almost
every ¢ (see (ZZ)) in Lemma EZT), ye (¢, &) > 0 for almost every £ € R and y(¢,-) is
invertible, we have Us = uyoyye and, after using the change of variables x = y(t, £),
we get

/R [ult.a)ota) + 1 Cult, ) (1,2)0(0,2) dade

= /}RMR[U(tvf)yf(tvf)(bt(t,y(tvi)) + (U )Ue(t,€)o(t, y(t,€))] dédt.
(2.67)
Using the fact that y, = f'(U) and yer = f”(U)Ug, one easily check that
Uyepoy) — (f'(U)Udoy)e =Uyeproy — f'(U)Uepoy + Uyepoy.  (2.68)

After integrating ([ZG8) over Ry x R, the left-hand side of (ZGH) vanishes and we
obtain

/R (s dnoy + W)U ooy aca
_ % /ngz [sen(€ —me-v©-vo)
X (o) = 30" () + 50" (U)He) )ye(€oou(€) | dudse (2.69)

by ZIH). Again, to simplify the notation, we deliberately omitted the ¢ variable.
On the other hand, by using the change of variables z = y(¢,£) and z = y(t,n)
when t € K¢, we have

_ / P,(t,z)o(t, x) dedt = %/ [sgn(y(g) — y(n))e~ VO -yl
R+ xR Ry xR2

X (gout 31" 0w (ty(m)o(t. y(€)e )y ()] dndc.

For ¢t € K¢, that is, for almost every ¢, ye (¢, ) is strictly positive for almost every &,
and we can replace u,(t,y(t,n)) by Ue(t,n)/ye(t,n) in the equation above. Using

@27d), we obtain

- / Pu(t, 2)0(t, ) dudt (2.70)
Ry xR

N | —

/ [sgn(f _ p)elv©=yin|
R+ xR2

X

S POy + 3 7" (U)He) (e (€)oy(e) | dndear

(o) - 5
(2.71)
Thus, comparing (Z69) and XZI), we get

/ [ Uye de(t,y) + £/(U)Ue §] dedt = — / Py(t, 2)(t, x) dadt
Ry xR

R+ xR
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and (264 follows from (Z6T). O

3. CONTINUOUS SEMI-GROUP OF SOLUTIONS

We denote by G the subgroup of the group of homeomorphisms from R to R
such that
f—1d and f~' —1Id both belong to W (R) (3.1)
where Id denotes the identity function. The set G can be interpreted as the set of
relabeling functions. For any a > 1, we introduce the subsets G, of G defined by

Ga = {f € G | ||f - IdHWl«w(]R) + Hf_l - IdHWl,oo(R) S Oé}.

The subsets G, do not possess the group structure of G. We have the following
characterization of G:

Lemma 3.1. [I6, Lemma 3.2] Let o« > 0. If f belongs to G, then 1/(1+a) < fe <
1+« almost everywhere. Conversely, if f is absolutely continuous, f —Id € L>°(R)
and there ezists ¢ > 1 such that 1/c < fe < ¢ almost everywhere, then f € G4 for
some o depending only on ¢ and || f —1d|| . g)-

We define the subsets F, and F of G as follows
Fa={X=(WUH)eEG|y+HEGa},
and
F={X=(UH)eG|y+HEeG}.
For a« = 0, we have Gy = {Id}. As we will see, the space Fy will play a special

role. These sets are relevant only because they are in some sense preserved by the
governing equation (IH) as the next lemma shows.

Lemma 3.2. The space F is preserved by the governing equation (ZIH). More
precisely, given o, T > 0, a bounded set By ={X € E'| || X||p < M} of E and a
bounded set &' of £, we have, for any t € [0,T], X € Fo N By and (f,g) € &',

St(Xafag) Efa/
where o/ only depends on T, o, M and E’.

Proof. Let X = (y,U,H) € F,, we denote X(t) = (y(t),U(t), H(t)) the solution
of [ZIH) with initial data X. By definition, we have § + H € G, and, from
Lemma B 1/¢ < g + I—_If < ¢ almost everywhere, for some constant ¢ > 1
depending only a. Let h = H(oco) = H(t,00). We have h < M and, from (ZZ4),
MUl oo r, xRy < Vh < VM. Let I = [-V/M,vVM]. Since £ is bounded, there
exists £ > 0 such that || f{|y2.c 7y + 19l (1) < & for all (f,g) € . We consider
a fixed ¢ and drop it in the notation. Applying Gronwall’s inequality to (EI0) to
the function X (¢t — 7), we obtain

e (0)] + [ He (0)] + U (0)] < e (ye(t)] + | He (t)] + [Ue(t)]) (3-2)

for some constant C' which depends on [|f"(U)l| @) [Pllzemy> 1901 ()

QI o )> Ul ooy and [G'(U)]| oo (- Tn @A), we proved that || P[] o g and
[Qll = (r) only depend on M, r, T. Hence, the constant C' in ([EZ) also only
depends on M, T and «. From [ZZId), we have

Velt)] < JueH(r) < 5 (uelt) + He())

Hence, since ye and He are positive, (B2) gives us
1 _ 3
S SPetHes 56CT(y§(t) + He(t)),
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and ye(t) + He(t) > %e’CT. Similarly, by applying Gronwall’s lemma, we obtain
ye(t) + He(t) < Sce®T. We have ||(y+ H)(t) =&l pe@y < IXOlleqorm <
C(M,T,k), see (Z0). Hence, applying Lemma Bl we obtain that y(¢, -) +
H(t, ) € Gy and therefore X(t) € F, for some o' depending only on «, T,
M and &'. (I

For the sake of simplicity, for any X = (y,U, H) € F and any function r € G,
we denote (yor,Uor,Hor) by X or.

Proposition 3.3. [I6, Proposition 3.4] The map from GXF to F given by (r, X)
X or defines an action of the group G on F.

Since G is acting on F, we can consider the quotient space F/G of F with
respect to the action of the group GG. The equivalence relation on F is defined as
follows: For any X, X’ € F, X and X' are equivalent if there exists r € G such that
X’ = X or. Heuristically it means that X’ and X are equivalent up to a relabeling
function. We denote by II(X) = [X] the projection of F into the quotient space
F/G. We introduce the map I': F — Fy given by

I'(X)=Xo(y+H)™*
for any X = (y,U,H) € F. We have I'(X) = X when X € Fy. It is not hard

to prove that I' is invariant under the G action, that is, I'(X o r) = I'(X) for any
X € F and r € G. Hence, there corresponds to I' a map T from the quotient space
F/G to Fo given by T'([X]) = I'(X) where [X] € F/G denotes the equivalence
class of X € F. For any X € Fo, we have T' o II(X) = I'(X) = X. Hence,
I'o Iz, =1d |z, Any topology defined on Fy is naturally transported into F/G
by this isomorphism. We equip Fy with the metric induced by the F-norm, i.e.,
dr, (X, X') = || X — X'|| for all X, X’ € Fy. Since Fy is closed in E, this metric
is complete. We define the metric on F/G as

dr/c([X], [X]) = |T(X) = T(X)||g .
for any [X],[X’] € F/G. Then, F/G is isometrically isomorphic with Fy and the

metric dr,g is complete.

Lemma 3.4. [I6, Lemma 3.5] Given o« > 0. The restriction of T’ to F, is a
continuous map from Fo to Fy.

Remark 3.5. The map I' is not continuous from F to Fy. The spaces F, were
precisely introduced in order to make the map I' continuous.

We denote by S: F x £ x Ry — F the continuous semigroup which to any ini-
tial data X € F associates the solution X (¢) of the system of differential equation
EI3) at time t as defined in Theorem 2O As we indicated earlier, the general-
ized hyperelastic-rod wave equation is invariant with respect to relabeling, more
precisely, using our terminology, we have the following result.

Theorem 3.6. For any t > 0, the map S;: F — F is G-equivariant (for f and g
given), that is,

St(XOT‘) == St(X)OT‘ (33)
for any X € F and r € G. Hence, the map S: F/G x € x Ry — F/G given by

S’t([X]a fa g) = [St(Xa fa g)]

is well-defined. It generates a continuous semigroup with respect to all variables,
on any bounded set of £.
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Proof. For any Xo = (yo,Uo, Hy) € F and r € G, we denote Xy = (o, Uo, Ho) =
Xoor, X(t) = S¢(Xo) and X (t) = S;(Xo). We claim that X (¢)or satisfies (ZIH) and
therefore, since X (t) or and X (t) satisfy the same system of differential equation
with the same initial data, they are equal. We denote X () = (4(¢), U(t), H(t)) =
X (t) or. We have

i = 5 [ sen(€ = exp (= sen(€ = n)(3() ~ y(m)
% ((9(U) = 3£/ + 31" () He) () . (3.4)

We have §i¢(€) = ye(r(€))re (&) and He(€) = He(r(€))re (€) for almost every € € R.
Hence, after the change of Varlables n=r(n"), we get from BA) that

0= 1 [ sen(€ = mexp (= sen(€ = n)(3() ~ ()
1

< ((9(0) — 57" ©)0)ge + 5 7OV He) (n) .

We treat the other terms in ([ZIH) similarly, and it follows that (g, U,H ) is a
solution of (ZIH). Since (¢, U, H) and (3, U, H) satisfy the same system of ordinary
differential equations with the same initial data, they are equal, i.e.,

X(t) = X(t)or,

and ([B3)) is proved. Let & be a bounded set of £ and T' > 0. For t € [0,T], we
have the following diagram

Fo FIG (3.5)
|
fOt St

Fox & —=FIGx &

on a bounded domain of Fy whose diameter together with T' and £’ determines
the constant a, see Lemma By the definition of the metric on F/G, the
map T is an isometry from F/G to Fy. Hence, from the diagram [B3), we see that
S, F/GxE — F/G is continuous if and only if I'0S;: Fox &' — Fy is continuous.
Let us prove that I'o S;: Fy x & — Fy is sequentially continuous. We consider a
sequence X,, € Fy that converges to X € Fy in Fo, that is, lim,, o0 | X, — X[z =0
and a sequence (fn,gn) € £ that converges to (f,g) € £ in £. From Theorem ]
we get that lim, .o ||S¢(Xn, frn,gn) — St (X, f,9)||lp = 0. Since X,, — X in E,
there exists a constant C' > 0 such that || X, || < C for all n. Lemma gives us
that for ¢ € [0,T], St(Xn, fn,gn) € Fu for some a which depends on C, T and
&’ but is independent of n. Hence, S¢(X,,, fn,gn) — St(X, f,g) in F,. Then, by
Lemma Bl we obtain that T'o S¢(X,,, fn, gn) — Lo S(X, f, g) in Fy and uniformly
in [0, 7). O

3.1. From Eulerian to Lagrangian coordinates and vice versa. As noted in
[T in the case of the Camassa-Holm equation, even if H'(R) is a natural space for
the equation, there is no hope to obtain a semigroup of solutions by only considering
HY(R). Thus, we introduce the following space D, which characterizes the solutions
in Fulerian coordinates:
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Definition 3.7. The set D is composed of all pairs (u, ) such that u belongs to
H'(R) and u is a positive finite Radon measure whose absolute continuous part,
Lhac, satisfies

Hac = (U2 + ui) dx. (36)

There exists a bijection between Eulerian coordinates (functions in D) and La-
grangian coordinates (functions in F/G). Earlier we considered initial data in D
with a special structure: The energy density u was given by (u? +u2) dz and there-
fore p did not have any singular part. The set D however allows the energy density
to have a singular part and a positive amount of energy can concentrate on a set
of Lebesgue measure zero. We constructed corresponding initial data in Fo by the
means of (Z26a), (26H), and [Z26d). This construction can be generalized in the
following way. Let us denote by L: D — F/G the map transforming Eulerian coor-
dinates into Lagrangian coordinates whose definition is contained in the following
theorem.

Theorem 3.8. [16, Theorem 3.8] For any (u,u) in D, let

y(§) =sup{y | p((—o0,y)) +y <&}, (3.7a)
H(&) = ¢ —y(&), (3.7b)
U(&) = uoy(§) . (3.7¢)

Then (y,U,H) € Fo. We define L(u,p) € F/G to be the equivalence class of
(y, U, H).

Remark 3.9. If 1 is absolutely continuous, then p = (u? 4+ u2)dz and the function
y — u((—00,y)) is continuous. From the definition B7a), we know that there exist
an increasing sequence x; and a decreasing sequence x} which both converge to y(§)
and such that

p((—00,z:)) +2; < € and p((—00,27)) + i > €.

Since y — p((—o0,y)) is continuous, it implies, after letting ¢ go to infinity, that
1((—00,9(£))) + y(§) = & Hence,

y(&)
/ (W +u2) da +y(€) = ¢

— 00

for all £ € R and we recover definition ([Z26al).

At the very beginning, H(¢,£) was introduced as the energy contained in a strip
between —oo and y(t, £), see (ZZI0). This interpretation still holds. We obtain p, the
energy density in Eulerian coordinates, by pushing forward by y the energy density
in Lagrangian coordinates, H¢ d§. Recall that the push-forward of a measure v by
a measurable function f is the measure fxv defined as

fav(B) = v(f~H(B))
for all Borel sets B. We are led to the map M which transforms Lagrangian coor-
dinates into Eulerian coordinates and whose definition is contained in the following
theorem.

Theorem 3.10. [I6, Theorem 3.11] Given any element [X] in F/G. Then, (u, )
defined as follows

u(zx) = U(&) for any & such that x = y(§), (3.8a)
o=y (He ) (3.5b)

belongs to D and is independent of the representative X = (y,U, H) € F we choose
for [X]. We denote by M : F/G — D the map which to any [X] in F/G associates

(u, p) as given by BR).
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Of course, the definition of u coincides with the one given previously in (261I).
The transformation from Eulerian to Lagrangian coordinates is a bijection, as stated
in the next theorem.

Theorem 3.11. [T6, Theorem 3.12] The map M and L are invertible. We have
LoM =1Idg/qg and Mo L =Idp.

3.2. Continuous semigroup of solutions on D. On D we define the distance
dp which makes the bijection L between D and F/G into an isometry:

Since F/G equipped with dz /¢ is a complete metric space, we have the following
theorem.
Theorem 3.12. D equipped with the metric dp is a complete metric space.

For each t € R, we define the map T} from D x £ to D as

Tt('afag) = Mgt('7f7g)Lﬂ
for any (f,g) € £. For a given pair (f,g) € &£, we have the following commutative
diagram:

p<L F/G (3.9)

TtT Tgt
p—t-F/G

Our main theorem reads as follows.

Theorem 3.13. Assume [LH). T: D x &€ x Ry — D (where D is defined by
Definition BX) defines a continuous semigroup of solutions of (LX), that is, given
(a,n) € D, if we denote t — (u(t),u(t)) = Tr(a, @) the corresponding trajectory,
then u is a weak solution of (LH). Moreover u is a weak solution of the following
transport equation for the energy density

pe + (up)y = (G(u) — 2Pu),. (3.10)

The map T is continuous with respect to all the variables, on any bounded set of £.
Furthermore, we have that

w(t)(R) = p(0)(R) for allt (3.11)
and
POR) = pac()(R) = [[u()[7n = p(0)(R) for almost all t. (3.12)

Remark 3.14. We denote the unique solution described in the theorem as a con-
servative weak solution of ().

Proof. From (BI2), it follows that u € L (R, H*(R)). The function u is a weak
solution of ([CH) if it satisfies Z66) and p is a weak solution of ([BIM) if

[ @) oot = [ (G - 2Pwos) (taydeds (313)
R+ xR ]R+ xR

for all p € C° (R4 x R) with compact support. We already proved in Theorem B0
that u(t) satisfies (ZG0]). We proceed the same way to prove that u satisfies (B2I3).
We recall the proof of (B0l and [BI2), which is the same as in [T6]. From (BXal),
we obtain

p(O®) = [ Hede = H(t,)
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which is constant in time, see Lemma 7 (7i7). Hence, BII) is proved. We know
from Lemma B () that, for ¢ € K¢, ye(¢,€) > 0 for almost every £ € R (see (222
for the definition of K, in particular, we have meas(K) = 0). Given ¢t € K¢ (the
time variable is suppressed in the notation when there is no ambiguity), we have,
for any Borel set B,

U2
B) = He d¢ = U? 4+ —5 ) yed 3.14
uom) = [ nede /MB)< +y§>ygs (314)

from (ZZId). Since y is one-to-one when ¢t € K¢ and u, o yye = Ug almost every-
where, we obtain from (BI4l) that

H(t)(B) = / (u? + u2)(t, ) do,

B
which, as meas(K) = 0, proves ([BI2). O

3.3. The topology on D. The metric dp gives to D the structure of a complete
metric space while it makes continuous the semigroup 73 of conservative solutions
for the Camassa—Holm equation as defined in Theorem In that respect, it is
a suitable metric for the equation. However, as the definition of dp is not straight-
forward, this metric is not so easy to manipulate. That is why we recall the results
obtained in [T6] where we compare the topology induced by dp with more standard
topologies. We have that convergence in H'(R) implies convergence in (D, dp),
which itself implies convergence in L>°(R). More precisely, we have the following
result.

Proposition 3.15. [16, Proposition 5.1] The map
u i (u, (u* +u?)dx)

is continuous from H'(R) into D. In other words, given a sequence u, € H'(R)
converging to u in HY(R), then (uy, (u2 +u2,)dz) converges to (u, (u?+u2)dx) in

D.

Proposition 3.16. [I6, Proposition 5.2] Let (un, pn) be a sequence in D that con-
verges to (u, ) in D. Then

Up — u in L¥(R) and i, = p.

4. EXAMPLES

We include two examples for the Camassa—Holm equation where f(u) = %uQ
and g(u) = u?.
(i) For initial data @(z) = ce™1*!, we have
u(t, ) = ce12=etl, (4.1)

which is the familiar one peakon solution of the Camassa—Holm equation. The
characteristics are the solutions of

which can be integrated and, for initial data §(&) = &, yields

y(t, &) = sgn(€) In (8O 4 lel _ 1),

Some characteristics are plotted in Figure [I We have U(t,&) = u(t,y(t,§)) =
ce” WOt Tt is easily checked that ye¢ > 0 almost everywhere. In this case y is
invertible, there is no concentration of energy on a singular set, and we have

y(t,€)
o= [ Hedn= [ +2) da,
y= 1 ((—o0,y(t,€)))

— 00
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time

FIGURE 1. Characteristics in the single peakon case.

from BI4).

(ii) The case with a peakon—antipeakon collision for the Camassa—Holm equa-
tion is considerably more complicated. In [I7], we prove that the structure of the
multipeakons is preserved, even through collisions. In particular, for an n-peakon
u, it means that for almost all time the solution w(¢, ) can be written as

n
u(t,z) = Zpi(t)e_lm_%(t)‘ (4.3)
i=1
for some functions p; and ¢; that satisfy a system of ordinary differential equation
that however experiences singularities at collisions. In [I7] we also present a system
of ordinary differential equation satisfied by y(¢,&;), U(t,&;) and H(t,&;) with ¢ =
1,...,n where y(¢,&;) and U(t,§;) correspond to the position and the height of the
1th peak, respectively, while H (¢, &;) represents the energy contained between —oo
and the ¢th peak. In the antisymmetric case, this system can be solved explicitly,
see [T, and we obtain

y(t, &) = —y(t, &) = ln(cosh(%)),

U(t,&) = —U(t,&) = %tanh(%), (4.4)

H(t,&) — H(t,&) = —% tanhQ(%) + E2.

The initial conditions were chosen so that the two peaks collide at time ¢ = 0. From

E3) and ), we obtain

—g sinh(£)e”, for z < —In (cosh(£L)),
u(t, ) = Esinh(z) for |z| < In (cosh(£l)), (4.5)

sinh(£L)"’

Lsinh(£L)e™, for z > In (cosh(£h)).

See Figure The formula holds for all z € R and ¢ nonzero. For ¢ = 0 we find
formally u(0,2) = 0. Here E denotes the total energy of the system, i.e.,

H(t,00) = /}R(u2 +ul)dr =E? t#0. (4.6)

For all ¢ # 0 we find

p((=o,3) = pac((—0,) = | " 1 u2)de. (4.7)

— 00
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X
£ L
=20 ) 20

F1GURE 2. The colliding peakons case. Plot of the solution at
different times.

time

F1GURE 3. Characteristics in the colliding peakons case.

For t =0, H(0,&) — H(0,&) = E?, all the energy accumulates at the origin, and
we find

w(r) = E*5(x)dx, pac(z) = 0. (4.8)

The function (¢, ) is no longer Lipschitz in z, and ([E2) does not necessarily admit
a unique solution. Indeed, given T > 0 and zo such that |zo| < In (cosh(=%£)),
the characteristic arising from (xg,—7') can be continued past the origin by any
characteristic that goes through (z,T’) where z satisfies [z| < In (cosh(LE)), and
still be a solution of [Z). However by taking into account the energy, the system
[ET3) selects one characteristic, and in that sense the characteristics are uniquely
defined. We can compute them analytically and obtain

Et
y(t) = 2tanh™" (C tanhQ(I))
with |C| < 1, for the characteristics that collide, and
Et
y(t) =eln (C + cosh(T))

with e = +1, C' > 1, for the others. See Figure
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