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ABSTRACT

We use Elie Cartan’s method of equivalence to give a complete classification, in terms of differential
invariants, of second-order ordinary differential equations admitting Lie groups of fibre-preserving
point symmetries. We then apply our results to the determination of all second-order equations which
are equivalent, under fibre-preserving transformations, to the free particle equation. In addition we
present those equations of Painlevé type which admit a transitive symmetry group. Finally we
determine the symmetry group of some equations of physical interest, such as the Duffing and
Holmes-Rand equations, which arise as models of non-linear oscillators.

1. Introduction

In the present paper, we give a complete classification (based on Elie Cartan’s
method of equivalence) of second-order ordinary differential equations,

d’y dy
=l g) (LD

admitting Lie groups of symmetries of the form

XoD=¢(x), yoP=1y(xy) (1.2)

The role played by the symmetry group of a differential equation in its
integration is crucial, as illustrated in the following classical result of Lie [22, 23].
Consider a system of n first-order ordinary differential equations

dxa
dt

and suppose that G is an s-dimensional solvable Lie group of symmetries of (1.3)
acting regularly on s-dimensional orbits. Then the solutions of (1.3) can be found
by quadratures from the solutions of a system of n—s first-order ordinary
differential equations. In particular, if G is n-dimensional, then the general
solution can be found by quadratures alone. (See [23] for some illustrations of
this result.)

In Legons sur les invariants intégraux [6], Cartan points out that Lie groups
were in fact discovered by considering the problem of integrating certain systems
of ordinary differential equations. Indeed, let us associate to (1.3) the Pfaffian
system T on R"*! generated by the n one-forms n:=dx® — Fo(x®, 1) dt. Any
function f which is constant on solution curves of = (that is, such that df € X) is
called a first integral, and any differential form constructed from first integrals and
their exterior derivatives is called an invariant form.

Suppose that there exist n non-degenerate infinitesimal symmetries, that is, n

=F(x*, 1), (1.3)
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independent vector fields X, such that
FxZcZ, det(S2:=X, In®)#0. (1.5)
The one-forms 6° defined by
6" = (5’

are invariant generators for £ [6]. As the exterior derivative of an invariant
differential form is also invariant, one has

do° =1Ci.6° A 67, (1.6)

where the Cj, are first integrals.

One now selects a maximal functionally independent set {f’, ..., f'} from the
functions Cg. As the f* are first integrals, the exterior derivatives df* may be
expressed in terms of the 6 as

df* =£36°,

where the f4 are further first integrals. By iterating this procedure, one obtains a
functionally independent set {f*| @ =1, ..., s} of first integrals such that no

new functionally independent first integral can be obtained by differentiation.
One may now choose as generators for = the s one-forms df* and n-—s
complementary one-forms among the 6°:

S={df% 0| a=1,...,s5,i=1,...,n—s}. 17

On the subset M:={f*=C*% C“ constant} which we assume to be an
(n — s)-dimensional submanifold, (1.6) reads

do' =1Ci.0’' A 6, (1.8)

where the Cj, are constants.
The set of diffeomorphisms ® of M which satisfy

D9 =0, (1.9)

forms a group under composition. Furthermore the above equation defines a
completely integrable Pfaffian system and thus it follows from the Frobenius
Theorem that the coordinate functions of ® depend on n — s arbitrary constants.
Note that equations (1.8) are nothing but the Maurer-Cartan equations for the
(n — 5)-dimensional Lie group whose action preserves the invariant generators €',

It is important to note that in contrast to Lie’s method [22, 23] which requires
integrating a system of determining equations in order to obtain the differential
invariants, Cartan’s approach produces these differential invariants by means of
differentiations only.

Our paper is organized as follows. In § 2 we state what is meant by a Cartan
equivalence problem and its solution and recall necessary and sufficient conditions
for the collection of maps which solve an equivalence problem to give the local
action of a Lie group on the underlying manifold. In § 3, we recall the main steps
of the solution of the equivalence problem for (1.1) under the pseudo-group of
fibre-preserving point transformations of the form (1.2) as it appears in references
[17] and [18] with some further clarifications which are needed for the symmetry
classification. Section 4 contains the statement of our classification theorems for
second-order ordinary differential equations admitting fibre-preserving point



CLASSIFICATION OF ORDINARY DIFFERENTIAL EQUATIONS 389

symmetries. The possible dimensions for a maximal group of fibre-preserving
point symmetries, namely six, three, two and one, are considered in turn. Given
an equation, our construction gives an adapted co-frame which encodes it as a
differential system and contains the Maurer—Cartan forms for a group isomorphic
to its symmetry group (the reciprocal group [11]). The equivaience class is then
characterized by the numerical values of the constant invariants and the
functional relations between basic, fundamental, and derived invariants. We then
illustrate our results on several examples. We determine and characterize all
second-order ordinary differential equations of Painlevé type [16] which admit a
transitive (that is, a three- or higher-dimensional) Lie group of fibre-preserving
point symmetries. The problem of characterizing the Painlevé transcendents,
which have no non-trivial symmetries for generic values of the parameters on
which they depend, is treated in [19]. We then give a complete solution to the
linearizability problem under fibre-preserving point transformations, improving
the results of Sarlet et al. [26]. We also determine the symmetry group of some
second-order equations of physical importance, such as the Duffing equation [13]
and the Holmes—Rand non-linear oscillator [14], for which we identify sym-
metries that were not known before (more examples will be studied in a
forthcoming work [15].) In Section 5 we prove the classification theorems. As the
calculations are very extensive (they were performed using the University of
Waterloo Maple symbolic system and took about ten hours of CPU time on a
VAX 785) we only give the details of the proof in two cases and indicate the
method used for the other ones without giving intermediary results.

Acknowledgements. This research was supported by a postgraduate scholarship
(L.H.) and an operating grant (N.K.) from the Natural Sciences and Engineering
Research Council of Canada. It is a pleasure to thank Professor W. F. Shadwick
for helpful discussions and Professor G. Tenti for giving us access to his research
computer account.

2. Equivalence problems and Lie group actions

In this section we show that Elie Cartan’s method of equivalence provides
necessary and sufficient conditions for a system of differential equations to admit
a Lie group of symmetries. This result will be used in §4 to classify all
second-order ordinary differential equations admitting Lie groups of fibre-
preserving point symmetries.

For our purposes, the Cartan equivalence problem may be stated as follows
[S, 8]. Given two co-frames wy and @, on open subsets U and V of a smooth
n-manifold M and a Lie subgroup G of GL(n, R), determine all diffeomorphisms
¢: U— V such that

¢* oy =gwy, (2.1)

where g is a G-valued function on U.

In the case of the equivalence problem for differential equations, the co-frames
wy and @, are formed from the exterior differential systems X and £ associated
with the original and target equations together with their respective independence
conditions, while G is determined from the admissible transformations of the
problem (see § 3).

The solution of the Cartan equivalence problem leads either to the structure
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equations of an {e}-structure or to the structure equations of an infinite Lie
pseudo-group [8,20,21]. In the former case we obtain a co-frame (w“) and
structure equations

do® =1Cé.0° A ©° 2.2)

on UXGXGYx...xG®, where (G, ..., G¥) is the sequence of Abelian
groups arising in the prolongation procedure and a ranges from 1 to N:=
n+dim G + L%, dim GY. The latter case will not be of interest to us as the
equivalence problem for second-order ordinary differential equations under
fibre-preserving point transformations leads to an {e}-structure.

Since the extension ® of any equivalence ¢ satisfies ®*@® = w, it follows that
the structure functions Cj, appearing in (2.2) are invariants, that is,

Che o ®@ = Ci., (2.3)

where the C2 are the corresponding structure functions for @°.

Necessary and sufficient conditions for equivalence are obtained by construct-
ing a maximal set of functionally independent invariants. This can be achieved by
the following procedure. One first chooses a maximal functionally independent

set {I, ..., 1,} among the basic invariants Cj. The covariant derivatives I,,
defined by
dl, = I, ,0° (2.9)

are also invariants. If all these derived invariants I,, are functions of the
invariants 1,, there are no new invariants and, by the chain rule, {f, ..., I}
forms a maximal functionally independent set of fundamental invariants. Other-
wise, one selects v, > v independent invariants 1y, ..., I,, among the invariants 1,
and I,, with the property that all the invariants , and I,, generated so far are
functions of I, ...,1,. New invariants are then formed by taking further
covariant derivatives I ,, where ¢ =1, ..., v,. After a finite number [ of iterations
one obtains a set {/,, ..., I}, where r =v + ¥!_, v;, of functionally independent
fundamental invariants with the property that no new invariants can be obtained
by taking covariant derivatives I, for s=1, ..., r. By the chain rule, the set
{4, ..., I} is thus maximal and so

L,,=F,(), wheres, t=1,...,r, a=1,...,N. (2.5)

Performing the same operations on @y, we obtain the following results.

ProposITION 2.1. There exists a diffeomorphism ¢: U—V such that
P*oy =gy (2.6)
if and only if corresponding constant invariants for wy and @, have the same

numerical values and F,, and F,, are the same functions of their arguments.

Proposition 2.1 thus gives a characterization in terms of differential invariants
of the equivalence classes under the equivalence relation defined by (2.6).

" ProprosITION 2.2. If the necessary and sufficient conditions of Proposition 2.1 are
satisfied and if N —r = p >0, then the set of diffeomorphisms

O: UXGXGYX... XGPSV XGXGVxX...xG®
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which satisfy
P*d = w, 2.7

defines a p-dimensional Lie group of (local) transformations. Conversely, if the set
of diffeomorphisms satisfying (2.7) defines a p-dimensional Lie group of (local)
transformations then N —r = p >0, corresponding constant invariants for w, and
@y have the same numerical values, and F,, and F,, are the same functions of their
arguments.

Propositions 2.1 and 2.2 are proved by using the technique of the graph and the
Frobenius theorem [8, 28]. The main lines of the proof can be found in [8].

In the following sections, we apply Elie Cartan’s method of equivalence to
obtain generators for the Pfaffian system X = {dy —pdx,dp — F(x, y, p) dx}
associated with the second-order ordinary differential equation d%y/dx*=
F(x, y, dy/dx) which will be invariant under its Lie group of symmetries.

3. The equivalence problem

In this section we recall the main steps of the solution given in [17] to the local
equivalence problem for the equation

d’y dy
2= F( » Vs _)
a? T\ gy
under the first prolongation

p'®: J'([R, R)—J'(R, R),

(x, )= (900), w, ), L22%)

of fibre-preserving point transformations of the form
®: IR, R)=J(R, R),
(x, y)= (9(x), ¥(x, y)).
The solutions of (1.1) are curves ¢ in J'(R, R) which satisfy
c*dx #0,
c*(dy —pdx)=0, 3.1
c*(dp — F(x, y, p) dx) =0,

where (x, y, p) are the standard jet coordinates on J'(R, R).
Introducing the differential system

X:={dy—pdx,dp —F(x, y, p)dx} (3.2a)
associated with (1.1), and the differential system
2:={dy - p dx, dp — F(%, y, p) dx} (3.2v)

associated with the target equation
2

Q
1
|

.- dy
ary

&
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we call the two differential equations equivalent if there exists a diffecomorphism
® of J°(R, R) such that
(p'®)*===. (3.3)
It immediately follows from (1.2) and (3.1) that ® will be an equivalence if and
only if
(p'®)* @y =gy, (3.4a)

where @y and @, are co-frames on open neighbourhoods, U and V respectively,
of J'(R, R) given by

dx dx
wy = dy —pdx , @y:i= dy —p dx , (3.4b)
dp —F(x, y, p)dx dp — F(%, y, p) dx

and g is a function taking values in the subgroup G of GL(3, R) of matrices of the
form

A 0 0
0 B 0 |. (3.4¢)
0 BC B/A

This is exactly the form of the Cartan equivalence problem treated by Gardner in
[12] and we now proceed by applying the algorithm he describes.

Let @ be the collection of one-forms on J'(R, R) X G obtained from the left
action of G on the co-frame wy,:

' A 0 0 oy
o*|=10 B 0 o} |. (3.5)
w® 0 BC B/A ]| &}

After absorption of torsion, the structure equations are given by
do'=a A 0},
do’=B A 0*+ o' A &°, (3.6)
do*=y A0+ (B — @) A @,
where @, B and y are congruent mod @’ to right-invariant one-forms on G.
Since all the torsion in (3.6) is constant, the question arises of whether (3.6)
gives the structure equations of an infinite Lie pseudo-group. The answer is given

by applying Cartan’s involutivity test [4]. The Cartan characters are s, =3 and
5, =0. On the other hand, writing (3.6) as

_ . -
do’ =aj,n° A o' +3Cl o’ A 0, (3.7)

where (7°) =‘(a, B, y) mod @', we see that the space of solutions of the system

a, Vi’ A w*=0 (3.8)
has dimension 2 <3. Hence the system (3.6) is not involutive and we have to
prolong.
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The structure equations for the prolonged system read
do'=a A,
dw*=B A 0+ o' A &,
dw*=y A 0*+ (- a) A o,
da= -2y A 0'+ aw' A @+ b’ A @, (3.9)
dB=p A w*—yA o
dy=0 A0’ +prw’—an'r®—a Ay,

where p and & are congruent mod (', 7°) to right-invariant one-forms of the
Abelian Lie subgroup G of GL(6, R) associated to the prolonged problem. It is
parametrized by the solutions of (3.8) and acts as follows:

HE b

where

The GW-action on a and b is given in infinitesimal form by computing the fibre

variation of a and b. We have
da+26=0)

Lmod o', wP, (3.10)

db +2p=0)

from which it follows that the GV-action can always be used to translate a and b
to zero. Having done so, we see that the structure equations become

do'=a A o',
do’*=B A 0*+ o' A &,

do*=y A 0+ (B - a) A ®°,

da= -2y A 0, (3.11a)
df=w'Ay+Lo' A 0® - Lo® A 0?
dy=yAa+Lo'A 0>+ Lo' A 0.
We have now attained an {e}-structure on J(R, R) X G.
Parametrically, the basic invariants /;, ,, and L are given by
A

L= - 2B? Eopps
1 /d

L=>8 (d—x F, = pr) : (3.11b)
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while the invariant one-forms «, B and y take the form

a=d—A— (ZC +§’)a)‘,

A A
_as E, ,
ﬂ— Co +2B (3.11c)
dA (F, CE F. CF F
+_+ b 2) 1+(l_ p)2+pp3
y=dC+C (AZ 2 C) 245 28 2B

with the total derivative operator d/dx defined by

d_9, 8, .98
dx’ ox ”ay ap

The invariants I, I, and L are functions on J'(R, R) X G which can be used to
produce necessary and sufficient conditions for the equivalence of two equations
of the form (1.1) under fibre-preserving point transformations (1.2). However, it
has been shown in [18] that unless all three invariants vanish, the natural
G-action can be used to cast 1, L, ; and further torsion coefficients arising in the
reduction process into normal forms, thereby reducing the {e}-structure on
J'(R, R) X G given by (3.11) to an {e}-structure on J'(R, R). This procedure
allows us to identify the equivalence classes of equations admitting symmetry
groups as well as the structure of these groups.

The G-action on I, I, and L is obtained by computing the integrability
conditions of the structure equations (3.11):

[dh + L(a + B)]o" A ©* + [d], + L(2B — @)]w® A @ =0,

3.12

[dl + LQ2a + B) + yhlo' A @*+ [dh + L(a + B)|w' A 0> =0. (3-12)
Equations (3.12) lead to an exhaustive set of cases in the reduction procedure.
These cases are defined by conditions which are invariant under fibre-preserving
point transformations and are expressed in terms of the function F(x,y, p)
appearing in (1.1) and its derivatives.

In the following, we summarize the reduction process, listing only the final
{e}-structure on J'(R, R) and the relevant parametric expressions. Details of
these reductions have been given in [18]. We should mention that the results
listed below are obtained directly from the structure equations rather than from
the integrability conditions as was done in the previous reference.

There are five main cases, labelled by A, B, C, D and E.

Case A: LLL #0, that is,
d
Eopp (E Fp — F;y) #0. (3.13)

It follows from equations (3.12) that one can use the G-action to scale I, and L to
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one and translate L to zero. Parametrically, this amounts to setting

-13 d »
A==CE (5B~ Ey) (. 149)
FE d 173
B=-|22(2k,-8)] (3.14)

d -5/3 d
C=-CEN 5B —E.) (5B +EE-FE-2E,). (.14

The final {e}-structure on J'(R, R) is given by

do' =1’ A 0'+ mo’ A 0}, (3.15a)
do’*=ro' A 0*+ (k—2r-m)o® A 0* + o' A ©°, (3.15b)
dw*=uw' A @*+ (r — k)o' A ©*+2w® A 0> (3.15¢)

The dn® equations take the form
dk A o'+ dl A 0?4+ dm A 0+ [I(k — 1) — mu + 2v]w? A @'
+[mQk —r) + 25 + 1|0 A ' (3.15d)
+i(k —2r+ m)w? A @*=0,
draw'+ds A 0*+d(k —2r—m) A @
+[u@r—k+m)+(-s)r+v+1]w*A o'
+[m@r—k)+ Q2r=3k)r + k* +l]o* A 0!
+[(s +20)(k —2r—m) +1]w* A ©* =0,
du n @' +dv A @?+d(l+5) A+ [ull —s)— vk +r)o’ A o'
+2mu—r(l +s)—v+1)o’ A 0 (3-15¢)
+[v(k = 2r) + (1 + 5)]w* A @*=0.

The parametric expressions of the invariants (k, [, m, r, s, u and v) appearing in
equations (3.15) are given by:

(3.15¢)

k=%(£lnA—2AC—P;,>, (3.16a)
I=le—3 (A, —ACA)), (3.16b)
m=%ﬂ, (3.16¢)
S G160

1
s=5:(B,—ACB, + 3iBFE,), (3.16¢)
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17d
u=— [d—x (AC)+F,— ACF, - (AC)2], (3.16f)
1
v="%[(4C), — AC(AC), +3F, —3ACE,]. (3-16g)

Case B: I, =0 and L #0, that is,
F(x,y,p)=p*M(x, y) + pN(x, y) + Q(x, y), (3.17a)
G(x,y):=2M,— N, #0. (3.17b)

It follows from equations (3.12) that one can use the G-action to translate I, to
zero and scale L, to one. Parametrically, this amounts to setting

2AB =G, (3.18a)
G,+H
ac=" (3.18b)
G
where
H(x, y):= -20,, +N,, — N,N +2(OM),. (3.18¢)

There are two cases to consider, Case B(i) and Case B(ii).
Case B(i): %(ln G) —3AC - F, #0. Further normalizations of invariants give
_d
A=—(nG)-3AC-F, (3.19)

The final {e}-structure on J'(R, R) is given by

do'=1w? A o' - 2fw’ A 0!, (3.20a)
do*=(1-k)o' A 0*+2f0* A 0 + 0" A @3, (3.20b)
do’=co' A w*+(1-2k)o' A 0° - 2w? A . (3.20c)

The dr” equations now read
df A 0*+ 2?0’ A *+[f(1-k)—Be+l+]w' A 0*>=0, (3,20d)
dc A w'+de A 0*+df A @+ [e+c(f —2])]ow' A w?

—flo* A 0+ [f(1+4c—k)+e—1]o' A 0*=0, (3.20e)
dk A 0'+dl A 0* = 2df A @+ [(2k — 1) +2fc + 2e]0* A @'
—2l0° A @* + [2f (2 - 3k) — ] A @' =0. (3.20f)

The parametric expressions of the invariants (c, e, f, k and [) appearing in
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equations (3.20) are given by

ci% [i (AC)+F, — ACE, ‘(AC)Z], (3.21a)
1
e=5(A0), ~AC(AC), +3F, —3ACE,], (3.21b)
24
f=" nG), + M), (3.21c)
1(d
k=Z(d_x'“A‘2AC‘EJ)’ (3.21d)
=ﬁ (4, —ACA,). (3.21¢)

Case B(ii): %(ln G) —3AC — F, =0, which implies that

(InG),+ M =0, (3.22a)

AB = -3[(AC), — AC(AC), + }F,, ~ JACE,,], (3.22b)
with

d

E(AC)+Fy —ACFE, — (AC)*#0. (3.22¢)

Further normalizations of invariants give
d
eA2=£(AC) +FE,— ACF, — (AC)~. (3.22d)

The final {e}-structure on J'(R, R) is given by

do'= - 30’ A 0, (3.23a)
do’= —ro' A 0?+3%e0’ A 0>+ 0' A ©3, (3.23b)
dw’= =2ro' A 0+ e0' A 0% (3.23¢c)

The dx” equations become
dr A o' +2ero’ A 0*=0. (3.23d)

The parametric expression of the invariant r appearing in equations (3.23) is
given by
d

1
r=z(d—;1nA—2Ac-E,). (3.24)

Case C. L=0 and I,; #0, that is,

d

25 e~ Fy =0, (3.25a)
d

Eop 32 B + B = By, ~ 28, ) 0. (3.250)
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It follows from equations (3.12) that one can use the G-action to scale I; and I, to
one. Parametrically this amounts to setting

d 2/5
A= =QE) (L By + By - B -25,) (3.26a)
d 1/5
B= 2_3/51’3:,:(; F,y + E,F, — E,F, - 2F;'y> : (3.26b)

Further normalizations of invariants give

d
. A=QAC+E)A. (3.26¢)

The final {e}-structure on J'(R, R) is given by

do' =50’ A 0'—lo* A @', (3.27a)
dw?=2w? A 0?+ o' A ©3, (3.27b)
dw®=co' A w* + (k-5 — f)w* A 0°, (3.27¢)

where 5f = 25 + k, while the dn” equations take the form
ds A 0*—dl A 0 — (2e +lc)o' A @* + (s —2f)0' A &
+I(f-s—k)o* A 0>=0, (3.27d)
dk A ©% +2dl A @° + 2c — e)w' A 0*+ (k- o' A ©*
—[1+2U(f +5)]w* A 0*>=0, (3.27¢)
dc A w'+de A 0 +df A w*+[(25 —f)c +1]w* A 0! — (2 + e)w” A @'
+[el +f(f - k)]@> A @?=0. (3.276)

The parametric expressions of the invariants (c, e, k,! and s) appearing in
equations (3.27) are given by

c=% [% (AC) + E, — ACE, —(AC)Z], (3.28a)
e=-=[(AC), ~ AC(AC), + 3£, ~ 4ACE,], (3.28b)
k= é (B, — ACB, +1BF,,), (3.28¢c)
1= —%, (3.28d)

1
S=E(Ay —ACAP) (3286)
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Case D: I, #0 and I, = ; =0, that is,

E,,, #0, (3.29a)
d_x&p_pl"y=(), (3.29b)
dx Fpy + EppF, ~ E,yF, = 2F,, =0. (3.29¢)

From equations (3.12), it follows that the G-action can be used to scale I; to one.
Parametrically, this amounts to having

BZ
i —3F,pp- (3.30a)
Further normalizations of invariants give
F2
B=-Z222 with F,, #0, (3.30b)
ppPP
C=- Foore (E ). (3.30c)
2F13)pp PPPY PPP
The final {e}-structure on J'(R, R) is given by
do'=bw?* A 0'+co’ A @', (3.31a)
dw*=3(c +26)w® A 0* + 0! A @3, (3.31b)
dw’ = —ew’ A @2, (3.31¢)

while the drx” equations now become

db A @*+dc A ®° +2ko* A @ + [3bc + (b — ¢)¢]w® A *

+2(b + e)w' A 0> =0, (3.31d)
2dk A @*—db A @®+ [(Bc +2€)k + (3e + b)b + 2]w* A ?
+2kw' A @*=0. (3.31¢)

The parametric expressions of the invariants (b, ¢ and k) appearing in equations
(3.31) are given by

=Z—E (A ACAP) (3.323)
AP

== (3.32b)
1

k=-% [(AC), — AC(AC), + 3F,, — 3ACE,,). (3.32¢)

Case E: I, =L =0 and I;#0, that is,
F(x,y, p)=%p®M, + pM, + N (3.33)
for some functions M(x, y) and N(x, y). From equations (3.12) we see that the
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G-action can be used to scale I; to one. Parametrically, this amounts to having
2A°B =G, (3.34a)
where
G(x, y):= (M, + NM, — 2N, — iM?),. (3.34b)

These are two cases to consider, Case E(i) and Case E(ii).

Case E(i): (2In G + M), =0. Further normalizations of invariants give

1d d
8A2=§£H—-215H2—§HEM+%p"Myy+pM,y +N,, (3.35a)
d
5AC = o (InG -2M), _ (3.35b)
where
d
H(x, y, p) = (InG -2M). (3.35¢)
The final {e}-structure on J'(R, R) is given by
do'=31s0' A 02, (3.36a)
dw®*=20* A 0 + 0 A ©°, (3.36b)
dw® = ew' A 0?2+ 3503 A 0! + 2e0? A @3, (3.36¢)

while the dx” equations now read
ds A @' — 3esw® A 0 + 3ew® A @' =0. (3.36d)

The parametric expression of the invariant appearing in equations (3.36) is given
by
1 d

s=c;-(5hA-2InG - M). (3.37)

Case E(ii): (2In G + M), #0. Further normalizations of invariants give

2B=¢(2In G + M),, : (3.38a)
d
5AC = o (In G —2M). (3.38b)
The final {e}-structure on J}(R, R) is given by
do'=sw* A @, (3.39a)
dw’=2ro* A 0' + 0 A &>, (3.39b)

dw®=uw' A ©*-3ro' A 0+ ((c - 35)w? A @3, (3.39¢)
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while the dz” equations now read
dra o' +ds A 0>+ (s —e)ro* A @' + (s — 2e)o' A @>=0, (3.39d)
du A o' —%edr A 0*+ Qus —3er’ —teu + 1o’ A 0,
—tero' A 0+ (55 — 3es)w? A 0 =0. (3.3%)

The parametric expressions of the invariants (r, s and u) appearing in equations
(3.39) are given by

1 d

_14d —2nG-M .

r 5Adx(5]nA 2InG ), (3.40a)
1

s=3(nA), (3.40)

u=_1_(1£H_%H2—§H£M+%p2M +pM, +N). (3.40c)
22 \5dx dx vy y T 1Ny

In the above, it is important to note that the dx” equations are integrability
conditions for the {e}-structure on J'(R, R) obtained by reducing the {e}-
structure (3.11) on the bundle of G-frames over J'(R, R) to the base. In what
follows, this {e}-structure, together with the associated integrability conditions
(the dmP-equations), will be referred to as the reduced {e}-structure.

We conclude the present section by recalling a theorem of Cartan [7] which
states that necessary and sufficient conditions for the existence of a collection of
one-forms {w’, 7°} satisfying structure equations of the form

do' =a,7n° A 0 +3Ch o’ A 0, (3.41)

are that the aj, form an involutive tableau and that the system of differential
equations obtained by substituting

dn? =3y0,a" At + 85,0 A B+ 3e8,0" A @, (3.42)

in the integrability conditions, d’w’ =0, admit a solution.

This result generalizes Lie’s Third Fundamental Theorem and is proved using
the Cartan—Kaihler existence theorem for involutive exterior differential systems
[3, 4]. We shall use it in § 5 to investigate the existence of second-order ordinary
differential equations admitting a Lie group of fibre-preserving point symmetries.

4. Existence of symmetries

The symmetry group of a differential equation is the maximal pseudo-group of
transformations mapping solutions to solutions. A vector field X will thus
generate a one-dimensional group of symmetries if and only if

IxIcs, 4.1)

where X is an exterior differential system associated with the differential
equation.

A differential equation is said to admit an n-dimensional Lie group of
symmetries if there exist n linearly independent vector fields which satisfy (4.1)
and span a Lie algebra. From Proposition 2.2 and the solution to the equivalence
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problem given in § 3, it follows that the existence of a p-dimensional Lie group of
symmetries is equivalent to the existence of a co-frame satisfying (2.7) with
N —r=p. In this section we use these results and Proposition 2.1 to classify
invariantly in terms of differential invariants all second-order ordinary differential
equations admitting a non-trivial group of fibre-preserving point symmetries.

We begin by recalling [17] that a second-order ordinary differential equation
can have at most a six-dimensional group of fibre-preserving symmetries
(isomorphic to the affine group in the plane Aff (R?), which is the semi-direct
product of GL(2, R) with R?). All second-order equations with this property are
characterized in the following proposition.

ProrosiTioN 4.1. A second-order ordinary differential equation admits a six-
dimensional Lie group of fibre-preserving point symmetries if and only if it is of
the form

y'=3y*M,+y'M.+N (4.2a)
with
M., +(NM,), — M, M. —2N,, =0 (4.2b)

for some functions M and N depending on x and y. Furthermore, every equation
with this property is equivalent to the free particle equation

y'=0. (4.2c)

In particular, every linear equation is equivalent to (4.2c).

Remarks. 1. The above result answers completely the question of linearizabi-
lity of an arbitrary second-order ordinary differential equation under fibre-
preserving point transformations. In this regard we should mention the work of
Sarlet et al. [26] who considered a related question: linearizability of second-order
equations under point transformations (see also Arnold [1]). There they were
able to show that every equation of the form

y'=F(y'), (4.3)

where F is at most cubic in y’, is linearizable via point transformations. By a
trivial application of the above proposition, we see that (4.3) is linearizable via
fibre-preserving transformations if and only if it is at most quadratic in y’.

2. As a further application, we consider the problem of determining which of
the fifty Painlevé equations [16] (discovered in the classification of second-order
ordinary differential equations whose solutions have no essential singularities or
branch points which are movable in the sense of depending on initial conditions)
admit a six-dimensional Lie group of symmetries and so are locally equivalent
under a fibre-preserving point transformation to the free particle equation y” =0.
Proposition 4.1 completely solves the problem; the result follows.

The Painlevé equations which are equivalent to y” =0 are as follows:

pi: y'=0,

yu 1 12
Ty =—y'Y
Pn y



CLASSIFICATION OF ORDINARY DIFFERENTIAL EQUATIONS 403

It was shown by Kamran and Shadwick [18] that no second-order ordinary
differential equation admits a maximal four- or five-dimensional Lie group of
fibre-preserving point symmetries. We now consider the case of three-
dimensional symmetry groups.

ProrosITION 4.2. A second-order ordinary differential equation admits a maxi-
mal three-dimensional Lie group of fibre-preserving point symmetries if and only if
all the basic invariants of its reduced {e}-structure are constants. All possible
classes of equations satisfying these conditions are invariantly characterized in
Table 1.

TABLE 1. Equations admitting a maximal three-dimensional symmetry group

Representative
Case Invariant characterization equation Description
Case A: k, !, m, r and u constant )
3-dAy k=l=u=v=0 y'=e The symmetry group in this case
s=1,m=—-r,m=2 is isolated. Thus every equation in
this branch is equivalent to the
representative equation.
3-dAy,; l=u=v=0,k#0 yr=yr
rs=1, k—m=r These cases provide one-parameter
m(m®—k?) =2 families of equivalence classes
3-dAyi 1=0, k=2r,2v=mu admitting three-dimensional symmetry
sm=1,3m*r+2=0 groups.
3m*u+2(m-r)=0 J
Case B: r constant =Gy’ —y3y )
3-dB(iiyy;)) r=0 These cases provide isolated equivalence
Case D: b and ¢ constant classes admitting three-dimensional )
3.dD be —¢ c= —2¢ k=0 p symmetry groups. Thus every equation
vi ’ 3% in these branches is equivalent to
Case E: r, s and u constant y'=y~? their respective representative equation.
3-dE(iiyy) r=0,s=2%¢ u=—3¢ J

Remarks. 1. The roman numerals that appear in the classification refer to the
Bianchi types [2] of three-dimensional real Lie algebras. It should be noted that
not all Bianchi types occur in Table 1. In particular, Bianchi type I cannot occur
and thus no second-order equation admits an Abelian three-dimensional sym-
metry group.
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2. The representative equation of 3-dB(iiyyy) is especially interesting in the
sense that it highlights the difference between point and fibre-preserving
symmetries. Mahomed and Leach [26] have shown that the equation

y'=@y' =y (4.4)

admits an eight-dimensional Lie group of point symmetries (isomorphic to
SL(3,R)) and is equivalent (under point transformations) to the free particle
equation. By the above proposition we see that (4.4) admits only a three-
dimensional fibre-preserving symmetry group and thus cannot be equivalent
(under fibre-preserving transformations) to y” = 0.

3. As a further application we again consider the Painlevé equations. Using
Proposition 4.2, it is not hard to show that the only Painlevé equation which
admits a maximal three-dimensional Lie group of fibre-preserving symmetries is

1 2
Cy'=—(y?=1).
Pa: Yy 2y(y )

This equation is a member of 3-dE(iiyyy) and so, since the symmetry group of this
class is unique, is equivalent to the representative equation y” =y~

It is important to note that the above does not exclude the possibility of other
Painlevé equations degenerating into one which admits the required symmetries.
An interesting example is

1
Past Y'= % (y?—1) +4ay? —xy.

Generically this equation admits no symmetries, but if o =0 we obtain

1 2
" ’ _1 — X
y 2y(y ) —xy

It can easily be shown that this degenerate Painlevé equation again admits a
three-dimensional symmetry group 3-dE(iiyyy)-

The above propositions exhaust all second-order equations admitting a
transitive symmetry group. We now consider the non-transitive cases.
Let us start by considering the case of two-dimensional symmetry groups.

ProposITION 4.3. A second-order differential equation admits a maximal two-
dimensional Lie group of fibre-preserving point symmetries if and only if the basic
invariants of its reduced {e}-structure produce only one fundamental invariant. All
possible classes of equations satisfying this symmetry condition are invariantly
characterized in Table 2.

RemMARKs. 1. In the above, the derived invariants of an invariant 7 is denoted
by I,. These correspond exactly to the covariant derivatives of I with respect to
the adapted co-frame w” (see § 2).

2. All the representative equations given in Table 2 arise in a physical context.
Here we will briefly mention the context in which some of these equations occur.
For these equations new symmetries, in addition to the classically known ones,
are exhibited.
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TaBLE 2. Equations admitting a maximal two-dimensional symmetry group

Representative
Case  Invariant characterization equation Description

Case A:
2-dA, =0, k and m constant
dr#0,drandrn=0

2-dA, kand!constant,dm #0
dm ad(r, s, u, my)=0 Some of these cases may be vacuous

(see p. 407).
2-dA, k constant, dl #0

diad(im,r,s,u,v,5)=0
2dA, dkad(,m,r, s, u k)=0 y'=(1-x)y"

Case B: Existence of an isolated two-
2-dB(i;) ¢, e and f constant dimensional symmetry group follows
dk Adk,=0 from Cartan’s theorem (p. 401)
2-dB(i,) e and fconstant y'= (a?l' -ydy This case provides a one-parameter
dc ndc;=0 a“#9 family of equivalence classes admitting

two-dimensional symmetry groups.
2-dB(i;) df #0, df nd(e, k)=0 y'=—(4a"' + aydy’

-3a7%y -y’
Case C:
2-dC, s constant
dl#0, dk Adl =0 Some of these cases may be vacuous
2-dC, ds#0, (see p. 407).
ds nd(c, e l,5,)=0
Case D: ~ Existence of an isolated and a one-
2-dD, b = —2¢, k constant parameter family of equivalence
dc Adc;=0 classes admitting two-dimensional
symmetry group for 2-dD, and 2-dD,
2dD, K constagto follows from Cartan’s theorem (p.
db Adc= J 401)
Case E:
) These cases, 2-dE(i) and 2-dE(ii)
2-dE(i) dsAds,=0 y" = 6y? respectively, provide an isolated and a
. _ v , 3 (one-parameter family of equivalence
2-dE(ii) dr#0,drndu=0 y'==0y' =56 -y’  classes admitting two-dimensional
) symmetry groups.

The representative equation of 2-dB(i;)
y'= —(4a"'+ ay?)y’' —3a7% —y3, « constant,

occurs as a simple model in certain flow-induced structural vibration problems in
which the structural non-linearities act to maintain overall stability [14], while the
representative equation of 2-dE(ii) (which is a special case of Duffing’s equation)

y'= — 8y’ —38% —y3 & constant,

describes the dynamics of a buckled beam or plate when only one mode of
vibration is considered [13]. In addition to the obvious translational symmetry of
these equations, Proposition 4.3 allows us to establish the existence of a second
independent symmetry.
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TaBLE 3. Equations admitting a maximal one-dimensional symmetry group

Case Invariant characterization Case Invariant characterization

Case A: 1-dA, dk Adt#0, t:=k,

1-dA, k, I, m and r constant, t:=u, dknd(l,m,r,s,u,v)=0
dundt#0, dundtndt;=0 dk Adt Adt;=0

1-dA, k, I, m constant, t:=r, 1-dA,, dk A dv#0,
dradt#0,dradtndt,=0 dk nd(l,m,r,s,u)=0

1-dA, k and [ constant, dm A ds #0 dk Adv Adk, =0
dmAadr=0,dmAds Adu=0 1-dA,, dk A du+#0,

1-dA, k and [ constant, dm A dr #0 dk nd(l,m,r,s)=0
dm Adr Ad(s, ms, r)=0 dk Adund(u, ki, u)=0

1-dA; k constant 1-dA,, dkAads#0,dkand(l,m,r)=0
dindu#0,dland(m,r,s)=0 dk Ads Ad(u, v, k))=0
dlndund(u,l,, u)=0 1-dA,; dk A dr#0, dk Ad(I, m)=0

1-dAg k constant dk Adrad(s,u, v, k,,rn,)=0
dilnds#0,dlAd(m,r)=0 1-dA,, dkAdm+#0,dkAdl=0
dlnds Ad(u, l)=0 dik Adm A d(r, s, u, v, ky, ky, m3)=0

1-dA, k constant 1-dA;s  dkadl#0
dlandr#0,dlAndm=0 dk ndlnd(m,r,s,u,v,k,,1,,15)=0

dindrand(u,v,l,,rn)=0
1-dAg k constant, dl Adm#0
dindm ad(r,s,u,v, 1, 15, my=0)

Case B:
1-dB(i;) ¢, e and fconstant, t:=k, 1-dB(is) df Adk+#0, df Ad(c, e)
dk Adt#0, dk Adt Adt; =0 df ndk Andk,=0
1-dB(i,) e and f constant, ¢:=c, 1-dB(ig) df Ade+#0, df Adc=0
dc Adt#0, dc Adk =0, dc Adt;=0 df nde nd(k, f,)=0
1-dB(i;) e and f constant, dc A dk #0 1-dB(i;) df Adc+#0
dc Adk Ad(cy, k))=0 df ndc nd(e, k,1,¢c,)=0

1-dB(i,) f constant, dc A de #0
dcandend(k,c,)=0
1-dB(ii) dradt#0, t:=n

dradtnd,=0
Case C:
1-dC, s constant, dc A dl #0 1-dC; dsAde+#0,ds Adc=0
dcadlndk,c,)=0 dsndend(l, k,e,,s,)=0
1-dC, ds adl#0, ds Ad(c,e)=0 1-dC, ds Adc#0
ds ndl nd(k, I3, 5,,53)=0 ds ndc Ade, !, cy,5,)=0
Case D:
1-dD, b= —2¢, k constant, t:=c, 1-dD, k constant
dc Adt+#0, dc Adt Adty;=0 db Adc#0, db Adc Adcy;=0
1-dD, = — ¢, k constant, {:=c; 1-dD, dbAadk+0
dcAdt#0, dc Adt Adty;=0 db ndk Ad(c,by)=0
Case E:
1-dE(i) ds Adt#0, t:=s,
ds adtandt;=0
1-dE(ii;) r and s constant, t:=u, 1-dE(iis) dr nds #0
dundt#0,dundtand;=0 drads ndry=0

1-dE(ii;) s constant
dr ndu+0,drndundu,=0
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Finally, to conclude this section, we consider equations admitting a one-
dimensional symmetry group.

ProPOSITION 4.4. A second-order ordinary differential equation admits a maxi-
mal one-dimensional Lie group of fibre-preserving point symmetries if and only if
the basic and derived invariants of its reduced {e}-structure produce two
independent fundamental invariants. All possible classes of equations satisfying this
symmetry condition are invariantly characterized in Table 3.

Since we have very few examples to present, we will format Table 3 differently.

Remarks. 1. Here we present the few representative equations we have been
able to obtain for the above classification. Some of these equations again arise in
physically interesting situations.

1-dAs: y"=(a— By'?)y’' — yy. This equation arises in the study of non-linear
effects in acoustic phenomena. It was first studied by Lord Rayleigh [25].

1-dB(i;): y"=—(12+y")y +y°. This is a special case of p,, the tenth Painlevé
equation.

1-dB(i;): y"=—(6 + ay?)y’' + By —y>. This is the Holmes—Rand non-linear
oscillator. It was shown earlier that when the coefficients &, f and y are related
by B=—3a"%, 6 =4a"" the equation admits a second independent symmetry.

1-dB(ii): y"=(1-3y)y' +y?>—y>. This is a special case of ps, the sixth
Painlevé equation.

1-dE(i): y"=y’'+y> This equation occurs in the study of shear-free plane-
symmetric relativistic cosmological models [9].

1-dE(ii),: y"= -6y’ + By —y>. This is Duffing’s equation described before. As
was shown earlier, when the coefficients § and & are related by B = —28%/9 the
equation admits a second independent symmetry.

1-dE(ii;): y"=y"%/y +y*+y*+1+y~". This is a special case of ps;, the
thirty-third Painlevé equation.

2. In addition to the above cases where an explicit representative equation
exists, there are other cases where we have been able to establish existence of
second-order equations satisfying the respective symmetry conditions (see follow-
ing remarks). These cases are listed below:

l'dAl, l'dAz, l'dAls, l‘dB(il), 1'dB(12), 1'dB(l3), l'dB(ls), 1‘dB(i7),
1-dB(ii), 1-dD,, 1-dD,, 1-dE(i), 1-dE(ii,), 1-dE(ii,), 1-dE(iis).

In connection with these propositions one should note the following important
point. Although all second-order ordinary differential equations admitting a Lie
group of fibre-preserving point symmetries belong to one of the mutually
exclusive cases listed in Propositions 4.1-4, we cannot a priori claim that all these
cases are non-vacuous. For the transitive cases, since the integrability conditions
reduce to algebraic constraints (see § 5), the existence of second-order ordinary
differential equations with the prescribed symmetries is guaranteed by the
theorem of Cartan stated at the end of § 3. However, for the non-transitive cases
the integrability conditions involve differential relations between basic, fun-
damental and derived invariants. These integrability conditions manifest them-
selves as over-determined systems of ordinary and partial differential equations
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(see §5) for cases admitting two and one-dimensional symmetry groups respec-
tively, i.e. Propositions 4.3 and 4.4. To establish existence for these cases we
need to show that the associated over-determined systems of equations admit
solutions. In principle these can be handled using geometric theory of over-
determined systems [4, 24, 27]. We have been able to establish existence for the
cases listed in Remark 2, but this question has not been investigated fully.
However, in any application, we are first provided with a differential equation.
Thus if the equation admits symmetries, it must belong to one of the cases listed
in the preceding propositions. A computer programme based on these symmetry
conditions is being developed, on the University of Waterloo Maple symbolic
system, to test for existence of fibre-preserving symmetries of an arbitrary
second-order ordinary differential equation [10].

5. Proof of Propositions 4.1-4.4

In the following we give complete proofs for the transitive cases, namely
Propositions 4.1 and 4.2. The proofs of Propositions 4.3 and 4.4 are similar.
However, in view of the large number of possible subcases in the latter cases, a
complete proof will not be given. Instead a detailed analysis of Case E and an
outline for Case B will be presented for Proposition 4.3 while for Proposition 4.4
only Case E will be analysed.

Let us start with the transitive case:

Proof of Proposition 4.1. An equation admits a six-dimensional symmetry
group if and only if the basic invariants ; of its {e}-structure (3.11a) are constant
(since the structure equations then become the Maurer—Cartan equations for a
Lie group). The integrability conditions of these Maurer—Cartan equations then
imply that ;=0. From the parametric expressions of these invariants (3.11b) we
obtain

F(x,y,y')=3y"M, +y'M,+N (5.1a)

and
M., + (NM,), -~ M, ,M, —2N,, =0 (5.1b)
for some functions M and N depending on x and y. Since F =0 satisfies (5.1), and

(3.11a) with ;=0 are the structure equations of a transitive pseudo-group, every
equation in this branch is equivalent to y”=0.

Proof of Proposition 4.2. It follows from Proposition 2.2 that in order to have
a three-dimensional group of symmetries, the basic invariants appearing in the
reduced {e}-structure must be constants. We now proceed to show that the cases
listed in Table 1 are exhaustive. Let us consider Case E. There are two subcases:

Case E(i). From equation (3.36d) we have
ds A o' =3es0® A 0! — 3w A 0. (5.2)

Clearly s cannot be constant and thus no equation in this class admits a
three-dimensional symmetry group.

Case E(ii). From the constancy of the basic invariants and (3.39) we obtain the



CLASSIFICATION OF ORDINARY DIFFERENTIAL EQUATIONS 409

following algebraic system:

(15s —4e)r =0,
S5s —2e =0,
10su —2er’ —eu +5=0, (53)
r=0,
whose solution set is given by
r=0, s=%¢ u=-3c (5.4)

Thus we have obtained an isolated equivalence class admitting a three-
dimensional symmetry group: 3-dE(iiyyy).

The proofs of the remaining cases proceed in exactly the same fashion. It can
easily be shown that for Cases B(i) and C, the algebraic systems obtained from
the integrability conditions admit no solution. For Cases A, B(ii) and D the
solution sets are listed in Table 1.

In what follows, we give a proof of Proposition 4.3. Since the method of proof
is similar for all cases we will give details only for Case E and an outline for

Case B.

Proof of Proposition 4.3. It follows from Proposition 2.2 that in order to have
a two-dimensional group of symmetries the basic invariants appearing in the
reduced {e}-structure must produce only one fundamental invariant. Thus to
complete the proof, we need to show that the list given in Table 2 is complete.
Let us start with a detailed analysis of Case E. There are two subcases:

Case E(i). From equation (3.36d) we have

ds = s,0' + 3esw? — Lew?, (5.5)
where s, denotes the derived invariant of s. Without loss of generality, s can be
chosen as the fundamental invariant. Furthermore, to obtain a two-dimensional
group of symmetries, the differentiation of s must fail to produce new fundamen-
tal invariants. Thus we must have s, = ¢(s). From the integrability condition,
d* =0, we obtain

dp A '+ (e —3es® — Hw' A w* + 3es0' A 0> =0.

and so we are led to an over-determined system of two first-order ordinary
differential equations for s, = ¢(s) given by

¢’ +6s=0, (5.6a)
3s¢p' —4¢p +65°+ £=0. (5.6b)

The unique solution of this system is
o(s) =4e —3s5% 5.7

Thus we have obtained an isolated equivalence class admitting a two-dimensional
symmetry group: 2-dE(i).

Case E(ii). From (3.39d) we have
ds =s5,0" + s,0° (5.8
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There are two cases to consider: that when s is constant and that where s can be
chosen as the fundamental invariant.
(a) s constant. Equation (3.39d) gives

dr=row'+ (fc - 3s)ro’*+ (s — 2e)w>. (5.9)

There are two further cases to consider: that when r is constant or that where r
can be chosen as the fundamental invariant.
(a;) r and s constant. Equations (5.9) and (3.39¢) imply that

r=0 and s=3%¢, (5.10)
du=u,0'— (1+ 2eu)w? (5.11)

In order to obtain a two-dimensional group of symmetries, we necessarily have
u as a fundamental invariant. Furthermore, the differentiation of u must fail to
produce new fundamental invariants. Thus we must have u, = ¢(x). From the
integrability condition, d’u = 0, we obtain

u=3e (5.12)

Hence any equation in this branch with a two-dimensional group of symmetries
actually has a three-dimensional symmetry group.
(a;) s constant and r as the fundamental invariant. Recall that from (5.9) we

have
dr=ro'+ (e -3s)ro’*+ (s - (e)w’.

In order to obtain a two-dimensional group of symmetries, we necessarily have
u = u(r). From (3.39¢) we obtain the system

(5s —2¢e)u’ + 4er =0, (5.13a)
(4e — 15s)ru’ + 2¢er, + 10su — 2er* — eu + 5=0. (5.13b)
Solving for u and r, we obtain
(5s — 2¢)u = o —2er’, « constant, (5.14a)
2(5s — 2&)r, + 10(3s — £)r? + 10egas — o + 25es — 10 = 0. (5.14b)

Notice that in this branch u =u(r) implies r, = ¢(r). Furthermore, from the
integrability condition, d*r =0, we have the constraint

(20« + 50)es? — (30 + Sa)s + 4 = 0. (5.14c)

Thus we obtain a one-parameter family of equivalence classes admitting
two-dimensional symmetry groups: 2-dE(ii).
(b) s as the fundamental invariant. Recall that from (5.8) we have

ds =S1w1 +Sza)2.

To obtain a two-dimensional group of symmetries, we necessarily have r = r(s)
and u = u(s). Then (3.39d) implies that

s =

wiN

E. (5.15)

Hence any equation in this branch with a two-dimensional group of symmetries
actually has a three-dimensional symmetry group.
Let us now outline the proof of Case B.
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Case B. There are again two subcases: Case B(i) and Case B(ii).
Case B(i). From equation (3.20d) we have
df =[f(k —1) +3e + 1+ 1o + fLo* — 2f%w?, (5.16)

and so there are two cases to consider: f constant or that where f can be chosen as
the fundamental invariant.
(a) f constant. Equations (5.16) and (3.20e) imply that

f=0 and I=-(1+3e), (5.17)
de =e,0' + e,0?, (5.18)

and so there are two further cases to consider: e constant, or e chosen as the
fundamental invariant.
(a;) f =0 and e constant. Equations (5.17) and (3.20e) imply that

| is constant,

5.19
dc =c,0' + (e = 2c)w* + (e — 1) @3, (-19)

and so there are two more cases to consider: ¢ constant or ¢ chosen as the
fundamental invariant.

(a;,) f=0, l=—(+3e), c and e constant. From equations (5.19), (5.17) and
(3.20f) we have

c=-% e=1 and [=-4, (5.20)
dk =k 0"+ (8k — 6)002 — 4w’ (5.21)

Thus, with no loss of generality, k can be chosen as the fundamental invariant.
The symmetry condition (i.e. existence of exactly one fundamental invariant)
then implies that we must have k; = ¢(k). It can readily be shown that there
exists an isolated equivalence class admitting a two-dimensional symmetry group
2-dB(i,).

(a,) f=0, l=—(1+3e), e constant and c as the fundamental invariant. Recall
that from (5.19) we have

dc=c,0'+ (e - 2c)w* + (e — 1w’

To obtain a two-dimensional group of symmetries, we necessarily have
¢, = ¢(c) which implies k = k(c). It can readily be shown that there exists a
one-parameter family of equivalence classes admitting two-dimensional symmetry
groups: 2-dB(i,).

(a;) f=0, I=—(1+3e) and e as the fundamental invariant. From equation
(5.18) we obtain

de =e 0" + e,0”

A detailed analysis shows that this case admits no maximal two-dimensional
symmetry group.
(b) f as the fundamental invariant. From equation (5.16) we obtain

df =[f(k=1)+3e + [+ 1]o' + fLo® - 2f’w’.

To obtain a two-dimensional group of symmetries, we necessarily have ¢ = ¢(f)
and / =I(f) which implies that e =e(f), k = k(f), and f, = ¢(f) where f, is the
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derived invariant of f. It is not hard to show that there exist equations in this class
possessing maximal two-dimensional symmetry groups: 2-dB(is).

Case B(ii). A detailed analysis shows that this branch admits no maximal
two-dimensional symmetry group.

Finally we conclude this section by proving Proposition 4.4. Again since the
proof is similar for all cases, we will only give a detailed analysis for Case E.

Proof of Proposition 4.4. 1t follows from Proposition 2.2 that in order to have
a one-dimensional group of symmetries, the invariants appearing in the reduced
{e}-structure must produce two fundamental invariants. Thus to complete the
proof, we need to show that Table 3 is exhaustive. Let us again consider a
detailed analysis of Case E. As before, there are two subcases:

Case E(i). Recall that from (5.5) we have
ds =s5,0" + 3esw? — Lew’.

Thus, without loss of generality, s can be chosen as a fundamental invariant. To
obtain a one-dimensional group of symmetries, the differentiation of s must
produce a new fundamental invariant. Thus s,, relabelled by ¢, must be
independent of s. From the integrability, d%s =0, we have

dt=tw'+ 2¢et — 3es* — H)w? + 3esw’. (5.22)

Since s and ¢ are two independent invariants, the differentiation of ¢t must fail to
produce new fundamental invariants. Thus we must have ¢, = ¢(s, f). From the
integrability condition, d* = 0, we obtain

do A o' + (e — 10est + 6e5® + 4s)w' A w* + (Set — 12es> — Hw! A 03 =0,

and so we are led to an over-determined system of two first-order partial
differential equations for ¢, = ¢(s, t) given by

3es, + (26t — 3es® — 3)p, — 3e¢p + 10est — 65° — 45 =0, (5.23a)
—3e¢, +3esp, — Set + 12es + 3 =0. (5.23b)

It can readily be shown that the general solution of (5.23) is given by
@(r, s) = a(der + 12es> — 1) — 125 + es — 10rs, & constant.  (5.23c)

Hence we obtain a one-parameter family of equivalence classes admitting
one-dimensional symmetry groups: 1-dE(i).

Case E(ii). Recall that from (5.8) we have
ds = 5,0 + s,0%

There are two cases to consider: s constant or s chosen as a fundamental
invariant.
(a) s constant. From (5.9) we obtain
dr=rno'+ ((c - 3s)ro’*+ (s — ic)w’.

There are two further cases to consider: r constant or r chosen as a fundamental
invariant.
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(a;)) r and s constant. Recall that from (5.10) and (5.11) we have
r=0 and s=2¢,
du=u,0"— (1 + ieu)w®

In order to obtain a one-dimensional group of symmetries, we necessarily have
u as a fundamental invariant. Furthermore, the differentiation of 4 must produce
a new fundamental invariant. Thus u,, relabelled by ¢, must be independent of w.
From the integrability condition, d’u =0, we have

dt =t,0'— gtw’ — (1 + 2eu)w>. (5.24)

Since u and ¢ form two independent fundamental invariants, we necessarily have
t; = ¢(u, t). The integrability condition, d’* = 0, then implies that

dp A 0"+ (Zep + u + 2eu?)w® A 0' — St A 0> =0,

and so we are led to an over-determined system of two first-order partial
differential equations for ¢, = ¢(u, ¢) given by

(5 +3eu)¢p, = 8et, (5.25a)
Setp,+ (5 +3eu)p, =Tep + (5+ 3eu)u. (5.25b)
It can readily be shown that the general solution of (5.25) is given by
det* + a(u)
t) = .
ot u) S+3eu (5.263)

where a(u) is defined by
a(u) = 5[5(5 + 3eu)> — 4(5 + 3eu)® + a(5 + 3eu)'”], « constant. (5.26b)

Hence we obtain a one-parameter family of equivalence classes admitting
one-dimensional symmetry groups: 1-dE(ii;).
(a;) s constant and r as a fundamental invariant. Recall that from (5.9) we have

dr=rw'+ (3 —3s)ro*+ (s — 2¢)w>,

and so there are two further cases to consider: u = u(r) or u chosen as the final
fundamental invariant.

(a;;,) s constant, u = u(r) and r as a fundamental invariant. In order to obtain a
one-dimensional group of symmetries the differentiation of r must produce a new
fundamental invariant. However, as noticed before, in this branch u = u(r)
implies r,= ¢(r) and so there exist no additional independent fundamental
invariants. Hence any equation in this branch with a one-dimensional group of
symmetries actually has a two-dimensional symmetry group.

(aii,) s constant, r and u as the fundamental invariants. From equation (3.39%)
we obtain

du=u 0" — 1(2er, + 10su — 2er* — eu + S)w? — terw’. (5.27)

In order to obtain a one-dimensional group of symmetries the differentiation of
r and u must fail to produce new fundamental invariants. Thus we must have
u, = Y(r, u) which in turn implies r, = ¢(r, u). From the integrability conditions,
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d?r = d*u = 0, we obtain
do A o' +3(20s¢ — ded + 8er®* — 30r’s — Ssu + 2eu)w* A '
+2(e - 3s)ro' A @ =0,
dy A w' —%edp A w* + 31559 — ey — 8erd — 20rsu + der’ + 6eru — 10r)w* A '
— 4669 + 10su — 14er® — eu + S)w' A @ + 4(1 - 3es)rw’ A ©* =0,
and so we are led to an over-determined system of four first-order partial
differential equations for r, = ¢(r, u) and u, = y(r, u) given by
(r*— eu+5)¢, +4(55s — €)p + 8er® — 30r% — Ssu +2eu =0, (5.28a)
(5s —2¢)¢, — 4ergp, +10(3s — e)r =0, (5.28b)
(4e — 155)ry, — (2e¢ + 10su — 2&r* — eu + 5)¢, + (155 — €)Y + 2ed ¢,
+2ey ¢, — 8erg — 20rsu + d4er’ + 6gru — 10r =0, (5.28¢)
(S5s —2€)p, — dery, + 66¢ + 10su — 14er’ — gu +5=0. (5.28d)

It can readily be shown that equations (5.28) admit non-trivial solutions and thus
there exist equations in this class admitting maximal one-dimensional symmetry
groups: 1-dE(ii,).

(b) s as a fundamental invariant. Recall that from (5.8) we have

ds = 5,0" + 5,07,

and so we are led to consider two final cases: r =r(s) or r chosen as the final
fundamental invariant.
(b)) r=r(s) and s as a fundamental invariant. From equation (3.39d) we obtain

dr n @' =[s, + (e =3s)rlw* A o'+ (s — )0’ A 0.

The relation r =r(s) coupled with (5.8) imply that s =3¢. Thus no equation in
this branch admits a maximal one-dimensional symmetry group.
(by) r and s as fundamental invariants. From equation (3.39d) we obtain

dr=no'+[s; + ({¢ — 3s)r]jo* + (s — 2e)w>. (5.29)

To obtain a one-dimensional group of symmetries we necessarily have
u = u(r, s). Furthermore, the differentiation of r and s must fail to produce new
invariants. Thus we must have r, = ¢(r, 5), s, = y(r, s), and s, = ¢(r, s). From
the integrability conditions, d°r = d%s =0, and (3.39¢), we obtain

dp A o' +dyY A 0*+ 1(20s¢p — deg + 25rp + 8er® — 30sr* — Ssu + 2eu)w? A !
+ Ry +2er — 6rs)w' A ©° — mw® A 0*=0,

dy A @' +dr A 0* + 70" A 0> =0,

du A ©' —1(2e¢p + 10su — 2er* — eu + S)w! A w? — fero’ A 0> =0,

and so we are led to an over-determined system of seven first-order partial
differential equations for u=u(r,s), n=¢(,s), s;,=y(r,s), and s, =7(r, s)
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given by
5y +4er —15r5)9, + Sad, — 50y, — Sy, + 5(4s — )¢ (5.30a)
+25rp + 8er? — 30r%s — Ssu + 2eu =0,
(55 — 2€)¢, — 109 + 10(3s — £)r =0, (5.30b)
(5s —2¢)y, - 5a=0, (5.30c)
(Sy + der — 15r5)Y, + STY, — SPm, — S, + Ss + 10rmw =0, (5.30d)
(5s —2¢)m, =0, : (5.30e)
(5y + der — 15rs)u, + Sau, +2e¢p +2er* — eu +5=0, (5.30f)
(55 —2¢€)u, +4er=0. (5.30g)

Notice that the above, coupled with the relation r; = ¢(r, s), implies that
u=u(r,s), s;=y(r,s), and s, = m(r, s). It can readily be shown that equations
(5.30) admit non-trivial solutions and thus there exist equations in this class
admitting maximal one-dimensional symmetry groups: 1-dE(iis).

The proofs of the remaining cases of Propositions 4.3 and 4.4 proceed in
exactly the same fashion. As in the above, the integrability conditions in these
cases produce over-determined systems of differential equations. Existence of
solutions to these systems is necessary and sufficient for existence of second-order
equations with the prescribed symmetries.
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