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Constructive Algebra for Differential Invariants

We introduce a computationally relevant differential algebraic structure for those.
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1 Differential Algebra and Related Topics

Differential Polynomial Rings

F=Q(z,y) F a field
9 9 A ={d1,...,0,} derivations on F
=5, 0=~
ox 8y
Y =1} Y=A{y1,---,un}
F[¢,¢] = Flo, ¢, by 0. ] Flya |a €N", y€ Y] =TF[V]

¢xzy ~ ‘szy ~ ¢<2’1) 5/ (y(y) = Ya+te;

0
oz (¢)1u/) = Qraay ~ 01 (@(271)) - ¢(3,1)
e =(0,..., 1 0)
90 _00 "
oxdy Oyox 5:6: = 8:5:
i0j = 0;0;

Link with differential geometry

Independent variables x1,...,x,

F:@(mla"'axm)

Dependent variables y1, ..., yn

Y ={y1,...,yn} the differential indeterminates



F[V] is the coordinate ring for the infinite jet space

Total derivatives:
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Differential polynomial ring K [)] with non commuting derivations
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2 Lie Group Actions and their Invariants

Lie (Algebraic) Group G

G a r-dimensional smooth manifold, locally parameterized by R”
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Group action
[

g a Lie group M an open subset of R
Galieg M bset of R’

Actiong: GxM — M  smooth
\z) — A*z

exz=2z AN-p) *z=X*(u~*2)

Orbit of z: O, ={A*xz| e G} C M

Semi-regular Lie group actions

scaling  translation+reflection rotation
g R* R x{-1,1} SO(2)
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Infinitesimal generators

0

0
512;;; %’... +’§d2§;;

a vector field the flow of which is the action of a one-dimensional (connected) subgroup of G.
V,,...,V, a basis of infinitesimal generators for the action on M of the r-dimensional group G.

Local Invariants
f:U Cc M — RK smooth
f(Axz) = f(2) for A € G close to e

=
f is constant on orbits within U/



Examples

g K* K x {—1,1} S0(2)
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Classical differential invariants
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Jets / Differential algebraProlongation

Invariant derivation:

IO=xxU g :GxJ0 = J0 VY, ..., VO
(z1,...,2m) coordinates on X ~» independent variables
(u1,...,up) coordinates on Y ~» dependent variables

JF=xxuy® g®) G x Jk = Jk vk L VE

[Differential Geometry]



0
additional coordinates u, = ——, |a| <k
oz~

~» the derivatives of u w.r.t x up to order k

Differential polynomial ring: K(z) [u] = K() [ue |« € N™]
Diua = tvate;-

[diffalg]
f: J¥ — R differential invariant of order k if V*(f) = 0.

Invariant derivation
D:F(IF) - FI*1) st DoV=VoD

f:JF — R a differential invariant
= D(f) a differential invariant of order k + 1.

What is a computationnally relevant algebraic structure for differential invariants?
Ky, .- yal / [5]

3 Normalized Invariants: Geometric and Algebraic Construction

Local cross-section P

e P an embedded manifold of dimension n — d
P={zelU|pi(z) =...=pya(z) =0}

P

e P is transverse to O, at z € P.

e P intersect 0% at a unique point, Vz € U.

U IS >

A local invariant is uniquely determined by a function on P.

[Fels Olver 99, H. Kogan 07b]

Invariantization ¢f of a function f

P

f:U — R smooth

@] . . . . D .
tf is the unique local invariant with ¢f|p = f|p

Normalized invariants: 7z1,...,02,. tf(z) = f(i2)
Generation and rewriting:
f local invariant = f(z1,...,2,) = f(t21,...,02,)

Relations: py(zz1,...,22,) = 0,...,pa(tz1,...,72,) =0

[Fels Olver 99, H. Kogan 07b]



Normalized invariants. Example.

G = S0(2), M=R2\0

P:20=0, 21 >0 U=M

(ZZ17 ZZQ) = (\/ Z% + Z§,0>

Replacement property:
f(z1,29) invariant = f(z1, 22) = f (t21,0).

Normalized invariants in practice

We mostly do not need (7z1,...,7z,) explicitly.

We can work formally with (zz1,...,7z,), subject to the relationships p;(zz) = 0,...,p4(tz) = 0.

Computing normalized invariants
——
In the algebraic case, the normalized invariants (zz1,...,7z,) for a K(z) -zero of the graph-section ideal

(G+(Z—-X*z)+ P) NnK(z)[Z]
The coefficients of the reduced Grobner basis of the graph-section ideal form a generating set for K(2)¢ endowed

with a simple rewriting algorithm.
[H. Kogan 07a 07b]

4 Differential Invariant Derivation, Syzygies

Differential invariants

Jo=xxU g® G xJ0 - J0 V9,V
(z1,...,2m) coordinates on X
(uq,...,up) coordinates on U

Jb=x xU® g®) G x Jk - Jk vk o VE

additional coordinates u, = ——

Normalized invariants of order k
TF = {tz1,. .., 1xm} U {Tug || < k}



Generation in finite terms
71, the dimension of orbits on J¥, stabilizes at order s
7‘0§7“1 S...<rs=rs+1=...:r.

Ps:p =0,...,p, =0 defines a cross-section on J5t#

T3tk = {Txy, . Ty U {Tug | |of < s+ k)

Construct: Dy,...,D,, : F(J+k) — F(Js+r+l) st. D,V, =V, D,
Key Prop: tugie;, = D;(tu) + Kia 7 (V,(ua)) K=1(D(P)V(P)™)

Col: Any differential invariants can be contructively written in terms of Z5t! and their derivatives.
[Fels Olver 99]

Algebra of Differential Invariants

Klei uo [laf < s+1] / [S]

[D:,D;] =Y Aiji Dy

k=1
where Aijr = 320 Kic 1(D;(Ve(zr))) — Kje D (Ve(2)))-
The monotone derivatives of Z5+1,

{D’fl. D (in)} U {Dfl. DB (tug) | |al < s+ 1},
generate all differential invariants.

[H 05, 08]
Syzygies=Differential relationships

A subset S of the following relationships

pl(Zl',ZUa) = 07 R pT(ZJ:?[ufY) =0
Lxj) = 51‘]‘ - KmZ(V(l’j)),
- Kiaz(v(ua))a |a| S $

SIS R
N
[~
Q S~—
~— ~—
Il
|
S
Q
+
o

ate=0+¢€, |of=|8=s+1.




Smaller set of generators

e Differential elimination on a complete set of syzygies allows to reduce the number of differential invariants.
e We can reduce to two or even 1 the number of generating invariants by differential elimination on the syzygies.
e Euclidean and affine surfaces [Olver 07]

e Conformal and projective surfaces [H. Olver 07]

We can always restrict to mr + dy generating invariants

Ware, = D; (i) + Kia T(V,(ua)) K=1(D(P)V(P)™)

The edge invariants € = {t(D;(pa))} UZY form a generating set when the the cross-section is of minimal order.

We can obtain their syzygies by elimination.

We can obtain their syzygies from the structure equations.

[HO7, HOS]
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