Preface

This book is the fruit of many years of teaching complex variables
to students in applied mathematics by the first author and research by
the third author with the close collaboration of the second author, who
translated a preliminary Russian version of the text and collected and solved
all the exercises. It is an extended course in complex analysis and its
applications, written in a style that is particulary well-suited for students
in applied mathematics, science and engineering, and for users of complex
analysis in the applications.

The first half of the book is a clear and rigorous introduction to the
theory of functions of one complex variable. The second half contains the
evaluation of many new integration formulae and the summation of new
infinite series by the calculus of residue. The last chapter is concerned with
the Fatou—Julia theory for meromorphic functions for finding selective roots
of some transcendental equations as found in the applications.

Chapter 1 reviews the representation of complex numbers and intro-
duces analytic (holomorphic) functions. In Chapter 2, both traditional and
non-traditional problems in conformal mapping are solved in great detail.

Chapter 2 depends only on Chapter 1 and is independent of the other
chapters; thus it can be taken any time, after the study of the first chapter.
Chapters 3, 4, 5, 6 and 9 can be covered in that order.

Chapters 7, 8, 10 and 11 cover more specialized topics and are beyond
a usual introduction to analytic functions.

The short bibliography lists common references in English and in Rus-
sian and a few research papers.

The exercises are elementary and aim at the understanding of the the-
ory of analytic functions. Some of them can be easily solved with symbolic
software on computers. Answers to almost all odd-numbered exercises are
found at the end of the book.

The text benefitted from the remarks made by generations of students
at the Riga Technical University and at the University of Ottawa. Miss
Ellen Yanqging Zheng has read a preliminary version of the book in the
winter of 1994 and made many corrections.
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CHAPTER 1

Functions of a Complex Variable

1.1. Complex numbers

1.1.1. Algebraic operations on complex numbers.

DEFINITION 1.1.1. A complex number z is an ordered pair, (z,y), of
real numbers, x and y, where z is called the real part of z, written z = Rz,
and y is called the imaginary part of z, written y = &z. The set of complex
numbers is denoted by C.

For clarity, the expressions z-plane and w-plane will be used to mean
z € C and w € C, respectively, when referring to different copies of C.

Two complex numbers, z; = (z1,y1) and 2o = (z2,y2), are equal,
written z; = 23, if and only if their real and imaginary parts are equal; that
is, if and only if 1 = 2 and y; = ys.

DEFINITION 1.1.2. The sum of two complex numbers, z; = (21, y1) and
zo = (z2,%2), is defined to be the complex number

z =21+ 2= (21 + T2, y1 + Y2).
The commutativity and the associativity of the addition,

21+ 29 = 22 + 21,
21+ (22 + 23) = (21 + 22) + 23,

follow from Definition 1.1.2. The complex number zero, 0 = (0,0), such
that 2 + 0 = z for all z € C, is introduced in the same way as the real
number 0 in the set of real numbers.

DEFINITION 1.1.3. The product of two complex numbers, z; = (z1, y1)
and zo = (22,¥2), is defined to be the complex number

z = 2129 = (X122 — Y1Y2, T1Y2 + T2y1).

1



2 1. FUNCTIONS OF A COMPLEX VARIABLE

The commutativity, the associativity and the distributivity of the mul-

tiplication,
2122 = 2221,
21(2223) = (2122) 23,
(21 + 22)23 = 2123 + 2223,
follow from Definition 1.1.3.

The set R of real numbers becomes a subset of the set C of complex
numbers if a € R is identified with a = (a,0) € C. It then follows, from
Definitions 1.1.2 and 1.1.3 of addition and multiplication, respectively, that
all the known properties of the addition and the multiplication of real num-
bers are also valid for complex numbers. Therefore the set C of complex
numbers can be considered as an extension of the set R of real numbers.

Note that (a,0) x (x,y) = (az, ay).

The complex numbers are not ordered. Hence the order relations <
and > cannot be applied to complex numbers; that is, given two distinct
nonreal complex numbers, z; and zs, it is impossible to write 21 > 2z or
z1 < z9, without violating some properties of the real numbers.

DEFINITION 1.1.4. A complex number of the form (0,y) is said to be
a pure imaginary number.

The complex number (0, 1) is called the imaginary unit and is denoted
by the symbol i: ¢ = (0,1). The number (0,y) can be considered as the
product of the real number y = (y,0) and the imaginary unit (0, 1),

(y,0) x (0,1) =(yx0—-0x1,yx14+0x0)=(0,y).
Therefore we can write (0,y) = iy.
Squaring the imaginary unit, we have
ixi=(0,1)x(0,1)=(0x0—-1x1,0x141x0)=(-1,0),
that is,
i? = —1. (1.1.1)

1.1.2. Algebraic form of complex numbers. The previous rela-
tion (1.1.1) allows one to give a direct computationally convenient algebraic
meaning to complex numbers.

DEFINITION 1.1.5. The algebraic form of the complex number
z=(z,y) = (2,0) +(0,y)
is
z=ux+1y. (1.1.2)
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NotAaTION 1.1.1. Complex numbers in the algebraic form are usually
denoted by z = x + iy, ( =€ +in, w = u+iv, and a = o +i5. The letters
c and d are also used.

To perform addition and multiplication of complex numbers, one simply
uses the usual rules of the algebra of polynomials plus the rules i2 = —1,
i = —i and i* = 1.

DEFINITION 1.1.6. The complex number z = z—1y is called the complex
conjugate of z = x + 1y.

The subtraction of complex numbers is defined as the inverse of the
addition. Given two complex numbers z1 = x1 + iy; and zo = x5 + iy, the
difference, zo — 21, is the complex number z such that z; + z = z5. Thus

=2y — 21 = w2 — 21 +i(y2 — Y1)

The division of complex numbers is defined as the inverse of the mul-

tiplication. If 2z = x1 4 iy1 and 2o = a2 + iy2 # 0, then z = 21 /29 if
292 = 21. (1.1.3)

Letting z = x4y in (1.1.3), performing the multiplication and equating
the real and imaginary parts on the right- and left-hand sides of (1.1.3),
respectively, we obtain a system of equations for x = Rz and y = $z.
Solving this system, we get
Titiy T2t y1ye T2yl — T1Ye
zy+iys 2343 a3 +y3
It is easy to check that the same result can be found by multiplying the
numerator and the denominator of the fraction z1/z2 by Zo = xa — iys.

T +iy = (1.1.4)

1.1.3. Geometric representation of complex numbers. We shall
represent the complex number z = x + iy by the point A in the plane
with coordinates (z,y) referred to the Cartesian coordinate system z0y.
Such a plane is called the complex plane, the z-axis being called the real
axis and the y-axis being called the imaginary axis. There is a one-to-one
correspondence between the points of the complex plane and the set of
complex numbers. Therefore in the sequel we shall not distinguish between
a complex number and its corresponding point in the complex plane, so that
we shall say, for example, the “point 3 4 2¢,” the “triangle with vertices z1,
zo and z3,” etc.

In Fig 1.1, the vector OA = (x,y) is identified with the complex number

z = x +1y. The angle 6 formed by OA and the positive z-axis is called the
argument of z and is denoted by arg z:

f=argz, if tan(argz)= Y. (1.1.5)
T
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0

FIGURE 1.1. The vector OA = (z,y) identified with the
complex number z = x + iy.

The length r of the vector 0—1)4 is called the modulus of the complex number
z and is denoted by |z|,

2| = [OA] = r = /22 + 42 > 0. (1.1.6)

The angle arg z is usually taken in one of the half-open intervals,
2k — I)w < argz < (2k + 1), k=0,£1,£2,..., (1.1.7)

or
2km <argz < 2(k + 1)m, k=0,£1,+£2/.... (1.1.8)
The principal value of the argument of z is defined to be the angle Arg z
such that
tan(Argz) = g, —m < Argz <m, (1.1.9)
x

by taking k =0 in (1.1.7), or
tan(Arg z) = y, 0 < Argz < 2m, (1.1.10)
x

by taking k =0 in (1.1.8).

In this book, the choice of (1.1.9) or (1.1.10) will be dictated by each
problem in hand and should be clear from the context. Generally, (1.1.9)
is used in Chapters 1, 3, 4 and 5, and (1.1.10) is used in Chapters 2, 6, 7
and 8. Most computers use the the principal value given by (1.1.9).

With the choice (1.1.9), there are three cases to be considered for Arg z:

(a) If z > 0 (see Fig 1.2), Arg z = Arctan Y.
x
(b) If x < 0 and y > 0 (see Fig 1.3), Argz = Arctan ? + .
x
(c) If £ < 0and y <0 (see Fig 1.4), Argz = Arctan 4
x
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y X

Z=x+iy 0 Arg z = Arctan 3

Y

Arg z = Arctan 5 z=x+1y

FI1GURE 1.2. The principal value of arg z for = > 0.

. y
Z=X+ 10y

Y

\Arg z=Arctan 3 + T

0 1Z Arctan% *

F1GURE 1.3. The principal value of arg z for z < 0, y > 0.

y

/,,*IY"/’\’r/ctan%

0 X
Arg z = Arctan % -7

FIGURE 1.4. The principal value of arg z for z < 0, y < 0.

Z=x+1y

Hence, for (1.1.9),
Arctan (
Argz =< Arctan (

) , x>0,
J+m x2<0,y>0, (1.1.11)
Arctan (%) -, x <0,y <0.

Yy
T
y

x

In any case, one sees that arg z = Arg z + 2kw for k € Z, that is, arg is
periodic of period 2.
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A y
A, 174
Nt
2,— 7 A,
)
0 \;
B

L™y

FIGURE 1.5. Geometric representation of the sum, OA,

and difference, OB = Aj As, of two complex numbers.

NOTE 1.1.1. The definitions (1.1.9) or (1.1.10) of Argz mean that a
cut is made along the negative or positive real axis, respectively. In general
terms, a cut is a double line that is not allowed to be crossed when angles
are measured. Therefore, with (1.1.9) Argz = 7 on the upper part of the
cut and Argz = —m on the lower part of the cut. Such a cut can be taken
along an arbitrary direction, but formula (1.1.11) differs from cut to cut.
Most computers and calculators take the cut along the negative real axis
so that the principal value, Arg z, of the argument of z is given by (1.1.9)
so that (1.1.11) holds. In the Russian mathematical literature, the roles of
arg and Arg are interchanged.

Let us consider the geometric meaning of the sum and difference of the
two complex numbers z; = x1 + ty1 and 2o = T9 + 1yo.

In Fig 1.5 the vectors OA; = (x1,y1) and OAy = (z2,y2) correspond
to z1 and zo, respectively.
Since z1 + 22 = (21 + x2) + i(y1 + y=2), then the vector

OA = (x1+ 22,91 + Y2)
corresponds to the complex number z; + zo. Thus, the sum of the vectors
OA, and OA,,
OA = O0A, + OA,, (1.1.12)

corresponds to the sum of the complex numbers z; and z5. Similarly, the
vector

OA=0A, +OAy + -+ OA, (1113)
corresponds to the sum z; —i—zz—i— —i—zn of the complex numbers z1, 29, , 2n

represented by the vectors OAl,OAg, .. OAm respectively. The vector
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O‘A joins the beginning and the end of the polygonal line OA; Ay --- A,. It
follows from Fig 1.5 and formulae (1.1.12) and (1.1.13) that
|0A| < |0A)| + 04|, |OA| <|OA| +|OAs| + -+ + |0A],
that is, we have the triangle inequality,
|21 + 22| < |z1] + |22], (1.1.14)
and its generalization to n numbers,
|21+ 22+ + 20| < 2] + |22l 4+ + znl.

These inequalities can be written in the short form

Z Z ER (1.1.15)

k=1

Equality in (1.1.14) and (1.1.15) holds only if all the complex numbers
zk lie on the same straight line in the complex plane.

Inequality (1.1.15) is basic for estimating the moduli of sums of complex
numbers and integrals of functions of a complex variable.

On the other hand, since z2 — 21 = (2 — #1) + i(y2 — y1), then the

vector OB = (x9 — 1, y2 — y1) corresponds to the complex number 2 — 27.
In this case,

N — — N

OB = A1A; = OAs; — OA;, (1.1.16)

—

that is, the vector OB corresponds to the difference of the gwen complex

numbers and is represented by a difference of the vectors OA2 and OA1
It follows from Fig 1.5 and formula (1.1.16) that

—
|22—2’1| = |A1A2| = \/($Q—$1)2+(y2—y1)2, (1117)

that is, the modulus of the difference, zo — z; of two complex numbers is
equal to the distance between the points z; and zo in the complex plane.
Since the distance in C and R? is given by the same formula, it will be seen
in the next subsections that the definition of a neighborhood of a point, the
set of interior or exterior points of a disk in C, etc., will be the same as in
R2. Hence C and R? have the same notions of continuity and limit, that is,
the same topology.
For example, if zp = z¢ + iyo = constant and p = constant > 0, then
the formula
|z — 20l = p (1.1.18)
represents the geometric locus of all the points z which are at distance p
from the point zg. Thus (1.1.18) is the equation of a circle centered at zg
and of radius p (see Fig 1.6). If z = & + iy and z9 = o + iyo, it follows
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lz—zgl>p

0

FIGURE 1.6. (Shaded) interior and (unshaded) exterior of
a disk.

from (1.1.17) and (1.1.18) that

(@ = 20)* + (y — 90)* = P, (1.1.19)
which is the Cartesian equation of the circle of radius p, centered at (zo, yo).
In Fig 1.6, the inequality |z — 29| < p represents the (shaded) set of points
inside the disk whereas the inequality |z —zo| > p represents the (unshaded)
set of points outside the same disk.

1.1.4. Trigonometric form of complex numbers. One easily sees
from Fig 1.1 that if z = 2 + iy, then z = r cos§ and y = rsin 6 with r = |z|.
Thus, we have the following definition.

DEFINITION 1.1.7. The trigonometric form of the complex number z =
T 41y is
z =r(cosf + isinf), (1.1.20)
where = rcosf, y = rsinf and r = |z|.

The trigonometric form (1.1.20) of complex numbers allows one to give
a simple geometric meaning to the product and quotient of two complex
numbers. Given

z1 = r1(cosfy + isinby), 29 = ro(cos by + isinhy),
by the usual rules of algebra the product of z; and 25 is
2122 = T1T2 [cos 01 cos By — sin 64 sin 6y
+ i(cos 0y sin 62 + sin 0y cos 6o)], (1.1.21)
which, upon using trigonometric identities for sums of angles, reduces to
2122 = T1T2 [cos(@l + 62) +isin(f; + 92)}. (1.1.22)
It follows from (1.1.22) that

|z122] = |21] |22, arg (z122) = arg z; + arg 2, (1.1.23)



1.1. COMPLEX NUMBERS 9

that is, the modulus of the product of two complex numbers is equal to the
product of their moduli, while the argument of the product is equal to the
sum of their arguments. It can easily be proved by mathematical induction
that relations similar to (1.1.22) and (1.1.23) hold for any finite number of
complex numbers:

2129 Zn =TT T [cos(Z 9k) + isin(Z Hk)} ; (1.1.24)
k=1 k=1

thus
|z129 - zn| = |21] |22] - - - |20l arg (z122 -+ 2n) = Zargzk. (1.1.25)
k=1

Similarly, if zo # 0,

z1 11 cosfi + isinf,

29 - 79 €0S s + isin O,
r1 (cosfy + isinf;)(coshz — isinbs)

o cos? Oy + sin® 6,
Multiplying the numerator out and applying trigonometric identities for
difference of angles, we have
ZL = M lcos (61 — 6s) + isin (61 — 6)] . (1.1.26)
22 T2
It follows from (1.1.26) that

|zl

21
|22’

21
arg — = arg z; — arg 29, (1.1.27)
z9 z9
that is, the modulus of the ratio of two complex numbers is equal to the
ratio of their moduli, and the argument of the ratio is equal to the difference
of their arguments.

Letting 21 = 20 = -+ = 2, = 2 = r(cos @ +isinf) in (1.1.24), we obtain
2™ = r™(cosnb + isinnb); (1.1.28)

thus
[2"] = |2]™, argz" = nargz. (1.1.29)

1.1.5. Exponential form of complex numbers. We introduce at
this point a third form of complex numbers, called the exponential form,
even though the exponential function for a complex variable will be defined
later in Subsection 1.5.1.

Thus, to avoid breaking the logical order of presentation, we introduce
FEuler’s formula,

e = cosf +isinb, (1.1.30)
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and postpone its derivation, as (1.5.9), until Subsection 1.5.1. We shall also
assume the law of exponents (1.5.11) in the form

eiel eieg — ei(91+02),
which will be proved later.
Substituting (1.1.30) in (1.1.20), we have the following definition.
DEFINITION 1.1.8. The exponential form of the complex number
z =r(cosf + isinh)
is ‘ .
z=re? or z=|z|e'™8%, (1.1.31)

Relations (1.1.22)—(1.1.29) can be easily obtained by means of (1.1.31).
For example, if 21 = |21| €87 and 23 = |22] €'#8 %2 then

2129 = | 21| | 29| e¥(rE A1 FATE ) (1.1.32)
Formulae (1.1.22) and (1.1.23) follow from (1.1.32).
1.1.6. Powers and roots of complex numbers.

DEFINITION 1.1.9. Given n € N, the complex number w = z'/" is
called an nth root of the complex number z if w" = z.

We have the following theorem.

THEOREM 1.1.1. A nonzero complex number z = r(cos @ + isinf) has
exactly n distinct nth roots given by the formula

A 2k A 2k
RSNV (COSM +isin M) ,

n n

k=0,1,...,n—1. (1.1.33)

PROOF. Given z = r(cos f+isinf) # 0, we determine the real numbers
p >0 and ¢ such that

w = p(cos p + ising) = 21/, (1.1.34)
It follows from the relation w™ = z and (1.1.28) that
p"(cosny + isinnp) = r(cos + isinb). (1.1.35)
Thus p™ = r and
p=r/" (1.1.36)

1/n

where it is understood that the positive real value of /" taken. Moreover,

cosng =cost =  np=0+2kn, k=0,1,....

Thus,

0+ 2k
o—argw =TT 01, -1, (1.1.37)
n




EXERCISES FOR SECTION 1.1 11

where the largest value of k in (1.1.37) is kK = n — 1 because, upon setting
k=n,n+1,...,2n—11in (1.1.37), the n points with arguments

0 0+ 2 0+2(n—1
— + 2m, + 7T—|—27T, R w—k?ﬂ'
n n n

correspond to the n points with arguments
0 0+2r 0+2(n—1)m

) ) RN} )
n n n

respectively. Hence by induction we see that, for kK = n,n + 1,..., there
are no new values of z!'/” in the complex plane.

Substituting (1.1.36) and (1.1.37) into (1.1.34) we obtain formula (1.1.33),
which, by Euler’s formula, becomes

21/ = |z|}/7 gilArg 2+ 2km) /n k=0,1,...,n—1, (1.1.38)
where, as always, |z|'/™ denotes the positive real nth root of |z|. O

We see from formula (1.1.33) that the radii of the nth roots of z # 0
are equal to |z|*/™, but their arguments differ by 27/n. These roots lie at
the n vertices of a regular polygon in the complex plane, except in the case
z = 0 where they are all zero.

EXAMPLE 1.1.1. Find the three third roots, (—8)'/3, of —8.

SOLUTION. Since —8 = 8¢'™, then

. 2k
(=8)1/3 = (8¢"™)1/3 — 2 exp (iw—i—g 7r>7 k=012,
that is,
2¢7/3 = 2(cos +ising) = 1+iV3,
(=8)1/3 ={ 2¢im = 2(cosm+isinT) = -2,
2e77"/3 = 2(cosE —isink) = 1-iV3.
The three values of (—8)'/? are shown in Fig 1.7. |
Exercises for Section 1.1
If 21 = =144, 20 = 3+ 2i and z3 = —4 — 3i, evaluate the following
expressions.

1. 2120 — 232,
21

22

3. 3%[ e +zi°’]
21+ 29

2.
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1+iV3

1-iV3
FIGURE 1.7. The three values of (—8)/3.

4. ¥[z1(22 + Z3)].
5. Arg(z1z2).
6. arg(z172%3).
If 2y =241, 20 = —1 4 3i and 23 = 41, evaluate the following expressions.
7. (214 22)? — Z3.

8. |2’122 + 2’223|.

9. arg (Zg’)

10. Arg (?)
2

11. %[2’1 - 222’32,].

12,5 [_ " —} |

13. Find real numbers x and y such that
2+ 3iy — dix + 5y + 1 = —(2y + 97) + (x + by + 4)i.

Solve the following equations.

14. 2(4 —3i) =1+ 8.

15. (14 2i)z =2 — 4.

16. |2|* — 22 = 3 + 4i.
If 2 = (—14iv3)/2 and —7 < Argz < 7, find all the values of the following
expressions.

17. |z|, arg z, Arg z.

18. arg(—=z), Arg(—z2), arg(z), Arg(z2).
Find the real and imaginary parts of the following numbers.
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3—1
19. .
4+ 24

3

<\/§—i\/§>

200 | ———— ] .
2

2 3—1

SRS T

-\ 3
22. (1 _ Z,) .
1+
23. Show that arg(z) = — arg(z), where z # 0.

24. Find the values of z for which Arg(z) = — Arg(z).
Find the complex numbers which are complex conjugates of
25. their own squares.
26. their own cubes.
Prove the following identities.
27. |z = |2|.
28. 71+ 22 = 71 + Za.
29. 7123 = 21 29.
. (2)=2
22 2
31. When do three points, z1, z2 and z3, lie on a straight line?

32. Let o be the line segment joining the points z; and z2. Find the point
z which divides o in the ratio Aq:\s.

33. Show that |21 — 22|? = |21]? + |22]? — 2R(2122).
34. Prove the parallelogram law: |21 — 23]? + |21 + 22|2 = 2(]21|% + |22]?).

35. Let z1, 22 and z3 be consecutive vertices of a parallelogram. Find the
fourth vertex z4 (opposite to z3).

36. Find the point in the complex plane which is symmetric to = + ¢y with
respect to the line y = z.

37. By which angle should the vector 3v/2 + i24/2 be rotated in order to
obtain the vector —5 + 47

38. Prove the Cauchy—Schwarz inequality

|z1w1 + 20wa| < V/]21[? + |22 V]wi P + [wa]?,

and generalize it to n terms, that is, |z1w1 + zowa + - - - + zpwy|.
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39. Prove that

1= 2wl — |z —wl? = (1 [2/*) (1 = |[wf).
40. Prove that

|2 < [Re| + 2] < V22,

and give examples to show that either inequality may be an equality.
41. Show that if |z2| =1 and z # a, then z/(z — a) = 1/(1 — a2).
42. Prove that |(1+ 1)z + 2| < 3/4 if |2| < 1/2.
43. Prove that |z1 + 22| > | |21] — |22| |. When does equality hold?

Represent the following numbers in trigonometric form.

44. —T7i.
45. =1 +iV/3.
46. 2 — 44.
V2 —i/2
q7. XY=
(V3 +i)?
(1—1)°
48. .
8 (1+4)*
-\ 5
49, (1414)

(V3—i)s
50. (1% +1%)°.

. 8
VA
5. | ————= ] .
(\/§+i\/§)
52. Show that

l+itana\" 14+ itanna
- = - , a € R.
1—idtana 1 —itanna
53. Show that
(cosa+isina)" =1 = (cosa —isina)” =1, o €R.
Find all complex numbers z for which the ratio _T_
z

54. is real.

55. is pure imaginary.
Find all the values of the following roots and plot them in the complex
plane.

56. v/ —1.
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57. v/2Ti.

4 —\/g-i—i
1—4

o/ V2 —iv2
59. m

60. Prove that if 21 + 22 + 23 = 0 and |21|=|22|=|23]|=1, then the points 2,
z2, 23 are the vertices of an equilateral triangle inscribed in the unit circle
|z| = 1.

o8.

61. Let a be any nth root of unity other than 1, where n > 1. Prove that

1+2a+3a%>+---+na" 1= i

a—1"
(Hint. Multiply by 1 —a.)

62. Prove that the sum of all distinct nth roots of unity is zero, and interpret
this fact geometrically.

1.2. Continuity in the complex plane
1.2.1. Domains, regions and boundaries.

DEFINITION 1.2.1. Given a positive real number, § > 0, the set of all
complex numbers z, which satisfy the inequality

|z — 20| <6, (1.2.1)
is called a d-neighborhood of the point zg.

The inequality (1.2.1) describes the set of points inside the open disk

D? of radius d centered at zo.

DEFINITION 1.2.2. A set U C C is a neighborhood of zy € C if U
contains a J-neighborhood of zj.

DEFINITION 1.2.3. Given a set S C C, a point zg is
(a) an interior point of S, if there exists a Dgo such that Dgo C S,
(b) an exterior point of S, if there exists a Dgo such that Dgo ns =190,
(c) a boundary point of S, if every DJ contains both interior and
exterior points of S.

DEFINITION 1.2.4. A set S is open if all its points are interior points;
it is closed if it contains all its interior and boundary points. The closure
of S is denoted by S.

For example, |z| < 1 is an open set and |z| < 1 is a closed set.
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FIGURE 1.8. Open set S = S U S; disconnected at point A.

DEFINITION 1.2.5. A point set S is said to be connected if any two

points of S can be joined by a polygonal line consisting entirely of points
of S.

DEFINITION 1.2.6. A domain, €2, is an open connected set. A region,
R, is a domain together with some, none or all of its boundary points.

It follows from the definition that “region” is more general than “do-
main.”

For example, the open unit disk |z| < 1 is a domain while the closed
unit disk |z| <1 is not a domain, but a region.

The open set S = 51 U So shown in Fig 1.8 is neither a domain nor a
region, because it is not connected at the point A. For example, the points
z1 and 29 cannot be joined by a polygonal line that lies in the set.

DEFINITION 1.2.7. If the boundary of a domain €2 consists of a single
closed non-self-intersecting (rectifiable) curve 7, then the domain is called
simply connected; otherwise it is said to be multiply connected.

DEFINITION 1.2.8. The positive direction of the boundary - of a domain
Q is that direction for which the points of €2 lie to the left of .

In Fig 1.9, simply, doubly and triply connected domains are shown,
where the arrows indicate the positive direction along the boundary.

Consider a curve y = f(z) in R%. The equation of this curve in the
complex plane is z = x + i f(z), where z = x + iy.

For example, the equation of the parabola y = 2 in R? is written, in
the complex plane, in the form z = z + iz2.

If a curve 7(¢) is given by the parametric equations

x=uz(t), y=uyt), t; <t <ty (1.2.2)
then its equation in the complex plane is
z(t) = x(t) +iy(t), t1 <t <ty (1.2.3)
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y y
— p—
0 X 0 X
(@) (b)
y <
® o
0 X
(©)

FIGURE 1.9. (a) Simply connected, (b) doubly connected
and (c) triply connected domains. The arrows indicate the
positive direction along the boundary.

For instance, the complex form of the equation of the circle

¢ =rcost, 0<t<o2m, (1.2.4)
Y—1Yyo =rsint,
is

z=xo+rcost +i(yo + rsint),
or, with zg = z¢ + iyo,

z = zo+ r(cost + isint), 0<t<2m,

which, by Euler’s formula (1.1.30), becomes

2=z +71e", 0<t<2m. (1.2.5)
Since ‘e“| =1, we see that (1.2.5) coincides with (1.1.18) with r changed
to p.

EXAMPLE 1.2.1. Give a geometric meaning to the following simple in-
equalities:
r1 < |z — 20| < 1o, 0<Argz<mn/4, w/6 < Arg (z — 2i) < 7/3,
2 <Rz <3, 1 <32 <3,



18 1. FUNCTIONS OF A COMPLEX VARIABLE

SOLUTION. The respective geometric regions are as follows:
(a) 1 < |z — 20| < ro is an annulus centered at zo with radii r; and
r9, shown in Fig 1.10(a).
(b) 0 < Argz < w/4 is a wedge with vertex at the origin of the
coordinate system, shown in Fig 1.10(b).
(¢) m/6 < Arg(z —2i) < w/3 is a wedge with vertex at the point 21,
shown in Fig 1.10(c).
(d) 2 <Rz < 3is astrip of unit width parallel to the imaginary axis,
shown in Fig 1.10(d).
(e) 1 <32z < 3is a strip of width 2 parallel to the real axis, shown in
Fig 1.10(e). O

To explain part (c) further, using the substitution z—2i = z;, we obtain
the inequality 7/6 < Argz; < m/3, which describes a wedge centered at
z1 = 0, that is, centered at the point z = 2.

1.2.2. Limit of a sequence of complex numbers. As in real anal-
ysis, a sequence, {z,}, of complex numbers is defined as the ordered set of
values of a function, f, whose argument is a set of positive integers,

Zn = ap, + by, = f(n), (1.2.6)
where {a,} and {b,} are sequences of real numbers.

DEFINITION 1.2.9. A complex number a is called the limit of a se-
quence, {z,}, of complex numbers, as n — oo, if for every ¢ > 0 there
exists N, € N such that for all n > Ng,

|z, —a| < e,

and we write

a= lim z,.
n—oo

NoTE 1.2.1. The inequality |z, — a] < & means that, for n > N, all

the terms of the sequence are located in the open disk D¢ of center a and
radius €.

The limit of a sequence of complex numbers is equivalent to the limit
of two sequences of real numbers as proved in the following theorem.

THEOREM 1.2.1. Let {z,} be a sequence of complex numbers. A nec-
essary and sufficient condition for the existence of a limit

a+ib= lim z,, (1.2.7)

n—oo

where z, = a, + ib,, is the existence of the limits

a= lim a,, b= lim b,. (1.2.8)

n—oo n—oo
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FIGURE 1.10. Geometric figures for Example 1.2.1 (a) to (e).

PrOOF. Necessity. Suppose that the limit in (1.2.7) exists, that is,
Ve>0 3IN.: Vn>N., |zz—a|<e,
which we write explicitly as

V(an —a)? + (b, —b)? <e. (1.2.9)
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It follows from (1.2.9) that
Vn > Ng, an —al<e, |b, —b| <e; (1.2.10)

but (1.2.10) implies that the limits in (1.2.8) exist. Geometrically, (1.2.9)
and (1.2.10) mean that if the hypotenuse of a right-angle triangle is smaller
than €, then the adjacent sides must also be smaller than €.

Sufficiency. Suppose that the limits in (1.2.8) exist, that is, for every
>0,

ANy Vn> Ny ap, —al < (1.2.11)

Then for all n > N = max {Ny, N2} the inequalities (1.2.11) and (1.2.12)
are satisfied simultaneously. But inequality (1.2.9) follows from (1.2.11)
and (1.2.12) for all n > N (if we square (1.2.11) and (1.2.12) and add
the corresponding inequalities). The latter implies that the limit in (1.2.7)
exists. O

It follows from the previous theorem that the study of the properties
of sequences, {z,}, of complex numbers can be reduced to study of the
properties of pairs of sequences, {a,} and {b,}, of real numbers.

1.2.3. The point at infinity. Let {z,} be a sequence of complex
numbers such that for every R > 0 there exists N such that for all n > N,
|zn| > R. Such a sequence, {z,}, is called an increasing sequence with no
finite limit. Introducing the complex number z = oo, called the point at
infinity, we say that {z,} converges to infinity and write

lim z, = oo.

n—oo
A region outside a disk of sufficiently large radius R (|z| > R) is called a
neighborhood of the point z = oco.

We use the so-called stereographic projection to illustrate this idea.

Suppose that a sphere of radius 1, called a Riemann sphere, is sup-
ported by the complex plane with the south pole, S, of the sphere located
at the origin, z = 0, of the coordinate system (see Fig 1.11). The equation
of the sphere is

x] + a3+ (v3 —1)? = 1. (1.2.13)
If we draw a ray from the north pole, N, to the point z = x + iy of

the complex z-plane and let Z(z1, z2, x3) be the point of intersection of the
ray with the Riemann sphere, then it is seen from Fig 1.11 that the three
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FIGURE 1.11. Stereographic projection from the Riemann
sphere to the z-plane.

points N(0,0,2), Z and z(z,y,0), lie on the straight line
1 —0 29—-0 T3 — 2
-0 y-0 o0-2°
Expressing zo and x3 in terms of z; from the equation of the line and
substituting these values into the equation of the sphere, we obtain

(1.2.14)

4z
= —F5—.
TR+
Similarly,
4y 2(2% + %)
T2 J;2—|—y2+4 an I3 ,’E2+y2—|—4
Since z = x + iy, we have
2(z+ %) 2(z — 2) 2|22
€TrT1 = —_—s, €To = T s Taq = . 1215
YT P4 2T (P + ) ST P+ 4 (1.2.15)

It follows from these formulae that to each (finite) point z = z + iy € C
there corresponds a unique point Z(x1,x2, x3) on the Riemann sphere.
Conversely, from equation (1.2.14) of the line, we have

2$1 2172
= = . 1.2.16
xr 2 3 3 Yy 2 — 3 ( )

Hence, to each point Z(x1, x2, x3) on the Riemann sphere there corresponds
a unique point z = z + iy € C (except for the north pole, N).

Therefore, there is a one-to-one correspondence between the points of
the complex z-plane and the points of the sphere. The only point of the
sphere to which there does not correspond any point in the finite part of the
complex z-plane is the north pole. If we let the point z = oo correspond
to N, then the exterior of a disk of radius R in C corresponds to an &-
neighborhood of N where ¢ decreases as R increases.
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DEFINITION 1.2.10. The complex z-plane together with the point z =
oo is called the extended complex plane and the z-plane without the point
z = oo is called the open plane.

Exercises for Section 1.2

In Exercises 1 to 8, for each set S;, i = 1,...,8, draw S; and show whether
(a) S; is open or closed, and (b) its interior is connected or not (if the
interior is not empty).

1. S1={z 1<z <2}
2. 52 ={z; |2| = 2}.
3. S5 = {z; R(z?) > 3}.
4. Sy ={z; 0 < Argz < 7/4}.
5. 85 ={z |z + 1| <1}U{z |z — 5] <1}
6. S ={z; |2| > 2|z —1]}.
7. Sr={z=z+iy; z<2}N{z=x+iy; y > 3}.
8. Sg={z=zx+iy; e =4}N{z=2a+1iy; y > 0}.
In Exercises 9 to 16, describe geometrically each set S;, ¢ =9,...,16, and

show whether it is open or closed.

9.
10.
11.
12.
13.
14.

15.

16.

So ={z; |z —2+i| <2}

Sio={z 1<|z| <2}n{z; 0 < Argz < 7w /4}.
S ={z [z -1 <[z —i|}.

S ={z; [z = 1| <1} N{z; 2] = |z — 2|}

S13 = {z; 3(2%) < 1}.

Sy ={z 22+ 22 =1}.

S15 = {z; Ry (m) =2- %z}

S16 = {z; |z|2 >z 4z}

What curves are represented by the following functions? Draw the curves.

17.
18.
19.
20.
21.
22.

z(t) = cost — isint, 0<t<m.

z(t) = 3+ 2i + 4(cost + isint), 0<t<2m.

z(t) = zo+r(cost+isint), 0 <t <, where zyp € Cand r > 0.
2(t) =t +244t?, —2<t<1.

z(t) = cosht + isinht, —-1<t<1.

At =t+ijt, 1<t<2.
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Represent the following curves in parametric form as z = z(t).
23. y=2x+1, from (0,1) to (1, 3).
24. y =52 +2,  from (0,2) to (2,22).
25. The semicircle in the left half-plane whose diameter joins the point
(0, —R) to the point (0, R).
26. 2% +y* =9.
27. 9(z — 1)? +16(y + 3)* = 144.

1
28. sz—y2:1.

Find the limit, if any, as n — oo, of each of the following sequences.
29. z, =1i".
30. z, = w

1
31, 2, = 1+—) (cosf +isinf).
n n n

39, 5, = LF7)
n!
3’n, ZTL
33. zp = — + —
& n! * 2n

3. 2 = cos 2+ — ) +isin (2 + =
. Zp = COS 5 3n 7 S11 2 3n .
2
35. 2z, = V2 +isin—.
n

m
37. Describe the relative positions of the images of z, —z and Z on the
Riemann sphere.
38. Suppose z, — 00 as n — oo. What are the implications on Rz, Sz,,
|zn| and arg z,?
39. Prove that if z, — a as n — oo, then |z,| — |a| as n — co. Show that

the converse is not true.

40. What curve on the Riemann sphere is the image under stereographic
projection of a straight line in the extended plane?

41. What is the relation satisfied by two points, z; and 22, which are the
images under stereographic projection of a pair of diametrically opposite
points of the Riemann sphere?
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1.3. Functions of a complex variable
1.3.1. Definitions.

DEeFINITION 1.3.1. A function f defined on a set S C C is a rule which
assigns to each value of z in S a complex number w. The complex number
w is called the value of f at z and is denoted by f(z); that is,

w = f(2).
The set S is called the domain of definition of f.

It is to be remarked that the domain of definition of a function is an
essential part of the definition of a function. When the domain is not
specified it is taken to be as large as possible but still preserving the single-
valuedness of the function.

ExampLE 1.3.1.

(a) The expression w = argz = Argz + 2kmw, for k € Z, defines
infinitely many functions, one for each value of k. We say that
each of these functions is a branch of w = arg z.

(b) The expression

=0,1,...,n—1,
n

A 2k
wzzl/nzlzll/nexp (Z rgz + 7T'>7 k

defines n functions, one for each value of k. We say that each of
these functions is a branch of w = z'/™.
(c) The expression w = 22 is a function because only one value of w
corresponds to each value of z.
Letting z = x + iy in part (c) of this example, we obtain
w= 2% = 2% — y? + 2zyi,
that is, the function w = 22 is given by two real functions of two real
variables
u(a,y) =2 —y*,  o(r,y) = 2ay.
In particular, this function maps the point zg = 5 + i to the point
wo =5—17+ix2x5x1=24+10i.
In general, a function of a complex variable,

w = f(z) = u(z,y) + iv(z,y), (1.3.1)
is equivalently defined by two real functions of two real variables,
u=u(z,y) =Rf(z), v=v(z,y)=Sf(2)

The curves u(z,y) = Rf(z) = 0 and v(z,y) = Sf(z) = 0 in the z-plane
lie on the vertical and horizontal axes, respectively, of the complex w-plane



1.3. FUNCTIONS OF A COMPLEX VARIABLE 25

y y
u(x,y) =0

v(xy)=0 u=0

0 | X 0 v=0 u

FIGURE 1.12. Image of curves u(z,y) = 0 and v(z,y) =0
in the w-plane.

(see Fig 1.12). The function (1.3.1) maps every point z of its domain of
definition in the complex z-plane to some point w of the complex w-plane,
that is, if zg = xo + yo then

wo = f(20) = u(wo,Y0) + iv(z0,Yo)-
1.3.2. Limit and continuity of a function of a complex variable.

Firstly, we define the limit of a function, f(z), by means of sequences of
values of f.

DEFINITION 1.3.2. A number wq is called the Iimit of a function of a
complex variable, w = f(z), as z — z, if for each sequence {z, } converging
to zp as n — oo, the corresponding sequence, {f(z,)}, converges to wy as
n — oo.

Secondly, we define the limit of a function using the Cauchy “c-§”
terminology.

DEFINITION 1.3.3. A number wq is called the Iimit of a function w =
f(z) as z — zg if, for every € > 0, there exists d,, . > 0 such that, for all z
satisfying the inequality

|2 = 20| < 0z, (1.3.2)
f(2) satisfies the inequality
[f(z) —wo| <e. (1.3.3)
In this case, we write
wp = lim f(2). (1.3.4)
z2—20

It can easily be shown that the previous two definitions are equivalent.
Geometrically, inequality (1.3.2) represents the interior of the disk D‘Zso
in the z-plane while inequality (1.3.3) represents the interior of the disk
D;,, in the w-plane (see Fig 1.13). Hence, lim, .., f(z) = wo if, for every

g > 0 there exists § = 6., . > 0 such that for all z € D} , w= f(z) € D5,.
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FIGURE 1.13. Interior of the disks Dgo and Dg,  in the z-
and w-planes, respectively.

NoOTE 1.3.1. It follows from Definition 1.3.3 that the limit of f(z) at z =
zo does not depend upon the direction of the ray along which z approaches
zo. If z approaches zy along any ray, then as soon as it gets into the disk
D‘j07 the corresponding values of w gets into the disk Dg, . This fact will
often be used in this book.

The following theorem relates the convergence of a function of z € C
to the convergence of two functions of (z,y) € R?.

THEOREM 1.3.1. The limit of a complex function f(z) = wu(z,y) +
w(x,y) exists as z — zo = xo + iyo and is equal to

wo = up + tvg = lim f(z), (1.3.5)
z2—20

if and only if the limits of its real and imaginary parts exist and are equal
to

Uy = lim u(x,y), vy = lim v(z,y). 1.3.6

0= o) oy O L (1.3.6)

PROOF. (1) Suppose that the limit in (1.3.5) exists, that is, inequality
(1.3.3) is satisfied for all z satisfying (1.3.2). We rewrite (1.3.2) and (1.3.3)
in the form

V(@ —20)2+ (y —y0)> <6 (1.3.7)

and

V(u—up)?+ (v —w)? <e, (1.3.8)
respectively. It follows from (1.3.8) that
|lu — up| < ¢, |[v —wo| <e, (1.3.9)

for all (z,y) satisfying (1.3.7). But (1.3.9) implies the existence of limits
(1.3.6).
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(2) Suppose that the limits in (1.3.6) exist, that is, for every e > 0 there
exists § > 0 such that for all (z,y) € D?xo,yo) the following inequalities are
fulfilled: . .

lu — up| < 7 v —wo| < 7 (1.3.10)
Inequality (1.3.8) follows from (1.3.10) for all (z,y) € DJ, . Hence the limit
in (1.3.5) exists. O

DEFINITION 1.3.4. A function w = f(z) is said to be continuous at the
point zy = xg + 1y if
f(z0) = lim f(2). (1.3.11)

z—20

Using the difference notation,

Af(z)’ZO = f(2) = f(20), Az =z — z, (1.3.12)
we rewrite (1.3.11) in the equivalent form
AlgoAf(z)]zo =0. (1.3.13)

The following theorem holds.

THEOREM 1.3.2. A function f(z) = u(z,y) + iv(z,y) is continuous at
the point zo = xo + iyo if and only if its real and imaginary parts, u(x,y)
and v(z,y), are continuous at the point (xo,yo).

The proof of this theorem is similar to the proof of the previous one
and is left as an exercise to the reader.

Exercises for Section 1.3

Describe the domain of definition of each of the given functions.
1. =—.
z+2

2. f(z) = Pt

3. f(z) = Arg (%), where —m < Argz < .

Find the real and imaginary parts of the following functions.
5. f(z) = 32% — 2iz.

6. f(z):z—i-%.
7. f(2) =2+ 242
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1-=2
8. = .
9. f(z) =z —iz%
10. Let z = 2 + dy. Express the right-hand side of f(z) = 2% — y? — 2y +
i(2z — 2y) in terms of z and simplify.

Find the following limits.

-3
1. lim 28
z2—2i 2 — 21
2 _
12. lim M
z—3 2—3
13. lim |z|.
z—2—31
2
2
14, lim 232t

200 422 4+ 22 —1°
Find the following limits, if they exist.
||

15. lim —.

z—0 2z

2
16. 1im 12

z—0 Zz

17. lim —

z—0 |Z|

18, lim 2%

2—0 Sz
19. Consider the rational function
a2+ a1z +ag

and discuss the possible values of lim f(z).

Z— 00

am # 0, by # 0,

Find all points of discontinuity of the following functions.

20. f(z):ﬁzim.
21, f(z):ﬁ.
22 f(2) = ;2j237.

23. f(2) = —

A4+ 17
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24. Let

flz) =

44, if z =1.

1422 : .
{ P if z # 1,

(a) Prove that lim f(z) exists and determine its value.

(b) Is f(z) continuous at z = i? Explain.

(c) Is f(z) continuous at z # i? Explain.

25. Where is the rational function f(z) of Exercise 19 continuous?

Prove that the following functions are continuous.

26. f(z) =Rz
27. f(z) =SQz.
28. f(2) = |z]*.

29. f(z) =z+]z|.
30. The functions
Rz z R(22) zRz
[ T P

are all defined for z # 0. Which of them can be defined at the point z = 0
in such a way that the extended functions are continuous at z = 07

1.4. Analytic functions

1.4.1. Analytic or holomorphic functions. We give two equivalent
definitions of differentiability of a function of a complex variable.

DEFINITION 1.4.1. If the limit

. flzo+ Az) — f(z0)
Alggo Az

exists and is finite, then it is called the derivative of the function f(z) at
zo and is denoted by f’(z0). In this case, we write

20+ Az) — f(z
f/(ZO):Aligof(O_'— A; f( 0)

(1.4.1)

and say that f(z) is differentiable at z.

We recall that the limit in (1.4.1), if it exists, is independent of the
direction along which the point z = zy + Az approaches z (in particular,
the point z can approach zp along any ray).
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DEFINITION 1.4.2. A function f : D — C is differentiable at z = a if
there exists a function f; : D — C that is continuous at a and such that

f(z)= fla)+ (z —a)f1(z), forall z€ D.
If f1 exists, it is determined by f,

fi(z) = w for z € D\ {a}.
Setting h = z — a, the continuity of f; implies that

fla+h) - f(a)

= 1.
ha) ) h
The number fi(a) € C is called the derivative of f at a and we write

d
fi@ = 1'@) = Lia).
Differentiable functions of a complex variable are important and carry
special names.

DEFINITION 1.4.3. A function f(z) that is differentiable at every point
of a domain D is said to be analytic (or holomorphic) in D; f is said to be
analytic at zp if it is analytic in a neighborhood of zy.

1.4.2. The Cauchy—Riemann equations. Necessary and sufficient
conditions for the differentiability of a function f(z) at a point 2 are given
in the following Theorems 1.4.1 and 1.4.2.

We shall use indifferently the following notation to denote the partial
derivatives of u and v:

ou ou v v

Us = 5 uy_a—y, Vo = 5o vy_a—y.
The following partial differential equations play a central role in the
theory of analytic (holomorphic) functions.

DEFINITION 1.4.4 (Cauchy—Riemann Equations). The partial differen-

tial equations

ou Ov ou ov
o 8_y’ 8_y =5 (1.4.2)

are called the Cauchy—Riemann equations.
THEOREM 1.4.1. If a function f(z) = u(x,y)+iv(x,y) is differentiable
at a point zo = xg + iyo, then the partial derivatives of u(x,y) and v(x,y)
with respect to x and y exist at the point My = (xg,yo). Moreover, u and
v satisfy the Cauchy—Riemann equations
Uz (70, y0) = vy(Zo,%0),  uy(wo,y0) = —va(x0,0); (1.4.3)
at Mo.
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Z=Zo+iAy

2 z=zO+Ax

0 X

FIGURE 1.14. Approaching zp along the real and imagi-
nary axes in the derivation of the Cauchy-Riemann equa-
tions (1.4.3).

PRrROOF. It follows from the existence of limit (1.4.1) that this limit
does not depend on the direction of the ray along which Az — 0. We now
show that the Cauchy—Riemann equations hold.

Firstly, let Az = Az in (1.4.1), that is z — 2o along a ray parallel to
the z-axis (see Fig 1.14). Thus

. 1 .
f'(z0) = Alglgo E[U(fﬂo + A, yo) + iv(zo + Az, yo)

—u(z0,Y0) — (0, Yo)]
. 1 (1.4.4)
= Aligo E[U(QIO + A$7 yO) - U(CEO, yo)]

. 1
+i Jim < [v(wo + Az,y0) - v(z0,yo))-

Since, by assumption, f’(zo) exists and is finite, the three limits in (1.4.4)
exist. This implies that u, and v, also exist at the point My = (zg, yo) so
that (1.4.4) can be written in the form

f/(ZO) — 8_ + . 81)

i
z | pp, Ox

. (1.4.5)
My

Secondly, suppose that Az = {Ay in (1.4.1), that is, the point z =
zo + 1Ay approaches zy along a ray parallel to the imaginary axis (see
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Fig 1.14). Then we have
1
f'(z0) = AI;IEO m[u(a@o, Yo + Ay) + iv(zo, yo + Ay)
—u(xo,Yo) — (0, Yo)]
(1.4.6)

. 1
= Al;go A—y[’u(:l?o, Yo + Ay) - ’U(:Z?o, yO)]

o 1
—i Al;go A—y[u(xo, Yo + Ay) — u(xo, yo))-

We see, as for (1.4.4), that the three limits in (1.4.6) exist, so that u, and
vy exist at the point My. Hence (1.4.6) has the form

ov ou
=20l il
oy Mo, oy Mo,

Finally, since the left-hand sides of (1.4.5) and (1.4.7) are equal, then
their right-hand sides also are equal. Equating the real and imaginary parts
of the right-hand sides of (1.4.5) and (1.4.7) we obtain the Cauchy—Riemann
equations (1.4.3). O

(1.4.7)

We prove the following converse to Theorem 1.4.1.

THEOREM 1.4.2. If the functions of two variables, u(x,y) and v(z,y),
are differentiable at the point (zo,y0) and their partial derivatives are con-
tinuous and satisfy the Cauchy—Riemann equations (1.4.3), then the func-
tion

f(2) = u(z,y) +iv(z,y)
is differentiable at the point zg = xo + 1yo-

PROOF. Since u and v have continuous first-order partial derivatives,
as shown in advanced calculus, we can write

0 0
u(a:—l—h,y—l—k)—u(x,y):8—;h—|—6—:k—|—51,

0 0
v(:z:—l—h,y—l—k)—v(a:,y):6—;h+a—Zk—|—52,

where the remainders €1 and 2 tend to zero more rapidly than h + ik, that
is,

e1/(h+ik) — 0, ea/(h+ik) — 0, as h+ ik — 0.
With the notation f(z) = u(z,y) 4+ iv(x,y), by the Cauchy—Riemann equa-
tions, we obtain

flz+h+ik)— f(z) = (%—l—l%) (h+ik) + €1 + ey,
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and hence,
f(z+h+ik)—f(z) Ou . Ov
ht k0 h+ ik - Or +Z<9x'
It then follows that f(z) is analytic. O

Because of Theorems 1.4.1 and 1.4.2, the Cauchy-Riemann equations
(1.4.2) are also known as conditions of analyticity of a function.

Using the Cauchy-Riemann equations, one can express the derivative
of an analytic function in the following equivalent forms:

, ou . Ov OJv _Ou Ou . Ou Ov  Ov
fe)= e+t = - = i

S Y i Y S ) 1.4.
‘or oy Zay or Zay 8y+18:10 (1.4.8)

1.4.3. Basic properties of analytic functions. Using the expres-
sion (1.4.1) for the derivative, f’, of f, one can transfer some properties of
differentiable functions to analytic functions. Let D be a domain. Then we
have the following properties of analytic functions.

(1) If f(z) is analytic in D, then it is continuous in D since it follows
from (1.4.1) that

Af(:)]., = F(z0)Az +alz,

where a — 0 as Az — 0; thus, Af(z)|20 — 0as Az — 0.

(2) If fi(z) and f2(2) are analytic in D, then their sum, difference,
product and quotient, f1 & fo, f1fo and f1/fo (if fo # 0), are analytic in
D. Moreover,

(fi£f2) =fi£fs (fif2) = fifa+ fifa,

and

(ﬁ)/ - M provided f2 # 0. (1.4.9)

f2 f3 7
(3) Let w = f(z) be analytic in D and f/'(z) # 0 in D. If { = g(w)
is defined and analytic on the range, G = {w = f(z); z € D}, of f in
the w-plane, then the composite function g[f(z)] is analytic in D, in the
z-plane, and ¢’(z) is expressed by the chain rule,
¢ d¢ dw

=== . 1.4.1
dz dw dz ( 0)

(4) If w = f(z) is analytic in D and f’(z) # 0 at the point zy and
hence, by continuity, in some neighborhood U of zg, then an inverse function
z = g(w) is defined in a neighborhood of the point wg = f(z9) of the range
of f over U. Moreover g is an analytic function of the complex variable w
and

g (wo) = (1.4.11)

f'(z0)
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(5) If the real part, u(z,y), of an analytic function, f(z), is given in a
simply connected domain D of the (z,y)-plane, then the imaginary part,
v(x,y), of f(z) is determined by the Cauchy—Riemann equations (1.4.3) to
within an arbitrary constant. In fact, we have

M/ ou ov
v(z,y) = /MO <% dx + (?_ydy) +C

M
ou ou
_ M e+ Ty
/Mo< oy o y)w’

where the points My = (x,yo) and M = (z,y) can be joined by any curve
in D. It is more convenient to join My and M by a polygonal line whose
segments are parallel to the - and y-axes.

An analytic function, f, can be conveniently expressed by means of its
real part, u(z,y),

(1.4.12)

Z—i—go 2—20
2 72

f(z) =2u < ) — f(20), (1.4.13)

or its imaginary part, v(z,y),

2t7 z- 50) + T, (1.4.14)

§(2) = 2iv ( 0
where the bar indicates complex conjugation.
(6) It
f(2) = u(z,y) +iv(z,y)

is analytic in a domain D, then the family of curves

u(z,y) =c¢,  v(zy) =d

are orthogonal. In fact, by the Cauchy—Riemann equations (1.4.2), we have

ou Ou ov Ov
o= (g o) (5 3)
_ Oudv  Oudv
~0x0r " Bydy
Oudu  Ouldu

oz Oy +3_y8:1:

:0,

that is, the vectors Vu and Vv are orthogonal. But, since these vectors are
orthogonal to the families of curves u(z, y) = ¢ and v(x,y) = d, respectively,
these families also are orthogonal.
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(7) Suppose that f(z) is analytic in a domain D. We represent f(z) in
the form

F(z) = u(z,y) + iv(z,y) = | f(2)| 28T

) 1.4.15
= r(x,y) e?@Y) = rcosh + irsinb, ( )

where r(z,y) = |f(2)] and §(z, y) = arg f(z) are the modulus and argument
of f(2), respectively. We prove that r(z,y) and 6(z,y) satisfy the following
equations:

or 00 or 00
=y o2 1.4.16
or oy’ Ay " ox ( )
In fact, since f(z) is analytic, then the functions
u(z,y) = rcosé, v(z,y) = rsinb, (1.4.17)
satisfy the Cauchy-Riemann equations (1.4.2). Hence u, = v, implies that
0 00 0 06
8—;c059—rsin9%:8—251n9+rcos6‘8—y. (1.4.18)

Equating the coefficients of cosf and sin@, respectively, in (1.4.18), we
obtain (1.4.16). Similarly, u, = —v, implies (1.4.16).

1.4.4. Complex and real differentiability. We rederive the Cauchy—
Riemann equations by means of real differentiation. For this purpose, we
identify the complex number z = x + iy with a particular 2 x 2 real matrix

as follows:
T+ 1y Ty
Y y z |

Moreover, we have the correspondence
fizmu+tiv < f:(x,y)H(u(x,y,),v(x,y)).
Let a = a + i3. We have the C-linear application
z— f'(a)z
and the R-linear application
ug(a) uy(a
ven = 0 o |
We identify C and R2. Then the complex number
f'(a) = ug(a) + ive(a)
is the derivative of f(z) at the point a if and only if
uz(a) uy(a uz(a) —vz(a
ven=[ 0 Wl - w0

This establishes the Cauchy—Riemann equations.
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REMARK 1.4.1. Let
T:C—C

be a C-linear application. Identifying C and R? via the correspondence

le[é}, and Z<—>|:(1):|,

Sk

we have

if
Tz=T(z+1iy) < (a+16)(z + iy).
This holds since
. . . a —f x

(o iB)a+in) = (o = )+ (o + )i | 5 0 [0 ]

1.4.5. Harmonic functions. It will be shown later that the deriva-
tive of an analytic function f(z) = u(z,y) +iv(z,y) is itself analytic. Thus
u and v will have continuous partial derivatives of all orders, and, in partic-
ular, the mixed derivatives, say u;, and wuy,, will be equal. It then follows
from the Cauchy—Riemann equations (1.4.2) that

0%u 0%
v 0%

DEFINITION 1.4.5. A function u(x,y) which satisfies the Laplace equa-
tion Au = 0 is said to be harmonic.

Thus, we see that the real and imaginary parts of an analytic func-
tion are harmonic. If two harmonic functions v and v satisfy the Cauchy—
Riemann equations (1.4.2), then v is conjugate harmonic to u, and w is
conjugate harmonic to —v, since i(u + iv) = —v + iu.

Hence, we have proved the following theorem.

THEOREM 1.4.3. The real and imaginary parts of an analytic function
are harmonic functions.

It follows from (1.4.12) that given a harmonic function w, its conjugate
harmonic v is uniquely determined up to an arbitrary constant of inte-
gration. Similarly, if v is harmonic, its conjugate harmonic, —u, will be
determined up to an arbitrary constant.

It was observed in the previous subsection that an analytic function
f could be conveniently expressed by its real part « in (1.4.13) and by its
imaginary part v in (1.4.14).
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Exercises for Section 1.4

Find the first derivative of the following functions.

z+2 4
L. f(z):ma Z7é—§-
2. f(2) =322+ 42 +5.
22
_ 23

5. Determine whether the function f(z) = Rz has a derivative at every
point.

6. Show that the functions z, Sz, |z] and arg z are nowhere differentiable.
7. Prove that f(z) = |2|? is differentiable but not analytic at z = 0.
Determine the domain of analyticity of the following functions:

8. f(z) =2°+92" +1.

11. f(z) = m.

12. Derive the polar-coordinate form of the Cauchy—Riemann equations:
T, = Vg, U = —Ug.

Are the following functions harmonic? If so, find a corresponding analytic

function f(z) = u(z,y) + iv(z,y).

T

14. v(z,y) = 2xy.
15. v(z,y) = e**sin 3y.
1
w(z,y) = —.
@9) = —=— =

17. u(z,y) = 2® — 3xy?

16.

18. v(x,y) = cosx sinhy.
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19. Show that
2/t if 2 #0,
f(z) = :
0, if z=0,
satisfies the Cauchy—Riemann equations at z = 0 but is not differentiable
there.

20. Show that f(z) = 23 + iy® satisfies the Cauchy-Riemann equations at
the point z = 0, but is not analytic there.

21. Let f(z) be a polynomial in z € C. Prove that the function given by

g(z) = f(z) is differentiable everywhere, but that h(z) = f(z) is differen-
tiable at 0 if, and only if, f'(0) = 0.

22. Determine the analytic function f(z) = u+iv for which u+ v is known.
(Hint: Put F =u+v.)

23. If f(z) is continuously differentiable in a domain D and f' =0 in D,
prove that f(z) is constant in D.

24. If f(z) = u + iv is analytic, and w and v possess continuous second
partial derivatives, show that

*» o 412
<W+8—y2) |f1= =4|f""

1.5. Elementary analytic functions

1.5.1. The exponential function w = e®. To define the function
e?, we use the definition of the function e® of the real variable x:

¢* = lim (1+%)". (15.1)

Replacing by z in (1.5.1) (that is, continuing the right-hand side of (1.5.1)
to the complex plane), we have
¢* = lim (1+ 3) , (1.5.2)
n—oo n

if the limit exists. Now, expressing powers of complex numbers by formula
(1.1.28), we obtain

(1+E) = ’1—1—5’ (cosnf + isinnh), (1.5.3)
n n
where

2 n $+Zy n T 2 y2 n/2

‘1+— _‘1+ —[(1+—) +—2] ; (1.5.4)

n n n n

and
y/n

nf = narctan (1.5.5)

1+z/n



1.5. ELEMENTARY ANALYTIC FUNCTIONS 39

Let us find the limits of (1.5.4) and (1.5.5) as n — oc.

Firstly,
1 n 2 2 2\ n/2
lim |——2| = Jim (1+—x+x ‘;y)
n—oo n n—oo n n
) 92\ /2 (1.5.6)
= lim {1+ —
n—oo n
=e".

To obtain (1.5.6) we have discarded the infinitely small value (2% + y?)/n?
of higher order with respect to 2a/n and used (1.5.1).

Secondly,
lim narg (1 + i) = lim narctan y/n
~ lim y/n (1.5.7)
n—oo l+4+x/n

To obtain (1.5.7) we have used the approximation arctanz ~ x if  ~ 0.
Substituting (1.5.6) and (1.5.7) into (1.5.3) we finally obtain

lim (1 + i) = e”(cosy + isiny).

n—o00 n

Thus we have the following definition.

DEFINITION 1.5.1. The exponential function, e?, is defined by the ex-
pression
e® = "W = ¢%(cosy + i siny). (1.5.8)
The previously used Euler’s formula,
e = cosy + isiny, y € R, (1.5.9)
is derived by setting z = 0 in (1.5.8).
We show that e* possesses the following four properties:

(a) For real z = x, definition (1.5.8) coincides with the usual definition
of e”.

(b) The function e® is everywhere analytic in the z-plane.

(¢) The usual formula of differentiation is still valid:

d
Eez =e". (1.5.10)

(d) The law of exponents holds:

efle® = ef1 e, (1.5.11)
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Property (a) follows from (1.5.8) with y = 0.

Property (b) follows from the fact that the functions u(x,y) = Re® =
e cosy and v(z,y) = Je* = e®siny are everywhere continuously differen-
tiable and satisfy everywhere the Cauchy—Riemann equations

9 o _ 9 e
%(6 COS y) = 6_y(e 81ny),
9 a _ 0 e
a—y(e COSy)——%(e 81ny).

Since e* is analytic by (b), to prove (c¢) we use the independence of the
derivative upon the direction of Az in (1.4.1) and compute the derivative
of e* with Az = Az (see (1.4.8)):

d
Eez = gem(cosy—i—isiny) = e*(cosy + isiny) = e”.

We, of course, obtain the same result by calculating (e*)” with Az = iAy:

d 10

1
Eez = ;a—yem(cosy +isiny) = Eez(— siny + i cosy) = €”.

Finally, to prove property (d), we let 23 = 21 + 4y1, 22 = 22 + iy2 and
use formula (1.5.8) and the rule (1.1.21) for the multiplication of complex
numbers; thus

e*e”? = e®(cosyy + isiny;)e?(cosya + isinyz)

= "1 2[(cos y1 cosyz — sinyy sinyy) + i(sinyy cosyz + cos Y siny)]
= " 2[cos (y1 + ya) + i sin (y1 + y2)]
= 6z1+z2 .

Properties (a)-(d) are valid for both real and complex arguments of e?.
But for a complex argument, the function e* has pure imaginary period 273
since, by Euler’s formula (1.5.9), we have

e T2 = 22k = % (cos 2k + i sin 2kT) = €*

for any integer k.
The well known De Moivre’s formula,

(cosf + isinh)™ = cosnf + isinnb, (1.5.12)

follows from formula (1.1.28) with |z| = r = 1 or from Euler’s formula
(1.5.9) with y = né.
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1.5.2. Logarithm of z.

DEFINITION 1.5.2. Given a nonzero complex number z, a complex num-
ber w such that e* = z is called a logarithm of z, written

w = log z. (1.5.13)
Suppose that w = u + iv and let z = e = e“*®, Then
=1z = u=Inlz,
where In|z| is the natural logarithm, to the base e, of a real number, and
v=argz = Arg z + 2km.
Thus the expression
logz =u+iv=In|z|+i(Arg z + 2kn), kE=0,£1,+2,..., (1.5.14)

has infinitely many values at each point z, that is, one for each value of k.
For a fixed value of k, the right-hand side of (1.5.14) defines a branch of
the logarithm and it is a function of z.

DEFINITION 1.5.3. The function
w=1Inl|z|+iArgz
is called the principal value (or principal branch) of log z and is denoted by
Log z,
Logz =1In|z| +iArgz, (1.5.15)
where —m < Argz < m by (1.1.7) or 0 < Argz < 27 by (1.1.8).
Using (1.5.15), we rewrite (1.5.14) in the form
log z = Log z + 2kmi, (1.5.16)
which leads to the following definition.
DEFINITION 1.5.4. The functions
wy, = Log z + 2k, k=1,2,...,
are the branches of log z.
We give two simple examples.
EXAMPLE 1.5.1. Find all the values of log 3.
SOLUTION. As Arg3 = 0, then according to (1.5.14) we have
log3 = 1n 3 + 2k, k=0,£1,£2,... O
EXAMPLE 1.5.2. FEwvaluate Log (\/§ + i), where —m < Argz < .
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SOLUTION. We transform v/3 + 7 to the exponential form:

}\/§+z" — 2, tanArg (\/§+z) - % Arg (\/§+z) - %

Then, according to (1.5.15),

Log (\/g—l-z) = Log (26”/6) =In2+ %z O

1.5.3. The trigonometric and hyperbolic functions. The trigono-
metric and hyperbolic functions can be expressed by means of the expo-
nential function. Using Euler’s formula (1.5.9) for real z,

¥ =cosz +isinz, e " =cosx —isinz, (1.5.17)
we have
eiLE + e—iw ) eiLE _ e—iw
cosy = ———, sing = ——. (1.5.18)
2 27

Now we use the analytic continuation of the right-hand sides of (1.5.18) from
the real axis to the complex plane to define cos z and sin z as functions of
the complex variable z,

elZ _"_ e*lz elZ _ e*lz

cosz = -
2 ’ 2i ’

(1.5.19)

which coincide with the functions cosx and sinz for real z = z. It can
be shown that this continuation is unique. We leave as an exercise for the
reader to show from (1.5.19) that cos z and sin z

(a) are analytic everywhere,
(b) satisfy the usual rules of differentiation

— cosz = —sinz, d—sinz:cosz,
z

dz

(¢c) are 2m-periodic,
(d) satisfy the usual trigonometric identities,

sin?z+cos?z =1, cos2z=cos’z—sin?z, sin2z=2sinzcosz,

etc.
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The other trigonometric and hyperbolic functions are similarly defined as
follows:

tanz = —i " (1.5.20)
elZ _"_ e*lz
cotz=i T (1.5.21)
eiz — e—iz

coshz = % (1.5.22)

sinh z = % (1.5.23)

tanhz = i, (1.5.24)
e 4+ e %

cothz = — ¢ (1.5.25)
eZ _ e—Z

Comparing (1.5.19), (1.5.22) and (1.5.23) we obtain
cos z = coshiz, sinhiz = isin z. (1.5.26)
Changing z to iz in (1.5.26) we get
cosiz = cosh z, siniz = isinh z. (1.5.27)
Note that the inequalities
|sinz| > 1, |cosz| > 1 (1.5.28)

can hold in the complex plane. For example, if z = iy for y € R, then
1
| cosiy| = | coshy| > Eey > 1
for y > In2.

1.5.4. The inverse trigonometric functions. The inverse trigono-
metric functions can be expressed in terms of appropriate branches of the
logarithm. We recall that the term function implies a given domain of
definition D such that the map f : z — f(z) is single valued in D.

DEFINITION 1.5.5. We say that w = arcsin z if sinw = z.

‘We have

. e —e
sihw=2z =— ———— ==z
21
— e — —2i2=0 (1.5.29)
eZU}
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It follows from this quadratic equation that
e =iz 41— 22 (1.5.30)

(we omit the £ sign before the square root in (1.5.30) because v1 — 22 is
understood to have two branches, each of which is a function). We find
from (1.5.30) that arcsine is given by the formula

1
w = arcsin z = = log (zz +V1—22 ) (1.5.31)
i
DEFINITION 1.5.6. The function
1
Arcsinz = = Log (zz +v1-— 22) ) (1.5.32)
i

where the principal value of the square root is chosen, is called the principal
value of arcsin z.

If we let z = x in (1.5.32) and assume that |z| < 1, then the following
formula, which is known from real analysis, follows from (1.5.31):

arcsinz = (—1)" Arcsinz 4 n. (1.5.33)
If, for example, z = 1/2, then we obtain from (1.5.31) that

11 1 V3
arcsin g = — log (5 i+ 7) (1.5.34)

We consider the plus and minus signs in (1.5.34) separately. Since

ll @Z 1+§eﬂ'i/6:eﬂ'i/6,
2 2 4 4
then
. 771/6 1 ™
arcsin — = —loge - (gz + 2km) = = 4+ %%
i
Now, since
1
Zi— @ _ 6571'1/67
2 2
then
1 1 , 1/5
arcsini =< log 7™/6 = z <%z + 2k7ri) = —% + (2k + 1)m.
Hence
1 5 T 2k,
arcsin — =
2 —I 4+ (2k+ 1),
or .
arcsini = (—1)”% + nm,

which corresponds to formula (1.5.33).



EXERCISES FOR SECTION 1.5 45

DEFINITION 1.5.7. We say that w = arccos z if cosw = z.

It is a simple exercise to prove that arccosine is given by the formula

1
arccosz = — log (z +Vz2 -1 ), (1.5.35)
i

and that its principal value,

1
Arccosz = = Log (z +Vz22— 1) , (1.5.36)
i

is determined by the principal value of the logarithm.
Similarly, one can express arctangent and arccotangent through the
logarithm:

1 1+
arctan z = — log + Z,Z, z # +i, (1.5.37)
2i 1—1z
1 iz —1
=—1 +i. 1.5.
arccot z 5 08 z # +i (1.5.38)

It is left as an exercise to show that the principal values of arctanz and
arccot z are determined by the principal values of the logarithm on the
right-hand sides of formulae (1.5.37) and (1.5.38).

From the previous considerations, we see that the power, exponential
and logarithmic functions can be considered as basic elementary functions
because all the trigonometric functions can be expressed in terms of the
exponential function while the inverse trigonometric functions can be ex-
pressed through the logarithmic function. As in real analysis one can in-
troduce the concept of elementary functions.

DEFINITION 1.5.8. A function of the complex variable z is called an
elementary function if it is obtained from the basic elementary functions,
namely, 2", e* and log z, by a finite number of the four arithmetic operations
and a finite number of compositions of elementary functions.

For example, the function w = sin [cos (el+z2)] is an elementary func-

tion.
The following theorem holds.

THEOREM 1.5.1. Elementary functions of a complex variable are ana-
lytic in their domains of definition.
Exercises for Section 1.5

Represent the following numbers in the form = + iy.
1 3+mi/2.

2. e



46 1. FUNCTIONS OF A COMPLEX VARIABLE

3. e
4. et/ jemi/3,
5. Prove that there cannot be any finite values of z such that e* = 0.
6. Show that |1+ ¢e*| <14 €".
7. Prove that the function
124 .
1) = { R,
0, if z =0,

satisfies the Cauchy-Riemann equations at every point of the plane without
being analytic in the whole plane.

8. Describe the limiting behavior of e* as z — oo along the ray argz = a.
If —m < Argz < m, evaluate the following expressions.
9. Log(34).

10. Log(—2i).

11. log(1 + 1).

12. log(z°), where z = 3¢™/°,
Find all the roots of the following equations.

13. e = —4.

14. e* = 2i.

15. € = —V/3 +1.

16. logz = (7/2)i.

Derive formulae for the real and imaginary parts of the following functions
and check that they satisfy the Cauchy—Riemann equations.

17. sin z.
18. cos z.
19. cosh z.
20. sinh z.

Prove the following identities.

21. cos2z = cos® z — sin? 2.
1

22. 1+tanz = .
cos? z

23. sin(z1 + 2z2) = sin 27 cos z2 + cos 21 sin 2.

24. cos(z1 — z2) = €08 z1 €OS 22 + sin z7 sin 2.
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25. Show that neither sin Z nor cos z is an analytic function of z anywhere.
26. Prove that |sinz| > |sinz| and | cos z| > | cosz|.

Where are the following functions analytic?

ez
27T, —.
22(z+1)

1
28. cos —.
z

29.

30.

cosz’
Find all possible solutions of the following equations.

31. cosz = 1.

32. sinz = 32.
33. coshz =1/4.
34. sinh z = 2i.

35. Find all the zeros of the functions cosh z and sinh z.
36. Is sin |z|? anywhere differentiable? Is it anywhere analytic?

37. Prove that all the roots of the equations sinz = a and cosz = a are
real, if —1 <a <1.

38. Prove that if z € C and |sinz| < 1, then z € R.

39. Find the principal value of i*, (1—i)?’. (Hint. By definition, z* = 218 %
ifzeCandaeC.)

40. Find the real and imaginary parts of z* where z = x + iy.

If —m < Arg z < 7, represent the following functions in the form z = x 4 1iy.
41. Arcsini.
42. Arccosi.

If —m < Argz <, find all the values of

43. arcsin 2.

44. arccos 100.






CHAPTER 2

Elementary Conformal Mappings

2.1. Geometric meaning of f'(z)

2.1.1. Geometric meaning of the argument of f’(z). Consider
the analytic function w = f(z) which maps a point z9 = z¢ + iyo of the
z-plane into a point wg = f(29) = ug + ivg of the w-plane with real u-axis
and imaginary v-axis (see Fig 2.1).

In this chapter, unless otherwise stated, positive angles are measured
counterclockwise from the real positive semi-axis, and branch cuts are taken
along the same semi-axes.

Let «1 be a differentiable curve passing through the point zy. The
function w = f(z) maps 7; into a curve I'y in the w-plane. We assume that
f'(20) # 0 and find the modulus and argument of f’(zy). For given values
zo0 and wo = f(20) that are kept fixed, let

Az=z—2 and Aw=w—wy= f(z)— f(z0)

@1\\

0,-0,

FIGURE 2.1. Geometric meaning of |f'(z)| and arg f'(z)

49
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denote the increments in z and f(z), respectively. Then by definition,

Aw
/ _ . =/"
flz0) = Jim -

: [AW| jarg(a
-1 iarg(Aw/Az)
AEEO{ |Az] ‘ ’

where we have used the exponential form of the complex number %. Thus

(2.1.1)

f(z0) = Alimo{ % } {exp (z A111110[3Lrg Aw — arg Az]) }, (2.1.2)

since the argument of a fraction is equal to the difference of the arguments
of the numerator and denominator. It follows from (2.1.2) that

arg f'(z0) = Aligo arg Aw — Aligo arg Az. (2.1.3)

Consider the point z = zp + Az on the curve «; and its image w =
wo + Aw on the curve I'y. The vector Az = z — 2y joining the points
zo and z on 7; goes over the vector Aw = w — wy joining the points
wo = f(20) and w = f(z) on I'; (see Fig 2.1). Here we have used the
geometric representation of the difference of two complex numbers. Let

51 =arg Az

be the angle between the vector Az and the z-axis and

0, = arg Aw
be the angle between the vector Aw and the u-axis. If Az — 0 while z € 7y,
then the direction of the vector Az tends to the direction of the tangent to
~v1 at the point zg, that is,

li Az=10 214
Aim arg Az 1 ( )
where 6; is the angle between the tangent to 7; at the point zp and the
T-axis.

Similarly, as Az — 0, Aw — 0 while w € I'1, so that the direction of
the vector Aw tends to the direction of the tangent to I'y, that is,

Aligo arg Aw = O, (2.1.5)
where ©; is the angle between the tangent to I'y at wy and the wu-axis.
Substituting (2.1.4) and (2.1.5) into (2.1.3) we obtain

arg f'(20) = ©1 — b4, (2.1.6)

that is, geometrically, the argument of the derivative is the difference be-
tween the angles ©; and 6.
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Let us draw another curve -2 through the point zy. This curve is
mapped by the function f(z) into the curve I's through the point wy in the
w-plane. Repeating the previous argument, we get

arg f'(20) = O2 — s, (2.1.7)

where ©5 and 6 are the angles formed by the tangents to I's and 2 and
the u- and x-axes, respectively (see Fig 2.1).

Since the left-hand sides of (2.1.6) and (2.1.7) are equal (the derivative
f'(20) does not depend on how Az approaches zero), the right-hand sides
also are equal, namely, ©1 — 61 = O — 6, which we rewrite in the form

Oy — Oy = 0y — 0. (2.1.8)

But ©5 — O is the angle between the tangents to I'y and 'y while 03 — 64 is
the angle between the tangents to v2 and ;. Therefore, the angle between
two curves that intersect at a point zy remains constant under the mapping
by an analytic function f(z), provided f’(z¢) # 0.

Note that angles between curves are preserved not only in absolute
value but also in direction. In fact, by (2.1.8),

0 —0, >0 — O,—-01>0
and

0 —0, <0 — O, -0 <0.
This property is called the angle-preserving property.

2.1.2. Geometric meaning of |f/(z)|. Taking the modulusin (2.1.1)
we have

: A
zo)| = lim ——,
|f( 0)| Az0 |AZ|
where we have omitted the symbol |, on the right-hand side. We suppose
that |f'(z0)] = k > 0. We know that a function f, which is continuous at a
point zg, is equal to its limit at zo plus a function g which goes to zero as
z — zo. Then taking (2.1.9) into account, we get
[Aw|
|Az]
Thus, to within higher order infinitesimal terms with respect to |Az|, we
have

(2.1.9)

=k+g(z) =k, as Az — 0. (2.1.10)

|Aw|’z0 = k|Az|’ZO, k =f"(20)| = constant > 0. (2.1.11)

Therefore, the length of each sufficiently small vector originating from the
point zo is dilated by the factor k& = |f’(z0)| under the mapping by an
analytic function w = f(z). This property is known as the property of
constant dilation.
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It follows from (2.1.11) that any circle with sufficiently small radius ¢
centered at zg is mapped into a circle of radius kd centered at wy; each
sufficiently small triangle with a vertex at zg is mapped into a similar
curvilinear triangle with a vertex at wy with similarity coefficient k.

NOTE 2.1.1. Besides the condition f/(zg) # 0, in order to satisfy the
angle-preserving property and the property of constant dilation, one has to
require that the function f(z) should be univalent, that is, injective.

A function is univalent or injective if different points of the z-plane are
mapped into different points of the w-plane, that is, for every pair of points
z1, 22 in a domain D, we have the implication

21 # 20 = f(21) # f(22).

The concept of univalent function and the determination of domains of uni-
valence will be illustrated later by means of examples of concrete mappings.

DEFINITION 2.1.1. A mapping of a neighborhood of a point zy onto a
neighborhood of a point wy that satisfies the angle-preserving property and
the constant dilation property is called a conformal mapping.

The previous arguments lead to the following necessary and sufficient
conditions for a function f(z) to produce a conformal mapping of a domain
D:

(a) univalence condition,

(b) analyticity of f,

(c) for all z € D, f'(z) #0.
It can be shown that the univalence of f in D implies that f'(z) # 0
everywhere in D, so that condition (¢) can be omitted. The converse, in
general, is not true, that is, it does not follow that f is univalent in D if
f'(z) # 0 in D. For example, the mapping w = z* is not univalent on the
half-annulus,

1<zl <2, 0<Argz<m,
because the annulus is mapped onto the domain
1< |w| < 16, 0 <argw < 4m,

that is, on two copies of the annulus 1 < |w| < 16, 0 < argw < 2, but
w' = 4w? # 0 in the annulus.

2.2. Basic problems and principles of conformal mappings

2.2.1. Forward and inverse problems. We mention two basic prob-
lems related to conformal mappings.
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FI1GURE 2.2. The impossibility of mapping a doubly con-
nected domain D onto a simply connected domain D.

Forward problem. Given a domain D in the z-plane and a function
w = f(z) analytic and univalent in D, find a domain D in the w-plane such
that D will be the image of D under the mapping w = f(z).

This problem always has a solution, but it is not so important for the
applications. A more important problem is the following inverse problem.

Inverse problem. Let domains D and D be given, in the z- and w-planes,
respectively. Find an analytic function w = f(z) which maps D onto D.

This second problem is very important in the applications, but it does
not always have a solution. For example, it is not possible to map a multiply
connected domain onto a simply connected domain (see Fig 2.2). Indeed, a
closed contour v in D is mapped into a closed contour I' in D. Tt follows
from the shrinking of the contour I' to a point wy € D that the contour
(by the continuity of the mapping) should shrink to a point z9 € D, but
this is impossible.

It can be shown that is not possible to map the whole complex z-plane
onto a bounded domain D in the complex w-plane. Moreover, the following
theorem holds.

THEOREM 2.2.1 (Riemann Mapping Theorem). Given any simply
connected domains D and D (with boundaries consisting of more than one
point), any points zo € D and wy € D and any real number g, there exists
a unique conformal mapping

w= f(z) (2.2.1)
of D onto D such that
f(z0) = wo, Arg f'(z0) = ap. (2.2.2)

We shall not prove this theorem. The uniqueness condition (2.2.2) of
the mapping function (2.2.1) can be changed to the following: three given
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0 X 0 u

FIGURE 2.3. Mapping of domain D onto domain G if the
closed contours v and I' have the same orientation.

points 21, 22 and z3 of D have to map into three given points wi, we and
wsg of D.

2.2.2. Boundary-to-boundary and symmetry principles. We men-
tion two basic principles of conformal mappings.

PRINCIPLE 2.2.1. Boundaries are mapped onto boundaries.

Consider a simply connected domain D in the z-plane bounded by a
closed curve 5. Suppose that w = f(z) is a nonconstant function analytic
on the region D U+ which contains the region of univalence of f(z). Let
f(2) map v into a closed contour I in the w-plane. Then there are two
cases to be considered.

Case 1. If three distinct points, z1, 22, 23, of 7 are mapped into three
distinct points, wq, we, ws, of I' with the same orientation as the points
z1, 22, 23, then the domain D is mapped onto the domain G lying inside T’
(see Fig 2.3).

Case 2. If three distinct points, z1, 22, 23, of 7 are mapped into three
distinct points, wy, ws, ws, of I' with orientation opposite to the orientation
of the points z1, z2, z3, then the domain D is mapped by the function
w = f(z) onto the domain G lying outside I (see Fig 2.4).

This principle simplifies considerably the solution of the forward prob-
lem of a conformal mapping. In order to map a given simply connected
domain D by a given analytic function w = f(z), it is sufficient to map the
boundary v of D onto the closed contour I'. In this case the image of D
will lie either inside I' or outside T.

PRINCIPLE 2.2.2. The symmetry principle.

Suppose that an analytic function w = f(z) maps a straight segment
v (or an arc v of a circle) onto a straight segment I' (or an arc T' of a
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2
2y G
L
Z, 9 W3
b ¥
— -
0 X O u

FIGURE 2.4. Mapping of domain D onto domain G if the
closed contours v and I' have opposite orientations.

y ' v
X 0

FIGURE 2.5. The symmetry principle.

circle). Let z; and 22 be two points of the z-plane that are symmetric with
respect to 7 (symmetry with respect to an arc of a circle will be defined
in Subsection 2.3.2). Then 2; and 29 are mapped into points w; and wsy
which are symmetric with respect to I' (see Fig 2.5); any two sets D; and
Dy that are symmetric with respect to v are mapped onto sets G; and G»
that are symmetric with respect to I'.

Exercises for Sections 2.1 and 2.2

Represent the following curves in the z-plane in the form z = z(¢) and
compute the corresponding tangent vectors.

1.y::1:2, 1< <3,
2.y:x3, —2<x<-1.

3. 22 +y? =4, nggl,\/géyél
2

T 3
4

2
4 T+5 =1 0<e<VE 3<y<-

S
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5. y=1/2% 1<z<4.
6.y:4—x2, -1 <2<0.
Find the angle through which a curve drawn from the point 2 is rotated

under the mapping w = f(z), and find the corresponding scale factor of the
transformation.

7. 2o = —1, w =z

8. zo =1+ 21, w =22+ 2z.
9. zo = —1+1, w=1/z.
10. zp = —1, w = 2.

Determine all the points in the z-plane for which the following mappings
are not conformal.

11. sin z.
12. sinh z.
13. 22+ 42+ 3.

14. 234322 - 9z.

2244 3

2243’

2 2

6. 215 L4
z—2

17. e* 127,

4_
18. e* ~32%,

15.

19. Consider the two curves
T ez=t+1i, 0<t<1; Yo: z=T17+ir, 0<7<1.
(a) Find the point of intersection, P, of the curves and the angle, «,
between the curves at P.

(b) Find the image of each curve under the mapping w = 2% and
determine the angle between the images of the curves in the w-
plane. Is this angle equal to a? Explain your answer.

20. Consider the two curves
T z=t 0<t<1; Yo: z=T7+11, 0<7<1.
(a) Find the point of intersection, P, of the two curves and the angle,
«, between the curves at P.

(b) Find the image of each curve under the mapping w = z and deter-
mine the angle between the images of the curves in the w-plane.
Is this angle equal to 7 Explain your answer.
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z+b

FIGURE 2.6. Transformation by a parallel translation.

2.3. Linear mapping and inversion

2.3.1. Mapping by a linear function w =az +b. Let a # 0 and b
be two complex constants and consider the linear function

w= f(z) =az+b. (2.3.1)

Since w’ = a # 0 and z; # 25 implies that f(z1) # f(z2), then the region of
univalence of f is the extended complex plane and the mapping is conformal
in the extended plane.

We consider three particular cases where, for convenience, the z- and
the w-planes are identified in Fig 2.6 and Fig 2.7.

Case 1. a=1,b=/(; +i02. By the geometric meaning of the sum
of two complex numbers, the transformation

w=2z+pF1+i0: (2.3.2)
is a parallel translation. It sends the point z to the point w along the vector
b (see Fig 2.6).

Case 2. a>0,b=0. Writing
z=|zlexp (i Argz) and w = alz|exp(iArgz),
we have
|w| = alz|, Argw = Argz,

that is, the points w and z lie on the same ray emanating from the origin,
but the length, |w|, of w is a times the length, |z|, of z (see Fig 2.7(a)).
The mapping

w = az, a >0, (2.3.3)
is a similarity transformation with factor a. It maps a figure in the z-plane
into a similar figure in the w-plane. In particular, the circle |z — 29| = p

centered at zp with radius p is transformed into the circle |w — wp| = ap
centered at wyg = azp with radius ap (see Fig 2.7(b)).
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w=az ap

WO = azo

(a) b)

FIGURE 2.7. The similarity transformation w = az, a > 0:
(a) similarity transformation with coefficient a > 1, (b)
mapping of a circle by a similarity transformation.

y w:eiArga

<

Arga z

Arg z

FIGURE 2.8. Rotation of z through Arg a.

Case 3. |a| =1,b=0. Writing z = |z|exp (¢ Arg z), we have the
transformation

w = |Z| ei(Arg z-i-Arga)7 (2-3'4)
so that
lw| = |2|, argw = Arg z + Arga. (2.3.5)
The transformation
w = az, a=e, (2.3.6)

is a rotation. It rotates every point z through the angle & = Arga around
the origin (see Fig 2.8).

The general case w = az+ b can be obtained by successive applications
of the transformations of the previous cases 1, 2 and 3:

(a) a similarity: w; = |a|z,

(b) a rotation: wo = wy e'AEY (= |a|e'AE2 = az),

(c) atranslation: w=ws+b (=az+Db).
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y LS|
4 ¢ 0 I u
). Liiiil; : C
| A B
24 ~
- - ; B
0' 1 3 5 .

FIGURE 2.9. Mapping of a triangle into a similar triangle.

EXAMPLE 2.3.1. Find the function that maps the triangle ABC' in the
z-plane into a similar triangle OBC' in the w-plane (see Fig 2.9), if

A=(1,2), B=(52), C = (3,4),

and

0 =(0,0), B=(0,-2), C = (1,-1).

Solution. Since the triangles ABC and OBC are similar, then the
mapping is given by a linear function. We perform the mapping in three
stages:

(a) a parallel translation by the vector —(1 + 2i), so that the vertex
A is mapped into the origin of the wi-plane (see Fig 2.10(a)),

(b) arotation through the angle —m /2 (see the wq-plane in Fig 2.10(b)),
(c) a contraction with coefficient 1/2 (see the w-plane in Fig 2.10(c)).

Hence these three steps can be described as follows:

A
-

=
g

1=2z—(1+2i),
o = e 2w = —i[z — (14 2i)],
=wy/2 = —i[z — (14 2i)]/2.

—_
w
=z B
g g

Thus the mapping is given by the linear function

w:_;p_u+mn O
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Vi V2 v
0 2

—_

G G, 0P\ .

C
B
B,
0 B,
(a) (b) (©)

FIGURE 2.10. Mappings z — w1 — wy — w.

B

FIGURE 2.11. Symmetry with respect to a circle.

2.3.2. Mapping by the function w = 1/z. The transformation
w= - (2.3.7)
is called an inversion.
One sees that the inversion w = 1/z maps the circle z = Re® into the
circle w = (1/R)e%.
We shall need the following definition of symmetric points with respect
to a circle.

DEFINITION 2.3.1. Two points A and B are said to be symmetric with
respect to a circle of center 0 and radius R (see Fig 2.11) if

(a) they lie on the same ray emanating from the origin, and
(b) the product of their distances from the center of the circle is equal
to the square of the radius of the circle:

|OA|-|0B| = R®. (2.3.8)
It follows from (2.3.8) that if the point A approaches the circle, that
is, |OA| — R, then the point B also approaches the circle (|OB| — R),
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w=w=1/z

FIGURE 2.12. Reflection of the point z with respect to the
unit circle |z] = 1.

and if the point A approaches the center of the circle (JOA| — 0), then the
point B moves away to infinity. This means that the points 0 and co are
symmetric with respect to the circle.

We prove that the inversion w = 1/z is the successive application of
two reflections:

(1) A reflection of the point z with respect to the circle |z| = 1 (see
Fig 2.12),

1
—z 2.3.9
w1 > ( )
Indeed, lf z = |Z| exp ('L Arg Z), then
1 1 .
zZ = |z|exp (—i Arg 2), - _ezArgz7
z |
that is,
1 1
ArthArgz, |Z|T:1,
z |z]

thus, the points z and 1/z are symmetric with respect to the circle |z| = 1.
(2) A reflection of the point 1/Zz with respect to the z-axis:

w = (%) = % (2.3.10)

whose proof is left to the reader.
The inversion (2.3.10) maps the interior of the upper half-disk,

|z| <1, Sz >0,
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of the z-plane into the exterior of the lower half-disk,
lw| > 1, Sw < 0,

in the lower half of the w-plane, and conversely. Similarly, the interior of
the lower half-disk is mapped into the exterior of the upper half-disk in the
upper half of the w-plane, and conversely. Since

1\’ 1
(-) :—;7&0, if 20,

z

and, since, for any two distinct points z1 # 22, 1/21 # 1/29, then the region
of univalence is the whole complex plane, and the mapping is everywhere
conformal, except at the point z = 0 which is mapped into the point w = oo.
If we assume that two curves, y; and -9, intersecting at z = 0 at an angle
a, are mapped into two curves that intersect in the same angle at w = oo,
then the mapping will be conformal also at z = 0, that is, in the extended
complex plane.

Exercises for Section 2.3

Describe the geometrical meaning, in terms of translations, dilations and
rotations, of the following mappings.

1. w=2z—1.

2. w=2z+38.
3. w=—1iz.

4. w=2z+1.
5. w=e"/3z.

6. w=3+4i+ (1+1)z.
Find a linear transformation w = az 4+ b which has fixed point zo (that is,
w(zp) = z9) and maps the point z; into the point wy.

7. 20=—1, zn1=1+4+14, w; =3—1.

8. z0=1t 2z2=3+2i, w =4-3i.

9. 2o0=14+1¢, z2n=2—1, w; =641

10. zo=1—2t, 2z =3+4i, w1 =-1+1.
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Find the image of the following regions D under the given mapping
w = f(z).
11. D ={z; Rz > 0}, w = 1z.

12. D= {(2,y) €R?* —co<x < 400, 0 <y <1}, w=1iz+2.
13. D={(z,y) eR*}; 0<z <1, —00 <y < +o0}, w=(1+1)z.
14. D ={z; Sz > 0}, w=(1-14)z+1+1.
15. D={(z,y) eR* 1 <2 <2, 0<y <1}, w =3z + 1.
16. D={(z,y) eR* 2 +y* =1},  w=2z+1.

1—i

17. D ={z; |z| < 3, 0 < Argz < w/4}, w =
{z Iz g /4} 7

zZ.

18. D ={z; |z| < 1, Rz > 0}, w = 2iz+ 1.
Find a linear transformation w = az + b which maps the strip contained
between the given straight lines, L; and Ls, onto the strip 0 < Rw < 1
with the given normalization.

19. Ly: =1, Lg: x=2, w(l) =0.
20. Iy: y=x, Ly: y=x—2, w(0) = 0.
Find the images of the following curves under the inversion w = 1/z.
21. [z +1] =1
22. |z—1]=2.
23. 2% + 9% = 4.
24. x? 4 y* = 6y.
25. y=x+2.
26. y = 3x.
Find the images of the following regions under the inversion w = 1/z.
27. D={(z,y) eR* 0 <z <2, —00 <y < +oo}.

28. D ={(z,y) €ER?* —co< 2 < 400, 0<y < 1}.
29. D= {(z,y) €R* >0, y <1}.
30. D= {(z,y) €R%* x> 1, y <0}.
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31. Prove that the reflection z — Z is not a linear transformation.

32. Prove that the most general linear transformation which leaves the
origin fixed and preserves all distances is a rotation.

33. Show that any linear transformation which transforms the real axis
into itself can be written with real coefficients.

2.4. Linear fractional transformations
2.4.1. Definition and properties.

DEFINITION 2.4.1. A linear fractional transformation is a transforma-

tion of the form b
az
= d#b 2.4.1
w=E0 (2.4.1)

where a, b, ¢, d are complex constants.

We note that if ad = be, then w = constant.
A linear fractional transformation (2.4.1) is also called a bilinear or
Mébius transformation.
The derivative of (2.4.1),
,  alcz+d)—claz+10) ad — be

v (cz + d)? - (cz + d)? 70,

exists everywhere, except at the point z = —d/c, which is mapped to the
point w = oo.

Linear fractional transformations are univalent and conformal in the
extended complex plane. In fact, since the inverse of (2.4.1) is again a
linear fractional transformation,

_dw—b

)
cw—a

z =

(2.4.2)

it has the same properties. Hence, (2.4.1) is a univalent mapping of the
extended z-plane onto the extended w-plane.

It can be proved (see [33], p. 128) that the linear fractional transforma-
tions are the only analytic functions with this property (of course, parallel
translations and the inversion w = 1/z have the same properties since they
are particular cases of linear fractional transformations).

We show that the function (2.4.1) can be obtained by the successive
applications of two linear transformations and one inversion w = 1/z. To
this end we rewrite (2.4.1) as follows:

_ (ecz+d)a/c+b—ad/c a b—ad/c
N cz+d e cz+d

This function can be obtained by successive applications of the following
three mappings:

(2.4.3)
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(a) wy = cz+d,
1

Hence if a property is satisfied by a linear function or the inversion
w = 1/z, then it will also be true for the function (2.4.1).
The following theorem holds.

THEOREM 2.4.1. Every circle is mapped into a circle by a linear frac-
tional transformation, provided a line is considered as a circle with radius
R = oc.

PROOF. We prove the theorem only for the inversion mapping

w=-, (2.4.4)
since obviously any linear mapping preserves circles (see Section 2.3 and
Fig 2.7(b)).

Let zp = 2o + iyo. The Cartesian equation of the circle |z — zp| = R in

the z-plane is

A(z® +y*) + Bx+Cy+ D =0, (2.4.5)
where A, B, C and D are real constants chosen such that (2.4.5) is the
equation of the circle (z — x9)? + (y — y0)? = R? in R%.

Let w = u+ v and z = = + iy. Then the equation w = 1/z can be
written in the form

T +iy = —.
U+ 1w
Separating the real and imaginary parts, we obtain
U v
= — =——. 2.4.6
T o Y u? + v? ( )
Substituting (2.4.6) into (2.4.5), we get
1 u v
A B -C D=0
u2—|—v2+ u2 + v? u2+vz+ ’
or
D(u* +v?) + Bu— Cv+ A = 0. (2.4.7)

This equation is the equation of a circle in the w-plane.
There are four cases:

(a) If A #£0,D # 0, circles are mapped into circles.

(b) If A #0,D =0, circles are mapped into straight lines.

(¢c) If A=0,D # 0, straight lines are mapped into circles.

(d) If A=0,D =0, straight lines are mapped into straight lines.
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FIGURE 2.13. Mapping of the upper half-disk, D, by the
inversion w = 1/z.

This completes the proof. O

2.4.2. Examples. We first present two examples of solutions of the
forward problem, that is, given a domain D in the z-plane and a function
f analytic on D, find the image, D, of D under the mapping w = f(2) in
the w-plane.

EXAMPLE 2.4.1. Find the image of the region D = {|z—1| < 1,3z > 0}
by the inversion w = 1/z.

SOLUTION. Since D is bounded by a semi-circle and a straight line, and
since circles are mapped into circles by linear fractional transformations,
then the boundary of the image will also be bounded by arcs of circles or by
straight segments. Since the point z = 0 is mapped into the point z = oo,
then both arcs of circles pass through the point w = oo, that is, the images
of the lines OAB and OCB are straight lines (see Fig 2.13).

In order to obtain the direction of the lines it is sufficient to find the
images of the points A, B and C'. We have

A=(1,0)— A= (1,0, B=(2,0)— B= (1,0>,

2
~ 1 1
:11}—) = | -, ——
C=11)-8=(5-3).

where the the expression z — w means the point z is mapped to the point
w. Hence the image of the straight segment BAO is the semi-infinite ray
defined by BA in Fig 2.13 and the image of the semi-circle BCO is the
semi-infinite ray defined by BC. If we traverse the contour ABC so that
interior points of D lie on the left-hand side, then the image, 5, of D, as
we traverse the contour AECN', also lies on the left-hand side. Hence D lies
inside the shaded right-angled wedge shown in Fig 2.13. O

and
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o
i S P

FIGURE 2.14. Mapping of the upper half-plane %z > 0 by
the linear fractional transformation w = (2 4 z)/(2 — z).

EXAMPLE 2.4.2. Find the image, 5, of the right half-plane,
D = {Rz > 0},
(see Fig 2.14) by the linear fractional transformation

72—!—2
T 2—z

w (2.4.8)

SoLUTION. We first find the image of the straight boundary z = 0.
Since z = iy is not a zero of the denominator of (2.4.8), we know, by
Theorem 2.4.1, that the image of this boundary is a circle of finite radius.

Solving (2.4.8) for z, we have

w—1
z—2w+1. (2.4.9)
Substituting this expression for z in the equation $z = 0, we obtain

w—1
§R<2w—+1) =0, (2.4.10)

and letting w = u + iv in (2.4.10), we have

TR A

that is,
w4 0? =1, (2.4.11)
which is the equation of a circle of radius 1 centered at w = 0.

The following question arises: Does the image D of the right half-plane
in Fig 2.14 lie inside or outside the given circle? To answer this question it
suffices to know where the image of any point in D lies. For instance, we
may consider the point z = 1. In this case, we have

2+1
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Since the point w = 3 lies outside the circle |w| < 1, then D lies outside
this circle. O

Note that by the method used in the previous solution one can find
the image, expressed in Cartesian coordinates, of any line or circle under a
linear fractional transformation.

EXAMPLE 2.4.3. Find the image of the circle |z — 1| = 1 under the
mapping (2.4.8).

SOLUTION. Since (2.4.8) sends z =0 to w = 1 and z = 2 to w = oo,
we know by Theorem 2.4.1 that the circle goes into a straight line. To find
the direction of this line, we verify that the point z = 1 + i on the circle
goes to the point

24144 3+ 1+
T 2-1-i 1—-il+3
Hence the image of the circle is the vertical straight line Rw = 1.

We obtain the same result by applying the method of the previous
example. It follows from (2.4.9) that the image of the circle is the curve

=1+ 2i.

w

-1
p e |
w+1
Separating the real and imaginary parts of the expression

2741—1_172(111—1)—111—1

=1 (2.4.12)

w+1 w+1

w—3

w+1
(=34 (ut+1—iv)
= (u+ 1)2+U2 (2.4.13)
C (w=3)(u+1)+0*  (u+1)v—(u—3)
(w12 402 ‘ (u+1)2+ 02
~ (u=3)(u+1)+0? ; 4o

(u+1)2+ 02 (u+1)2 + 02’

inserting these into (2.4.12) and chasing the denominators, we obtain

[(u—3)(u+1) + 02+ 160% = [(u+1)2 +7]°. (2.4.14)
Expanding both sides of (2.4.14), we get
(u+1—4)2(u+1)2+20%(u—3)(u+1)+v*+160* = (u+1)*+20*(u+1)*+v?,
which, upon simplification, becomes

[(u+1)% 402 (u—1) =0,
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so that, finally,
u=1. (2.4.15)

Hence the image of the circle |z — 1| = 1 is the straight line fw=1. O

Images of straight lines and circles by elementary linear fractional trans-
formations (2.4.1) can be found, for instance, in [15], pp. 345-352, [33] and
[44], pp. 132-133. We present these formulae for reference purposes.

(a) A straight line

R(Az) =« (2.4.16)
that does not pass through the point z = —d/c (that is, if R(Ad/c) # —a)
is mapped into the circle |w — wg| = R, where

2aa + ad\ + bAG ‘ a
wo

- 20/c|? + 2R (cdA) ’ R wo‘ ' (2.4.17)
In order to use formula (2.4.17) one has to determine the parameters A and
« by means of the Cartesian equation of a line,

Az + By+C =0, (2.4.18)
Letting A = Ay + Az and z = = + iy in (2.4.16), we have

R[(A1 +id2)(x +iy)] = a,
and simplifying the last relation, we get
A — A2y = a. (2.4.19)

It follows from (2.4.18) and (2.4.19) that
A=A, Ay = —B, a=—C,

that is,
)\ = A — B/L’ o = _C.

(b) The straight line
R(Az) = -R (ﬁ>

c

passing through the point z = —d/c is mapped into the straight line

ad —bc . _ ad —bec . a
T B

C C

(c) The circle |z — z9| = r that does not pass through the point z =
—d/c, for r # |29 + d/c|, is mapped into the circle |w — wg| = R, where
(azo + b)(czo +d) — er? rlad — be|

we = ., R= . (2421
T ez P — [P e+ dp —jeer] 242V




70 2. ELEMENTARY CONFORMAL MAPPINGS
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FIGURE 2.15. Shaded regions D and G of Example 2.4.4.

(d) A circle |z — 29| = |20 + d/c]| is mapped into the straight line
ad—bc _\ _ |ad — bc|? + 2R[c(azo + b)(ad — b))

<c(czo +d) w> N 2|c(czo + d)|? '

We present an example of a solution to an inverse problem, that is, given

domains D and D in the z- and w-planes, respectively, find the mapping
w = f(z) which sends D univalently onto D.

(2.4.22)

EXAMPLE 2.4.4. Given the following region D between two tangent cir-
cles and the strip G (see Fig 2.15):

D={lz| <2,z —-1>1}, G={0<%z<2},

find the linear fractional transformation which maps D onto G.

SOLUTION. First of all, it is necessary that the point, B = (2,0), com-
mon to both circles be mapped to the point w = oo, for, it is only in this
case that the images of both circles will be straight lines. Thus the general
form of the mapping is
az +b
z—2"
where a and b are arbitrary constants. For example, we can choose a = 1
and b = 0 so that

w1 =

z
z—2
As it is already clear that both circles will map into straight lines (moreover,
the images of the circles will be parallel lines because they intersect at the
point w = 0o) then it is sufficient to find the images of two points on each
circle.

We choose the two points, A = (—2,0) and E = (0,2), on the large
circle. Their images by transformation (2.4.23) are

A=(=2,00— A; =(1/2,0), E=(0,2)— B = (1/2,-1/2).

wy = (2.4.23)
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FIGURE 2.16. Mappings z — w; — w of Example 2.4.4.

Similarly, the images of the two points, O = (0,0) and C' = (1,1), on the
small circle are

O:(0,0)’—)Olz(0,0), O:(l,l>b—>01:(0,—1)

Since z = —1 +— wy = 1/3, the region D is mapped in the wi-plane onto
the strip that is bounded by the straight lines passing through the points
A1, By and Oy, Cy (see Fig 2.16(a)).

In order to map the strip in Fig 2.16(a) onto the strip in Fig 2.16(b), it
is sufficient to perform a rotation through an angle /2 (that is, to multiply
w1 by exp (iw/2) = i) and a similarity with dilation factor 4:

in/2 z

w = 4e"™ “w; = 41 O (2.4.24)

NoTE 2.4.1. The mapping (2.4.24) is not unique; one can add an ar-
bitrary real constant ¢ to the right-hand side of (2.4.24). In this case the
strip will be shifted parallel to itself in the w-plane along the vector (c,0).

Exercises for Section 2.4

b
Find the image of the following domain D under the mapping w = azid'
cz
zZ+1
1. D={z; 1 — ]
B ll<,  w=22
2.D={zlz=1>1} .
. D={z |z — = )
7 ’ -
1
3. D={(x,y) €R* 2 >0, y <0}, w:jtl_
2z +1
4. D={z; |z| <1, 0 < Argz < 7/4}, w = Z+

241
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z

5 D=A{z; 1< < 2}, = .
Gl<kl<a w=—to

6. D={z 0<Sz<1}, w:i,.
z2—1

Find the linear fractional transformation which transforms the points z1,
Z2, z3 into the points w1, wa, ws, respectively.

7. z1=1, 20 =0, 23 =1, wy = —1, wy =00, wz = 1.

8. z1=1, z29=1—1, z3=1, w1 =0, wy = —1, wy = o0.
9. z1 =141, 29=1—1, 23 =—1, w1 =0, wy =1, wg =1.
10.21:—i722:i,23:0, wlzl,w2:i,w3:1—i.

A point zq is called a fized point of the transformation w = f(z) if
f(20) = z0. Find the fixed points of the following transformations.

z
11. w = .
v Z+2
12, w="""
z+1
13. w=1/z.
14, = 22
z—2
15. w=az+0b, a#0.
az+b
16. w = —— d—0> 0.
w ot d a c #

Find the linear fractional transformation which maps the region D of the
z-plane onto the region G of the w-plane with the given normalization.

17. D ={z; Sz > 0}, G = {w; |w| <1},
with w(0) = 1, w(l) =1, w(—=1) = —i.
18. D ={z; |z| <1}, G={w; |lw—-1] <1},
with w(1) =0, w(i) = 2, w(—i) =1+1.
Find a linear fractional transformation which maps the region D of the
z-plane onto the region G of the w-plane.

19. D ={z; |z| < 2}, G = {w; Sw > 0}.

20. D ={z |z —1| < 1}, G = {w; Rw > 0}.
21. D ={z |2+ 1| < 2}, G = {w; Rw < 0}.
22. D={z |z —1| <1}, G = {w; Sw > 0}.

23. Find the general form of a linear fractional transformation which maps
the upper half-plane onto itself.

24. Find the general form of a linear fractional transformation which maps
the upper half-plane onto the lower half-plane.
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Ix — zg| /EZO
x 0 X 0\
lx — 2| \_ \J

20

1 u

FIGURE 2.17. Mapping of the upper half-plane onto the
unit disk, such that zyp maps to 0.

2.5. Symmetry and linear fractional transformations

2.5.1. Mapping of the upper half-plane onto the unit disk. We
want to map the upper half-plane, 3z > 0, onto the unit disk, |w| < 1, so
that a given point, zg, in the half-plane is mapped to the center of the disk
(see Fig 2.17).

Since the point z = zy is mapped to the point w = 0, then by the
symmetry principle, the point Zy, symmetric to the point zo with respect
to the x-axis, has to be mapped to the point w = co, symmetric to the
point w = 0 with respect to any circle centered at w = 0. Hence the
desired mapping has the form

zZ— 20

w=Fk k = constant. (2.5.1)

z— 50,
Let us choose k so that the disk is the unit disk, that is, we assume that

|w| =1if z =« is real:

|z — 2o

=1. (2.5.2)

— ||x—20|
It follows from Fig 2.17 that |x — zo| = |z — Zo|, so that from (2.5.2) we
obtain

k| =1, or k=-¢",

where « is any real constant.
Hence our problem is solved by the linear fractional transformation

w=ee 22 (2.5.3)
zZ— 20
(the factor e!® rotates the disk |w| < 1 through the angle o about the point
w = 0).
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Z p—
0/ 11 -7

FIGURE 2.18. Mapping of the unit disk onto the unit disk,
such that zy maps to 0.

2.5.2. Mapping of the unit disk onto the unit disk. We want to
map the disk |z| < 1 onto the disk |w| < 1 so that a given point, zq, of the
first disk is mapped to the center of the second disk (see Fig 2.18).

We use the fact that zp and 1/Zy are symmetric with respect to the
circle |z| = 1 (see Definition 2.3.1). As 2 is mapped to w = 0, then 1/
has to map to w = oo, which is symmetric to w = 0 with respect to any
circle centered at w = 0. Hence the desired mapping has the form

w=k L 2T f= 5k, (2.5.4)
z— 3 1—22

where k is an arbitrary constant to be chosen so that the disk in the w-plane
is the unit disk.
For this purpose we require that z = 1 +— 1 = w so that
~ 1=z
k| L=2] _
|1 — Zo|

Since |1 — 29| = |1 — Zo| (see Fig 2.18), then the last relation implies that
k=1, k=¢"
Hence the desired mapping has the form

i 2 20
w=eo2 Y

. 2.5.
1— 22 ( 55)

2.5.3. Mapping of an eccentric annulus onto a concentric one.
We discuss this mapping by means of a concrete example. The general case
is considered in [33], pp. 148-149, where one circle lies inside or outside the
other circle.

EXAMPLE 2.5.1. Map the eccentric annulus

|z — 3] > 9, |z — 8| < 16
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FIGURE 2.19. The eccentric annulus of Example 2.5.1.

onto the concentric annulus
1< |w| <3/2.
We shall see later that the external radius 3/2 is unique in this example

if the internal radius is equal to 1.

SOLUTION. Let us find two points P, = (z1,0) and P, = (x2,0) on the
real axis that are symmetric with respect to both circles simultaneously. In

that case the coordinates x1 and zo must satisfy the system of equations
zo — 3)(z1 — 3) = 92,

( I ) ) (2.5.6)

(IQ - 8)($1 - 8) = 16“.

Here |z1 — 3| and |zo — 3| are the distances from the points P; and P to
the center of the inner circle while |21 — 8| and |z2 — 8| are the distances
from the same points to the center of the outer circle, respectively.
It follows from (2.5.6) that
XT1X9 — 3(1:1 + LL‘Q) +9 =281,

2.5.7
T1X2 — 8({E1 + {EQ) + 64 = 256. ( )

Using the substitutions z1ze = £ and x1 + 22 = 7, from (2.5.7) we get

§£—3n="12,
& —8n=192.
The solution to this system is £ = 0,7 = —24, so that
z122 =0,
Ty + 9 = —24.
Hence, 1 = 0 and 22 = —24 (or 3 = 0 and 27 = —24). If we map

the point 1 = 0 to the point w = 0 and the point xo = —24 to the point
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w = 00, then by the symmetry of the points P; and P, with respect to both
circles (see Fig 2.19) each of these circles is mapped into a circle centered
at w = 0 in the w-plane. Hence we let

z—0

=k . 25.
Y] (2.5.8)

The parameter k in (2.5.8) is determined (up to an exponential factor e'®)
if, for example, one requires that the inner circle in Fig 2.19 be mapped
into the circle |w| = 1:

|w||z:12 =1L

In this case, |k| x 12/36 = 1, k = 3¢'*, so that (2.5.8) can be written in

the form
3z

= '@ . 2.5.9

ey + 24 ( )

Therefore the function (2.5.9) maps the eccentric annulus in Fig 2.19 onto
the concentric annulus 1 < |w| < 3/2. O

Exercises for Section 2.5
Find the point symmetric to the point zg with respect to the given curve.
1. zp=2—14, Rz =0.
2. 29 =4+ 31, Sz = 0.
3. z0=1+41, |z 4+ = 1.
4. 29 =2 — 24, |z — 1] = 2.

Find the linear fractional transformation which maps the region D of the
z-plane onto the region G of the w-plane with the given normalization.

5. D ={z |z| <1}, G = {w; Sw > 0},
with w(0) = 4, argw'(0) = /4.

6. D ={z Rz > 0}, G = {w; Sw > 0},
with w(1) = ¢, argw’(1) = /3.
Map the upper half-plane, Sz > 0, onto the unit disk, |w| < 1, in such a
way that:

7. w(=1414) =0, Argw'(-1+1i) = n/4.
8. w(i) =0, Argw' (i) = —m/2.

9. w(3i) =0, Argw’(3i) = 0.

10. w(1+14) =0, Argw'(1414) = /3.
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FIGURE 2.20. Mapping of the wedge of angle 7/n, 0 <
Arg z < m/n, by the function w = 2.

11. Map the eccentric ring bounded by the circles |z| =4, |z + 1| = 1 onto
the ring 1 < |w| < R. Find R.

12. Map the eccentric ring bounded by the circles |z| = 1, |z — 1| = 5/2
onto the ring 1 < |w| < R. Find R.
2.6. Mapping by 2" and w = z'/"

Since the linear fractional transformations (2.4.1) are the only analytic
functions which are univalent from the extended complex z-plane onto the
extended complex w-plane, then the other functions considered in the sequel
do not possess this property. These functions are univalent maps either of
a finite part of the z-plane to the whole complex w-plane with a cut or,
conversely, of the whole complex z-plane with a cut on a finite part of the
w-plane.

In this section, we consider the mappings by the functions 2" and z!/",
with particular attention to the univalence of the domains (because any
domain of the z-plane which extends beyond the region of univalence cannot
be mapped conformally).

2.6.1. The power function. Consider the power function
w=2z", n € N. (2.6.1)
Since z = |z|e?®®* then w = |z|" e *&%  Hence
|w| = 2|, argw = nargz. (2.6.2)
It follows from (2.6.2) that each ray 6y = argz is mapped into the ray
argw = nby. The ray 6 = 0 is mapped into the ray Argw = 0, but the
ray Argz = m/n is mapped into the ray Argw = m, that is, the wedge
0 < Argz < 7/n is mapped onto the upper half-plane (see Fig 2.20).

Similarly, the function
w = z%, (2.6.3)
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FIGURE 2.21. Mapping of the wedge of angle 27 /n, 0 <
Arg z < 27 /n, by the function w = z".

to be understood as

X logz,
where « is any real number, maps the wedge 0 < arg z < 7/« onto the
upper half-plane.

In general, the wedge 0 < Argz < 6y (if nfy < 27) is mapped into the
wedge 0 < Argw < nfy < 27.

The wedge 0 < 0 < Argz < 27 /n is mapped onto the whole w-plane
less the real positive axis. The rays § = 0 and 6 = 27 /n are mapped onto
this axis. To have a univalent mapping, it is necessary to cut the plane
along, say, the real axis ®w = 0 (that is, to consider this line as a double
line) and assume that the ray § = 0 is mapped onto the upper part of the
cut and the ray # = 27/n is mapped onto the lower part of the cut (see
Fig 2.21).

Hence the largest angle, in absolute value, measured from the positive
z-axis and such that wy # wy if 21 # 29 is the angle 0 < Argz < 27/n.
This angle defines the region of univalence of the function w = 2™,

We can ask the following question “What is the image of other parts
of the z-plane?” Let us consider, for example, the wedge 27/n < argz <
4w /n. As the ray 6 = 27/n is mapped onto the ray argw = 27 and the ray
6 = 4w /n is mapped onto the ray argw = 47, the wedge 27/n < argz <
4m/n is also mapped onto the whole complex w-plane with a cut, but, in
this case, the ray 6 = 2w /n is mapped onto the upper part of the cut while
the ray 8 = 47w /n is mapped onto the lower part of the cut. In general,
for the function w = 2", the whole z-plane is divided into n regions of
univalence of the form

2k 2(k+1
—Fgargzgw, k=0,1,2,...,n— 1.
n n
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FIGURE 2.22. Mapping of the complex z-plane with a cut
along the positive real axis by the branches wg, w; and wo
of w = z'/3 to the regions I, IT and ITI, respectively.

We see that each of these regions is mapped univalently onto the whole
plane, except for one cut. Such regions have a special name (see [2], pp. 98-
99).

DEFINITION 2.6.1. A region which is mapped univalently onto the
whole plane, except for one or more cuts, by a function f(z) is called a
fundamental region of f.

2.6.2. The nth root of z. Since the power function z = w™ has n
fundamental regions in the w-plane, its inverse w = 2!/ has n branches,
each of which is a function. More precisely, each branch of 2/,

1/n

|Z|1/n ei(Arngerﬂ')/n7 0< AI‘gZ < 27T,
k=0,1,...,n—1, (2.6.4)

maps the wedge 0 < Argz < 6y (6p < 27) onto the wedge 0 < Argw < y/n

which is n times smaller, and the whole complex z-plane with a cut along

the positive real axis (this is the region of univalence of the branch wy) is
mapped onto the wedge 0 < Argw < 27/n.

W = 2

EXAMPLE 2.6.1. Consider in detail the three branches of 2*/3, namely,
wy = 213 = ||V/3 etArez42km)/S g — (1,2, (2.6.5)

SOLUTION. The principal branch
wo = |z|}/3 eiAre2)/3 (2.6.6)

maps the whole complex plane with a cut along the positive x-axis, that is,
the domain D, onto region I shown in Fig 2.22.
Since the branch w; is related to wg by (2.6.5), that is,

wy = wo e2™/3, (2.6.7)
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FIGURE 2.23. Mapping of the closed contours C' and C by
the different branches of w = /3.

it maps D onto region I obtained by rotating region I through an angle
27r/3. Similarly, the branch

wy = w3 (2.6.8)

maps D onto region I1I obtained by rotating region II through an angle
27/3.

Let us study the image of a closed contour C' in the z-plane by each
branch wy, of w = 2!/3. There are two cases:

(a) The point z = 0 is not in the finite region enclosed by the contour
C (see Fig 2.23). If we start from the point 2o and go along the contour C,
arg z increases until we reach the point B, then decreases to its initial value
arg zp as we return to the point zg. Therefore the branch wy (see (2.6.6))
maps the closed contour C' into a closed contour I'g lying in region I in the
w-plane and the point wy corresponds to the point zy. Since the branch w;
is related to the branch wg by relation (2.6.7), the contour C' is mapped
by w; onto the contour T'; obtained by rotating I'g through an angle 27/3.
Similarly, the branch ws maps the contour C onto the contour I'; obtained
by rotating I'; through an angle 27 /3.

(b) The point z = 0 lies in the finite region enclosed by the contour
C (see Fig 2.23). If we go along the closed contour 5, then arg zy increases
to 2m. Therefore the initial value of the branch wg at zo differs from the
value of the branch wy at zg after C' is traversed once, denoted by zo + 1C"

w|z0+16 — |Z0|1/36i(Arg zo+2m)/3

— _ ,i2m/3
- w|Z()+OC €

# w|20+05'
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Hence the closed contour C is mapped into an arc wowg of the closed
contour I'. If C' is traversed a second time, denoted by zg + 2C', then arg zq
increases by 47 and therefore

w0|20+25 — |ZO|1/3ei(Arg zo+4m)/3

_ 27 /3

- wo‘zoJrlé € ’
that is, an arc 11701%0 of the contour I corresponds to the second time along
C. If C is traversed a third time, then argzy increases by 67 and

w0|z0+36‘ _ |ZO|1/3 ei(Arg 29+67)/3

= Wo |Zo+05'

This means that traversing the closed contour C three times corresponds
to traversing the closed contour r only once in the w-plane. Similarly,
traversing the contour C n times for the function w = z1/7 corresponds to
traversing the contour T once. O

2.6.3. Algebraic branch points.

DEFINITION 2.6.2. A point zq is called a branch point of the function
w = f(z) if the argument of w changes as z goes around zp along any
sufficiently small closed contour.

DEFINITION 2.6.3. If the increment of the argument of a function f(z)
is equal to zero when a branch point is encircled n times, n < oo, then the
branch point is called an algebraic branch point of order n.

We see that the point z = 0 is an algebraic branch point of order n for
each branch of w = 2!/, So is the point z = co. Indeed, by the inversion
z2=1/z, 2"/ = 1/,2%/". Since z; = 0 is a branch point, then z = oo is also
a branch point. If we join the points z = 0 and z = oo by a cut, we obtain
a region of univalence for each branch of w = z'/". The cut can be any
arc from 0 to oo (see Fig 2.24). As soon as the cut is fixed, each branch of

w = z'/" is uniquely determined.
Consider, for example, the branch wg of w = 2/3,
’LUQ(Z) _ |Z|1/3 ei(Argz/S),
and let z = —i. If we cut the complex z-plane along the negative real axis,

as shown in Fig 2.25(a), then —i = e~ ™"/2 (because —m < Argz < 7) and
wo(—z’) = e /6,

If we cut the complex z-plane along the positive real axis, as shown in
Fig 2.25(b), then

0<Argz <2m, —i=e>™2  wy(—i)=e™/2=i+#e /0,
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FIGURE 2.24. The region of univalence for the branches

of w= 24",
y y
>
0 X 0 X
(a) (b)

FIGURE 2.25. Variants of a cut: (a) —i = e~ ™2, (b) —i = ¢37/2,

2.6.4. Examples of Riemann surfaces. We introduce the concept
of the Riemann surface of a function f(z). Consider, for example, the
branch wg of w = z1/3:

UJ()(Z) _ |Z|1/3 ei(Argz)/B'

We superpose three copies of the z-plane above each other and cut them
along the positive real axis (see Fig 2.26). We then glue together the lower
part of the first sheet with the upper part of the second sheet, the lower
part of the second sheet with the upper part of the third sheet and the
lower part of the third sheet with the upper part of the first sheet (the last
glue is abstract). Such a surface is called a Riemann surface.

On its Riemann surface, w = z!/3 is single-valued and analytic and
hence a function because under the transition from the first sheet to the
second sheet the branch wg continuously passes to the branch w;. Similarly,
under the transition from the second sheet to the third sheet, the branch
wy continuously passes to the branch ws and under the transition from
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the third sheet to the first sheet the branch wy continuously passes to the
branch wg. The total angle along the closed contour on this surface is equal
to 6.

A variant of the Riemann surface for w = 2!/ without any abstract glue
along the cut between the third and the first sheets is shown in Fig 2.27. We
take § = argz and r = |z| as the horizontal and vertical axes, respectively.
If we glue such a plane along the lines § = 0 and 6 = 67, we obtain a
cylindrical surface which represents a nonabstract variant of the Riemann
surface.

2.6.5. Mappings by composition of linear fractional functions
and power functions. Composing mappings by linear fractional func-
tions and power functions, one can map a region bounded by arcs of circles
onto the upper half-plane, and a wedge 0 < argz < 7/« onto a disk.

EXAMPLE 2.6.2. Map the wedge 0 < Argz < 7/6 onto the unit disk
lw| < 1 such that the point z; = e'™/12 is mapped to the point w = 0 and
the point zo = 0 is mapped to the point w =1 (see Fig 2.28).

1
% \ 23
0 //‘I X

FIGURE 2.26. The Riemann surface of the function z1/3.

OV

\S)
—_N W

r=lzl

0 2t 4m  6m O=argz

FIGURE 2.27. A non-abstract Riemann surface for the
function w = z1/3.
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FIGURE 2.28. Mapping of the wedge 0 < Arg z < 7/6
onto the unit disk |w| <1 in Example 2.6.2.

»—>2

[

SOLUTION. First, we map the wedge 0 < Argz < 7/6 onto the upper
half-plane (see Fig 2.29):

’LU(l) = ZG.

In this case the point z; = e™/12 is mapped to the point

. 6 .
wgl) _ (eﬂ1/12) _ 671'1/2 =,

and the point zo = 0 is mapped to the point wgl) = 0.

Then one has to map the upper half-plane Sw) > 0 onto the unit disk
|w] < 1 so that the point wgl) = 7 is mapped to the point w = 0 and the
point wél) = 0 is mapped to the point w = 1. Letting zo = ¢ in (2.5.3), we
obtain

(1) s 6_ .
o W A
w=et T wa (2.6.9)

6}

0 i

FIGURE 2.29. Intermediate mapping of the wedge 0 <
Arg z < m/6 onto the upper half-plane Sw > 0 in Ex-
ample 2.6.2.
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4

0 X 0 u

FIGURE 2.30. The initial and final regions under the map-
ping in Example 2.6.3.

Since the point z = 0 is mapped to the point w = 1, it follows from (2.6.9)
that 1 = e'*(—1), so that

el = —1.
Finally, (2.6.9) has the form
S 6
i—z
=——. 0O 2.6.10
v i+ 26 ( )

EXAMPLE 2.6.3. Map the region bounded by the arcs of two circles
intersecting at the points z1 and z3 at an angle o onto the upper half-plane
Sw > 0 (see Fig 2.50).

SOLUTION. Since linear fractional transformations map circles into cir-
cles, and circles through infinity are straight lines, we map z; to w3 = 0
and zo to w = oo by the linear fractional transformation,

zZ— z21

w1 =

2.6.11
. ( )
so that the arcs of the circles will be mapped into straight lines that intersect
in the angle « (see Fig 2.31).

The angle 6y in Fig 2.31(a) depends on the points z; and z2. We rotate
the domain in Fig 2.31(a) through the angle —fy (see Fig 2.31(b)),

—ifo T A1
zZ — Z9

wy = e Poy; = e (2.6.12)

Finally, we use the property of generalized power functions (formula (2.6.3))
to map the region in Fig 2.31(b) onto the upper half-plane,

o T/
w= w’;/" = (ew“ﬂ) . O (2.6.13)
zZ — Z9
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EXAMPLE 2.6.4. Map the region bounded by the upper half-disk,
|z — 2| <2, Sz > 0,
onto the upper half-plane (see Fig 2.52(a)).

SOLUTION. This example is a particular case of Example 2.6.3. First,
we map the points z = 0 and z = 4 into the points w; = 0 and w; = oo,
respectively, by the linear fractional transformation

z

4—2z
In order to find the image of the region D by transformation (2.6.14) we
obtain the images of the points z = 0, z = 2 and z = 2 + 2i (it is already
clear that the image of D is a right-angled wedge, so that we have to know
where the wedge is located). Using (2.6.14) we obtain

0=1(0,0)— 07 =(0,0), A=(2,0)— A =(1,0),

w1 =

(2.6.14)

(@) (b)

FIGURE 2.31. Images of mappings (2.6.11) and (2.6.12).

2+2i
C l Cl
D
A B A
0 2 4 X 0, 1 u,
() (b)

FIGURE 2.32. The initial and intermediate regions in Ex-
ample 2.6.4 for the transformation (2.6.14).
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FI1GURE 2.33. The initial and final regions in Example 2.6.5.

and
C=(22)Ci=(0,1).
Therefore the edges of the right angle pass through the points O; = (0, 0),
Ay = (1,0) and B; = (0,1), that is, the image of D under transformation
(2.6.14) is the first quadrant (see Fig 2.32(b)).
In order to map this quadrant onto the upper half-plane it is sufficient
to square (2.6.14):

2
9 z
=wi = . g 2.6.15
w=ut= (=) (2.6.15)
EXAMPLE 2.6.5. Map the z-plane, with a cut from the point z = i to
the point z = oo making an angle w/4 with the positive x-axis, onto the

upper half-plane (see Fig 2.33).

SOLUTION. The problem can be solved in three stages:

(a’) wy =z — iv
(b) wy = e = e (2 —4),
()  w = wg=/le ™/ (z—1).
The second mapping is shown in Fig 2.34. O

EXAMPLE 2.6.6. Map the upper half-plane, Sz > 0, with a cut from the
point z =1 to the point z = 0, onto the upper half-plane, Sw > 0, without
a cut (see Fig 2.535).

SOLUTION. If we let
w1 = 22,
then the boundary of the region D in Fig 2.35 is mapped into a cut going
from the point wy = —1 to the point w; = 0 in the positive direction of the
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Y

U

FIGURE 2.34. The second mapping in Example 2.6.5.

FIGURE 2.35

4l

(a) (b)

FI1GURE 2.36. The sequence of mappings in Example 2.6.6.

uj-axis (see Fig 2.36(a)). Indeed, the point z = ¢ is mapped to the point
w1 = 'i2 =—1.

The negative real axis, —oo < z < 0, is mapped into the lower part of a
cut going from wy = 0 to wy; = oo, and the positive real axis, 0 < x < 400,
is mapped into the upper part of the cut from wy =0 to w; = +o0.
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Hence the cut from i to 0 in Fig 2.35 is mapped into the part of a cut
in Fig 2.36(a) that is located from w; = —1 to w; = 0. The remaining
mappings are elementary:

we = w1 + 1,

w=+vw +1l=+v22+1. O

Exercises for Section 2.6

Find the image D of the following region D under the mapping w = f(z).
1. D={z 0<Argz < n/3}, w =22

2. D={z —7/8 < Argz < 7/8}, w = 2%,
3. D={z1<]2]<2, 0< Argz < w/4}, w = 2.

4. D={z; 2<|z| <4, —n/4 < Argz < 7/2}, w = 2%

Map the following domain D of the z-plane onto the domain G of the
w-plane.

5. D={z 0<Argz < w/3}, G = {w; Rw > 0}.

6. D={z —7w/4 < Argz < w/4}, G = {w; Sw > 0}.

7. D={z 0< Argz <7ma, 0 < a < 2}, G = {w; Sw > 0}.
8. D={z —7w/3<Argz <m/2}, G = {w; Rw > 0}.

Map the circular lunes (two-angles) onto the upper half-plane.

9. |z] <1, |z 4+ 1] < 1.

10. |z] > 1, |z +i| < 1.
Map the given domains onto the upper half-plane.
11. The plane with a cut along the segment [1,2].

12. The plane with a cut along the segment [i, 3i].

13. The plane with a cut along the segment [—1 + ¢, —2 + 2i] which
lies on the ray y = —=.

14. The plane with a cut along the ray y = v/3z in the first quadrant
with initial point z = 1 + /3.

15. The half-plane 3z > 0 with a cut along the segment [—2i,0].

16. The half-plane Sz > 0 with a cut along the ray from 1 to co.
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2.7. Exponential and logarithmic mappings

2.7.1. The exponential function w = e*. Let us find the region of
univalence, R, of the mapping w = e?, that is, the region that satisfies the
following property:

21 # 29 = €7l #Fe? (2.7.1)

for any pair of points z; and 23 in R.
Since 2™ =1, (2.7.1) implies that the following inequality holds:

21 # 29 + 2kmi. (2.7.2)
For example, the interior points of the strip
0<%z <2 (2.7.3)

satisfy inequality (2.7.2). The region (2.7.3) is one of the regions of univa-
lence for the function w = e®. The whole complex plane z can be covered
by similar regions of univalence,

2kr < Sz < 2(k+ ), k=0,£1,£2,.... (2.7.4)
If z=2+ iy and 0 < y < 2w, then

T+iy _ emeiy
Y

w=e
so that
|w| = e*, argw = y. (2.7.5)

It follows from (2.7.5) that the straight segment, z = zg, 0 < y < 27, is
mapped into the circle

|w| = e, (2.7.6)
and the straight line y = yo is mapped into the ray

argw = yo. (2.7.7)

It thus follows from (2.7.6) and (2.7.7) that a rectangle bounded by the
lines x = x1, * = x2, ¥y = y1, y = y2 and located, for example, in the strip
0 < $z < 27 of the z-plane is mapped onto a curvilinear rectangle in the
w-plane bounded by the rays argw = ¥y, argw = yo and by arcs of the
circles |w| = €™ and |w| = e*2 (see Fig 2.37).

Returning to (2.7.7), we see that the function w = e* maps the strip
0 < ¥z < a < 27 onto the wedge 0 < argw < « (see Fig 2.38). The lower
part of the strip, y = 0, —oc0 < & < 400, is mapped into the ray w = e”,
—00 < z < 400, so that u = e*, —c0o < < +00, v = 0 (the positive
u-axis), but the upper part of the strip, y = @, —0o0 < & < 400, is mapped
into the ray w = e%e™®, —0co < x < +00, that is, into the ray argw = a.
In particular, the strip 0 < 2z < 7 is mapped into the upper half-plane
Sw > 0, and the strip 0 < §z < 27 is mapped into the whole w-plane with
a cut along the positive real axis (see Fig 2.39). It is seen that the strip
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FIGURE 2.37. Mapping of a rectangle by the function w =
e?, where y; = /4 and y, = 37 /4.

y v
TE-
o
N
0 X 0 u

FIGURE 2.38. Mapping of a strip by the function w = e*.

0 < Q2 < 27 is a fundamental region of the function w = e*.

The following question arises: what are the images of other fundamental
regions, 2mn < y < 2(n + 1)7, of w = €* (see (2.7.4))? The answer is the
following: they will map on the same region in the w-plane in Fig 2.39 as

the strip 0 < Sz < 27.

21

Argw =0

0| Argw=2n u

0 X

FIGURE 2.39. Mapping of the strip 0 < y < 2, of width
27, by the function w = e*.
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y 1%
w=Logz /2
o
o
0 x 0 !

FIGURE 2.40. Mapping of a wedge onto a strip by the
function w = Log z.

For example, the strip 27 < 3z < 47 is mapped onto the whole w-plane
with a cut along the positive real axis (compare with Fig 2.39), so that the
side y = 27 is mapped onto the upper part of the cut and the side y = 4x
is mapped onto the lower part of the cut in the w-plane.

2.7.2. The logarithm of z. We recall that the logarithm of z is given
by the formula

w = log z = Log z + 2kmi

2.7.
=1In|z| + i Arg z + 2kmi. (2.78)

Each branch of (2.7.8), for instance, the principal value w = Log z, is the
inverse of the exponential function z = e%, that is, w = Logz maps the
wedge 0 < Argz < a < 27 onto the horizontal strip 0 < Sw < « (see
Fig 2.40).

In particular, the wedge 0 < Argz < 7 (that is, the upper half-plane
Sz > 0) is mapped onto the strip 0 < Sw < 7, and the whole complex
z-plane with a cut along the positive real axis is mapped onto the strip
0 < Qw < 27 (see Fig 2.41).

47 "o

w=Logz

C/\Zo Argz=0 27 VT’O
O e

0 W u

FIGURE 2.41. Mapping of the complex plane with a cut
by the function w = Log z.
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The image of a closed contour C' encircling the point z = 0, when tra-
versed once, is the straight line segment wowy in the w-plane (see Fig 2.41).
In this case,

Log z.o+1c = In|zg| + ¢ Arg 20 + 27,
that is, the branch wg = Logz goes into the branch w; = Logz + 27i
when C' is traversed once. Hence z = 0 is a branch point of the function
w = Logz. The point wy will go into the point wy after a second time
around the contour C, that is, the branch w; will go into the branch wo,
and so on.

We see that the Riemann surface of the function w = logz contains
infinitely many sheets of the z-plane cut along the positive z-axis and these
are glued in the same manner as for the function w = 2/ (the lower part
of the cut of the first sheet is glued to the upper part of the second sheet,
the lower part of the second sheet is glued to the upper part of the third
sheet, etc.).

No matter how many times we go around the contour C' we cannot
obtain a closed contour in the w-plane. Such branch point is called a
logarithmic branch point.

2.7.3. Examples of composite mappings. Combining linear frac-
tional, logarithmic and exponential functions, one can map the region out-
side two tangent circles or outside two intersecting circles onto the upper
half-plane or onto a strip, and a strip with a cut can be mapped onto the
upper half-plane.

We consider several examples.

EXAMPLE 2.7.1. Map the region
D ={[z| z 2} n{lz - 3| = 1},

(consisting of the complement of the union of two tangent open disks) onto
the upper half-plane Sw > 0 (see Fig 2.42).

SOLUTION. To send the two tangent circles into parallel straight lines,
it suffices to map the point z = 2 to the point w; = oo by the linear

fractional transformation
z+2

z2—2
Thus, the region D is mapped onto the strip, S, whose position is deter-
mined by the images of three boundary points, that is,

A=(=2,00— A; = (0,0), B=1(0,2)— By =(0,-1),

(2.7.9)

wyp =

and
C = (4,0) — C; = (3,0).
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FIGURE 2.43. Intermediate regions in Example 2.7.1.

Hence the strip S is bounded by the two parallel lines L, passing through
the points Ay and By, and Lo, passing through the point C; (see Fig 2.43(a)).
Finally, considering the orientation of the boundary of D and of its image,
we see that D is mapped inside the strip S of width 3 bounded by the lines
L1 and LQ.
Next, the linear transformation
mij2® _TZt 2
3N T 32
maps the vertical strip S of Fig 2.43(a) onto the vertical strip S’ defined
by the inequations

wy =e€ (2.7.10)

Og%wggw

(see Fig 2.43(b)). Finally, using the mapping properties of the exponen-
tial function, we map the strip S’ onto the upper half-plane Sw > 0 (see
Fig 2.42),

Tz 2
= | — . g 2.7.11
w exp<132_2> ( )



2.7. EXPONENTIAL AND LOGARITHMIC MAPPINGS 95

v v,
21
:: ----- T . ok 0 u b
—21th 0 uy

(@) (b)

FIGURE 2.45. Intermediate regions in Example 2.7.2.

EXAMPLE 2.7.2. Map the strip 0 < Rz < 1 with a cut joining the points
z1 =1/2+ih and z2 = 1/2 + ico, onto the upper half-plane Sw > 0 (see
Fig 2.44).

SOLUTION. First, we map the strip shown in Fig 2.44 onto the strip
0 < Swy < 27 by the linear transformation

wy = e/ 227z = 2miz. (2.7.12)

Now, we determine the new position of the cut. The initial point of the cut,
z1 = 1/2+ ih, is mapped to the point wy = 2mi(1/2 4 ih) = —2mwh + 7, so
that the cut joins the points —oo + mi and —27h + 77 in the w;-plane (see
Fig 2.45(a)).

We map the region shown in Fig 2.45(a) onto the upper half-plane
Swe > 0 with a cut along the positive real axis by

wy = Wt = 27, (2.7.13)
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The initial point, wy = —27h + 7i, of the cut in Fig 2.45(a) is mapped to
the point
We = e—27rh+7ri _ —6_27Th,

and the point w; = —oo + mi is mapped to the point wy = e~>®*™ = (.
Hence, the semifinite cut in Fig 2.45(a) is mapped to the finite cut joining
the points —e~2™ and 0 in Fig 2.45(b). The boundaries Sw; = 0 and
Swy = 27 of the region shown in Fig 2.45(a) are mapped to the upper and
lower parts of the cut joining the points ws = 0 and ws = oo, respectively,
shown in Fig 2.45(b). The mapping of the region shown in Fig 2.45(b) onto
the upper half-plane is elementary:

w3 = wsy + 67271'h _ 6271'12 + 67271'}7,'

w = Jwz =\ e2miz 4 e=27h ] (2.7.14)

Exercises for Section 2.7

Hence

Find the images of the following domains under the mapping w = e*.
I.D={(z,y) ER* 0<2<1,0<y<7}

2. D={(z,y) €R?* —co< < +00, 0<y<7/2}.
3. D={(v,y) €R?%* —co<x<0,0<y<n/4}.
4. D={(z,y) eR* 0<x < +00, 0 <y < 7/3}.
5 D={(z,y) ER* 0 <z < 400, 0 <y <7}

6. D={(z,y) €R?*} —co<x<0,0<y<2r}

Find the images of the following regions under the given mapping.
7.D:{(xy)eRQ'0<:E<7T,0<y<+oo}, w = e*
8. D ={(x,
9.D:{(33y)€]R2 0<z <400, 0<y<7/6}, w = e*.
10. D ={(z,y) €R*} 0 <z < 7/2, —00 < y < 0}, w = e?*.

Map the region D of the z-plane onto the region G of the w-plane.

11. D= {(z,y) e R% 0 <z < +o0, 0 <y < 7/2},
G ={w; |w| <1, Sw > 0}.

y) ERY —co <2 <0, 0 <y <m/2}, w=e “+2.

12. D ={(z,y) ER? —co <z < o0, x <y <z+1},
G = {w; Sw > 0}.

13. D={(z,y) eR} 0 <z <7/3, —0 <y< 4},
G = {w; Sw >0, Rw > 0}.

14. D = {(x,y) € R%; —co < z < +00, 0 < y < +00},
G ={w; Rw >0, 0 < Sw < 7/2}.
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Find the images of the following regions under the mapping w = Log z.
15. D={z; 0 < Argz < 7/2}.
16. D ={z; |z| <e, 0 < Argz < 7/4}.
17. D={z; 1< |2| <2, 0 < Argz < 7}.

18. D ={z; 2 < |z| <4, with the cut along the segment [2,4]}.

Find the images of the following regions under the given mapping. (Hint:
Consider each problem as a composite mapping.)

19. D={z; 1< |z| <2, 0 < Argz < 7/2}, w = Logz +2+1.
20. D={z; |z] <1, 0 < Argz < w/4}, w = Log(2?).

21. D ={z; Rz >0, Sz >0}, w = Log(—iz).

22. D ={z; Rz >0, Sz > 0}, w—Log<Z_Z,).
zZ+1

Map the region D of the z-plane onto the region G of the w-plane.

23. D ={z |z| <e, 0 < Argz < 3w/4},
G={w; Rw <1, 0<Sw < 3r/4}.

24. D ={z; Rz >0, Sz > 0},
G ={w; —00 < Rw < +00, 1 < Sw < 7/2+ 1}.

25. D = {z; Rw + Sw > —1},
G={w; 0 < Rw < 1}.

26. D ={z |2| <2, 0 < Argz < w/4},
G={w; 0 < Rw < 400, 0 < Sw < 1}.

2.8. Mapping by Joukowsky’s function

2.8.1. Joukowsky’s function. Joukowsky’s function has the form

1
w= g (z + —) , a = constant. (2.8.1)
z

, a 1
v 2( z2)

only if z = +1, then the mapping (2.8.1) is conformal in any region not
containing the points z = +1.

Since
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Letting z = 7e? and separating the real and imaginary parts of (2.8.1),
we have

Y
2 r

_g|:< 1>Cosﬁ+i(r—l)sinoj|
2 r r

= u+

Thus
a 1 a 1 .
u=g (r + ;) cos ), v=3 (T - ;) sin 6. (2.8.2)

Let us find the image of the circle |z| = R. Letting r = R in (2.8.2),
we get

a 1 a 1 .
u = 5 (R+ E) (30597 = 5 (R — E) sm9, (283)
and eliminating 6 we obtain
2 2

u v

- 7+ - s =1, (2.8.4)
T(R+7) T (R-3)

that is, the circle |z] = R is mapped onto the ellipse with semi-axes

a 1 ~ 1
a= — R — b:
“ 2< +R)’

a
- R——=]|.
2

The coordinates of the foci of the ellipse are

R
c=+\/a% - b = +a, (2.8.6)

that is, the ellipses (2.8.4) are confocal with foci at the points +a.
We consider the two cases: R > 1 and R < 1.

(2.8.5)

(a) The case R > 1. In this case, the points z = %1 are located
inside the disk |z] < R and therefore the mapping is conformal in the
region |z| > R.

Let us find the image of the region |z] > R if R > 1 (see Fig 2.46). We
first find the images of the points A, B and C on the boundary of the disk
by using formulae (2.8.3):

A=Re™ — A = (—

B=Re'™/? — B, = (0,

(1)), esn

a
2
a
2
_pi0 _(a i
C=Re »—>Cl—(2 (R-l—R),O).
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G

N
>

B
Bl

R
A/// C M/z/ﬂ
-1 0 —a 0

FIGURE 2.46. Mapping of the region |z| > R > 1 by
Joukowsky’s function: the upper (lower) half-plane out-
side the disk is mapped onto the upper (lower) half-plane
outside the ellipse.

-1 1 X —a 0 a u

a
\ |/

FIGURE 2.47. Mapping of the exterior of the unit disk
onto the complex plane with a cut by Joukowsky’s func-
tion.

Since R — (1/R) > 0 if R > 1, then the point Bj is located in the upper
part of the ellipse. Therefore, going once along the circle is the same as
going once along the ellipse, as shown in Fig 2.46. Hence the exterior of
the disk is mapped onto the exterior of the ellipse.

If R — 1, it follows from (2.8.5) that

a—a, b—0, (2.8.8)

so that the ellipse degenerates into a cut joining the foci w = —a and
w = a (see Fig 2.47). Hence the region |z| > 1 is a fundamental region of
Joukowsky’s function.

(b) The case R < 1. In this case, the points z = +1 are located
outside the disk |z| < R, and therefore the mapping is conformal in the
region |z| < R.

To find the image of the region |2| < R < 1 (see Fig 2.48) we use the
images of the points A, B and C (formulae (2.8.7)). The difference with
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rAnAEY an N
S —

FIGURE 2.48. Mapping of the interior of the disk |z| <
R < 1 onto the exterior of the ellipse by Joukowsky’s func-
tion.

4&/1 x _a 0 a u

FIGURE 2.49. Mapping of the closed disk |z| < 1 by
Joukowsky’s function.

the case (a) is that R — (1/R) < 0 if R < 1, and therefore the point By
is located in the lower part of the ellipse, that is, the directions along the
circle and the ellipse in Fig 2.48 are opposite to each other. Hence the
interior of the disk |z| < R is mapped onto the exterior of the ellipse, where
the lower half-disk is mapped onto the upper part of the half-plane outside
the ellipse, but the upper half-disk is mapped onto the lower part of the
half-plane outside the ellipse (see Fig 2.48).

If R — 1, the ellipse, as in the case (a), degenerates into a cut joining
the points —a and a (see Fig 2.47), but the upper semicircle ABC, in this
case, is mapped onto the lower part of the cut while the lower semicircle is
mapped onto the upper part of the cut (see Fig 2.49).

2.8.2. Examples of Joukowsky’s mapping. Joukowsky’s mapping
will be illustrated by means of examples.

EXAMPLE 2.8.1. Map the open disk |z| < 1 with two cuts along the
segments [1/2,1] and [—1, —1/2] of the real azis as shown in Fig 2.50, onto
the upper half-plane Sw > 0.
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y Y
B
f 1
A C
-1 10 1 1 X
2 2 0
-3 _1]1 3 u
313

FIGURE 2.50. The initial and final regions under the map-
ping in Example 2.8.1.

o=

(a) (b)

FIGURE 2.51. Intermediate regions under the mapping in Example 2.8.1.

SOLUTION. Since Joukowsky’s function

wy = % (z + %) (2.8.9)

maps the disk |z| < 1 onto the wy-complex plane with a cut from w; = —1
to wy = 1, then the endpoints of the cuts are sent to the points

) 5

z=—1/2 " g’ wl‘z:l/Q — wl‘z:l =1

’w1’ —1, wl‘

z=—1 =

Hence the cuts in the disk are mapped into the cuts in the wi-plane joining
the points —5/4 and —1 and the points 1 and 5/4. These cuts are contin-
uations to the left and to the right of the cut joining the points —1 and 1
(see Fig 2.51(a)).
Next, we map the point —5/4 to 0 and the point 5/4 to oo by the linear
fractional transformation
w1 + %

wy = (2.8.10)

5 :
e
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VZ v
B c
1 1 1
40 4 Uy -1 0 1 u
75 5
A D
(a) (b)

FIGURE 2.52. Intermediate and final regions under the
mapping in Example 2.8.2.

In order to determine the direction of the cut we compute the images of
the points w; = F1:
1

w2|w1:—1 = §’ w2|w1:1 =9

Hence the cut goes to the right along the positive real axis (see Fig 2.51(b)).
We map the region in Fig 2.51(b) onto the upper half-plane Sw > 0:

wy + 3
W = /Wy = 5
1~ "

(2.8.11)

The desired mapping is given by (2.8.11). The lower semicircle is mapped
onto the segment (1/3,3) of the u-axis (see Fig 2.50). The upper semicircle
is mapped onto the segment (—3,—1/3) of the w-axis. The right cut is
mapped onto the segment (3, 4+00). Finally, the left cut is mapped onto the
segment (—oo, —3). O

EXAMPLE 2.8.2. Map the disk with the two cuts shown in Fig 2.50 of
Ezample 2.8.1 onto the disk |w| < 1 without cuts, that is “straighten the
cuts.”

SOLUTION. As in Example 2.8.1, we use Joukowsky’s function (2.8.9)
and get the region shown in Fig 2.51(a). Next, we map the cut in Fig 2.51(a)
onto the cut joining the points —1 and 1 by the linear transformation (see
Fig 2.52(a)):

W2 = - W1.

5
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VZ v
i / 1

—a _Jo 4 U \J u
(a) (b)

FI1GURE 2.53. The initial and final regions in Example 2.8.3.

Finally, we use the fact that the function inverse to Joukowsky’s func-

tion (2.8.9),
w=wy+/wi—1
2
2 1y, 18 g 1y
5 2 25 7 4 z ’

maps the we-plane with a cut from wy = —1 to we = 1 onto the region
|w| <1 (see Fig 2.49, where the roles of the z- and the w-planes have to
be interchanged). We find the images of the different parts of the cut in
Fig 2.52(a):

(2.8.12)

4 3 4 3

W]y ays = —5Egh W]y ays = T
Hence the left cut in Fig 2.50 is mapped onto the arc AB in Fig 2.52(b),
where A = (—4/5,-3/5) and B = (—4/5,3/5). The right cut in Fig 2.50
is mapped onto the arc CD, where C = (4/5,3/5) and D = (4/5,—-3/5).
The upper and lower semicircles in Fig 2.50 are mapped onto the arcs AD
and BC, respectively. The desired mapping is given by (2.8.12). O

EXAMPLE 2.8.3. Map the exterior of the cross shown in Fig 2.53 onto
the exterior of the unit disk.

SOLUTION. Since the function

w =22 +1 (2.8.13)

maps the upper half-plane with a cut joining the points z = 0 and z =i
onto the upper half-plane Sw > 0 without the cut (see Example 2.6.6 and
Fig 2.35), then points z = —a and z = a are mapped by (2.8.13) into
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(a) (b)

FIGURE 2.54. Initial and intermediate regions under the
mapping in Example 2.8.3.

the points —va? + 1 and Va® + 1, respectively (see Fig 2.54). In fact, if
z = —a=¢e""a, then
2241 = g2 e2mi g 2mi
=e*(a® + 1)
and

\/z2+1| =e™\a2+1

=—Va2+1,

where we have taken the branch of va2 + 1 for which /1 = 1.

By the symmetry principle, the lower half-plane, 3z < 0, with a cut
from the point z = 0 to the point z = —i is mapped onto the region
Swy < 0 by the function (2.8.13). Hence the function (2.8.13) maps the
cross in Fig 2.53(a) onto the cut shown in Fig 2.55(a).

zZ=—a

Y1

(@ (b)

FI1GURE 2.55. Intermediate regions under the mapping in Example 2.8.3.
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n argw; =0
arg w; =27 / 2
v I @vﬁ: 47 arg w@
0 T z . 2
N 2 é] S,
arg wy =47

arg wi= 21 argw=0
arg wy =21

FIGURE 2.56. Two-sheeted Riemann surface of the map-
ping (1 = & +im = 2°.

The remaining mappings are elementary:
w1

Wy = ———— see Fig 2.55(b
2= (see Fig255(1))
and
w=wy+/wi—1
22+1 22+1
= v + 5 -1 (2.8.14)
va?z+1 a®+1
1
=——(V22+1+ 22—a2),
va?z+1 (\/ v
which is the desired mapping. O

NOTE 2.8.1. One can raise the question:“Why does (2.8.12) map a
given domain onto the interior of the unit disk |w| < 1 in Example 2.8.2
and onto the exterior of the same disk in Example 2.8.37” The answer is
that (2.8.12) defines a function with two branches, one branch mapping
onto the domain |w| < 1 and the other onto the domain |w| > 1.

NOTE 2.8.2. In the previous Example 2.8.3, in considering the mapping
w1 = V22 + 1 as a sequence of the three intermediate mappings,

2 Q=2 G=0+1— (=1,
one needs to consider the Riemann surface of the mapping ¢ = 22 whose
fundamental regions are the upper and lower half-planes,

Sz >0 and Sz < 0.

In the first step, (1 = 22 maps the whole z-plane with a cut in the form
of a cross, shown in Fig 2.53(a). This map is possible only if the (;-plane
consists of a two-sheeted Riemann surface (see Fig 2.56). The upper half-
plane Sz > 0 with the cut from z = 0 to z = i is mapped on the first sheet,
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y v
AL C
0 EB T X u
D| |E

FIGURE 2.57. Mapping of the strip by the function w = cos z.

where 0 < arg(y; < 2m. The lower half-plane 3z < 0 with the cut from
z =0 to z = —i is mapped on the second sheet, where 27 < arg (; < 4.

The second mapping, (5 = (3 + 1, shifts both sheets of the Riemann
surface shown in Fig 2.56 to the right by 1.

The third mapping, (3 = /{2, sends the first and second sheets of
the Riemann surface of Fig 2.55(a) onto the upper and lower half-planes,
respectively, so that the regions in Fig 2.56 are mapped onto the whole
complex plane in Fig 2.55(a) with a cut along the real axis from —oo to
+00. In particular, the exterior of the circle in Fig 2.53(b) is mapped onto
the region in Fig 2.55(a) with a cut from —va? + 1 to v/a? + 1 along the
real axis.

2.9. Mapping by trigonometric functions

Each trigonometric function can be represented as a composition of the
exponential and Joukowsky’s functions. For example,

. 1 . i
w=sinz = % (e“ —e “)

_1 w -i-i
_2 ! w1 ’

where w; = €%*/i. Therefore we consider only the mapping by the function

w = cosz = cos (T + 1y
( o ) i (2.9.1)
= cosx coshy — i sinx sinh y.

It follows from (2.9.1) that
u = cos x cosh y
(2.9.2)

v = —sinzsinhy.

Let us find the image of the upper semi-strip bounded by the sides A, B,
and C shown in Fig 2.57 under the mapping (2.9.2):
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A={z=0,0<y< +oo} = A ={u=coshy, v=0, 0<y < +oo},
B={y=0,0<z<7} =B ={u=cosz,v=0,0<z<n},
C={z=m 0<y<+o0}=C"={u=—coshy, v=0, 0<y < +oo}.

Since the upper semi-strip lies on our left as we traverse the sides A,
B, C, then, if we go along A’, B’ and C’, the region Sw < 0 also lies on
the left. This means that the upper semi-strip is mapped onto the lower
half-plane Sw < 0.

Let us find the image of the lower semi-strip D, B, E, shown in Fig 2.57,
under the same mapping:

D={r=0, —co<y <0} = D' ={u=coshy, v=0, —00o <y <0},
B={y=0,0<z<nw} =B ={u=cosz,v=0,0<z<7}
E={r=n —0c0<y<0}=F ={u=—coshy, v=0, —0o <y <0}

Since the half-lines D’ and E’ are mapped onto the same segments (1, +00)
and (—oo, —1) of the u-axis in the w-plane as the lines A" and C”, then one
has to cut the u-axis along these segments and consider that the sides A’
and C’ are attached to the lower parts of these cuts while the sides D’ and
E’ are attached to the upper parts of the cuts. If we compare the directions
of the sides D, B, E and D', B, E’, it will be clear that the lower semi-strip
is mapped onto the upper half-plane. Hence the strip

S={0<z<m —c0o<y<+o0}

is mapped onto the whole complex w-plane with two cuts. Therefore S is
a fundamental region of the function w = cosz. The other fundamental
regions are the strips

kr <ax < (k+ 1), —00 < Yy < 400, k=0,+1,4£2,....

We show that each straight line, x = xq, in the strip S is mapped into
one of the branches of a hyperbola. Letting = x in (2.9.2) we obtain the
parametric equations of a hyperbola,

u = coshycosxg, 0 <zp <,
. . (2.9.3)
v = — sinh y sin xg, —o00 <y < +o00,
which, rewritten in Cartesian coordinates, becomes
2 2
u v
=1. (2.9.4)

cos2zy  sin? z
If 0 < zy < /2, it follows from (2.9.3) that u > 0, that is, (2.9.3) describes
the right branch of the hyperbola, while in the case 7/2 < xy < 7, we have
u < 0, so that (2.9.3) describes the left branch of the hyperbola. The points
u = %1 are the foci of the hyperbolae (2.9.4).
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We show that each straight segment y = yo in the strip S is mapped
into the lower or upper part of the ellipse that is confocal with the hyperbola
(2.9.4). Letting y = yo in (2.9.2), we obtain the parametric equations of an
ellipse,

u = coshygcosz, 0<zx<m,
. . (2.9.5)
v = —sinh yp sinz, —o0 < yo < +00,
which, rewritten in Cartesian coordinates, becomes
2 2
U v
1. (2.9.6)

+ = =
cosh? g sinhyg

If yo > 0, it follows from (2.9.5) that v < 0, that is, (2.9.5) describes the

lower part of the ellipse, but if yo < 0, then v > 0, so that (2.9.5) describes

the upper part of the ellipse. The points u = +1 are the foci of the ellipse

(2.9.6), that is, this ellipse is confocal with the hyperbola (2.9.4).

Exercises for Sections 2.8 and 2.9

Find the image of the following domain D under the mapping w =

N =
R
I\
+
[SEN=
~~_

D = {z; |z| < 1}.
D ={z |z| > 1}.
D ={z; Sz > 0}.
D ={z |z| <1, Sz > 0}.
D={z R<|z] <1, Sz >0}.
6. D={z 1<|z| <R, Sz>0}.
Find the image of the given region under the given mapping.

A o

7. D={z 0< Rz < 7/2, Sz > 0}, w = sin z.
8. D={z 0<Rz<7/2, Sz >0}, W = COS Z.
9. D={z; 0< Rz <7, —00 < §z < 00}, w = CoSs 2.
10. D={z; 0 <Rz <7, —00 < Jz < +o0}, w = sin z.

11. D={z; 0 < Rz < 7/2, 0 < ¥z < 7/2}, W = COS 2.
12. D={z; 0 < Rz < 7/2, 0 < ¥z < 7/2}, w = sin z.
Map the region D of the z-plane onto the region G of the w-plane.
13. D={z; 0 <Rz < 7, Jz <0}, G = {w; Sw > 0}.
14. D={z; Rz>0, 0 < Sz < 7/2}, G = {w; Sw > 0}.
15. D={z; Rz <2, 0<Jz <1}, G = {w; Sw > 0}.
16. D={z |z—1|>1, |z—3| > 1, Sz > 0}, G = {w; Sw > 0}.



CHAPTER 3

Complex Integration and Cauchy’s Theorem

3.1. Paths in the complex plane

The integration of a function of a complex variable is done along a
path in the complex plane as shown in Fig 3.1. For this purpose, we define
piecewise differentiable paths and related terminology.

DEFINITION 3.1.1. Let I = [a, 8], where o < 3, be a closed interval in
R. A path C is given by a continuous mapping,

v:1—C,

which is piecewise continuously differentiable; that is, 7/(¢) is piecewise
continuous and

A(t) = (@) + / ¥ (s) ds.

As t varies from « to 3, the point y(¢) describes a curve or contour
or trajectory y(I) in C. At the points y(¢) where /(¢) is continuous and
nonzero, the trajectory has a tangent in the direction v'(t) € C. The points
t where 7/(t) is discontinuous but has both left and right nonzero limits are
called angular points (see Fig 3.2).

V()
( Y®)

O X

FIGURE 3.1. A path C of integration from v(a) to v(3)
in the complex z-plane.

109
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y C

V() 7'
Y

o t B 0 X

FIGURE 3.2. A path in the complex plane.

REMARK 3.1.1. A path C can have multiple points, that is, v(t1) =
~(t2) for some t1 # to (see Fig 3.2). Every point of a path can be a multiple
point, as will be illustrated in the following example.

EXAMPLE 3.1.1. Consider the path C given by the continuous mapping
~v:10,1] — C defined by

t — e2mt v eR, v #0.

One sees that y(I) is a subset of the unit circle. However, if v = n is a
positive integer, the unit circle is traversed n times.

EXAMPLE 3.1.2. Consider the path given by the mapping v : [0,2] — C
defined by

c(l—t)+dt, 0<t<1,
v(t) =
d2—t) —c(l—1t), 1<t<2.

One sees that the path C' is the segment with endpoints ¢ and d, traversed
from ¢ to d and from d to c. One also sees that t =1 is a point of discon-
tinuity of ~y'.

It is important to distinguish between a path C' given by ~ and the
corresponding curve v(I) which is the pointset covered by C. In fact, a
path is a parametrized curve and the parametrization is as important as
the curve itself.

We have the following terminology.

DEFINITION 3.1.2.

(a) A path C given by + is contained in an open set D if v(I) C D.

(b) If I = [a, f], then y(a) and y(5) are the initial and terminal points
of C.

(c) Cis a closed path if v(a) = v(5).
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(d) If the paths C; and Cs are given by 71 : [a, 5] — C and 7o :
[€,n] — C, respectively, such that v1(8) = 72(£), then the path
C = C1 + (5 is the juztaposition of C7 and Cs defined as follows:
yilun+6-€ —C,
where
() = {71@), for a <t <8,
Yt —B+¢E), forp<t<n+p-E.
(e) Given a path C, the opposite path, denoted by —C, is given by
—(t) =y(a+ 8 -1),
which traverses C' in the opposite direction.

We remark that any path C given by 7 : [a, ] — C is the juxtaposition
of its restrictions C; and Cs; that is, for a < & <,

’71:[0475]_)(:7 72[5777]—>(C

Every closed path is the juxtaposition of two paths in an infinite number
of ways.

DEFINITION 3.1.3. A simple closed curve is a curve whose only double
points are its initial and terminal points.

We state without proof the following theorem.

THEOREM 3.1.1 (Jordan Curve Theorem). Let C' be a simple closed
curve in C. Then C\ C has exactly two connected components, one bounded
and the other unbounded.

3.2. Complex line integrals

3.2.1. Definition of the complex line integral. Let C' be a path
given by 7 : [a, 8] — C and f a complex-valued function which is continuous
on the curve (7). Then the composite function I : [a, 5] — C defined by

t—= f(y()Y' ()
is piecewise continuous on [, 5]. Therefore its integral is defined.
DEFINITION 3.2.1. The complex number
B
L= [ rampoa (3.2.1)
is called the integral of f along the path C.

Path or line integrals depend not only on the curve v(I) but also on
the parametrization of C.
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FiGURE 3.3. Equivalent paths in the complex plane.

EXAMPLE 3.2.1. Let Cj be the paths given by the continuous mappings
Yk : [0,1] — C defined by

t s 2Tkt ke Z.

Given the function f(z) = 1/z, we have the path integral

1 1
1 )
f(z)dz= / ——— (2mik e>™*?) dt = 2mik / dt = 2mik.
Ch o € 0

It is seen that the value of the integral depends upon the number of times
the path traverses the unit circle.

Two paths, C; and Cs given by 71 : [o, 8] — C and 72 : [¢,d] — C,
respectively, are said to be equivalent if there exists a strictly increasing

bijection ¢ : [, 8] — [@, 3] (see Fig 3.3) which is continuous and piecewise
continuously differentiable together with its inverse ¢!, such that

() =ropt) = 1(t),  telxm
The following useful invariance theorem holds for integrals along equiv-
alent paths.

THEOREM 3.2.1. Let Cy and Cs be two equivalent paths. Then
f(z)dz= f(z)dz. (3.2.2)
Cl CQ

PROOF. Letting ¢ denote the bijection between the two paths and
applying the definitions, we have

B
f(z)dz = / ()7 (t) dt
Cq @
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B
- / £ (2 0 0(6) 7% () ' (1)t
d
- / flon) e (u= 1))

= f(z)dz. O
Ca

3.2.2. Properties of the line integral. We establish a few basic
properties of complex line integrals, where the path C' is given by the map-
ping 7 : [a, f] — C such that ¢ — ().

(a) Direction dependence.

/70 f(z)dz= —/Cf(z) dz, (3.2.3)

where, by part (e) of Definition 3.1.2, the opposite path —C' is given by
¥ =—v:la, 0] — C defined by t — v(a + 8 —t). This property is derived
as follows:

B
/ f(2)dz = / £ G (t) dty
—-C oY
163
- / Flyo+ B —0) [~ (a+5—t)dt
= /ba f(v(w)y (u) du (putting u = a+ 3 —t)
163
_ / £ (3(w)) () du
= —/ f(2)d-=.
C

(b) Additivity. If the path C is the juxtaposition of the paths C; and
C5, as shown in Fig 3.4, then

/ f(z)dz = f(z)dz+ [ f(2)dz. (3.2.4)
C C Ca

(¢) Linearity.

/C[af(z)—i—bg(z)] dz:a/cf(z) dz—i—b/cg(z) dz. (3.2.5)
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G

FIGURE 3.4. Additivity of the line integral.

(d) Integral of a constant. If f(z) =1, then

B8
[ tz= [ v®d =26 - (3.2.6)
C o

(e) Upper bound for the modulus of an integral. If
lf(2)| < M, forall ze€~(I), (3.2.7)

/C f(2)dz

where L is the length of C.
To prove (e), we use the inequality

/ ") dt‘ </ (o),

where it is assumed that the function w : [, 3] — C is piecewise continuous.
If

then
s
< M/ |/ (t)| dt = ML, (3.2.8)

the inequality is obvious. Otherwise,

B ,
/ w(t)dt = rge'?°,
«

whence
s
ro = e "ow(t)dt
«

=R (/j e~ Pou(t) dt)
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B ,
:/ R (e~ "#ow(t)) dt
[e3

< /j le™ow(t)| dt
-/ (o) dt.

REMARK 3.2.1. Other types of complex line integrals have been defined.
In the language of differential geometry, one can define integrals of 0- and
1-forms along a curve C' on a two-dimensional manifold.

Let C be a smooth curve given by the equation

z = (t), a<t<p.

If f(z) is a O-form, that is, a smooth function defined on C, the line
integral of f along C is

/fds—/f ) |dz| = /f ()] dt. (3.2.9)

This integral is independent of the parametrization of the curve C. In the
Russian mathematical literature, a line integral of a function is called an
integral of the first kind.

A line integral of the second kind along C' is the integral of a 1-form,
that is, the integral of a vector field along the curve. Integral of 1-forms
can be expressed by the formula

/ a-ds, (3.2.10)
c

where a is a vector and ds is a differential element tangent to the curve.
Our definition of integral (3.2.1) is an integral of the second kind, as can be
seen from the following formulation (3.2.12). The sign of an integral of the
second kind depends upon the direction along which the curve is traversed,
as shown in property (c).

NOTE 3.2.1. The upper bound (3.2.8) can be sharpened by using the
definition (3.2.9). In this case, we obtain the estimate

'/ fe)de| < [ 1rl1ae = [ 17 as (3:2.11)

where ds is the differential of an arc on C' and the integral on the right-hand
side of (3.2.11) is the line integral of a real positive function along C.




116 3. COMPLEX INTEGRATION AND CAUCHY’S THEOREM

3.2.3. Integration methods. Separating the real and the imaginary
parts of a line integral, we obtain two real integrals,

/C F(2)dz = /C fu(z, ) dz — vz, ) dy]

-I—i/[v(x,y) dx + u(z,y) dy]. (3.2.12)
C

Therefore the complex line integral of the function f(z) = u(z,y) + iv(z,y)
of a complex variable exists simultaneously with the real line integrals of the
real functions u(z,y) and v(z,y). These line integrals exist, for example,
if the curve C' is piecewise smooth and the functions u and v are piecewise
continuous on C.

Note that the line integrals in (3.2.12) can be reduced to definite inte-
grals. We consider two such cases.

(1) If the path C is given by the parametric equations

r = xz(t), y=1y(t), a<t<p,

so that @ = z(a) +iy(«) and b = z(8) +iy(0), and f(z) is piecewise smooth
on C then

B
/ f(z)dz = / {u(az(t), y(@)2'(t) — v(z(t),y(t)y'(t)} dt
C a
B
+ Z/ {v(z(t),y(t) 2 (t) + u(a(t), y(t))y'(t) } dt. (3.2.13)

(2) If the path C is given by the equation y = y(z) on o < 2 < 8 and
f(z) is piecewise smooth on C, then

B
/ f(z)dz :/ {u(z,y(2)) —v(z,y(x)y'(z)} dv
C «
B
—l—i/ {v(z,y(@)) +u(z,y(z)y'(z)} dz. (3.2.14)

EXAMPLE 3.2.2. For each of the following curves C with initial and
terminal points (0,0) and (1,1), respectively, as shown in Fig 3.5, compute
the line integral

L= zde= [ (x—iy)(da +idy)
L=,

(3.2.15)
:/(xdx+ydy)+i/(—yd$+$dy)a
C C

where
(a) C is a segment of the straight line y = x,



3.2. COMPLEX LINE INTEGRALS 117

0 1 X

FIGURE 3.5. Paths of integration (a), (b) and (¢) in Ex-
amples 3.2.2 and 3.2.3

(b) C is a part of the parabola y = z2,
(c) C is the polygonal line OAB.

SoLuTION. (a) If y = 2z on 0 < = < 1, then dy = dz and formula
(3.2.15) gives

21

1 1
I1:/ (:Ed;v—i—:bd:t)—i—i/ (—.’L’d.’L‘—f—{L‘d{L'):Qx_ — 1.
0 0

21y

(b) If y =22 on 0 < & < 1, then dy = 2z dx and we have

1 1
Ilz/ (xdx+x2><2xdx)+i/ (—x? dx + 2 x 22 dx)
0 0

_ (_+2_) +(—_+2_)
2 4 0 3 3 o
(c) Integrating along the polygonal line OAB, we obtain

11:/ Zdz:/ Zdz—l—/ zZdz.
OAB 0A AB

On the line segment OA, we have y =0, dy =0, 0 < x < 1, so that

1 1

1

/ Edz:/ xda:+i/(—0d:1:+x><0):—.
04 0 0 2

On the line segment AB, we have x =1, dx =0, 0 < y < 1, hence

1 1
1

/ Edz:/(1><O+ydy)+i/[(—y)><0+1><dy]:—+i.
AB 0 0 2

Therefore
Ilz(/ +/ )zdz=1+i. O
0A AB

As can be seen from this example, the value of the integral depends on
the path joining the points (0,0) and (1,1).

1
1

=1+ 1.
+3z
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EXAMPLE 3.2.3. For the three paths, (a), (b) and (c), joining the points
(0,0) and (1,1), given in the previous example and shown in Fig 3.5, com-
pute the integral

L, = / 2dz = / (2% — y? + 2izy) (dx + idy)
C C

= / (2% — y?) dx — 2zy dy] + z/ [2zy dx + (22 — y?) dy]. (3.2.16)
C C
SoLUTION. (a) If y =2 on 0 < 2z < 1, then formula (3.2.16) gives

1 1
A:i/[@3—x%dx—2x%my+{/[zﬁdx+0xdﬂ
0 0

31

Nl ! 2. 2,
=—-2— 7 =——+ -
3], 3], 3 3

(b) If y =22 on 0 < z < 1, then formula (3.2.16) gives

23

1
I, :/ [(2? — 2%) dz — 22 x 2% x 22 dz]
0

1

1
—|—i/ 2z x 22 dz + (2% — 2*)2x dx]
0
2 2
=-24Z25

1
= x—g—:zr5 + 4 3:4—3:—6
3 0 3/ 3 3

(c) Integrating along the polygonal line segment O AB, we obtain

Igz/ szz:/ 22d2+/ 22 dz.
OAB OA AB

On the line segment OA, we have from (3.2.16) that

! 1
/ szz:/ 22dr = =.
0A 0 3

On the line AB, x =1,dx =0, 0 <y <1, so that
1 1
/ z2dz=/(—2><1><y)dy+i/(1—y2)dy
AB 0 0
1 3 1
Y
69
0 3

2
=—-14+-i.
+32

2 2
IQ—</ +/ >22dz————|——i. O
oA JaB 3 3

= —y2

0

Hence
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In this example the value of the integral I5 is independent of the path
of integration.

The following question arises: why does I; depend on the path of in-
tegration joining the end points of the curve C in Example 3.2.2, while,
in Example 3.2.3, I does not depend on this path? This question will be
answered by Cauchy’s Theorem, considered in the next section.

3.2.4. Complex line integral of non-parametric curve. In this
subsection we give a definition of the integral of a function f(z) along a
curve C in non-parametric form (see, for example, [20], p. 15 and [44],
p. 92). This definition may be useful for numerical integration.

A curve is said to be rectifiable, or of bounded variation, if it is of finite
length.

Suppose that C' is a rectifiable curve in the complex plane, with initial
and terminal points a and b, respectively, and let w = f(z) be a continuous
function defined on C (see Figure 3.6). We subdivide C into n arcs, v,

Y G, Ziel

FIGURE 3.6. Partition of the curve C.

k=0,1,...,n — 1, by means of n — 1 succesive points, z1,2a,...,2Zn—1,
chosen arbitrarily, and set zgp = a and z, = b. On each arc 7, joining zj; to
Zp+1 we choose an arbitrary point (x = (£, mx) € Y and form the integral
sum

n—1

Sn =Y F(C) Az, (3.2.17)
k=0

where Ap = 211 — 2k.

DEFINITION 3.2.2. Given a rectifiable curve C in C and a continuous
function f(z) defined on C, if the integral sum (3.2.17) converges to a finite
limit as max|Az;| — 0 independently of any particular subdivision of C
and of the choice of the points (, then this limit is called the complex line
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integral of f on C' and is denoted by

/ f(z)dz = lim 2f(<k)Azk. (3.2.18)
¢ k=0

max |Azy|—0

We note that the length, L, of a rectifiable curve C is given by the

integral
n—1
L:/ = dim S |As,
¢ %%=0

max |Azy|—

THEOREM 3.2.2 (existence of line integrals). If the curve C' is piecewise
smooth and the function f(z) is piecewise continuous on C with a finite
number of finite jumps, then the line integral (3.2.18) exits.

The properties of line integrals for parametric curves listed in Subsec-
tion 3.2.2 also holds for the line integral (3.2.18). Moreover, the integral
(3.2.18) of a complex-valued function f(z) can be expressed in terms of
integrals of real functions of two real variables in the form (3.2.12).

Exercises for Section 3.2

Integrate / Zdz along:
1. Thce line segment joining the point z = 144 to the point z = 34 21.
2. The semicircle |z| =2, 0 < Arg z < 7, with initial point z = 2.
3. The parabola y = z2 joining the point z = 0 to the point z = 1 +3.
4.

The polygonal line through the points z = 0, z = 2 and z = 2+ 21,
with initial point z = 0.

5. The circle |z — 1| = 1 taken counterclockwise.
Integrate / |z|*dz along each of the following curves joining the point
c

z = 0 to the point z = 2 + 2.

6. y==x.

7.y =a?/2.

8. x=y2/2.

9. The polygonal line through the points z = 0, z = 2 and z = 2424,

with initial point z = 0.

10. The polygonal line through the points z =0, 2 = 2 and z = 2+ 24,
with initial point z = 0.

Evaluate / f(2) dz for each given pair f and C.
c
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11. f(z)zzlgl, C:z=1+(1+i)t, 0<t<L.

12. f(z)=z2, C:z=¢% 0<t<m.

13. f(2) = |2|*, C: |z|=4, 0<argz<2mT.

14. f(2) = 2*Rz, C:z=1+2+i)t, 0<t<1.

15. f(2) = (S2)?, C:z=¢" —m/2<t<7/2.

16. f(z) =z, C:z=2¢et 0<t<m.

17. f(z) = Arg z, C:|z|=R, 0<argz<m.

18. f(z) = z|z|, C': |z —i| =1, taken counterclockwise.

19. f(2) = LO§2 Z, C : the line segment joining the point z = 1
to the point z = 2 4 1.

20. f(z) = zcosz, C: thearc z =it with 0 <t <.

Use the M L-inequality to obtain an upper bound for the following integrals,
where M is an upper bound for the modulus of the integrand and L is the
length of the curve of integration.

1
21./7,([2’, where C': |z —1+1| = 2.
c?Z—141

22. / [(2414)22 + 3iz] dz, where C' : |z]| = 1.
c

1
23. /Cmdz, where C': |z| =2, 0<Argz <w/4.

-1
24. / c dz, where C': |z] =1, 0<Argz <.
C z

25. Find an upper bound for the integral / u(z)/2?dz, where Cr is the
R
circle |z] = R, and u(z) is a continuous function which is bounded for all

z. Find lim/ u(z) /2% dz.
R—oo Cr

1
26. Find an upper bound for the integral / — Log z dz, where C is the
Cr *

1
semicircle |z] = R, 0 < Argz < 7. Find R}im — Log zdz.
— 00 Cr z

3.3. Cauchy’s Theorem

Cauchy’s Theorem is one of the fundamental theorems in complex anal-
ysis.
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3.3.1. Cauchy’s Theorem for simply connected domains. Since
the sign of a line integral depends on the direction of integration along
the closed path C', the positive direction along C will be the direction for
which the interior region, R, lies on our left as we traverse the curve. The
other direction is the negative direction. If a closed path C' is simple, then
the positive and negative directions of C, corresponding to the bounded
domain enclosed by C, may be said to be counterclockwise and clockwise,
respectively.

On occasions, positively and negatively oriented closed paths will be
denoted by C* and C~, respectively. Thus, when necessary, integration in
the positive and negative directions will be denoted by

f(z)dz and f(z)dz,
c+ c-

respectively (see Fig 3.7).
We shall use the following auxiliary theorem from the theory of real
line integrals.

(a) b)

FIGURE 3.7. (a) Positive and (b) negative directions of
integration along C'.
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THEOREM 3.3.1 (Green’s formula). Given that the real-valued functions
P(z,y) and Q(z,y) and their partial derivatives Q and P, are continuous
in a closed simply connected region, D, bounded by a closed path C, then

j{ (xy)da:—l—Qxydy—// <‘9Q 8P>d dy. (3.3.1)

Formula (3.3.1) is known as Green’s Theorem (see [35], p. 407).

We now state and prove the main theorem of this chapter under the
condition that the derivative of an analytic function is continuous. How-
ever, this continuity assumption on f’(z) will be removed by Goursat’s
Theorem 3.5.1 in Section 3.5.

THEOREM 3.3.2. (CAUCHY’S THEOREM FOR SIMPLY CONNECTED DO-
MAINS). If f(z) is analytic in a simply connected domain D and f'(z) is

continuous in D, then
7{ f(z)dz =0, (3.3.2)
c

where C' is any closed path lying entirely in D.

PRrROOF. Using (3.2.12), we express the left-hand side of (3.3.2) as the
sum of two real integrals:

[ 1= [ futeg) do = ol iy
—i—i/[v(x,y) dx + u(z,y)dy]. (3.3.3)
c

Since f(z) is analytic in D, the Cauchy—Riemann equations,

u_ou o v -
oxr Oy Jy Ox

hold everywhere in D. Moreover, by the continuity of f’(z), the functions

Ug, Uy, Vg and vy, are continuous in the closed region, R, bounded by the

path C. Hence one can apply Green’s formula (3.3.1) and the Cauchy—

Riemann equations (3.3.4) to the two integrals on the right-hand side of

(3.3.3). Therefore

j{ud;c—vdy_// <_@__) da dy
T

(3.3.5)
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Ju Ov
vdr +ud :// (———) dr d
7{0 Y7 ) e \ox " ay) Y
ov Ov
= — — — | dedy =0.
//R(ay 81/) Y

jfcf(z)dz =0. O

and

(3.3.6)

It then follows that

NotE 3.3.1. If a line integral is equal to zero along every closed path
lying in a simply connected domain D, then the value of the integral does
not depend on the path joining any two points in D and lying entirely in
D (see [32], p. 510).

Equivalently, the following corollary can be derived from Cauchy’s The-
orem.

COROLLARY 3.3.1. If f(2) is analytic in a simply connected domain D
then, for any two points zo and z lying in D, the integral

F(z) = / TR0 de (3.3.7)

does not depend on the path, in D, joining zo and z and is a function of
the upper limit z.

In particular, this corollary explains why the integral

/Zdz,
c

in Example 3.2.2, depends on the path of integration since f(z) = Z is not
analytic (the Cauchy—Riemann equations are not satisfied). On the other

hand, the integral
/ 22 dz,
c

in Example 3.2.3, is independent of the path of integration and depends
only on the endpoints 0 and 1 + i of C since f(z) = 2?2 is analytic in the
whole complex plane, and, in this case, the integral can be simply evaluated
as follows:
144 3 (1+i
/szz:/ Pdr =2 :—(1—!—1')3:—24—21'.
c 0 3 3 3 3

0
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THEOREM 3.3.3. If f(z) is defined and continuous in a simply con-
nected domain D and the integral of f(z) along any closed path, lying en-
tirely in D, is equal to zero, then the function

F(z) = /zf(g‘) d¢, 20,2 € D, (3.3.8)

called an indefinite integral, primitive or antiderivative of f(z), is analytic

in D and F'(z) = f(z2).

PRrROOF. Consider the difference quotient

F(z+AAzi—F(Z) _ i[/jwz—/jf@)%

R[5 oo
1

z+ANz
o~ RS

To derive (3.3.9) we have used the additivity property of the integral and
have assumed that both integrals from zgy to z have been computed along
the same arbitrary path. This path can be arbitrary since the integral of
f(2) along any path in D is equal to zero.

By formula (3.2.6), we obtain

z+Nz
/ dl=z+0Nz—2=N,Nz (3.3.10)

for any path lying entirely in D and joining z and z + Az. Then

z+Az
/ F(2)d¢ = F(z)As. (3.3.11)
Using (3.3.9) and (3.3.11) and assuming that z and z + Az are joined by a
straight line segment, we obtain the estimate
F(z+ Az)— F(z) 1 oz
e =g | [ -

< _max [f(C) = f(2)I.

T ¢z 2+ 2]

Since f(¢) is continuous at the point z, then for every ¢ > 0 there exists
§ > 0 such that, if [Az| < §, then
_ <&,
cefiax, (O - f@)<e
and hence r A .
(2 + Azz)«_ () - flz)] <e.
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This last inequality means that the derivative

F(z+Az) - F(z)
AFE) g

exists and is equal to f(z). O

/ o .
Fz) = Aligo

The analog of Newton—Leibniz’ formula,

z

2 f(2) dz = F(z2) — F(21), (3.3.12)

z1
can be derived in a standard way.

Since all elementary functions of a complex variable are analytic in their
domains of definition, then (3.3.12) is valid for all elementary functions over
a simply connected domain.

ExXAMPLE 3.3.1. FEwaluate the integral

SOLUTION. By (3.3.12),

i i
/ 8% g = / Log z d(Log 2)
1 1

z

Log? z R . 2
— -~ (L 171'/2)
2 |, 2( o8e
1/ m\2 w2
=;(3) =-% ©
EXAMPLE 3.3.2. Compute the integral
I = Vzdz, (3.3.13)
|z|=1

where one selects the branch of \/Z for which /1 = 1.

SOLUTION. To choose a branch of the function 1/z we need to cut the
complex plane from z = 0 to z = co. Let us choose a cut along the negative
real semi-axis (see Fig 3.8). Then —7 < Argz < 7, and Ve = /2,

Since the path is |z| = 1, that is, z = ¢ with —7 < § < 7, then z = €%
and dz = ie? df in (3.3.13). Thus

I = / /% do =i / e30/2 4y

—T —T

\]

_ §6i30/2 _ = (esm'/z _ e—sm'/Z) (3.3.14)

w

—T

:—%i;éo.
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y
C
Al—= B|G
A'erJO 1 X

FiGURE 3.8. Closed path of integration in the complex
plane with a cut along the negative real semi-axis for Ex-
ample 3.3.2.

We note that the integral is not equal to zero since the path |z| = 1
is not closed (see Fig 3.8). In order to close the path, one has to integrate
along: (a) the upper cut from A to B, (b) the circle Cs, of small radius 6,
taken in the clockwise direction, and (c) the lower cuts from B’ to A’:

/ ﬂdz-(/ +/ +/ )\/Zdz.
ABC3B' A’ AB Jos Jpa

On the segment AB, we have
z=re", dz = e'™dr, Vz =€ /r,

g 5
Vzdz = / e e ™2\ 1 dr = €372 Z 312
AB 1 3

2
— =14, asd—0.
1 3

On the circle Cs, we have

z=0¢€", dz = §i e’ dyp, Vz =V5e?,

Vzdz = Vi e#28i e dp — 0, asd — 0.
Cs

T

On the segment B’A’, we have
z=re ™, dz = e "™dr, Vz=e "2/,

1 1
o 2 2
/ Vzdz = / e~ e 2 frdr = e PRI B2 5 2 as § — 0.
B/A/ 6 3 6 3
Then

2 4

2
Vzdz =i+ Zi=—1i. (3.3.15)
\/1480(53/14, 3 3 3

Adding (3.3.15) and (3.3.14), we obtain 4i/3 4 (—4i/3) = 0, as it should be
by Cauchy’s Theorem. O
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EXAMPLE 3.3.3. Compute the integral

I3 = 7{ 22 dz.
|z|=2

SOLUTION. Since the equation of the path |z| = 2 is z = 2¢* with
0 < 6 < 27, then dz = 2¢* i df and

27
I = / 2262199619 4
0

27 . 27
_ 8i ..
= 82'/ 310 g = - ¢Bif
0 3 0
] _
= 5(667” —1)=0,
as it should be by Cauchy’s Theorem. O

EXAMPLE 3.3.4. Compute the integral

d
I :f il
|z|=2 #

SOLUTION. As in the previous example, z = 2¢? and dz = 2 ¢ d.
Hence we have
27 o 16
2ie"
I, = — df
4 ~/O 2¢t0

27
0

The nonzero value comes from the fact that z = 0 is a singular point of the
integrand f(z) = 1/z inside the path |z| = 2 and therefore the conditions
of Cauchy’s Theorem are not satisfied. O

In the next section, Theorem 3.3.3 and Cauchy’s integral formula will
be used to prove a converse to Cauchy’s Theorem called Morera’s Theorem.

3.3.2. Cauchy’s Theorem for multiply connected domains. Sup-
pose that f(z) is analytic in a multiply connected domain containing an
external closed path, C, and internal closed paths, Ci,Cs,...,C, (see

Fig 3.9).
If the path C and the paths C1,Cs,...,C, are joined by the n arcs
V1,72, - - - s Yn, Tespectively, then D contains a simply connected region R

bounded by the paths C,Cy,Cs,...,C, and the arcs v1,72,...,Vn. We

recall that a region is said to be simply connected if any closed curve lying

entirely in D can be shrunk to a point in D, that is, the region has no holes.
Using Cauchy’s Theorem for simply connected domains, we have
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FIGURE 3.9. A multiply connected domain.

%f dz—i—z f dz—l—Z(/ /_%)f(z)d;;:o. (3.3.16)

The two 1ntegrals along the arcs v; and —v; add up to zero since 7 is
traversed twice, but in opposite directions. Therefore from (3.3.16) we

obtain .
§ 1)@+ > 4 sdz=o (3.3.17)
¢ k=1"Cr

where C and all the C}, are traversed either in the positive or in the negative
direction. More specifically, formula (3.3.17) can be written in the form

. f(z)dz= ,; 7{03 f(z)dz. (3.3.18)

Cauchy’s Theorem for multiply connected domains follows from (3.3.18).

THEOREM 3.3.4. (CAUCHY’S THEOREM FOR MULTIPLY CONNECTED
DOMAINS). If f(z) is analytic in a domain D containing the simple closed
path C' and the simple closed paths C1,Ca,...,Cy, all interior to C, then
the integral along C is equal to the sum of the integrals along all the Cl,
provided all the paths are traversed either counterclockwise or clockwise.

NoOTE 3.3.2. One can obtain (3.3.18) without joining C' by arcs with
internal closed paths by using Green’s formula for multiply connected do-
mains (see [13], p. 172, [35], p. 408):

P

(z,y)dz + Q(z,y) dy]

://D (g_ig _((93_1;) dedy. (3.3.19)
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EXAMPLE 3.3.5. Show that Cauchy’s Theorem holds for the function
f(z) =1/z and the closed paths |z| =2 and |z| = 1, that is, prove that

7{ % = 7{ % = 2mi. (3.3.20)
lz]=2 % lz]=1 %

SOLUTION. The integral along |z| = 2 has already been computed in
Example 3.3.4 of the previous subsection. In computing the integral along
the path |z| = 1 given by z = €%, 0 < 6 < 27, we have dz = ie'® df and

hence N )
d T eidf 4
f{ —Zz/ S :i/ do = 2ri.
lz]=1 % 0 e 0

Thus, formula (3.3.20) is valid in this particular case. |

It is left as an exercise to show that
— = 2mi,
c R

if the path C'is given by the following contours taken in the positive direc-
tion:

(a) |z[ =R,

(b) a square centered at z = 0 with sides of length 2 parallel to the

coordinate axes.
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Exercises for Section 3.3

Use Cauchy’s Theorem to show that the following integrals are zero.
1. jl{ e? dz, where C' is the unit circle.
c

i 3
2. 7{ M dz, where C is the square with vertices at z; = 1,
c1l—cosz

22:2723:24-7;, Z4:1+’L

t
3. jl{ anz dz, where C' is the circle |z — 2| = 0.1.
c R 1
cosh z . .
4. ——— dz, where C' is the circle |z| = 1/2.

Without computing integrals, find which of the following integrals are equal
to zero. In each case, the path of integration, C, is the unit circle in the
positive direction.

D. jl{coszzdz.
c
6. jéczf—jrgdz.
7. ﬁ%dz
8. f;%d&

3.4. Cauchy’s integral formula and applications

3.4.1. Derivation of Cauchy’s integral formula. In the derivation
of Cauchy’s integral formula we shall use the following theorem from real
analysis (see, for example, [29], Vol. 2, p. 269).

THEOREM 3.4.1. If f(x,y) is continuous in a rectangle, a < x < b,
c <y <d, then the function

B
F(y):/ f(z,y)dx (3.4.1)

is continuous on the segment ¢ < y < d; moreover,

B
lim F(y) :/ f(z,y0) du. (3.4.2)

Y—Yo



132 3. COMPLEX INTEGRATION AND CAUCHY’S THEOREM

FI1GURE 3.10. Simply connected domain for Cauchy’s in-
tegral formula.

THEOREM 3.4.2 (Cauchy’s integral formula). Let f(z) be analytic in
a simply connected domain D containing the closed path C taken in the
positive direction, and let zg be any point interior to C (see Fig 3.10).
Then
1 (2)
=— ¢ ——dz. 3.4.3
f(z0) 2mi Jo z— 20 : ( )

This formula is known as Cauchy’s integral formula.

Proor. Let C, be a circle of radius p centered at zg where p is taken
so small that C, is interior to C. Then f(z)/(z — 2o) is analytic in the
doubly connected domain containing C' and C,. By Cauchy’s Theorem for
multiply connected domains, we have

_(Z) dz = _(Z) dz, (3.4.4)
e} z Z0 c, z Z0

where C,, is taken counterclockwise.
Since the path C), is given by z — 29 = pe? with 0 < 6 < 27, then
dz = pie'? d§ and from (3.4.4) we obtain

27
S dz = z/ f(z0+ pe'®) db. (3.4.5)
Cc R — 20 0

We now take the limit in (3.4.5) as p — 0. Since f(z) = u(z,y) + iv(z,y)
is analytic in D, it is continuous in D. The last statement is equivalent to
the continuity of u(x,y) and v(x,y) in D (see Theorem 1.3.2).

Therefore we can use Theorem 3.4.1 to go to the limit as p — 0 in the
integral on the right-hand side of (3.4.5):

2m 2m

lim 4 f(z0+pe®)do =i f(20)d = 2mif(20).

=0 Jo 0
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FIGURE 3.11. Doubly connected domain for Cauchy’s in-
tegral formula.

FIGURE 3.12. Path of integration for Example 3.4.1.

Since the integral on the left-hand side of (3.4.5) does not depend on p,
then, in the limit as p — 0, the formula

) dz = 2mif(20)
Cc ?— R0

follows from (3.4.5). O

Multiply connected domains can be handled by Cauchy’s integral for-
mula as in Subsection 3.3.2. For instance, let f(z) be analytic in a doubly
connected domain, D, containing the outer and inner closed paths, C; and
Cs, respectively, shown in Fig 3.11. If the point zg lies in the region bounded

by Cy and Cs, then
ORGP aN (OR

f(z0) 27t Jo, 2 — 20 27t Jo, 2 — 20

)

where C7 and Cy are both taken in the positive direction.

EXAMPLE 3.4.1. Consider the function f(z) = 2% analytic in the com-
plex plane and the point zo = 2+ 2i. Let C be the circle of radius 2 centered
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at zo (see Fig 3.12). By Cauchy’s integral formula (3.4.3), one already
knows that

I= jfc #:22) dz = 2mi(2 + 2i)?, (3.4.6)
where the contour C' shown in the figure is given by the equation

2= (2+2i)+2€", 0<6<2r.
Obtain (3.4.6) by computing the integral directly.

SOLUTION. Since dz = 2i e df), (3.4.6) becomes

I /2” [(2 + 26) + 2€%]?

o 2i e df
€

27
= z/ [(2+20)% +2(2 + 2i)2€" + 4] db
0

0=27
1, 1 o
=i [(2 +2i)%0 + 4(2 + 2i) - " + 4 x % ew]
7 7

6=0
=2mi(2+2i)% O

EXAMPLE 3.4.2. Show by direct integration that

2
z
—  dz=2mi(1+14)?
ﬁz—(l—!—i) Z = 2mi(l+a)%,

if the path C is a square centered at zo = 1 + 1, with sides of length 2 (see
Fig 3.13).

In the following subsections, several important results for analytic func-
tions will be derived by means of Cauchy’s integral formula.

FIGURE 3.13. Square of sides 2 centered at 1 + i for Example 3.4.2.
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3.4.2. Infinite differentiability of analytic functions. As a first
consequence of Cauchy’s integral formula, we prove the infinite differentia-
bility of analytic functions.

THEOREM 3.4.3. An analytic function is infinitely often differentiable.

PROOF. Let us replace z with ¢ and zp with z in (3.4.3):
_ 1 g 19
f(z) = 5 740 =2 dc. (3.4.7)

Let D be a simply connected domain containing the simple closed path C.
We shall prove that, if f(z) is analytic in D, then the integral (3.4.7) can
be differentiated an arbitrary number of times with respect to z and

f(")(z) _ n! f(©)

In fact, for any complex h such that z+h € D, we obtain from (3.4.7) that

dc. (3.4.8)

feen—5) 1 L
FEa =T om .50 [ - |
_ b f(©)
_271'2 C(C_Z_h)(c_z)d@
so that
feth) - fk) 1 ()
h 27 fg C—2—h)(C-2) dg. (3.4.9)

Since f(¢) is analytic on C| it is continuous there. Furthermore, if
1
|h| < 3 I — =, (3.4.10)

then the function

f(©)
C=z=-h)(C-2)
is continuous on C' with respect to the variables ¢ and h for fixed z. There-
fore (see Theorem 3.4.3) we can take the limit under the integral sign as
h — 0 in (3.4.9). Moreover, the integral

70
j{c C-2%

exists since f(¢)/(¢ — 2)? is analytic on C' if z is an internal point of D.
Therefore the limit of the left-hand side of (3.4.9) exists as h — 0. Hence,
taking the limit in (3.4.9) as h — 0, we have

P f(¢)
F(z) = 27”_7{0 s (3.4.11)
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Similar arguments applied to (3.4.11) give
f/(Z—l—h)—f/(Z)_li (C) 1 _ 1
h ~ h2mi Jo ((—2z—-h)2 (C—2)
Simplifying the expression inside the square brackets in the previous for-
mula, we obtain

/ o .

FEB=J0) 1 MO gy
h 21 Jo (€= 22(C — 2 — h)?

The integrand in (3.4.12) is continuous with respect to the variables ¢ and

h on a neighborhood of C' if z is fixed and |h| < |¢ — z|/2. Therefore, we
can take the limit in (3.4.12) as h — 0; moreover, the integral

70
j{c C-p %

exists. Hence, as h — 0, from (3.4.12) we obtain
2! f(Q)
" o
() = o fc s (3.4.13)

This argument can be repeated as often as we please, if we use the fact that

S| .

nin —1)

n n __ n—1
a” — (a—b)" = nba""" — 51

b2an72 4Lt (_:[)”'Jrlbn7 (3414)

where a = ( — z and b = h.
Assuming that the formula

£ () = (”2:”_1)’ fc (Cf_(i))n dc (3.4.15)

holds for a given n, by induction we obtain the same formula for n + 1.
From (3.4.15), we have

Fr O+ h) — D ()

h
(n—1)! j{ [ 1 1
= N - d .
el AN [ Tl s )
Hence, simplifying the expression inside the square brackets and using
(3.4.14), we have

(n—1) Py _ £(n—1) 2 n—1)!
SR ) 1)'fc(o

h = “2rih

oo n—1_ n(n=1)392/~ _\n—2 _1\(n+1)pn
o P = 2) i ) M A e ML PR T

(€ —z=h)M¢—2)"
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The integrand in (3.4.16) is continuous with respect to variables ¢ and h
on a neighborhood of C' if z is fixed and |h| < |¢ — z|/2. Hence, as h — 0,
from (3.4.16) we obtain

~ omi (¢ — z)ntt

It follows from the previous theorem that if f(z) is analytic in D (that
is, if the first derivative of f(z) exists in each point of D) then f(z) has
derivatives of all orders in D.

This is not true for functions of a real variable. For example, the
function f(z) = (z — 1)7/3 is defined and continuous for all z € (—o00, 00).
Moreover, the first and second derivatives exist at x = 1:

f@)=g-1", fa)=0,

ey =St @0, =0

But it is obvious that /(1) does not exist.
For the function of a complex variable

f2) = (== 1)77%,

the point z =1 is a branch point and single analytic branches of f(z) exist
in each domain with a cut joining the points z =1 and z = oc.

3.4.3. A converse to Cauchy’s Theorem: Morera’s Theorem.
As a second consequence of Cauchy’s integral formula, we prove Morera’s
Theorem, which is a converse to Cauchy’s Theorem for simply connected
domains.

THEOREM 3.4.4 (Morera’s Theorem). Let f(z) be a continuous function
in a simply connected domain D and suppose that the integral of f(z) along
any closed path lying entirely in D is equal to zero. Then f(z) is analytic
i D.

PRrOOF. By Theorem 3.3.3, the function
Fe) = [ 1@, (3.4.17)
20

where zg, z € D and the integral (3.4.17) is computed along any path lying
entirely in D, is analytic in D and F’(z) = f(z). Then by Theorem 3.4.3,
F"(z) = f'(2) in D. Thus, f(z) is analytic in D. O
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3.4.4. Liouville’s Theorem. As a third consequence of Cauchy’s in-
tegral formula we prove Liouville’s Theorem for bounded entire functions.
An everywhere analytic function without singularities in the complex plane
is said to be an entire function.

THEOREM 3.4.5 (Liouville’s Theorem). If the entire function f(z) is
uniformly bounded in the whole complex plane, then f(z) = constant.

ProoOF. We use formula (3.4.8) with n = 1:
/ 1 f(¢
r =g f D5

and let C be a circle of radius R centered at z, that is, ¢ = z + R e with
0<60<2m, and d{ = Ri €9 dh. Then

1 27
f(z) = R

which, upon taking absolute values, becomes

27
If (= |_2 R/ |f (z+ Re™)| do

M [T M

< — df = —,

2rR 0 R

since |f(z)| < M for every z in C. Letting R — oo in (3.4.19) we have
|f'(z)] = 0. Since z is arbitrary, then |f’(z)] = 0 for all z in C. We

conclude that f(z) = constant. O

f(z+Re™) e do, (3.4.18)

(3.4.19)

3.4.5. Mean-value theorems for analytic and harmonic func-
tions. As a fourth consequence of Cauchy’s integral formula, we prove the
mean-value theorem for analytic and harmonic functions.

THEOREM 3.4.6 (mean-value theorem). Suppose that f(z) is analytic
in a domain containing a closed disk D : |z — zp| < R. Then the value,
f(20), of f at the center of the disk is equal to the arithmetic mean of its
values on the boundary, C : |z — 20| = R, of the disk:

f(z) = 7{ f(z0+Re™) dl, (3.4.20)

where dl = Rdf s the dzﬁerentwl of arc length along C' and 27w R is the
length of C.

PROOF. Substituting the equation z — zp = Re' of C' in Cauchy’s
integral formula,
1
e .

2 Joz—z0

f(20)
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we have
Fleo) = 5 ]( TGt A7) metias
:27T f(zo+Re 9) ao
- %Rj{ f(z0+ Re™) dl,
which is (3.4.20). O

The mean-value theorem for harmonic functions follows from Theo-
rem 3.4.6.

THEOREM 3.4.7. (MEAN-VALUE THEOREM FOR HARMONIC FUNCTIONS).
Suppose u(x,y) is a harmonic function of the real variables x and y in a
closed disk of radius R and center (x¢,yo) bounded by the circle

C:(z—w0)+ (y—y)* = R>.

Then the value, u(xo,yo), of u at the center of the circle is equal to the
arithmetic mean of its values on the circle:

1
u(zo,Yo) = IR Cu(&,n) di, (3.4.21)

where dl = Rd is the differential of arc length of the circle.
PROOF. Let us write the equation of the circle in the form
& =1x9+ Rcosb, 7 =1+ Rsinb, 0<6<2m.

Since u(x,y) is the real (or imaginary) part of an analytic function f(z),
taking the real part of f (zo + Rei‘g), we have

Rf(xo + iyo + Rcosf + iRsin0) = u(xg + Rcosb, yo + Rsind).
Hence, taking the real part of both sides of (3.4.20), we obtain (3.4.21). O

REMARK 3.4.1. Instead of formula (3.4.21), some authors (see, for ex-
ample, [42], p. 68, formula (6)) use the form

1 27 X
%/ u (20 + Re™) do.
0

This form of the mean-value theorem for harmonic functions may be mis-
leading since u(x,y) is a function of the real variables x and y.

u(zo) =
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3.4.6. The maximum modulus theorem for analytic functions.
A fifth and last consequence of Cauchy’s integral formula is the maximum
modulus principle for analytic functions.

THEOREM 3.4.8 (maximum modulus principle). If f(z) is analytic and
nonconstant in a domain D, then its absolute value, |f(z)|, has no maxi-
mum in D.

PRrROOF. From Cauchy’s integral formula for a circle of radius R inside
D

’ 1 2T )
f(z0) = —/ f(z0+ Re™) db, (3.4.22)
2m Jo
we derive the inequality

1 27 )
1F(z0)] < 2—/ I (0 + Re)| db. (3.4.23)
T Jo
If | f(20)| were a maximum, then we would have

| f(z0 + Rei9)| < [f(20)l-

If strict inequality held for a single value of 8, by continuity it would hold on
a whole arc. But then, the mean value of | f(zo+R €?)| would be strictly less
than |f(z0)], and (3.4.23) would lead to the contradiction |f(z0)| < |f(z0)].
Thus |f(20)| must be constantly equal to |f(z9)| on all sufficiently small
circles |z — 29| = R and, hence, in a neighborhood of zy. It follows that
f(2) must reduce to a constant. |

Similarly, one can derive from Theorem 3.4.7 that a nonconstant har-
monic function, u(z,y), in a domain D does not take its maximum or its
minimum inside D. This is called the mazimum principle for harmonic
functions.

3.4.7. Schwarz’ Lemma. It follows from the maximum modulus prin-
ciple for analytic functions that, if f(z) is analytic in the open disk |z| < R
and continuous on the closed disk |z| < R and |f(z)] < M on |z| = R,
then |f(z)] < M in the whole disk. The equality can hold only if f(z) is a
constant of modulus M. If, however, it is known that f(z) takes some value
of modulus smaller than M, it may be possible to have a better estimate,
as shown in the following result, known as Schwarz’ Lemma.

THEOREM 3.4.9 (Schwarz’ Lemma). Let f(z) be analytic for |z| < 1.
If f satisfies the conditions

Ifz)l <1, f(0)=0,
then |f(2)| < |z| and |f/(0)] < 1. On the other hand, if
G = forsomez#£0, or fO)=1



EXERCISES FOR SECTION 3.4 141

then f(z) = cz with a constant ¢ of modulus 1.

PROOF. We apply the maximum modulus principle to the function

) f(®)/z, ifz#0,
“@_{ﬁmx if2=0,

which is analytic in the open disk |z| < 1 and continuous on the closed disk
|z] <1. On the circle 2| =r < 1, |g(2)| < 1/r, and hence |g(z)| < 1/r for
|z| < r. Letting r tend to 1, we find that |g(z)| < 1 for all z; this inequality
is the assertion of the theorem. If equality holds at a single point, then
|g(z)| attains it maximum at an interior point and hence g(z) reduces to a
constant. 0

Exercises for Section 3.4

Evaluate the following integrals where the path C'is taken counterclockwise.

1. 740 m dz, where C' is the circle |z| = 2.

1 2
2. 7{ % dz, where C' is the square with vertices
o (234 27)(z — 1)
zle, 22:2, 23:2+2Z, Z4:2Z

2
3. 7{ % dz, where C' is the circle |z — 1| = 3/2.
c

22 —

? 4
4. j{ elz+d) dz, where C' is the circle |z — 2| = 2.
c

2249

Evaluate the integral /C Z2d—j_4 along the following circles taken counter-
clockwise.

5. |z —4]=1.

6. |z —1]=3/2.

7. |z+2| =1
Evaluate the integral /C ;SI—_I:; dz along the following circles taken coun-
terclockwise.

8. |z| =1.

9. [z 42| =1.

10. [z —1—2i| = 2.
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11. Let f(z) be an analytic function in the region |z — zp| < R. Show that

1

2 )
f(20) = %/0 f(z0+ Re™) do.

12. Let f(z) and g(z) be analytic in a simply connected domain D. Prove

that 5
/ Iz ~ErE[ - [ rene) d:

where h(z) is an indefinite integral of g(z ) in D and the path of integration
lies in D.

13. Use formula (3.4.8) with the circle C = {z; |z — z9| = r} taken in the
positive direction to establish Cauchy’s estimate:

n!
|£) (20)] < | max If(2)], n=0,1,2,..., (3.4.24)

|z—z0|=r
whenever f(z) is analytic on a domain containing the disk bounded by C.

14. Use Cauchy’s estimate (3.4.24) of the previous exercise with n =1 to
prove Liouville’s Theorem 3.4.5 by showing that the derivative of a bounded
entire function is identically zero.

15. Suppose that f(z) is an entire function and Rf(z) < ¢ for all z. Show
that f(z) is a constant.
(Hint: Consider the function ef(%).)

16. Suppose that f(z) is an entire function and S f(z) < ¢ for all z. Show
that f(z) is a constant.

17. Let f(z) be entire and |f (re®) | < Mr, where M is a constant. Prove
that f(z) is a polynomial of degree at most 1. Can this result be generalized
to polynomials of higher degrees?

18. Consider the function f(z) = (z + 1)? over the closed triangular region
R with vertices at the points z = 0, z = 2 and z = i. Find points in R
where |f(z)| has its maximum and minimum values, thus illustrating the
maximum modulus theorem (Theorem 3.4.8).

19. Consider the function f(z) = e* and the rectangular region R defined
by 0 <z <1,0 <y <. Ilustrate the maximum principle for harmonic
functions by finding the points in R where u(z,y) = Rf(z) reaches its
maximum and minimum values.

20. The so-called fundamental theorem of algebra asserts that every poly-
nomial,

p(2) = anz" + - + a1z + ag,
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of degree n > 0 has at least one zero. Use Liouville’s Theorem to prove the
fundamental theorem of algebra.
(Hint: Consider the function 1/p(z).)

21. Let the function f(z) be analytic in a domain D containing the closed
disk |z| < r. If | f(2)| is constant on |z| = r and f(z) # 0 for |z| < r, show
that f(z) is constant.

22. If f(z) is analytic for |z| < 1 and |f(z)] < 1/(1 — |#]|), find the best
estimate of |f(™)(0)| that Cauchy’s estimate (3.4.24) will yield.

23. Show that the successive derivatives of an analytic function at a point
can never satisfy the inequality |f(™(z)| > n!n™. Formulate a sharper
theorem of the same kind.

24. Prove that there is no function analytic in |z| < 1 such that

sarst mki=n f(5)=0 7(-3) =5

25. The function of a complex variable defined by f(z) = cos z is analytic
everywhere and satisfies the inequality | cosz| < 1 for all real z. However,
it is not a constant. Is there a contradiction with Liouville’s Theorem?
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3.5. Goursat’s Theorem

In this last section, Morera’s Theorem will be used to remove the con-
tinuity assumption on the derivative, f'(z), of an analytic function, f(z),
used in the proof of Cauchy’s Theorem and in the subsequent results in
this chapter. The removal of this restriction is the contents of Goursat’s
Theorem.

THEOREM 3.5.1 (Goursat’s Theorem). Let G be an open set and let
f(2) be differentiable on G. Then f'(z) is continuous on G.

PROOF. We need only show that f/(z) is continuous on each open disk
contained in G, so that we may assume that G is itself an open disk. The
continuity of f/(z) will follow from Morera’s Theorem 3.4.4, that is, we

must show that
[ a0,
s

for each triangular path S in G.

Let S be the triangular path A, B,C, A and let T be the closed set
formed by S and its interior (see Fig 3.14).

Note that S = 0T is the boundary of T. Now using the midpoints of
the sides of T', form four triangles 77, 15, T3 and Ty inside T. By giving
the boundaries appropriate directions, we have that each S; = 97} is a
triangular path and

4
ﬁf(z) dz = ;ﬁ] f(z)dz. (3.5.1)

Among these four paths, there is one, called S, such that

» f(z)dz ]{;j f(z)dz

Y C

A
YAYAY

0 X

> ;7 =1234

FIGURE 3.14. Triangular region T for the proof of Gour-
sat’s Theorem.
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Let L(S) and D(T') denote the length of S and the diameter of T', respec-
tively. Then, we have

L(S) = 5 L(S),  D(T;) = 3 D(T).

Finally, by (3.5.1), we have

ﬁf(z) dz

Now performing the same process on S™), we obtain a triangle S with the
analogous properties. By induction, we get a sequence {S (")} of closed tri-
angular paths and closed sets {T™)}, each consisting of the region enclosed
by S and its boundary. Thus we have

<4

f(z)d=
S

TWST® S, (3.5.2)

o T ()02 < fs(nﬂ) f(z) dz|, (3.5.3)
L (S(n+1)) = %L (5(")) , (3.5.4)
D (1) = %D (). (3.5.5)

These relations imply:

](Sf(z) dz| < 4n j{s(n)f(z) dz, (3.5.6)
L(s) = (%)n L(S), (3.5.7)
D (T<">) - (%)n D(T). (3.5.8)

Since the T(") are closed, then their intersection is non empty and consists
of a single point zp,

o0

n=1

Let € > 0. Since f(z) has a derivative at zp, we can find a § > 0 such
that D} C G and

f(Z) - f(20> _ f/(Z())‘ <e,
zZ— 20
whenever 0 < |z — 29| < ¢, that is,
[f(2) = f(20) = f'(20) (2 — 20)| < €|z — 20, (3.5.9)

whenever 0 < |z — zg| < 4.



146 3. COMPLEX INTEGRATION AND CAUCHY’S THEOREM

Choose n such that

D (T<">) - <%)n D(T) < 6.

Since z € T then T C Dgo. Now, Cauchy’s Theorem implies that

]{ dz = ]{ zdz = 0.
S(n) S(n)

fsm) [f(2) = f(20) = f'(20)(z — 20)] dz
< 57{ |z — 20| |dz|

<eD ( ) ( )

(o

But by (3.5.6), we have

Hence,

j{s(n) f(z)dz

]{ f(z)dz| < 4™ ( ) (S) =eD(T)L(S).
Since e was arbitrary, and D(T') and L(S) are fixed, then
j{ f(z)dz=0.
s

The result follows by Morera’s Theorem.



CHAPTER 4

Taylor and Laurent Series

4.1. Infinite series

Infinite series are the starting point of the Weierstrassian theory of
analytic functions.

4.1.1. Series of complex numbers.

DEFINITION 4.1.1. If {2,} is a sequence of complex numbers,

Zn = Tp + Wn, n=12,..., (4.1.1)
the infinite sum
Dz =) wa+iY yn=zmtamt ot (4.1.2)
n=1 n=1 n=1

is called a series of complexr numbers and

n

S’n:izk:Zxk—l—iiyk, n=12,..., (4.1.3)
k=1 k=1

k=1
denotes the nth partial sum of the series.

The next definition gives a useful meaning to a series of complex num-
bers.

DEFINITION 4.1.2. Let {S,} be the sequence of partial sums of the
series (4.1.2). If the limit

S=S5,+iS, = lim S, (4.1.4)

n—oo
exists and is finite, then the series is said to be convergent and its sum is
equal to S; otherwise it is said to be divergent.

From Theorem 1.2.1 of Chapter 1, the limit of sequence (4.1.1) exists
if and only if the limits of the sequences {z,} and {y,} exist. Therefore
the limit (4.1.4) exists if and only if the two limits

S, = lim Z:z:k, Sy = lim Zyk, (4.1.5)
k=1 k=1

147
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exist and are finite. This justifies the notation S, = RS and S, = IS
implicitely used in (4.1.4).

Thus, the convergence of a series of complex numbers can be reduced to
the convergence of two series of real numbers. Therefore, we shall use known
convergence tests for series of positive numbers, such as the comparison test,
the ratio test and the root test (see, for example, [50], pp. 20-23).

THEOREM 4.1.1 (necessary condition for convergence). Let
{an} be a sequence of positive numbers. If the series y .- | a, converges,

then lim a, = 0.
n—oo

ProoF. If the limit S = lim S, of the partial sums, S, = >_}_; ax,

n—oo

exists, then S = lim S,,_1. Hence

n—oo

lim a, = lim (S, —Sp,—1)=5-5=0. O

n—oo n—oo

THEOREM 4.1.2 (comparison test). Let {a,} and {b,} be two sequences
of positive numbers, such that a,, < b, for alln € N, and consider the two

series - -
dan, Y b (4.1.6)
n=1 n=1

If the second series converges, so does the first. If the first series diverges,
so does the second.

THEOREM 4.1.3 (ratio test). Let > .-~ | a, be a series of positive num-
bers and suppose the limit L,

. Gp41
L= lim =t ,
n—oo Oy

is finite. Then:
(a) If L < 1, the series converges.
(b) If L > 1, the series diverges.
(¢) If L =1, the question of convergence is open (the series may either
diverge or converge).

THEOREM 4.1.4 (root test). Let >~ ay be a series of positive num-
bers and suppose the limit L,

L= lim a/",

n—oo
is finite. Then:
(a) If L < 1, the series converges.
(b) If L > 1, the series diverges.
(c) If L =1, the question of convergence is open (the series may either
diverge or converge).
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NoOTE 4.1.1. The ratio and root tests can be formulated in a more

general form by using the notion of limit superior:
a
lim sup ntl , lim sup a,lz/",
n

which is the largest point of accumulation in case more than one such points
exist. This formulation is useful when the sequences a,1/a, and/or al/™
have no limit.

EXAMPLE 4.1.1. Show that the series

> 1 1

Z Qs where a, = 2—n[1 + (=" + 3—n[1 — (=1)"],
n=1

CONVETgES.

SOLUTION. We have
2 2

G2n = 5oms G201 = g3y

Therefore, the limit of a,41/a, as n — oo does not exist since the two
subsequences

a2n+2 _ G2n+2 G2n41 a2n+3 _ G2n+3 G2n4-2

b
A2n a2n+1  A2n A2n+1 A2n+2 A2n41
have different limits:
Agny1) . 2x 272D
———= = lim

lim -z =
n—oo A9, n—ooo 2 x 272n 47
. A2(ng1)+1 _2x37@nt)
lim ————— = lim ————F— = —.
n—0o  Qon41 n—oo 2 x 3—(2n+1) 9
In this case,
a 1
lim sup ntl —Z < 1,
n—o00 an 4
so that the series > ° | a, converges. |

NOTE 4.1.2. One can ask the following question: Can a series converge
according to the ratio test but diverge according to the root test? The
answer is in the negative by the following theorem (see [29], Vol. 1, p. 437).

THEOREM 4.1.5. Consider a sequence {a,} of positive numbers. If the
limit a
L= lim 2

n—oo (O

exists and is finite, then the limit

M = lim a}/”

n—oo

exists and is finite, and M = L.
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DEFINITION 4.1.3. If the series of absolute terms Y - | |z, is conver-
gent, then the series Y~ | 2, is said to be absolutely convergent. On the
other hand, a convergent series which is not absolutely convergent is said
to be conditionally convergent.

In the particular case of a sequence of real numbers we have the fol-
lowing theorem (see [29], Vol. 1, p. 418).

THEOREM 4.1.6. If the series Y., an of real numbers is absolutely
convergent, then it is convergent.

We use this theorem to prove the next one for sequences of complex
numbers.

THEOREM 4.1.7. If the series Y - | z, of complex numbers is absolutely
convergent, then it is convergent.

PrROOF. We suppose that the series of absolute terms
o0 o0
S=> lal=> VaZ+y2
n=1 n=1

is convergent. Hence, it follows from the inequalities

lonl <Vad + i lyel < VAl +ud

and the comparison test for series of positive numbers (Theorem 4.1.2) that

the series
o0 o0
Szl > lyal
=1 =1
converge. Therefore, by Theorem 4.1.6, the two series
o0 o0
szzxna Syzzyn
n=1 n=1
also converge, that is, the series
o0
Zz Z Ty, + 1Yn) = Sz + 15y
n=1 n=1

is convergent. O

For instance, the series

o0 .
on + 71
5= Z n3
n=1
is absolutely convergent since

5n—|—72
S1<y

n=1

5 =7
St
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On the other hand, the series
i n2+ 3t
is only conditionally convergent since the series of absolute terms

>

n=1

2+ 3
n

diverges.
As in the real case, the converse of Theorem 4.1.7 is not true in general.

For instance, the series
2+ 31
—1)"
St

n=1

is convergent (its real and imaginary parts are conditionally convergent
series), but the series

L e

is divergent.

4.1.2. Series of functions. Let w,(z), n=1,2,3,..., be a sequence
of complex-valued functions.

DEFINITION 4.1.4. The series
an =wi(2) +we(2)+ - Fwn(z)+... (4.1.7)

is called a series of functions.

By giving different values to the complex variable z in (4.1.7) we obtain
different series of complex numbers which may either converge or diverge.

DEFINITION 4.1.5. The set of all values of z for which the series (4.1.7)
is convergent is called the domain of convergence of (4.1.7).

The sum of (4.1.7) is a function, S(z), of the complex variable z in the
domain of convergence.

If D is the domain of convergence of the series (4.1.7), then for every
€ > 0 and for every z € D there exists a number N = N, such that for all
n > N . the following inequality is satisfied:

[S(z) — Sn(2)] < e. (4.1.8)

It is important to remark that the number N depends on both € and z.
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The concept of uniformly convergent series (see Definition 4.1.6), plays
a central role in real and complex analysis, since a uniformly convergent
series can be integrated termwise and a uniformly convergent series of con-
tinuous functions converges to a continuous function. Thus, tests of uniform
convergence are important.

DEFINITION 4.1.6. If the series (4.1.7) converges to S(z) in D and for
every € > 0 there exists N = N, independent of z € D such that for
all n > N inequality (4.1.8) is satisfied, then the series (4.1.7) is said to
converge uniformly to S(z) in D.

In this book it will suffice to use Weierstrass’ M-test of uniform con-
vergence, for which we need the following definition.

DEFINITION 4.1.7. The series (4.1.7) is said to be magjorizable in D if
there exists a convergent series >~ | a,, of nonnegative real numbers such
that

|wn(2)] < an, n=12,..., (4.1.9)
for all z in D.

Since the formulation and proof of the following theorems in complex
analysis are almost the same as in the real case, we state the theorems
without proofs. The interested reader can consult, for example, [45].

THEOREM 4.1.8 (Weierstrass’ M-test). If the series (4.1.7) is magjoriz-
able in D then it is uniformly convergent in D.

We present another theorem for uniformly convergent series of contin-
uous functions.

THEOREM 4.1.9. If the series (4.1.7) of continuous functions, wy(z),
converges uniformly to S(z) in D, then:

(a) S(z) is continuous in D,

(b) for any contour C' in D, we have

LS(Z)dei/Cwn(z)dz.

PROOF. See, for example, [45], pp. 61-62. O

The following theorem, which we prove completely, has no analog in
the real case.

THEOREM 4.1.10 (Weierstrass’ Theorem). Consider a sequence
{wn(2)} of analytic functions in a (simply or multiply connected) domain
D and suppose that the series

> wa(z) (4.1.10)
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(a) (b)

FIGURE 4.1. Subregions D’ (a) containing, and (b) en-
closed by, respectively, the curve C in the region D.

converges uniformly to S(z) in any closed subregion D' of D. Then
(a) the function S(z) is analytic in D,
(b) SF(z) =3, wi (z) for any positive integer k and for all

z €D,
(c) the series Y ., wi (2) is uniformly convergent in D' for any
ke N.

PRrROOF. For the first and second parts, let zy be an arbitrary interior
point in a simply connected subregion D’ of D, and let C be an arbitrary
closed path in D’ encircling zg, as shown in Fig 4.1(a).

(a) The function S(z) is continuous in D according to Theorem 4.1.9. By

Theorem 4.1.9,
S’zdz——g %wnzdz——o
7{0 (2) 2 Je (2)

since the functions w,, (z) are analytic in D. Since the conditions of Morera’s
Theorem 3.4.4 are satisfied, S(z) is analytic in D.

(b) Since z is located inside C' and C'is a closed set, then

C()nsider the series

S(z e e
# = 2# (4.1.12)

Since the series (4.1.10) is uniformly convergent on C' and in some neigh-
borhood of C not containing the point zp, then series (4.1.12) has the same
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property. Indeed, if S, denotes the nth partial sum of the uniformly con-
vergent series (4.1.10), then for all £ > 0 there exists N = N, such that for
all n > N, the inequality

1S(2) = Sn(2)] < ed™! (4.1.13)
holds. Then by (4.1.11) and (4.1.13), for all n > N, we have

)T o) 1|~ ozt )~ )
< —1 edh 1 = ¢

dk+1

This inequality implies that series (4.1.12) is uniformly convergent on C' and
in some neighborhood of C' and, therefore, it can be integrated termwise
along C:

! S(z — k! wn (2

Since S(z) and w,(z) are analytic in D’, and C lies inside D', then by
(3.4.8) for the kth derivative of an analytic function, (4.1.14) gives

s® (20) = Z wgﬂ) (20)-
n=1

Since zp is an arbitrary point in D’, the second statement of the theorem
is proved.

(c¢) Let C be an arbitrary closed path lying entirely in a simply connected
subregion of D and D’ an arbitrary simply connected closed subregion
surrounded by C at distance at least d > 0 (see Fig 4.1(b)),

d = min |z — (|. (4.1.15)

zeD
¢eC

Since S(z) is analytic in D by part (a), then the remainder

()= 3 wn(z) = () — S wn(),
k=n+1 k=1

which is the sum of a finite number of analytic functions, is analytic in D.
Therefore, for all z € D’, we have

() = 22 7{0 P Ti€1+1 dc. (4.1.16)

21
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Moreover, by part (b),
W@ =Y we)
l=n+1

is the remainder of the series >, w (2). Since the series Yoo wy(z) is

uniformly convergent, then for every € > 0 there exists an integer N, such
that for all ( € C' and all n > N, the inequality

[rn (Q)] <€ (4.1.17)

is satisfied, where L is the length of C. It then follows from (4.1.16), (4.1.15)
and (4.1.17) that

k! n(C

)= 2m’7{c (cr—»(z)’)“*l dc‘
k! n(C)

= Jo |ie= 2| !

o B 2nd™T 1 7{|dg|—g
~2m kIL dRtL T

This last estimate implies that the series Y, w (z) is uniformly con-

vergent in any closed subregion D’ of D. O

NOTE 4.1.3. Theorem 4.1.10 is valid only for closed subregions D’ of
D even if the original series is uniformly convergent in the closure of D.

For example, the series Y | 2" /n? is uniformly convergent in the re-
gion |z| < 1 since it is majorizable there by the convergent series > - | 1/n?,
but the series Y.~ , 2"~ !/n, obtained by termwise differentiation of the
original series, is convergent only in the domain |z| < 1; in fact, it diverges
at z = 1.

Since the statement of part (c) of the theorem is about the uniform
convergence of a termwise differentiated series in a closed subregion D’ of
the given domain D, D’ cannot, in general, be extended.

NOTE 4.1.4. In the real case, the second statement of the theorem is
not true in general. In fact, one cannot differentiate a uniformly convergent
series of continuous functions termwise an arbitrary number of times.

EXAMPLE 4.1.2. Show that the series

oo

S) =Y T zeR, (4.1.18)

n3

n=1
is uniformly convergent, but cannot be differentiated termwise an arbitrary
number of times.
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SOLUTION. The given series is uniformly convergent for all real x since
it is periodic and majorized by the convergent series > - | 1/n3.

Similarly, the termwise differentiated series > - (cosnz)/n? is also
uniformly convergent. Hence, by periodicity,

o0

S'a)=3 M seR (4.1.19)

n2 ’

n=1

However, the series obtained by termwise derivation of (4.1.19),

-y B (4.1.20)
n=1

n

is only conditionally convergent, by Theorem 4.2.3 and Example 4.2.1, while
the series obtained by termwise derivation of (4.1.20),

[e%S)
— E cosnx,
n=1

is divergent. 0

At first glance, this fact seems to contradict Weierstrass’ Theorem,
since the function sinnz is differentiable an arbitrary number of times in
the whole complex plane and the series

> sinnz
> 3 (4.1.21)
n=1

should be convergent for some values of z. We show that no such contra-
diction exists. The reason is that, if z = = + iy and y # 0, then

|sinn(z + iy)| = \/sin2 na cosh? ny + cos? na sinh? ny
> |sinh® ny| — oo, as n — oo,

for any y # 0, no matter how small. Therefore the series (4.1.21) is di-
vergent in the whole complex plane except on the real axis z = x. Since
the line z = x is not a domain, Weierstrass’ Theorem on the possibility of
differentiating the series (4.1.21) termwise cannot be applied.

In the case of series of functions of a real variable, termwise differenti-
ation is more restrictive, as stated in the following theorem.

THEOREM 4.1.11. The series
Z un (), a<xz<b, (4.1.22)
n=1

of functions of the real variable x is termwise differentiable if
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(a) it converges uniformly to a differentiable function f(x) on [a,b],
and
(b) the differentiated series is uniformly convergent on [a,b).

In that case,
fla) =Y un ().
n=1

NoOTE 4.1.5. The converse of Weierstrass’ Theorem is not true in gen-
eral. That is, if a series can be differentiated termwise any number of times
in a domain D, it does not follow, in general, that the series is uniformly
convergent in D.

EXAMPLE 4.1.3. Show that the series

1 o0
S(e)=1—== > e (4.1.23)
n=0

converges pointwise in the half-plane 0 < Rz < 0o, but not uniformly.

SOLUTION. For any fixed z = z + iy, with z > 0,

> —(n+1)z
SG) =Sl = | 3. | = ||~ 0
k=n-+1 —¢

as n — oo. Hence S(z) converges pointwise in Rz > 0.
On the other hand, if $z > 0 and y # 0, say y = /2, the inequality

e (NHD= ~(N+1)z
l1—e*

<e <e

implies
1
(N +1)z > —loge = log —,
€
that is,
1 1
N +1> —log—.
x €
Hence, in the last inequality, N depends on x since N +1 — oo as © — 0+.
Therefore the series (4.1.23) is not uniformly convergent in the right-hand

half-plane 0 < Rz < +00, but it can be differentiated termwise any number
of times there. g

It is left as an exercise to show that the series (4.1.23) is uniformly
convergent in the closed region D = {0 < 09 < Rz < +o00}. (Hint: Use the
fact that the series is majorizable in D.)
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Exercises for Section 4.1

Show whether the following sequences are convergent or divergent, as n —
0. In the case of convergence, find the limit.

1. 2 = _n-1
Tt I+ im+5
n? — 4in + 2
2. zp = ——5"7—"7"—.
3n? + 4in — 2
3. zp = 7Log(in)'
n
4 o = tan(in)'
n
5., — Swlr/n)]
sin[m/(2in)]
1
6. z, = Log (1+_—).
in
7= )
(2i)» + 3n

82—(1—”)”
. Zn i)

Show whether the following series are convergent or divergent.

o0 in

0.5 "
i n(n+1)
2. n?sin(in)

10. —_—,
n;l 2n(n+1)
e ein

11. e
n;l n(n+1)
= Logn

12. Z etm/n’
n=1
o (in)"

13. Z:l —



EXERCISES FOR SECTION 4.1
Sln ZTL

15. E —
n —|—1

sin(i/n)
16.
Z nLogn

159
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Let A=Y z,and B =) (, be two convergent series. Show that
the following relations hold.

17 A+ B = (2 +(a)

n=1

18. cA—dB = Z(czn —d¢,), where ¢ and d are constants.

n=1

Suppose that A = lim z,.

19. Show that |[A| = lim |z,
20. Does |A| = lim |z,| imply that A = lim z,?

21. Does A = lim z, imply that Arg A = lim Argz,, where A # 07

n—oo

Find the set on which each of the following series converges.

> cosnz
22. g T
n
n=1

23. 3" ™ (Hint: Use Corollary 4.2.3.)

n
n=1

2. Z_:lljﬁ

25.

28. Y sin (%) 3

99, i sin(n|z|)'
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4.2. Integer power series

Convergent series in powers of z are the starting point of the local
theory of analytic functions.

4.2.1. Definition and convergence theorem.

DEFINITION 4.2.1. A series of the form

o0
Zanz":ao—|—a1z+a222+~-~+anz"—|—..., an € C, (4.2.1)
n=0
is called an (integer) power series. The complex numbers a,, are called the
coeflicients of the series.

As in the real case, the following theorem plays an important role in
the investigation of the convergence of complex power series.

THEOREM 4.2.1 (Abel’s Theorem). (1) If the power series (4.2.1) is
convergent at the point z1, then it is absolutely convergent in any open disk
|z| < |z1|. Moreover, in each closed disk |z| < qlz1], 0 < ¢ < 1, the series
converges uniformly and absolutely.

(2) If the series (4.2.1) is divergent at a point zo, then it is divergent
in the region |z| > |z2|.

PRrROOF. Part (1). Since the series (4.2.1) is convergent at the point 2,
it follows from the necessary condition of convergence (see Theorem 4.1.1)
that

lim a,z7 =0. (4.2.2)
Therefore
lim |a,z7| = 0. (4.2.3)

It follows from (4.2.3) that there exists a positive number, M, such that
for all n = 1,2,..., the inequality

lanz]'| < M (4.2.4)

is satisfied. Let z be an arbitrary interior point of the disk D(‘fl‘, that is,
|z| < g|z1] for 0 < ¢ < 1. Then, using (4.2.4), we have
z|" z "
|anz"|=|an||zl|"’— <M’— = Mq".
21 21

Therefore, the series > ° | a,2™ is clearly majorized by the convergent
series M 220:1 q". Hence, by Weierstrass’ Theorem 4.1.8, the former series,
>0, anz™, is absolutely and uniformly convergent in the disk |z| < g|z1].
Since the number g can be as close to 1 as we please, we can conclude that
series (4.2.1) is convergent for all z in the disk |z| < |#].
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<

2

<1
FIGURE 4.2. Shaded disk of convergence and unshaded
region of divergence of a power series about zp = 0.

Part (2). Suppose that the series (4.2.1) is divergent at z = zo. Then
it is divergent for all z such that |z| > |z2|, for, if the series is convergent for
such z, it is convergent also at the point zo by the already proved first part
of the theorem. This contradicts the assumption of the present part. g

NOTE 4.2.1. One can apply Abel’s Theorem to the series

> an(z = 20)", (4.2.5)
n=0

simply by changing z to z — z¢ in the proof of the theorem.

From the convergence of series (4.2.1) at the point z; it follows that the
power series (4.2.5) is convergent at all the interior points of the disk DL?'
centered at zg with radius |z1], that is, in the region |z — zo| < |z1|. On the
other hand, if the series (4.2.1) is divergent at the point zo, then (4.2.5) is
divergent outside the disk DI?|| that is, in the region |z — zo| > |22

4.2.2. Radius of convergence of a power series. We give a few
consequences of Abel’s Theorem.

In view of the definition of radius of convergence (see Definition 4.2.2),
we reformulate part of Abel’s Theorem in the following corollary.

COROLLARY 4.2.1. Suppose that the power series (4.2.1) about zo = 0
is convergent at the point z1 and divergent at the point zo. Then it is
convergent in the disk |z| < |z1| and divergent outside the disk of radius |zs]

(see Fig 4.2).

Therefore, there exists a real number R such that |z1| < R < |z3] with
the following property: for all z such that |z| < R, the series (4.2.1) is
convergent and for all z such that |z| > R, it is divergent.

DEFINITION 4.2.2. The number R > 0 having the property that the
power series (4.2.1) is convergent in the region |z| < R and divergent in
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the region |z| > R is called the radius of convergence of the power series
(4.2.1).

The ratio or root tests can be used to determine the radius of conver-
gence, that is Theorems 4.1.3 or 4.1.4, as in the real case.

COROLLARY 4.2.2. The radius of convergence, R, of the power series
(4.2.1) is given by the following limits, if they exist, or the limits superior:

R = lim , R = lim sup (4.2.6)
n—00 | Up41 n—oo |OGn+1
or
. 1 .

PROOF. We derive only the first formula in (4.2.6), for which we assume
that the limit exists. Consider the series of absolute values of the terms in
(4.2.1) for a fixed value of z:

Z |anz"|. (4.2.8)
n=0

Since (4.2.8) is a series with positive numbers, then, for every fixed z, we can
use the ratio test (Theorem 4.1.3) to investigate the region of convergence
of the series.

We assume that the limit

1
Ant12™F An+1

an

L= lim

n—oo

= |z| lim

n—oo

(4.2.9)

ap2™

exists. In order to have convergence of (4.2.8) it suffices to satisfy the
inequality L < 1,

Ap+1
an

<1, thatis, |z| < lim

n—oo

|z| lim (4.2.10)

n—oo

An+1

Hence the series (4.2.1) is absolutely convergent in the open disk

an

|z < R= lim
n—oo

Ap+1

We now prove that series (4.2.1) is divergent in the region |z| > R. Indeed,
since the inequality |z| > R corresponds to the inequality L > 1, it follows
from (4.2.10) that there exists a number N such that, for all n > N, the
following inequality is satisfied:

i1 Zn—i—l

Pl g 1 thatis, |ans12™T] > |anz".
n
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The last inequality implies that
lim |a,2"|#0, thatis, lim a,2" #0,
n—o0 n—oo

so that the necessary condition of convergence of Theorem 4.1.1 is not
satisfied and the series (4.2.1) diverges. This proves the first formula in
(4.2.6). The first formula in (4.2.7) can be derived analogously. O

DEFINITION 4.2.3. The disk |z| < R, where R is the radius of conver-
gence, is called the disk of convergence of the series (4.2.1).

The series (4.2.1) can either converge or diverge at points on the bound-
ary of the disk.

For example, the series
o0 Zn
has radius of convergence R =1 as can be seen from (4.2.6). On the circle
|z| = 1 where z = €%, the series is divergent only at the point z = 1, that
is, if # = 0 or 8 = 27, but at all other points, z = cos€ + isinf, of the
circle, the series

cosnb + isinnb . cos n9 . sin nd
Z z:: Z - (4.2.11)

n=1

n=1

is conditionally convergent.

Tests sharper than the ratio or the root tests can be used to prove the
last statement. Such tests, like the Dirichlet—Abel Test (see [29], Vol. 1,
p- 429), can be used to determine the conditional convergence of alternating
series, that is, series with terms which change signs.

THEOREM 4.2.2 (Dirichlet—Abel Test). Let {a,} and {b,} be two se-
quences of complex numbers such that

(a) lim a, =0,

b) Z |ant1 — an| converges, and
(c) ;fl;eo partial sums of the series Y b, are bounded, that is,
|by +bg + -+ by = |Sn] < M, n=12,....
Then the series

> anby (4.2.12)
n=1

CONVETgES.
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ProOF. The proof follows by summation by parts:

Zakbk =a1by +asbs + - + anby,
k=1
=a151 +az(S2 — S1) + -+ + an(Sn — Sn-1)
= (a1 —a2)S1 + (a2 —a3)Se + -+ + (an—1 — an)Sn—1 + anSp

n—1

= anSn — Z(ak+1 - ak)Sk.

k=1
Because of (a) and (c),
lim a,S, = 0.

Since
|(ak+1 — ar)Sk| < Mlag41 — ak
and (b) holds, the series

Z(ak—i-l — ax)Sk

k=1
is convergent. These together prove that lim axby exists and Zf;l arbi
n—oo

converges. O
This theorem takes a simpler form if the sequence {a,} is monotone.

COROLLARY 4.2.3. If the sequence {ayn} is monotonic decreasing with
nh_)rrgo an = 0, and the partial sums Y ,_, by are bounded, then Y 7 | anby,
converges.

PROOF. Since

n
Z |ak41 — ax|
k=1

(al _a2)+(a2—a3)+'--+(an—an+1)

= a1 — Ap+41
and
n
lim Z lak+1 — ag] = lim (a1 — apny1) = aq,
then hypothesis (b) of the theorem is satisfied. O

A special choice of the sequence {b,,} yields the usual alternating series
test.

COROLLARY 4.2.4. If the sequence {a,} is monotonic decreasing with
lim a, =0, then Y .-, (=1)""a, converges.

n—oo
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Proor. With b, = (—=1)"*! the partial sums of ) -, b, are always
either 1 or 0. O

Let us apply Corollary4.2.3 to the first series on the right-hand side of
(4.2.11).

EXAMPLE 4.2.1. Show that the series

o 0
Y2 o0<o<on (4.2.13)

n
n=1

is conditionally convergent.

SOLUTION. Set a, = 1/n and b,, = cosnf. Clearly, a,, > an+1 — 0 as
n—oo. If 0 < 0y <60 <27 — 6, the partial sum

B ST S U UL RN

is bounded by
2
2| sin(6o/2)|’
for each n > 0. Thus, the conditions of Corollary 4.2.3 are satisfied and the
given series (4.2.13) is convergent. O

|Sn| <

Similarly, one can prove that the series

oo . 0
Zsmn, 0<6<2m,

n
n=1

is conditionally convergent.

EXAMPLE 4.2.2. Show that the two series
i | cosnb)| i | sin nd|
n n
n=1 n=1

are divergent.

SoLUTION. If the first series would be convergent then, by the obvious
inequality
| cosnf| > cos® nd,

the series

o0

2% cosiné‘ :i + cos 2nf Z% i cos 2nf (4.2.15)
n=1 n=1 n=1

n=1
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would also be convergent. But this is false, since the last series converges
for 6 # km but the second-last series diverges. Therefore, the two series

. cos?(nb) 2. | cos(nf)]

n=1

diverge. Thus the series

= 0
Z cos(n )7 04 kr,
n=1 n

is only conditionally convergent. The divergence of the second series follows
in the same way. O

COROLLARY 4.2.5. The sum, S(z), of the power series (4.2.1) is ana-
lytic inside every disk |z| < Ry < R that lies entirely in the disk of conver-
gence |z| < R.

PRrROOF. Since the terms a,z™ of the power series are analytic in the
whole complex plane and the series (4.2.1) is uniformly convergent in the
region |z| < Ry, then, by the first part of Weierstrass’ Theorem 4.1.10, S(z)
is analytic if |z| < R; < R. O

COROLLARY 4.2.6. Power series can be differentiated and integrated
any number of times inside their disk of convergence. Moreover, the radius
of convergence of the differentiated (or integrated) series is equal to the
radius of convergence of the original series.

PrOOF. This fact is a consequence of the second part of Weierstrass’
Theorem 4.1.10. 0

Exercises for Section 4.2

Find the radius and disk of convergence of each of the following power
series.
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5. ) sin(in) (z +2)".

oo
8. E n"z".
n=1

Suppose that the radii of convergence of the power series > >~ | a,z™ and
Zf;l bn2z™ are equal to R; and Ra, respectively, where 0 < Ry < oo and
0 < Ry < oo. Estimate the radius of convergence, R, of each of the following
power series.

9.

10.

11.

12.

13.

14.

15.

16.

Z(an +by)2".
n=1

Z(an —bp)2".

n=1
o0
Z anbn 2.
n=1

Z Z—n 2", b, # 0, lim and lim exist.
n=1 "

n—00 (pn41 n—00 0p41

o0

E na,z".

n=1

ananz", k € N.

> a
> e k e N.
n

n=1

17. Does there exist a power series in powers of z that converges at z = 3441
and diverges at z = —3 + 3¢7 Explain.

Find the sum of the following series.
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20. an—l—l

21. Zin(n—l)'

4.3. Taylor series

We turn now to the Taylor series of an analytic function f(z) and the
relation between the radius of convergence of the series and the singularities

of f(2).

4.3.1. Taylor series and radius of convergence. The following
theorem is central in the theory of analytic functions.

THEOREM 4.3.1 (Taylor Series). Let f(z) be an analytic function in a
domain D which contains the open disk Df; i |z — 20| < R and its boundary
Cr :|z—20| = R. Then, at each point z in that disk, f(z) has the convergent
series representation

f(z) = enlz—20)", (4.3.1)

n=0

Cn = m. (4.3.2)

n!
This series is called the Taylor series of f(z) with center at z = z.

where

PROOF. Since Cp is in D, then Cauchy’s integral formula,
1 f(Q)
= — d 4.3.3
10 =55 § FLac (433)
is valid at any point z of Df; (see Fig 4.3). We use the transformation
1 1 1 1

to expand 1/(¢ — z) in powers of (z — 29)/(¢ — 20) in a neighborhood of z.
Since z € D! and ¢ € Cg, then |z — 2| < R and |¢ — 20| = R, so that

zZ— 20

<1
¢—20
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FIGURE 4.3. Shaded domain D containing the disk fo) of
convergence of a Taylor series centered at zp.

Therefore, one can expand the right-hand side of (4.3.4) in a power series
in (2 — 20)/(C = 20):

o0

Z - ZO
Z T (4.3.5)

We prove that series (4.3.5) is uniformly convergent with respect to ¢ and
z for all ¢ € Cr and all z strictly inside the disk Di . Indeed, since z is an
interior point, there exists p > 0 such that |z — 29| < p < R and

P

zZ— 20
<= <L
C—ZO R

Therefore, series (4.3.5) is majorized by the convergent series
1 <= /p\™
72 ()
n=0
and thus is uniformly convergent by Weierstrass’ M-Test (Theorem 4.1.8).
Substituting (4.3.5) into (4.3.3) and integrating termwise with respect
to ¢ (this integration is possible because the series is uniformly convergent

with respect to ¢ € Cg and z strictly inside D) we obtain (4.3.1) where,
by (3.4.8), the coefficients ¢, are given by

1 f(©)

T omi o (¢ — z0)n 1

f(")(zo)'

n!

d¢ = O (4.3.6)

We remark that the coefficients ¢,, given by (4.3.6) do not change if the
radius R of the disk Di is increased as long as its boundary C'r does not
cross any singularity of f(z). But, as soon as at least one singular point
of f(z) is located inside the disk Df;, the Taylor series becomes divergent.
Therefore the following theorem holds.
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THEOREM 4.3.2. The radius of convergence of the Taylor series (4.3.1)
is equal to the distance from zy to the closest singular point of f(z).

This theorem explains why the radius of convergence of the series

1 n

n=0
is equal to 1, a fact that is not seen by considering the rational function
1/(1 + 22) of the real variable z. In the complex plane the series, with
center zg =0,

1 n

n=0
is convergent in the disk |z| < 1, that is, the radius of convergence of the
series on the right-hand side of (4.3.8) is equal to 1 because the function
1/(1 + 2?) on the left-hand side has two singular points, z = =i, in the
complex plane at distance 1 from the center, zp = 0, of the series.

NoTE 4.3.1. The Taylor series (4.3.1) is a power series in z — zg with
coefficients, ¢,, given by (4.3.2). Suppose f(z) is represented by another
convergent power series in z — 2,

f(2) = an(z = 20)" (4.3.9)
n=0

Since this latter series can be differentiated any number of times in the disk
of convergence |z — 29| < R, it follows from (4.3.9) that
f(z0) = a0, f'(2) = a1 +2a2(z — 20) + ..., f(20) = a1,
f"(z)=2x1xas+3x2xazg(z—20)+..., 1" (20) = as2!,
and, in general,
£ (20) = ann!,
that is, the coefficients, a,, of the power series (4.3.9) are equal to
(n)
a, = 40(z0)
n!
Hence, a,, = ¢,,, and the two series coincide. Therefore, there exists a deep
link between the radius of convergence of the Taylor series of a function
f(2) in powers of z — zp and the distance from the point zy to the closest
singular point of f(z).

It follows from the previous results that if f(z) is differentiable at z = zg
and in some neighborhood, |z — 2| < p, of zg, then f(z) can be represented
by its Taylor series (4.3.1) in the same neighborhood. The converse state-
ment is easily proved in the following theorem.
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THEOREM 4.3.3. If f(z) is represented by the convergent power series
2) = an(z—2)" (4.3.10)
n=0

in the disk |z — zo| < p, then it is differentiable at z = zy.

Proor. It follows from (4.3.10) that f(z¢) = ag, and

w =ay +as(z—2) 4+ F+an(z —20)" 4 ... (4.3.11)
— 20
Formula (4.3.11) shows that the limit
lim f(Z) — f(ZO) =a; = f/(ZO)
z=z0 2 — 2
exists and is finite, that is, f(z) is differentiable at z = z. O

COROLLARY 4.3.1. Let D be an open disk with center z = zy. The
following statements are equivalent:
(1) f(z) is differentiable in D;

(2) f(z) is expandable in a power series in z — zy in D.

REMARK 4.3.1. In the literature, a function f(z) of a complex variable
z is said to be holomorphic in a domain D if it is differentiable in D, and
it is said to be analytic in D if it has a convergent power series about any
point in D. Because of this equivalence, holomorphic functions are often
called analytic.

EXAMPLE 4.3.1. Find the radius of convergence of the Taylor series of
Log (1 — z) about z =0,

Log (1 — 2) Z <t (4.3.12)
n

SOLUTION. The function Log (1 — z) is not defined at the branch point
z = 1. Therefore, the radius of convergence of (4.3.12) is equal to the
distance |1 — 0] = 1. O

4.3.2. Practical methods for obtaining Taylor series. We con-
sider several examples of Taylor series expansions. In practice one tries to
avoid computing the integral

fW() 1 jg 1)
G

= —r
n! 2mi — 7)1 ¢
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in order to expand f(z) in a Taylor series. It is often simpler to use some
special methods. The geometric series,

1 o0
— = S fzl<, (4.3.13)
n=0

is often used for this purpose.
For example, differentiating (4.3.13) with respect to z, one obtains

1 > n—1 2 - n—2
T g s D
n=1 n=2

for |z| <1, (4.3.14)

and so on.
On the other hand, integrating (4.3.13) with respect to z from 0 to z,
|z| < 1, we obtain

s n+1
Log (1 — z) = —Z;—H, 2| < 1. (4.3.15)
n=0
Other useful expansions are
4 = Zn
e = Z g |z] < oo, (4.3.16)
n=0
) e N Z2n+1
sinz =Y (-1) ot 2| < o0, (4.3.17)
n=0
> 2n
cosz = Z(—l)"%, |z| < o0. (4.3.18)
n=0 ’

It follows from the last three expansions that the radius of convergence
of the corresponding series is equal to infinity, because the functions e?,
sin z, cosz do not have singular points in the finite part of the complex
plane. Such functions are called entire. The only singular point of these
functions is z = oo since, if z = 1/z1, then e'/#, sin(1/21), cos(1/21) have
a singular point at z; = 0.

In order to expand a proper rational fraction P,(z)/Qm(2), n < m,
in a Taylor series, it suffices to represent this fraction as a sum of partial
fractions and represent each of these fractions by a Taylor series using
(4.3.13) and (4.3.14). We illustrate this technique by examples.

EXAMPLE 4.3.2. Find the Taylor series expansion in powers of z of the

function
1
(z —2)(z = 3)

f(z) = (4.3.19)
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SOLUTION. Since the singular points of f(z) are z = 2 and z = 3, the
radius of convergence of the Taylor series in powers of z is equal to 2. Using

partial fractions, we have
1 1
= — . 4.3.20
f) = = - — (43.20)

We expand each of the fractions in (4.3.20) in a Taylor series in the disk
|z] < 2 by means of (4.3.13). Thus, we have the series

1 1 1 1< /2\"
2—3 31— __57;)(5)’

win

which converges for

z

‘g‘ <1, thatis, |z|<3.
Similarly, we have the series

1 p—

1 1 1< /2\"
2—2 21— __57;)(5)’

[S1EN

which converges for
’g’ <1, thatis, |z|<2.

Using these expansions, we obtain from (4.3.20) the Taylor series of f(z)
in the disk |z] < 2 in the form

= 1S E AT ke

or

=/ 1 1 N
f(2)22(2n+1_3n+1>27 |z <2. O

n=0

However, there are cases where a Taylor series expansion (4.3.10) can
be found only by using integrals.

EXAMPLE 4.3.3. Find the Taylor series expansion of f(z) = e'/* with
center at zop = 2.

SOLUTION. Since z = 0 is the only singular point of f(z), then the
radius of convergence is equal to 2. Using (4.3.2) we obtain

fme _ 1 f{ de, (4.3.21)
C

W 2m b T
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where Cr is the closed path ( —2 = pe?®, -1 <0 <7, 0< p < 2. Then
d¢ = pe?idf and (4.3.21) has the form

(n) ™ i0
fme) 1 / e

= _— do
n! 27 ) (pei®)"

1 ™ 24p cos O—ip sin 6 .
— 5 e (24p cos 0)2+p2 sin2 0 6—1"9 do
" J_
1” ;; (4.3.22)
24p cos 6 g psin 6
— / e 4+4p cos 9+p2 e Z{44»4/)005 9+p2 +n9:| de
2rp™ )
1 ™ 24p cos 6 L
=5 e4t4pcos6+02 [cos (3, — isin G,] db,
" ) _x
where "
sin
Ba P +né. (4.3.23)

4 +4pcosh + p?
Since [, is an odd function of 6, the integral of the imaginary part of the
integrand on the right-hand side of (4.3.22) is equal to zero (as the integral
of an odd function with symmetric limits of integration).

Therefore, it follows from (4.3.22) that

f(n)(2) 1 ™ 24p cos 6

= ea+ipeos 0402 cos 3, d. (4.3.24)
n! 2mpn J_ .
Hence the Taylor series expansion of !/ about the point z = 2 is
o0 1 ™ 2+pcos 6
el/z = ngo |:27T-p’n, /_Tr e4+4ﬂzos 0+02 COS 671 d9:| (Z - 2)”, (4325)
where [z —2| < 2and 0 < p < 2. O

NOTE 4.3.2. In fact, the integral in (4.3.25) does not depend on p, but
this result is difficult to prove analytically.

Exercises for Section 4.3

Find the Taylor series for the following functions about the point zp and
determine the radius of convergence.
1. cosz, 20 = —7/2.

. 632

2 , 20 = Ti.

3. 1/z, z0 = —1.

4. 1/(z —1), 20 = —1i.
5. cos? z, zo = 0.

6

. cosh? z, 2o = 0.
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Z'Qj—él7 % =0
8 (;jf)z, 20=0
9. 2" +225 — 241, zo0=2
z
10. m, 20 = 21
z—2
11. m, zo = —1.
P

(z=1)2(z+2)’
Using Taylor series expansion for elementary functions given in Section 4.3,
solve the following problems.

13. Prove that (sinz) = cos z.

14. Prove that (coshz)’ = sinh z.
3 5

15. Show that tanz=z+%+2j—5+..., |z] < /2.
22 24
16. Show that secz=1+—+5—+.., |z| < 7/2.

2 24
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Find the Taylor series of the given functions about the given point, zp, and
determine their radii of convergence.

17. cos(3z — 2), zo = 1.
18. Log(3 + 2), z0 = 0.
19. 22 = 1.

20. sin(2z — 5), zo = —2.

Find the first three nonzero terms of the Taylor series about the given point,
20, and determine the radius of convergence of the series.

cos? z
21, —— =0.
1 ¥ 22 ) 20
z
22, —— =0.
ez _ 17 20
23. Log(1 + cos z), zo = 0.
1
24, ——— =0.
1+4cosz’ =0

25. et/*, 2 =1.

26. sin zo = 0.

142’

The series

s (_1)mx2m+n

Inl@) = Z 22m+nml(n 4+ m)!

m=0
defines the Bessel function of the first kind of order n for n € N. Using
(4.3.26) and properties of power series, derive the following relations.

27. [2"Jn(z)] = 2" Jp_1(2).
28. [z " Jn(z)] = —x " Ty ().
Using Exercises 27 and 28, show that

(4.3.26)

2n
29. Jnfl(iE) + Jn+1($) = ? Jn(x)

30. Jp—1(x) — Jpi1(z) = 2J) ().

Use Exercises 27-30 to evaluate the integrals

31. / Js(z) dz.

32. /:zrgjo(x) dx.
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FIGURE 4.4. Shaded domain D, annulus and closed path
C for a Laurent series.

4.4. Laurent series

An analytic function, f(z), with a pole at zp can be expanded in a
Laurent series with center at zp, and whose domain of convergence is an
annulus with center at zg.

4.4.1. Laurent series and domain of convergence. The follow-
ing theorem is central in the study of the local properties of meromorphic
functions. See Definition 5.1.7 for the definition of a meromophic function.

THEOREM 4.4.1 (Laurent series). Let the function f(z) be analytic in
a domain D containing the annulus

Ry < |z — 20| < Ro, (4.4.1)
(see Fig 4.4) bounded by the circles Cr, : |z| = Ry and Cg, : |z| = Ra, and

let C' denote any positively oriented closed path around zo and lying inside
the annulus. Then at each interior point z inside the annulus, f(z) has the
series expansion
—1 e}
@)= > elz=20)"+ D ealz —20)", (4.4.2)
n=—oo n=0
where
R (5
" 2w Jo (¢ = z0)n

called the Laurent series of f(z) in the annulus (4.4.1).

d¢,  n=0%1,£2 ..., (4.4.3)

Proor. Take a circle C), of radius p centered at z and lying entirely in-
side the annulus for p sufficiently small (see Fig 4.5). By Cauchy’s Theorem
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FIGURE 4.5. Annulus and circle C, for the Laurent series.

for a multiply connected domain we have (see formula (3.4.14))

1Q) ge f 1O Jis)
ﬁRZC_ng_ Cp<_2d<+‘£‘R1<—zd<’ (444)

where the three circles Cr,, C, and Cg, are taken counterclockwise. By
Cauchy’s integral formula (3.4.3), the integral along C,, is equal to 27if(z),
so that from (4.4.4) we obtain

IO, ©
6 =54 gy f e )

The integral along C'r, can be transformed as in the previous subsection
(see (4.3.1) and (4.3.2)):

1 QO . | L L f© o
% f;Rz m dc - n;() l27‘ri ﬁz@ (C - ZO)nJrl d<] ( 0) ' (446)

However, we cannot replace the expression in square brackets in (4.4.6) by
™ (20)/n! since zy may be a singular point of f(z).

We expand the expression 1/({ — z) in the integral along Cg, in (4.4.5)
in negative powers of z — zp by means of the transformation

1 1 1 1
_ _ - . (4.4.7)
(-2 (—z20—(2—20) z—z1— 52
zZ—2Zz0
Since ¢ € Cr,, | — 20| = R1. On the other hand, since z is an interior
point of (4.4.1), |z — 29| > R;. Hence
Cz20) oy,
zZ— 20
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Therefore, the right-hand side of (4.4.7) can be expanded in a power series
in (¢ — z0)/(z — z0) so that

R S o (i
v T;) TR (4.4.8)

We show that the series (4.4.8) is uniformly convergent with respect to ¢
and z for all ¢ € Cg, and all z inside the annulus (4.4.1). Indeed, since z is
an interior point of (4.4.1), there exists p; > 0 such that Ry < p1 < |z — 20|
Then

¢—2

zZ— 20

!
P1
and the series (4.4.8) is majorized by the convergent series of positive num-

bers
)
P1 '

P15

<1,

Therefore, by Weierstrass’ M-test (Theorem 4.1.8), the series (4.4.8) is
uniformly convergent.

Substituting (4.4.8) into the second term on the right-hand side of
(4.4.5) and integrating termwise with respect to ¢ (this is possible since

the series is uniformly convergent with respect to ¢ and z in the annulus
(4.4.1)), we obtain

Lo & 7
“am chc—de‘;lﬁfcM <<—zo>-"d4(z_z°) 1

(and putting n = —1 — k)

k——
1 1) .
2mi fch (€ —z0)"+! dé} S

>

n=-—1
The integrands in (4.4.6) and (4.4.9) are the same. We show that the
paths of integration, Cr, and Cg,, in these integrals can be replaced by an
arbitrary closed path C lying entirely inside the annulus (4.4.1). Indeed,
the function f(¢)(¢ — z9) ™"~ is analytic in the region between C'r, and C
since its only singular point, { = zg, lies outside this domain. Therefore,
by Cauchy’s Theorem for multiply connected domains,

J(C F(¢
j{c # dC = f{CR # dg. (4.4.10)
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Similarly, f(¢)(¢ — z9)~"~! is analytic in the region between C' and Cg, so

that
j{c e MO g f 94 (4.4.11)

— 20) Cr, (€= 20)" !
Substituting (4.4.10) and (4.4.11) into (4.4.6) and (4.4.9), respectively, and
substituting the results into (4.4.5), we obtain

-1

flz)= Z en(z —20)" + Z en(z — 20)", (4.4.12)

n=—oo n=0

where, for any counterclockwise closed path C' inside the annulus,

1 f(©)

L= — ¢ — 1S g —0,+1,42, ... 4413
¢ 27t Jo (¢ — zp) ! ¢ " ( )

The two series in (4.4.12) can be combined into a single doubly infinite

series
o0

fz)= Y enlz—20)" O (4.4.14)

n=—oo

It follows from the derivation of (4.4.3) and (4.4.14) that the series
(4.4.14) is absolutely and uniformly convergent in every closed annulus
lying entirely inside the annulus (4.4.1).

NOTE 4.4.1. If f(2) is analytic not only in the annulus (4.4.1) but in
the whole disk D : |z — zo| < Ra, then f(2)/(z — 20)"** is analytic in D for
n=—1,—2,-3,... Therefore, by Cauchy’s Theorem for simply connected

domains,
1 f(©)
n=—¢ —————d( =0, f =-1,-2,-3,....

27mi %C (C _ Zo)n+1 C or n

In this case, the Laurent series (4.4.14) reduces to the Taylor series

_ 0 (20)

n!

f(Z) = Z Cn(z - ZO)n7 Cn
n=0

DEFINITION 4.4.1. Let the coefficients ¢, be determined by (4.4.3).
Then the two series

—1 e’}
Z en(z — 20)", Z en(z — 20)"
n=—oo n=0

are called the principal and regular parts, respectively, of Laurent series
(4.4.14).



182 4. TAYLOR AND LAURENT SERIES

4.4.2. Practical methods of obtaining Laurent series. In prac-
tice, one tries to avoid computing the coefficients c¢,, of the Laurent series
(4.4.3) by means of integration. Other practical methods are used instead.
The background for these methods is the geometric series:

1 o0
— =) 2" <l (4.4.15)
n=0

1—2
Replacing z with 1/z in (4.4.15) we obtain
1 — (1\" 1
- - Z — <1
1 (1/2) ; () T
so that

1 — 1
n=0

1—=2

Differentiating (4.4.15) and (4.4.16), we obtain

1 > e
1-22 Z"Z g 2| <1, (4.4.17)
n=1
1 —n+1
T e >l (4.4.18)

Similarly, one can get Laurent series expansions for log (1 —1/z), e'/?,
sinl/z, cos1/z by replacing z with 1/z in (4.3.15)—(4.3.18).

To find a Laurent series for a proper rational function P, (z)/Qm(z),
where n < m, it suffices to expand it into a sum of partial fractions and use
the Taylor series (4.4.15), (4.4.17) or the Laurent series (4.4.16), (4.4.18) or
consequences of these formulae which can be found by differentiation the
necessary number of times.

EXAMPLE 4.4.1. Find the Laurent series of the function

1
1@ =69
(a) in the annulus 2 < |z| < 3,
(b) in the region 3 < |z| < co.

SOLUTION. First of all let us convince ourselves that it is possible to
find the desired expansions. The only singular points of f(z) are z = 2 and
z = 3. These points do not lie inside the annulus 2 < |z| < 3 or in the
region |z| > 3. Therefore, in both cases (a) and (b), it is possible to find
Laurent series.
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In the case (a), we first expand f(z) in partial fractions,

1 1
f(z) = pr Sl (4.4.19)
The fraction 1/(z — 3) can be expanded either in a Taylor series by means
of (4.4.15) or in a Laurent series by (4.4.16). If we use a Taylor series
expansion in powers of z, then we obtain a series which is convergent in
the disk |z] < 3 and therefore in the annulus 2 < |z| < 3. This is what we
need. Hence

1 1 1 1“(Z)n
:__7:__2 2, |z] < 3.
2—3 31— (2/3) 34=\3

A similar approach can be used for the fraction 1/(z — 2). If this fraction
is expanded in a Taylor series by means of (4.4.15), then we obtain a series
which is convergent in the disk |z| < 2, but we need a series which is
convergent in the annulus 2 < |z| < 3. Therefore we cannot use a Taylor
series in this case. A Laurent series expansion by means of (4.4.16) gives a
series which is convergent in the region |z| > 2 and, therefore, in the region
2 < |z| < 3. This is what we need. Hence

o0

1 1 1 A
= — = 2-
2—2 21-—(2/2) Zz"‘“’ 12 >

Substituting these expansions into (4.4.19) we obtain the desired formula,
1 0o N 1 00 2 n+1
=53 (G)"32 ()
n=0 n=0
= 2" z"
__Z<Zn+1+ﬁ)’ 2<|Z|<3

The solution to the case (b) is left as an exercise to the reader. O

Note that, in general, a Laurent series expansion can be found only
by means of formula (4.4.3), as shown in the following two examples taken
from [50], pp. 101-102, Section 5.6, Examples 1 and 3, respectively.

EXAMPLE 4.4.2. Prove that for all real =

elz=(1/2)z/2 _ Z Jn(z)2", (4.4.20)

n=—oo
where

JIn(2) ! / cos (zsin 6 — nf) df. (4.4.21)

:% .
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The function J,(z) is called the Bessel function of the first kind of
order n, and (4.4.21) is one of its integral representations. A power series
representation of J,(z) is given in (4.3.26).

SOLUTION. Since z = 0 is the only singular point of the function on the
left-hand side of (4.4.20), then its Laurent series expansion in powers of z
is possible in every annulus 0 < p < |z| < R. To determine the coefficients

¢n, we use formula (4.4.3) and take the unit circle |z| = 1 as the path of
integration. Then, z = ¢, dz = i e’ df, and
1 elz—(1/2)]z/2 J
Cpn = % e 7zn+l z
1 i . i —i .
- efl(nJrl)Hez(e f_e 9)/2619 do
27 J_»
Y
— ez(w sin 6 —n#) do

o ),
1 T - s

=— cos(xsine—no)d9+2i/ sin (2 sin 0 — nd) d.
™ —1T

2 J_ .

Since the last integral is equal to zero, then
1 s
Cp = 2—/ cos (zsinf —nb) df = J,(x). O
™ —T

EXAMPLE 4.4.3. Prove that

eurt(v/z) — Z cnz"”, (4.4.22)
where
1 (7 ;
Cn = 5 e(ut)cost o5 [(y — v) sin @ — nb] db. (4.4.23)
™) -7

SOLUTION. As in the previous example, we use (4.4.3) with the circle
z = € as the path of integration:

1 euer('u/z)
Cp = —— —dz
" 211 |z|=1 Zn+l
1 T —i(n+1)6 we® +ve= 0 0
=— e e e df
2 J_ .
1 T —inf ju(cos 0+isin 0)+v(cos §—isin )
= — e e do
2 J_ .

_ 1 " e(u-i—'u) cos 9€i[(u—v) sin 6 —nf] do

2 -
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1 T
=— elutv)eos oog[(u — v) sin @ — nb] df. O
2 J_ .
4.4.3. Cauchy’s estimate for the coefficients of a Laurent se-
ries. We close this section with the following important theorem.

THEOREM 4.4.2. Suppose that the function f(z) is analytic in the an-
nulus: Ry < |z — z0| < Ra. Then the coefficients of the Laurent series

o0

F&) = 3 ealz—z)"

of f(2) can be estimated, in absolute value, by the following inequalities:
M
len| < T n=0,+1,4+2 ..., (4.4.24)

where

M= max |f(2)], Cr:|lz—2| =R, Ri<R<R,. (4.4.25)
ze€Cr

Inequality (4.4.24) is called Cauchy’s estimate for the coefficients of a
Laurent series.

PRrROOF. Using (4.4.3) we obtain

1 f(©)
2i féR (¢ — zo) 1 dc‘

|en| =
1 f(¢
<o [ A
21 Jog 1€ — 20|
M 27 M
< -
- 27TRn+1 0 Rde Rn7
where the last inequality follows from (4.4.25) and the following facts:
IC—2| =R, (-2 =Re", |d¢| = |Ri e df| = Rdf. O

Exercises for Section 4.4

Expand each of the following functions in a Laurent series about zg = 0.
(Hints for Exercises 7 and 8: The functions

o~ (=) (z/2)% o~ (z/2)7n
Jn(2) =) —F——~— In(z) = ) w0
(=) kZ:O k(K + n)! (@) kzzok!(k—i-n)!
are the Bessel and modified Bessel functions, respectively, of the first kind
of order n for n € N.)
sin z

1.

23
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COS2 z

z
ef—1—=z
22
1+22/2 —cosz
—_—

.~

z
5. z*sin(1/2).
6. ze'/.

7. e*t1/z,

8. cos(1/z) cos z.

Expand each of the following functions in a Laurent series about zp.

z+2
9. m, 20:3.
z—1

10.

(2—|—i2, Zoz—i.

)

11. (2 4 2)sin([1/(z — )], 20 = i.

12. (z—1)e/G2, z =2
cos z

13. —— = —4.
Z+47 20
eZ
14, —— =—1.
Expand each function in convergent Laurent series in the given domains.
1
15— a)lz| <1, (b)l1<|z|<2, (c)2<|z| < 0.
CTDETE @<L ®)1<kl< @2<k
1
16, ————, a)lz| <2, (b)2<]z| <3, (c)3<|z| < o0.
CTaeTy W< )2<k<s @3 <k
2241
32—5 b
1
19, ———| 3<|z—1| <4
(z+2)(z+3) | |
z
1
21, ————— 0<|z+1] <2.

@1
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0<|z—3<3.
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CHAPTER 5

Singular Points and the Residue Theorem

5.1. Singular points of analytic functions

5.1.1. Zeros of analytic functions. In this subsection we define
zeros of order m of an analytic function f(z) and give a convenient repre-
sentation of f(z) in a neighborhood of a zero of order m.

DEFINITION 5.1.1. Let f(z) be analytic in a neighborhood of z = z.
The point zg is called a zero of order m of f(z) if

f(ZO) =0, f/(ZO) =0, ..., f(mil)(z()) =0,
but £ () # 0.

If z = 2y is a zero of order m of f(z), the Taylor series of f(z), centered
at zg, has the form

> f(n) (4
flz)= Z ["(z0) (z — z)" (and putting n = m + k)

— n!
o~ [ R () m
— kZ:O (m+k)(; (z — zo)™tk (5.1.1)
o SR (2) K
=(z—z)™ (z — 20)",
YL (k) 0
that is,
f(z) =(z = 20)"¢(2), (5.1.2)
where the function
(m) (m+1)
o(z) = [f m(!Zo) + f(m n 5;;?) (z—2z0)+...
(m+k)
ﬁ(z —z20)F .| (5.1.3)
is analytic at z = 2y and, by definition,
(m)
olzo) = T g

189
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Note that the series (5.1.1) and (5.1.3) have the same disk of convergence.
It follows that if zp is a zero of order m of f(z), then f(z) can be
represented in the form (5.1.2) where (z) is analytic at z = zp, and p(zg) #
0 and ¢(zq) # 0.
The converse statement is also true. If the function f(z) is analytic at
z = zp and is represented in the form (5.1.2), where ¢(zo) # 0, p(z0) # oo
and ¢(z) is analytic, then zy is a zero of order m of f(z).

EXAMPLE 5.1.1. Determine the order of the zero of
f(z) = (2 — 5)1%", (5.1.4)

SoruTioN. Comparing (5.1.2) and (5.1.4) and noting that e® # 0 and
e # oo, we immediately see that z = 5 is a zero of order 100 of f(z) since
fA00)(5) £ 0. Moreover, it is the only zero of f(z) since e* # 0 for all
z e C. O

EXAMPLE 5.1.2. Determine the order of the zero z =0 of

sin'? 2
f(z) = : (5.1.5)

25

SOLUTION. To define the function ¢(z) we write
.10
sin™ z
f(Z) = 25 10 =: Z5<P(Z)7

where lim,_,0 ¢(z) = 1 # 0. Therefore z = 0 is zero of order 5 of f(z). O

5.1.2. Isolated singularities. A point ¢ € C is called a singular
point of f(z) if f is not defined at a.

For examples, the points z = 1, z = 0 and z = oo are singular points
of z/(z —1)2, (sinz)/z and z + 1, respectively.

By Liouville’s Theorem 3.4.5, the only analytic functions which do not
have any singular point in the extended complex plane are the constant
functions, f(z) = constant.

DEFINITION 5.1.2. A singular point zg of f(z) is called an isolated sin-
gular point if there exists § > 0 such that f(z) is analytic in the punctured
disk 0 < |z — zo] < 6.

Not every singular point, zg, is an isolated singular point, as can be
seen from the following example taken from [50], p. 98, par. 5.501.

EXAMPLE 5.1.3. Show that the function
f(z):z2—|—z4—|—z8—|—--'+z2n—|—--':ZZT (5.1.6)
n=1

has infinitely many singular points on the unit circle |z| = 1.
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SOLUTION. It is seen by the ratio test that the radius of convergence
of the series (5.1.6) is equal to 1, since
Z2n+1

_ |Z2n+172n| _ |Z2n| < 17

z2"

if |z| < 1. Tt is clear that lim,,1_¢ f(z) = oo; hence, z = 1 is a singular
point of f(z). It follows from (5.1.6) that

f(z) =22+ Z 22" (and putting n =k + 1)
n=2

(zQ)Qk =224+ f(2?).

M8

oo
k+1
22 + E 22 =22 +
k=1

E
Il
—

Furthermore, if 22 — 1 — 0 then f(22) — oo and, therefore, f(z) — oo,
since f(z) = 22 + f(2?).

Hence, the points satisfying the equality z? = 1, that is, the points
z = %1, are singular points of f(z). Similarly, it follows from (5.1.6) that

flz)=22+2+ Z 22" (and putting n = k + 2)
n=3

oo oo
=224+ 24+ Z (zz)k+2 =224 244 Z (z4)2k =224 24+ (2.
k=1 k=1

It follows from the above formula that, if 24 — 1 —0, then f(z*) — oo and,
therefore, f(z) — oo. Similarly, one can show that

fle)=22 42"+ 427 + f(27).
Hence, for any positive integer n, the points satisfying the relation 22" =1

are singular points of f(z). Solving the equation 22" = 1 we obtain the 2"
2"th roots of unity,

2 = €2TR/2" k=0,1,...,2" — 1, (5.1.7)

which are singular points of f(z). These singular points are not isolated:
any arc of the circle |z| = 1, no matter how small, contains infinitely many
singular points since n in (5.1.7) can be taken as large as we please. O

In the sequel, we shall consider only isolated singular points unless
stated otherwise.
If 2o is an isolated singular point of f(z), then f(z) can be represented
by the Laurent series
-1

fR)= > ealz—20)"+ > calz — 20)", (5.1.8)

n=-—oo n=0
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in the annulus 0 < 01 < |z — zo| < 6.

Isolated singularities are classified as follows.

An isolated singularity, zg, is a remowvable singularity, a pole or an
essential singularity of f(z), if the principal part of the Laurent series (5.1.8)
of f(z) contains, respectively,

(a) no negative powers of z — zo,
(b) a finite number of negative powers of z — zy, or
(c) infinitely many negative powers of z — z.

5.1.3. Removable singularities.

DEFINITION 5.1.3. Let the function f(z) be analytic in a punctured
disk 0 < |z — 20| < §. If its Laurent series around z = 7o has no principal
part, that is,

f(2) Z en(z —20)"
n=0

=co+ci(z—20) +calz — 29)2 + -
+en(z—20)" + ...,
for 0 < &1 < |z — 20| < J, then z is said to be a removable singularity of
f(z).
As can be seen from (5.1.9), if zy is a removable singularity then the
limit

(5.1.9)

lim f(z) = co
z2—20

exists and is finite. Therefore letting f(z9) = co, we obtain that 2y is a
point of analyticity of f(z), that is, the discontinuity is removed:

lim f(Z) — f(ZO) =c; = f/(ZO)-
zZ—2z0 zZ— 20
It can easily be shown that the converse statement is correct, namely,
if 29 is a singular point of an analytic function f(z) and the limit ¢y =
lim f(z) exists and is finite, then zg is a removable singularity, that is, the

z2—20

Laurent series of f(z) has the form (5.1.9). Indeed, if, by contradiction, at

least one of the coefficients ¢, (n = —1 or n = —2, etc.) cannot be equal

to zero in (5.1.8) then the limit A = lim f(z) is not finite. Therefore we
z2—2z0

have proved the following theorem.

THEOREM 5.1.1. A necessary and sufficient condition for a singular
point zg of an analytic function in a punctured disk 0 < |z — zo| < § to be
a removable singularity is the existence of the finite limit

lim f(z) = co.

z—20
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NoTE 5.1.1. The above proof by contradiction is based on the follow-
ing fact from mathematical logic: proposition “A — B” is equivalent to
proposition “not B — not A.”

Similarly, one can prove the following theorem.

THEOREM 5.1.2. If an analytic function f(z) is bounded in the punc-
tured disk 0 < |z — zo| < 02, then either [ is analytic at zo or zy is a
removable singularity.

5.1.4. Poles.

DEFINITION 5.1.4. Let the function f(z) be analytic in the punctured
disk 0 < |z — 20| < §. If the principal part of the Laurent series of f(z)
around z = zg contains a finite number of terms,

o C—m C—m+1
f(Z) - (Z _ ZO)m (Z _ Zo)m_l

Cc_

+

(2 —20)" (5.1.1
ZO—|—ZC(Z 20)", (5.1.10)

-
n=0

where c_,, # 0 and m < oo, then zq is called a pole of order m of f(z).
We can rewrite (5.1.10) in the form

tea(z—20)" D enlz - zo)"“”} ., (5.1.11)
n=0

or

f(o) = 22 (5.1.12)
where the function

0(2) = Com + gz — 20) + -

tea(z—20)""" + ) en(z—20)"T (5.1.13)
n=0
is analytic in the disk |z — zo| < ¢ and ¢(20) = c—p, # 0.

Hence, if zg is a pole of order m of f(z), then f(z) can be represented
in the form (5.1.12), where ¢(z) is analytic in some §-neighborhood of zp;
moreover, ¢(zg) # 0 and ¢(zg) # oo.

The converse statement is also true: if f(z) is representable in the form
(5.1.12) where ¢(z) is analytic in some §-neighborhood of zg and ¢(zg) # 0,
then zp is a pole of order m of f(z). To prove this, it suffices to expand
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©(z) in a Taylor series in z — zp and divide every term of this series by
(z — z0)™.

Therefore it is not necessary to find a Laurent series expansion (5.1.10)
in order to determine that zg is is a pole of order m of f(z); it suffices to
transform f(z) to the form (5.1.12).

In practice, f(z) is often represented by a ratio of two analytic func-
tions, ¢(z) and ¥(z),

p(2)
f(z) ) (5.1.14)
Then zg is a pole of f(z) if 1(zp) = 0 and ¢(z9) # 0. Let us assume, for
example, that ¢(z) has a zero of order m at zp and ¢(z¢) # 0. Then ¥ (2)
can be represented in the form (5.1.2):

P(2) = (2 = 20)"K(2),
where £(z) is analytic in some §-neighborhood of zp and k(zg) # 0. Then
f(2) in (5.1.14) can be written in the form

1
) — m%p(z)
f( )_ (Z—Zo)m7

where [r(2)]71p(2) is analytic at zg and [r(z0)] "1 (20) # 0. This means
that f(z) is of the form (5.1.12), that is, zg is a pole of order m of f(z).

Hence if f(z) is of the form (5.1.14), where ¢(z) and v(z) are analytic,
then each zero of order m of 1(z), which is not a zero of ¢(z), is a pole of
order m of f(z). Thus, we have the following theorem.

(5.1.15)

1

THEOREM 5.1.3. A necessary and sufficient condition for a point zo to
be a pole of a function f(z) analytic in a puncture disk 0 < |z — zo| < § is
that

lim |f(z)| = o0 (5.1.16)

zZ—20

(independently of the direction of approach of z to zp).

PROOF. The necessity follows from condition (5.1.12): if zg is a pole
of order m, then f(z) is of the form (5.1.12) and

lim |f(2)] = lim _le@)] = o0,

z—z0 z2—z20 |2 — 2o|™

since ¢(zp) # 0.
For the sufficiency, assume that (5.1.16) holds. Thus, if g(z) = 1/f(z)

is analytic in a punctured d-neighborhood of zy and lim g¢(z) = 0, that is,
z2—20

the point zg is a zero of some integer order, m, of g(z), then by (5.1.2) we
have

9(2) = (2 = 20)"P(2),  ¥(20) #0,  P(20) # o0, (5.1.17)
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or, equivalently,
1

)= ———,
8 = 5o
Thus, by (5.1.12), zg is a pole of order m of f(z). O

¥(z0) # 0, Y(z0) # 0.

We now consider a few examples.

EXAMPLE 5.1.4. Find the singular points of

eZ

in the finite complex plane and determine their character.

SOLUTION. The only singular point is z = 1 and it is a zero of order
100 of the denominator. Moreover, e*|,—; = e # 0. Hence z = 1 is a pole
of order 100. g

EXAMPLE 5.1.5. Find the singular points of

z+1
f(Z):m

and determine their character.

SOLUTION. The zeros of the denominator are z = 0 (a simple zero)

and z = —3 (a zero of order 5) and the numerator does not vanish at
z=0or at z = —3. Hence z = 0 and z = —3 are poles of order 1 and 5,
respectively. g

EXAMPLE 5.1.6. Find the singular points of

sin? z

1G) = s
SOLUTION. We rewrite f(z) in the form

2

sin” z
2
z) = —2F——.
/) (z+1)4z4
The zeros of the denominator are z = —1 and z = 0, both of order 4.
Moreover, the numerator is not equal to zero at z = —1 or at z = 0 since
.2
sin® z
lim =1.
z—0 22

Hence z = 0 and z = —1 are poles of order 4. O
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5.1.5. Essential singularities.

DEFINITION 5.1.5. Let the function f(z) be analytic in a punctured
disk 0 < |z — 20| < d. If the principal part of the Laurent series of f(z)
around z = zg contains an infinite number of terms:

-1

fR)= > ealz—20)"+ > cnlz — 20)", (5.1.18)

n=—oo n=0

that is, given any positive integer N there exists c_,, # 0 for infinitely many
n > N, then the point zg is called an essential singularity of f(z).

The behavior of an analytic function in a neighborhood of an essential
singularity is described by the following theorem, which goes by the name
Casorati—Weierstrass, Sokhotski, or simply Weierstrass’ Theorem.

THEOREM 5.1.4 (Weierstrass’ Theorem). Let zg be an isolated essential
singularity of a function f(z) which is analytic in a punctured disk 0 < |z —
20| < 9. Given any € > 0 and w € C, then, in any punctured neighborhood
of zo, there exists at least one point z such that |f(z) —w| < €.

PROOF. Assume to the contrary, that is, given a complex number w
and & > 0, there exists § > 0 such that for all z such that 0 < |z — 29| < §
the inequality

lf(z) —w| > ¢ (5.1.19)
is satisfied. Then, consider the auxiliary function
1
Y(z) = 5.1.20
&)= F—a (5.1.20)

By (5.1.19), 9(z) is analytic and bounded in a punctured n-neighborhood
of zp, that is (see Theorem 5.1.2), zo is a removable singularity of (z).
This means that, in an n-neighborhood of zp, 1(z) can be written in the
form

P(z) = (2 —20)"k(2),  K(20) #0,

where £(z) is analytic in this neighborhood. Then it follows from (5.1.20)
that, in a punctured n-neighborhood of zg, f(z) has the form

1
2) = ————
O =G
where 1/k(z) is analytic in 0 < |z — z9] < 1 and 1/k(z0) # 0. But this
means that zg is either a pole of order m of f(z) (if m > 0) or a point of
analyticity of f(z) (if m = 0). In both cases we have a contradiction with
the assumption of the theorem. This contradiction proves the theorem. [

+w, (5.1.21)
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COROLLARY 5.1.1. Suppose that a function f(z) is analytic in the punc-
tured disk 0 < |z—zp| < § and has an isolated essential singularity at z = zo.
Then f(z) approaches any value w € C infinitely closely and infinitely often
in any punctured 0 < |z — zo| < 01, where §; < 4.

PrOOF. By Theorem 5.1.4, for every € > 0, in any sufficiently small
punctured d-neighborhood of zy there exists at least one point z; such that

|f(z1) —w| <e. (5.1.22)

Then, by taking a nested sequence of shrinking punctured §-neighborhood
of zg, we see that there exist infinitely many points z; for which (5.1.22) is
satisfied. O

The point z = 0 is an essential singular point of the function f(z) = el/*
since its Laurent series around z = 0,

~ 1
=2

n=0
contains infinitely many negative powers of z. For this function, we have
the following example.

EXAMPLE 5.1.7. Given an arbitrary complex number w, w # 0 and
w # oo, show that there exist infinitely many complex numbers z such that
e'/* = w in any punctured neighborhood, 0 < |z| < 8, of 0, where § can be
taken as small as we please.

SOLUTION. Taking the logarithm of e!/* = w, we have

1
— =logw = Logw + 2k, k=0,4+1,£2,....
z

Thus

B 1

~ Logw + 2kmi’

that is, for all § > 0 there exist infinitely many points z in the punctured

neighborhood 0 < |2;,| < § for which the condition e'/*» = w is satisfied for
whatever number w, except w = 0 and w = oo. O

i k=0,+1,42,...,

Let us consider the behavior of e'/# in a neighborhood of the point
z=0.
If z = x is real and approaches 0 from above, then

lim e'/* = +o00.
x—0+

If z = x is real and approaches 0 from below, then

lim e'/* =0.
r—0—
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If z = iy is pure imaginary and y approaches 0 from above or below, then
the limit
lim €'/ = lim <cos 1 1sin l)
y—0 y—0 Y Y
does not exist.
This strange behavior is typical of any analytic function in a neighbor-
hood of an essential singularity.

COROLLARY 5.1.2. If 2z is an essential singularity of a function f(z)
analytic in the punctured disk 0 < |z — zo| < §, then lim,_.,, f(z) does not
exist.

PROOF. The statement follows from Theorem 5.1.4 since, depending
on the choice of the sequence of points z, approaching zg as n — 0o, f(zy)
can take any preassigned value w € C, except possibly one value. O

There is no reason to prove the following converse of Theorem 5.1.4: if
no finite (or infinite) limit of f(2) exists as z — zg then, by Theorems 5.1.1
and 5.1.3, zp cannot be a removable singularity or a pole.

The following theorems are deeper than Theorem 5.1.4 and are stated
without proofs. They are formulated in terms of entire functions which are
analytic in the finite complex plane and meromorphic functions whose only
singularities in the finite complex plane are poles. By definition, an entire
function omits the value z = oo in the whole complex plane C.

THEOREM 5.1.5 (Little Picard Theorem). If f(z) is an entire function
that omits two values in the finite plane, then it is a constant.

PROOF. See [2], p. 307. O

It can be shown by an extension of Theorem 5.1.5, given in [34], Vol. 2,
p- 268, that the entire functions cos z and sin z take every finite complex
values in the complex plane.

THEOREM 5.1.6 (Great Picard Theorem). Suppose an analytic
(meromorphic) function, f(z), has an essential singularity at z = zy. Then
in each neighborhood of zy, f(z) assumes each complex value, with one
(two) possible exception(s), an infinite number of times.

PROOF. See [34], Vol. 3, pp. 344-345. 0

It can be shown that the meromorphic function tan z omits the values
+4 in the complex plane.
We rephrase Theorem (5.1.6) in the following corollary.

COROLLARY 5.1.3. If f(z) has an isolated singularity at z = 2o and
if there are two complex numbers that are not assumed infinitely often by
f(2), then z = zq is either a pole or a removable singularity.
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In the above Example 5.1.7 the function e'/# takes any complex value
w except w = 0 in any punctured d-neighborhood of z = 0. The number
w = 0 is called an ezceptional value for the function e'/%.

EXAMPLE 5.1.8. The point z = oo is an essential singularity of the
function f(z) = cosz and for any complex w the equation cosz = w has
infinitely many solutions,

1
Zk:—.LOg(w—l— w2—1)+2/€7ﬂ k=0,+1,£2,...,
1

in any 6-neighborhood of the point z = oo, that is, in the region § < |z| < oo.
Hence the function cosz does not have any exceptional values.

NoTE 5.1.2. It follows from Theorems 5.1.1-5.1.4 that, besides the
characterization of the isolated singularities of an analytic function pre-
sented above, there exists another equivalent characterization (see [42]),
namely, the point zj is said to be

(a) a removable singularity if f(z) has a finite limit as z — 2o,

(b) a pole of order m if f(z) — oo as z — zg, and

(c) an essential singularity if f(z) has no finite or infinite limit as
z = 2.

5.1.6. Behavior of an analytic function near z = oco. We now
consider the behavior of an analytic function in a neighborhood of the
point z = oo.

DEFINITION 5.1.6. The point z = oo is said to be an isolated singular
point of an analytic function f(z) if there exists R > 0 such that there are
no singular points in the region R < |z| < oo.

For example, z = oo is not an isolated singular point for the function
f(z) = 1/sinz since the singular points, z = km, k = 0,+£1,..., of this
function tend to co as k — Fo0.

If z = oo is an isolated singular point of f(z) in the region R < |z| < oo
then it can be expanded in a Laurent series

o0
fl)= Y cnz", (5.1.23)
n=—oo
which is convergent in the region R < |z| < cc.
Following Definition 4.4.1, the series
—1 00
Z ¢z and Z cn 2",
n=-—00 n=0
valid in a punctured neighborhood of infinity, are called the regular and
principal parts of the series (5.1.23), respectively.
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As in the case of a finite isolated singular point zg, there are three
possible cases.
(1) The point z = oo is called a removable singularity of f(z) if the
limit
lim f(z) =co
Z2— 00
exists, is finite and does not depend on the way z approaches infinity.
The series (5.1.23) in this case does not contain positive powers of z. If,
moreover, the coefficients cg,c_1,...,¢_m+1 are equal to zero in (5.1.23)
but ¢_,, # 0, then the point z = oo is called a zero of order m of f(z).
(2) The point z = oo is called a pole of order m of f(z) if the series
(5.1.23) contains a finite number of positive powers of z, that is,

m

f(z) = Z cn 2", em #0, m < 0.

n=—oo

In this case, by (5.1.12), f(z) can be represented in the form
f(z) = p(2)z™, (5.1.24)

where ¢(z) is analytic in a neighborhood of z = 0o and ¢(o0) # 0. In this
case we see that lim,, . |f(2x)| = 00, no matter how zj approaches co.

(3) The point z = oo is called an essential singular point of f(z) if the
series (5.1.23) contains infinitely many positive powers of z, that is,

flz)= Z cnz".

In this case, f(z) has no finite nor infinite limit as z — oo.

In practice, to expand f(z) in a Laurent series in a neighborhood of
the isolated singular point z = oo, one can use the inversion z = 1/¢ and
expand the function f(1/{) in a Laurent series in a neighborhood of { = 0.

EXAMPLE 5.1.9. Represent the function

2

flz) = Ve (5.1.25)

in a Laurent series in a neighborhood of z = co.
SOLUTION. The points z = =+i are the branch points of f(z). Joining
these points by a cut we obtain two single-valued branches of f(z). We

select the branch of f(z) for which f(1) = 1/4/2. Thus, representing f(z)
in the form (5.1.24) we obtain

2) = (=), w(2)=\/$, p(00) = 1.
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Hence z = oo is a simple pole of f(z). Letting z = 1/(, we get

f (%) = ﬁ (5.1.26)

and using the binomial series

(rgr=14+ 220 DE
+a(a—1)---(a—n—|—1)

n!

E+ . €] <1, (5.1.27)
we have

(1 +C2)_1/2 -1— %<2 + (_%) (_%) (<2)2

2
_1y (=3} (1
4. +( 2)( 2) n'( 2 n+1)(<2)n
1
=1-5C+ 222,& : (5.1.28)
+ (=)™ n,‘;n1 3-5---(2n—1)¢*" +
= S PR <t

where 2n —1)!!'=1-3-5---(2n—1) and (-1 = 1.
Substituting (5.1.28) into (5.1.26), we obtain

/ (%) - 7;)(_1)”(2%;)”42"_17 ¢l < 1. (5.1.29)

Finally, letting ¢ = 1/z in (5.1.29) we obtain the Laurent series of (5.1.25)
in a neighborhood of z = 0o in the form

n(2n—DI 1
Z e 1<lkl<co O

\/1+22

5.1.7. Generalized Liouville’s Theorem. We recall that a function
f(2) which is analytic in the whole complex plane is called entire. This
function can be represented by a Taylor series,

)= ozt (5.1.30)
k=0

which has an infinite radius of convergence. By virtue of Liouville’s The-
orem 3.4.5 an entire function f(z) (if it is not a constant) must have a
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singular point at z = oo which is either a pole of order n or an essential
singularity.

THEOREM 5.1.7 (Generalized Liouville’s Theorem). If there ezist a
nonnegative integer n and a positive number Ry such that the entire func-
tion f(z) satisfies the inequality

)] < elal? (5.1.31)
in the region |z| > Ry, then f(2) is a polynomial of degree not exceeding n.

PROOF. Since k > 0in (5.1.30), one can use Cauchy’s estimate (4.4.24)
for the coefficients of the series (5.1.30) in the form

lek| < k=0,1,...,

ﬁu
for all R > Ry, where, by (5.1.31),
M = max |f(z)| < cR"™.

|z|=R
Therefore
cR" c
|Ck;| S F = W. (5.1.32)

If £ > n, it follows from (5.1.32) that ¢; = 0 since R can be taken as
large as we please and the coefficients ¢; are independent of R. Hence

Cnt1 = Cpy2 = -~ = 0 in (5.1.30), that is, f(z) is a polynomial of degree
not exceeding n. O
COROLLARY 5.1.4. If n =0 in (5.1.31) then ¢y = ca = --- =0, that is,

series (5.1.30) has the form
f(2) = ¢o = constant,
so that we obtain Liouville’s Theorem 3.4.5.

5.1.8. Expansion in partial fractions. In this subsection, the co-
efficients of the partial fraction expansion of a rational function are deter-
mined efficiently by means of Liouville’s Theorem 3.4.5.

DEFINITION 5.1.7. An analytic function f(z) is said to be a meromor-
phic function if its only singular points are poles, including possibly the
point z = oo.

The number of poles of a meromorphic function can be either finite (in
the case of a rational function) or infinite (in the case of the transcendental
functions tan z, tanh z, cot z, coth z, sec z, etc.).

The following theorem holds.



5.1. SINGULAR POINTS OF ANALYTIC FUNCTIONS 203

THEOREM 5.1.8. A meromorphic function f(z) which has a finite num-
ber of poles, z1,za,...,z2s, in the extended complex plane (the point z = oo
can also be a pole) is a rational function.

PROOF. Since each singular point zi, k = 1,2,...,s (and perhaps z =
00), is isolated, then f(z) can be represented, in a punctured neighborhood
of each z, by a convergent Laurent series which has a finite number of
negative powers of z — z;. Suppose that the singular point zj is a pole of
order uj, where i > 1, and the point z = oo is a pole of order m, where
m >0 (if m = 0, there is no pole at z = 00). The Laurent series of f(z) in
a neighborhood of z = oo has the form

m —1
z) = Z () 4 Z (22", R < |z| < 0. (5.1.33)
n=0

n=—oo

In a neighborhood of zj, # oo, the Laurent series is

J7is

0<d< |Z — Z;g| < Ry. (5.1.34)

Note that, even if the series (5.1.34) has infinitely many positive powers of
z — zi, the outer radius Ry, of convergence is finite and equal to the distance
from z;, to the next closest pole of f(z).

Consider an auxiliary function ¢(z) which is equal to the difference
between f(z) and the principal parts of the Laurent series (5.1.33) and

(5.1.34):
s Mk (k)
¢ (5.1.35)

— i )y
n=0

This function is analytic in the whole complex plane; therefore, it is equal
to a constant by Liouville’s Theorem 3.4.5:

k=1n=1 (Z a Zk)n

©(z) = a = constant.

It then follows from (5.1.35) that

m 5 Jk (k)
f)=a+d 2+ Z — (5.1.36)
n=0 k=1n= 1

We infer from (5.1.36) that

a= lim [f(z) — Zm: c§;>°>z"] . (5.1.37)

Z—00
n=0
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The right-hand side of (5.1.36) is the partial fraction expansion of the given
rational function; the term

m
a+ Z cloo) zm
n=0

is called the regular part of this function. O

REMARK 5.1.1. The regular part of a proper rational function is equal
to zero, so that (5.1.36) reduces to
P(z) = W
f(z) =2 = —n (5.1.38)
Q06 L
where P,(z) and Q,(z) are polynomials of degrees ¢ and r, respectively,
with 7 > ¢. Formula (5.1.38) is, in fact, the partial fraction expansion of
a proper rational fraction, and Theorem 5.1.8 gives a simple derivation of
this formula.

In addition to formulae found in [42], we derive simple formulae for
determining the coefficients c(_k}l in (5.1.38). For this purpose, we rewrite

(5.1.38) in the more explicit form

H1 c(l) H2 0(2) Mk c(k)
2) = _n + —n 44 __—n
/) = (z—z)" ngl (z — z9)" ngl (z — zp)"
Hs )
—" . (5.1.39
ot nz::l oy (5139

s Mm C(_":l)
F)(z = 2)" = (2 = 21)™ mzz:l nz::l (z — 2m)"
m#k

(k) (k) (k) 2
+el,, cf(#rl)(z —z) + PN G zE)° + ..

+ Mz = )1 (5.1.40)

To determine the coefficients c(f()#k _pyp P = 0,1,..., ux — 1, we differentiate
(5.1.40) p times with respect to z and take the limit as z — z;. Thus,

k L.
By = o I [ = 2%, p=0.1 L (5141

Setting pur —p = m in (5.1.41), we obtain
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(k) — 1 3 123 (l"k m)
C = lim Z)\Z z k N
m ( & m) | 2552 [f( ) ( k) ]

m=1,2,...,ux. (5.1.42)

Formula (5.1.42) gives the partial fraction coefficient of the term with
denominator (z — zx)™, where uj is the multiplicity of the root zy; in fact,
it gives the coeflicients of all the terms in the partial fraction expansion
(5.1.38).

NOTE 5.1.3. Using formula (5.2.12) of the next section to compute the
residue at the pole of order p; — m, we can rewrite (5.1.42) in the form

Loen = B [T - B [Ty a0

however, for practical purposes, it is more convenient to use (5.1.42).

EXAMPLE 5.1.10. Ezxpand the following proper rational function in par-
tial fractions:

_ r+1
1) = 22w sy

SoLUTION. It follows from (5.1.38) and (5.1.42) that
z+1 A B C

J(@) = (x —2)2(z — 3) - (:v—2)2+:1c—2+:v—3'
Then
. 2+1
A= lim[f(z)(z - 2)7] = 5— = -3,
B = lim[f(2)(z - 2)*)
B z+1\ r—=3—(r+1)
_m—>2 ((E—?)) wl—>2 (%—3)2 4,
. 3+1
Thus
r+1 3 4 4

f(x):(I_2)2(x_3):_(x—2)2_a:—2+x—3' H

We remark that the useful formula (5.1.42) seems to be absent from
textbooks. It is especially useful for computing only one of the coefficients

c(k,)n, without computing the others (see Example 6.1.6 in the next chapter).
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Exercises for Section 5.1

Find the order of every zero of the given functions.
1. 2> +16.
2. (22 —1)%(22 +4).
3. (1 —cosz)(2? —9)>.
4. z(e* —1)2
5. 22 sin® 2.
6. 1—-cosz .
22(z —1)2
1
7. = sin? 2.
z
1 2z :
8. —(e** —1)sinz.
z
Find the order of the zero at z = 0 of the following functions.

9. z —sinz.
1 2
10. — (1 —cos2)~.
z

11. 2% —1)2
12. €°9%% — ¢?,

13. zLog(1 — z).

2’4

14, ——m——.
l—z—e%

Find the singular points of the given functions, including infinity.

z4+1
15—
(22+4)(z—1)?
16 !
" (z—9)2(2+2)
1
17. .
e +1
sin(z — 1) 1
18. .
z—1 +z—1
z
19.
1 —cosz
1 1/z
z
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21. cos -
z—1

22. tanz.

1
23. = + cot? 2.
z

1 1
24. i .
(z—1)10 +sz—1

25. Let the functions f(z) and g(z) be analytic in a domain D except
at the point zg. Suppose that zg is a pole of order n and m of f(z) and
g(z), respectively. Discuss the possible types of singularity of the function

f(2) +9(2) at z.

26. Let zp be a singular point of f(z) and let g(z) be analytic at zo. Find
the type of singularity of f(z)g(z) if

(a) zp is a removable singularity.
(b) 2o is a pole of order n.
(¢) 2o is an essential singularity.

27. Show that the function

n
2
n
n=1
is continuous in and on the unit circle, but every point of the circle is a
singularity.

5.2. The residue theorem

Let zg be an isolated singular point of an analytic function f(z). Then
f(2) can be represented by a Laurent series in a neighborhood of z,
flz)= Y cnlz—20)", (5.2.1)

where

NS N O (5

211 C (C — Zo)n+1
and C'is any closed path which contains the only singular point zy inside
and is taken in the positive direction. In particular,

1
fc £(0) dc. (5.2.3)

" 2mi
DEFINITION 5.2.1. The coefficient c_; of a Laurent series in a neigh-
borhood of an isolated singular point zg is called the residue of the analytic
function f(z) at zo and is denoted by Res,—,, f(z).

dc, (5.2.2)

C—1
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By (5.2.2), we have

Res f(2) = c_1 1

A = —j{ f(¢) d¢. (5.2.4)
z2=z¢ 27T’L C

If 2o is a removable singularity of f(z), then the Laurent series (5.2.1) does
not contain negative powers of z — zg and therefore substituting (5.2.1) into
(5.2.4) gives c_1 = 0.

Therefore, the residue of f(z), in general, is not equal to zero if zj is a
pole or an essential singularity. However, the residue can be equal to zero
if the coefficient c_; of the Laurent series is zero. For example, if z = 0
is a pole or an essential singularity and f(z) is an even function (that is,
f(=2z) = f(z)), then its Laurent series contains only even (positive and
negative) powers of z and

c_1= IZ{:egf(z) = 0.

It is essential for the sequel to compute the coefficient c_; not by using
(5.2.4) but by either differentiating f(z) at 2o or computing ¢_; by means
of some special techniques for obtaining the Laurent series expansion of

f(z).

5.2.1. Computing residues. Let zy be a pole of order m of f(z).
Thus the Laurent series of f(z) in a neighborhood of z; has the form

o C—m C—m+1
J(2) = (z — 20)™ * (2 — zo)~mH1 A

C

71 i
> en(z—z0)", (525
z— 2 +n:00 =) ( )

where c¢_,, # 0. To determine c_1, we proceed as follows:
(1) Multiply both sides of (5.2.5) by (z — 2z9)™:

(z—20)"f(z) =com~+ cemi1(z—20) + -+

teoi(z—20)" T+ ez —2)" T (5.2.6)

n=0

(2) Differentiate (5.2.6) m — 1 times:
[(z = 20)™ f())" 7D = o1 (m — 1)!

+ icn(n +m)n+m—1)---(n+2)(z —2)"". (5.2.7)

n=0
(3) Take the limit in (5.2.7) as z — zp and divide by (m — 1)
1 _
c_1 = Res f(z) = lim [(z — 20)™ f(z)]™ V. (5.2.8)

z=20 (m—1)! 2=z



5.2. THE RESIDUE THEOREM 209

Formula (5.2.8) allows one to compute the residue at a pole, zg, of
order m by means of differentiation. In particular, if m = 1 (that is, zg is
a simple pole) then, by (5.2.8), we have

Res f(2) = lim [(z — 20) f(2)], (5.2.9)

since 0! = 1 and the derivative of order zero of f(z) is f(z).

Formula (5.2.9), which can be used to compute the residue at a simple
pole, can be obtained directly by multiplying (5.2.5) by z — 2o, since ¢_,, =
Comy1 =+ =cC—o =0, c_1 #0, and by taking the limit as z — 2.

Suppose that f(z) has the form

ﬂ@=58, (5.2.10)

where ¢(z) and v(z) are analytic and zg is a pole of order 1, that is,
P(z0) = 0, ¢¥'(20) # 0 and (z9) # 0. Since ¥(z9) = 0, (5.2.9) can be

transformed into another convenient form:

o(z) . o(2)
Res = lim (2 — z
RSy =)0

L v(2)
A s o)
Z—Zz0
©(20)
BT

zZ—2Zz0

lim,_,

_ ¢(20)
V' (20)

Hence, the formula
o(z) _ ¢(z0)

RS @) = V()

can be used to compute the residue at zq if zg is a simple pole.

(5.2.11)

NoOTE 5.2.1. In practice, one can overestimate the order of a pole by
overlooking the zeros of ¢(z) in (5.2.10). Thus, if 2o is a zero of order ! of
¢(z) and a zero of order k > [ of ¥(z) then z; is a pole of order m =k —
and not k. However, if such a mistake occurs, the result may still be correct
when (5.2.8) is used. This fact can easily be justified if one multiplies both
sides of (5.2.5) not by (z—20)™ but by (2 —29)*, where k > m, differentiates
the given expression k — 1 times and takes the limit as z — zg. Thus, with
k > m, we obtain

c—1 = Res f(z)

z=20 N
- ﬁ ZILHZIO[(Z - Zo)kf(z)](kfl)' ( )
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Therefore, if the order of a pole is overestimated, the final result remains
correct; but using formula (5.2.12) is less convenient since one has to com-
pute derivatives of higher order than in (5.2.8).

EXAMPLE 5.2.1. Find the residue of the function

flz) = 21

z

at z = 0.

SoLUTION. The point z = 0 is a simple pole of f(z). Using (5.2.9) we
obtain

Resz+1 = lim {224_1] =1.
z2=0 z

z z—0

We obtain the same result by using (5.2.11):

=1.
2=0

1 1
Resz+ = 2t
z2=0 z 1

Finally, formula (5.2.12) also gives the same result for any integer k > 1:

2+ 1 (k=1)
-

z+1 1 .
E‘EST—WP%[Z

1
= W zhi% [(k—=DNkz+1)]=1. O

5.2.2. Computing the residue at an essential singularity. There
are no general formulae for computing residues at essential singularities.
One may compute the integral (5.2.4) or use some special ways of getting
the Laurent expansion and determining the coefficient ¢_;. For example,
if f(z) is an even function with respect to z — zo then the Laurent series
contains only even powers of z — zg and Res,—., f(z) = 0.

EXAMPLE 5.2.2. Find the residue of the function
e—l/z4

1z) = 22 +1

at z = 0.

SOLUTION. In this case z = 0 is an essential singularity. Since f(z) is
an even function, then
671/24
Res —— = 0.
z:eg 2241
The residues at the simple poles z = +i can easily be computed by formula
(5.2.11). O
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EXAMPLE 5.2.3. Find the residue of
f() = 2%/
at z = 0.

SOLUTION. The point z = 0 is an essential singularity. We expand
f(2) in a Laurent series:

1 1 1
_ .2
flz) =2 (1 +t it tas ) : (5.2.13)
It follows from (5.2.13) that the coefficient ¢_; is equal to

1
c_1 =Resz2e/* = — =

1
z=0 3' 6 D
EXAMPLE 5.2.4. Find the residue of
_ 1 1/z
f(z) - 1— Ze
at z = 0.

SOLUTION. The point z = 0 is an essential singularity. We expand
1/(1 — 2) and €'/ in a Taylor and a Laurent series, respectively:

1
1—=2

1 1
1/z _ 2 i N
eF=(1+z+z +...)(1+1!Z+2!22+...). (5.2.14)
To determine the coefficient at 2~!, one multiplies 1 by 1/z, z by 1/(2!22),
2% by 1/(3!23) and so on, and adds the results. Thus,
1

1 1
— 1/z _ Sl T TR Sl — e —
Z:gl_ze 1+2!+3!—|— —I—n!—l—... e—1. O

EXAMPLE 5.2.5. Find the residue of
f(z) = e/
at z = 0.

SOLUTION. The point z = 0 is an essential singularity. We represent
e* by a Taylor series in powers of z and e'/# by a Laurent series in powers
of z, and multiply both series, with the aim of determining the coefficient
of z~1. Thus,

ez-l-l/z — ¢? el/z

(142424 14y Ly
N TR TR 1z 2122 )7
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The coefficient c¢_; is equal to

=+, 1, T
TR IPIE] nln+ 1)
o (5.2.15)
:Zé
nzon!(n—l—l)!

The series in (5.2.15) is equal to the value, at z = 2, of the so-called modified
Bessel function,

L(z) = nz:% m (g)%+1 L 2l < oo (5.2.16)

Thus,
c_1 =Rese”V/*=1(2). O

z=0
Many problems can be found, for example, in [31], pp. 79-80, num-
bers 314-336.
5.2.3. Residue of an analytic function at infinity.

DEFINITION 5.2.2. The function f(z) is said to be analytic at z = 0o
if the function ¢(z) = f(1/2) is analytic at z = 0.

For example, f(z) = sin(1/z) is analytic at z = oo since ¢(z) = sin z is
analytic at z = 0.

Suppose that f(z) is analytic in the infinite domain D : R < |z| < o0,
so that it can be represented there by a convergent Laurent series

_ n_ n, ¢-1  C=2
f(z)= Z " =Y ez t—t
R < |z] <oo. (5.2.17)

Let C be an arbitrary closed curve lying entirely in D and taken in the
positive direction with respect to the bounded domain it encloses. Since
the Laurent series in (5.2.17) is uniformly convergent in D, integrating the
left-hand side and right-hand side termwise along C, we have

= dz dz
f(z)dz = cnfz"dz—l—c, j{——l—c, f——l— (5.2.18)
j{c 7;) c ' c z ’ o 2
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{Cam
SNPIFY

FIGURE 5.1. Positive direction of curve CE bounding the
infinite domain D’ C D.

It is clear, by Cauchy’s Theorem 3.3.4 for multiply connected domains, that
the path C' can be replaced by the circle |z| = Ry > R, taken counterclock-
wise, in D. Hence, by the change of variable z = Ry e*?, we have

flog o=
c Z" |z|=Ro 2" ( )
5.2.19
. 2 : _
RO 0 O, n # 1.
Thus, by (5.2.18) we obtain
1
1= — dz. 5.2.20
1 = 5 §. S (52.20)

DEFINITION 5.2.3. Let the function f(z) be analytic in the infinite
domain D : R < |z| < oo. The residue of f(z) at infinity, denoted by
Res f(z), is the number —c_y, where c_; is the coefficient of 1/ in the

Laurent series of f(z) convergent in D,
1
Res f(z) = —c_1 = ——,j{ f(z)dz, (5.2.21)
2=00 211 C
where C is any closed path lying in D and taken in the positive direction

with respect to the bounded region it encloses.

NOTE 5.2.2. If we change the direction of C in (5.2.21) we obtain the
path C% which is traversed in the positive direction with respect to the
infinite domain D’ it encloses (see Fig 5.1).

In that case, (5.2.21) becomes

Zfieoi fz)= L 7{c+ f(z)dz. (5.2.22)

T 2mi
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Formulae (5.2.22) and (5.2.4) are identical since the paths CL in (5.2.22)
and C in (5.2.4) are both taken in the positive direction, and z = oo and
z = zq are the only singular points of f(z) inside CE and C, respectively.

The coefficient ¢j of the Laurent series (5.2.17) can be computed by
the simple formula

1 f(z)
=55 P, e dz,  k=0,+1,42, ..., (5.2.23)

where the closed path C lies entirely in the domain of analyticity, D : R <
|z] < o0, of f(z) and is taken in the positive direction with respect to the
bounded region it encloses.

If the point z = oo is a zero of order k of f(z) then the Laurent series
(5.2.17) has the form

f(z)= c;—kk e gonz F c_1 #0. (5.2.24)

It follows from (5.2.24) that

f(z)zO(Zik), as k — oo.

If k=1, then
Res f(2) = —c.1,
and if k > 2, then
Res f(z) = 0.
For example, in the case of a rational function of the form

2™+ ap_12" 1+ Fag

f(z)= R
we have
n 1
f(z)%Z:W, as z — 00.
Thus,

| —an/bm, if m=n+1,
Zlie(})%f(z)—{ 0, if m>n+1.

Note that, for the function f(z) = 1/z, we have
1
Res — = —-1#0,
Z=00 2

despite the fact that z = co is a point of analyticity of 1/z. Hence we have
proved the following important theorem.
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FIGURE 5.2. Closed region D and closed paths, v, sur-
rounding the singular points zx, for k =1,2,..., N.

THEOREM 5.2.1. If f(z) is analytic in an annulus A : R < |z] < oo
and f(z) = O(z7F) as z — oo, then

—cq, if k=1,
ﬁiif(z):{ 0 z}c k=2,3,...

where ¢y is the coefficient of 2z~ in the Laurent series of f(z) convergent
in A.

NOTE 5.2.3. Any attempt to use the substitution z = 1/¢ in the an-
alytic function f(z) and then compute the residue at ¢ = 0 does not give
the same result for the residue at z = oo, as can be seen from the function

fz)=1/z

5.2.4. The residue theorem. The following theorem can be used for
evaluating integrals by means of the theory of residues.

THEOREM 5.2.2 (Residue Theorem). Suppose the function f(z) is an-
alytic in a simply connected closed region D bounded by the path C taken
in the positive direction, except for a finite number of isolated singularities,
zk, k=1,2,..., N, located inside D. Then

N
]{ f(z)dz = 2m'zzfg(1s f(2). (5.2.25)
¢ k=1~ "

PrROOF. We surround each singular point, zx, £ = 1,2,...,N, by a
sufficiently small closed path ~, containing only the singular point z (see
Fig 5.2). Then f(z) is analytic in the region D’ bounded by the paths
C,v,7%2,...,Yn- Therefore by Cauchy’s Theorem 3.3.4 for multiply con-
nected domains, we have

jfcf(z)dz - ZN:j{ F(2)dz, (5.2.26)

k=1
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where the paths C' and ~; are taken counterclockwise. By definition of the
residue at z;, we have (see formula (5.2.4)):

(z) dz = 2mi Res f(2), (5.2.27)
Yk =2k
which, upon substitution in (5.2.26), yields (5.2.25). O

Using the last Theorem 5.2.2 and Definition 5.2.3 of the residue at
z = 00, one can prove the following theorem, which is useful for evaluating
integrals.

THEOREM 5.2.3. If an analytic function f(z) has a finite number of
singularities zx, k = 1,2,..., N, in the complex plane, then the sum of all
the residues of f(z), including the residue at z = 0o, is equal to zero:

N
Z Zfie;s f(z) + Res f(z) = 0. (5.2.28)
k=1~ * =

PROOF. Let C be a closed path which contains all N singular points
zr, assumed to be situated at finite distance from z = 0. By the residue
theorem we have

N
1 f(z)dz = Z Res f(2). (5.2.29)
c =1 F

21

On the other hand, it follows from (5.2.17) that

1 j{cf(z) dz = Zfi%% f(2). (5.2.30)

2w

Adding (5.2.29) and (5.2.30) we obtain that
N
Z Res f(2) + Res f(2) =0. O (5.2.31)
z2=zp z2=00
k=1

EXAMPLE 5.2.6. FEwvaluate the following integral counterclockwise:

1—
e f e
=2 Z° =2

SOLUTION. The singular points of the integrand in the disk |z| < 2 are
z=0and z =1. At z = 1, the numerator is not zero and the denominator
has a zero of order 1. Hence z = 1 is a pole of order 1 of the integrand. At
z = 0, the numerator and denominator are equal to zero. However,

2

1—cosz=1—(1—%+...>=O(22), as z — 0;
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thus
. 1 —cosz
im —— =
z2—0 Z(Z —'1)
Hence z = 0 is a removable singularity and

Res 1 —cosz —0
z2=0 Z(Z~— 1)
Thus, by the residue theorem, we obtain
1—
I = 2mi Res — =
z=1 z(z — 1)
1 —
= 2mi lim — 2% — 97i(1 — cos1). O
z

z—1

EXAMPLE 5.2.7. Ewaluate the following integral counterclockwise:

2
z
]é = " dz.
|z|=4 S z

SOLUTION. The zeros of the denominator in the disk |z| < 4 are z =0
and z = +7. The point z = 0 is a removable singularity since z = 0 is a
zero of order 2 of the numerator and a zero of order 1 of the denominator.
Thus

2

lim — = 0.
2—08inz
The points z = £ are poles of order 1 of the integrand since sin (+7) = 0,

but (sinz)’| _, # 0. Therefore, by (5.2.11) and (5.2.25),

22
Iy =273 (Res—|— Res) [ - ]
Zz=m  z=—T7 sin z

2 2
. z z
= 271
cos z COSZ|,__ .
2
. T .
= 4mi =—47%. O
COS T

EXAMPLE 5.2.8. FEwvaluate the following integral counterclockwise:

1/22
I3 :Ilyg c dz.
=2 1 =2

SOLUTION. There are two singular points in the region |z| < 2, namely,

apole, z = 1, of order 1 and an essential singularity, z = 0, since the Laurent
1/22

series of e contains infinitely many negative powers of z. Therefore

I3 = 2 (Res—i— Res)

z=1 z=0

1/z
; 1 . (5.2.32)

—Zz
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Using formula (5.2.11), we have

el/?? el/1
R =— =—¢. 5.2.33
il-z -1 ¢ (5.2.33)
In order to find the residue at z = 0 we expand 1/(1 — z) in a Taylor series
and e'/?* in a Laurent series in powers of z:
et/ s s 1 1 1
= (I+z+22+2"+...) (1+ 1|22+@+W+...).

To obtain the terms containing 1/z one has to take the terms with odd
powers (say, z2¢71) of the first series and multiply them by the terms of
the second series which have one more power (that is, 1/22%), and then add
the results. Thus, we have
e/ 111

E{:eg::ﬁ—‘ri—i_i—i_”':e_l' (5.2.34)

Substituting (5.2.33) and (5.2.34) into (5.2.32) we obtain
I =2mi(-e+e—1)=—-2mi. O

If a closed path C surrounds all, or a large number of, the singular
points of the integrand, then it is convenient to use Theorem 5.2.3, which
says that, in the case of a finite number of singular points in the whole
complex plane, the sum of all residues including the residue at z = oo is
equal to zero.

Theorem 5.2.1 is also extremely useful if f(z) = O(27%) as z — o0,
because the residue at z = oo is different from zero if and only if £ = 1.

EXAMPLE 5.2.9. FEwvaluate the following integral counterclockwise:

dz
e
jol=2 14270

SOLUTION. The 10 singular points, z1, 22, ..., 210, of the integrand in
the disk |z| < 2 are the roots of the equation z'9 = —1. Therefore,
=i pe

By Theorem 5.2.3, we have

1
ZzR‘ii o Be o =0
Since

1 1
m20<ﬁ) as z — 00,
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then, by Theorem 5.2.1,
1
Res ———= =0
z:(?)% 1+ ~10

Hence, I, = 0. 0

EXAMPLE 5.2.10. FEwvaluate the given integral counterclockwise:

Zl3
I = dz.
5 72_5 (3221 2)3(z5 132~

SOLUTION. The integrand has five singular points in the disk |z| < 5,
namely, the two and three zeros of the first and second factors, respectively,
in the denominator. Therefore it is more convenient to evaluate the integral
by means of Theorem 5.2.3,

2’13

Is = -2m R .
° AR (322 + 2)4(23 + 3)2

Since the order of the denominator as z — oo is O(281%) = O(214), and
the order of the numerator is O(z'3), then the integrand is equivalent to
1/(3%2) as z — oo. Therefore by Theorem 5.2.1, the residue at z = oo is
equal to —1/3* and I5 = 27i/81. O

5.2.5. Path of integration through poles of odd orders. The
following theorem holds when the path of integration goes through poles of
odd orders.

THEOREM 5.2.4. Suppose that the function f(z) is analytic in a closed
region D bounded by the closed path C, except for a finite number of singular
points, z1,z9,...,2N, lying inside D, and a finite number of simple poles,
Z1,29, .., 21, lying on C at points where C' is smooth. Then

N 1
p.v.f f(z)dz = 2772'2 Res f(z) + m'z Res f(2). (5.2.35)
c P z=z P 2=Zk

PROOF. We bypass each singular point Z by a circular arc v of radius
0 and center at Zx, lying in D. We choose ¢ so small that the whole arc
vk lies in the region of analyticity of f(z). Then f(z) is analytic on the
closed path which consists of the arcs 7, and the remaining part, C of C
(see Fig 5.3). Therefore by the residue theorem

l N
/éf(z) dz+Y [ f(z)dz=2mi)_ Res f(2). (5.2.36)
k=1

1 T Z=Zk
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FIGURE 5.3. The path C~'+'yl + o+

Expanding f(z) in a Laurent series in a neighborhood of the simple pole
Z1, we obtain

C_

f(z) = =t > enlz—2)"™ (5.2.37)

z —

n=0

Then

/W fleyaz = /% Zc:lzk dz+ i Cn/ (z = 2)" dz. (5.2.38)

n=0 Yk

On the arc v, we have z = 3, + de*?, ag, < 6 < B, where oy, is the angle
between the secant joining the points Ay and Zx and the tangent to C at
Zk, and O is the angle between the secant joining the points By and Zi and
the same tangent (see the magnification of arc v in Fig 5.3). With this
notation, (5.2.38) becomes

Br 56t 40 s B o
f(z)dz = 071/ 56(567:9 + ch/ (56“9) seidd. (5.2.39)

Vi k n=0

In the limit, as 6 — 0, we have a — 7, B — 0, and (5.2.39) becomes

0
%im f(z)dz =ic_q / de

O’Yk

— rie_y (5.2.40)
= —mi Res f(z).
Z=ZL
Hence, taking the limit of (5.2.36) as 6 — 0 we obtain (5.2.35). O

NOTE 5.2.4. Formula (5.2.35) is true also in the case the points Zj
are poles of any odd order (Zj and the principal part of the Laurent series
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contains only odd powers of z — Zj):

- C—(2p+1 - - \n
f(z)= Z % + Z ez — 2Z)", (5.2.41)
p=0 n=0

where c_(gp41) # 0.

Indeed, integrating each of the terms in the principal part of (5.2.41)
along the arc v, from # = 7 to § = 0 we obtain, as in the transition from
(5.2.38) to (5.2.39), that the term containing c_; is the only nonzero term.
This term is

0 10 ; 0
/ de :/ cdh :i/ =200 g
Tk (Z - Zk) PE ™ (6“9) P T

| =, if p=0,

o 0, if p=1,2,...,s.
Note that simple poles of the integrand located on the path occur in diffrac-
tion problems (see [49]).

EXAMPLE 5.2.11. FEwaluate the following integral counterclockwise:

sin z
Ig =p.v. ————dz.
o 72_1 E-DEE+)

SOLUTION. The four singular points, z = +1 and z = +4, of the inte-
grand are simple poles. Moreover, all the singularities are located on the
circle |z| = 1. Hence using (5.2.35) we obtain

. sin z
fo= i (e e+ e+ Res ) |

_ sin z sin z
- {22(2’2 +1) L_l + 22(224+1)|,.__,
sin z sin z
22(22 - 1)|,_, + 22(22-1) Z_l]

_[sinl n sin 1 n sin n sin(—1i)
=i
4 1 2i(=2) " 2(=i)(-2)
= 7;(sinl—sinhl). O

Exercises for Section 5.2

Find the residue of the given functions at every singular point and at infin-
ity.
1

z— 23

1.
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z
2, — .
(z+1)(z—1)?
2244241
22(z24+1)
A 2B 4+1
C2(z = 1)2(z +4)3
5 ¢
EESERTHE
6. CoS 2

(z—1)2(z+4)
Find the residue of the given functions at every finite singular point.

1
7. .
er —1
sin z
"2z —1)%

1 —cosz

22sinz
10. z3el/%.
1
z—1

11. 2%sin

12. .
cos 12

sinz 1 1)z

13. +—3+€
z

z
1 —cosz 1 o1
14 T‘F%‘FSIHE

15. e*/(==1),

1
16. cos (—) COS 2.
z

17. Let f(2) = [5((—5))]2, ©0(z0) # 0, ¥(z0) =0, ¥'(20) # 0. Suppose that

©(z) and 9(z) are analytic at z = z9. Find the type of singularity of f(z)
at z = zp and Res f(z).
Z=Z0

18. Suppose that z = zg is a pole of order n of the function f(z). Find
Res[f'(2)/ f(2)]

Evaluate the following integrals counterclockwise along the given circles C.
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19. d C: =3.
jgc z+1)2 z—2) “ 12

sin z

20}140222_1 C: |z|=2.

21. jl{ T dz, C: |z—4]=1.
C Z

22. j’é €082 C:lz+2l=1/2.
C

23% : 2| = 4.
Czsmz

24. 7{726[2, C: |z|=2.
CZ

2. 7§CZ3 . Ot s =3

2241
024—1

1
277§ZQ+ O sl =3,
i/

4
sin[1/(z — 1)]
(

26. dz, C: |z|=2.

2

o

1
29. j{ zsin — dz, C: |z|=1.
C z

1 1
30. 7{ ( —l—sm—) dz, C: |z|=1.
C Z

Using the fact that the sum of the residues at all the singular points (in-
cluding the point at infinity) is equal to zero, compute the given integrals
counterclockwise along the given circles C.

A
L — =2 4 . 12| = 5.
3 jéw(z+2)(z8+1) 5 Col=5

1
2. —————d : = 100.
S A e LA
1

33 jé(z+1)(z+2)---(z+100) az,

2
34. 7{ %dz, C: |z|=2.
c < -1







CHAPTER 6

Elementary Definite Integrals

The main idea in evaluating definite integrals over the real z-axis by
means of Cauchy’s Theorem and the theory of residues, in the simplest
cases, is as follows. Instead of evaluating the integral of a function f(x)
of the real variable z from —oo to +00, one considers the integral of f(z)
of the complex variable z along a closed path, C, consisting of a segment,
[ R, R], of the real axis and a semicircle, Cg: |z] = R, 0 < argz < 7, in the
upper half-plane. The residue theorem is applied to f(z) over the region
bounded by C and the limit is taken as R — oo. If | f(z)| = O (1/|z]?), the
integral along Cr tends to zero as R — oco. Thus,

[z>0

/_00 f(z)dx = 2mi Res f(z).

In more complicated cases, other appropriate closed paths are chosen
and the function f(z) is replaced not by f(z) but by some other functions.

There are many known variants of this simple method, which is far
from being exhausted at the present time.

In this chapter, generally but not always,

a=a+1i06 € C, a, ag, B ER, 0 < Argz < 2m,

and branch cuts are taken along the positive real semi-axis.

6.1. Rational functions over (—oo,+00)

In this section, we consider integrals of real rational functions of the
form

oo Pn
/ @) 4, (6.1.1)
o0 Qm(@)
where P, (z) and @,,(z) are polynomials in x of degrees n and m, respec-
tively, with real coefficients, and m > n + 2. This last condition ensures
the convergence of the integral in (6.1.1). We consider two cases.

225
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-R 0 R x

FIGURE 6.1. The path of integration for the integral
(6.1.3) of f(z) without any real poles.

6.1.1. The case of no real poles. Consider a rational function of a
complex variable,
P(2)
where Q,,,(z) # 0 for all real z. We take the closed path, C, consisting of
the segment [— R, R] of the z-axis and the semicircle Cg of radius R in the
upper half-plane, as shown in Fig 6.1.

By the residue theorem, we have

]{ f(z)dz= 27T’L.ZZ].:E€;S f(2), (6.1.3)
c o Sk

(6.1.2)

where zj, are the singular points of f(z) enclosed by C. Since z = = on the
segment [— R, R], we have

R
/ f(z)dx + f(z)dz = 2mi Z Res f(z (6.1.4)
7R CR

Z=Zk

where Sz, > 0 since @, (z) has no real zeros. We show that

lim f(z)dz=0. (6.1.5)
R—oo Cr

Indeed, on C'r one has
ZZReie, dZZiRewdH, 0<o<m.

Hence .
P, ( (R e
d—/ €>wa (6.1.6)
Cr Qm Qm )
Since m > n + 2, we have
P,(2) ; (" +arz" ot an)z
Qm(z) z=Ret0 2™+ blszl ot bm 2=R et
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Z—(m—n—l) + alz—(m—n) 4+ .4 anz_(m_l)
L+biz7tb - bypz™
— 0, as R — oo,

z=Rei?

because all the powers of z in the numerator and the denominator of the last
fraction are negative. Hence, as R — 0o, we get from (6.1.4) the formula

/_Z c];;((j:)) e = 2mi zk: Res [5:1(8)} ) (6.1.7)

provided Sz > 0, m > n+ 2 and Q,,,(z) # 0.

EXAMPLE 6.1.1. FEwvaluate the integral

/Oo dx
o T2+ 17

SOLUTION. The conditions on (6.1.7) are satisfied because P,(z) = 1
and Q,(z) = 22 + 1. Since the points z = +i are poles of order 1 of the
rational function 1/ (2% + 1), then

*  dx ) 1
T2+ 1 =2miRes| 5

1
7TZ2Z

z=1

=.
This result can also be checked by direct evaluation. O

EXAMPLE 6.1.2. FEwvaluate the integral

/°° dz
—00 ((E2 + 1)3 '
SOLUTION. The points z = +i are poles of order 3 for the rational

function 1/ (2% + 1)3 because (2% + 1)3 = (2 +14)%(z — i)3; therefore, by
formula (5.2.8)

e d
[T -
e (21 1) =i | (211
"
1 1
=2mi — lim |(z — i)?’ig
2' z—1 (22 + 1)

1 "
-t =)

3 /
-t |~
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1 12
= milim =%
z—1 (Z =+ Z)
12 3
=Ml = —.
(24)5 8

EXAMPLE 6.1.3. FEwvaluate the integral
2?2 +1
— d.
/_Oo 4+ 1 v

SOLUTION. The poles of the function

22 +1
&)=y

are the zeros of the denominator,

4

— _ (m+2km)i
2=—1=¢ ),

that is,
2, = e(TH2Em)I/4 k=0,1,2,3.

The function f(z) has simple poles at these points because

Qzr) =24 +1=0, but Q'(z) =4z} #0.

Since the first two poles, zg = e™/* and z; = e®™/4 lie in the upper

half-plane, then

00 2 2 1
/ z d:c = 27i | Res + Res 2
5o 4 z=z0 z2=2z1 z4 + 1

B 7rz/2 +1 37ri/2 41
- 4e3mi/4 4e97i/4

= % ( Tmi/4 4 oI/ 4 omImi/4 g 677”/4)
— i [ —wi/4 | 673771'/4}

— i (~iv2)

=mv2. O

EXAMPLE 6.1.4. FEwvaluate the integral

/Oo dx
o T8+ 17
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SOLUTION. The poles of the function

1
1(z) = 20 +1
are the zeros of the denominator,
28 = —1 = e(m+2km)i,
that is,
2 = e (TT2RT)/6 k=0,1,...,5.

Three of these roots,

20 = 67”/6, 2 = 63771/6 — eﬂ"L/2 =1, 29 = 657”/6,

lie in the upper half-plane. Since f(z) has simple poles at these points,
then

> dx ) 1
| = omi(Res + Res ¢ Res ) | o1 |

(L] ]
_W6z5

y—emi/6 625 i 625

_ 2mi 1 1 1
T 6 \ eomif6 + n + 2571 /6

_m (6757”'/6 i+ 67771'/6)

z_ermi/e)

3
T 1 2

NOTE 6.1.1. If the integrand is an even function, then an integral from
0 to oo can be replaced by half the integral from —oo to oo and formula
(6.1.7) can be used, but this is not possible otherwise. It will be shown
in Subsection 7.1.1 how to evaluate the integral of an arbitrary rational
function of the form P,(z)/Qm(x) from 0 to co and even from a to b,
which amounts to evaluating an indefinite integral, by means of the theory
of residues.

6.1.2. The case of real poles. We consider the case Q.,(x) = 0 at
the points a1, aa, . .., ay, all of which are real simple poles of P, (z)/Qm ().

We bypass the real points oy, as, ..., q; along semicircles v1,7v2, ...,
of small radii ¢ and centers ay, (k= 1,...,1), lying in the upper half-plane,
that is, we consider a closed path as shown in Fig 6.2.

By the residue theorem we have

(/AB i ; /7 * /c> 52(3) dz=2mi ) Rey 5;((‘?) . (619)
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<

LI e Y
Al A A Ao~ \B

-Rao; o, O p = O, R X

FIGURE 6.2. The path of integration bypassing real simple
poles for integral (6.1.1).

where Sz, > 0 and the first integral on the left-hand side of (6.1.8) is
evaluated along the straight line subsegments from —R to R, omitting the
semicircles shown in Fig 6.2. Since m > n + 2, then, as before, the integral
along the semicircle C'r approaches zero as R — oco. Moreover, since the
points ay, (k =1,...,1) are poles of order 1, then a Laurent series expansion
in a neighborhood of the point z = «aj has the form

Pn(Z) _ c_q . Z_a
o) 2 —a +3 e - (6.1.9)

pn=0

Hence

/W,C 5:1((?) de = /W LC— ;k + Zcu z—ag)t } dz. (6.1.10)

pn=0

Since z € 7y, then z—ay, = § €' and dz = §i e*? df, where 6 varies clockwise
from 7 to 0. Hence from (6.1.10) we obtain

P,(2) / Sie?df / 0 0
dz =c_1 c 5€Z " 5ietdo
Lk Qm(z) - 5619 Z H -

— —c_1mi + 0, as 5 — 0,

where

Fnl2) ] (6.1.11)

C_ =

AR LM )
Therefore, the left-hand side of (6.1.8) has a finite limit as 6 — 0 and
R — oo:
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) ! P.(2)
+ mi Re , (6.1.12)
,;: [Qm@)}

where Sz > 0. At the same time we have proved the convergence of
integral (6.1.12) in the sense of the principal value.

NOTE 6.1.2. Formula (6.1.12) is valid also in the case where all the
points oy, are real poles of odd order 2s + 1 for some s = 1,2,3, ..., and
the coefficients, c_o;, of even order in the Laurent series expansion are all
equal to zero.

Indeed, in this case,

P.(z)  c—(2s+1) C_(25—1)
Om(z) ~ (z—an)2 1 " (z—ap)21

+L71+ic#(z—ak)“, (6.1.13)
G- %

zZ — Ok

and we have

d 0 0
/ % :/ #id@
- (Z _ ak) s+ . (661 )2s+1
0
— 57252-/ 67251'0 do
—i, if s=0,
B 0, ifs=1,2,3,....
EXAMPLE 6.1.5. FEwvaluate the integral

& dx
v [ EnE

SoLUTION. We use formula (6.1.12):

1
S .
m 22(2 — 1) Z:i—i_m 22+1),_,
o m'i s
i—-1 2 2

A rough graph of the integrand is shown in Fig 6.3. O
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—— :

N

FIGURE 6.3. The graph of the integrand in Example 6.1.5.

EXAMPLE 6.1.6. Find the values of the real parameters a and c, with
¢ > a* > 0, for which the Cauchy principal value

I /°° dx
-y oo (. —a)3(x? 4 2a%x + ¢)
is finite and evaluate I.

SOLUTION. We expand the integrand in partial fractions,
1

@) = (x — a)3(x? + 2a2z + ¢)

A n B n C Dx+ FE

C(x—a)®  (z—a)? x—a 22+2a2z+c

(6.1.14)

To have a finite principal value it is necessary that B = 0; thus the integrand
is of the form (6.1.13). To use formula (5.1.42) to compute B, we multiply
both sides of (6.1.14) by (z — a)3, differentiate the resulting equation once
with respect to x and consider the limit as * — a:

B = lim|[f(z)(z - a)’]' = lim (é)/

r—a z—a \ 12 + 2a2x +c
i 22 + 2a2 2a + 2a?
= — lim = —
z—a (22 + 202z + ¢)? (a? + 2a® + ¢)?

:0,

if a = —1. Hence [ is finite if a = —1 and ¢ > 1.
The singular points of the integrand are

z1 =—1 (pole of order 3), z93=—1=%x4ivc—1 (poles of order 1).
Using formula (6.1.12) we have

7 /OO dx
=p.v.
P oo @+ 1)3(22 + 224 ¢)



6.2. RATIONAL FUNCTIONS TIMES SINE OR COSINE 233

1
= | 2mi R ;. R
( ™ z:ﬂfii/ﬁ o z—e—sl> {(z +1)3(22 + 22+ c)}

ori 1 PO 1 "
= 2mi — lim (5——
(224 1)32(22+1) 2 2=-1\22+42z+4¢

s il I 22+ 2 !
(c—1)2 2 z2=-1\ (224224 ¢)?

i i (22422+¢)? =222 +22+¢)(22+2)(2 + 1)
= ——— —m lim
(C— 1)2 z——1 (Z2+2Z+C)4
_ T T —0 O

-7 (e—12

6.2. Rational functions times sine or cosine

We consider integrals of the form

/Oo gn(é)) sin ax dz, /00 SH(ZE)) cosardr, m >n+1. (6.2.1)

The following lemma, due to Camille Jordan, will be used in the sequel.

LEMMA 6.2.1 (Jordan’s Lemma). If a function f(z) is continuous on
a sequence of circular arcs

Cr,: |2|=Rn, Sz2> —a,
where R, — 00, a is fized and
M, = max |f(z)] — 0, as R, — o0, (6.2.2)
z€CR,
then, for any A > 0,
lim (z) e dz = 0. (6.2.3)

R, —0o0 Chr,

PRrROOF. Suppose that @ > 0. Then, on the arc AB, —a,, < argz < 0,
where a,, > 0 (see Fig 6.4). Clearly, «,, = arcsin(a/R,) — 0 as R,, — cc.
Moreover, arcsin (a/R,) = a/ R, for R,, large, so that «,, R,, &~ a = constant
as R, — oo. Since, on arc AB, —a, < 6 <0, then

—sina,, <sinf <0, that is, 0 < —sinf < sinay,,
and
‘eikz‘ — ‘eikRn(cose-l-isine) _ e—)\Rn sin 0
< e)\Rn sin ay,

~ e’ = constant
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E

FIGURE 6.4. The sequence of circular arcs Cpr,.

for large R,,. Hence, by (6.2.2),
0
(2) e dz| < / (R )] |6 | Ryl 7] B

< R, M, e,

AB

~ aM, e — 0, as R, — oo.

Similarly, it can be shown that fc p — 0 as R, — oco. Furthermore, on the
arc BEC one has

z:Rnei‘g, 0<o<m,
and
| 2| = [¢iMn (cos O+isin 0)‘ — o~ ARusing
Then
T . )
/ f(Z) ei)\z dz| < / ’f(Rn ew)‘ eD\Rnel@‘ R, |Z| ’610’ do
BEC 0

S Man/ 67>\Rn sin 6 do

0
/2 I )
:Man[ +/ }e—ARnsmecze
0 /2

(and substituting # = w — ¢ in the second integral)

/2 )
=2M,R, / e~ Minsin® gg.
0
(6.2.4)
By the simple inequality (see Fig 6.5)
(6.2.5)

. 2 s
sinx > —x, where O§x§§,
T
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the inequality (6.2.4) becomes

) /2
/ f(z)e”‘z dz| < 2Man/ e~ Min20/7 g9
BEC 0

/2

T
:2Mn g —AR,20/7
. ( IR, .

:Mng (1—6_)‘R") — 0, as R, —oo. O

NoTE 6.2.1. If a < 0, the proof of Jordan’s Lemma is simpler since the
estimates on the arcs AB and C'D are not necessary.

Asin Section 6.1, we consider integrals of the form (6.2.1) in the absence
and in the presence of real poles.

6.2.1. The case of no real poles. Consider the function of a com-
plex variable

Pﬂ(’z) Az
f(2) o) e, A eR, (6.2.6)
where Q,(z) # 0 for real z. We take the closed path C consisting of the
segment [—R, R] of the real axis and the semicircle Cr of radius R (see
Fig 6.1) in the upper half-plane. By the residue theorem we have

R P.(z) Pa(2) .
_ e dx e dz
/R Qm(x) * Cr Qm('z)

-y mn g

Because m > n + 1, then

Q’” (6.2.7)

P,
lim Ln(?) -0,
R—o0 Qm (Z) z2€CRr
y
Lp-mmmmmmmmm e .
y=sin x |
y=2x/1 |
0 /2 X

FIGURE 6.5. The inequality sinz > 2z /7 on the interval
0<z<mn/2



236 6. ELEMENTARY DEFINITE INTEGRALS

and, by Jordan’s Lemma,

lim P (2)
R—oo Jopn Qm( )

Hence, from (6.2.7), as R — oo, we have

/ Qm (@) e dg = 2mzzResz [gm((z)) ei)\z:| 7 (6.2.8)

and, separating the real and imaginary parts in (6.2.8), we obtain

/O; c;;((?) cosArdr = %{27”' 2 Res [5,’;((2 ei“] } (6.2.9)

/7 ‘: 52((12) sin Az dar = %{27”' zk: Res { g;(é)) euz] } (6.2.10)

where

e dz = 0.

mEn+l, S%>0,  Qul) £0.

EXAMPLE 6.2.1. FEwvaluate the integral

> cosaw
Il:[mmdx7 Oé>07 6>0

SoLUTION. All the conditions are such that formula (6.2.9) is true, and

hence to evaluate I; it suffices to find the residue of €'*/ (22 + 3?) at the
sole and simple pole z = (¢ in the upper half-plane:

I %{2 i Res [ e ]} R [2 ie_aﬁ}
= T _ = s
1 =i [ 2% + B2 26 (6.2.11)

T _
=—e P,

B
If a <0, welet @ = —vin I;. Then v > 0 and one can use formula
(6.2.9). O

The value of I, for arbitrary real a and 3, is

> cosazx T
—— dx = — e lalIfl, 6.2.12
| = (6:2.12)

6.2.2. The case of real poles. We consider the case @, (z) = 0 for
real r = aq, .. . This case is similar to the one in Subsection 6.1.2. We
assume that the functlon [Pn(2)/Qm(z)] €** has either simple poles at the
points a1, asg, ..., oy, or only poles of odd orders and that the Laurent
series of the function [P,(2)/Qm(2)]e"** has only odd negative powers of
z —a (k=1, 2, ..., ). Then, repeating the steps of Subsection 6.1.2 we
obtain
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p.V. /:: g;((xx)) sin Az dz

k=1
p.v. [ O; 52((“;)) cos Az da
- &e{mzk: Res [52((2)) eMZ} + i kilz_%sk [52((2)) 6“2} } (6.2.14)

EXAMPLE 6.2.2. Fwvaluate the integral

o
sin o
I, = / dz, a > 0.
0

xT

Note that the symbol p.v. is not needed before the integral because
x = 0 is a removable singularity of the integrand.

SOLUTION. Since the integrand is an even function, I is equal to half
the integral from —oo to co. The conditions m =1, n = 0 and a > 0 are
such that (6.2.13) is true, and hence to evaluate Iy this integral it suffices
to find the residue at the sole and simple pole z = 0 of €!**/2:

1 [*° sinaz 1 eierz T
_ _ T : 1
I, = 2[@ . dz 53 {mE{_eos( . )] 5 O

If « <0in Iy, we let « = —v and get Iy = —7/2. Thus, for arbitrary
real «, we have

o . /2, a>0,
/ SN e = 0, a=0, (6.2.15)
X
0 —7/2, a<0.

Formula (6.2.15) is known as the Dirichlet discontinuous factor (see, for
example, [32], p. 602).

NOTE 6.2.2. Comparing formula (6.1.7) and the two formulae (6.2.13)
and (6.2.14), we see that the first one is valid for m > n + 2, that is, in
the worst case, for m = n + 2, while the second and the third ones are
valid for m > n + 1, that is, in the worst case, for m = n + 1. This is
because the necessary condition for the integral along the semicircle C'g to
approach zero as R — oo is m > n + 2 in (6.1.7), while it suffices that
m > n+ 1 in order to satisfy the same condition for (6.2.13) and (6.2.14),
because Jordan’s Lemma is used in the last two cases. We note that, in fact,
conditionally convergent integrals are evaluated in (6.2.13) and (6.2.14) for
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the case m = n 4+ 1. In particular, using the Dirichlet-Abel Test (see
Theorem 4.2.2), one can prove that the integral in Example 6.2.2 is only
conditionally convergent because the integral of the function | sin az/x| from
0 to oo is divergent.

The integrals considered in Section 6.1 can converge in the sense of the
principal value if m =n + 1.

EXAMPLE 6.2.3. FEwvaluate directly the integral

© g
I =p.V./ Gy (6.2.16)
X

— 00

SOLUTION. By definition of the principal value, we have

—& b de
lim lim (/ +/) [—}
b—oo e—0+ _b c x

. . —€ b
- bli>nolo 51~1>I(1)1+ (log |I|Lb +log |x|‘€)

I3

. . € b
= lim 111(1)1 <1ogg +logg)

b—oo0 e—0+

= lim lim 0=0. O

b—o0 e—0+

A formal application of (6.1.12) to (6.2.16) gives the incorrect answer
1
miRes — = mi # 0,
z2=0 2

because formula (6.1.12) is valid for m > n + 2, and this condition is not
satisfied by integral (6.2.16). In fact, the integral along C'r shown in Fig 6.1
(R > 0) is equal to mi:

™ 0 0
/ %:/ R—e,eicw:i/ df = i, for all R > 0.
Cr % o Re 0

One can get the correct answer if the point z = 0 in Fig 6.1 is surrounded
by a semicircle C5 = {z = § €%} of radius § < R. Then, in addition to the
integral on C'r which is already evaluated, one has to evaluate the integrals

(L)L

oo ¥

_5 R
=10g|gc|LR—|—log|gc|’(S +

0
zlogl—l—i/ df = —mi.

Thus, we get Is = mi — m¢ = 0, which is the correct answer.
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More complicated types of integrals will be considered in the remaining
sections of this chapter and in the next two chapters, where we shall use
closed paths that are different from those shown in Figs. 6.1 and 6.2, and the
integrand f(z) will be replaced either by f(z) or by some other functions
of z.

6.3. Rational functions times exponential functions

We consider integrals of the form
< P, (e%) .
— e dx, a=a+1i8€C, 6.3.1
L& (034

where P, (e*) and Q., (¢*) are polynomials in e” of degrees n and m, re-
spectively.
The integrand will approach zero as x — 400 if &« < m —n. It will also
approach zero as * — —o0 if —k < o and
Lo e”) =0 (e*km) , as T — —oo. (6.3.2)
Qm (€7)
Thus, if Q (e*) # 0 for all real © and —k < o < m — n, it can be easily
checked that the integral (6.3.1) is absolutely convergent since the integrand
approaches zero exponentially both as x — —oco and as z — oc.
As in Sections 6.1 and 6.2, we consider two cases:

(a) Qm (e*) # 0 for real z,
(b) Qm (e*) =0 for real © = a1, a9,...,q.

6.3.1. The case of no real poles. We consider the case @, (¢*) # 0
for all real z. Since the function f(z) = P, (e*)/Qm (e¥) is periodic of
period 27, that is, f(x + 27i) = f(x) for all 2, because e*+2F7 = % then
it is convenient to choose a closed rectangular path, C, described by the
following inequalities (see Fig 6.6):

—R<z<R, 0<y=Sz< 27

By the residue theorem, we have
P, (%) . [ Py (e%) ]
e”dz=2mi Y Res |——=e"|, (6.3.3)
fé} Qm (ez) ; =2k | Qm (ez)

where, for sufficiently large R, all the singular points zx, with 0 < Sz < 27,
lie in the strip 0 < &z < 27.
We consider the left-hand side of (6.3.3) in greater detail:

U L f) o] =
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- 2mzkafi%s’; [P" (¢”) e‘”} . (6.3.4)

Qm (e7)

We evaluate each of these four integrals along the corresponding side of the
rectangle as R — oc.
On side I, z = z, and therefore

Y GO NN 1 Co W
/1_/_RQm(ef>e dz /_Oon(em)e dz, a8 R—oo.

On side I1, since z = R+ iy, 0 < y < 27, we have

P, (6R+iy) en(R+iy)
n ~ — p(n—m)R
O (e | ~ | omtrray | = e , as R — oo, (6.3.5)
and
‘ea(RnLiy)’ — ‘e(a+iﬁ)(R+iy)’ _ eaRfﬁy. (636)

Because o < m — n, by (6.3.5) and (6.3.6), we have the estimate

/ S/27'r Pn (eR—i-iy)
II 0

_ a(R+iy)
Qm (eRJrzy)
2
~ ef(mfnfo‘)R/ e PV dy — 0, as R — oo.
0

|| dy

On side I11, since z = x + 27i, we have

—-R 4270

/ :/ P (6 * ) ea(m+27‘ri) dr
427
II7 r @ml(e )

[T P (e
— e2mai ﬁ e d, as R — oo.
o Qm(e)
y
ol I
v I
-R 0 I R X

FIGURE 6.6. The path of integration for the integral (6.3.1).
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On side IV, since z = —R + iy, we have

Py (e W) —kR
———~ | =(Ce , = constan , as — 00,
Qo (e 710 C C tant # 0 R
m (€ ©
because
P x
%(ez)) =0 (e_’”) , as T — —00.
m (e
Since k + a > 0, we have the estimate
27
/ < Ce ki g—aR-By dy
v 0

2w
= (e (kto)R / e PVdy — 0, as R — oc.
0

Therefore, we obtain from (6.3.4), in the limit as R — oo,

/ Q m €% dx — 271'111/ Q z az o
m 6 m 6

=2 szi%i [Qm(ez) )

k

w 0T P (ez) az
/ Qm ew de egmzzf{‘ii {QT()S } (6.3.7)
where

Qm () #£0, —k <Ra<m—n, 0 < Sz < 2m.

NOTE 6.3.1. Formula (6.3.7) can be obtained by using the closed path
consisting of the segment [—R, R] of the real axis and the semicircle Cr of
radius R shown in Fig 6.1. In fact, if z; is a singular point of the function
e** P, (e*) /Qm (€*) in the strip 0 < Iz < 27, then the points zj + 2pmi,
for p=0,1,..., are also singular points of this function.

To establish the statement of this note, for simplicity, we assume that all
the singular points, zj, of the integrand of (6.3.1) in the strip 0 < Sz < 27
are simple poles and we let C};, denote the circle of radius p centered at
z + 2pmi. In this case, the integral (6.3.1) is equal to the series

T . (B

z=z+2pmi

C
= 271 Z Z 9 Q:@((GC)) a¢ d¢

p=0 k
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00 2r P, (eZkJrZD eie) )
_ E E _ ea(zk+2p7ri+p ele) Zp do
0 Qm eszrPB )

p=0 k

Zk+p8

2 P n ) .
e2pami a(zp+pe’) ;
> Q oy s

_ ag
= E e d¢
1— e27ra1 Ck ) Qm( )
21 P, (e*) .
= — R az f< 0 6.3.8
1— e27ra1 - 2=z, [Qm(ez) € :| ; 1 Sa > U, ( )

which is, in fact, formula (6.3.7).
If Sa = 0, then the right-hand side of (6.3.8) can be obtained by
assuming that

(o]

E e2p7'ra1 = lim 62p(a+sz)ﬂ'z — .
e—0 1 — e2rai
p=0

Finally, if S« < 0, to determine (6.3.7) one has to close the segment [— R, R|
of the real axis by a semicircle, C'g, in the lower half-plane and take into
account the fact that the points z; —2pmi, for p = 0,1, ..., are simple poles.

6.3.2. The case of real poles. We assume that the integrand in
(6.3.1) has real simple poles at a1, aq, ..., q.
Since the function

xr
flay = 2100
Qm (€7)
is periodic of period 27i, then the denominator vanishes at the points
a1, Qe,...,q; onside I and also at the points oy +27i, g+ 274, . . ., 27
on side ITI of the path, C, shown in Fig 6.7(a). We bypass these points
along semicircles, 71,72, . . ., 7, and 41,2, . . ., 7, of radius ¢ on sides I and

111, respectively.
By the residue theorem, the value of the integral along C' is

(/ /U /m /)[Qm &) ] =

= 2mi E Res [P" (e Z) e‘”} , (6.3.9)
Z=ZL
k

Qm (%)

where 0 < Sz < 27.

As in Subsection 6.3.1, the integrals along sides II and IV approach
zero as R — oo if —k < Ra < m — n, provided (6.3.2) holds.

On side I we have
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y y
oy+2mi  op i m n B
& T\ &/ </ ~
k k
v Il Il
AN e A /\ B
-R oy o, 0] o / o R X 0 o
(a) (b)

FIGURE 6.7. The path of integration in Subsection 6.3.2.

Jane e[ oo

+Z/

k=1"Y 7k

e**d 6.3.10
Qm ez 2 )
where the first integral on the right-hand side is evaluated along the straight
line segments shown in Fig 6.7(a). On the arc 7y, enlarged in Fig 6.7(b),
we have

z—ap = e, Ola =arg(z — ag)|a =, Ol =arg(z —ag)|p =0,

because the arc 7y is taken clockwise from A to B.
Consider the Laurent series expansion of the integrand in a neighbor-
hood of the simple pole z = ay,
P, (e*)

o0
e = +Zc (z —«
Qm (e?) Z— Om K"

Then

P, () / c—1 /
- e dz = dz + Cm z—ag)"dz
Yk Qm(e ) e # T Ok Z Tk

m=0

se?idd 0 19 0
071/7r 5ot —|—chm/ 56 "5 et dp

— —c_17mi + 0, as d — 0,

where

1= Res [ 221, o]

e
Qm (€7)
Therefore, it follows from (6.3.10), as § — 0 and R — oo, that
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) eail) d:r

IQm(ez)e o —00 Qm(e

—m;zfi%i {5:1((6;)) e“z} . (6.3.11)

On side I11, we have

z -R z
/ P, (6 ) % dzy = P, (6 ) ea(z+27ri) d
I

11 Qm (€?) r Qm(e”)

X

l Pn (ez) az
+Z/% @) ¢ dz. (6.3.12)

k=1
The first term on the right-hand side is evaluated along the part of the
segment [— R, R], excluding the arcs 7.
On the arcs g,
2 — (ap +2mi) = 5e?.
Thus
0|z = arg (z — oy, — 2mi)| 5 = 0, 0|z = arg (z — ay — 2mi)| 7 = —m,

because the arc 7y is taken clockwise from Bto A.
Consider the Laurent series expansion of the integrand in a neighbor-
hood of the point oy + 2mi:
P, (e?) ¢

o0
e?” = + (z —ap = 2m)™
Qm (€7) z— ay — 2mi kZ:o " )

Then

P, (e?) _ /_” ) ele / 0 o -
e dz =c¢_ zd6‘—|— E cm (5(3Z " 5etido
5 Qm (%) "o

— —TiC_1, as 0 — O,

where

C_1 =

Py (e7) :| 2rai [Pn (e*) :|
Res e??| = e ™ Res e
z=a+2me |:Qm (6z> Qm (6z>
Therefore, it follows from (6.3.12), as 0 — 0 and R — oo, that

. P, (e?
—m’e2”“§ Res { (c%) e‘”] (6.3.13)
Z=Q
k=1

Z=Q

Qm (e7)
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Considering the limit of (6.3.9) as § — 0 and R — oo and using formulae
(6.3.11) and (6.3.13), we obtain

1— eQTrai) /oo P, (em 9% o — 7T’L 1+e27raz i Res |: ) eaz:|
o O (e®) 225 G @)

—2mi) Res [Qm & eaz] |

It follows from the last formula that

v > Pﬂ (ex) eaac = 27” |:P" (ez) eaz:|
P '/,m O (@) ¢ 1—Zfi Qm (%)

) 1+ e27rai l Pn (ez)
—_— R az 6.3.14
+m 1— 6271'111 — z:%sk |:Qm (6 ) € ’ ( )

where oy, are poles of order 1 and 0 < Sz, < 27.

As in Sections 6.1 and 6.2, the real poles «y in (6.3.14) may be of
any odd order (if the Laurent series expansion of the integrand in a neigh-
borhood of the points aj does not contain any even negative powers of

(z — ag)).

EXAMPLE 6.3.1. FEwvaluate the integral

(e o) eaw
142/_00 eurld:v, 0<a<l. (6.3.15)
SOLUTION. The function
1
[ = o=

has period 2mi, and one can check that for 0 < o < 1 (or 0 < R < 1) the
integral I, converges. Since e” + 1 has no real zeros, the singular points of
f(2) are the roots of the equation

z

e =—1=¢e",
that is,
z = wt + 2kmi, where k= 0,+1,42,....

The only value of z; which lies in the strip 0 < Sz < 27 is 2 = 29 = ™
Hence using formula (6.3.7) we obtain

2 o az
= m - Res [ ¢ }

1 — e2mai ,—7; | @2 +1

anmt 271

21 e

1— eQTrozi eﬂ'i - eﬂ'ai _ e—ﬂ'ai
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_ il 0

~ sinwa’
EXAMPLE 6.3.2. FEwvaluate the integral

oo eax
Is = —d 2. 3.1
: /,m1+ew+e2w r,  0<Ra< (6.3.16)

SoLUTION. The integral I5 is convergent for 0 < Ra < 2 because the
integrand f(z) is like e~ =9 — 0 as 2 — oo, since R(2 —a) > 0, and like
e — (0 as x — —o0, since Ra > 0. The poles of the function

1
f(Z)— 1+6’Z+€2z
are the zeros of the equation

e fef+1=0,

that is,
; 1 \/g eié’l,
e __§:l:7/7: {6102, (6.3.17)
where
2 4
tant?l:—\/§ - 91:?71-, tant%:x/g — 92:?7'(

Thus, there are two simple poles,
z1 =2mi/3 and 2o = 4mi/3,
in the strip 0 < $z < 2w. Therefore, using (6.3.7), we have

271 e%?
I = —F— R R e
P T 1= e2ral <z_27?zs/3 * z_4$zs'/3> {1 +e* + e2z]
i e27rai/3 e47rai/3
T 1 — e2mai {2647”'/3 4 e2mi/3 + 2e2mi/3 4 e4m‘/3]

T e—ﬂ'ai/S eﬂ'ai/S

- T + )

sinTa [—1 —iV3-1/24+iV3/2 —1+4+iV3—-1/2—iV3/2
where the last term is obtained by multiplying the numerator and denom-
inator of the previous term by e~ ™%,

Finally, noting that the second fraction inside the square brackets is
the complex conjugate of the first one, we obtain

—mai/3
I; = —= 2%[ ¢ }

sinma 3/2 +iv/3/2
= %3‘3 [(cos? —isin%) (3—1\/5)}
T

Ta . ma
" 3sinwa PCOS? — Vs ?}
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27 l\/g ma 1 . wa]
= cos

— | =—c0s — — —sin —
V3sinwa | 2 3 2 3
= L [sin il cos T _ cos il sin w_a]
V3 sinwa 3 3 3 3
9 _
= il sin (1 a). O
V3 sinwa 3
EXAMPLE 6.3.3. FEwvaluate the integral
> cosax o0 piax
I = do = d Ry 1. 3.1
¢ /,Oo coshz %{/m cosh 4’ [Saf < (6:3.18)

SOLUTION. If ¢ = a &4, the integrand

cos(a+1i)xr  cosaxcoshz —isinazsinhzx

coshx coshx

does not approach zero as * — oo and Ig diverges; but it converges if
|Sa| < 1. The zeros of cosh z are

.
—1,

2k = (2k+1)3 k=0,£1,4+2,....

The two points zg = 7i/2 and z; = 3mi/2 are located in the horizontal strip
0 < $z < 27, and these are poles of order 1. Hence, using formula (6.3.7)

we obtain
27 eie?
I = —_—
R { 1 — e 2ma (zESs)z + z—%gzs'm) Loshz] }

i e—Tra/Z 6—371'11/2
=R
([ )

2 e~7a/2 (1 — ~7a)
(1 —em)(1+ e ™)

27 e~ma/2 - 2

- 14 eT™a - ema/2 _|_€77ra/2
- T

~ cosh(ra/2)’

EXAMPLE 6.3.4. FEwvaluate the integral

oo eail)
I=p.v. /_OO T dx, 0 < Ra < 2. (6.3.19)
SOLUTION. If we write the function e2? — 1 in the form e2? = ¢2k7i,

we see that its zeros are z; = kmi and are all simple. Hence in the strip
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0 < 8z < 27, the simple poles of the integrand are zp = 0 and z; = 7.
Moreover, zq is a real zero. Therefore, by formula (6.3.14), we have

271 Pz ) 1 2mwat Pz
I= 1 — e2mai ;R:eﬂ.sl |:e2z _ 1:| +m 1 — e2mai ];{:eg |:e2z _ 1:|

2mi eTrai 1+ e27rai
= 1= o2rai pgami T " (1 — e2rai)
i ) e—Trai +ewai
= _eﬂ'ai _ efﬂ'ai + m 2 (efwai _ ewai)
™ cosTa

" Osinra | 2sinma
™ 2 cos?(1a/2)
2 2sin(wa/2) cos(ma/2)
T . ma

:—§C0t 7 [l

6.4. Rational functions times a power of z

We consider integrals of the form

T P(®) arg
/0 @ da, ER\Z. (6.4.1)

These integrals can be reduced to integrals considered in Section 6.3 by the
substitution x = e¢!. But they can also be reduced directly to line integrals.
Consider first the conditions of convergence of the integral (6.4.1). As-
suming that P,(0) # 0 and @Q,,(0) # 0, we see that a > 0 is a necessary
condition for its convergence as x — 0. A necessary condition for its con-
vergence as ¥ — oo is that m —n — « > 0. Hence the integral (6.4.1)
converges if
0<a<m-—n. (6.4.2)
As in the previous sections we consider two cases:
(a) Qm(z) #0 for x > 0,
(b) Qum(x) has positive zeros of order 1 at the points z = ay, as, . .., a;,
distinct from zero.

6.4.1. The case of no real poles. Consider the case Q.,,(x) # 0 for
x > 0. We take a closed path C (see Fig 6.8) consisting of the segments of
a lower and an upper cut along the positive z-axis and the circles Cr and
Cs of radii R and J, respectively, and centers at the origin.

The function of a complex variable

2> (6.4.3)
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where 20~ = el@=Dlog* g single-valued and analytic in the region bounded

by C, except at the poles. By the residue theorem,
Po(2) 0 . [ Pa(2) —1}
297 dz = 2mi Res | ——= z¢ ,
e 2R 006

that is,

Ut Lt ot L) [

— 2m'zk: Res { g;(é)) 20‘1} . (6.4.4)

On the segment AB, z = x, and we have

/AB B /gR C];Z((?) 2l — /OOO 5;(51:)) 2 da (6.4.5)

as R — o0, 6 — 0.
On the circle Cg,

ZZRei‘g, 0<6<2m,

and we have
2 Pn R 0 e )
/ :/ (769) (Re)* " Reéido — 0 (6.4.6)
Cr 0 m(Rez )

as R — oo, because, by (6.4.2), m —n —a > 0.
On the segment BA,

27 a—1

, z :(a:e

iyo—1 1 _
271'1) — e27raz % 1

3

and we have

[0 Pu(x) - [0 Pu(z) .
o 6271'&1 Ia 1 T — e27raz xa 1 T 4.
Jox= o o= L= m o4

|

E X

y

CR
A \B
:Av

FIGURE 6.8. The path of integration in Subsection 6.4.1
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as 0 — 0 and R — oo.
On the circle Cs, we have z = §e?; thus

5 0 e )
/ Q eew)) (5¢)* 5eido — 0 (6.4.8)
Cs 27 m

as 0 — 0 because P,,(0) # 0, @ (0) # 0 and a > 0.
Hence, considering the limit as 6 — 0 and R — oo in (6.4.4) and using
(6.4.5)—(6.4.8), we obtain

(1—e>) /000 5:1((3:617 iy = 2mZZRe;k [5:;—((2)) zo‘_l} , (6.4.9)

where the residues are evaluated at all the poles z; in the complex plane
(we recall that the cut contains no singular points since @, (z) # 0 there).
It follows from (6.4.9) that

* Pu(@) o o [Pn(z) —1}
¢ dy = ——— Res F , 6.4.10
| 2 e 2R 510 (6:410)
provided

Qm(0)P,(0) #£ 0, 0<a<m-—mn, Qm(x) #0 for z>0.

EXAMPLE 6.4.1. FEwvaluate the integral

oo a—1
I; :/ T dr, O<a<l. (6.4.11)

SOLUTION. The conditions P,(z) = 1 and Q,,(x) = z+1 are such that
(6.4.10) is true, and hence the value of I7 is found by evaluating the residue
of 2%71/(2 + 1) at the only pole 2 = —1 = €™ (we take 0 < argz < 27).

Thus
211 2ol
1 —em™ 2=—1 | 241
. Na—1 .
omi (e™) o ere
- 1 _ e27rai 1 = 2T e27rai _ 1
. ) 1
= 27T'L —_—— = 27TZ P Er—
erT — emmal 2isin o
T
sinma

6.4.2. The case of real poles. We suppose that the [ strictly positive
real numbers, a; < g < -+ - < o, are simple zeros of Q,,(z).

We replace the path shown in Fig 6.8 by a closed path where the singu-
lar points, a1, as, ..., q;, are bypassed along the semicircles, v1,v2, ...,V
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(a) (b)

FIGURE 6.9. The path of integration and the points a; =
ape?™, k=1,2,...,1, in Subsection 6.4.2.

of radius ¢ on the upper part of the cut and similarly along the semicircles,
1,72, - - - , 1, of radius § on the lower part of the cut (see Fig 6.9(a)).
By the residue theorem,

R A T R

. Pn(Z) a—1
= 27 g Re z . (6.4.12)
P z:sz {Qm('z) }

As in Subsection 6.4.1, the integrals along the circles Cr and Cy approach
zero as R — oo and § — 0.
On the curve AB, we have

A TG IR N A €
/AB_/S o) d:c+;/% 0.0 dz. (6.4.13)

The first integral on the right-hand side of (6.4.13) is evaluated along the
straight line segments on [4, R), excluding the arcs 7. On the arc ~y; taken
clockwise, we have z — ay, = ¢ where

0la, =arg(z —o)la, =7,  O|p, =arg(z — ), =0.

Expanding the integrand in a Laurent series in a neighborhood of the simple
pole z = ay, we have
C—1

Pn(Z) a—1 __ - Z—OAH
A DLICR

pn=0
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Thus,
Po(z) a1 / /
247 dz = dz+ ) ¢ (z —ap)t dz
Yk Qm(’z) e F Tk L;J g Yk
Coe 0 i0\H ¢ if
=c_1 i (Se—wzdﬁ—i—z% g (66 ) deidb
pn=0
— —c_1mi + 0, as 6 — 0,
where
Pn(2) 1}
c_1 = Res F
! F=0k {Qm('z)

It follows from (6.4.13) that

/AB N /OOO gl(f a1 o — i ZZR%SIC [5;((?) Za_l} ; (6.4.14)

as 6 — 0 and R — oo.
Similarly, on BA we have

_ ° Pn(I) 2miye—1 l Pn(z) a—1
/§g = ) Gl (xe ) dr + Z Qm(z)z dz. (6.4.15)

The first integral on the right-hand side of (6.4.15) is evaluated along the
straight line segments excluding the curves 7. On the arc 74, taken clock-
wise, with center aj, = ay, 2™, we have z — aj = 6 e where

0|§’C :arg(z_dkﬂgxc = 2m, 9|Zk :arg(z_dkﬂgk =

Expanding the integrand in a Laurent series in a neighborhood of the simple
pole z = ay, we have

P
() gl = 1 +Zcu2_ak)

Qm(z) Z — ag =
Thus,
Pa(z) 1 / c_1 / _
2% dz = dz + c z—ag)dz
%Qm() 5, Z— #ZOM»Y

5 e de > "
:cfl/hr 5o Zc#/ 5610 5e?ido

— —c_1mi + 0, as d — 0,
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where, with z = £ 2™,

c_1 = Res Pu(2) a1
= ake?ﬂw

(
= Res [ (g ri) ] (6.4.16)
= 2™ Res { n(2 ) } .

2= Qm( )
Therefore, it follows from (6.4.15) that

oo [ e

l
; P, _
mi 2™ 3" Res { (2) o 1}, (6.4.17)
2=k
k=1

m('z)

as R —ooand § — 0.

Hence, considering the limit in (6.4.12) as R — oo and 6 — 0, and
using (6.4.13)7(6.4.17), we obtain

(1 27rozz

Qm ~ldx
e i R 225+
_ 2mzkafi%i {5;((?) zal} . (6.4.18)

We thus obtain, from (6.4.18), the following formula for the evaluation of
the integral:

© Py(z) _ P, z)
p.V./O Qm—(ilf)x 1dx— 627”” ZzRii [ 1}

Qm(z)
pr LT S g [Pal) s (6.4.19)
T el L2 | Qu(s) T |

provided

2 & (0, +00), ayp >0, 0<a<m-—n.

NOTE 6.4.1. The authors have not seen formula (6.4.19) in the litera-
ture for the evaluation of the previous integral.

In Problem 28.21 of [21] one finds the formula



254 6. ELEMENTARY DEFINITE INTEGRALS

oo sin Ta

p.v. /00 R(z) 2 tdx = - sziezi [R(z)(=2)*""]
k

l
+meotma Y Res[R(z) 2], (6.4.20)
zZ=ay
k=1

where R(z) is a rational function such that
R(z)=0(z?) as z—0,
R(z)=0 (277 as z— oo,
and
p < Ra < g, (—2)@7t = elaDlloglzl+iarg (=2)] - _p < arg (—2) < 7.

From our point of view, formula (6.4.20) is less convenient for practical
evaluations because it is not clear from the inequality —7 < arg(—z) <7
whether arg (—1) is equal to m or —.

EXAMPLE 6.4.2. FEwvaluate the integral
I /OO dz O<a<l,B>0 (6.4.21)
8 = Dpb-V. T v o ) . 4.
o =%z —p)
SoLUTION. The conditions m = 1, n = 0, 27 = z~**t!~! are such
that formula (6.4.19) is true. Moreover, since
0<a<l = 0<—a+1<1l=m-—n,
in evaluating Iy it suffices to use formula (6.4.19) and evaluate the residue
of the function [2%(z — 3)]7! at 2z = 3
1+62ﬂi(1—a) 1
J . R
¢ 1 — e2mi(1—a) ZZGBS ZO‘(Z _ 6)
) 1_|_6727rai 1 .eiﬂ'a _|_67i7roc 1
P 5 =
1 — e 2mat ﬁa

=8 %cotmae. O

IgZTF

=T T ———————————— ——
elma _ p—imQ ﬁa

EXAMPLE 6.4.3. FEwvaluate the integral

°° sin (aln )

SoLUTION. We first transform Ig in the form

Ooeialnz
Iy =S |p.v. d
oo S

oo x(iori»l)fl
oY
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It can easily be checked that the conditions are such that formula (6.4.19)
is true, and hence, by evaluating the residues of the function 2°*/(z? — 1)
at z=1 and z = —1, we have

o [ 27T7/ (eﬂi)ia ' 1+627ri(i(1+1) 1‘|
1

Io

— e2milia+1) (1) +m 1 _ e2mi(ia+1) 9

- Y S
1— e—27ra 2 1— e—27ra

—2e7 T 1 +e—27roz

P LT 1 1 —21
S [ Tie l+e }

2(1— e 2m)
(1—e)”
=7
2(1—e ™) (1+e ™)
T 1—e T T eﬁa/Q _ 6771'04/2

5 14 e T - 5 ema/2 +e—7roz/2

= g tanh?. [l

Exercises for Chapter 6

Evaluate the following integrals.
oo 2
1. / 4x dx
¢ +1
2
0 xr+a2+1
3 / 1-— CQOS x de.
0 X

% sin? z
4/ = dx.
0

00 2

o. d
oo (@2 +1)2(22+ 22+ 2) v

Verify the followmg formulae.
/ > cos az
0 IQ + 1
7.
/0 :v2 +1)2

& x—sm:v T
8. dx .
oo 2

e %, a > 0.

rl>_l>l w|>1
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9. /OO S dr =TTV,
o (22 +1)2 4

& T
10. - T . o0<a<2
/01—|—x2 2sin (Z2)

& T
11. : > 0.

/0 x2+a2 T 1d3 “
12/ .W 0<ax<l1

1+ex sin amw

& T
13. =— " n=1,23
/Ol—l—xzn 2nsm(g—)

)t

0< a<2n.



CHAPTER 7

Intermediate Definite Integrals

7.1. Rational functions over (0, +00)

Let P, (x) and Q.,(x) be polynomials of degrees n and m, respectively.
We consider integrals of the form

* Pn(x)
/O oo (7.1.1)

where the rational function P, (x)/Qm () is not even and m > n+2. These
integrals can be evaluated by taking the limit in (6.4.10) or (6.4.18) as
a — 1. But this procedure leads to an indefinite form 0/0 and, in general,
the limit cannot be easily found. On the other hand, these integrals can be
evaluated directly by the theory of residues.

7.1.1. The case of no real poles. Suppose that Q,,(z) # 0 for
x > 0. We consider the auxiliary function

P,(2)

f(z) =
(2) o)
and the closed path shown in Fig 6.8. By the residue theorem 5.2.2 we have

Ut ot Jot L) [ ese]

= 2m'zk: Res [ 5;((?) Logz} . (7.1.3)

As in Subsection 6.4.1, the integrals along the circles Cr and Cs approach
zero as R — oo and § — 0, respectively. Since z = x on the segment AB,

we have
(" Puw) = Pufo)
/AB _/5 @) Inzdx /0 o) Inz dx, (7.1.4)

as R — oo and § — 0. Since, on the segment f?g,

Log = (7.1.2)

z==xze>™ and Logz=Inx+ 27i,

257
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/BA /Qm(”;) (Inz + 27i) d
P, (z

oo Qm(7)

as R — oo and ¢ — 0. Hence, by taking the limit in (7.1.3) as R — oo and
d — 0, and using (7.1.4) and (7.1.5), we obtain

~ B@) nxdr — ~ B@) nx i) dx
B i o AL

. P(2)
= 2m Re
Zk:z:zi {Q 2)

we have

(7.1.5)

\_/\_/

(Inx + 2mi) dz,

Thus, the formula

0°° 6123:1((96 Zszk {Qm Log z} (7.1.6)

is valid if m > n + 2 and Qn,(z) # 0 for x > 0.

NOTE 7.1.1. There is an interesting extension of formula (7.1.6). Con-
sider the integral

Qm (7.1.7)

where m > n + 2 and Q,(z) ;é 0 for x > 0. By the linear fractional
transformation

bt
t:L, thatis x=—— and dx=
b—x t+1

the previous integral becomes

B bt/t+1)) dt
b/ Qm (bt/( t+1)) (t+1)2
=02 R

CESL dt, (7.1.8)

P,(bz/(z+1)) Logz (7-1.9)

Qm bz/(z + 1)) (z+1)2

provided

b b
m>n+2 and Qp < #0 for < > 0.
+1
T T

+1

Formula (7.1.7) can be considered as an indefinite integral of the function
P, (2)/Qm(x). Therefore indefinite integrals of rational functions can be
evaluated by the theory of residues by means of (7.1.9).
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EXAMPLE 7.1.1. Use (7.1.9) to derive the formula

b
d
/ —$2 = arctanb. (7.1.10)

SoLuTION. Using (7.1.8), we have

o T+22 o 1+ [t/(t+ DR (1+1)? (7.1.11)

_ / e dt
e D22t + 17
The singular points of the integrand are the zeros of the denominator,

11— (B2 +1) —1+bi

t1o = = . 7.1.12
b2 b2 +1 b2 +1 ( )
Hence, by (7.1.9) and (7.1.11), we have
b
Log z
= R R
/0 1+22 (z etSlJrzeti) [(b2+1)22+22+1]
Q Logty Logts
2 b2+1t1+1 (b2 + 1)ty + 1
b gtl Logtg
T2
b1 t1
=35 Log bt
1 o 1+ bz
T2 T w

= arctanb. [

We may raise the following question: is it possible to evaluate by the
theory of residues all the known types of indefinite integrals that can be
evaluated in closed form? This is possible, at least, for the indefinite inte-
grals that can be reduced to indefinite integrals of rational functions by a
change of variable, that is,

(a) Integrals of the form /R(sin x,cosx) dx, where R(x,y) is a ratio-

nal function of two varjables.
(b) Integrals of the form /R (:v, Vax? + bx + c) dx, that can be re-

duced to integral (7.1.7) by means of one of the three Euler’s
substitutions (see [11], Vol. 1, p. 190).
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7.1.2. The case of positive real poles. Suppose that the real zeros
of @, are positive and simple and are ordered as follows:

O<ar <ag < - <.

We consider the path shown in Fig 6.9 and the auxiliary function (7.1.2).
The only difference between the present case and the one considered in the
previous subsection is in the evaluation of the integrals along the semicircles
~x and 7 attached to the upper and lower parts, AB and Eg, respectively,
of the cut [0, +oo]. Hence, the sums

1

Z Logzdz Z/ Fn(2) Log z dz, (7.1.13)

k=1"7k @ k=1"7k @m(2)

are to be added to the integrals (7.1.4) and (7.1.5) along AB and BA,
respectively. The limit of the integral along -, as § — 0, is

—C_1mi = P () Logzdz
Yk Qm( )
where
1= Zligsk [gm(( )> Log z} . (7.1.14)
The limit of the integral along 7%, as § — 0, is
—C_1Ti = P(2) Logzdz,
'Yk Qm( )
where, by letting z = ¢ e2™, we have
_ Pa(2)
c_1 = z:iesw |:Qm( ) Log z}
Pa(C) > }
R Log (¢ e*™ 7.1.15
[ st (7:1.19)
P.(2) ] |:Pn(z):|
= Res Logz| + 27i Res .
F=0k [Qm( ) & z=ax | Qm(2)

Therefore, as R — oo and § — 0, the sum

o ZzRii 2 Lo

is to be added to integral (7.1.4) along AB, while the sum

—mZ { tes | 0 Lo |+ 2mi s | 222}

is to be added to (7.1.5) along BA.
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It then follows from (7.1.3), as R — oo and ¢ — 0, that

p-Vv. /OO g:f(?) Inxde — mi i Z}i%i {g:l(é)) Log z}

o0
n

0 Qm(
-3 {2 o] o e [ 22 ])

= 273 ZzRezi [

The formula for the evaluation of integral (7.1.1) over the positive real axis
follows from this last relation,

o [ g = 2 Res e e

3 [ ] - m [

—p.V. (lnx+2m)d

Log z} .

m

where
ag > 0, Sz # 0 if Rz > 0, m>n+4 2, 0 <argz < 27.

To the authors’ knowledge, formula (7.1.16) is not found explicitly in the
literature; however it can be obtained by the recurrence relation (7.2.2)
given in Problems 29.03 and 29.05 of [21] and derived in Subsection 7.2.1.

If all ag, = 0, then (7.1.16) reduces to (7.1.6), which is given in [21],
Problem 29.01.

EXAMPLE 7.1.2. FEwvaluate the integral
*° dz
I=p.v. —_—.
v / @—D@E+1)
SoLuTION. Using formula (7.1.16), we have

z=i z=—i 2z=1 z—1)(224+1)
Log Log(—1i) 1
- {21'(@'—1) (—¢—1)(—2i)] TR
Log (e”/2) Log (ei3”/2) i
| 2i+2 —2i +2 2
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NoTE 7.1.2. Since 0 < Argz < 2w in (7.1.16), then in the previous
example, Arg(—i) = 37/2 and not —7/2. Therefore
'L.ogi Log(—i) o 'L.ogi 7
2i(i —1)  (—i—1)(—2i) 2i(i — 1)
although, at first glance, the second term on the left-hand side appears to
be the complex conjugate of the first one.

7.2. Forms containing (Inz)? in the numerator

We consider integrals of the form

% Pa(z)
I :/ Inz)? dx, 7.2.1
where P, (z) and Q,,(x) are real polynomials of degrees n and m, respec-
tively, with m > n+2 and p =1,2,.... The case p = 0 was considered in

the previous subsection.

7.2.1. Qmn(z) # 0 for all x > 0. Suppose that Q,,(z) # 0 for > 0.
We first prove the recurrence relation

P, (2)
E Cs(2mi)yP~ 15T, = — § Res { - (Logz)p] , (7.2.2)
s=0 ? k F=%k Qm(Z)
where the numbers
P! 0
Cf= ——— c' =1 7.2.3
Posl(p—s)!’ p ’ ( )

are the binomial coefficients, the branch cut of the logarithm is taken along
the positive real axis (see Fig 6.8)

Logz =1In|z| + i Arg 2, 0 <Argz < 2m, (7.2.4)

the numbers z;, are the zeros of @, (2), and I(z) # 0 if R(zx) > 0.
Consider the auxiliary function

P (2)
f(z) =
and the closed path shown in Fig 6.8. By the residue theorem 5.2.2 we have

Uit L o L) [ oeer]

(Log z)? (7.2.5)
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Pa(2)
= 2mZzRe;i [Qm( ) (Log z)? } . (7.2.6)

As in the previous subsection, the integrals along the semicircles Cr and
Cjs approach zero as R — oo and 6 — 0.
Since z = x on AB, then

/A Pl ) (Log z) pdz—/ n(z) (Inx)P dx

— (Inz)? dx
| @
as R — oo and § — 0.
Since
z==ze>™ and Logz=Inz+ 2mi

on E/NL we have

P () Pz 6Pn($) nx wi)P dx
/BAQm()(Logz) d _/RQm(l“ (Inz + 27i)P d

~ —

- /000 gmé) ZCS(lnx)s(%i)p*S dr. (7.2.8)

Therefore, taking the limit in (7.2.6) as R — oo and § — 0 and using (7.2.7)
and (7.2. 8) we obtain

/ Qm [ (nz)? - ;OS (In xV@m’)”S} da

_QmZZRe;i[ n(2) (Logz)}

Qm(2)

where $(zp) # 0 if R(z;) > 0. It follows from the last formula that

_Zos (i)™, =3 Res 2 ogay]

which coincides with (7.2.2). O
We now consider the cases p =2 and p = 3.

(a) The case p = 2. In this case we obtain from (7.2.2) and (7.2.3) that

(L gz)2] , (7.2.9)

CY2mily + Cy (2mi)° Z R {Q 2)

that is,
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2mi /OOO g:f(i)) dr + 2 /000 5:1(%) Inzdzx

- _ZZR%SI; [ ; B (Logz) } . (7.2.10)

Equating the real parts on the left- and right-hand sides in (7.2.10), we
obtain the following formula for I;:

i an

= ——%{ZZRZk [gm((z)) (Log z) }}
where m > n 4+ 2, Qum(x) # 0 for x > 0 and S(z) # 0 if R(zx) > 0. If

(7.1.6) is used to evaluate Iy, then one can derive from (7.2.10) a rather
bulky formula for I; given in [21], p. 295:

ZZR‘;{QW [1(Logz) —mLong. (7.2.12)

If we equate the imaginary parts on the left- and right-hand sides of (7.2.10),
we obtain another formula for Iy (compare with (7.1.6)):

e
=59 T [ e} e

(b) The case p = 3. In this case, by (7.2.2) we have

(7.2.11)

CY(2mi)? I + C3 (2mi) I + C3(27i)° Z Res [ n (LogZ) } ,

Qm(2)

that is,

—47% 1y + 6mily + 31, = Z Res [ (Log 2) } : (7.2.14)
Z=ZL

Qm(z

where Iy, I; and Iy are real integrals. Equating the real parts on the left-
and right-hand sides of (7.2.14) and using (7.1.6) we obtain a simple formula
for I5:

I = / h ;’;@ (Inz)? da
:__%{szﬂ n(2) ((Log 2)* +47T2Logz)]},

Qm(2)

(7.2.15)
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where m > n+ 2, Qp(z) #0if £ > 0 and S(zx) # 0 if R(zx) > 0.
One can obtain a bulkier formula for Iy by using(7.1.6) and (7.2.11)
(this formula is given in [21], p. 295]).

7.2.2. Qn(z) = 0 has simple positive roots. We suppose that
Qm () has simple real zeros at the points z; = «;, j = 1,...,s, ordered
as 0 < a3 < ag < ... < as. In this case, we use the closed path shown in
Fig 6.9 and the auxiliary function (7.2.5).

The only difference from the previous subsection (corresponding to
Fig 6.8) is that the integrals

S

P,(2)
(Log 2)P dz (7.2.16)
; ‘[Yk Qm(z) &

and

Z/ Pul2) (Log 2)? dz (7.2.17)
1 e Qm (Z)
along the semicircles v, and 4% on the upper and lower parts, AB and
EK, respectively, of the cut, are added to the integral along BA in formula
(7.2.7) and along BA in formula (7.2.8).

As in Subsection 7.1.2, the limit of the integral along 7, as § — 0, is

P,(2) )
Logz)Pdz = —c_1mi,
e @) 1) !
where
Pn(z2) ]
c-1 = Res Log 2)?| . 7.2.18
= ey [ tos) (7218
The limit of the integral along i, as § — 0, is
P, (z) .
(Log 2)P dz = —c_1mi,
o Qm(z)
where

= Fes | gn Gosey)

(and letting z = ¢ ™)
— C}i%i {5:1((?) [Log (C egm‘)p} } (7.2.19)
{ P (z)
Qm(2)

= Res

Z=og

(Logz + 27ri)p} .
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Hence, as R — oo and § — 0, one has to add the sum

—mi Z Res { Qm(( )) (Log z)P }

to the integral (7.2.7) along AB, while the sum

—mi Z Res [ Qm(( >) (Log z + 2mi)P ]

is added to the integral (7.2.8) along BA. Thus, as R — oo and § — 0, we
obtain from formula (7.2.6) that

= T \p—r—1 _ es Pn(Z) oo z)P
> Cr(2mi) I, = sz;k [Qm(z) (Log 2) ]

r=0

— = ZZR% {Qm ® [(Log 2)P + (Log z + 2mi)? ]} . (7.2.20)

where m > n+ 2, ag, > 0 and S(zx) # 0 if R(z) > 0.

NotEe 7.2.1. It was shown in Subsection 7.1.1 that any indefinite in-
tegral of a rational function of the form P, (z)/Qm(x), m > n + 2, can be
computed by means of the theory of residues. It is known that any such in-
tegral can also be computed directly. However, an indefinite integral of the
form f(x) = [Pu(z)/Qn(z)]Inz, in general, cannot be expressed in terms
of a finite number of elementary functions. Therefore, the definite integral
of f(z) from 0 to b cannot be computed by means of the theory of residues.

Let us consider the difficulties in evaluating the integral

b
Inx
I= ——d 7.2.21
/0 T o2 4 ( )

which cannot be evaluated directly. The change of variable, t = —1 + b/,
reduces (7.2.21) to the form

> nb—In(t+1
I:b/ Inb—Int+1) )dt, (7.2.22)
o (t+1)2+02

which cannot be computed by means of the residue theory (see formula
(7.2.11)) since the integrand contains the term In(¢ + 1) (and not Int).
In other words, because the interval of integration, 0 < ¢t < 400, does
not coincide with the upper cut —1 < t < 400 of the function Log(t +
1), it is impossible to make a change of variable, t = (&), such that,
simultaneously, the integration interval becomes 0 < ¢ < 400 and the
function Log(t 4 1) is transformed to Log .
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EXAMPLE 7.2.1. FEwvaluate the integral

* Iz
J = Y dr
' (A @12

SoLuTION. The conditions are such that formula (7.2.11) is true, and
hence

1 L 2 1
J1= —5% {Res M] = —5% lim [(Logz)2]/

z=—1 (Z —+ 1)2 z——1
1 2L
= —5% lim_ %82 _ RLog(—1)
z—— z
— R(im)=0. O

EXAMPLE 7.2.2. FEwvaluate the integral

e Inx
Jo = —d
2 /0 2r2wt2

SOLUTION. We use formula (7.2.11). The zeros, z = —1 %4, of the
denominator, 22 + 2z 4 2, are the simple poles of the integrand. Hence, by
(7.2.11) we have

z——l—i}

1 (Log 2)?
fo= g { (Z—R—elSJrz‘ + z—R—els—i> {22 +22+2

_1%{u@y—1+wP [Log(~1— i)}
2 2242 2z+2

z=—1+41
1 1 12 12
= —Z% - [[Log(—1+i)]* — [Log(—1 —4)]*] ¢
Since 0 < Argz < 2m, then
Log(—1+ 1) = Log (\/§ei3”/4):ln\/§ + ??TW i,

, )
Log(—1—1i) = Log (\/5615”/4)2111\/5 + Zﬂ i.

Thus
Jo = i%{i[(ln\@f—i—%% In 2—91_”62 - (1n\/§)2
—21'%” Inv2 + 2222]}
__%m{ﬁf - %] 1n\/§—%iﬂ'2}

= Tmo. O
8
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EXAMPLE 7.2.3. FEwvaluate the integral

0o 2
J3 = / (Inz) dx, a > 0.
0

22 + a2

SOLUTION. We use formula (7.2.15). The zeros, z = +ai, of the de-
nominator, 22 4+ a2, are the simple poles of the integrand. Therefore

1 1 3 9
J3 = ——3% (ff;si—’— Zf_ig%) {m((Log z)° + 47" Log z)]
3a

_ 1y (lna—i-zi)g—i—él 2(lna+zi)— na+ o ’
= T6a> 9 T 9 D
3
—4n? (lna—l—;iﬂ

1 _ 2 3
= —6—%{(1na)3 + 3(1na)2g i+3(Ina) (—”) ~Litonti
a

= ——3‘% { [(Log(az)) + 47 Log(ai) — (Log(—ai))® — 4r? Log(—ai)} }

4 8

4 8
_ 1 o (T 3T 2673 3
= 6 [3“““) (5—7>+ 5 ”}

3

m T
= —(lna)*+=—. O

a(na) +8a

2 3
— {(111(1)3 +3(1na)2377ri+3(1na) (—gi 2 Z] — 67r3z}

7.3. Forms containing In g(z) or arctan g(x)

In this section, we consider integrals of the form
lnx—ad:v / lnx—alnx—bdx
n-[ 4 Qm o=l Qm o~ al Info — b

A= / 1n|x —a?|de, B= /

C= /_OO Q;(x)) Arctan - dx, D= /_Oo Q:L(l“)) Arctanz dz.
These integrals are computed by separating the real and imaginary parts of
specially chosen analytic functions. Integrals I;, A and B are computed by
this method in [21], Subsection 29.12, Examples 1, 3, 4 (under the assump-
tion that @, (z) # 0 for z > 0). Integral Ij;, to the authors’ knowledge, is
absent from the literature.

ln |? + a?| dx,
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7.3.1. Integral I;. We first prove the following lemma.

LEMMA 7.3.1. Suppose Qu(x) # 0 for real x and z are the zeros of
Qm(z) in the upper half-plane; then

I = %{2”;5‘2 [5;((2)) Log(z — a)} } (7.3.1)

where Log(z — a) is the principal value of log(z — a) with branch cut along
the half-line [a, +00), and m > n + 2.

PROOF. The function Log(z — a) is analytic in the upper half-plane if
we make a cut along the positive real axis joining the branch points z = a
and z = oo and assume that Arg(z — a) = 0 on the upper part of the
cut, Arg(z — a) = 27 on the lower part of the cut and Arg(z — a) = 7 if
z = x is any point on the real axis such that z < a. Consider a closed path
consisting of the interval [—R, R] (R > |a|) of the z-axis, a semicircle 7, of
radius § around the branch point z = a and a semicircle C'z of radius R
(see Fig 7.1). The function P,(z)Log(z — a)/@m(2) is analytic inside the
path; therefore, by the residue theorem 5.2.2 we have

(L for L ) [ vnc=o)]

. P(2)
=2mi » Re Log(z —a)|. (7.3.2)
; Z:zsk |:Qm(2) 8 ]

Letting z = Re' on Cr and z — a = 6 €Y on v, and taking the inequality
m > n + 2 into account, one can easily verify that the integrals along Cr
and -y, tend to zero as R — oo and d — 0.

On the interval —R <z < a — 6,

z—a=|r—a|le™ and Log(z —a)=In|z —a| + ir.

y
Cr
’Ya
Jaa
-R a 0 R X

FIGURE 7.1. The closed path for the evaluation of integral I;.



270 7. INTERMEDIATE DEFINITE INTEGRALS

Thus,

" P () — ] — " Pafa) njlr—al+1 T
[R G- e —al + in] ds /7QO($)[1| |+ in]d

as R — oo and 6 — 0.
Since z — a = |z — a] on the interval a + § < & < R, we have the limit

/m Q) el / Q) el

as R — oo and § — 0. Hence, from (7.3.2) we have the formula

/ Qm ln :C—a|dx+z7r/ Qm(z) dx

. Pn(2)
= 2mi g Re Log(z —a)|, (7.3.3)
& z:zs;c |:Qm(2) g

as R — oo and § — 0. Equating the real parts in (7.3.3) we obtain (7.3.1).
O

NoTE 7.3.1. Equating the imaginary parts in (7.3.3), we obtain a for-
mula similar to (7.1.6),

/ Qm d:v =23 zzz s Qm 2 Log(z - a)] . (7.3.4)

NoTE 7.3.2. If Q,,(z) has simple zeros at * = ax, k = 1,...,s, then

the terms
{m Z Res [ CIQDm(( )) Log(z — a)} } (7.3.5)

and

{ ZZR‘;i [gm(( )) Log(z — a)]} (7.3.6)

are to be added to the right-hand sides of (7.3.1) and (7.3.4), respectively.
These integrals are to be understood in the sense of the Cauchy principal
value.

7.3.2. Integral I;;. Consider the integral of the form

* Py()
I = 1 —all —bld
i /_Oo O (@) n|r —alln|z | dz,

where a and b are real numbers and a < b.
We prove the following lemma.
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LEMMA 7.3.2. If m > n+2 and Qu(x) # 0 for real x, then

P, (x)
o @m ()

X Z Res [ Qm(( >) (Log(z —a)Log(z —b) + = Log(z - a))] } (7.3.7)

In|z —a|ln|z —bldx = §R{27ri

where (zx) > 0.

ProoFr. We use the closed path shown in Fig 7.1 with one additional
semicircle v, centered at b with radius 4, where a < b < R. By the residue
theorem 5.2.2 we have

([0l

[ Qm(( )) Log(z — a) Log(z — b)} dz

. P(2)
=2mi » Re Log(z — a) Log(z — b)| . (7.3.8)
; Z:zs’“ [Qm('z) & & }

The integrals along ~,, 7 and Cr approach zero as R — oo and § — 0.
When z = z, the function Log(z — a) Log(z — b) has the form

(In|z — a| +im)(In |z — b] + iw), z < a,
Log(z — a)Log(z —b) = ¢ In|z — a|(In |2 — b| + i), a<z<b,
In|z —alln|z -], x> b.

Therefore, as R — oo and 0 — 0, we obtain from (7.3.8) that

BAC) —a|+im||In|x — | dx
/_Oon@c)[l“"’” |+ ix] [ln |z — b] + i ] d

N AC) |
+/a o) In |z — q] [1H|$—b|+m] do

* Pu(z)
—I—/ In|z —a|ln|x — bl dx
y Q) Mol

= 2mi €s P()oz—a ooz —
’ Zf{m[Qm()Lg( ) Log(z —b)| . (7.3.9)

Equating the real parts in (7.3.9) we obtain

EC) —alln|z — b dz — «* "t B T
| gy el —thda—® [ G




272 7. INTERMEDIATE DEFINITE INTEGRALS

= w{2ni 3 Res [

Substituting the value of the integral (7.3.4) into (7.3.10) and using the
relation Sif(z)] = Rf(z), we obtain (7.3.7). O

7.3.3. Integrals A, B, C, D. We consider integrals of the form

= - P’n«(I) n $2 —012 X = = PH(I) n $2 CL2 X
‘/QO@)l' |do, B /ooczm@c)l' ol de

C= / ) Arctan & dz, D= / () Arctan x dz.
oo @m(2) x —o0 Qm(2)
Since the evaluation of these integrals make use of the principal values of a
few functions, for simplicity we shall assume that a > 0.
To evaluate integral A it is sufficient to replace a by —a in (7.3.1) and
add the resulting formula to (7.3.1). As a result, we obtain the formula

R
- §R{27ri Zk:zfi‘ii {5:1((?) Log(z2 — aQ)] } (7.3.11)

where $(z;) > 0 and m > n + 2.
To evaluate integral B (see [21], Problem 29.12, Example 4]) it is suf-
ficient to compute the integral of the function

_ Bz )
along the whole real axis, where m > n + 2 and Q,,(z) # 0 for real . To
select a branch Log(z + ai) of log(z + ai) it is sufficient to join the branch
points, z = —ai and z = —ooi, by a cut along the negative y-axis and
use a closed path which consists of the interval [-R, R] of the real axis
and the semicircle C'r of radius R in the upper half-plane. By the residue
theorem 5.2.2

(/ /CR) [ Om(2) Log(z+az)] dz =

. P,(2) .
2mi Re Log(z +ai)|. (7.3.12)
;Z:Zi {Qm('z) & }

The integral along Cr tends to zero as R — oo since m > n + 2. On the
interval [—R, R], we have z = x and

Log(x + ai) = Log [\/ 22 + a2 e Arg(m*‘”)} ) (7.3.13)

(2 — a) Log(z — b)} } (7.3.10)

Log(z + ai)
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where
Arctan(a/z), x >0,
Arctan(a/z) +m, x <0.

Arg(z + ai) = {

Using (7.3.13) and letting R — 0o, we obtain from (7.3.12) that
* Pu(x) [ Pu(x) )
In :102+a2d:10+z/ Arg(z + ai) dx
| e Q) BT

= 2m es P (2) og(z + ar
=2 Zk:fi {Qm(z) Log(z +ai)| . (7.3.14)

Equating the real parts in (7.3.14), we obtain the following formula for
evaluating integral B:

> Pa(x) 2 2
/_Oo o) In(z* 4 a®) dx

- 3%{4m' ;Zfie;i {5;((2 Log(z + ai)} } (7.3.15)

where Sz > 0.
Equating the imaginary parts in (7.3.14), we obtain the following for-
mula for evaluating integral C:

/_ O:O g;(é)) Arg(z + ai) dzx = %{mzk: Res [ g;(é )> Log(z + ai)] }

Using (7.3.13) and (7.3.4) and assuming that the upper limit a in (7.3.4) is
equal to zero, we can rewrite the last formula in the form

1 O; 57’;(& )> Arctan % dr = 2w%{z’ zk: Res [ c];;((i )> Log(z + az’)] }
_ zwg{izk:iii [5;((‘?) Logz} } (7.3.16)

where @, (x) # 0 for real z, Sz, > 0.
Similarly, for evaluating integral D (see [21], Problem 29.12, Exam-
ple 5]) it is sufficient to compute the integral of the function

_ P(2)
Qm(2)

along the whole real axis, where m > n + 2 and Q,,(x) # 0 for real . To
select a branch, Log(1 — iz), of log(1 — iz) it suffices to join the branch

f(2) Log(1 —i2),
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point z = —i¢ with the point z = —oco — ¢ by a cut parallel to the negative
real axis. Then

Log(1 —iz)|y=0 = Log(1 — ix)
=Inv1+ 22 —iArctanx

for all —oo < & < 400. Using the residue theorem 5.2.2, we obtain

{ln V14 22 — i Arctan :C] dz

= 2ms €S P ( ) o — 1z
=2 Zszk [Qm( ) Log(1 )]. (7.3.17)

Finally, equating the imaginary parts in (7.3.17), we obtain the following
formula for evaluating integral D:

* Pu(x)
/_Oo Om(@) Arctanz dz

= —mve{z Res {

oo Qm()

Log(l - zz)] } (7.3.18)

Qum(
where Sz > 0.
NoOTE 7.3.3. If Q,(x) has simple zeros at the points
T; = aj, j=1,...,s,

then one has to replace Z Res with

Z=Zk

3 Res +5 izfiai
k Jj=1

on the right-hand sides of (7.3.11), (7.3.15), (7.3.16) and (7.3.18). Moreover,
the same function is used for computing the residues at the points z; = a;
for j=1,...,s and at z.

7.4. Forms containing In in the denominator

Consider integrals of the form
dz
Qm(z) (Inx)2 + 72’
where P,(z) and Q,,(z) are polynomials, m > n + 2, @, (—1) # 0 and
Qm(x) £ 0 for z > 0.
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We cut the complex plane along the positive real axis and use the closed
path C shown in Fig 6.8 for the function

_ Pu(2) 1
1z) = Qm(2) Logz —mi’
By the residue theorem 5.2.2,

f e =ami SR [ ]

P,.(2) 1
2m R
+ mz o Qm(z) Logz — i’

that is,

ot L o o) e ==

(2) 1 - Pn(_l) T
= 2mZZRe;i |:Qm(z) Togz— m’] + 2QO(_1) e, (74.1)

It can easily be shown that the integrals along the circles Cr and Cy ap-
proach zero as R — oo and 6 — 0. On the segment AB, z = x and we
have

dx
/AB / Qm 111517—7” Qm hm:—m

as R — oo and § — 0. On the segment BA, z=u 62’” and we have

/ / d x dz

= T — — -
r Qm(z) Inxz 4+ 2w — i 0 Qm(x) Inz+ i

as R — oo and § — 0. Therefore, it follows from (7.4.1) that

/°° P, (z) 1 1
- — -| dx
o Qm(z) |lnz—mi Inzx+ i
_ P.(2) 1 _Po.(-1)
=2 R Y L S
Tm;z:ezs" [Qm(z) Lng—ﬂ'i] TQO(_l)
as R — oo and § — 0, and, after obvious transformations,
dx
Qm(x) (Inxz)? + 72

= es P (2) 1 _ Pu(=1)
- Zk:]i [Qm(z) Togz — m-] e

where Sz, # 0, Qm(z) # 0 for z > 0.



276 7. INTERMEDIATE DEFINITE INTEGRALS

7.5. Forms containing P, (e%)/Q,(e”)

In this section, we consider integrals of the form

/°° P, (") dx
oo Qm (e7) 22 + (25 + 1)27?’
where s =0,1,2,..., m > n, Qn (%) # 0 for real z, and
Qm (eﬂ'i) = Qm(_l) 7é 0, Qm (e—oo) = Qm(o) 7é 0.
EXAMPLE 7.5.1. Letting z be the zeros of Qm (€*) lying in the strip
0 < Sz < 2w, we prove the following formula:

/OO P, (e*) dx 1 P,(-1)
—o0 Qm

(e7) 22 4+ (25 + 1)272 25+ 1 Qp(—1)

! Po(€®) 1
ot zk:zfi‘ii {Qm () k;s Py 1)m.]. (7.5.1)

PrOOF. We use the closed rectangular path C shown in Fig 6.6, and
consider the auxiliary function

_ b 1

S

In the rectangle of height 27 shown in Fig 6.6, the function F'(z) has poles
at the zeros, zi, of Q. (¢*) and at the singular point z = 7i corresponding
to k=0 in (7.5.2). The other singular points of (7.5.2), namely,

2 = —(2k — 1), k=-s,—s+1,....,s, k#0,

lie outside the rectangle. Therefore by the residue theorem 5.2.2 we have
P, (e*) 1
d
ﬁ Qm (ez) k;.s z+ (2I€ — 1)7T’L z

Py Pu(e®) 1

that is (see Fig 6.6),

Ul L )5 E

S

_omi 2D Lo os | £n(€) 1
=2 Qm(_1)+2 Zk:zfizi{Q (e7) k_zsz+(2k_1)7m.]' (7.5.3)

n
m
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It can easily be shown that the integrals along sides 11 and I'V tend to zero
as R — oo. On side I, z = z and we have (see (7.5.2))

[~ ) e | m

On side I, z = x + 27 and we have

/ / F(x + 2wi) de — / (x + 2mi) dx.
111

Therefore, as R — oo, (7.5.3) can be written in the form

/Oo [F(z) — F(z + 2ni)] do = 2m% + 2mi Z Res F(z). (7.5.4)

—00 m( ) =2k
Using (7.5.2) we obtain
F(x) — F(x + 2mi)

 P(e?) [ ¢ 1 EES 1
Qi (e?) 'k;s x4 (2k — 1)mwi k;s x4 (2k + l)m']

(and letting k = r — 1 in the second sum)

O P(e) [ 1 = 1
T Qm (e?) _kz x4+ 2k —V)mi by x+(2r—1)m']

r=—s+1
P | 1 - 1 }
CQm(e) |z +(=2s—Dmi  x+[2(s+1)—1]

_ Py(e”) (254 1)2mi
 Qum (e?) 22 4 (25 + 1)272
Hence by (7.5.1), the integral (7.5.4) has the form

_ P, (e*) dx
25+ 1)27”/,00 Qun (€7) & + (25 + 1272

= m'ipn(_l) e es P (%) y 1
~ Ly ;zfizk[Qm(ez)k_Z_SZ—I—(Zk—l)m']' -

NoTE 7.5.1. If Q,, (¢*) has simple zeros at the points x = a1, ag, .
then Z Res in (7.5.1) has to be replaced by

Z=Zk

.y Gp,

P
> Res+5 " Res.
k s=1
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NoTE 7.5.2. If s =0 and 0 < Sz < 27, then formula (7.5.1) becomes

P (e”) dr P,(-1) o P, (e%) 1
w/—oo @m (ex) 2+ 72 Qm(—l) +; z]izk [Qm (ez) P 7Ti:| . (755)

EXAMPLE 7.5.2. If a > 0, derive the formula (found in [4])

= /700 (7T2/4 + U2)(1 + atanh2 u) B (1 —+ a) arctan\/a' (756)

SoLuTION. The integral in (7.5.6) was computed as the sum of all
the residues of the integrand in the upper half-plane and by a subsequent
summation of the resulting series.

Let u = 2/2 and 1/a = b* in (7.5.6). Using the formula
e’ —1

et +1

tanh = =
2
we obtain from (7.5.6) that
oo T __ 1 2
J:2b2/ {[b2+ (e >
o e’ +1

Therefore, one can use formula (7.5.5) to compute (7.5.7). For this purpose,
we have to find the roots of the equation

o % — (_—1>
2 \er+1 (7.5.8)

= _}?

—1
(2 + x2)} dx. (7.5.7)

which are located in the strip 0 < ¥z < 27. Taking square roots on both
sides of the previous equation we have

tanhg = +bi, b>0, (7.5.9)

and setting z = ¢£ we obtain

g = Arctan(+b) + k, k=0,41,...,

which we rewrite in the form
& = 2[Arctan(+b) + k7], E=0,4+1,42,.... (7.5.10)
The only roots of (7.5.10) in the strip 0 < £ < 27 are
& =2 Arctanb =20 with £ = 0 and the plus sign,
and

& = 2[r — Arctand] := 2(r — 0) with k = 1 and the minus sign.
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Therefore we have to use (7.5.5) for the cases z; = i&; and z9 = i€s. Since
P, (—1)/Qm(—1) =0 in the present example, we obtain

e —1\?
er+1

/

ef—1e*(e*+1)—e*(e*—1)

s +1 (e* 4+ 1)
_ef(ef—1)
(e +1)*

Thus we have

202
J= <3‘§§1+3‘E§2> [[b2 -0/ e+ 0P G=m)

2h2 (621'9 + 1)3 . 2h2 (e—2i0 i 1)3
4(2i0 — i) €210 (219 — 1) © 4i(m — 20) e—210 (=20 — 1)
B B2 [ (621'9 + 1)3

i(20 — ) | 29 (e2i9 — 1)
b2 G +e—i0)3
i(20 — ) e — e~
2 2
= 2i2(94i 72) Ct(;sng (since # = Arctanb)
2b* 1
7/2 — Arctand tan (1 + tan?6)
2 Va
aArctany/a 1+ 1/a
2va
(1+ a) Arctan/a’

7.6. Poisson’s integral

To derive Poisson’s integral in example 7.6.1, we make use of the well-
known formula:

/Oo e dr = /7, (7.6.1)

— 00

which is easily obtained by considering the double integral

/ eV’ dy/ e da :/ / e~ (@ +?) g0 dy
0 0 o Jo
oo pm/2 )
:/ / e " rdrdf.
o Jo
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e | M

v 1

-R 0 I R X

FIGURE 7.2. Rectangular region for Poisson’s integral.

EXAMPLE 7.6.1. Derive Poisson’s integral,

P :/ e’ cos Bz dr = \/56—62/(4007
oo «

for a >0 and real (.

PROOF. We have

P = %/ e—am2—iﬁ;ﬂ dr

_ %[ ~5?/(4e) / - e—a[ww/(m)ﬁdz]

(letting v [z + Bi/(20)] = ¢, dz =1/\/adt)
+oo+pi/(2v) R
-t dt]
Va)

_§R|: -B? /(4ar) /
\/— oco+3i/(

(7.6.2)

(7.6.3)

To complete the proof of (7.6.2) one has to show that (i/(2\/a) can be

discarded in (7.6.3); then, using (7.6.1), we obtain (7.6.2).

Let us consider a closed rectangular path in the complex plane with

base [— R, R] on the z-axis and height 3/(2\/a) (see Fig 7.2).

Since the function exp ( —z2) has no singular points inside the rectangle,

then by the residue theorem 5.2.2 we have

%e_z2d2—</—|—/ —I—/ —I—/ )e_z2d2—0.
c I 7 Jir o Jiv

On side I, z = x; thus we have

R 2 o0 2
/:/ e ” dz—>/ e " dx
I —R —00

(7.6.4)
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as R — oo. On side I, z = R + iy; thus we have

6/(2v/a) o L, Bleva)
/ — Z/ o~ (B+iy) dy = ie B / e~ 2iRy+y dy — 0
11 0

as R — oo since |e 2%/ is bounded. Similarly, one can show that
/ — 0, as R — oo.

On side 111, z = x +i3/+/a; hence we have

/ / o/ (Va2 g,
II7

(and letting = +i3/(2Va) = t)

R+iB/(2va) )
= —/ et dt
R+ip/(2v/a)

Footif/(2va)
— / et dt, as R — oo.
co+if/(2Ve)
Therefore, as R — oo, from (7.6.4) we obtain that
o0 ) +ootif/(2vVa) |
— —t
/ e dx — / e " dt=0. (7.6.5)
—o0 —oo+if/(2va)

It follows from (7.6.5) that the constant i3/(2y/a) can be discarded from
the limits of the integral on the right-hand side of (7.6.3). Thus, (7.6.2)
follows from (7.6.1) and (7.6.3). O

NOTE 7.6.1. Equation (7.6.5) implies that the horizontal line of inte-
gration

(—oo+i2\6/a,+oo+i2\6/a)

can be translated parallel to the real axis. Such an operation is a particular
case of deformation of the path of integration. Another deformation will
be seen in the next section.

7.7. Fresnel integrals

In this section, we use the calculus of residues to derive the Fresnel
integrals from more general formulae. These integrals first appeared in the
theory of diffraction of waves. More recently they have been applied to
designing highways for high-speed automobiles.
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EXAMPLE 7.7.1. Derive Fresnel integrals

o 1 /m o 1 |r
2y g+ [T - NN
/0 cos(z?)dx = 2\/;, /0 sin(x?) dx 2\/;. (7.7.1)

PROOF. We consider a closed path, C, in the complex plane consisting
of the segment [0, R] of the real axis, the arc Cr of radius R and angle
0 <60 <6y, and the ray z = reo where 0 < r < R and 6, = constant (see
Fig 7.3).

Since exp (—22) does not have singular points inside C, then by the
residue theorem 5.2.2 we have

(/OA " /AB * /BO) e dz=0. (7.7.2)

On the segment OA, z = x; hence we have

2 R 2
/ e ” dz:/ e ¥ dx
oA

0
oo
_12
— e dzr
0
NZs

=50 as R — oo.

We show that the integral along BO has a finite limit as R — oo if 6y lies
in the interval [0, 7/4]. Since on BO z = r €%, we have

0
2 2 . .
/ e dz:/ e exp(2ifo) cifo g,
BO R

. (7.7.3)
— _/ efrz(cos 200+1 sin 26) ewo dr.
0

0 A X

FIGURE 7.3. The closed path of integration OABO for the
derivation of (7.7.10) and (7.7.11).
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L——Yy=c08 2x

y=1-4x/n

/4
0 X

FIGURE 7.4. The inequality cos2z > 1 — 4x/m over the
interval 0 < z < 7/4.

The integrand in (7.7.3) remains bounded for 0 < r < R as R — oo if
cos 26y > 0, that is for 0 < 6y < 7/4. In this case,

2
/ e ? dz
BO

— — / e~ cos 200 [cos(r2 sin 26p) — i sin(r? sin 290)} e dr. (7.7.4)
0

We prove that the integral along AB in (7.7.2) approaches zero as R — oo.
On the arc AB, z = Re' for 0 < 6 < fy; hence we have

2 fo
/ e % dz §/
AB 0
0o
_ R/ €_R2 cos 26 do
0

First, consider 6 in the interval 0 < 6y < w/4. Since cos20 > 0 for all
0 € [0, 6p], it follows immediately from (7.7.5) that the integral along AB
approaches zero as R — oo. In the case 6y = 7/4, the integrand in (7.7.5)
is equal to 1 at the upper limit; thus we need a finer investigation. Using
the inequality

e~ R? exp 2i0

do

’Rewi

(7.7.5)

cos2921—é9, Hfo<o<
T

T
4
(see Fig 7.4), we obtain from (7.7.5) that

2 90 2
/ e dz| < R/ e~ B4/ g9
AB 0

_p,—RrR*_T R%400 [
= Re 4—R2 (e o/m _ 1) — 0
as R — oo, provided 0 < 0y < m/4. Therefore, it follows from (7.7.2), as
R — oo, that

(7.7.6)
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/ e cos200 [cos(r? sin 26) — i sin(r* sin 26,)]
0

X [cos by + isinby) dr = g (7.7.7)
Equating the real and imaginary parts in (7.7.7) we obtain
/ e~ cos 200 [cos(r? sin 26,) cos fo
0
+ sin(r” sin 26) sin 0y | dr = g (7.7.8)

and
> 2
/ e~ cos20o [cos(r? sin 26,) sin 6
0

— sin(r® sin 26y) cos 6] dr = 0, (7.7.9)

which is a system of two linear equations in the unknown integrals

J1(00) = / e cos260 cos(r? sin 26p) dr, (7.7.10)
0

Jo(6p) = / e c0s 200 gin (2 gin 26, dr- (7.7.11)
0

Written more concisely this system becomes

cos 90J1(90) + sin 90J2(90) = g, (7712)
sin 90J1 (90) — COS 90J2(90) = 0. (7713)
It follows from (7.7.9) and (7.7.13) that
Jl(eo) = 400590, Jg(eo) = gsinﬁo, 0 S 6‘0 S % (7714)
Finally, letting 8y = 7w/4 in (7.7.10), (7.7.11) and (7.7.14), we have the
formulae
/ cosr?dr = = \/7 / sinr dr——\/j
0
which coincide with formulae (7.7.1). ]

Exercises for Chapter 7

Evaluate the following integrals.

o 1
Y ——
0o z°+z+1



EXERCISES FOR CHAPTER 7

e Inx
5. d
|, wreE
00 (1 _ .2
/ (1 I)lnxd:v
o (I4a?)?
e 22 lnx
7. d
/0 (a2 + b222)(1 + 22) “
g /m%dx
o @-1D)(@+a)
9 /@de
o 24ax+1T

e’} 2 2
10. / (A+2%)(nz)® -
0 1424

=]

o 1
11. dzx.
/o (@ +a) [y + 72
Prove the following formulae.

[e’e} 3
12. / (nz)” 10 .
0

2 +1

*  lnzx T
13. —  —dr=——.
/0 @+12 ™" 1

oo 2
14, / L)

Evaluate the following integrals.

e 1
15. p.v. ———— dx.
A s

1

16. p.v. d
pv/o z—D2+20+2) "

17. / M dz.

oo (22 +4)(2? 4 9)

a >0,

ab > 0.

b>0.

285
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18.

19.

20.

21.

22.
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o0 1 _
Injz -1
oo X241

zln|z—1] Injz — 5

/_oo (22 +1)(2% + 4)

/OO In|z — 2| In|z — 4|

dzx.

2 4+ 22+ 10

o0

x Arctan x

/_OO (2 4+ 424+ 20)(22 4+ 1)

Arctanz

/,Oox2+3:v+8.5 v

dzx.



CHAPTER 8

Advanced Definite Integrals

8.1. Rational functions times trigonometric functions

In this section, new classes of integrals over the real line, announced in
[6], are evaluated in closed form by means of the calculus of residue. The
integrands are a combination of rational and trigonometric functions. Some
known tabulated formulae are easily derived from, corrected or completed
by means of the general formulae obtained here.

8.1.1. Introduction. We consider the Cauchy principal value of in-
tegrals of the form

8.1.1
7 /°° P.(z) dz ( )
c=D.V.
P — oo @m(x) cosax
I —p v./ P, (z) s1nbxd 7
oo Qm(z) sinax (8.1.2)
I /OO P,(z) cosb:z:d o
=Dp.v.
s =P oo Qm(z) sinaz
Igsz/ C3371(:1:) cos bz .
m () cosax
(8.1.3)

sin bx
I V. ——dx
e =P / Qm cos ax
where Qp,(z) and P,(z) are real polynomlals of the real variable x, of
degrees m and n, respectively. We assume that the real zeros of Q,, are

simple. We also assume that m > n + 1 and remark that if P,(z)/Qm(z)
is even, then necessarily m > n + 2.

NoTATION 8.1.1. When suitable, the following notation will be used:

e Aand A denote the sets of simple real zeros of Q,,(z) and Q. (—x),

287



288 8. ADVANCED DEFINITE INTEGRALS

respectively:

A= {ar €R; Qu(ar) =0, Q) (ax) # 0},
A= {a €R; Qu(—ax) = 0,Q",(—ax) # 0};

e Z and Z denote the sets of complex zeros of Qp,(z) and Qp,(—z) in the
upper half-plane, respectively:

Z ={z, € C, Sz > 0; Quu(zx) = 0},
Z={%€C, S >0; Qm(—2z) =0};

o B3y, B, go, gl denote the sets of admissible values of a € R:

By = {a € R; Yai € A,sinaay # 0},
B1 = {a €R; Yai € A, cosaay # 0},
go ={aeR, Va, € .Z,sinadk £ 0}
B, = {a €R, Vag € .Z,cosadk #0}.

The general idea for the evaluation of these integrals is clear: one sums
residues at the zeros of Q. (z) and sinaz or cosax. However, general
formulae to evaluate these integrals seem to be missing in the literature.

When [b] < |a|, some particular cases can be found (see [23], Sections
3.743-3.749, with references to older handbooks). But in such examples
(see, for example, [18], pp. 81-82, formulae 30-32, and p. 23, formulae 36—
37), it is impossible to take the inverse Fourier sine and cosine transforms
because, in these transforms, the parameter y (here denoted b) in If, IS, I®
and IS varies over the interval [0, +00).

When |b| > |al|, even particular cases of the last four integrals (8.1.2),
(8.1.3) seem to be absent from the literature.

The main idea of this section is that, although the number of singular
points in these integrals is equal to infinity, these integrals can be expressed
by means of a finite number of terms, namely, by the sum of the residues
at the zeros of Q,,(x). For the first two integrals (8.1.1), the sum of the
residues at the zeros of sinaz and cosax, respectively, is equal to zero,
and the same holds in the case of the last four integrals (8.1.2), (8.1.3) if
|b| < |a|. Moreover, if |b| > |a|, the corresponding series for the last four
integrals can be expressed by a finite sum of residues at the zeros of @, (z).
It is found that the last four integrals are equal to the sum of some function
of @ and b and a 2a-periodic function of b.
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As a by-product, the following four series, denoted by Sy, Sa. S3 and
Sy in (8.1.45), (8.1.60), (8.1.68) and (8.1.69), respectively,

- _ ) Pn(km/a) oS bk - k+1P(k7T/a) . [ b7k
2 VG e (%) X g ()

k=—o00 k=—o00
Z (—=1)* 571((7;3) sin (byk) , Z (— 1)k+1(fgD ((%)) cos (byk) ,
k=—o00 m k=—o00 m

where v, = (2k + 1)7/(2a), will be evaluated in closed form as a finite sum
of residues at the zeros of @, ().

8.1.2. The integral I;. We derive several formulae for the integral

I—pv/ (z) m >n—+ 1. (8.1.4)

Qm x) sinaz’

We first consider the case where P, (z)/Qm(z) is odd and Q,, has no
real zeros.

FORMULA 8.1.1. If Qn, has no real zeros and P, (x)/Qm(x) is odd, then

P,(z) 1
=2 Res
p-v- / Qm sin ax i - ez {Qm( ) sinaz] ’

m>n+1. (8.15)

PRrROOF. Let
£z) = P,(2) .1
Qm(z) sinaz
be a function of the complex variable z and let C' be a closed path that
consists of parts of the segment [— Ry, Ry] of the real axis, shown in Fig 8.1,
with |a|Rr = (2k+1)7/2, k =0, 1,..., where the zeros of sin az, that is, the
points ax; = Im, | = 0,£1,42,..., £k, are bypassed along the semicircles
~; of radius ¢ in the upper half-plane, and the semicircle Cg, of radius Ry.
By the residue theorem we have

(/c / l__,g/m> ]

— 2772';2%1 [5?3 Sinlaz} , (8.1.7)

where zj, are the zeros of Q,,,(2) that lie inside C' and the integral from — Ry,
to Ry is evaluated along line segments of the z-axis excluding the arcs ~;.

It is shown in Lemma 8.1.1 that the integral along the arc Cg, ap-
proaches zero as Ry — oo. Since x; = Im/a is a simple pole of f(z), then,

(8.1.6)
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FIGURE 8.1. The path of integration for the integral (8.1.7).

by using a Laurent series in a neighborhood of the point z;, we obtain the
formula

P.(z) dz , P.(z) 1
w @m(2) sinaz oo mlliﬁrs/a Qm(z) sinaz
l _ (8.1.8)
_ T P(xm) 1
a Qm(xl) (_1)”
as 0 — 0. Since P, (x)/Qm(x) is odd and continuous,
Po(1) 1 Ba(0)
—-1)' = = 0. 8.1.9
22 Qe TV T 000 (8.1.9)

Therefore, taking the limit in (8.1.7), as Ry — oo and § — 0, we obtain
(8.1.5). a

We note that in (8.1.9) P, is odd, @y, is even and @Q,,(0) # 0 since
Qm(x) has no real zeros. The case where P, is even and Q,, is odd is im-
possible, because @,,(0) = 0 contradicts the assumptions of Formula 8.1.1.

LEMMA 8.1.1. The first integral along the arc Cg, in (8.1.7) approaches
zero as Ry — oo:

lim Pa(z) 1

dz =0, >0+ 1. 8.1.10
Re—00 Jo Qm(z) sinaz : mant ( )

PROOF. Since sin z = sin(z + 4y) = sinz cosh y + i cos x sinh y, one has

|sinaz| = \/sinh2 ay + sin” az. (8.1.11)
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Then, a heuristic argument gives

P,(z) 1 / P.(z) | |dz]
- z| < .
Chr, Qm(z) sinaz Cr, Qm(z)| |sinaz|
[ [E e Rule 49
- i0
0 |@m (Bxet?) \/sinh2 (aRy, sin0) + sin® (a Ry, cos )

/7r do
<C
0 \/sinh2 (aRy, sin ) + sin? (aRy, cos 0)

— 0, as Ry — oo,

(8.1.12)

since m > n+1 and the integrand approaches zero as Ry — oo in the sector
0<@<mandisequaltolif @ =0orf = for all R (C = constant > 0).
To supply a rigorous proof of (8.1.10) we choose an arbitrary £ > 0 and
divide the interval of integration in the last integral in (8.1.12) into three
parts:
OS@SOO, 90§9§ﬂ'—90, 7T—90§9§7T.

Since |sinaz| = 1 for 8 = 0 and 6 = 7, then, by taking 6, sufficiently small,
we obtain (by the continuity of the function (8.1.11)) that the following
inequality is satisfied in the intervals 0 < 8 < 6y and 7 — 6y < 0 < 7:

1 1

| sin az|| > 5, thatis, <2. (8.1.13)

ZGCRIC
2€CR,

| sinaz|
Then the moduli of the integrals with respect to the first and third intervals
are smaller than 2C6; therefore, with 6y sufficiently small, one can satisfy
the inequality
1 1
200p < = ¢ if Oy < —¢. 8.1.14

’=3 ! =6C ( )
Since, by the nonheuristic part of the heuristic argument, the integral over
the interval 6§y < 0 < w — 6y approaches zero as Ry — oo, there exists a

constant K such that for all kK > K the following inequality is satisfied:

m=bo 1 €
O/ S S—T (8.1.15)
9o | sin az|zech 3

Therefore, for all € > 0, there exists a constant K such that, for all k£ > K,

i 1
O/ —df < € or
o |sinazl.ecp,

The last two inequalities imply that the limit on the left-hand side in
(8.1.10) exists and is equal to zero. O

P,(z) dz

Cr, @m(z) sinaz

< e (8.1.16)
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EXAMPLE 8.1.1. Derive Formula 3.747(3) in [23]:

o x dz ™
L =p.v. = R 0. 8.1.17
=Py /_OO 2 4 32 sinaz  sinh (a8)’ p> ( )
SoLuTION. The formula follows from (8.1.5) with n = 1, P,(z) = «,
m =2, Qm(x) = 22 + 32 # 0 for real . Since z = Bi is the only pole of
P,(2)/Qm(z) in the upper half-plane, then
2 1 B 1 T
e . A0 . = 27TZ_. N N == N .
224 (32 sinaz 2(i sin (afi)  sinh (af)

I = 27i Res

z=01

O

Formula 8.1.1 is easily generalized to the following formula.

ForMmuLA 8.1.2. If Q,, has no real zeros and m > n + 1+ 2, then
* Pu(x) 2t dw
p-v. 7 -
—oo @m(x) szl sinagx

= 2mi Res
% ZLEZ

P.(2) 2!
Qm(2) Hf’g:1 sin axz

provided Py, (x)/Qm(x) is even and a;/a; is not equal to a rational number
(in other words, the zeros of sin a;x and sinajx do not coincide ifi # j). O

. (8.1.18)

Integrals of the form (8.1.18), for the case ! > 1, seem to be absent from
handbooks, even in the form of examples. An instance of such a formula is
the integral

~ p, 3d
p.V./ 5 (z) T ar m>n+5  (81.19)

m(z) sinayx sin azx sin azz’

where P, (2)/Qm(x) is even. In this case, the finite sums, of the form
(8.1.9), of the residues at the zeros of sin a;x, sin asx and sin asz are equal
to zero since the functions

3P, () 23 P, (x) 3P, ()

Qm(z)sinaszsinazr’ Qu(x)sinaizrsinazr’ Qp(r)sinaizsinasz

are odd.

EXAMPLE 8.1.2. Derive the formula

Ig:p.v./oo ! o da
oo (@2 + a?) (2?2 + [?) sinaxsinbx
7 77 a B
o —a? 432 Linh aasinhba  sinhaBsinhb3 |’

where a, b, a, >0, and a/b & Q.
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SoLuTION. The formula follows from (8.1.18). In fact, we have

52
Iy =27
pmem <£%¢Si+ zfiebsz> {(22 + a?)(2% 4+ 3?)sinaz sin bz]
—a?
2ai(? — o?)(— sinh aa sinh ba)
_62
+ 20i(a? — 52)(—sinh afsinh bﬂ)]

=2m{

T « 1)
"~ 32 —a? |sinhaasinhba  sinhafsinhbdf |’

NOTE 8.1.1. In formula (8.1.18), instead of P, (z)x! and P,(z)z!, one
may have

P q P q
P, (x) H sin byx H coscgr and  P,(z) H sin by z H COS Ck 2,
k=1 k=1 k=1 k=1

respectively, if

q

p
Zbk + ch
h—1

k=1

p=>1 m2>n+1, <

)

!
Do
k=1

P, (2)/Qm(x) is even for p —1 even, and P, (z)/Qm(z) is odd for p —1 odd.

Second, we consider the case where the function P, (z)/Qmn () is neither
even nor odd and @, has no real zeros.

FORMULA 8.1.3. If Qu, has no real zeros, P, (x)/Qm(x) is neither even
nor odd and m > n+ 1, then

where zp € Z and Zy, € Z.

PRrROOF. If we represent f(z) = P,(z)/Qm(x) as the sum of an odd
and an even function,

£(@) = 517(@) — (=] + 3/ (@) + f(~a)]
Bx) Bl (8.1.21)
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then B R
RGO N S 510 N
Qm(x)sinaz Qm(x)sin az

are even and odd, respectively. Therefore
oo ﬁn
—oo Qm(z)sinax

Formula (8.1.20), in contrast with (8.1.5), allows one to evaluate the
integral in the case P, (z)/Qm () is not odd.

ExXAMPLE 8.1.3. FEwaluate the integral

e dx
I3 =p.v. . 8.1.22
3 pv/oo(x2+2x+2)sinax ( )

SOLUTION. By means of (8.1.20) with Q,,(2) = 2% + 2z + 2, we have
Qu(z)=0 = 2242:42=0 = 2z1=-1+i, 2z2=—1-1,
Qm(—2)=0 = 22-2242=0 = Z =1+i, Zo=1—i.

The zeros of @,(2) and @,,(—2) in the upper half-plane are z; and Z,
respectively. Thus,

1 1
Is=mi< R - R
3= {z——els+z' [(z2 + 2z + 2)sin az] il {(22 — 2z + 2)sin az} }

1 1
2z + 1)sinaz|,_ ,,; 2(z—1)sinaz Z_m]

2sinfa(—1+1)] 2sin[a(l +i)]

:—2%{m}

5 1
sina cosha + i cosasinh a

=m

{ sinacosha — i cosasinha ]
- 2

- 2 .12
sin” a cosh” a + cos? a sinh” a

sina cosh a 0
sinh?a + sin®a

Thirdly, we show that formulae (8.1.5) and (8.1.20) are still valid if Q,,
has real zeros.
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We suppose that @Q,, has real zeros ar € A for k = 1,2,...,] and
a € By. Bypassing the singular points ai on the segment [— Ry, Ri| along
semicircles of radius d in the upper half-plane, we find that the term
1

P, (z)
A= 7T2k ‘ af]}gi‘ [m} (8123)

has to be added to the right-hand side of (8.1.5), and the term

7= s 2ot o ot aml) e

has to be added to the right-hand side of (8.1.20), where ), € A and

a € BN go. But these two terms are zero, as proven in the following
lemma.

LEMMA 8.1.2. If Q,, has real zeros ay, € A for k = 1,2,...,1, and
a € By, then the finite sums A in (8.1.23) and B in (8.1.24) are both equal
to zero.

PROOF. We first show that A = 0. In (8.1.23), P,(2)/Qm(z) and P, (z)
are odd, Qn(z) is even, and @Q,,,(0) # 0 because sin(aar) # 0. Hence,
if Qm(ax) = 0, k = 1,2,...,1, then Q.,,(—ar) = 0, that is, I = 2p is
even. Thus the zeros of Q. (x) area_p, a_py1,...,a-1,a1, a2, ..., ap, where
a_, = —a, for r =1,2,...,p. It then follows from (8.1.23) that

aemi( 343 mes [ ]

-i(Z 2 [amerinen

because Q. (z) is odd, so that P,(2)/[Q",(z)sinaz] is odd.

Next, to show that B = 0, we consider the auxiliary odd function
Pn(2) Pn(_z)
Qm( ) Qm(—2)
8.1.25
Pa(2)Qun(=2) = Pu(=2)@n () (8:1:29)
Qm(2)Qm(—2) '

flz) =

If Qm(ar) =0 and
la;| # laj|, i i #7, (8.1.26)
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then Qm(—ax) # 0 since Q. (2) is neither odd nor even. Thus, if aj are
the simple real zeros of @Q,,(2), then the even function

¥(2) = Qm(2)Qm(—2)
also has only simple real zeros and ¥(0) = Q2,(0) # 0 because sin(aay) # 0
and sin(ady) # 0, where ay, are the simple real zeros of Q,(—z). If we let
the zeros of ¥(z) be a—p,d—pt1,...,0-1,41,42,...,G4p, Where a_, = —a,
forr=1,2,...,p, and consider the odd function

(;5(2’) = Pn(Z)Qm(_Z) - Pn(_Z)Qm(Z)u

then from (8.1.23) we have

p= (3 +3) re [t

' (ay) sin ady,

because ¢’(z) is odd, and hence ¢(z)/[¢'(z) sinaz] is odd.

Suppose now that condition (8.1.26) does not hold. For instance, let
a1 = —ag, hence |a1| = |az|, but for the remaining values of ¢ and j (8.1.26)
holds. Then

Qm(2) = (2° = a}) Yim-2(2),
where (8.1.26) holds for the polynomial ¢),,_2(z). Then the even function

Qu(2)Qun(—2) = (2% = a3)” Y2 (2)thm—2(~=2)

has a pair of double zeros at z = a; and z = —a;. However, in this case,
the function ¢(z) contains the factor 22 — a? and the function f(z) is of the

form
_ Pu(2)¥m—2(=2) — Pu(=2)¥m—2(2)
f(Z) - 2 2 )
(Z - al) "/’m—Q(Z)wm—2(_Z)
that is, f(z) is an odd function with only simple real poles. Therefore the
equality B = 0 is still valid. O

COROLLARY 8.1.1. Formulae (8.1.5) and (8.1.20) still hold if Q. has
real zeros ay € A for k=1,2,...,1, and a € By.

PROOF. The corollary follows from Lemma 8.1.2. O
NOTE 8.1.2. Let f(z) denote any of the three functions
P,(2) P,(z) sinbz P, (z) cosbz

Qm(2) cosaz’ Qm(2) sinaz’ Qm(z) cosaz’ (8.1.27)
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where P, (2)/Qm(2) is even, or any of the functions

P,(z) cosbz P,(z) sinbz

Qm(z) sinaz’ Qm(2) cosaz’

(8.1.28)

where P, (2)/Qm(z) is odd. Then it can be shown, as in the proof of
Lemma 8.1.2, that the finite sum of residues of f at ax € A is zero:

Z e S

In (8.1.27), since @, (z) is even, Q,,(0) # 0 because an even function cannot
have the simple zero ar = 0. For the first function of (8.1.28), Q,,(0) # 0
because sin(aia) # 0; however, for the second function, @,,(z) may be odd
and then @,,(0) =0, but Q/,(0) # 0. In this last case

P,(z) sinbz
Res [Qm(z) cos az]

because sin 0 = 0.

8.1.3. The integral I.. In this subsection, we derive several formulae
for the integral

*_ bBu@)
L=pv. | —2 g >n41. 8.1.29
pv/ Qm(z) cosax v ment ( )

We first consider the case where P,(x)/Qm () is even and @, has no
real zeros.

FORMULA 8.1.4. If Q. has no real zeros and P,(x)/Qm(z) is even,
then

m>n+2. (8.1.30)

PRrROOF. If P,(2)/Qm(x) is an even function and m > n + 1, then
m > n + 2 because P,(z) and Q,,(z) are both even (if P,(x) and Q,(z)
were both odd, then one power of & would cancel out). We show that, if
Qm(x) # 0 for real z, (8.1.30) is obtained from (8.1.5) by replacing sin ax
with cosax. To prove this, it is sufficient to show that the series, S, of
residues at the zeros of cosaz is equal to zero. Then the reader need only
verify that the rest of the derivation is as in Subsection 8.1.2, with the
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appropriate modifications to Fig 8.1. The series S is

o0

. P,(z) 1
5= ZOO (2k£{1)ﬂ'/ (2a) [Qm(z) cos az}

k=—

_1 Z )kt P (zop11)

Qm(:ﬂzkﬂ)

(8.1.31)

where zg11 = (2k + 1)7T/(2a) are the zeros of cosax. Since m > n + 2,
the series (8.1.31) is absolutely convergent. Moreover, since P, (z)/Qm(z)
is an even function of x, we can use the notation
1 Pp(2241)
a Qum(T2k+1)
Inserting (8.1.32) into (8.1.31), we have

=F (23,,1) - (8.1.32)

oo

S = Z (—)M'F (%3511

k=—o0
-1

= Z (—=D)FF (23)44) "’Z(—l)kHF (23k41) - (8.1.33)

k=—o0 k=0

Now putting ¥ = —[—1 in the first term on the right-hand side and changing
the summation from 0 to oo, as k changes from —oo to —1, we have

S = Z(_l)_lF (555(7171)“) + Z(— DM (23),41) =0,
=0 k=0

since )
(=20l — 1w
x%(—z—1)+1 =ay = [T = $§l+1
and (—1)~! = (—=1).. This implies (8.1.30). O
EXAMPLE 8.1.4. From (8.1.30) we have the formula
e 1 dx 1 1
Iy =p.v. —_ =2m R
4 pv/_oox2+ﬁ2 cos bz Zzeﬁsz{#—i—ﬁ? cosbz}
1 1
m 231 cosbfi
B T
~ [coshbp’

This is a particular case of formula 3.743(4) in [23], p. 416, with a =0 in
the integrand
cos(ax) 1

cos (bx) x2 + (32 H
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Using a technique similar to the one used for the derivation of formula
(8.1.18), we can easily generalize formula (8.1.30) to the following formula.

ForMULA 8.1.5. If Q. has no real zeros, Pn(x)/Qm(x) is even and
m >n—+ 2, then

* P, 1
p.V./ (z) 7 dx
—o0 Qm(x) Hk:l COS QT

P, 1
= 27i Res (2) 7
I ZLEZ Qm(z) Hk:l Ccosarz

. (8.1.34)

provided a;/a; is not equal to a rational number for i # j.

NoOTE 8.1.3. In formula (8.1.34), instead of P,(z) and P,(z), one may
have

P q P q
P, (z) H sin bz H coscpr and P,(z) H sin by z H COS Ci 2,
kel k=1 k=1 k=1

respectively, if

m>n-+1,

Zbk+20k

k=1 k=1
P, (2)/Qm(x) is even for p even, and P,(x)/Qm(x) is odd for p odd.

A similar formula holds for the integral

7!

oo P,
p.V./ (z) l da, (8.1.35)
oo @m () T\ _, sinagz [[P_, cos b,z

if P,(x)/Qm(x) is even, a;/a; and b;/b; are not equal to rational numbers
fori£jand m>n+1+2.

NOTE 8.1.4. In formula (8.1.35), instead of P,(z)z' one may have

q s
P, (x) H sin cpx H cosdy,
k=1 k=1
if

qg>1, m>n+1, <

q s l P
ch—i—zdk Zak‘i‘zbku
k=1 k=1 k=1 k=1
P, (2)/Qm(x) is even for I + ¢ even, and P, (z)/Qm(z) is odd for I 4+ ¢ odd.

Second, we consider the case where the function P, (z)/Q () is neither
even nor odd and @, has no real zeros.
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FORMULA 8.1.6. If Q. (x) # 0, for real x, m > n+1 and a € By N By,
then

] e
“m e (] e o] | 019

where zp € Z and Zy, € Z.

PRrROOF. If P,(x)/Qm(x) is neither even nor odd, m > n+ 1 and @,
has no real zeros, then the value of the integral (8.1.29) is obtained by
representing P, (x)/Qm(x) as the sum of an even and an odd functions.
Since the function

1 {Pn(:zr) B P,(—x)
cosax Qm(x) Qm(_‘r)

is odd, then its integral from —oo to +oo is equal to zero, so that the value
of (8.1.29) is given by (8.1.36). O

EXAMPLE 8.1.5. Obtain the following formula (cf. (8.1.22)):

o dx cosacosha
I5 = p.V. B} - 2 .
—oo (% 4+ 22 +2)cosax  sinh®a + cos?a

SOLUTION. By (8.1.36) we have

1 1
Is=miy R R
s {z——els-l-i [(z2 + 2z + 2) cos az] + soihi |:(,22 — 22+ 2) cos az] }

. 1 1
- [2(z +1)cosaz|y=—1+: + 2(z—1) cosaz|z_1+i}
B 7r n T
~ 2cos[a(—1+14)]  2cosla(l +1i)]

A trer

1
cosacosha — isinasinha

cosacosha + ¢sinasinh a
= 2 : .12
cos? a cosh? a + sin? asinh? a
cosacosha

sinh? @ + cos? a

Thirdly, we show that formulae (8.1.30) and (8.1.36) are still valid if
Q. has real zeros.
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Ifap € Afor k =1,2,...,1, and a € By, then, as in Subsection 8.1.2,

the term l

P,(2)
T2 R )

should be added to the right-hand side of (8.1.30), and, if a € B N gl, the

term

I3 v [ 2]« e [} s

should be added to the right-hand side of (8.1.36), where a, € A. But
these terms are equal to zero by Lemma 8.1.2. Thus formulae (8.1.30)
and (8.1.36) also hold if ax € A and a € B;. We then have the following
corollary.

COROLLARY 8.1.2. Formulae (8.1.30) and (8.1.36) still hold if Q. has
real zeros ay € A fork=1,2,...,1, and a € B;.

(8.1.37)

8.1.4. The integrals I] and I{. In this subsection we consider the

integrals
sin bx
=Dp.v.
P Qm x) sin cm: o

Qm x) sin cm:

where m >n+2and m>n+1 for the first and second integrals, respec-
tively.

(8.1.39)
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We begin with the first integral, I;. There are two cases to be consid-
ered:

(1) [6] <al,
(2) o] > |al.
In the first case, |b| < |a|, the following condition is satisfied on the
arc Cg, as R — oo (see Fig 8.1 and formula (8.1.11)):
lim P,(z) sinbz

Rip—o0 Qum(z) sinaz

=0. (8.1.40)
2€CR,
Therefore the derivation procedure that has led to formulae (8.1.5) and
(8.1.20) is valid, but for the case which has led to formula (8.1.5), the
function P, (z)/Qm(z) must be even for the first integral in (8.1.39) and
odd for the second one. Hence, we have the following pair of formulae.

ForMmuLA 8.1.7. If |b] < |a|, Pn(2)/Qm(x) is even and m > n+2, then
(x) sinbx _ P,(z) sinbz

de = 2 Res 8.1.41

p-v- / Qm sin ax " - ez [Qm( ) sinaz}7 ( )

where zi, € Z, a, eAfork: 1,2,...,1, and a € By.
Similarly, if |b] < |a|, Pn(x)/Qm(x) is odd and m > n + 1, then

x) cosbx {P . (2) cosbz

V. & de = 2 R
Py —oo @m() sinax ! ! z;chZ Qm(z) sinaz

} . (8.1.42)

In formulae (8.1.41) and (8.1.42), the sum of the residues at the points
ar € A is equal to zero by Lemma 8.1.2.
If the function P, (z)/Qm () is neither even nor odd, the term

Res P,(2) s.in bz
z2€Z | Qm(z) sinaz
on the right-hand side of (8.1.41) has to be replaced with

E{Res [Pn(z) sinbz] ' Res [Pn(—z) sinbz]}7 (5.1.43)

2 |2€2 | Qm(2) sinaz| 3,z | @m(—2) sinaz

and in (8.1.42) one has to make a substitution similar to (8.1.43) where
sin bz is replaced with cosbz.

It seems that the second case, |a| < |b|, has not been treated in the
literature (not even in particular examples), despite the fact that if the
integrals (8.1.39) are convergent for |b| < |al, they are also convergent for
b > |al.

In this case, however, the situation is more complicated because con-
dition (8.1.40) is not satisfied — the left-hand side of (8.1.40) exponen-
tially approaches infinity since |b| > |a|. But, if one uses the substitutions
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sinbr = Je® and cosbr = RNe®® in (8.1.39), then, for m > n + 1, by
Jordan Lemma 6.2.1 we have
Pn ibz
lim (2) e

Rk—00 Jo Qm(z) sinaz

dz=0, ifb>0. (8.1.44)

Therefore the derivation procedure which has led to formulae (8.1.5) and
(8.1.20) can be used here. However, in this case, the symmetry breaks down
because of the factor e®? and because the series of residues at the zeros,
zn = nw/a, n = 0,£1,42,..., of sinaz is not zero for the first integral
n (8.1.39). Hence, the following term is added to the right-hand side of
(8.1.41):

kﬂ'/a) ibkw/a
[ Z Qm kﬂ/a (_ )k‘|
. w P (kw/a) bkm
~a 2 VG ) © (%)

and, instead of (8.1.41), we obtain the following formula:

(8.1.45)

FormuLa 8.1.8. Ifa > 0,b> 0, P,(z)/Qm(x) is even and m > n+2,
then

b Pn ibz
pv/ sin :C :%{27% Res [ (2) .e }

2€Z | Qum(z) sinaz

l ibz
+ 7 Res Pa(2) .e
— Qm(z) sinaz

ap€A
where S1 is giwen by (8.1.45), zi € Z, ap, € A for k = 1,2,...,1, and
a € By.

} } + 5, (8.1.46)

We have written @ > 0, b > 0 in (8.1.46) since (8.1.44) is valid for all
b > 0, and, therefore, we may have a < b or a > b.

Since the function P, (x)/Qm(z) is even, then the series (8.1.45) can
always be expressed in closed form by expanding P, (z)/Qm(z) in partial
fractions and using formula 1.445(3) from [23], p. 40:

o 1\k
Z( 1)" cos kx _ 7 coshzya 1 r <@ <o (3147

= ko 2y/a sinhmy/a  2a’

Differentiating (8.1.47) m times with respect to a, we obtain

mz Fecoskz  d™ [ m coshazya 1
= ( k2 +a ymtl  dam | 2y/a sinhmy/a 2]’
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—m<z<m (8.148)

We shall use the values of the series (8.1.48) outside the interval [—m, 7].
Since each term of the series (8.1.47) is a 2m-periodic function because
cos k(z + 2m) = cos kx, then its sum S(x), which is equal to the right-hand
side of (8.1.47) in the interval —7 < z < 7, must be 2w-periodic, that is,

oo

Z (—1)*coskz 7 cosh(z — 2pm)\/a 1
E2+a 2y« sinh 7/ 20

(8.1.49)
k=1
with
—r<x-—-2prw <, p=0,£1,4£2,....
EXAMPLE 8.1.6. Derive Formula 3.743(1) in [23], p. 416:

7 /°° sinbr  dzx 7 sinh (b3)
=Dp.v. A —
6= P _wo Sinaz 24 (42 sinh(af)’
0O<b<a, RG>0. (8.1.50)

SOLUTION. The formula follows from formula (8.1.41) since the inte-
grand satisfies the condition of validity of this formula. Thus,
sin bz 1
Is = 2mi —
6= m ;Iieﬁsl [sin az 22+ 52}
_sin (@) 1
T~ 543,
sin (afi) 204
7 sinh (b3)
=————= 0<b< R 0. O
3 sinh (af)’ <0=a p>
Formula (8.1.41) cannot be used for the case 0 < a < b, but, for all
a >0 and b > 0, one can use formula (8.1.46). Thus

ibz 1
I = 3{2772' Res [e— 7} } + 51

z=Bi | sinaz 22 + (32
52" 1\ 45 (8.1.51)
= ( simhaj ﬁ) o .
™ e‘bﬁ
~  JBsinhaf +51
where
> —1)k bk
§, =21 Z ]C(Qi)cos(_”)
a Pt (7”) +ﬁ2 a
1)*

Ale
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a |l m coshbryaja 1 -
I |:oz+ va  sinhmy/a al? 7T§b7T/CL§7T,

% [é + % cosh(bziﬁ4%2ﬂﬁ) _ é:| , m < b7T/CL <37

by (8.1.47) and (8.1.49) with p =1 and /o = a3/w. Thus

7 cosh bj3 —a<b<a
3 sinhafB’ =V =4
S1 = (8.1.52)
7 cosh (b—2a)s
o200 4 <b< 3.
It follows from (8.1.51) and (8.1.52) that
T __1 —bB\ __ = sinhbp
B sinhaf (COShbﬁ -¢€ ﬁ) = B smhag’ @ <b<a,
Is = ) ; (8.1.53)
% sinh a3 [COSh (b - 20‘)6 —e ﬁ] ) a< b < 3a.

That is, for 0 < b < a, the values given by (8.1.41) and (8.1.46) coincide.

Now we show that, using different values for the integral (8.1.39), that
is, formulae (8.1.41) and (8.1.46), one can express the sum S; of the se-
ries (8.1.45) in terms of a finite sum of residues at the zeros of @, (z).
We assume that |b| < |a| and equate the right-hand sides of (8.1.41) and
(8.1.46):

Pn inb Pn ibz
2mi Res[ () sin ‘1_% 2ri Res{ (z) e ]
— 21€Z Qm(z) sinaz z2€Z | Qm(2) sinaz
l .
) Pn(Z) elbz
R S 8.1.54
o ared [Qm(z) sinaz] } +5, )
so that
T P, (kr/a) bkm
S1 = —1)k —
=1 Y g e ()
Pn inb Pn ibz
—omi S Res | nE) SO ]G oS Res | £20E) €
2€Z | Qm(z) sinaz 2€Z | Qm(z) sinaz
!
Pn ibz
+ i Res { (2) e ] )
£ ared Qm(z) sinaz
(8.1.55)
with
br .
—rm< — <7, thatis, —a<b<a, m>n-+ 2.
a

The series on the left-hand side of (8.1.55) does not change if we replace
br/a with brr/a — 2pm for p = 0,+1, ..., that is, S; does not change under
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the substitution of b with b — 2pa. Hence, the right-hand side of (8.1.55)
also remains unchanged under this substitution. Therefore,

S| = 2mi Res {

P, (z) sin(b—2pa)z
P ZRLEZ

Qm(2) sinaz

( ) z(b—2pa)z
-3 E 2mi Res +mi Res - ,
p ZLEZ aw€A) | Qm(z) sinaz

—a<b-—2pa<a. (8.1.56)

Hence, (8.1.56) gives the formula for the sum, S7, of the series.

Substituting the value for S; from (8.1.56) into (8.1.46), we obtain a
formula to evaluate the first integral in (8.1.39), which is valid for any
relation between a and b (b > 0).

ForMULA 8.1.9. If 2p — 1)a < b < (2p + 1)a, P,(z)/Qm(z) is even
and m > n + 2, then

p.V./ P,(z) sinbzx dp = 2 Res {Pn(z) sin (b — 2pa)z}

— oo @m(x) sinax — 2k€2 Qm(z) sinaz
+ s{zk: (2m' Reg i af,fgi)

Qm(z) sinaz

[Pn(z) .1 (eibz_ei(b—2pa)z):|}7 (8.1.57)

where z;, € Z, ap € A and a € By.

Returning to Example 8.1.6, let us evaluate the integral (8.1.50) by
means of formula (8.1.57):

e 1 sin bx
Is =p.v. ——d
6= PV /,Oo 22 + 32 sinax o
1 sinh (b — 2pa)g
261 sinh af3

1 1
39 _t |- —(b—2pa)ﬁ}
—|—\s{ ™35 2(3i isinhaf [ € ’

= 2mi (8.1.58)

with (2p—1)a < b < (2p+ 1)a. It follows from (8.1.58) that, if p = 0, then

T sinh b3
[ sinhaf’

0<b<a,
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which coincides with the value (8.1.50) found before. It follows from (8.1.58),
in the case p = 1, that

sinh (b —2a)f 7 e P — = (0-20)8

T
I — J—
67 3" sinhaf 3 sinh af3
T 1 -
_Bsmh ﬁ[cosh(b—2a)ﬁ—e bﬁ}, a<b<3a,
which coincides with the value (8.1.53) found before. O

The second integral in (8.1.39) can be evaluated in a similar way. This
integral is evaluated by (8.1.42), if |b| < |a|, and by the following formula
for arbitrary values of a and b:

FormuLa 8.1.10. If (2p—1)a <b < (2p+ 1)a for p=0,+1,+2,...,
P, (z)/Qm(x) is odd and m > n+ 1, then

by x) cosbx - Res P, (2) cos(b—2pa)z
s Qm(z) sinaz k€2 Qm(2) sinaz
+ %{Xk: <2m' Res +7i Res, )

where zy € Z, ap, € A for k=1,2,...,1, and a € By.

At the same time, the sum of the following series is found:

_Tr ki1 Dn(km/a) si bkm
Se=5 2 U T ¢ < >

=

P, (2) ei(b—2pa)z
—-R {Z (2m kaigs +7 afkigs ) |:Qm(z> pr—— ,

k

k=—o0

= 2mi Res
% ZLEZ

(8.1.60)

provided —a < b—2pa < aand p=0,+1,£2,....
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EXAMPLE 8.1.7. If 2p — 1)a < b < (2p + 1)a, derive the following
formula:

o x cos bz
I = p.V./ TS
s T2+ 42 sinax

z  cos(b—2pa)z
22 + (32 sin az

= 2mi Res
z=01

z 1 ; ;
2 ( ibz z(b—2pa)z)
+%{ mzfieﬁsi [z2+52 sinaz \° c

~_cosh(b—2pa)s 1 [ —v3 —(b72pa)ﬁ:|
-7 sinh a3 o sinh a3 c c '

(8.1.61)

SOLUTION. The formula follows from (8.1.59). In fact, if p = 0, we

have
cosh bf

T
sinh a3’

which coincides with formula 3.743(3) in [23], p. 416. If p =1,

—a<b<a,

fr= smﬁw [sinh (b —20)8+e""],  a<b<3a O
We remark that, in this example, the integral I7 is discontinuous as
b— a:

I7‘bﬁa+0 7 I7‘b~>a70'

We can see from formulae (8.1.59) and (8.1.60) and from the last Ex-
ample 8.1.7 that these formulae do not allow us to evaluate the integral in
(8.1.59) if b = (2p = 1)a, for p = 0,£1,+2,.... But this evaluation is easy
if we remark that Sz = 0 in formula (8.1.60) when b = (2p £ 1)a, because
sin[(2p £ 1)7k)] = 0. Since the series in (8.1.60) is equal to the sum of the
residues at the zeros of sinax, then So = 0 and we obtain the following
simple formula for the evaluation of this integral in the form of a finite sum
of residues at the zeros of @, ().

FormuLA 8.1.11. Ifp=0,+1,42,..., P,(2)/Qm(x) is an odd function
of x and m >n+ 1, then

° Pp(z) cos[(2p £ 1)ax]
p.V.[m 0 d

m(2) sin ax *
. . Pn(Z) ei(2pil)az
= E 2 .1.62
%{ - < Wl,z},fgsermaf,}gix) {Qm(z) sinaz , (8.1.62)

where zy € Z, ap, € A for k=1,2,...,1, and a € By.
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EXAMPLE 8.1.8. Obtain Formula 3.749(2) in [23], p. 418:

* zcotazx 27
Iszp.v.[mx2+52dx=ezaﬁ_l, a >0, 8> 0.

SOLUTION. This formula follows from formula (8.1.62), with p = 0 and
the plus sign in the term £1. In fact we have

o= ndomiRes | 297 N\ _gfom 7
87 s (22 4+ (?)sinaz| [ i 2sinafi
e b 2

= . O
sinhaB e2ef —1

8.1.5. The integrals IS and I7. Lastly, we consider the integrals

° Pp(z) cosbx
IS = p.V./ dx
—o0 @m(

x) cosax

° P,(z) sinbx
I =p.v. d
e =PV /_Oo Qm(x) cosax v

(8.1.63)

where, in the first integral, the function P, (x)/Qm () is even and m > n+2,
and, in the second integral, this function is odd and m > n + 1. These
integrals are evaluated as the integrals I$ and IS (8.1.39) in the previous
Subsection 8.1.4.

If |b] < |a|, we have the following formulae for IS and I7.

ForMmuLA 8.1.12. If |b| < |a|, Pp(2)/Qm(x) is even and m > n + 2,
then

< P, b P, b
p.v. / (x) cOSbT J 0 9ri§ Res | L2E) COSPZT gy 6y
— oo @m(x) cosax 2k €2 Qm(z) cosaz

where z, € Z, ap, € A for k=1,2,...,1, and a € By.
Similarly, if |b] < |a|, Pn(x)/Qm(x) is odd and m > n + 1, then

p.v./ () sinbe dvr = 2mi ) Res Fu(z) sinbe ., (8.1.65)
— oo @m(x) cosax — 2kE€2 Qm(z) cosaz

and, if m > n+ 3, we may have |b| < |al.

In formulae (8.1.64) and (8.1.65), the sum of residues at the points
ay, € A is equal to zero by Lemma 8.1.2.

The strict inequality |b| < |a|, when m = n + 1, is needed because the
integrals are conditionally convergent and have a discontinuity as |b] — |a]
(see Example 8.1.7).

The formulae for the evaluation of (8.1.63) in the case of arbitrary
values of a and b are as follows.
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FormurLa 8.1.13. If 2p—1)a <b < (2p+ 1)a forp=0,+£1,42, ...,
P, (z)/Qm(x) is even and m > n + 2, then

b P, b—2
b V/ (x) cos T o (—1)727i 5™ Res [ (z) cos( pa)z}
Qm cosa:zc — 2EZ Qm(z) cosaz

{Z <2m Res +7 Res)
P ar€A

[Pn(z) 1 (eibz_(_1)P6i(b—2pa)z):|}7 (8.1.66)

where zy € Z, ap € A fork=1,2,...,1, and a € B;.
Similarly, if 2p—1)a <b < (2p+1)a forp=0,£1,£2,..., P(x)/Qm(x)
is odd and m >n + 1, then

b P, in(b—2
Doy, / () sinbzx  (—1)P2mi Res [ (z) sin( pa)z]
Qm cosa:zc — 2EZ Qm(z) cosaz

+ & Z <2m’ Res +mi Res)
A ZREZ ar€A

[ P,(z) 1 (eibz _ (_1)pei(b—2pa)z)] } (8.1.67)

While deriving (8.1.66) one finds the sum of the following series:

TN p Pa(@k+D)m/(20))  (b(2k+ D
Si=g 2 1 Qum (2% + 1)1/ (2a)) Sm< 24 )

P,(z) cos(b—2pa)z

(—1)P2mi Re{ }—(—1)” (8.1.68)

— 21€2 Qm(z) cos az
Pn(Z) ei(b—2pa)z
o {; (27” ZE{SSZ e ai{gs) {Qm(z) cos az ’

provided —a < b—2pa < a for p=0,+1,+2,....
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Similarly, while deriving (8.1.67) one finds the sum of the following
series:

T o= e P2k 4 1)7/(20)) b(2k + 1)1
Sy Z (1) +1Qm((2k+1)w/(2a)) cos< 5 )

k=—o0

P,(z) sin(b—2pa)z

— (120 Y Res | [-co s

2k €2 Qm(z) cosaz
' ' Pn(Z) ei(b—2pa)z
R 2mi R R
% \s{g( mmgsz—i—makgi‘) {Qm(z) cos az ’

provided —a < b —2pa < a for p=0,£1,+2,....

Formula (8.1.67) is not valid if b = (2p+1)a, for p = 0, £1,£2, .. ; but,
as with formula (8.1.62), this integral can be expressed as a finite sum of
residues at the zeros of Q,,(z) by the following formula.

ForMULA 8.1.14. Ifp =0,+1,%2,..., P,(z)/Qm(z) is an odd function
of x, and m > n+1, then

°° P,(z) sin[(2p £ 1)ax]
p.v./_Oo 0 dx

m(T) cos ax

. ) P, (I) ei(2p:i:1)az
=g 2mi R R 8.1.70
> {; ( T e e a,ﬁi\) {Qm(x) cosaz )

where zy € Z, ap, € A for k=1,2,...,1, and a € B;.

EXAMPLE 8.1.9. Derive Formula 3.747(10) in [23], p. 418:

e dx
Ig:p.v./ tanaxr — =, a > 0.
x

— 0o

SoLuTION. The formula follows from formula (8.1.70), with p = 0. In
fact, we have

1 iaz
Iy =S {m'Reg [— ¢

}}z%[m’]zw. O
z cosaz

EXAMPLE 8.1.10. Derive Formula 3.749(1) in [23], p. 418:

* ztanax 2
I10:p.v./700$2+52d:1?:egaﬁ+1a a>0, B> 0.

SoLuTION. The formula follows from formula (8.1.70), with p = 0. In
fact we have

Zeiaz
Iig =5<2m R S
10 \Y{ [l [(z2+62)cosaz]}
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O

_g [27T e~aP } B Te P 2

! 2cos(aBi)|  coshaf T 2B 11
ExXAMPLE 8.1.11. Compute the Fourier cosine transform of

T
——— tanax
x2 + 52 ’
that is,
* sin ax
I =Dp.V. —— —— coszydx, > 0.
1Y) =p V/o P cosaz Y Y

SOLUTION. We have

; ()_1 /oo xsin (y + a)z x—l /Oo xsin(y —a)zx
)=y v —oo (2 + B?) cosax TR _oo (% + B?) cosax
1
=-(4-A
4( 1 2)7

(8.1.71)

which defines A; and As. To evaluate A; we use formula (8.1.67) with
b=y+a:

_ - Bi sin[(y + a — 2pa)Bi]
A= (=1)72mi 201 cos(afi)

. Bi 1 . , o ,
349 i(y+a)Bi 1)P iy ta 2pa)ﬁl}
\s{ " 2[3i cos(apfi) ¢ (=1)%e ’

where 2(p — 1)a < y < 2pa for p=1,2,3,..., or

™

A= cosh aﬁ{(_l)pH sinh[(y + a — 2pa)f]

b (@B | (L1t e—<y+a—2pa>ﬁ}. (8.1.72)

To evaluate As it suffices to replace y + a by y — a (or y by y — 2a) and p
by p—1in (8.1.72):

™

Az = s { (C1Psinb{(y + 0 — 2pa) 3]

L CR N L N CR R )

where 2(p — 1)a < y < 2pa for p =1,2,3,.... Combining (8.1.71), (8.1.72)
and (8.1.73), we have

™

nly) = 4 coshaf

{2(-1+1 cosh(y +a — 2pa)]

4 o—wra)s _ e—(y—a)ﬂ}, (8.1.74)
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where 2(p — 1)a < y < 2pa for p =1,2,3,.... If we set p =1 in (8.1.74)
then we obtain

v
I _ T (w8 ~y—a)B 4 —(yta)B _ f(yfa)ﬁ}
11(y)|p:1 Teoshad e +e +e e
™

— —ap

= (e £ =) 2e7 % cosh By

__ mcosh By

= m, 0 <y < 2a.

(8.1.75)

This result is the same as in [18], p. 23, Sect. 1.6, formula (34), provided
we add the restrictive inequality 0 < y < 2a to this formula. 0

It is easy to verify that the inverse Fourier cosine transform of I11(y)

of (8.1.74) is
2 [ T
;/0 1 (y) coszy dy = o tanax,

as it should be.
EXAMPLE 8.1.12. Compute the Fourier cosine transform of
a t
——— cotax,
x2 + 62
that 1is,

*  x  cosax
Ilz(y):P-V-/O mm cos zy dzx, y > 0.

SOLUTION. We have

1 xcos(y +a)x 1 /°° xcos(y —a)x
I =—-Dp.V. ——d —p.Vv. ———d
12(4) 4pV[m (22 + (%) sinax x+4pv oo (2 + F?)sinax *
1
= —-(B1—B
4( 1 2)7

(8.1.76)

which defines By and Bs. To evaluate B; we use formula (8.1.59) with
b=y+a:

~cos|(b — 2pa)3i] 1 bBi _ _i(b—2pa)Bi
By =mi sin(a31) +R {m sin(a31) {e € " ]

- singaﬁ{COSh[(b —2pa)f] + e " — 6_(b_2pa)ﬁ}7
where 2(p — 1)a <y < 2pa for p=1,2,3,.. ., or

™

sinh a8

{sinh[(y +a—2pa)d] + e—<y+“>ﬁ}. (8.1.77)
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To evaluate Bs it suffices to replace y + a by y — a (or y by y — 2a) and p
by p—1in (8.1.77):
T

B2 = Ginan {sinh](y + a - 2pa)g] + e~} (8.1.78)

where 2(p — 1)a < y < 2pa for p =1,2,3,.... Combining (8.1.76), (8.1.77)
and (8.1.78), we have

Lo (y) {2 sinh[(y + a — 2pa) ]

. s
"~ 4sinhaf
4 e-ra)s | efﬁraw}, (8.1.79)

where 2(p — 1)a < y < 2pa for p =1,2,3,.... If we set p =1 in (8.1.79),
then we obtain

Lz(y)| {25inb[(y — a)3] + e~ +)9 4 =017

B 0
p=1 " 4sinhaf
- 4sirirh 7 [e(y—a)ﬁ T e—(y+a)ﬁ}
7 e~ % cosh By
2 sinh af
~ mcosh By
e2a8 — 1’
This result is the same as in [18], p. 23, Sect. 1.6, formula (35), provided
we add the restrictive inequality 0 < y < 2a to this formula. 0

(8.1.80)

0<y<2a.

NOTE 8.1.5. We remark that, in [23], the integrals of formulae 3.745(1,2)
diverge at x = b, and formulae 3.743(5) and 3.749(3) (taken from Tables 191
and 161 of [9]), related to the forms discussed in this section, are incorrect.
So do formula 18 of Table 191 and formulae 7-9 of Table 161 of [9]). In
Table 191 of [9], the values of all the integrals of the types discussed here,
namely, formulae 1-9 and 12-29, are incorrect. Some of these formulae are
given in a correct form in [18], namely, formulae 21 and 31-32 of Section 2.6,
pp. 80-82, and formulae 36 and 37 of Section 1.6, p. 23. However, in [18],
formulae 34 and 35 of Section 1.6, p. 23 (see Examples 8.1.11 and 8.1.12)
and formula 30 of Section 2.6, p. 80, are also incorrect. The correct formu-
lae 3.749 (1 and 2) in [23] are taken from Table 333, formulae 79a and 79b
in [24] (see Examples 8.1.8 and 8.1.9).

8.2. Forms containing (22 — 2azsinz + a?) !

This section presents results obtained in [3]. We consider integrals of

the form © (@) .
x x

17 = - 8.2.1

a /_Oo Qm(z) 22 — 2azsinx + a?’ ( )
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where 0 < a < 7/2, P,(x) and Q.,(x) are real polynomials of the real
variable x, of degrees n and m, respectively, m > n, P,(z)/Qm(x) is an
even function of 2 and Q,,(x) # 0 for real .

If P,(2)/Qm(x) is neither even nor odd, it suffices to consider its even
part since the integral of the odd part is equal to zero.

If 0 < a < /2, the function 22 — 2az sinz + a? has no real zeros since
|(z% + a?)/(2az)| > 1, but if a = 7/2, its only real zero is z = /2.

8.2.1. The particular case P, (z)/Q(x) = 1. We first consider the
simple case P, (x)/Qm(z) =1 and obtain the following formula.

ForMULA 8.2.1. Derive the formula
/OO dx 7 1+ sina

Il = - , O<a<g. (8.2.2)

o T2 —2axsinz+a® a cosa

This integral was computed for the first time in the monograph [47],
p. 181, formula (2.4.41), in a roundabout way by determining the minimal
eigenvalue of a boundary-value problem in two ways.

PRrROOF. Considering the transformation

1 B 1
22 — 2azsinz + a2 a?cos?x + (r — asinx)?

o 1 1

~ 2acosT {acosx—i(x—asinx) acosz +i(x —asinzx) |’

we have
I 1 /°° dx n 1 /°° dx
=5-pV ———————+ —D.V. .
L= 5P o (@€® —ix)cosz  2a P — oo (ae™® +ix) cosx

(and putting = —t in the second integral)

1 /°° dx
—p.V. —_— .
a oo (@e® —ix)cosx

oo

(8.2.3)

Set )

flz) = ae —iz)coss’ z € C. (8.2.4)
Let Ry = (s+ 1)7 for s € N and consider the “rectangular” closed path,
C, consisting of those segments of the real interval [—Rs, Rs] where the
points ap = (2k + 1)7/2 for k = 0,+1,+2,...,+s, are bypassed along
the semicircles «y of radii § in the upper half-plane, and the sides of the
rectangle As B;Cs Dy, with vertices

AS = (R870)7 Bs = (RsuRs)u Cs = (_RsuRs)a Ds = (—RS,O)

shown in Fig 8.2. By the residue theorem we have
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y
(_Rs ° Rs) (Rs ° Rs)
C, B,
Yk
Dil m~mom Ly on |4
(_RS ’0) a_s a,k 0 ak as (Rg' ,0) X

FIGURE 8.2. The path of integration in Subsection 8.2.2.

(Lo 21) e

=
1
= 2mi Res ———— 8.2.5
Tm;z:ezi (ae —iz)cosz’ ( )

where the path 7y consists of the union
ns = AsBs U B;Cs U Cy Dy, (8.2.6)

z, are the zeros of the function p(z) = ae’* — iz inside C, and the integral
from — R, to R, is evaluated along the line segments of the z-axis excluding
the arcs .

It will be shown in Lemmas 8.2.1 and 8.2.2 that the integral along 7
in (8.2.5) approaches zero as R; = (s + 1)m — oo and that there are no
zeros of ¢(z) = ae”® — iz in the region $z > 0. Consequently, the sum on
the right-hand side of (8.2.5) is equal to zero.

Since ay, is a simple pole of f(z), using a Laurent series in a neighbor-
hood of a; we obtain

6—0 zZ=ay

lim/ f(2)dz = —mi Res f(2) (8.2.7)

(for a similar calculation, see formula (6.1.9) in Subsection 6.1.2). There-
fore, taking the limit in (8.2.5) as s — oo, § — 0 and using (8.2.7) we
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obtain
I d
Il = lim —/ =
so®a ) g, (ae™ —ir)cosx
. 00 1
5 () ]
a z=ay z=—ay ) | (@€ —iz)cosz
k=0
L miss [ (=1 (—1)k+1
T a p aet —ijap,  ae %k 4 jay
(since e** = tisinay, = i(—1)") (8.2.8)
T 1 1
_T s n
a f a(—1)% —ar  a(-1)F —ay

27TOO —1)k 2T o= (= 1)fay, +a
2n %_72%

2 _ 2
a ar —a ap —a
et k

= — + tana |,
a \ cosa

where a, = (2k + 1)7/2. In order to derive (8.2.8) we have used Formulae
1.421(1) and 1.422(1) in [23], p. 36, namely,

k=0

4o &
tan — = — 8.2.9
an - T 2v 2k —1)2 — a2 (8:2.9)
k:l
and
4 (=11 (2K — 1)
— —. 8.2.10
cos 71'1:/2 W; 2k—1 — 2 ( )
This completes the proof of (8.2.2). O

LEMMA 8.2.1. The following integral along the path ns given by (8.2.6)
approaches zero as § — 00:

d
m [ —— % —0, 0<a<-<™. (8.2.11)
s—oo J, (ae® —iz)cosz 2

ProoF. Using (8.2.4) we write

/ fz / (aei* —dzz'z)cosz'
Pyl = ’/nsf(z)dz

Thus

d
S/ = 4] . (8.2.12)
e lae® —iz[[cosz|
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Next, we obtain an upper bound for the integral along ns on the right-hand
side of (8.2.12). We have

| cos z| ‘zens = y/sinh? y + cos2 x aren (8.2.13)
and
lae® — iszenS > (Jiz| — |al le%]) ‘zens
>R, — e V> (s—l—l)w—z = (s—l—l)w
2 2
Consequently,

1 1
|f(z)|’z€ns = (S+1/2)7T |COSZ|.

Using (8.2.12) we obtain

1Pl < ﬁ(fw fo +/CSDS) | G2

On the segment A B,

z=(s+mr+iy, 0<y<(s+lm  |dz| =dy;
thus we have

/ |dZ| (S+1)7T dy
A

.B. | cos 2| o V/sinh? y + 1

_ /(s+1)7r dy
0 coshy (8.2.15)

(s+1)m

= 2arctan (e¥)

2(7T 7T) ™
— —_ — — = — — .
571 5 as s — 00

Similarly, it can be shown that the integral along CsDs approaches —m/2
as s — 0o0. On the segment BCs,

z=x+i(s+ 1), |dz| = dx;
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hence, we have

/ d2| / (s+1)m dz
B.c. 10082 Jsin) \/sinh2(8 + 1)7 + cos? x

(and putting x = (s + 1)7t)

8.2.16
/ ” ( )
(s+1)m
\/smh (s + 1) + cos?(s + 1)mt
— 0, as s — 0.
Using (8.2.14)—(8.2.16) we obtain that Fs — 0 as s — oo. O

LEMMA 8.2.2. If0 < a < 7/2 and z = x + iy, then the function
p(z) =ae” —iz=y+ae Ycosz+i(ae Ysinw —x)
has no zeros in the upper half-plane Sz > 0.

PROOF. The equation ¢(z) = 0 is equivalent to the following system

of equations:
y+ae Ycosx =0, (8.2.17)
ae Ysine —xz =0. (8.2.18)

Let y > 0. Then e~¥ < 1 and it follows from (8.2.17) that cosz < 0 so that
3
g+2k7r<x< 77T+2k7r, k=0,41,....

From (8.2.18) we have
|x] = ae™Y|sinx|. (8.2.19)

If y > 0, equation (8.2.19) does not have a solution because on the left-hand
side |z| satisfies the inequality || > 7/2, while on the right-hand side we
have ae Y|sinz| < /2 since 0 < a < w/2, e7¥ <1, and |sinz| < 1. O

8.2.2. The case for general P, (2)/Q.,(x). We now turn to the gen-
eral case of integral I?. If m = n then
P, P,
(@) _ 4 pPasle)
Qm () Qmlz)
is an even function, where A and B are constants, and the integral for
the case P,(x)/Qm(x) =1 is evaluated in the previous subsection. Conse-
quently we consider only the case m > n and P, (x)/Qn (z) is even, that is,
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m > n+ 2. Repeating the computations done for formula (8.2.8) we obtain

i P,.(z) 1
1P = — 2Res+Res>{ . - ]
7 a ; ( z=z,  z=ar ) | Qm(2) (ae?* —iz)cosz (8.2.20)
= S5 + Sé,

where zj, are the zeros of Q,,(2) in the upper half-plane, and S5 and Sg are
defined in an obvious way. The series S5 will appear in (8.2.27). We show
that Sg can be evaluated in closed form. We have

T P,(2) 1
56 = a k; Z}i?lsk [Qm(z) (ae? —iz)cos z}
- K ak 1)k+1
=z k_z_:oo o) e —m (8.2.21)

T o=~ Pulap) an(=1)F+a
2 g :

a m(ar) aj —a?

k=—o0

To evaluate Sg in closed form, we use the formulae (see [21], pp. 296-297)

Z f(n) = —WZ Res z) cot 2], (8.2.22)

n=—oo

and

> " - f(z)
n;m(_l) f(n) = =n k Res [ﬁ] (8.2.23)

where f(z) is a rational function such that f(z) = O(1/|z|?) as z — oo with
noninteger poles, ;. We shall derive (8.2.22) and (8.2.23) in Chapter 10.
Note that formulae (8.2.9) and (8.2.10) can be derived from (8.2.22) and
(8.2.23).

Using (8.2.21)—(8.2.23) we obtain

([ .
+Res{P(2) . ” (8.2.24)

=2, | Qm(Z2) (22 — a?)sinmz

where 2 are the zeros of Q,,(2)(2? — a?) and Z = (22 + 1)7/2. It follows
from (8.2.24) that

_ __Z Res { ) _acosmz 2 } . (8.2.25)

2=2), (2) (22 —a?)sinmz
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Let us compute separately the sum of the residues in (8.2.25) at the points
Z = *a, that is, at the points 2, = a/7 — 1/2 and 23 = —(a/7 + 1/2):

P, (2) acosmz+Z
<ZRezs1—|—zRezs2> {Qm( Z) (22 —a2)sm7rz}

P,(a) acosmzy +a  Pp(—a) acosmiz —a
- Qm(a) 2amsinmzy Qm(—a) (—2am)sinmwzy
(since P, (x)/Qm(x) is even)
P,(a) [cos(a —7/2)+1 cos(a+7/2)—1
B Qm(a) { 27 sin(a — 7/2) 2 sin(a + 7/2)
P,(a) 1+sina
Qm(a) mcosa
Then (8.2.25) can be written as

ZR

sz

Z) acosmz+Z
Z) (22 — a?)sinmz
T

P,(a) 1+sina
a Qm(a) cosa ’

where Zj, are all the zeros of Q,,(2) and Z = (2z+1)7/2. Upon substitution
of (8.2.26) into (8.2.20) we obtain the formula for the evaluation of the

integral I7:

(8.2.26)

» _/ dx
7 Qm(x) 22 — 2axsinz + a?

_ 2mi P,(z)
Zszk {Q aeiz—iz)cosz}

__ZR

sz

(8.2.27)

acosmz + Z
(22 —a?)sinmz

47 P (a) 1+sina
a Qm(a) cosa
where zj are the zeros of Q,,,(z) in the upper half-plane and Z; are all the
zeros of Qp,(2) with 2 = (22 + 1)7/2.

NoOTE 8.2.1. Although formula (8.2.27) is derived under the condition
that m > n + 2, in fact it is still valid if P,(z)/Qm(z) = 1. In this case 2

are the zeros of 72 — a2, that is, 2; = a/m —1/2, 33 = —(a/7 +1/2) and we
obtain

I e dx 7w 1+sina

¢ ) a2 —2axsinzx+a® a cosa

which is formula (8.2.2).
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EXAMPLE 8.2.1. FEwvaluate the integral

e d
A:/ il - , O<a< I
oo (@2 + 1) (2% — 2azxsinx + a?) 2

SoLuTION. Here, P,(2) = 1, Qu(z) = 22 + 1 and the only zero of
Qm(z) in the upper half-plane is z; = ¢. Then

B 22 4+ 1)272
Qm(2) =1+ Q,
4
which vanishes at 21 5 = +i/7m — 1/2. By (8.2.27) we have
27 1
A="""Res ——
a z=i | (224 1)(ae’* —iz)cosz

2
- (RQS + Res

a z=2z1 z=2Z9

1 acosTz + (224 1)m/2
14+ (22+1)%272/4 [(22 4+ 1)272/4 — o?]sin7z
m 1 1+sina

aa?+1 cosa

The sum of the residues at Z; and 25 is

1 acosTz + (224 1)mw/2
R R
(Z_egsl + Z—efsz) [(2z +1)272/4+1 [(22 + 1)?72/4 — a?]sin7z
1 acosmzy + 1 1 acosmzy —14
271 (=1 —a?)(—cosi)  2mi (—1 —a2)cosi
1 asinhl +1 n asinh1l+1
- 27 | —(1+a?)(—coshl) = (1+a?)coshl
_asinh1+1 1
B T (1+a?)cosh1’
Thus,
T 1 m asinhl+1 m 1 1+sina
A=— - = +— . O
a (ae"!+1)coshl a (1+a?)coshl al4a? cosa
8.3. Forms containing (hsinazr + z cosaz) ™!
In this section, we consider integrals of the form
> P,(x) dx
I, = p.V./ —, (8.3.1)
’ —oo Qm(z) ()

where, in general, p(z) is the entire function ¢(z) = hsinaz + zcosaz. We
also consider similar integrals, I¢ and I3, where dx is replaced by cos bx dx
and sin bx dx, respectively.
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The entire functions ¢(z) considered in this section generally come from
the solution of Sturm-Liouville differential equations:

% [k(x)j—z] —q(2)u = =N?p(x)u, (8.3.2)

over the interval 0 < x < L or 0 < x < oo, with appropriate boundary
conditions, where k(z) > 0, p(z) > 0, ¢(z) > 0 are given functions, which
are continuous on the closed interval [0, L], and k'(x) is continuous on the
open interval (0, L). If the interval is semi-infinite, 0 < x < oo, then |u| is
bounded at infinity.

For given boundary conditions, the eigenvalues of (8.3.2) on a finite
interval are the roots of some equation

p(A) =0. (8.3.3)

It is known [7] that, under these conditions, equation (8.3.3) has only simple
real roots. In this case, the entire function, ¢(z), in the integral (8.3.1) has
only real zeros.

On the infinite interval 0 < x < oo, one considers equation (8.3.2) with
boundary conditions of the first, second or third kind at x = 0 and the
condition |u(x)| < M, M = constant, as © — oo. Depending upon the
behavior of the functions k(z) and p(x) in (8.3.2) as © — oo, this problem
may have a discrete or a continuous spectrum (see [5]).

If (8.3.2) has only one regular singular point in the finite complex plane,
that is, the functions k(z), ¢(z) and p(z) are analytic, k'(z)/k(z) has one
simple pole, and ¢(z)/k(z) and p(z)/k(z) have only one pole whose order is
not higher than two, then the eigenfunctions are (apart from a factor z®)
entire functions with simple real zeros.

The function ¢(z) was taken to be sinaz and cosaz in Section 8.1
and ae’”® — iz (without zeros in the upper half-plane) in Section 8.2. In
the present section, ¢(z) will be taken to be hsinaz + zcosaz, with h >
0 and @ > 0. In Section 8.4, ¢(z) will be taken to be Jp(az)/zP and
Jpiv(az) /2P~ T4, (b2), where J,(z) is the Bessel function of the first kind
of order p for p =0,1,....

In the following two subsections we consider integrals of the form

~ p, b
e :p.v./ (z) cosbz (8.3.4)




324 8. ADVANCED DEFINITE INTEGRALS

where p(z) = hsinax + xcosaz, h > 0, a > 0, P,(x) and Q. (z) are
polynomials of degrees n and m, respectively, and m > n 4+ 1. Using the
methods of Section 8.1, we express these integrals as finite sums of residues
at the zeros of the polynomial Q,,(z).

8.3.1. The integral I,. Consider the integral

* Py(x) dx
I,=p.v. 8.3.5
¢ =PV /,Oo Qm(z) hsinaz + zcosax’ ( )

where the degrees of P, and Q,, satisfy m >n+1 and h > 0.
The transcendental equation

hsinaA 4+ Acosal =0 (8.3.6)

arises in the determination of the eigenvalues, A,, of the following Sturm-—
Liouville boundary value problem:

d2

d—;; 22 =0, O<z<a, (8.3.7)

d
u|z:O =0, (ﬁ + hu)

Since (8.3.7) is a particular case of (8.3.2), the entire function

= 0. (8.3.8)

r=a

©(z) = hsinaz + zcosaz (8.3.9)

has only simple real zeros.

First, we consider the case where Q,,, () # 0 for real x and P, (x)/Qm ()
is an odd function so that the integrand in (8.3.5) is even. If P, (z)/Qm(z)
is neither even nor odd, then it can be represented as the sum of an even
and an odd function. Moreover, the integral of the quotient of an even
function with the odd function ¢(x) is zero.

Set
P,(2) 1
= , e C. 8.3.10
1) Qm(z) hsinaz + zcosaz : ( )
Recalling that h > 0, we may rewrite (8.3.6) for real z in the form
htanazr +z =0 (8.3.11)
and consider the real roots, vy, of this last equation. It is easily seen by
examining the graphs of y = tanax and y = —x/h that vy satisfy the
inequality
k kE+1
LR () . A P
a a

and that —u; also is a root.
Let C be a closed path consisting of the segment [— Ry, Ry] of the real
axis, where aRy = kn for k = 1,2, 3, ... and the zeros, v, [ =0, £1,..., +k,
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y
(R, Ry) Ri, Ry)
C B,

T
D]~ Ao A
ROV Vv, 0] Vv, Ve (Re,0) X

FI1GURE 8.3. The path of integration in Subsection 8.3.1.

of equation (8.3.11) are bypassed along the semicircles ; of radii J in the
upper half-plane, and the sides A By, BixCyr and Cyx Dy of the rectangle
A B Cy Dy, with vertices A, = (Rk,O), B, = (Rk,Rk), Cr = (—Rk,Rk),
Dy, = (—Rg,0), shown in Fig 8.3.

By the residue theorem, we obtain

(/_Z - Zk: A +/,7) [Qm(z)(hsincfj)+zcos az)} dz

I=—k
o P,(2)
= 2mi ;zfiezi {Qm(z)(hsin az + zcos az)} » (8312)

where 7 is the polygonal line Ax By U BixCy U Cx Dy, zi are the zeros of
Qm(2) lying inside C' and the integral from — Ry to Ry is evaluated along
the line segments of the z-axis with the exclusion of the diameters of the
semicircles ;.

We show that the integral I,, along the polygonal line n; approaches
zero as Ry — oo. Since

|cosaz| = \/sinh2 ay + cos? azx, (8.3.13)

P,(z dz
il =| [ 522
n

. @m(z) hsinaz + zcosaz

we have

</ P,(z) |dz|
s Qm(2)| |cosaz| |htanaz + z|
(and, since m > n+1,)
¢ |dz|

S e )
Ry J,, |cosaz||htanaz + 2|

that is,
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C d
I, | < —(/ +/ +/ ) [ dz| . (8.3.14)
Ri \Ja,B, BLCy CiDn |cosaz| |htanaz + z|

On the segment Ay By, z = Ry + iy and |dz| = dy; thus we have

1
|COS&Z||zeAkBk = y/sinh? ay 4+ 1 = coshay > 56‘“’,

and

|htanaz + z|| = |htan(km + iay) + Ri + iy|

= |ihtanh ay + Ry + iy

2E€AL By

1
> Ry = — k.
a

Therefore,

|dz| 2a [P dy
< = fhat:A
AuB, |cosaz||htanaz 42| ~ kw Jo  eW

2
:H(l_

— 0, as Ryp — oo.

8.3.15
o) (8.3.15)

Similarly, the integral along Cy D) approaches zero as R — oco. On the
segment ByC, z = x + iRy, and |dz| = dx; thus we have

' 1— 621'112

Zh m + z
z=x+iRy

1= e*QGRk eQiaz

ih 1 + e—2aR;c 621'111 tz+ ZRk

|htanaz + z|,—z1ir, =

= gr(7)

— 00, as Ry — oo.

Hence, we have

/ |dz| _ /—Rk dx
ByCy, |cosaz||htanaz + 2| R, gr(x) V/sinh? km + cos? ax
(and putting x = Ryt)

-1
dt
L gr(Rgt) \/sinh2 km + cos?(aRyt)
— 0, as Ry — oo.
(8.3.16)

Using (8.3.14)-(8.3.16), we obtain that I,,, — 0 as R, — oc.
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If vy, is a simple pole of f(z), by expanding f in a Laurent series in a
neighborhood of the point v, as § — 0 we obtain

lim [ f(z2)dz = —mi Res f(2). (8.3.17)

5d—0 Ve 2=V}

(For a similar computation, see formula (6.1.9) in Subsection 6.1.2.) As
d — 0 for any fixed Ry, the second sum on the left-hand side of (8.3.12),

5z=mizfigi[lj(z) 1 }

n
=, Qm(z) hsinaz + zcosaz

l (8.3.18)

o P (vk) 1

- Py Qm(vk) [(hsinaz + zcos az)’]
__nO 1

T OO ha 1

is zero since

2=V},

Pn(—l/k) _ Pn(l/k)

Qm(_Vk) C?fn(uk)7
the derivative of the odd function hsinaz + z cosaz is even, and P, (0) = 0.
(For a similar computation, see formula (8.1.9) in Subsection 8.1.2.) Hence
S; does not contribute to the right-hand side of (8.3.12).

Therefore, taking the limit in (8.3.12) as Ry — oo, § — 0, we obtain

/°° P, (z) dx
p-v- — oo Qm(z) hsinax + zcosax

, P,(z) 1
=2 R 8.3.19
m ; 25 [Qm(z) hsinaz + zcosaz |’ ( )

where m > n+ 1, Qn(x) # 0 for real  and Sz > 0. To the authors’
knowledge this formula is absent from the literature, even in the form of
examples.

EXAMPLE 8.3.1. Compute the integral

/°° x dx
I=p.v. 5 - .
—oo 2+ 1 hsinax + x cosax

SOLUTION. Since the conditions of formula (8.3.19) are satisfied, we
have

1
I = 27iRes i -
z=i | 224+ 1 hsinaz + zcosaz
) 1
=27 !

2¢ hsinai + i cosal
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™
" hsinha + cosha’

Second, we consider the case where @Q,,(z) has the simple real zeros
x=ag for k =1,2,...,1, and ap # v,. By bypassing the zeros ax on the
segment [— Ry, R] along semicircles, dx, in the upper half-plane, we find
that the term

! P,(z) 1
A=mi R - 8.3.20
m;z:?zsk {Qm(z) hsinaz + z cosaz ( )

has to be added to the right-hand side of (8.3.19). In the following lemma
we show that A is zero.

LEMMA 8.3.1. The finite sum (8.3.20) is equal to zero.

PrOOF. The proof of this lemma coincides almost literally with the
proof of Lemma 8.1.2 in Subsection 8.1.2. We note that the even function
Qm(x) satisfies the condition Q,,(0) # 0 because it follows from the condi-
tion Q,,(0) = 0 that, at least, Qm(2) = 22Qm—2(z), where Qpm_2(z) is an
even polynomial in x and @m_g # 0. However, in this case the integral in
(8.3.19) is divergent in a neighborhood of = 0. Therefore, we must have

Qm(z) #0. O

It follows from Lemma 8.3.1 that if the real zeros, x = ay, of Q,,,(z) are
simple and ay, # v, then the integral (8.3.5) can be evaluated by (8.3.19).

8.3.2. The integrals /¢ and I7. We consider integrals of the form

o — * Py(x) cos bz d

S"_p'v'/,oo Qm(z) hsinaz + xcosax “

I * Pp(x) sin bz d (8:3.21)
S"_p'v'/,oo Qm(z) hsinaz + x cosax v

under the same conditions as in the previous subsection. In contrast to
Subsections 8.1.2-8.1.4, we restrict ourselves to the case |[b| < a. We assume
that the function P, (x)/Qm(z) is odd and m > n+1in I{, while it is even
and m >n+2in I;.

Let zj be the zeros of Q,,(z) in the upper half-plane and let aj be
the simple real zeros of Q,,(z). Moreover, we assume that ay # v, where
vy, are the real zeros of the function p(z) = hsinaz + x cosazx (note that
(x) does not have other zeros). If these conditions are satisfied then, by
a computation similar to the one in the previous subsection, the integrals
(8.3.21) are expressed by means of a finite sum of residues at the zeros of

Qm('z):
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/OO P, (z) cos bx p
p-v- — oo Qm(z) hsinax + zcosax o

. P,(2) cosbz
=2 R 8.3.22
m;z:%i {Qm(z) hsinaz—i—zcosaz] ( )

and
/Oo P, (z) sin bz
p.V. .
— oo @m(z) hsinazx + x cosax

, P,(2) sin bz
=2 R . (8.3.23
m ; fa [Qm(z) hsinaz + z cos az} ( )

The sum of residues at the real zeros, ag, is equal to zero by virtue of
Lemma 8.3.1.

One can, however, compute the integrals (8.3.21) also in the case where
|b| < |a| (as in Subsections 8.1.2-8.1.4) by using Jordan’s Lemma and letting
cosbr = Ne® and sinbx = Je®?. In this case, the symmetry is lost and
the answer is given by the sum of two terms: a finite sum of residues at
the zeros of the polynomial @,,(z) and an infinite series (that is, the sum
of the residues at the zeros, vy, of the function ¢(z) = hsinaz + x cos ax).
Equating these answers to the right-hand sides in (8.3.22) and (8.3.23), one
can get equations for the determination of the sum of these series in the
following form (for a similar detailed computation, see Subsection 8.1.2):

RD = afe{mzzfgezi [ Pa(z) cos bz] } (8.3.24)
k

@m(z) »(z)
and
SD = 34 2 o P,(z) sinbz
SD = {2 Zk:z%zk[cgm(z) ‘P(z)1}7 (8.3.25)
where

and p(z) = hsinaz + z cosaz.
New closed-form expressions of these two series are obtained from
(8.3.24) and (8.3.25) in the form

B > P, (vg) sinyg
5122 Q) 7o)

_ ; o P,(z) € — cosbz
‘%{ 2 Res oo v ” (8:3.26)
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and

B > P, (v,) cosvyg
5 =2 G 7o)

_ gl o P,(z) sinbz — ei®*
— J{ zk:zfi% [Qm(z) ]} ., (8.3.27)

o(2)
where, using tan avy, = —vg/h, we have

o' (vk) = —[(1 + ah)h/vk + avg) sin vy,
(14 ah)h + av}?

Vi + h?

8.4. Forms containing Bessel functions

We consider integrals of the form

*© Py(x) aP
p-v. /_Oo Q) Ty(az) ™

* Pu(z) 2?7, (bx)
e e

(8.4.1)

where p = 0,1,2,..., and J,(z) is the Bessel function of the first kind of
order v, which can be represented by the following series:

e —1)k 2\ 2k+v

Here I'(¢) is Euler’s gamma function given by the integral

() = /OOO e 'l dt, R¢ > 0. (8.4.3)

If(=p+1forp=0,1,2,..., then it can easily be shown from (8.4.3) that
T'(p+ 1) = pl. In this case the series in (8.4.2) can be written in the form

LS (DE e
Jp(z)—l;m (5) L 2] < o (8.4.4)

Using the same methods as in the previous subsections, we express the
integrals (8.4.1) by means of a finite sum of residues at the zeros of Q,,(z).
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8.4.1. Integrals containing z?/J,(az). We consider integrals of the
form

* Pu(z) aP
p. V. /_OO Om(@) Tfaz) dz, (8.4.5)

where P, (z) and @,,(x) are polynomials of degrees n and m, respectively,
m >n+p+ 1, and the function P, (z)/Qm(x) is even if p is odd. We first
consider the case where Q,,(z) # 0 for real x. The equation

Jp(a\) =0 (8.4.6)

appears in the determination of the eigenvalues of the following Sturm-—
Liouville boundary value problem:

d du p? 2
. <x%> - U= -\ zu, 0<z<a, (8.4.7)
|ulo—o| <M,  ufg—q =0. (8.4.8)

Comparing (8.4.7) with (8.3.2) we see that, in this case, k(x) =z, p(z) =«
and q(x) = p?/z. Since k(0) = 0 and p(0) = 0, we have a singular case
(see [5]); therefore, we assume, in (8.4.8), that the solution is bounded at
z = 0. Hence

o(z) = Jp(az) (8.4.9)
is an entire function with only simple zeros (except the zero of order p at
z=0).

Set P ,
floy = nl2) 2 2 €C, (8.4.10)

Qum(2) Jplaz)’

and let ay be the nonzero roots of the equation
Jp(az) = 0. (8.4.11)

We use the following expansion of Jp(z) as |z| — oo (see [17], Vol. IL, p. 85):

Jp(2) ~ \/g cos (z - g - gp) {1 +0 (%ﬂ , (8.4.12)

as z — oo and —7 < argz < w. Thus, for sufficiently large N, the zeros,
ag, of Jp(z) have the form

ak—g—gp%kﬂ'—l-g, that is, akz(k—l—g—l—Z)w,
for k = £N,+(N+1),.... This means that, starting with some sufficiently
large N, the roots of (8.4.11) satisfy the inequality
(k—i—g)w < aoy < (k—i—l—i—g) . (8.4.13)
Let C be a closed path consisting of the segment [— Ry, Ry] of the real
axis, and the sides Ay By, BpCj, Cr Dy of a rectangle (see Fig 8.3), where



332 8. ADVANCED DEFINITE INTEGRALS

aRy = (k+p/2)m, k= N,N+1,..., for N sufficiently large. The zeros, oy,
of equation (8.4.11) on [—Ry, Ry] are bypassed along semicircles ; in the
upper half-plane, and the points Ay, By, Cx and Dy have the following co-
ordinates: A = (Rk,()), By = (Rk,Rk), Cr = (—Rk,Rk), Dy = (—Rk,O).

As can be seen from (8.4.4) the function xP/J,(azx) tends to pl2P as
x — 0. By the residue theorem we obtain

k b z zP
[/Z #> *” o T

—
:27rizk:zfie;i {5:1((? 7 }, (8.4.14)

~—
-
—
@
N
~

where ni, = A By U BrCi, U Cy, Dy, zy, are the zeros of @,,(z) that lie inside
C and the integral I, from —Rj to R; is evaluated along the line segments
of the z-axis excluding the arcs ;. We show that the integral along the
polygonal line n;, approaches zero as R — oo. Using (8.4.12) we have

P,(z) 2P
[ | = e @m(2) Jplaz) dz
< / P, (2)zP Vlaz||dz|
T Je | @m(2) | V2| cos(az — /4 — 7p/2)| (8.4.15)
< D |dz|
= Ju V2| leos(az — /4 —7mp/2)|
D |dz|

< .
~ VR Jy, |cos(az — /4 —7p/2)|

Since formula (8.4.15) is similar to (8.2.14), where one replaces (I +1/2)w
by Rk, the rest of the proof is given after formula (8.2.14). Hence,

lim / f(z)dz=0. (8.4.16)

Since «y, is a simple pole of f(z) then, by using a Laurent series expansion
in a neighborhood of the point ay, we obtain

lim (z)dz = —mi Res f(z) (8.4.17)

d—0 Y zZ=qy
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(for a similar detailed computation, see formula (6.1.9) in Subsection 6.1.2).
Therefore, as 6 — 0, and for each fixed Ry, the term

S = mi ;l Res [5:1((2 inz)]

k0

(8.4.18)

is added to the right-hand side of (8.4.14). Here J,(s) denotes the derivative
of Jp(s) with respect to s. Using formula (8.4.4) we obtain
] 71
z=aoy

Cah & (C)R2k 4 p) 2\ 2kt
= s =t 1 S ()

2
B 1 s (_1)k(2k+p)(a/2)2k+p—1a2k—l —1
- [_ 2 Kk + p)! : ] :

2
k=0

that is, Ay is an odd function of «y.

Since, by assumption, P, (ax)/Qm(ak) is even, then the function under
the summation sign in (8.4.18) is an odd function of a, the term with k = 0
being absent. Hence, S; = 0. Therefore, considering the limit in (8.4.14)
as Ry — 00, 6 — 0, we obtain a formula for evaluating the integral (8.4.5)
in the form

© Py(x) 2P _ o . P,(z) 2P
P.V.[m ARGIACT) dr = 2 ;fizi {Qm(z) Jp(az)}, (8.4.19)

where Q,,,(x) # 0 for real x, zj are the zeros of @,,(z) in the upper half-
plane, m > n + p + 1, and the function P,(x)/Q(x) is even. Formula
(8.4.19) has not been found in the literature even in the form of examples.

EXAMPLE 8.4.1. Compute the integral

>~ 1 x
I=p.v. ————d
v /_OO 22+ 1 Ji(ax) v
SoLUTION. The conditions P,(z) = 1, Q.(z) = 2% + 1 # 0 for real z,
p=1,and m = 2 = p+ 1 are such that formula (8.4.19) is true. Therefore,
I is equal to 27i times the only residue at the point z = ¢ (this is the zero
of 22 + 1 in the upper half-plane),
z
I =2miRes | ———F—F—
e [(z? + 1>J1<az>]
) 1

i (@) i (a)
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o
Ii(a)’
where (see formula (8.4.4))
© 1 an 2k+1

0= s ()

() ;;) Rk + 1) \2
is the modified Bessel function of the first kind of order 1. O

Secondly, we consider the case @,,(x) = 0 for real z at the points

x =ag, k=1,...,1l, where all the zeros aj are simple and a # ai. By

bypassing the zeros aj on the segment [— Ry, R] along semicircles dy in the
upper half-plane, we find that the term

o ! P.(z) 2P
A= mkz::l Res [Qm(z) m] (8.4.20)

has to be added to the right-hand side of (8.4.19). In the following lemma
we show that A is zero.

LEMMA 8.4.1. The finite sum (8.4.20) is equal to zero.

PROOF. The proof of this lemma coincides almost completely with the
proof of Lemma 8.1.1 in Subsection 8.1.2. It should only be noted that in
both lemmas, the even function @,,(x) satisfies the condition @, (0) # 0.
The reason is the following: if @,,(0) = 0 then we have, at least, that

Qum(z) = 22Qum_2(x) (in general, we may have Q. (z) = z*Q,, _,(z), etc.),
where Q,,_2() is an even polynomial in = and Q,_(0) # 0. In this case,
however, the integral in (8.4.5) is divergent in any neighborhood of x = 0.
Hence, we must have Q.,(0) # 0. O

It follows from the previous Lemma 8.4.1 that, if © = a; are simple
real zeros of Q.,(x) and ay, # v, then integral (8.4.5) can be evaluated by
formula (8.4.19).

8.4.2. Integrals containing ratios of Bessel functions. We con-
sider integrals of the form

* Pu(x) 2P, (bx)
p.v./ dx, I,p=0,1,2,..., 8.4.21
e Q@) Tprofaz) (&421
where P, (z) and @,,(x) are polynomials of degrees n and m, respectively,
P, (2)/Qm(x) is odd and m > n+p — [ + 2. Using (8.4.4) it can easily be
shown that the ratio

P (b2) Y pe (—DREID(k + 1+ v+ 1) 71 (bz/2)

Jp+u(a2’) - a? Z;io(—l)k[klr(k-l-p—l—l/—l—1)]*1(az/2)2k (8.4.22)
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is even. Although each of the functions Ji4, (bz) and Jp4, (az) has a branch
point at z = 0 (and z = o0) for non-integer v, their ratio, as one can see
from (8.4.22), has no branch point and is a meromorphic function.

In contrast with Subsections 8.1.2-8.1.4, we restrict ourselves to the
case |b| < |a|. Let z; be the zeros of Q,,(z) in the upper half-plane, and let
ay be the simple real zeros of @Q,,(z) such that ar # ai, where oy, # 0 are
real zeros of Jy,(az) (the function Jp(az) does not have other zeros). In this
case a computation similar to the one in the previous subsection leads to a
formula expressing the integral (8.4.21) through a finite sum of the residues
at the zeros of Q,(2):

* Po(x) 2P~ Ty, (bx)
O I v

o os P,(2) 277 0y, (b2)
=) B B Toeolazy | B4%)

By Lemma 8.4.1, the sum of the residues at the simple zeros ay, is equal to
Zero.
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Exercises for Chapter 8

Evaluate the following integrals.

. /OO x dx
. p.V. -
P x4+ 1 sinax

5 / dx

o (T2 +4) x2 +1) sinax’
3. pv/oo dx

oo T+ 13:62 + 36 sinaz’

e dx
4. pv/oo 21 o) 502—1-52) o a>0, B>0.

> dx
g pv/oox2+4x+8 cosazr
6. pv/oo dx

oo T+ 10:62 +9 cosaz’

e sin bz
v /Oo 2?2 + a?) x2+62) smaxdx’

0O<b<a, a>0, B>0.

3. /°° cos bz

oo (2 + a?)( 12—1-52) sin ax

—a<b<a, a>0, />0

e xtanar

9. p.v /OO o) x2+62)d a>0, a>0, g>0.
dz 0

10/ + 02)(x —2axsm:1:—|—a2) O<a<§, f>0.

> dx

11. .
A oo (@2 41) x2—|—4) bsinax + x cos ax

2

52 Jz( )

8

13. de,  B>0.

<

— 00
> T

dz.
oo (@2 41) x2—|—4) J1(ax) v

14.

(22
12. V/ dz
o :102 + 16 bsinazx + xcosax’



CHAPTER 9

Further Applications of the Theory of
Residues

9.1. Counting zeros and poles of meromorphic functions

Let f(z) be a meromorphic function which has a finite number of poles,
21,29, -,2m, and a finite number of zeros, Z1, Zo, ..., Z;, in a simply con-
nected domain D bounded by a closed path C. We assume that f(z) is
analytic on C' and has no zeros or poles on C.

In this chapter, a zero of order n is counted n times and a pole of order
p is counted p times. For short, we shall say “counting orders.”

DEFINITION 9.1.1. The function
d
p(z) = llog f(2)] =

is called the logarithmic derivative of f(z).

(9.1.1)

THEOREM 9.1.1. If Zj, is a zero of order ny, and zx is a pole of order py
of f(2), where n and py are positive integers, then Zy and zy are simple
poles of p(z) = f'(2)/f(2) and the residues of ¢(z) at these points are

Res p(z) =nr  and Res p(z) = —py, (9.1.2)
Z=ZL

Z=Zk
respectively.
PROOF. The proof is in two parts.
(1) Let Z; be a zero of multiplicity ny of f(z). Then f(z) can be
represented in the form
f(z)=(z = Zp)™ f1(2), (9.1.3)
where f1(z) is analytic at Z, and f1(z) # 0, f1(2) # oo in some neighbor-
hood of Z;. Taking the logarithm of f(z),
log f(2z) = nilog(z — Z) + log f1(2), (9.1.4)
and differentiating the result, we obtain
f(z ng fi(z
o= LE) e Sil)
fz) 2=z fi(z)

337

(9.1.5)
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Since f1(Zx) # 0 and f1(Z;) # oo, then f1(2)/f1(2) can be expanded in a
Taylor’s series about Zj. Thus the function fi(z)/f1(z) is the regular part
of the Laurent series for ¢(z) at Z; and ny/(z — 2;) is its principal part. It
is seen that Zj is a simple pole of ¢(z) and

Res ¢(2) = n,
Z=ZL

so the first part of (9.1.2) is proven.
(2) Let zj be a pole of order py, of f(z). Then f(z) can be represented
in the form
fa(2)

flz) = 125 (9.1.6)

(z — z)Px

where fo(z) is analytic at z; and in some neighborhood of zy; moreover,
fa(zk) # 0 and fo(zr) # co. Taking the logarithm of f(z),

log /(=) = log fa(2) — pi log(= — 2), (9.1.7)
and differentiating the result, we obtain
f'(z) _ f3(z —Pk
fz)  faz) 2=z
Since fa(zx) # 0 and fa(2y) # oo, then f5(2)/f2(2) can be expanded in a
Taylor series centered at zi. Thus f5(z)/f2(2) is the regular part of the

Laurent series of ¢(z) while —py/(z — z1) is its principal part. It is seen
that zj is a simple pole of (z), and

(9.1.8)

Res ¢(2) = —pi.

Z=ZL

This completes the proof of the second formula in (9.1.2). O
Formulae (9.1.2) allow one to prove the following important theorem.

THEOREM 9.1.2. Let f(z) be a meromorphic function in a simply con-
nected domain D bounded by the positively oriented simple closed path C.
Suppose that f(z) has no zeros or poles on C. Then the difference be-
tween the number, Z¢, of zeros and the number, Py, of poles of f(z) in D,
counting orders, is given by the integral

G
Zy— Pr=— dz. 9.1.9
T T o Jo f ) (9.1.9)
PROOF. By Theorem 9.1.1, the singular points of f'(z)/f(z) in D are
the zeros, Z of order ng, of f(z) and the poles, 2z of order pg, of f(2).
Then, by the Residue Theorem 5.2.2 and (9.1.2), we have

f'(2) f'(2) f'(2)

— dz = Res + Res
3w £ 7 27 2 B e 2 R
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k k

9.2. The argument principle

In this section, we give a geometric interpretation of formula (9.1.9).
For this purpose, we define the variation of the argument of f(z) as z
traverses a simple closed path.

DEFINITION 9.2.1. Let C' be a simple closed path in the z-plane and
~ its image in the w-plane under the mapping z — w = f(z). The change
or variation of the argument of f(z) as C' is traversed once in the positive
direction is denoted by Varc arg f(z) and is equal to the number, M, of
times the point w = 0 is encircled by v traversed in the positive direction
minus the number, M_, of times it is encircled by «y traversed in the negative
direction, multiplied by 27, that is,

1
Py Varcarg f(z) = My — M_ =: M. (9.2.1)
T

Geometrically, formula (9.1.9) is equivalent to the argument principle.

THEOREM 9.2.1 (argument principle). Let f(z) be a meromorphic func-
tion in a simply connected domain D bounded by the simple closed path C.
Suppose that f(z) has no zeros nor poles on C. Then the difference be-
tween the number, Z¢, of zeros and the number, Py, of poles of f(z) in D,
counting orders, is given by the formula

1
Zf - Pf = 2— Varc arg f(Z), (922)
T
known as the argument principle.
PROOF. We rewrite (9.1.9) in the form
1 !/
1 [ IA,,
27t Jo 702)
1
= —j{ dlog f(2) (9.2.3)
211 e}
= anlEl+ 5§ dliasf(e)
= — n|f(z — iarg f(z
omi J, N AESE))

Zy— Py =

since

log f(2) = In|f(z)| + iarg f(2).
The simple closed path C encloses a simply connected domain D. Since
In |f(2)] is a real valued function of two variables and the integral of a total
differential along the closed curve C is zero, (9.2.3) reduces to

1
Zf - Pf = %Varcargf(z). (I
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y
)
D
0 X
C
(a)
v A Y v
W, / \Wo
0 u
Y
0 u
(b) ()

FIGURE 9.1. Geometric interpretation of formula (9.2.2).
(a) The path C bounding the domain D in the z-plane; (b)
the path + does not encircle the point w = 0; (c) the path
~ encircles the point w = 0.

We illustrate two cases.

Case 1. The function w = f(z) maps the closed path C, in the z-plane
as shown in Fig 9.1(a), into the closed path =, in the w-plane, not enclosing
the point w = 0, as shown in Fig 9.1(b). Suppose that the point zg € C
is mapped to the point wy € 7. As zy traverses C once in the positive
direction, wy traverses v an integer number of times in the positive or
negative direction. However, the number

arg f(2)|.=z, = argwo

does not change as zy goes once or several times along C. In fact, argwg
increases (up to the point A) then decreases and when wg returns to its
initial position, argwp returns to its initial value. In this case (9.2.2) gives

1
Zy— Py = Py Varc arg f(z) = 0. (9.2.4)
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If f(2) has no poles in D, then Py = 0 and thus, by (9.2.4), Z; = 0, that
is, f(z) has no zeros in D, if C' is mapped onto 7 as shown in Fig 9.1(b).

Case 2. The function f(z) maps the closed path C into the closed path
~ which encloses the point w = 0, as shown in Fig 9.1(c). In this case,
Varc arg f(z) increases by 27 every time wg traverses v in the positive
direction and decreases by 27 every time wq traverses ~ in the negative
direction. Hence, we have

Varc arg f(z) = 2 M, (9.2.5)

where the number M = M — M_ is as defined in (9.2.1). It follows from
(9.2.2) and (9.2.5) that
Zy — P =M, (9.2.6)
that is, the difference between the number of zeros and the number of poles
of f(z), counting orders, in a simply connected domain D bounded by the
path C' (on which f(z) has no zeros nor poles) is equal to the number of
times « is traversed as C' is traversed once in the positive direction.
If the function w = f(z) has no poles in D, then Py = 0 and formula
(9.2.6) reduces to
Zy =M. (9.2.7)

DEFINITION 9.2.2. The index of a point zg with respect to a closed
curve C' in the z-plane is the integer defined by the equation

n(C, z9) = i]fc dz (9.2.8)

2mi Jo 2z — 2o

The index is also called the winding number of C' with respect to zp.

One can see that our definition of M is n(v,0) in the w-plane, where
~ is the image of C' under the mapping w = f(z).

NOTE 9.2.1. The fact that the path « is traversed more than once in
the w-plane as C is traversed once in the z-plane means that the w-plane is
considered as a Riemann surface with a corresponding cut. The first time
around < is made on the first sheet of this surface; the second time around
~ is made on the second sheet, and so on.

EXAMPLE 9.2.1. Find the number of zeros of w = 2% — 0.5 in the disk
D :|z| <1 bounded by the path C : |z| = 1.

SOLUTION. Since the equation of C'is z = €%, then the image of C is
7:w=u+iv:e2i9—0.5,
that is,
u = cos(260) — 0.5, v = sin 26, 0 <20 < 2. (9.2.9)
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Eliminating 6 from (9.2.9) we obtain (u+0.5)? +v? = 1, which is the equa-
tion of a circle of radius 1 centered at (u,v) = (—0.5,0). Hence, the origin
of the coordinate system lies inside the disk bounded by - and therefore
the function w = 22 + 0.5 has zeros in D.

The number of zeros is equal to the number of times ~y is traversed as
C' is traversed once. In this case, v is traversed twice, that is, M = 2 (the
first time as 6 goes from 0 to m, and the second time as 8 goes from 7 to 27,
since u(0) = u(m) = u(27) = 0.5 and v(0) = v(7) = v(27) = 0). However,
in this simple example one can find directly the two zeros of f(z) in D,
namely, w; 2 = +0.5. O

9.3. Rouché’s Theorem

Another method of counting zeros of analytic functions in a given region
is by means of the following theorem due to Rouché.

THEOREM 9.3.1 (Rouché’s Theorem). Let f(z) and g(z) be analytic in
a simply connected domain D and on its boundary, C, and suppose that the
following inequality is satisfied for all z € C':

[f(2)] > 1g9(2)]- (9.3.1)
Then f(z) and F(z) = f(z) + g(z) have the same number of zeros in D.
PRrROOF. Note, first, that (9.3.1) implies that, on C,

If(2) >0 and |f(z)+g(2)| = |f(2)] = lg(z)| > 0.

Therefore, f(z) and f(z)+g(z) are not equal to zero on C' and the argument
principle (9.2.2) can be used for these functions with Py = Pp = 0 since
f(z) and F(z) are analytic in D. Thus, if Z; and Zp denote the number of
zeros of f(z) and F(z) = f(z) + g(z), respectively, in D, counting orders,
we obtain

Zp—Z; = % Varc arg[f(z) + g(2)] — % Varc arg f(z)

= % Varc { arg[f(2) + 9(z)] — argf(z)}-

Using the formula

(9.3.2)

z
arg(s1) — arg(2) = arg 2
(see (1.1.32)), we have

—ar z)=ar Mzar M
arlf(2) +g(2)] — axg f(2) = axg == 3 g[Hf(ZJ’

so that (9.3.2) can be written in the form
1 9(2)
Iy —Zs = V. 1 . 9.3.3
=25 = g Voo |1+ 25 (933
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To show that the term on the right-hand side of (9.3.3) is equal to zero, we
consider the function

w(z) =1+ % (9.3.4)
Since, by assumption, |f(z)| > |g(2)| for z € C, it follows from (9.3.4) that
|w(z)—1|=‘%‘§po<l, zeC. (9.3.5)

Inequality (9.3.5) implies that w(z) maps the path C' onto the path v, which
lies entirely inside the disk |w — 1] < pg < 1 (see Fig 9.2).
Therefore, v does not enclose the point w = 0. Thus (see Fig 9.1(b))

Varc argw = Varg arg [1 + M} =0,
f(2)
and formula (9.3.3) becomes
Zrp=2Zy. 0O
EXAMPLE 9.3.1. Find the number of zeros of the polynomial
F(z) =20 - 720 - 2241
inside the unit disk D : |z| < 1.
SOLUTION. Let F(z) = f(z) + g(z), where
f(z)=—=7254+1 and g¢g(z) = 2" — 2z
Then, for every z on the unit circle C : |z| =1
@ == 78 +1]> [~ 78— 1=T—1=5,
and
lg(2)| = 210 — 22| < |29+ 22| =1+ 2= 3.
Hence
[f)>lg(2)| >0,  zeC.

FIGURE 9.2. The path v in the w-plane.
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Therefore, by Rouché’s Theorem, the number of zeros of F(z) inside the

unit disk, D : |z| < 1, is equal to the number of zeros of f(z) = =725+ 1
in D. Solving the equation f(z) = 0, we obtain

z =77 1/6g2kmi/6 k=0,1,...,5.
Therefore, F'(z) has six zeros in D. O

The fundamental theorem of algebra (see Exercise 20, Section 3.4) fol-
lows simply from Rouché’s Theorem, as shown in the following example.

EXAMPLE 9.3.2. Use Rouché’s Theorem to prove that a polynomial of
degree n,

p(z) = 2"+ a1z F a2 24 - 4 ap,
has ezxactly n zeros.
SOLUTION. Let
f(z)=2", g(2) = a12" F a2+ - 4 ap,
and consider the path Cg : |z| = R.

We have
G =R, zeCn
and
l9(2)| = |a12" "t 4+ ag2™ + -+ + ay)|

< |CL1|}%ni1 + |a2|R”*2 4+ 4+ |an|

=:g(R).
Since

lim ——— = 400,

then there exists R such that

If() > 1g9(2)l, =z €Chr,

for all R > Ry. Hence, by Rouché’s Theorem, the number of zeros of p(z)
in the disk |z|] < R is equal to the number of zeros, counting orders, of
f(z) = 2™ in the same region. Since z = 0 is a zero of order n of 2", then
p(z) has exactly n zeros in the disk |z| < R. O

EXAMPLE 9.3.3. Find the number of roots of the equation
219 —ae* =0, 0<a<e? (9.3.6)

in the open unit disk |z| < 1.
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SoLUTION. Let f(z) = 2!? and g(z) = —ae®. On the circle |z| = 1,
[f(2)] =12 =1
and
l9(2)] = | — ae®| = ale” ™|

1
_ T cos @
=ae”|pmcoso < e

e—(l—cosé) <1.

Then, on the circle |z| = 1, we have

If(2)] =1, lg(z)| < 1.

Therefore, by Rouché’s Theorem, equation (9.3.6) has the same number of
zeros, counting orders, inside the unit disk as the equation 2 = 0, that is,
10 zeros. O

NoOTE 9.3.1. The function F(z) = 2'® — ae® is continuous on the real
segment —1 < z <1 and

F(—1):1—ae—1>1—i

o2
F(0)=-a<0,
F(1)=1—ae > 0.

>0,

Since F'(z) is positive at © = +1 and negative at = 0, it has at least two
real zeros on the segment (—1,1) and, hence, at most eight complex zeros
inside the unit disk.

Exercises for Sections 9.2 and 9.3
Determine the number of zeros of the following polynomials in the indicated
regions.
1. 28 =520 4 23 — 22, in |z] < 1.
2. 224 — 22842222249, injz <1
3.22° 622+ 241, inl<|zl<2
4. 27 =225 462° — 2+ 1, in |z| < 1.
(Hint: Look for the biggest term when |z| = 1 and apply Rouché’s
Theorem.)
5. 2% — 62 +3, inl<|z]<2.

6. 2 +82°+3224+82+3, inRNz>0.
(Hint: Sketch the image of the imaginary axis under the mapping
by the given polynomial and apply the argument principle to a
large half-disk.)
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7. Prove the following form of Rouché’s Theorem: Suppose f(z) and g(z)
are meromorphic in a neighborhood of the closed disk |z — a| < R with no
zeros or poles on the circle C : |z —a| = R. If Zy, Z, (P, P,) are the
number of zeros (poles) of f(z) and g(z), respectively, inside C, counting
orders, and if
)+ 9()] < 1£()] + lg(2)]
on C then
Z;— Py =27,- P,

f(2)
9(2)
f(z
(

f()
9(2)

as a well-defined primitive for

(Hint: The inequality ‘— + 1‘ < ‘ + 1 does not hold on C' if

is real. Then define a branch of log ))
z

[f(=)/9(x)] )
f(2)/9(z) -

9.4. Simple-pole expansion of meromorphic functions

9.4.1. A theorem of Cauchy. A particular case of a theorem of
Cauchy [40], p. 305, asserts that if all the poles z,, of a meromorphic func-
tion f(z), which is analytic at z = 0, are simple and have increasing moduli,
|z1] < Jz2| < |z3] < ..., n=1,2,3,..., and if f(2) is bounded,

f(z)| <M VYzeC,, n=123,..., (9.4.1)

for some M > 0 on some regular system of paths C,, (to be defined later),
then the following formula holds:

+Z(

(see, for example, [44], p. 175, [42], p. 266, [33], p. 430). This decomposi-
tion falls under the general theorem of Mittag—Leffler.

Partial fraction expansions of elementary meromorphic functions of a
complex variable, such as

) Res f(z) (9.4.2)

2=2n

1 1 sinaz sinaz cosaz cosaz

—, , —, , , : , tanz, cotz, (9.4.3)
sinz’ cosz’ sinz’ cosz = cosz sin z
where |a| < 1, and the corresponding hyperbolic functions are derived in
numerous text and reference books by means of (9.4.2). If the function
f(2) has a pole at z = 0 (for example, 1/sinz, cotz), to apply formula
(9.4.2) one has to consider the difference f(z) — g(z;0) instead of f(z),
where g(z;0) is the principal part of the Laurent series expansion of f(z)
with center z = 0. For example, instead of 1/sinz and cotz one has to
consider 1/sinz — 1/z and cot z — 1/z, respectively.



9.4. SIMPLE-POLE EXPANSION OF MEROMORPHIC FUNCTIONS 347

In this section, condition (9.4.1) is replaced by the condition

f O (9.4.4)
and, instead of (9.4.2), the simpler formula,
f(z) =) —— Res f(2), (9.4.5)
n=1 n o

is derived.

It is proved that the functions listed in (9.4.3) satisfy condition (9.4.4)
and therefore they can be expanded in partial fractions by means of (9.4.5).
The expansions obtained by this procedure coincide with the expansions
produced by the less simple formula (9.4.2). The advantage of (9.4.5) over
(9.4.2) is that even if f(z) has a simple pole at z = 0, there is no need to
construct an auxiliary function which is regular at z = 0.

DEFINITION 9.4.1. A system of closed paths C,, (n = 1,2,3,...) is
called regular if the following three conditions are satisfied:

(a) The path C; contains the point z = 0 and each path C,, lies inside
the region bounded by the path C) 4.

(b) The distance, d,,, from C,, to the origin increases without bound
as n increases.

(¢) The quotient of the length, I, of C;, to the distance d,, remains

bounded:

l
-~ < A = constant > 0.

n

We note that the quotient in (c) is equal to 27 for a circle |z| = R, and
V/2/2 for a square centered at the origin.

9.4.2. Partial fraction expansion theorem. We prove the follow-
ing theorem, which is a particular case of a theorem proved in [41], p. 219.

THEOREM 9.4.1 (partial fraction expansion). Suppose that a
meromorphic function f(z) satisfies the condition

f(©)
li
nl—>H;o c, C— z

on some reqular system of paths C,. Moreover, suppose that the poles z
of f(z) are simple and have strictly increasing moduli,

¢ =0 (9.4.6)

|21|<|22|<|2’3|<"'<|2k|<....

Then the partial fraction expansion formula (9.4.5) holds for any z such
that z # 2z, (k=1,2,3,...) and 2 ¢ Cp,, n=1,2,....
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ProOOF. Consider the integral

VI

211 CnC_Z

dg, (9.4.7)

where z is an arbitrary but fixed point lying inside the closed path C,, and
distinct from any poles zj of f(¢). The integrand in (9.4.7) has simple poles
at ¢ = z and at ( = 2, inside the region G,, bounded by C,,. Therefore, by
the residue theorem we have

f( de =1z ; Res [ ] (9.4.8)
However,
e 2% = o [(c - 2]
= L tim [(¢ — 20)f(Q)

(Zk — Z) (—zg

1
:Zk_ZCRgif(C)
- Res f(z).

Z — R Z=2k

Then (9.4.8) can be written in the form

%Zf C_ch o+ Y

2, €Gp

Res f(z). (9.4.9)

Zk — 2 z=z2k

Taking the limit in (9.4.9) as n — oo and using (9.4.4), we obtain (9.4.5).
Moreover, since the left-hand side of (9.4.9) tends to zero as n — oo, then
the right-hand side of (9.4.9) also tends to zero; this fact, in turn, guarantees
the convergence of the series in (9.4.5). O

NOTE 9.4.1. The series (9.4.5) should be understood in the following
sense:

Zz_zkﬁiif )= lim >

k=1 2k €Gp

Res f(z2).

Z — Rk Z=Zk

That is, one first computes the terms related to the poles inside Cy; then
one adds to the partial sum the terms related to the poles lying between
C4 and C5, and so on.
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Im ¢
S n Y, R,
Cn
_’Yl’l O Yn Re C
P, " o,

FIGURE 9.3. The path C,, for cscz in Example 9.4.1.

9.4.3. Examples. We present two simple examples of partial fraction
expansion of meromorphic functions.

EXAMPLE 9.4.1. Ezpand the meromorphic function
fz)= — (9.4.10)

in partial fractions.

SOLUTION. To use (9.4.5) one has to show that (9.4.10) satisfies (9.4.6).
For C), we take the square P,,@, R, S, with vertical sides through the points
+9, = £(2n+ 1)7/2 (see Fig 9.3). Letting ¢ = £ + in, we have

= |, e

e
= fi C— ][] (64.11)

<l
n Je, |sind|
dn =min|¢ — 2|, |sin¢| = y/sinh? 7 + sin® ¢, (9.4.12)

and d,, — o0 as n — oo since z is fixed. Hence

1 d
[In| < —(/ +/ +/ +/ ) [ ldc] ] (9.4.13)
dn n Q’Vl n Rn n S’Vl S’Vl P’n, | SID <|

where
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On the segment P,Q.,, ( = £ — iy, and |d¢| = d§. Thus, letting £ = ~v,t,
we have

/ d¢| _ [ de
P,Q, |sing] —~n /sinh? 7, 4 sin? &

! dt
=Tn — —
-1 \/smh Yn + sin” y,t

— 0 as n — oo.

(9.4.14)

Similarly, the integral along R,,S,, approaches 0 as n — oco. On the segment
QnRn, ¢ = v + in and |d¢| = dn; thus we have

[ dw i
QuR, |Sin( —n V/sinh® ) + sin?

T d
= 2/ " _ farctane”
o coshny

Tn

. (9.4.15)

T
=4 (arctan e’ — —)
4
-7 as n — o0o.
Similarly, one can show that the integral along S, P,, approaches —m as

n — oo. It follows from (9.4.13)—(9.4.15) that I,, — 0 as n — oo. Hence,
by (9.4.5) we have

1 1 1
—_— = E Res —
sin z Z — nm z=nw sin z

- i Z(__lj; + nf: Z(;IE:T (9.4.16)

~+2 g —— . 0O
z +ez 22 —

n=1

Thus we have derived the well-known expansion (9.4.16) by means of
formula (9.4.5).
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NOTE 9.4.2. According to Note 9.4.1, the summation in (9.4.16) has
to be taken by grouping terms as follows:

1 1 1 1 1
- - + + + — ...
z z—m z4+w z—27  z4+27

The summation in Example 9.4.2 will be done analogously.

It can similarly be proven that condition (9.4.4) holds for the remaining
functions in (9.4.3) (except for tanz and cotz). In the case of functions
containing cos z in the denominator one has to take for the path ), a square
with vertical sides through the points £n7w forn =1,2,3,....

The partial fraction expansions of the functions in (9.4.3) by means of
(9.4.5) or (9.4.2) are identical.

We also note that it is not more complicated to prove (9.4.4) than to
prove (9.4.1) for the functions in (9.4.3) (see, for example, the proof of
(9.4.1) for |f(2)| = |cot z| in [42] on p. 268).

EXAMPLE 9.4.2. Expand in partial fractions the meromorphic function

f(z) = cot z. (9.4.17)

SOLUTION. We first show that condition (9.4.6) of Theorem 9.4.1 holds
for the square C,, = P,Q,R,S, shown in Fig 9.3. In this case it is conve-
nient to carry out the proof by combining the integrals along the opposite
sides of C},. Using the identity

cot ¢ = cot (€ +in)
cos¢siné — i coshnsinhn (9.4.18)

3

cosh?n — cos? &

we have (see Fig 9.3 and Example 9.4.1)

U, o) 54

:/” [cot({—i'yn)_cot(g—l-iyn)] de
f—i%—z §+i7n_z

—Tn

— [ e {e - oloot € = 1) — cor(e+ i)

+ 1, [cot (& + ivn) + cot (€ — wn)] } d§
9 /% E—z cosh 7y, sinh v,
=2
—Yn (€ —2)%2+ 72 cosh? Vn — cos2 &

Y /W 1 cosésing
i
) —Yn (€ —2)%2+ 72 cosh? Vn — cos2 &
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py /1 t— Z/V; cozh Y, sinh 7y, it
1 (t—=2/v)?+1 cosh® v, — cos? y,t
1 .
1 t t
+2i / . COTIEEIT_dt (9.4.19)
1 (t—2/vn)?+ 1 cosh®y, — cos? y,t
Since v, = (2n + 1)7/2, then for all ¢t € [—1, 1] we have
. cosh 7, sinh v, . COS Yt siny,t
lim 5 =1, lim 5 =0
n—oo cosh” v, — cos2 y,t n—oo cosh” v, — cos? y,t

Since the integrand in (9.4.19) is continuous on the interval —1 < ¢ <1 for
1 <n < o0, then the limit and the integration can be interchanged and we

have
1
lim </ / )[C(’tc C}_%/ —2t dt
n—oo PnQn RS, -z 1 te+1 (9.4.20)

=0.

Similarly,

ow L) 554

Tn 1
Z/ [Cot (yn +in)  cot (va m)] i

Tntin—z itz

. ’Y’Vl 1 ) .
T B 2ian - 22 {7" [cot (v + i) = cot (3 — in)]
—In N

+ (z —in) [cot (Yn +in) + cot (v, — m)] } dn

B / Tn 1 coshnsinhn d
" vy VB 0?7+ 2i2m — 22 cosh®n — cos?,

Lo /7” z—1in COS 7Yy, Sin 7y, d
o V20?4 202 — 22 cosh® ) — cos? 7,

(setting n = v,t and noting that cosvy, = 0)
! 1
=2 /,1 BT Zist) = 22 bt
2/1 12+ 1 = 2%/92 = 2izt/ v
@+ 1= 22/ + 4227
_2/1 (t2 + 1 — 22/42) tanh y,t
GRS R R e
B 4/1 (izt/ ) tanh y,t
(2 + 1= 22/77)% + 4222 /7

tanh v, t dt
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— 0, (9.4.21)

as n — 0o0. The second last integral is zero since the integrand is odd and

the limits of integration are symmetric. Thus (9.4.20) and (9.4.21) imply
(9.4.6). Hence, (9.4.17) can be expanded in partial fractions by means of
(9.4.5) as follows:

o0

1
cotz = Z po— Zfi?grcotz

n=—oo

N
. 1
lim E
N —o0 zZ—Nm
N

n=—

1 4L Moo

:1. —

Ngloo(z_Fy;z—nw_'—;z—i—nw)

Ly N9,
= — 1m &=

z Nﬂoon:122—n2ﬂ'2
71+2i ! O (9.4.22)
= > Zn:1 22—112772' A

We note that the series (9.4.22) and (9.4.16) are absolutely and uni-
formly convergent in any disk |z| < R with deleted rings |z — nn| < 6
(n = 1,2,3,...) for arbitrary large R, since the series in (9.4.5) can be
majorized by the convergent series of positive terms

>
2 [n2x? —R|’

1 < 1 < 1
0272 — 2| = [n2a2 — 2] ~ 2 —R|

because

The proof of (9.4.4) for the function f(z) = tanz can be done similarly;
one has to take squares, P,,Q, R, S, with vertical sides through the points
tnr (n=1,2,3,...).

REMARK 9.4.1. We note that a more general formula than (9.4.5) is
given in Problem 27.02 on p. 262 in [21], namely,

lim lf(z) - Zg(z; Zk)} =0, (9.4.23)

n— o0
k=1

where g(z; zx) is the principal part of the Laurent series of a meromorphic
function f(z) with center z = zj. If all the poles, zx, of f(z) are simple,
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then

Res f(z)

g(z; Zk) - Z — R 272k

and formula (9.4.23) is transformed into (9.4.5). However, the derivation
of (9.4.23) in [21] is done under more stringent conditions than for (9.4.4),
namely,

|dz|

li =0. 9.4.24
m ¢ G (94:24)

It can be shown that 1/sin z satisfies (9.4.24), but tan z and cot z do not
satisfy this condition. Therefore, in [42], p. 268, one proves the bound-
edness of |cotz| on the paths C, (that is, condition (9.4.2)), and then
f(z) = cotz — 1/z is expanded in partial fractions by means of (9.4.2).

9.5. Infinite product expansion of entire functions

9.5.1. Infinite products. Consider a sequence
b1, ba, «ooy bpyenn,

where b, is either a complex number or a complex-valued function of the
complex variable z, such that b, # 0 and lim,,_, o b, # 0 for all n. Denote
partial products as follows:

P, = by, Py=biby, ...,  Po=biby- by =[] bk .... (9.5.1)
k=1
DEFINITION 9.5.1. An expression of the form

ﬁ be (9.5.2)
k=1

is called a formal infinite product.

DEFINITION 9.5.2. We say that the infinite product (9.5.2) is convergent
and is equal to P # 0 if the limit

P=lim J] b (9.5.3)
k=1

exists, is finite and is not equal to zero. If (9.5.3) has no nonzero finite
limit, then the infinite product (9.5.2) is said to be divergent and has no
numerical value.
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EXAMPLE 9.5.1. Prove that

lim H (1 + 227671) = lim (1+2)(1+2%)(1+ 227171)
k=1

(9.5.4)
1

1—=2

in the unit disk |z| < 1.

SoLUTION. We have

n

(=L (1+227) = (=) +2) 0+ 22) (1424 (14227)

k=1
(A1) () (12
= (1 — 24) (1 + 24) e (1 + 22%1)
= (1 — 22%1) (1 + 227171)
=1- 22"
Hence,
. ok—1\ . gn
(1-2) nlirrgo]};[l (1 +z ) = nhﬂn;o (1 z ) (9.55)
=1,
since |z| < 1. Formula (9.5.4) follows from (9.5.5). O

THEOREM 9.5.1 (necessary condition for convergence). If the infinite
product (9.5.2) is convergent, then

lim b, = 1. (9.5.6)

n—oo

PROOF. Suppose that the limit

P=lim J]bx#0 (9.5.7)
is finite. Then the limit .
P = lim [] b (9.5.8)
k=1
also exists and is finite. It follows from (9.5.7) and (9.5.8) that
b
lim b, = lim ng u
n— 00 n— 00 kel bk
P
=—==1 0

P
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NOTE 9.5.1. The necessary condition (9.5.6) for the convergence of an
infinite product is similar to the necessary condition of Theorem 4.1.1 for
the convergence of an infinite series

> a, (9.5.9)
k=1

that is, if the series converges, then lim,, ., ax = 0.

However, the converse is not true. As in the case of series, the test
(9.5.6) is only necessary. There exist divergent infinite products satisfying
(9.5.6), as can be seen from the following example.

EXAMPLE 9.5.2. Prove that

& 1
nlLIr;OICI:[l (1 + E) = 00, (9.5.10)

. 1
kllrgo (1 + E) =1.

SOLUTION. Considering the identity
- 1 - 1
H (1 + E) = exp(lnH [1 + E])
k=1 k=1
=ex i In{1+ 1
- p —~ k 9

we see that the infinite product on the left-hand side is divergent if the
series on the right-hand side is divergent. Since

In(1+1/k) ~ 1/k, as k — oo,

and the series Y p- ; 1/k is divergent, then the series >~ In(1 + 1/k) is
divergent. Therefore, (9.5.10) follows from (9.5.11). O

although

(9.5.11)

In the previous solution, we have used the following analog of Bertrand’s
test for the convergence of improper integrals (see [50], p. 71).

THEOREM 9.5.2. If all a, > 0 and ap, = O(1/k*) as k — oo, then the
series 22021 ay, is convergent if a > 1 and divergent if a < 1.

From Theorem 9.5.2 it can easily be shown that

ﬁ (1 + kia) (9.5.12)

k=1
is convergent for a > 1 and divergent for o < 1.
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If we let by, = 14-ay, then the necessary condition (9.5.6) for convergence
of an infinite product,

H (1 + ax), (9.5.13)
has the form
klim ar = 0. (9.5.14)
Furthermore, we have
H (1 + ax) —eXp(ZIOgl—l—ak) k=0,4£1,42,..., (9.5.15)
where
log(1 4 ax) = Log(1 + ay) + 2mmi (9.5.16)
and

Log(1+ag) = In|1 + ag| + i Arg(1 + ag),
—m < Arg(l+ax) <7. (9.5.17)

For finite n, one can take any branch of log(1 + a) in (9.5.15), that is, any
fixed value of m in (9.5.16), since e>™™ = 1. For instance, taking m = 1,
we have

log(1+ ax) = In|1 + ag| + i Arg(1 + ax) + 27i. (9.5.18)

However, it should be taken into account that the necessary condition
(9.5.14) for convergence must be satisfied. Therefore

klim Arg(l+ax) = Argl

= 0.
If the series
> Log(l+ax) = [In|l+ar| +iArg(l +ax)] (9.5.19)
k=1 k=1

is convergent, then the series, with the kth term given by (9.5.18), is diver-
gent, since

2r+ 2+ 27+ -+ 270+ ... — 00, as n — oo.
Hence, in this case, one should take

[T+ ax) =exp (Z Log(1 + ak)> (9.5.20)
k=1

k=1
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instead of (9.5.15). But it is irrelevant that the argument

A= Z Arg(1 + ag)
k=1

of the series satisfies the inequality —m < A < m, provided it converges. If,
for instance, A = 47 /3, then (9.5.19) becomes

o0 o0 4
ZLog(l +ag) = Zln|1 +ag| + =i
3
k=1 k=1
4m

=B+ 5.
It then follows from (9.5.20) that the limit
lim H(l + ak) = eB+47ri/3
k=1

n—oo

exists. Conversely, if the limit

Q= lim [T +an

k=1

is finite and distinct from zero, it follows from (9.5.20) that

Q = lim exp (ilog(l + ak)>

n— o0
k=1

exp( lim Zlog(l + ak)>,
that is,

log@Q = lim Zlog(l + ag).
Hence, the convergence of the series (9.5.20) is necessary and sufficient for
the convergence of the infinite product (9.5.13). Since a, — 0 as k — oo,
then

log(1 + ax) ~ ag, as k — oc.
Thus, both series - ; log(1+ax) and >~ .~ ; a either diverge or converge.
Therefore, we have proved the following theorem.

THEOREM 9.5.3. If all ar, > 0, then a necessary and sufficient condition
for the convergence of the infinite product (9.5.13) is the convergence of the
series Y oo | Q.
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As in the case of a series, the concept of absolute convergence is intro-
duced for an infinite product. It follows from (9.5.20) that a permutation of
the factors in the infinite product [],—, (1 + ax) corresponds to a permuta-
tion of the terms of the series > ;- log(1 + ay), which is either convergent
or divergent together with the series Y ;- | ai. It is known that a permu-
tation of the terms of the series Y ;- | aj does not change its sum only if
it is absolutely convergent. In this case, by (9.5.20), the infinite product
also does not change value. Therefore it is natural to have the following
definition.

DEFINITION 9.5.3. An infinite product []r (1 + aj) is said to be ab-
solutely convergent if the series > - | aj, is absolutely convergent.

The following theorem follows from this definition and Theorem 9.5.3.

THEOREM 9.5.4. A necessary and sufficient condition for the absolute
convergence of the infinite product [T, (1+ax) is the absolute convergence
of the series Y po | ay.

9.5.2. Infinite product expansion of entire functions. The ex-
pansion of an entire function in the form of an infinite product is a natural
generalization of the expansion of a polynomial P, (z) into its factors.

DEFINITION 9.5.4. The infinite product

o0

[T+ £z, (9.5.21)

k=1
whose factors are not equal to zero in a domain D is said to be uniformly
convergent in that domain if the sequence of functions

n

Fo(z) =[]0+ fe(2)],  n=1,23,..., (9.5.22)
k=1

is uniformly convergent in D.

Using Theorem 9.4.1 for expanding a meromorphic function with sim-
ple poles into partial fractions, one obtains the following theorem for the
expansion of an entire function in the form of infinite product.

THEOREM 9.5.5. Let f(z) be an entire function with zeros zy of order
ng. Suppose that the meromorphic function

f'(2)
f(z)
satisfies condition (9.4.6) of Theorem 9.4.1, namely,

F(z)=

. FQ .
lim fcn ¢ =0, (9.5.23)

n— o0 — 2z
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where the integral approaches zero uniformly in any disk |z| < R not con-
taining the disks |z — zi| < §. Supppose, moreover, that f(0) # 0. Then
f(2) has the infinite product representation

f(z) = f(0) ]O_O[ (1 - i)nk , (9.5.24)

2k
which is uniformly convergent in any bounded region of the complex plane.

PRrROOF. It follows from Theorem 9.1.1 that the logarithmic derivative
F(z) = f'(2)/f(z) has simple poles at the zeros z; of the entire function
f(2) and does not have any other poles. Since the order of the zero z is
ng, then, by (9.1.2),

Res F(z) = ny. (9.5.25)
Z=Zk

Substituting (9.5.25) into (9.4.5), we obtain
> Nk d

F(z) =) = — log f(2), (9.5.26)

zZ—z dz
k=1 k

and integrating F'(z) along any arbitrary path joining the the origin to any
point z and not passing through any zeros of f(z), we obtain

log f(z) —log f(0) = an log(z — zx) j:;
i - (9.5.27)
= anlog (1 — i) .
k=1
Then (9.5.24) follows by taking the exponential of (9.5.27). O

NOTE 9.5.2. Formula (9.5.24) has not been found in the literature,
where one uses (9.4.2) instead of (9.4.5) for expanding F(z) into partial
fractions in the form

1) = F0) OO ] (1-5) e s

z
k=1 k

In this expression, each factor

1-— z e/ %k
2k

is repeated ny times, where ny is the order of the zero zj.
EXAMPLE 9.5.3. Ezpand in an infinite product the function

e) = {(sinz)/z, z #0,

9.5.29
1, z=0. ( )
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SOLUTION. The logarithmic derivative of f(z) is

=) /(%)
() /()

=cotz — —.
z

It is proved in Example 9.4.2 that cot z satisfies condition (9.5.23), and one
can easily show that 1/z also satisfies (9.5.23). Moreover, f(0) = 1 # 0,
so that all the conditions of Theorem 9.5.5 are satisfied and one can use
(9.5.24). In this case the zeros of (sinz)/z are

o=k, k=+41,42,...,
with order ny = 1. Hence, it follows from (9.5.24) that

sin z 10—0[ (1_i)
z km
k

[
- 2\ z
T2 L0+ )
o H km H + km
k=1 k=1
o0 22
- <1 B m) |
k=1
Therefore
sin z ad 22
= 1———]. 9.5.30
z < k22 > ( )
k=1
This well-known formula is usually derived by means of the more compli-
cated formula (9.5.28). O

EXAMPLE 9.5.4. Ezpand in an infinite product the function

fe) = {[(sinz)/z]m, z#0,

) (9.5.31)

) ZZO’

where m is an arbitrary positive integer.

SOLUTION. The logarithmic derivative of f(z) is

e[ (2]

msin™ 'zcosz msin™ 2z z
- om - Zerl

m

sin™ 2



362 9. FURTHER APPLICATIONS OF THE THEORY OF RESIDUES

m
=mcotz — —.
z

Since this function is similar to the one in the previous example, condition
(9.5.23) is satisfied and one can use (9.5.24). Thus, we have

(=) -1 (-2)"

k=—o0
k40
=dm JT(1-7) T +4)
k=1 k=1

I
x>
I 8
MR
N
—
|
?T‘
V| w
3|
[\v}
N——
3

that is,

sinz\" i 22 \"
k=1

This formula can be found by raising (9.5.30) to the power m since it can
easily be proved that

T(e=)] -I(e)

We leave the proof to the reader. O

EXAMPLE 9.5.5. Ezpand in an infinite product the function
f(z) = cos™ z, m € N. (9.5.33)
SOLUTION. The logarithmic derivative of f(z) is
F(z) = (cos™ z) cos™ ™z
= —mcos™ !z sinz cos™™ 2

= —m tanz.

One easily verifies that tan z satisfies condition (9.5.23), as in Example 9.4.2.
Moreover, since the zeros of f(z),

zk:(2k—1)g, k=0,+1,+2, ...

are of order ny = m, then by (9.5.24) we have

cos™ z = ﬁ {1_m]m

k=—o0
k#0
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=i [ =) 1[0 @m)

k=1
_ 2.2
P (2k — 1)%x
Thus,
. 00 422 m
k=1

Exercises for Sections 9.4 and 9.5

Expand the following meromorphic functions in partial fractions.

L Jz) = sirllz'
2. f(z) = mcothz.
3. f(z):tanﬂ.

2
3. f(z) = sec %

Evaluate the following infinite products.

5ﬁ{1+m}

7. Where does the infinite product [~ (1 — zk) converge absolutely?
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8. Prove that the infinite product [] -, (1 + ak) is absolutely convergent if
and only if the infinite product [[;-, (1 + |ak|) is convergent.

9. Prove that sinhz = [[,—, (1 + %)



CHAPTER 10

Series Summation by Residues

10.1. Type of series considered

In this chapter, we consider the summation of series of the form

Si= Y f(k), Sy= Y (=1)Ff(k),
k=—o0 k=—o00

Ss= > (DFf(R)er, Si= > f(k)ek, (10.1.1)
k=—o0 k=—oc0

Ss = f(k), So = (=1)*f(k),
k=1 k=1

where f(z) = Pn(2)/Qm(2), P.(z) and Q. (z) are polynomials of degrees
n and m, respectively, m > n+2 (also m > n+1 for the series S3 and Sy).
We also consider the summation of series of the form

St= Y fw), Ss= Y flw)e™, (10.1.2)

k=—0o0 k=—o0

where v, are the real roots of some transcendental equation (for instance,
the zeros of an entire function). Finally we consider the summation of S7
where 7, are the complex roots of a transcendental equation (for instance,
the roots of the equation sinh z + z = 0).

Series of the form (10.1.1) are considered in the literature (see, for
example, [21], pp. 241-247, [44], pp. 188-191, [51]), but a systematic study
of the series (10.1.2) seems not to have been done. There are two examples
in [21] for the case where ~; are the roots of the equation tanz = z.
The summation of the series (10.1.1) and (10.1.2) is done by means of one
common method based on the following theorem.

THEOREM 10.1.1. Let P, (2)/Qm(z) be a proper rational function, that
is, m > n, and let F(z) be an entire function such that the poles, i, of
F'(z)/F(z) tend to infinity as k — oo. Also let Cy be a reqular system of

365
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paths (see Definition 9.4.1). If

Y R E b ar Kl (10.1.3)
then
Pa(2) F'(2)| _ . P,(z) F'(2)
2 Re [Qm(?r) F(z)] =2 R [Qm(?r) F(z)] (ol

where zy, are the zeros of the polynomial Qm(z) and z # i for all k and l.
ProoOF. By the residue theorem,

P.(z) F'(2)

o, Qm(2) F(2)

=2mi (Zk: Res + Zk: Res> { 5:;((?) 1;((;)} , (10.1.5)

2=k

dz

where 7, are the poles of F'(z)/F(z) and z, are the zeros of @, (2) inside
the path Cy. Considering the limit of (10.1.5) as k — oo and using (10.1.3),
we obtain (10.1.4). O

By choosing F'(z) properly, one can find formulae for evaluating the
sums 57 to Sg.

10.2. Summation of S,

We obtain a formula for the summation of series of the form

= Py(k)
Sy = k:zoo ooy " >n+2, (10.2.1)

by taking the entire function
F(z) =sinmz

whose zeros are v, = k. In this case, the path C} is conveniently chosen to
be a square with vertices A, By, Dy, Ey, at the points

(£(2k+1)/2,£(2k+1)/2)
(see Fig 10.1). Here the function
F'(2)
F(z)
has simple poles at v = k. We need to prove that

=mcotmz

P,
lim () otmzdz =0, (10.2.2)
k—oo Ch m(Z)
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y
Ek Dk
Ck
 2k+1 0 21 X
2 2
Ak Bk

FI1GURE 10.1. The square path Cj.

Since m > n + 2, (10.2.2) can be proven similarly to (9.4.23). But the
boundedness of | cot mz| on the path Ay By Dy E),, namely |cotmz| < M for
all k=1,2,..., follows in a simpler way than in (9.4.23) (see [42], p. 268).
Hence, using Theorem 9.4.1 and substituting F(z) = sinmz in (10.1.4), we
obtain the following formula for evaluating Si:

>

k=—o0

Pn(k) = —T €S Pn(Z) cotlmz m n
o = Zk:fi [Qm(z) t ] >n+2, (10.2.3)

where z; are the zeros of @Q,,(2) and no z is equal to an integer.

NotE 10.2.1. If, for some k = k, z, = N where N is a positive or
negative integer, then (10.2.3) reduces to

[e3e] Pn(k) - e Pn(z) cot 12
k;m Qm(k) ;z}izsk [Qm(Z) t } . (10.2.4)
k#k

We note that the residue at the point z; = N is included in the right-hand
side.

NoOTE 10.2.2. If P, (k)/Qm(k) is an even function, then (10.2.3) can be
written in the form

1 P,(0) +§: Pn(k)) _ _g szi‘ii [P"(Z) coth} . (10.2.5)
k=1 k

2 Qm(0) Qum (k Qm(z

ExXAMPLE 10.2.1. Sum the series

- 1
> 5—5.  a>0. (10.2.6)
—kita

~—
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SoLuTION. The conditions P,(z) = 1, Qm(2) = 22+ a?, n = 0, and
m = 2, are such that (10.2.5) is true. The roots of the equation 224 a? = 0

are z1 = ai and zo = —ai. Therefore by (10.2.5) we have
=1 1 1
;l@—i—a? T T2 2 (f{isz—i-zf_{e%l) [22—1—(12 CO“TZ}
_ 1 m |cotmai  cotmwar
22 2| 2dai 2ai
1 s
= — ﬁ + % COthﬂ'G/,
since cot rai = —i coth ma. Hence,
=1 1 1

NoOTE 10.2.3. To obtain the formula
Siot
s =—
= k 6

it is sufficient to consider the limit in (10.2.7) as a — 0 (or use formula
(10.2.3) as the reader may check):

— 1
,;ﬁ _i%—(ﬁacothwa— 1)

. macoshma — sinh 7a
= hm

2 a—0 a?sinh a

TN S0 B P

2

F.
NoOTE 10.2.4. To sum the series

o0

1
21 42)2
— (k* + a?)

it suffices to assume that a? = « in (10.2.7) and differentiate with respect
to the parameter a:

Z __d [meothmy/a 1
k:l k2+a2  da 2/a 2

a=a?
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10.3. Summation of S5

To evaluate the sum

Sy = —1)* , m>n+2, 10.3.1
one need only take
F'(2) ™
= 10.3.2
F(z) sinmz’ ( )
since then
0
— = (-1)k.
(sinmz)"|,_, (=1)

Let us use the same system of paths shown in Fig 10.1. To use Theo-
rem 10.1.1 one has to prove that

. P,(z) dz
lim . =
k—oo Jo, Qm(z) sinmz

(10.3.3)

Since m > n + 2, formula (10.3.3) can be proven as was done in Example
9.4.1. Hence, all the conditions of Theorem 10.1.1 are satisfied, and, substi-
tuting (10.3.2) into (10.1.4), we obtain the following formula for evaluating
Sg:

P, (k) P,(z) 1
(—1)* =-7) Re :
2 Vgm T Ry { ]

Qm(z) sinmz
m>n+ 2, 2z ¢ Z. (10.3.4)

NotE 10.3.1. If, for k = ky,ke,...,k;, 21 coincide with the integers
N1, Ns, ..., Ny, respectively, then one has to drop the terms of the series
(10.3.4) with k1, ko, ..., k; from the left-hand side, but keep the residues on
the right-hand side at the points zx = N1, No, ..., N;.

If the function P, (k)/Qm (k) is even, it follows from (10.3.4) that

2Qu(0) ' ;(_1) Qm(k) _E;Z}iezsk [Qm(Z) Sinwz} - (10.35)
ExAMPLE 10.3.1. Sum the series
i Rl a>0 (10.3.6)
Pt k2 + a2’ . 0.

SOLUTION. In this case
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so that the singular points of f(z), 2 = +ai, are simple poles. Using (10.3.5)
we obtain

= (=1)k 1 7 1 1
=—————— [ R R _
; k2 +a? 2a2 2 Z:%Si—i- =0 22 +a? sinmz

_ 1 T 1 1

T 242 2 (2aisin7rai + 2aisinﬂ'ai>
1 T 1

"~ 2¢2 ' 2 gsinh7a’

Therefore

= (—1)F 1 v
=4+ ——  [O 10.3.7
; k2 + a2 2a2 + 2a sinh wa ( )

ExXAMPLE 10.3.2. Ewaluate the series

o~ (=1)*
; TR (10.3.8)

SoruTIoN. It suffices to differentiate (10.3.7) with respect to a = a*:

= (=1)F d [1 ﬁ
Z (k2 +a2)?  da [204 2/ sinh (w\/a)}

k=1 (10.3.9)
1 _i s 72 cosh ma 5
" 2a a3 2a2sinhma = 2asinh®7al|
ExXAMPLE 10.3.3. Ewaluate the series
— (—1)*
> T (10.3.10)

k=1
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SoLuTION. It is sufficient to consider the limit as @ — 0 in (10.3.9) or
use Note 10.3.1:

= lim

i(—l)’C 1 [w2a2cosh7m ma _2]

Pt k4 a—0 @ sinh2 Ta sinh ma
i m2a? cosh ma + ma sinh ma + 1 — cosh 27a
= lim
a—0 4a* sinh? ra
2 4
ziiin[w%ﬂ (1+%+ (WZ) +)
3 5
+ra (m+ (ma)®  (ma) +> (10.3.11)
3! 5!
(2ma)?  (2ma)*  (27a)® 1
2! 4! 6! T An2q8
1 76a5 1 1 26
TN azs i TR e
- T
720"

To derive (10.3.11) one uses the identity 2sinh®7a = cosh2ma — 1 and
Maclaurin’s series for the functions coshy and sinhy. O

In [21], in Problem 30.03(8) on p. 297, instead of Y ;o (—1)"/n?
one should read Y 2 (—1)"/n* since the given answer (apart from the
sign) coincides with (10.3.11). The series > - 1/n% and > 7 (-1)"/n?
cannot be evaluated in closed form by means of (10.3.5). However, these
can be evaluated by means of a partial fraction expansion of the logarithmic
derivative of the gamma function (see the hint for Problem 30.10 on p. 299
in [21]).

ExXAMPLE 10.3.4. Ewaluate the series

i (D" (10.3.12)

k4
k=1

in closed form by means of the formula

— (¥ 1
= — _ 10.3.1
Z k4 WE{ZGOS zAsinmz (10.3.13)

k=—o0

k0
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SOLUTION. Since z = 0 is a pole of order 5 of the function 1/(z*sin 72),
it follows from (10.3.13) that

0o (4)
(—1)F 1, 20
2 = —a7—1 -z
; k4 7T4! o zAsinmz

mo.odt oz 10.3.14)
T im & ( ) (10.3.
41220 424 \sinrz

7T4 1 d4 zZ1
— lim — [ =
4! 210 dzf \sinzy )’
where we have set 7z = z1.

A direct computation of the fourth derivative at z; = 0 is tedious. We
use the trick which allows us to do it faster not only in the case of the fourth
derivative, but also in the case of the sixth derivative, which is needed in
the next example. Replacing z; by z, we have

d* ( z ) dt z

dz* \sinz z:o_dz42—§+§—---
o 1
dz* 1- %+ 5 — ... |-

(10.3.15)

(we have kept only the terms up to z* since higher powers of z, after
differentiation, will disappear as z — 0). Expanding the function on the
right-hand side of (10.3.15) in a Maclaurin series (in even powers of z since
the function is even), we have

1
f(z)= > o
e Rk (10.3.16)
:1+a222—|—a4z4+...,
where
1 1
a2 =57 "(0),  as= g5 f(0).

Our aim is to compute ay4. It follows from (10.3.16) that

2 4 22
1=(1 )l =-—=4 == —-... ). 10.3.17
(1+ a22® 4+ agz* + )< = 1 T30 > ( )
Equating the coefficients of 22 and z* in (10.3.17), we obtain
1 1
O:CLQ—E, that iS, CLQZE,
1 7
O=as— 24— that is, a4 = ——.

6 120
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Thus,
(10.3.18)

7.4 dt z
W)= L= & (=L
70 360  dzf (sinz1> o

Substituting (10.3.18) into (10.3.14) we obtain, as in the previous example,

that
i(_l)k* 7t
k7207
k=1

ExaAMPLE 10.3.5. Sum the series

i (_1)k. (10.3.19)

k6
k=1

SOLUTION. Using the formula

o (D 1
X = RS (10.3.20)
k#£0
we have
— (- 1 ( 2 )<6>
21@71 kS __ﬂ-_!zhi% sinmz

6

T . z (6)
-6l zl—% (sinz)

_ e ]
o | \1- 22 2+

™ )
=T 1O0)

To derive (10.3.21) one uses the substitution 7z = z; and replaces z; by z
again. Thus we have
1

)=
N

=1+a222+a424+a626+....

(10.3.21)

2=0

Hence
2 4 6
1:(1+a222+a4z4+a626+...) <1—Z——|—Z——Z——|—...).

Equating the coefficients of 22, z* and 2, we have the system
1

OZG/Q—?
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- a9 1
0—@4—5"1‘5
a4 ag 1
O=as =5+ 5 ~ 7
whose solution is
S S A S i (1)
S 47360 = 15120 ~ 6!

Substituting f(©(0) into (10.3.21) we obtain

K6 30240’

i (—1)* 3176
k=1

which coincides with formula 5.1.2(3) (for s = 6) on p. 652 in [38]. O

10.4. Summation of S3 and Sy

To evaluate the series

(=1)FP (k) 4 la| <7, if m >n+2,
Ss = — " 10.4.1
’ ; Qm(k) ‘ la| <m, if m=n+1, ( )
and
=~ Po(k) i 0<b<2mifm>n+2
Sy = B 10.4.2
* I;Qm(/ﬁ)e O<b<2m ifm=n+1, ( )
it is sufficient to assume that
F/ az
(2) _ e (10.4.3)

in (10.1.3) and (10.1.4) since

iaz _1\k )
Res Pﬂ(z) 6 _ ( 1) Pn(k) ezak.
z=k Qm(z) sinwz T Qm(k)
One can solve (10.4.3) for F'(z) by quadrature, but this is unnecessary. In
order to use formula (10.1.4) one need only prove that

Pn iaz
lim () ™ _,, (10.4.4)
k—oo Jo, Qm(z) sinmz

where |a| <7 ifm>n+2and |a| <7mif m=n+1.
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The modulus of the integral on the left-hand side of (10.4.4) has the
bound

o= | § Dule
M ¢, @m(z) sinmz
Cy | Q@m(2)] [sinmz]

(10.4.5)

1 e
<A§ ool
o, |2|P |sinmz]

1 e
iy e W@ ,

A BRUBDyUDy ELUE Ay, [|Z|p | sinmz|

where |A| = constant > 0, p=2ifm >n+2andp=1if m=n+1.
Since the functions | sin7z| and |e?%*| grow exponentially everywhere in the
complex plane as z — 0o, except along the real axis, then one can assume
that |a] < 7 in (10.4.5) if m > n 4 2 (that is, for the case p = 2). The
detailed proof of the fact that the function |e!™*/sinmz| = |cot 7z + 4| is
bounded on the system of paths Ay B Dy Ey in Fig 10.1 is given in [42].
Hence

<M
2€ALBr Dy E},

for all k = 1,2,.... Therefore, in the case p = 2, it follows from (10.4.5)
that

| cot 72|

d
|Jk|§|A|M7{ %HO, as k — oo.
Cr 17

In the case m = n+ 1, that is, p =1 in (10.4.5), to prove that the integral
in (10.4.5) approaches zero as k — oo, one has to satisfy the inequality
la| < 7. Since on the edge A By in Fig 10.1 we have

2k +1
z =T — iV, |z] = \/2% + 72, |dz| = dx, Vi = 2+ ,

then

e_ay Yk ea’yk
/ ———|dz| = > dx
ApBy |zsinmz| e 22+ V/sinh? 7y, + sin® 7
(and setting & = ~it)

/ ! e dt
Lyt +1 \/sinh2 Ty + sin? (Tygt)
—0

as k — oo if |a] < w. Similarly, it can be shown that the integral along
Dy E), approaches zero as k — oo if |a| < 7.
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Since on the side By D we have

z=k+iy,  |dz] =dy,
then
/ e~ |dz| / e dy
B, Dy, | || sin7z| Y «/”yk +y \/smh 7y + sin® Ty
vV v}j’ +y? coshmy
1 ekt gt

1 V12 + 1 coshmyt

— 0,
as k — oo if |a| < 7. In deriving the last formula we have used the identities
sin? Ty = 1, sinh? ry + 1 = cosh? 7y,

and the substitution y = ~;t. Similarly, one can show that the integral
along Fy Ay, approaches zero as k — oo if |a| < 7. This completes the proof
of (10.4.4) and also stresses the importance of the strict inequality |a| < 7
if m = n 4+ 1. Therefore, substituting

F/(Z) eiaz

F(z) sinmz

n (10.1.4), we obtain the following formula for the evaluation of series Ss:

k;w(—l)k 5;(&)) giak _ _Wzk: Res { SZ((Z)) sfnm] o4

where [a| <7 ifm>n+2and o] <mif m=n+1, 2 ¢ Z.

If some zi € Z, one has to use Note 10.3.1.
Substituting (—1)* = e’*™ in (10.4.6) we have

00 Po(k) P,(2) ei(b—m)z
k:Z_OO Qm (k) e = _W;z]iezsk [Qm(z) sin 7z :| ) (1047)

where b = a+m, that is, 0 < b < 27rif m > n+2and 0 < b < 27 if
m=mn-+1.
Separating the real and imaginary parts in (10.4.6) we obtain

iaz

i (_1)/€ Pn(k) sinak = _ﬂ-%zz]iezs |:Pn(2) e
m - .

Qm(2) sin ﬂ-z] (10-4.8)

k=—o00

and
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iaz

2=z | Qm(2) sinwz}7 (104.9)

i (—l)k Pn(k) cosak — _W%Z Res [Pn(z) e
" k

k=—o0

where |a| <7 ifm>n+2and |a| <7mif m=n+1.

The series on the left-hand sides of (10.4.8) and (10.4.9) coincide with
the series (8.1.60) and (8.1.45) that have been obtained in Chapter 8 as a
by-product of the evaluation of integrals. However, the present formulae
(10.4.8) and (10.4.9) are computationally more convenient than the former
ones.

It can easily be shown that, for given values of the polynomials P, (k)
and Q,(k), formulae (10.4.8) and (10.4.9), on the one hand, and (8.1.60)
and (8.1.45), on the other hand, lead to the same results.

Similarly, equating the real and imaginary parts in (10.4.7), we obtain

o Dalk) L [ Palz) e
k:z_:oo (y S0k = ;R [ ] (10.4.10)

Qm 2=z | Qm(2) sinmz

and

P, i(b—m)z
(2) e ] (10.4.11)

= A
bk = —7R R
2 G T TR R {Qm(@ sinz
where 0 <b<2rifm>n+2and0<b<2rifm=n+1.
If P,(k)/Qm(k) is odd in (10.4.8) and (10.4.10), and even in (10.4.9)
and (10.4.11), then it follows from (10.4.8)—(10.4.11) that

iaz

] . (10.4.12)

= kPl o w Pu(z) e
Z(_l) sinak = —50;2622 [Qm(z) sinmz

cos ak

Qm(z) sinmz

o7 P,(z) etz
__5%216:531[ ] (10.4.13)

where |a| <7 if m >n+2and |a] <7 if m=n+1, and P,(k)/Qm(k) is
odd in (10.4.12) and even in (10.4.13).
Similarly, we have

i(b—m)z
Ealk) ok = _gsz Res [P"(Z) c } , (10.4.14)
k

Z=Zk

o0
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P, (0) = P, (k)
72@,,1(0) +;Qm(k) cos bk

o P, (z) e'b=m)2
= —5%;5&2 [ . (10.4.15)

Qm(z) sinmz

where 0 < b < 27rifm >n+2and 0 < b < 2w if m = n+ 1, and
P, (k)/Qm(k) is odd in (10.4.14) and even in (10.4.15).

EXAMPLE 10.4.1. Ewaluate the series

>k sinkx

k2 4+ a2’
Pl

a>0. (10.4.16)

SOLUTION. Since
k/(k* +a?) = O(1/k),

that is, m = n+1, we can use formula (10.4.14) on the interval 0 < = < 2

0 k sin k i(z—m)z
M:_gg (RQH Res ) [7 7}

Pt k2 + a2 z=ix z=—1ix 2’2 + a2 sinz
_ _ﬁ% lei(m—ﬂ)ia B l e—i(m—ﬂ)ia
2 |2 sinmio 2 sinmia (10.4.17)
s 1 1
__ )= (mr—z)a _ 7(7r7x)a:|
4 sinhwa\y{i {6 c }
_rsimha(r—z) ,__on
2 sinh Ta
This result coincides with Formula 1.445(1) in [23], p. 40. O
EXAMPLE 10.4.2. Fwvaluate the series
=\ coskzx
2 m, a > 0. (10418)

SOLUTION. Since
1/(k* +a?) = O(1/k?),

that is, m = n+2, we can use formula (10.4.15) on the interval 0 < z < 27

cos kx 1 T 1 eilemmz
SR - Iy (r R L
k2 4+ o2 202 2 (z—%i + z—§§a) [22 +a? sinwz ]

1 T ei(m—ﬂ)ia e—i(w—ﬂ')ia
e |

k=1

-y ———— + ——————
202 2iasinmia 2iasin o

__ 1., = [eaw—w) n e—a(w—m)}
202  4asinh o
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m cosha(m — x) 1
- = <z <o
2 sinhma 202’ Oswsom

This result coincides with Formula 5.4.5(1) in [38], p. 730. Note that for
Formula 1.445(2) in [23], p. 40, the open interval 0 < z < 27 can be
replaced by the closed interval 0 < z < 2. OJ

EXAMPLE 10.4.3. Ewaluate the series

oo

—1)* cosk
3 % a>0. (10.4.19)
k=1 T

SOLUTION. Since in this example m = 2, n = 0, that is, m = n+ 2, we
can use formula (10.4.13) on the interval —7 < z < m:

> k cos kx 1 1 ez
= —— — 3% R R —_
Zl k2 + o2 202 2 (z—gi + z_e§a> LQ + o2 sin wz}
1 T eimai N e—i;ﬂai
202 2 2aisinTat 2o sinTas
1 0 — QT axr
__ﬁ—’—élozsinhwa (e te )
7 coshax 1 <
= — - — - T .
200 sinhar  2a2’ T=E=T
This formula coincides with Formula 1.445(3) in [23], p. 40. O
EXAMPLE 10.4.4. Ewaluate the series
= (—1)*ksink
3 (175”;33 a> 0. (10.4.20)
Pt k2 + o

SOLUTION. Since, in this example, m = n+ 1, we use formula (10.4.12)
on the interval —7m <z < m:

oo .

1 kk sink ixz
Z()zinzlx: 59 (RGSJFRGS){%? ]
= k + « 2 zZ=iaw  z=—1iQ z24 4+ o sinmz

_ _z% e.lil)Oél _ eTZIOLZ '
2 2sinTai 2sinmwat

— _L(\ i,z _ ax
4ozsinh7ra\s [ ! (e € )}
7 sinh oz

= —— — T <xr<T.
2a sinh arr’

This result coincides with Formula 1.445(4) in [23], p. 40. O
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Similarly, one can evaluate series of the form (10.4.8)—(10.4.11) whose
nth term depends on 2k 4+ 1 but not on k. For this purpose it is sufficient
to use the integral

Pn (Z) eiaz &
¢, Qm(2) cos(mz/2)
where |a] < 7/2 if m > n+ 2 and |a| < 7/2 if m = n + 1, and the path
C} is taken to be the boundary of the square whose vertices are the points
+km + kmi.
We present the final result (leaving its derivation as an exercise for the
reader)

Z (_1)k§"((22kl;_:_11)) eia(2k+1)

iaz

where |a|] < 7/2 if m > n + 2 and |a| <7/2ifm=n+1 Qun(z) =0.
Substituting
1 .
-1 k_ = Ji(2k+1)m/2
(~1)t = 7 D2,
n (10.4.21) we have

W2k 4 1) ponrny i Po(z) eb=7/2)2
¢ = — R 10.4.22
Z Qm (2k+1) ‘ 2 gz:ii Qm(z) cosmz/2 |’ ( )

Whereb:a+7r/2, thatis, 0 < b <7wmifm>n+2and 0 < b < 7w if
m=mn-+1.

Finally, separating the real and imaginary parts of formulae (10.4.21)
and (10.4.22), we obtain four formulae similar to (10.4.8)-(10.4.11), where
the argument k in the functions under the summation sign is replaced by
2%k + 1,

k_zoo(_nkig:ff;ﬁ?) sin (2k + 1)a
T P,(z) ei* }
=Ty Res |22 ¢ 1L (10.4.23)
2 {; P {Qm(z) coswz/Q}
and
i (—1)]“7P"(2k+ D cos (2k + 1)a

Qm(2k+1)

k=—o0
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oo P,(z) e
=5R {zk: Res {Qm(z) W} } . (10.4.24)

where |a| <7/2ifm>n+2and |a| <7/2if m=n+1.
Similarly,

Z szk“ sin (2k + 1)b

2k+1
i(b—7/2)z
=753 Du(z) € 10.4.2
QJ{Z - zfiez?c [Qm(z) cosTz/2 | |’ (10.4.25)

and
n(2k + 1)
E Qm OmZhT 1) cos (2k + 1)b

' Pn(Z) ei(bfﬂ'/Q)z
R {z¥zfi€i [Qm(z) cosmz /2 } }  (10.4.26)
where 0 < b<rmifm>n+2and0<b<mifm=n+1.

The series on the left-hand sides in (10.4.23) and (10.4.24) coincide
with the series (8.1.68) and (8.1.69), respectively, already derived in Chap-
ter 8 as a by-product for the evaluation of integrals. However, the present
formulae (10.4.23) and (10.4.24) are computationally more convenient than
(8.1.68) and (8.1.69)). It can be shown that for given values of P,(2k + 1)
and @, (2k + 1), formulae (8.1.68) and (8.1.69) (for the case 2a = m) and
formulae (10.4.23) and (10.4.24) give the same results.

If the functions under the summation sign in (10.4.23) and (10.4.25)
are odd and those under the summation sign in (10.4.24) and (10.4.26) are
even, then the series in (10.4.23)—(10.4.26) can be transformed so that the

summation index will go from 0 to +o0o by means of some trick.
If f(z) is even, then

> fek+1) Z f(2k+1) +Zf (2k + 1)

k=—o0 k=—o00

(and subtituting k: = —[ — 1 in the first sum)

0 [e%s)

=) A=@+1)+ > FRk+1)
0o k=0

=2 3 f(2k+1)
k=0

(10.4.27)
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Similarly, if f(x) is odd, then

i (—1)*f(2k+1) = i (—1)’“f(2k+1)+§:(—1)’“f(2k+1)
k=—oc k=—o0 k=0
0 )
=Y (D)2 =)+ ()RR + 1)
l=c0 k=0
=2 3 (=Dkf2k+1)
k=0

(10.4.28)

Using formulae (10.4.27) and (10.4.28) we can transform (10.4.23)—(10.4.26)
to the form

(o9}

Z(—l)kw sin (2k + 1)a

P Qm(2k+1)
N Z eiaz
3 {Z 5 [n G } (10:4:29)

u>|>\

and

o0

Z(—l)km cos (2k + 1)a

= Qm(2k+1)
o P,(z) e
= z%{zk Res [Qm@) T/z} } (10.4.30)

where |a| < 7/2if m > n+2 and |a| < 7/2 if m =n + 1. Similarly,

ZQW%H sin (2k + 1)b

N Pn(Z) ei(b—ﬂ/2)z
=9 {1;562 [Qm(z) p— ] (10.4.31)

and

ZQ (2k+1) cos (2k + 1)b

(2k+1)
; P, (z) eb=m/2)2
%{sz:zfi?zi [Qm(z) coswz/g} , (10.4.32)

where 0 <b<rmifm>n+2and0<b<rmifm=n+1.
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10.5. Series with neither even nor odd terms

We evaluate the series

Sy = gl QI;Z((]Z))’ m>n+2, (10.5.1)
and
Sg = § (—1)* 5.
i k:l( 1) C?m(k)7 menth (1052)

where P, (z)/Qm(z) is neither even nor odd.

In [1] Sect. 6.8, p. 264, rational series are summed by means of polygamma
functions which are defined as follows. The logarithmic derivative of the
gamma function

w(z) = d[logdl"(z)] _ I(2)

z L(z)
is called the ¢ or digamma function. The nth derivatives of the digamma
functions for n = 0,1, 2,... are called polygamma functions. The expansion

of the digamma function in partial fractions is given in [1], p. 259, formula
(6.3.16)):

Y(z+1)=—v+ =
7 ;n(n—i—z)

- (10.5.3)
S 1 1
- —\n n+z)’
for z # —1,—-2,-3,..., where
v = —(1) = 0.577215665 . .. (10.5.4)
is Euler’s constant. Differentiating (10.5.3) we have
V(z+1) = i 1 e = _2§: 1 055
—(n+2)% = (n+2)¥

and so on. In [1], values of the polygamma functions (™) (z) for real z and
n = 0,1,2,3 are listed in Tables 6.1 and 6.2, pp. 267271, and values of
the digamma function (z) for complex values of z are listed in Table 6.8,
pp- 288-293. We shall restrict ourselves to an example, similar to the one
given in [1], p. 264.

Suppose one has to evaluate the series

u(n) =y %, (10.5.6)

n=1 n=1
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where
Bi(n) = (n+a1)(n+az) -+ (n + am),
Ba(n) = (n+p1)*(n+ B2)* - (n + 6)?,
and A(n) is a polynomial in n whose degree does not exceed m + 2r — 2 and
the constants a; and (; are distinct. Expanding u(n) in partial fractions,
we obtain

(10.5.7)

G "\ bk d bay
+ , 10.5.8
Zn—l—ak Zln—l-ﬂk ]g(n—l-ﬁk)2 ( )

k=1
where

> ar+ > b =0, (10.5.9)
k=1 =1

since the sum of residues of the analytic function u(z) in C is equal to zero.
Substituting (10.5.8) into (10.5.6), we have

;u(n) :;ak; (n+ak _E‘FE)
+Zb1kz (njﬂk — % + %) (10.5.10)

szknz n-l—ﬁk)

and by (10.5.9) we obtain

N

. N 1 m T .
i 520 (3w o) = i S0

n=1

Therefore, by (10.5.3) and (10.5.5) we obtain from (10.5.10) that

Zu(n):—Zak[ (14+ag)+9] - Zblk (1 + Br) +1]
k=1

n=1

+) bt (14 Br),

k=1
or, taking (10.5.9) into account,

Zu( Zakd) (1+ ag)

n=1 k=1

~ S lbww (1 + Be) + bart’ (1 + )], (10.5.11)
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that is, the series (10.5.6) is evaluated in closed form.
To evaluate

Se = i(_l)k Falk)

k=0 @m (k)
we use the formulae 8.370 and 8.372(1) on pp. 947 in [23]:
s =5 |0 (5 ) -0 (5)]. (105.12)
o (D"
Blx) =Y et (10.5.13)
k=0

It can be shown that the series (10.5.13) is uniformly convergent for all
x > 0 (see, for example, [32], p. 819). Hence we have

k+1 >

Z x+k2, 2; x+k (10.5.14)

k:O =0

Note that by means of (10.5.12) and the tables for ¥ (z) in [1], one can
evaluate B(x), /() and B (z).

As an example, we evaluate the following series in closed form:

;(—1)%(@ = ;(—1)" %, (10.5.15)

where A(n), Bi(n) and Ba(n) are the same as in (10.5.7), but here the
degree of the polynomial A(n) is at most m + 2r — 1. The expansion of the
rational function u(n) in partial fractions is similar to (10.5.8):

Z(_l)nu(n)zzakz (_1)" +Zb1kz (_1)
n=0 o osonter ot 10.5.16
r e’} (_1)71 ( U )
+ b2kZ 0T )2

Using formulae (10.5.13), (10.5.14) and (10.5.16) we obtain

o0

Z(—l)"u(n) = Zﬁ(ak) + Zblkﬁ(ﬁk) + szkﬁ/(ﬁk). (10.5.17)
k=1 k=1

n=0 k=1

Hence, the series (10.5.15) is evaluated in closed form.
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10.6. Series involving real zeros of entire functions

‘We consider series of the form

S7 = Z flw) (10.6.1)

k=—oc0
and
Sy = Z f (k) €79, (10.6.2)
k=—oc0

where f(z) = Po(2)/Qm(z), Po(2) and @, (2) are polynomials of degrees n
and m, respectively, m > n + 2, and -, are the zeros of an entire function.
The formulae of this section have not been found in the literature. We shall
consider two cases.

Case 1. We consider the case where 7, are the roots of the equation

tanx = —Cl, C = constant, C > —1. (10.6.3)
This last equation is a particular case of the equation
A2 — hihso
ot N = ——— hy >0, he>0. 10.6.4
A(h + ha) L= 2 ( )
Equation (10.6.4) is of the form

h A
cot Al = —72, that is, tanAl = o

2

if hy — oo and coincides with (10.6.3) if C = 1/hy and hy; = 0. Equation
(10.6.4) has only real roots A = A, since these roots are the eigenval-
ues of the following self-adjoint Sturm—Liouville problem (see [14], p. 256,
Problem 112):

X"(x)+ XX =0, 0<z<l, (10.6.5)

X'(0) — h1X(0) =0, X'(1) + ha X (1) = 0. (10.6.6)

In a note to the table of the first seven roots of (10.6.3) in [14], p. 684, it is
stated that “all the roots of (10.6.3) are real if C > —1.” Negative values

of C' occur in Sturm—Liouville problems for spheres.
To sum the series

Sr= > flw),

k=—o0

where 7, are the roots of equation (10.6.3), we let

F(z) =sinz + Czcos z, C>-1, (10.6.7)
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in formula (10.1.4) of Theorem 10.1.1. Then

F'(z)  cosz+ C(cosz— zsinz)

= 10.6.8
F(z) sinz 4+ Czcos z ( )
and in order to use (10.1.4) one has to prove that
lim P,(2) cosz—.l—C(cosz—zsinz) dz =0, (10.6.9)
k—oo Jo, Qm(2) sinz + Czcos z

where C}, is the system of paths shown in Fig 10.1. Since m > n + 2, the
proof of formula (10.6.9) is similar to the one used for the summation of
S3. We have

‘F’(z)
F(2)

|1+ C(1 - ztanz)
LeC, B tanz + Cz L0y

< [C[tanz| + (1 +[C]/|2|

B |C] — [tan z|/|z|

< My = constant > 0

zeCy

as k — oo since

< M = constant > 0, for all k.
zeCy

Hence, substituting (10.6.8) into (10.1.4) and taking the fact into account
that z = 0 is also a pole of F'(z)/F(z), S is evaluated in closed form,

| tan z|

o0

P (i)
e oo Qm('}/k)

_ (—Res—ZRes) {Pn(z) cos z + C(cos z — zsin 2) . (10.6.10)
z=0 % =2k

Qm(2) sinz + Czcos z
where m > n + 2, tany; + Cv, = 0 and 2z # 0.

ExXAMPLE 10.6.1. Sum the series

oo

1
53> >0, 10.6.11
k;m 7}3 + a2 a ( )

where v, are the roots of the equation tanx = x.

SOLUTION. We see that C'= —1 in (10.6.3). Hence we have

o0

1 1 zsin z
Z ﬁz—(Res—i—Res—i— Res) 3 5 =
Y. ta 2=0 z=ai z=-ai/ zZ°+a° SNz — ZCOSZ

k=—o0
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22(z——+ )

= — lim
=022 4a? -4 -2 (1- 5 +..)
1 sin ai 1 sin ai

2 sinar —aicosar 2 sinai — aicosat
sinh a 3

acosha —sinha a2’

This answer coincides with [21], Problem 30.09(2), if, changing the lower
limit, in [21] one takes Y 7o instead of > ;- ;. O

— 0o

ExAMPLE 10.6.2. Sum the series

o0

> % (10.6.12)

k=—oc0 /yk
where tan v, = Yk, Vi 7# 0.

SOLUTION. One can find the sum of the above series by letting a — 0
in the formula of Example 10.6.1. However, the computation of the limit
is not simple. Therefore we use formula (10.6.10) directly with C' = —1,

— 1 zsin z
Z — = —Res 0 ) _7
he—oo Tk z=0 22 sinz — zcos z
sin z
——Res—M =~
<0 z(sin z — z cos z)
1 li 22sinz "
=——lim | ———=
2! 250 \ sinz — 2 cos z
"
1 2lz-5+5-..)
= —— ZS 22 Z4
Z__“FS,—-.. (1 2|+T—) =0
22 Z4 "
_ 3 [1—y+y—...]
- _Z -
2 -5+ o
_ 3 df(»)
= 2 dzz 2207
(10.6.13)
where
1 2 + 2t
flz)= 31 T 5 N R S (10.6.14)
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and ag = f"(0)/2. Tt follows from (10.6.14) that

22 24

2
_E L E = 2 _Z
e T (14 a22%+...) <1 10+...). (10.6.15)

Equating the coefficients of 22 in (10.6.15), we have

1 1 1 f"(0)
N that i - = . 10.6.16
6?10 wEmETE T ( )
Substituting (10.6.16) into (10.6.13) we obtain
— 1 1
=== (10.6.17)
Since tan z is an odd function, one sees that y_; = —y, < 0 is a root of
tanz = z if 7, is a root. Hence (10.6.17) reduces to
— 1 1
Yoo = 5 >0 O (10.6.18)
k=1 Tk

NoTEe 10.6.1. It is interesting to compare the sum (10.6.18) with the
sum of the asymptotic values of the roots 75 > 0 evaluated graphically (v
are the abscissas of the points of intersection of the curves y = tanz and
y = x; see Fig 10.2).

It follows from the graph that

lim (g1 — %) =7
k—oo

and
v &~ 4.49 ~ 37/2, Yo~ 773~ 57/2,..., e~ 2k + 1)w/2,. ...
y .
Y=
y=tanx E
: éié/yztanx
0 Lo/ i3m2
/ y1§ X

FIGURE 10.2. Positive roots of tanz = x.
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Hence,

oo 1 oo
2713’“

2 2k + 1)272/4

k=1

4 | 1
_W_L;)(zkﬂ) 1]'

The last series can easily be computed by means of (10.4.32) if P,(z) = 1,
Qm(z) = 2% and b = 0. In this case

> §R 1 e—iﬂ'z/2
kZ:o 2k—|—1 T4 [ 50 22 COS(7TZ/2):|
T efiwz/2
=—Rlim | ———
17200 {Z cos(wz/2)}
2 _ i ,—imz/2 : —imz/2
Y PR cos(mz/2) +sin(nz/2) e
8 z2—0 cos?(mz/2)

!/

7T2

?l
This coincides with Formula 5.1.4(1) in [38], p. 653. Then
—~ 1 4 [n?
Yoo ) [% - 1}
=1 Tk
1 4
=-——==0.0947...
2 72 ’
which differs by 5% from the exact answer 0.1. This approach may be
useful for approximating the values of series which cannot be evaluated in
closed form provided the series formed by the asymptotics of the nth terms
of the series can be computed exactly.

ExAMPLE 10.6.3. Sum the series

o0

> i4 (10.6.19)

Yk

k=—oc0
where tan vy = Vi, V& 7# 0.

SoLuTION. Using formula (10.6.10) with C' = —1, we have

oo .
1 1 zsin z
E —4:—Res—4,7
2=0 z% sinz — zcos z

k=—o0 ,yk
. 4
1 .. 22sinz @
=——lim|——m—
4! 20\ sinz — zcos z
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r 2 23 25 (4)
z (Z—y‘Fy—)
=—— lim

] 23 5 22 P

_ (1)
) 23(1—3—2!+§—T—...)
TR R

2 @
=——lim 1= % *1m 1
20 | L 22 4 2t
Ab==0 |3~ 30 T30
1 d'f(z)
=~ , (10.6.20)
: 0

where

2 4
1-2 42—
fz) = —5—2& =3+agz? +aszt +... (10.6.21)

3 30 T 840

and
1

T2
It follows from (10.6.21) that

"(0),  as= %f“) (0). (10.6.22)

ag

22 24

1_€+1_2()_...
1 22 24

= (34 a2z® +asz" +...) <§—%+%—...>. (10.6.23)

In (10.6.23), equating the coefficients of 2% and 2%, respectively, for a; and
as we have

1 1 + ag that i 1
—— =4 =, at is, as = —=,
6. 103 g (10.6.24)
1 - 3 as + ay that i - 1
120 840 30 ' 3° T
Substituting (10.6.22) and (10.6.24) into (10.6.20) we obtain
S
W vEoo1Ts’
that is,
i L1 0002857 (10.6.25)
> =5 6.
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The approximate sum

i 1 16 1
i el TV
— T (2k+ 1)
16 | 1
== ) 1
o LZ_;) 2k + 1) 1 (10.6.26)
I
14\ 96
= 0.0024109...

is derived by means of Formula 5.1.4(1) on p. 653 in [38],

i 1 B m

£ 2k +1)* 96

This result can also be easily obtained by means of formula (10.6.10). The
difference between (10.6.26) and (10.6.25) is about 15%, and it reduces
almost to zero if one takes the sum of the first four terms of the following
series (see, for example, Table 5 on p. 757 in [14]):

Sy

?ru;| =

k=1 7;1 k=1 7
! 1 1 1
= @4943)7 T (77253)F T (10.0410)%  (14.0662)2
= 0.0028327 ...

This result differs from the exact value 0.002857 only by 1%. This difference
can be further decreased if we add the sum of the terms of the asymptotics
for the nth term, starting with n = 5:

— 1 16 1
> =0.002827T+ — Y
=1 Tk ™ k=5

(2k+1)4

16 (7t 1 1 1 1

=0002827T4+ — | —-1—— — — — — — il

+ 4 (96 34 54 74 94>
= 0.0028539. [
To evaluate the series
- Po(vk)
Sg = — "k, 10.6.27

where 7, are the poles of F’'(z)/F(z),
F(z) =sinz + Czcos z, C>-1, (10.6.28)
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la] <1ifm >n+2, and |a] < 1if m = n+ 1, we replace F'(z)/F(z) in
(10.1.3) and (10.1.4) with
F'(z)
F(z)
Since the functions | sin z| and | cos z| grow exponentially, condition (10.1.3)

is satisfied for the system of paths shown in Fig 10.1. Hence, one can use
formula (10.1.4),

oo Pn(")/k Ml’wc o o P (Z) eiazF/(Z)
k;m Qm('}/ Zsz |:Qm(2) F(Z) :| ) (10629)

where |a| <1ifm >n+2and |a| <1if m =n+1, and 2z are the zeros
of @Qm(z). Separating the real and imaginary parts of (10.6.29), we obtain

o0 M osa . . P,(2) eiazF/(Z)
k; 0L cosam = %zk:fizi [Qm(z) . } (10.6.30)

iaz

and

sina = -9 s Pu(z) €“*F'(z)

k=—o0

with the same conditions as in (10.6.29).
Case 2. Let 7, be the zeros of the Bessel function of the first kind of
order v:

Jv("Yk) =0, Vi # 0,
and suppose that F(z) = J,(z) in (10.1.3) and (10.1.4). Since

2o [ 2 feos (= T - TY w0 (1]

as z — oo and m > n + 2, condition (10.1.3) is satisfied and one can use
formula (10.1.4),

s Pn('yk |:Pn(z) Jl//(z):|

Res + Res . 10.6.32
Pomen iy ( 2 ) On() D))~ 1063
Note that the function J),(z)/J,(z) has no branch points since

(2 e v 5 /92)2k+v—1 00 » /9)2k+v
k

Ju(2) = ET(k+v+1) — ET(E+v+1)
> (Bt v/2)(z/2)% 1 )& (2/2)%
Z KT (k+v+1) /k 0(_1>kk!1“(k+u+1)

for |z| < oo, that is, J,,(2)/J,(z) is a ratio of two entire functions.
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ExAMPLE 10.6.4. Show that

Z R (10.6.33)

k——oo

where Jo(Br) = 0.

Formula (10.6.33) occurs in hydrodynamical problems (see [46], p. 245,
Formula 6.52).

SOLUTION. By formula (10.6.32), we have
Z B 1 Ji(2)
z: 22 Jy(2)

k=—o00
1 > (k1) (2/2)%+1 | & g (2/2)572 )2k+277
=1 -1
2|z%{zkz_o( A Kk +2)! Z;) El(k +2)!

"

2\ 2
2 7 31\2 -
= 2 f"(0),
(10.6.34)
where
oy 1o (2)°+...
11 (%)2 +.. (10.6.35)
=2+a222—|—...,
and ag = f"(0)/2. Tt follows from (10.6.35) that
_ % (g)z 4. = B —% (g)ﬁ} [24a222+...]. (10.6.36)
Equating the coefficients of 22 in (10.6.36) we obtain
41 a2

L that i =
6'4 2 31 S
Then from (10.6.34) we obtain
— 1 1
SLolow o yiolc
e ﬁ 6 k:lﬁk 12

ExXAMPLE 10.6.5. Sum the series

o0

> % (10.6.37)

W 1+
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where Jo(vk) = 0.
SOLUTION. By formula (10.6.32), we have
> 1 1 Ji(2)
—— = — [Res+ R; 0
k;oo L+ (zg.s +z—esi> L +2? Jo(z)}
l Jl(l) _ i Jl(—l)
20 Jo(i) 26 Jo(—i)
_ 106 _ LQA)
i Jo(i) Io(1)’
where
0 (2/2)2k+l
Ii(z) = —_— [=0,1
() KTk +1+1) '
k=0
is the modified Bessel function of the first kind of order {. Hence,
> 1 I;(1)
EXAMPLE 10.6.6. Sum the series
|
Y= dolw) =0 (10.6.38)
k=—oc0 ,yk
SOLUTION. By (10.6.32) we obtain
= 1 J§
Z — = — Res [ 40(2) ]
Manie /" =0 | 2%Jo(2)
— Res 1)
z=0 Z4J0(Z)
1 1
= — lim Ji(2)
2 2—0 ZJ()(Z) (10 6 39)
L[S G S SN 2y
= 5;13%[2(—1) i/ 220 e
k=0 k=0
2 "
1 (1 -z 4. )
=3 o
=0\ 1— 2 4
1
- _f”(o)v
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where
2
1-%+...
&) == 10.6.40
-+ (10.6.40)
=1+a2?+...,
and ag = f”(0)/2. Tt then follows from (10.6.40) that
2 2
z 9 z
-5 +...= (1+a22” +...) (I_I“L"')'
Equating the coefficients of 22, we obtain
1 1 . 1 1
—gzaz—z, tha,t 18, a2:§, f”(O):Z
Thus,
— 1 1 1 1
Y=g ad Y=o
k=—o00 Tk 16 k=1 Tk 32
where Jo(v;) = 0. O

10.7. Series involving complex zeros of entire functions

We consider series of the form

So= Y flw) (10.7.1)

k=—oc0

where f(z) = Pn(2)/Qm(2), Pn(z) and Q,,(2) are polynomials of degrees
n and m, respectively, m > n + 2, and 4 are the complex roots of the
equations

sinhz + 2z =0, (10.7.2)
sinhz — z = 0. (10.7.3)

The roots of (10.7.2) and (10.7.3) appear in the solution of the biharmonic
equation

AAu =0, (10.7.4)
where ) )
0 0

A= 922 + 8—y2 (10.7.5)

is the Laplacian, for the case of an infinite strip in elasticity problems
(see, for example, [43], pp. 330-333, and [48], pp. 26-37). Complex roots
of ztanz = ¢ occur in dielectric spectroscopy (see [22]). A quasi-global
selective method of solution of elementary transcendental equations based
on the iteration theory of Fatou and Julia can be found in [16] and [39]
and will be covered in Chapter 11.
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The roots of equations (10.7.2) and (10.7.3), except z = 0, are complex.
It is easily seen that if vy = ax + ibg is a root of one of these equations,
then ap —ibg, —ay +ibx, —ap — by are also roots. Thus, the latter roots are
located at the vertices +ay + iby of rectangles in the complex plane. Let,
for example, z = a + bi be a root of (10.7.3), that is,

sinh (a + bi) = a + bi.
Separating the real and imaginary parts in the above equation we obtain
sinhacosb=a and coshasinb=">.

Since these equations do not change form if a is replaced by —a or b by —b,
then —a &+ bi and a — bi are also roots of these equations.

To sum the series (10.7.1) in closed form, we assume that the function
F(z) in (10.1.3) is of the form

F(z) =sinh z + 2. (10.7.6)
Then F(2) bt 1
z) coshz
= 10.7.7
F(z) sinhz+z’ ( )
and for the validity of (10.1.4) one has to prove that
P, hz+1
lim () coshz 1, (10.7.8)

k—oo Jo, Qm(z) sinhz £ 2
where C}, is the system of paths shown in Fig 10.1. Since m > n + 2, the
proof of (10.7.8) is similar to the one for S5. Hence, substituting (10.7.7)
into (10.1.4), we obtain

o0

Pu(k) _ P,(z) coshz £1

where m > n 4+ 2 and sinh g + v = 0.

k=—

ExAMPLE 10.7.1. Sum the series

o0

> L (10.7.10)

2
Vi

k=—oc0
where vy, are roots of
sinhz + z = 0.

SoLUTION. Since P, (2)/Qm(z) = 1/22, it follows from (10.7.9) that

=1 coshz +1
S L Reg[ bl
2=0 | 22(sinh z + 2)

k=—o0 FY%
1., [z(l—i—coshz)}”
—lim | ————=
22z—0| sinhz+z
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"

) 2(2+5+..)

6
!
1 da4 ..
=gl | ]
e+ E )
1 4-22 1
T2 3.24 ¢

If v = ay, +iby is a root of the equation sinh z + z = 0, then —ay £ib; and
ay, — by are also roots of the same equation. Hence,

oo

1 1 1 1 1
ZOO {(ak + ibk)2 + (ak - ibk)2 + (—ak — ibk)2 + (—ak + ibk)2} - 67

jo—
that is,
- 1 1
AR L_Z_:OO (ax +ibk)2] "6
Finally,
i G- _ 1
= (a2 +02)2 24’
where v, = ay, + b, ax > 0, by > 0, and sinhy; + v = 0. ]

Exercises for Chapter 10

Evaluate the following series.

St

3. i (;i)k.
I

L
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where tan-~yg = Vg, vk # 0.

where Ji(ag) =0, k #0.
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CHAPTER 11

Numerical Solutions of Transcendental
Equations

11.1. Introduction

In interactive or automatic scientific computation, one looks for adapted
methods to solve specific problems that occur in the applications. In this
chapter, which follows [16], [39] and the references therein, we present a
combination of global and local iterative methods to find selective roots of
elementary transcendental equations,

F(z,¢) —2z=0, ceC.

Such equations occur in two-point boundary value problems, which could
be called complex Sturm-Liouville eigenvalue problems, after separation
of variables in initial-boundary value problems in physics and engineering.
Examples of such equations are found in dielectric spectroscopy, scattering
problems for metallic grooves, and orbit determination.

It will be shown that the iteration functions in question,

Zn+1 = F(zn,c),

have very few attractive fixed points, z = F(z,¢), and very few critical
values. Geometric considerations will identify bounded regions of the plane
which contain the attractive fixed points and the critical values of F'. More-
over, the attractive fixed points of all but a few branches of the inverse,
F~1 of F have relatively large basins of attraction. An application of the
Fatou—Julia iteration theory for entire and meromorphic functions will en-
sure convergence to the specified roots, while attempting to avoid attractive
cycles. In the presence of slow convergence near multiple zeros, Steffensen’s
procedure or an interpolation scheme will accelerate convergence. In cases
where the specified roots are known to lie in convex regions, good starting
values can be supplied for an efficient use of a fast convergent local method,
such as Newton’s method.

In Section 11.2, transcendental equations are derived from the bound-
ary conditions of some Sturm—Liouville problems in the complex plane.
Section 11.3 presents basic concepts of the Fatou—Julia theory which will

401
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be used here. Section 11.4 discusses drawbacks of local methods, such as
Newton’s method, in the context at hand. Section 11.5 presents almost
global iteration schemes. In Section 11.6, Newton’s method is used effec-
tively to find roots in some cases. An interpolation procedure is described
in Section 11.7. Application to Kepler’s equation is done in Section 11.8.
Finally, Section 11.9 presents a programming strategy.

11.2. Complex Sturm—Liouville problems

Several boundary conditions for the two second-order ordinary differ-
ential equations
y' =FNy, a<xz<b,

will be seen to lead to elementary transcendental equations.
First, the differential equation

y" = —\2y, a<z<b, (11.2.1)
admits the general solution

y(x) = acos Az + [sin Az,
whose derivative is

y'(z) = —adsin Az + B cos A\z.
The boundary conditions
y(a) =y'(a); y'(b) =0,
may be written as the linear homogeneous linear system
a(cos Aa + Asin Aa) + B(sin Aa — Acos Aa) = 0,
—aAsin Ab+ BAcos Ab = 0,

and so the associated boundary-value problem has a nontrivial solution if
and only if the corresponding determinant vanishes,
cos Ab(cos Aa + Asin Aa) + sin Ab(sin Aa — A cos Aa) = 0,
that is,
cosA(b—a) = Asin A\(b—a)
or
A = cot A(b — a),

so that, with A(b — a) = z and b — a = ¢, one obtains the transcendental
equation

z

cotz = —.
c

Other boundary conditions for equation (11.2.1) and the equivalent
transcendental equations are listed in Table 1.
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TABLE 1. The table lists some boundary conditions and

their corresponding transcendental equations for equations
(11.2.1) and (11.2.2). Here z = A(b —a) and c =b — a.

Diff. eqs. | Boundary conditions Transc. egs.

y"=—-Xy|yla) £y (a) =0, y'(b)=0 cotz = Fz/c
y(a) £y'(a) =0, y(b) = tanz = +z/c
y(a) =0, y'(b) = cosz =0
y(a) £y'(b) =0, y(b) = sinz = +z/c
y(a) = Ay(b) =0, y'(b)=0 cosz = Fz/c

y" =Xy |yla)£y'(a) =0, y(b)=0 tanh z = +2/c
y(a) £y'(b) =0, y(b) =0 sinhz = £z/c¢
yla) £y’ () =0, My(b)+y'(b)=0| e*==%z/c

Secondly, the differential equation
y" = N2y, a<z<b, (11.2.2)
admits the general solution
y(@) = a e + fee

whose derivative is

Y (z) = are — Bre 2,
Again, boundary conditions for equation (11.2.2) and the equivalent tran-
scendental equations are listed in Table 1.

By introducing the complex variable z and complex parameters A, a, b
and ¢, the distinction between equations (11.2.1) and (11.2.2) disappears.
After some transformations like tanh z = —itaniz and ¢ — 1/c, the tran-
scendental equations contained in Table 1 become

1 1
z=-ccotz, z=ctanz, z= —cosz, =z = —sinz, (11.2.3)
c c

referred to as the four trigonometric equations in this chapter, and the
exponential equation

z=—e”. (11.2.4)

These trigonometric and exponential transcendental equations have infin-
itely many roots, except possibly for at most two values of ¢, as follows
from an extension to Picard’s theorem [36], p. 75. The problem considered
in this chapter is to find any specified roots of these equations.

In the following subsections, we present two examples of transcendental
equations found in the applications.
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11.2.1. Dielectric spectroscopy. We give an example of transcen-
dental equations that are found in dielectric spectroscopy [22].

Coaxial transmission lines have been used as sample cells in dielectric
measurements for many years. Reflection measurements with the sample
terminating in an open circuit lead to solving the permittivity equation

ztanz = c (11.2.5)

for the unknown normalized propagation constant, iz, for a set of experi-
mentally obtained values of the complex normalized admittance, —¢. Sim-
ilarly, a short circuit termination leads to the permittivity equation

zcotz = c. (11.2.6)

The length of the sample, its position and the impedance terminating the
line were chosen, in the past, to provide the best accuracy at each frequency
being used. However, over the past 25 years, commercially available auto-
mated network analyzers have been able to measure impedance over an
increasing range of frequencies. For optimal use of this instrumentation,
it is not practical to adjust the length of the sample or the termination to
obtain the best performance at each frequency. Thus (11.2.5) and (11.2.6)
are to be solved over a wide range of values of ¢, for some of which the roots
z may come close to double roots of these equations.

11.2.2. Scattering problem for a metallic groove. The solution
of the scattering problem for a groove in a metallic plane by the modal
method leads to transcendental equations [39].

Modal methods are widely used to solve electromagnetic scattering
problems for rough surfaces. These methods consist in expanding the elec-
tric and magnetic fields inside each groove in eigenfunctions that satisfy the
boundary conditions. They are useful in providing explicit analytical rep-
resentations of the fields inside the asperities of the surface. They also give
a simple way of understanding the physical interpretation of the results.
For infinite gratings of simple geometries (rectangular, semicircular, etc.),
the eigenfunctions are known simple functions. But, in the general case of
a groove with arbitrary profile on a surface made of an isotropic material
(dielectrics, metals, etc.), to find the modal functions is a very complicated
process, making the use of the modal method inconvenient in such cases.
However, an arbitrary profile can be approximated by layers of rectangular
shape. In each layer the fields can be expanded in modal functions cor-
responding to a rectangular groove, these functions being combinations of
sines and cosines. Then, the problem can be solved by matching the fields
at the interfaces.

To solve the scattering problem for a metallic surface with a groove of
arbitrary shape, the first step consists in finding the modal eigenfunctions
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of a rectangular groove in the metallic surface. This calculation leads to
transcendental equations that must be solved numerically. One has to find
the roots of the complex-valued transcendental equations appearing in the
calculation of the modal functions of a rectangular groove in a metallic
surface. These equations can be reduced to the transcendental equations

cosz=cz and sinz=cz, (11.2.7)

where z,c € C.

11.3. Fatou—Julia iteration theory

A few results from the Fatou—Julia global iteration theory, as extended
to the iteration of meromorphic functions [26] and their inverses, will now
be listed. A general presentation of the iteration theory for rational func-
tions, notation and references are found in the survey [10]. The complex
plane and the extended complex plane, or Riemann sphere, will be denoted
by C and C = C U oo, respectively.

DEFINITION 11.3.1. Let
0:C—C
be a transcendental meromorphic function and consider the iteration
Znt1 = @(2zn), n=0,1,2,.... (11.3.1)

A fixed point s of ¢, s = ¢(s), is attractive, repulsive or indifferent as the
absolute value of its multiplier, ¢'(s), satisfies |¢'(s)] < 1, > 1 or = 1,
respectively.

The inverse, !, of the function ¢ may have two kinds of finite sin-
gularities or critical points, namely algebraic critical points, which are the
zeros of ¢'(z), and transcendental critical points, which are the finite ex-
ceptional or asymptotic values of ¢. The image, ¢(2), of a critical point, z,
will be called, for short, a critical value of .

DEFINITION 11.3.2. Let
M (2) =ple" M (2)],  ¢(2) =2, (11.3.2)

denote the nth iterate of z by ¢. The Julia set of ¢, J(p), is the set of
nonnormality of ¢:

T () == {z;{¢"(2)}o2, is not a normal family}. (11.3.3)
The Fatou set or set of normality of ¢, F(p), is defined in a similar way:

F(p) :=A{z;{¢"(2)}22; is a normal family}. (11.3.4)
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The Radstréom set of ¢, R(p), is the set of predecessors of the essential
singularities of ¢:

R(p) :={z;¢"(2) is not defined for some n € N}. (11.3.5)
We see that that the sets F, J and R satisfy the relation
F(p) =T\ (T () UR(p)). (11.3.6)

Of course, for entire and rational functions R is empty. For the mero-
morphic functions considered here, J and R are nonempty sets without

isolated points. Moreover, J and F are completely invariant with respect

to ¢, that is, invariant under ¢ and ¢~ 1.

DEFINITION 11.3.3. A k-cycle of ¢ is a set of k distinct points,
S0, 81, .-y Sk—1,
satisfying the relations
s1=(s0), S2=%(50), ..., sp_1 =" s0), s0=e"(s0).
The multiplier of a k-cycle is
(") (sm) = @' (s5-1) - &' (51) ¢ (50)- (11.3.7)

The multiplier of a cycle is seen to be the same at every point s,
m=0,1,...,k—1, of the cycle.

DEFINITION 11.3.4. A k-cycle is attractive, repulsive or indifferent as
(@) (sm)] <1, >1 or =1
respectively. A fixed point is a 1-cycle.

Any element s,, of a k-cycle is a fixed point of ¢*. The attractive cycles
of ¢ are the repulsive cycles of ¢! and conversely, since

¢ (2) (e 1) (p(2) = 1.

DEFINITION 11.3.5. The immediate basin of attraction of an attractive
fixed point s is the largest connected open set €2 such that

zn=¢"(20) s, as n—oo forall zye Q.

The immediate basin of attraction of a k-cycle is the union of the
immediate basins of attraction of the elements s,,, considered as fixed points
of ¢*. Attractive fixed points and attractive cycles are in F(i).

Figures depicting the basin of attraction of the function cos(z)/c, for
different values of ¢ € C, can be found in [39].

The following result, derived in [26], will be needed.
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THEOREM 11.3.1. The immediate basin of attraction of every attractive
fized point or cycle of ¢ = ccot z, respectively, ¢ = ctan z, contains at least

one critical point of p~1.

REMARK 11.3.1. Theorem 11.3.1 was known to be true for rational [10]
and entire [8] iteration functions.

One also remarks that if a critical point, z, is in the immediate basin of
attraction of an attractive fixed point or cycle, then the critical value (z)
is also in the same basin.

11.4. Local iteration methods

In this section, drawbacks of local iterative methods, whose convergence
to a specified root relies on close starting values, will be illustrated with
an application of Newton’s method for the solution to the transcendental
equation

c—ztanz = 0. (11.4.1)

DEFINITION 11.4.1. Newton’s iteration function for the equation

f(z)=01is

Zn4+1 = Zp — f/(Z )
n

In the present case one has

= N(zp). (11.4.2)

2 2
25 +ccos® z;
Zjy1 = St A (11.4.3)
Zj =+ sIn 2z, COS 2
where 7 = 0,1,2,3,..., and zg is chosen arbitrarily. This iteration is con-

structed in such a way that solutions of (11.4.1) are fixed points of the

Newton iteration

22 + ccos? z

N(z,¢) = ————— (11.4.4)

Z +8Inzcos z
in the sense that ¢ — ztanz = 0 implies N(z,¢) = z. It is obvious by
inspection that the zeros of cosz are also fixed points of N(z,¢). Since
N(z, c¢) is the Newton iteration for the solution of (11.4.1), it is known that
the roots of (11.4.1) are attractive fixed points of (11.4.4), regardless of the
multiplicity of these solutions (N'(z,¢) = 0 in the case of simple solutions);

here ’ = d/dz. From the expression

2(zsinz — ccos z)(zsin z + cos z)

N'(z,¢) = (11.4.5)

(z +sin z cos z)?
it is seen that zeros of cos z are repulsive fixed points (N'(z,¢) = 2).
Writing the iteration (11.4.4) in the form
*(tan® z + 1
N(z,¢) = ¢ (tan s )
tan z + z(tan® z + 1)
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and recalling that tan(+iy) — =i as y — oo in such a way that y?[tan?(iy)+
1] — 0, it is seen that N(z,c) — —ic as z — oo along the positive imaginary
axis and N(z,c¢) — ic as z — oo along the negative imaginary axis. More-
over, it is shown [27], by an argument of Julia [30], pp. 92-94, that these
are the only asymptotic values of N(z,c). Thus, the set of points at which
the inverse function is singular includes the transcendental critical points
defined by the asymptotic values +ic and the algebraic critical points z,
determined by the equations N'(z,,¢) = 0.

Theorem 11.3.1 shows that all the attractive fixed points and cycles of
N(z,c) can be discovered by constructing iteration sequences starting from
the respective critical points of N(z,c). According to (11.4.5), the set of
such values includes the successors of the simple roots of (11.4.1), which
are themselves attractive fixed points, and the successors of the solutions
of the transcendental equation

1+ ztanz = 0. (11.4.6)

This, surprisingly, corresponds to the case ¢ = —1 of (11.4.1). The roots of
(11.4.6) are double zeros of N'(z,—1) given by (11.4.5). It follows that the
algebraic critical points of N(z,—1) are themselves superattractive fixed
points. The transcendental critical points of N(z,—1) are +i which are
found to lie in the basins of attraction of the roots of smallest modulus of
(11.4.6), namely +1.20:. By Theorem 11.3.1, for ¢ = —1, N(z,—1) has no
attractive cycle of order bigger than 1. Figure 11.1 shows the immediate
basins of attraction to the tenth, and part of the ninth, roots of (11.4.6).
The Julia set of N is the boundary of the components of the basins
of attraction to the different roots. The numbers in Fig 11.1 sample the
basins of attraction to the various roots. Thus an iteration started at the
point 28 4 2¢ near the tenth root, 28.20, converges to the first root, —1.20s.

Another drawback with a local method, such as Newton’s method, is
the presence of many attractive cycles. Figure 11.2 in the c-plane describes
part of the Mandelbrot bifurcation set giving rise to attractive cycles in the
forward orbits of the algebraic critical point wy = 2.8 for the corresponding
values of the parameter c¢. At each point, ¢, of the c-plane, an integer n,
—9 < n < 20, respectively, 21 < n < 99, indicates the rank, —9 to 20, of
the root of (11.2.5), respectively, the order plus 20 of the attractive cycle
which lies in the forward orbit of the algebraic critical point wy = 2.8.
The positive semi-axes, Rc¢ and ¢, point downwards and to the right,
respectively. The origin is at the top left corner and the step size in y = Sz
is 0.2 per two-character column.
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0.300000D+02
0.420000D+01

0.230000D+02,
0.000000D+00,
0.100000D+00
0.100000D+00

The endpoints for X are

The endpoints for Y are

The step size for X is

The step size for Y is

26,0 99999999999-13111-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1

26,1 99999999999-111 1-2-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-2 1

26,2 99999999999 910-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1 1

26.3 99999999999 9-1-1-1-1 1 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1 1

26,4 99999999999911231-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1-1-1-1-1 1 1 1

26,56 999999999999-178-11-111-12-1-1-1-12-1-11-112222-11111

26,6 99999999999988888-16-1-11-111-11-1-1312222211111

26,7 99999999999-188888777-1675544433322222-11111

26,8 99999999909-111888-117756-15534-11311122-111111

26,9 9999999999-1-1-111-111-111-113-11-11111111-1-111111

26,0 99999999910-1111-1-111-1-11-11111111111111111111

26,1 999999991011111-1-2111111111111111111111111

26.2 99999992-1-1-1-111111111111111111111111111111

26.3 999999-181-1-1-1-11111111111111111111111111111

26.4 999991-187-1-1-1-11111111111111111111111111111

26,5 9999-1-11-1-114-1-11111111111111111111111111111

26.6 99-11-1-111111111111111111111111111111111111

2.7 91111111111111111111111111111111111111111

26.81010-1-11-111111111111111111111111111111111111

26.9 10101011-1 3-4110-1-1-11111111111111111111111111111

27.0 1010101010-11112-1-1-1-1-1 1 1111111111111 11111111111111

27.1 101010101010-1-1-1-1-1-1 111 1111111111111 1111111111111

27.2 10101010101010 1-1-1 71111111111 11111111111111111111

27.3 1010101010101010-1 911 1-1-1 1111111100111 1111-1111-11111

27.4 101010101010101010 1 11 1-1114-11111100111-1111-31-2-2-21111

27.5 10101010101010101010-1 1 111 1 1-1131416-1-1-1 0 0-1-1-1-1-1-3-1-3-1-2-2-2-2 1 1 1

27.6 1010101010101010101010-11111111212-1-1-1-1-1-1 0 0-1-1-1-1-1-1-1 1-1-2-2-2-2 1 1 1

27.7 1010101010101010101010-1111111-1 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1 1 1-1-1 1 1

27.8 1010101010101010101010 1-1-1 1 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1 1

27.9 1010101010101010101010 1 1-1 0 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1

28.0 1010101010101010101010 7 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1

28.1 101010101010101010101010 9-1 1 2-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1

28.2 1010101010101010101010-3 1 1 1 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1

28.3 101010101010101010101010-1 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1

28.4 101010101010101010101010 1-1-1-1 2-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1

28.5 101010101010101010101010 1-1-1 1 1-2-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1-1-1-1-1-1 1

28.6 101010101010101010101010-1-1-1-1 1-1-1 1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 2 2 2-1 1 1 1

28.7 101010101010101010101010-1 9 9 912-1 6 1-1 1-1 1-1 1-1 2-1-1 1-1-1 22222111

28.8 101010101010101010101010 9 9 9 9 9-1 8-1-1 1-1 1-1 1-1 1-1 233122 22-1111

28.9 1010101010101010101010 1 1 99998887766 65544333122221111

29.0 10101010101010101010 1121 7-1 1 1-1-1-1-1 1-3 1-1 1 3-1 1 2-1 1-1 1-1-1 1111

29.1 101010101010101010 91 1 1-3-1-1 1 1-1 1 1-11-1 1-1 1 1-111-1111-2-1 1111

29.2 1010101010101010-1-1 111 1565-11121111111111111111111111

29.3 10101010101010-1 1-1-1 111 1-1-1111111111111111111111111

29.4 10101010101010 4-1-1-1-111111111111111111111111111111

29.5 1010101010 1-1 9-1-1-1-1-1-1 1 1111111111111 1111111111111

29.6 10101010 1-1 1-1 77 1-1-11111111111111111111111111111

29.7101010-1-1-111111111111111111111111111111111111

29.8102-111111111111111111111111111111111111111

29.911-1-111111111111111111111111111111111111111

30.011111112-1-111101-311111111111111111111111111111

FiGURE 11.1. The upper part of the immediate basin of

attraction to the tenth, and part of that to the ninth, su-

perattractive fixed points of N(z, —1). The positive semi-

axes, Kz and Sz, point downwards and to the right, re-

spectively. The step size in y = Sz is 0.1 per two-character

column, starting at y = 0. A point z sampled by, say, 10

is in the basin of attraction of the tenth root, 28.20.
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The maximum number of iterations is : 10000

The iteration levels are : 500 6000 7000 10000

The maximum length of cycle detected is : 79

The endpoints for Re c are : 0.000000D+00, 0.110000D+02

The endpoints for Im c are : 0.000000D+00, 0.800000D+01

The step size for Re c is : 0.200000D+00

The step size for Im c is : 0.200000D+00
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FIGURE 11.2. The positive semi-axes, Rc and e, point
downwards and to the right, respectively. At each point,
¢, the integer n indicates that the nth root of (11.2.5), if
—9 < n < 20, or the n — 20 cycle, if 21 < n < 99, lies in
the forward orbit of the algebraic critical point wy = 2.8.
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Finally, convergence to parasitic solutions or even to strange attractors
may happen with higher order methods, as will be mentioned and defined
later in the elliptic case of Kepler’s equation.

11.5. Almost global iteration functions

We consider almost global iteration methods for the solution of the
transcendental equations

z=ccotz, z=ctanz, z=-cosz, =z = 1sinz, z= 1ez.
c c c
As the treatment of the first four equations involving trigonometric func-
tions can be done by the same general approach, it will be dealt with first.
The last equation involving the exponential function will be considered last.

Generally, for a direct iteration method

Znt1 = F(zn), (11.5.1)
the region of attractivity will be defined as
A=1{z |F'(z)| < 1} (11.5.2)
and its image will be denoted by
B={F(z); z€ A} =: F(A). (11.5.3)

11.5.1. The four trigonometric equations. We first need the fol-
lowing definition.

DEFINITION 11.5.1. An oval of Cassini is a closed curve defined in
standard position by the relation

O={z |z— fllz+ f| = k¥*} (11.5.4)

where the points +f are the foci of the oval and the constant k2 is the
product of the distances of the point z describing the oval to the two foci
as shown in Fig 11.3.

For the four trigonometric equations,
z=ccotz, z=ctanz, z=—cosz, z= —sinz,
c c
it will turn out that the set B defined in (11.5.3) is the region bounded by
some oval of Cassini.
Now for the trigonometric equations, the iteration function F' will be
denoted by

T(z,¢) :=ccotz, ctanz, (1/c)cosz, and (1/¢)sinz,

respectively. It can then be seen that the regions A and the parameters of
the oval O, which defines the region B for the four trigonometric equations,
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Imz
——
F<k -f O\y Re z
Imz
Z
Fek -f 0 f Rez
Im z
z
(> 7\
NSO N R

FIGURE 11.3. The figure shows ovals of Cassini {z;|z —
fllz+ f| = k?} with foci f > 0 and — f; the product of the
distances r1 and r5 from the point z to the foci is constant:
riro = k2. Top, f < k; center, f = k; bottom, f > k.

are as listed in Table 2. Moreover the only finite critical points of ccot z
and ctan z are the transcendental critical points +ic, and the only critical
points of (1/¢)cosz and (1/¢)sin z are the algebraic critical points k7 and
(2k + 1)7/2, respectively, with algebraic critical values +1/c.

The level curves, |sin z| = constant and |cos z| = constant, bounding
A are shown in Fig 11.4.

With these considerations we have the following theorem.

THEOREM 11.5.1. For any given value ¢ # 0 the iteration function
Znt1 = T(zn, ¢) has two attractive fived points, and these are in B, if B C A,
and only if BN A # 0, where A is the region of attractivity of T and
B =T(A). The two fizxed points, if any, are in the forward orbits of the two
transcendental critical points of T' for cot and tan, and of the two algebraic
critical values of T for cos and sin, respectively.

The proof of the first part follows from the fact that the mapping
T: A— AnNDB is contracting. The proof of the last part follows from
Theorem 11.3.1 and Remark 11.3.1.
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TABLE 2. For the four trigonometric equations, the table
lists the regions A, the parameters f and k? of the oval O
which is the boundary of the region B, the finite transcen-
dental critical points (T.C.P.) and the algebraic critical
values (A.C.V.).

413

T(z,¢) A f [K?* ] T.C.P.| Alg.crit.pts. | A.C.V.
ccot z [sinz| > +/|c| | ic ||c|| =ic None None
ctanz | |cosz| > \/|c| | ic | |e| | Zic None None
(1/¢)cosz | |sinz| <|e| |1/e| 1 | None +kn +1/c
(1/¢)sinz | |cosz|<|e| |1/e| 1 | None | £(2k+1)7/2 | £1/c
Im z
1.6 V
1.4 M
120 ———————
0.8 0.8
06 12 0.6
04 0.4
W (r
5 f\ fRez
/2 0 /2 U
sin z Cos z

FIGURE 11.4. The figure shows the level curves |sinz| = k
of sin z, respectively, | cos z| = k of cos z, in the upper half-
plane, by taking the origin at 0+ 0i, respectively, at /2 +
0:.

11.5.2. The inverse iteration function. The repulsive fixed points
of T are attractive fixed points of properly chosen branches of the multiple-
valued inverse iteration

1 =T (zn). (11.5.5)
These fixed points will be seen to be in the forward orbit of almost any
point on the chosen branches.

In order to have a clear view of the branches of 7! one needs to locate
the double roots of z — T'(z,¢) = 0. For the four trigonometric equations,
these roots turn out to be roots of equations which are independent of ¢ as
is easily seen.
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The equations for the double roots of the equations z = ccotz and
z = tanz are

z4sinzcosz=0 and z-—sinzcosz =0, (11.5.6)

respectively. Table 3 lists the first seven double roots of these equations
and the values of ¢ for which double roots exist.

Similarly, the equations for the double roots of the equations cz = cos z
and cz = sin z are

ztans = —1 and zcotz=1, (11.5.7)

respectively. Tables 4 and 5 lists the first seven double roots of these equa-
tions and the values of ¢ for which double roots exist.

It is to be noted that there are no roots of multiplicity higher than 2,
except for sin z = ¢z, ¢ = 1 where the origin is a root of multiplicity 3; but
in this case only two roots bifurcate as ¢ moves away from the value 1 since
the third one remains at the origin.

By drawing the images of the real c-axis and branch cuts joining the
branch points ¢; and ¢; through infinity on the Riemann c-sphere for each
of the four multiple-valued mappings

c—{z:ztanz = ¢}, ¢c—{z:zcotz =c}, (11.5.8)

and

¢ — {z:cosz = cz}, ¢ — {z:sinz = cz}, (11.5.9)
one obtains rough graphs of the images of the four quadrants, I, I, I1]
and IV, of the c-plane into the four regions Iy, IIy, II1I; and IV} as
shown in Figs. 11.5 to 11.8, respectively. For each k = 1,2, ..., the union
Iy UIT, UII1;,UIV), forms a fundamental region of the functions ¢ = z tan z,
c=zcotz, c=(1/z)cosz, and ¢ = (1/z)sinz. In Figs. 11.5 and 11.6 one
obtains the corresponding regions in the second, third and fourth quadrants
of the z-plane by reflection through the origin and reflection in the real axis
since ztan z and z cot z are even and real functions, that is,

—ztan (—z) = ztanz

and z tan x is real for real x, and similarly for the second function; this fact
will also be used later in Table 8.
Now with

t=(ic—2)(ic+z) and t=czt+/(cz)®?—-1, (11.5.10)
the branches T~1(t,c) = T~!(z,c) of the inverses of T(z,c) = ccot z and
T(z,¢) = ctan z are

1 1 1
Zlogt-i—kw and Zlog(—;), (11.5.11)
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TABLE 3. For the equations z = ccotz and z = ctanz
the table lists the equations for the double roots, the cor-
responding values of ¢ and the numerical values of the first
seven double roots, p; and g;, respectively, and the corre-
sponding values of the complex number c;.

z+sinzcosz =0 c=ztanz
j :l:pj,:l:ﬁj Cj,Ej
1 0 0
2 2.106 + 1.125: —1.651+ 2.060¢
3 5.356 + 1.5521 —2.058 + 5.335¢
4 8.037 4+ 1.7761 —2.278 4+ 8.523¢
5| 11.699+1.929; | —2.431 + 11.689:
6| 14.854+42.047i | —2.548 + 14.8467
71 18.005+ 2.1427 | —2.643 + 17.998:
z—sinzcosz =0 c=zcotz
J +45,+q; €5, Cj
1 0 1
2 3.749 4+ 1.384¢ 1.895 — 3.7192
3 6.950 + 1.6767 2.180 — 6.933:
41 10.119 + 1.858: 2.361 — 10.107z
5| 13.277+ 1.992: 2.493 — 13.268:
6| 16.430+ 2.097: 2.598 — 16.422;
71 19.579+ 2.183: 2.684 — 19.573:

respectively. Similarly, the branches of the inverses of T'(z,¢) = (1/c) cos z
and T'(z,¢) = (1/c¢)sin z are

—logt+2km and —ilog(it) + 2k, (11.5.12)

respectively.

Tables 6 and 7 give the vertical strips containing the values of T~*(z, ¢, k)
for the four trigonometric equations. By choosing appropriate branch cuts
in the t-plane and corresponding branch cuts in the z-plane, one obtains
vertical strips which contain the real part of T~1(z, c) as indicated in these
tables.

If a specified root s(*) for a given value of ¢ lies in a vertical strip S;
which does not intersect the oval O, by choosing the branch cut which does
not intersect .S;, the iteration

i1 =T (zn, ¢, 1) (11.5.13)
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TABLE 4. For the equation cz = cosz the table lists the
equations for the double roots, the corresponding values of
¢ and the numerical values of the first seven double roots,
&;, the corresponding values ¢;, and the foci +1/¢; of the

ovals O.

ztanz = —1 | ¢ = (cosz)/z Foci
J £ *¢j £1/¢y
1| 1.199678 6% | —1.508880% 0.662 7431
2| 2.7983865 —0.336 508 — 2.971698
3] 6.1212505 0.161 228 6.202 395
41 9.3178665 —0.106 708 — 9.371373
5| 12.4864544 0.079831 12.526 434
6| 15.6441284 —0.063 792 —15.676 056
7| 18.7964044 0.053 126 18.822 986

TABLE 5. For the equation cz = sinz the table lists the
equations for the double roots, the corresponding values of
c and the numerical values of the first seven double roots,
7;, the corresponding values ¢;, and the foci +1/¢; of the
ovals O.

zeotz=1 | c=(sinz)/z Foci
£1; ¢ £1/¢
0 0 00
4.4934095| —0.217234 | — 4.603 339
7.7252518 0.128 375 7.789 706

10.9041217 | —0.091325 | —10.949880
14.066 193 9 0.070913 14.101 695
17.2207553 | —0.057972 | —17.249 766
20.3713030 0.049 030 20.395 833

N O U W N .

will converge to s(®) for any zy € S \ A, provided s(¥) is the unique root in
S;. This follows from the fact that T~ is contracting in S; \ A.

The uniqueness can been seen from Figs. 11.5 to 11.8, except in the
following cases. In Fig 11.5, when ¢ € IT, the roots s() and s, k > 1,
could possibly lie in the same vertical strip of width 27, and similarly for
s and s® k> 1, in Fig 11.6, when c € IV.
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F1GURE 11.5. The figure shows the regions I, and I,
k > 1, which are images of the upper half of the c-plane
into the first quadrant of the z-plane by the multiple-
valued mapping ¢ — {z;ztanz = ¢}. The points p; =
0, p2,ps, - - -, are the double roots of the equation z tan z =
c. The region II; is unbounded.

Im z

0 /2 T 31/2 21 5m/2 3r Rez

FIGURE 11.6. The figure shows the regions I 11, and 1V,
k > 1, which are images of the lower half of the c-plane
into the first quadrant of the z-plane by the multiple-
valued mapping ¢ — {z;zcotz = ¢}. The points ¢ =
0,qg2,qs, ..., are the double roots of the equation z cot z =
c. The region IV is unbounded.

A similar situation occurs for s) in Fig 11.7; but in this case, this
difficulty will be resolved by means of Newton’s iteration in the next section.
Any double root of the given equations lies on the boundary of the
region A, and the oval O is tangent to that boundary at that point. At
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Re z

i
).

=27 -t —-n/2

FiGure 11.7. The regions Iy, Iy, 11} and IV} of the
z-plane are the images by the multiple-valued mapping
¢ — {z;cosz = cz} of the quadrants I,II,IIT and IV
of the c-plane, respectively. The points {; are the dou-
ble roots of cosz = cz. The dotted vertical lines are the
asymptotes 8z = £nn/2. The boundary of the regions
cuts the real axis successively in +7/2, £&, £37/2, +&3,
etc., and the imaginary axis in £&; = £1.2¢. The central
“ellipse” contains the first root of cosz = cz.

TABLE 6. Given ¢ = (ic — z)/(ic + z) and a branch cut in
the t-plane, the table lists the corresponding branch cut in
the z-plane and the vertical strip containing the values of
T~1(z,c, k) for the first two trigonometric equations.

T(z,c) Tt c k) t-Cut z-Cut RT (2, ¢, k)

ccot z % logt + km [—00,0] | [—ic,ic] 20 | (=5 + kn, 5 + k]
[0, 4+00] | [—ic,ic] 5 o0 (km, 7 + kn]

ctanz | & log (—1) + &k | [—00,0] | [—ic,ic] 3 00 | (=% + k, Z + k]
[0,400] | [—ic,ic] 50 (km,m + kn]

a double root the multiplier, 7”7, of T is equal to 1, which is a rational
number. Hence the double root is an indifferent fixed point of 7" which lies
in the Julia set of T, and by the Flower Theorem [10], it can be reached by
both (11.5.1) and (11.5.13). In this case, an already, but slowly, convergent
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Imz
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FiGURE 11.8. The regions Iy, I, I[11; and IV}, of the z-
plane are the images by the multiple-valued mapping ¢ —
{z;sinz = cz} of the quadrants I, II, IIT and IV of the
c-plane, respectively. The points n; are the double roots
of sin z = cz. The dotted vertical lines are the asymptotes
Rz = +nw/2. The boundary of the regions cuts the real
axis successively in n; = 0, £, 19, £27, £n3, etc.

TABLE 7. Given t = cz £ 4/(cz)? — 1, a branch cut in the
t-plane and the quadrant containing ¢, the table gives the
vertical strip containing the values of T~1(z,¢c, k) for the
last two trigonometric equations.

T(z,c) Tt c k) t-Cut | Loc. of ¢ RT1(z,c, k)

Zcosz | —logt+2kr | [0,+oc] | IITUIT [2km, 27 + 2km)
[-00,0] | TUIV [-7 + 27, 7 + 27)

1sinz | —ilog (it) + 2km | [0,+oc] | IV UIIT [2km, 27 + 2km)
[—00,0] | IITUI | [—7+2km, 7+ 2kn)

orbit may need to be accelerated by means of Steffensen’s procedure, which
is defined as follows.

DEFINITION 11.5.2. Steffensen’s procedure for three iterates z,, zn+1,
and z,49o is

:Zn—

(Zn—i-l - Zn)2

Zn42 — 2Zn+1 + Zn

(11.5.14)
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Imz

Re z

FIiGURE 11.9. Three ovals of indifferent fixed points of
F.(z) = (cosz)/c. The points &1, & and & are double
roots of cos z = cz.

Moreover the direct and inverse iteration functions distinguish between
the pair of roots after these have bifurcated from a double root if one root
lies inside the oval and the other lies outside.

The only difficult case is when both roots are outside the region of
attractivity .4 but near a double root. In this case the immediate basin of
attraction of the specified root for T-! could be relatively small and the
iteration (11.5.13) may lead to attractive cycles. Thus, one may have to
try different starting values or interpolation as explained in Section 11.7.

It is to be noticed that indifferent fixed points lie on closed curves,
each one going through a double root. We illustrate this situation for the
equation

cos z = cz.

Since, in this case, |F.(z*)| = 1 and

2 = Fl(2"), (11.5.15)

it follows that
—Sincz* = i2ma (11.5.16)
Eliminating ¢ from (11.5.15) and (11.5.16), we see that z* is a solution of
ztanz = —e™™?, (11.5.17)

The solutions of (11.5.17) are plotted in Fig 11.9. These solutions lie on
different ovals. Remember that each indifferent fixed point corresponds to
a specific value of ¢, and only for some values of ¢ does there correspond at
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FIGURE 11.10. Images of the four quadrants of the c-
plane into the z-plane under the multiple-valued mapping
¢ — {z;¢* = cz}. Region G of the c-plane mapped into
{zW; 2] > 1}. The curve T is the boundary of G.

most one indifferent fixed point. These points lie in the Julia set of F, for
the corresponding c.

11.5.3. The exponential equation. We turn now to the exponential

equation
1
z=-¢€*=: E(z,0¢). (11.5.18)
c
Here the region of attractivity A is the unit disk in the z-plane for ¢ lying
outside the region G UT shown in the right-hand part of Fig 11.10, where
the boundary curve I' is defined by the relation

F—{c;c—%eg, |§|—1}

One sees that the oval O has reduced in this case to the unit circle.
Since E(z,c) has only one transcendental critical point, z = 0, and no
algebraic critical points, the iteration

Zn+1 = E(Zn7 C)

can have at most one attractive fixed point. Hence for any ¢ ¢ G UT, the
iteration started at zo = 0, will converge to the first root, s, of (11.5.18)
inside the unit disk.

The only double root of (11.5.18) is z = 1, and this occurs only when
¢ = e. By considering the images of the real and imaginary axes, a = Rc and
b = Sie, respectively, under the multiple-valued mapping ¢ — {z;e* = cz},
one obtains Fig 11.11.

The inverse E~! of E is given by the logarithm

E~Yz,¢,k) =Inz +Inc+ 2kni, keZ, (11.5.19)
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where the branch cut of Inz and Inc are taken appropriately along the
negative or positive real axes in the z-plane and c-plane, respectively. For
¢ in a given quadrant, one can choose a value of k such that the values of
(11.5.19) will lie in a horizontal strip of width 27 which covers only one
image of the given quadrant, except for the first images Iy, Il;, I1]; and
V.

In case of the first images, for example, for ¢ € I1] in the small region
A C G, E7Y(z,¢,k) has two attractive fixed points, s(Y) € ITI; N A’ and
s(2) € III,. In such case, to have convergence to s!) one needs a good
starting value, say, zg € A’. The same holds for ¢ € B C G and for ¢ € I]
and ¢ € I inside regions which are symmetric to A and B with respect to
the axis Re.

Otherwise, for ¢ € G\ A C III, (11.5.19) will converge to s!) for
zo € I1I; \ A, as is illustrated in Fig 11.11. The same holds for ¢ € G and
in the other three quadrants.

11.6. Effective use of Newton’s methods

When a root to f(z) = 0 is known to lie in a convex region, one can
produce good starting values for Newton’s method. This situation occurs
for any root s(¥) to the first two trigonometric equations, rewritten in the
form

f(z):=zsinz —ccosz =0, cel, (11.6.1)
g(z) :=zcosz —csinz = 0, celll, (11.6.2)

and similarly for the first root s(*) of the third trigonometric equation
h(z):=cosz—cz=0. (11.6.3)

The starting values, zg, shown in Table 8 for (11.6.1) and (11.6.2) are
obtained by truncated continued fractions. Those of (11.6.3) are obtained
by a rational approximation of the first degree.

In dielectric spectroscopy, where typical values of ¢ lie in the annulus
1072 < |¢| < 102, Newton’s method for (11.6.1) and (11.6.2) converges very
rapidly.

11.7. Interpolation near a double root
When one is looking for a solution of

cosz = cz, ceC, (11.7.1)

which lies near a double root, high precision is difficult to achieve. The
double root bifurcates into two roots that are close to each other. There can
be endless iterations which hardly move closer to the root. Even Steffensen’s
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FIGURE 11.11. Images of the four quadrants of the c-plane
into the z-plane under the multiple-valued mapping ¢ —
{z;€* = cz}.

method may fail to improve the estimate, may converge to another root or
may be divergent.

Here, we explain the instability as the iterates get closer to a double
root. Let us suppose that Z is an indifferent fixed point of Fz(z), that is,

F:(2)=z and |Fi(2)] =1,
implying that
cosZ=¢Z and sinZ = —ée'. (11.7.2)
For any angle ¢ € [—m, ), Z is on one of the ovals of Fig 11.9. Notice that

Z tends to the double root &; in the oval as ¢ — 0.
Let ¢ ~ ¢. We want to find a root z of E.(z) = 0 and write
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TABLE 8. The table lists the starting values, zp, to obtain
the kth roots, s*), with Newton’s method for the given

equations and values of ¢ in appropriate quadrants; here
a="7/8—(2/3)i.

Equations Quadrants | Starting values zg kth roots
zsin z— ceIUIV w\/ﬁ;ﬂc s enuliv
ccosz =0 (k—l)w—i—%c”% sk e I, u IV
k>1
zcos z— ceIITUII | m/i=¢ sW e IlL Ul
csinz =0 (k= 37+ F = | s € 11, UTI,
k>1
cosz—cz=0|cel %&cl-i—l sWer
cell L sWerln
celll T_1 s e Il
celV T = s e v
Thus,
E.(z) =cosz—cz
(11.7.3)

=cos(Z+u)— (c+e)(Z+u).

Expanding cos(Z+u) to second order around Z and using (11.7.2), we obtain

E.(Z+u)=¢ (% —1u— %5@2 + O(Jul?) — e(2 +u)

Solving for e,
¢ (e — Du— 2ezu® + O([uf?)

Z4u

e =

3

and replacing 1/(Z + ) by its Taylor expansion in powers of u ,

’LL2 3
+ L+ O(uP)

we obtain

(11.7.4)
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As Z approaches the double root, the first term tends to zero, and for Z = ¢;
and ¢ = ¢; we have e ~ —éu?/2, that is,

c—ci~ =iz —&)?)2.

This means that in a neighborhood of a double root, very small differences
in ¢ result in large differences in z, causing instability.

If greater precision than the one obtained by iterating F. or G. and
improved by Steffensen’s formula is desired, we can use interpolation for
solving (11.7.1) near a double root.

The double root & and its corresponding ¢; are known. Suppose we
have ¢ = ¢; and want to find the root z* of cosz = cz. We start with a
very good estimate, zg, of z*, and choose four points around zgp, namely,

z1=20+0, 29=20—0, 23=20+10, z4= 29— 10,

for a small value of §. We use (11) to compute c1,...,cq and construct an
interpolating polynomial (with complex coefficients) that verifies
P(c;) = z;, i=0,1,2,3,4, (11.7.5)

and interpolate for c,
20 = P(C)
We take Zp as the new zg and repeat the procedure until | cos Zg — cZo| is
sufficiently small or two consecutive values of Zy are close enough.
It is crucial to start the process with a very good estimate for z*. To
compute the initial value zg, we consider

E.(z) =cosz —cz
=cos(& +u) — (¢; +e)(& + u).
Replacing cos(&; + u) by its third-order Taylor expansion,

(11.7.6)

cos(& + u) = cos&; — (sin;)u — %& u? + % ud + O(|ul?),
and recalling that
COSs 51 = Ci& and — sin 51 = C4,
we get
E(2) = Ec(& +u)
. . 11.7.7
= -Gt = G et —eut O(ul’), L)
and write e o
Q.(u) = —é u? — é{iuz—eu—efi. (11.7.8)

To find an estimate of z* we calculate the three roots w1, us and ugz of the
polynomial Q.(u). Suppose that the two roots that give the two smallest
values for |E. (& 4+ u;)| are uq and ug. Then we have the two starting values
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zo = & + up and zg = & + ug to begin successive interpolations. These
interpolations will converge separately to each one of the roots z* that are
close to the double root &;.

11.8. Kepler’s equation

In the two-body problem [19], pp. 84-91, time and spatial position are
related by Kepler’s equation

M =F —e€sinE, 0<e<l, (11.8.1)
in the elliptic case, and
M =esinh F — F, e>1, (11.8.2)

in the hyperbolic case, where M is the mean anomaly, € is the eccentric-
ity, E is the eccentric anomaly or reference area, and F' is the hyperbolic
reference area.

By means of a Fourier series expansion, the eccentric anomaly is given
by

— 1
E=M+2 —Jm i M), 11.8.3
+ mZ:l — (me) sin(mM) ( )
where J,, is the Bessel function of the first kind of order m.
Local methods with a faster convergence rate, such as Chebyshev’s
formula, may have greater drawbacks. This formula is defined as follows.

DEFINITION 11.8.1. Chebyshev’s formula for an equation f(z) =0 is

L fG) [y L S )

with cubic convergence to simple roots.

Concerning the drawbacks of local methods, it is reported in [12] that
iteration with Chebyshev’s formula, when applied to the elliptic Kepler
equation, may lead to divergence or to convergence to parasitic solutions,
namely, attractive fixed points of the Chebyshev iteration function which
are not solutions of Kepler’s equation, or even to strange attractors in case
of poorly chosen starting values. The expression strange attractor is taken
to mean that there is neither convergence nor divergence but the endless
iterations will generate almost random values, z,, inside a bounded region.
It appears that once a value of z, is within this region, it gets trapped
forever with no hope of converging to a fixed point, or of getting out of the
trap.

Kepler’s equation also appears in problems of class D [28] in the testing
of Runge—Kutta, multistep and Runge—Kutta—Nystréom methods, for the
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periodic solution of systems of ordinary differential equations. Here one
attempts to solve the equation of two-body motion
i=—x/r3,  x(0)=1-¢ (0)=0,
j=-y/r’,  2(0)=0,  §(0)=[1+e/1-]"
2

(11.8.5)

where 2 = 22 +y? and € is the eccentricity. The analytical periodic solution
of (11.8.5),

T = Ccosu — €, y=1+1—¢e2sinu,
—sinu . V1 —€2cosu

r=——— Y=
a — €COSU 1 —€cosu
where u is given by Kepler’s equation
u —€esinu =t,

is used to determine the global error at all stages of the numerical compu-
tation.

To apply the theory developed in the present chapter to Kepler’s equa-
tion one rewrites (11.8.2) and (11.8.2) in the form

z=esinz +d=: K(z). (11.8.6)
One sees that the region of attractivity is
A={z:]|cosz| <1/le|}
and the region B = K(A) is bounded by the oval
O={z;lz—d—¢|llz—d+¢ <1}.
In the elliptic case, that is, when 0 < € < 1, the equation
f(x) =2x — esinx — d, €,d e R,

has only one real root, z(e,d), for each given real values of € and d, and
no multiple roots. This root is an attractive fixed point of K and can be
reached by the iteration

Tn+1 = K(,Tn, 6)7
from one of the only two critical values of K,
ro = te+d,

which lies in the immediate basin of attraction of the root.
When € > 1, that is, in the hyperbolic case, the equation

g(iy) = iy — esin(iy) — id, e,d e R,
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has only one imaginary root iy(e, d) for each given real values of € and d,
and no multiple roots. This root is an attractive fixed point of

) ) (zyn — id)
iYng1 = arcsin | ——— |,

€
—d

y = arcsinh (y )
€

—d —dl?
= log Y + [y ] +1
€

€

that is,

Convergence can be accelerated by means of Steffensen’s procedure (11.5.14),
especially when the eccentricity, €, is close to 1.

11.9. A programming strategy

The following programming strategy has worked quite well in interac-
tive and automatic searches for specified roots of the transcendental equa-
tions considered in this chapter.

(a) If Table 8 applies, use Newtons’s methods. Else

(b) Else, if Theorem 11.5.1 applies, use the direct iteration z,y1 =
F(zp,c).

(c) Else, use the inverse iteration z,11 = F~1(2,,c, k) with the ap-
propriate branch; in case of nonconvergence, try the other branch
cut.

(d) If (c) does not produce convergence when c is near a branch point,
use Steffensen’s procedure or interpolation, or change starting val-
ues to avoid attractive cycles.

In dielectric spectroscopy, one has experimental values of ¢ which lie on
a smooth curve; hence one can use extrapolation to pick the next starting
value, zg, in terms of the next value of ¢. Near a double root, one can
interpolate to a value of z for a value of ¢ lying between two experimental
values of ¢, one on each side of, and slightly away from, the branch point in
order to get a starting value that will give convergence to the correct root.

This strategy is likely to converge to any specified root and avoid unde-
sired attractive cycles. Finally, the recourse to the inverse iteration function
may be useful in the solution of other transcendental equations.
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Answers to Odd Exercises for Section 1.1

Page 11 in the text.

1. —12 — 23s.

3. 9/13.

5. 7 — Arctan1/v/5.

7. —15+ 4.

9. (1+4k)1/2, k=0,41,+2,...
11. —14.

13. z=-2, y=23.
15. z = —6/5— 8i/5.

17. |z| =1, argz=2n/3+27k, k=0,+1,+2,.... Argz=27/3.
19. 1/2 — /2.

21. 6/5 — 2i/5.

25. 21 =0, zo=1, 234=—1/241iV/3/2.

27. If z = x + iy then |Z| = |x — iy| = /22 + (—y)? = |2|.

29. 7173 = (w1 +iy1)(x2 + iy2) = T122 — Y1y2 — i(Y122 + T1Y2),

Z1Zp = (@1 — 1y1) (22 — 1y2) = T122 — Y1y2 — {(Y122 + T1Y2).

31. The three points, z1, 22 and z3, lie on a straight line if and only if there
exists a real number k # 0 such that zo — 21 = k(25 — 22).

33. Let 21 = 1 + iy and 29 = x5 + iys. Show that the left-hand side is
equal to the right-hand side.

35. 24 =21+ 23 — 29.

37. 2, = 3\/54—12\/5 _ \/%eiArctan2/3, 29 = —54i= \/%ei(ﬂ'—Arctanl/iS)'
The angle o« = m — Arctan1/5 — Arctan 2/3.

39. Let z =2 + iy, w = u + iv. Then

2 2

—(y—v)”.

Simplifying the above expression we obtain (1 — |2|?)(1 — |wl|?).

11— zw|* — |z —w|? = (1 —ux —vy)* + (yu — 2v)* — (z — u)

429
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. If a = 0 the proof is trivial. If a # 0 we have

1—a22=z—a22=z—a22:z—a,
(

since |z| = 1. Therefore z/(z —a) = 1/(1 — aZ2).

43.

|21 = |(21 + 22) + (—22)| < |21 + 22| + |22| by means of the triangle

inequality. Hence |21 + 22| > |21| — |22|. Similarly, |22 4+ 21| > |22| — |21].
Hence, |21 + 22| > ||21] — |22||. The equality holds if two points 21 and 2

lie

45.
47.
49.
51.
53.

on a straight line.

2(cos2m/3 + isin2m/3).

1/2[cos (—=Tm/12) + isin (=77 /12)].
1/2[cosm/4 + isinm/4].
1/256(cos0 + i sin 0).

(cosa+isina)™ = cosna +isinna = 1, hence cosna = 1, sinna = 0.

Then (cosa —isina)™ = cosna — isinna = 1.

55
57

. (2—2)/(2+z) is pure imaginary if z is a point on the circle 22 +y? = 4.
. 361'71'/6 381'571'/6 3671'71'/2'

59. ¢ iTm/T2 o—i3ln /T2 —ibST/T2 GilTn[T2 Gidln/T2  i65m /T2,

Answers to Odd Exercises for Section 1.2
Page 22 in the text.

The set is open; its interior is doubly connected.

The set is closed; its interior is not connected.

The set is neither open nor closed; its interior is not connected.
The set is closed; its interior is simply connected.

Closed disk of radius 2 and center 2 — i.

. Domain below the line y = = (y < z).

. Domain below the two branches of the hyperbola y = 1/(2z).
. Hyperbola zy = —1, the set is closed.

. Lower part of the circle 22 + y> =1 (y <0).

. Upper part of the semicircle of radius r with center at zg.
21.

The part of the hyperbola 22 —3? = 1 joining the points (cosh 1, — sinh 1)

and (cosh1,sinh1). (Hint: Use the identity cosh® —sinh®# = 1.)
23. 2(t) =t +i(2t+1), 0<t<l.

25. z(t) = Rcost + iRsint, —w/2<t<mw/2.

27. z(t) =1+4cost +i(—3+ 3sint), 0<t <27,

29. The limit does not exist.
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31. 1.
33. 0.
35. 1.

37. The relative positions of the images of —z and z on the Riemann sphere
with respect to the image of z are the points lying in the same plane parallel
to the z-plane which are diametrically opposite to z and symmetric to z
with respect to the real axis, respectively.

39. Let z, = 2, + 1y, and a = ¢+ id. Then

lim z, =c¢c and lim y, =d.

n—oo n—oo
Therefore,
lim =a = lim |z,] = |af.
n—oo n—oo
However, if lim |z,| = |a/, then it is possible, for example, that lim = —¢
n—o0 n—oo
and lim = —d. In this case
n—oo
lim z, = lim (z, +iy,) = —c — id # «.
n—oo n—oo
41. zZ1 = —Z9.

Answers to Odd Exercises for Section 1.3

Page 27 in the text.

1. 2 % +2i.

3. z#0.

5. Rf(2) = 322 — 392 + 2y, Sf(z) = 6xy — 22.

7. Rf(z) =2 = 3zy> + 2+ 2, Sf(2)=32%y—1y>+y.
9. Rf(z) =z(1+2y), Sf(z)=-2>+y>—y.

11. —12i.

13. V13.

15. The limit does not exist.

17. The limit does not exist.

19. 0if m <n; an/bypif m=mn; ooif m>n.

21. 21 =0, 293 ==1.

23. 21 = €i/4, 2 = eBT/A g3 = e BT/ 5y = emiT/4,

25. f(z) is continuous everywhere except at n points which are the roots
of the equation

bpz" 4+ -+ biz+byg=0.
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27. Let zp = zo + iyo be an arbitrary point in a complex plane. Then

l ) =l =20 = ().

Hence, f(z) is continuous.
29. Put z = z + iy and show that f(z +h+ik) — f(z) — 0 as h+ik — 0.

Answers to Odd Exercises for Section 1.4
Page 37 in the text.
1. f'(z) = —2/(3z+4)
3. f'(2) = (=82 — 3622 + 142) /(223 + 7)3.
5. f(z) =u+iv =z, uy, =1, and v, = 0. Therefore u, # v,. Hence f(z)
is nowhere differentiable.
7. f(2) = u+iv = 22 + y? implies that u = 2% + y?, v = 0. Therefore,
Uy = 2, Uy = 2y, vy =0, vy = 0.

The Cauchy—Riemann equations are satisfied only at z = 0. It follows

that f(z) = |z|? is differentiable at z = 0, but it is not analytic since the

Cauchy—Riemann equations are satisfied at no other points.
9. f(z) is analytic everywhere except at the points
im/3 27 /3 24 = eiw 25 = e*iﬂ'/3 26 = 671‘2#/3.

z1=1, zg=c¢e zz3=e¢e

11. Put z =z + iy = r cosf + isinf and use the chain rule:
Up = UgZy + UyYy = Uy €OS O + u,sinb, ete.

13. The function u(x,y) is harmonic. Hence f(z) =1/z+ C.

15. v is not harmonic since vy + vyy # 0.

17. f(z) =22+ C.

19. Show that lim w, and lim v, do not exist, where

z—0,y—0 z—0,y—0
f(2) = u(@,y) +iv(z, y).
21. Let f(z) = u(x,y) +iv(x,y). Since f(z) is a polynomial, it is analytic,
hence u, = vy, and u, = —v,. We have
f(z) = ’UJ({E, _y) - iv(xv _y)
Show that the Cauchy—Riemann equations are satisfied for g(z) = f(2).
Similarly,

Show that the Cauchy—Riemann equations for h(z) give

1'(0) = (ugp + ivy)] =0 = 0.
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23. Using the Cauchy—Riemann equations, we can write f/(z) in the form

I'(2) = ug — tuy = vy + vy
Since f’(z) =0 in D then

Uy = 0, uy = 0.

Therefore, u = Cy. Similarly, v = Cs. Hence, f(z) = u+iv = C1+iCy = C.

Answers to Odd Exercises for Section 1.5

Page 45 in the text.
1. e
3. e 1[cos(sin 1) + i sin(sin 1)].
5. Put z = x + iy and show that
e* = e"(cosy +isiny) # 0
since e* # 0 for all finite real x, and cosy + isiny # 0 for all real y.
7. Hint: Consider the limit of f(z) as z — 0 along different rays.
9. Log(3i) =In3 + im/2.
11. log(1+4) =1/2In2+4i(n/4+ 27k), k=0,£1,£2,....
13. z =Ind +i(r +27k), k=0,£1,£2,....
15. 2 = —iln2+457/6 4+ 27k, k=0,£1,42,....
17. sinz = sinx coshy + i cosz sinh y.
19. cosh z = coshx cosy + ¢ sinh x sin y.
25. Put z = x 4+ 7y. Then show that

cos Z = cosx coshy + isinzsinhy = u + iv.

Show that u, # v, unless x = nm. But the vertical lines x = nm are not
open sets. Hence cos Z is analytic nowhere in C'. A similar proof holds for

the functiion sin Zz.

27. 2 #0, z# -—1.

29. z #i(m+27k), k=0,£1,£2,....

8l. z=7/2+ 2k —iln(1++v2), k=0,%1,....
33. z i[Arctan(\/E)—l—%rk], k=0,%£1,....

35. The zeros of coshz and sinhz are i(n/2 + k), k = 0,%1,..., and

imn, n =0,%1,..., respectively.

37. Solve the equations in terms of logarithms and prove that the roots

arereal if —1 <a <1.
39. e~ ™/2, ¢™/?[cos(In 2) + i sin(In 2)].
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41. —iln (V2 —1) + 27k, k=0,%1,....
43. 7/2+ 27k —iln (2++3), k=0,%1,....

Answers to Odd Exercises for Sections 2.1 and 2.2

Page 55 in the text.

1. 2(t) =t+it?, 1 <t <3; 2/(t) =1+ 2it.

3. 2(t) = —2cost +i2sint, 7/3 <t < 7/2; 2/(t) = —2sint + 2 cost.
5. 2(t) =t+i/t3, 1 <t <4;2(t) =1—2i/t3.

7. argw'(z0) =7, |w'(20)] = 2.

9. argw’(z9) = —7/2, |w'(20)| = 1/2.

11. z=7/2+ 7k, k=0,£1,....

13. z = -2.

15. z1 =1, 29 = —4.

17. z = —1.

19. (a) The curves intersect at z = 1 + 4 at an angle a = /4.
(b) The image of v, under the mapping w = 22 in the w-plane is the
parabola
1

u:1v2—1, forr —1<u<0 and 0<wv <2,

where w = u + iv; the image of 7, is the segment 0 < v < 2 of the imagi-
nary v-axis. The angle, 3, between the images of v; and 2 at the point of
intersection is @ = 7/4. Hence, = « since the mapping is conformal.

Answers to Odd Exercises for Section 2.3
Page 62 in the text.

Translation by means of the vector —i.

Rotation by the angle —7/2 around the origin.

Rotation by the angle 7/3 around the origin.

w=(7—064i)z/5+ (2 —67)/5.

w=(14+2i)z+2— 2.

11. D = {w; Sw > 0}.

13. D is the domain between the lines v = —u and v = —u + /2 in the
w-plane.

15. D = {(u,v) €R? 3<u<6,1<v<4}.

© o=
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17. D = {w; |w| < 3, —7/4 < Argw < 0}.
19. w=2z—-1

Hint. To solve exercises 21-25, put z = z+4y. Then w = u+iv = 1/(z+iy),
and u = x/(z? + y?), v = —y/(2* + y?). Use the equation of the curve in
the z-plane and these two formulae for u and v to eliminate z and .

21. w=—1/2.
23. w=1/4.
25. (u+1/4)*+ (v+1/4)* =1/8.

27. Put z = z +iy. Find the images of each boundary of D. The image
of the line x = 0 is the line u = 0 in the w-plane, and the image of the line
x = 2 is the circle

(u—1/4)* +v* =1/16
in the w-plane. The image of D is the domain between the circle
(u—1/4)% +0* =1/16
and the straight line v = 0.
29. The boundary, I', of the image of D consists of the two rays
u=0 0<v<+4oo, and u=0, —-oo<v<-—-1,
and the semicircle
w+w+1/2)%*=1/4, u>0.

The image of D is the domain to the right of I'.

31. Any linear transformation is a combination of translation, dilation and
rotation. Show that the reflection cannot be represented as a combination
of the above three transformations.

33. Let z =z and w = u + v, where v = 0. Then v = ax + b, where a and
b are some complex constants. Let

a=ay; +1tax and b=by +1ibs.
Then
U = (al + Z'az)!E + by + ibo.

Hence u = a1z+b; and 0 = asx+bs. Since asx+by = 0, then w = a1z +0b1,
where a; and b; are real.
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Answers to Odd Exercises for Section 2.4
Page 71 in the text.

1. ®w > 0.
3. Put z = x +4y. Then

24+ y? -1 . 2y
—1 .
R R

w=u-+1t =

Show that the semi-infinite ray =z = 0, —0co < y < 0 is mapped onto the
semicircle u? +v? = 1,v > 0 in the w-plane and the semi-infinite ray
y = 0,0 < z < 400 is mapped onto the two rays: —oo < u < —1,v =10
and 1 < u < 400,v = 0. The image of D is the domain

D = {(u,v) € R?; v > 0,u? + 0> > 1}.

5. (u—4/3)% +v% = 4/9.

7. Let w = (az + b)/(cz + d). Since z2 = 0 is mapped into we = oo, then
w(0) =b/d = o0 if d =0,b # 0. Let a/c = o, b/c = 5. Then we have a
system o« + 0 = —1, o — i@ = 1, whose solution is « = —i, § = —1 + 1.
Hence, w = (i — 1)/z — 1.

9. w=[(6+7i)z+1—13]/(172 — 3 + 5i).
11. 21 =0, 290 = —1.
13. z1,2 = +1.

15. z=0b/(a—1) if a # 1; if a = 1 then any z € C is a fixed point if and
only if b= 0. If a = 1, b # 0 there are no fixed points.

17. w = (—z+1)/(z +1).
19. Suppose

z=2+ w =00, z=2t+— w=0, z==-2—w=1.
Then the mapping is given by the function w = (1 —4)(z — 2i)/(z — 2).
21. Suppose
z2=0Hw =00, z=-3—w=0, z2=—1—21— w=1.

Then w = (3+1)/4+ (9 + 3i)/(4z).
23. w = (az +b)/(cz + d), where a, b, ¢ and d are real and ad — be > 0.
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Answers to Odd Exercises for Section 2.5

Page 76 in the text.
1. 2=-2—1.
3. 2=1/5-3/5i.
5. Suppose w = k(z + a)/(z +b). Then the condition w(0) = 4 gives
ka/b = i. Using the symmetry principle we obtain w(oo) = —i, that is,
k = —i. Then w = —i(z+a)/(z — a). Using the fact that the circle |z| =1
is mapped onto the real w-axis, show that |a| = 1. Then the condition
Argw’(0) = /4 gives Arga = w/4. Hence,

w=—i(z+e"/* z— /).
(+et) /(=€)

7. w=eB" 4z 4+ 1—4)/(z+1+1).
9. w=1i(z—31)/(z + 3i).
1L w= (T+4V3) e (24+8-4V3) /(2 4+8+4V3), R=2+3.

Answers to Odd Exercises for Section 2.6

Page 89 in the text.

1. D= {w;0 < Argw < 27/3}.

3. D= {w;1 < |w| < 8,0 < Argw < 3w /4}.
5. w=—iz>.

7. w =z,

9

cw=e/3 (22 — VB 414)2 /(22 + V3 +14)2.
11. w=+/(z—1)/(2 — 2).
13. w=/[2+ (1 +1)2]/[z(1 — i) — 2 — 2i].

15. w = +/i/(2i + z).

Answers to Odd Exercises for Section 2.7
Page 96 in the text.
oD ={w;1<|w|<e,0<Argw < 7}
. D= {w;w| <1,0 < Argw < 7/4}.
. D = {w;|w| >1,0 < Argw < }.
. D= {w;|w| < 1,0 < Argw < 7}.
. D = {w;|w| > 1,0 < Argw < 7/2}.

© N v w =
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11. w = —e %,

13. w = Vediz.

15. D = {w; —00 < Rw < +00,0 < Sw < 7/2}.

17. D = {w;0 < Rw < In2,0 < Sw < 7}.

19. D ={w;2 < Rw <2+1n2,1 < Sw < 7/2+1}.
21. D = {w; —00 < Rw < +o0, —7/2 < Sw < 0}.
23. w = Log 2.

25. w = —(i/m) Log (e"™/* z +4).

Answers to Odd Exercises for Sections 2.8 and 2.9

Page 108 in the text.

1. The whole w-plane with a cut joining the points —1 and 1 along the real
Uu-axis.
3. The upper half-plane Sw > 0 with the cut [1,4+00) U (—o0, —1] along

the extended real axis. This is easily visualized on the Riemann sphere.

5. The domain between the segment [-1/2(R+1/R),1/2(R+ 1/R)] of the
real u-axis and the lower part of the ellipse

4u? 492

R+ 1/R?  (R=1/RE -

7. D = {w;Rw > 0, Sw > 0}.

9. The whole w-plane with the cut [1,400) U (—o0, —1] along the extended
real axis.

11. The domain bounded by the positive real axis, the negative imaginary
axis and the ellipse

u? v?

+ =1
cosh®7/2  sinh?®7/2

13. w = cosz.

15. w = — cos[—in(z — 2)].
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Answers to Odd Exercises for Section 3.2

Page 120 in the text.
1. 11/2 — 4.

3. 1+ 2i/3.

5. 2mi.

7. 64/15 + 20i/3.

9. 32/3 + 8i/3.

11. 2/5 + 4i/5.

13. 0.

15. 2i/3.

17. —mR — 2Ri.

19. [(In5)/2 + i Arctan 0.5) = 0.0021448 + 0.801067i.

21. 2m.

23. 7/ (32v2). (Hint: Put z = 2¢€%.)

25. 2nrM/R, where M is a constant such that |u(z)] < M for all z € C.
Also, limg_, o fCR u(z)/z?dz = 0.

Answers to Odd Exercises for Section 3.3
Page 131 in the text.

1. ¢ is analytic inside C.
3. The integrand is not analytic at z =1 and z = 7/2+nm, n=0,%£1,....
All these points lie outside C. Therefore Cauchy’s Theorem is satisfied.

5. 0.

7. The integrand is not analytic at the three points which are the roots of
the equation 23 4 0.125 = 0. All these points lie inside C. Therefore one
cannot conclude that the integral is equal to zero.

Answers to Odd Exercises for Section 3.4

Page 141 in the text.
1. wie/2.

3. 2micos2.
5. 0.

7. 0.

9. misin2/3.
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11. Use the proof of Cauchy’s integral formula.
13. Let C be denote the circle |z — zg| = r ¢?. Then

|
my e
Fz0) = 55 v (2 — 21 F
! 2 + ip 10}
_ n. f(zo 7l°e J)rlme do
211 0 (reup)"
B n! 271'f (Z —|—’r‘€i<p) e—inwd
Therefore
|
[FGo)l < 5w max |f(2)[2m
n!
= — max 2)|.
o max [f()
15. Since Rf(z) < ¢, we have
eS| = | RFEHSI(R) | Z RIG) < (¢

Hence the function ef(*) is uniformly bounded in the whole complex plane,
and by Liouville’s Theorem 3.4.5, it is constant in C. Therefore f(z) is
constant in C.

17. Applying Cauchy’s estimate for n = 2,3, ... at every point z € C, we
get

lF™(2)] < M/r L, forallr >0and n=2,3,....
Integrating the equation f”(z) = 0, we obtain that f(z) is a polynomial of
degree at most 1. Assuming that there exist positive constants M and R
such that |f(z)] < M|z|" if |z| > R, one can show that, in this case, f(z)
is a polynomial of degree at most m.
19. u(z,y) = Rf(z) = €” cosy. If there is a maximum or a minimum at a
point (z,y) inside R, then we have

Uy =€e* cosy=0 and wu,=—e"siny=0.
Since the system of equations u, = 0, u, = 0 has no real solutions, u(z, y)
has no maxima nor minima inside R. Finally,
Upax =€ atxz=1,y=0, and Uppy=—-e atzx=1y=m.

21. Consider the function g(z) = 1/f(z). Since f(z) # 0 for |z] < r, it
follows from the maximum modulus principle that the maximum of |g(z)|,
that is, the minimum of |f(2)], is assumed on |z| = r. On the other hand,
the maximum of |f(z)| is assumed on |z| = r. Since |f(z)| = constant
on |z| = r, the maximum and the minimum of |f(z)| coincide. Therefore
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f(2) = constant.
23. It follows from Cauchy’s estimate that

|f(")(z)| <n!M/r", where M = ‘C@3£T|f(o|-

Suppose |f(™(2)| > n!n™. Then we should have n!n™ < n!M/r", that is,
n™ < Mr~". The last inequality cannot be satisfied for all n since n" grows
faster than r~" for any fixed 0 < r < 1.

25. There is no a contradiction with Liouville’s Theorem since | cos z| is
not bounded in C. Therefore Liouville’s Theorem cannot be applied.

Answers to Odd Exercises for Section 4.1

Page 158 in the text.

1. limy, o0 2 = 1/2 —i/2.

3. lim, 00 2, = 0.

5. lim;, 00 2, = 2. (Hint: Use the formula sin(iz) = ésinh z.)
7. lim,, oo 2, = 0.

9. Convergent.

11. Convergent.

13. Divergent. (Hint: Use the Stirling formula n! ~ v/27n (n/e)™.)
15. Divergent.

17. Use partial sums Ay = 22:1 zp and By, = >_;_; ¢, such that

k
Ay + By, = Z(Zn +<n)

n=1

Then show that kh—{I;o(Ak + By)=A+B.

19. Put z, = x,, + iyn, A = a+ ib. Then evaluate the limit
Jim lenl = Jim V50

using the fact that

lim z, = a, lim y, =b.
n—oo n—oo

21. Yes.

23. z e R.

25. |z| > R where R > 4.
27. |z + 1| > R where R > 1.
29. z e C.
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11.

17.
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Answers to Odd Exercises for Section 4.2

Page 167 in the text.
R=1,|z| <1
R = 0. The series converges only at z = —1.
R=1/e, |z+2| < 1/e.
R=1,|z+i <1.
R > min{R;, R2}.

. R>RiRs.

. Ry.

. Ry.

. No, since |3 +4i| =5 > | — 3+ 3i| = 3v/2.
(224 2)/(1 = 2)3

. —zLog(1 — z) + z + Log(1 — 2).

Answers to Odd Exercises for Section 4.3

Page 175 in the text.

B 0 (_1)77,71(2:_'_#/2)277,71 7
COSZ_Zl @n = 1) , R=o.

1
Lo=— ", R=1.
Y

n=0
4 2 8
Lcos?z=1—2° +%—4—Z5+%—..., R = o0.
- x (_1)nz2n+l
'z2+4zz iy =2
n=0
c 2 22% 241 = 31455(2—2)4+36(2—2)*+10(2—2)3+(2—2)*, R = 0.
z—2 3 z+1+3(z—|—1)2 (z+1)3+3(z+1)4
(z+3)(z—1) 4 4 16 16 64
.., R=2.
cos(3z —2) = cos1 Z ﬂ (z —1)*

n+1 32n+1

+51nlz 2n+1 (z—1)>""1 R=cc.
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1 oo 12n
19. ez2+22:—E u, R = cc.
e = n!
cos? z 724
21, — - =1-22+—-— ..., R=1.
1422 + 3 ’
22 A
23. Log(1 =Log2 — — — — — ... R=m.
og(1 + cos z) og 7796 , ™
3e(z — 1)2
25. /" =e—e(z—1)+ e(z2 ) +..., R=1

31. —2J2(£L‘) — Jo(w) + C.

Answers to Odd Exercises for Section 4.4

Page 185 in the text.
n 2n 2
1.
Z 2n + 1!

X _n—2

3. Z Zn!

n=2

5. E —_ .
2n—3

iz (2n+1)!
7. We have

ez-l-l/z — ¢? el/z

22 3 o
<1+1'+§+§+ +F+)

(1+ ! + = ! +L+---+ L —l—)

2022 3123 nlzm
=1+ = +Z—2+Z—3+ +£+...

1! 3! n!

1 1 z 22 P
+E+ﬁ+5+§+.”+ ol + ...

1 1 1 z 2" 2
Tz ta Tam Tam T

11 1
I+ —— 4 o =+

1 212! nln!

213!

11 111
+(1+ +o= >+(—+ + ot

443
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Ty (I S +1+1+1+ !
n!  nln+1)! 231 ) 2
= Z I,(2)z",

where

0 T 2k+n

— El(k +n)!
is the modified Bessel function of the first kind of order n for n € N.
9 z+2  z—-3+5 5 n 1

(=32 (2-3)2 (2-3)2 z-3

> (=1)" e ="
1. n; e TR CRDD DY o eeE

n=0
13. We have
cosz  cos(z+4—4) cos(z+4)cosd +sin(z 4 4)sin4
z24+4 z+4 N z+4
_ cos4 i (=1)"(z +4)*"  sin4d i (—=1)"(z + 4)2+L
_z+4n0 (2n)! z44 (2n+1)!
:cos4z ( I +51n4z 2n+1
15. We have
1 o I 2"
- 1 n+l_n _ —
® 326D DI
I n (D) 1K 2n
(b) gz ontl 3 gn+1’
n=0 n=0
I (=Dt 1S 2n
() 3 il 3 > n
n=0 n=0
17. We have
® -3V g Y
I = (-1 5K (—1)me”
(b) _57122;3 on+l +§,;3 3n+l 7’
I (-1 5K (~1)"3»
(c) _52 ontl +§ ontl
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= (=13 > (=D)M(z—1)"
19-;(2_1)%1—2( )47(1+1 )

n=0
1 i 3 i(z41i) B(z+1i)?
21. — — — —
TP A TP R T 61

Answers to Odd Exercises for Section 5.1

Page 206 in the text.

1. z = 444 are zeros of order 1.

3. z =2km, k =0,%1,..., are zeros of order 2, and z = +3 are zeros of
order 3.

5. z=01s a zero of order 5; z = kw, k = +1+£2,..., are zeros of order 3.
7. z=01is a zero of order 1; z = kw, k = £1+ 2,..., are zeros of order 2.

9. Zero of order 3.

11. Zero of order 6.

13. Zero of order 2.

15. z = +24 are simple poles; z = 1 is a pole of order 2.

17. z = (7w 4 2kn)i, k = 0,%1,..., are simple poles; the function has an
essential singularity at infinity.

19. z = 2km, k = £1,+2,..., are poles of order 2, and z = 0 is a pole of
order 1.

21. z = is an essential singularity.
23. z=km, k=0,£1,42,..., are poles of order 2.

25. If n = m, then 2y is either a removable singularity or a pole of order
< m. If n # m, then 2q is a pole of order max(n,m).

Answers to Odd Exercises for Section 5.2

Page 221 in the text.

1. The residues are

1 1 1

R =1 R = __

20 7 — 23 ’ AU 2’
1 1 1

B~y Re—a=0
3. The residues are
2244241 2244241 2244241
esZ TET O3 1 -1
=0 22(2+41) z=—1 22(z+1) z=o0 z2(z+41)
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5. The residues are

ResL:—%—g—e'
z=1 (z — 1)(z + 3i)? 25 50
zf_{ggim_—51—Ocos3+%sin3+i<2—95cos3+%sin3>,
Zfi%%(z_l)(z—z+?)i)2:%+5—l()cos3—%sin3
+i(§—g—;—5cos3—5—10sin3>.

. Res =1, k=0,4+1,£2,....
z=2kmi €% — 1
9. The residues are

1—cosz 1
Res ——— =~
pavs 22sin 2 2
B — 2k
1—cosz {0, n ' kE=+1,42,....

Res —— =
z=nm 22sinz —2/(n?r?), n=2k-1,

)

11. We have

z2sin<2i1> =[(z—1)* 42z — 1]sin (zil)
=[(z = 1)*+2(z — 1) + 1] sin <i>

=[(z—=1)*+2(z—1)+1] [zil —3!(21_1)3+5!(21_1)5+...

1 )

H Res 22 si
ence, eSS 2 sm( 3! 6

z=1

i 1
13. Res <%+ 3 —i—el/z) =1.
z

z—1

2=0 z

1 1
15. ¢#/(3=1) — 1+1/(z=1) _ 1 A
€ c ‘Uit Taer e "

Hence, Rese?/ 3~V = .

z=1

17. A pole of order 2 at z = 2. Since ¥(z9) =0, ¥’(20) # 0, one has

P(z) = a(z)(z — 20) = o + a1 (2 — 20) + .. .](2 — 20),
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where ag = ¢'(20), a1 = 0.5¢)"(z0). Then

Res f(z) = lim {%]

{ ¢(2) /
z=z0 | [ (20) + 0.5¢"(20) (2 — 20) + .. ]2

¢ (20)[¥' (20)]* — 2¢"(20)0.59" (20)(20)

[ (z0)]*
_ ()¢ (20) = ¥ (20)0(0)
[ (z0) 2 '

19. 0.
21. 0.
23. 0.
25. —4mi/3.
27. 0.

1/z : 1/z P

Rearg=-1¢ " Reyay=7"

To compute the residue of e!/?/(z2 + 4) at 2 = 0, we expand e'/* in a

Laurent series about z = 0 and 1/(2% 4 4) in a Taylor series about z = 0
and multiply the results:

1 1 R G TR
22—0—4_4(1—1-22/4)_7;0 gtz 0 ° _nzzon!z"'

Hence

1 g D L |
1/z —
¢ z2+4_ng0 22n+2 gon!z”'

Multiplying the series and collecting the terms containing 1/z, we obtain

_Z 1/2)2n+1 - 1 ) 1

2n +0r 272
The sum of the residues at the three singular points, z = 2i, z = —2¢ and
z =0, is equal to 0.
29. 0.
31. 0.

33. 0.
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ANSWERS TO ODD-NUMBERED EXERCISES

Answers to Odd Exercises for Chapter 6
Page 255 in the text.

. 7T/\/§
. m/2.
. 77/50.

Answers to Odd Exercises for Chapter 7
Page 284 in the text.

. 21/(3V3).

3. m(1+v2) /4.

s 1
5, ———— | -1 blnbd ).
2(1 — a?b?) (a na+om )
arm b
7. ———-In |- ].
2b(b% — a?) o (a)
9. 1673/(81/3).
T 1
1. —— = .
2a(In’(a) + 72/4) 1+ a?
13. —7/4.
15. —7/16.
T T
17. — In8— — In13.
20 "7 730 "
2 1 2
19. —% In 26 + gArctan (g> In2+ % In29 — %Arctan@) In 29
2
—%Arctan (g> Inb5.
197 197 21w 2
2l. ——— In2+ — In29 4+ — Arct - .
g7y o sy Mt gpg A an(s)

Answers to Odd Exercises for Chapter 8
Page 336 in the text.

7 sin (a/\/i) cosh (a/\/i)

1. sinh? (a/\/i) + sin? (a/\/i) '

3 ™ 1 _ 1
" 5 \sinh2¢ sinh3a /)’
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7 cos 2a cosh 2a
2(sinh? 2a + cos? 2a)
. ™ ( sinhba.  sinhbp )
" (8?2 —a?) \asinhaa  BsinhafB )’

0 T e~ o —af
" (82 —a?) \coshaa coshaf3 )

m 1 1
11. - - .
3 (bsinha—l—cosha bsinh2a+2¢osh2a)
™
I>(aB)’

order 2.

13. where I5(z) is the modified Bessel function of the first kind of

Answers to Odd Exercises for Sections 9.2 and 9.3
Page 345 in the text.
1. Four zeros. Put f(z) = =52 + 23, g(2) = 20 — 22.

3. Three zeros. Use Rouché’s Theorem in the domains |z| < 1 and |z| < 2.

5. Three zeros.

Answers to Odd Exercises for Sections 9.4 and 9.5

Page 363 in the text.

1 ( 1)n 1
1. = - -2z g —_—
CSC 2 .

22 n2n?’

T2 4 (=D"(2n+1)
. tan — —
3. tan wg 2n—|—

1)2 — 227

5. We have

- v k2+2k+1 o (k+ 1

H[1+ k+2] k(k+2 H k(k +

k=1 k=1 k=1

u 2 3 4
Let b Ul(ck+2 Then by = 2x 2, by =2x 3, by =2x¢.

. . . n+1
One can prove by mathematical induction that b, = 2 ok Hence,
n
1

lim b, = lim 2n—|— =2.

7. 2] < 1.
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Answers to Odd Exercises for Chapter 10
Page 398 in the text.

1 T cos (ﬂ'a/ﬁ)sin (ﬂ'a/ﬁ) + cosh (wa/ﬁ)sinh (wa/\/i)

1. _ﬁ+2\/§a3 cosh® (ra/v/2) — cos? (ma/V/2) '
3. —m?/12.
5. (v —7)3/12 — n%(z — ) /12.

7. 73/189000 = 0.000386 ... ..
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Abel’s Theorem, 165 Cauchy’s integral formula, 136
absolutely convergent infinite Cauchy’s Theorem
product, 372 for meromorphic functions, 359
absolutely convergent series, 154 for multiply connected domains, 134
algebraic branch point, 84 Cauchy—Riemann equations, 32, 37
algebraic critical point, 419 chain rule, 35
algebraic form, 2 Chebyshev’s formula, 442
almost global iteration method, 423 clockwise direction, 126
analytic at z = oo, 217 closed path, 114
analytic function, 32, 176 commutativity
analytic function at a point, 32 of the product, 2
angle-preserving property, 53 of the sum, 1
angular point, 113 comparison test, 152
antiderivative, 129 complex w-plane, 1
argument principle, 351 complex z-plane, 1
associativity complex conjugate, 3
of the product, 2 complex number, 1
of the sum, 1 complex plane, 3
asymptotic value, 420 complex Sturm—Liouville problem, 415
attractive cycle, 420 composite function, 35
attractive fixed point, 419 conformal mapping, 54
conjugate harmonic functions, 38
basic elementary function, 47 connected set, 16
basin of attraction, 421 continuous function, 28
Bertrand’s convergence test, 369 contour, 113
Bessel function of the first kind, 181, convergence to infinity, 21
188, 190, 334, 341 convergent infinite product, 367
biharmonic equation, 412 convergent series, 151
bilinear transformation, 66 counterclockwise direction, 126
boundary point, 16 counting orders, 349
branch cut, 51 critical point, 419
branch of arg z, 25 critical value, 420
branch point, 84, 95 curve, 113
curve of bounded variation, 123
Casorati—Weierstrass theorem, 200 cut in C, 5
Cauchy’s estimate, 146, 189 cycle, 420
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De Moivre’s formula, 43
d-neighborhood, 16
derivative of f(z), 31
dielectric spectroscopy, 415, 418
difference of complex numbers, 6
differentiable function, 31
digamma function, 397
Dirichlet discontinuous factor, 244
Dirichlet—Abel test, 168
disk of convergence of a series, 168
distributivity of the product, 2
divergent infinite product, 367
divergent series, 151
division of complex numbers, 3
domain, 17
of convergence of a series, 156
of definition of a function, 25
of univalence, 54

eccentric annulus, 77

eccentric anomaly, 441

eccentricity, 441

elasticity problem, 412

electromagnetic scattering problem, 418

elementary function, 48

entire function, 142, 178

equality of complex numbers, 1

equivalent paths, 116

essential singular point at z = oo, 204

essential singularity, 196, 200, 203

Euler’s constant, 398

Euler’s formula, 10, 41

exceptional value, 203, 420

exponential form of a complex
number, 10

exponential function, 41

extended complex plane, 23

exterior point, 16

Fatou set, 420

Fatou—Julia iteration theory, 415, 419

fixed point, 74, 419, 420

Flower Theorem, 434

formal infinite product, 367

Fresnel integral, 291

function of a complex variable, 25

fundamental region, 81, 94, 429

fundamental theorem of algebra, 147,
356

gamma function, 341

Generalized Liouville’s Theorem, 206
Goursat’s Theorem, 148
Great Picard Theorem, 202

harmonic function, 38
holomorphic function, 32, 176
hyperbolic functions, 44

imaginary axis, 3

imaginary part of a complex
number, 1

imaginary unit ¢, 2

immediate basin of attraction, 421

indefinite integral, 129

index of a point, 353

indifferent cycle, 420

indifferent fixed point, 419

infinite differentiability of analytic
functions, 139

infinite product expansion of entire func-

tions, 372

initial point of a path, 114

injective function, 54

integral along a path, 115

integral sum, 123

interior point, 16

interpolation, 440

inverse function, 35

inversion, 62

isolated singular point, 194, 203

Jordan curve theorem, 115
Jordan’s Lemma, 239
Joukowsky’s function, 100
Julia set, 420
juxtaposition of paths, 114

Kepler’s equation, 416, 441

Laplacian A, 412

Laurent series, 182

law of exponents, 10

length of a curve, 124

limit of a function of z, 26

limit of a sequence of complex
numbers, 19

limit superior, 153

line integral, 115, 124

linear fractional transformation, 66

Liouville’s Theorem, 142, 146

Little Picard Theorem, 202

local iterative method, 421



logarithm of z, 43
logarithmic branch point, 96
logarithmic derivative, 349

Mobius transformation, 66
majorizable series, 156
Mandelbrot set, 423
mapping of boundary to
boundary, 56
maximum modulus principle, 144
mean anomaly, 441
mean-value theorem
for analytic functions, 142
for harmonic functions, 143
meromorphic function, 207
metallic groove, 418
Mittag—Leffler Theorem, 359
modal method, 418
modified Bessel function, 216
modified Bessel function of the first kind,
190, 344
modulus, 4
multiplier, 419
multiplier of a cycle, 420
multiply connected domain, 17, 55

natural logarithm, 43
negative direction, 126
neighborhood, 16
of oo, 21
Newton’s method, 415
nth root of a complex number, 11

open plane, 23

open set, 16

opposite path, 115

orbit determination, 415
orthogonal curves, 36
oval of Cassini, 426

parallel translation, 59
parametric equations, 17
partial fraction expansion, 208, 359, 360
partial sum, 151

path, 113

path integral, 115
permittivity equation, 418
Picard’s Theorem, 418
point at infinity, 21
Poisson’s integral, 289
pole, 196
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of order m, 197, 203
at z = oo, 204

of order p, 349
polygamma function, 397
positive angle, 51
positive direction, 126
positive direction of a boundary, 17
power function, 80
power series, 165
primitive, 129
principal branch of log z, 43
principal part of a Laurent

series, 186, 204
principal value

of arccos z, 47

of arcsin z, 46

of argz, 4

of log z, 43
product of complex numbers, 1, 9
programming strategy, 443
property of a constant dilation, 53
1 function, 397
pure imaginary number, 2

quotient of complex numbers, 9

Radtrom set, 420
radius of convergence
of a power series, 167
of a Taylor series, 175
ratio test, 152
real axis, 3
real function, 431
real part of a complex number, 1
rectifiable curve, 123
region, 17
region of attractivity, 423
region of univalence, 92
regular part of a Laurent
series, 186, 204
regular part of a rational
function, 208
regular system of closed paths, 360
removable singularity, 196, 203
removable singularity at z = oo, 204
repulsive cycle, 420
repulsive fixed point, 419
residue, 212
residue at z = oo, 217
residue theorem, 220
Riemann mappping theorem, 55
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Riemann sphere, 21
Riemann surface, 85, 354
root test, 153

rotation, 60

Rouché’s Theorem, 354, 358

scattering problem, 415

Schwarz’ Lemma, 145

series of complex numbers, 151

series of functions, 156

set of normality, 420

similarity transformation, 59

simple closed curve, 115

simply connected domain, 17, 55

singular point, 194

singular Sturm—Liouville problem, 342

Sokhotski theorem, 200

Steffensen’s procedure, 415, 434

stereographic projection, 21

Stirling formula, 457

strange attractor, 442

Sturm-Liouville problem, 334

subtraction of complex numbers, 3

sum of complex numbers, 1, 6

symmetric points with respect to a cir-
cle, 62

symmetry principle, 56, 107

Taylor’s series, 173
of an analytic function, 173, 175
terminal point of a path, 114
termwise differentiable series, 161
termwise differentiated series, 160
trajectory, 113
transcendental critical point, 420
triangle inequality, 7
trigonometric form of a complex
number, 8
trigonometric functions, 44

uniformly convergent infinite
product, 372

uniformly convergent series, 156

univalent function, 54

value of a function, 25
variation of arg f(z), 351

Weierstrass’ M-test, 156
Weierstrass’” Theorem, 157, 200
winding number, 353

zero, 1
of order m, 193
at z = oo, 204
of order n, 349
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