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Preface

In the second part of the 20th century, algebraic methods have emerged as
a powerful tool to study theories of physical phenomena, especially those of
quantal systems. The framework of Lie algebras, initially introduced by So-
phus Lie in the last part of the 19th century, has been considerably expanded
to include graded Lie algebras, infinite-dimensional Lie algebras, and other
algebraic constructions. Algebras that were originally introduced to describe
certain properties of a physical system, in particular behavior under rotations
and translations, have now taken center stage in the construction of physical
theories.

This book contains a set of notes from lectures given at Yale Univer-
sity and other universities and laboratories in the last 20 years. The notes
are intended to provide an introduction to Lie algebras at the level of a
one-semester graduate course in physics. Lie algebras have been particularly
useful in spectroscopy, where they were introduced by Eugene Wigner and
Giulio Racah. Racah’s lectures were given at Princeton University in 1951
(Group Theory and Spectroscopy) and they provided the impetus for the
initial applications in atomic and nuclear physics. In the intervening years,
many other applications have been made. This book contains a brief account
of some of these applications to the fields of molecular, atomic, nuclear, and
particle physics. The application of Lie algebraic methods in Physics is so
wide that often students are overwhelmed by the sheer amount of material to
absorb. This book is intended to give a basic introduction to the method and
how it is applied in practice, with emphasis on bosonic systems as encoun-
tered in molecules (vibron model), and in nuclei (interacting boson model),
and to fermionic systems as encountered in atoms (atomic shell model), and
nuclei (nuclear shell model), and hadrons (quark model). Exactly solvable
problems in quantum mechanics are also discussed.

Associated with a Lie algebra there is a Lie group. Although the emphasis
of these lecture notes is on Lie algebras, a chapter is devoted to Lie groups
and to the relation between Lie algebras and Lie groups.

Many exhaustive books exist on the subject of Lie algebras and Lie groups.
Reference to these books is made throughout, so that the interested stu-
dent can study the subject in depth. A selected number of other books, not
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explicitly mentioned in the text, are also included in the reference list, to
serve as additional introductory material and for cross-reference.

In the early stages of preparing the notes, I benefited from many conversa-
tions with Morton Hamermesh, Brian Wybourne, Asim Barut, and Jin-Quan
Chen, who wrote books on the subject, but are no longer with us. This book
is dedicated to their memory. I also benefited from many conversations with
Robert Gilmore, who has written a book on the subject, and with Phil El-
liott, Igal Talmi, Akito Arima, Bruno Gruber, Arno Béhm, Yuval Ne’eman,
Marcos Moshinsky, and Yuri Smirnov, David Rowe, who have made major
contributions to this field.

I am very much indebted to Mark Caprio for a critical reading of the
manuscript, and for his invaluable help in preparing the final version of these
lecture notes.

New Haven Francesco Iachello
May 2006
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1 Basic Concepts

1.1 Definitions

The key notion in the definition of Lie algebras is that of the commutator
(or bracket), denoted by [,]. The commutator of X and Y is defined as

[X,Y]=XY-YX. (1.1)
It satisfies the relations

Another key notion is that of number field, F. The number fields of inter-
est are: Real, R, Complex, C', Quaternion, (), and Octonion, O. Since these
lecture notes are intended primarely for applications to quantal systems,
where the basic commutation relations between coordinates and momenta

| =i (13)

i Ox
only real and complex fields will be considered. Although formulations of
quantum mechanics in terms of quaternions and octonions have been sug-
gested, Lie algebras over the quaternion and octonion number fields will not
be discussed here.

1.2 Lie Algebras

Lie algebras are named after the Norwegian mathematician Sophus Lie (1842-
1899). Most of what we know about the original formulation comes from Lie’s
lecture notes in Leipzig, as collected by Scheffers. [S. Lie and G. Scheffers,
Vorlesungen tiber Kontinuerliche Gruppen, Leipzig, 1893].

A set of elements X, (o =1,...,r) is said to form a Lie algebra G , written
as X, € G, if the following axioms are satisfied:

Axiom 1 The commutator of any two elements is a linear combination of
the elements in the Lie algebra

Francesco Iachello: Lie Alaebras and Applications. Lect. Notes Phvs. 7T08. 1-13 (2006)



2 1 Basic Concepts

(X, Xo] = >, Xr . (1.4)

Axiom 2. The double commutators of three elements satisfy the Jacobi iden-
tity
[Xp, [Xo, Xr] 4 [Xo, [Xr, X)) + [ X7, [Xp, Xo]] =0 (1.5)

The coefficients ¢}, are called Lie structure constants. They define the
Lie algebra. They satisfy

T T
Che = —Cop (1.6)
and
no v s v s v
Cpa C,u'r + CUT C/Lp + C'rp C,uo - 0 . (17)

A tensor notation with covariant, X, ., and contravariant, X* -, indices has
been used in (1.4)—(1.7) and will be used in the remaining part of this chapter.
In this notation, the structure constants cj,, are rank-3 tensors with one
contravariant and two covariant indices. The outer product of two tensors,
for example two covariant vectors, X, and Y, is written X,Y,. The inner
product of two tensors, for example two vectors, is written X,Y . Also, unless
otherwise specified, a summation convention over repeated indices will be
used

X, = ZC;UXT . (1.8)

Algebras are usually denoted by script (calligraphic) letters, G, or by
lowercase letters, g. The associated Lie groups, to be discussed in Chap. 3,
are usually denoted by capital letters, G. However, often no distinction is
made between groups and algebras and the same letter is used for both.
Unless otherwise specified, the notation lowercase-capital will be used in these
notes.

The r elements, X, span a r-dimensional linear vector space L. The
definition given above in an ‘operational’ definition. A formal definition is:

Definition 1. A vector space L over a number field F, with an operation
L x L — L, denoted [X,Y] and called the commutator of X and Y, is called
a Lie algebra over F if the following arioms are satisfied:

(1) The operation is bilinear.

(2) [X,X] =0 for all X in L.

(3) X1V, Z)) + [V, [Z, X] + [Z,[X, Y]] =0 (X,Y,Z€L).

The properties of bilinearity, i.e., [aX +bY, Z] = a[X, Z] + b[Y, Z] and
[X,0Y +¢Z] =b[X,Y]+¢[X, Z], and of vanishing [X, X] = 0 together guar-
antee the antisymmetry property (1.2) of the commutator. The closure of
L under the commutator (£ x £ — L) gives Axiom 1 above for the gener-
ators. Property (3) gives Axiom 2 above. [J.E. Humphreys, Introduction to
Lie Algebras and Representation Theory, Graduate Texts in Mathematics,
Springer-Verlag, 1972.]
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A Lie algebra is called “real” if the field F is R, it is called “complex” if
F is C. Real Lie algebras have real structure constants, while complex Lie
algebras have structure constants which can be real or complex.

Example 1. The algebra
(X1, X0l = X3, [Xo,X3]=X1, [X3,X1]=X> (1.9)
is a real Lie algebra with three elements (r = 3).This is the angular momen-

tum algebra in three dimensions, so(3).

Example 2. The algebra

(X1, Xo] = X3, [Xo, X5]=—-X1, [X35X1]=X> (1.10)
is also a real Lie algebra with three elements (r = 3). This is the Lorentz
algebra in 2 + 1 dimensions, so(2,1).

Note the difference between the two (a sign in the commutation relations).

1.3 Change of Basis
It is possible to change the basis
X! =a’ X, (1.11)
where af, is non-singular. The new commutation relations of the algebra are
(X!, X.] =T XL (1.12)

From (1.4) and (1.11), the new structure constants ;7. are obtained from the
old structure constants ¢, by solving the set of equations

T Kk _ VU A _K
Cop A = Qg Cpy (1.13)

Particularly simple is the change of basis in which each element is multiplied
by a real number (sometimes called a normalization trasformation).

Example 3. The transformation
X =V2X,, X,=v2X,, X,=2X3 (1.14)
changes the commutation relations of the Lie algebra so(3) into
(X1, Xo] =2X3 5 [Xp, Xp] = X1 [X5, Xi] = X (1.15)

Lie algebras that have the same commutation relations up to a change
of basis are called isomorphic. Isomorphism of algebras will be denoted by
the symbol ~. Isomorphisms of Lie algebras will be discussed in Chap. 2. An
example is:

Example 4. The Lie algebras so(3) and su(2) are isomorphic
s0(3) ~ su(2) . (1.16)
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1.4 Complex Extensions

The change of basis (1.11) can be complex. An example is multiplication by
the imaginary unit on so(3),

J=1Xy, Jo=1iXy, J3=iX3. (1.17)
The commutation relations are now
[Ji, o) = ids, [Jo, J5] =iJy, [J5, 1] = iJs. (1.18)

The algebra composed of elements J1, Jo, J3 is the ’angular momentum alge-
bra’ often quoted in quantum mechanics books.

If one takes linear combinations of elements, A, B, of a real Lie algebra
g, with complex coefficients, and defines [A 4 iB,C] = [A,C] + ¢ [B,C] one
obtains the complex extension of the real Lie algebra. Starting from a real
algebra g, by making a complex change of basis, one can construct a complex
extension of g. In some cases, the complex extension of different real Lie
algebras is the same.

Example 5. The real Lie algebras so(2,1) and so(3) have the same complex
extension.

Consider the real Lie algebra so(2, 1) of Example 2. By making the change
of basis
Yi=X1, Yo=—-iXy, Y3=-iX3, (1.19)

one obtains
Y1,Y2] =Y3; [Yo,Y3]=Yi; [V3,Y1]=Y5. (1.20)

These are the same commutation relations of the real Lie algebra so(3) of
Example 1.

1.5 Lie Subalgebras

A subset of elements, Y3, closed with respect to commutation is called a
subalgebra

Xa€g; Ygeg's gD4d (1.21)
The symbol D is used to indicate that ¢’ is a subalgebra of g. The subset
satisfies the commutation relations

Y,,Y,] = ¢, Y, (1.22)

Example 6. The single element X3 forms a Lie subalgebra of so(3) >
X1, Xo, X3, since
(X5, X3 =0. (1.23)
This is so(2), the angular momentum algebra in two dimensions, so(3) D
s0(2).
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1.6 Abelian Algebras

These are a special type of algebras, named after the Norwegian mathemati-
cian Niels Abel (1802-1829). An Abelian algebra, A, is an algebra for which
all elements commute,

[(X,, X,] =0 for any X,eA, X,eA. (1.24)

Example 7. The algebra so(2) > X3 is Abelian, since
[X3,X5]=0. (1.25)

Any algebra contains a trivial Abelian subalgebra, composed of a single el-
ement X, since [X,, X,] = 0. Another non-trivial example is the translation
algebra in two dimensions, ¢(2) > X7, Xo.

Example 8. The algebra t(2) with commutation relations
[X17X2} :07 [XlaXl] :Oa [X27X2] :07 (126)

is Abelian.

1.7 Direct Sum

Consider two commuting algebras g1 3 X, g2 3 Y3, satisfying
[(Xp: Xo] = 0 Xr
[5//77Y0'] = C;)‘CTYT b
[(X,,Y,]=0. (1.27)

The commuting property is denoted by g3 N go = 0. The set of elements
X, Yp forms an algebra g, called the direct sum,

9g=91Dga2. (1.28)

Sometimes, it is possible to rewrite a Lie algebra as a direct sum of other
Lie algebras. Consider, the algebra so(4) 3 X1, X2, X3, Y1, Y2, Y3, satisfying
commutation relations

]
]
[X1,Y1]=0 ; [X2,Y3]=0 ; [X3,Y3]=0
(X1, Y] = V3 ; [X1,Y3] = —Y2
[Xo, V1] = Y3 ; [Xo, V3] =Y
Xs, V1] =Yz ; [X3,Yo] = -1 (1.29)
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By a change of basis

Ji == K= (i=1,2,3) (1.30)

the algebra can be brought to the form

[J1,J2] = J3 [J2, J3] = J3 [J3, 1] = Ja
(K1, Ks) = K3 (K2, K3] = K (K5, K] = Ko
i K]=0 (i,j=1,2,3). (1.31)

In the new form, one can see that the algebra so(4) is the direct sum of two
s0(3) algebras.

Example 9. The algebra so(4) is isomorphic to the direct sums
s0(4) ~ s0(3) @ s0(3) ~ su(2) ® su(2) ~ sp(2) ® sp(2) . (1.32)

The splitting is rarely possible. Consider for example, the algebra so(3,1) 3
X4, Xo, X3, Y1, Y5, Y3, satisfying commutation relations

X3, V1] =Ys 5 [X3,Y2]=-Y7. (1.33)

This algebra cannot be split into a direct sum of real Lie algebras. However,
sometimes, the splitting is possible by going to the complex extension of the
algebra. For example by taking the combination

X, +iY;
=28

X; —iY;
Kj="22"00 (j=1,2,3) (1.34)

Jj 5

one can show that the elements J;, K; satistfy (1.31). The algebras so(4)

and so(3,1) have the same complex extension, and can be split in the same
fashion.

1.8 Ideals (Invariant Subalgebras)

Consider an algebra ¢ and its subalgebra ¢', X, € g, Yz € ¢/, g D ¢'. Since
g’ is a subalgebra, it satisfies

Y,,Y,] = cnY, . (1.35)
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If, in addition,
Yy, Xo| = cpp Yo\ (1.36)

then ¢’ is called an invariant subalgebra. As an example, consider the Euclid-
ean algebra e(2), composed of three elements, X1, Xo, X3, satisfying

(X1, Xo] = X5 [X1,X3]=-X,  [X2,X3]=0. (1.37)

Example 10. The subalgebra g’ > X, X3 is an (Abelian) ideal of g = e(2) >
Xla X27 XS'

1.9 Semisimple Algebras
An algebra which has no Abelian ideals is called semisimple.
Example 11. The algebra so(3)
[X1, X2 = X5 (X2, X5] = X3 (X35, X1] = Xo (1.38)
is semisimple.
Example 12. The algebra e(2)
[X1, Xo] = X5 (X1, X3] = —X, [X2, X3] =0 (1.39)

s non-semisimple.

1.10 Semidirect Sum
Consider two non-commuting algebras, X, € g1, Y3 € g2, satisfying
(Xp Xo] = 1o Xr Y Yo =LY, . (1.40)
If g5 is an invariant subalgebra of g1,
[(X,,Y,] = cZ;YT , (1.41)

then the algebra g

9 =91 Ds 92 (1.42)
is called the semidirect sum of g; and gso.
Example 13. The Euclidean algebra e(2), composed of three elements, Xy,
Xo, X3, is the semidirect sum of the rotation algebra in two dimensions, so(2),

composed of the single element, X1, and the translation algebra in two dimen-
sions, t(2), composed of two commuting elements, Xo, X3

e(2) = s0(2) @s t(2) . (1.43)
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1.11 Killing Form

With the Lie structure constants one can form a tensor, called metric tensor,
or Killing form

Jox = Gro = Cp,Chs (1.44)
named after Killing, who in a series of papers in the 1880’s discussed
its properties. [W. Killing, Die Zusammensetzung der Stetigen Endlichen
Transformations-gruppen, I-IV, Math. Ann. 31, 252 (1888); 33, 1 (1889);
34, 57 (1889); 36, 161 (1890).] The Killing form was used by Cartan to iden-
tify semisimple Lie algebras. Cartan’s criterion for deciding if a Lie algebra
is semisimple is:
Theorem 1. A Lie algebra g is semisimple if, and only if,

det | goa |# 0O . (1.45)

In other words, an inverse ¢°* of the metric tensor g, exists

97" gex =03, (1.46)
where ;
o J1 it o=A
5’\{0ifa7é)\' (1.47)

Example 14. The algebra so(3) is semisimple.

The metric tensor of so(3) is

-2 0 0
Jox = 0 -220 , (1.48)
0 0 —2
also written in compact form g,n = —2d,1. The determinant of the metric
tensor is
det | goa |= —8 (1.49)

and thus the algebra so(3) is semisimple.
Example 15. The algebra so(2,1) is semisimple.

The metric tensor of so(2,1) is

-20 0
gox=1 0 +2 0 |. (1.50)
0 0 +2

The determinant of the metric tensor is again
det | gox |= —8 (1.51)

and thus the algebra so(2,1) is semisimple.
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Example 16. The algebra e(2) is non-semisimple.

Finally, consider the algebra e(2) with metric tensor

-200
Jox = 000 . (1.52)
000
In this case
det | gox |= 0, (1.53)

and thus the algebra e(2) is non-semisimple.

1.12 Compact and Non-Compact Algebras

A real semisimple Lie algebra is compact if its metric tensor is negative
definite.

Example 17. The algebra so(3) is compact.

The metric tensor of so(3) is negative definite. In its diagonal form all
elements are negative.

Example 18. The algebra so(2,1) is non-compact.

The metric tensor of so(2,1) is non-negative definite. In its diagonal form
some elements are positive.

1.13 Derivations

Starting with a Lie algebra, g, with elements X, it is possible to construct
other algebras, called derivations and denoted by Der g, by taking commu-
tators

9" =19.9]
g = [9(1)79(1)]
(1.54)
For example, starting with the Euclidean algebra, e(2), with elements
9= X1,X2,X3 (1.55)
satisfying the commutation relations (1.39), one has
Der g = X5, X3
Der® g =0. (1.56)
If, for some positive k,
Dert*g=0 (¢ =0) (1.57)

the algebra is called solvable.
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Example 19. The algebra e(2) is solvable.

From (1.55),
Der?e(2) =0. (1.58)

1.14 Nilpotent Algebras

Starting with a Lie algebra, g, with elements, X, it is possible to construct
powers of g as

9> =g =1g,9]
9 =19,9"]
(1.59)
If, for some positive k,
g"=0 (1.60)
the algebra is called nilpotent.
Example 20. The algebra e(2) is not nilpotent
Starting with
g$X17X27X3 9 (161)
satisfying (1.39), one has
92 = X27 X3
9> = X2, X3
(1.62)

1.15 Invariant Casimir Operators

These operators play a central role in applications. They are named after
the Dutch physicist Casimir, who introduced them in 1931 for the angular
momentum algebra so(3). [H. Casimir, Uber die Konstruktion einer zu den
irreduzibelen Darstellung halbeinfacher kontinuierlichen Gruppen gehorigen
Differential-gleichung, Proc. Roy. Akad. Amst. 34, 844 (1931).] An operator,
C, that commutes with all the elements of a Lie algebra g

[C,X:]=0 for all X, € ¢ (1.63)

is called an invariant Casimir operator. Casimir operators can be linear,
quadratic, cubic, ... in the elements X,. A Casimir operator is called of
order p if it contains products of p elements X,
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Co= > foorX, Xq,.. X, . (1.64)

o0

The summation is explicitly displayed in this formula. Also, if C' commutes
with g, so does aC, C?, ... . The number of independent Casimir operators
of a Lie algebra will be discussed in Chap. 5. The quadratic (p = 2) Casimir
operator of a semisimple algebra can be simply constructed from the metric
tensor

Co=9"" X, X5 = 9o XX = C. (1.65)

Proof. Evaluate the commutator of C' and X,

[, X5] :g”"[X XU,X]=9”"X [ Xo s Xr] 4+ 977 [X,, X7 X
977 Xy cpr Xa + 97 ), Xa X,

P “oT
QPUAXXAJrg"p)‘X)\X 97 A (X, Xo + X\ X,)
= gpg g)\u Cuor (Xp X)\ + X/\ Xp) =0 (166)

The last line follows from the fact that the product ¢°*¢*" is symmetric under
A — o,v — p, the product (X,X, + X;X,) is symmetric under A — p, and
the structure constant ¢, ,, is antisymmetric under v — o. For a semisimple
Lie algebra, indices can be raised and lowered using the metric tensor

=g Cpor - (1.67)
Higher order Casimir operators can be constructed in a similar fashion

Cp=c2, X4 X% X (1.68)

a1y Ty " ap

For the algebra so(3), the inverse of the metric tensor is

-0 0
¢*=10 -0 (1.69)
0 0 —%
giving
1
C=-3 (X? + X5 + X32). (1.70)
For the algebra so(2,1)
1
C=—3 (X7 - X3 —X3) . (1.71)

Note the minus signs. By multiplying C' by 2 and the elements by ¢, one
obtains for so(3)
C'=20=Jf +J5 + J;. (1.72)

This is the usual form in which the Casimir operator of the angular momen-
tum algebra so(3) appears in quantum mechanics textbooks.
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1.16 Invariant Operators for Non-Semisimple Algebras

For non-semisimple Lie algebras, Casimir operators cannot be simply con-
structed. One introduces a related notion of invariant operators that commute
will all elements.

Example 21. The invariant operator of the Fuclidean algebra e(2) > X,
X5, X3 is
C = X3+ X3 (1.73)

Proof. The commutators are

(X3.X1] = Xo[Xo, X1] + [X2, X1] Xo = —2X2 X3
(X3, X1] = X3[X3, X1] 4 [X5,X1] X5 =2X, X5 (1.74)

Hence
[C,X;]=0forany X, €g. (1.75)

1.17 Structure of Lie Algebras

The structure of Lie algebras, semisimple or not, can be investigated by
inspection. A detailed account is given by Kirillov. [A.A. Kirillov, Elements
of the Theory of Representation, Nauka, Moscow, 1978.]

1.17.1 Algebras with One Element

We begin with the case r = 1. In this case there is only one element, X, and
one possibility
(o) [X,X]=0. (1.76)

The algebra is Abelian.

Example 22. The algebras so(2) ~ u(1) are examples of Kirillov’s case 1a.

1.17.2 Algebras with Two Elements

Next consider the case r = 2. In this case, there are two elements, X7, Xo,

and two possibilities
(a) [X1,X2] =0, (1.77)

and
(0) [Xi, Xo] =X1. (1.78)

In case (a), the algebra is Abelian. In case (b), X7 is an Abelian ideal.

Example 23. The translation algebra t(2) is an example of Kirillov’s case
2a.
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1.17.3 Algebras with Three Elements
For r = 3, there are three elements, X;, X, X35 and four possibilities:
(a) [X1, Xo] = [X2, X3] = [X3, X1] =0 (1.79)
(b) [X1,Xo]=X3; [X1,X3]=[X2, X3/ =0 or
(X1, Xs] = Xy [X1, Xo] = [X2,X35] =0, (1.80)

(C) [Xl,XQ] =0; X3,X1] =aX,+06Xs5; [Xg,XQ} =vX;4+0X,, (1.81)

where the matrix : g is non-singular, and
(d) [X1, Xo]=X3; [Xo, X3]=X1;  [X3, Xi] =X or
(X1, Xo] = X35 [Xo, X3]=—-X1; [X3, Xi] =X>. (1.82)

In case (a), the algebra is Abelian.

Example 24. The translation algebra in three dimensions t(3) is an example
of Kirillov’s case 3a.

Example 25. The FEuclidean algebra e(2) is Kirillov’s case 3¢, with o =
0,6=1,v=-1,6 =0.

Example 26. The algebras so(3) and so(2,1) are examples of Kirillov’s case
3d.

This procedure becomes very cumbersome as the number of elements in
the algebra increases. However, it allows one to classify all Lie algebras, in-
cluding some non-semisimple algebras of physical interest, such as the Euclid-
ean algebras. It has explicitly been carried out to » = 8. A different method,
due to Cartan, provides a classification of semisimple Lie algebras for any
number of elements.



2 Semisimple Lie Algebras

2.1 Cartan-Weyl Form of a (Complex)
Semisimple Lie Algebra

In 1895, the French mathematician Cartan provided a way to classify all
semisimple Lie algebras. [Elie Cartan, Sur la Structure des Groupes de Trans-
formation Finis et Continus, Thése, Paris, 1894.] The subject was subse-
quently taken up by Weyl and van der Waerden. [Herman Weyl, Theorie der
Darstellung kontinuerlicher halbeinfacher Gruppen durch lineare Transforma-
tionen, I-IV, Math. Zeitschr. 23, 271 (1925); 24, 328, 377 (1926); B.L. van der
Waerden, Die Gruppentheoretische Methode in der Quantenmechanik, Math.
Zeitschr. 37, 446 (1933).] We begin by rewriting the algebra as

X, =(HiEqy); (i=1,...,0). (2.1)

The elements H; form the maximal Abelian subalgebra, often called the Car-

tan subalgebra,
[Hi,H,] =0 (i,k=1,...,1). (2.2)

The number of elements in the Cartan subalgebra, [, is called the rank of the
algebra. The commutation relations of H; with F, are

[Hi, Ea} = Qy Ea (23)
while those of the E’s among themselves are
[Eaa Eﬁ] = Nozﬂ Ea+ﬁ (lf a+p 7é 0) (24)

[Ea, E_o] = 'H; . (2.5)

The «;’s are called roots and N,g is a normalization. This form of the Lie
algebra is called the Cartan-Weyl form.

2.2 Graphical Representation of Root Vectors

One considers the «;’s (i = 1,...,1) as the components of a covariant vector
lying in an [-dimensional weight space with scalar product

Francesco Iachello: Lie Alaebras and Apvlications. Lect. Notes Phvs. 7T08. 15-25 (2006)
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(@.8)=a B, = 8. (2.6)

Van der Waerden derived a set of rules for the algebra to be a semisimple Lie
algebra.
Rule 1 If « is a root, so is —a.

Rule 2 If «, (8 are roots, 2((55)) s an integer.

Rule 3 If «, 8 are roots, § — 2« (@B) s g root.

(ev,c0)

From these, it follows that the angle ¢ between roots

cos p = _ _(ae) (2.7)
(v, @)(B, )
can take the values 113
2
=0,-,-,-,1
COs (p 07 47 2’ 43
» =0°,30°,45°,60°,90° (2.8)

Roots can be displayed graphically in a root diagram.

For rank [ = 1, the root diagram is a line, and there is only one possibility
(Fig 2.1).

The algebra, called A; by Cartan and so(3) ~ su(2) by physicists, has
three elements, r = 3.

For rank | = 2, the root diagram is planar. There are several possibilities

(Fig. 2.2):
(a) ¢ = 30°
This algebra called G5 by Cartan, has 14 elements, r = 14.
(b) ¢ = 45°

This algebra called By by Cartan and so(5) by physicists has 10 elements,
r = 10.

(c) ¢ = 60°

This algebra, called A2 by Cartan and su(3) by physicists has 8 elements,
r=8.

(d) ¢ =90°

This algebra, called Dy by Cartan and so(4) by physicists, has r = 6
elements. It can be seen as the direct sum of two A; algebras, Do ~ A1 & A
or so(4) ~ so(3) @ so(3).

The Cartan classification of rank-2 algebras contains also the algebra Cs,
called sp(4) by physicists. The root diagram of Cs is identical to that of By
rotated by 45° (Fig. 2.3).

so(3)~su(2)~A,

Fig. 2.1. Root diagram of the rank [ = 1 algebra



2.3 Explicit Construction of the Cartan-Weyl Form

(b)

G, so(5)~B
(c) (d)

s0(4)~so(3)®so(3)
su(3)~A, ~D,

Fig. 2.2. Root diagrams of rank [ = 2 algebras

sp(4)~C»

Fig. 2.3. Root diagram of the algebra C>

The algebras Cy and Bj are isomorphic, sp(4) ~ so(5).
For rank | = 3 the root diagram is three-dimensional and it will not be

drawn here.

2.3 Explicit Construction of the Cartan-Weyl Form

17

For applications, it is of interest to construct explicitly Lie algebras in
Cartan-Weyl form. The rank [ =1 algebra, A; (Fig. 2.4) has three elements,
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Fig. 2.5. Root diagram of the algebra Az with roots explicitly displayed

Hy,E;q1, F_1, with commutation relations,
[Hy, H] =0; [Hy,Eq]=+E1; [Eq, B =H (2.9)

This algebra, being the angular momentum algebra su(2) ~ so(3), is of great
interest in quantum mechanics, where it is usually written in terms of the
physical angular momentum operators J,, Jy, J.. By taking the combinations

J.=J., , Jy=Jy, %+ iJy (2.10)
one obtains the Cartan-Weyl form, with commutation relations
[J., .| =0; [J.,,Ji]=xJx; [Jp,J |=2J,. (2.11)

The factor of two in the last commutator is due to a different normaliza-
tion of the elements of the algebra. One can also see that, in this case, the
Abelian Cartan subalgebra is composed of only one element, J,, while the
Weyl elements are J and J_. These elements are called raising and lowering
operators.

Another important construction is that of the rank [ = 2 algebra, Ao
(Fig. 2.5). This algebra has 8 elements,

H17H2 5 E:I:a 5 E:ﬁ:,@ 5 Ei(a-&-ﬁ) (212)

with commutation relations

1 1
[H17Eia] - iﬁEia [H27Eia] = iiEia
(H. Fig = +—F [, Fig) = +1F
1 Bl = 2\/3 +p 2 Bl = Ziﬁ
1

[H,s Ex(atp)) = iﬁEi(a-i-ﬁ) [H,, Ex(avp)] =0
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Hy Ho H, H,
Eo, B gl = —=+ = Eg, B pl = s—= — =~
[ ] /3 D) [ B ﬁ] 2v3 )
Hy H, 1
E v E_(a = == Eq, Egl = E,
[ (a+p) ( +ﬁ)] /3 V3 [ 3] /6 +5
[Ea, E(a+s)] =0 [Es: E(atp)] =0
1 1
Eu,E_(orp) = ———E_ Eg,E_(gip] = — F_
[ (a+6)] R [Es: E—(a+8)] 75 F-e
[Hi, Hj] =0 (i,j=1,2) (2.13)

The algebra has two Cartan elements and six Weyl elements (raising and
lowering operators).

2.4 Dynkin Diagrams

The root diagrams for rank [ > 3 cannot be displayed easily. The Russian
mathematician Dynkin devised a method to display root diagrams of all semi-
simple Lie algebras. [E.B. Dynkin, The Structure of Semisimple Lie Algebras,
Usp. Mat. Nauk (N.S.), 2, 59 (1947). Transl. in Am. Math. Soc. Transl. (1),
9, 308 (1962).] We begin by introducing the notion of positive root.

Definition 1. Positive roots, o), are those for which, in some arbitrary
frame, its first coordinate different from zero is positive.

The number of positive roots is half of non-null roots.

Example 1. Consider the root diagram of Bs The roots are (1,0) (1,1) (0,1)
(—1,1) (=1,0) (—1,—1) (0, ~1) (1, —1). The positive roots are (1,0) (1,1)
(0,1) (1,—1), with sum > (™) = (3,1). We next introduce the notion of
simple roots.

(1,1)

(1,0)

——————— Q-

(=1,-1) 0,-1) (I,-1)

Fig. 2.6. Root diagram of the algebra By with roots explictly displayed
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Definition 2. A simple root is a positive root which cannot be decomposed
into the sum of positive roots.

In the case of By (Fig. 2.6) , the two roots (1,0) and (1,1) can be de-
composed as (1,0) = (1,-1) + (0,1) and (1,1) = (1,0) + (0,1). The simple
roots are thus only a = (0,1) and 3 = (1, —1). Dynkin showed that the angle
between two simple roots can only be 90°,120°,135°,150° and the normal-
ization

1 Vo5 = 120°
(B,8) 2 Vo5 = 135°
(a,a) 3 Vo5 = 150° (2.14)

undetermined 9,3 = 90°

The root « is called short and the root 3 is called long. When plotted as
before, the simple root diagram of By appears as in (Fig. 2.7). All information
on the Lie algebra can then be condensed into a Dynkin diagram. In this
diagram, the angle ¥ between roots is indicated by

¥ =120°  single line

¥ =135°  double line

¥ = 150°  triple line

¥ =90° not joined (2.15)

A short root is indicated by a filled dot e , while a long root is indicated by
an open dot o.

135°

V2

B
Fig. 2.7. Simple roots of By
B,~C, —» so(5)~sp(4)
As o——o0 su(3)
D, o) o so(4)~so(3)Pso(3)
Gy (o —=

Fig. 2.8. Dynkin diagrams of rank-2 algebras
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Example 2. Dynkin diagrams of rank two algebras

Dynkin diagrams of rank two algebras are shown in (Fig. 2.8).

2.5 Classification of (Complex) Semisimple Lie Algebras
All complex semisimple Lie algebras have been classified by Cartan and are

given in Table 2.1. Because of its importance, the non-semisimple Lie algebra
u(n) must be included as well. This algebra is of order n? and rank n.

Table 2.1. Cartan classification of complex semisimple Lie algebras (and u(n))

Name Label Cartan  Order (r)  Rank (1)
Special Unitary su(n) A n? -1 n—1
[Special] Orthogonal so(n) (nodd) By nn—1)/2 (n—1)/2
Symplectic sp(n) (neven) () n(n+1)/2 n/2
[Special] Orthogonal  so(n) (n even) Dy n(n —1)/2 n/2
Exceptional G G 14 2

Fy Fy 52 4

Eg Es 78 6

Eq E- 133 7

Esg Ex 248 8
Unitary u(n) — n? n

There is no difference between orthogonal and special orthogonal alge-
bras and hence “special” has been put in brackets in the table. The Abelian
algebra so(2) ~ u(1) composed of a single element is included in the Cartan
classification under so(n) n = even, although strictly speaking it is not pos-
sible to apply to it Cartan’s criterion since it does not have any subalgebra
except itself.

2.6 Real Forms of Complex Semisimple Lie Algebras

In applications, one is often interested in real forms of complex semi-simple
Lie algebras. Commonly used real forms and their notation are given in
Table 2.2.

2.7 Isomorphisms of Complex Semisimple Lie Algebras

Isomorphisms of complex Lie algebras of low rank are given in Table 2.3.
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Table 2.2. Real forms of complex semisimple Lie algebras

Cartan Real Forms

A su(n)
su(p,q) (p+q=n)
sl(n, R)
su*(2n)
B so(n) (n odd)
so(p,q)  (p+g=n)
Ci sp(n) (n even)
sp(n, R)
sp(p,q)  (p+g=n)
Dy so(n) (n even)
so(p, q)
s0*(n)

Table 2.3. Isomorphisms of complex semisimple Lie algebra
A1~ By~ Cy
By ~ (s
Doy~ A1 @ Ay
A3 ~ Ds.
2.8 Isomorphisms of Real Lie Algebras

Isomorphisms of real Lie algebras of low rank are given in Table 2.4.

Table 2.4. Isomorphisms of real Lie algebras

B2 ~ 02 SO

Dy ~ A1 & A1 so

Az ~ Ds su(4) ~ so(6)
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2.9 Enveloping Algebra

Starting with a Lie algebra g > X, one can form the algebra composed of
all products of elements

Xp
X, Xo
X, Xo X7
(2.16)
This algebra is called the enveloping algebra of g. The commutation relations

of the X,’s among themselves define the Lie algebra g. The commutation
relations of the enveloping algebra with the X,’s define a tensor algebra over

g, T'(g)-

2.10 Realizations of Lie Algebras

Lie algebras can be realized in various ways. Three of them have been widely
used. In these realizations, elements are written in double index notation,
E.p.

(i) Differential realization

This is in terms of differential operators acting on functions f(z1,...,z,)
0

Eog =24— . 2.17

af o axﬁ ( )

Commutation relations of the algebra can be obtained from the basic
commutation relations

0
[8%’%5} = ap (2.18)

Differential realizations will be discusssed in Chap. 9.
(ii) Matrix realization

This is in terms of n X n matrices acting on column vectors

|
|
E.5 = ____l__ (2.19)
|
|
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with unit entry on the 8-th column and the a-th row. Commutation re-
lations of the algebra are obtained from the basic commutation relations
of matrices. Matrix realizations will be discussed in Chap. 10.

(iii) Boson creation-annihilation operator realization (often called Jordan-
Schwinger realization)
This is in terms of bilinear products of n boson creation, bL, and anni-
hilation, b, operators acting on a vacuum |0),

B, =blbs . (2.20)

The commutation relations of the algebra can be obtained from those of the
creation and annihilation operators

[basbh] = G (2.21)

called Bose commutation relations. Realizations in terms of boson creation
and annihilation operators will be discussed in Chap. 7.

For all three realizations, the commutation relations of the elements of
the algebra E,z are

[Eap , Eys) = 0pyEas — 0asEyp (2.22)

with o, 8 = 1,...,n. They define the Lie algebra of u(n). Realizations of
other algebras can be obtained by taking appropriate combinations of the
elements F,g, since any Lie algebra is, by Ado’s theorem, a subalgebra of

2.11 Other Realizations of Lie Algebras

In addition to the three realizations of the previous section, others are possible
and have been used for applications in physics. Two of these, particularly
important in the description of fermionic systems, are:

(iv) Grassmann differential realization

This is in terms of Grassmann variables, 6; (i = 1,...,n), and their

derivatives, %. The elements are

0
Ejj=0;— . 2.23
J agg ( )
The commutation relations can be obtained from the basic commutation
relations 5 5 5
— 0 = —=—0;,+0;— =16;; . 2.24
[aei’ JL 06,7 i gg, = % (224)
These realizations will not be discussed in these notes. A detailed account is
given by Berezin. [F.A. Berezin, An Introduction to Superanalysis, D. Riedel
Publishing, Dordrecht, 1987.]
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(v) Fermion creation-annihilation operators realization

This is in terms of bilinear products of n fermion creation, al»t, and anni-
hilation, a;, operators acting on a vacuum | 0),
Ei; = ala; , (2.25)
where the creation and annihilation operators, a;r, a;, satisfy
[as,al]y = a;al +ala; = 6, (2.26)
2y Yy + = U j ] 1] .

called Fermi commutation relations. These realizations will be discussed in
Chap. 8.

For both realizations (iv) and (v), the commutation relations of the ele-
ments of the algebra Fj;; are

[Eijs Eim] = 0k Eim — Sim Ej (2.27)

with 4,5 = 1,...n. The commutation relations (2.28) are identical those given
by (2.23). They define again the Lie algebra u(n).



3 Lie Groups

3.1 Groups of Transformations

Associated with each Lie algebra there is a Lie group. The notion of groups
of transformations precedes that of Lie algebras and is more general than
it. A set of elements A, B,C' ..., forms a group G if it satisfies the following
axioms:

Axiom 1. Among the elements there is an element I such that
Al =TA=A (3.1)

This property is called identity.
Axiom 2. The product AB gives another element C in the set

AB=C (3.2)

This property is called closure.
Axiom 3. There exists an element A~' such that

ATTA=AA"1 =T (3.3)

This property is called inverse.
Axiom 4. The order of multiplication is immaterial

A(BC) = (AB)C (3.4)

This property is called associativity.

3.2 Groups of Matrices

Particularly important are groups of square matrices
A= (nxn). (3.5)

These matrices satisfy all the axioms of a Lie group:

Francesco Iachello: Lie Alaebras and Apvlications. Lect. Notes Phvs. 7T08. 27-38 (2006)
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(i) The identity I is the unit matrix

(ii) Matrix multiplication gives closure.
(iii) If det | A |# 0 an inverse A~! exists.
(iv) Matrix multiplication gives associativity.

Groups of matrices can be written in terms of all number fields, R, C, @, O.
In these notes, we shall consider only groups of real and complex matrices.
The matrix elements of the matrix A will be denoted by A;x, with i = row
index and k = column index. We shall also introduce real and complex vec-
tors in n dimensions. The components of vectors will be denoted by z; and
z;. Standard matrix notation will be used in this chapter (no covariant or
contravariant indices).

3.3 Properties of Matrices

We begin by recalling in Table 3.1 some basic properties of matrices.

Table 3.1. Matrix properties

A=A Symmetric
A=—A" Skew symmetric
ATA=1 Orthogonal

A=A" Real
A=—-A" Imaginary

A=Af Hermitian
A=—A" Skew hermitian
AtA=1 Unitary

In this table, A denotes the transpose matrix, A* the complex conjugate
matrix, and AT the hermitian conjugate matrix, AT = (A%)*.

A group of transformations transforms the real or complex vector x =
(x1,22,...,2,) Or 2 = (21,22,...,2,) into the real or complex vector x" or
z'. We shall consider both real and complex transformations
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x' =Ax ; 2l = ZAikak
k
z =Bz ; 2/ = ZBika (3.7)
k

where A;; and B;, are the matrix elements of the real and complex n X n
matrices A and B.

3.4 Continuous Matrix Groups

(a) General linear groups
These are the most general linear transformations. They are denoted by

GL(n,C) r = 2n?

GL(n,R) r=n?. (3.8)
The number of real parameters that characterize the transformation is
given next to its name. The number field R, C is also explicitly shown.

(b) Special linear groups
If, on the general linear trasformation, the condition

det | A |=+1 (3.9)
is imposed, the group is called special linear group, denoted by

SL(n,C) r=2(n*-1)
SL(n,R) r=mn*-1. (3.10)

(¢) Unitary groups
Imposing the condition

ATA=T (3.11)
one obtains the unitary groups
U(n,C)=U(n) r=n?
Ulp,¢:C) =U(p.q) r=n’. (3.12)

They leave invariant the quantities

n
U(n) : Z ziz}f
i=1

P prta
Ulp,q): — Zzzz;‘ + Z zjz; (3.13)
i=1 j=p+1

Unitary groups are over complex numbers C. It has become common
practice to delete the number field from the group notation, that is to
use U(n) instead of U(n,C).
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(d) Special unitary groups

The combination of the special condition with the unitary condition
ATA=1T, det|Al|=+1 (3.14)
gives the special unitary groups

SU(n,C) = SU(n) r=n?-1
SU(p,q;C) = SU(p,q) r=n*—1. (3.15)

Again, the number field C is often deleted. For special unitary groups,
there is an (anomalous) case, denoted by SU*(2n),

SU*(2n) r=n*-1 (3.16)
defined by matrices
(A A
A= ()
A1, Ay = n xn complex matrices with Tr A; + Tr A7 =0 .(3.17)

Orthogonal groups
These groups are defined by the orthogonality condition

ATA=T. (3.18)

In applications in physics, they are usually over the real number field.
The number field is often deleted in the notation and O(n, R) is often
denoted by O(n)

O(n,C) r=n(n—1)
O(n,R) = O(n) r= % nin—1). (3.19)

They leave invariant the quantities

O, C): X 7
i=1
O(n,R)=0(n): S a? (3.20)
i=1
In addition, one has the groups
O(p,q;C) r=mn(n—1)
1
O(p,q, R) r=gn(n-—1) (3:21)

which leave invariant the quantities
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p+q

O(p,q;C) : —Zz + Y 2

Jj=p+1

p+q
Op.¢:R)=0(p,q) = — Z DY 133 (3.22)

Jj=p+

(f) Special orthogonal groups
The combination of the special with the orthogonal condition

A'A=T1 det|Al|=+1 (3.23)
gives the special orthogonal groups

SO(n,C) r=mn(n-—1)
1

SO(n,R) r= in(n -1)
SO(p,q¢;C)  r=n(n-1)
SO(p,q¢;R) r= %n(n —-1). (3.24)

Also here there is an (anomalous) case, called SO*(2n), described by
matrices

_ [ A Az
= ()
Ay, Ao = n x n complex matrices with A; = —AI and Ay = A; . (3.25)

Real orthogonal groups are used both in quantum and in classical me-
chanics.

(g) Symplectic groups
To define these groups, the vectors x and y are divided into two
pieces, x = (z1,...,Tn; 2, ., 20), ¥y = (Y1, - YUn; Y15 - - -, Y,). Symplec-
tic groups

Sp(2n,C)  r=2n(2n-+1)
Sp(2n,R) r= %271(271 +1) (3.26)

are defined as those groups that leave invariant the quantity

n

> (@i — yi}) (3.27)

i=1

where the vectors can be either real or complex. If the unitary condition
is imposed
ATA=T (3.28)



32 3 Lie Groups

the group is called unitary symplectic
1
USp(2n,C) = Sp(2n) r=g 2n(2n + 1) (3.29)

and is often denoted by Sp(2n).

Both real and complex symplectic groups are used in quantum mechanics,
while real symplectic groups are used in classical mechanics (canonical
transformations and Hamilton’s equations).

3.5 Examples of Groups of Transformations

3.5.1 The Rotation Group in Two Dimensions, SO(2)

As a first example we consider the rotation group in two dimensions SO(2) =
SO(2,R). Under a general linear transformation the two coordinates x,y
(used here to conform with usual physics notation) transform as

!
T =a17 + a2y

Y =an v + anvy (3.30)

The corresponding group, GL(2, R), is a 4 parameter group. The invariance
of 2% 4+ y?

at, 2?4+ a2y y? + 2a11a12 2y + a2, + ady? + 2a01a00 vy = 2% +y? (3.31)
gives 3 conditions
a}y +a =1
2a11012 + 2a21a22 = 0
a3y +ajy, =1. (3.32)
This leaves only 1 parameter.
Example 1. The group SO(2) is a one parameter group
The parameter can be chosen as the angle of rotation, ¢,
2’ = (cosp)x — (sinp)y
y' = (sinp)z + (cos )y (3.33)

as shown in Fig. 3.1.
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X

Fig. 3.1. The angle ¢ that parametrizes SO(2)

3.5.2 The Lorentz Group in One Plus One Dimension, SO(1,1)

A group closely related to the rotation group is the Lorentz group SO(1,1) =
SO(1,1; R). The general linear transformation in space-time, x,t can be
written

2 = a1z + apat
t' = as1x + asat . (3.34)
Imposing the condition 2% — ¢2 = invariant, leaves a 1 parameter group.
Example 2. The group SO(1,1) is a one parameter group
A convenient parametrization is in term of the boost, 9.

2’ = (cosh )z + (sinh )t
t' = (sinh¥)x + (cosh )t . (3.35)
By comparing with the previous subsection, one can see that the invariant
forms are different (Fig. 3.2).
The group SO(2) which leaves invariant the form z? + y? is said to be
compact, while the group SO(1,1) which leaves invariant 22 — ¢? is said to be

non-compact. The notation is such that the number of plus or minus signes
is indicated in SO(p, q).

(@) (b)

S
S /
N s
. 2
. B
N, ’
N, s
. B
N, s
B s
N 2
Sl
G2
K |

SOQ2) SO(L,1)

Fig. 3.2. Invariant forms of (a) SO(2) and (b) SO(1,1)
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3.5.3 The Rotation Group in Three Dimensions

As another example consider the rotation group in three dimensions SO(3) =
SO(3, R). Under a general linear transformation, GL(3, R), the coordinates
x,1, z transform as

¥ =anr + a2y + aiz 2
Y =anx + axny + axsz
Y =asnx + azoy + asz z (3.36)
This is a 9 parameter group. Orthogonality
x12+y/2+212:x2+y2+z2 (337)
gives 6 conditions. We thus have a three parameter group.
Example 3. The group SO(3) is a three parameter group
A convenient parametrization is in terms of Euler angles, o, 4, ¥,
cos p cos v cos — sinpsiny — cos pcosdsiny —sincosy cospsind
sin ¢ cos ¥ cos 1 + cos psin1y — sin @ cos ¥ siny + cos ¢ cos ) — sin p sin ¥
— sin ¥ cos v sin ¥ sin ¢ cos v

(3.38)
as shown in Fig. 3.3. The rotation matrices (3.39) are usually denoted by

R(p,9,%).

3.5.4 The Special Unitary Group in Two Dimensions, SU(2)

This group is denoted by SU(2) = SU(2,C). Under a general linear com-
plex transformation, GL(2,C'), the complex quantites, u,v, called a spinor,
transform as

Fig. 3.3. The Euler angles ¢, ¥, ¥ that parametrize SO(3)
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u =aj u+anv
v = a9 u+ asv . (3.39)

This is a 8 parameter group. Call the matrix of the transformation A
ail ai2 + aj; ay
A= Al = % (3.40)
G21 a22 (12 Ao
Unitarity, ATA = 1, gives four conditions

* *
an a1 —+ (121 a1 = 1
* *

all a12 + a21 a99 = O
* *

a12 a1 + CL22 a1 = O

ajly a1z +asy asy =1 (3.41)

The corresponding group, U(2), is a four parameter group. If one imposes a
further condition det | A |= +1, that is

apy aze —aiz az =1 (3.42)

one obtains the three parameter group SU(2).
Example 4. The group SU(2) is a three parameter group
This group can be parametrized as
u = a1 U + ajppv
v = —ajyu +aj;v (3.43)
with
aill CLTl + a2 aTQ =1. (344)

3.5.5 Relation Between SO(3) and SU(2)

Both SO(3) and SU(2) are three parameter groups. It is of importance to
find their relationship. Consider the following combination of the complex
spinor u, v

1 =u?; Ty =uv ; x3 =07 . (3.45)

These combinations transform as

o =u? = a2, w1 + 2011 a1 T2 + adyrs
/ 1,/

zh =u'v = —ai1afy w1 + (a11af; —a12aly) xo + ajy ara xs (3.46)
! 02 %2 * * *2

Ty =0'“ = aj3x — 2a3; ajy T2 + aji w3

By introducing the coordinates z,y, z
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x=(x1—23)/2; y=(xr1+x3)/20; z2=2x2 (3.47)
one can see that they transform as
1 *2 >"<2 Z *2 *2
x = §(a§1 —ajy —aiy+aj)T+ §(a%1 —ajy +aiy —aiy)y
+ (a11a12 + ajiaiy)z
/ —1 2 *2 2 x2 1 2 *2 2 *2
Yy = 7(“11 —ajy —ajp +aj)r+ 5(‘111 —ajy +ajp +ajy)y (3.48)
—i(a11a12 — aj1a3)z
2= —(af a1z + a1 ajy)r +i(ajy a2 — anai,)y

+(a11a]y —aipaly)z
This is a real orthogonal transformation in three dimensions, satisfying
2?4y 22 =y 2R (3.49)

Thus SU(2) and SO(3) are related by a change of variables. In order to elu-
cidate the correspondence between SU(2) and SO(3), we consider a rotation
of an angle v around the z-axis. By inserting the values ai; = €*/2, a5 = 0
in the appropriate formulas, we see that this rotation is characterized by
matrices

SU(2) SO(3)
cia/2 cos o — sina 0 (3.50)
0 e—io/2 sina cosa 0
¢ 0 0 1
A generic rotation, by angles «, 3, is instead characterized by matrices
SU(2) 50(3)
cos ge%@*” sin ge*%(a*v) R(.f.) (3.51)
fsinge%(a*”f) cos ge*%(oﬂrv) @, P,

where R(a, 3,7) is given in (3.39). For no rotation, R(0,0,0), the correspon-

dence is
SU((2) SO(3)

Loy [Loo0 (3.52)
01) (010
001

while for rotation of 27, R(2w,0,0), the correspondence is
SU(2) SO(3)

Lo égg (3.53)
0 -1

001
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One can see that there is a two-to-one correspondence, called a homomorphic
mapping of SU(2) into SO(3), denoted by SU(2) = SO(3). One says that
SU(2) is the universal covering group of SO(3).

3.6 Lie Algebras and Lie Groups

3.6.1 The Exponential Map

The relationship between Lie algebras and Lie groups is of great importance.
Let the Lie algebra be g and the corresponding Lie group G. The relation is

Lie algebra ¢ X; (i=1,...,7) (3.54)

-

Lie group G > exp (Z ozz-XZ) (3.55)
i=1

where the «;’s are the parameters of the group and the sum goes over the

order of the group. (The «;’s here should not be confused with the a;’s in

Chap. 2 where they denote the components of a root vector). This relationship

is called an exponential map and denoted by

g
| exp (3.56)
G

Example 5. The Lie group SO(3) is

Alay, ag, a3) = em X1 toeXatasXs (3.57)

3.6.2 Definition of Exp

The exponention is defined through a power series expansion. For rank one
algebras, with only one element X and one parameter «

2)(2

% =1+ aX + = ' +oe=
2l =

aX)P
( !) (3.58)

p

The infinitesimal group element is obtained by keeping only the linear term
in the expansion

e’ - 1+aX (3.59)

For algebras of larger rank, one needs to exponentiate non-commuting ele-
ments. It is convenient to use matrices.
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3.6.3 Matrix Exponentials

Let A be a n x n matrix. Then

2

A
eA:I+A+§+~-~ (3.60)

Some properties of matrix exponentials are:

(i)
(i)

(iii)

The exponential e” converges if the matrix elements | a;; | have an
upper bound, that is the group is compact.
If A and B commute, then

ATE — edeh (3.61)
If B can be inverted, then

BeA B! =BABT (3.62)
If A1, Ao, ..., A, are eigenvalues of A, then
M et (3.63)

are eigenvalues of e.
The exponential series satisfies

e e e(eAt) - ) (3.64)

t
i _ Z

eAl = (eA)T A (eA) 1

The determinant of e is e,

If A is skew symmetric, e? is orthogonal. If A is skew hermitian, e is

unitary.

(viii) The following formula (Campbell-Hausdorff) applies

1 1
e*ABeA:B—kF[B,A}—kE[[B,A],A]+~-- (3.65)



4 Irreducible Bases (Representations)

4.1 Definitions

An irreducible basis (I RB) is the basis for the representations of the algebra,
g, (and the associated group, G), and the basis upon which the elements of
the algebra, X, € g, act. It will be denoted by B.

Also, if V is a linear vector space,

B:Ve(VaV)e VeaVael)s... (4.1)

The meaning of the term irreducible is that any element X, acting on B does
not lead out of B.

4.2 Abstract Characterization

Irreducible representations are characterized by a set of labels (often called
quantum numbers). For a semisimple Lie algebra g, the number of labels is
the rank of the algebra, [, which is also the number of Cartan commuting
elements. The number of labels and their notation in these lecture notes are
shown in Table 4.1.

Table 4.1. Labels of irreducible representations

Name Number of Labels Labels

u(n) n A1, A2, A0

su(n) n—1 A1, A2,y Aot

so(n) (nodd) v=(n-1/2 [ty pz-.erm,]

sp(n) (neven) v=n/2 (.t 1)

so(n) (neven) v=n/2 (1o i oo 11,

Go 2 (Y1, 72]

Fy 4 [71772:%’,")’4}

Es 6 (Y1572 V35 Var V55 Vo)
E- 7 [’717727’73»747757’7&77}
Es 8 [71772:W37’Y4775:76"Y77'Ys]

Francesco Iachello: Lie Alaebras and Apvlications. Lect. Notes Phvs. 7T08. 39-62 (2006)
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We shall consider here representations of the classical compact algebras,
su(n), so(n), sp(n). There are two types of representations: tensor represen-
tations and spinor representations.

4.3 Irreducible Tensors

4.3.1 Irreducible Tensors with Respect to GL(n)

In order to illustrate the notion of irreducible tensors we consider here two
vectors X = (21,...,2,) and y = (y1,...,Yn). Under GL(n) they transform
as

$2=Zaz‘k5€k ; yézzaikyk ; (k=1,...,n). (4.2)
% %

Consider now the Kronecker product of the two vectors, F;; = z;y;. This
product has n x n components and transfoms as a second rank tensor with
respect to GL(n)

Fj; = Zaikalekl . (4.3)
ol

Irreducible tensors with respect to GL(n) are obtained by taking the sym-
metric and antisymmetric parts

1
Sik = Ski = 3 (Fir + Fri),
1
Aip, = —Api = 3 (Fir — Fri) - (4.4)

The symmetric tensor has n(n + 1)/2 components, while the antisymmetric
tensor has n(n — 1)/2 components. In general, reducibility with respect to
GL(n) (and gl(n)) means to classify tensors according to their symmetry
under interchange of indices. Young devised a procedure how to find the
possible symmetry types of a tensor of rank ¢ in a n dimensional space.

(1) Partition ¢ into n integers

t=M+...+ M\, (4.5)

with
M>A > >0 >0. (4.6)

(ii) To each partition there correspond a graph (or tableau)

A O 0.0
A O ... O
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The tensor is symmetric under interchange of the rows and antisymmetric
under interchange of columns. The tableau is often denoted by [A1,...,Ay]
and zeros are deleted.

Example 1. Consider a second rank tensor t = 2 in a three dimensional
space, n = 3.

The partitions are [2], [1, 1] with Young diagrams

OO0 =[2] Symmetric tensor

g =[1,1] Antisymmetric tensor (4.8)

4.3.2 Irreducible Tensors with Respect to SU (n)

The irreducible representations of GL(n) remain irreducible when we go to
U(n). If we go to the unimodular groups SU(n), the representations corre-
sponding to the patterns [\, \a,...,; \y] and [A1 + s, 2 +5,..., A + 8], 8 =
integer, are equivalent. Thus, for SU(n), we need to consider only patterns
with one less row [A; — A\p, Ao — A, ..., An—1 — A\, ] obtained from the pattern
[A1,A2,..., Ay] by subtracting the last integer A,,.

4.3.3 Irreducible Tensors with Respect to O(n). Contractions

When we go from U(n) to O(n), the representations in terms of tensors of
a given symmetry are no longer irreducible. There is a new operation, called
contraction, which commutes with othogonal transformations. For O(n), the
elements of the transformation matrix a;; satisfy

Z aijaik = 5jk . (49)
Contraction of a second rank tensor Fj; gives
7= Fi. (4.10)

In general, contraction of a rank-t tensor, gives a tensor of rank ¢ — 2. Any
tensor can be decomposed into a traceless part, plus the rest.

Example 2. Decomposition of a rank-2 tensor in n = 3 dimensions
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GL(3) 0(3) dim L
Sik — 580k = Zix 5 2
/
Si (4.11)
/ N
Fiy, $8:i0ik = Tik 10
N
Ak 3 1
The decomposition is thus
Fip = Aige + Xig + Tire - (4.12)

The number of components of the tensors A, Y, 7 is shown in the column
labeled dim.

4.4 Tensor Representations
of Classical Compact Algebras

4.4.1 Unitary Algebras u(n)

Irreducible representations of u(n) are characterized by n integers, satisfying
the conditions
AM>A>...>2N,>0. (4.13)

A graphical representation is provided by the Young tableau introduced pre-
viously for U(n)

Aa0O00...0
)\QDD...D’ (4.14)
A O

also written as [A1, Ag,. .., Ay].

4.4.2 Special Unitary Algebras su(n)

Irreducible representations of su(n) are characterized by n — 1 integers, sat-
isfying the relations
AM>X>.. 20120, (4.15)

Because of the special condition, S, some representations become equivalent.

Equivalence relation 1 Start from the representations of u(n) and sub-
tract the last integer [A1, Aoy .., An] = [A1 — Ay A2 — Ay ooy A1 — A, 0]
This equivalence relation was already quoted in Sect. 4.3.2.
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Equivalence relation 2 Start from the representations of u(n) and use
[)\1,/\27 .. 7/\n] = [)\1 — )\n, /\1 — )\n—la .. .,)\1 — )\2,0].

This equivalence relation, when written at the level of su(n) is [A1, Az, . . .,
An] = [A1, A1 — An—1, ..., A1 — A2] and is sometimes called particle-hole con-
jugation.

The equivalence relations 1 and 2 are used extensively.

Example 2. The first equivalence relation for su(3) gives
[4,3,1]=13,2] . (4.16)
Example 3. The second equivalence relation for su(3) gives

3,2] = [3,1] . (4.17)

4.4.3 Orthogonal Algebras so(n), n = Odd
The irreducible representations are labeled by v = (n — 1)/2 integers, satis-

fying
By > e > oo 2> p, >0 (4.18)

4.4.4 Orthogonal Algebras so(n), n = Even
The irreducible representations are labeled by v = n/2 integers, satisfying
P> g > 2|, |20 (4.19)

The last integer p, can be here positive, negative or zero. If p,, # 0, there are
two irreducible representations, called mirror conjugate, with u, =+ | u,, |.

4.4.5 Symplectic Algebras sp(n), n = Even

The irreducible representations are labeled by v = n/2 integers, satisfying

iy >y > o >, >0 (4.20)

Example 4. Unitary algebras

u(2) A, A2], A1 >A2 >0

w(3) Ay Ao, Az, M > A > X3 >0 (4.21)

Example 5. Special unitary algebras

su(2) A =X =[f1] , 120 (4.22)
su(3) M — A3, e =Nl =[f1, fo] , 12 /220 '
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Example 6. Orthogonal algebras

s0(2) ]l =M, [p =0

80(3) [lu’l] = L? Hy >0 (4 23)
s0(4) [u1, pio] = (w1, w2) 5 py 2| p [= 0. '
s0(5)  [p pio] = (T1,72) 5 py = i 2 0

Often, in applications, the abstract labels are replaced by letters related to
their physical interpretation, especially for orthogonal algebras and groups.
In Example 6, the letter M (z-component of the angular momentum) is used
to denote the representations of so(2), and the letter L (angular momentum)
to denote the representations of so(3).

4.5 Spinor Representations

As discussed in Chap. 3, the group SO(3) is doubly connected. It turns out
that all orthogonal groups in odd number of dimensions SO(2v + 1) are dou-
bly connected, while the orthogonal groups in even number of dimensions,
SO(2n), are four-fold connected. As a result, orthogonal groups and algebras
have another type of representations, called spinor representations, character-
ized by half-integer labels. (The additional two-fold connecteness of SO(2v)
produces mirror conjugate representations already discussed in the previous
section.) [A.O. Barut and R. Raczka, Theory of Group Representations and
Applications, World Scientific, Singapore, 1986).]

4.5.1 Orthogonal Algebras so(n), n = Odd

Spinor representations of so(n),n = odd, are characterized by v = (n —1)/2
half-integers

P 2 g Z e 2y, 2 g (4.24)

[N

4.5.2 Orthogonal Algebras so(n), n = Even

Spinor representations of so(n),n = odd, are characterized by v = n/2 half-
integers

1

As in the case of tensor representations, when n = even, there are two irre-
ducible representations, called mirror conjugate, with u, =+ | u,, |.

When spinor representations are included the algebras and groups are
denoted spin(n) and Spin(n) respectively.

Example 7. Spinor representations

(4.26)
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4.6 Fundamental Representations

Any irreducible representation can be written as

A= Z_l)l fi IV, (4.27)

i

where the f;’s are non-negative integers and the [\'"]’s are called fundamental
representations. Here [)] is a short-hand notation for the Young tableau char-
acterizing the representation and [)\Z] is a short-hand for the Young tableau
characterizing the fundamental representations. The index ¢ runs from 1 to
the values given in Table 4.1 under “number of labels”. The fundamental
representations of the classical Lie algebras are listed below.

4.6.1 Unitary Algebras

There are n fundamental representations here

1,0,0,...,0]
[1,1,0,...,0] . (4.28)
1,1, 1]

4.6.2 Special Unitary Algebras

There are n — 1 fundamental representations

1,0,0,...,0]
[1,1,0,...,0] . (4.29)
[17 1717 71]

4.6.3 Orthogonal Algebras, n = Odd

There are v = (n—1)/2 fundamental representations, one of which is a spinor
representation

(4.30)

spin(n),n = odd
[1,0,...,0]
1,1,...,0]
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4.6.4 Orthogonal Algebras, n = Even

There are v = n/2 fundamental representations, two of which are spinor
representations

[1,0,...,0]
[1,1,...,0]
(4.31)
[1,1,...1,0,0]
El,l,. .’l’lJ
R
2720702072
4.6.5 Symplectic Algebras
There are v = n/2 fundamental representations.
sp(n),n = even
[1,0,...,0]
1,1,...,0] . (4.32)
[1,1,...,1]

4.7 Chains of Algebras

For applications, it is necessary to characterize uniquely the basis, in other
words to provide a complete set of quantum numbers (labels). This is done
by introducing a chain of algebras,

g>g¢g Dg D...
! ! ! > (4.33)
T

Since in applications in quantum mechanics, the representations are inter-
preted as quantum mechanical states, a notation often used is that introduced
by Dirac, called bra-ket notation. A ket is denoted by |) and a bra by (|.

A crucial problem of representation theory is to find the irreducible rep-
resentations of an algebra ¢’ contained in a given representation of g (often
called the branching problem).

4.8 Canonical Chains
The branching problem was solved completely by Gel’fand and Cetlin in

a series of articles in the 1950’s, for a particular chain of algebras, called
the canonical chain of unitary and orthogonal algebras. [.LM. Gel’fand and
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M.L. Cetlin, Finite-Dimensional Representations of a Group of Unimodu-
lar Matrices, Dokl. Akad. Nauk SSSR 71, 8-25, 825-828 (1950); Finite-
Dimensional Representations of Groups of Orthogonal Matrices, ibid. 71,
1017-1020 (1950).]

4.8.1 Unitary Algebras
The canonical chain is
un) dDun—1)DdDuln—2)D... dDu(l). (4.34)

The labels (quantum numbers) are conveniently arranged into a pattern
called Gel’fand pattern

)\1,n >\2,n /\n—l,n /\n n

)\1,n—1 )\n—l,n—l
. (4.35)
A12 A2,2
AL

The entries in this pattern are A; ; where i labels the entries in the Young
tableau, and j the algebra in the chain. For example, A, , is the n-th entry
in the Young tableau of u(n).

The solution to the branching problem is that the labels must satisfy the
inequalities

MnZAMn—12>2Xpn> ... 20 >0

A2 > A1 > Aaa (4.36)

These inequalities hold for any two rows in (4.35) and are often called trian-
gular inequalities.

Example 8. Representations of u(4)
The complete basis is labelled by

A4 2.4 A3z.4 A4
A3 A23 A3,3

’ ’ ’ 4.37

Mz des (4:37)

A1l

)

In the applications discussed in Chap. 7, one needs the branching of the
totally symmetric representation [N] of u(4) with ket | Ny; No; N3; Ny) and
pattern

Ny 0 0 0

N3 0 0
Ny 0
Ny

Use of Gel’fand inequalities gives N3 = Ny, Ny — 1,...,0; Ny = N3, N3 —
1,...,0;N1 :NQ,NQ —17...,0.

(4.38)
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4.8.2 Orthogonal Algebras
The canonical chain is
so(n) D so(n—1)Dso(n—2)D ... Dso(2). (4.39)
For n = 2k + 2 = even, the Gel’fand pattern is

M1 2k+1 H2 2k+1 oo Mk 2k+1 Hi41,2k+1
K1 2k K 2k
K1 2k—1 K 2k—1
(4.40)
1.4 Ha 4
H13 M2 3
K12
M1

There is an alternation between even and odd algebras, ending with so(5) D
s0(4) D so(3) D so(2). The triangular inequalities are:

By 2kl = M1 2k 2 M2 2k+1 = - -+ 2 M, 2k > Hi+1, 2k+1 |
P ok = M 2k—1 2 Ho ok = - > g ok | Mg, 2k—1 |
P ok—1 = M1 2k—2 = +++ = Hp_1,9k—2 2| Mg op—1 | - (4.41)

For n = 2k + 1 = odd, the Gel’fand pattern is

H1 2k P2k
H12k—1 M 2k—1
K1 2k—2 Hi—1,2k—2

(4.42)
K14 Ha 4

H1,3 Ha. 3
H1 2
H11

There is alternation betwen odd and even algebras, still ending with so(5) D
so0(4) D so(3) D so(2) with inequalities

Hi, ok = My 2k—1 = -+ 2 Mg 2k >| K, 2k—1 |
P ok—1 = M1 op—2 = -0 = Mgt 2k—2 | Mg ak—1 | - (4.43)

Example 9. Branching of so(4)
For the ket
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so(4) D so(3) D so(2)
! | > (4.44)
(1115 o] J M
the Gel’fand pattern is
My Ha
J (4.45)
M
with branching
py = J =] g |, +J=>=M=>—J. (4.46)

4.9 Isomorphisms of Spinor Algebras

Because of the isomorphisms discussed in Chap. 2, one has

spin(2) ~ u(1)
spin(3) ~ su(2)
spin(4) ~ su(2) & su(2) (4.47)
spin(5) ~ sp(4)
spin(6) ~ su(4)

After spin(6), the spinor algebras are no longer isomorphic to other (non-
orthogonal) classical Lie algebras.

It is of interest to find the relation between the quantum numbers labelling
the representations of two isomorphic algebras.

Example 10. The case spin(3) ~ su(2)

spin(3) ~ su(2)
1 Lo (4.48)
J A
The relation in this case is simply J = %,

A

,—/% A
su(2): OO ... 0 = spin(3):J = B (4.49)
Example 11. The case spin(6) ~ su(4)
spin(6) ~ su(4)
1 l
4.50
[01,02,03] [A1, A2, As] (4.50)

01>02>|03>20 A >X>A3>0
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The relation in this case is
AM=01+02, Xo=01—03, A3=09—03. (451)

The correspondence between the fundamental representations is

spin(6)  su(4)

[%7%7%} [170a0} O
O

. 4.52

ERRS IRNE e
1.0, [11.0]

4.10 Nomenclature for u(n)
In physics textbooks, the representations of u(n) are often referred according
to the particles they describe. The totally symmetric representations

00...0 [N,0,0,...,0] = [N,0] = [N] (4.53)

describe bosons and are often referred to as bosonic. The notation [N , (')} is
rarely used. The totally antisymmetric representations

1,1,...,1] =[1] (4.54)

describe fermions and are often referred to as fermionic. The representations

with mixed symmetry
oo ... 0d
O..- 0O

. (4.55)
0

describe particles with internal degrees of freedom.

4.11 Dimensions of the Representations

The dimensions of the representations are often used to check the branching
rules. A general formula was provided by Weyl and is called the Weyl formula.
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4.11.1 Dimensions of the Representations of u(n)

The dimension of the representation [A] = [A1, A, ..., \,] of u(n) is given by
the formula
. (i —¢5) . .

withi,j =1,...,n.
Example 12. Dimensions of the representations of u(3)

For u(3),
) (61 = L) (b1 — £3) (L2 — £3)
(69 — ) (£ — e3) (03 — £3)

dim[\] = (4.57)

From (4.56)
1
dim [)\1, )\2, Ag] = 5 ()\1 - )\2 + 1) ()\1 — )\3 + 2) ()\2 — )\3 + 1) . (458)
For example, the dimension of the representation [2,1,0] is

dim([2,1,0] = 8 (4.59)

It has become customary in particle physics to denote the representation
with its dimension. This notation is ambiguous, as often there are different
representations with the same dimension. The Gel’fand patterns of the basis
states of the representation [2, 1] of u(3) and su(3) are

2 1 0\ (2 1 0
21>21>
2 1
2 1 0\|2 1 0\|2 1 O
20>20>20>
2 1 0
2 1 0
11>
1
2 1 0\ (2 1 O
10>10>
1 0

In this application, the basis states correspond to particles. The eight states

of the representation 8 for baryons correspond to particles called p,n,
yt+ 30 y- 50 =-.

(4.60)
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4.11.2 Dimensions of the Representations of su(n)

The dimensions of the representations of su(n) can be obtained from those of
u(n) by equivalences. Thus, for the representation [A1, Ag, ..., A\,_1], formula
(4.56) applies with A,, = 0.

4.11.3 Dimensions of the Representations of A,, = su(n + 1)

An alternative formula for the dimensions of the representations of su(n),
which makes the connection with those of the orthogonal and symplectic
algebras given below clear, can be written for the Cartan algebras A, =
su(n 4 1). This formula can be simply derived from (4.54).

One first constructs the quantities

g=n—i+1, mi=X\N-+g (t=1,...,n). (4.61)

The dimensions of the representations of A,, are

dim [\ =[] (’Z) I1 <mm1> . (4.62)

i ic; N 9iT 95

4.11.4 Dimensions of the Representations of B,, = so(2n + 1)

One constructs the quantities

1
gi:n—i+§, m; = [ + gi (i=1,...,n). (4.63)

The dimensions of the representations of B,, are

i DA (552) . oo

i i<j 1<j

Example 13. Dimensions of the representations of so(3) and so(5)

The dimensions of the representations of so(3) and so(5) are given by

s0(3) dim[p,] = (2, +1)
s0(5) dim [y, p1o] = § (111 — s +1) (kg + pip +2) (201 + 3) (215 + 1() )
4.65
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4.11.5 Dimensions of the Representations of C,, = sp(2n)

Here
gi=n—i+1, mi=p+g (i=1,...,n). (4.66)

The dimensions of the representations of C,, is

DA (). o

i icj N 9T 95 /52

Example 14. Dimensions of the representations of sp(4)

The dimensions of the representations of sp(4) are given by

sp(4) dim [y, po] = & (g — po + 1) (g + po 4+ 3) (g +2) (g + 1)
(4.68)

4.11.6 Dimensions of the Representations of D,, = so(2n)

Here
gi=n—1, mi=p;+g (i=1...,n). (4.69)

The dimensions of the representations of D,, are

dim [ = <m_mj> I1 <m+mj> . (4.70)

SN 9T 95 ) gi + gj

Example 15. Dimension of the representations of so(4)

The dimensions of the representations of so(4) are

so(4) dim [y, po] = (1 = po +1) (g + pp + 1) (4.71)

4.12 Action of the Elements of g on the Basis B

The action of the elements of g on the basis is of great interest in physics.
We consider here the case of u(n). The elements of u(n), when written in the
double index notation of Chap. 2, satisfy the commutation relations

[Eij;Ekl] = 5jkEil _5ilEkj Z'7j71€,l = 1,...,TL . (472)

Consider only Ej 1., Ey -1 and Ej_1 1, since the action of the others can be
obtained from the commutators of these. The action is



54

4 Trreducible Bases (Representations)

Epg | A) = (re —re—1) | A)
k—1 )
By ] ) = Z@iﬂ | X)
Er_1p | A) Zb LA

(4.73)

where E}, ;. is called the diagonal element (or operator), Ej ;—1 the lowering
element (or operator), Ej_1 1 the raising element (or operator). In this equa-
tion, | A) denotes a generic representation | Ay, Ag, ..

ri are given by

-y An). The coefficients

k
ro=0, =Y Nk, k=L...n, (4.74)
j=1
while the coefficients a and b are given by
- 1/2
k k—2
Hl()\i,k —Njg—1—i+j+1) ‘Hl(/\i,k—Q —XNjk—1—1i+])
J . 1= 1=
Ue—1 = | "% k—1
ITNig—1 = Nj—1 —i4+74+1) TT Nip—1 — Ajp—1 — i+ )
i#] i#]
L =1 1=1 J
- ~1/2
k k=2
IT ik = Aje—1 =i+ ) TT Nip—2 = Ajp—1 =i+ 35— 1)
i i=1 i=1
O k—1
[T i1 = Njp—1—i+7) [T N1 = N1 —i+3j—1)
i#] i#£]
L i=1 i=1 .
(4.75)

The representation | \") is obtained from | \) by replacing Aj, x—1 by Aj, k—1—
1. (This is the reason why the operator Ej ,_1 is called lowering operator).
| A”) is obtained from | A\) by replacing \j x—1 by Aj s—1 + 1. (Ex_1,% is
called raising operator).

These results were obtained by Baird and Biederharn in the 1960’s.
[G.E. Baird and L.C. Biedenharn, On the Representations of Semisimple Lie
Groups-II; J. Math. Phys. 4, 1449 (1963).]

Example 16. The algebra u(2)

A12 A2.2
A1 ’

The algebra contains four elements 1 1, E 2, F21, 2 2. The action of the
elements on the basis is

The states are
(4.76)
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A A A A
o 1,2 » 2,2> = A1 ‘ 1,2 N 2,2>

A A A A
Es 1.2 22 = M2+ A22—A11) 12 2,2
A1 A1
A A A A
Esq 2 A\ 2’2> =[(M2—AM1+1) (M1 —)\2,2)]1/2 b2 N1 2 >
1,1 1,1
/\1 2 )\2 2 1/2 /\1 2 )\2 2
By | 2 = - ~ A1 ) :
1,2 A > (A1 —A12) (A22—A11—1)] A +1
(4.77)
Example 17. The algebra su(2)
In Gel’fand notation the basis states are
)\1’2 = 2J )\272 = 0
AMa=M+J > (4.78)

In the usual notation in quantum mechanics the basis states are written as
| J, M). The action of the elements on the basis is

Eii1|JM)y=M+J)|J M)

Eso | JM)=(—-M+J)|J,M). (4.79)
From these one obtains
1
3 (Erg— Esp) | J,M)y=M|J M) (4.80)

The action of the raising and lowering operators is
By | J,M) = [J(J +1) = M(M = 1)]Y? | M~ 1)
Eio| JM)=[J(J+1) = MM+ | J,M+1) . (481)

In quantum mechanics textbooks, the elements of the algebra are denoted by
Joy Jy, J- with

J, = 3 (B — Eap)
J_=FE»
J+ = E271 (482)

In this notation, the action of the elements of the algebra is
J.|J, M) = M|J, M)
J_| I MY =[J(J+1) = MMM -1 J,M~1)
Jo| MY =[J(J+1) = MM+D)"*|J,M+1) .  (4.83)
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4.13 Tensor Products

With the representations [A1, Az, ..., A,] one can form tensor products. The
outer product of two tensors is denoted by

N Aas S @ AS, A =D @ s des e A] L (484)

A crucial problem is to find what are the representations contained in the
product. For u(n) and su(n) the representations contained in the product
can be simply obtained using a set of rules, known also as Young calculus.

Rule 1 Product by a symmetric representation

Consider the product of a generic representation [\, A5, ..., A\, ] by a sym-
metric representation [A],0,...,0], for Example
oHenn (4.85)

Replace the second factor by a’s

oHEaea (4.86)
Place the a’s in all possible ways but no two a’s in the same column
OecaeceUO0acpU00aep OO
O O a O O a (4.87)
a a
Example 18. Product of fundamental representations
D®D:DD®S (4.88)
When written in the notation (4.84)
Ne]=[2s1,1] . (4.89)
Rule 2 Product by a generic representation
Consider the product of a generic representation [\, \5,...,\.] by a
generic representation [A], A5, ..., \l'], for Example
U000
O O (4.90)

Replace the second factor by a’s, b’s, . . .
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O0®aa

5 (4.91)

Place the a’s in all possible ways but no two a’s in the same column. Place
the b’s in all possible ways but no two b’s in the same column. The b’s must
form with the a’s an admissible sequence when read from right to left (i.e. in
inverse order ...,¢,b,a) in the first row, then in the second row, . . .

Definition 1. A sequence of letters a,b,c,...is admissible if at any point in
the sequence at least as many a’s have occurred as b’s, at least as many b’s
have occurred as c’s, etc.

Thus abed and aabeb are admissible, while baa is not.

Example 19.

O0®aca=00acadUO00acadU00a

O b Ob O Oab
b
(4.92)
o00ae ©00a OO
Oa b Ua
b a ab

Rule 3 For su(n) use equivalences when necessary

Example 20.

u(3) 2,1]®[2,1] =[42]®[4,1,1] ®[3,3] ® [3,2,1] ® [3,2,1] ®[2,2,2]
su(3) 2,1)®(2,1)=(4,2)® (3,00 (3,3)®(2,1)® (2,1) ® (0,0)
(4.93)

Parentheses () have been used to denote representations of su(3) to distin-
guish them from those of u(3) denoted by brackets [].

Rule 4 Check dimensions if needed

The dimensions of the representations in the product above are
su(3) : 88=2T01001068®8® 1. (4.94)

Note that the two representations (3,0) and (3, 3) have the same dimension,
10. A bar is usually placed above the dimension, when this situation occurs.

Multiplication rules for o(n) and sp(n) are rather complicated. Simple
rules can be obtained only by using the isomorphisms discussed in Chap. 2.

Example 21. Multiplication rules for so(3)
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Consider, for example, the product (1) ® (1). Using the relation A = 2.J,
this product can be converted to

su(2) : 2]®2]. (4.95)
This product can be performed using the rules 1 and 3,

U0 OO

0O®ae=00aa & ® (4.96)
a aa
that is
Rle2l=[4o2 o] . (4.97)
This can be converted back to so(3) using J = /2, with result
MHed)=2)e1)®(0). (4.98)

Example 22. Multiplication rules of so(6)

Consider as another example, the product (2,0,0) ® (1,0,0). Using the
relations A\; = 014092, A2 = 01—03, A3 = 02 —073 given in (4.51), this product
can be converted to

su(4):  [2,2,0]®[1,1,0] . (4.99)

This product can be perfomed using the rules for su(4)

U0®e=00coU00acp U0
oo » OO OO oo

b u , (4.100)
b
that is
[2,2,0] ® [1,1,0] = [3,3,0] @ [3,2,1] & [1,1,0] . (4.101)

This can now be converted back to so(6) using o1 =
A1—=A2—As3
2

Art+Aa—A A1L—A2+A:
1 2 370. 1 2 3,
03 = 5 with result

(2,0,0) ® (1,0,0) = (3,0,0) & (2,1,0) & (1,0,0) . (4.102)

4.14 Non-Canonical Chains

Gel’fand canonical chains of unitary and orthogonal algebras provide a com-
plete solution to the branching problem for these algebras. However, in most
problems in physics, one needs to consider non-canonical chains. For example,
quite often the rotation algebra so(3) needs to be considered as a subalge-
bra of u(n). Also, the branching problem for symplectic algebras sp(n), not
addressed by Gel’fand and Cetlin, needs be considered.
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Example 23. The chain u(6) D so(6) D so(5) D so(3) D so(2)

This chain has two non-canonical steps, u(6) D so(6) and so(5) D so(3)
and illustrates two of the most important cases often encountered: wu(n) D
o(n);u(n) D sp(n);o(n) D o(n — 2);sp(n) D sp(n — 2). The other two cases,
u(n) D sp(n) and sp(n) D sp(n — 2), are also encountered, especially the
former, as discussed in Sect. 8.4.

The decomposition of irreducible representations of g into representations

of ¢’ for non-canonical chains
924
1 1 > (4.103)
A

RY

is one of the most difficult problems in group theory. A method often used is
the so-called building-up process. The decomposition is constructed by taking
successive products of the fundamental representations of g and ¢’. If one of
the algebras is su(n), equivalences are used. The method is illustrated by
considering a problem of interest in nuclear physics.

Example 24. Decomposition of representations of u(3) and su(3) into rep-
resentations of so(3)

In order to decompose representantions of u(3) and su(3) into representa-
tions of so(3) it is convenient to consider the decomposition u(3) D so(3) and
use equivalence relations to obtain su(3) D so(3). It is also convenient, for
clarity, to use Young notation to label representations of «(3) and su(3) and
angular momentum notation to label representations of so(3). In this nota-
tion, the fundamental representation [1] of «(3) has Young tableau [J, while
the fundamental representation (1) of so(3) has L = 1. The representation [J
of u(3) contains only the representation (1) of so(3), as one can see by noting
that dim[J] = 3 = dim(1) and that there are no other representations of so(3)
with dim = 3. (The dimensions of the representations play an important role
in the building-up process. The dimension of the representations of w(3) is
given in (4.56), while that of so(3) is given in (4.64).) The decomposition of
the fundamental representation of u(3) into representations of so(3) is thus

u(3) D so(3)
! ! > . (4.104)
[] =

o @
Consider now the products of representations of u(3) obtained by using the
rules of Sect. 13 and of so(3) obtained either by using the rules of Sect. 13
or, equivalently, by using the angular momentum rule

| Ly — Ly |[< L <| Ly + Lo | (4.105)
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which results from the isomorphism so(3) ~ su(2), as described in Example
18. The product of the fundamental representation [1] = O of u(3) with itself,
and of the fundamental representation (1) of so(3) with itself gives

u(3) : D®D:DD@E
s0(3): M@ (1) =)@ 1) e (). (4.106)

The representation [1, 1] of u(3) contains only the representation (1) of so(3)
as one can see by noting that dim[1,1] = 3 = dim(1) and that there is no
other representation of so(3) with dim = 3. Thus

! l
L1 M

The remaining representations (0) @ (2) of so(3) must belong to the represen-
tation O O = [2] of w(3). This is verified by a dimensional check, dim[2] = 6,
dim ((0) @ (2)) = 1+ 5 = 6. Thus

u(3) D so(3) >

u(3) D so(3)
> . (4.107)

| !
21 (Oe(®)

(4.108)

When going from u(3) to su(3), by virtue of equivalence relation 2, we have
[1,1] = [1], again showing that the representation [1] of su(3) contains only
(1) of s0(3).

Next, consider the products

]
ogd
u(3) : 0® O= O © S
so03): (He)=0)a1)e(2). (4.109)

The dimension of the representation [1,1,1] of u(3) is 1 and therefore

u(3) D so(3)
1 ! > (4.110)
[L,1,1]  (0)

Consequently [2,1] must contain the remaining representations (1) & (2)

! !
2,1 Ma((®)

The dimensional check is dim[2,1] = 8, dim ((1) ® (2)) = 3+ 5 = 8. When
going from u(3) to su(3), use of the equivalence relation 1 gives

u(3) D so(3) >
. (4.111)
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O
O=[1,1,1=0)] . (4.112)
O

A tedious but straightforward procedure, sometimes called plethism, gives
then Table 4.2. In this table, for clarity, both the representations of u(3) and
of su(3) (with their equivalences) are given. Also the number ¢, the rank of
the tensor in (4.5), is given. This number is important in applications since
it denotes the total number of particles

t=XA 4.ty (4.113)

Consider now the representation [4, 2] of su(3). From the table, one can see
that it contains two L = 2 representations of so(3). Thus the decomposition
is not unique and one needs an additional quantum number to distinguish
the two L = 2 representations. The identification and use of this quantum
number (missing label) is one of the most subtle points of representation

Table 4.2. Decomposition of representations of u(3) and su(3) into representations
of s0(3)
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theory. To find how many missing labels there are in a given problem, go to
the canonical chain (which has no missing labels) and count the total number
of labels.

Example 25. Missing labels for su(3) D so(3)

Consider the non-canonical chain

su(3) D so(3) D so(2)
! ! ! > (4.114)
(A1, Ao L M
and its associated canonical chain
su(3) D w(2) D u(l)
! ! ! > . (4.115)
A1,3: 223,00 [Ar2,A28]  [A1a]

The non-canonical chain has 4 labels, while the canonical chain has 5. There
is thus one missing label in the non-canonical chain.
Extensive tables for the non-canonical reductions

u(7) D so(7) u(8) D sp(8)
u(5) D so(5) u(6) D sp(6)

u(3) D so(3) (u(4) D sp(4) (4.116)

exist. [M. Hamermesh, Group Theory and Application to Physical Problems,
Addison-Wesley, Reading (1962).] Tables are also available for the reduction
so(5) D so(3). [F. Iachello and A. Arima, The Interacting Boson Model,
Cambridge University Press, 1987.]

Although not of the type mentioned at the beginning of the section, it is
worth noting that tables of non-canonical reductions sp(8) D spin(3), sp(6) D
spin(3), sp(4) D spin(3) are also available. [R.H. Flowers, Studies in j-j cou-
pling. I. Classification of nuclear and atomic states, Proc. Roy. Soc. A212,
248 (1952).]



5 Casimir Operators and Their Eigenvalues

5.1 Definitions

An operator which commutes with all the elements of a Lie algebra, g, is
called an invariant, or Casimir operator, C'

[C,X,]=0 for any X, € g. (5.1)
The operator is called of order p, if it is built from products of p elements

Cp = Z fmaz“.aPXme - Xap . (5.2)

It lies in the enveloping algebra of g, T'(g).

5.2 Independent Casimir Operators

The number of independent Casimir operators, C, of a Lie algebra g, is equal
to the rank [ of g, and hence equal to the number of labels that characterize
the irreducible representations of g. As mentioned in Chap. 1, if C' is a Casimir
operator, so is aC, C?, ...

5.2.1 Casimir Operators of u(n)

The algebra of u(n) has n independent Casimir operators of order 1,2,...,n
C1,Cqy...,Cp . (5.3)

A construction of these operators was given in Chap. 1 in terms of the struc-
ture constants cgﬁ. For the algebra u(n), if the elements are denoted by
E;;(i,j =1,...,n), that is if the algebra is realized as in Chap. 2, Sect. 10,
the Casimir operators of order p can be written as

Cp = Ei1i2E B Eipil p = 172,...7’[1 (54)

1213 * * Ip—1lp

(summation over repeated indices). In particular

Francesco Iachello: Lie Alaebras and Apvlications. Lect. Notes Phvs. T08. 63—-74 (2006)
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or, displaying explicitly the summation
n

Ci=Y Ei. (5.6)
i=1

Using the form (5.4), one can show that the Casimir operators so defined are
independent. [A.O. Barut and R. Raczka, Theory of Group Representations
and Applications, World Scientific, Singapore, 1986.]

5.2.2 Casimir Operators of su(n)
The independent Casimir operators of su(n) are of order 2,3,...,n
Cs,Cs,...,Cy (5.7)

that is the same as u(n) but with C; omitted. The elements of su(n) are
obtained from those of u(n) by keeping the off-diagonal elements the same,
replacing the diagonal ones with

s 1
Ei=Ey—~-S FEj;. 5.8
'yon, 69

j=1

and deleting E,,,,. The linear Casimir operator of su(n) is
C = ZEu =0, (5.9)
i=1
and can thus be omitted.

5.2.3 Casimir Operators of so(n), n = Odd

The independent Casimir operators of so(n),n = odd are

—1
023647067“-5021/—2302D; V= n2 (510)
These operators are all of even order.
5.2.4 Casimir Operators of so(n), n = Even
The independent Casimir operators of so(n),n = even are
C3,Cy,Cs, ... Coyn,Cly v = g . (5.11)
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The operators C are of even order, while C’ is of even or odd order depending
on whether v is even or odd. Comparing with the previous case (5.10) one can
see that there is a peculiarity here, since the operator of order 2v is replaced
by an operator of order v. The operator C!, is needed to distinguish between
the mirror conjugate representations [A1, Ao, ..., +A,] and [A1, Aa,..., =\, ].

Example 1. Casimir operators of so(4) and so(6)

The Casimir operators of so(4) are of order
Cy, Cl) . (5.12)
The Casimir operators of so(6) are of order

Co,Cy, C . (5.13)

5.2.5 Casimir Operators of sp(n), n = Even
The independent Casimir operators of sp(n),n = even are

C2,C4,Cs,...,C%—2,Coy; v = (5-14)

n
5 -
These operators are all of even order.

5.2.6 Casimir Operators of the Exceptional Algebras

The independent Casimir operators of the exceptional algebras are of order

GQ 02306
Ey Cs,Cs,Cy,Cra
E6 C2305706708,093012 (515)

E;  (3,Cs,Cs,Cho,Cr2,Cha, Cig
Eg C5,C%,Ch2,Ch4,Cig,C20,Ca4,C3p

5.3 Complete Set of Commuting Operators

For any given Lie algebra g, one is often interested in constructing a complete
set of commuting operators. This is done by considering the decomposition
into subalgebras ¢ D ¢’ D ¢” D .... In view of problems connected with
missing labels, the construction of a complete set of commuting operators is
straightforward only for canonical chains. The construction parallels that of
the labels given Chap. 4 (Gel’fand construction) and applies to the canonical
chains u(n) D u(n —1) D ... D u(2) D u(l) and so(n) D so(n—1) D ... D
s0(2). The construction for the symplectic algebras sp(n) is more complex
and it will not be discussed here.
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5.3.1 The Unitary Algebra u(n)

The commuting Casimir operators can be arranged into a triangular pattern

CLn CQ,n Cnfl,n Cnm
Cl,n—l Cn—l,n—l

L . (5.16)

C’1,2 C’2,2

Cia
where C4 ,, denotes C1(u(n)),.. ..

5.3.2 The Orthogonal Algebra so(n), n = Odd
The complete set of commuting operators is, for n = 2k + 1,

Co 2641 Caok41 Cor—2,2k+1 Cok 2k+1
Coor  Caor Cok—22k  Cj o

Cos  Ch, (5.17)

Co3
li
Clo

5.3.3 The Orthogonal Algebra so(n), n = Even
The complete set of commuting operators is for n = 2k + 2,

!
C 2542 Cy2k+2 Cok 2k+2 Cli12k+2
C22k4+1 Cok,2k+1

5.18
Cou  Ch, (5.18)

Co3
!
Ci

5.4 Eigenvalues of Casimir Operators

The eigenvalues of the Casimir operators of all classical Lie algebras in a
representation | A), denoted in short by

s [ Cp [ ALy M) = (C) (5.19)

were worked out in a series of papers by Perelomov and Popov in the 1960’s.
[A.M. Perelomov and V.S. Popov, Casimir Operators for u(n) and su(n), Sov.
J. of Nucl. Phys. 3, 676680 (1966); Casimir Operators of Orthogonal and
Symplectic Groups, Sov. J. of Nucl. Phys. 3, 819-824 (1966).] The algorithm
to obtain the eigenvalues is described below.
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5.4.1 The Algebras u(n) and su(n)

To find the eigenvalues of the Casimir operators, C),, construct the quantities

Sk=> (F=pi),pp=n—i, li=mi+n—i (5.20)
i=1
with
_ Ai for u(n) N
e { i — 2 for su(n) ’ A= Z; Ai (5.21)
Construct the function
e k=l (k—1)!
k
z) = ag 2=, ak = 7 S - 5.22
¢(2) k; k k ng A (5.22)
Define the quantities B, by
exp{—p(2)} =1-3 2", By=0. (5.23)
p—0

Then, the eigenvalue of C), in the representation [Ai,Ae,..., A,] is (Cp) =
B, —n Bp,_;. This algorithm gives the following eigenvalues of Casimir op-
erators of order, p < 3. For u(n)

(C1) =5
<CQ> = 52 — (n — ].)Sl
(C3) = S3 — <n - 2) Sy — %Sf —(n—1)8
(5.24)
and for su(n)
(C1) =0
(C2) = 5,
<03> = 53 — (n — 2) SQ
(5.25)

Example 2. Figenvalue of the quadratic Casimir operator of su(2) in the
representation [\ ]

From
2

So =Y (67 = p)

i=1
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pr=1p=0
61 =m +1,£2 = M2
A A
ma :)\1_?1,77@:_?1 (526)
one obtains )

Example 3. Figenvalue of the quadratic Casimir operator of su(3) in the
representation [\, As)

From
3

Sy = Z (43 *Pf)

i=1

p1=2,p2=1,p3=0
61 :m1+2,€2:m2+1,€3:m3

AL+ A AL+ A AL+ A
m1:)\1— 1+ 2,m2:)\2— 1+ 27 3 = — 1+ A2 (528)
3 3 3
one obtains 6
(Co) =5 AT 423 = Mda+3M] (5.29)

The coefficient % is usually omitted, since Casimir operators are defined up
to a multiplicative constant.

Example 4. Figenvalue of the quadratic Casimir operator of su(5) in the
representation [A1, Ao, Az, A4

From
5

Sy = Z (6? _P?)

i=1

pr="4,p3=3,p3=2,p4=1,p5=0
£1 :m1—|—4,£2 :m2+3,€3 =m3+2,€4:m4+1,€5:m5

A A A A A
my =/\1—g7m2 :/\2_5’7”3 :)\3_g’m4:/\4_ 5= x (5.30)

one obtains

AQ
(Cy) = AT+ A5+ A3+ 2] — T8 A6 20— 4N, (5.31)

with
A=A+ A+ A3+ A4 (532)
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Example 5. Eigenvalue of the linear and quadratic Casimir operators of u(5)
in the representation [A1, A2, A3, A\, As]

Straightforward application of the formulas above give

(C1) =51=2A (5.33)
(Co) = 53 — 45
= A2 AZ A2 AT A2 AN + 20 — 2) (5.34)

For example, for the symmetric representation [V, 0,0, 0, 0],

(Cy) = N(N +4) . (5.35)

5.4.2 The Orthogonal Algebra so(2n + 1)

To find the eigenvalues, construct the quantities

—+n

Sk= > (W—pf);  pi=ti—f
éi:fi+n+i—190,- . .
(o, =—li+2n—1 (i#0) 197‘1'_{1]-<Z-
: 0j7>1
go =N
f-i=—fi, fo=0
So=51=0. (5.36)
Construct the function
] k=1 (k—1)!
k
z) = ag 2", ap = - 5. . 5.37
#() kz:::a ng Ik —j)! ’ ( )
Define the quantities B, by
exp(—p(2)) =1- 3 B,zF™, By=B;=0. (5.38)
p=2
Then, the expectation value of C), in the representation [f,,, fn—1,- -, f1]

(note the inverse order of the labels) is

1 p—1 1
(Cp)=(2n+1) 6p0 +B;D(n + 2) Bp_1—3 [Bq - <n + 2) Bq—l} nP~9 .

q=1
(5.39)
Finally, convert [f,, fn—1,...,f1] to the standard notation [uq, fig,. ..,
) - This algorithm gives
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<C()> =2n+1
(C1) =0
(C2) = 52

(5.40)

Example 6. Eigenvalue of the quadratic Casimir operator of so(3) in the
representation [fi]

From
+1

(Co) =Sa= > [67—(ti— )%

i=—1

Lh=fH+1+1-1=fi+1

(i=—fi—1+2—1=—f , fa=-h (5.41)
b =1 Jo=0
one obtains
(Co) =2f1(fr +1) (5.42)
Converting to the standard notation []
(C2) =2py (g +1) (5.43)

Note that these constructions are consistent with the isomorphisms of Chap. 4.
Example 4.10 gives for the isomorphism su(2) ~ so(3), the relation p; = 2t
Inserting this relation into (5.43) gives

1
(Ca(su(2))) = 5)\1(/\1 +2) (5.44)
as in (5.27). The additional normalization factor of two in (5.43) is usually
omitted and the label p; is called J in quantum mechanics textbooks. The
eigenvalues of the quadratic Casimir operator of the rotation algebra (and
group) is then written as

(Cals0(3))) = J(J +1) . (5.45)

Example 7. Figenvalue of the quadratic Casimir operator of so(5) in the
representation [fy, o]

From
+2

(Co)=82= > (i fi—f}).

i=—2
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ly=f+3

= f1+1 fro=—fo
Ly =2 f-i=h

lo=—fa Jo=0

(1 =—f

one obtains

(Ca) =2 fa(fa+3)+2 fi(fr+1).

Converting to the standard notation [py, fs]
(Co) = 2[py (py +3) + pa(pe +1)] -

5.4.3 The Symplectic Algebra sp(2n)

For sp(2n), construct the quantities

+n

Sk= > (-0, p; =L — fi
i=—mn,i7#0
bi=fi+n+1
g—i = 7&' +2n
f-i=—fi, Sp=51=0

and the function ¢(z) as before. Then

2

p—1 1 pP—q
(Cp) =2n 6p0 + (Bp —=n Bp_1) = > (Bg—n By-1) (n + ) :
g=1

Finally, convert [f,, fn—1,..., f1] to the standard notation [y, s, ...

The Casimir operators of lowest order, p < 2, are

<Co> =2n
(C1)=0
(Co) = S

The constant 2n does no count as an idependent Casimir operator.

71

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

NTHE

(5.51)

Example 8. Figenvalue of the quadratic Casimir operator of sp(2) in the

representation [fi,]
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From )
(Co) =Sa= Y (f7—2tf)
i=—1,i%0
L=h[+201=~fi,f[.1=—N (5.52)
one obtains
(C2) = -2fi(fr+2). (5.53)

Converting to the standard notation [f]
(Ca) = =2p (11 +2) . (5.54)

Note once more the consistency with the isomorphisms sp(2) ~ su(2) apart
from an overall minus sign.

5.4.4 The Orthogonal Algebra so(2n)

For these algebras, construct the quantities

+n K k
Sk= > W—=pi), pi="Li—fi
i=—n,i#0
. 1 .
{gi:fi-i-n—i—z—(l-i'fi) g = _1;28
b_j=—l; +2n—2 0 =0
f-i=—fi, So=5=0 (5.5)

and the function ¢(z) as before. Then
p—1 1 PrP—q
<Cp> =2n (5170 + (Bp —-n Bpfl) — Z (Bq -n qul) (n — 2) . (556)
qg=1

Finally, convert [fn,fan—1,---,f1] t0 [ft1, g, y,]. The eigenvalues of
Casimir operators of lowest order, p < 2, are

<Co> =2n
(C1) =
(C2) = 52

(5.57)

Example 9. Figenvalue of the quadratic Casimir operator of so(2) in the
representation i ]
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From
+1
Se= X QLfi—f})
i=—1,i#0
b= f _
one obtains
(Co) =217 (5.59)

Converting to standard notation []
(Ca) =24 . (5.60)

Since so(2) is Abelian it has also a linear invariant. The quadratic invariant
(5, is the square of the linear invariant C7. In quantum mechanics textbooks,
the label iy = M and the factor of two is omitted.

Example 10. Eigenvalue of the quadratic Casimir operator of so(4) in the
representation [fuy, o]

From
+2 )
Se= > (RLfi—f)
i=—2,i#0
peprr Az hrl Jmoa (5.61)
b=~ y=—-fi+1 feoa=—fa
one obtains
(Co) =2 fo(f2 +2) +2fF . (5.62)
Converting to standard notation [z, fo]
(Co) =2 [y (g +2) + pi3] - (5.63)

Example 11. Eigenvalue of the quadratic Casimir operator of so(6) in the
representation [y, fio, ts]

In this case one has
(Co) =2 f3(fs+4)+2 fa(fa+2) + 27 (5.64)

and, in standard notation, [py, fiq, /i3],

(Co) =2 [py (g +4) + oty +2) + 3] - (5.65)

Note that for all algebras so(2n) the dependence on the last quantum number
1, is always quadratic, so that the eigenvalue for +p,, is the same as for —p,,.
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5.5 Eigenvalues of Casimir Operators of Order One

and Two

The eigenvalues of Casimir operators of order p < 2 of all classical Lie algebras
are summarized in Table 5.1. In this table, all labels are denoted by A;.

Table 5.1. Eigenvalues of Casimir operators of order p < 2 of all classical Lie

algebras

Algebra Labels

Order (Cs)

u(n) A1, Az, ...
u(n) A1, A2, ...
su(n) A1, Az, ...

80(271 + 1) [)\1, /\27 e
so(2n) [A1, A2, ..

sp(2n) A1, Az, ...

.
»—AM:

s_
[INNgEll

M=

.
-

&.@.s.
M= 0=0 M=

&

;=\

Ai (i +n+1—26)

(A —2) (X — 2 +2n — 2)
20 (\i +2n 41 — 26)

2 (A + 2n — 24)

2\ ()\i+2n+2—2i)




7 Boson Realizations

7.1 Boson Operators

Realizations of Lie algebras in terms of boson operators are of great interest
for applications to a variety of problems in physics, most notably to oscillator
problems in quantum mechanics and to algebraic models of rotation-vibration
spectra of molecules (vibron model) and nuclei (interaction boson model).

Let bo(a = 1,...,n) be a set of boson operators, satisfying the commu-
tation relations

[ba:bl] = daar [basbar] = [bl, b, ] =0 (7.1)

The operators b, are often called annihilation (or destruction) operators,
while their hermitian conjugates b], are called creation operators. The unitary
algebra u(n) can be constructed by taking bilinear products of creation and
annihilation operators

g= Gag=0blbs a,f=1,...,n. (7.2)
The algebra is composed of n? elements satisfying
(Gap, Gysl = 03yGas — 0as Gy - (7.3)

(When written in this form the algebra is the real form gi(n, R) ~ u(n).) A
basis for the representations of u(n) is

1
B: —blbl, .- |0)=|N)
N ————
N times (7.4)
Here |0) denotes a vacuum state, such that

b |0) =0, (7.5)

and N is a normalization. In this construction, the basis states all belong to
the totally symmetric irreducible representation

(N =00...0
N (7.6)

Francesco Iachello: Lie Alaebras and Apvlications. Lect. Notes Phvs. 7T08. 91-130 (2006)
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of u(n) written in (7.4) as |N). The dimension of the basis is the dimension
of the representation [N], given in Chap. 4,

, N+j—1
dim[N] = | 11 (jl) . (7.7)
Jj=2,....,n
Thus, with boson operators it is possible to construct the Lie algebra u(n),
but only its symmetric representations (Bose-Einstein basis).

Any classical Lie algebra is a subalgebra of u(n) (Ado’s theorem) and thus
can be written as a linear combination of the elements Gg. In the following
sections an explicit construction of the Lie algebras u(1), u(2), u(3), u(4), u(5),
u(6) and u(7) and their subalgebras will be given.

7.2 The Unitary Algebra u(1)

This algebra can be simply constructed with one boson operator b, satisfying
b,b1]=1  [bb]=[b,b1]=0. (7.8)

The algebra is Abelian and composed of the single element
g="bb. (7.9)

This operator is called the number operator, N. (A hat will be placed above
the operators to distinguish them from their eigenvalues.) The basis, written

as u(l)
! > (7.10)
N

is
.
v N!

(The capital letter N is used here, rather than the commonly used lowercase
letter n, not to confuse it with the number of dimensions in w(n).) In the
case of u(1), all representations are symmetric and thus can be constructed
with boson operators. The boson operators satisfy

B:

N 10)=|N). (7.11)

b IN)=VN+1|N+1);b|N)=VN|N—1);b[0)=0. (7.12)

Example 1. The one dimensional harmonic oscillator in quantum mechan-
1cs
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The algebra u(1) can be used to describe the one-dimensional harmonic
oscillator. The boson operators are related to the dimensionless coordinate,
r, and momentum, p, = —i%, by

1 , 1 .
b= \—@(x+2pz), b = \—@(xfsz) . (7.13)

The quantum mechanical Hamiltonian is

HeLpziary L E 402 (7.14)
2 W 2 da?

When written in terms of elements of the Lie algebra u(1), it reads

1 A1
H=bb+-=N+_. (7.15)
2 2
The representations of u(1) are labelled by the integer N = 0,1,... . The
eigenvalues of H are thus
1
EN)=N+g, N=01,.. (7.16)
The basis states are 1
|N) = —'b“\’ 0) . (7.17)

VNI

7.3 The Algebras u(2) and su(2)
In this case, the index aw = 1,2. The algebra u(2) has four elements
g = blby, blby, biby, bib, . (7.18)

Beginning with u(2), the study of the algebraic structure of u(n) requires
several steps:

1. The enumeration of all possible subalgebra chains and their branchings
2. The construction of the basis B for all chains
3. The construction of all invariant operators and their eigenvalues

7.3.1 Subalgebra Chains

There are two possible subalgebra chains:
Subalgebra I: u(2) D u(1)
This is the trivial Abelian subalgebra wu(1)

g = bl , (7.19)
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leading to the canonical chain

1 !
N nq

u(2) O u(1)>
, (7.20)

with Gel’'fand pattern

\an 0/ . (7.21)

Here the labels of the representations are written under the algebras. Two
notations are often used for canonical chains: a bra-ket notation in which
only non-zero quantum numbers are displayed, and the Gel’fand notation of
Chap. 4 where all quantum numbers, including zeros, are displayed. The zero
in the latter notation arises from the fact that only symmetric representations
can be constructed with boson operators. Using the rules of Chap. 4, one can
find easily the branching

ni=0,1,...,N. (7.22)

The operator .

N =blby 4 biby = 7y + g (7.23)
commutes with all elements of the algebra g and thus is an invariant operator
of u(2) R

C1(u(2)) =N . (7.24)

Powers of N also commute with all elements of g and are thus also invariant
operators. The quadratic Casimir operator is usually defined as

Cy (u(2)) = N (1\7 n 2) . (7.25)

The basis is .
s A R Y t\n _
B e () () 10) = o) (7.26)

Since ny = N — nq, this can be rewritten as
1 N—n n
W) ) e a2
n (N —nq)!
The dimension of the irreducible representations is IV + 1.

Example 2. The two dimensional harmonic oscillator in quantum mechan-
ics

The algebra u(2) can be used to describe the two-dimensional harmonic
oscillator in (dimensionless) Cartesian coordinates, x and y. The creation and
annihilation operators are related to coordinates and momenta by
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1 1
by = — (z +1ip,), bT:—xfiz
1 NG ( Pa) 2 /2 ( Da)
1 1
by = — (y+ip,),  bh=—(y—ip,) . 7.28
2 /2 (y +ipy) 2 2 (y —ipy) ( )
The Hamiltonian of the isotropic oscillator is
1
H= 5 (02 + 2% +p) +9°) . (7.29)

It can be rewritten in terms of elements of u(2) as
H=N+1 (7.30)
with eigenvalues
E(N)=N+1, N=0,1,... (7.31)

Because of these properties, the algebra u(2) is called the degeneracy algebra
of the two dimensional harmonic oscillator.

Subalgebra II: u(2) D so(2)

It is convenient to introduce the operators

so(2)

N N N 1 ~
Fy=blby, F_=blby , F, = 3 (biby — blby) , N =blby +blby . (7.32)

su(2)

The operators F+,F_, F. satisfy the commutation relations of su(2) in the
Cartan-Weyl form

[ﬁ, F,} — 9. [F Fi} — 4Py (7.33)
To make connection with the usual form, introduce
Fo= g Bibat bl By = o bibs — i) (7.31)
The operators Fw, Fy, F, satisfy the usual commutation relations
(B =ifs [Boi] =ibe [BLB] =iy, (7.35)
The invariant Casimir operator is

N . . . 1 ~ = PN . PN PN
F?=F}4+F}4+F2 = 5(F+F_+F_F+)+F§ =F_F, +F, (F.+1). (7.36)

This operator commutes with all elements

{F%Fi] - {FQF} ~0 (7.37)
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and thus R
F? = Cy(su(2)) . (7.38)

When written in terms of boson operators
. 1. . 1
F2= NN +2) = Z(b;bg +b1by) (bhby + blby +2) . (7.39)

The invariant 2 is related to that introduced previously in (7.25) by multi-
plication by i . This factor is due to the definition of the operators F'.
The basis is written in bra-ket notation as

u(2) D so(2)
1 ! >
N M

(7.40)

The intermediate step su(2) in the chain «(2) D su(2) D so(2) may or may
not be written down, since, for totally symmetric (bosonic) representations,
no additional label (quantum number) is required when going from wu(n) to
su(n). Since one goes from a unitary to an orthogonal algebra, the chain
u(2) D so(2) is non-canonical. The rules of Chap. 4 give the branching

M=+N,+(N—-2),...,+1 or 0, N = odd or even . (7.41)

Note the + sign, which arises from the fact that so(2) is an orthogonal algebra
in an even number of dimensions. The dimension of the representation is
N +1 (as in Chain I). The basis can be converted to the standard form by
introducing the quantum numbers

F=—, F,=—. 7.42
5 5 (7.42)
In this form the branching is the familiar quantum mechanics result

F,=—-F -F+1,...,F—1,F. (7.43)

The dimension of the representation is (2F + 1). The basis is written as

su(2) O so(2)
! | > (7.44)
F L,
and can be constructed with boson operators as
1 _
|F,F.) = ¢<F+F E e DT 0) (7.45)

This construction of su(2) is called the Jordan-Schwinger construction. [J.
Schwinger, in Quantum Theory of Angular Momentum, L.C. Biedenharn and
H. van Dam, eds., Academic Press, New York, 1965, p. 229].
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Note that, since u(1) ~ so(2), there is no difference between subalgebra
chains I and II. They can be converted into each other by

1 N N
Fo=Z(fio—H1) = — — s - F,=——
z 2(”2 n1) 9 niy; z 9 ni

N N N
Fz—575—1,...,—5—F,F—].,...,—F. (7.46)

The situation is summarized in the graph

u(2)
(7.47)
u(1) ~ so(2)

called a lattice of algebras, a concept which will become clear in the following
sections.

The algebras «(2) and su(2) constructed with boson operators play a
crucial role in applications to problems in physics: (i) u(2) is the degeneracy
algebra of the two dimensional harmonic oscillator; (ii) su(2) ~ so(3) is the
angular momentum algebra.

7.4 The Algebras u(n),n > 3

Starting with «(3), the possibility arises to have the angular momentum
algebra as subalgebra of u(n). For applications to problems with rotational
invariance, it is convenient to introduce another form of the Lie algebra u(n),
called the Racah form. This is obtained from the Lie algebra of (7.2) by a
change of basis. The Racah form can be constructed by introducing boson
operators that transform as tensor operators under so(3). Since this is a
generic method, it is of interest to provide a general definition.

7.4.1 Racah Form

Introduce boson creation b}L ., and annihilation b; ,,, operators satisfying com-
mutation relations

|:bl7m, b},’m,} = 01 Omm’

[bl,mv bl’,m’] = |:bj,m’ bj/7m/:| =0 (748)

If the operators blT,m satisfy the commutation relations (6.5) with the elements
of the algebra so(3), the explicit expression of which is defined below, they
transform as spherical tensors of rank ! under so(3) rotations. In order to
construct adjoint operators that transform as spherical tensors under so(3),

one must use the results of Chap. 6, Example 9. The operators b;(’m and Elym,
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pi

l,m

b = (=) by (7.49)

transform as spherical tensors.
The coupled bilinear products

- q(k
GW (1,1) = [b; x bl/}
=" (ml'm’ | kr) ] by (7.50)

with [l +1U'| > k > |l—1'| generate the Lie algebra wu(n). Here n =
>; (2l; + 1), where [; are the values of [ used in the construction of the
Lie algebra. The commutation relations of the operators G are

[G;(ck) (l,l/) ,G’(ﬁl) (l”,l/“)} _ Z (2k + 1)1/2 (Qk/ + 1)1/2 <klﬁ?k//€/ | k”li”)

k}”,ﬁ”
» . oot "
X {(_)Hl ! {kl:// lk 13 }5l'l"GE§' ) (1,1")
. . , 123 !/ "
S R AT AN

(7.51)

This form of the algebra and of the commutation relations is known as
Racah’s form. [G. Racah, Group Theory and Spectroscopy, Lecture Notes
in Physics, Princeton University, 1951.]

7.4.2 Tensor Coupled Form of the Commutators

In deriving the preceding formula (7.51) and the corresponding formula for
fermions, discussed in Chap. 8, it is useful to introduce a tensor coupled form
of the commutators of the Lie algebras u(n). The tensor commutator of two
tensor operators G(¢) and G(f) is defined by

€0.60)7 =S teeso a0 [60.60) .

&,

This [G(e), G(f)} (@) is itself a tensor operator and, at the tensor level, can be
written as

[G(e),G(f)}(g) — (G(e) % G(f))(g) _ (_)gfeff (G(f) > G(@))(g) . (7.53)
The tensor coupled form of the commutator was introduced in [J.B. French,

Multipole and Sum-rule Methods in Spectroscopy in Proceedings of the In-
ternational School of Physics “Enrico Fermi”, Course XXXVI, C. Bloch ed.,
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Academic Press, New York, 1966, p. 278] and developed in [J.-Q. Chen, B.-Q.
Chen, and A. Klein, Factorization of Commutators: The Wick Theorem for
Coupled Operators, Nucl. Phys. A554, 61 (1993)].

The commutator formula for the generators of u(n) can be written as

bdf

(9) N
G(e)(a,b),G(f)(q d)} 9 _ (_)a+d+g (_)2a+2d+2g ef { gea } 5chég)(a7d)
13

o (_)b+c+e+f (_)2c+2d+2g éf{ 2 ; ) } 5adG(§g)(Cy b),
(7.54)
where j = (25 + 1)'/2, valid for a,b,c and d all integer (bosonic) or all half-

(7)2a+2d+2g o (7 2c+2d+2g +1
- - )
2a+2d+2g

integer (fermionic). For the bosonic case
while for the fermionic case, to be discussed in Chap. 8, (—)

(—)2+24%29 — 1 The uncoupled commutators (7.51) can be obtained from

(7.52) by multiplying by the Clebsch-Gordan coefficient of so(3), (esf¢ | g&),
and summing over g and &

(9)

696D =3 (eefe | g8) 6.6

9.§

(7.55)

7.4.3 Subalgebra Chains Containing so(3)

A generic subalgebra chain (called a classification scheme) for u(2l + 1) con-
structed with boson operators can be obtained as follows:

(i) Exclude the element with k = 0, x = 0; this gives su(2l + 1).

(ii) Retain only elements with & = odd; this gives the Lie algebra so(2/+1).
(iii) Retain the elements with k& = 1; this gives the algebra so(3).

(iv) Retain the element with k = 1,k = 0; this gives the algebra so(2).

A generic subalgebra chain for a single value of [ is

u(20+1) D su(2l+1) D so(20 + 1)
D...Ds0(3) Dso(2). (7.56)

Dots have been inserted between so(2] + 1) and so(3) since, for large [, there
may be intermediate steps.

7.5 The Algebras u(3) and su(3)

To construct these algebras, one needs three boson operators b, (a = 1,2, 3).
The 9 elements of u(3) are

9= blbg  (a,f=1,2,3) . (7.57)
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The algebraic analysis of u(3) encounters a new feature, namely that there
are here two subalgebra chains that are distinct (non-isomorphic), in contrast
with the previous case in which the subalgebra chains were isomorphic. While
the first of these chains, the canonical chain, can be studied as in Sect. 3,
the second chain, which includes the angular momentum algebra so(3) as a
subalgebra, is best studied by introducing Racah form. In addition, several
constructions of the same chain are possible. We begin with the constructions
mostly used in quantum mechanical applications.

7.5.1 Subalgebra Chains
The Canonical Chain
Subalgebra I: u(3) D u(2) D u(l)

The canonical chain can be constructed by introducing three (singlet)
boson operators by, ba, b3. The elements of the algebras in the chain are

u(3) u(2) u(1)
biby biby biby
biby, blby blby, blby
blbs, biby (7.58)
biby biby
blbs, bibs
bibs

The elements of u(2) and u(1) are obtained from u(3) by deleting successively
the boson operators b3 and by. The basis is

1
B ———— (b])™ ()" (b})" |0) = |n1,m2,m3) (7.59)
n1!n2!n3!
with
ni+ng+n3=N. (760)

The labels can be arranged in the usual Dirac ket-notation

u(3) D u(2) D u(l)
! ! ! > ; (7.61)
N n ny
with branching
n=0,...,N,
ny=0,...,n. (7.62)

The Gel’fand pattern is
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N 0 0 n1 + ng + n3 0 0
\ n 0 / = \ ny+ny 0 / . (7.63)
ni ny

The algebra has a linear invariant
Ci(u(3)) = N = blby + blby + bibs (7.64)

and higher order invariants, Ca(u(3)) and Cs(u(3)), which are combinations
of powers of .

Example 3. The harmonic oscillator in three dimensions in Cartesian co-
ordinates

The algebra of u(3) and its canonical chain describe the harmonic oscil-
lator in three dimensions and in Cartesian coordinates. The dimensionless
coordinates, x, ¥, z, and momenta, p;, py, p-, are related to the creation and
annihilation operators by

1 1
b = — (x+1p,), bT:—m—iI
1 \/§( Pz) 1 \/5( Pz)
b= = (y+iny), Bh= s (v in,)
= — iDy) =—(y—1
2 N Y TPy 2= Y — 1Py
1 1
by = — (2 +1ip,), bl=—=(2—ip,) . 7.65
3 \/5( =) 3 \/5( p-) ( )
The Hamiltonian of the isotropic oscillator is
1
H:i(pi+pz+p§+x2+y2+z2) : (7.66)
Its algebraic form is
& 3 3
H=Y blb;+>=N+2, .
; i+ 5 +3 (7.67)
with eigenvalues
3
E(N):N+§, N=0,1,.... (7.68)

The eigenvalues depend only on the quantum number N = ng + ng + ny and
not on the other quantum numbers n = ny +n; and ny. The canonical chain
is also useful to describe the anisotropic oscillator, with Hamiltonian

1
H =3 (5 +p, + 02 +wie® +wjy’ +wlz) (7.69)
and eigenvalues

E(ny,n2,n3) = wani +wyng + w.ns + 2

niy,ng,ng =0,1,... (7.70)
The algebra u(3) is the degeneracy algebra of the three dimensional harmonic
oscillator.
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The Non-Canonical Chain and its Racah Form

Subalgebra II: u(3) D so(3) D so(2)

In order to construct the non-canonical chain u(3) D so(3) D so(2), it
is convenient to introduce spherical boson operators (tensor operators with
respect to so(3))

1
L=F—= () +ib} b= bl 7.71
Py :F\/ﬁ( 1 5) Py = 03 (7.71)
denoted by pL(,u = 0,+1) and their adjoint p, = (—1)'"#p_,. The three
boson operators pL(u = =£1,0) transform as the representation [ = 1 of

s0(3). In the generic construction of the elements of the algebra given in the
preceding section, there is thus only one value of [.
The elements of u(3) in Racah form are

G p) =t xpP 1
G (op) = (pf x P 3 (7.72)

G2 (pp) = 0t x )P 5

for a total of nine elements. The number of elements (2k + 1) is written next
to them.
Subalgebras of u(3) can be then constructed as follows: (i) Deleting the

element Géo) gives su(3). (ii) Keeping only the elements with k& = 1 gives
s0(3). (iii) Keeping only G(()l) gives so(2).

u(3) su(3) s0(3) s0(2)

(" x )y . (7.73)

(ot x ) (xR (xR (o x p) Y
' <)Y (0! < 5)

The basis can be written as

u(3) D s0(3) D so(2)
! ! ! > (7.74)
N L My,
Using the rules of Chap. 4, one obtains the branching
L=N,N-2,...,10r0 (N:Oddoreven). (7.75)

Mp=—L,...,+L

Again the intermediate step su(3) in u(3) D su(3) D so(3) D so(2) may
or may not be written down, since for symmetric representations no new
quantum number is needed when going from u(3) to su(3).
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Example 4. The three dimensional harmonic oscillator in spherical coordi-
nates

The chain u(3) D so(3) D so(2) can be used to describe the harmonic
oscillator in spherical coordinates, 7,9, ¢. These coordinates are related to
the Cartesian coordinates by the familiar relations x = rcospsind, y =
rsingsind, z = r cos Y. The Hamiltonian is still given by (7.66), written now
as

1

H=3 " +r7) . (7.76)

The algebraic form of this Hamiltonian is still

~ 3
H=N+ 23 (7.77)
with eigenvalues
3

E(N):N+§, N=0,1,... (7.78)

The eigenstates, given in (7.74), can be written in the form

1
N,L, M) = = (p
| L) N (p )
where the product of N operators p' is coupled to L and My, and N is a
normalization constant.

N

A (7.79)

7.5.2 Lattice of Algebras

The situation for the branchings of u(3) can be summarized in the following
lattice of algebras

/ N VRN
u(2) so(3) A By, (7.80)
AN / NS
u(1) ~ so(2) D,

where Cartan’s notation is used on the right-hand side. The lattice must be
read from top to bottom.

7.5.3 Boson Calculus of u(3) D so(3)

Spherical boson operators are extensively used in physics. It is therefore of
interest to develop a boson calculus, for manipulations of tensor operators
with respect to so(3). The basic commutation relations are

[pmpL'] = 0w [ﬁmpL'] = (_1)1_H O~ - (7.81)
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The elements of the Lie algebra u(3) can be explicitly constructed using
(7.50). The element [p! x p] (()O) is

pF a8 =" (1 1 [00)pf,

oy

- Z \[ 8y —pr Pl = Y (=)' %PZ Py
1
ZE;me=ﬁN- (7.82)

This element is thus proportional to the number operator N that counts the
number of bosons. The other elements are

(k) _
Pt xp], = (Al | kr)plp - (7.83)
Hop!

An important ingredient is often the tensor product of two creation or annihi-
lation operators. The tensor product of two creation or annihilation operators
can only have even rank, A = even.

Proof. Consider the product

P xpl 1Y =" (A Lpy [ M) pl, ol

Mo

= > (Apy lpg | M) pl, ol = Y (g dpy | M) pl, ol
Hoifbo Hikz

=> (- (g Vg | M) p, - (7.84)
H kg

Equating the first and last term one finds
(- =1; A=even=0,2. (7.85)
The elements of the algebra u(3) D so(3) are often denoted by

N =3)pf x5

L =2lp! x it - (7.86)

Qn = [PT X ﬁ],(f)

In applications to the harmonic oscillator problem in quantum mechanics,
N represents the number operator that counts the oscillator quanta. The
explicit expression for the components L, is
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Lo = (101115—1 —PJL1]5+1> )
E—l = (piﬁo —p(T)15+1) ,
L= (pgﬁﬂ —pllﬁo) . (7.87)

With the normalization (7.86), the three components L, of the operator L
satisfy the commutation relations of angular momentum

[Lo,Li1]=+Lsr, [Ly,Lii]=1Lo. (7.88)

Proof. The commutator |:IA/_]_,[A1+1:| is

2((p" x Y, (0" x )W) = —[p! o+ pbB_1, P s1 + Dy ol
= _(pT 1041 —Pilﬁ 1)

=V2(p" x p)§Y = Lo . (7.89)

The last operator, Q, is a tensor operator of rank 2 (quadrupole tensor).

7.5.4 Matrix Elements of Operators in u(3) D so(3)

Boson calculus is used to evaluate matrix elements of operators. The basis is
written as

1
B: IN,L, M) = N(pT)ﬁML | 0) , (7.90)

where the N boson operators have been coupled to L, M. There are no
missing labels here. An explicit expression in terms of solid harmonics in pf
is also available. [O.S. van Roosmalen, Algebraic Description of Nuclear and
Molecular Rotation- Vibration Spectra, Ph.D. Thesis, University of Groningen,
The Netherlands, 1982.]

Reduced matrix elements of the boson operators in this basis are

(N+1,L—1p || N,L) = [(N - L+2)L]'"?
(N+1,L+1]p | NJL) =[(N+L+3)(L+1)]">. (791
The reduced matrix elements of the annihilation operators can be obtained
by using the relation
(@0 || bfl o, L) = (=)o, LI B [ o, L), (7.92)

where o denotes additional labels. The matrix elements of the elements of
the algebra are

<N,L,ML | N | N,L7ML> =N (7.93)
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and

<N7L 1L N7L> = [L(L+1)(2L+1)]"?

L(L+1) (2L+1)]1/2
6(2L — 1)(2L + 3)

A B 1/2
<N,L Lo O N7L> _ {(N L) (N +(§L+_§>3()L +1)(L + 2)] (T.9)

<N,L|| ol N,L> - (2N+3)[

Matrix elements of polynomials in the elements of the algebra can be obtained
by using the reduction formulas of Chap. 6.

7.5.5 Tensor Calculus of u(3) D so(3)

An alternative way to calculate matrix elements of operators is making use of
tensor calculus. The three boson creation operators pll, po transform under
u(3) as the 3-dimensional representation [1,0,0] (or (1,0) of su(3)). They
also transform as the representation L = 1 under so(3), with component
k =+1,0. A commonly used notation for these tensors is

=0, (7.95)

that is the creation operator transform as the fundamental representation of
u(3), often denoted as a particle. The boson annihilation operators pi1,po
transform instead as the 3-dimensional conjugate representation [1,1,0] (or
(1,1) of su(3)),

11,00 _ O

T = O

(7.96)

This is often denoted as an antiparticle (or hole).
The elements of the algebra, that is the bilinear products (pf x ]3),(.!6), can

be simply obtained by taking tensor products, as in Chap. 4,

O
o0e2=gno . (7.97)
O O O

The representations on the right hand side contain
[2,1,0] & [1,1,1]

x5 (@t xp)? . (7.98)

(v x ),

The dimensions are: dim [2, 1,0] = 8,dim[1,1,1] = 1 for a total of 9 elements.
Note that the elements of the algebra do not transform as its fundamental
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representation. Under reduction of u(3) to su(3), the representation [2,1,0]
becomes (2,1) with dim (2,1) = 8, while the representation [1, 1, 1] becomes
(0,0) with dim (0,0) = 1.

The calculation of matrix elements of a generic tensor T’

(In,0,0], ', My | T | [n,0,0], L, My) (7.99)

is done using the techniques of Chap. 6.

The algebra u(3) (and its subalgebra su(3)) constructed with boson op-
erators occupy a special role in physics since u(3) is the degeneracy algebra
of the three-dimensional harmonic oscillator.

7.5.6 Other Boson Constructions of u(3)

In addition to the construction in terms of boson operators by, ba, bg (canon-
ical chain) and in terms of vector bosons, p, (1 = £1,0), there is another
boson construction of u(3) of practical interest. This construction is in terms
of a singlet boson, ¢, and a doublet 7, 7,. The doublet can be rewritten as

(ry £iTy)
Th = — (L xirl) . (7.100)

The boson operators 71 are called circular boson operators. The algebra wu(3)
is composed of nine elements:

Q- =2 (TT_T+)
iy = (o'0)
Dy = V2 (rlo-olr.)
D_ =2 (—r*_a + aTr+)
Ry =2 (rho+alr)
R.=V2 (ﬂa + O'TT+> . (7.101)

This construction has two possible subalgebra chains (as before).
Subalgebra chain I: u(3) D u(2) D so(2)
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The subalgebra u(2) is composed by the four operators
w(2) =n,1,Q4,Q_ . (7.102)
The subalgebra so(2) is composed of a single operator
s0(2) =1. (7.103)
The basis states in this chain are characterized by the quantum numbers

u(3) D u(2) D so(2)
1 1 1 > ;
N n l

(7.104)

with branching rules
n=NN-—-1,...,0;
l=+4n,£(n—2),...,£10or 0 (n = odd or even) . (7.105)

Subalgebra chain II: u(3) D so(3) D so(2)
The subalgebra so(3) is composed by the three operators

so(3)=D,,D_,l. (7.106)

The subalgebra so(2) is composed by the single operator [ as in (7.101).
The basis states in this chain are characterized by the quantum numbers

u(3) D so(3) D so(2)
1 ! ! > ) (7.107)
N w l
with branchings
w=N,N—-2,...,10or 0 (N =odd or even);
—w<l<+4w. (7.108)

In view of the isomorphism so(2) ~ wu(1l), the lattice of algebras for this
construction is identical to that given previously in Sect. 4.2.

The construction of «(3) in terms of a singlet and a doublet has practical
applications in the study of vibration-rotation spectra of molecules in two-
dimensions (bending vibrations). [F. Tachello and S. Oss, Algebraic Approach
to Molecular Spectra: Two-dimensional Problems, J. Chem. Phys. 104, 6956
(1996).]

7.6 The Unitary Algebra u(4)

This algebra can be constructed by considering four boson operators, b,
a=1,2,3,4. The 16 elements of the algebra are

Gop = blbs . (7.109)
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7.6.1 Subalgebra Chains not Containing so(3)
The Canonical Chain

The canonical chain u(4) D u(3) D w(2) D u(1) can be constructed trivially
as before in terms of four boson operators by, ba, bz, by. No more will be said
about this chain.

The Doublet Chain

Another chain that can be constructed simply is that in which the boson op-
erators are divided into two doublets, by, bs and b3, bs. The bilinear products
of creation and annihilation operators of each doublet generate a u(2) alge-
bra (Jordan-Schwinger construction), Sect. 2. Denoting by u;(2) and u2(2)
the two u(2) algebras, one has the chain u(4) D u1(2) ® uz(2). From there
on, one can use the results of Sect. 2. The complete subalgebra chain is
w(4) D u1(2) ®ua(2) D s01(2) @ s02(2).
The situation can be summarized in the lattice of algebras

| | : (7.110)

7.6.2 Subalgebra Chains Containing so(3)

We consider here explicitly non-canonical chains that contain the angular
momentum algebra so(3) as a subalgebra. These are particularly impor-
tant in problems with rotational invariance and will be discussed here in
detail. These chains can be constructed by introducing scalar, s, and vector,
pL (w=0,+£1), boson operators that transform as [ = 0 and [ = 1 under
s0(3),

1=0: st

I=1: pf,(p=0%1). (7.111)

(Although not necessary for the construction of the algebra, in applications

in molecular physics the parity of these operators is chosen to be P = (—1)l )
The elements of u(4) are, in Racah form,
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Géo) (s5) = (sT x 5)80) 1
Gy (o) = ' x p)y 1
GV (pp) = ' x p)V 3
GP(pp) = (' x P 5
GV (ps) = (p' x5 3
GV (sp) = (st xp) 3, (7.112)

for a total of 16 elements. To this algebra the standard procedure of (i)
constructing all possible subalgebra chains; (ii) constructing the Casimir in-
variants and their eigenvalues; (iii) constructing the basis B; is then applied.

Subalgebras

There are two subalgebra chains that contain so(3):
Subalgebra I: u(4) D u(3) D so(3) D so(2)
The elements of the subalgebras and their numbers are

u(3)
(' x D)y 1
(' x p)&) 3
fx 5@ 5
s0(3) (" xp) (7.113)
(0" x ) 3
s0(2) :
(v < p)g” 1
Subalgebra II: u(4) D so(4) D so(3) D so(2)
The elements of the subalgebras and their number are
so(4) :
(0! x D)k 3
(0" x ) + (" x p)i 3
s0(3) (7.114)
(pt > p)L 3
s0(2)
(o' x )5 1

For this subalgebra chain, a difficulty arises, as there are two so(4) algebras
that can be constructed with the bilinear products of s and p boson operators.
The second so(4) algebra, denoted by so(4) is composed of the following

operators
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so(4) :
(v x5),” 3
i[0 <)Y~ (57 x5)] 3
s0(3) : : (7.115)
(2): (' x5),’ 3
(v % 5); !

These two possibilities are due to an inner automorphism of the Lie algebra
so(4).

Invariant Operators

In addition to the algebras, it is of interest to construct also its invariant
(Casimir) operators. In Racah form, the invariant operators satisfy

[c, "] =0 for any k, x . (7.116)

The explicit form of some of the invariant operators is:
(a) Linear operators
Only unitary u(n) algebras have linear invariants. They are, for u(4),
Ci(u()) = GV (ss) + V3G (pp) = hg + 7y = N . (7.117)
and, for u(3),
C1(u(3)) = V3G (pp) = iy - (7.118)
(b) Quadratic operators

The quadratic Casimir operators of u(n) can be simply constructed as the
square of the linear invariants. It has become customary to use as invariant
operators

Cy(u(4)) = N(N +3) (7.119)

and
Co(u(3)) = fp(fp + 2) (7.120)

which also commute with all elements of their respective algebras.
The quadratic invariants of so(n), n = 3 and 4, can be written in terms
of the elements G*) as
Cs(s0(3)) = GV (pp) - GV (pp) . (7.121)
and

Ca(s0(4) =G (pp)- GV (pp)+ (G (p3) + GV (sp) ) (G (p3) + GV (sp) ).
(7.122)
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The dot product denotes scalar products with respect to so(3), defined in
Chap. 6, Sect. 13. A short-hand notation, often used, is

iy = (st x 5)§”
i, = V3(p! x p)Y
L=v2(p" xp)V

Q=" xpP
D= xs+sxph

D' =i(pf x5—s" xp)W) . (7.123)

In addition to the number operators 7, and 7, there are the angular mo-
mentum operator ﬁ, the quadrupole operator Q and two (hermitian) dipole
operators D and D', (In quantum mechanical applications these operators are
related to the coordinate and momentum vectors.) In the notation (7.123),
the invariants take a simple and familiar form

Cy(s0(3)=L-L  Co(so(d)=L-L+D-D. (7.124)

Branchings

A crucial problem for application of Lie algebraic methods to problems in
physics and chemistry is the classification (or branching) problem. This prob-
lem is solved using the techniques developed in Chap. 4.

Branching 1

The branching of the totally symmetric representations of w(4) for the
chain u(4) D u(3) D s0(3) D so(2) is

N —times
u(4) [f17f27f37f4] [N] =0...U= [N,OJ),O}
n,=0,1,...,N
so(3) (1) (L)
L=nyn,—2,...,10r0 (N =o0dd or even)
s0(2) (1y) (M)
My =—-L,...,+L. (7.125)

The abstract characterization of the representations of the algebras u(n),
so(n), of Chap. 4, has been replaced here by quantum numbers with physical
meaning: N is the total boson number, n, is the number of p bosons, L is
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the angular momentum and M7y, is its z-component. This branching is in
part canonical, u(4) D u(3) and so(3) D so(2) and in part non-canonical,
u(3) D so(3). The basis is labelled by the quantum numbers

u(4) D u(3) D so(3) D so(2)
[ | > . (7.126)
N Ny L My,
Branching 11
For the chain u(4) D so(4) D so(3) D so(2), the branching is
N —times
——
’LL(4) [f17f27f3;f4] [N] =0d...0= [N,0,0,0]
s0(4) (p1, p1o) (w0)
w=N,N—-2,...,10r0(N = odd or even)
. (1.127)
so(3) (u1) (L)
L=ww-1,...,1,0
s0(2) (u7) (Mp)
My, =—-L,...,+L
The basis is labelled by the quantum numbers
u(4) D so(4) D so(3) D so(2)
1 ! ! ! > (7.128)
N w L M,

The branching u(4) D so(4) is non-canonical while the branching so(4) D
s0(3) D so(2) is canonical.

Eigenvalues of Casimir Operators

The eigenvalues of the Casimir operators in the appropriate irreducible rep-
resentations can be obtained using the rules of Chap. 5. For the unitary
algebras u(4) and u(3) they are trivially given by

(N Cr(u(4)) [ [N]) = N
(N[ Ca(u(4)) | [N]) = N(N +3)
([np] | C1(w(3)) | [np]) =
([np] [ Ca(u(3)) | [np]) = n (np +2). (7.129)

For the orthogonal algebras so(4) and so(3) they are given by

(@, 0) [ Ca(s0(4)) [ (w,0)) = w(w +2)
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(L) [ Ca(s0(3)) [ (L)) = L(L +1) . (7.130)

These eigenvalues differ from those of Table 5.1 by a factor of 2, due to the
different definition of C' given above. Also, note that the eigenvalues of the
Casimir operators of an algebra g depend only on the labels of g and not on
those of the subalgebra chain ¢ D¢’ D¢’ D ...

Lattice of Algebras

The non-canonical chains discussed above can be depicted into a lattice of
algebras

u(4) As
/ AN VRN
u(3) so(4) Ay D,
AN / NS (7.131)
s0(3) By
| |
s0(2) D,

Cartan’s notation is used on the right hand side. The portion of the branching
which ends at so(3) ~ By

A
VRN
A Dy, (7.132)

NS
By

for the representation [N] = [4] is displayed in Fig. 7.1, route I (left) and route
IT (right). The algebra u(4) constructed wih s and p bosons is known as the

T T T T T T T T T T
(a) (b)

4+ o o o 4 4+ o I} o o o g
3+ o o 3+ 1
<& 2k o o 32t o o o e
1F o 1+ B
o o . o o E

. . . . . . . . . .

0 1 2 3 4 0 1 2 3 4

L L

Fig. 7.1. Branchings of the representation [4] of u(4). (a) Branching u(4) D u(3) D
s0(3) with labels n, and L. (b) Branching u(4) D so(4) D so(3) with labels w and
L. The total number of states on the left is equal to the total number on the right
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vibron algebra. [F. Iachello and R.D. Levine, Algebraic Theory of Molecules,
Oxford University Press, Oxford, England, 1995]. An account of the vibron
algebra is also given in [A. Frank and P. van Isacker, Algebraic Methods in
Molecular and Nuclear Structure Physics, J. Wiley an Sons, New York, 1994].

7.7 The Unitary Algebra u(6)

This algebra can be constructed by means of six boson operators, b,,a =
1,...,6. The 36 elements of the algebra are

Gap = blbg a,f=1,...,6. (7.133)

7.7.1 Subalgebra Chains not Containing so(3)
The Canonical Chain

The canonical chain u(6) D u(5) D u(4) D u(3) D u(2) D u(1) is trivial.

The Vector Chain

The algebra u(6) can be constructed with two vector boson operators, p]; M

and pgw leading to the chain u(6) D u;(3) ® uz(3). The algebras uq(3) and
u2(3) can then be decomposed as in Sect. 4.

7.7.2 Subalgebra Chains Containing so(3)

Of particular interest for applications are the chains that can be constructed
with a scalar and a quadrupole boson operator. These chains contain the
angular momentum algebra so(3). The boson operators s and dL transform
as the representation | = 0 and [ = 2 of s0(3)
1=0: s
_ 9. T _
1=2: di(p=0+1,+2). (7.134)

The elements of the algebra u(6) in Racah form are

G’éo)(ss) = (sJr X s)éo) 1

G (dd) = (d" x )V 1

G (dd) = (df x )P 3
2) 5 (2)

gfgg)(dd) (di x ‘f)'(g) 0 (7.135)
(dd) = (dt x )P 7

G (dd) = (dt x )M 9

G (ds) = (dt x 3P 5

G (sd) = (st x )P 5
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for a total of 36 operators. The standard procedure is then applied to this
algebra.

Subalgebras

The algebra of w(6) has three subalgebra chains that contain the angular
momentum algebra so(3).

Subalgebra I: u(6) D u(5) D so(5) D so(3) D so(2)

The elements of the subalgebras are

u(5) :

(7.136)

© g ot w =

so(5) :

IS
=
X
QL
~—
an
w

so(3) : . (7.137)
s0(2) :
(dt x d)§)

Subalgebra II: u(6) D su(3) D so(3) D so(2)
The elements of the subalgebras are

—

u(3) :

(st><5§J —l—\[(ded)O 1

(d" x d)V 3

(df x5+ st x )P + YTt x )P 5
su(3) :

(d" x d) 3. (7.138)

(d x5+ st xd)P + YT(dt x AP 5
s0(3) :

(d" x d)V 3
s0(2) :

(d" x d)§” 1

This chain is doubled by the inner automorphism of u(3), with «(3) given by
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u(3)
(s x ) + V5 (aixd) 1
A ° . (7.139)
(dT x d) 3

(dT x §+ st x d‘)f) —Kg (dT X J)LZ) 5

In applications to nuclear physics, the algebras u(3) and «(3) are usually
called the prolate and oblate algebras.

Subalgebra IIT:  u(6) D so(6) D so(5) D so(3) D so(2)

The elements of the subalgebras are

s0(6) :

(d" x d)V 3

(df x d)¥ 7

dxi+stxd)? 5
so(5) :

(d" x d)V 3 (7.140)

(d" x d)¥ 7
so(3) :

(d x d) 3
s0(2) :

(d" x d)§" 1

Again this chain is doubled by the inner automorphism of so(6), with so(6)
given by

50(6) :
(dT X J)(l) 3

K

(dT . d)fj) - (7.141)
2)

i@fxg—ﬂxd) 5

K

Invariant Operators

Invariant Casimir operators for all algebras included in the chains of the
previous subsection can be constructed explicitly.
(a) Linear operators
(i) u(6)
C1(u(6)) = G§(ss) + VBG (dd) = (s x 8)§” + V5(d" x d)”
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(i) u(5)
Cy(u(5)) = V5(d x ) = ng (7.143)
(iil) u(3) A

Ci(u(3)) = N . (7.144)

(b) Quadratic operators
For the unitary algebras u(6),u(5) and u(3) the quadratic Casimir oper-
ators can be taken to be

Oy (u(6)) = N(N + 5)
Ca(u(5)) = na(fa +4)
Cy(u(3)) = N(N +2) . (7.145)

For the orthogonal algebras appearing in the branchings of u(6) described
in this section, they are
(i) so(3)

Cy(s0(3)) = GV . g1 (7.146)

with G,(,gl) = G,(gl)(dd). Introducing the angular momentum operator
L = VI0GY, this can be rewritten as Cs (so(3)) = L- L. (The dot
denotes scalar products.)
(ii) so(5)
Cy(s0(5)) =GV .M 4 g® .g® (7.147)

with G\ as before and G = G(s)(dd)
(iil) su(3)
Introducing the operator

GO = 6P +GP () F LGP (D), (T1dg)

the quadratic Casimir operator of su(3) can be written as
4 - ~
Cy(su(3)) =GN .M 4 = G?.G3 | (7.149)

If, in addition to the angular momentum operator f/, one introduces the
quadrupole operator Q = 8G®), the Casimir operator of su(3) can be
rewritten as

1

Cy(su(3)) = 30

3L-L+0- Q} . (7.150)
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Branchings

Branching 1

The branching of representations of u(6) into representations of its subal-
gebra present a challenge not encountered when dealing with u(n), n < 4. One
needs a hidden quantum number to characterize uniquely the basis. Finding
this quantum number is one of the most difficult problems in algebraic theory.
The branching «(6) D u(5) D so(5) D so(3) D so(2) is

N —times

——
uw(6) [N]=00...0=N,0,0,0,0,0]

ng—times

——
u(b) [ng) =00...0=[ng,0,0,0,0] ng=N,N—-1,...,0

(7.151)
so(5) (v) = (v,0) v=ng,ng—2,...,1or0
(nq = odd or even)
so(3) L Algorithm 1
SO(2> ML _LSML§+L

The step from so(5) to so(3) is non-canonical and thus requires the develop-
ment of an algorithm to find the values of L contained in each representation
ng.
Algorithm 1

Partition ng as

ng = 2ng +3na + A (7.152)
where
—1
ng = (ng —v)/2; nﬁzo,l,...,%or nd2 (7.153)
Then
L=XMA+1,A42,...,20—2, 2\, (7.154)

[Note that 2\ —1 is missing!]. The additional quantum number np = 0,1, ...
is a missing label (hidden quantum number) needed to characterize uniquely
the decompositions of representations of so(5) into representations of so(3).
This gives Table 7.1.

The complete classification for branching I is

! ! ! ! !
N ng  U,NA L My,

u(6) D u(5) D so(5) D s0(3) D so(2)
> (7.155)

The total number of labels, including the missing label nx, is six.
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Table 7.1. Decomposition of totally symmetric representations of u(5) into repre-
sentations of so(3)

u(d5) DO so(b) D  so(3)
nd v na L
0 0 0 0
1 1 0 2
2 2 0 4,2
0 0 0
3 3 0 6,4,3
1 0
1 0 0

Branching 1T
The branching u(6) D su(3) D so(3) D so(2) is

N —times

——
w(6) [N]=00...0=[N,0,0,0,0,0]

su(3) (A, p) Algorithm 2 (7.156)
so(3) L Algorithm 3
so(2) My, —L < Mp <+L

Here, the so-called Elliott quantum numbers, A = f; — fo, 4 = f2, are used
instead of the entries in the Young tableau (fi, f2) in order to conform with
commonly used notation. Both steps from u(6) to su(3) and from su(3) to
s0(3) are non-canonical. The step from su(3) to so(3) is not fully reducible.

Algorithm 2
The algorithm to find the values of (), 1) contained in [N] is

B (0, N) N = even
(2N,0) ® (2N —4,2) & ... P12 N—1) N =odd

- B (0,N —3) N —3 =even
SN -6)® (2N -10.2)8...  ®{ ()N ) N-3—odd [© .

- B (0,N —6) N — 6 =even
SN —12,0)@ 2N ~16,2)®--- 8\ o'y _7) N _6=odd [ ®
D...

(7.157)

Algorithm 3
The algorithm to find the values of L contained in (A, u) is

L=KK+1,K+2,. .. (K+ max {\u}) (7.158)
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where
K =integer = min{\, p}, min{\,u} —2,...,10r0 (7.159)
with exception of K = 0 for which
L = max{\, u}, max{\, pu} —2,...,10r0. (7.160)

Here K is the missing label. This gives Table 7.2.

Table 7.2. Decomposition of totally symmetric representations of w(6) O su(3)
into representations of so(3)

u(6) DO su(3) DO so(3)
N Ap) K L
0 (0,0) 0 0
1 (2,0) 0 2,0
2 (4,00 0  4,2,0
0,2) 0 20
3 (6,00 0 6,4,2,0
(2,2) 0 20
2 23,4
(0,0) 0 0

The complete classification for branching II is

u(6) O su(3) D so(3) D so(2)
1 ! ! ! > (7.161)
N (AMpK L My,
Again, a total of six labels is needed.
Branching 111
The branching u(6) D so(6) D so(5) D so(3) D so(2) is
N —times
——
w(6) [N]=00...0=[N,0,0,0,0,0]
s0(6) o = (0,0,0) c=N,N—-2...,10r0
(N = odd or even)
so(5) T = (7,0) T=0,0—-1,...,0 - (7.162)
so(3) L Algorithm 4

so(2) My, —L <M, <+L
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Algorithm 4
The algorithm to find the values of L contained in each representation 7
is: Partition 7 as
T=3va+ A va=0,1,... (7.163)
and take
L=2\2\—2,... ., A+ 1,\. (7.164)
[Note again that 2A — 1 is missing!]. The missing label is here v a.
This gives Table 7.3.

Table 7.3. Decomposition of totally symmetric representations of u(6) D so(6)
into representations of so(3)

u(6) D so(6) D so(5) D so(3)

N o va L
0 0 0 0 0
1 1 1 0 2
0 0 0

2 2 2 0 4,2
1 0 2

0 0 0

0 0 0 0

3 3 3 0 6,4,3

1 0

2 0 4,2

1 0 2

0 0 0

1 1 0 2

0 0 0

The complete classification for branching IIT is

l ! ! l l
N ag T,0A L ML

u(6) D so(6) D so(5) D so(3) D so(2)>
(7.165)

with six quantum numbers as before.

In all three chains, the total number of labels needed to characterize
uniquely the totally symmetric representations of w(6) is six, as one can see
by considering the Gel’fand pattern

nn 0 0 0 0 O
ng 0 0 0 O

ng 00 0 (7.166)
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Eigenvalues of Casimir Operators

The eigenvalues of Casimir operators in the representations labeled by the
quantum numbers of the previous subsection are

(IN]] Ci(u(6)) | [N]) = N
([IN]] C2(u(6)) | [N]) = N(N +5)
([na] | C1(u(5)) | [na]) = na
([ndal | C2(u(5)) | [na]) = na(na + 4) (7.167)
(A 1) [ Calsu3)) | (A, ) = N+ 4® + Ap+ 3\ + 3u
((0,0,0) [ C2(s50(6)) | (2,0,0)) = (0 +4)
((7,0) | Ca(s0(5)) | (7,0)) = 7(7 +3)
(L) | Calso(3)) | (L)) = L(L +1)
Lattice of Algebras
The lattice of algebras is
u(6) As
7N /N
u(b) so(6) su(3) Ay D3z Az
N / NS
so(5) J/ By, . (7.168)
AN AN
s0(3) B
| |
s50(2) D,

The algebra of u(6) constructed with s and d bosons is known as the in-
teracting boson model algebra. [F. Iachello and A. Arima, The Interacting
Boson Model, Cambridge University Press, Cambridge, 1987]. An account of
the interacting boson model algebra is also given in [A. Frank and P. van
Isacker, Algebraic Methods in Molecular and Nuclear Structure Physics, J.
Wiley and Sons, New York, 1994].

7.8 The Unitary Algebra u(7)

In the previous sections, the unitary algebras u(1),u(2),...,u(6) have been
constructed with bilinear products of boson operators bng. Unitary algebras
u(n) with n > 6 can be constructed in a similar way. In this section, as
a last example of an explicit boson construction, the algebra u(7) will be
considered. This algebra is composed of the 49 elements
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Gop =bibs  (a,3=1,2,...,7) . (7.169)

The algebra u(7) is interesting for two reasons: (i) It is the unitary algebra of
lowest rank that contains as a subalgebra one of the exceptional algebras, gs,
and (ii) it has applications to the three-body problem in quantum mechanics.
The subalgebra chains that describe these two situations are discussed in the
following subsections.

7.8.1 Subalgebra Chain Containing g»

This chain can be constructed by introducing an octupole boson f! that
transforms as the representation | = 3 of so(3)

1=3 fl (u=041,42,£3). (7.170)

The elements of the algebra u(7) in Racah form are

a0n = (rix5) 1
¢Oun=(sixi)" 3
¢@un= (7). s
un=(r1x0)" 7. (A7)
¢Oin=(six0)" o
¢dun= (<) n
¢On= (1) 13

for a total of 49 elements.
Subalgebra I: u(7) D so(7) D g2 D so(3) D so(2)
The elements are:

so(7) :

(fof H)k_1,3,5 21

g2;
(fT x f)(k k=1,5 14
. " : (7.172)

s0(3) : (fT ) f)(l) 5
s0(2) : "

s
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Table 7.4. Decomposition of totally symmetric representations of u(7) D so(7)
into representations of so(3)

u(7) D so(7) D g2 D so(3)
¥ L

0
3

6,4,2

0

9,7,6,5,4,3,1

3
12,10,9,82,7,6%,5%,4,3%,2,1
6,4,2

0

N
0
1
2

w
0
1
2
0
3 3
1
4
2
0

O N = WOoON—~=O

Branching
The branching of representations [N] of u(7) is

u(7) [N] = [N,0,0,0,0,0,0]
so(7) w= (w,0,0) w=N,N—-2,....,10r0 (N = odd or even)

g2 v = (7,0) Racah algorithm
s0(3) L Racah algorithm . (7.173)
so(2) Mp, —L<Mp<+L
The steps so(7) D g2 and ga D so(3) are non-canonical and involve the
exceptional group g». The Racah algorithm gives Table 7.4. The algorithm
can be found in [G. Racah, Theory of Complex Spectra-1V, Phys. Rev. 76,
1352 (1949).] Note that for bosonic representations the algebra g does not
provide any new label and the multiplicities must be resolved by additional
missing labels. (The algebra go will be also discussed in Chap. 8 for fermionic
systems for which it provides new labels.)

7.8.2 The Triplet Chains

These chains can be constructed with two three-dimensional vector bosons,
b};’m (m=0+1) ,b:[\’m (m = 0,41) and a scalar boson s, generically denoted
e (a=1,...,7)

I=1: b, (m=04+1)

I=1: bl (m=0=£1) (7.174)

l=0: st
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together with the corresponding annihilation operators ¢, (a=1,...,7).
These chains are important in the study of the three-body problem in quan-
tum mechanics. The subscript p, A that distinguishes the two vector bosons
is used to indicate that these vector bosons represent the second quantized
form of the Jacobi variables p, A that characterize the geometric configu-
ration of a three-body system. The Jacobi variables are defined in terms
of the coordinates of the three particles ri,ro,r3 as p = % (ry —rg) and

A= % (r1 4+ ry — 2r3). The bilinear products
Goor =Cleo  (,a' =1,...,7) (7.175)
generate u(7). The basis states are written as

% )" (01)" ()T o) (7.176)

where NV is a normalization constant. The Racah form of u(7) is obtained by
introducing the operators

B:

Bp,m - (_1)17m bp,—m
B)\ m — (_1)17771 b)\,fm
5=s. (7.177)
It can be written as
g = (ST x §) 1
. -\ (1)
Dpu= (v x5 =50 xb,) 3
m
. (1)
D= (bl x5-sTxb) 3
) N
Ap=i (b x5+sTxb,) "~ 3
m
N -\ (D
_ o pt 3 t
Axp =1 (b/\ X 5+ st x bA)# 3 (7.178)
aGo - (bT x b, + bl x b )“) 9
S, P P A A u
Gl —z'(bT x by — bl xé)“) 9
Ap — P A A 4 u
GO (b x5 xB,)
My = (Op X OX 40} X by ; 9
GO (5%, bl xBy)
My,nw — 14 X (RN X 0x 9

m

with ¢ = 0,1,2. This form is not the usual Racah form of the algebra in
which the bilinear products are only angular momentum coupled. In appli-
cations to the many-body problem, especially in quantum chemistry, it is
useful to assign to the creation and annihilation operators properties under



7.8 The Unitary Algebra u(7) 127

transformations of a discrete group. The most important property is parity,
where the transformation is inversion of the coordinates r; — —r;. The two
boson operators b:) and bi\ are assumed to be odd under parity, while the
operator s is assumed to be even. (In general, in this chapter, the parity
P of the boson operators b;m is assumed to be (—1)".) For applications to
the three-body problem, it is convenient to assign to the elements of the
algebra definite transformation properties under permutation of the three-

bodies. The boson operators s',b! bl are assumed to transform under

pymM YN m
the transposition P(12) as
s 100 st
pPa2) | b, | =1o-10] [0, ], (7.179)
b 001/ \bl,
and under the cyclic permutation P(123) as
s 1 0 0 s
P123) [ b5, | = | 0 cos(27/3) sin(27/3) bl | . (7.180)
bl 0 —sin (27/3) cos (2r/3) ) \ bl

The permutation group Ss is a six element discrete group which is isomor-
phic to the dihedral group Ds. In order to characterize the transformation
properties of the elements of the algebra (and of the states) one can use the
label of either group, given by

S3 Ds
S=000 4
v 5. (7.181)
O
O
A=0 A2
O

This notation is used in (7.178). The construction of bosonic algebras with
definite transformation properties under discrete groups is discussed in [R.
Bijker and A. Leviatan, Algebraic Treatment of Collective Excitations in
Baryon Spectroscopy in Symmetries in Science VII: Spectrum Generating
Algebras and Dynamic Symmetries in Physics, Edited by B. Gruber and T.
Otsuka, Plenum Press, New York, 1994].

Subalgebras II

Since the number of elements of u(7) is relatively large, there are several
possible subalgebra chains, four of which are included here.
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Subalgebra I1.1
This is the chain

u(7) D u(6) D s0(6) D s0,(3) & s0x(3) D s0(3) D so(2) .
States in this chain are characterized by the quantum numbers

! ! ! ! 1 1 !

w(7) D u(6) D s0(6) D s0,(3) & sox(3) D so(3) D so(2)>
N n % L, Ly L My,

with branching

w(7) N =[N, 0,0,0,0,0,0]
u(6) n =1[n,0,0,0,0,0] n=N,N-1,...,0
s0(6) v =(v,0,0) y=n,n—2,...,10r0
(n = odd or even)
50,(3) ® sox(3) L, Ly Algorithm 5
80(3) L |LP—L>\| SLS ‘LP+L,\|
s0(2) My, —L < Mp <+L

Algorithm 5
The values of L, and Ly are obtained by partitioning v as

vy=2v+L,+ Ly withv=0,1,...

Subalgebra 11.2
This is the chain

u(7) D s0(7) D s0(6) D s0,(3) B sox(3) D so(3) D so(2) .
States in this chain are characterized by

! ! 1 ! 1 ! !

u(7) D s0(7) D s0(6) D s0,(3) B s0x(3) D so(3) D so(2)>
N w v L, Ly L My, 7

with branching

u(7) N =[N.,0,0,0,0,0,0]

so(7) w = (w,0,0) w=N,N—-2,...,10r0

80(6) 75(7?070) 7:w7w_17"'70
50,(3) ® sox(3) L,, Ly Algorithm 1

80(3) L |LP—L)\| §L§ ‘LP+L)\|
(2) M, —L <M, <+L

(7.182)

(7.183)

. (7.184)

(7.185)

(7.186)

(7.187)

. (7.188)
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Subalgebras III

Two other subalgebra chains have been used extensively in hadronic physics
(three-quark system). [R. Bijker, F. Tachello and A. Leviatan, Algebraic Mod-
els of Hadronic Structure. I. Nonstrange Baryons, Ann. Phys. (NY) 236, 69
(1994).]

Subalgebra I11.1

This is the chain

w(7) D up(3) ®ur(4) D up(3) ®ur(3) D so,(3) @ s0a(3) D so(3) D so(2) .

(7.189)
States in this chain are characterized by the quantum numbers
w(7) D up(3) Bur(4) D uy(3) ®ur(3) D so0,(3) ® sor(3)
! 1 1 | l
N Np ) Lp L
> ,  (7.190)
D s0(3) D so(2)
1 !
L My,
with branching
u(7) N =[N,0,0,0,0,0,0]
n, = (n,,0,0) n,=0,1,...,N
up(3) & ua(3) ny = (ny,0,0) ny=0,1,...,N—n,
L, L,=nyn,—2,...,10r0 .
50p(3) © 50x(3) Ly Ly =nyny—2,....10r0
80(3) L |LP—L)\‘§L§|LP+L)\|
s0(2) My, —L<Mp<+L
(7.191)

Subalgebra 111.2
This is the chain

w(T) D up(3) & ux(4) D uy(3) ® sor(4) D so,(3) ® sox(3) D so(3) D so(2) .

(7.192)
States in this chain are characterized by the quantum numbers
w(7) D up(3) @ ur(4) D up(3) @ soa(4) D so,(3) ® sor(3)
! ! ! ! !
N n, w L, Ly
> , (7.193)
D s0(3) D so(2)
1 1
L My,
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with branching

u(7) N =[N,0,0,0,0,0,0]
n, = (n,,0,0) n,=0,1,...,N
u,(3) & sox(4) w = (w,0) w=N-n,,N—n,—2,...,10r0
L L,=n,n,—2,...,10r0
sop(3)@80,\(3) Li ! Li :pO 1,...,w
80(3) L ‘LP—L)\| SLS |LP+L)\|
s0(2) My, —L <M <+L
(7.194)

Lattice of Algebras

The lattice of algebras for the chains discussed above is

and

AN / . (7.195)

s0(2)

Note that the two lattices merge at the level of s0,(3) @ sox(3). [F. Iachello,
Algebraic Theory of the Three-body Problem, in Symmetries in Science VIII,
Edited by B. Gruber, Plenum Press, New York, 1995.]



8 Fermion Realizations

8.1 Fermion Operators

In Chap. 7 a realization of Lie algebras in terms of boson operators has been
given. These operators have been used either in connection with coordinates
and momenta, as in harmonic oscillator problems, see Chap. 7, Examples
1, 2 and 6, or as operators which create or annihilate particles with integer
values of the angular momentum [ = 0,1,.... In the 1920’s, it became evi-
dent that particles exist with half-integer values of the angular momentum,
j= %, %, .... These particles are called fermions. For applications to physics,
it is of interest to consider realizations of Lie algebras in terms of fermion
operators. In view of the pervasive presence in physics of particles with half-
integer spin, most notably electrons and nucleons, fermion realizations have
become an important part of Lie algebraic methods. These will be discussed
in this chapter.

We begin by introducing an operation called anticommutator, denoted by
a curly bracket, {, }. The anticommutator of two quantities X,Y is

(X,Y} =XV +VX. (8.1)

The anticommutator is sometimes denoted by [,], . In this book, the curly

bracket notation will be used. We then introduce fermion creation, a;f, and
annihilation, a;, operators, satisfying anticommutation relations,

{ai, aj,} =0 {ai,ap} = {al-t,aj»,} =0. (8.2)

These operators are the key ingredient in the construction.

8.2 Lie Algebras Constructed with Fermion Operators

Lie algebras can be constructed from bilinear products of fermion creation
and annihilation operators

g= Agp=dlar (i,k=1,...,n), (8.3)

Francesco Iachello: Lie Alaebras and Applications. Lect. Notes Phvs. 7T08. 131-146 (2006)
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as in the previous case of boson operators. The elements A;; satisfy the
commutation relations of the unitary algebra u(n) [and gl(n)]

[Aik, Ast] = At Os — Asi G - (8.4)

A basis can be constructed by acting with the creation operators on a vacuum
state |0). This basis will be denoted by F.

1
Fiox alal, ...]0) . (8.5)
In contrast with the case of boson operators which generate totally symmetric
representations, the irreducible representations of u(n) generated by acting
with fermion operators on |0) are the totally antisymmetric representations,
with Young tableau
|

g
Np . (8.6)

O
For u(n) the Young tableau has n entries. The totally antisymmetric repre-
sentations have Ny entries 1 and n — Nf entries 0

n

{Ng}=[,1,...,1,0,..,0] . (8.7)

Np

The short-hand notation { N} is often used to denote these representations.
The zeros are usually not written, except for the identity representation
[0,0,...,0] = [0]. The basis F is often called a Fermi-Dirac basis. Since
any Lie algebra is a subalgebra of gl(n) it can be constructed with bilinear
products of fermion operators.

8.3 Racah Form

While in the case of bosons both the uncoupled and coupled (Racah) form
of the Lie algebra have been extensively used, in the case of fermions
only the Racah form has been to a large extent used, and will be con-
sidered in this book. The Racah form of the Lie algebra can be obtained
by introducing fermion operators that transform as representations |j, m) of
spin(3) D spin(2), with j = half-integer. We use here spin(3) and spin(2)
instead of so(3) and so(2), since we need to consider explicitly spinor rep-
resentations. The corresponding creation and annihilation operators will be
denoted by
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7m 2 ' . 8.8
Qi M=, k3 4 (8.8)
These operators satisfy anticommutation relations
T _
(s = e .

s 1001 = { i} =0
In constructing the Lie algebra it is convenient to introduce the operators

ajm = (=1)"""a; - (8.10)
that transform as tensors under spin(3) D spin(2). (An alternative definition
is with a phase (—1)7T™. This alternative definition introduces minus signs
in some formulas, but it does not alter the algebraic structure. Operators
with physical meaning constructed with creation and annihilation operators
must be defined acccordingly. This problem does not arise for Racah boson
realizations, since [ and m are integers.)

The Racah form of u(n) is
g= ADG,I) =la] x a1, (8.11)

with [j +j'| > A > |7 — j'| and n = ", (2j; + 1). The commutation relations
are

[AEL/\)(jﬂj/)7AL),\,)(jHajm)} _ _ Z [(2)\_’_ 1)(2)\/ n 1)] 1/2 <)\M)‘//~LI | )\//H//>

Nl
i )\A/)\/I %
X |:(_>>\ +i+d {j///]] X 6j'j”AL)’\’ )(] ]///)
It )\)\ )\”
_(_)>\+A +5°+7 { j//]/j }(;Jj///A ( 7] )

(8.12)

Note that, since j is half-integer, one can construct with fermion operators
that transform as representations of spin(3) D spin(2) only unitary algebras
in an even number of dimensions, a peculiarity of these realizations.

8.4 The Algebras u(2j + 1)

Consider a single value of j. There are (25 + 1) values of m. Thus n = 25+ 1.
With this single value of j, we can construct the algebra u(2j + 1). There are
(27 + 1)? elements in the algebra

AN (5,5) = lal x a;) M . (8.13)

To the algebra u(2j + 1) we can now apply the general procedure of con-
structing subalgebras.
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8.4.1 Subalgebra Chain Containing spin(3)

A generic subalgebra chain (called a classification scheme) for w(2j + 1) con-
structed with fermion operators can be obtained as follows:

(i) Exclude the element with A = 0, u = 0; this gives su(2j + 1).

(ii) Retain only terms with A = odd; this gives the Lie algebra sp(2j +
1,C) = sp(2j + 1). Note that this situation is different from that of
Lie algebras constructed in terms of boson operators, since in that case,
retaining terms with A = odd generates the orthogonal Lie algebras,
so(20 +1).

(iii) Retain the term with A = 1; this gives the algebra spin(3).

(iv) Retain the term with A = 1,4 = 0; this gives the algebra spin(2). A
generic subalgebra chain for single j is thus

w(2j+1)Dsu(2j+1)Dsp(2j+1) D... D spin(3) D spin(2) . (8.14)

Dots have been inserted between sp(2j + 1) and spin(3), since, for large
J, there may be intermediate steps. [R.H. Flowers, Studies in j-j Coupling.
1. Classification of Nuclear and Atomic States, Proc. Roy. Soc. A212, 248
(1952).]

8.4.2 The Algebras u(2) and su(2). Spinors

Because of the pervasive presence in physics of particles with angular momen-

tum 3, it is of great interest to construct explicitly the Lie algebra u(2) in
terms of fermion operators with j = %, called spinors. The fermion creation
operators are written as

a (8.15)

45 0

)

W= —+
N|=
Wl —+
N

An alternative notation, often found in books in condensed matter physics,
is aJ{ , ai, called spin up, and spin down notation.
The 4 elements of u(2) are

_1M
AE})(%,%) = {ag X a%]# 3
(8.16)
(0)
0 _
Aé )(%,%) = {ag X a%]o 1

By deleting the element Aéo) one obtains the subalgebra su(2) ~ sp(2) ~

spin(3). By considering only the element Aél)

spin(2). The basis is

, one obtains the subalgebra

! !
Np M,

u(2) D su(2) D spin(2)
> . (8.17)
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Note that, for totally antisymmetric representations, no new quantum num-
ber is introduced when going from u(2) to su(2) ~ sp(2). The elements of the
Lie algebra u(2) constructed with spin 3 fermion operators have a straightfor-

ward physical meaning. They are the total spin operator, S , and the number
operator for fermions, Np,

. 1 . (€]
Sp = \/g [aI/Q X a1/2L

(0)

0

(8.18)
Np=—V2 {GI/Q X 51/2}

(The minus sign arises from the choice of phases in (8.10).) The only states
of u(2) that can be constructed with fermion operators are

O= [1] Np=1

S;[1,1]NF:2’

(8.19)

in addition to the vacuum |0) that transforms as the identity representation
[0]. This property is known to physicists as Pauli principle. The classifica-
tion of antisymmetric states is rewritten, for comparison with the subse-
quent sections, as in Table 8.1. The algebra of u(2) constructed with fermion

Table 8.1. Classification of antisymmetric states of u(2)

i=1/2  wu(2) su(2)

[0] 0
[1] 1/2
1,1 o

operators has had many applications in physics, and hence many different
notations have been used to label the states. Antisymmetric states of u(2)
have been labeled either by {Ng} or by [A1, A2]. The number of fermions,
N, is related to the labels [A1, A2] by

Np =X+ Ao (820)

Also, in this case, in the general classification scheme of (8.14), all steps,
except the last one, coincide, since su(2) ~ sp(2) ~ spin(3). Finally, either
u(2) or su(2) can be used to classify the states, and the use of both the labels
[A1, A2] of u(2) and the label J of su(2) is redundant.
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8.4.3 The Algebra u(4)

Another case of considerable interest is the case of j = %, n = 4. The 16
elements of the algebra are

3)
3 ~
ARG 3 = [abyy x sge)
)
2 ~
AL)(%7%): [ag/QXGS/Q}H 5
(8.21)

(0)
0 ~
AP G3) = Jalyy xasp] 1

By deleting the element Aéo)(%, 3) one obtains the subalgebra su(4). By
retaining the 10 elements with A = odd

(3)
3 ~
A(( )(%, %) = |:CL:;/2 X CL3/2:|

1)
1 .
AEL)(%a 3) = {a;/g X a3/2L 3
one obtains the algebra of sp(4). By retaining only the elements with A = 1
. (1)
ADE Y = [a;/z x a3/2L 3 (8.23)

one obtains the algebra of spin(3) ~ su(2). Finally by retaining only

(1)
1 ~
AE) )(%7%) = |:a;£,/2 X a3/2:|0 1 (8.24)

one obtains spin(2). A basis for fermions with spin 2 is then

1 1 1 ! (8.25)

u(4) D sp(4) D su(2) D spin(2)>
NF (nhng) J MJ

The values of ni,ng are restricted by the branching rules and only one quan-
tum number is actually needed. The allowed states are
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0= Np =1

55[1,11 Np =2

O

O0=[1,1,1] Np=3- (8.26)
O

O

55[1,1,1,11 Np—4

O

The classification of antisymmetric states is given in Table 8.2. The number

Table 8.2. Classification of antisymmetric states of u(4)

j=3/2 u(4) sp(4) su(2)

(0] (0,0) 0
(1] (1,0) 3/2
[1,1] (0,0) 0

(1,1) 2
[1,1,1] (1,0) 3/2
1,1,1,1] (0,0) 0

Np is here
4
Ne=) \i. (8.27)
i=1

8.4.4 The Algebra u(6)

This algebra can be constructed with j = 5. The 36 elements have the form

r 1(5)
(5) _ |t ~
A0 (3.8) = G372 % @3/2] B 11
r 1(4)
(4) _ |t ~
A (5.3) = 9372 % a3/2_#
r 13)
3) (5 5y _ |t =
A (3.3) = 9372 % a3/2_# 7 <98
A® (5 5y _ [ot sa 1@ s (52
v (3:3) = 372 % 98/2] 5
r 1(1)
1 ~
A0 (3.3) = |abys < @] 3
r 1(0)
(0) _ |t ~
Ay (3:3) = (B3/2 X @3/2] 1
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Table 8.3. Classification of antisymmetric states of u(6)

j=5/2  u(6) sp(6) su(2)
[0] (0,0,0) 0
[1] (1,0,0)  5/2
[1,1] (0,0,0) 0
(1,1,0) 2,4
[1,1,1] (1,0,0)  5/2
(1,1,1)  3/2,9/2
[1,1,1,1] (0,0,0) 0
(1,1,0) 2,4
[1,1,1,1,1] (1,0,0)  5/2
[1,1,1,1,1,1]  (0,0,0) 0

The basis F can be labeled by

l ! ! !
Np  (ni1,n2,n3) J My

u(6) D sp(6) D su(2) D spin(2)
> (8.29)

The representations (n1, na, n3) of sp(6) are restricted and only one quantum
number is needed to classify uniquely the states. The classification scheme
is given in Table 8.3. The representations of u(6) are labelled here by their
Young tableau [A1, A2, A3, A, A5, Ag]. The number of fermions Np is

Np=) X (8.30)

Algebras with j > % and their classification scheme can be constructed in a
similar way. [M. Hamermesh, Group Theory and its Applications to Physical
Problems, Addison-Wesley, Reading, Massachusetts, 1962.]

8.5 The Algebra u (>, (27; + 1))

A generalization of the construction given in the previous section, is the case
when there are several values of j. These situations occur in atomic and
nuclear physics where they are called mixed configurations. The construction
is straightforward and it produces the Lie algebra u(n), with n = >, (2j;+1).
Note, however, once more, that with fermion operators that transform as
representations of spin(3) D spin(2) it is possible to construct only unitary
algebras in an even number of dimensions.

Example 1. The algebras u(6) and u(12).
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In the study of the spectroscopy of nuclei, one encounters situations in

which the values of j are j = %,% or j = %, %, % The algebras constructed
with these values are u(6) and u(12). [F. Iachello and P. van Isacker, The

Interacting Boson-Fermion Model, Cambridge University Press, 1991].

8.6 Internal Degrees of Freedom (Different Spaces)

8.6.1 The Algebras u(4) and su(4)

One often encounters in physics particles with internal degrees of freedom.
These objects transform as representation |7, m) under spin(3) D spin(2),
and as representations of some internal symmetry group, G. A particularly
interesting case is that of protons and neutrons. These particles transform
as j = % under spin(3) and as t = % under another group called isospin(3).
The fermion creation operators are, in a double index notation:

i
“prpge P
ay 11 .1 P|

AN kAN : (8.31)
ROt i B
ay 11 _1 7Ny

27 2720 2

generically denoted aljms,t’mt. The annihilation operators are as y, ¢,m,. The
16 bilinear products of creation and annihilation operators form an algebra,
called Wigner wu(4). It is convenient to introduce the adjoint operators

s ma,tom, = (=) A (8.32)

that transform as tensors under spin and isospin rotations. The Racah form
of Wigner u(4) is obtained in terms of double tensors

(8,T) 1 1
f i } =¥ "8 M
X = - - S
[a%’% “23 ] (g nrr) /<2,m5,2,ms| ’ S>
m,m
My, mys

2 2 3 Ms,5,Mt

1 ; )
X<7mt7amt' |TaMT a; 1 a%7mé7%,m’t

with § =0,1 and T =0, 1.

Subalgebra Chain

Although a given algebra can be decomposed into several subalgebra chains,
as shown in the previous chapter for bosonic realizations, in practice physical
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considerations dictate what subalgebra chains are of interest. For algebras
with internal degrees of freedom, the construction of subalgebra chains splits
into two categories: different spaces and same spaces. For different spaces, the
internal degrees of freedom are separated from the outset and not combined
at any stage, while for same spaces, they are combined at some stage into
a single algebra, whose elements are the sum of the elements of the two
algebras. This procedure is elucidated in the paragraphs below.

In the case of Wigner u(4), spin and isospin live on different spaces, the
physical space and a fictitious isotopic spin space. It is assumed, on physical
grounds, that they cannot be combined, and the appropriate chain is u(4) D
su(4) D sug(2) @ sur(2) O sping(2) @ spiny(2). Here sug(2) ~ spin(3),
sur(2) ~ isospin(3) and the subscript S,7T has been added to distinguish
spin from isospin. The basis F for Wigner «(4) can then be written as

! ! !

u(4) D sug(2) & sup(2) D sping(2) & spiny(2)
> (8.34)
[)\1’)\25A37>\4] SvT MSaMT

The full notation for the representations of u(4) has been restored and the
intermediate step su(4) has been omitted, since no new quantum number
appears. For a given representation of w(4), the branching problem can be
solved using the techniques of Chap. 4. The chain is non-canonical and re-
quires a building-up process. It has become customary to introduce another
notation, called Wigner notation. In this notation, one first goes from wu(4)
to su(4), using the rules of Chap. 4. The representations of su(4) are labeled
by [)\/1,)\/2,)\:/3] with

A=A = ANy = Ao — A Ay = As — Ay (8.35)

The Wigner quantum numbers (P, P/, P") are defined as

pVIEED VAN VD V) VENES VAP V) (IS W
pp phy—(MtA2TA3 A 2T A3 Ay 273 .
(. = (B Rt A (5.36)
The branching of representations of su(4) into representations of sug(2) ®
sur(2) can then be constructed. [M. Hamermesh, Group Theory and its Ap-

plications to Physical Problems, Addison-Wesley, Reading, Massachusetts,

Table 8.4. Branching su(4) D sus(2) @ sur(2)

su(4) D sus(2) @ sur(2)

(P, P, P") (5.7) dim(P, P/, P")
(0,0,0) (0,0) 1
(3:3:3) (3:3) 4
(1,1,1) (0,0), (1,1) 10
(3,3:3) (3:3),(3:3) 20




8.6 Internal Degrees of Freedom (Different Spaces) 141

1962).] A portion of this branching is given in Table 8.4. In the last column
the dimension of the representations of su(4) is shown.

8.6.2 The Algebras u(6) and su(6)

In this case, particles still transform as j = % under spin(3), but they
now transform as the fundamental representation [1] of an internal group
sup(3), called the flavor group. The creation operators are denoted by
aLT,aZT,aipaL,azi,ail. The index u,d, s stands for u, d, s quarks. The bi-
linear product of creation and annihilation operators form a u(6) algebra,

called the Giirsey-Radicati algebra.

Subalgebra Chain

The breaking of w(6) first proceeds to sup(3) @ sug(2). The algebra su(3)
can be broken in various ways. The breaking appropriate to the physical
situation described by the Giirsey-Radicati algebra is sup(3) D sur(2) @
uy (1), where T denotes the isospin as before, and uy (1) is an Abelian algebra
called hypercharge (Y) algebra. The subalgebra chain is thus u(6) D su(6) D
sup(3) ® sug(2) D sur(2) duy (1) @ sus(2) D spinr(2) Buy (1) ® sping(2).
The basis is labelled by

u(6) D sup(3) @ sug(2) D sur(2) @ uy(l) ® sus(2)

1 ! ! ! !
Al s o S T Y
> (8.37)
D spiny(2) ® uy (1) @© sping(2)
| 1
T3 S3

Here [A] = [A1, A2, A3, A4, A5, Ag]. It has become customary to label the repre-
sentations of sup(3) not by their Young labels [pq, 5] but by the dimension
of the representations, dim [0,0] = 1,dim [2, 1] = 8, etc. and the representa-
tions of sug(2) by their dimensions dimS = 2S5 + 1, put as a superscript,
that is 28 denotes the representation [2,1], S = % of sup(3) @ sus(2). The
branching of representations of u(6) into representations of sup(3) @ sug(2)
can be constructed. [F. Giirsey and L.A. Radicati, Spin and unitary spin in-
dependence of strong interactions, Phys. Rev. Lett. 13, 173 (1964).] A portion
of this branching is given in Table 8.5. The conversion between this notation
and the standard notation for su(3) representations used in the preceding
chapters is 1 = [0,0], 3 = [1,0], 3 = [1,1], 6 = [2,0], 8 = [2,1], 10 = [3,0].
The general formula for the dimension of the representations of u(n) is given
in Chap. 4, Sect. 12. It is worth noting that with fermions with internal de-
grees of freedom, it is possible to construct algebras in both even and odd
number of dimensions, in the present case sup(3).
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Table 8.5. Branching su(6) D sur(3) @ sur(2)

su(6) D sur(3) @ sus(2)

[)\1, )\27)\37)\4, )\5] (dlm [ul,,uﬂ ,dim S) dim [)\]
[0,0,0,0, 0] (1,1) 1
[1,0,0,0,0] (3,2) 6
[1,1,1,1,1] (3,2) 6
[1,1,0,0,0] (3,3), (6,1) 15
1,1,1,0,0] (8,2), (1,4) 20
[2,0,0,0,0] (6,3), (3,1) 21
2,1,1,1,1] (8,3),(8,1), (1,3) 35
[3,0,0,0,0] (10,4), (8, 2) 56
[2,1,0,0,0] (10,2), (8,4),(8,2),(1,2) 70

8.7 Internal Degrees of Freedom (Same Space)

8.7.1 The Algebra u((2l + 1)(2s 4+ 1)): L-S Coupling

Another case of interest is that of particles with both orbital, [ = integer, and
spin, s = half-integer, angular momentum. (The spin angular momentum is
the internal degree of freedom.) The corresponding creation and annihilation
operators are

af

Clima, s, me . (8.38)

_ (_1\l—m+s—mg
alr,my,s,ms = ( 1) * Al —my, s, —m,

The bilinear products
af s s Gt s, (8.39)
generate the Lie algebra u ((2] + 1) (25 + 1)).

Racah Form

The Racah form of the orbital-spin algebra is constructed with double tensors
as in the preceding section,

(L,5)

{als X &l’s] = Z (I,my, L,my | L, Mp) (s, mg,s,m | S, Mg)
ML,MS m m,
m&l:mf
Xa27ml,s7msal,m£,s,m’s . (840)

The classification scheme for this algebra is

u((2l+1)(2s+1)) Dup(2l+1) @ sus(2s+1) D
D sor(3) @ sug(2) D spiny(3) D spiny(2), (8.41)
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called L-S coupling. Since orbital and spin angular momentum are assumed
to act on the same space, they can be combined. Here spin ;(3) denotes the
algebra whose elements are the sum of the elements of sor(3) and sug(2),
sometimes called the diagonal algebra. For large [, some intermediate steps
are needed between ur (2l 4+ 1) and sor,(3) and the problem of missing labels
becomes particularly acute since the representations of ur, (214 1) that appear
in (8.41) are not just one-row representations as in the case of bosons. For
this reason, dots have been inserted in (8.41) between ur, (2l + 1) and sor(3).

The representations of w((2l 4 1)(2s + 1)) that describe fermions are the
totally antisymmetric representations { Np} of (8.7) (one-column representa-
tions). Racah showed that, in order to obtain totally antisymmetric represen-
tations of u((21+1)(2s+1)), the representations of uy (2l +1) and sug(2s+1)
must be dual (sometimes called conjugate), that is obtained from each other
by interchaging columns with rows. Particularly interesting is the case of
s = % that describes electrons in atoms and nucleons in nuclei. In this case,
the algebra is u(2(2l + 1)) D ur(2l + 1) @ sug(2). The representations of
sug(2) are characterized by the quantum numbers S, Mg, and thus described
by a Young tableau with two rows of length (N/2) + S and (N/2) — S. The
representations of ur, (2! + 1) which arise in the reduction of representations
{Npg} of u(2(20 4+ 1)) must then be described by a Young tableau with two
columns of these lengths.

Example 2. p electrons in atoms

In this case, [ = 1, leading to the Lie algebra u(6). The classification
scheme is

w(6) D ur(3) ® sus(2) D sor(3) ® sus(2) D spiny(3) D spiny(2) . (8.42)

The branching of the representations of ur,(3) into those of sor,(3) has been
discussed in Chap. 4, Sect. 14. No additional subalgebra is needed.

Example 3. f electrons in atoms

In this case, I = 3, and the appropriate algebra is u(14). This algebra has
196 elements. The classification scheme of (8.41) is

u(14) D ur(7) ® sus(2) D ... D sor(3) ® sug(2) D spiny(3) D spiny(2) .
(8.43)
The classification scheme for the step ur(7) D sor(3) is incomplete. A com-
plete classification scheme was found by Racah and it is

ur,(7) D sor(7) D g2 D sor(3) D sor(2) . (8.44)

This classification scheme occupies a special role in Lie algebraic methods
in physics since it was the first case in which an exceptional algebra, gs,
appeared. The elements of the algebras in (8.44) can be written easily in the
double tensor notation of (8.40). They are
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u(7) :
[af x @] L=0,1,2,3,4,5,6 49
su(7) :
[af xa] ;") L=1,2,3,456 48
so(7) : /
[af xa]\;” L=135 21 wi5)
g2 7 '
~1(L,0)
[af x a] L=1,5 14
s0(3) :
R L=1 3
[af x a]]&lho =
s0(2) : o)
[a" x d My.0 1

where the indices | = 3,s = % have been omitted. States are characterized by

! ! ! ! !
A1, A7 (1415 fhos 3] (Y15 72] L My,

u(7) D so(7) D g2 Dso(3) Dso(2)
> (8.40)

For the application described in this example, the representations of u(14) are
characterized by the number of electrons Np. The representations of sug(2)
are characterized by the total spin S. For each Np and S the representations
of u(7) are two-column representations with length (Ng /245 and (Ng/2)—S.
Tables of reduction for u(7) D so(7), so(7) D g2, g2 D so(3) can be found
in Racah. Note that the reduction w(7) D so(7) for fermionic representations
is different from that of bosonic representations given in Chap. 7. The same
remark applies for the reduction so(7) D g2 and g2 D so(3). The reduction
s0(7) D ga is given in Table 8.6. The reduction g2 D so(3) is given in Table 8.7.

Table 8.6. Reduction so(7) D g2

so(7) D g2

(115 pos 3] [r1,72)

[0,0,0] [0,0]

[1,0,0] [1,0]

[1,1,0] [1,0],[1,1]

(2,0,0] 2,0]

1,1,1] [0,0],[1,0],[2,0]

[2,1,0] [1,1],]2,0],[2,1]

(2,1,1] [1,0], 1, 1], [2,0],[2,1],[3, 0]
2,2,0] 2,0],[2,1],[2,2]

2,2,1] [1,0],[1,1],[2,0],[2,1],[3,0], [3,1]
(2,2,2] [0,0], 1, 0], [2,0],[3,0], [4, 0]
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Table 8.7. Reduction g2 D so(3)

g2 D s0(3)

[717 ’Yz] L

[0,0] 0

[1,0] 3

[1,1] 1,5

[2,0] 2,4,6

2,1] 2,3,4,5,7,8

3,0] 1,3,4,5,6,7,9

2,2] 0,2,4,5,6,8,10

[3,1] 1,2,3%,4,5%,62,7%,8,9,10, 11
[4,0] 0,2,3,42,5, 62 7 82 9,10,12

To complete the study of this chain, one needs also to construct the Casimir
invariants and their eigenvalues. The construction is given in Racah. The
general expression for the eigenvalues in the representation [y, 5] are

(Ca(g2)) = (VT + 7172+ 73 + 571 +4v2) /12 (8.47)

(The factor of 12 comes from the definition of C3(g2).) A detailed account
is given in [G. Racah, Theory of Complex Spectra. IV, Phys. Rev. 76, 1352
(1949).] Also, note again that with fermions with internal degrees of freedom
it is possible to construct unitary algebras in odd number of dimensions, here
u(7). Finally, L — S coupling plays a major role in the spectroscopy of atoms.

8.7.2 The Algebra u (Z,- (25 + 1)): j-j Coupling

The orbital and spin angular momenta can be coupled from the outset. The
corresponding creation and annihilation fermion operators are

a;s_’j’mj; CNLl”syjﬂm]. = (—1)jimj alysﬁjy,m]. 5 (848)

with |l + s| > j > |l — s|. The bilinear products

a’l,s,j,mj él,s,j’,m;
form the Lie algebra u(n) with n = . (2j + 1), as in Chap. 5. The Racah
form of the algebra and its branchings can be constructed. [F. Iachello and P.

Van Isacker, The Interacting Boson-Fermion Model, Cambridge University
Press, 1991.] Again here the case of interest is that in which s = 2

5.
Example 4. p nucleons in nuclei
In this case, [ = 1, and j = %, %7 leading to the Lie algebra w(6). The
classification scheme is
u(6) D sp(6) D spiny(3) D spiny(2) . (8.49)

j-j coupling plays a major role in the spectroscopy of nuclei.



146 8 Fermion Realizations

8.7.3 The Algebra u ((>_,;(21 + 1)) (25 +1)):
Mixed L-S Configurations

In this case the orbital angular momentum [ takes several values l1,ls,.. ..
The creation and annihilation operators are still given by (8.48), but the
elements of the Lie algebra are the bilinear products

+ -
CLl,m,l,s,ms al”mf’&m; (850)

where [,1’ take the vaules [1,ls,.... A particularly important case described
by this algebra is that of fermions with spin s = % moving in a harmonic
oscillator potential in three dimensions. As discussed in Chap. 7, Sect. 4.1.2,
for N > 2 states of the three dimensional harmonic oscillator are degenerate
with respect to the angular momentum. For N = 2 the values of the orbital
angular momentum are [ = 0,2, for N = 3 they are [ = 1,3, etc. The
algebra that describes fermions in a given degenerate shell (a given value of
N), called Elliott algebra, is u ((3_,(20 4+ 1)) (2s + 1)). [J.P. Elliott, Collective
Motion in the Nuclear Shell Model. I.Classification Schemes for States of
Mized Configurations, Proc. Roy. Soc. A 245, 128 (1958).] .

Example 5. s-d nucleons in nuclei

In this case [ = 0,2 leading to the Lie algebra u(12). The classification
scheme is

w(12) D ur(6) @ sus(2) D sur(3) ® sus(2) D sor(3) @ sus(2)
D spiny(3) D spiny(2) . (8.51)

Mixed L-S configurations play a major role in the spectroscopy of light
nuclei.
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9.1 Differential Operators

Lie algebras can also be constructed with differential operators acting on a
space of derivable functions f(z) of the coordinate x. The basic commutation

relations are J p g

9.2 Unitary Algebras u(n)

The bilinear products of coordinates, z;(i = 1,..,n), and their derivatives,

% (j =1,...,n) generate u(n)

u(n) = mzaij . (9.2)

Introducing the double index notation of the previous chapters

0
Xip = i ik=1,..., .
k xawk i,k n (9.3)

one obtains the commutation relations

For su(n), one subtracts }_; X;; from the diagonal elements
1
Xi=Xu——> Xj;. 9.5
i n ; 27 ( )

and deletes X/, . (The n elements X/, are not linear independent since
>, X[, = 0.) The n? — 1 elements X;,(i # k = 1,...,n) and X/,(i =
1,...,n — 1) generate su(n).

Francesco Iachello: Lie Alaebras and Applications. Lect. Notes Phvs. 7T08. 147-153 (2006)
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Example 1. Differential realization of u(2)

Introduce two coordinates z,y. The differential realization is

0 0 0 0
11 xax’ 12 x@y’ 21 yé):v’ 22 yay (9.6)
Example 2. Differential realization of su(2)
From the preceding example, one obtains
1 0 0 0 0
Xi==z=——y=— ), Xo=2—,Xo1 =9y— . 9.7
1= 5 (xﬁx y@y)’ 12 xay’ 21 yax (9.7)

9.3 Orthogonal Algebras so(n)

Differential realization are often used to construct orthogonal Lie algebras.
Introduce n real coordinates, x1, 2, . .., T,. A construction of the Lie algebra
so(n) is

so(n) = x; 0 0

Introducing the notation

0 0

one obtains the commutation relations
[Lij, Lit) = 6 Li + 03 Lji — 01 L — dinLjy . (9.10)

The "("271) elements L;; are called angular momentum operators.

Example 3. The Lie algebra so(2)

We introduce here two coordinates, x,y, as in part (a) of Fig. 9.1.
The single element of so(2) is

X1 = Yor " Tau - (9.11)

This element acts on functions f(x,y).

Example 4. The Lie algebra so(3)
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(@) (b)

Fig. 9.1. Coordinates for differential realizations of (a) so(2) and (b) so(3)

We introduce here three coordinates, z,y, z, as in part (b) of Fig. 9.1. The
three elements of so(3) are, in a single index notation,

0 0
X, = Z@ — y&
0 0
X5 xa — za—x
0 0

acting of f(x,y, z). The elements satisfy the commutation relations

[Xl,XQ] = X3 N [XQ,X?)} = X1 3 [Xg,Xl] = X2 . (913)

Example 5. The Lie algebra so(4)

We introduce here four coordinates, x,y, z,t. The six elements of so(4)

are
0 0 0 0 0 0
Al=z——y—, Ag=a— —z2— A3 =y— —x—
! Z@y Vo 2= %9, " Far ™ T Vor xay '
0 0] 7] 0 0 0
Bi=2x— —t—,Bo=y— —t—,Bs=z— —t—. 9.14
e AR Y At B TR (9.14)
acting on f(z,y, z,t).
The realization (9.8) is in n variables xy,xo,...,z,. Another realiza-
ton is in terms of n — 1 angle variables ¢y, s, ..., ¢, _;. This realization
is obtained by introducing hyperspherical coordinates, (z1,z2,...,2,) —

(Tv Sonflv wn727 Sanf?)? cey @1)
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T1 =rsinp,_;sing, ,...sin@,sin @,
To =7rsing, _;sing, _,...sin g, cosy;
Tp—1 =TSN, 1 C08Q, o
Ty = T COSQ,

and setting r = 1 (realization on the unit n dimensional sphere.)

Example 6. so(2) in polar coordinates

Introducing
T =TCosp
Yy =rsing
one has 9
Xi=—.
dp

Example 7. so(3) in spherical coordinates

Introducing
x =rsindcosy
y=rsindsing ,
z=rcost
one has

X, = coscp((% + singpctgﬁ%

. 0 0
ngfsmgp%fcoscpctgﬁ%.
o

3= 9

Example 8. so(4) in hyperspherical coordinates

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

One needs here three angles, 9, ¢, . The corresponding form of the Lie

algebra is called Pauli form.

9.3.1 Casimir Operators. Laplace-Beltrami Form

All operators are constructed in terms of differential operators. The differ-
ential form of the Casimir operators is often referred to as Laplace-Beltrami

form.

Example 9. The Laplace-Beltrami form of so(2)
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We have here trivially
0 0?

Cy(s0(2)) = 95’ Cy(s0(2)) = a7 (9.20)
Example 10. The Laplace-Beltrami form of so(3)
We have here
1 02 1 0 /(. 0
Cy(s0(3)) = 070 92 + 0 59 (511119819) . (9.21)

9.3.2 Basis for the Representations

One also needs to construct the basis for the representations. In the realiza-
tion in terms of angles, the basis is constructed using the canonical chain

so(n) D so(n—1) D ... D so(2). (9.22)

Example 11. Basis for so(3)

In this case one seeks simultaneous eigenfunctions of Cs(so(3)) and

Cy(s0(2))

Ca(50(2)) () = —m* B(p)
Cs(s50(3)) OW) = —1(1 + 1) O(Y) . (9.23)

The eigenfunctions are the spherical harmonics

20+ 1
47

—~

I—m)!

Y (0, ) = [ m)!

(—=1)™ "™ P/ (cos ) . (9.24)

—~

It has become customary in physical applications to introduce the elements
L,,L,, L, obtained from those previously given by multiplication with (1/7)

1 0 . 0
L, = 7 (cos pgg —Sin gactgﬁ&p>
1 0 0
L= = _sinp— — - 9.25
v= ( sin o COS@Ctgﬁ&p) (9.25)
10
L,=-—
1 0p

From these one can also construct the elements in Cartan-Weyl form,
L.,Ly = L, £iL,. The action of those elements on the basis is
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Lo Y (,0) = T —m) T+ m + DY (0.) . (9.26)

LoY™(0,0) =/ +m) ([ —m+1) Y"1 (¥, )

The abstract notation is

s0(3) D so(2)
! ! > =Y (0, ) - (9-27)
l m

Note that with differential realizations it is possible to construct only tensor
representations of the orthogonal algebras. The construction of spinor rep-
resentations requires the introduction of another mathematical framework,
either that of spinors [E. Cartan, The Theory of Spinors, Hermann, Paris,
1966] or that of Grassmann variables [F.A. Berezin, Introduction to Super-
analysis, D. Reidel, Dordrecht, 1987 ].

9.4 Orthogonal Algebras so(n,m)
Although the discussion in the preceding chapters has been devoted to com-

pact Lie algebras, it is of interest to consider here non-compact Lie algebras,
so(n,m). A construction of the Lie algebra so(n,m) is

0 0
so(n,m) = 51:1:16—% - §jxja—xi , (9.28)
where
1 i=1,....n
5i_{—1 i=n+1,....n+m (9.29)

Example 12. The Lorentz algebra so(3,1)

Introducing coordinates x,y, z,t, the elements are

0 0 0 0 0 0
Ay =2y gy =yl Y = Y
! xay Yoz 2~ Y5, Z@y’ A
0 1o} 0 0 0 0
Bi=ag tig . Ba=ygy tig..Bs =25 +15 . (9.30)
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9.5 Symplectic Algebras sp(2n)

A differential realization of sp(2n) is obtained by introducing 2n coordinates
9

divided into 1, ..., z,; 2], ..., 2. A construction of sp(2n) is
0
Ti— 1=1 n n
lam; ) )
/ a 71
i h i=1,....n n
K3
0 , 0 . 5
xiai:rj_mj@ hLj=1...,n n . (9.31)
0 0 . —1
xl@l‘/—i_xjﬁ Z<]:1,...,n7"(n2 )
7 i
0 / 0 . . n(n—1)

The number of elements is written to their right. There are in total n(2n+1)
elements.

Example 13. The Lie algebra sp(2)
Introducing coordinates x1, ) one has

0 0 0 0
8733’1’)(2 X3:$17*=’17/18m/1 .

— T
= Xy 8.’1?]_ ) 8$1 (932)

X1:IE1

All the differential realizations discussed above are real forms. [Jin-Qan Chen,
Group Representation Theory for Physicists, World Scientific, Singapore,

1989.]



11 Spectrum Generating Algebras
and Dynamic Symmetries

11.1 Spectrum Generating Algebras (SGA)

One of the most important applications of Lie algebras has been to the study
of physical systems for which the Hamiltonian H and other operators of
physical interest T can be written in terms of elements G, of a Lie algebra

9,
H = f(Ga) Ga€yg (11.1)

and
T =1t(Gq) Go€g. (11.2)

The Lie algebra g is then called the Spectrum Generating Algebra (SGA) of
the problem. The functionals f and ¢ are usually polynomials in the elements
G., although cases have been studied in which 1/H rather than H is a
polynomial in the elements of the algebra (the so-called Coulomb problem
discussed in Chap. 12). It turns out that most many-body problems, that is
Hamiltonian problems for many interacting particles, can be cast in the form
of a polynomial expansion in GG,. The method is thus particularly important
for this case. It is convenient to use the double index notation, G,g, of Chaps.
7 and 8. The expansion can then be written as

1
H=Fy+ ZEQQGag + 3 Z UapysGapGrys + -+ - . (11.3)
af af3yé

The term linear in the elements is called one-body term, the term quadratic in
the elements is called two-body term, etc.. Most theories stop the expansion
at two-body terms, although in some cases three- and higher-body terms have
been considered. The term Ej is an overall constant, which sets the zero of
the energy, and the coefficients €3, Uagys, - - - depend on the physical system
under consideration.

11.2 Dynamic Symmetries (DS)

A particularly interesting situation occurs when the Hamiltonian H does not
contain all elements of g, but only those combinations which form the Casimir
operators of a chain of algebras originating from g > ¢’ D ¢” D ...

Francesco Iachello: Lie Alaebras and Applications. Lect. Notes Phvs. 7T08. 163—-172 (2006)
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H=f(C;). (11.4)

For these situations, called dynamic symmetries (DS), the eigenvalue problem
for H can be solved in explicit analytic form, since the Casimir operators are
diagonal in the basis provided by ¢ D ¢’ D ¢’ D .... The energy eigenvalues
are given by a formula called energy formula in terms of the quantum num-
bers that characterize the representations of ¢ D ¢’ D ..., while the matrix
elements of the transition operators T' are given in terms of isoscalar factor
of the chain ¢ D ¢’ D ¢” D .... When the Hamiltonian H is linear in the
Casimir operators

H=Ey+aC(g)+dC(g)+a"Clg")+ - (11.5)
the energy formula is simply
E = (H)=Ey+a(C(g)) +a (C(g)) +a" (Clg")) + -, (11.6)

where () denotes expectation value in the appropriate representation. Several
examples will be discussed in the following sections. In these examples, taken
from the fields of molecular physics, nuclear physics and hadronic physics,
the Hamiltonian H is at most quadratic in the elements of the algebra g, and
hence the Hamiltonian with dynamic symmetry contains at most Casimir
operators of order 2. Systems for which the Hamiltonian has a dynamic sym-
metry are also called exactly solvable problems. Dynamic symmetries were
introduced in [A.O. Barut and A. Béhm, Dynamical Groups and Mass For-
mula, Phys. Rev. B139, 1107 (1965)] and [Y. Dothan, M. Gell-Mann, and
Y. Ne’eman, Series of Hadron Levels as Representations of Non-compact
Groups, Phys. Lett. 17, 148 (1965)] and subsequently exploited in nuclear
physics [F. Tachello, Dynamical Symmetries in Nuclei, in Group Theoretical
Methods in Physics, Ed. A. Bohm, Lange Springer, Berlin, 1979, p.420] and
other areas.

11.3 Bosonic Systems

Consider a system composed of N bosons b, (o = 1,2,...,n). The (number
conserving) Hamiltonian operator for this system can be written as

1
H=FEo+ Y _ Zapblbs + 3 > tasysbibhbybs + - (11.7)
af afvyé

After rearrangement of some of the boson operators, this Hamiltonian can
be written as above with G,3 = blbs and

N 1
€aB = EaB — B ZUOCVWﬁ . (11.8)
ol



11.3 Bosonic Systems 165

The bilinear products b bz are the elements of the Lie algebra u(n). Hence
u(n) is the spectrum generating algebra of this problem. The transition op-
erators

T = tapblbs+-- (11.9)

af

can also be written in terms of the elements of the Lie algebra u(n). A
physical system is characterized by a set of parameters .3, ungys and tag.
The methods of the previous chapters can then be used to solve the eigenvalue
problem for H, that is to find the energy spectrum of the system under
consideration, and to calculate matrix elements of operators.

Dynamic symmetries of this system can be studied by breaking u(n) in
all possible ways. Often additional conditions are imposed on the breaking of
the algebra ¢ into its subalgebras ¢’. In most applications, the system under
study is rotationally invariant. Hence the algebra so(3) must be included in
the chain ¢ D ¢’ D ¢” D .... The breakings of u(n) into its subalgebras
containing so(3) were enumerated in Chap. 7. Knowing these breakings one
can construct the corresponding dynamic symmetries. Two examples of boson
dynamic symmetries will be given here.

11.3.1 Dynamic Symmetries of u(4)

Consider the algebra g = u(4) discussed in Chap. 7. This algebra has two
subalgebra chains containing so(3)

u(3) D so(3) D so(2) (I)

/
u(4 11.10
@ (11.10)
so(4) D so(3) D so(2) (I1)
and correspondingly two possible dynamic symmetries.
Dynamic symmetry I

The Hamiltonian in this case can be written as

HD = By + C1(u(3)) + aCy(u(3)) + SC:(s0(3)) . (11.11)

The Casimir operator of so(2) could be added to this Hamiltonian. However,
this corresponds physically to placing the system in an external field that
splits the degeneracy of the angular momentum. In the absence of exter-
nal fields, the Casimir operator of so(2) can be deleted. Also the invariant
operators of u(4) could be included in the overall constant Fy,

EO = Eoo + EOlCl(u(Zl)) + EOQCQ(U(4)) . (1112)
In the representation [N] of u(4) appropriate to bosons,
Ey =E00+E01N+E02N(N+3) (1113)

is a constant for all states in the basis.
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(a) L
3
ny=4 4 o 0
np=3 ———3
np=2 2 0
ny=1 ——=I1
n,=0 0
(b)
{
4 0
—_— w=N-4
3 v=2
3 2
2 0
1 w=N=-2
0 v=1
w=N
v=0

Fig. 11.1. The energy level diagram of the dynamic symmetries of u(4): (a) u(4) D
u(3) D so(3) D s0(2); (b) u(4) D so(4) D so(3) D so(2). The representation [4] is
shown

The eigenvalues of H() in the basis | N,n,, L, M) can simply be found
from the eigenvalues of the Casimir operators given in Chap. 5,

EW(N,n,, L, M) = Eg +¢eny + any(n, +2) + BL(L+1) . (11.14)

Usually, a hierarchy of couplings occurs, in such a way that successive split-
tings are smaller and smaller, |e| > |a| > |B|. It is customary to show
the spectrum in an energy level diagram. The energy level diagram of
the dynamic symmetry I of u(4), with € > 0, is shown in the top part of
Fig. 11.1. This is the spectrum of a truncated three dimensional anharmonic
oscillator. When o = 3 = 0, the spectrum is called harmonic. The spectrum
is truncated, since according to the branching rules of Chap. 7, n, < N.

Dynamic symmetry IT

The Hamiltonian for this case is

HUYD = By + ACy(so(4)) + BCy(s0(3)) , (11.15)

where again the Casimir operator of so(2) has been deleted. The eigenvalues
of HU1) in the basis |N,w, L, M) are

EUYD(N,w, L, M) = Ey + Aw(w +2) + BL(L + 1) . (11.16)
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‘2
© Vib

Vib o
2\

Fig. 11.2. A diatomic molecule is shown as an example of a truncated three-
dimensional rotovibrator

Usually |A] > |B|. The energy level diagram of this dynamic symmetry, when
A < 0, is shown in the bottom portion of Fig. 11.1. It represents the spec-
trum of the truncated three dimensional rotovibrator. In the figure, the usual
vibrational quantum number is also shown. A three-dimensional rotovibra-
tor is an object, such as a diatomic molecule, which can vibrate and rotate
around an axis perpendicular to the line joining the two atoms, as shown in
Fig. 11.2. This spectrum is characterized by a set of states belonging to the
same representation of so(4), called a rotational band. Different representa-
tions of so(4) correspond to different vibrational excitations. The spectrum
is truncated since, according to the branching rules of Chap. 7, w < N.

The two dynamic symmetries represent special situations. In general, the
Hamiltonian H will contain Casimir operators of both chains

H = Ey+eCy(u(3)) + aCs(u(3)) + AC2(so(4)) + BCs(s0(3)) . (11.17)

The eigenvalues must be obtained numerically. For this most general case, Lie
algebraic methods provide a basis upon which the numerical diagonalization
is done. In the case of u(4), there are two such bases, corresponding to the
two dynamic symmetries (I) and (II).

Models based on the algebra of u(4) and its dynamic symmetries have
found many applications in molecular physics. [F. Iachello and R.D. Levine,
Algebraic Theory of Molecules, Oxford University Press, Oxford, 1995.]

11.3.2 Dynamic Symmetries of u(6)
For g = u(6), the subalgebra chains containing so(3) are
u(5) D so(5) D so(3) Dso(2) (1)
u(6) . su(3) O s0(3) D so(2) (II) (11.18)
h s0(6) D so(5) D so(3) D so(2) (III)

and correspondingly there are three possible dynamic symmetries.
Dynamic symmetry I
The Hamilonian is

HY = Ey+ eC1 (u(5)) + aCs(u(5)) + BCa(so(5)) + vCa(so(3)), (11.19)
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where again the Casimir operator of so(2) has been omitted. The eigenvalues
in the basis |N,ng,v,na, L, M) are

E(I)(N, ng,v,na, L, M1) = Eo + eng + ang(ng + 4)
+0v(v+3)+~yL(L+1).  (11.20)

Usually ] > |a| > |B] > |vy|- The energy level diagram, when ¢ > 0, is
shown in Fig. 11.3 (top panel). It represents the spectrum of the truncated
five-dimensional anharmonic oscillator. If & = § = v = 0, the spectrum is
called harmonic.

Dynamic symmetry 11

The Hamiltonian is

HID = By + kCy(su(3)) + £'Ca(so(3)) . (11.21)

Its eigenvalues in the basis |N, A\, u, K, L, M},) are

@ L
N
ng=3 6
4 3 ) 0
ng=2 4 > 0
ng=1 2
ng=0 0
(b) L
0
4 4 0
K=0
3 0.0)
2 =) 2
4 K=0 0
22
2
K=0 0
(6,0)
(©
L
1
=3 6 4 =1 2
3
0 =0 ——0
o=1
T=2 4 )
=1 2
=0 0
o=3

Fig. 11.3. The energy level diagram of the dynamic symmetries of u(6): (a) u(6) D
u(5) D so(5) D s0(3) D so(2); (b) u(6) D su(3) D so(3) D so(2); (¢) u(6) D so(6) D
s0(5) D so(3) D so(2). The representation [3] is shown
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Fig. 11.4. A nucleus deformed in the shape of an ellispoid is shown as an example
of a truncated five-dimensional rotovibrator

EUD(N XN, K, L, M) = Eo + (A% + p® + A+ 3\ +3u) + £'L(L+1) .
(11.22)
Usually |&| > |x’|. The corresponding energy level diagram, when x < 0,
is shown in Fig. 11.3 (middle panel). This is the spectrum of the truncated
five-dimensional rotovibrator. A five-dimensional rotovibrator is an object,
such as an atomic nucleus deformed in the shape of a quadrupole, which
can vibrate and rotate around an axis perpendicular to the symmetry axis of
the quadrupole, as shown in Fig. 11.4. Each representation (\, pt) represents a
rotational band. Different representations (A, ) label vibrational excitations.
Dynamic symmetry I11
The Hamiltonian is

HUTD = Ey + ACy(s0(6)) + BCa(s0(5)) + CCa(s0(3)) - (11.23)
Its eigenvalues in the basis |N, o, 7,va, L, M) are
EYD(N,o,7,v4,L, Mr) = Eg+Ac(c+4)+Br(1+3)+CL(L+1) . (11.24)

Usually |A| > |B| > |C|. The energy level diagram when A < 0 is shown
in Fig. 11.3 (bottom panel). It is called the five dimensional y— unstable
rotovibrator.

The three dynamic symmetries represent special situations. In general,
the Hamiltonian contains Casimir operators of all three chains

H = Ey + £C1(u(b)) + aCs(u(5)) + BCa2(s0(5)) + vCa(so(3))
+1Cs(su(3)) + ACs(s0(6)) (11.25)

and must be diagonalized numerically. Models based on the algebra u(6) and
its dynamic symmetries have had many applications in nuclear physics. [F.
Tachello and A. Arima, The Interacting Boson Model, Cambridge University
Press, Cambridge, 1987.]
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11.4 Fermionic Systems

Spectrum generating algebras and dynamic symmetries can also be used for
fermions. Consider a system composed of Np fermions a;(i = 1,2,...,n).
The number conserving Hamiltonian operator for this system can be written
as 1

H = Ey+ Zﬁii'alai/ + B} Z ’Uii/kk/azailakak/ + - (11.26)

i’ i’ kk/

After rearrangement of some of the fermion operators, the Hamiltonian can
be rewritten as

1
H=Ey+ Z”?n"Gii/ t3 Z Vit Gie Gl + -+ (11.27)

[ iki' k'

The elements G;;» span the Lie algebra u(n). Hence u(n) is the spectrum gen-
erating algebra of this problem. All operators can be expanded into elements
of this algebra. The transition operators

T=> twalay+ - (11.28)

i/

are written as
T=> tiuGi+--- . (11.29)
@’
A physical system is characterized by a set of parameters 7, v;ikr and
t;ir. One can use the methods of the previous chaps. to solve the eigenvalue
problem for H and to calculate the matrix elements of operators.

Dynamic symmetries of these systems can be studied by breaking u(n) in
all possible ways. There are two types of problems, the atomic and nuclear
many body problem in which the Hamiltonian is rotationally invariant and
thus so(3) must be included in the chain ¢ D ¢’ D ¢’ D ..., and other
problems in which one treats internal degrees of freedom and thus rotationally
invariance need not to be imposed. The former problem is identically to that
discussed in Chap. 3. In the following subsections two examples will be given
of the latter problem.

11.4.1 Dynamic Symmetry of u(4)
The Wigner algebra u(4) is described by the chain
u(4) D su(4) D sur(2) ® sug(2) D spinr(2) B sping(2) . (11.30)

The basis states can be denoted by |(P, P/, P"); T, S; My, Mg). The Hamil-
tonian with dynamic symmetry is
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H = Ey+aCs(su(4))+bCa(sur(2))+cCs(sus(2))+dCi (spiny(2)) . (11.31)

In this Hamiltonian, the Casimir operator of sping(2) is not included, unless
the system is placed in an external field that splits the sug(2) degeneracy, but
the Casimir operator of spinr(2) is included. This group acts on an abstract
isotopic spin space. In this space, there are interactions (for example the elec-
tromagnetic interaction) that split the sur(2) degeneracy. The eigenvalues of
the Hamiltonian are

E(P,P',P",T,S; My, Ms) = Ey + a(P? + 4P + P> + P"?)
+bT(T +1) +cS(S+ 1) + dMr . (11.32)

A simple case is when b = ¢ = d = 0. [P. Franzini and L.A. Radicati, On the
Validity of the Supermultiplet Model, Phys. Lett. 6, 32 (1963)].

11.4.2 Dynamic Symmetry of u(6)

The Gilirsey-Radicati u(6) is described by the chain

u(6) D su(6) D sup(3) ® sug(2) D sur(2) uy (1) ® sug(2)
D spiny(2) ® uy (1) @ sping(2) . (11.33)
The basis states are denoted by |dim[/\];dimsdim[,ul,,uQ];T,Y,S; Mrp, Mg).
For applications to elementary particle physics, the mass operator M rather
than the Hamiltonian H is expanded into the elements of a Lie algebra.

The mass operator with dynamic symmetry is written in terms of Casimir
invariants as

M = Mo + aCi (uy (1)) + b {02(51“1(2)) - icl(uyu))]
+cCa(sug(2)) + dC (sping(2)) , (11.34)

with eigenvalues

1
MM, [y, po): T,Y, S; My, Mg) = My + aY +b [T(T +1) — 4Y2]
+¢S(S+1) + dMy . (11.35)

This formula is called a mass formula as it gives the masses of the particles.
The mass level diagram for the representation [A] = [3,0,0, 0, 0] with dim[A] =
56 is shown in Fig. 11.5. [F. Giirsey and L.A. Radicati, Spin and Unitary
Spin Dependence of Strong Interactions, Phys. Rev. Lett. 13, 173 (1964).]
The sup(3) flavor part of this formula, called the Gell-Mann-Okubo mass
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(a)
—_— ———— E (Y=-1,T=n)
2 (Y=0,T=1)
A (Y=0,T=0)
28 _ N (Y=1,T=1n)
(b)
Q (Y=-2,T=0)
—_— ———— B (Y=-1,T=lp)
= (Y=0,T=1)
410 A (Y=1,T=53n)

Fig. 11.5. The mass level diagram of the representation [3] of u(6) with dimension
56. States are labeled by quantum numbers and by names of particles to which they
correspond

formula was the first explicit example of dynamic symmetry in physics [M.
Gell-Mann, Symmetries of Baryons and Mesons, Phys. Rev. 125, 1067 (1962);
S. Okubo, Note on Unitary Symmetry in Strong Interactions, Progr. Theor.
Phys. 27, 222 (1962)].



10 Matrix Realizations

10.1 Matrices

Lie algebras can be constructed with n x n square matrices

a— (... (10.1)
acting on the right on column vectors with n rows

X = , (10.2)

and on the left on row vectors with n columns

x=(). (10.3)

Properties of matrices have been given in Chap. 3.

10.2 Unitary Algebras u(n)

The matrices
0

0
000100

0

0

0

Ejom = (10.4)

with 1 in the k-th row and m-th column and zero otherwise, satisfy the
commutation relations of u(n) [and gl(n)]

[Eknu Est] = 6smEkt - 6ktEsm . (105)

For su(n), one subtracts the unit matrix, I, divided by n,

Francesco Iachello: Lie Alaebras and Applications. Lect. Notes Phvs. 7T08. 155-162 (2006)
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1 0
1
I= e (10.6)
1
0 1
from FEy .
Ei. = Egr — ﬁj (10.7)

and deletes E/,,. The remaining n? — 1 matrices are the elements of su(n).
This procedure provides real forms of u(n) and su(n).

Example 1. Matriz realization of u(2)

A real matrix realization of u(2) is

10 01
E11<00>, E12<00>7
00 00
Ey = (10) y Ea = (01> - (10.8)

Example 2. Matriz realization of su(2)

A real matrix realization of su(2) is

1/10 01
E11:2<01> ) E”:(oo) ’
00
b= (00). 0s)

It is of interest in physics to introduce also complex forms of the algebras u(n)
and su(n). A common construction is: (i) Retain Ejyj for u(n) and Ej, for
su(n) for the elements with k = m. (ii) Take the combinations (Egm + Emk) ,
—i (Egm — Emy) for the elements with k& # m. This gives the complex form
of u(n)

Ekk’ ]CZL...,TL n

n(n—1

E+,km:Ekm+Emk k<m:17""n (T) . (1010)
1

E—,kmzfi(Ekm*Em.k) k<m:]—7"'7n %

The number of elements of each type is written to the far right.
Example 3. Complex form of u(2)

The complex form of u(2) is
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00
) E22—<01) ’

0 0 —i
Lo) o Boaz= (Z 0 ) . (10.11)

Ei =

Eiq=

O =
—_— O O
N— —

Example 4. Complex form of su(2)
This algebra is composed of three elements
Ei 12 =FEi3+ Ey
E_15 = —i(Eyo — E2)

1
By = En — 5l (10.12)

The corresponding matrices, denoted by o,,0,,0,, are

01 0 —i 10
ax—(lo),ay—<i 0),UZ—<0_1). (10.13)

The last matrix, Ej;, has been multiplied by 2 to conform with the usual
normalization of o.. They are called Pauli matrices and are widely used in
quantum mechanics. The Pauli matrices, together with the unit matrix, I,

I ((1)(1)) : (10.14)

that is the matrices of u(2), form also another algebra, not discussed here,
called a Clifford algebra.

Example 5. Complex form of u(3)

The complex form of u(3) is

010 0—-20 001
Ef19=(100|,E_12=[4%00]|,Ef13=1000],

000 000 100

00 —1 000 000
E_713 = 00 0 ,E+,23 = 001 7E’_713 = 00 —2 s

100 010 07 0

100 000 000
Eyy=(000),Ex=(010],E33=1000]. (10.15)

000 000 001

Example 6. Complex form of su(3)
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In the complex form of su(3) the first six matrices remain the same

010 0—i0 001
X;=|000]|,Xx,=(i00]|,x35=000],

000 000 100

00 —i 000 00 0
X,=[000 |, Xs=[001],X¢=[00-i]. (10.16)

i00 010 0i 0

The last three matrices are replaced by the two matrices

L (20 0 L [—100
Xp=5|0-10 | Xs=5| 020 |. (10.17)
00 —1 00-1

Note that the choice of the traceless matrices is not unique. In applications,
often different choices are made. A commonly used choice is

100 T (100
X;=[0-10 ,XSZ\[ 010 | . (10.18)
000 00 -2

The corresponding matrices are called Gell-Mann matrices.

10.3 Orthogonal Algebras so(n)

A real matrix realization of the algebras so(n) with square n x n matrices is
Ly = Evmn — Bk k<m, (10.19)
where the matrices Ey,, are given above.

Example 7. Matriz realization of so(2)

A real matrix realization of so(2) is

01
Ly = Eyg — By = (_1 0> . (10.20)

This algebra is Abelian, and can be written in many ways.
Example 8. Matriz realization of so(3)

A real matrix realization of so(3) is

010 001 000
Lig=|—-100|,Liz= 000 |,Lozs=[001]. (10.21)
000 —-100 0-10

In applications in quantum mechanics, the complex form i Ly, is used. How-
ever, matrix realizations of so(n) are rarely used.
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10.4 Symplectic Algebras sp(2n)

The construction of symplectic algebras is more involved. It is necessary here
to introduce 2n x 2n matrices

0
0
00---0 100
Epym = 0 (10.22)
0
0
The rows and columns are labelled by the indices k,m = 1,... , n;n +
1,...,2n. A real matrix realization of sp(2n) is
Ek,n-‘,—k k= 1,..,’/1 n
En—i—k,k kzl,...,n n
Ek,m - Ln+m,n+k kv m = ]-7 . n? . (10.23)
Ek,n+m+Em,n+k E<m=1,...,n @
Epitm + Bngmp k<m=1,...,n 221

The number of elements of each type is shown to the right.
Example 9. The algebra sp(2)

In this case n = 1. The construction gives

01 00 10
E12(OO);E21(10);E11E22<0_1) . (1024)

Note that sp(2) ~ su(2). The matrix realization of sp(2) is identical to that
of su(2) given in (10.9), apart from a normalization of the element Ej, =
1 (E11 — E).

Example 10. The algebra sp(4)

In this case n = 2. The construction gives the ten elements

En3; Eag; E315 Ego 4
(E11 — E33) 5 (E12 — Euz); (B2 — E34) 5 (Ba2 — Ega) 4. (10.25)
(Era + E23) ;5 (Es2 + Eu) 2
where
0010
0000
E13 = 0000 7€tC. (10.26)
0000

This provides a real form of sp(2n).
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10.5 Basis for the Representation

A basis for the fundamental n dimensional representation of u(n) and su(n)
is provided by n-columns vectors

1 0 0
0 1 0

B: ] (10.27)
0 0 0
0 0 1

Example 11. The basis for su(2)

The basis for the 2-dimensional representation of su(2) is formed by two
columns vectors, often denoted by «, 3

o= <(1)) 8= ((1)) . (10.28)

The matrix realization of the algebra can be re-written in Cartan-Weyl form,
introducing the matrices o4 = (0, o),

oo (00 o= ()= (B0) . o

The action of the elements on the basis is

cra=00_a=0 c,a=a«

oyf=aoc_p=00.=-0" (10.30)

One of the most important applications of su(2) in physics is in the descrip-
tion of particles with spin S = % The three spin operators, S, Sy, S, can be
simply be written as S, = %ak. The “spin” basis was discussed in Chap. 8
where it was denoted by

su(2) D spin(2)

l 1 > . (10.31)

1 _ 1
3 Ms=+;

S

The relation between the basis here and that discussed in Chap. 8 is

1 1 1 1
=|=,+= =|-,—=) . 10.32
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Example 12. The basis for su(3)

The basis for the fundamental representation of su(3) is formed by three
column vectors

1 0 0
o = 0 , g = 1 , 3 = 0 . (1033)
0 0 1

The matrix realization of su(3) was given in Example 6. In applications to
particle physics the Gell-Mann matrices were used. This basis was discussed
in Chap. 8, where it was denoted by

l ! l
M) =[1] T=01 Mp=0+3

su(3) D su(2) D spin(2)
> (10.34)

The relation between the basis (10.33) and that discussed in Chap. 8 is
1 1 1 1
= —+—- ) = =11],=,—= ) = =|[1 = .
a1 ‘[1],2,+2> u, Qg ’[]72, 2> d, a3 =|[1],0,0) = s, (10.35)

where the notation u, d, s used in particle physics has also been included.
For representations of u(n) and su(n) other than the fundamental repre-
sention, matrix realizations are seldom used.

10.6 Casimir Operators

The Casimir operators can be constructed from matrices. For the algebras
u(n) and su(n), the unit matrix I commutes with all elements and thus is a
Casimir operator.

Example 13. The Casimir operator of su(2)

For applications to physics it is of particular interest to construct the
Casimir operator of su(2). This algebra has only one invariant, Cs(su(2)). It
can be easily shown that the invariant is

Co(su(2)) =02 + o0, + 02 =31 . (10.36)

(The condition o7 = I is one of the axioms defining a Clifford algebra.) The
eigenvalues of the Casimir operator in the basis are

(@Y oila) =3, (B oil8)=3. (10.37)
k k

In application in physics, the algebra su(2) often describes spin % particles.
The eigenvalues of the Casimir invariant in the 2-dimensional representation
of su(2) is
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(Calsul2))) = 3 (10.38)

This value agrees with the eigenvalues of the Casimir operator in the generic
representation |J, M) of su(2) given in Chap. 8,

(Co(su(2)) = (T +1), (10.39)

since here J = S = %



12 Degeneracy Algebras
and Dynamical Algebras

12.1 Degeneracy Algebras

Another important application of algebraic methods in physics is to the study
of exactly solvable problems in quantum mechanics. Consider quantum me-
chanics in v dimensions described by the Hamiltonian

h2
H=-——V*+V(r 12.1
VRV () (12.1)
where V2 is the Laplace operator and r = (x1,%2,...,2,) denotes a vector in
v dimensions with components 1, s, ..., z,. This Hamiltonian is obtained

from the classical Hamiltonian
p?
H=— 12.2
o + V(r) ( )

by the usual quantization procedure p — %V. If the Hamiltonian (12.1) can
be written in terms of the Casimir operator C' of an algebra g,

H=f(C) (12.3)
the eigenvalue problem for H can be solved in explicit analytic form,
E = (f(C)) . (12.4)

This situation is a dynamic symmetry, Sect. 11.2, except that only the
Casimir operator of g and not those of the subalgebra chaing D ¢’ D¢’ D ...
appears in (12.3). The representations [A] of g still label the eigenstates of
the Hamiltonian and the symbol () denotes expectation value in the repre-
sentation [A]. If dim[\] # 1, more than one state has energy E. The state is
said to be degenerate and the algebra g is called the degeneracy algebra, g.,
of the problem.

12.2 Degeneracy Algebras in v > 2 Dimensions

A particularly interesting class of problems is that of quantum mechanics in
v > 2 dimensions with rotationally invariant potentials, V' = V(). Here

Francesco Iachello: Lie Alaebras and Applications. Lect. Notes Phvs. 7T08. 173-188 (2006)
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r= (2?4224 +a22)V2. (12.5)

This problem admits two and only two exactly solvable cases, the isotropic

harmonic oscillator with V(r) = k72, and the Coulomb (or Kepler) problem

-2
with V(r) = é

12.2.1 The Isotropic Harmonic Oscillator

The Hamiltonian operator, in units where h =m =1 and k =1, is

H= (7 +77) = 5 (-V* 4 17). (12:)

Introducing the bosonic realization of Chap. 7 written in differential form
and generalizing the results of Example 3 one can write the linear Casimir
operator of u(v) as

i (u(v)) = ;; <xj _ ai) (xj 4 ai) . (12.7)

The basic commutation relations

[%‘7 aij = —0;j (12.8)
give ,
H = Ci(u(v)) + 5 (12.9)

The degeneracy algebra of the v-dimensional harmonic oscillator is thus u(v).
[J.M. Jauch and E.H. Hill, On the Problem of Degeneracy in Quantum Me-
chanics, Phys. Rev. 57, 641 (1940).] States are characterized by the totally

symmetric irreducible representations [n,0,...,0] = [n] of u(v), with eigen-
values y
E(n):n+§ n=20,1,...,00. (12.10)

Although harmonic oscillator problems are best attacked by bosonic real-
izations of Lie algebras, it is still of interest to consider differential realiza-
tions in terms of coordinates r = (z1,22,...,2,) and momenta p = %V =

1 16} 16} 16}
i \Oxy? dxg? """ Oz, )°

Example 1. Isotropic harmonic oscillator in three dimensions

As discussed in Chap. 7, this problem is best solved in spherical coordi-
nates 7,1, . The Hamiltonian (12.2) is

2 2
P r

H=—++ — 12.11
2 2 ) ( )

where r and p are here three-dimensional vectors. The nine operators
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_ Lo o
H = (r* +p?)
L = —ivV2[r x p]V

Q=[rxr+pxp?, (12.12)

where L and Q are the angular momentum vector and quadrupole (rank-2)
tensor in three dimensions, satisfy commutation relations isomorphic to those
of u(3). (The notation used here is that of [A. deShalit and I. Talmi, Nuclear
Shell Theory, Academic Press, 1963], where r and p are rank-1 tensors, and
the superscript denotes tensor couplings. The operator Q has an additional
factor, often v/8, in other definitions.) The algebra u(3) has three invariant
Casimir operators, Cy,Cy and C5. The Hamiltonian H of (12.11) can be
rewritten as

H = Cy(u(3)) + g . (12.13)

(Note that H commutes with the eight elements of the algebra su(3), L and
Q.) The eigenstates are labelled by the irreducible representations [n,0,0] =
[n] of u(3). A complete labelling is |n,l, m) with

u(3) D so0(3) D so(2)
1 1 ! > :

n l m

(12.14)

The branching of the representations [n] of w(3) into representations of
s0(3) D so(2) has been discussed in Chap. 7. The values of [ for each n

are given by | = n,n—2,...,1 or 0 (n = odd or even). The values of m
are m = —I,...,+l. The quantum number n = 0,...,00. The energy level
diagram
3
E(n) :n+§ (12.15)

for this case is shown in Fig. 12.1. The three dimensional harmonic oscillator
finds useful applications in a variety of problems in physics.

L
1
n=4 4 2 0
n=3 3 —]
n=2 2 0
n=] =—
n=0 0

Fig. 12.1. The spectrum of the three-dimensional harmonic oscillator. States up
to n = 4 are shown
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Example 2. Isotropic harmonic oscillator in five dimensions

This problem is of interest in nuclear physics, in the study of quadru-
pole oscillations of a liquid drop. The problem is best solved by introducing
coordinates o, (1 = 0,£1,+2) and momenta 7, (¢ = 0, %1, £2), called Bohr
variables. The coordinates o, are the five components of a quadrupole (rank-
2) tensor with respect to rotations. The Hamiltonian in dimensionless units

is
1
H=g (ZwiJrZai) . (12.16)
B B

This Hamiltonian can be rewritten as
5
H = Cy(u(5)) + 3 (12.17)

The basis states are labelled by the totally symmetric representations [n, 0, 0,
0,0] = [n] of u(5). The complete labelling is |n, 7,v,1,m) with

u(5) D so(5) D so(3) D so(2)>
(12.18)

! ! l !
n

T, VA l m

The branching of the representations [n] of u(5) is given in Chap. 7, Sect. 6.
The energy level diagram for this case

)
E(n)=n+ 5 (12.19)
is given in Fig. 12.2.

L

{
n=4 8 6 5 4 4 2 2 0
n=3 6 4 3 2 0
n=2 4 2 0
n=1 2
n=0 0

Fig. 12.2. The spectrum of the five-dimensional harmonic oscillator. States up to
n = 4 are shown
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12.2.2 The Coulomb Problem

The Hamiltonian operator for this problem, when A =m =1 and k =1, is

_pr_1__V_ T (12.20)

While the derivation of (12.13) is straightforward, the rewriting of H in terms
of Casimir operators is more involved (see Examples 3 and 4). For bound
states, where E = (H) < 0, the Hamiltonian H can be rewritten as
1
H=- . (12.21)
v—1)2
2 [Ca(solv + 1)) + (452)°]

The degeneracy algebra of the r-dimensional Coulomb problem is thus
so(v + 1). (The Coulomb problem is a case in which the Hamiltonian H
is not linear in the Casimir operators, but rather its inverse, 1/H, is.) The
eigenstates are characterized by the totally symmetric irreducible represen-
tations [w,0,0,...,0] = [w] of so(v + 1) with eigenvalues
Ew)=- ! 5 w=0,1,...,00. (12.22)
2 [w(w+u—1)+ (1) }

Example 3. Coulomb problem in three dimensions

The Coulomb problem in three dimensions (also called the Kepler prob-
lem) was the first problem for which degeneracy algebras were introduced,
initially by Pauli [W. Pauli, Uber das Wasserstoffspektrum von Standpunkt
der neuen Quantenmechanik, Z. Phys. 36, 336 (1926)] following the classical
treatment of Runge and Lenz, and subsequently by Fock [V.A. Fock, Zur
Theorie des Wasserstoffatoms, Z. Phys. 98, 145 (1935)] and Bargmann [V.
Bargmann, Zur Theorie des Wasserstoffatoms, Z. Phys. 99, 576 (1936)].

The problem is best solved in the familiar spherical coordinates, r,, .
In order to derive (12.21), one begins by introducing the angular momentum
operator L and the so-called normalized Runge-Lenz vector A

L=rxp
A-—L lopxn-nxp X, (12.23)
vV—2H |2 r
Using the commutation relations of r and p = %V7 one can show that the
six components L; (i = 1,2,3) and A;(i = 1,2,3) satisfy, when E < 0, the
commutation relations of the Lie algebra so(4)

[Li, Lj] = igijn Ly
[Li, Aj] = igijpAg
[Ai, Aj] = ieyn Ly (12.24)
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while when E > 0 they satisfy the commutation relations of the non-compact
algebra so(3,1)

[Li, L;] = igiji Ly
[Li, A] = igijn Ak
[Ai,Aj] = _igijkLk . (1225)
The components of the angular momentum and Runge-Lenz vector are thus,
when E < 0, elements of the Lie algebra so(4). This algebra has two quadratic
Casimir operators, Cy and C} that can be written as
Ca(so(4)) = (L* + A?)
Ch(so(4)) =L-A. (12.26)

After lengthy manipulations, the Hamiltonian operator can be written as

1
- 2(Cy(s0(4) +1)

H = (12.27)

As one can see from the definition (12.23) of the Runge-Lenz vector, the scalar
product of L and A vanishes, L - A = 0. The second invarariant operator
does not appear therefore in H. The basis states of so(4) are labelled by
two quantum numbers [w1,ws]. However, due to the vanishing of C%(so(4)),
only the totally symmetric representations [w] = [w, 0] appear. The energy
eigenvalues can be obtained from the eigenvalues of the Casimir operators in
Chap. 5. They are given by

1
E(w) = w12 1) w=0,1,...,00. (12.28)
In order to label completely the states one needs to consider the branch-
ing so(4) D so(3) D so(2). This branching was considered in Chap. 7. The
complete labelling of states is |w,l,m), with branching | = w,w — 1,...,0
and m = —I,...,+l. It is customary to introduce the “principal quantum
number” n = w + 1. In terms of this quantum number the energy levels are

1

E(n,l,m) = 7@ .

(12.29)
This is the celebrated Bohr formula that gives the energy levels of the non-
relativistic hydrogen atom. The corresponding energy level diagram is shown
in Fig. 12.3. The states |n,l,m) are degenerate with total degeneracy n?.
Therefore so(4) is the degeneracy algebra of the Coulomb problem in v = 3
dimensions. A detailed account is given in [B.G. Wybourne, Classical Groups
for Physicists, J. Wiley and Sons, New York (1974), Chap. 21.]

Example 4. Coulomb problem in sixz dimensions
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L
l
w=3 3 1 0
w=2 2 1 0
w=1 1 0
w=0 0

Fig. 12.3. The spectrum of the three-dimensional Coulomb problem. States up to
w = 3 are shown. The principal quantum number is n = w + 1

This problem and its application to the three-body problem is best solved
in hyperspherical Jacobi coordinates. One first introduces two vectors p and A
or equivalently p,J,, ¢, and A, Jy, ¢,. The Jacobi hyperspherical coordinates
are 1,8, Uy, ¢, Ux, ) with
2 2\1/2
r=(p*+X%) & = arctan (p/A) . (12.30)

Introducing the notation

% =(p,A)  pi=(PppPr) 1=1,...,6, (12.31)
one can construct the 15 elements of the Lie algebra so(6) by

Li; = qip; —qipi, 4,j=1,...,6 i<j. (12.32)

To these, one can add the six components of the normalized Runge-Lenz
vector

1 1 q;

A; = 77 |2 (Lijpj —pjLji) — =

The 21 elements L;;,A; satisfy the commutation relations

i=1,...,6. (12.33)

[Lij, L) = i (0ixLji + 01 Lik — 0itLji — 855 Lir)
[Ai7 AJ] = ZLZJ
[Lij, Ar] = i (0inAj — 0nAi) - (12.34)

These commutation relations are isomorphic to those of so(7). The 21 ele-
ments also commute with the Hamiltonian H

[Lij, H] = [Ai, H| =0 (12.35)

where
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1, ., 9 1
fﬁ:§@p+p97;. (12.36)

The algebra so(7) possesses three Casimir operators Ca, Cy, C. The quadratic
operator is

6 6
Ca(so(T)) =Y L%+ A7. (12.37)

After some lengthy manipulations the Hamiltonian can be written as

1
H=- . 12.38
2[Calso(7)) + F] e
The expectation value of this Haniltonian in the representation [w] = [w, 0, 0]
is
1
Ew)=— =0,1,...,00. (12.39)

2 [w(w+5)+ 2]’

The representations of so(7) that appear are the totally symmetric represen-
tations [w], in view of conditions analogous to L - A = 0 in the three dimen-
sional case. In order to label completely the states, one needs to study the
branching of representations of so(7). This can be done using the techniques
of Chap. 4. The labelling of states appropriate for the choice of coordinates
in this example is s0(7) D s0(6) D 50,(3) ® s0A(3) D so(3) D so(2) with
quantum numbers

s0(7) D s0(6) D so(3) @ so(3) D so(3) D so(2)
! ! ! ! ! > (12.40)
w ol PN L M
Here v = w,w —1,...,1,0, and the values of [, are obtained by partition-

ing v as v =2n, + 1, +Ix, ny = 0,1,.... The values of L are obtained from
ll,+1x]| > L >|l,—1x] and M = —L,...,+L as usual. The energy level
diagram of the six dimensional Coulomb problem is shown in Fig. 12.4. The

L

{
w=2 2 2 2 1 1 1 0 0 0
w=] ——] ——1——0
w=0 ——0

Fig. 12.4. The spectrum of the six-dimensional Coulomb problem. States up to
w = 2 are shown
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spectrum is degenerate and so(7) is the degeneracy algebra. The Coulomb
problem in six dimensions is of interest in the three-body problem, in particu-
lar the three quark system in hadronic physics. [E. Santopinto, M. Giannini,
and F. Tachello, Algebraic Approach to the HyperCoulomb Problem, in Sym-
metry in Science VII, Edited by B. Gruber, Plenum Press, New York, 1995.]

12.3 Degeneracy Algebra in v = 1 Dimension

The case v = 1 is a special case, since the degeneracy algebra of the one-
dimensional Hamiltonian, in units A =m =1,
H = L v 12.41

=55+ V@) (1241)
is always the trivial algebra u(1) ~ so(2). Because in one dimension there is
no rotational invariance to impose, the class of exactly solvable problems in
v = 1 dimension, that is of problems that can be written in terms of Casimir
operators of an algebra ¢, is much wider than that in v > 2 dimensions. A
partial list is given in Table 12.1. The Hamiltonian for these problems is either
linear, case IV, or quadratic, cases I-1III, in the Casimir operators and hence
the eigenvalues, E(n), are either linear or quadratic in the quantum number
n. The strength of the potential is given in the table either by x(x — 1) or
by k2.

Example 5. The one dimensional harmonic oscillator

The one dimensional harmonic oscillator, V' (z) = %kﬁ, in units kK = 1,
has been treated in Chap. 7. Its Hamiltonian can be written as
1
H=0Cq(u(l)) + 3 (12.42)

with eigenvalues

1
E(n)zn—&—i n=0,1,...,00. (12.43)

Table 12.1. Exactly solvable quantum mechanical problems in one dimension

Case V() E(n)

(1) %% %(K-I—Qn)Q

(I7T) —%%};i) —%(5—1—n)2

(IT1) 5?2 (72 — 2e7%) —r%+ é {Nﬁn (n n %) - (n + ;)2

15 1
(IV) SR T /<;<n—|—2>
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12.4 Dynamical Algebras

The degeneracy algebra g, allows one to solve the eigenvalue problem and
thus classify the degenerate multiplets. However, in the cases discussed in the
previous Chap. 11 all states of the system were assigned to an irreducible rep-
resentation of an algebra ¢, and all operators H, T, .. were written in terms
of elements of g. It is of interest to do the same for quantum mechanical
problems. This problem is often called the embedding problem. The algebra
g that contains the degeneracy algebra g D g4 is called the dynamical algebra.
Included in the dynamical algebra g there are now raising and lowering oper-
ators that relate the different representations of g. The embedding problem
does not have a unique solution. An additional complication is that often the
quantum mechanical problem has an infinite number of bound (E < 0) eigen-
states, as in the two cases of Chap. 2. The dynamical algebra must therefore
be either a non-compact algebra or obtained by a limiting process (called
contraction) from a compact algebra. Both of these problems are outside the
scope of this book and will therefore be only mentioned here.

12.5 Dynamical Algebras in v > 2 Dimensions

12.5.1 Harmonic Oscillator

The degeneracy algebra is u(v). A commonly used dynamical algebra is the
symplectic algebra sp(2v, R) D u(v). [R.C. Hwa and T. Nuyts, Group Em-
bedding for the Harmonic Oscillator, Phys. Rev. 145, 1188 (1966).] However,
this embedding has the disadvantage that two irreducible representations are
needed to accomodate all the states of the harmonic oscillator. A simpler
embedding is obtained by drawing on the results of Chap. 7. Introducing a
fictitious coordinate, s, and momentum, p, = %%, one can construct the
algebra u(v 4+ 1). The algebra u(v + 1) D u(v) can be used as a dynamical
algebra of the harmonic oscillator. All states are assigned to the representa-
tion [N] of u(v + 1) with N — oo. The degenerate multiplets are labelled by
n=0,1,...,N — oo.

12.5.2 Coulomb Problem

The degeneracy algebra is so(v+1). The non-compact algebras so(v+1,2) D
so(v +1,1) D so(v + 1) have been used as dynamical algebras [H. Bacry,
The de Sitter Group Lsi and the Bound States of the Hydrogen Atom,
Nuovo Cimento 41A, 222 (1966)], [E.C.G. Sudarshan, N. Mukunda, and L.
O’Raifeartaigh, Group Theory of the Kepler problem, Phys. Lett. 19, 322
(1965)], [A.O. Barut, Dynamical Groups and their Currents, Springer Tracts
Mod. Phys. 50, 1 (1969).] However, the representation theory of non-compact
algebras is rather complicated and requires special attention. Again, a simpler



12.6 Dynamical Algebra in ¥ = 1 Dimension 183

embedding is obtained by introducing a fictitious coordinate s and momen-
tum %%, and constructing the algebra so(v + 2). This algebra, instead of
so(v + 1,1), can be used as dynamical algebra of the Coulomb problem in
v > 2 dimensions. All states are assigned to a representation [I'] of so(v + 2)

with I — oo. The degenerate multiplets are labelled by w = 0,1,...,I" — oo.

12.6 Dynamical Algebra in v = 1 Dimension

The algebra u(2) has been used extensively as a dynamical algebra in v = 1
dimension. In particular, this algebra has been used in the study of two
quantum mechanical problems of practical interest, already listed in Chap. 3,
V(z) = fﬁ (called the Péschl-Teller potential) and V(x) = k(e 2% —
2e~") (called the Morse potential).

12.6.1 Poschl-Teller Potential

The Hamiltonian operator for this problem in units i =m =1 is

1 d? k

H=—-% "
2dx?  cosh?z’

(12.44)
where x is a dimensionless coordinate. In order to construct the dynamical
algebra u(2) D su(2), introduce two variables ¥ and ¢ and consider the
differential realization of su(2) ~ so(3) on the sphere, given in Chap. 9,

)
Op
I = —ie™¥ ( 5 icot 19(9) (12.45)
and 0 0 0?
1 1
I?=— — (sind— |+ ——=—| - 12.46
[sinﬂ a0 (Sm 019) - sin2198302] (1246)
The simultaneous eigenfunctions of I2 and I,
X7 =G+ X7
L] =mx}" (12.47)
with 7 and m integer, are
X5 (0, ) = uj" (V) etme (12.48)

where u}" () satisfies the equation

1 9o (. 0 m? m L m
[_sinﬂ@ﬁ <51n19319> + 5111219} ui" (9) =70 + Dui" (9) . (12.49)
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The solutions of (12.50) are the associated Legendre functions PJ™(cos)
and the functions X;"(ﬁ, ) are just the spherical harmonics Y}, (9, ¢). The
substitution

cos = tanhx —00 < x < +00 (12.50)

brings (12.49) to the form

This is, apart from a factor 2, the Schrodinger equation with P&schl-Teller
potential. The strength of the potential k is related to the eigenvalue of the
Casimir operator of su(2) ~ so(3), j(j+1), by k = (j+1). The Hamiltonian
operator can be written as

1
H= 713 (12.52)
with eigenvalues
1
E(m) = —§m2 : (12.53)

In the bra-ket notation, the eigenfunctions can be written as

u(2) D so(2) >
. (12.54)

l !
J

m

All eigenstates are assigned to the representation j of w(2). This algebra is
the dynamical algebra of the problem. The Hamiltonian is written in terms
of elements of this algebra, in fact in terms of the Casimir operator I, of the
subalgebra so(2), which is the degeneracy algebra of the problem. There is a
peculiarity in this case due to the fact that the algebra so(2) is an orthogonal
algebra in an even number of dimensions and thus m = —j, ..., +7j. Since the
eigenvalues depend only on m?2, they are double degenerate. They correspond
to the eigenvalues of the potential and its reflection. The algebra u(2) should
therefore be used as dynamical algebra with the proviso that only states with
m > 0 should be considered. The spectrum of the Poschl-Teller potential with
this proviso is shown in Fig. 12.5. The Poschl-Teller potential is of interest
in molecular physics. [F. Tachello and S. Oss, Algebraic Model of Bending
Vibrations of Complex Molecules, Chem. Phys. Lett. 205, 285 (1993).] In
applications in molecular physics, often the quantum number m = j,j —
1,...,1,0 is replaced by the so-called vibrational quantum number n = j —
m,n=20,1,...,7. In contrast with the harmonic oscillator of Example 6, the
Poschl-Teller potential has a finite number of bound states. Thus j = finite,
and the representations of u(2) that appear in this problem are the usual
finite dimensional representations.
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V(x)

Fig. 12.5. The spectrum of the one-dimensional Pdschl-Teller potential superim-
posed to the potential. The strength of the potential is characterized by j = 4

12.6.2 Morse Potential
The Hamiltonian for this problem in units A =m =1 is

H771£+k[*2m72*1] (12.55)
= 2d.’L‘2 e € . .

In order to construct the spectrum generating algebra, introduce again two
variables s and t¢. A realization of u(2) in terms of differential operators

0 so 2 1S s
. 1 H?
F,==(st—
2 (S 65875)

S5 50t Las)
. 1 0 0
Fo=—(s——t—
v i(sat as)

2
A N
FZ4<5 A o TS
S O
N =3 <s o s 2 (12.56)

This realization is the oscillator realization of Sect. 7.3 written in terms of
differential operators. A hat is put in (12.56) to distinguish an operator from
its eigenvalue. Consider now the simultaneous eigenstates of N and F},. In-
troducing polar coordinates

s=Trcosp 0<r<oo
t=rsing 0<p<2m, (12.57)

the two operators can be rewritten as
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p_ 10
Y20
o 1/, 10 9 1 0

The simulatenous eigenstates of N and Fy can be written as

wN,my (T‘, 90) = RN,my (7')32imy¢ (1259)

where 2m, = integer since v should be periodic in ¢ with period 27, and
Ry m, (1) satisfies

1( 10 o 4m2
2<Vaf&j—ﬂy+ﬂ>RM%WF4N+DRMMWW (12.60)

By the change of variable
r=+N+1e /2 (12.61)

this equation can be brought to the form

d2 N+1\?, N
{wﬁ+<:z>(6%‘%”

This is, apart from a factor 2, the Schrodinger equation with Morse potential.
The strength of the potential k is related to the eigenvalue of the Casimir
operator of su(2) by

Ry.m, (x) = —=m Ry m, (z) . (12.62)

1/N+1\°
k=3 (;) . (12.63)
The Hamiltonian operator can be written as
L 2o
H=-F, (12.64)
with eigenvalues
1
E(m,) = —§m§ . (12.65)

In bra-ket notation, the eigenfunctions can be written as

u(2) D u(l)
1 1 > ; (12.66)

F my
where, as discussed in Chap. 7, Sect. 3, F' = % The values of m, are
My = —%, R —&-% = —F,...,+F, but, for reasons given above, only m, > 0

need be considered. The spectrum of the Morse potential is shown in Fig. 12.6.



12.6 Dynamical Algebra in ¥ = 1 Dimension 187

V(x)

Fig. 12.6. The spectrum of the one-dimensional Morse potential. The strength of
the potential is characterized by F' = 5 =4

The Morse potential is of great interest in molecular physics. [Y. Alhassid, F.
Tachello and F. Giirsey, Group Theory of the Morse Oscillator, Chem. Phys.
Lett. 99, 27 (1983).] Here also it is customary to introduce a vibrational
quantum number v = % —my,v =0,1,..., % or % (N =even or odd),
and the number of bound states is finite. The Morse potential problem in
one dimension is soluble not only for the values such that N integer, but for
any strength k. The general solution requires however the use of projective
representations of u(2) rather than tensor representations. Projective repre-
sentations of w(2) [V. Bargmann, Irreducible Unitary Representations of the
Lorentz Group, Ann. Math. 48, 568 (1947)] are outside the scope of these
lectures note and will not be discussed.

The Morse potential has also been associated with representations of the
non-compact algebra su(1,1) [P. Cordero and S. Hojman, Algebraic Solution
of a Short-Range Potential Problem, Lett. Nuovo Cimento 4, 1123 (1970)].

12.6.3 Lattice of Algebras

The concept of lattice of algebras introduced in Chap. 7, can be used here
as well. One dimensional exactly solvable problems are characterized by the
lattice of algebras
u(2)
| (12.67)
u(1) ~ so(2)

Here u(2) is the dynamical algebra and u(1) ~ so(2) is the degeneracy alge-
bra. Because of the isomorphism u(1) ~ so(2), all exactly solvable problems
in ¥ = 1 dimension have the same structure. In particular, the two problems
discussed in Sects. 6.1 and 6.2 have the same bound state spectrum

E(m) = —-m?. (12.68)
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Problems with the same bound (E < 0) spectrum are called isospectral. (They
differ, however, in the scattering (E > 0) spectrum, not discussed here.)

The algebra u(2) can also be used as a dynamical algebra of the harmonic
oscillator of Chap. 3. The Hamiltonian is now linear in the Casimir operator
Cy of u(1) with eigenvalue

E(n) =n+ % . (12.69)

The harmonic oscillator has an infinite number of bound states and thus
N —ocoand n=0,1,...,00.
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