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Abstract. The basic results on nonlinear superposi-
tion principles were published by E. Vessiot [1], A. Guld-
berg [2] and S. Lie [3]. | formulate here the main
theorem and illustrate it by several examples. For a
detailed presentation of Lie's theory of nonlinear su-
perposition principles, see [4].

1 Introduction

It is a very interesting problem to seek, together
with E. Vessiot [1] and A. Guldberg [2], all systems

dz?

= fi(t,z), i=1,...,n, 1
W Fa) )
whose general solutions x* = (z!,...,2™) can be
expressed via m particular solutions
vy = (o,...,20),. ..,z = (2},...,27) in the
form
2t =@ (2, ..., xm; Cr,...,C), i=1,...,n

(2)
S. Lie, 1893

Lie solved the problem by proving the following

[3](ii)-(iv)

Theorem. Equations (1) possess a nonlinear
superposition if and only if they have the form (dis-
covered by Lie [3](i))

dz?

= T8 @) + -+ T (0 @)

1=1,...,n,
4 3)
whose coefficients &’ () satisfy the condition that
the operators

0

Xazfg(x)%, a=1,...,7 (4)
span a Lie algebra L, of a finite dimension r termed
the Vessiot-Guldberg-Lie algebra for equation (1).

The number m of necessary particular solutions is

estimated by nm > r. Superposition formulae (2)
are defined implicitly by the equations

Ji(x,:cl,...,xm):Ci ’L':L...,’I’L7 (5)

where J; are functionally independent (with respect
to xl,...,2") invariants of the (m + 1)-point rep-
resentation

Vo=Xo+XP +- 4 xM (6)
of the operators (4).

The present talk is aimed at illistrating Lie’s
theorem by non- trivial examples.

2 Examples

Example 1. Consider a single homogeneous linear
equation written in the form dxz/dt = A(t)x. Here
r =1 and X = zd/dx. We take the two-point
representation (6) of X :

0 0
V==x B + x1 Bt
and its invariant J(z,z1) = x/z1. Equation (5) has
the form x/x1 = C. Hence, m = 1 and the formula
(2) is the linear superposition z = Czy.
Lie’s generalization (3) of this simplest example
is the equation with separated variables:

dz

— =T(t)h(x).

= T(0)h(a)

Here r = 1 and X = h(z)d/dz. Taking the two-
point representation V' of X,

0 0
V=h(zx)=—+ h(xl)axl ,
and integrating the characteristic system dz/h(x) =
dzq/h(x1), one obtains the invariant J(z,z1) =
H(z) — H(x1), where H(z) = [(1/h(z))dz. Equa-
tion (5) has the form H(z) — H(x1) = C. Hence,
m = 1 and the formula (2) provides the nonlinear
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superposition x = H~'(H(z1) + C).

Example 2. The non-homogeneous linear equa-
tion d
x
— = A(t B(t
= = A+ B()

has the form (3) with 77 = B(t) and T, = A(t). The
Vessiot-Guldberg-Lie algebra (4) is an Lo spanned
by the operators
d d

X1 = a N X2 = l’@
Substituting n = 1 and » = 2 in nm > r, we see
that the expression (2) for the general solution re-
quires at least two (m = 2) particular solutions.
In fact, this number is sufficient. Indeed, let us
take the three-point representation (6) of the basic
operators X and Xs :

g 0 0 0 0 0
Vi=gtg—+5—, Vo= Tt - +$2ax2

ox (91’1 81’2
and show that they admit one invariant. To find
it, we first solve the characteristic system for the
equation V;(J) = 0, namely, dz = dz; = das.
Integration yields two independent invariants, e.g.
u =x —x; and v = x9 — x1. Hence, the common
invariant J(x, z1, x2) for two operators, V7 and V3,
can be obtained by taking it in the form J = J(u, v)
and solving the equation V5(J(u,v)) = 0, where the
action of V5 is restricted to the space of the vari-
ables u, v by using the formula Vo = V5(u)d/0u +
V2(v)d/0v. Noting, that Vo(u) = ¢ — 1 = u and
Va(v) = 29 — 1 = v, we have
~ 0 0

‘/2 8 +’U%

Hence the invariant is J(u,v) = u/v, or J(x, x1,22) =

(x — x1)/(x2 — 21). Thus, equation (5) is written
(x —x1)/(ze — 1) = C. Hence, (2) is the linear su-
perposition x = x1+C(:c27x1) (1-C)z1+Cxs.

Example 3. Consider the Riccati equation
dx
dt

Here the Vessiot-Guldberg-Lie algebra is L3 spanned

= P(t) + Q(t)x + R(t)z”. (7)

We take the four-point representation of the oper-
ators (8),

0 0 0 0

U= e T am T o oy
Vo = J;£+x i4—91: i—i—x 9
2= ox 16%1 ang 38[[3,
0 0 0
Vs = 1’28*+$?71+335372 +$§8Tc3’ (9)

and find its invariant

(x — x2) (w3 — 21)
(21 —z)(z2 — 23)

J:

The equation J = C' gives the well-known nonlin-
ear superposition.

Example 4. Lie’s theorem associates with any Lie
algebra a system of differential equations admit-
ting a superposition of solutions. Consider, as an
illustrative example, the three-dimensional algebra
spananed by

0 0 0
X1 = 9z X2—2x8fx+ya*,
0 0
Xy = 222 yay . 1
3 x 8m+xy8y (10)

It is a subalgebra of the eight-dimensional Lie alge-
bra of the projective group on the plane. Accord-
ingly, the first equation of the associated system

3);

% = Ty(t)+2Ta(t)z + Ta(t)a?, (1)
d
di; = Ty(t)y + T3(t)zy,

is the Riccati equation (7) with P = T1,Q = 2715,

R = T5. The operators (10) span the Vessiot-Guldberg-

Lie algebra Ls for the system (11). The estimation
nm > r with n = 2,r = 3 determines the minimum
m = 2 of necessary particular solutions. Conse-
quently, we take the three-point representation of
the operators (10):

V — g+i+i
R, L VR T
0 0 0
Vo = 2xa—+ya +2x161
+ 0 +2xi+
y(’)y 282 y26y2
0 0 0
_ i . 2_7
Vs = x3x+xy5‘y+x18m1

+ z 0 + a2 0 +x 0
1y16y 28 o 2y28y2

The operator V; provides five invariants, viz.
Y, Y1,Y2, 21 = T1—T, 22 = T2 — 1. Restricting Vs to
these invariants, one obtains the dilation generator

0 0 0 0 0
Vo =221 — + 2z
2 218 + 28 +y8y+y18 +y 8y
Its indepedent invariants are w; = 29/z1, ug =

—x), and ug = y3/(x1—x).

y*/(w1—x), us = yi/(z1
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Hence, a basis of the common invariants of V; and
Vo

2

T2 — 71 Yy
uy = , U2 = y
r1 — X 1 — T
2 2
B Y1 _ Y%
U3 = —, Ugp=—"
rT — T xrr, — &

It remains to find the resrtiction ‘73 of V3 to the
above invariants by the formula

~ 0 0
V3 = Vz(ul)aful +-+ V3(U4)87u4 :

The reckoning shows that

(z2 — 21) (2 — 22)

\% = = - 1
3(u1) P (w1 — @) (1 + u1)ua,
Va(uz) = ui = (21— x)us,
Vs(u2) —y* = —(z1 — 2)uy,
r+x — 22
Va(ug) = S y2 = (z1 — 2)(1 4 2up )ug.
xr — T
Hence,
- 0 0
Vs = — 1 — — Uy —— . —
3 (m w) (( +up)ug 7 “ o, + us s
0
1+2 — .
+( + Ul)'l_l,4 811,4)
Consequently, the equation ‘731/}(111, coyug) =0is
equivalent to
oY oY o o
1 Y s (142 Jug—— = 0
( +U1)U1 (9’[1,1 2 6’U,Q +U3 aU3+( + U1)U4 8u4 ’

whence, by solving the characteristic system

dU1 dUQ d’LL3 dU4

T ug (14 2uq)uy’

(1 +wup)ug T us

one obtains the following three independent invari-
ants:

2,2
_ _ Yy
(G ugugz = (21 — 2)2
by = Uiy (2 — 21)y?
2 1+u (v —2)(r2—2)°
2
v = us (- 2)y
(I+u)ur  (z2—x1) (22 —2) -

Hence, the general nonlinear superposition (5), in-
volving two particular solutions, (z1,y1) and (z2,y2),
is written

J1(1,02,03) = C1,  Ja(th1, 12, ¢3) = Ca, (12)

where J; and Jy are arbitrary functions of three
variables such that their Jacobian with respect to

x,y does not vanish identically. Letting, e.g. J; =
Vi1 and Jy = /i), ie. specifying (12) in the

form wy
1o C Yy2

1
r1 — X o — T

= OZa

one arrives at the following representation of the
general solution via two particular solutions:

. Ci21y2 — Comayn _ C1Cs (22 — 1)
Cry2 — Cayr

Ciy2 — Cayr
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