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Preface

Volume II contains thirteen papers. Six of them, namely Papers 1, 2, 3, 9,
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into English the original versions of these manuscripts as they were 20 years
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Elena Avdonina translated Papers 1 and 4 into English. She also made
the layout of Papers 5, 6, 7 and 8 in LATEX. Paper 2 was printed in LATEX
by Elena Avdonina and Roza Yakushina. My wife Raisa carefully checked
the formulae in all papers of this volume. I am cordially grateful to them.

My sincere thanks are due to the Vice Chancellor of Blekinge Institute
of Technology Professor Lars Haikola for his lasting support and to my
colleague Associate Professor Claes Jogréus for his assistance.

Nail H. Ibragimov

Karlskrona,
23 November 2006.
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Paper 1

Optimal systems of subgroups
and classification of invariant
solutions of equations for
planar non-stationary gas flows

N. H. IBRAGIMOV

Master of Science Thesis in Mathematics
[Diplomnaia rabota
Supervisor: Professor L.V. Ovsyannikov
Institute of Hydrodynamics, USSR Acad. Sci.
Novosibirsk State University
Novosibirsk, 1965

§ 1 Introduction

The purpose of this work is to classify the invariant solutions of the equations
describing two-dimensional adiabatic gas motions. The similar problem
for the one-dimensional gasdynamic equations has been considered by L.V.
Ovsyannikov [103].

I begin with some explanations of the terminology used in what follows.
The definitions and proofs of the statements mentioned below can be found
in [103].

Let S be a given system of differential equations admitting a group G.
The basic property of solutions for S is that any solution of the system S
carried over by any transformation of the group G to a certain solution of
the same system S. Therefore two solutions of the system S are said to be

1
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essentially different with respect to GG if they are not transformed to each
other by any transformation of the group G; otherwise they are termed
unessentially different with respect to G.

If H is a subgroup of the group G, then it is obvious that solutions
essentially different with respect to G are also essentially different with
respect to H. However, solutions essentially different with respect to H do
not necessarily have the same property with respect to G.

Let us assume that ®; is a solution invariant with respect to Hy, (invari-
ant Hi-solution), ®, is a solution invariant with respect to Hy (invariant
Hj-solution), where Hy, Hy are two subgroups of G. If there exists a trans-
formation 7" € GG such that

Hy =TH, T, (1)

then there is a one-to-one correspondence between Hi-solutions and Hs-
solutions given by the formula

Oy = TP, (2)

Let S be a system of equations with respect to the unknown functions
and admit the group H with 7 functionally independent invariants. Then,
provided that certain conditions are met, the problem of obtaining invariant
solutions of the system S is reduced to solving the system of equations S/ H,
where the unknown functions (invariants of the group H in the given case)
depend only on p = 7 — m independent variables. The number p is referred
to as the rank of invariant solutions. In search of all invariant solutions of
the rank p one has to find all subgroups of the admitted group G having
the same number of invariants 7 = m + p. Certainly, it is sufficient to find
only solutions essentially different with respect to G. To this end one has to
choose only subgroups which are not connected by the relation (1), where T
is any transformation of the group G. Two subgroups H; and H, connected
by the relation (1) are called similar. The set of all subgroups is classified
into similar subgroups. A set of classes of similar subgroups of order A is
called an optimal system of order h and is designated by ©. The problem
of classification of invariant solutions of the given system S consists actually
in constructing systems Oj.

Due to one-to-one correspondence between subgroups and subalgebras
we will identify optimal systems of subgroups with optimal systems of sub-
algebras and use for the latter the same notation ;. Then one can compose
systems Oy, as follows. Transformation of H; into Hs is inner automorphism
of G. These automorphisms can be substituted by linear transformations of
the corresponding Lie algebra. The linear transformations are carried out
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by the adjoint group of Lie algebra with operators in the form

0

B = (X, X) g5

(3)

calculated according to the table of commutators for operators of the group
G. Selecting the appropriate transformation of the adjoint group one can
find the simplest representative of the subgroup H in the system ©,.

Consider the system of equations for a two-dimensional adiabatic gas
motion written in the form

1
Up + Uy + VUy + — Py = 0,
p

1
vy + uvy +vv, + —py, = 0,
t Yy ppy (4)

pr + upz + vpy + p(us + vy) =0,

P+ upe +vpy + A(p, p)(ue +vy) =0,

where

0S/0p
dS/op’

and p, p, S are pressure, density and entropy, respectively. It is assumed
that 0S/0p # 0.

We consider two cases:

1) A(p,p) is an arbitrary function of its arguments,

2) A =~"p,ie. apolytropic gas.

The group G admitted by the system (4) is calculated in [103]. In the
first case the Lie algebra of the group G is spanned by the operators

A(p,p) =—p

) 0 0
Xl_&7 X2_£7 X3_a_y7
x,=t2 2 x99
Y700 Tow TP oy T ow’

Y (5)
X6:t§+l’%+ya_y,
X7 = ——:c——i—vﬁ— E

ox dy ou u&v .

In the second case the following operators are added to the above:
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Table 1: Table of commutators for the operators (5), (6), (7)

L X% [ X | X [X] X [ X [ X | Xs [Xo] X

X, 0 0 0| X | X5 | X, 0 X, | 0 | Xo+ Xs
—4X,

X5 0 0 0 0 0 X5 —X3 0 0 Xy
X3 0 0 0 0 0 X3 Xo 0 0 X5
Xy —-X5 0 0 0 0 0 -X5 | X4 0 0
X5 —X3 0 0 0 0 0 X4 —X5 0 0
X -Xi —Xo | =X35| O 0 0 0 0 0 X0
X7 0 X3 | —Xo | X5 | - X4 0 0 0 0 0
Xs -Xi 0 0 Xy | X5 0 0 0 0 X1
Xy 0 0 0 0 0 0 0 0 0 0
X0 I —Xe—Xs | -Xa| X510 0 | X0 0 | —Xo| 0 0

When v* = 2 one more operator is added to (5), (6):

e, 0 0 0 0 0 0

Xip=t g —l—txax —i—tyay +(z tu)au +(y—tv) 5 4tp 9 2tp 9 (7)

Let us denote in the first case the group admitted by the system (4) by
G, and the corresponding Lie algebra by L;. Likewise, in the second case
Gy, Lg and Gyg, Lip when ~* is arbitrary and v* = 2, respectively.

It should be noted that according to the Cartan criterion, Lie alge-
bras L; and Lg are solvable and Lo is nonsolvable. Lo is also not a
semisimple algebra since it contains a solvable ideal spanned by the op-
erators X27 Xg, X4, X5.

§ 2 Optimal system of one-parameter sub-
groups

1° Let us consider the group G7. The matrix of the general inner automor-
phism of the algebra L; is a superposition of the following basic matrices:

1 0 0 00 O0 O 1 0 0 00 00
0 1 0 00 0 0 01 0 00 00
0 0 1 00 00 00 1 0000
Af@)=] 0 a 0 1 0 0 0l Ay(as)=/0 0 0 1 0 0 0
0 0 a 0 1 0 0 00 0 01 00
ag 0 0 0 0 1 0 00 az 0 0 0 1 0
0 0 0 00 0 1 0 0 —az 0 0 0 1
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1 0 0 0 0 0 O 1 a4 0 0 0 0 O
O 1 0 0 0 0 O 0O 1 0 0 0 0 O
O 0 1 0 0 0 O 0O 0 1 0 0 0 O
Az(az) =0 0 0 1 0 0 Of|; Agas)=[|0O 0 0 1 0 0 O |;
O 0 O O 1 0 O 0O 0 0 0 1 0 O
0O 0 a3 O O 1 O 0O 0 0 0 0 1 0
O a3 0 0 O O 1 0 0 0 0 a4 O 1
1 0 as 0 0 0 O ag. 0 0 O O O O
0O 1 0 0 0 0 O 0 ag O O O O O
0 0 1 0 0 0 O 0 0 a 0O O O O
As(as)=[0 0 0 1 0 0 0;Aslag)=0 0 0 1 0 0 0
0 0 O 0 1 0 0 0O 0O 0 0 1 0 O
0O 0 0 0 0O 1 0 0O 0 0 0 0 1 0
0O 0 0 —ay; 0 0 1 0O 0O 0O 0 0 0 1
1 0 0 0 0 0 O
0 a a/ 0 0 0 0
0 —a% o, 0 0 0 0
A7(ab,af)=10 0 0 at af 0 0 (8)
0 0 0 —af d, 0 O
0 0 0 0 0O 1 0
0 0 0 0 0 0 1
Here a; (i = 1,...,7) are the parameters of transformations of the ad-

joint group, and a’ = cosay, a7 = sinay. The identical automorphism cor-
responds to a1 = ay = a3 = a4 = a5 = a7y and ag = 1.

Any operator of the one-parameter subgroup of the group G, can be
written in the form

X =e"X, 9)
where e® (o =1,...,7) are some coefficients. Transformation of the vector
e{el,..., e’} by means of the matrix A* transposed to A corresponds to

transformation of the operator X by matrix A. The coordinates e® and e’
do not change under the action of matrices A}. Therefore it is convenient
to consider different cases separately depending on whether e® and e’ are
equal to zero.
Let €8 = €” = 0. If e* = €° = 0, then having e! = 0 and acting by the
matrix
A ft, = 1), 12 = () + (),

one obtains the vector {0, 1,0,0,0,0,0}. Whereas having e! # 0 and acting
by the matrices
Aj(—e?/el),  Ax(—e’/el)
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one obtains {1,0,0,0,0,0,0}. If ()2 + (€)% = a® # 0, then having e! = 0
we act by the matrices

e?et + e3¢’
P

A3(e' o, ~ ), 4 (-

and in case e3e—e%e® = 0 we obtain {0,0,0,1,0,0,0}. In case e3e?—e?e® # 0
we act by one more matrix
2
(v
6\ e3e4 — 265

and obtain {0,0,1,1,0,0,0}. When e! # 0 we act by the matrices
Aj(=e*/el),  Aj(=e’/el),  Ai(e'/a, —€’/a)

and obtain {1,0,0,1,0,0,0}.
Let €5 = 1, e” = 0. Acting by the matrices

A=), A - ), A - )
and in case a* = (e*)? + (€°)? # 0 by one more matrix
Az(e*/a, —€°/a),

we obtain the vector {0,0,0,«,0,1,0}, where « is an arbitrary real number.
Let €5 = 0, " = 1. Under the action of the matrices

Asetet +e%),  Aj(ele® —¢?),  Aj(=e”), Aj(eh)

we obtain the vectors {0,0,0,0,0,0,1}, {1,0,0,0,0,0,1}.
Let e® =1, " = b # 0. Acting by the matrices

1,4 _ 2 3 1.5
w1 L [ee—e*+be’ —be'e
Al(_e )7 A2( 1+b2 )7

., (€'’ —e® +belet — be? § i}
A3 ( 1+ b2 ) ) A4(_65/b)7 A5<€4/b)
we obtain the vector {0,0,0,0,0,1,b}.
By means of the formula (9) we arrive to the conclusion that representa-

tives of classes of operators of similar one-parameter subgroups of the group
(7 are the following operators

X1, Xo, X5, aXe+ X7, Xi+ X7, Xo + Xy, Xo+ X5, aXy+ Xg. (10)
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2°. Let us consider the group Gy. Table (1) shows that Xy generates the

center of Lie algebra Lqy. Therefore it is sufficient to consider the residue

algebra L1/ Xg. The transposed basic matrices of inner automorphisms of

the algebra Ly are as follows.

0
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

1

Oa1

a1

0
0

a1

1 0 0 O
01 0 a

0

0

1
0

0 0 0 O

0
1
0
0
0
0
0

0
ai

0
0

0
0

0 0 0 O

0 0 0 O

ai
—4(11

0

0 0 0 O

1
0 0 0 O

0 0 0

0 0 0 O

1

0 0 0 O

0
0

0

0

1 00 0 0 O
01 0 0 0 a
0 01 00 O
00 0 1 0 O
0 0 0 0 1
0 0 0 00

0

0 0 0

0 0 a9

0

0
0
0
0

0
1

000 0 O0 O

0
0
0

000 0 0 O

0

00 0 0 0 O

00 0 0 0 O

0 0 0 0

10 0 0 0 O
01 0 0 0 O
0 01 0 0 as
000 1 0 O
0 0 0 0 1
0 0 0 0 0

0 0 O
0 0 0 0

as

0 0 0 0

0
1

0 0 O
1

0
0

1
0
0
0

00 0 0 0 O
00 0 0 0 O
000 0 0 O
00 0 0 0 O

0

1
0

01 (CL1>

Cg(@g)

Cg(ag)
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iooooooooo
0 1.0 0 0 0000 O
0 01 0 0 00O0O0 O
0 00 ag 0 0 0 0 0 0
0 00 0 a 0 0 0 0 0
Glas)=| 6 900 0 0 1000 0
000 0 0 0100 0
000 0 0 0010 0
000 0 0 00O0T1 0
000 0 0 00 0 0 ag
1 0 0 00 00 0 00
O 1 0 00 0 0 0 00
O 0 1 00 0 0 0 00
0 a 0 10 0 0 0 0 0 /
0 0 a 0 1 0 0 0 0 0 a;=cosar,
Colas) =), 0 0 00 1 0 0 0 0 o = sinay.
O 0 0 00 0 1 0 00
@ 0 0 00 0 0 1 0 0
449 0 0 0 0 0O 0O O 1 O
a2 0 0 0 0 ag 0 a9 0 1

The identical automorphism occurs when
a1:a2:a3:a4:a5:a7:a9:0, (16:(18:1.

Basic automorphisms of the algebra Lg/Xg consist of the matrices B; (i =
1,...,8) that are obtained from the matrices C; (i = 1, ..., 8) by eliminating
two last columns and rows. Matrices B (a;) act on operators of the form:

X=eX,, a=1,...,00. (12)

Let e = €7 = e® = 0. If ! = 0, then in the case of e* = € = 0 acting
by the matrix
Br(eft, =€ [t), 17 = (e*)” + (¢°)?
we obtain {0,1,0,0,0,0,0,0}, and in the case of a®> = (e*)? + (€°)? # 0
acting by the matrices

2.4 | 3.5
B, (—%) . Bz(e*/a, €°/a)

a

we obtain {0,1,0,0,1,0,0,0}, {0,0,0,0,1,0,0,0}. When e! # 0, and in
case e* = €% = 0 we act by the matrices

By(—e?/e'), Bs(—e*/e)



10 N.H. IBRAGIMOV SELECTED WORKS, VOL. 11

and obtain {1,0,0,0,0,0,0,0} and in case a® = (e*)? + (°)? # 0 we act by
the matrices

By(—e?/e"), Bs(—e*/e'), Bi(e*/a, —€°/a)

and obtain {1,0,0,1,0,0,0,0}.
Let e =1, e” = €® = 0. When e* = ¢ = 0 we act by

Bl(_el)7 BZ(_ez)v B3(_€3)
and obtain {0,0,0,0,0,1,0,0}. When a? = (e*)? + (€°)? # 0 we act by
Bi(—e'), By(—e*+elet), Bs(—e® +e'e®), Bi(et/a, —€’/a)

and obtain {0,0,0,1,0,1,0,0}.
Let ¢® = €8 =0, ¢’ = 1. Matrices

Byle'e +¢%), By(e'e® —¢?), Bi(~c), Bs(—c")

lead to the vectors {0,0,0,0,0,0,1,0}, {1,0,0,0,0,0,1,0}.
Let e® =1, " = a, e® = 0. We act by the matrices

Bi(—e'), Bylay), Bs(as), Bu(—€’/a), Bs(e*/a),

where as, az are found from the system of equations

as + aag = elet — ¢2 }

aay —az = e — e'e®

and obtain the vector {0,0,0,0,0,1,a,0}.
Let e =a, " =0, €8 =1. If a # —1 we act by the matrices

el ete — (1 + a)e? ete® — (1 + a)e?
Bl(_1 )aBQ( ( 2 ) )7B3< ( 2 ) )7
+a a+a a+a

B4(_64>7 B5(_€5)
to obtain {0,0,0,0,0,as,0,1}. If a = —1, acting by

Bl(el), BQ(GQ), 33(63), B4(—€4), B5(—€5)

we obtain the vectors {1,0,0,0,0,—1,0,1}, {0,0,0,0,0,—1,0,1}.
Let ¢ =0, " = a, €® = 1. Matrices

5_ 1,5 1,4 2
Bi(—¢'), By (ﬂ> , B (u> :
a a
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4 5 4 _ 5
B, € + ae B ae e
14+ a2 14+ a2

yield the vector {0,0,0,0,0,0,a,1}.
Let ¢ =a, " =0, €8 =1.If a # —1 we act by the matrices

By <_1ia)’ Bs(ay), Bs(as), Ba(as), Bs(as),

where as, as, a4, as are determined from the system of equations

aas + bag = —e* + elet ]
2 3= 1 +a
1.5
ee
—bay + aaz = —€> + ;
1+a
ay — bas = —e*
bas + a5 = —e°

/

and obtain the vector {0,0,0,0,0,a,b,1}. If a = —1, we act by

By(az), Bs(as), Ba(as), Bs(as),

where as, as, a4, as come from the system of equations

—ay + bag + elay = —€*
—bay — ag + e'as = —e?
7
ay — bay = —et
_ 5
bay + a5 = —e

and arrive at two vectors {1,0,0,0,0,—1,b,1}, {0,0,0,0,0,—1,b,1}.
Let ¢ = ¢e” =0, €® = 1. Matrices

By(—€), Bi(—e"), Bs(—¢)

yield the vectors {0,0,0,0,0,0,0,1}, {0,1,0,0,0,0,0,1}.

Substituting the resulting vectors into Formula (12) and adding to every
operator the term yXg with an arbitrary real v and then adding to this
system operator Xg, we obtain representatives of the system ©; for the
group Gy in the form

X1 +79Xe, Xo+7Xo, Xs+7Xo, Xi+ Xy+7Xo,

Xo + X5 +7Xo, Xg+aX7;+7Xy, X7+ 7Xo,

X1+ X7+ 79Xy, Xo+ Xsg+7Xo, Xy+ X+ 7Xo,

aXe+ 08X+ Xg +7vXy, Xi—Xg+aX;+ Xg+v9Xy, Xo.

(13)
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In the first five operators we can assume that v = 0; 1, since when v # 0 we
can make v = 1 by means of the automorphisms Bg, Bs.

3°. Let us consider the group Gig9. The general inner automorphism of
the group Go transforms the coordinate €' to the form

1
e = — [2%e" 4+ 2w(e + €°) + w?e'’], (14)
QAgag

where the following notation is introduced z = agag, w = ag + ajagag. The
brackets contain a quadratic form of z and w, whose discriminant is

1 1
A= elel0 _ Z(eb 4 )2 — g =2
1 )y =a-1p
where p = €8 — €, ¢ = —elel? — €5® are invariants of any automorphism

C;. When A < 0 there will be real z, w such that e’'° = 0, therefore, the
operator
X=X, a=1,...,10 (15)

in this case is similar to one of the operators (13). When A > 0, i.e.
4etel® > (e85 + €8)?) we can consider that el = e!® = 1. Indeed, let e!* =
1, el =t, 4t > (e® + €®)2. Then under the action of the matrix Cs(v/t) we
obtain e! = !9 = 1. Let us investigate vectors provided by the case A > 0.

Let € =e® =0, ¢ = a. If |a] # 1, acting by
Cy(az), Cs(as), Cu(as), Cs(as),

where as, as, ay, as are found from the system of equations

a9 — a5 = —€
_ 5
as + oxay = —e
aas + ag = —e?
_ 3
—aagy + a5 = —e

we arrive to the vector {1,0,0,0,0,0,,0,7v,1}. If |o| = 1, then by means
of the matrices
Ca(—¢”), C5<—€4)

we arrive either to the previous vector or to the vector {1, 1,0,0,0,0,1,0,v, 1}.
Let e® = a, ¢’ = o, €® = 0. Acting by the matrices

Cy(az), Cslaz), Culas), Cs(as),
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where aq, as, a4, as are derived from the equations

aas + aas + ay = —e?

—Qay + aas + as = —e?
a9 — Qa5 = —64
as + aayg = —65
we arrive to the vector {1,0,0,0,0,a,a,0,,1}.
The case €% # 0 reduces to the two previous cases.
Operator X; of the system (13) transforms into X, under the action of
automorphisms

Ci(—1), C7(0,1), Cy(1).

The remaining operators of the system (13) transform neither to each other
nor to operators obtained for the case A > 0 (due to invariance of A).

Finally the following representatives of the system ©; for the group Gy
are obtained:

X1+79Xg, Xo+7Xo, Xi+Xy+7Xy, Xo+ X5+ 79X,

Xo +aXr+7Xg, X7+7Xy, X1+ X7+ 79X,

Xo+ Xg +7Xo, Xy+ Xo+7Xg, aXe+ X7+ Xs+7Xo,

X1 —Xe+aXs+ Xg+9Xo, Xo, Xi+ Xo+ X7+ 77X+ X,

Xi+aXe+ 08X +9Xo+ X190, 0<a<2, when a=0, 8>0.
(16)

In the first four operators one can assume that v = 0; 1.

§ 3 Optimal system of two-parameter sub-
groups

1°. Any operator of the Lie algebra of a two-parameter subgroup of a group
can be written in the form

AX + Y, (17)
where the basic operators X, Y have the form (9) and satisfy the condition
(X,Y)=aX +bY, (18)

and A, p are two arbitrary real valued coefficients. For the sake of brevity
the operator (17), or more accurately speaking the two-dimensional Lie
algebra spanned by X and Y, will be often denoted by

< XY >. (19)
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The system O, can be constructed as follows. One of the operators
(19) can be transformed to one of the operators (10) by the corresponding
automorphism. Therefore we assume that the operator X of the pair (19)
runs the system (10) and choose Y to satisfy the condition (18). Then
we find an automorphism that keeps operator X unaltered and apply it to
Y. Operators in the resulting set of pairs have a less number of arbitrary
coefficients e®. We fix one of the resulting pairs, let it be the ”simplest”
< X°YY > | Then we take the next pair < X' Y! > from the set of
the resulting pars and check whether there is such an automorphism that
transforms < X1, Y1 > to < X% Y? > . To this end we follow the below
procedure. Let for the sake of simplicity < X?,Y? >=< X, Xy, > . We act
on the operator AX! + ;Y! by the matrix A of the general automorphism
and equate the result to the operator £X; + nXo:

7
AX! 4+ pAY" =) " = 1pi(A) + pagi(A))X; = EX1 + X

i

We arrive to the following system of equations determining &, 7 and param-
eters of the automorphism:

Api(A) + pgi (A) = é,} (20)
Apa(A) + pga(A) =1
Ap3(A) + pgs(A) =0,
..................... (21)

Ap7(A) + pgr(A) = 0.
If one of p;(A), ¢ > 3 is not equal to zero, then

qi(A) "
pi(A)"
which contradicts the condition of independence of A and u. The same is the
case with ¢;(A), i > 3. Therefore, System (21) is equivalent to the system

A:

p3(A) =0 )

p?(A) =0

a5(4) = 0 22)
Q?(A) =0
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that helps to find the necessary automorphism. If the system (20)-(21) is
not compatible, < X', Y’ > is not transformed into < X° Y% > . If it is
compatible < X’ Y’ > is transformed into < X% Y? > and equations (20)
are used to determine &, 7. If < X', Y’ > is not transformed to < X°, Y? >,
we take the next pair and likewise check whether it can be transformed
into one of the above pairs, etc. Following the same procedure with every
operator of the system (10) one obtains the system ©, for G7.

Let us apply these considerations to arbitrary finite-dimensional Lie
groups. Thus the same method is applied for constructing the system O,
for the groups Gg and Gy.

Let us take the first operator X; of the system (10). Condition (18)
shows that a subgroup with X; is formed only by those operators in the
form (9) which have e! = €% = 0. Automorphism that leaves X; unaltered
occurs only when Ay, As, Ag in (8) are identical. If €® = e’ = 0, the matrix

A7(62/t7 _eg/t)ﬂ t* = (62)2 + (63)2
yields the vector {0,1,0,0,0,0,0}. If (%)% + (€7)? # 0, then the matrices
Ag(az), As(as),

where as, az are obtained from the system

a266 + a367 = —¢?
3 J

—CL267 + CL3€6 = —e

provide the vectors {0,0,0,0,0,«,1}, {0,0,0,0,0,1,0}.
Let us consider X,. Condition (18) yields e” = 0. Matrices (8) do not
change X5 when Ag, A7 are identical. If €% = 1, matrices

Aj(—e), As(e'e® —é?)
provide the vector {0,0,0,q,3,1,0}. If ¢ = 0, in case ¢! = 1 matrix
As(—€?) leads to the vector {1,0,0,a,3,0,0}. When e! = 0,e® = 1, the
matrix A;(—e?®) provides {0,0,0,a,1,0,0}. When e! =0, ¢®> = 0 one has
{0,0,,1,0,0,0}, {0,0,1,0,0,0,0}.

Let us take X,. Condition (18) and the requirement for invariance of X4
provide e! = e” = 0; Ay, A7 are identical. If €% = 1, the matrices

Ag(—e?),  Az(—e?)
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yield the vector {0,0,0,0,q,1,0}. If ¢ = 0, then depending on the values

of the coefficients €2, e?, e® we obtain the following vectors:

{0,1,0,0,1,0,0}, {0,1,,0,0,0,0}, {0,0,1,0,1,0,0},

{0,0,1,0,0,0,0}, {0,0,0,0,1,0,0}

acting in case e? # 0 by the matrix

1
(i)

and in case e? = 0, e # 0 by the matrix

“(2)

Let us consider o Xg + X7. First assume that o« = 0. Then our conditions
provide e? = €3 = e¢* = e = 0. If €% = 0, the matrix

1
()
yields the vector {1,0,0,0,0,0,0}. If €® = 1, the matrix
Ay (—e')

yields the vector {0,0,0,0,0,1,0}. Now let o # 0. Then condition (18)
shows that either 2 = €? = ¢* = ¢® = €® = €7 = 0 which provides the
vector {1,0,0,0,0,0,0}, or e! = €*> = 3 = ¢* = € = 0 which yields the
pair < Xg, X7 > .

Let us take X; + X,. Condition (18) provides e! = e, €5 = b = €7 = 0,
therefore one obtains {0,0,1,0,0,0,0}, {0,1,,0,0,0,0}.

Operator X; + X7 yields the pair < X7, X7 > .

Let us consider X3 + X4. We have e! = €% = ¢ = 0, and depending on
the the values €2, e, e obtain the vectors

{O?a’/8707170707}7 {0717a7070’0’0}’ {07071707070’0}'

Let us take a X, + Xg. Let o = 0. Then we have either e* = €®> = ¢” =0,
which provides two pairs < X, Xg >, < X9, Xg >, or el =¢e2 =¢3 =0,
which provides the pairs < X4, X¢ >, < X4, X7 > . Let a # 0. Then either

el =e? = e3 = ¢e” =0, which provides

{0,0,0,,1,0,0}, {0,0,0,1,0,0,0},
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Table 2: Optimal system of two-parameter subgroups of G~

1] X, X, 8 | Xy, X,

21X, X 9 | X, X + X-

3 Xl, OéX6 +X7 10 X5, X4

1 Xy, Xz 11| Xs, Xo + aXs

5 Xg, X3 —|—X4 12 X5, OéX4 —|—X6

6| Xo, Xi+Xy4+aXs 13| Xo+ X5, aXo+ X3+ Xy
7 XQ, OéX4 + 5X5 + X6 14 X7, X6

> = b = e” = 0 which yields

{0,1,0,0,0,0,0}, {0,0,1,0,0,0,0}.

orel =et=¢

Now let us take < X, Xy > as the first pair and check whether there
is an automorphism that transforms for example the pair < X;, Xg > into
< X1, X5 > . Since the coordinate €% is an invariant of any automorphism we
have gs(A) = 1 and these pairs cannot be transformed to each other. Upon
the above checking procedure one obtains the following optimal system of
two-parameter subgroups of G~ :

2°. Let us consider the group Gy. In this case we consider the pairs (19)
where X runs the system (13) and Y has the form

Y =eX,, a=1,...,0. (23)

Let us take the operator X; +vXy. Let v = 0. Then condition 18 yields
et =e5=0.1If e = " = 0, then in case t? = (€2)? + (e*)? # 0 the matrix

Bq(e/t, —e3/t)

provides the vector {0,1,0,0,0,0,0,, 3}, a =0;1, and in case ¢ = €3 = 0
we have {0,0,0,0,0,0,0,1,a}. When (€®)? + (e7)? # 0 then acting by the
matrices

Bs(az), Bs(as),

where as, a3 are determined by the system
e6a2 + e7a3 = —¢?
)
—e"ay + eSaz = —¢?

we arrive to the vectors {0,0,0,0,0,1,«, 3,7}, {0,0,0,0,0,0,1,, 5}. When

v =1 we have e* = e®> =0, €® 4 €% = 0, i.e., in the vectors obtained above

it is considered that % = —e8.
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Let us consider the operator X5 4+ vXge. When v = 0 it is necessary that

e” =0, and when v = 1 that e = ¢” = 0. If €® = 0, then in case % =

0, ¢! = 1 we act by the matrix Bs(—e*) and obtain {1,0,0,a, 3,0,0,0,7v},
and in case €% = e! = 0 we obtain the following vectors:

{0,0,0,6\5,1,0,0,0,5}, {070a1a1707070707a}7

{0,0,1,0,0,0,0,0,a}, {0,0,0,1,0,0,0,0,a},

acting when e® = 1 by the matrix B;(—e?), and when €® = 1 under the
action of the matrices

Bi(—e'), Bs(—e® +ele’)
we obtain {0,0,0,1,a,1,0,0,a}, {0,0,0,0,1,1,0,0,a}, {0,0,0,0,0,1,0,0, a}.
If e = 1, then in case €% = 0 matrices
Bi(—e'), Buy(—e'), Bs(—¢”)
yield {0,0,,0,0,0,0,1,3} and in case €® = —1 matrices
Bs(e® —e'e®),  By(—e*), Bs(—¢”)

provide {0,0,0,0,0,—1,0,1,a}, {1,0,0,0,0,—1,0,1,a}, and in case €5 #

0, —1 matrices

1 1.3 36
B1< ‘ >7 Bs <w), By(—e"), Bs(—¢€")

1+ef eb + (e5)?

provide {0,0,0,0,0,,0,1, 5}, a # 0, —1.

Consider X5 + vXy. If v = 0 it is necessary that e! = ¢’ = 0, and if
v =1that e! = ¢” = €8 = 0. If ¢® = 0, then in case ¢ = 0 we have the
vectors

{0?07]‘7 ]‘707070707&}? {0717a7 17070707075}7 {0’0707 1,0,0,0,0,0{},
{07 ]"a’O’ 070707076}7 {070’ ]"0707070707a}7
and in case e® = 1 under the action of the matrices
By(—¢?), Bs(—¢’)

we arrive to the vector {0,0,0,,0,1,0,0,3}. If €8 = 1, then in case €% = 0
we act by the matrix By(—e*) and arrive to the vectors

{0?17a7070707071?ﬁ}7 {0’0717070707071?a}7 {0707070707070?17a}7
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and in case €% # 0 we act by the matrices

e? el
BQ (_6_6) 3 B3 <_E) 9 B4 (_64)

and obtain {0,0,0,0,0,,0,1, 5}, a # 0.

Consider X; + X4 + vX9. When v = 0 we have ¢! = e*, ® = €7 =
ef4+2e8 =0,and wheny =1 wehavee! =e*, e =ef =¢e" =8 =0.If e =
e® = 0, we have two vectors {0,1,,0,0,0,0,0,3}, {0,0,1,0,0,0,0,0,a}.
If 8 =1, €% = 2, then matrices

n(3). (3)

provide {0,0,0,0,0,—2,0,1, a}.

Let us take X5 + X5 +7Xy. When v = 0 we have e! =¢e” =8 +¢8 =0,
and when 7 = 1 we have e! = e = €7 = ¢® = 0. If ¢ = 0 one has
{0,a,5,1,0,0,0,0,7}, {0,a,1,0,0,0,0,0, 8}, {0,1,0,0,0,0,0,0, a}. If 8 =
1, we act by the matrices

B2(62)7 B3(€3)7 B4(—€4)

and arrive to the vector {0,0,0,0,0,—1,0,1, a}.

Consider Xg + aX7 + vXo. If o = 0 we have either e = e®> = b = €7 =
e =e?=0,orel =e?=¢e>=0.If e! =0 the first case is reduced to the
vector {0,1,0,0,0,0,0,0,0} by the matrix

Br(e?/v/(€2)? + (€92, —€*//(e2)” + (¢%)?)

and if e! = 1 the case is reduced to {1,0,0,0,0,0,0,0,0} under the action
of the matrices
By(—¢€*), Bs(—¢€?).

In the second case when e’ = ¢ = 0 under the action of

Br(e*/v/(eh)? + (€7)2, —e*/+/(e!)? + (e%)?)

we arrive to the vector {0,0,0,1,0,0,0,0,a}, and when (e”)? + (€)% # 0
we obtain the vectors {0,0,0,0,0,0,«,1,5}, {0,0,0,0,0,0,1,0,a} acting
by the matrices

By(as),  Bs(as),

where a4, as are determined by the system

e8a4 - €7CL5 = —64
5 .

e7a4 + 68(15 = —e¢
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When a # 0 we have either the vector {1,0,0,0,0,0,0,0,0}, or e! = ¢ =

e3 = et = % = 0 which yields two vectors

{0,0,0,0,0,,0,1,8}, {0,0,0,0,0,1,0,0, a}.

Consider X7 +vXy. We have €2 = ¢3 = e* = 5 = (0. In case €5 = €% #£ 0
we act by the matrix
ol
B (-5
1 ( e + eg>

and obtain the vectors {0,0,0,0,0,«,0,1, 8}, a« # —1, {0,0,0,0,0,1,0,0, a},
in case % + €% = 0, e! # 0 we act by the matrix

Bg(el)

and obtain {1,0,0,0,0, —«, 0, @, 3}, @« = 0; 1, and in case e’ +¢e® = 0, e! =0
we have the vector {0,0,0,0,0,—1,0,1, a}.
Consider X; + X7 +7Xy. Inthiscase e? = e3 = et =e> =€ + 8 =0
and we have two vectors {a,0,0,0,0,—1,0,1,3}, {1,0,0,0,0,0,0,0, «}.
Let us take X5 + Xg + vXg. We have either the vectors
{1,0,0,0,0,0,0,0,0,}, {0,0,0,1,0,0,0,0,0}, {0,0,0,,1,0,0,0,0},

or el = et =e° =eb =¢” =0 and therefore the vectors

{0,,1,0,0,0,0,0,3}, {0,1,0,0,0,0,0,0,a}.
Consider X4 + X4 + 7Xg. Then we have either the vectors
{0,¢,1,0,0,0,0,0,0}, {0,1,0,0,0,0,0,0,0},

or
{0,0,0,,1,0,0,0,5}, {0,0,0,1,0,0,0,0,a}.
Let us take aXg + X7 + Xg +vXy. First we consider the case o # —1.
Let a = 3= 0. Then if t* = (e*)? + (€)% # 0 we act by the matrix
B7<€4/t7 _eS/t)a
and obtain the vectors {1,0,0,0,0,0,0,0,0}, {0,0,0,1,0,0,0,0,0}. If e! =
et = e® = €8 = 0 provided that €% = ¢” = 0 under the action of the matrices

Br(e*/t, —e*/t), 1?2 = (e?)? + (e%)?

we obtain {0,1,0,0,0,0,0,0,a}, and provided that (%)% + (e7)? # 0 we act
by the matrices
By(as), Bs(as),
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where as, a3 are determined by the system
66a2 + 636L3 = —¢?
)
—e"ay + eSaz = —¢?

and obtain {0,0,0,0,0,«,1,0,3}, {0,0,0,0,0,1,0,0,a}. Let 8 # 0. Then
we either have the vectors

{0,0,0,0,0,,1,0,5}, {0,0,0,0,0,1,0,0,a},
or {1,0,0,0,0,0,0,0,0}. Let a # 0, = 0. Then we have either the vectors
{1,0,0,0,0,0,0,0,0}, {0,1,0,0,0,0,0,0,0}, {0,0,0,1,0,0,0,0,0}
(and if & = —2 there is one more vector {1,0,0,1,0,0,0,0,0}) or
{0,0,0,0,0,,1,0,3}, {0,0,0,0,0,1,0,0,a}.

Now let us turn to the case « = —1. If § = 0, there are two possibilities:
1) el = €8 =e” = e® = ¢ = 0. Then under the action of the matrices

Bi(a1), Bz(az, a7)

where a1, a; are obviously selected depending on the values e?, €3, e, €°,

we obtain the vectors
{0,1,0,0,0,0,0,0,0}, {0,0,0,1,0,0,0,0,0}, {0,0,1,1,0,0,0,0,0}.
2) e =3 =t =e% =e® = 0. Here if €% = 1 we act by the matrix
By(—eh)
and obtain {0,0,0,0,0,1,,0, 3}, and if €® = 0 we have
{0,0,0,0,0,0,1,0,a}, {1,0,0,0,0,0,1,0,a}, {1,0,0,0,0,0,0,0,c«}.

If B # 0 then e = €3 = ¢! = € = ¢® = 0 and this case is contained in the
latter case.

Let us take X7 — X4+ aX; + Xg +vXy. If a = 0, then we obtain either
the vector {0,1,0,0,0,0,0,0,0}, under the action of the matrix

Br(e?/t, —e’[t), t* = (e*)*+ (e’)* # 0,
or e? =e3 =et =% =eb = ¢e® =0 and consequently the vectors

{1,0,0,0,0,0,,0,5}, {0,0,0,0,0,0,1,0,a}.
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Table 3: Representatives for the optimal system of two-parameter subgroups
of the group Gy

I | X1+ Xy, aXj+ X7 26 | X1, X7+ aXg+ BXo

2 | X1+ Xg, X+ Xg+ 8X7 — Xg 27 | X1, Xe+ aX7+ 0Xs+vXg

3 | Xg+ Xo, X3+ X4 28 | X1, X

4 | Xo+ Xo, X +aX4+ 8X5 29 | Xo, X1+ aXy+ 0X5+ X9

5 | Xo+ X9, aXo+8X4+ X5 (a=0;1) (,y=0;1. When « =0, 5 =0;1)

6 | X2+ Xo, aXs 1 GX3 + Xs 30 | X2, aXi+ X5+ 0Xe (B=0;1)

7T X1+ Xy, —2Xg+ Xs+ aXo 31 | Xo, Xs+Xy+aXg (a=0;1)

8 | Xo+ X5, aXe+ X35+ Xy + X9 32 | X2, Xs+aXg (a=0;1)
(y=10;1) 33| X2, Xy+aXy (a=0;1)

9 | Xg+ X5, —Xg+ Xg+ aXe 34 | Xy, X4+ aXs+ Xg+ 0Xe

10 | X7+ aXo, BXe+ Xs+ X 35 | Xa, X5+ Xo + aXe

11 | X7 + aXe, X¢+ BXo 36 | Xg, Xg+ aXe

12 | X7 + aXy, X;— X+ Xs+ 3Xo 37 | Xa, X3+ Xs +aXo

13 | X1+ X7+ aXy,8X1 — X6+ Xg +7Xg | 38 | X2, aXe+ Xg+ (X

14 | X + aX7 + BXg, X7+ Xs+0Xg |39 | Xa, X1 — X+ Xs + aXo

15 | Xo, X1+ X4 40 | Xa, Xo

16 | X9, Xo+ X5 4| X5, X3+ Xg

17 | X9, Xg+ aXy 42 | X5, Xo+ afX3+ X4+ 5Xg (6=0;1)

18 | X9, Xr 43 | X5, X3+ X4+ Xo

19 | X9, X+ X4 4| X5, XataXey (a=0:1)

20 | Xo, Xo+ Xg 45 | X5, X3+ Xg+ aXy

21 | Xo, X4+ Xg 16 | X5, aXa+ Xg+ BXe (a=0;1)

22 | X9, aXg+ BX7+ X3 47 | X5, Xo+ aXs+ Xg+ X9

23| Xy, X1 — Xg + aXs + Xg 48 | X5, aXg + Xs + fXe

24| X1, Xs+ aXg 49 | X5, Xg

25 | X1, X5+ Xg +aXo 50 | X5 + Xo, aXq+t X5+ Xg
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If o # 0, then e = €3 = ¢* = € = €% = €® = 0 and the case is described in
the latter case.

Operator Xo composes pairs with all operators of the system (13) since
Xy is the invariant of any automorphism.

Finally, Table 3 of representatives for the optimal system of two-parameter
subgroups of the group Gy is obtained.

3°. Let us consider the group Gio. It follows from (13) and (18) that
subgroups composed by means of the operators

Xi+7Xy, Xot+7Xy, Xi+Xu+7Xy, XetaXz+vXy, Xi+X7+7Xo,

Xo+ Xg+9Xy, Xy+ Xeg+7vXy, Xi—Xe+aXs+ Xg+7Xy

are contained in Table 3 and the corresponding subgroups are not simplified
by automorphisms (11).
When « # —1 operator aXg + X7 + Xg + 7Xg also builds subgroups

contained in Table 3. When a = —1 it is sufficient to consider the case
110 - L/ 62
ce’ > (€”)7,

since in the case )
elel < . (66)2

there will be such real z, w that €' = 0 and in the operator —Xg + 3X7 +
Xg+7Xy the coordinate e!® = 0 with any z, w as follows from (14), therefore
the resulting pairs in the given case will be contained in Table 3. In the
case

we have €2 = e3 = et =€ =0, ¢! =1, ¢! > 0 and the matrix
Cg(\/ 61)

provides the vector {1,0,0,0,0,«, 3,0,v,1}.

Let us consider the operator X+ X5+7vXg. The condition (18) provides
that e! = €'Y = —e7, €8 = —¢8. The case e! = 0 is contained in Table 3, and
operator Y in case e! = 1 can be reduced to one of the last two operators
of the system (16), therefore we shall not consider this case separately.

For the operator X; +vXgy we have €2 = e3 = e* = €% = 0 and arrive ei-
ther to the pairs contained in Table 3 or to the vector {1,0,0,0,0,a, 0,0, 3, 1}.

For the operator Xy we take into consideration only the vectors

{17 17 07 07 07 07 ]‘? 07 O? 1}7 {17 07 07 07 07 a? ﬁ? O? 07 1}7
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since all the rest pairs are contained in Table 3.

Consider operator X + aXg + X7 + vXg + Xio. If @ = 0 then in case
B#1wehave e +e® =0, el =e?2 =e3 =¢et =% =¢!” =0, and in case
B=1el =€ =0, e* =¢e3 e = —e2, ® = —€8. The first case provides
the vectors

{07 07 07 07 07 ]" a’ _17ﬂ’ O}’ {O’ 07 07 07 07 07 ]" O’ a? 0}7
and the second one yields
{0,1,0,0,-1,0,0,0,,0}, «a=0;1,

{07 07 07 07 07 17 a? _17 ﬁ? 0}7 {07 O? 07 07 07 07 17 07 a? 0}7
provided that we act by the matrix

Cr(e?/t, —€*[t), t* = (e*)* + (¢”)’
when €% = e = 0, and when (e°)? + (e7)? # 0 by the matrices
Calas), Cs(—as), Cilas), Cs(as),

where a4, a5 are obtained from the equations
66a4 + e7a5 =¢3
—e"ay + eSas = —e? } '
If o # 0 we either have the vectors
{0,0,0,0,0,1,a,—1, 3,0}, {0,0,0,0,0,0,1,0,,0},
or the pair

a? o a?
< Xi+aXeg+4/1— ZX7—|—"}/X9+X10, §X9—|— 1-— IX3—|—X4 >, Oé7é0

that transforms into the pair
< X5+ X5, X1+OzX6—X7—CYX8—|—ﬁX9+X10>, OZ?AO

under the action of the matrices

01(—%), Cs —;0{2 . Cy(0, 1),
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Table 4: Additional pairs for the group G1g

1] X, X1+ X+ X0+ Xog
2 | X, Xi+aXeg+ 06X+ Xy, 0<a<?2

3 X2+X5, X1+OCX6—X7—OCX8+5X9+X10, OZ%O
4| X9+ Xs, X1+04X2+6X3—X7—|—’YX9+X10

5 X2+X5+X97 X1+04X2+HX3—X7+X10

6 | X7+ vXo, Xi+aXe+ BXg+ Xy, 0<a<?2

T Xe+0X7 — Xg +79Xy, Xi+aXe+BXr+6Xg+Xyy, 0<a<?2

Consider the operator X;+ X5+ X7+7X9+ Xi9. Condition (18) provides
that e! = €% = e” = €8 = €!? = 0. Therefore we obtain the vectors

{0,1,a,c0,—1,0,0,0,3,0}, {0,0,1,1,0,0,0,0,c,0},
that by means of the matrix
Cr(e?/t, —e3/t), 12 = (e%)? + (&%)?
provides the pair
< Xo+ Xs+aXg, Xij+8Xo+7Xs5—X7+0Xo+ Xy9>, a=0;1.

Representatives of the optimal system of two-parameter subgroups of the
group (1o are the pairs 1-40 of Table 3 and the following pairs.

§ 4 Invariant solutions of the rank 2.

Upon composing the optimal systems of one-parameter and two-parameter
subgroups we can start to construct invariant solutions. This section de-
scribes some invariant solutions of the rank two obtained from one-parameter
subgroups. Let us introduce the notation H; for one-parameter subgroups
and Hy for two-parameter subgroups. The variables U, V, P, R are functions
of two arguments A, p with values being defined for different subgroups in
every separate case.

1. Let us consider the system (10). The invariant H;-solution in the
form

u=U, v=V, p=P p=R;, A=z p=y,

corresponds to the operator X;. It is a stationary well investigated case,
therefore we shall not take it into consideration.
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2. The invariant H;-solution
u=U wv=V, p=P p=R A=t pu=y

for the operator X, describes a one-dimensional gas flow analyzed by L.V. Ovsyan-
nikov in [103].
3. Invariant H;-solution corresponding to the operator X5 has the form
Y 1

1
u="U, U:Z—i-V, p:zP, p:;R; A=t, p=uw.

The system S/H; is

\

1
Vit UVet 2V =0

1
Ry +UR, + RU, =0

P+ UP, + AU, =0 |
where the following notation is introduced

9S/OR.

A :A(P’R)E_R&S'/@P

For the values U, P, R the system of equations for a one-dimensional gas
flow is obtained, and V' is derived from the equation

1

when the function U is known. Therefore this case can also be related to the
case of a one-dimensional gas flow and omitted. We shall not consider one-
parameter subgroups corresponding to the operators Xy, Xo, X3, X4, X5,
and two-parameter subgroups that have these operators as one of the gen-
erators.

4. Let us consider the subgroup H; corresponding to aXg + X7. If we
introduce polar coordinates according to the formulae

r =12+ 19?2, @zarctg%, (24)

then 0 0 0 0 0
= —_— _— — _— —_—
aXg + X7 atat—i—arar 8<p+08u uav,
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and the invariant H;-solution has the form

u=Vsin(U—-yp), v=Vcos(U—p), p=P, p=R; \=te™, pu=re*.
5. Likewise the invariant H;-solution for the operator X;+ X7 is obtained

u=Vsin(U—p), v=Vecos(U—p), p=P, p=R; A=t+p, p=r.

6. The invariant H;-solution for the operator X; + X, has the form

1
u=t+U, v=V, p=P p=R, )\zitz—x, w=1.

7. The invariant H;-solution for the operator X5 + X5 has the form
u=U, v=x+V, p=P, p=R;, A=t pu=tr—y.
8. The invariant H;-solution for the operator aX, + X is

u:%—i—U, v=V, p=P p=R; /\:%7 u:%—alnt.
2°. Let us consider the system (13). We will not take into account the
operators of the system that differ from operators of the system (10) only
by the term vXg since this term affects only p and p and the changed form
of p and p can be easily found in every separate case.
1. For the operator Xy the following complete set of functionally inde-
pendent invariants is available:

Jt=t, =z =y Ji=u J=v, J==.

This set does not satisfy the necessary condition of existence of invariant
Hj-solutions (see [103]), then there are no invariant H;-solutions in this
case. In case of two-parameter subgroups with the operator Xgy being one
of the generators, the necessary condition is not satisfied either and that is
why we will not consider this subgroups.

2. The invariant Hi-solution for the operator Xy + Xg + 7Xy has the
form

1 1
u=_U wv=_V, p=t"R p=0P A=y p=tc",
3. The operator aXg + X7 + Xg + 7Xg is written in polar coordinates
as
0 0 0 0 0 0 0
t— —— 00— —Uu)=— — —+(2 — —
(a+ 1)tz +are Bagﬁ(ﬂ“ u)g- = (Butv)o-+(2+7)p 9 PP 3,
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If « # 0, B # 0 the invariant H;-solution is

24y

u:r’iUsin(V—w), v:r’éUcos(V—ga), p=raP, p=roR;

A=t = pPere
If o =0, 8 # 0 then the invariant H;-solution has the form
u=esUsin(V —¢), v=eilUcos(V —¢), p=t"P, p=t"R;
A=r, p=rt’e’

If £ 0, 8=0, then

142

u:rféU, U:r*é‘/, p=raP, p=re R, A=, p=trt,

If « =3 =0, then

1 1

u=-U wv=_V, p=tP p=t"R \=r p=y¢

4. The operator X; — X4+ a X7+ Xg+ Xy in polar coordinates has the
form

——7"——&3+(QU—U>£—(&U+U)£+<2+ ) 2+ 9.
ou ov 7p@p 7p@p

If « = 0, then the invariant H;-solution has the form
wu=rU, v=rV, p=rP, p=r"0R, X=o, pu=re.
If a # 0, then
u=rUsin(V —¢), v=rUcos(v—¢), p=r"P, p=r"0R

A=y +at, p=re.

3°. Let us consider the operator X; + Xjo of the system (16). The
corresponding invariant Hi-solution has the form

tr 1 ty 1 1 1
— —_ s — —‘/’ :7P7 —
" 1—|—t2+x ! 1+t2+y b (1+1¢2)2

x Y
A= — — )
a 1+¢2

V112
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§ 5 Invariant solutions of the rank 1.

These solutions are obtained from two-parameter subgroups. The variables
U, V, P, R depend on one argument A here. The values of A\ will be indi-
cated.

1°. Consider Table 3. If one omits the stationary and one-dimensional
cases there should be only the pairs 13 and 14 to be considered.

1. For the pair < Xy + X5, aXs + X3 + X4 > the following invariant
Hs,-solution is obtained

tr — vy

_ _(a+t)y—pBz
S t2tat—pf a

+ U,
2+at—p

+V, p=P, p=R; N=t.

u

2. For the pair < Xg, X7 > the invariant Hy-solution in polar coordinates
(24) is
r

u=Ucosp+Vsing, v=Usinp—Vcosy, p=P p=R; )\:Z-

2°. According to the remarks made in Section § 4 on the operators
X1, X9, X3, Xy, X5, Xy it is sufficient to consider only the pairs 1-14, 50 of
Table 3. Let us find the form of the invariant H,-solution for some of these
pairs.

1. Consider the pair < X7 + aXy, X7 — X5+ Xg + X9 > . The corre-
sponding invariant Hs-solution in polar coordinates has the form

u=rVsin(U — ), v=rVcos(U—¢), p=re P,
p=r"CHHe¢R X\ =rel.

2. Let us take the second pair < Xg + aX; 4+ Xy, 7X7 4+ Xg+0Xg > .
Here different cases are possible depending on the values of the parameters
a and 7. If v # 0, the invariant H-solution has the form

wu=rverVsin(U — ), v=rrierVeos(U—¢), p=r""tP,
p= rﬁ_5_2t2+5R; A= r*e?.
If v =0, in case a # 0 we have

u = %VSID(U - @)7 v = %VCOS(U - 90)7 b= Tﬁi(stépa

p= T’B_6_2t2+5R; A=r"%"%,
and in case o = 0 we have
r

u:ZU, vng, p=rP  p=rP0R N =0
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3°. Consider the pair < X7+vXg, X;+X;9 > . The invariant H,-solution
in polar coordinates has the form

xt 1 X yt 1
u:mjL;Vsm(U—(p), ’U:1+t2+;VCOS(U—(p),
6_’790 6_’7410 r
b (141227 Pm1ve ™ V1 +t2
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Preface

The present work is dedicated to investigating group properties of several
differential equations of physical significance. I give in Chapter 1 a brief
introduction to the theory of group properties of differential equations using
the terminology of the books [103], [104]. A detailed presentation of the
theory, main definitions and profs of theorems can be found in these books.

Group analysis of the Einstein equations of the general relativity has
lead me to a new geometrical notion - a group of generalized motions in
Riemannian spaces. In Chapter 2 of the present work the generalized mo-
tions are introduced and investigated for arbitrary Riemannian spaces, in-
dependently on the Einstein equations. Applications of generalized motions
to the Einstein equations are discussed in Chapter 3, § 6.

Note that § 6 and § 8 contain the solution of Problem 4 (“Find the
group admitted by Einstein’s equation of the general relativity”) and a
partial solution of Problem 5 (“Carry out classification of partially invariant
solutions of gasdynamic equation in two and three dimensions”) formulated
by L.V. Ovsyannikov in [104], §19.

I express my gratitude to Prof. L. V. Ovsyannikov for his invaluable
guidance and to Prof. Y. A. Smorodinsky for his interest in this work.

31



32 N.H. IBRAGIMOV SELECTED WORKS, VOL. I1

CHAPTER 1
Transformation groups and symmetries of
differential equations

This chapter contains a brief introduction to basic concepts of the theory
of local Lie groups of transformations and is used in the subsequent chapters.
I call local Lie groups for brevity simply Lie groups. The comprehensive
presentation of § 1 and in part of § 2 can be found in [103], [104], [33].

§ 1 Point transformation groups

1.1 Groups, invariance and partial invariance

Let ' (i = 1,...,n) be independent variables and u* (k = 1,...,m) the de-
pendent variables. We denote by E(x,u) the (n+m)-dimensional Euclidean
space of the variables r = (z',...,2"), v = (u',...,u™) and consider an
r-parameter group G, of point transformations of the space E(x,u) into

itself given by the equations

2" = fix,ua) (i=1,...,n),

u* = oz, ua) (k=1,...,m).

(1.1)

It is assumed that the zero value of the group parameter a = (a!, ..., a")
corresponds to the identity transformation. To the group G, there corre-
sponds the n-dimensional Lie algebra L, of operators

k&

n %7 (1-2)

0
XZGQXQZSZ%‘F

where e* = const. A basis of L, is provided by operators

0 0

X, =¢& — — =1,...,r,
¢ Oxt o ouk @ "
where '
52‘ _ af”(x,u,a) k __ &pk(x,u,a)
o Oa® 00 o = oa” a0
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The elements of the algebra L, are called the generators (or operators) of
the group G,.. The transformations of the group G, with known generators
(1.2) can be found by solving the Lie equations with initial conditions:

14
gx = fé(l’/, u/)7 x/i’azo - xi7
ac
ou'* . (1.3)

= 772@/7 U,/), ulk|a:0 =u,

da®
(it=1,....n; k=1,....m; a=1,...,r).

Accordingly, the group G, will further often be given by its generators. In

cases When the quantities £ (+ = 1,...,n) in (1.2) are independent of the
variables u* (k=1,...,m) we will wrlte the operators (1.2) in the form
X=X +nfx u)i (1.4)
T Ouk’
where
X = E(0) o
B oz?
Most frequently we deal with operators (1.4) of the specific form:
b kel O
X =X+s(x)u = (1.5)

ouk

In this case we have
Xub = sful = (Su)*,

where S = |sF| is an m x m matrix. Then the operator (1.5) is also written
X=X+85. (1.6)

Both of these forms will be used in what follows.

A function J(z,u) is called an invariant of the group G, if J(2',u’) =
J(z,u). A function J(z,u) is an invariant of G, if and only if it solves the
following equations for all generators X of the group G, :

XJ=0. (1.7)

A manifold (surface) M C E(z,u) is called an invariant manifold of the
group G, if all transformations of G, transform every point of M into a
point of the same manifold. Let M be given regularly by the equations

M: Y"(z,u)=0 (v=1,..., ).
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The manifold M (or the system ¢"(z,u) = 0) is invariant if and only if the
equations

(X =0 (=1,...p) (1.8)

hold for all generators of the group G,. The invariant manifold M is called
nonsingular if rank|£, nk|,, = 7., where

re = rank|&,, ni| (1.9)

is the general rank of the matrix [£, n¥|. Nonsingular invariant manifolds
can be represented by equations of the form

M: W(JL.. 0 =0  (v=1,...,pu), (1.10)
where
rank ‘68\111]1( =L
and J'(z,u),...,J7(x,u) is a complete set of functionally independent in-

variants of the group G,. Thereafter we will consider only nonsingular
invariant manifolds. The rank of the invariant manifold M is number

o=dmM —r,.

A manifold N C E(z,u) is called a partially invariant manifold of the
group G, it N C M, where M is an invariant manifold of the group. This
manifold, in general, is distinct from E(x,u). The least invariant manifold
M containing the partially invariant manifold N will be called here the
determining manifold of the partially invariant manifold N. The rank g of
the determining manifold M is known as the rank of the partially invariant
manifold N while the number

0 =dimM —dim N

is referred to as the defect of invariance of the partially invariant manifold
N. Let the determining manifold M be given in the form (1.10). Then the
following conditions hold:

T=n4+m-—r,, 0=0+n—r, p=m-—09,

' (1.11)
max {r. —n, 0} <§d <min{r, —1, m —1}.
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1.2 Groups admitted by differential equations

Consider a system of first-order differential equations

F,(x,u,p) =0, a=1,...,s, (1.12)

where p = {pF} is the set of the first-order partial derivatives p¥ = ‘?;;k

Equations (1.12) define a manifold in the space E(z,u,p). Let G, be a
group of transformations in F(z,u) and G, the prolongation of G, to the
space E(z,u,p). The generators of GG, have the form:

= 0
k
where (F(z,u,p) are defined by the prolongation formula
¢ = Di(n") —pyDi(¢’), D;= 8‘ +]9]-€—8 : (1.14)
! J ’ ox’ L ouk

The system of differential equations (1.12) is said to admit the group G, if
these equations define an invariant manifold of the prolonged group ér.

Let H be a group admitted by the system (1.12) and u* = ¢*(z) (k =
1,...,m) be a solution of of the system. We will consider this solution as a
manifold & C E(x,u). If ® is an invariant manifold of rank p for the group
H then & is called an H-invariant solution of rank p. If ® is a partially
invariant manifold of rank ¢ and of defect of invariance ¢ for the group H
then @ is called a partially H-invariant solution of rank o and of defect of
invariance 6. Using (1.11) one can show that if the general rank of a group
admitted by Egs. (1.12) is no less than n + m — 1, then the number of
possible types of partially invariant solutions is n - m.

The group admitted by Eqgs. (1.12) is found from the invariance test of
the manifold F' = 0, where ' = (F},..., Fs), namely, from the equations

X(F,) FZO—O, a=1,...,s. (1.15)
Egs. (1.15) are called the determining equations of the group admitted by
the system (1.12). Due to (1.14) Egs. (1.15) are differential equations with
respect to the functions £(x, u), n*(x,u). The general solution to the deter-
mining equations provides the broadest Lie group of point transformations
admitted by system (1.12).
In case of systems of higher-order equations the operator X should be
prolonged to all derivatives involved in the system.
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§ 2 Contact transformations
Consider a group G of point transformations

xll:fl(x7u7p7a)7 ulk:(pk('rsz/?p?a)?

p;k:wzk<x7uvpﬂa)7 (Z:Lana k:L’m)

of the space E(x,u, p) into itself, where a is a group parameter. The gener-
ator of the group G is written in the form

, 0

(2.1)

0 0
k(%%p)a =+ Pz, p)(‘?—pf (2.2)

Let .
JE=duf —pFda' =0 (k=1,...,m). (2.3)

If Egs. (2.3) are invariant with respect to the group G obtained by pro-
longation of the transformations (2.1) of the group G to the differentials
dz', du®, dp¥, then the group G is called a group of contact transformations
of the space E(x,u). We will write the operator of the group G in the form
pir 0
adri " BduF

(the terms with ﬁapk are omitted since they will be of no use). The quantities

X=x+¢ +oe

fi and 7* are obtained by applying the operator Q‘ 4o o the equations

f 08 s O O
de" = =2 da? + dp
& oz 3Ul 3]92
890’“ ol 590
1k — ] -_r l.
and have the form:
I ) L )< 0 .
fl_a;‘w aéd +a—§ld§ (i=1,....n),
ot o’ on®
77k axyd] azdu+aldpﬁ (k:l,...,m).

Writing the invariance test (1.15) for Eqs. (2.3) and substituting the
expressions of £ and 7* we obtain:

877 77k I ;
o Ju Vi + al

og  ;  0f o dad o
. pr— p— 1 “ e . .
—p} (8 ; dz’ + 8u dr? + apg- dp; 0 (k RN ()

dp

o
~Lda + L ¢kda

(2.4)
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Annulling the coefficients of the differentials da’ and dp} in (2.4) we get

el ow oW oW
'L: — .—_‘/i/ L = — — — A ‘:1,..., 3 2

if m = 1. Here W(z,u,p) = &p; — n. In the case of several dependent
variables, i.e. m > 1, the similar procedure leads to the equations

. OW! oW ow* oW*
aﬂfk oWl owm™ .
8pl, :O(k‘#l), a—pl:"‘:W7 ”k:gp?_nk7 (27)

where Wk = ¢&ipk —pk i=1,... . n; k=1,...,m. Egs. (2.7) yield that
WH(x,u,p) = Q'(z,u)pt + P*(x,u).
Substituting these expressions of W* in Egs. (2.6) we obtain:
g=¢(ru), =0 (ru), =D -piDi(¢).  (28)

Egs. (2.8) are identical with the prolongation formulae (1.13). Hence, we
have arrived at the following statement.

Theorem 2.1. In the case of several dependent variables (m > 1) all local
groups of contact transformations are obtained by prolongation of local
groups of point transformations. Hence, nontrivial contact transformation
groups exist only in the case of one dependent variable (m = 1), and their
generators (2.2) have the coefficients of the form (2.5).

§ 3 Higher-order tangent transformations

One can consider groups of higher-order tangent transformations as well.
However, it turns out that they can be obtained by prolongation of contact
(first-order tangent) transformation groups. This fact can be deduced from
Theorem 2.1, but I will give an independent proof of the following theorem
by considering, for the sake of brevity, second-order tangent transformations
in the case of one independent variable x and one dependent variable w.

Theorem 2.2. Any group of second-order tangent transformation is the
prolongation of a contact (first-order tangent) transformation group.
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Proof. Denote by p = v/(x) and ¢ = «”(z) the first and second derivatives
of u = u(x), respectively, and consider a group G of point transformations

m/:f(l‘7uap7Q7a)7 u/:(p(l’7u’p7q7a)7

P =v(,up.q,a), ¢ =o0(r,upqa)
in the space E(x,u,p,q). If the equations

du = pdx, dp=qdr (3.1)

are invariant under the prolongation G of G to dx, du, dp, dq, then G is
called a group of second-order tangent transformations. Let

9, 0

0
X:én%—i-/i%—f‘na—p—f‘

0
94

be the generator of the group G. If we prolong it to the differentials as in
§ 2 we will see that the invariance condition of Egs. (3.1) yields:

ov ~ ow

- = DOV)=W —2g — 2
” 0, D(V)=W —2g TR (3:2)
ow ow ow ~

where V = pu—p&, W =n—q¢§. Egs. (3.2) yield:

WV v oV
- Oz p@u qap

Whereupon, using Egs. (3.3) we obtain the following equation:

§=&(@up), p=pl@up) n=nmup),
~ ~ ~ 0 0 0
= D(n) —qD D=—+4+p—+q—,
thus proving the theorem.

Hereafter, we will refer to a group of tangent transformations of any
order as a local transformation group, considering point transformations as
tangent transformations of the zero-order. We see from § 2 and § 3 that
in the case of m > 1 dependent variables local transformation groups are
restricted to Lie point transformation groups. In the case of one dependent
variable they are restricted to contact (first-order tangent) transformations.
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CHAPTER 2
Generalized motions in Riemannian spaces

Isometric motions (often called briefly motions) and conformal transfor-
mations have long been used in Riemannian geometry (see, e.g. [34]). They
are also used for obtaining particular solutions of the Einstein equation in
the general theory of relativity (see [108] and the references therein).

In the present chapter I introduce the concept of groups of generalized
motions in Riemannian spaces and investigate their properties. In § 6 we
will discuss application of generalized motions to Einstein’s equations.

§ 4 Groups of isometric motions

Let V,, be an n-dimensional Riemannian space with a metric tensor

and let H be a group of point transformations in V,, with a generator
X =€) (1.2
=&"(r)=— - .
ox’
Let us associate with H the group H of transformations in the space of the
variables 2’ and ¢;; (4,7 = 1,...,n; i < j) with the generator
— , 0 ock ok 0
X = ¢ T — ik~ YL —— * 43
&) ox’ <g " O ik ozt ) 0g;; (43)

The operator (4.3) is obtained via transition to infinitesimal transformations
of coordinates in the transformation formula of the tensor g;;.

Before defining generalized motions Riemannian spaces let us dwell on
isometric motions. There exist several definitions of motions in V,,. We
will consider three definitions and prove their equivalence by using the facts
from § 1.

Definition 2.1. A group H is called a group of isometric motions (briefly
motions) in V,, if the element of length

ds® = g;j(z)dx'dx?

is an invariant of the group H obtained by extension of the group H to the
differentials dz' (i = 1,...,n).
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Definition 2.2. A group H is called a group of isometric motions in V,, if
the equations (4.1) specifying the metric tensor of the space are invariant
withs respect to the group H.

Definition 2.3. A group H is called a group of motions in V,, if the Killing
equations are satisfied:

Ogy . O ¢ -
fkaig gik% K0 lj=1L.m). (4.4)

Let us prove the equivalence of these definitions.
a) 2.1 <= 2.3. We will extend the operator (4.2) to the differentials
regarding that transformations of the group H have the form:

7" = fix,a) (i=1,...,n).

Then if the equalities da" 3f dz? (i =1,...,n) are acted on by the oper-
ator % o 1t yields an operator of the group extended to the differentials.

The operator has the form:

The necessary and sufficient condition for invariance of ds? will have the

form: 5 ek ek
Xds? = ({k g” 3 + gjk 3 )dx’dxj =0.

9ik 75 - i Ot
By setting the coefficients of all differentials in the equation equal to zero
we obtain equations (4.4) thus proving the required equivalence.

b) 2.2 <= 2.3. The proof immediately follows from the necessary and
sufficient condition for invariance of the manifold (4.1) with respect to the
group H:

=0.

9ij=9i; ()

k k
Y(gij — gi(2)) (fk agzy( ) n 3 o0& )

Gik = D0 + gk Oy

9ij=9ij ()

§ 5 Groups of generalized motions

5.1 Definition and basic properties

Definition 2.4. A group H is called a group of generalized motions in a
Riemannian space V,, if the metric tensor (4.1) of V,, defines a partially
invariant manifold of the group H. The numbers o and ¢ are called a rank
and a defect, respectively, of the space V,, with respect to the group H.
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For groups of generalized motions we have the following analogue of
Killing’s equations for isometric motions.

Theorem 2.3. Let H be a group of generalized motions in a Riemannian
space V,, with a metric tensor (4.1) and let the determining manifold of the
space V,, have the form:

1
M ¥z, 9) =0, VZl,...,M;l/JS@. (5.1)

Then the equations

[(ék dgij afk a§k> Dp”

+ ik 5+ 9k }
k J i .
O 0z’ O ag W4 gij=gij(w)

=0 (v=1,...,u) (5.2

are satisfied.

Remark 2.1. For brevity, we term as the determining manifold of the space
V,, the determining manifold of the manifold given by Egs. (4.1), i.e. the
least invariant manifold containing the partially invariant manifold (4.1).

The proof of Theorem 2.3 is based on the following lemma.

Lemma 2.1. The manifold M defined by (5.1) is invariant under the group
H if and only if

09i; ock OEEN Op”
k 9Yij

e g —0 (w=1,...,u). 5.3
[(f Ok t9 k0 + Gk oz ) dgs; N (v t) (5.3)
Proof. Since 1 < in(n+1), all quantities ¥ (k = 1,...,n) on the manifold

(5.1) can be considered as independent parameters on which depend the
quantities g;; (¢,7 =1,...,n). Hence,

do” | m dp” " gy
= -0 (k=1.....n: v=1,....1).
dxk (8xk + ag” amk ™ ( Y 7n) 1% ) 7#‘)

Multiplying by &* and summing over k from 1 to n we obtain:

< oxk 89@‘]‘ a$k)‘/vl ’ (V S ) (5. )

The invariance test X"

= 0 for the manifold (5.1) is written now:

[gkéw B ( ock gk ) 0"

al'k ik O + 9k ot agz]:| Iy 0 (y ) 7#’) (5 5)
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Subtracting (5.5) from (5.4) we obtain (5.3). Conversely, Egs. (5.3) and
(5.4) yield (5.5). The lemma is proved.
Proof of Theorem 2.3. Equations (5.2) clearly result from (5.3) since
under the conditions of the theorem the manifold (4.1) is contained in the
manifold (5.1). This proves Theorem 2.3.

Let us introduce the notation:
99i; ag" 3

_ ¢k
hij =€ Ox o

Then the metric tensor of the space obtained from V,, via transformations
of the group H can be written in the form (see [34]):

9ij = gij + hya (i,j=1,...,n). (5.6)

5.2 Geometry of generalized motions

Let us use Theorem 2.3 for better understanding a geometric meaning of
generalized motions. Let H be a group of generalized motions in a space
V,, with the metric tensor (4.1) and the determining manifold (5.1). Equa-
tions (5.2) are linear equations (generally speaking, under-determined) with
respect to the quantities h;;. From these equations we can express y quan-
tities h;; via the remaining 6 quantities. Here § = in(n+1) —pu is the defect
of the space V,, with respect to the group H. These § quantities h;; can
change arbitrarily thus causing the corresponding ”distortion” of the space
V,, due to formula (5.6). Thus, the defect ¢ shows the number of arbitrarily
changing quantities h;; by means of which all the remaining quantities are
expressed linearly. For instance, for groups of motions we have § = 0, and
Egs. (5.2) yield that all h;; vanish, hence the space is left undistorted. For
conformal transformations equations we have [34]

hij = o(x)gi5,

whence, assuming without loss of generality that ¢g;; # 0 and eliminating
the arbitrary function o(z) we obtain:

Gij
hij == hiy.
g11

This means that the defect of the space V,, with respect to the group of
conformal transformations equals to one as it was expected. We change

here the arbitrary element o(z) by hy; in order to show clearly the meaning
of the defect of invariance of a conformal group.
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A more vivid geometric interpretation of generalized motions can be
obtained by comparing them with motions and conformal transformations.

Recall that the metric at a point xy “carried by a group of motions”
coincides at a point of destination x; with the local metric defined at the
point x1. Hence, it suffices to “measure” the metric properties of a space
element at a starting point zy in order to know these properties (without
additional measurements) at any point where we can arrive from zy by
means of motions. Therefore, we can talk about equality of geometric figures
having different positions, e.g. we call two triangles to be equal if they
coincide after an appropriate translation and rotation (isometric motions).

Conformal transformations do not preserve all metric properties but
only those that depend solely on ratios of the components of a metric ten-
sor (angles), and hence they map geometric figures into similar figures. An
additional measurement is to be taken in order to know all metric properties
at a point attained by a conformal transformation. However, the advantage
is that we can arrive by conformal transformations into a larger number of
points from a given point as compared to motions. In this respect a confor-
mal group has a greater capacity. Of course, arbitrary transformations are
the most prolific in this respect since the allow us to reach from a given point
into any other point. However, in general, there are no conserved quanti-
ties (angles, etc.) for such transformations, and hence all characteristics of
space elements are to be measured at every attained point.

Groups of generalized motions fill the “gap” between motions (§ = 0)
and arbitrary transformations (6 = in(n+1)). Namely, for transformations
with the defect ¢ there are u = in(n + 1)) — ¢ conserved quantities. Thus
only ¢ metric characteristics have to be measured at a new point.

Let H be a group of generalized motions with a defect § in a space V,.
Equations (5.2) allow one to obtain a group H’ of motions in V,, without
solving the complete system of Killing’s equations (4.4) by taking H' as a
subgroup of the group H. Indeed, it suffices to solve equations (5.2) for p
quantities h;; (due to linearity of (5.2) they will be linear forms of the rest
of h;;) and to annul the remaining J quantities h;; for the coordinates " (z)
of the desired subgroup H’. This approach is illustrated in the next section.

Given a group H, the space V,, having H as a group of generalized
motions is sought as follows. First we construct the prolongation H of
the group H in accordance with (4.3). Then we find a complete set of
functionally independent invariants J!(z,y),...,J (z,y) of the group H
and express the determining manifold in the form (1.10). Any space with
the metric tensor satisfying this system of equations will admit H as a group
of generalized motions and have the defect 9.
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CHAPTER 3
Symmetry analysis of some equations

This chapter is devoted to investigation of group properties of Ein-
stein’s empty space field equations, wave equations with zero mass and
two-dimensional gasdynamic equations. The maximal group admitted by
gasdynamic equations is already known [103]. Here the non-similar sub-
groups of this group are listed and used for investigating invariant and
partially invariant solutions in gas dynamics. To the best of my knowledge,
the problem of the maximal Lie groups of local transformations admitted
by the other equations considered in the chapter has not been solved yet.
Groups with generators (1.5) were considered for the Einstein and Maxwell
equations while for the Dirac equations operators of the same form were
analyzed but the operator X was assumed a priori to belong to a group
of conformal transformations (about the Dirac and Maxwell equations see
[20], [32], [95]). It is not obvious a priori that these groups are the broadest
Lie groups admitted by the above equations, in particular for the Einstein
equations due to their nonlinearity. The present chapter is dedicated to the
general investigation of this problem. All cumbersome calculations are omit-
ted and only the final results are presented.

§ 6 Einstein’s empty space field equations

6.1 The maximal symmetry group

The notion of a group of generalized motions cited in the above section can
be used to obtain particular solutions of the Einstein equations:

1

I will consider here Einstein’s empty space field equations:
Ry =0 (i,k=1,...,4). (6.2)

Let us begin with computing the maximal group of point transformations
admitted by Egs. (6.2).

It is well known that Egs. (6.1) admit all transformations of coordinates,
i.e. the infinite-dimensional Lie algebra of operators (4.3). However, the
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operators (4.3) do not provide the maximal admitted algebra for Egs. (6.2).
Indeed, Egs. (6.2) admit, e.g. the dilations of the tensor g;;

X :I; g;]:agl]a (Zﬂj:17’4>

with the generator

- gzy agw
which is not of the form (4.3). Therefore, we will solve here the problem

of computing the maximal Lie algebra admitted by equations (6.2) with
generators of the form (1.2). For the sake of brevity, I will use the notation

Xo (6.3)

D T i
k‘l,’t - 0le ’ kl,l] - axlam‘j
Then
2Rt = ¢ (G im + Gimak — Gumik — Gikam) + Pix
where the terms P are defined by

Py, = 2" (T Ty — T Cout)

and do not contain second derivatives of functions g;; (i,j =1,...,4).
We seek operators of the form:

. 0 0
X :fl(i&g)% +"7¢j(1'79)@' (6.4)
ij

Equations (6.2) are of the second order, hence the operator X is to be
prolonged by formulae (1.13), (1.14) twice. The prolonged operators are:

~ 0
Gij, k

- 9 _
X=X+ wz‘jkzm, wijit = Di(Niji) — 9ij, ks D1(§7),
l]?

where

0 0 ~ 0
Dpy=—+ giipn—1, Dy, =Dy + giipg——-
k Ok g],kagij k k gg,klagm

We will write the invariance condition (6.2) in the form:

XRy = Ry (ik=1,...,4) (6.5)
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where Qf,i are undetermined coefficients depending, in general, on z* as well
as on g¢;; and their first derivatives. Separating in (6.5) the terms with
second derivatives of g;; we obtain the determining equations given by

(g™ g7 8501, + g7 g™ 8167, — g™ g™ 6567, — g7° g% 610} npg

gl + Kl — Kl — Kt) — 9705 - g7 (6)

lkim Imik iklm
+ g]TQf]f; + gSth]:]gjnst = 07 (iaja kvra Svt = 17 s 74)7
and

"™ (Mipim + Mimir, — Mipmire — Migam) + XPy, — Q P =0
(6.7)
(i k=1,....4).

Here Mijkl = Dle(ﬁZ] — gij,sfs) and

KPQTS _ 8772] agt 51“55 D r 55 D s 51“ 5175(1
ikl = \ gy Jiig,— ) O — (Dw(€7) 0 + Du(€7) 6;) 0707
pq pq

Equations (6.6), after setting the coefficients of g;; x; equal to zero (symme-
try of ¢ 1 in both couples of indices should be taken into account), yield
' = £(x). Therefore we take X — X instead of X, where X is given by (6.4)
and X is given by (4.3). In consequence we obtain ¢ =0 (i = 1,...,4) and
simplify equations (6.2) and (6.7) considerably. By solving the resulting
equations we finally arrive at the following statement.

Theorem 2.4. The operators (4.3) and (6.3) span the maximal Lie algebra
admitted by Einstein’s empty space field equations (6.2).

6.2 Spaces with a given group of generalized motions

Consider now the problem of finding exact particular solutions of the Ein-
stein equations using the symmetries (4.3). According to Definition 2.2
in § 4, classification of invariant solutions of equations (6.1) geometrically
means classification of space-times by groups of motions. A detailed discus-
sion of this problem for equations (6.2) can be found in the book [108].

A similar classification can be done by using groups of generalized mo-
tions. In the case of general relativity, the classification by groups of general-
ized motions is equivalent to enumeration of all partially invariant solutions
of the Einstein equations (6.1). I will discuss here the classification of the
Einstein spaces only, i. e. partially invariant solutions of Eqgs. (6.2).
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According to the general theory [103], a search for Einstein’s spaces
admitting a given group H of generalized motions and having a rank p
and defect 0 with respect to H leads to decomposition of Eqgs. (6.2) into
two sub-systems of equations. All functions of one sub-system depend on
o arguments, whereas the second sub-system (it is overdetermined) com-
prises equations with respect to ¢ functions g;; depending on all variables
x', ..., 2% In particular, if o = 0 then the first sub-system turns into re-
lations among constants, and hence it remains to solve only the second
sub-system. This is the case in Example 2.1 given below. It is obvious that
the less the defect § the narrower the class of solutions with a given rank
0. Thus in this regard the narrowest class is the class of the Einstein spaces
admitting groups of motions.

Possible types of spaces V; admitting groups of generalized motions are
listed in Table 1 obtained by applying the conditions (1.11) to the case
n = 4, m = 10. The table presents all necessary characteristics (defect,
rank etc.). The last column in the table indicates the form of the deter-
mining manifolds (1.10) written by using the convention that all invariants
outside the parentheses are functions of the invariants in the parentheses.
For instance, the notation J!, J? J3(J* J°) means that the determining
manifold is to be taken in the form J' = Wl(J4 J5), ... J3 = W3(J4, J°).
This kind of notation will be used in other tables as well. Note that types
1,2,4,7 of Table 1 correspond to groups of motions.

Example 2.1. We will find a partially invariant solution of Egs. (6.2) of
type 11 from Table 1. Let us take the group Hjs with the generators

Xi=— (i=1,...,4), Xs=0—,

(i ) 5% ox?

with respect to which the desired space will have the rank o = 0 and the de-
fect of invariance 0 = 1. Calculations will be carried out in the synchronous
coordinate system [81] which is invariant under the group Hs. The genera-
tors of the extended group Hj are given by (1.10) and have the form:

— 0 — 0 0 0 0
X, = - Xe=2x1l——2 _— = — .
O 5 2 g12 0911 922 6g12 923 8913

Let us find the invariants of the group Hs by solving the equations:
XiJ(z,9)=0 (i=1,...,4), XsJ(z,9)=0.
The first four equations yield J = J(g), Then the last equation becomes:

2 ﬂ + ﬂ + ﬂ — 0
g12 dons g22 D12 J23 9915 .
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Solving the characteristic system

dgn _ dgi2 - dgis

2012 922 g23

we obtain the following functionally independent invariants:

J' = 911912 — gfm J? = 912923 — g13922,
I =g, J'=go, J°=gs. (6.8)

We have here only five invariants instead of nine predicted by Table 1.
The reason is that we have pre-fixed the values of four components of the
metric tensor, and they are precisely the missing four invariants. To be
more specific, we used the equations

14 = g24 = g34 = 0, ga4 = -1

which define a synchronous coordinate system and which determine an in-
variant manifold for the group Hs. Then we used the group induced by H
on this manifold instead of the original group Hs, keeping the same notation
Hj for the induced group.

According to Table 1, we take the determining manifold in the form
JF=c¢, (k=1,...,5), express from these equations five components of
the tensor g;; via one of its components (since the defect § = 1) and five
arbitrary constants ¢, and obtain:

g11 = c_(cl + /%), g = C_(C4f —C2), Goa=0C3, Q3 =C4 33 = Cs
3 3

where f = g5 is an arbitrary function of four variables z', 2%, 22, x*. We
can set here ¢; = ¢4 =0, ¢o =1, ¢c3 = —1 by means of a suitable change of
variables preserving synchronous coordinate systems. Then

-2 f 1 0
_ f -1 0 0 _ L
Gij 1 0 e 0 , g=det |g;] = —1. (6.9)

0 0 0 -1

For (6.9) we obtain the following Christoffel symbols T'%, (all other com-
ponents Tt equal to zero except those that differ from the below only by
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permutation of subscripts):

of 1 of f of of
Fh:f@, Fi2:_§$a F%1:]02 f8x2_8x1’
F2:__fﬁ 2:_1ﬁ QZ_EE f_f
12 270237 1 293" M 2 Oxt’ ox?’
F3:_fﬁ 3:_1 ﬁ 3:8_f 3_1_f
12 Ox?’ 13 27 0x3’ 2 9x?’ 29 923

27000 "M T 2000 TN T et 2T 2900

By calculating the components of Ry, (i,k = 1,...,4) and equating them
to zero we obtain 10 second-order differential equations for one function f.
Solutions of these equations can be obtained in an explicit form. I will not
carry out the calculations here but present the final result only. Neglecting
the trivial case of the flat space and making some simplifications we can
write the solution in the following form:

f —f

=0, f=z*A")+ 1‘4\/—2 (A(xl)z + %) , (6.10)

where A(z!) is an arbitrary function. The metric of the obtained space is
ds® = —(fda" — do*)? + 2dz'dx® — (da*)?, (6.11)

where the function f is given in (6.10). If A(z') is an arbitrary function, the
space with the metric (6.11) is not flat. For instance, one of the non-zero
components of Riemann’s tensor is

g (A(x1)2 - dfl;‘fl)) :

Let us find out which subgroup H’ of the group Hj is a group of isometric
motions of the metric (6.11). According to § 5, to answer this question it
suffices to solve one equation h;; = 0 with a certain pair (7, 7). In order to
identify the (4, j) we should find out a particular quantity h;; via which all
other h;; can be expressed upon solving the equations (5.2):

4
R141 -

8 v
hi; 2 —0, v=1,...,5
9ij 1 gij=gi; ()
with ¢” = J” —¢, (v =1,...,5), where J” are the invariants (6.8) of the
group Hj; and g;;(z) is the metric tensor (6.9). The reckoning shows that
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all quantities h;; can be expressed via hip. Hence, it is sufficient to annul
the quantity hio calculated for an arbitrary subgroup H’ of the group Hs.
Writing the generators of the subgroup H’ in the form X = a'X;+ 3X;5 with
undetermined constant coefficients o, ..., a* 3 and solving the equation
his = 0 we find that o' = o? = o' = 3 = 0if A(2!) is an arbitrary function.
Hence, X = X3, i.e. H’ is the one-parameter group of translations in 3.
It is obvious that the translations in z* do not change the metric (6.11)
because the function f in (6.10) does not depend on z3.

With some special types of the function A(x!) there are cases when not
all of the o', a?, o, 3 equal to zero. We will skip here this problem as well
as the question about the maximal group of isometric motions (which is not
necessarily a subgroup of Hj) of the metric (6.11). However, it is worth
noting that in investigating Einstein spaces having a group of generalized

motions H of special interest is the following problem.

Problem of symmetry augmentation. Let an Einstein space be sought
as a space of the rank ¢ and the defect ¢ with respect to a group H. Is there
a group H' (if yes, find this group) such that the space in question has a
rank ¢’ < p and a defect 0’ < § with respect to H'?

Hence the problem is to clarify the symmetry properties of the Einstein
space obtained from the Riemannian space having a priori some partial
symmetry. If this question can be settled before solving equations (6.2)
then as an alternative to finding the Einstein space via the group H, with
respect to which the desired space has the defect § and the rank p, the more
facile problem of finding a space with a less rank and defect could be solved.

A good example to the problem on symmetry augmentation is provided
by Birkhoff’s theorem. It states that the spherically symmetric Einstein
space is static. In this case H is the three-parameter group of rotations
in the space of spatial coordinates (z', 2%, 3), and the solution in question
has the rank ¢ = 2 and the defect 6 = 0 with respect to H. The problem
of symmetry augmentation has a positive solution. Namely, the spheri-
cally symmetric Einstein space has the rank ¢’ = 1 and the defect §' = 0
with respect to the four-parameter group H' obtained by adding to H the
translations of the time variable z%.

Remark 2.2. The problem on symmetry augmentation is closely related to
possibility of reductions of partially invariant solutions ([104], §18). Namely,
according to Ovsyannikov, a partially invariant solution having the rank o
and the defect § with respect to a group H is said to be reducible if there
exists a subgroup H’ C H such that the partially invariant solution in
question has the rank ¢’ = p and a defect ¢’ < § with respect to H'.
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Table 1: Einstein equations (n=4, m=10)

(Nof[re |7 [d]e]n | M

1 [[1 [13]o3]10]|JY...,J00J0 g2 Ji3)
2 2 [12]0]2]10]Jt ..., J00J, Jt?)

3 2 [12]1]3]9 [JH..., )90 JtL Ji2)
4 |3 [1nfof1]10]Jt..., J00J

5 3 [11]1]2 JH . J9(J0,

6 (|3 [11]2]3 JH T8I, 10 gt
7 |4 [10]lofjo]10]JF=CF (k=1,...,10)
8 4 [10]1|1]9 [JY.. ., J%(J19)

9 [[4 [10]2]2]|8 [ J...,J%J% J9)
104 (10337 [JY...,J7(J%,J% J9)
1mis[9 [1]o]9 |JF=CF (k=1,...,9)
125 [9 [2]1]8 [JL,...,J%J9

1315 [9 |[3|2|7 [JY,...,J0(J%,J9
145 |9 [4]3]6 | JL,...,J8J",J8,J9
156 [8 [2]0]|8 [JF=CF (k=1,...,8)
66 [8 [3[1]7 [JL...,J(J®

176 [8 [4]2]6 |JY...,J8J7,J%)
1816 [8 [5]3]5 |JY...,J°(JC J7,J8)
97 [7 |3]o]|7 |JF=CF (k=1,...,7)
20 |7 [7 [4]1]6 |JY...,J5J")

21 |7 |7 |5)2|5 [JY...,J°(J5,J")

22 |7 [7 [6]3[4 [ JH. ..., J%J° JO, J7)
23 [8 |6 [4]0|6 [JF=CF (k=1,...,6)
24 |8 [6 [5]1]5 |JY...,J°(J%)

25 8 |6 [6]24 [JY...,J%J> J9)

26 [[8 |6 [7]3][3 [JJ%03(J%, 0%, J9)
27 9 |5 [5]0|5 [JF=CF (k=1,...,5)
28 9 [5 [6]1]4 [JY...,J%J°)

20 [[9 |5 [7]2]3 [JY % 73(J%, )

30 (9 [5 [8]3]2 [JYJ2J3, 04, 0%

31 [[10]4 [6]0]4 [JF=CF (k=1,...,4)
32 104 [7]1]3 [ JLJ2730JY

33 104 [8]2]2 [ JLJ2(J3,JY

34 104 [9]3[1 [ JHJ% T3, TY

35 113 [7]0|3 [JF=CF (k=1,2,3)
36 113 [8]1]2 |JYJ?(J9

37 113 [9]2]1 |JYJ?J9

38 122 [8]l0|2 [JF=CF (k=1,2)
39 1212 [9]1]1 |JYNJI?P

40 [[13]1 [9]0|1 | Jt=Ct

o1
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§ 7 Wave equations with zero mass

In this section we find the maximal Lie groups of local transformations
admitted by the homogeneous Dirac, Maxwell and the scalar wave equa-
tions. Inspection of the determining equations shows that the generators of
the point transformation groups admitted by these equations have the form
(1.5). Moreover, the coordinates ¥ (k = 1,...,4) of the admitted operators

0
k
X=¢ (@@
satisfy the equations:
ogk  o¢
%—F% :,U(I)(Skl (/{5,121,...,4). (7.1)

I omit here calculations (rather time consuming) since they are performed
in the standard way [103]. Equations (7.1) determine a group of conformal
transformations of the Euclidean space. Finding the general solution of
these equations we obtain the basis operators:

0 0 0
Xk Dk Xk Tok TV (k <1), (7.2)
0 0
k k, |l 2 okl
T=x Sk Y = (222" — |z|%6 )8xl’ (k,l=1,...,4),

where |z]? = S1p_, (z%)2.

7.1 The Dirac equations

The Dirac equations with zero mass have the form:

9
yka—fk =0 (7.3)

The maximal group of point transformations admitted by Eqgs. (7.3) is the
17-parameter group* with with the following generators of the form (1.6):

A=~y B=1 (7.4)

*To be more precise we deal with an infinite group due to linearity of equations (7.3)
Namely, all transformations of the form ¢’ = ¥+ (x), where ¢(z) is an arbitrary solution
of equations (7.3), are admitted. I excluded such transformations from consideration.
The comment is valid for the other equations of this section as well.
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Table 2: Dirac equations (n=4, m=4)

(Nof[r-[r[d]efn] M

1 |1 [7]of3]4]JY...,J%J",J5 )
2 (2 [6|0|2]4]J. .., %% J%

3 [[2 ]6]1]3]3]|J5J 2 03J%0°,J9)
4 3 [5]of1]4]J. .., 4P

5 [[3 [5]1]2]3]J50%03J% 0%

6 |3 [5]2]3]2]JJ%(J3 0% 07

7 |4 [4)l0f0of4]|JF=CF (k=1,...,4)
8 |4 [41|1]3]JYT%3(JY

9 4 [4|2]2]2]JJ%J3, %

10 [[4 [4]3]3]1]JYJI2 T3 0%
1|5 [3[1]o]3]JF=CF (k=1,2,3)
12 5 [3]2]1]2]JL %%

135 [3[3]2]1]JYJ% T3

146 [2]2]0]2]|JF=CF (k=1,2)
156 [2[3]1]1]JYJ?

6 (|7 [1]3]of1]Jt=Ct

In (7.4) X runs trough the system of operators (7.2) and I stands for

the unit 4 x 4 matrix corresponding to the dilation group

v = av.

Solving the Lie equations (1.3) for the operator A we get the following finite

93

transformations of the corresponding one-parameter group: In (7.4) X runs

trough the system of operators (7.2) and I stands for the unit 4 x 4 matrix

corresponding to the dilation group

' = ar).

Solving the Lie equations (1.3) for the operator A we get the following finite

transformations of the corresponding one-parameter group:

Y =t cosha + 3 sinha,
Y"? = cosha + ¢*sinha,
" = ' sinha + 9% cosh a,
Y™ = p?*sinha + ¢* cosh a.
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Note that the formula for X in (7.4) is a generalization to the conformal
group of the following well-known spinor representation for the Lorenz group
(see, e.g. [120], [115])):

1 = Ok
Y= X 4 - 98 (kb ALk
+8klzlaxl(vv 7Y

The possible types of partially invariant solutions of the Dirac equations
are given in Table 2.

7.2 The Maxwell equations

We will use the four-dimensional presentation of the Maxwell equations:

oF,  0F,, OF..
ox™m * Oxk ox!
L OFy
=1 Oat

=0 (kl,m=1,...,4),
—0 (k=1,...,4). (7.5)

The reckoning shows that the operators admitted by the Maxwell equations
have the form (1.5). Namely, solution of the determining equations yields
that the maximal Lie algebra admitted by Egs. (7.5) is the 17-dimensional
algebra spanned by

_ R A
X=x-S(F.2 45,2 ) L
;( b ot mlaxk) OFy’

- ~ 0 — 0
AZZFM@TM’ BZZFM@TM’ (7.6)
k<l

k<l

where X runs through the system of operators (7.2) and Fy is the dual
tensor of the electromagnetic field defined by

Fr =

4
-/
T Z ertmnFmn (k,l = 1,,4)

m,n=1
Note that B in (7.6) is the generator of the dilation group F}, = aFj,, and

A is the generator of the one-parameter group of dual transformation which
is written in terms of the electric and magnetic field vectors as follows:

H' = Hcosa+ Esina,
E' = Ecosa — Hsina.
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Table 3: Maxwell equations (n=4, m=6)

(Nofrfriofefr] M

L [[1]9]0|3]6]J..., 87, J5, 09
2 |2 [8]0]2|6]J%...,J5J7,J%)

3 |2 [8]1]3]5]JY...,J°(J5, J7, J%)
4 3 [7]o[1]6|JY...,J5(J)

5 37125 J%...,J°(J5J)

6 3 [7]2]3[4]JL...,J%J? 0 J)
7 [[4]6]0]l0|6[JF=C" (k=1,...,6)
8 4 ]6[1]1|5][J...,J°(J%

9 4 ]6[2]2]4]J%. .., I J9

10 [[4 |6[3[3]3]JYJ%J3J% 05, J%
15 |5[1|0|5]Jf=CF (k=1,...,5)
125 [5][2]1]4]J...,J4])

B35 |5[3|2]3]JJ%I3(J4 7

14 [[5 |5[43]2]J5J2J3 T80
56 [4]2(/0/4]J=CF (k=1,...,4)
16 |6 [4[3]1]3]JLT%T3(JY

1706 [4]42]2]JYJT3(J3,JY

186 [4][5]3]1]JYI2 T3 TY

197 [3[3]0][3]JF=CF (k=1,2,3)
20 [ 7 [3[4]1|2]JY 3T

21 [ 7 [3[5]2|1]JYJ% T

22 [8 |2]4]0]2|JF=CF (k=1,2)
23 |8 [2]5[1|1]JYJ?

24 |9 [1|5]0[1|Jt=C"

95
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The operator X in (7.6) shows that for conformal transformations of
coordinates 2% (k = 1,...,4) the quantities Fj; (k,l = 1,...,4) are trans-
formed as components of a covariant tensor.

It is well known that the non-homogeneous Lorentz group (when X in
the operators X runs through the operators X}, Xy, from (7.2)) has the
following two functionally independent invariants (see, e.g. [81]):

J'=N"FL =) FuFa.
k<l k<l

In other words, the non-homogeneous Lorentz group is intransitive. The
complete 17-parameter group has no invariants, i.e. it is transitive.

Table 3 lists the possible types of invariant (0 = 0) and partially invariant
solutions of the Maxwell equations.

7.3 The wave equation

The maximal Lie group of point transformations admitted by the wave
equation with three spatial variables:

(2 ) s -

is the group of conformal transformations [103] with the generators (7.2).
It can be shown that the group of contact transformations admitted by
equation (7.7) coincides with the extended group of point transformations.

§ 8 Two-dimensional gasdynamic equations

The system of equations of two-dimensional gas dynamics has the form:

1
68—1;+(U-V)v+;gradp:0,
dp .
a—i—(v-gradp)—l—pdwv:@, (8.1)
dp .
n + (v - gradp) + A(p, p) divw = 0.

Here p is pressure, p is density, v = v(z,y,t) is the velocity vector with
components u, v, and A = —p S, / Sp, where S is entropy. It is assumed

that S, = % # 0. We will consider the case when A(p, p) is an arbitrary



2: GROUP PROPERTIES OF SOME EQUATIONS (1967) o7

Table 4: Gasdynamic equations (n=3, m=4)

‘No H Ty
1

OO =N N

o] =] ro| wo| bo| o | ol | x|

J . JATR, T5)

JL TP

JL T2 (T8, TP)
Jr=C% (k=1,...,4)
JY T2 T3 (Y

JY JA(J3, T
JF=CF (k=1,2,3)
JL (T3

JH(J?, J3)

JP=C% (k=1,2)
JH(JT?)

DO DO QO W[ W[ | | | O O O|| A
WIN| W= OO

O O x| x| | W W W NN

= =
2| 5| ©| | | o] o x| wo| ho| =

function®. In this case, the maximal Lie algebra admitted by Eqgs. (8.1) is
the seven-dimensional algebra L7 is spanned by the operators [103]:

0 9, 0
Xl aa XQ_%a X3_8_y7

0 0 o 0
Xy t%—i—au, X5—ta—y+a—v,

0 0 0
X7:yg—x—+v£— g

ox dy u ov

The usual test for solvability of Lie algebras [28] shows that L is solv-
able. This fact will be useful in constructing optimal systems of subalgebr.
One can see from the formula (1.9) that the the Lie algebra L7 has general
rank r, = 5. Using this equation we obtain Table 4 of the possible types of
partially invariant solutions of Egs. (8.1).

8.1 Optimal systems of subalgebras

In order to investigate all types of solutions from Table 4 we construct
optimal systems of subgroups of all orders by employing the method of enu-
merating non-similar subgroups, or rather subalgebras of Lie algebras used

*For discussion of particular forms of A(p, p) leading to an augmentation of the ad-
mitted group, see [103] and [50].
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in [103]. In our case the solvability of the algebra L; is used as follows.
Let us seek an optimal system Oy of s-dimensional subalgebras of the al-
gebra L;. Any subalgebra of Ly is solvable by virtue of its own solvability.
Hence, any s-dimensional subalgebra has at least one (s — 1)-dimensional
subalgebra. Thus if we know an optimal system ©,_; then we can obtain
an optimal system ©; of s-dimensional subalgebras by supplementing every
(s — 1)-dimensional subalgebra from ©,_; till an s-dimensional subalgebra
and eliminating the similar subalgebras of the resulting set of s-dimensional
subalgebras. Choosing the values of s consecutively from 1 till 6 we will
enumerate all non-similar subalgebras of L;. Tables (8.3)-(8.8) contain the
final results of the construction of the optimal systems Oy, ..., BOs.

Optimal system O,

1 Xl 5) Xl + X7
2 X2 6 X1 + X4
3 X5 71 Xo+ X5 (8.3)
4 X7 —+ OéXG 8 Xﬁ + OéX4
Optimal system ©,
1 X5
2 X1 X
3 X7 + OéX(;
4 X3
5 X3+ Xy
6 XQ X1 + X4 + OéX5
7 Xe + aXy + 5X5
: e (8.4)
9 X1+ X5
10 X,
11 X5 X2 + OéX3
12 X6 —|— OéX4
13 X2+X5 X4+06X2+6X3
14 X7 X
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Optimal system Og

1 X3
2 X4
3 X3 Xy X3+ Xy
1 Xo + aXs
5 X X7
6 X7+ aXg
7 X1+ Xy
8 X3 X1+ X5
9 X4
10 X2 X(j + CKX4
11 X6 + aX;5
12 X4 X1+ X5
13 X5
14 X3+ Xy X1+ X5
15 X5 X7 + CKX(,'
16 X4 Xo+ Xr+aXg, a#0
17 Xg
18 X3+OtX2 X6+()4X5
19 | Xo+ X5 X7 X3 —Xy
20 X3 X4 + OéXQ
Optimal system O,
1 X
2 | X1,X9, X3 | X4+ aXg
3 X7 + OéXG
1 X, X9, X1 | X
5 | X9, X3, X7 | Xg
6 X1+ X5
7 XQ,Xg,X4 Xﬁ +OZX5
8 X5
9 | Xo, X2, X5 | X
10 | X4, X5, Xg | X7
Optimal system ©Oj
1| X1,X9, X3, X5 | X7
2 X5
T Xl,Xz,Xg,X4 X6 +OéX5
4 X6
5| Xo, X3, X4, X5 | X1+ Xy
6 | X7+ aXs

29

(8.5)

(8.6)
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Optimal system Og

1 X17X27X3;X4aX5 X6
2 X7+O./X6 (88)
3 | Xo, X3, Xy, X5, Xe X

In these tables «, (8 are arbitrary real constants. We will illustrate
by an example the arrangement of the tables. For instance, the eights
line of Table (8.6) represents the four-dimensional subalgebra spanned by
Xo, X3, X4, X5. The other cases are similar. Let us proceed to an analysis
of partially invariant and invariant solutions.

8.2 Partially invariant solutions

In this section, we will examine partially invariant solutions of types 7, 10
and 11 (in classification of Table 4) in the listed order. Note that all par-
tially invariant solutions constructed on the subalgebras of Table (8.8) are
contained among the solutions constructed by using Table (8.7). Therefore
we can exclude (8.8) from consideration.

Type 11. For this type we need subalgebras of the rank r, = 5. They
can be only from Oj5. Inspecting Table (8.7), one can verify that the condi-
tion r, = 5 is satisfied only for the subalgebra 2 from (8.7). It is spanned
by X1, Xo, X3, X4, X5 and has two independent invariants (7 = 2):

Jt=p, J*=p.

A solution of type 11 has the form:

p=p(p)- (8.9)
Substitution of (8.9) in Egs. (8.1) yields:
ov 1dp
P (w- S oradp=0
8t+(v V)v—l—pdpgrap :
0
8_;) + (v - grad p) + pdive =0, (8.10)

<A—p§—];> diveo = 0.

The last equation of this system shows that two cases can be singled out:
a) dive =0,

b) A(p,p)—pd—p =0.
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In the case a) Eqs. (8.10) are written:

0 1
a—:;—i—( -V)v—i———pgradp:O,
dp _ 9p (8.11)
g . dop) =
7 = g T (vogradp) =0,
dive =
In the case b) Egs. (8.10) have the form:
0 1
8_11: + (v-V)v+ ?Agradp: 0,
dp .
5 + (v - grad p) + pdive = 0, (8.12)
dp
L Alp, p).
Pa, = Ap:r)

Type 10. This type of solutions is based on the same subalgebra as
type 11 and have the form p = Cy, p = Cy. Now Egs. (8.1) yield:
0
S, (v-V)v =0,

ot (8.13)
dive = 0.

Type 7. All solutions of this type are based on the subalgebras 2, 3,
6-10 of the optimal system (8.6). Let us discuss these solutions in detail.
Note that the solutions of type 7 are particular cases of the solutions of
type 10 because p and p are invariants of all subgroups. Therefore, we can
consider Egs. (8.13) instead of (8.1).

SUBALGEBRA 2. It is spanned by X, X5, X3, X4 + aXg and has the
following functionally independent invariants:

Jl=p, JP=p, JP=w.
Hence, the corresponding partially invariant solution is determined by
p=a, p=0b v=c

where a, b, c = const. By translation in v we can get ¢ = 0, thus we will
assume v = 0. Then Eqs. (8.13) yield u; = u, = 0. The desired solution is

p, p=const., v=0, u= f(y), (8.14)

where f(y) is an arbitrary function.
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SUBALGEBRA 3. This subalgebra is spanned by X, X5, X3, X7+ aXg
and furnishes the following form of partially invariant solutions:

p=a, p=0>b, u'+vi=c (8.15)
Let us write Egs. (8.13) in the form
w + uuy +ouy, =0, v +uvy, +vv, =0, uy +v,=0. (8.16)

Substitution of (8.15) in the second and third equation (8.16) yields:

c v
v Uy = —
Ve —v? © Y Ve —v?

The first equation (8.16) is satisfied due to (8.17). Hence, the result.

v = — (. (8.17)

Theorem 2.5. The partially invariant solutions of type 7 based on the
subalgebra spanned by X, X5, X3, X7+ aXg is given by the equations

xu~+ yv — ct = F(v),

u’ + v =c (818)
with an arbitrary function F'(v).
Proof. Indeed, writing Egs. (8.17) in the form
vy = A(V)v,, v = B(v)vy, (8.19)

or
Vg Uy Uy

Bv) 1  Afv)

we obtain along the surface v = const. the following equation:

dv =v dt + v, de +vydy = kBdt + kdx + kAdy = 0.

Since the functions A and B depend only on v, they keep constant values
along v = const. Ignoring the trivial solution v = const. (the constant flow),
we can assume that k # 0. Then the above equation yields:

Bt+x+ Ay =C.
Since this equation holds for any v, we have:

Bw)t+z+ A(v)y = C(v).
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Substituting the expressions of the functions A(v) and B(v) given by Egs.
(8.17) and (8.19), we finally arrive at (8.18).
SUBALGEBRA 6. This subalgebra yields the following form of solutions:

p=a, p=b v=t+ec

Substitution in the second equation of the system (8.16) gives the contra-
diction 1 = 0. Hence, the subalgebra 6 does not provide solutions of type 7.
The reckoning shows that this statement is valid for the rest of subalgebras
of the optimal system (8.6) as well. This proves the following theorem.

Theorem 2.6. All solutions of type 7 from Table 4 are similar to one of
the solutions (8.14) or (8.18).

8.3 Invariant solutions

Let us examine the invariant solutions, i.e 6 = 0. They can be of type 1, 2
or 4 from Table 4. We will begin with the simplest of them, namely type 4.
For this type, we can use (8.13) instead of (8.1) (cf. type 7 in Section 8.2).

Type 4. Solutions of this type are invariant solutions of the rank ¢ = 0.
Consequently, construction of this type of solutions reduces the differential
equations (8.1) to certain relations connecting four constants (by the number
of invariants). All solutions of type 4 are obtained on subalgebras of the
optimal system Oz given in (8.5). Note that the subalgebras 2, 10-13, 19
and 20 from (8.5) are to be excluded since they do not satisfy the necessary
condition for existence of invariant solutions given in [103], §15.

SUBALGEBRA 1. The first subalgebra from (8.5) is spanned by the
operators

Xl, XQ, X3

and has the functionally independent invariants
J' = p, J2:p JP=u, J'=vw

According to Table 4 we set the invariants to be equal to arbitrary constants
and obtain the constant solution p = const., p = const., v = const. This
trivial solution can be considered as a particular case of the solution (8.14).
SUBALGEBRA 3. The invariant solution based on the subalgebra spanned
by the operators
X1, Xo, X3+ Xy

has the form
p=a, p=0b v=c, u=y-+d
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with arbitrary constants a, b, ¢, d. Substitution in Eqs. (8.13) yields ¢ = 0.
Thus the invariant solution is

p=a, p=0b v=0, u=y+d.

It is a particular case of the solution (8.14).
SUBALGEBRA 4. This subalgebra with a@ # 0 (if & = 0 the flow is
constant, cf. subalgebra 1) provides the solution

p=a, p=b v=0, u=alhy+d

with arbitrary constants a, b, d. It is also contained in the solution (8.14).

Simple calculations show that the other subalgebras from (8.5) do not
provide invariant solutions, i.e. the expressions for the general form of the
corresponding invariant solutions do not satisfy Eqs. (8.13). Hence the
following statement holds.

Theorem 2.7. All solutions of type 4 from Table 4 are similar to the so-
lutions obtained on the subalgebras 1, 3, 4. Moreover, the latter solutions
are particular cases of the solution (8.14).

Type 2. These solutions have the rank ¢ = 1 and are based on the
subalgebras of the optimal system O, listed in (8.4). We will not consider
the subalgebras having in their bases one of the operators Xo, X3, X4, X5
since the construction of the corresponding invariant solution reduces to
integration of one-dimensional gasdynamic equations. The latter problem
has already been investigated from group point of view [103] as is shown
further while considering solutions of type 1. Subalgebras having X; as one
of basic operators yield the stationary solutions and will not be considered
here as well. Thus, we restrict the consideration to subalgebras 13 and 14
from (8.4). These subalgebras are Abelian and the corresponding invariant
solutions are similarity solutions in accordance with [104], §15, Theorem 34.

SUBALGEBRA 13. The subalgebra is spanned by the operators

X2 + X5, OéXQ + ﬁXg + X4

and leads to solutions which are linear functions of the spatial variables z,y
and have the form:

tr —y
U=
t?+at—0
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Substituting in Eqs. (8.1) and letting o« = (3 = 0 for simplicity we obtain

tr—y—a b y+a
U=——>——+-, v= ,
t2 t t

C
p:t_27 p:P(t)J

where a, b, ¢ are arbitrary constants, and the function P(t) satisfies the first-
order ordinary differential equation

‘Z—f —A<P, t%):o.

Note that the equation for P(t) can be easily solved for the polytropic gas.
SUBALGEBRA 14. The solutions based on the subalgebra spanned by
the operators Xg, X7 has the form:
u=U(N) cosp+ V(A)sing, p=P(}\)
v=U(\)sinp — V(\)cos g, p =R\,

where

r
A= o P= arctang, r=+xz%+y>
T

Substitution in (8.1) yields the following system of ordinary differential
equations for the functions U(M), V(A), P(A) and R(\) :

(U -\ + 1oV —o,

A
1
(U—A)U’——V2+RP’—0
1
(U—MR+(U+AU>R

1
(U—MP+<U+AU) =0,

where the prime denotes here the differentiation with respect to A.

Type 1. Solutions of this type have the rank p = 2 and are based
on the subalgebras of the optimal system ©; listed in (8.3) and described
by partial differential equations with two independent variables. Therefore
we will not consider this case in detail. I will only show that in the case
of the operators X, and Xj; the invariant solutions are described by one-
dimensional gasdynamic equations. It is obvious that one can take the
operators X3 and X, instead of Xy and X35, respectively.

For the operator X, the invariant solution has the form

:U(t,y), U:V(t>y)7 p:P(t,y), p:R(t,y),
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and Egs. (8.1) become:

1
U VU, =0, Vit VV,+ 5P, =0,
R,+VR,+RV,=0, P,+VP,+ AV, =0.

The last three equations are precisely the one-dimensional gasdynamic equa-
tions while the first equation determines the function U(t,y).

In the case of the operator X5 we arrive at a similar result if we write
the corresponding invariant solution in the form:

1 1
u=U(t,x), vz%%—V(t,x), pz;R(t,x), pz;P(t,x).

Then after introducing the function

- as ;08

Egs. (8.1) yield:
1
R, +UR, + RU, =0,

P,+UP, + AU, =0,

1

Here the first three equations are the one-dimensional gas dynamics equa-
tions for the functions U(t,x), R(t,z), P(t,z). The last equation of the
system determines the function V (¢, z), provided that U(t, z) is known.

We have investigated the general case when the form of the function
A(p, p) is not specified. In this case the class of invariant and partially in-
variant solutions is rather limited. For certain specific functions A(p, p), i.e.
if A = ~p (polytropic gas) the admissible group extends [103] and augments
the class of group invariant solutions. If v = 2 the group extends even
further [103] (in this case equations (8.1) describe the motion of a “shallow
water”). Classification of invariant solutions of (8.1) for the above specific
cases is given in [50]*.

Institute of Hydrodynamics May 1967
Siberian Branch
Academy of Sciences of the USSR

* Author’s note to this 2006 edition: See also Paper 1 in this volume.
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§ 1 Introduction

Mathematical models are often described in terms of differential equations
containing unknown parameters or functions called “arbitrary elements”.
The group classification allows one to find specific values of these arbitrary
elements when the symmetry group of the equations under consideration is
wider compare to the group admitted by the equations for any values of the
parameters or functions. Moreover, numerous applications manifest that
equations provided by the group classification have physically interesting
solutions. Therefore, the group classification has not only a theoretical
significance, but it is important for applications as well.

Unfortunately, the group classification is a complicated problem since it
requires integration of determining equations containing not only unknown
coefficients of symmetry generators, but also unknown “arbitrary elements”.
In consequence, group classification is not widely used in mathematical
modelling.

In this paper I suggest a simplified approach to the problem. It is hinted
by the observation that most of extended symmetries are contained in the
Lie algebra of the equivalence group (I call it briefly equivalence Lie algebra)
of the equations in question. The method suggested here is based on the
theorem of projections of the equivalence Lie algebra given in § 2. This
theorem allows one to partially solve the problem of group classification,

67
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namely, to identify those values of arbitrary elements when the equations
have extended symmetries contained in the equivalence Lie algebra.

I illustrate the method in § 3 by providing a partial solution to the prob-
lem of group classification of gasdynamic equations. The compete solution
of this problem is given in [103] and requires rather complicated calculations.

§ 2 Description of the method

2.1 Projections of equivalence Lie algebras

Consider differential equations

F,(z,u,uqy,...,uwy, f(2)) =0, v=1,...,M, (1)

where z = (z',...,2") and u = (u',...,u™) denote independent and de-

pendent variables, respectively. In most of cases the number M of equa-
tions in (1) is equal to the number of the dependent variables, M = m,
but this requirement is not necessary for further considerations. The set
of the first-order partial derivatives u = Ju®/dx’ are denoted by w).
Likewise, u) stands for the second-order derivatives ugy = 0*u®/dx'02/,
etc. Furthermore, f(z) = (fl(z), . fl(z)) are unknown functions, where
z = (2',...2°%) is a certain subset of the variables z,u,uq), ue),.... The
functions f1(z),... f'(z) are termed arbitrary elements [106] of Eqgs. (1).

Definition 3.1. An equivalence transformation of Egs. (1) is an invertible
change of variables # = Z(x,u),u = u(x,u) taking the system (1) into a
system of the same form,

F,(z,u,uqy,...,u4n), f(2) =0, v=1,...,M,

where, generally speaking, the functions f of z = (z!,... 2°) may be different
from the functions f of z = (2!,...2%).

The set of all equivalence transformations form a group. According to
Definition 3.1, the generators of continuous groups of equivalence transfor-
mations (in brief, equivalence generators) are written

Y =¢ 0

el 0 k 0
g P g Tt i g (2)

ou®
where

5i:5i(w7u)7 77a:77a(95au>» ukzuk(x,u,u(l),...,f).
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The dots in (2) indicate that if z includes some of the derivatives wuy,.. .,
then the action of the differential operator Y is extended these derivatives
by means of the usual prolongation formulae.

I will denote by X and Z the projections of the operator (2) to the
(x,u)-space and to the (z, f)-space, respectively. Namely,

% 9 for 9
X = pr(m,u) (Y) :g ori +n ouc’
3
o 0 (3)
Z =pr,pY)=2A e + 1 o

Remark 3.1. In what follows, we will assume that the projection Z in (3)
is well defined, specifically, that its coefficients A7, u¥ depend only on the
variables z, f. Note also that, by definition of the operator Y, the coefficients
A7 in (3) comprise some of the coefficients £, 7 and some of the coefficients
given in (2) by dots if 2z includes certain derivatives wy,. .. .

Example 3.1. Consider an equation (1) of the following the form:

Uy = f(xyu)uxx + g(xa ua:)
Then z = (z,u,u,) and the operator (2) has the form

L 0 0

Y = £—+£ +?7 +u8

ou

where £, €2, 1 depend on z,t,u, the coordinate ¢; is given by the prolon-
gation formula, ¢; = D,(n) — u,D.(&*) — usD,(£?), and p', u? depend, in
general, on z,t, u, u,, u, f,g. The projections (3) are written:

0

X§ §+na
L0 0

P
Z =€ +n-
$or T af tH oy

According to Remark 3.1, the projection Z is well defined if ¢, ut, u? do
not depend on t and ;.

2.2 Main theorem

Theorem 3.1. Let Y be a generator of a group of equivalence transforma-
tions for Egs. (1). Its projection

X = pr(:p,u) (Y)
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given in (3) is admitted by the differential equations (1) with specific values

fk:fk(z)7 k:1’...7l, (4)
of the arbitrary elements f*,..., f' if and only if the projection

Z =pripY)
of Y given in (3) is admitted by Eqgs. (4).

Proof. According to Definition 3.1, an equivalence transformation does not
alter Egs. (1) with specific values (4) of the arbitrary elements f*, ..., f!if
and only if f(z) = f(2). The latter equation guarantees that X = DT (g (Y)
is admitted by the equations (1) with the given f(z). On the other hand,
the infinitesimal test for the validity of the equation f(z) = f(2) is given by

21 - 10,

since the coordinates of the operator Z depend on z and f only. Hence, we
conclude that Z is admitted by Eqs. (4) thus proving the theorem.

The following corollary of Theorem 3.1 allows one to easily find the prin-
cipal Lie algebra (denoted by Lp) for Egs. (1), i.e. the maximal Lie algebra
admitted by Egs. (1) with arbitrary functions f(z) = (f1(2),..., f'(2)).

—0 (5)

Corollary 3.1. An operator
, 0 0
X =¢ I — @ A
€, u) s+ ()
is admitted by Eqs. (1) for any values of the functions f1(2),..., f!(2) if
and only if it has the form

X =pri,.,(Y), (6)

where Y is a generator of a group of equivalence transformations of Eqgs.
(1) such that its projection Z given in (3) vanishes:

Z =prp(Y)=0. (7)
Proof. Let Y be a generator of a group of equivalence transformations such
that Z = pr(, ;(Y') = 0. Then Eq. (5) is satisfied by any functions *(2),

and hence X = pr(, ,(Y) € Lp. Let us take now any X € Lp. Since X is

admitted by Eqs. (1) with arbitrary f(z), it is an equivalence generator,
Y = X, such that Egs. (5) hold for any f(z), i.e.

Of*(z)
k o
2L \E)
a 0z°
for any f*(z). It follows that u* =0, A2 = 0. Hence, Z = pr,.p(Y) =0.

=0
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§ 3 Application to gasdynamic equations

3.1 Equivalence algebra

Consider the gasdynamic equations:
pr+v-Vp+pdive = 0,
ploi+ (v-V)v|+Vp = 0, (8)
p+v-Vp+ A(p,p)dive = 0,

where A(p, p) is an arbitrary function connected with the entropy S(p, p)
by the equation

L% )

/Op
The dependent variables are the velocity v, the pressure p and the density p
of the fluid. The independent variables are the time ¢ and the position vector
x = (x',...,2"), where n assumes the values 1, 2 or 3. Accordingly, the
flow is termed one-dimensional, plane, or three-dimensional, respectively.
In order to find the generators

0 0

A:

: 0 0 0
Y =7 +&— AN N 4 p—
"o T o T e TN g, TN 5, T
of the continuous group of equivalence transformations, we rewrite Eqs. (8)
as an extended system

+n'

(10)

pt+v-Vp+pdive =

0,
ploi+ (v-V)v|+Vp = 0,
pi+v-Vp+ Adive = 0
At — 07 sz == 07 Avi - 07

where A is treated as a new unknown variable depending on ¢, &, v, p, p. Ac-
cordingly, the coefficient p of the operator (10) is, generally speaking, a func-
tion of t, @, v, p, p, A. All other coefficients of Y are functions of ¢, x, v, p, p.
The last line in Eqgs. (11) indicates that A does not depend on ¢, x, v.
According to the general theory [106], the operator (10) is a generator of
an equivalence group for Egs. (8) if it is admitted by the extended system
(11). The latter condition is guaranteed by the determining equations

(11)

Y

Y(pt+'v-Vp—|—pdiV’v) = 0,
ii(p v, + (v-V)v]+Vp) = 0, 12)
Y(pi+v-Vp+ Adivo) = 0,

Y(A) =0,Y(Au) =0,Y(Ay) 0,
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which should be satisfied, as usual, on solutions of Eqs. (11). The prolonged
operator Y is obtained from Y by the usual prolongation procedure with
the exception of prolongation to the derivatives of A. For example, the
prolongation to A; is written /]ta%t with

fir = Dy(i) — ADi(7) = A Dy(') = A Dy() — A, Di(\') = A, Dy(N),

where 5 9
Dt - E + Atﬁ—A :

Taking into account the last line in Eqs. (11) we write D, =

,[:Lt = Ut — APAI} — ApA?

8 .
5 and obtain

Now the equation Y (4,) = 0 from (12) is written ji, = 0, i.c.
e — ApA; — Ap)‘f =0,

and yields u; = A\f = A7 = 0, since u, A', \* do not depend on A4, and A,.
Using the equations ?(AI) =0, ?(Avi) = 0 in a similar way, we conclude
that A!', A2 can depend on p and p only, whereas j; can depend on p, p, A.
Using this information and solving the remaining equations (12), one can
show that the equivalence Lie algebra for Eqs. (8) is spanned by

0 0 0 .0 0 0
Y - A Y - = Y = l= l—. Yz = - i)
S AT gp BTy T ron TaTla T o
0 0 0 o, 0
-~ __ .k o k ot -
Voot Dy 0 B o 9

3.2 Projections of the equivalence algebra
Using the notation of § 2, we have:

r=(t,x), u=(p,pv), z2=(pp), [f=A4A
The projections (3) of the operator (10) are given by

+ 7 0 nd  p?

0 -0
X = pr(:c,u) <Y> =T+ gl

ot ox’ vt op op’
0 0 0
. _ 1 2 .
Z =prip(Y) =\ 5 5 oA (14)
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Accordingly, among the basic equivalence generators (13), only Y3, Y5 and
Y7 have non-vanishing (z, f)-projections:

0 0 0 0 0
Pr(. f) (Y5) = 8_p ) Pr(z,f)(YG) = —2P@—p ) Pr(z,f)(Y7) = p8_p+p8_p+Aﬂ :

It is convenient to take their linear combinations and deal with the operators

0 0 0 0
2= Zy=pL . zy=pLyal. 1
1 ap7 2 papa 3 p3p+ DA (5)

Thus,

1 1
Zy = pr(z,f)(YS)a Zy = PTz.p ( ) Y6>7 Zy = P <Y7 + B) Y6>- (16)

3.3 The principal Lie algebra

The general equivalence generator (10) is the linear combination
Y = C1 Y1+ CyYo + CsYs + CuyiYa, + Ci;Yi5 + CsYs + CeYs + CrYr (17)

of the operators (13) with arbitrary constant coefficients C1, Csy;, ..., C7. The
projection Z = pr(, (Y’) of the operator (17) vanishes if Cs = Cs = C7 = 0.
Hence, according to Corollary 3.1, the principal Lie algebra for gasdynamic
equations (8), i.e. the maximal Lie algebra admitted by Egs. (8) with
arbitrary A(p, p), is spanned by

) 0 00

X1 = 9 Xoj = o o1 i (18)
Xui = t@xi + vt Xip = oxt o oxk v ov' v ovk

3.4 Optimal systems of subalgebras spanned by (15)
3.4.1 One-dimensional subalgebras

Elements Z of the three-dimensional Lie algebra L3 spanned by the opera-
tors (15) are written

7 =e'Z, +e*Zy + 375 (19)
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Taking the commutators [Z,, Zs] = ¢, 32, of the operators (15) one obtains
the following commutator table:

Zy | Zy | Zs
A 0 0| Z
1 1 (20)
Zy 0 010
Zs | =211 0 | 0
Thus, the only non-vanishing structure constants are cj; = 1 and c}; = —1.
According to the formula
E, = caﬂe e
we find non-vanishing generators of the inner automorphisms:
0 0 , 0 0
E — 3 - 3 7 E 1 = 1_
L= g =g BT g
These generators provide the transformations
el =c tae®, e=¢e e=¢ (21)
and
el =aze' (a3 >0), e&=¢e & =¢ (22)

respectively. To construct the optimal system ©; of one-dimensional sub-
algebras of L3, we have to partition the coordinate vectors e = (e',e?, e3)
of (19) into similarity classes with respect to the transformations (21)-(22)
and the reflection p — —p which is a discrete equivalence transformation
and maps Z; into —Z;, and hence e! — —el. Tt is clear from (21) that we
have to distinguish the cases €3 = 0 and €3 # 0.

If 3 = 0, we have three possibilities:
(i) e #0, =0, (ii)e' =0, e #0, (iii) e' #0, e* #0.

Since the vector e is determined up to a constant factor, we we can as-
sume: (i) e! =1, ie. e =(1,0,0), (ii) e* =1, i.e. e =(0,1,0). In the case
(iii) we use (22) and the reflection p — —p to obtain e = (1, 1,0).
If €3 # 0, we let €3 = 1, apply the transformation (21) with a; = —e
and map the vector e = (e',e? 1) to e = (0,¢, 1) with an arbitrary c.
Thus, the optimal system ©; of one-dimensional subalgebras comprises

1

Zl, ZQ, Zl —+ ZQ, Zg + CZQ. (23)
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3.4.2 Two-dimensional subalgebras

The optimal system ©, of two-dimensional subalgebras can be easily con-
structed by the procedure explained in §3 of my MSc Thesis*. Namely, one
can construct two-dimensional subalgebras Ly taking each member of the
optimal system ©; as one of basic operators of Ls. It remains to partition
the set of resulting two-dimensional subalgebras Lo into similarity classes
with respect to the transformations (21)-(22) and the reflection p — —p.

Let us take the operator Z; from the optimal system (23) and consider
the two-dimensional vector space Ly spanned by Z; and Z = €272, + €2 Zs.
The commutator table (20) shows that [Z;, Z] = €3Z;. Hence Ly is a two-
dimensional Lie algebra for arbitrary e? and e3. We have two possibilities:

(i) € = 0,e* # 0. Then we set ¢ = 1 and obtain the subalgebra L,
spanned by Z, Z, and denoted by

<Z1,Z2>.

(ii) €3 # 0. Then we set € = 1, e? = ¢ and obtain the subalgebra Ly spanned
by Zl, Zg + CZQ, i.e.
< Zl, Zg + CZ2 >

with an arbitrary constant c.

Let us take the operator Z, from (23) and consider the two-dimensional
vector space Ly spanned by Z, and Z = e'Z; + €3 Z3. The commutator table
(20) shows that [Z;,Z] = 0. Hence Lo is a two-dimensional Lie algebra
for arbitrary e! and e®. If €2 = 0,e! # 0 we set ¢! = 1 and arrive at the
subalgebra < Z;, Z, > obtained above. If €2 # 0 we make e! = 0 using the
transformation (21) and obtain the subalgebra

< Lo, Ay > .

Let us take the operator Z; + Z; from (23) and consider the two-
dimensional vector space Lo spanned by Z; + Z, and Z = e2Z, + €3 Zs.
We assume that e® # 0 and set e = 1, since if €3 = 0 we return to the
subalgebra < Z,Z, > considered above. We have (71, Z] = Z;. There-
fore the subalgebra condition is written Z; = a(Z; + Zs) + b(Z3 + €2 Z,) or
(a —1)Zy + (a + be*)Zy + bZ3 = 0. Since the operators Z;, Z, and Z3 are
linearly independent, this equation yields a —1 = 0, a + be? = 0,b = 0. This
is impossible. Hence, Z; + Z5 does not lead to new subalgebras.

Finally, we take the operator Z3 + ¢Z, from (23) and consider the two-
dimensional vector space Lo spanned by Zs + kZ, and Z = e'Z, + €27,. If
el = 0 or €2 = 0 we arrive at the subalgebras < Zy, Z3 > or < Zy, Zs+kZy >,

* Author’s note to this 2006 edition: Paper 1 of the present volume.
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respectively. They have been obtained above. Let e! # 0,e? # 0. Then,

using the transformation (22) and the reflection p — —p, we arrive to the

subalgebra < Z; + Z5, Z3 + ¢Z, > which also has been obtained above.
Thus, the optimal system O, of two-dimensional subalgebras comprises

< D, Dy >, < Ly 3>, < Ly, As+cly > . (24)

3.5 Equations with extended symmetry algebras

Let us find the invariant equations A = F(p, p) for the operators (23) of
the optimal system ©;. For each case, the corresponding extension of the
principal Lie algebra (18) is obtained by means of Theorem 3.1.

For the first operator, Z; = 8%, the invariant equation test is written
F, = 0 and yields F(p, p) = f(p) with an arbitrary function f(p). According
to Theorem 3.1 and Egs. (16), (13), (14), the gasdynamic equations (8) with

A= f(p) (25)
have, along with (18), the additional symmetry
X ;) = 2 (26)
_= T _ — .
8 = Prigu\ts 8]?

Likewise, using the second operator from (23), Zy = pa%, and Egs. (16),
(13) and (14), one can verify that the gasdynamic equations (8) with

A= f(p) (27)
have the additional symmetry

1

X8 = _§pr(az,u) (}%)

or, neglecting the immaterial coefficient (—1/2),

o, . 0 0
X — l—. ' —2 -
s x@xzj”)a’ul pap

(28)

For the third operator from (23), Z; 4+ Z,, the invariant equation test is
written

OF | oF _

"o
and yields F'(p, p) = f(p—Inp). Hence, the gasdynamic equations (8) with

A= f(p—Inp) (29)

0
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have the additional symmetry

1
Xg = PI(z ) (Y5 - 5%)

or
0 o 1/.0 .0

Xg= =+ po — = (o2 + i), 30

s 8p+p8p 2 x8x1+1}81ﬂ (30)

Finally, according to (15), the forth operator from (23) has the form

0 0 OF
Tt clo=A— tps yepl
3+ CZo 8A+p8p+cp8p

and the invariance test for the equation A — F(p, p) = 0 is written

OF OF
[A_pa_p_CPa_p]AF_O’
or
or _or_,

The general solution of this equation has the form F(p,p) = pf(pp~').
Hence, the gasdynamic equations (8) with

A=pfpep™") (31)

have the additional symmetry

1
Xg = pr(m,u) <Y’7 + 5(1 — C)}/6>

or

l—cy , 0 -0 0 0

Xy = (2" ') epo 32

® 2 xaxﬁ“aw +Cp8p+p8p (32)

Summarizing Eqgs. (25)-(32) we have the following special functions

A(p, p) and the corresponding additional symmetry of Eqgs. (8) for each
specialization:

0
A= : Xg = —
f(p) 8 8])’
i ; 0 d
A= f(p): Xg =1 5 +o 5y _2p0_p’ (33)
0 0 1/,0 ;0
A—f(p—lnp) X8—8—p+pa—p—§<$amz+vavl>,
_l—cy ;0

A=pfpp™): Xg=

8) 0 0

5 <x 8xi+vavi +cpa—p—|—p%-
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We apply now the similar procedure to the optimal system O,. Let us
find the invariant equations A = F'(p, p) for the subalgebra < Z;, Z; > from
(24). We have to solve the equations
0.

Zy(A—=F(p,p 0, Zy(A—F(p,p

}Af |Af

Substituting the expressions (15) for Z;, Z; and dividing the second equation
by p we obtain the system

oF oF
o "

with the general solution F' = const. Using an equivalence transformation
we set F' = 1. Thus, according to Theorem 3.1 and Eqgs. (16), (13), (14),
the gasdynamic equations (8) with A = 1 have two additional symmetries:

0 0 0 0
Xg—a—p, Xg 6xl+vavl_2pa_p

Likewise, the invariance under the subalgebra < Zy, Z3 > from (24)
yields the system (cf. derivation of Eq. (31))

or 8F
a_ 07 F7

ap 8p

whence F(p, p) = yp with an arbitrary constant 7. The corresponding two
additional symmetries are pr(%u)( Y6) and pre, (Y7+ Y};) Since we can
take their linear combinations, we set Xg = pr(xyu)(Y) Xg = pr, ., (Y7) :

; 0 ; 0 0 0 0

X i Xy =pZL )l
S g TV T 2, Xe=rg g

Finally, the subalgebra < Z7, Z3 + ¢Z5 > from (24) yields the system

OF 0 8F OF

ap =" Pty T

whence F(p, p) = Agp®, s = %, Ap = const. The additional symmetries are

0 _s—l( 6+i8>+ 8+8
op’ 2 "oz Vo) TP, T Pa,
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Thus, we have obtained the following inequivalent specifications of the
function A(p, p) when Eqgs. (8) have two additional symmetries:

0 ; 0 ;0 0
A=1: X8:8_p7 Xg_x@xi+v8vi_2p8_p’
0 o, 0 0

+ (2

, - —2p—, Xo=p— — 4

A=vp: Xg=1d'

A=Ay’ ngagp, X9 = i 5 1<x28i" +vzaii> +sp§p—l—p§p-
Remark 3.2. Equations (33) and (34) represent all cases of extensions of
the principal Lie algebra (18) by one symmetry and by two symmetries
obtained in [103], §22, by direct method. However, the simplified approach
presented here does not reveal the case of extension by three symmetries
found in [103], namely, A = yp with v = (n + 2)/n. In this case Egs. (8)
have, along with two additional symmetries given in (34) for A = ~p, a
third additional symmetry, namely, the generator of the projective group:

0 . 0 ’ .0 0 0
Xpp=t= +ta'— - tu')— — 2)tp— — ntp— - 35
10 T »’Uaxﬁr(ﬂ? U)auz (n+ )pap npap (35)
The operator X is not projection X = pr, ., (Y) of an equivalence operator
Y of the form (17) and therefore cannot be obtained by our approach.

Laboratory of Mathematical Physics 19 January 1986
Department of Physics and Mathematics

USSR Academy of Sciences, Bashkir Branch

and Department of Applied Mathematics

Ufa Aviation Institute

Ufa, USSR.



Paper 4

Quasi-local symmetries of
non-linear heat conduction
type equations

I. SH. AkHATOV, R. K. GAzIzov, N.H. IBRAGIMOV [4]
Doklady Akademii Nauk SSSR, Mat. Fiz., Tom 295, (1987), No. 1, pp. 75-78.

1. We have developed in [2] the concept of quasi-local symmetries and
gave a constructive method for their computation. Our approach is based
on the observation that Béacklund transformations can augment invariance
properties of differential equations ([58], § 17.1, Remark 3). The essence of
the method is as follows. Let us consider evolutionary equations u; = F' and

= ( connected by a Backlund transformation in the form y = ¢, v = .
Here F,p,® € Alz,u| and G € Aly,v], where Alx,u] and Aly,v] are the
spaces of differential functions of local variables x,u, uy,... and y,v, vy, ...,
respectively. Let the equation u; = F admit a canonical Lie-Backlund
operator X = f, 2 + .-+ with f, € A[z,u]. The Béicklund transformation
connecting the equations in question maps f, into f, € Aly, v], where f, and
f» are connected by the following transition formula (see [58], Eq. (19.44d)):

Dyo() fo = (De(9)Ps — Do P)@s) fu- (1)

The asterisk indicates transition from differential functions to differential
operators by the formula

Op i 90 Oy Dy 2
ZE)UZD 6U1D +8 QD

Extension of Equation (1) to the case when f, € Aly, v| necessitates intro-
duction of new, nonlocal, variables @) determined from (1) up to arbitrary

30
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Table 1: Equivalence transformations (v # 0, (1064 — 5233 # 0)

wy = H(wgz) ey v = h(Ve)Vpe 2= up = [R(w)Ugs

2
I

EZO&t+’71 at +m EZOLt+’}/1

if:ﬁ1$+72 T =1z + Bav+ 72 5525133-1—72

W= Prysz + Pifaw + 318522+t + 95 T=Psz+ Pav s 6= i

+B283(zwy — w) + Boy3ws + P2 Bsw?

H:H+ﬁ = BitBave)®y E:

functions of time. Dependence of () on time is specified from the invariance
condition for the equation v; = G with respect to the operator

0
X:fv(yavavla”w@)%+'”

The resulting function f, is called a quasi-local symmetry, associated with
the local symmetry f,.
2. Here the method is applied to the sequence of equations

wy = H(wy,) = oy = h(Vy) Vs e ug(h(u)ug)e, h=H' (2)

connected by the simplest Backlund transformations indicated over the ar-
rows. We classify these equations according to their quasi-local symmetries,
associated with point symmetry groups. The first equation in (2) is the
equation of inertia-free string vibrations in a liquid with nonlinear resis-
tance, the second equation is the equation for filtration of non-Newtonian
liquid in a porous medium, and the third one is the nonlinear heat equation.
First, group classification of every term of the sequence (2) is carried out
with respect to local symmetries (the second and the third equations are
classified in [2], [102], see also [106]). Then, the corresponding groups of
quasi-local symmetries are constructed. Application of the groups of equiv-
alence transformations extended by quasi-local equivalence transformations
completes the classification. The result is given in Tables 1 and 2, where the
operators and equivalence transformations included in boxes are non-point.
The well-known case of linear heat conduction is omitted here.

Note that all non-point symmetries and equivalence transformations for
the first equation from (2) are tangent, i.e. local. Furthermore, the case
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h(u) = u=*3 of group extension for the nonlinear heat equation obtained
in [102] is equivalent to the case h(u) = =23 and is obtained by the quasi-
local equivalence transformation Z = v,% = u~'. The corresponding chain
of operators for h(u) = u=*/3 has the form
Z7:I2%+xw@—w %%:xQ%—i—(w—xv)% —>X5:x2%—3xu%-
3. Quasi-local symmetries allow one to extend the class of exact solu-
tions provided by the group method. Indeed, the number of invariant solu-
tions increases. Moreover, the new approach allows us to construct partially
invariant solutions for scalar differential equations possessing a Bdcklund
transformation.
Consider, e.g. the nonlinear heat equation with h(u) = (1 + »?)~!. In
this case the group is extended by adding the quasi-local symmetry

) L

We will be interested in partially invariant solutions with the defect 6 = 1
and the rank p =1 (see [106]). Let us consider the over-determined system

Uy = < ta ) ) Vpy = U, (% Uzz (3)
x

1+ u? :1—1—1)%.

In order to determine all essentially different invariant and partially invari-
ant solutions of the rank p = 1 for the system (3), one has to compose the
optimal systems 6#; and 65 [106] of non-similar one-dimensional and two-
dimensional subalgebras, respectively, for the five-dimensional Lie algebra
with the basis

0 0 0 0 0
5/1—&7 YQ—%, Yé—%a‘Ffl?%‘H}%,

0 o 0 b 0
Vi=g, Y=gy tog t+dg

The optimal system 6; is provided by the operators
3/17 1/27 1/1+}/é7 YV57 Y1+}%7 }/1_}/57 }/3—’_041/:57

where « is an arbitrary parameter. Using 6, one can easily show that the
optimal system 65 is given by the following pairs of operators:

<Y, Ye > <Y, Y5>, <V, Vs+aYs> <Yy, Y5> <V3Y;>.



Table 2: Group classification (h(§) = H'(£))

H(wgy) wy = H(wye) = Uy = h(Vp)Vpe b w = [h(u)ug),
Arbitrary
function Z) = % Y, = % X, = %
z=4 =g Xi= g
Zy =22 + 22 + 20 V=22 +al +0l  Xy=22 +22
Zi= sk V- 2 :
Zy =2 - -

R heth-eh  X=th-4
lwl,, o0 #1 Zg=(1-o)t2 +wi Vs=(1-o0)td +vd Xy=(1-0)td +ul
o=z Z7_wa% Y};—wa% 02% X5:w6%—3uv%

Inw,, Zs =t5 + (w+1) L& Y;=t2 +vl Xy=t2 +ul
arctan w,, Zg = _wx(% + (IQEU’% + t) % Ys = —v% + x% X, = _Ua% + (1+ uz)a%
Terarctanwes | 75 — —)\t% - wxa% + %8{% Ys = —)\t% — Ua% + :178% X, = —)\t% — v% +(1+ uz)%

(L861) SHATYLANINAS TVOOTISVAD F

€8
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Let us illustrate the method by obtaining partially invariant solutions for
the subalgebra < Y3,Y5 > . The independent invariants of this subalgebra
are I} = (2?+0v?)/t, I, = (xu—v)/(uv+z). Therefore the partially invariant
solutions with the defect 6 = 1 and the rank p = 1 are sought in the form
Nw = GANHV“ i.e.

v+ zp(2) where 7z — a? +0*
r—vp(z) t

(4)

u =

Substituting (4) in the first equation of the system (3) and taking into
account the two remaining equations one obtains an ordinary differential
equation for ¢(z). Upon one integration the latter equation takes the form

H w HH
S\H +€ Q||+|SJQHoobmﬁ.
2 2z

Now the problem reduces to integration of the compatible system

MNﬁ\ 1 v+ TP
SIAQ.TGV@ ev), @alg.

Its solution has the form

v=vVv2+2?sin(Clnt + A\(2)), N(z)= H_HSMAMV :
Bashkir State University; Received 12 May 1986
Ufa Aviation Institute;
Department of Physics and Mathematics
Bashkir Branch of the USSR Academy of Sciences;
Ufa, USSR.

Translated by E.D. Avdonina



Paper 5

Nonlocal symmetries

I. SH. AkHATOV, R. K. GAZIZOV, N.H. IBRAGIMOV*

Preface

We have suggested in [1] a method for computing special types of nonlo-
cal symmetries (which we call quasi-local symmetries) for differential equa-
tions having Backlund transformations. The quasi-local symmetries are
connected with local (Lie or Lie-Bécklund) symmetries, and hence the Lie
equations corresponding to quasi-local symmetries can be integrated. In the
present paper we discuss key points of our approach and apply the method
to nonlinear diffusion models and one-dimensional gasdynamic equations.

The first chapter contains the key ideas and methods for computing
quasi-local symmetries. Nonlocal variables arising in this approach are used
for constructing more general nonlocal symmetries.

The second and third chapters may be useful for those who want to use
nonlocal symmetries in their own problems. In these chapters, we provide
detailed calculations for obtaining local and nonlocal symmetries as well
as group invariant solutions for nonlinear diffusion equations and the one-
dimensional gasdynamic equations. Introducing nonlocal variables, we find,
e.g. the gasdynamic equations that are invariant with respect to passage to
uniformly accelerated coordinate systems (see Example 5.6 in § 16). Fur-
thermore, this approach allows us to disclose a hidden symmetry of the so-
called Chaplygin gas corresponding to the state equation p(p) = po— %aQ(S)
(see Example 5.8 in § 16).

* Author’s note to this 2006 edition: 1 give here the translation of the original Russian
manuscript a modified version of which has been published in [7].

85
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CHAPTER 1
Preliminaries

§ 1 Introduction

Sophus Lie gave an efficient method for constructing groups of point and
contact transformations admitted by differential equations. However, it
is significant for applications to investigate more general symmetries (see,
e.g. [84], p. 223, and [105], §9). The theory of Lie-Bécklund transformation
groups (see [56], [58]) provides a method for computing rather general types
of non-point and non-contact symmetries defined by Lie-Backlund operators

N 0
+n (l‘,u,U(l),U(g),...)ﬁua (1.1)

X = fl(ib‘, U,y U (1), UW(2), - - )8131

with coordinates £, n® € A. Here A denotes the space of differential func-
tions, i.e. analytic functions of independent variables z = (z?!,...,2"),
dependent variables * = (u',...,u™) and an arbitrary finite number of
partial derivatives uay = {ui}, u@) = {ug},..., etc. Symmetries provided
by point, contact and Lie-Backlund operators are called local symmetries.
Most of known symmetries belong to this category. However, in practice
differential equations are encountered that admit operators of the form (1.1)
such that £, n® € A. These kind of generalized symmetries are termed non-
local symmetries. They have coordinates depending either on an infinite
number of derivatives of u or on expressions involving integrals of u. Dis-
cussions of nonlocal symmetries and conservation laws can be found, e.g. in
[24], [122], [123], [124], [127], [126], [58], [69], [73], [75], [79], [80], [40], [41],
[42], [74], 18], [9], [21], [27], [29], [49], [57], [84], [7C].

Let us consider the case of two independent variables, ¢ and x, one
dependent variable u, denote the derivatives by wu, w1 = Uy, Us = Usy, - - .
and use the canonical representation (see further Equation (2.8)) of the
operator (1.1): 5
)au+---. (1.2)
If the operator (1.2) is admitted by a differential equation, the term sym-
metry applies both to the operator X and its coordinate f.

In a number of cases nonlocal symmetries may be easily obtained by
using recursion operators as is shown in the following example.

X = f(z,u,uy,ug, . ..

Example 5.1. The Korteweg-de Vries equation u; = w3 + uu; has the
recursion operator

2 1
L=D?+ §u+ gulD—l.
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Its action on the coordinate f(!) = 1 + tu; of the canonical operator (1.2)
of the Galilean group provides a new symmetry (1.2) with the coordinate

1 2
f(g) = Lf(l) = t(U3 + UU1> + gl’ul + gu
Here ), @) € A, but further action of the recursion operator L leads to
the nonlocal symmetry [69], [74]

5 10 ) 1
O = t<u5 + guus + uru + 6u2u1) + gx(u;; + uuy)

T N N
—Uu —Uu —U —Uu
3 2 9 9 9 19,

where ¢ is a nonlocal variable defined by the over-determined system of
differential equations

u2

Or =Uu, @Oy =us+ 5
The integrability condition ¢,; = ¢, of this system coincides with the
Korteweg-de Vries equation.

The symmetry f©® can also be found by direct calculation if one permits
dependence of f on a nonlocal variable u_y; = D7 (u), i.e. D(u_1) = u.
Developing this observation one could introduce instead of A the space A
of analytic functions of finite numbers of local (z,u,u;...) and "natural”
nonlocal (u_1,u_s...) variables and seek operators with coordinates from A.
However, the action of L on f® provides a nonlocal symmetry

7 3 35
fm = t(U7 + guu5 + Tug g + —ugus + —uus + —uugus

3 18 9
35 35 d

1—8u§’ + 5—4u3u1) + gfL’(Ug) + U3 + < + 6u2u1)

8 1 1
+ 2U4 + gUUg + § (Ug + uul)cp + 1—8u1¢

with a new nonlocal variable 1) determined by the following equations:
2 2, 23
Uy = u”, zpt:2uu2—u1—|—§u.

The nonlocal variable 1) does not belong to A since it involves infinite num-
ber of "natural” nonlocal variables, namely it is given by an infinite sum:

V=D (u?) =uwu_; —ugu_y +ugu_sz —--- . (1.3)



88 N.H. IBRAGIMOV SELECTED WORKS, VOL. I1

Therefore, the use of the "natural” variables u,uq,u_1,... would be unsuc-
cessful. Eq. (1.3) follows from the equations v = D(u_1), u—y = D(u_s),...
and from the rule of integration by parts written in the form

D' (uDv) = uwv — D™ (vDu).
Indeed, we have D~'(u?) = D™ (uD(u—1)) = uu_y — D™ (u_yDu) or
D' (u?) =uu_y — DM (ugu_y).
Integrating by parts again, we have
D Yuu_y)=D! (ulD(u,Q)) = wu_y — DM (ugu_s),

and hence:
DY u?) = uu_1 — uyu_y + D (ugu_s).

The iteration of the procedure leads to Eq. (1.3).
If one acts by the recursion operator L on f(7) one obtains the symmetry
@ = L™ depending on ¢, 1) and on a new nonlocal variable @ defined by

U3 4

0, = 3 —u%, 0, :ug—QulquLuQuQ—Quu%%-uZ-

A formal theory of nonlocal symmetries can be developed by introducing
functions of an infinite number of variables w,ui,u_q,... (see, e.g. [73]).
However in this way one loses the possibility of a constructive computation
of nonlocal symmetries.

A basic problem for computing nonlocal symmetries is the proper choice
of nonlocal variables. They are defined by integrable systems of differen-
tial equations which relate the nonlocal variables to the original differential
variable u. The choice of these differential equations requires additional
considerations. In Example 5.1 such an additional consideration was the
recurrent determination of symmetries.

In the present paper we develop the approach suggested in [58] and
based on the observation (cf. below Examples 5.2 and 5.3) that the exis-
tence of Backlund transformations can lead to extension of the admissible
group due to nonlocal symmetries. The method of obtaining non-point
symmetries with the help of a nonlocal transformation (the Fourier trans-
form) was earlier used by Fock [39] (cf. also [107]) for discovering additional
symmetries of the Schrédinger equation for the hydrogen atom.

The nonlocal variables obtained in what follows are connected with local
or nonlocal conservation laws. In Example 5.1 they are connected with the
familiar series of conservation laws for the Korteweg-de Vries equation. In
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particular, the compatibility conditions of the system of equations for ¢, 1),
and 6 give, respectively, the first three conservation laws of this series:

'U/2
Dt(u) + D, <_U2 - ?) = 07

2
Dy(u*) + D, (u% — 2uuy — §u3> =0,

u? ut
D, (g — u%) +D, (2u1u3 —uj — uPuy + 2uui — Z) =0.

Example 5.2. The wave equation uy = u,, is invariant with respect to the
Bécklund transformation ([58], Section 17.1) vy = u,, v, = u; and therefore
has the nonlocal symmetry f = n(u + v) with an arbitrary function 7.

Example 5.3. The linear heat equation u;—us = 0, in view of its invariance
with respect to differentiation and integration, has the nonlocal symmetries
fi =v (where v, = u,v;, = u,) and fo = 2tu + w (where w, = zu,w; =
Ty — ).

Example 5.4. The Burgers equation u;—uu; —us = 0 is connected with the
heat equation v, — vy = 0 by the transformation ([38], [49], [29]) u = —2%
and therefore has nonlocal symmetries, e.g. f = (hu + 2h,)e?/?, where ¢ is
a nonlocal variable defined by the system ¢, = u, p; = u; — %u2, and h(t, )
is an arbitrary solution of the heat equation, h; — h,, = 0.

We will consider only equations having particular Backlund transforma-
tions, namely differential substitutions (or coverings in terms of [123], [124]).
We will use these transformations for constructing quasi-local symmetries.
The quasi-local symmetries augment the set of group-invariant solutions. In
particular, using quasi-local symmetries one can find partially invariant so-
lutions for scalar equations. Note that partially invariant solutions provided
by local symmetries exist only for systems of equations [103].

§ 2 Lie-Backlund operators

We use the following notation of [58], [57]: z = (z?,...,2") are independent

variables and u = (u!,... u™) are the dependent variables (called also dif-

ferential variables) with successive derivatives uy = {uf'}, uw) = {ug}, ...,

where uft = D;(u®), uf; = Dj(ug),... . Here
D=2 v d ey
P = - u: —— u: - U, ——— o ..
Oxt ' Qur VT Ouf
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are the total differentiations with respect to x°.

Locally analytic functions of a finite number of variables x,u, u), ...
are termed differential functions and the space of all differential functions
is denoted by A[z, u].

Any function F' € Az, u| determines a differential manifold [F| defined
by the infinite system of equations

It is convenient to associate with any differential function ' € Az, u]
the following differential operators:

oF  OF oF

Fla=—— 42D =
(F2) ou® + 8ujo-‘ * 8u%

DiD; + ... (2.2)

Recall that continuous one-parameter groups of point transformations
are determined by their generators (known also as infinitesimal operators)

, 0
X zfl(w,u)a -

+n%(x, (2.3)

)8u°‘ '
Likewise, Lie-Backlund transformation groups are determined by their
generators of the form (see [56])

N R R R
i ij

where &', n* € Alx,u] and (2, i, ... are given by the prolongation formulae:

¢ = Di(n*) — ug Di(€"),
¢& = Di(C%) — uf, Di(EF), ...

Operators of the form (2.4) are called Lie-Béacklund operators. Bearing Eqgs.
(2.5) in mind, Lie-Bécklund operators can be written for short as follows:

0

(2.5)

X =

B T (2.6)

The action of the operator (2.6) on any function from Afz,u| is well-
defined. Hence the Lie bracket [X,Y] = XY — Y X of arbitrary operators
(2.4) is an operator of the same form. Therefore one can consider the Lie
algebra L of Lie-Backlund operators. It is called the Lie-Backlund algebra.

A differential equation F' = 0 admits a Lie-Bécklund operator (2.4) if the
group generated by this operator leaves invariant the differential manifold
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[F] defined by Egs. (2.1). A necessary and sufficient condition for the
invariance is written in the form of the following determining equation:

XFjp =0. (2.7)

Any operator X, = £'D; with arbitrary £ € Alz,u] is a Lie-Bécklund
operator. Moreover, X, = £'D; is admitted by any differential equation and
the set L, of all operators X, = £'D; is an ideal in the Lie-Backlund algebra
L. Hence, instead of the algebra L we can deal with the quotient-algebra
L/L, by considering operators X and Y to be equivalent if X —Y € L,. In
particular, any operator (2.6) is equivalent to the operator

) ) 0
Y =X —€6D;, =" —ud)—+--- .
3 (* = &ui) g2 +
Operators of this form, i.e.

)
X=frg (2.8)

with any f € Alz, u| are called canonical Lie-Bécklund operators. For them
the prolongation formulae (2.5) have the simple form

G =Di(n"), G;=Di¢), - (2.9)

Thus, the theory of Lie-Backlund operators lets us to restrict our con-
sideration to the canonical operators. For these operators the independent
variables z° are invariants. It is worth noting that a canonical Lie-Bécklund
operator (2.8) is equivalent to an operator of the group of point transfor-
mations of the form (2.3) if and only if f* can be represented in the form

fa :77&(%“) _’Si('xau>u?' (210)

§ 3 Transition formula

In what follows we will need the formula for transforming coordinates of
Lie-Bécklund operators under changes of variables (z,u) — (y,v) given by
differential substitutions:

Y = goj, - @ﬁ, (3.1)

where ¢/, ®° € Alz,u]. The change of variables (3.1) maps a canonical
Lie-Béicklund operator (2.8), X = f¢5% + -+ into the operator
~ .0 0
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which is equivalent to the canonical operator ¥ = fvﬂa% + ... with

£ =X (@) = o X (¢).
Using the notation (2.2), we arrive at the following formulae for transfor-
mation of coordinates of canonical Lie-Backlund operators:

ff = [(qyf)a - Uf(‘ﬂi)a]fff (3.2)

The formulae (3.2) can be used both for passing from f, to f, and from
fo to fyu. In this procedure, one should the change of variables (3.1) together
with the transformations of the total differentiation operators:

D, = Dyi(¢7)D,. (3.3)

§ 4 Quasi-local symmetries

Let a differential equation F' = 0, where F' € Alz,u], be connected with
an equation G = 0, G € Aly,v], by a Bicklund transformation of the form
(3.1). Let the equation F' = 0 admit a canonical Lie-Bécklund operator
with a coordinate f, € Alz,u]. If the the Bicklund transformation connect-
ing the equations F' = 0 and G = 0 maps f, into a differential function
fo € Aly,v], then the equation G = 0 admits the canonical Lie-Bécklund
operator with the coordinate f,, and the differential functions f, and f,
are related by the transition formulae (3.2). Extension of (3.2) to the case
fo & Alu,v] leads to the necessity of introducing new, nonlocal, variables
Q. They are defined from (3.2) and from the invariance condition of the
differential manifold [G] with respect to the operator with the coordinate
fo(y,v,v1,...,Q). The function f, calculated in this way is called in [1], [5]
the quasi-local symmetry* associated with the local symmetry f,.
In what follows we will consider systems of evolution equations

u=F, Fe€Alrul, (4.1)

v, =G, Ge Ay, (4.2)
connected by a Bécklund transformation of the form

«

s=t, y=oplruu,...u), v¥=0%z,u,uy,...,u). (4.3)

* Author’s note to this 2006 edition: The closely related notion of a potential symmetry
for PDEs written in a conserved form is introduced in [22].
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Here t and s are time, x and y are scalar independent variables, v and v are
vector-valued differential variables with the successive derivatives uq, uo, . ..
and vy, v9, ..., respectively, where

Uy = U, Ujp1 = Dx(ui); Vo =V, Uiy1 = Dy(“i)-

Let the system (4.1) admit an algebra of local symmetries, i.e. a Lie-
Backlund algebra

Arfo] = { o € Alo: O = (7.1} =0}

Here % —{F, fu} = 0 is the determining equation (2.7) written for the
evolutlon equation u; = F, and {F, f} is the Lie bracket defined as the
m-dimensional vector from A[z, u] with the components

(R =1 f= 2 F
where

" OF>
Fr-f= Z(Ff‘)ﬁfﬁ’ (F')p = Z D, f=1,....,m.
B=1

B
>0 ou,

If the transformation (4.3) maps f, € Ap[z,u| into f, € Ag[y,v], then
fu and f, are connected by the transition formulae (3.2) which in the present
case can be rewritten, using (3.3), in the form

Da(9) [ = [Da(0) @S — Do(P%) il fu, (4.4)
Dy =D, + Di(¢)Dy, D= D.(p)D,. (4.5)

The extension of (4.4) to arbitrary f, (in general f, ¢ Aly, v]) leads to quasi-
local symmetries calculated in accordance with the following definition.

Definition 5.1. A quasi-local symmetry of Eqgs. (4.2) associated with a
local symmetry f, € Ar|x,u] is a vector-function f, which is connected with
fu by the transition formulae (4.4) and depends, along with s,y,u, vy, ...,
also on new variables Q', ..., Q' satisfying the following equation:

%) fv 8fv
8@’

In calculating the Lie bracket {G, f,} one uses the total differentiation
extended to nonlocal variables Q° as to ordinary differential variables.

Inverting the sequence of arguments in this definition one can get quasi-
local symmetries f, for Eq. (4.1) associated with local symmetries f, for
Eq. 4.2). Furthermore, the transition formulae (4.4) are applicable also to
the case when both symmetries f, and f, are quasi-local.

_{G fv}‘FZ
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CHAPTER 2
Diffusion equations

This chapter is devoted to the classification of the sequence of equations
wy = H(wy) =2 vy =hv)vs =23 w = (h(u)uy): (H)

related to nonlinear heat equations and connected with one another by
the simplest Bécklund transformations (introducing potentials). The clas-
sification is made with respect to quasi-local symmetries associated with
point symmetries. The functions H and h, where H(E) = [ h(§)dE, are
arbitrary elements with respect to which one performs the group classifica-
tion. The first equation of (H) describes the inertia-free motion of a string
in a medium with nonlinear resistance. The second is used in mechanics
for the study of the shear currents of a nonlinear viscoplastic medium and
processes of filtration of a non-Newtonian fluid [13], [18], and also in the
physics of the ocean for describing the propagation of oscillations of tem-
perature and salinity to depths [122]. The third equation of this sequence
is the classical equation of nonlinear thermal conductivity. The Backlund
transformations (in the present case differentiation and integration) let one
transfer a symmetry of one term of the sequence with a certain function h
to a symmetry of any other term of this sequence with the same function
h. In this way, we naturally arrive at quasi-local symmetries [4], [5]. We
note that the nonlocal symmetries of the sequence (H) were found indepen-
dently and simultaneously with us in [75]. It is also shown in [75] that the
nonlinear heat equation does not have other transformations not depending
explicitly on ¢, x and leading to nonlocal symmetries, besides the Backlund
transformations indicated in (H).

A possibility of increasing the number of exact solutions of equations of
the sequence (H) at the expense of invariant solutions of other equations of
this sequence is indicated in [100].

§ 5 Equivalence transformations

At the first stage of the group classification it is necessary to calculate the
equivalence transformations for each term of the sequence (H). Let us begin
with the nonlinear filtration equation

vy = h(vi)vg (5.1)

and find all pointwise equivalence transformations, i.e. non-degenerate
changes of variables t,z,v, carrying any equation of the form (5.1) into
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an equation of the same form, generally with a different filtration coefficient
h(vy). Equations which are related by equivalence transformations admit
similar groups and are considered indistinguishable in the group classifica-
tion [106].

Direct search for the set £ of all equivalence transformations is connected
with considerable computational difficulties. On the other hand, since the
set £ forms a group we can apply the infinitesimal method and find the
continuous subgroup &, C & relatively easily. Then we will complete £, to
the general equivalence group £.

5.1 Filtration equation: continuous equivalence group
We shall seek the operator

0 0 0 0

_ ¢l 2 7 . .
E=8g+ 85, g, T igy (5:2)

of the group &, from the condition of invariance of (5.1) written as a system

Vg = h’UQ, ht = 07 hz = O, h’u = O, hwU =0. (53)

t
Here v and h are considered as differential functions: v in the space (t,z)
and h in the extended space (t,z,v,v;,v1). The coordinates £, €%, 7 of the
operator E are sought as functions of the variables ¢, x, v, and the coordinate
1 as a function of t, x, v, vy, vy, h. If along with the usual total differentiations

0 0 0 0
Di=Di=— +v7 +toun— + oy
ot v vy ovy
(5.4)
D:D_g—i-va—l—va—l—va
2 = g — o 18 1ta v, 28?)1
we introduce the following differentiations in the extended space:
~ ~ 0 0 0 0 0 0
Di=Dy=—+h h h hiv—=——+ hip, —— .
1= D= gy gy gy gt gt g, (55)
~ ~ 0 0 0 0 0 0
Dy=D, = — — — — — —
2= D=5 Fhagy 4 et & han gy oG+ ey
~ ~ 0 0 0 0 0 0
DSZDU_%—i_h ah+hvtah +hvxah +hvvahv+hvvt%7
Dy=Dy = 2 +p, 2 O ooy =2 & oy =2+ =2

[ h UVt a1 TVt VUL VUt g )
= 0, Mgy T Mgy, T e gy, o, Dl
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then the the prolongation of the operator (5.2) is written

0 0 0 0 0 0 0
E E+C1—+C2—+C22 +M18ht+M28hx+u38hv+u48hvt ,

where

G = Di(n) — vDy(€') — v1D;(€%),
Coo = D2(C2) - UltD2<§1) - U2D2(§2)7 (5-6)
1 = Dyi(p) — heDi(€") = hyDi(€%) — hyDi(n) — hu, Di(C1) — by Di(Ga).-

The infinitesimal test for invariance of the system (5.3) has the form

(Gt = hGaz — pwn)| 5 5 = 0, (5.7)
m|(5_3) =0, i=1,...,4. (5.8)
Invoking that the functions &, 7, do not depend on h, we write Eqs. (5.8)
in the form 5 o P 90,
op 2 ad
v A, O, hvl 07
ot Lot Ox ox
o 0Ga o (s
——hm—:O, —_hm—:O‘
ov ov (9vt 8vt

Since here h is a differential variable (so that h and h,, are algebraically
independent), the above equations give

_ 0@ _g % _, 9% _, 9% _

= M(Uh h)7 ot =0, O =0, v =0, avt =0. (59)

Since (o = 1, + vy, — V€L — v €l — v €2 — vPE2 Egs. (5.9) yield
h=¢6(t), & =At)r+Cro+As(t), n=As(t)v+ Cox + Au(t),

where C; = const. Substituting the expressions for £, n, u in Eq. (5.7), we
obtain the general solution of the determining equations (5.7), (5.8):

51 :Olt“—Cz, 52 :ng+04’0+05,

n=Cer+Crww+Cs pu= (204?)1 + 205 — Cl)h
Substitution in (5.2) yields the eight-dimensional Lie algebra spanned by

0 0 0 0 0
E1—&, Ez—%, E3—%7 Ey = ta_hﬁh
E5—$£+2ha E6:U8+2’U1ha E17:fl)a Egzvﬁ-

Ox oh’ or oh’ o’ o
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Taking the prolongation of these operators to v; and solving the Lie equa-
tions, we obtain the 8-parameter group &, of equivalence transformations

t=at+vy, I=pz+0bw+7, =032+ 0w+,

_ B3+ B = (B Bavy)? (5.10)
"= T o

with the coefficients
a=ay, [r=as, [r=as [P3=asaras, [i= (1 + a6a7>a87

T = @104, Y2 = G205 + azag, Y3 = (as + asasar + asagar)as.

Here a; is the parameter of the subgroup with operator F;. Therefore a4, as, ag
are positive, and hence in (5.10) we have o > 0, §; > 0, a(B184—F203) > 0.

5.2 Filtration equation: complete equivalence group

Note that the reflections t — —t and * — —x are also equivalence transfor-
mations, i.e. they are contained in the group £. Adding them to the contin-
uous group &, found in the previous section, we get transformations (5.10)
with arbitrary coefficients «, (3;, y; satisfying merely the non-degeneracy con-
dition a(B15s — Pa33) # 0. We will prove now that in this way we obtain
the most general equivalence group.

Theorem 5.1. The complete equivalence group £ for the filtration equa-
tions (5.1) is provided by the transformations (5.10),

t=at+v, 7=/ x+ B+,

~ 2
U= B + fyv + 7, h:@h

with arbitrary coefficients «, 3;,7; satisfying the non-degeneracy condition
(14 — Baf33) # 0.
Proof. Let the transformation
y=p(tz,v), s=ot zwv), 0=3>(tx0)

be an equivalence transformation for Eq. (5.1). In other words, we assume
that it maps the equation v; = h(v,)v,, into the equation

By = h(Dy)0y,. (5.11)



98 N.H. IBRAGIMOV SELECTED WORKS, VOL. I1

Using the transformation formulae for the differentiation operators Dy, D, :
Dy = Di(p)Dy + Di(¥)Ds, Dy = Dy()D, + Do(¥)Ds,
we obtain the following expression for v, = v, :
5 — Dy (@) Di(vh) — De(®) Do (1))
Dy(0)Di(v0) — Di(0) Do (1))

It follows from the definition of equivalence transformations that the right-
hand side of the above equation should depend only on vy so its derivatives
with respect to t, z, v, v; are equal to zero. This condition leads to a system
of equations on the functions ¢, 1), ® whose solution has the form

o = A1(t)(Brx + Bov) + As(t), o = ¥(t),

O = A (t)(Bsz + Buv) + As(t),

where 3104 — G233 # 0,9/ () # 0, A1 (t) # 0.
The specification of the functions A;(¢) and (t) is effected by substi-
tuting the expressions for ¢, 1, ® in Eq. (5.11) and leads to Eqs. (5.10).

5.3 Equivalence group for the equation w; = H(w>)
the equivalence transformations for the equation
wy = H(wy) (5.12)

are calculated as in Section 5.1. Namely, we rewrite Eq. (5.12) in the form
of the system

wt:H, Ht:()a Hx:O, Hw:O,

(5.13)
Hwt = O, Hw1 = 07 Hwtt = Oa let = 07

where w depends on t,x and H depends on t,x,w, wy, wy, Wy, Wi, wo. In
other words, we consider w as a differential variable in the space (¢, z) and
H as a differential variable in the extended space (t, z, w, wy, wy, Wy, Wy, We).
The generators of the continuous group of equivalence transformations are
sought as the operators
0 0 0 0

E=¢—+&&—+n—+psm
So e Tow trom
admitted by the system (5.13), where £, &2 1 depend on ¢, x,w and u de-
pends on t,. .., we, H. Acting on Eqgs. (5.13) by the prolonged operator

~ 0 0 0 0
E—E+Clawt+@a +M18Ht+u2 +

(5.14)

0H,
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tH3 + pa 0 + s 0 + W 0 + 7 0
OH, 0H,, 0H,, 0Hy,, 0H,,,
we obtain the determining equations
(G —n) |(5.13) =0 (5.15)
and
ui|(513) =0, i=1,...,7. (5.16)
Here

pi = Di(p) — HD;(€") — H,Di(€*) — HyDj(n) — Hyp, Di(C1)—
—Hu, Di(G2) = Hu Di(Gi1) = Huny Di(C12) — Huy Di(Ca2),
where D;, li, Gi, Gk are obtained from Eqgs. (5.4)-(5.6) by replacing v and

h by w and H, respectively.
Rewriting Eqgs. (5.16) in the form

O 022 . O a2 . o 0oz .
ot Yoot 0 ox Hu Ox =9, ow Hu, ow =0,
% _ 8C22 =0 a_’” - H @
ow, “2 Ow, T Owy “2 Jw,

8,u_ @:0 (‘3,u_ a@zzo
awtt w2 awtt ’ awlt 2 awlt

and splitting with respect to H,,, one obtains
p=plws, H), & =¢E(t), & =A(t)r+ A1),
n=[24:(t) + Ci]w + Cox® + A(t)x + A4(t).
Substitution of these expressions in Eq. (5.15) yields the following general
solution of the determining equations (5.15), (5.16):
¢ =Cit+ Gy, & =Csz+ Cy,
n = Csw + Csz* + Cqx + Cst + Cy, = Cs+ H(Cy — C)

involving nine arbitrary constants C1,...,Cy. Substitution in (5.14) yields
the nine-dimensional Lie algebra. Solving the Lie equations for the basic
generators of this algebra and taking the composition of the resulting nine
one-parameter groups, we obtain the nine-parameter continuous group &..
Finally, we add to &, the reflections t — —t,x — —x,w — —w and arrive at
the following complete equivalence transformation group £ for Eq. (5.12):

t=at+v, =/ x+m,

o ) o (5.17)
W = 0w + 0ax” + 032 + d4t + 05, H = aH+54’

where a/310; # 0.
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5.4 Equivalence group for the nonlinear heat equation

The equivalence transformations for the nonlinear heat equation
w = (h(uw)ug )y

have the form [106]:

32 (5.18)

§ 6 Classification of the equations w; = H(w-)

6.1 The determining equations

Let us classify the equations
wy = H(wy) (6.1)

in accordance with the admitted point transformation groups. The classi-
fication is simplified by using the equivalence transformations. Eliminating
from consideration the well-studied case of linear heat equation w; = kws,,
we assume that H” # 0.

An admissible operator is sought in the form

0 0 0
S él(tﬂ%w)g + fQ(tvwi)% + n(th:w)a_w

and is found from the determining equation
G — H'(w2)¢a2 = 0.

where (; and (9 are given by Eqs. (5.6) with v replaced by w. In solving the
determining equation, we replace w; by H(ws) and consider wy, we and wy,
as free variables. Splitting with respect to the variables wy;, wy, we have:

5915 = O? 5; = 07 iw = 07 77ww = 255107 (62)
& + &8 H + (2000 — &, — 3wel)) H' =0, (6.3)
N + (77w - ftl)H - [nm + (77111 - 253%)“’2]}[, =0. (6'4)

Egs. (6.2) yield:

61 - gl(ﬂv 62 = a(t,x)w+6(t,x), n= ax(t7$)w2+7(t>$)w+5(t?x)
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Substituting these expressions in Egs. (6.3) - (6.4) and splitting with respect
to w, we obtain oy — H' gy, = 0 and

oy + 305sz/ == 0, ( )

B + aH + (27, — Bor — 3awy)H' =0, (6.6)

t + 2amH - %:le = 07 (67)

e+ (v — &)V H — [000 + (v — 26,)wo] H' = 0. (6.8)
)

Since H"” # 0, Eq. (6.5) yields oy = 0, ay, = 0. Differentiating Eq. (6.6
with respect to wy and x, Eq. (6.7) with respect to ws and adding the
results, we get

(’711 - ﬁxzz - 3@111}2)[“[” = 07

whence o, = 0, Boze = Vaz- Now Eq. (6.7) yields 7, = 0, v, = 0, and
hence (.., = 0. Thus

a=C) =const., B=p(t)x?+ Ba(t)r + B5(t), ~=Cox+Cs.
Furthermore Eq. (6.6) reduces the expression for 3 to
B = Cyz® + Csx + Cet + Cr.
Collecting the above results, we obtain the expressions
g =¢t), € =Cuw+Cu? + Csz + Cgt + Cr,

n = Ciw* + (Cox + Cs)w + §(t, )

for the coordinates of the operator Z and conclude that the determining
equations reduce to the following equations:

C@ -+ ClH -+ 2(02 — C4)H/ — 30111]2]‘[/ = O, (69)

5t + (CQI’ + 03 - gtl)H - 5J:le - [(CQ - 404)1’ + Cg - 205]21)2]’], = 0. (610)

In the case of an arbitrary function H(ws) all the coefficients in (6.9)
and (6.10) should vanish, i.e.

Ce=0, Ci=0, Co—Cy=0, =0,

0296+C3—ft1:0> 0o =0, (Cy—4Cy)x+ C5—2C5 = 0.

It follows that
Ci=0C=0C,=0=0, (C3=2C5,

' =205t + Ky, 6= Kyx+ K,
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whence finally
61 :205t+K1, 62205.1'4-07, 77:205w—|—K2x+K3

Thus, Eq. (6.1) with an arbitrary H(w,) admits the five-dimensional Lie
algebra spanned by

0 0 0 0 0
Zl_&’ ZQ—%, 23—275&—{—]7%—'—2?1)%, (611)
Zi—2 2 7= |
T 0w T dw

6.2 The classifying relation

Extensions of the symmetry algebra are possible if Egs. (6.9) and (6.10) do
not imply that all coefficients in these equations vanish. To find all possible
cases, note that Eq. (6.10), as well as (6.9), is equivalent to the equation

a+bH + (¢ + dwy)H =0 (6.12)

with constant coefficients a, b, ¢, and d. Indeed, since H depends only on ws,
Eq. (6.10) holds only when all its coefficients either vanish identically or
are proportional (with constant coefficients) to a function A(¢,z) # 0, i.e.

6 = a\(t,x), Cox+ Cy—¢& =bA(t,2),
—5zz = C/\(t, ZE), (404 - CQ)ZE - 03 + 205 = d/\(t, ZE)

If all coefficients in (6.9) and (6.10) are simultaneously equal to zero, then
this corresponds to the case of arbitrary function H. Hence, extension of the
group is possible only for the functions H(ws) satisfying an equation of the
form (6.12) with constant coefficients a, b, ¢, and d not simultaneously equal
to zero. Thus, the problem of group classification of Eq. (6.1) reduces to
listing of all functions H obeying Eq. (6.12). Therefore we call Eq. (6.12)
the classifying relation for Eq. (6.1).

Remark 5.1. It is significant in group classification that the classifying re-
lation (6.12) inherits the equivalence transformations of Egs. (6.1). Namely,
after the equivalence transformation (5.17) Eq. (6.12) preserves its form,

a+bH+ (¢+diy) H =0

« « 20004 -«
—_— — =—c——d, d=—d. 6.13
01 01 I5 010% 01 (6.13)



5: NONLOCAL SYMMETRIES (1988) 103

Let in (6.12) d = 0. Then we obtain from Eq. (6.12), due to the condition
H" # 0, that ¢ # 0 and b # 0. Therefore one can reduce (6.12) to the form
H' = H using (6.13) with suitable parameters «, 3, d. Hence, we have

H =e", (6.14)

If d # 0 and b = 0 then one can reduce (6.12) by the transformation
(6.13) to the form woH' = 1, whence

H =Inws,. (6.15)
If d # 0 and b # 0 then one can reduce (6.12) to we H' = o H, whence
H =wj, o = const. (6.16)

The condition H” # 0 requires that ¢ # 0 and o # 1. Note that in the
derivation of Egs. (6.14)-(6.16) the constants of integration are eliminated
by an appropriate dilation of ¢ in Eq. (6.1).

6.3 Additional symmetries

Now we solve the determining equations (6.9) and (6.10) for all three cases
(6.14)-(6.16). Substituting (6.14) in (6.9) and (6.10) and splitting with

respect to wy we get
06:()7 C’2_614:07 Clz(); 57&:07

CQ$+C3—§,¢1—5xm:0> Cy—4Cy =0, C3—2Cs=0.

Hence,
1 2 Al 2
g :A1t+A2, 5 :A3x+A4,n:2A3w+ (Ag— 7) s —|—A5I—|—A6

Consequently, in the case (6.14) Eq. (6.1) has, along with the operators
(6.11), the following additional symmetry:

9,0

Similar calculations in the case (6.15) give the supplementary operator

0 0
Js =r— — 2t— - 1
6 x@x ow (6.18)



104 N.H. IBRAGIMOV SELECTED WORKS, VOL. 11
For the function (6.16), Egs. (6.9) and (6.10) give the system
C16 - 07 02 - 047 5t = 07 6a:$ = 07

& =031 —0) +2Cs0, Ci(1-30)=0, Cy(1+30)=0.
The last two equations of this system provide additional classifying relations.

They show that if o # £1/3, one should add to (6.11) only one operator

0 0
Zo=(1—o)tZ 4w 1
6= ( U)t8t+w8w (6.19)
If o =1/3 or 0 = —1/3 then Eq. (6.19) has, along with (6.11), (6.19), the

seventh symmetry, namely

0
Ty = Ww— .2
7= Woo (6.20)
for 0 = 1/3 and
0 0
2
Zr=ux 8064—56211330 (6.21)

for 0 = —1/3.

§ 7 Equations of nonlinear filtration

7.1 Determining equations

Here we give detailed calculations in solving the problem of group classifi-
cation of the filtration equations ([2], [3])

vy = h(v1)vs (7.1)

with h/(v1) # 0. The operator of the admitted group is sought in the form

Y = €1t 2, 0) 2+ (2, 0) -+t 7, 0) 2

ot ox v
and is found from the determining equation
C1 — B (v1)vala — h(v1)Co2 = 0, (7.2)

where (;, (22,7 = 1,2 are given by the prolongation formulae (5.6). In solving
Eq. (7.2) v is replaced by h(vi)ve and wvy,ve, vy, are considered as free
variables. The decomposition of (7.2) with respect to the free variables
v1t, Vo leads to the equations

51 =0, 51% =0, <7'3)
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(282 — & + 28 v)h = [z + (ne — E)v1 — EVTIN, (7.4)
n — ftZUl = [77190 + 2(”9611 - ix)vl + (77vv - Qfgv)vf - gv”?]h' (7'5)

In the case of an arbitrary function h(vy) all coefficients in (7.4) and

(7.5) should vanish:

5151_25:%:07 512;:()7 7717:07 771)—5;3:0,

(7.6)
U 07 £t2 = 07 277361) - fix = 07 T — 2521} =0.

Using Egs. (7.3), (7.6) one can easily see that Eq. (7.1) with an arbitrary
function h(v;) admits the four-dimensional Lie algebra spanned by

0 0 0 0 0 0
5 Y= Vy=2o tao—tuon, Vi=oo

Yi= or’ at " Toxr o

(7.7)
Let us find all cases of extension of the group. We note that Eq. (7.4)
is equivalent to the following classifying relation:

h(a + 2bvy) = B/ (c + dv; — bu}) (7.8)

with constant coefficients a, b, c, and d. Indeed, since h depends only on
vy Eq. (7.4) implies that its coefficients either vanish identically or are
proportional (with constant coefficients) to a function A(t,z,v) # 0, i.e.,

253 — Stl = a\(t,x,v), 55 = bA(t, z,v),

Ne = e\t x,v), n,— 55 = dA(t,z,v).

One can readily verify that vanishing of all coefficients in (7.4) corresponds
to the case of an arbitrary function h. Consequently, extension of the group
is only possible for functions h satisfying an equation of the form (7.8) with
constant coefficients a, b, ¢, and d such that the polynomials a + 2bv; and
¢+ dv; — bv? do not vanish. Hence, one can rewrite the classifying relation

(7.8) in the form

h a—+ 2bU1
et S 7.9
h ¢+ dv, —bv? (7.9)

7.2 Analysis of the classifying relation

The classifying relation (7.9) inherits the equivalence transformations of
Egs. (7.1) (cf. Section 6.2). Indeed, two last equations from (5.10) yield

= 2 [26:5 + o) + (51 + o)), (7.10)

> =



106 N.H. IBRAGIMOV SELECTED WORKS, VOL. 11

where B = (310, — 5203 # 0. We solve the equation for 9; in (5.10) with
respect to vy, substitute the resulting expression vy = (8,01 —3) /(84— P201)
in (7.10) and obtain an equation of the form (7.9):

5, .
%:gf%%%% (7.11)
with the coefficients a, b, ¢, d related to a, b, ¢, d by the equations
a = Ba + 28381b — 261326 — 232554,
b= [ib— B3¢ — Bafad, c= —B3b+ BT+ 5 fad. (7.12)
d = —2B384b + 26152 + (5184 + B2 3s)d.
Using Egs. (7.12) one can prove the following.

Lemma 5.1. Under the action of the equivalence transformation (5.10)
the discriminant A = d? + 4bc of the trinomial ¢ + dv; — bv? undergoes the
conformal transformation, namely A = B72A.

Theorem 5.2. Every equation of the form (7.9) belongs to one of the three
distinctly different classes determined by the conditions A =0, A > 0 and
A < 0. Furthermore:

(i) all equations (7.9) with A = 0 are equivalent to the equation

}NL/

1, 7.13
: (7.3
(ii) each equation (7.9) with A > 0 can be reduced to the form
B o—1
— =22 s>, (7.14)
h U1
(iii) each equation (7.9) with A < 0 can be reduced to the form
W ov—20
A ) (7.15)
h 1+ 01

Proof. Lemma 5.1 shows that the conditions A =0, A >0 and A <0
are invariant under the equivalence transformations (5.10), and hence these
conditions divide the equations (7.9) into three distinctly different classes.
Let us verify that in the case A = 0 all equations (7.9) can be obtained
from (7.13) by equivalence transformations. Substitution of (7.13) in (7.10)
shows that the equations that are equivalent to (7.13) have the form

W (B—2616) — 233v1 _ (BB = Bafs — 26:135) — 20301
h (B + Bav1)? (51 + Bav1)?
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On the other hand, invoking that ¢ = —d?/(4b) due to A = 0, one can write
an arbitrary equation (7.9) in the form

W —(a/b) = 2v;
he o —d/(2b)]?

Therefore, to prove the statement (i) we have to verify that these two equa-
tions coincide upon an appropriate choice of the parameters (31, ..., 84. But
this is quite obvious, since these four parameters are arbitrary. For example,
it suffices to set By = —d/(2b), 5 = 1,85 = a/b, B4 = 2.

Likewise, for (7.14) Eq. (7.10) yields

o _ [Bo — (184 + B233)] — 228401 (7.16)

h (81 + Bav1)(B1 + Bavy)
and the statement (ii) follows again from the arbitrariness of the parame-
ters (31, ..., 34. Furthermore, Eq. (7.16) yields the following expression for
calculating o for given coefficients of Eq. (7.9):

o — |(a/b)—|—r1—|—r2||r1—r2|_1, b;«éO,
|(Cl/d)+]_‘, b:O,

(7.17)

where r; and 7, are the zeros for the trinomial ¢ + dr — br?. The condition
o > 0 is achieved by the equivalence transformation

T=v, UV==x
mapping Eq. (7.14) with arbitrary o into the equation

R o+1
h— U1

The statement (iii) is proved similarly. Here one gets the formula
v=2la+d|/V—-9. (7.18)

Thus, the set of Egs. (7.9) splits into equivalence classes with represen-

7

tatives (7.13)- (7.15). Omitting in these equations the symbol “ ~ 7 over v
and h and integrating each of these equations, we obtain:

h=e", (7.19)
h=v{"' o>0, (7.20)
h=(1+v})"! exp(rarctanv;), v >0, (7.21)

The constant of integration is eliminated by dilation in (7.1).
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Remark 5.2. The problem of group classification of Eqs. (7.1) has been
discussed in [83] in connection with the study of shear motions of nonlinear
visco-elastic fluids. In [83] only the cases (7.19) and (7.20) are indicated but
the complete solution of the problem of group classification is not given.

Remark 5.3. It is shown in [116] that (7.21) is carried into (7.20) by
composition of the complex substitution © — iz,vi — 2(n + 1) and the
equivalence transformation (5.10). Here one takes into account the relation
arctan(iz) = % 1In {2,

Remark 5.4. Since Egs. (7.20) with A/(v1) = 0 have been eliminated from
consideration, it is necessary to assume that o # 1. As is clear from (7.16),
the equation v; = h(v;)vy is equivalent to the linear heat equation if and
only if h(v;) = (Avy + B)™2, where A and B are arbitrary constants.

7.3 Additional symmetries

Now we return to the solution of the determining equations (7.3)-(7.5). In
the case (7.19) we obtain from Eqs. (7.4) and (7.5):

n = 07 gf = 07 Nex = 0, 2nzv - gix = 07

whence, taking into account Eqgs. (7.3) we have:
fl = (2A1 —A2>t—|—A3, 52 :A1£C+A4, 77:1421'+A1U+A5.

These equations furnish the previous four operators (7.7) and one additional
symmetry

0 0
Yy =t — 2 -
»T o Tow
Proceeding likewise in the cases (7.20) and (7.21), we obtain the supple-

mentary symmetry

6 0
for (7.20) with o # 1 and
0 0 0
e A

for (7.21).



5: NONLOCAL SYMMETRIES (1988) 109

§ 8 Quasi-local transformations

8.1 Lacunary table. Quasi-local symmetries

We have summarized in Table 1 the results of the group classification of the
first two members of the sequence (H) obtained in § 5 and § 6 and of the
nonlinear heat equations u; = (h(u)u,), obtained in [102]. The table shows
that extension of symmetry properties occurs not always simultaneously for
all equations of the sequence (H). For example, if H = wg with arbitrary
o, all members of the sequence (H) admit an extension of the symmetry
algebra by one operator, but for o = 1/3 a supplementary symmetry appears
only for the equation w; = H(wy). Therefore Table 1 contains empty blocs,
“lacunae”. The latter testify to the existence of hidden symmetries. To find
them, we fill the lacunae using the transition formulae (4.4):

Dr(Qp)fv = (Dx<90)q)* - Dm(q))gp*)fm

dp Oy oP 0P
=+ =D+, Bo=—— =Dy,
? 8u+8u1 + 8u+6u1 +

connecting the symmetries f, and f, of scalar equations u; = F(x,u, u;...)
and v; = G(y,v,v;...) related by (4.3), y = p(z,u, uy...), v = O(x,u, uy...).

We will denote the symmetries of the first, second, and third equation
of the sequence (H) by fy, f, and f,, respectively. Then, since y = x and
v = wi, u = v, the above transition formulae are written as follows:

fv:Dx(fw)7 (81)
Ju= Dz(fv) (8'2)
Example 5.5. Let us translate the operator Y = w% - Ua% admitted by

the equation v; = v5/(1 +v?) into the corresponding operators admitted by
the other two equations of the sequence (H). Using Eq. (2.10) written as

fo=n— flvt - 527)1
we obtain the coordinate f, = x+vv; of the canonical representation of the
operator Ys. Now the transition formula (8.2) yields
fu=D.(fv) = 1+v2 Fovy =14 u? +vuy.
ui

1+u?
u? + vu; with a nonlocal variable v defined by the equations v, = w,v; =

u1 /(14 u?). The corresponding generator can be written in the usual form:

Hence, the equation u; = ( )1 has a quasi-local symmetry f, = 1 +

) )
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Further we calculate the corresponding quasi-local symmetry f,, for the
equation w; = arctan wy. The use of (8.1) leads to the equation

Dy(fuw) =2 +vv; = + wiwy
for determining f,,. The solution of this equation can be written in the form

2 2
o+ w
fw= Tl +C().
The function C(t) is determined from the invariance condition of the equa-
tion wy; = arctanwsy with respect to the operator fw%. The invariance
condition is C'(t) = t. Consequently, the operator Y5 becomes the generator

Z = —w 34_ M—f—t i
6= Yo 2 ow

of a group of contact transformations ([58], Sec. 16.2).

Proceedings as in this example, we fill all lacunae in Table 1. The result
is given in Table 2. The new symmetries obtained in this way for the first
equation of the sequence (H) are contact symmetries*; i.e. local, whereas for
the second and third equations from (H) they are quasi-local. Quasi-local
symmetries for the linear heat equation are given in § 1, Example 5.3.

8.2 Nonlocal equivalence transformations

Using Bécklund transformations, we translate the equivalence transforma-
tions (5.10) of the filtration equation into equivalence transformations of the
other two members of the sequence (H). This adds to the pointwise equiv-
alence transformations (5.17) and (5.18) contact and nonlocal equivalence
transformations (cf. Table 3). In particular, the equivalence group of the
filtration equation contains the substitution = v,9 = x which is carried
into the nonlocal transformation # = v, % = u~! for the heat equation’ and
into the contact transformation £ = w,w = xw; — w for the first equation
of (H).

The extended equivalence groups are used afterwards for completing
the group classification. As a result one imposes the restriction ¢ > 0 in

*Tt is shown in [43] that the classification of the first equation of the sequence (H) with
respect to groups of contact transformations does not lead to other cases of extension.

tA direct proof of the fact that the nonlocal transformation & = v, 4 = u~! is an
equivalence transformation of the nonlinear heat equation is given in [27], [96]. This
question is also discussed in [8], [9], [110], [111].
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the case H = o~ wg. In particular, the known [102] case h(u) = u~*3 of
extension of the symmetry group for the nonlinear heat equation turns out
to be equivalent to the case h(u) = ©v~%/3 and is obtained from the latter by

the nonlocal transformation 7 = v, 4 = u ™.

§ 9 Integration using quasi-local symmetries

Using quasi-local symmetries and nonlocal transformations, one can extend
the class of exact solutions obtained by group methods. First of all, the
number of invariant solutions increases due to extension of the symmetry
group. Moreover, in general, there appears a possibility of constructing
partially invariant solutions for scalar differential equations*.

9.1 Invariant solutions

We will illustrate methods of computation of invariant and partially invari-
ant solutions with respect to quasi-local symmetries by considering, e.g. the
following nonlinear heat equation:

wp = (%) - (9.1)

According to [102], Equation (9.1) does not have additional point sym-
metries in comparison with the general case. However, extension of the sym-
metry algebra occurs due to the quasi-local symmetry (Table 2, H(wsy) =
arctan ws)

0 0
Xy=—-v—+(1+u*)=—-
! Ox ( )(9u
This additional symmetry provides new group invariant solutions.
Since Eq. (9.1) is connected with the filtration equation

U1

— 2
v 1+ v} (9:2)

by the substitution u = vy, every invariant solution of rank p = 1 of Eq.
(9.1) can be obtained by differentiation with respect to x of an appropriate
invariant solution of Eq. (9.2). Recall that the task of listing all essen-
tially different invariant solutions of rank p = 1 of Eq. (9.2) reduces (see

*However for the sequence (H) the construction of partially invariant solutions does
not lead to new solutions different from the invariant ones (see Section 9.2).
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[103], [106]) to construction of an optimal system ©; of inequivalent one-
dimensional subalgebras of the Lie algebra with the basis

0 0 0 0 0
Y, = — Y:—v—+xg- '
YT ou P or Ov

The reckoning shows that the system ©; is furnished by the operators
}/17Y27}/1+Y27}/57}/1+}/57}/1_)/57}/3—’_04}/5; (94)

where « is an arbitrary parameter.

The first three operators from (9.4) provide well-known invariant so-
lutions, namely, stationary, spatially homogeneous and travelling waves,
respectively. They are easily calculated, e.g. Y] 4+ Y5 leads to the solution

v = C) — arcsin(Cye’ ™).

The invariant solution of Eq. (9.2) obtained by using the operator Y;
is found from a first order ordinary differential equation (since one of the
invariants of the operator Y; is the variable ¢) and has the form

v=VC—2t—2% (C = const. (9.5)

The graph of this solution for C' = 1 is given in Fig. 1 (¢; = 0,3 = 0.25).
Differentiating (9.5) with respect to x and setting v; = u we get the solution

R S (9.6)

VC =2t — a2
of (9.1) which is invariant with respect to the nonlocal operator X4. The
question arises of the possibility of obtaining (9.6) as an invariant solution
with respect to a point symmetry of Eq. (9.1), i.e. of the existence of con-
stants oy, ag, arg, such that the operator (see Table 2, operators X1, Xs, X3)

X2 bl o (262 402
TN T Yo T\ e T

satisfies the invariance condition

X(z+w/C=2=a?)| =0

(9.6)
This equation yields a; = C, ay =0, az = —1, i.e.
0 0

X =(C—2)5 —am--
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The invariant solutions of (9.1) with respect to this operator have the form
u=(2),z =x/v/C — 2t and satisfy the ordinary differential equation

(PN
2z = (1_1_%02) : (9.7)

We have not been able to find the general solution of Eq. (9.7). On the
other hand, the invariant solution (9.6) obtained by using the quasi-local
symmetry X, provides the particular solution ¢ = —z/+4/1 — 22 to Eq. (9.7).
Similar approach can be useful in other cases when the calculation of in-
variant solutions using point symmetries leads to complicated equations.
For the operator Y; + Y5 (¢ = £1) we take the independent invariants

v
I, = 2> +v*, I, = arctan (—) — et
x

and seek the invariant solutions of Eq. (9.2) in the form I, = ¢([;), i.e.
v =wxtan[p(z) +et], z=a2%+0% (9.8)

Substitution of (9.8) in Eq. (9.2) leads to the following system of ordinary
differential equations:

o=, )\’:%(1+)\2) <g—5). (9.9)

z

The corresponding solution of (9.1) which is invariant with respect to the
nonlocal symmetry X; + X, has the form

u = tan[p(z) + arctan A\(2) +et], 2z = 2% + 07, (9.10)

where v(t, z) is determined by Egs. (9.8)-(9.9).
For the operator Y3 + aYs we take the independent invariants

v? + 22

I ;

, Iy =arctan (%) - %ln(v2 + %)

and seek the invariant solutions of Eq. (9.2) in the form I, = ¢(I3), i.e.

v? 4 2
t

v =wtan [p(z) + %lnt], z =

Substitution in Eq. (9.2) yields to the following system of ordinary differ-
ential equations:
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The corresponding solution of (9.1) which is invariant with respect to the
nonlocal symmetry X3 + aX, has the form

u = tan[p(z) + arctan A(z) + et]. (9.11)

The solution (9.10) and (9.11) cannot be obtained as invariant solutions
using the Lie point symmetries X, X5, X3.
Let us consider also the equation of nonlinear filtration

v, = (1 +v})exp(varctanvy)vy, v # 0, (9.12)

and find its invariant solutions with respect to the Lie point symmetry

Y__tg_ 24_ g
5 Vat UE)U x@v

Taking the following basis of invariants of the operator Y5 :
9 9 1 v

I, =v"+2°, [,=—Int+ arctan (—)
v x
and seeking the invariant solution in the implicit form

1
v=uatan [p(z) — —Int], z=10"+2% (9.13)
v

one obtains a second order ordinary differential equation for ¢(z). After one

integration and substitution ¢ = tan (% In 02— £ — (p) the equation reduces
to Abel’s equation of the first kind
/
2
Ve, 2,

1+¢2 2z v(C—2)

where C' is the constant of integration.
The nonlinear heat equation corresponding to (9.12) is written

exp(v arctan u)
Ut = Ui .
14 u? L

It describes the heat propagation in a medium, where the coefficient of
thermal conductivity dependins non-monotonically on the temperature. For
this equation, Eq. (9.13) furnishes the invariant solution

1
u = tan [p(z) + arctan(2z¢") — = Int]
v
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with respect to the quasi-local symmetry

o 9 )

Let us discuss another method (based on nonlocal equivalence trans-
formations) for computing invariant with respect to nonlocal symmetries.
Consider the nonlinear heat equation

Uy = (u’2/3u1)1, (9.14)

and find its invariant with respect to the quasi-local symmetry

9, 9,
X5 = el SUU% : (9.15)

We will first map Eq. (9.14) to the equation
iy = (a3, (9.16)
by the nonlocal equivalence transformation (see Section 8.2)
=70, u=1u " (9.17)

The transformation (9.17) carries X5 (9.14) into the Lie point symmetry

of Eq. (9.16). The invariant solution of Eq. (9.16) with respect to Xj is

(a2 — 4t)/4

u = 7(1 n j2)3/2 .

The transformation (9.17) carries it into the invariant solution

(a2 _ 4t)3/2
= [(a2 — 4t)3/2 — 22]3/2 (9.18)

of Eq. (9.14) with respect to the operator (9.15). The graph of the solution
(9.18) for a = 2 is given in Fig. 2 (t; = 0,13 = 0.5). We note that (9.18) is
a special case of the invariant solution with respect to the point symmetry

0 0 5,
X =a’X; —3X3+3X, = (a® — 4)— — 32— + 3u— -
@ Xy = 3Xa 43Xy = (@ —dl) gy — 3wy 4 Sugy
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g

-1 -0.5 1]

Figure 1: Figure 2:

9.2 Partially invariant solutions

Let us consider the over-determined system

Uy 2 v = u, ut:< e ) , (9.19)
1

T 142 14 u?
which admits the Lie algebra with basis

0 0 0 0 0
h=g Y=g, hLi=lgrog tug,
Y, = 0 Y5:—v£+xg+(1+u2) 0 (9.20)

ov’ dxr v ou’
The operators (9.20) are obtained by extending the action of the operators
(9.3) admitted by the first equation of the system (9.19) to the variable u
(see also Table 2). The problem of listing all essentially different partially-
invariant solutions of rank p = 1 of (9.19) reduces (see [103], [106]) to
construction of an optimal system O, of inequivalent two-dimensional sub-
algebras of the Lie algebra spanned by (9.20). One can show using (9.4)
that O, is defined by the following pairs of operators:

<YYo >, <Y, Y5> <Y, Ys+aYs > <Y, Y5> <V3 Y5>

To illustrate the method, we take the subalgebra < Y7, Y5 > . Its invari-
ants are [} = z* + v I, = (zu — v)/(z + wv), and the partially-invariant
solution of defect § = 1 and rank p =1 is given by Iy = ¢(;), i .e.

vt ap(2)

7= vl2)

Substituting (9.21) in the last equation (9.19), taking into account the other
two equations and integrating once the resulting ODE for ¢(z), we get

. z=2% 4+ (9.21)

K—£>, K = const.

z

w’:H‘PZ(
2
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The other two equations of (9.19) are equivalent to the integrable system

K
- ;U1 = vt (9.22)
T —vp T —vp

Vs =

We solve Egs. (9.22) using the change of variables (¢, z,v) — (¢, z, w), where
2z = 2? +v% w = v, and obtain the partially-invariant solution

v=xtan(Kt + \(2)), wu=tan(arctan(p(2))+ Kt + A(2)),

1 2
N = :I:%7 o = +2<p (K— g), K = const.,

to Egs. (9.19) with respect to the two-parameter group with the generators
Y1, Ys. However, this solution is invariant with respect to the one-parameter
subgroup generated by the operator Y; + KY5 [cf. (9.8)-(9.10)], i.e. it is a
so-called reducible partially-invariant solution [103].

As a matter of fact, all partially-invariant solutions for the sequence
(H) are reducible to invariant solutions. Let us prove this statement for
partially-invariant solutions with the defect 6 = 1. Any such solution can
be represented in one of the following three forms:

(Z) u:f(t7x7v)7 w:g(t,x,v),

(i7) u= f(t,z,w), v=g(t,z,w),
(1i1) v = f(t,z,u), w=g(t, z,u).

For all three cases the proof is similar. Therefore, let us consider, e.g. the
first case (the example considered above belongs to precisely this case).
According to Ovsyannikov’s reduction theorem [106] it suffices to show that
for the function v one gets an integrable system of first order equations which
can be solved for the derivatives. Using the equations of the sequence (H)
it is easy to show that this is indeed so:

vi=u=f v =h(vi)vs =h(uur = h(f)(fa+ [ o).

For the partially invariant solutions with defect 6 = 2 the proof is similar.

§ 10 Tables to Chapter 2

In Tables 1 and 2, in the case of a power function H(ws), we give in the first
row the basic extension of the symmetry algebra and then, under numbers
(i) and (ii), different subcases of supplementary extension. The shaded
areas indicate quasi-local symmetry in Table 2 and nonlocal equivalence
transformations in Table 3.
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Table 1: Lacunary table

H(wy) wy = H(ws) = vy = h(vy)vg 2= = (h(w)uy),
-9
21:% Yl_at Xl—%
_ 9
. . ( _ 9,0 ) )
?rbltrary Zy=2t0 v ol 42wl | Vs =25 ag +ug, Xz =2t2 +a22
unction
b= o ( ) | (
_ 40 220 P ) 9 _ 0
w3 Zs =15 ~ T ow Ys =t5 — 25, Xe=1g5— 5
, , 3] 0
LuS o #1 Zg=(1-o)ty +w Ys=(1-o)tg +vy, Xy=({1-o)td +ul
oot | ZE [ ) | (
(iJo =3 2.0 P
- ) Zr = 2> L + 2wl [ ) X5 =22 — 3zug-
(ii)o = —3
) ) _ 40 9 _ 40 i)
— 0 _ 2
arctan we ( J Y5 =15, — V5 (

e)\ arctan wa

1
A
A>0




o
. . . : . Z,
Table 2: Classification by quasi-local symmetries Q
=
wW1=0 V1=u =~
H(wsy) wy = H(wy) = vy = h(v1)ve — uy = (h(uw)uy ) S
Zi=2 Y, = % X, = % 2
ZZ - % }/2 — % X2 == % =~
; ; — 9190 9 9 — 9+ 90 9 9 — 9+ 90 9 2
Arbitrary function | Z3 = 2t§t + 15 + 2wy, Y3 =2t5 + x5 +vp, X3 =25 +xg, <
Zs = 5, — — =
1172

Z=1h-2% V=il -2 X=t5 -2 3
_ a 0 ~
Z6_(1_0->ta+w8w Y. — 0 20 —~
(o =3 Z=up Gimwd-td) | (eg-wd) | 3
Z7:x28§—x+xw% > 5 2; ; 3
(i) = —3 {Yé =g (W - xv)%) Xs =275 — wug, =~

In w, Zs =15 + (1 + w) =~ Y =t + v X, =tf +uf

arctan w Dy
1 gAarctanwy 6] 0
A _ Xy= A5 +v
) o _ z’-wi 9 — MO L0 L0 4 t d
A>0 {Zg—)\t§+w1%— 21%} Y}’—)\tat—i_vﬁx l'av [ (1+u2)5iu x]

61T
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Table 3: Equivalence transformations (« # 0, 8184 — (205 # 0)

W= F1(v3x + Baw + 30322 +ut + 75 | 0= Bsx + P+ 93 | 4=
2
+0a(Bs(zwy — w) + y3wy + 3 47~U%)J

)

«

H _ H 4 n iL _ (ﬁ1+ﬁ2v1)2h iL _ (61 h

wy = H(ws) 2= v = h(v))vy 2= w = (h(w)uy):
. t=at t=at+vy-1
t=at+m “wEm “w
f:51$+72 T = [z + v+ 72 55:51‘1‘72

CHAPTER 3
One-dimensional gasdynamic equations

§ 11 Introduction

11.1 Preliminary discussion
One-dimensional gasdynamic equations can be written in the form
prtvpstpve. = 0,
p(vi+vvy) +p, = 0, (11.1)
pet+vpe + Alp,p)va = 0,
where A(p, p) is connected with the entropy S(p, p) by the equation

0S/0p

=~ 35735 (11.2)

In particular, the the polytropic gas flows correspond to A(p, p) = vyp with
an arbitrary constant ~.
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Until recently, the main result on group analysis in fluid dynamics
was Ovsyannikov’s classification [101], [103], [106] of gasdynamic equa-
tions by admitted groups of point transformations. In particular, for one-
dimensional polytropic flows the group theoretic natur of exclusiveness of
the adiabatic exponent v = 3 has been discovered in [101]. At the same time
the value 7 = —1 (the Chaplygin gas [114]) is remarkable from the point
of view of integrability, although it has not been singled out in the group
classification [101] among other values of y. This fact hints the existence of
“hidden” (non-point) symmetries of the gasdynamic equations (11.1).

In the present chapter we discuss quasi-local symmetries of the equations
of planar one- dimensional motion [1], [6], and in particular, we exhibit a
hidden symmetry of the Chaplygin gas.

11.2 The LIE sequence

In Euler’s variables the one-dimensional adiabatic motion of a gas with
planar, cylindrical or spherical waves can be described by the equations

pe 1" (pur"), =0,

vt+vvr+%p7o:0, (E)
pitup, + B 0 Ty g
1% T
where
B0 = 50 5 (1L3)

Here p, v, p are the density, velocity, and pressure of the gas, respectively, r
is a spatial variable, and S is the entropy which is a given function of the
pressure p and the specific volume 1/p. Finally, we have n = 0 for planar
waves, n = 1 for cylindrical waves, and n = 2 for spherical waves. In
what follows we assume that B # 0. Note that the functions A(p, p) and
B(p, p~') defined by (11.2) and (11.3), respectively, are connected by the
relation B = pA. In particular, for the polytropic flow B = ~vpp.

Recall that passage from Euler’s variables (¢, 7, p) to Lagrange’s variables
(s,y,q) is effected by

1
s =1, y:/r"pdr, q=—"-
p
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As a result, the system (E) is written in Lagrange’s variables as follows:
qs — (r"v), =0,
vs +1"py =0, (L)
ps + B(p,q)(r"v), = 0.

For application of the approach developed in Chapter 1, we introduce
the intermediate system

Rt + URT = 07
,rn
vt+vvr+Epr=0, (I)
r’ n
e+ vp, + I B(p, r”/RT)(UT + ;U) =0

obtained from (E) by the substitution r"p = R, with subsequent integration
with respect to . The gasdynamic equations in Euler’s variables (E) and in
Lagrange’s variables (L) are obtained from (I) by differential substitutions.
Namely, the passage (I) — (E) is effected by the substitution

p=1r"R,, (11.4)
and (I) — (L) by the substitution

In what follows we consider only the planar waves (n = 0,7 = x). Then
Equations (E) are written
pr+Vpe+puy = 0,
p (v +vu) + pe = 0, (11.6)
p(pt—l'vpx)—l—B(pap_l)vx = 0.

The sequence (L) — (I) — (E) (briefly LIE) of three systems of equations
related by the transformations (11.4), (11.5), together with the equivalence
transformations, is summarized in the case of planar waves in Table 4.

11.3 Equivalence transformations

Using the method described in § 5 we calculate the generators E; of the
equivalence transformations for each term of the sequence LIE. Then for
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every F; we find the one-parameter group with the parameter a; and obtain
the multi-parameter equivalence group. Finally, we add discrete equivalence
transformations and obtain the general equivalence transformation groups.
The result is summarized in the following theorem.

Theorem 5.3. (i) The continuous group &, of pointwise equivalence trans-
formations for the system (E) is generated by the operators

0 0 0 0 0
Ey ETR EQ—%, E3_8_p’ E4—t%+%,
0 0 0 0 0 0
0 0

The corresponding equivalence transformations are given by

- 5 5 1
t=ait+v, T=ax+[it+ 7, v:a—(agv+61),
1

2 2.2

~ 703 - ~ (ke

p=—5"p, P=amp+y, B=-"3B (11.8)
Qs a;

with the coefficients
a1 = a5, 71 = ajas, O = As0g, B = asasag,

Yo = (a2 + a1a4)a5a67 a3 = a7, Y3 = a3ar,

where a; is the parameter of the group with the generator FE;.
(ii)) The group &, for the system (I) is generated by the operators

0 0 0 0
El_av EQ_%7 ES_ﬁa E4_a_p7
0 0 0 0 0 0
E5—t%+%, EG_t§+2x%+U%_ZBﬁ—B’
0 0 0 0

OR "~ 0Op 0B Ox
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The corresponding equivalence transformations are given by

~ N 1
t=ait+v, T=ar+[fit+ FR+ 1, U:a—(@zv—i‘ﬁl),
1

- = ojo
R+, p=ap+ys, B=—=%D (11.10)
Qg s

R=

with the coefficients

asa
2 2 “8%9
a1 = Gg, 71 = 106, Q2 = Agar7, b= as5Qgar7, Be = a
7
a3agay 2 a3a8
Y2 = a + (ag + mas)agaz, a3 =as, 3= G403, Yo = a
7 7

(iii) The group &. for the system (L) is generated by the operator

SR N B
E5:(%, Eﬁzs%er%, E7—vaﬁ+paap+q§ (11.11)
Egzya—y +pa— q(;) +2Ba%
The corresponding equivalence transformations are given by
S=01S+ K1, Y=0Y+kKy ,0= 5(15—531)—%/@3,
P=0sp+rs, §= 5;;5 q+rs, B= ng (11.12)

with the coefficients (another form of the coefficients is used in Table 4)

0y =ag, K1 =a1ap, Oy = QgGg, K2 = A204as,

asar
03 = aras, K3 = 4a7, K4 = 30705, K5 = a_g :
Adding the corresponding reflections to the continuous equivalence groups
listed above, we get the transformations (11.8), (11.10), and (11.12) with ar-
bitrary real coefficients «;, §;, 7i, k; satisfying the non-degeneracy condition
only. These transformations furnish the general equivalence point transfor-
mation groups.
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Using differential substitutions relating the equations of the sequence
LIE, we transform the pointwise equivalence transformations (11.11) of the
system (I) into equivalence transformations of the other two terms of the
sequence LIE. This approach does not extend the group of equivalence trans-
formations for the system (L), but it provides supplementary nonlocal equiv-
alence transformations for the system (E). All equivalence groups including
nonlocal equivalence transformations are summarized in Table 4.

§ 12 Group classification of the system (I)

12.1 General analysis of the determining equations

We write the system (I) in the form
Rt + URI = O,

1
vy + VU, + R—xpx =0,
DPr + VP + A(pv Rx)vw = 07
where A is connected with B by the equation

R, A(p, R,) = B(p, R,"). (12.1)

The equivalence transformations (11.10) change the function A as follows:
P S

A=a3(1+—R, | A (12.2)
(6%)

Let us write the generator of the point transformation group admitted
by the system (I) in the form

o .o a9 9 o
. 1_ 2_ s Il Il
Y =05 5% Tk T THe,

The determining equations, upon splitting with respect to “free variables”,
show that

¢h=¢t), €=t R), A=XR),
n=n(t,z,Rv), p=upu(t R,p),
where €1, €2, X\, 1, p satisfy the following equations:

=& —vg +vg;, (12.3)
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Ae = 1y + 26! — €, (12.4)
[R = =M — Uz, (12.5)
Ht = _<77x + Rx + nR) A, (126)

0A 0A
(hp + 26 — 267 — Ru&R) Rogp i, =t R.&p) A (12.7)

One can readily deduce from these equations that the system (I) with
an arbitrary function A(p, R,) admits the five-dimensional Lie algebra Lj;
spanned by the operators

) ) B ) )

Vi=oo Yo=oo Ya=tg tag+ Rop, .

Y, t3+a vi— 2. |
7% "o T OR

The problem of group classification consists in singling out all particular
forms of the function A(p, R,) when the symmetry algebra Ls extends.
Differentiation of Eq. (12.4) with respect to x yields &2, = 0. Now we
substitute in (12.5) and (12.6) the expression (12.3) for 7, split the resulting
equations with respect to v and obtain ugr = —¢&2, &, = 262, €25 = 0. These
equations yield, in particular, that £}, = 0,2, = 0. Using these conditions
and Egs. (12.3)-(12.6) we have

¢ =Cit? + Cot + C3, & = (Cit + Cy)z + a(t, R),
A= C5R + 06, n= 01]3 + <C4 — CQ — C’lt)v + Oét(t, R), (129)
w = (CS - 2C'2 + C(4 - Sclt)p =+ ﬁ(tv R)a

where
Br = —au, (12.10)

B = 3Cip — (C1 + ayrRy) A. (12.11)
The compatibility condition for Eqgs. (12.10) and (12.11) yields:

Qg — RxA QtRR- (1212)

Egs. (12.12), (12.11) and (12.7) provide a system of classifying relations.
Since o = a(t, R), A = A(p, R.), Eq. (12.12) singles out the following cases:

R,A = const., R,A # const.,

or, according to Eq. (12.1), B(p, R;!) = const. and B(p, R;') # const.
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12.2 The case R, A = const.

Using the equivalence transformations (11.10), (12.2), one can assume that
R, A = ¢, where ¢ = 1. Then Egs. (12.12) and (12.10) yield

Q4 — EQCRR = K(R),

B=M(t)—car— L(R), L'(R)=K(R).

Now the equations (12.11) and (12.7) yield C;, =0, M'(t) = 0 and C5 = Cs,
respectively. Hence the solution of the determining equations is written

' =Cot+Cs, € =Cyr+alt,R)+7(R),

)\:CQR+Cﬁa n= (04_02)U+at(taR)v
p=(Cs— Cy)p+ C7r — car(t, R),
where 7(R) is an arbitrary function and a(t, R) solves the equation

ay — carp = 0.

Consequently, in the case R A = ¢ the group G5 extends to an infinite
group generated by the operators Y5, Y3, Y5 from (12.8) and the operators

Yom oo tvtpl Y=Ly — (R
ox 61}8 dp a(‘?p 5 ox (12.13)
}/;1 = (l(t7R)£ + at(t,R)% - SCLR(t, R)a_p :

12.3 The case R, A # const.

In this case Eq. (12.12) yields ayy = 0, 4rr = 0, and then it follows from
Egs. (12.10) and (12.11) that Sig = 0, Brrr = 0, Bur = 0. Consequently,
Egs. (12.9) are replaced by the following:

51 :Clt2+02t+037 )\:C5R+C6,
& = (Cyt + Cy)x + (CrR + Cg)t* + (CoR + Cio)t + 7(R),
n= leL' + (04 — CQ — Clt)’U + 2(C7R + Cg>t + CgR + ClO,
on = <C4 + C5 - 202 - 30125)}7 - C7R2 - 208R + (5(t),

where 7(R) is an arbitrary function and ¢”(t) = 0. Substitution of these
expressions in Eq. (12.11) gives the equations

(12.14)

07 - O, (5 - Cllt + 012 (1215)
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and the following classifying relation:
2C1p — Chy = (C1 + CyRy) A. (12.16)
It follows from Eq. (12.16) that either
Cy=Cy=Cyy =0, (12.17)
or the function A(p, R,) satisfies the condition
3ap+b=(a+cR;)A (12.18)

with constant coefficients a, b, and ¢ not simultaneously equal to zero. First
we study the second possibility.

If a # 0, we reduce Eq. (12.18) by an appropriate equivalence transfor-
mation (11.10), (12.2) to the form

A(p, Ry) = 3p.

Then solving Egs. (12.16) and (12.7), taking into account Eqgs. (12.14) and
(12.15), we get

51 :Clt2+02t+03, 2 :Cltx+04+010t—|—013, )\:C5R+06,
n= le + (04 — CQ — Cﬂf)U + OlOa M= (04 — 202 + 05 — S(Jlt)p.
Consequently, the symmetries (12.8) are augmented by

0 0 3 0 0

5 0 0 9] 0
Ys=1 E—l—txa—%—(x—tv)%—?)tpap

If a = 0, we arrive at the case R, A = constant analyzed in Section 12.2.

Let us turn now to the case (12.17). In this case, the function A(p, R,)
is determined from the classifying relation (12.7) which, invoking (12.14),
is written in the form

[202 — 04 — 05 - T,(R)RI]A -+ [05 - C4 - T/(R)RI]RIARI
+ [(04 — 202 + 05)1) — QCgR + Clg]Ap = 0. (1219)
Differentiating this equation twice with respect to R, we get

(A+ R,Ag,) 7" (R) =0, (12.20)
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and hence either A+ R,Ar, =0 or A+ R, Agr, #0, 7"(R) = 0.
In the first case, A + R, Agr, = 0, we have

A= % F(p) £ 0.

Substitution in Eq. (12.19) yields Cs = 0 and the classifying relation
2(Cy = C5)f +[(Ca = 2C3 + Cs)p + Cro] [/ = 0.

It follows that if f(p) is an arbitrary function then the symmetries (12.8)
are augmented by the operator

0

Y = T(R)%

(12.21)

with an arbitrary function 7(R). Further extensions of the symmetry algebra
occur for the functions f(p) = ee? and f(p) = ep?(e = £1). Namely, the
symmetry algebra spanned by 12.8) and (12.21) is extended by the operator

0 0 0 0

for f(p) = eeP, and by the operator

0 0 0 0

for f(p) = ep”.
Let A+ R,Ag, # 0. Then Eq. (12.20) yields 7"(R) = 0, and hence

7(R) = C13R? + C14R + Cy5. Substitution of 7(R) in Eq. (12.19) and
decomposition with respect to R lead to the following equations:

CisRo(A+ RyAp,) + CsA, =0, (12.22)

(2Cy — Cy — C5 — C14R)A + (C5 — Cy — C14 R, )R, AR,
+ [(04 — 202 + 05)]7 + Clz]Ap =0. (1223)

It is manifest from Eqs. (12.22), (12.23) that extensions of the symmetry
group G5 with the generators (12.8) occur when A(p, R,) obeys the equation

(a+bR,)A+ (c+bR,)R AR, + (d —ap)A, =0 (12.24)

with coefficients a, b, ¢, and d not simultaneously equal to zero.
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Remark 5.5. The classifying relation (12.24) is invariant under the equiv-
alence transformations of the system (I). Namely, after the equivalence
transformation (11.10), (12.2), Eq. (12.24) has the same form provided
that its coefficients change as follows (cf. Remark 5.1 in Section 6.2):

2

2 ~
Q3% c+ a1(213 b, ¢=aszc, d=d-—ya, (12.25)

a=aza, b=

where «q, ag, a3 are not equal to zero by virtue of the non-degeneracy the
transformation (11.10).

If a # 0,c # 0, one can reduce Eq. (12.24) by the transformation (12.25)
to the form oR, A, — pA, + A =0 (0 # 0), whence

l—0o

p
Ry

If a =0, ¢ # 0, one can reduce Eq. (12.24) by the transformation
(12.25) to the form R, Ap, +3JA, =0 (6 =0 or 1), whence

A:

S0’ R). (12.26)

A= f(p) (12.27)
for 6 =0 and
P
A=§ (R—> (12.28)
for 6 = 1.

Ifa+#0, c=0, Eq. (12.25) reduces to (1 —dR,)A — dR2ARr, — pA, =0
(0 =0 or 1), whence
for 6 = 0 [this case is included in (12.26) with ¢ = 0] and

_ b 1/R,
A= Rmf(pe ) (12.29)

for 6 = 1.
If a =0, ¢c =0, b# 0 then, invoking that A + R,Ar, # 0, one can
reduce Eq. (12.25) to the form R, A+ R2Ag, +cA, =0 (¢ = 1), whence

1 €
A= — — . 12.
= (p+ R) (12.30)
Ifa=0, c=0, b=0, then d # 0 and Eq. (12.25) gives
A= f(R,). (12.31)

It remains to find supplementary symmetries for all the cases (12.26)-
(12.31). These symmetries are found by solving Egs. (12.22) and (12.23)
and are given in Table 6. Furthermore, we give in Table 5 the result of
the group classification of the system (E) presented in [103]. Note, that we
replace the function A(p, p) by B(p, p~') = pA(p, p) (see Eq. (12.1)).
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§ 13 Preliminary group classification

The group classification of differential equations containing “arbitrary ele-
ments” (parameters or functions) is a difficult task. The problem is partic-
ularly complicated for systems of equations containing functions of several
variables as arbitrary elements. In our case an arbitrary element is the
function B(p, q) of two variables. The main difficulty is of computational
character and is connected with sorting a large number of variants. The
method of preliminary group classification suggested in this section is help-
ful in precisely such cases. This approach to group classification opens a
new application of the equivalence group. In Sections 13.1 and 13.2 we
explain the method on the examples of the systems (E) and (I) and then
apply it to the system (L) in § 14.

13.1 Application to the system (E)

It is known ([103], §23.6) that the system (E) with an arbitrary function
B(p, p~1) admits a four-parameter group. This group, called the basic group
of the system (E), has the Lie algebra L, spanned by the operators

0 0 0 0 8 0
Xi=—, Xo=—, Xz=t— —, X — 4+ — 13.1
T T o o e Tl ty 13D
To pick out the cases of the extension of the Lie algebra L4 and find the
corresponding supplementary operators we will use the continuous equiva-
lence group &. of the system (E). We rewrite the generators (11.7) of the
group &, in the form

0 0 0 0 0 0
E1—%, Ey ot Es ta+$%, Ey ta +%7
0 1 0 1 0 0 0
Bs=—, Eg=—-a-— —-v— Bo— 13.2
o T % 2V TPa, T PaB- (13.2)
1 0 1 0 0 0
E7_— — + = —+p—+B—

and consider their action on the space of the variables p, p, B, i.e.

~ 0 ~ 0 0 ~ 0 0

The operators (13.3) generate the three-parameter group &, of transforma-
tions in the space of the variables p, p, B. Invariant equations with respect
to any one-parameter subgroup of the group &, define functions B(p, ¢) with
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functional arbitrariness such that the corresponding system (E) has an ex-
tension of the symmetry algebra Ly. It is manifest that to similar (equiva-
lent) subgroups of the group &, furnish equivalent systems (E). Therefore,
in order to find different cases of extension of the symmetry algebra L,
obtained in this way, we have to construct the optimal system ©; of one-
dimensional subalgebras of the three-dimensional Lie algebra spanned by
(13.3). The reckoning (taking into account the reflection p — —p, p — —p)
shows that this optimal system is provided by the operators

Es, E:—oEs, FEs+Es Es, (13.4)

where ¢ is an arbitrary parameter.
Let us find the invariant equations for the operators listed in (13.4). We
take the first operator, Ejg, solve the equation

_ar L al

Eg(I)
and obtain two functionally independent invariants, I; = p~!B and I, = p.
The invariant equation is written I; = f([3) and yields B = pf(p) with an
arbitrary function f. For the second operator from (13.4) the equation

provides the functionally independent invariants I; = Bp° ! and I, = pp°.
Then the equation I = f(I5) yields B = p'= f(pp?). For the third operator
from (13.4) the equation

/ / I
o o B2 o

<E5+E6)(])Ea_p+pa_p 55

yields the invariants Iy = p~'B and I, = p~'e?. We see from the invariant
equation I, = f(I) that B = pf(p~'e?). Likewise, the last operator Fj
from (13.4) provides the function f(p). Thus, we arrive at the following four
distinctly different types of the function B(p, ¢) with functional arbitrariness
when an extension by one of the symmetry algebra L, occurs:

B=pf(p), B=p""flpp’), B=pf(p'e"), B=f(p). (13.5)

To find the additional symmetry X5 in each case listed in (13.5), it
suffices to replace the operators E; appearing in the system (13.4) by the
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corresponding operators F; and take the action of the resulting operators
on the variables ¢, z, p, p,v. As a result we have:

B=pf(p): st—x%—v%+2f)§p,

B=p " f(pp7) s X5=(1+0) [968% + U%} + 2[193% - Upa%}’
B=pf(p7'e"): X5= —m% — v% + Qpc% + 2(%, (13.6)
B = f(p): X5 = 6%'

We will find now the invariant equations with respect to two-parameter
subgroups of the group &.. The optimal system O, of two-dimensional sub-
algebras of the Lie algebra spanned by (13.3) is given by the following pairs
of operators (representing the bases of the corresponding subalgebras)*:

< EG,E7 >, < Eg,,ﬁ? — O'EG >, < E5,E6 > . (137)

To explain the calculations, let us consider the first pair in (13.7), i.e. the
two-dimensional subalgebra spanned by the operators Eg and E7;. Solving
the system of first-order linear partial differential equations
ol ol ~ ol ol

B B =

Eq(I — 2t 9 _
o(1) p8p+ 0B

07

we find the only independent invariant I = B/(pp). Hence, the invariant
equation is written I = =, or B = pp, where v = const. Thus, for the
function B = ypp with an arbitrary parameter v the gasdynamic equations
(E) admit an extension of the basic group by two symmetries. To find these
supplementary symmetries, we proceed as above in the case of the optimal
system ©; and obtain the following two supplementary symmetries:

0 0 0 0 0 0
Xs=—1——-0v—+2p—, X¢e=0—+v—+2p—-
b Yor " T20g, 0 $85B+U8v+p8p

Two remaining subalgebras from (13.7) are treated similarly. Note that
for the second subalgebra from (13.7) we have to assume that o # 0 since
the reckoning shows that the subalgebra < Ej5, F; > does not lead to an
extension of the symmetry group. After simple calculations, we get the

* Author’s note to this 2006 edition: They were found by using the approach described
in §3 of Paper 1 of the present volume.
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functions B = yp and B = vp™ with m = (0 — 1)/0. Then we reduce these
functions to B = p and B = ¢p™ (¢ = £1), respectively, by appropriate
simultaneous dilations of the variables p and p. Thus, the invariance under
the subalgebras (13.7) leads to following functions B(p, p) :

B=n1pp, B=¢p", B=p, (13.8)

where (e = £1,m # 1). Now we find the supplementary symmetries for the
second and third cases in (13.8) and summarize the result:

0 0 0 0 0 0
N ) ) ) )
B—&,O X5—8—p, XG—(1+U)|:CL’8—+U%] + [pa——apa—p],
0 0 0 0
B—p X5—8—p, X6——£L‘%—U%+ pa—p (139)

The operators (13.9) can be rewritten in the form given in Table 5 by
takin appropriate linear combinations with the generators (13.1) of the basic
group. Comparison of (13.6) and (13.9) with Table 5 shows that the method
of preliminary group classification provides the results of the complete group
classification with the exception of B = 3pp.

13.2 Application to the system (I)

We will write the generators (11.9) of the equivalence group &, in the form

0 0 0 0 0
El_a_x’ Eg—a, Eg—ta—i-x%—f—Rﬁ,
E4:tg+gu E5:i7
dr Ov OR
(13.10)
E—2 E——g— 2+Ri+2Bi
STap 7T Tor "ov T OR 9B
E8:$2+02+Ri+2p3+28i, EgZ—Rg'

ox ov OR op 0B ox

The first five operators in (13.10) coincide with the operators (12.8), i.e.
they span the Lie algebra Ls of the basic group of the system (I). We find
the cases of extensions of the algebra Lj by means of operators from (13.10).
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The action of the operators (13.10) on the variables p, R,, B yields the
four-dimensional Lie algebra L, spanned by

~ 0 ~ 0 0

FEg= — E-. = — + B—

s =gy = lgn TBaE

N 5 5 d (13.11)
Es=vg +Bap. o= FRegp

An optimal system ©; of one-dimensional subalgebras of the algebra Ly is
given by the operators

E% ES_UE% E6+E7; E8+E9, Eﬁ, E6+€E9, E9>

where o is an arbitrary parameter, ¢ = +1. Proceedings as in Section 13.1,
we obtain the following seven types of the function B(p, R, ') with functional
arbitrariness when an extension by one of the symmetry algebra Ls occurs:

0 0 0

B=p""f(Rp7): Ys=(0+1) 2 + (0 + 1)21&]

ox ov
0 0
+(1— O’)R@ + 2p(9_p :

0 0 0 0
—_= _1p N —_= —_— _— _ —_—
B=Rof(R'"): Ys=ag- 40— Rop 2ap’
0 0 0 0
B=pf(pe"™): Yo=(x QR)ax+”av+RaR+2pap’

(13.12)

0
0 0
_ -1y . - _ —_
B=flp+eR,): Yg—ap ERax,
0
B = f(p): }/G—R%'

The reckoning shows that an optimal system O3 of two-dimensional sub-
algebras of the algebra L4 with the basis (13.11) is given by

<E7,E8 >, <E6,E8+E9 >, <E6,ES—UE7 >,

< E@,E7 >, < EQ,E6+E7 >, < E’g,Eg — UE7 >,
< Eg,Eg>, < E,—Fs,Fg+cEy>, <Fq7 Ey>.
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It leads to the following extensions of the basic group by two symmetries:

B =9pR, : %Z—I%—v%—I—R%, %:R%—i—p%;

B =ge /M Yéza%, %z(m—QR)a%Jrv%JrR%Jera%;
Bz&R?:Yﬁzagp?Y7=(1+J)[x%+v(%}+(1—J)R%+2p§p;
B=ee?: %—zRa%, %:x%w%—R%—Q%;
B:5p1_05Y6:R%7Y7=(1+0)[CE%+U%]+(1—0)R%+2p§p;
B=e¢: Yaz(%, Y7=Ra%, %:x%+v%+p§p-

Remark 5.6. In the first case we use E; + Eg for X7, in the third case we
set m= (o —1)/0.

The supplementary operators Xg, X7 given above can be rewritten as in
Table 6 by taking linear combinations with the generators (12.8) of the basic
group. The cases B = e/ and B = ce™P are reduced to B = ge!/fe
and B = eeP from Table 6 by the reflection p — —p, R — —R. The
function B = ¢ invariant simultaneously with respect to two subalgebras,
< Eg,Eg > and < E7 — Eg,Eﬁ + eEg >, therefore in this case we have
three additional symmetries. The subalgebra < E7, Eg > does not lead to
additional symmetries. Comparison with Table 6 shows that the method of
preliminary group classification provides almost all results of the complete
group classification. The case B = 3pR, is an exception as it is for the
system (E). Moreover, Table 6 shows that in the cases B = f(R,) and
B = f(p+¢/R,) the system (I) admits, along with the operators Yy cited
above, one more supplementary operator Y7, whereas for B = f(p) and
B = ¢ an extension to an infinite group occurs.

§ 14 Preliminary classification of system (L)

The point symmetries the system (L),
qs—’Uy:O, Us+py:07 ps—i—B(p,q)Uy:O,
will be written in the form

0 0 0
Z=€1g+€2—+n%+ua—p+ »

dy
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The determining equations, after decomposition with respect to free vari-
ables and preliminary simplifications are written

=), €=, =0, p,=0, (

775+,uy:07 /\S_nyzoa >‘y+np:07 (
s+ Bny =0, Bny—p, =0, (14.3

Ag—B\p—& +6 —n, =0, (

(

nv_gi_:up—f_f;:()’
2Bn, — 2B, + uB, + AB, = 0. (14.6

One can readily deduce from these equations that the system (L) with an
arbitrary function B(p,q) admits the four-dimensional Lie algebra spanned
by following operators (generators of the basic group):

0 0 0 0 0
=S +Yn-, Zz=4-, Za= -
dy

(14.7)

In contrast with the systems (I) and (E), in this case it is impossible
to solve the determining equations (14.1)-(14.6) in a closed form and find
concrete specifications of the function B(p,q) when the system (E) admits
an extension of the symmetries (14.7). Therefore we start with a preliminary
group classification of the system (L) by the method of § 13. Let us rewrite
the generators (11.11) of the equivalence group &. for (L) in the form

0 0 0 0 0
E1—$7 Ez—S%ﬂLya—ya E3—%, E4—a—y>
0 0 0 0 0
0 0 0 0
TV Ve TP TP T gy

and consider the projection of the operators (14.8) to the space of the vari-
ables p,q, and B :

9 -~ a8 94 o~ 8 o0 ~ 0
E5_8_p’ EG_qﬁ_q_B(?—B’ E7_p8_p+Ba—B’ Es—a—q' (14.9)

Applying to the Lie algebra spanned by (14.9) the standard approach
to computation optimal systems and using the reflections p — —p, ¢ — —q,
we arrive at the following optimal system O :

EG; E7+UE6, EG_E5> E7_E87 ES_EE& E57 E& (14.10)
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where ¢ = £1 and o is an arbitrary parameter. Proceedings as in Section
13.1, we obtain the following seven types of the function B(p, q) with func-
tional arbitrariness when the basic symmetries (14.7) of the system (L) are
extended by one symmetry:

pipe?), P, éf(qep), (14.11)

éf(p), H@)., fotea), f).

In each case, we find the corresponding additional symmetry Z5 by solving
Egs. (14.1)-(14.6) and arrive at the following result:

B =pf(pe?) : Z5:y§y+v%+2p§p—2§q,
B=p"f(p°¢"): Zs=(1— a)y(% +(1+ o)v% + Qpa% + QUQ(%,
Bzéf(qep): X5:—y(%—|—v%—2%+2q§q,

B- éf(p) ; 7 — —ya% 4 ua% 4 zqa%, (14.12)
fla) Zi= 5

B=fptes  Zimg—eg

B = f(p) Zs:(%'

It is plain to see that the possibilities listed in (14.12) coincide with
the cases (13.12) of extension of symmetries for the system (I). This is
due the fact that the operators (13.11) and (14.9) for the systems (I) and
(L), respectively, provide different representatives of a basis of the same
Lie algebra. Therefore we shall not use the optimal system O, since this
does not lead to new results compared with the system (I). Instead, we will
solve the determining equations (14.1)-(14.6) for the cases listed in (14.11).
Note that all functions B(p, ¢) from (14.11), with the exception of the last
of them, obey the condition B, # 0.

Therefore, let us first assume that B, # 0. Then Eqgs. (14.1)-(14.3) and
the equation obtained by differentiation of (14.3) with respect to ¢ yield:

§1 :gl(‘s)? 52:§2(y), 77:77<va)7

(14.13)
p=puy,p), AX=Ay,p,q), s+, =0.
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Furthermore, differentiation of (14.5) with respect to p and v leads to the
equations p,, = 0 and 7,, = 0, respectively, whence

n(s,v) =a(s)v+pB(s), wy,p)=~)p+dy).

Substitution of these expressions into the last equation of (14.13) gives
a(s)=0,7(y) =0, F'(s)+(y) =0. Now using (14.5) and (14.6) we get

E=Cis+0y &= (C3+ Ch)y + Cy,

n = 051) + CGS + 07, n = (Cg + 05)]) — C6y + Cg, (1414)
B B,

q q

Finally, splitting Eq. (14.4) with respect to y we arrive at the following two
classifying relations:

— 0, (14.15)

[(C3 + Cs)p + 5] B? (14.16)

q

(5), (),

B B
+ (C5 — C5)BB, (Bp — §q> — 203 B> (Bp _ _q) —0.
q

B

Now we analyze the classifying relations (14.15)-(14.16) for each function
B(p,q) from (14.11) satisfying the condition B, # 0. The corresponding
supplementary symmetries are easily found from Eqs. (14.14) and are not
given in the text. The reader can find them in Table 10. Note that the
calculations are similar to all functions from (14.11) satisfying the condition
B, # 0. Therefore, we will consider in detail only two cases, B = f(p)/q
and B = p'=? f(p°q~'), and will give the results for all cases in Table 10.
1°. Let B= f(p)/q, f'(p) # 0. Egs. (14.15), (14.16) are written

0611,/ = O, [(03 + 05)29 + Cg]ul + (03 + O5)’LL = O, (1417)

where uw = (f' 4+ 1)/f. If f(p) is an arbitrary function, Eqs. (14.17) yield
Cs = Cy = 0,05 + C5 = 0. Then Egs. (14.14) give one supplementary
operator Zs which coincides with that listed in (14.12). Eqgs. (14.17) show
that further extension of symmetries is possible in the following two cases.
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(i) Let ' = 0, i.e. w = k. Then Cy and Cy are arbitrary and Eqs. (14.17)
reduce to (C5 + C5) u = 0. The latter equation yields that either

(71) u = 0 and Cj3, C5 are arbitrary, or

(i) u# 0 and C5 + C5 = 0.

For (i1) we have f = —p (up to addition of a constant to p); in this case
the five-dimensional symmetry algebra, given by (14.7) and the appropriate
operator Zs from (14.12), is extended by three operators.

For (i2) the solution of the equation u = k is f = C'e*? 4+ which can be
reduced to f =1+ eeP, ¢ = 41, by an equivalence transformation; in this
case the symmetry algebra is extended by two operators.

(i) Let u' # 0. Then Eqgs. (14.17) show that Cs = 0 and that extension
of the symmetry algebra is possible if an equation of the form

(ap+ B)u' + au=0

holds with constant coefficients «, 3 not simultaneously equal to zero. Since
for a = 0 we return to the case (i), we assume that o # 0. Then, using a
translation with respect to p, we reduce the above equation to pu’ +u =0
and obtain two new cases of extension of the algebra:

f=ap+optt .y £0,-1; §=0,4£1,

and
f=-plp.
In both cases Eqgs. (14.17) yield Cs = 0, and hence the algebra extends by
one operator.
2°. When B = p'=7f(p”/q), Egs. (14.15)-(14.16), after decomposition
of (14.16) with respect to p, lead to the equations

Col(1 —o)fu' +ouf]=0, Cs[(1—o0)fu +ouf]=0, (14.18)
[Cs(0+1) + Cs( — 1)] (%) — 0, (14.19)
where )
u=(-o)f tosf + 20 = f) i=a

Extension of the algebra (14.7), (14.2) is possible in three cases:
u=0, u=kf (k#0), (1—o)fu+ouf =0 (c#1).

(i) For u = 0 the constants Cj, Cs, Cg, Cy are arbitrary. The solution to
the equation v = 0 is written implicitly in the form

(1+')"" f=c.



5: NONLOCAL SYMMETRIES (1988) 141
(ii) If u = kf then
(k=12 f = 1] =0 for k#£1,

Inf+oz'f=C for k=1

In this case Cs = Cs = 0 and Cj3, C5 are arbitrary.
(iii) The equation (1 — o) fu’ + o f'u = 0 after one integration gives

of"
f

Any solution f of this differential equation leads to extension of the algebra
by two operators since in this case Cy, C are arbitrary, while C3 and C are
related by C3(0+ 1)+ C5(0 —1) = 0 and give the operator Z5 from (14.12).

3°. Let us consider the last function from (14.11), B = f(p) by assuming
f'(p) # 0. Solving Eq. (14.6) and invoking account (14.5), we have:

2f

f/
whence p, = 0. Differentiating (14.5) with respect to p and taking into
account (14.3), we obtain s, = 0. This leads to the classifying equation

(Qf—f) (@) =0

"
Let <3c—],c) # 0. Then 55 = ¢!, whence, using Eqgs. (14.1), (14.20), we
get &8 = CO1s + Cy, 82 = Cry + Cs,pp = 0. Egs. (14.1)-(14.3), (14.5) yield

= (Cy. Furthermore, Eq. (14.4) yields the equation A\, = B\, whose

solution, invoking (14.2), is written

(oo [ ).

where 0 is an arbitrary function. It follows that the group admitted by the
"
system (L) for B = f(p), (ﬁ> # 0 is infinite: to the generators (14.7) of

kfo/e=) = (1 —0)f +ozf + 2

=& = &) (14.20)

f/
the basic group one adds

d )
Zp =0 <y,q n ﬁi)) o (14.21)
"
Let <2f—{> = 0, ie., Zf—{ = Kp + M, where K and M are arbitrary

constants. Using translation with respect to p, one can restrict oneself to
the consideration of two cases, namely K # 0, M =0 and K = 0, M # 0.



142 N.H. IBRAGIMOV SELECTED WORKS, VOL. II

If K#0,M =0, then f(p) =ep” (¢ = £1, o # 0), and Egs. (14.20)
and (14.5) yield

o—2
o

uz%(éﬁ—ﬁi)p, 0= (& = &) v+0(s,y),

where b(s, y) is an arbitrary function. Substituting these expressions in Egs.
(14.2)-(14.3) and decomposing with respect to p and v, we obtain

fl 2015+CQ, 52 :ng+C4,b:C5.

Consequently, the above expressions for p and n become

2 -2
= ;(03—01)197 n = d (C1 — Cs)v+ Cs.

g

Furthermore, (14.4) leads to the equation

200-1)

)‘q — Cpo)\p - (Cl - 03) =0

whose solution, in view of (14.2), is written

)\:M(Cl—C’g)q—l—@(y,q—i—/d—p),

o ep®

where 6 is an arbitrary function. It follows that the system (L) with B = ep?
has, along with (14.7) and (14.21), the following additional symmetry:

Zs :JyC% - (0—2)1)3 +2pg —2(c—1)

ov dp qa_q ‘

If K =0,M # 0, then B = eeP. Proceeding as above, one can show that
in this case the symmetries (14.7), (14.21) are extended by

4°. Let B = const. Using the dilation one can always assume that B = ¢,
where ¢ = +1. Then Egs. (14.5)-(14.6) yield £ = &1, i.e.

' =Cis+Cy, & =Ciy+Cs. (14.22)

By virtue of (14.2) and (14.4), we have (e +A)s = 0, (e + A), = 0, whence
A+ep = 0(y, p, q) with an arbitrary function 6. Substituting this expression
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in (14.4) and invoking that p,, = 7, we get the equation 6, — ¢f, = 0 with
the general solution 6 = (y, p + €q). Hence,

A= —en+0(y,p+eq). (14.23)

Egs. (14.1)-(14.6) provide the following system for determining n and p :

Ns = —fbys My = —E€Hs, Ty = Hp, Np =Efw, g = g = 0. (14.24)
Let us take ¢ = 1 and consider the compatibility conditions for Egs.
(14.24). Part of these conditions are written as the wave equations

Mss — Hyy = 0, Hpp — Moy = 0,

Nss = My = 05 Mpp — 1w = 0,
whence
po=pt(ey) + e (a, 8) + (8, 7) + 1'(8.9),
n=n"(a,7) +n*(a, ) +n°(3,7) +n(8,9),
where a = s —y, 8 =s+y,y=p—v,0 = p+v and pu',n' are arbitrary
functions. The remaining compatibility conditions have the form

Hps = —Hoy,  Hvs = —Hpy,

Nps = Moy,  MNos = —Npy

and impose additional restrictions on the forms of the functions p’, n’. As a

result we have
=y9ps—y,ptv)—ps+y,p—v),
n=v(—-y,p+tv)—ps+y,p—0v) (14.25)
p=1v(s—y,p+ov)+e(s+yp—u),

where 1 and ¢ are arbitrary functions. Combining Eqs. (14.22), (14.23),
and (14.25), we conclude that the system (L) with B = 1 has the symmetries
(14.7), (14.21), and

0 0 0
Zp=p(s+y,p—v) <%_8_p+8_q)’

0 0 0
Zy = (s —y,p+0) (%+8_p+8_q>

In the case ¢ = —1 the system (14.24), after introducing two complex
variables z; = y + s, 29 = p + v, can be written as the condition
on on
P 07 e 0
821 (922
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of analyticity of the complex function z(z1, 22) = p(21, 22) + in(21, 22). Con-
sequently, for B = —1 one adds to (14.7), (14.21) the following operator:

0 0 0
Ly = — 4+ — Imm—-
- Rew(8p+6q)+ mﬂav

The results of the preliminary classification are summarized in Table 10.

§ 15 The complete group classification of the
system (L)

The case B, = 0, i.e. B = f(p) has been studied completely in § 14. On
the other hand, the case B, # 0 is analyzed there only in special situations
furnished by the method of preliminary group classification. Therefore, we
will investigate here the determining equations for the case

B, #0 (15.1)

and provide the complete group classification of the system (L).
As shown in § 14, the determining equations (14.1)-(14.6) under the
condition (15.1) yield the equations

& =Cis+0y &= (C1+C3)y+Cy, n=Csv+ Cgs+ Cr,

B B 15.2
M:<03+C5)p—06y+08, )\:203———1),11, ( )
B, By
and the following two classifying relations:
B B
Cs || =2) —B2 =0, (15.3)
Bq Bq
q P
B B
arcmrad|(2) -p(2) B+ 059
a/ q a/ p
B B
+(C3 - C5)BBq (Bp - §q> — 20332 (Bp — Eq) — O
q
We introduce the notation
B
B=DB,— Eq (15.5)
and rewire Eqgs. (15.3), (15.4) in the form
Cs(B,B, — ByB,) = 0, (15.6)

[(03 + 05)]? + Cg](Bqu — Bqu) + (Cg — C5)Bq8 — 20338(] =0. (157)



5: NONLOCAL SYMMETRIES (1988) 145

15.1 The case B,B, — B,B, # 0

In this case Eq. (15.6) yields Cg = 0, and Eq. (15.7) shows that an extension
of the basic symmetries (14.7) is possible if B(p, q) obeys the equation

[(a+b)p+ (BB, — B,B,) + (a —b)B,B —2aBB, =0 (15.8)

with constant coefficients a, b, ¢, not all zero. The problem naturally splits
into three cases: (i) a+b # 0, (ii) a+b =0, ¢ # 0, and (iii) a+b =0, ¢ = 0.

(i) If a + b # 0 one can assume a + b = 1,¢ = 0 by using a dilation and
translation of p, and hence carry (15.8) into the equation

p(B,B, — B,B,) + (2a — 1)B,B — 2aBB, = 0. (15.9)

Eq. (15.7), after substitution of the expression for B,B, — BB, obtained
from (15.9), becomes:

[(2(a — 1)C5 4 2aC5)p + 2aCs) BB, (15.10)

—[(2(& — 1)03 + 2&05)]? + (2& — 1)08]Bq8 = 0.
Eq. (15.10) shows that if the function B(p, q) satisfies only (15.9) then

(a — 1)03 + CLC5 = O, Cg = 0. (1511)

In this case Egs. (15.2) give the following supplementary operator to (14.7):

Z5:&y3—(a—1)v£+p2+2aB_po2~

D 15.12
dy ov op B, dq (15.12)

Further extension is possible if B satisfies, along with (15.9), an equation
(ap+ B)BB, — (ap+v)B,B =0 (15.13)

with constant coefficients «a, 3,7, not all zero. Let us dwell on Eq. (15.13).

If o # 0 one can assume o = 1, § = 0 by using an equivalence transfor-
mation. Then Eq. (5.12) yields B = B'*7/P. However this expression is in
contradiction with the condition (15.1). Indeed, substitution of the above

expression for B in Eq. (15.9) gives B = exp (2@ + p2ﬁ(p)> , i.e. B= B(p).

vf(P)
Let « = 0. If 8 = 0, then v # 0 and Eq. (15.13) gives B = 0 which

does not satisfy the requirement B,B, — B,B, # 0. If 3 # 0 one can assume
B =1 and solve Egs. (15.13), (15.9) to obtain

B = kB p* ==t (15.14)
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The expression (15.14) for B satisfies the requirement B,B, — B,B, # 0
provided that 2a(1 — ) — 1 # 0. Then Egs. (15.14) and (15.10) yield

(v = D[aCs + (a —1)C5] =0, Cs=0.

If v # 1 we obtain the previous case (15.11) with one additional operator
(15.12). The case v = 1 leads to the extension of (14.7) by two operators,

7 0 0 N 2B 0 0 N 0 pB, 0

= _— — V— _— = UV— _—— ——

° y@y dv B, 0q’ 0 ov p@p B, 0q

(ii) f a+b=0,c # 0, one can assume a = 1, b = —1, ¢ =2, and write

Eq. (15.8) in the form
B,B, — BB, + B,B — BB, = 0. (15.15)

Eq. (15.7), after substitution of the expression for B,B, — B, B, obtained
from (15.15), becomes

[(Cg + C’5)p+ Cs— QCg]BBq — [(03 + C’l)p+ Cs+Cs— Cg]BqB = 0. (15.16)

If the function B satisfies only Eq. (15.15), then Eq. (15.16) yields

05 - —Cg, 08 - 203, (1517)
and hence the symmetry algebra spanned by (14.7) is extended by one
operator

0 0 0 B B,\ 0
Zs =y Vo +2—+2( — - 2| = 15.18
° y@y Yoo + op + (Bq Bq) dq ( )

Further extension is possible if B, along with (15.15), satisfies Eq. (15.13).
The cases o # 0 and o = 0, f = 0 do not satisfy the requirements (15.1)
and B,B, — B,B, # 0, respectively. This is proved as in the case (i) with
Eq. (15.9) replaced by (15.15).
For a = 0,3 # 0 one can assume (§ = 1 and solve Eqgs. (15.13), (15.15)
to obtain
B = kB, (15.19)

The requirement B,B, — BB, # 0 implies v # 1. But then Eqgs. (15.19)
and (15.16) lead to the previous case (15.17).
(ili) Let a +b=0,c = 0. Then Eq. (15.8) yields

B = Bf(p). (15.20)
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The requirement B,B, — BB, # 0 implies that f'(p) # 0. Furthermore,
Egs. (15.20) and (15.7) yield

[(Cs + Cs)p + Cslf'(p) + (Cs + C5) f(p) = 0.

It follows that if f(p) is an arbitrary function, then Cy = 0,C5 = —Cj3, and
hence there is one supplementary operator

0 0 2BO0

Ty =y— —v— + .
° y@y U@v+Bq8q

(15.21)

Further extension is possible if the function f(p) satisfies an equation

(ap+B)f +af =0

with coefficients «, 3, not both zero. If o # 0 then f = kp~' up to an
equivalence transformation, and hence (15.20) has the form (15.14) with
~v = 1. The case o = 0 does not satisfy the requirement f’(p) # 0.

15.2 The case B,B, — BB, =0
In this case the coefficients Cg, Cg are arbitrary and Eq. (15.7) is written

(C5 — C5)B,B — 2C5BB, = 0. (15.22)

If B is an arbitrary function satisfying the equation B,B, — B,B, = 0 only,
then Eq. (15.22) shows that C5 = C5 = 0. Hence the symmetries (14.7) are
extended by two operators:

0 B, 0 0 B,0

0
5 8_81} yap+quaq7 6 ( )

Further extension is possible if the function B satisfies the equation
(a —b)B,B—2aBB, =0 (15.24)

with coefficients a, b, not both zero.
If a # 0 we can assume a = 1 and, invoking that B,B, — B,B, = 0,
obtain:
B=B7.
Substituting this expression in Eq. (15.22), we obtain C5 = bCj3, i.e. the
following supplementary operator to (14.7), (15.23):

) ) ) B B, )
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If a = 0, then we obtain from (15.24) the equation

B
B=B,— =~ =0,
which corresponds to the maximal extension of symmetry algebra in the
case B, # 0. Namely, the six-dimensional Lie algebra spanned by (14.7),

(15.23) is extended by the following two operators:

0 0 2 0 0 g po
T = y— — /AT
Yy Ve T Bag T Vae "Pap T Bog
The results of the complete group classification for the system (L) are
collected in Table 7.

§ 16 Computation of quasi-local symmetries

We saw above that transition from Euler’s variables to Lagrange’s variables
leads to considerable extension of symmetries in gas dynamics. This circum-
stance can be used for obtaining an information about “hidden” symmetries
of the gasdynamic equations, e.g. in Euler’s variables®.

The computation of hidden (quasi-local) symmetries of the sequence LIE
is based on transition formulae given in the first chapter. If we denote the
coordinates of the canonical operators for the systems (L), (I), and (E) by
fr, fr and fg, respectively, then the transition formulae (4.4) are written

R
ffzf?—z—zfﬁ, L= fz—— i fﬁI—RixDz(%> (16.1)

IE

and

To apply them, one should use the following transformations of differentia-
tion operators (4.5):

1 Ry
Dy - R—xDx, D Dt Rtz

In particular, it follows that

Uy = 5~ Py:R—x7 4y = R
T

16.3
Rx’ ( )

*Passage from Euler’s variables to Lagrange’s variables leads to an extension of sym-
metries in problems of nonlinear thermal conductivity as well [110], [111]. Moreover, this
happens also with the equations of planar flows of ideal incompressible fluids [11], [12].
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R, R, R, . R.R,,
- Ug, s — - 5 Mz s — T 5o :
R, Ps =De Pzs 4 R2 R3

Rm
To illustrate the transition formulae (16.1), let us carry the operators
(14.7) admitted by the system (L) for an arbitrary function B(p, q) into the
corresponding operators for the system (I). As to the transition formulae
(16.2), they do not require additional comments since they coincide with
the prolongation formulae (2.9) on the derivative of R with respect to z.
The first operator from (14.7), Z; = 0/0s, rewritten in the canonical
representation, has the coordinates f} = vs, f7 = ps, f1 = g¢s. Substituting
them in Eqgs. (16.1) we obtain the following equations with respect to the
coordinates f¥, f¥, fF of the canonical operator admitted by the system (I):

Vg = V¢ —

Vg

TRy Y L N 1
I Rx 1 ER I Rx I S5 T Rx sily

We integrate the third equation by taking into account the equation ¢, = v,
from (L) and the equation v, R, = v, from (16.3), and obtain:

ff=—vR, + C(t)R,,

where C(t) is an arbitrary function. Substituting this expression into the
first two equations, taking into account (L) and (16.3), we get

Uy

f1=-|Bg

+ vpx] Y C(t)pa, [ =— [2—"” + mx} + C(t)vs.

Using the system (I), we finally arrive at the following expressions:
[l =v+Ct)ve, [T =p+C)pa, [{'=Ri+Ct)R,.

The corresponding generator of a point transformation group is equal to

0 0
Y = BT +C’(t)8x.
To determine the function C(t), we write the condition of invariance of
the system (I) with respect to the operator Y and obtain C'(t) = 0, i.e.
C = const. Since the constant C' is arbitrary, the operator Y “decomposes”
into two linearly independent operators 0/t and 9/dx. Consequently, the
symmetry Z; = 0/0s of the system (L) furnishes the following two symme-
tries for the system (I):
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For the operator Z; = 3 -t yg 8 the transition formulae (16.1) give

Svs+yvy:f}]_R—xfIRa 3ps+ypy fI_R_xfIR7

1 fE
sqs + Yy = =7 Da (R—I) :

Using (L) and (16.3), we rewrite the last equation of this system in the form

R I
to,+ D, (5 ) —1=-D, (L),
woe(g) oo (i)

ff=—-R+2R, —tvR, + C(1)R,.
Substituting f# in the first two equations and using (L) and (16.3) we get

whence

fl=av, —t (vvx + ]];—I) + C(t)vy,

v
P=ap, —t|vp, + B—
Ir p (p R

xT

)+t

Using the system (I), we present the result as follows:
1 =tvg + zv, + C(t)vy,

f}n = tpt + xp, + C(t)p:ra
fE=tR,+[r+C(t)R, — R.

The invariance of the system (I) yields C' = const. Omitting the immaterial
term C’a%, we conclude that the operator Z; = s% + ya% goes into

0 0 0
Ys=t—+2r—+R—-
o Tor T oR
The operator Z3 = 0/0v from (16.1) leads to Y = C(t )ax + 8 . The
invariance of the system (I) yields C'(t) = 1, i.e. C(t) =t + const.. Conse-
quently, Z3 = 0/0v goes into the generator

of the Galilean group. Finally, the operator Z, = 0/0y goes into the oper-
ator Ys = 0/0R.

The following examples illustrate the procedure for calculating quasi-
local symmetries given in Tables 8 and 9.
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Example 5.6. Let B = f(q). It is easy to show that Z5 = 0/0p admitted in
this case by the system (L) goes into X5 = 8% +C’% admitted by the system
(E). We dwell in more detail on the operator Zg = s% _ya%' Substituting its
coordinates f} = s, f} = —y, fi = 0 into the transition formulae (16.1) and
taking into account the relation between Lagrange’s and Euler’s variables,
we get the following system of equations for f¥, f¥, fft :

v Uz Pz
R e BV A R N 3]

The solution of this system is given by

fIR = C(t)Ra:; f}) =—-R+ C(t)px, f}) =1+ C(t)vx

Now the transition formulae (16.2) and the relation R, = p yield the fol-
lowing coordinates of the canonical operator for the system (E):

fp=t+Ct)vy, fo=—-R+C{t)ps, [o=C(t)ps
The corresponding operator written in the variables ¢, x, v, p, p :

0 0 0
X=C{t)z=—+t——-—R—
(t )8x + ov dp
is quasi-local symmetry for the system (E) with a nonlocal variable R de-
fined by the equations (see the first equation of the system (I))

erpa Rt:_

The invariance of the system (E) with respect to X yields C'(t) = t, i.e.
C(t) = 3t? + const. Omitting the immaterial term C'Z, we conclude that
the operator Ze = S5, 8 — Y= a provides the nonlocal symmetry

t2 0 0 0
Xo= 5o Tlae g,

for the system (E). The corresponding group of nonlocal transformations

1
t =t x’=I+§“t27 v'=v+at, p=p—aR,

describes passage to a non-inertial coordinate system moving with a con-
stant acceleration a.

In the following two examples we consider a polytropic gas, B(p, q) = %.
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Example 5.7. If v = 3, the system (E) admits the operator [101]

0 9] 0 0 9,
— 42 _ _ _ .
X, =t T + tmam + (z — tv) 5 3tp8p tpap

Let us use the transition formulae (16.1)-(16.3) to get the corresponding
operators for the systems (I) and (L). Substituting the coordinates

fp=t(v+tv + zv,) — x,

o =1t3p+tp, + zpy),
fo=tlp+tp + zps)

of the canonical representation of the operator X, into (16.2) and noting
that f& = D,(tzp — t*pv) by virtue of (E), we have

fi =t +tv + zv,) — x,
fT=1t(3p+tp + aps),
f}q = tzR, — t*vR,.
Using these expressions and Eqs. (16.1) and (16.3) we obtain
fi=sv+stv,—x, fP=3sp+sps, fI=—5q+ 5.

In consequence we arrive at the local symmetry

0 0 0 0
2 —
Ys=t t—i—t:r: x—i—(x tv) " 3tp

for the system (I) and the quasi-local symmetry

0 0 0 0
— 2= —sv)— — _- -
Zr =5 . + (x — sv) y 3sp— + sq p

for the system (L), where the nonlocal variable x is defined by the equations
Ty =4¢q, Ts=71.

Example 5.8. Let v = —1 (the Chaplygin gas). The system (L) admits
the operator (see Table 10)

g9 9 va9
T o yap p Oq
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In the present case the transition formulae (16.1) are written

v Uz gz R fR
t=[7 — R_szR’ —R=f] - R—xfﬁ, = D, (R—Ix) . (16.4)
Introducing the nonlocal variable @) defined by D,(Q) = R/p we obtain
from Eq. (16.4):

fﬁ:RxQ> ff:_R_prQv f}}:t+va
Now Egs. (16.2) yield

fo=ttwQ fh=-RipQ b= ‘f+m@

whence p 5 R 9
12
_ _ 16.
Q +tav R8p+ Do (16.5)

The dependence of () on t is determined by the equation (); + %UR +t=0
which is the condition of invariance of the system (E) with respect to the
operator (16.5). Thus, the gasdynamic equations for the Chaplygin gas in
Euler’s variables admit the quasi-local symmetry (16.5) with the nonlocal
variables R and @) determined by the integrable system

Rx:pa Rt:_
R vR
Q=" Q=—"—t
p p

Example 5.9. Let B = f(p). In this case the system (L) admits the canon-

ical operator
dp ) 0
Xo=0\y,q+ | — | — 16.6
’ @q 7)) 9 (16:6)

with arbitrary function 6. According to (16.1), the coordinates of the cor-
responding operator Yy for the system (I) are determined by the equations

o () --wo [ )

v Uy Dz
Ir = R_fﬁa f = R—f}%
and have the form ff'=-R,0, ¥ =—-p,0, I = —0v,0, ie.

0
Y, = O — 16.
o ox’ (16.7)
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where © is a nonlocal variable satisfying the condition D,(©) = 6R,. Fur-
thermore, Egs. (16.1) yield

0 5, 0
The condition of invariance of the system (E) with respect to the operator
(16.8) yields the equation ©; + v©, = 0. Thus, the symmetry (16.6) of
the system (L) leads to the quasi-local symmetries (16.7) and (16.8) for the
systems (I) and (E), respectively, where © is a nonlocal variable determined
by the equations

O,=p0, ©,4+0v0,=0. (16.9)

All quasi-local symmetries from Tables 8 and 9 can be calculated simi-
larly. The additional nonlocal variables given in these tables are defined by
the following equations:

_ 2aB —pB,

Py(a) B,

R, +2a—1, Pia)+vP.(a)=0;

B
U, = ngRx, Ui +vU, = 0;

q

B—-B
Ve=2+42—07 PR., Vit oV, =0;

q

B
W, =—LR,, W,+vW,=0.
Bq

Remark 5.7. Quasi-local symmetries can degenerate into local symme-
tries. For example, in the case B = f(p) we have associated with the
symmetry (16.6) of the system (L) the quasi-local symmetry (16.7) for the

system (I). At the same time the system (I) admits the infinite group of
point transformations with the generator

0

K’ = R a0
T(R) -
where 7(R) is an arbitrary function. The latter is a special case of the
operator Yy for § = 6(y). Similar situations arise in the case B = ¢ as well.

The calculation of all quasi-local symmetries of the equations of the
sequence LIE and their systematization singles out thirteen basic types of
functions B(p,q) for which the main symmetry algebras are extended by
point or quasi-local symmetries. These types are given in Table 9 where
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the numbering of the types is done according to the principle of increasing
dimension of the symmetry algebra. Quasi-local symmetries are indicated
by shading and the equations defining the nonlocal variables are given in
§ 19. Note that the majority of the basic types are determined by differential
equations with respect to the function B(p,q).

§ 17 Nonlocal symmetries of first generation

Suppose that for a given sequence of equations connected by Béacklund trans-
formations all quasi-local symmetries have been calculated. Any quasi-local
symmetry contains a nonlocal variable. We call these symmetries and the
corresponding variables quasi-local symmetries and nonlocal variables of the
first generation. In each specific case the question arises of the existence
of nonlocal symmetries (depending on nonlocal variables of the first gen-
eration) which are different from quasi-local symmetries. To answer this
question we include all non-local variables of the first generation in the set
of differential variables, add the equations defining these nonlocal variables
to the original systems of differential equations of the sequence in ques-
tion and then calculate the point transformation groups admitted by the
extended systems. If this procedure leads to extension of the group we
shall speak of nonlocal symmetries of the first generation of the original
(unextended) systems of equations.

Example 5.10. Let us find a nonlocal symmetry of the first generation
for the Chaplygin gas (B(p,q) = —pg~'). We consider the system (I) with
B = —pR;! and supplement it by the equations
R R 1
Ut_/U_:Oa Ux+_7 Wt_E:Oa Wx+_:O (171)
p p p p
defining nonlocal variables U and W. The group of point transformations
admitted by the extended system (I), (17.1) is generated by the operators

0 0 0 0 0 0
0 0 0 0 0 0 0 0
n:t%—F%, )/5:@—1—1/[/%, %:x%+U%_R£+WW’
0 0 0 1 0 0 0
Y= R b pe =W | Yy= (= #2 S tte — R
TR T, Waw (2t+U) o e
o 0 0 0 0 0 0

Yo=W4-, Yio=tW_—+W_——t_—,
P

Yii=—, Y=
ox ' v Op T

oW
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Comparison with Table 8 shows that a nonlocal symmetry of the first gen-
eration corresponds to the operator Yy which in Lagrange’s and Euler’s
variables assumes the form

0 tq 0 0 0 0 o tp o
W b L 1D Xy = W A W —t— + L2
W@v+p6q+ op’ ’ W8x+W81) 8p+p8p

We arrive at the same result if we begin with the system (L).

Zy =

§ 18 Second generation of quasi-local sym-
metries

Now we apply to the extended systems described above the technique of
construction of quasi-local symmetries, namely, with the help of transition
formulae we construct quasi-local symmetries associated with the nonlocal
symmetries of the first generation. If in this way we arrive at quasi-local
symmetries generated by new nonlocal variables, we will call the quasi-local
symmetries and nonlocal variables of the second generation. Iterating the
procedure one can construct a hierarchy of nonlocal variables and symme-
tries. In the preceding example this procedure breaks off at the first step.
The following example illustrates the appearance of quasi-local symmetries
of the second generation.

Example 5.11. The system (I) of the sequence LIE in the case B = f(p)
admits the quasi-local symmetry (16.7),

0
Yy =0—
(% 681_ )
with the nonlocal variable © defined by the equations
0,=R,0, O;+0v0, =0, (18.1)

where 0 = 0 <R, R% + [ %) is an arbitrary function of two variables. In

Lagrange’s variables the system (18.1) is written

@y:9(y,q—l—/%), O, =0. (18.2)

Let us consider the extended system comprising Eqs. (L) and (18.2):

qs—’Uy:O, U3+py:07 Ps+f(p)vyzov

@yze(y,qu/%), 0, =0 (18.3)
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and seek an operator admitted by this system in the form

0 0 0 0 0
Z — 1_ 2_ . _ )\_ _
o T8, Tas Tre, T e TV e
where £, €2 n, u, A, v depend on s,y, v, p, ¢, ©. A nontrivial quasi-local sym-
metry for the extended sequence LIE is given by

1
Z = @(Vy + ng)(% + I/%
provided that 6y # 0, where 65 denotes the derivative of 6 with respect to
the second argument, and v = v(y, ©) is an arbitrary function. To construct
quasi-local symmetries of the second generation, it is necessary to carry the
operator Z into the corresponding operators Y and X by means of the
transition formulae (16.1)-(16.3). Then one obtains the operators

) 8 )
Y—A%, X—A%—Q—Q(VR—f—QV@)a—p

with a new nonlocal variable A defined by the equation

A, = QiDr(V), A +vA, = 0.
2

Remark 5.8. If 6, = 1 then A = v(R, ©), and hence

0
Y =v(R,0)—-
V(R,0) 5
This operator is a new nonlocal symmetry which generalizes the symmetry
(16.7), Yy = ©2 (cf. Tables 8 and 9) and furnishes a nonlocal symmetry

of the first generation.
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§ 19 Tables to Chapter 3

1. In the classification tables we adopt the following convention: at the
beginning of each “block” the basic case is given and below with translation
to the right we indicate its subcases when further extension of the group
occurs. If there are several subcases they are numbered (i), (ii), etc. For
example, the next to the last block of Table 5 means that for B = pf(p) the
system (E) admits one supplementary operator X5 if f(p) is an arbitrary
function, two supplementary operators X5, X if f = vp, and three operators
X57X6,X7 if Y= 3.
2. k,l, 0,7 are arbitrary real constants; e = £1,6 = 0, £1.

B
3. B=B,— Eq.
4. m = 7(y +1is,p+iv) is an arbitrary analytic function of two complex
variables, w(t, R) is an arbitrary harmonic function.

5. Shading indicates quasi-local symmetries.
6. Nonlocal variables are defined by the following equations:

{ U, = pRB,B, ", { Ve, =2[1+4p(B - B,)B,"],

U, +vU, = 0; Vi +0V, =0;

{ W, = poBgla { @, = —pp,

Wy + oW, = 0; Oy + 0P, 4+ p =0;
V. = py, O, = pb,
{\I/t+v\11x+¢:0; {@t+v@w:0;
{ II, = pRem, { P,(a) = p(2aB — pB,)B, " +2a — 1,
II; + vll, — Im7 = 0; P,(a) +vP,(a) =0.

It is assumed that one substitutes in these equations the values of the func-
tion B(p,q) from the left column of the corresponding table. Furthermore,
p,% and 0 are arbitrary functions of two real variables.
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Table 4: The LIE sequence
System of equations Equivalence transformation
ot B — 0 t=ait+v1, T = agx + Gyt .
Pt Pz T PUx = U, + 7, @/
p(?]t—F'UUx)—i-px:O, ﬁz%v+%,ﬁ:a3p+73,
2o D o2o? &
p(pe+vps) + B(p,p Y, =0. | p= L B="B.| =
o)l +a2B2p 2 2
_ t= CYlt + 71,
By + vl =0, F = agz + Bit + BB + 7o, _
Ry (ve + v0z) + pp = 0, 0= °‘2v+ﬁl,z5—a3p+73, =
~ L
Ry(pr + vpa) + B(p, Ry v, = 0. | R="12R+,, B = C”1“319 -
G v, =0 §=oz1s+71, i
I j=0y 1, <
'ﬁ — ocz + Bl =Y
vs +py, = 0, _ =
Py p= asp + 73, 4
~ a o 52 —~
q= a2§z3 a§a3 d
ps+B(paQ)Uy_0 B: olé%gégB !
D)
Table 5: Classification of equations (E)
B(p,p~') | Type | Admissible operators
Arbitrary X = 8% XQ = % , X3 = t% + a:%
functions Xy =ty o ~+ 811
P f(pp°) | 1 X5 = —(a +1)tg + (0 + vy, +2p5, — 2005,
pf(p~ter) |1I Xs Z+vZ - 2p— -2 8
pf(p) I11 Xs :3:%—{—21% —2p8—p
_ _ 0 0
f=p v Xg = Pa, T Pa,
f=3p VIL | X7 =15 +tegs — 3tpg + (:v—tv)g—v—tpa%
f(p) \ X5 = 3%
f=ep™ | VI Xo=(0—1)t2 —(c— 1ol — 2ap — 2/%%
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Table 6: Classification of equations (I)

B(p, R, 1) Type | Admissible operators
Arbitrary Y, = 8%
function Y, = %
Vy=t2 +zl + R
Yy = ta% +2
Y=
pf(peRgl) I Y5—ta +2R——U——2pap
PR’ [T [ Y= (o + Dt + (0 + Dug, — 20k + 25
R.f(R;'eP) 11 Yo =g, +ugy — Ry — 24
R.f(p) I11 Yﬁ—xaz—l—v——Ra
(1) f="p IV | Yr=ag +vg +pg
f=3p VIL | Yy =25 +tegs + (v — tv) 5, — 3tpg,
(i1) f=1 VI | Yi=2
Yy =32 +t5 — RE,
f(R:) \Y Ys = 5,
Yr =L 428 - 2R
(1) eelte VI | Ys=t2 -2RZ -0l 2p8p
(i1) e RTH VI | Ys=(c—1)t2 (a — Do f —20pL — 2R 55
flp+eR;D |V Yo=eRZ - Z
Y7 = (* + eR?) - + 2t 5 — 2R
f(p) X [Y,=7(R)Z
(1)eeP X Yo=22 +vZ - RZ —26%
(17) ep?, 0 #0 | XI Vs=2-0)z2+2-0)vd +oRE + 2pa%
(i) 1 XIT | Yy =kt + R)Z + K(t + R) <7 - —)
YVe=x(t—RZ+r(t-R)(&+3)
(iv) —1 XOI | Y, =w(t,R)Z + w(t, R)Z + wgl(t, R)ﬁ

op




5: NONLOCAL SYMMETRIES (1988)

Table 7: Classification of equations (L)

161

B(p, q) Type | Admissible operators
Arbitrary 7 = %
function Zoy = s% + ya%
Zy =2
Zy = 8%
(2a —1)B,B —2aBB, | 1 Zs=a § (1 —a)vg, +pg,
+p(B,B, — B,B,) =0 +(2aB — pB,) B, "4
B,B, — B,B, 0 | Z=yZ - %+2§p
+B,B— BB, =0 +2(B - B )B o
B=Bf(p), f(p)#0 Il | Z;=7 —vg + QBBq 1gq
kB
BZT,]C%O 1A% ZGZ 6U+pa—p—pBBq 9q
BB, — B,B, =0 Vv Zs — Y5, + yg By 5
1
Zs= L — —B,B;'2
B = B(1-)/2 VI L = ya—y + bU% (b + 1)p§8
“1 -1
+(@2BB;" — (b+ )pB,B, )5,
B=0 VII | Zs =v2 +pa% —prli
I X Za—e(qudp)—q
(i) eeP X Zs = yge —vis + 28 — 204
(i1) ep?, 0 #0 XI Zs = aya +(2-opl+ 2p8%
—2(0 — 1)q8
(i71) 1 XII | Z,=¢(s+y,p—v) (%—8%—#8%)
Xy = 6=+ 0) &+ - )
(iv) —1 XL | Z; = Rer (£ + 2) + Imr




Table 8: Point and quasi-local symmetries of the sequence LIE
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B(p,q) Type | Admissible operators

L 1 E
Arbitrary - Y, = % X, = 8%
function Z1 = % Yy = % X9 = %

Zo =55 +yse Vs=tZ + 22 + RZ Xs=tZ +a2

Zs =4 Vi=t2 +2 Xy=t2+ 2

Zy = a% Y; = % -

__ .9 o a d ) o o 9
(i) (k — f)=F = VI Zo = —5% — T (Y7 =—wl + ap) (Xﬁ =-wZ + ZB,Bp )
2 2
=1fz, k#0,1 T =4 -y + Ui & {Yg—(t +U g t%—Ra%} {X7:(%+U)%+§ e = Uzpa%}
@) fl4mf=1+ |V | Ze=yd +p2 + GEIL (Y7=p 2 +pap+R%) (X(s:p(l)% +pa%+(1—Pz(1))pa%)
+(k—=1Dlnz, kK#0
k=0, ie. VI | Z7 =& — Lo [Yg =-wl + ap) [X7 =—wl + &+ Bqu—lﬁa%)
- ) o o) _ ) _(? 2 ) 2 2

continued on the next page
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B(p,q)

Admissible operators

L

I

E

P (7 /q) I Zs = —(0 + 1)s% — 20y Yo=—(c+tZ +(c+ vl [ Xs=—(c+1)tZ +(c+ 12
. +(o+ Do + 2p8% + 2aqa% —20R + Qpa% +2pa% - QJpa%
o+
(i1) (k;i - 1) Y. — B (v _ 0 0
z _ 0 o, (k+l)of+(1—0)z 8 7= (z+ P(0)))5; Xe = (z+P(0)Z +v2
Zlfk, k#0,—1 A ZG—U% +pa—p+— (k+o)f 9q _H}ai +p@ _l_pﬁ +pB B—1p2ﬁ
. v op op P~q dp
(i2) zlnf+of =1z \
” _ 2 ko fo/lo—DH1=0)z _ 9 , 0 _ 8 , 8 120
(ZZ) sz/+z2f/ VI Z6_8_p+%ma_q [Y7——’LU%+%J [XG——U)%—Fa—p—i—BqupoBPJ
_ kfo/e-1) o f Xo=(5+U) & +t4
f Z7 = 3(% - ﬁkkaf];//(i_li)-&-(l_—la)fzai - yai [YS — (% = U) % +t6%; — Rai ! 5 2 i Oz +3 dv
+(o—-1)f, k#0 p k. He=1)f 0 P 7 —REZ - RB,B 1522
s 5 5 <
P _ . 8, oft(l=0)z 9 _ 5 8 9 Xg =[x+ P(0)] 57 +v5,
k=0, ie. VI | Zg =0l +pl + 2oz 0 [Yg —le+ POIE +of +0g ] || 0o Vg pes
o—1 7
(- =
1 _ J J J J J J J J _ J J J J
ik _ 2 1-kf 8 _ 9, 0 _ o, 0 ~1,20
FU—kf)' T =1z, | VI | Zg=2 - 9ikia (Y7_—W%+% (XG_—Wm—Fa—p—i—Bqupoa—p)
k#0;1
_ Xr=(2+U) 2 +t2
Zy=s2 —yl yuslkio {Ygz(t_JrU)iHi_Rg 2 oz T v
ov op f 1—k 9q 2 ox ov op _R(‘;?p Uzpap
k=0, ie feof =1z | VIIT | Zy =yL +pi + 222042 (YQ:P(U;; +pZ +Ra‘3%)

Xg = P(l)% +p3%
+[1 — Pm(l)]paip

continued on the next page
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791

B(p,q) Type | Admissible operators
L 1 E
) I Zs = —ype +og + 204 Yo =2 +va — Rip Xs=ag; +vg; — 205
. 5+1
(i1) yp+op s Xe — (2 0
) . = (z+ P(0 +vg,
v £0,-1 V| z=ogeg+ (2 -20g) | (B2 POE ok g || fon Bé)) 5 o Vo
(i) —plop 3 ! ! L +p3p+p dp
- _ 0 def _ 15} [s] _ 16} 16} -1,2 0
(i) 1+ 6eP VI | Zs= &+ 12q 2 (Y7_—W%+3—p) (XG_—W%+a—p+Bqu @ a—p)
t? o) o
_ 0 se? 9 _(& 9 4 40 o X7:<_+U28_+t8_
Zr =85, — yd—p—H&pyq% {Yg—(g-l-U)%-i-t%—Ra—p} R 2U z v
s = Yl
_ 0 o) o _ .0 9 o — 0
(114) 3p VII Ze = v, +P5; t a5, Y7 =25, +vg; + 05, X6—x%+v%+pa%—pa—p
Z7—s —i—(x—sv)aa YSZtQ%j;tx% ) X7—t2a+txa—r—3tp3p
3spap + sqaq +x —tv) 5, — 3tpg,; +(z — tv)— — tpap
: — 3 ) 9 0 _ o
(iv) —p VIII Zﬁfvarpa—prqa—q Yr=2g; +ug, + 05, X5*$m+ﬂm+pa_p*pa_p
_ _ 1o} 15} _ 16} 16} -1,290
Z778p+p8q (Ys_—W%-Ff)_p) (X7__W%+8_p+Bqu p a_p)
2 2
Zg=sf —yZ Ul {Y9:<%+U)%+t%—}z%} {st(t_JrU)%tha%—R%—Uzp%}
fa) Voo z=2 Yoo 2 -2
Zo= s -y Yr =222 + 22 —2RY (XG o T
X _—tf”+2R +vl
; — g0 0 9 9 - _ 3 9 7 dz v
(i) e VI Zy = —s5; tvg, + 205, + 25 Ys = —t5; +2R5- +v8v+2pap [+2p —2p 2
9 9 J []
(”> Eq(0+1) VI Z7 (0_1) 2ydy ng:(g_l)ta_ta_(o—_l)v% X7:( 1)t — 0’— 3_
—(c=1)v ——20p6 —|—2q6q —20pg5,; — 2R5p —2ap%—2pdp
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B(p,q) Type | Admissible operators
L 1 E
f(p+eq) \ Zs =4 —eo = —eRL + 5 (Xg,:—sR%nLa%—kepza%)
2 2
Zs =58 —yis + ey s 1@:—”;3%“% RE \X p= B0 4o R%—stQ%]
( (
(Deln f+ ! 9.0 2 o Yg = [z + P(0) - P(1)] & X7 = [z + P(0) — P(1)] g% + v+
= k(p+eq) +1 VI & =gy tvas + e = Do +o2 — R 2BB; 0’
s >
(i) f —In f vi | Zevkevdeng Y=o +2P05) & +od ||[ Xo=let2P05) 240k
=k(p+eq)+1 +( 51nf+2q—|—2€l——5)8—q | +2Pap+R | +2pg5; — 20:(0,5)p5,
140 _ 1 ro C
(j’;g( lfefwz of Zr=yL + (20 + v+ Ys = [(20 + 1)(z + P(0)) Xy = [(20—1—1)(35 P(0) + P(1))] &
= R(p q ) Vv 2(0— + 1)p6 —|—P(]_)] {;% + (20’ F ].)’U% ( ) av + 2(0 + 1)p3£p
o#0,-1 +[2(0 + 1)(61+el) 2zl +2(c + 1)pZ + Re% =20+ (20 + 1)P:(0) + P:(1)] p5,
& &
f(p) IX ZO—H(y q—|—ff(p)) 9 Vs =02 [XOZHQ—pQHB%)
(i)ee? X Z5:ya%—v%—|—za—p—2qa% Y(;:—x%—v%—i—R%—&—Qaa—p X5——x8%—vav—|—2 +2pap
Zs = 2— o)l Vo=02-0)z2 +2-0owl | X;=(2- 2 —
(it)ep”, 0 # 0 XI > Uya + U>vav 6 ( o)a s T ( U)Uav 5 = 0) {g U)
+2pd— - 2(0 - l)qaq -‘rO’R 7+ 203, +2p8 +2(0 — l)pa—
(iii) 1 XIL | Zy=g(s+yp+v) (& -5 +3) {Y¢:¢%—¢(%—%)} X,=22 -o(&-L&-02)
o0 _ 8 P o . 8 0 o . 0 0
wal[}(sfy,pﬁLv)(mdfp*%) {Yw%_¢<%+a_p)} {Xw—\llax ¢<%+a—p+pza—p>}
(iv) —1 XUT | Zy =Rer (2 + %) +Tmr 2 (Y,, — T2 +Imr 2 + Reﬂ%) {X,r =2 +Tmr 2 + Rer (2 - p2a%)]
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Type | Condition for B(p, q) Admissible operators
L E
Arbitrary function 71 = % X = a%
Z3 = 8% X3 = t% +x%
I p(B,B, — B,B,) Zs = ay g+ (1 —a)vgs +pis X5 =[(1-a)z+ Pa)] 2 +{§1 —apwd
+(2a —1)B,B — 2aBB, =0 +(2ab — pB,) B, & +pg; — (2aB —pB,)B; ' p*
I | BB, ~ BB+ BB~ BB, =0 | Zs =y — v +22 + 2B - B,)B;" (Xg,:(U—x)%—vé%Jrza%Jr(z—pRBpB—l)pa%)
M| B=Bf(p), f'(p) #0 Zs=yL —vi +2BB, & [X5 = [P(1) = P(0) — 2] 2 — v2 — 2BB; 1p2§pJ
Zs =yl vl +2BB 1L [ X5 = [P(1) = P(0) — 4] 2 — vl —2BB 1,22
IV | B=%2 k#0 Y% i 0 . 8, 8" ey
P Zs = vg; +p5, —PBpBi 5, | Xe =[x+ P(0)] 5 +v5 +p5; +PBpBy 7y,
_ .0 .8 10 ( _ (& o d a8 . —il g\
v | BB, BB -0 gs,:saav ;Bé,ngqu 2 X = (% —l—v) 15 — Bgy =201+ (B BBy g,
6= 8p  “PPq Bq \Xﬁ__waw""@p"'BB pap )
4 )
2
Zs :5(% y 41-yB B2 X5 = (t +'u) 2 1t2 ~RE — 21+ (B - B,)B; plo
VI |B=B"> Zs = p - BBy Xe = —wanraerBB126

Z7—yay+bv8v ( l)pap
+2B — (b+ 1)pB,|B; ' 4

X7 = [bx + bP(0) + P(1)] 2 + bv2

+O+1)pZ —[2B - (b+ o5, 1B 10

continued on the next page
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Type | Condition for B(p,q) | Admissible operators
L E
— 9 9 9
55: g@;;"’gav +§Qaq X5—$8I+U%72p8p
VII | B=3p/q 6 — Vg, TPy, t 9o, Xg = xagc"‘“e?v"'pa%_/@gp
(Z7=82%+(x sv) 3sp3p+sqaq) X; =122 +ta —Stpa (m—tv)a%—tpa%
Zs = sav Y5 J;(y?B By X5 = (ﬁ +v) % +t2 —Ri —2[1+ (B - B,)B; o
= 1
VI | B=0 o= o5 = Brla 5 10 Xﬁ__wf’” BB
Z7=yay+p%p+(23—p3p)3q 74 X, =P(1 )az—i—p [2B pB 1B, p? L
_ -1
ZS_vav‘HD pPB™ 5, Xs—[50+P ]8x+v3v+p8p+pB 1p
= dp_ ) 9 =02 _ 22
X ceP Z0_9 va-i-af f(p)aaq ) (XO @8 pe )
Zs =Ygz, — Vo, T 25, — 243, Xs=—zf — Uav+2 —|—2pap
X1 ep® Z9:9( Q+f )8q [ @6—1— QHQJ
_ 9 d
Zo=ougy+ @O+ 20y 2o~ e Xi= (oo + (2= a)d + %+ 20~ Vo
dp \ 2 _ o )
Ze=9(y,q+f¢’;))a—q Xe—@%—/’%a—p
_ 0 9 _ 0 2.0
XII |1 Zo=9(s+yp—v) (& -2 +25 X¢—‘1’a—s0<m—a—p—pa—,,)
_ g0 o ., 0 2.0
Z,p:w(s—y,erv) %jLa@p,a% X«/)—‘I’m—¢<m+a—p+l) a_p>
\
(
a _po 20 0
X1 | -1 Z=0(wat 1 ty) 4 X0 =0 — 0
ﬂ:Reﬂ(a_p+3_q)+Im% X,T:H%Hmw%JrRew(aﬁp_paa%)
\
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Table 10: Preliminary classification of equations (L)

B(p,q) Type | Admissible operators
Arbitrary 7, = %7 Ty = 3% + ya%
function Zs = % . Iy = 8%
pf(pe?) I Zs = —sg + v —2pF — 22
(@) (k= f)FF VI | Zs=2 - =kl
U A 7= sty vy
(id) $+1Inf =1 v Ts =y +pd + &L
+(k—1)Inz, k#0
k=0, ie. VI | Z;=2 - L2
e =1/(zf) Zs=sE —y2+ L
pl_af(%g) I Zs=—(0+ 1)3% — 2‘71’8%
+(o + 1)1)% + 2p8% + 2aq§q
(i) (KL —1)""" =up*, Zy = vl +pl + tllalslizoz 0
k#0,—1
(i9) In f + Uf =
(i) azf’+22f7/:kfﬁ VI Zﬁ:a%JF%%a%
Ho =D B£0 R
k=0ie f(L+L)7 =1 VII | Zg =02 +p2 + 2E00zq0
o/ (ae”) M| Z = —yZ+vl —22 + 242
FA—kfF =1z, k£0;1 | VI | Zg=2 — 4140
k—0,ie. fe/=1Iz VII | Zs = ya% +pa% + 2*Pf72fq8%
) M [ Zs=—yZ +ol +22
(21)’719-1-5]9 ,77&0—1 I\Y Z6—v%+pa%+<77“_§>qa%
(i2) —plnp
(i) 1+ oe? Vi ZG:BQP+1i%I)qu6q Zr = 55— yZs
(@i) — VI | Zs=v2 +p2 +q2
Zr=gpt it Zs=5% — Yoy — Wag

continued on the next page




5: NONLOCAL SYMMETRIES (1988) 169

continued from the previous page

B(p,q) Type Admissible operators

f(Q) A% Z5 Z6 = S yap

(i) ee VI Z7——sas+vav+2pap+28

(i) eq~(o+Y) VI Zr = (0 —1)sZ 2y — (o0 — 12
—ZUpap + 2qaq

— 0 7

f(p+<q) Vo | D=5~y
Zg = Saé; ya% —|—€y68q

() eln f+ =1 VI | Zr=—y& +og+ 56— g

+k(p+ €q)

. _ P f) 0
(zz) ef —Inf=1 VI Zr =yz, + V5 + 205
+k(p + £q) (261nf+2q+251—%)§q
(iid) T 0 =17 =1 | VI | Zr =y + (20 + o2 +2(0 + 1)pl
+h(p+eq), 0 #0,-1 +[2(0 + D)(g+el) + 25 | &

fp IX Zg—H(yq+f dp)—q

(i) ee? X Zs :yay va + 28— 204

(i) ep”, o # 0 XI Zy = Jya +(2-op+ 2pa%
—2(0 — 1)q8

(i) 1 XIL | Z, =¢(s+y.p—v) (2 -2+ 2)
Xy =19(s —y,p+0) (%Jra%— a%)

(iv) —1 XL | Z; =Rer (£ + 2) + Imr2

Bashkir State University, Ufa;
Ufa Aviation Institute;

10 June 1988

M.V. Keldysh Institute of Applied Mathematics
USSR Academy of Sciences, Moscow.



Paper 6

Approximate symmetries

V.A. Baikov, R.K. Gazizov, AND N.H. IBRAGIMOV [15]

Matematicheskii Sbornik, Tom 136(178), (1988), No. 3, pp. 435-450.
English transl., Math. USSR Sbornik, Vol.64, (1989), No.2, pp. 427-441.
Reprinted with permission from American Mathematical Society.
Copyright © 1989, American Mathematical Society.

ABSTRACT. A theory, based on the new concept of an approximate
group, is developed for approximate group analysis of differential equations
with a small parameter. An approximate Lie theorem is proved that en-
ables one to construct approximate symmetries that are stable under small
perturbations of the differential equations. The use of the algorithm is il-
lustrated in detail by examples: approximate symmetries of nonlinear wave
equations are considered along with a broad class of evolution equations that
includes the Korteweg-de Vries and Burgers-Korteweg-de Vries equations.

Tables: 2. Bibliography: 4 titles.

Introduction

The methods of classical group analysis enable one to distinguish among all
equations of mathematical physics the equations that are remarkable with
respect to their symmetry properties (see, for example, [91], [106], and [58]).
Unfortunately, any small perturbation of an equation disturbs the group ad-
mitted, and this reduces the practical value of these “refined” equations and
of group-theoretic methods in general. Therefore, it became necessary to
work out group analysis methods that are stable under small perturbations
of the differential equations. In this article we develop such a method that
is based on the concepts of an approximate group of transformations and
approximate symmetries.

170
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The following notation is used: z = (z',...,2") is the independent vari-
able; € is a small parameter; all functions are assumed to be jointly analytic
in their arguments; the vector expression & % is used, along with &*-2

5.8 for
expressions of the type
N
3 e 9
- 0zF

Everywhere below, 6,,(z, ¢) denotes an infinitesimally small function of order
ePtt p >0, i.e., 0,(z,&) = o(eP), where this equality (in the case of functions
analytic in a neighborhood of ¢ = 0) is equivalent to any of the following

conditions:
lim by(2.2)

= 0’
e—0 ep

or there exists a constant C' > 0 such that
0p(2,¢)| < ClelP*,

or there exists a function ¢(z,¢) analytic in a neighborhood of € = 0 such
that
HP(Zag) = 6p+1(p<z7€)‘ (1)

Furthermore, the approximate equality f ~ g means the equation

f(z,e) =g(z,e) + o(eP)

for some fixed value of p > 0. The following notation is also used in § 5: ¢
and x are independent variables, u is a differentiable variable with successive
derivatives (with respect to x) uq,us,..., i.e.

0 0
Ugr1 = D(uy), up=w, D=—+ ZUQHE)T

We denote by A the space of differentiable functions, i.e. analytic functions
of any finite number of variables ¢, x,u, uy,... . We also use the notation

_of

_of . _of . _ o
ft_ fx_axafa_au>f*_2faD-

o’ .
a>0

Below we use the following variant of the theorem on continuous depen-
dence of the solution of the Cauchy problem on the parameters.

Theorem 6.1. Suppose that the functions f(z,¢) and g(z,¢), which are
analytic in a neighborhood of the point (zg,0), satisfy the condition

g(z,e) = f(z,e) + o(eP)
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and let z = z(t,¢) and Z = Z(t, ) be the solutions of the respective problems

dz
E :f(275)7 Z|t:0:a<5)
and s
z ~ ~
% :g<275)a Z|t:0:ﬁ(5)a

where a(0) = 8(0) = 2y and ((¢) = a(e) + o(e?). Then
Z(t,e) = z(t,e) + o(eP).

We consider the approximate Cauchy problem

dz
a ~ f(27€)> (2)
zli=0 ~ a(e), (3)

which is defined as follows. The approximate differential equation (2) is
understood as a family of differential equations

Z_j =g(z,e) with g(z,¢) = f(z,¢); (4)

the approximate initial condition (3) is understood similarly, namely,
zli=o = P(e) with [(e) = a(e). (5)

The approximate equality in (4) and (5) has the same degree of accuracy p as
in (2) and (3). According to Theorem 6.1, the solutions of all the problems
of the form (4), (5) coincide to within o(e?). Therefore, the solution of the
approzimate Cauchy problem (2), (3) is defined to be the solution of any of
the problems (4), (5), considered to within o(e?). Theorem 6.1 gives us the
uniqueness (with the indicated accuracy) of this solution.

§ 1 One-parameter approximate groups

Let 2/ = g(z,¢, a) be given (local) transformations forming a one-parameter
group with respect to a, so that

9(276’0)227 g(g(Z’€7a)’67b):g(z7€7a+b)7 (1'1)

and depending on the small parameter €. Suppose that f ~ g, i.e.,

g(z,6,a) = g(g,e,a) + o(eP). (1.2)
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Together with the points 2z’ we introduce the ”close” points Z defined by

zZ = f(z,¢,a). (1.3)

It is easy to show by substituting (1.2) in (1.1) that (1.3) gives an approxi-
mate group in the sense of the following definition.

Definition 6.1. The transformations (1.3), or
7~ f(z,e,a), (1.4)

form a one-parameter approzimate transformation group with respect to the
parameter a if

f(z,6,0) = z, (1.5)
f(f(z,e,a),e,b) = f(z,e,a+b), (1.6)

and the condition f(z,¢,a) ~ z for all z implies that a = 0.

The main assertions about the infinitesimal description of local Lie
groups remain true upon passing to approximate groups, with the exact
equalities replaced by approximate equalities.

Theorem 6.2. (an approximate Lie theorem). Suppose that the transfor-
mations (1.4) form an approximate group with the tangent vector field

 0f(z¢e,0a)
{(z,6) = o0 |, (L.7)
Then the function f(z,e,a) satisfies
Of(z,e,a) _
T o0 ~¢{(f(z€,a),¢€). (1.8)

Conversely, for any (smooth) function £(z,¢) the solution (1.4) of the ap-
proximate Cauchy problem

d /!
= ~g(0), (1.9)
2o & 2 (1.10)

determines an approximate one-parameter group with group parameter a.

Remark 6.1. Equation (1.9) will be called the approximate Lie equation.
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Proof. Suppose that f(z,e,a) gives an approximate group of transforma-
tions (1.4). The (1.6) takes the form

0f(f(z,e,a),e,b)

f(f(z,e,a),e,0) + % o b+ o(b)
~ f(z,e,a) + Wﬁ—l—o(b)

after the principal terms with respect to b are singled out. The approximate
equation (1.8) is obtained from this by transforming the left-hand side with
the help of (1.5) and (1.7), dividing by b, and passing to the limit as b — 0.

Conversely, suppose that the function (1.4) is a solution of the approx-
imate problem (1.9), (1.10). To prove that f(z,e,a) gives an approximate
group it suffices to verify the approximate equality (1.6),

f(f(z,e,a),e,b) = f(z,e,a+ D).

Denote by z(b,e) and y(b,e) the left-hand and right-hand side of (1.6),
regarded (for fixed z and a) as functions of (b, ). By (1.9), they satisfy the
same approximate Cauchy problem:

ox

%%5([)’}76)7 x|b:0%g(z,5,a),
0

a_z; %£(y7€>7 y’b:O %g(z,e,a).

Therefore Theorem 6.1 furnishes the approximate equation z(b, ) ~ y(b, €),
i.e the group property (1.6).

§ 2 An algorithm for constructing an approx-
imate group

The construction of an approximate group from a given infinitesimal oper-
ator is implemented on the basis of the approximate Lie theorem. To show
how to solve the approximate Lie equation (1.9) we consider first the case

p =1
We seek the approximate group of transformations

2 & fo(z,a) + efi(z,a), (2.1)

determined by the infinitesimal operator

X = (&(2) +61(2))(9/9z). (2.2)
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The corresponding approximate Lie equation

W ~ &o(fo+efi) +e&i(fo+¢ef1)
can be rewritten as the system
d d
£ ~ &o(fo), % ~ & (fo) fr + & (fo)

after singling out the principal terms with respect to e, where ¢ is the
derivative of &. The initial condition z’|,—¢ & z gives us that fy|,—0 ~ =
and fi]q=0 ~ 0.

Thus, according to the definition of a solution of the approximate Cauchy
problem (§ 1), to construct the approximate (to within o(e)) group (2.1)
from the given infinitesimal operator (2.2) it suffices to solve the following
(exact) Cauchy problem:

d df,
Yo_ et D —g(h+alf). hlo=2 Aleo=0. (23
da da
Example 6.1. Suppose that N =1 and X = (1 + ex)(9/0x). The corre-
sponding problem (2.3)

dh _, dh

da — 4 %:f(b f0|¢1=0:'27 f1|a:0:O

is easily solved, and gives us fo =  + a and f; = za + a*/2. Consequently,
the approximate group is determined by

'~ r+a+ (va+a®/2)e.
This formula is clearly the principal term in the Taylor series expansion

with respect to € of the exact group

- (z+a)+ (+a> +a2(+a>2+
=T a a|\T =~ ] & — |\Z — &
£ 2 2 3 ’

generated by the operator X = (14 ex)(9/0x).

T = ze® +

Example 6.2. Let us find the approximate group of transformations

determined by the operator

X =(1+ 5352)% + exy%
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in the (x,y)-plane. After solving problem (2.3)
dfs dfs dfi _ 1y
2o 1 2o 1o
da ) da da (fO) )

fol|a:0=$7 f§|a:0:y7 f11|a:0:O’ f12|a:0:0

one obtains

df?
:07 —1:f01f027

v~ +a+t (PPa+za®+a*/3)e, Y =y+ (vya+ ya®/2)e.

To construct an approximate (to within o(e?)) group for arbitrary p we
need a formula for the principal (with respect to €) part of a function of the
form F(yo + cy1 + ... + €Py,). By Taylor’s formula,

Flyo+ep+...+2%,) = Flyo) + Z (o) (evs + - . . +%p)° + 0("),
lo|= i !
(2.4)
where
olelF al
Fl) = , (e eP € . ePyk)k,
Gy (@ Gt ) kr:[l it ETy)
(2.5)
o= (01,...,0x)is a multi-index, |o| =01+ ...+ on,0! = cl...on!, and the

indices o1, ...,0n run from 0 to p. In the last expression we single out the
terms up to order &P :

N N D
k p, k\or __ k k 11+ +io
H(Eyl—i-“-—i-syp)"—H E Yiy - Vi, €7 K
k=1 k=1 \i1,..lc, =1
N P N p
~ § Vi § k k J— E Vi k
~~ H 8 yll DR ylak prm— H 8 y(Vk) (2.6)
k=1 Vp=0} i1+...+iok:V}€ k=1vp=0k

p
~ Z e’ < Z y(llq) e 'y(]\lfN)> = Z & Z Yw)

Vit N =] j=lol vl=j

Here the notation is

= Z NI @'Uk:l,kyfl .. .yfﬂk, Yw) = y(lyl) . y(NVN), (2.7)

where the indices iy, ..., 4, run from 0 to p, and v = v(o) = (v4,...,vN) is
a multi-index associated with the multi-index o in such a way that if the
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index o, in o is equal to zero, then the corresponding index v, is absent in v,
and each of the remaining indices v, takes values from oy to p; for example,
for o = (0, 09,02,0, ...,0) with 09,03 # 0 we have that v = (19, v3), so that

— .2 .3
Y) = Yo)Yws)-

Substituting (2.6) into (2.4) and interchanging the summations over o
and j, we get the following formula for the principal part:

p J
) 1 -
Flyoteyit. . +e'yp) = Flyo)+) e’ > —F7(yo) D vy +ole"), (28)
Jj=1 lo]=1 lv|=j
where the notation in (2.5) and (2.7) has been used. For example,

F(yo +eyr + e%ya + %y3) =

0zk
k=1
N N N
OF (yo) ko, L 82F(y0) k 1
+€2 Z azk y2 + 5 ZZ 8Zk8 1 ylyl
k=1 k=1 I=1

Loy oy P F)
koL, m 3
+§ Z Z Z D2k g m LYY +o(e).
We also need a generalization of (2.8) for the expression

p
SO Fyo +ey + o+ ey
=0

Applying (2.8) to each function F; and introducing for brevity the notation

J
j—
Tii= . ;Fi( "(50) > v,
lo=1| v|=j
we have that

p

p
Y eFi(yoteyi++ely) Y &

=0 =0

P
F =3 ]
j=1
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p—1 p—i

NZ&F i +ZZ€Z+]TJZ

=0 j=1

to within o(e?). The standard transformations are used to order the last
term with respect to powers of ¢ :

p—1 p—i p—1 p P -1

i+j _ l _ ! _

e =Y ) fnay =) &Ym= E € E Ti—j-
=0 j=1 1=0 [=i+1 =1 =0 =1 7j=1

As a result, we arrive at the following generalization of (2.8):

p
Z EF(yo+ey +...+ey,)
i=0

o(%o +Ze 3 (vo) +ZZ ) > Y (2.9)

91|a|1' lv|=3

with the same notation as in (2.5) and (2.7).
We now return to the construction of an approximate group to within
o(eP) with an arbitrary p. For the infinitesimal operator

X = [6() +ei(2) + o+ ()]

the approximate group of transformations
2 & folz,a) +efi(z,a) + ...+ P f(z,a) (2.10)

is determined by the approximate Lie equation

%(fo + €f1 4+ ...+ €pfp) ~ ZEZ&(fQ + €f1 4+ ...+ €pfp). (211)
=0

Transforming the right-hand side of this equation according to (2.9) and
equating the coefficients of like powers of £, we get the system of equations
(in the notation of (2.5) and (2.7))

dfo
da

df; &1 .
d_‘]; = £1<f0) +Z Z ggz(fz(fO) Z fw 1= 1,---7]7, (213)

j=1lo|=1 = lv|=j

= &o(fo), (2.12)
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which is equivalent to the approximate equation (2.11).
Accordingly, the problem of constructing the approximate group (2.10)
reduces to the solution of system (2.12), (2.13) under the initial conditions

fOla:OZZa fi|a=07 t=1,...,p. (214)
For clarity we write out the first few equations of system (2.12), (2.13):
dfo

Ja = &o(fo),

dfi - 06(fo)

da ; Ok f+&(fo), (2.15)
N P N N 5

%:Z %E{O)f%%ZZ flf1+z 51 fz + &2(fo).
k=1 =1 1=1

Example 6.3. Let us write out system (2.12), (2.13) for the operator
0 0
X =
(14 ex )8x +€Iya

in Example 6.2. In this case N =2,z = (x,y) and

fk:(fg7fk?)7 k:O’]‘7"'7p7
50 = (170)7 51 - (I27$y)7 fl =0 (l 2 2)
Egs. (2.15) yield:
dftfda =1, df2/da = 0;
dfi/da = (fy)?, dft/da= f;f3;
dfy/da =2fyfi, dfi/da= f§fi + fo f7.
For i > 3 equation (2.13) simplifies because of the special form of the vector

&. Namely, since &y = const. and & = 0 for [ > 2, only terms with j =7 —1
are present on the right-hand side of (2.13), and the latter can be written

in the form
el Z L&) S fu

lo|= 17 ! lv|=i—1
A further simplification of these equations has to do with the form of the
vector & : since & = 2% and £ = xy, only ¢ = (1,0) and o0 = (2,0)
are used in the expression for the first component of the equations under
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consideration, and only ¢ equal to(1,0),(0,1), and (1,1) in the expression
for the second component. As a result we have the following recurrence
system:
df! 1,1 11
da =2fofio1+ Z TinJfins

i1+i0=1—1

Example 6.4. We compute the approximate group of transformations of
order P generated by the operator

X = (1—|—5x)%

in Example 6.1. In this case system (2.12), (2.13) takes the form

dfo df; .
—_— 1 —_— o pu— ]_ .« ..
da ) da fz 1, ? ) » D,

and, under the initial conditions (2.14), gives us

xra® az+1

= L iz0. . p
o=t ar P

The corresponding approximate group of transformations is determined by

P
! a a 7
T = — |z + - €.
;z!( z—i—l)

§ 3 A criterion for approximate invariance
Definition 6.2. The approximate equation
F(z,e) =0 (3.1)

is said to be invariant with respect to the approximate group of transfor-
mations 2’ ~ f(z,¢,a) if

F(f(2,2,a),¢) ~ 0 (3:2)
for all z = (21, ..., 2V) satisfying (3.1).
Theorem 6.3. Suppose that the function

F(z,e) = (F'(z,¢),...,F"(z,¢)), n <N,
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which is jointly analytic in the variables z and ¢, satisfies the condition
rank F'(2,0)|p00=0 = 1, (3.3)

where F'(z,¢) = |0F"(z,)/0%"| for v = 1,...,n and i = 1,..., N. For the
approximate equation (3.1)

F(z,e) = o(e?)
to be invariant under the approximate group of transformations
2= f(z,e,a) + o(e?)
with infinitesimal operator

0 0
X=to)a, €= Dy to), (3.4)

it is necessary and sufficient that
XF(z,¢)|@31) = o(e"). (3.5)

Proof. Necessity. Suppose that condition (3.2) for invariance of the ap-
proximate equation (3.1) holds:

F(f(z€,a),¢)|s1) = o(e).

By differentiation with respect to a at a = 0, this yields (3.5).

Sufficiency. Suppose now that (3.5) holds for a function F'(z,¢) satis-
fying (3.3). Let us prove the invariance of the approximate equation (3.1).
To do this we introduce the new variables

y' = Fl(z,e), ..., y" = F"(z,¢), y""' = H'(z,¢), ..., vy~ = HY""(2,¢)

instead of 2!, ..., 2", choosing H'(z,¢),..., HN"™(z,¢) so that the functions
Fl . F" H' .. HY ™" are functionally independent (for sufficiently small
e this is possible in view of condition (3.3)). In the new variables the original
approximate equation (3.1), the operator (3.4), and condition (3.5) take the
respective forms

v =0(y,e), v=1,...,n, (3.6)

, 0 . . oy (z, €
X = 771<y7€)a_yi7 where 772 ~ fj(x7€)%a

77"(9;,...,Og,y”Jrl,...,yN) =o(e) v=1,...,n, (3.8)

(3.7)
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where 7 = o(e?) (see Eq. (1)). By Theorem 6.2, the transformations of the
variables y are determined from the approximate Cauchy problem

dy/l/ 14 n mn 14 v
=YY o yNe), Y a0 = 04(y.e),

dy/k
da

where the initial conditions for the first subsystem are written with (3.1)
taken into account. According to Theorem 6.1, the solution of this problem
is unique (with the accuracy under consideration) and has the form

y = (011), 0, y oy

in view of (3.8). Returning to the old variables, we get that

~n Ly YN e), Y lemo=yF, k=n+1,... N,

FY(z,e) =o0(e?),v =1,...,n,
i.e., the approximate equation (3.2). The theorem is proved.

Example 6.5. Let N =2,z = (z,y), and p = 1. We consider the approxi-
mate group of transformations (see Example 6.2 in § 2)

1 1
v ~x+a+ (2¥a+xa® + ga?’) e, y~y+ (zya+ §ya2) 5 (3.9)
with the generator
0 0
X=(1 %) — —- 3.10
(1+ ea®) - + ey (3.10)

Let us show that the approximate equation
F(z,y.e) = y** —ex? — 1 =o(c) (3.11)

is invariant with respect to the transformations (3.10). We first verify the
invariance of (3.11), following Definition 6.2. For this it is convenient to
rewrite (3.11), while preserving the necessary accuracy, in the form

F(z,y,e) =y* —e(a? —y*lny) — 1 = 0. (3.12)
After the transformation (3.9) we have that
F(a' ) =y? +e(a” —y?Iny) — 1
~y? —e(x? —y*Iny) — 1+ (2za + a®)(y* — 1)
= F(x,y,¢) + e(2za + a®)[F(z,y,¢) + e(2? — y* Iny)]
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=[1+e(2azx + a2)]ﬁ’(x, y,e) + o(e),

which implies the necessary equality (3.2): F'(2',y,¢)|.12) = 0.

The function F(z,y,¢) satisfies condition (3.3) of Theorem 6.3; there-
fore, the variance can be established also with the help of the infinitesimal
criterion (3.5). the operator (3.10) we have that

XF = (24 ¢)exy*™ — 2ex(1 + ex?)

= 2ex(y*t — 1) +o(e) = 2exF + o(e),

so that the satisfaction of the invariance criterion (3.5) is obvious.
According to Theorem 6.3, the construction of the approximate group
leaving the equation F'(z,¢) =~ 0 invariant reduces to the solution of the

determining equation
XF(z,€)| 0, ~0 (3.13)

for the coordinates £*(z, ) of the operator

0
X=tg

To solve the determining equation (3.13) to within o(eP) it is necessary to
represent z, F, and £* in the form

z%yo+6y1+---+€pyp,

F(z,e) Y €'Fy(2), (3.14)
i=0
p .
M (ze) ) c'€l(2), (3.15)
i=0
substitute them in X F, and single out their principal terms. We have
oF
XF=¢—
¢ 0zF

p p
= E e (yo+ey + ... +ePy,) [E @ﬂ(yo+€y1+.--+€pyp)
i=0 §j=0

Using (2.9) and the notation

A + 3 Y |0_—1!,< £ S v, (3.16)

J=1lo|=1 lvl=j
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8F yo J : 1 3Fj,1 ()

lp|=i
we get that
P
, OFy(
k i gk 0(yo)
&0 (o) + ;5 A; Dk + Z )
which implies
9Fo(yo) 9 fo(yo)
XF = () 20U [ézf(yo)Bl,k IR
p
1+j=s

Combining (3.13)—(3.18) and (2.9), we arrive at the following form of the
determining equation:

OFs(yo) OFy (o)

55(:90) 3Zk = 07 ggBl,k + Alf 8Zk = 07
(3.19)
f(yo)BZk —l—ZAk Bjy=0, 1=2,...,p;
i+j=l
these equations hold on the set of all y, ..., y, satisfying the system
Foyo) =0, Fi(yo) +ZZ ol ,| W0) Y Yey, i=1,....p, (3.20)

=1 lo|=1 lv[=3

which is equivalent to the approximate equation (3.1). Thus, the problem
of solving the approximate determining equation (3.13) has been reduced
to the solution of the system of exact equations (3.19), (3.20).

We write the determining equations for p = 1. Equations (3.19) and
(3.20) give us*

OF,
éé“(yo)—gz(im) =0, (3.21)

*Here, as everywhere in this section, the following notation is used for brevity:

a L OFo (o) om0 D dfo(z

=1 k=1 Z=%Yo
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0K oF 0 OF
étlon) 25+ bt 70 =0+ 41 (Shw T ) =0 (322

under the conditions

OFo(yo)
07!

Fo(yo) =0, Fi(yo) +u} =0. (3.23)

Example 6.6. Let us again consider the approximate equation (3.11)
F(z,y,6) = y** —e2® — 1 = o(e)
from Example 6.5. In the notation of (3.14) (see also (3.12)) we have
Fo(z,y) =y* =1, Fi(z,y) =y’ Iny —2°.

Since y > 0, the equations (3.23) imply that yo = 1 and y; = 22/2, and the
determining equations (3.21) and (3.22) can be written in the form

853 (3707 3/0)
ox

Yol (o, o) — o€ (o, Yo) — o0&y (w0, Yo) +

=0,

515_3853(9507 Yo)
2 2

; =0
&o(0,%0) ) (3.24)

=0
after splitting with respect to z; and substituting y; = 23/2. Any operator

X = (e.0) + o)l + o) + o]

with coordinates satisfying (3.24) with yo = 1 and arbitrary values of z
generates an approximate group leaving (3.11) invariant (to within o(e)).
For example,

0 0 0 0
Xi=o—+20y— 1)z, Xo=ay—+ (¥ —1)=—
1=ag t2Ay =g XH=aygo+ - 1)g

are such operators, along with (3.10).

Remark 6.2. If some variables z* do not enter in the equation F(z,¢) ~ 0,
then it is unnecessary to represent z* in the form >, ,yFe’ in the deter-
mining equation (3.19).
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Table 1: Group classification of the equations (4.4)

p(u) & & Mo
Arbitrary Cit + Cy Cix+ Cs 0
function
1| ku® Cit+ Oy Csx 4+ Cy %(03 —Ch)u
2 | kus Cit + Cy Cy2? + Cyz + Cs | —3(2C32 + Cy — Cy)u
3| ku? Clt2 + Cot 4+ Cs Cyx + Cs (Clt + %(CQ — 04)) U
4| ke Cit + Co Csx + Cy 2(C5 — C1)
k = 41,0 is an arbitrary parameter, and C1,...,(C5 = const.

§ 4 Approximate symmetries of the equation
U+ eur = (p(u)uy),

The approximate symmetries (understood either as admissible approximate
groups or as their infinitesimal operators) of differential equations can be
computed according to the algorithm in § 3 with the use of the usual tech-
nique for prolongation of the infinitesimal operators by the necessary deriva-
tives. Below, we consider approximate symmetries of first order (p = 1) and
classify according to such symmetries second-order equations

uy +eup = (p(u)ug),, @ # const., (4.1)

with a small parameter, which arise in various applied problems (see, for
example, [10]). The infinitesimal operator of an approximate symmetry is
sought in the form

0 0 0
X = (& +e€l) g, + (& + e85+ (o +em) 5 (4.2)

The coordinates £ and 7 of the operator (4.2) depend on t,x, and u and
occur in the determining equations (3.21) and (3.22), in which

2= (b, 2, U, Uy, Up, Ugg, U, W),  Fo = e — (p(W)Ug) e,  F1 = wy;

according to Remark 6.2 (see § 3), it suffices to carry out the decomposition
z = yo+ey; only for the differentiable variable (since ¢ and x do not appear
explicitly in (4.1)): u = ug + euy, uy = (ug)z + €(u1),, and so on.

Equation (3.21) is the determining equation for the operator

0 0 0
X0=§é§+f§%+ﬁoa, (4.3)
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admitted by the zero approximate of equation (4.1), i.e., by the equation

uy = (p(u)ug)y, @ # const. (4.4)

Consequently, the first step in the classification of the equations (4.1) ac-
cording to approximate symmetries is the classification of the equations
(4.4) according to exact symmetries. The second step is to solve the de-
termining equation (3.22) with known Fj and with values &, &2, no of the
coordinates of the operator (4.3).

A group classification of the equations (4.4) (according to exact point
symmetries) was obtained in [10], and its result can be written in the form
of Table 1 with the use of dilations and translations.

We now pass to the second step in constructing approximate symmetries.
Let us begin with an arbitrary function ¢(u). Substituting in (3.22) the
values

G=01t+Cy, &E=Cix+Cs, 1n5=0

we get that
Cl = 0, 511 = Klt + Kg, f% = Kll' —+ Kg, m= 0, Kz = const.

We now observe that equation (4.1) admits together with any admissible
(exactly or approximately) operator X also the operator £ X; such operators
will be assumed to be inessential and omitted. In particular, the operators
£(0/0t) and €(0/0x) are inessential, so that the constants Ky and Kj in
the solution of the determining equation (3.22) can be set equal to zero.
Thus, for an arbitrary function ¢(u) equation (4.1) admits three essential
approximate symmetry operators, corresponding to the constants Cy, Cj,
and K. The remaining cases in Table 1 are analyzed similarly. The result
is summarized in Table 2, where for convenience in comparing approximate
symmetries with exact ones we have given the operators admitted by equa-
tions (4.4) exactly, and those admitted by (4.1) exactly and approximately.

Note. In Table 2 bases of the admitted algebras are given for the exact
symmetries, and generators for them are given for the approximate sym-
metries: a basis for the corresponding algebra is obtained by multiplying
the generators bye and discarding the terms of order 2. For example, for
o(u) = ku=*3 equation (4.4) admits a 5-dimensional algebra, and (4.1)
admits a 4-dimensional algebra of exact symmetries and a 10—dimensional
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Table 2: Comparative table of exact and approximate symmetries

Symmetries for (4.1)

o(u) Symmetries for (4.4) | Exact Approximate
Arbitrary | X0 =2 X9=Z2 [y =X}, | X1 =X}, X=X},
function | X§=t2 +a22 Yo = X9 | X3=¢eX?
Uk [ Xi=oel +2ud | Y= XD | Ko= X8+ (208~ 2ud),

X4 = X9

2 ku,4/3 X2:2x8%_3u8_i’ YSZXE’ 23:X§—§<t2%+3tu%>7
X0 =222 3pud | Y, =X0 | Xy=X9, X;=X0

'1:[“);17 ou
3| ku™? XE:Q:ca%—ua%, Y = X9, | X4 = XY,
X0 =122 +tul Yi=X? | X5 =eX?
e [Xi=egr2g | %=X | K=x8ret(ih- &),
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algebra of approximate symmetries with basis

0 0 ~ 1 0 o 3 0
=2 x,=-2 X:<t——t2>— A
1S90 T 1 )ar T er T 1M

0 0 0 0
X, =20— —3u— , Xs =2°— —3ou—, X=X, Xo =X
4 x@x u@u’ 5 $8$ ﬂfuau, 6 EATY, 7 EAg,

0 0
Xg = E<t§ + .2?&), Xg = €X4, Xl() = €X5.

§ b Approximate symmetries of the equation
ur = h(u)u; +eH
We Consider the class of evolution equations of the form
u = h(uw)u; +eH, HeA, (5.1)

which contains, in particular, the Korteweg-de Vries equation, the Burgers-
Korteweg-de Vries equation, etc.

Theorem 6.4. Equation (5.1) approximately (with any degree of accuracy)
inherits all the symmetries of the Hopf equation

u = h(u)u. (5.2)
Namely, any canonical Lie-Bécklund operator [58]

0
X0 _— 02 4 ...
f8u+

admitted by (5.2) gives rise to an approximate (of arbitrary order p) sym-
metry for (5.1) determined by the coordinate

p
f=Y €f, fleA (5.3)
=0
of the canonical operator
0
X = f— 4+ ...,
fau *

Proof. The approximate symmetries (5.3) of equation (5.1) are found from
the determining equation (3.19), which in this case takes the form

f2 = h(u)f2+ [D(huy) — hugiol £ — B (u)uy f° = 0, (5.4)

a>0
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fi =) fi+ Y [D*(huy) = hun ol fo — B (w)us f*

a>0

= [D*(f")Ha — fi'D*(H)),i=1,...,p. (5.5)
a>0
Equation (5.4) in f° is a determining equation for finding the exact group of
transformations admitted by (5.2). Let f° be an arbitrary solution of (5.4)
that is a differentiable function of order & > 0 and let H be a differentiable
function of order n > 1, i.e.,

fO:fU(t7x7u7'~-auko), H:H(t,x,u,...,un).

We look for a solution f! of (5.5) in the form of a differentiable function of
order k; = n + ko — 1. Then (5.5) is a linear first-order partial differential
equation in the function f! of the k; + 3 arguments ¢, z,u, uy, ..., ug,, and
is hence solvable. Substitution of any solution f!(¢,z,u,uy,...,us,,) in the
right-hand side of (5.5) with ¢ = 2 shows that f? can be found in the form
of a differentiable function of order ky = n + k; — 1, and the corresponding
equation for f? is solvable. The rest of the coefficients f*,i = 3,...,p, in
(5.3) are determined recursively from (5.5). The theorem is proved.

It follows from Theorem 6.4 that, in particular, any point symmetry of
(5.2) determined by the infinitesimal operator

9, 9, 9,
Y =6(t,x,u) pTa [o(z+tu, w) =t (z+tu, w)—ub(t, z,u)] p +p(x+tu, u) ™

with arbitrary functions ¢, and 6, or with the corresponding canonical
Lie-Backlund operator with coordinate

1O = [p(x + tu,u) — t(z + tu, w)|ug — (x + tu, u),

is approximately inherited by equation (5.1). For example, the Burgers-
Korteweg-de Vries equation

up + uuy + e(aug + bus) (5.6)

to within o(¢?) admits the operator
1
fu = p(w)uy + e(ap'uz + 2a¢"uruy + ~ap”u + bp'ug + b ul)
2

U2U3 1 2

3 ) 1
2 2. 1 " " //2 2 N
= Zab —abp" == — —aby b
+¢ <5a@u5+4agpu4+10agp " 50 +3 © Uus
+92/// 3 7bl/l 3b1/12 57
5a¢uu+ag0u2u3+ agpulu3+—0ag0 (5.7)
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5 23 31 15
+§b2cp'”u1uQ + 1—0a2alvufu;; + Ecﬂgolvulug + Zabcplvufm

1 8 1 1
+§b2cpfvuif + ga2wvui’u2 + iabgovu‘f + gazga‘/[u?) + o(e?).
Setting @ = 1 and b = 0 in (5.7), we get a second-order approximate
symmetry for the Korteweg-de Vries equation

w = uuy + cus. (5.8)

We remark that in this case the coefficient f* of the approximate symmetry
(5.3) is a differential function of order 2k + 1 containing derivatives of ¢ of
order > k. This implies that if ¢(u) is a polynomial, then the approximate
symmetry becomes an exact Lie-Backlund symmetry; then we can set ¢ = 1
and get exact symmetries of the equation

Uy = uz + uig. (5.9)

For example, for p =2 and ¢ = u? Eq. (5.7) yields (cf. [58], Section 18.2)

6
fu = vPuq + duqus + 2uus + 5u5.

Ufa Aviation Institute, Ufa, Received 20 May 1987
Institute of Applied Mathematics
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A classification is given of equations Vi = f(v,v;)vze + g(x,v,) admitting
an extension by one of the principal Lie algebra of the equation under con-
sideration. The paper is one of few applications of a new algebraic approach
to the problem of group classification: the method of preliminary group clas-
sification. The result of the work is a wide class of equations summarized in
Table 2.

I. Introduction

The first general solution of the problem of group classification was given by
Sophus Lie for an extensive class of second-order partial differential equa-
tions with two independent variables. In his paperl he gave a complete

*Permanent address: Center for Mathematical Modelling, USSR, Academy of Sciences,
Miusskaya Sq. 4, Moscow 125047, USSR.
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group classification of linear equations

Az, y)ugy + 2B(@, y)uay + C(2,Y)taa
+ a(z,y)uy, + bz, y)u, + c(z,y)u = 0. (1.1)
An essential part of the classification was the utilization of equivalence

transformations of Eq. (1.1) , i.e., arbitrary changes of independent vari-
ables

T=f(z,y), ¥=g(y) (1.2)
and linear transformations of the dependent one,
u=p(x)u, ¢#0. (1.3)

In another paper Lie accomplished the group classification of nonlinear
equations of the form

Ugy = f(u). (1.4)
Here, he again essentially used equivalence transformations.

Ames et al., [10] motivated by a number of physical problems, investi-
gated group properties of quasilinear hyperbolic equations of the form

gy = [f (u)ugle, (1.5)
or
vy = f(Vz) Vg, (1.5a)
where
U = Uy. (1.6)

Later, this investigation was generalized in [118] to equations of the form

or
Vg = f(ﬂ?, Uz)vx:m (17&)
and in [119] to equations
or
Vgt = [f(vx)vxx + 9(37, U:c)- (188“)

In this paper we investigate the problem of group classification of equa-
tions of the general form

Vgt = f<x7vx)v:r:a: + g(ﬂ?, Ux)- (19)
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The study of Eq. (1.9) is stimulated not only by physical examples
mentioned in [10], [118], [119] but also by other examples: nonlinear non-
homogeneous vibrating string, nonlinear telegraph equation, etc.

We remark, that because of a nonpoint character of the transformation
(1.6), group properties of Eqgs. (1.5), (1.7), and (1.8) are not completely
identical to group properties of the corresponding Eqs. (1.5a), (1.7a), and
(1.8a).

II. Invariance transformations and principal
Lie algebra

Following the well-known monographs [106], [58], [99], [8], [9], [
these arguments we write the invariance condition for Eq. (1.9

X(2) [Utt - f('ra Uz)vx:r - 9(%%)”(1.9) =0. (21)

Here, X () is the second prolongation of the infinitesimal operator

22], [113] on
) as

; 8 (9
obtained by the following prolongation formulas:
0 0 0 0
X=X+ Cl— + C2 + C11 + C22 50 (2.3)
where )
Dy(n) — v Dy(E") — v Dy(E2),
- - mDr ? )
Do) = 0 Dul€') — D€ o)

Cn = Dt(Cl) - UttDt(f ) - Utth(EQ),

Goz = D2(C2) — iz x(gl) - vmez(fz)-
The operators Dy, and D, denote the total derivatives with respect to ¢

and z :
D=2 402 2 2y
t = ot Ut8 Uttat Ut:cav ) 54
PRI St A I .
"= or a0 "oy, T o, ‘

The term "total” is to distinguish Dy, and D, from partial derivatives

0/0t and 0/0x.
So, after substituting (2.2) and (2.3) in (2.1) we obtain the following
determining equation:

[Cll - fC22 - 'U:c:r:<52fx + C2fvz) - 52993 - CngzH(l.Q) =0. (25)
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In the case of arbitrary f and g it follows

£=0, =0, ¢u=0=0 (2.6)

or
'=c, €=0, n=cz+cst. (2.7)

Therefore, for arbitrary f(z,v,) and g(z,v,) Eq. (1.9) admits the three-
dimensional Lie algebra L3 with the basis
LR R ) o5

We call L3 the principal Lie algebra for Eq. (1.9). So, the remaining
part of the group classification is to specify the coefficients f and g such
that Eq. (1.9) admits an extension of the principal algebra Ls. Usually,
the group classification is obtained by inspecting the determining equation.
But in our case the complete solution of the determining equation (2.5) is a
wasteful venture. Therefore, we don’t solve the determining equation but,
instead we obtain a partial group classification of Eq. (1.9) via the so-called
method of preliminary group classification.

This method was suggested in [7] and applied when an equivalence group
is generated by a finite-dimensional Lie algebra Lg. The essential part of the
method is the classification of all nonsimilar subalgebras of Le. Actually,
the application of the method is simple and effective when the classification
is based on finite-dimensional equivalence algebra Le¢.

II1. Equivalence transformations

An equivalence transformation is a non-degenerate change of the variables
t,x,v taking any equation of the form (1.9) into an equation of the same
form, generally speaking, with different f(x,v,) and g(x,v,). The set of all
equivalence transformations forms an equivalence group £. We shall find a
continuous subgroup &, of it making use of the infinitesimal method [106].

We introduce the local notation f = f!, g = f? and seek for an operator
of the group &, in the form

o Lo 0 B
_ 1l 2 7 il k_
Y=g 80 Mg, T ap (3.1)

from the invariance conditions of Eq. (1.9) written as the system:

Utt_flvcc:r:_fQZ()a
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ftk:ff:fft =0 (3.2)
Here, v and f* are considered as differential variables: v on the space
(t,z) and f* on the extended space (t,z,v,vs,v,). The coordinates &1, &2, n
of the operator (3.1) are sought as functions of ¢, z, v while the coordinates,
u¥ are sought as functions of ¢, z,v, vy, vy, f1, f2.
The invariance conditions of the system (3.2) are

Y (v — floge — f2) =0, (3.3)

Y/(ftk):?(ff):?( ft)zo (k:172)7 (338‘)

where Y is the prolongation of the operator (3.1):

- 0 0 0 0
Y=Y+ Cl—vt + C28_vx + Cn—avtt + Cmavm
0 0 0
+u)fa—ftk + wga—ff —+ wgla—llft . (34)

The coefficients (1, (2, 11, (22 are given in (2.3) and the other coefficients
of (3.4) are obtained by applying the prolongation procedure to differential
variables f* with independent variables (¢, x,v,v;,v,). For instance

wlf = Dt(ﬂk)_ftk[)t(fl)_fg]cCDt(fQ)—ffﬁt(U)_fftDt(Cl)—ffIDt(@)» (3.5)

where 5 5
=0 .
In view of Eq. (3.2) we have
~ 0
Dy =—- :
L= %y (3.6a)

~ We obtain the coefficients wy and wp; from (3.5) replacing the operator
D, by the operators

- 0 0
D, =—+fF— 3.7
g o (3.7
and 5 5
D, = —+ fF = 3.8
t 8Ut + Ut afk Y ( )
respectively. In view of Eqs. (3.2) they become
- 0
D (3.7a)

v:%7
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)
Dv = a3
k 8’Ut

So, we have the following prolongation formulas:
wi = py = f2& = £ (G,
wy =ty = f2 &0 = [ (G2)o, (3.9)
wir = Hy, = Fu, (G2
After (3.4), the invariance conditions (3.3a) give rise to
Wwh=wf=uwh =0, k=12 (3.10)

So, taking into account Egs. (3.9) and the fact that (3.10) must hold
for every f! and f2, we obtain

py =ty = py, = 0,

§=6=0, (3.11)
(<2)t - (C?)v = (CQ)Ut =0.
After easy calculations we find from (3.11)
gh=¢'1), £€=¢0)
n=cv+ F(zx)+ H(t), ¢ = const. (3.12)

ph= (v f1F7) (B =1,2).
The remaining invariance condition of (3.3), after (3.4) can be written
as,

Ci1 — Mlvm - f1C22 - /~L2 = 0. (3~13)

From (3.13), taking into account (3.12), and introducing the relation
vy = fuge + f2 to eliminate vyt, it follows

(6" ve + {ler = 2611 = p' = [er = 2(87)1f Fvaw + [er — 2(6)'1f2

—f—H” . le/l + flvx(§2)” _ MQ =0. (314)

Since in Eq. (3.14) the quantities v, vy, v,, and v, are considered to be
independent variables it follows

& =cot+c3, & =p(z),

n=cv+ F(x) + cat® + cst, (3.15)
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:U’l = 2(Q0/ - CQ)f)
1= (c1 — 2¢2)g + 2c4 + (¢"v, — F") f,

with constants ¢y, ¢, ¢3, ¢4, ¢5, and two arbitrary functions ¢(z) and F(x).
We summarize: The class of Egs. (1.9) has an infinite continuous group
of equivalence transformations generated by the following infinitesimal op-

erators: 5 5 5
Yl:&’ 1/2:%7 Yg,:t%,
n:m(%, n:t%era%Jrzu%,
Yﬁ—t%—zf%—@a%, (3.16)
Y7:t2%+28%,
Y, = %% + Mfa% + w”vxfa%,
YF:F(%—F”f(%-

Moreover, in the group of equivalence transformations are included also
discrete transformations, i.e., reflections

t— —t, (3.17)
T — -, (3.18)
v =0, g —g. (3.19)

Remark 7.1. The operator Y5 from (3.16) is included in the set of oper-
ators yr as the particular case F' = 1. The reason for individualizing Y5 is
that it is part of the principal Lie algebra Lj [see (2.8)].

IV. Sketch of the method of preliminary group
classification

One can observe in many applications of group analysis that most of exten-
sions of the principal Lie algebra admitted by the equation under consider-
ation are taken from the equivalence algebra Le. We call these extensions
E-extensions of the principal Lie algebra.
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The classification of all nonequivalent equations (with respect to a given
equivalence group Ge,) admitting £-extensions of the principal Lie algebra
is called a preliminary group classification. Here, G¢ is not necessarily the
largest equivalence group but, it can be any subgroup of the group of all
equivalence transformations.

The method is clarified here by means of its application to Eq.(1.9).

As we said in Sec. II, an application of the method is effective and simple
when it is based on a finite-dimensional equivalence algebra.

So, we can take any finite-dimensional subalgebra (desirable as large as
possible) of an infinite-dimensional algebra with basis (3.16) and use it for
a preliminary group classification. We select the subalgebra 1o spanned
on the following operators:

(4.1)

0 0
Yo =v—+9g—,
? ov g@g
22 0
2 Ov
The coefficients f and g of Eq. (1.9) depend on the variables x and v,.
Therefore, we construct prolongations of operators (4.1) to the variable u”
and take their projections on the space (z,v,, f, g).
The prolongations are

10 —

0
_fa_g.

~ 0 ~ 0 ~ 0
V=2 v=2 yv=tZ
1 ata 2 avu 3 tav
~ 0 ~ 0 0
3/4—%7 Ys $%+a—vxa
0 0 0
}/6 ta‘i‘ﬂi%‘f—z’l]a—‘i‘vxa—vm,
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- t.,0 ) )
Vo= —-t?= + f— 4+ g— 4.2
7 2t8t+f6f+gag’ (4.2)
-~ 20 0
=500 oy
- o d )
Yg—U%+ga—g+Uma—vx,
- 2.9 d o
Vie= & — f

2 Ov dg v,

The nonzero projections of (4.2) are

Zy=pr(Ya), Zo=pr(Ys), Zs=pr(Ys)

Zy=pr(Ys), Zy=pr(Ys), ,Z_pr(Y) (4.3)
Z?ZPT(Y/lo),
or 5 5
Zi=—, Zy=
1 ax7 2 avx’
0 0 0 0
Zy = x— — Zy=f=—Fg—
0 0 0
Ls— Zs = g— T
0 0
= p— — fe 4.
! x@vx v, (4.32)

We denote by L; the Lie algebra with the basis (4.3a).
The essence of the method is contained in the following statements.

Proposition 7.1. Let L,, be an m-dimensional subalgebra of the algebra
L;. Denote by ZWi=1,....m a basis of L, and by Y@ the elements of the
algebra Lo such that 2@ = pr(Y®), ie., if

70 =3 "etZ, (4.4)
a=1
then by (4.1)-(4.3)
ZWelYy 4 e2Yy 4 2e2Ys + - + el Yo, (4.4a)

If equations
f=®(x,0,)v50 + [z, 0,) (4.5)



7: PRELIMINARY GROUP CLASSIFICATION (1991) 201
are invariant with respect to the algebra L,, then the equation
vy = (2, 0,V + T2, vz) (4.6)
admits the operators
X® = projection of Y® on (t z,v). (4.4b)
Proposition 7.2. Let Eq. (4.6) and the equation
vy = D' (2, v )vee + TV (2, 0p) (4.6")

be constructed according to Proposition 7.1 via subalgebras L,, and L/
respectively. If L,, and L/ are similar subalgebras in Lo then Eqs. (4.6),
(4.6") are equivalent with respect to the equivalence group G generated
by LlO-

According to these propositions the problem of preliminary group clas-
sification of Eq. (1.9) with respect to the finite-dimensional subalgebra L,
of the main equivalence algebra (3.16) is reduced to the algebraic prob-
lem of constructing of nonsimilar subalgebras of L7, or optimal systems of
subalgebras [106]. Actually we can consider only one and two-dimensional
subalgebras because for subalgebras L,,,, m > 3, there are no invariant equa-
tions (4.5).

In this paper we completely solve the problem of preliminary group
classification with respect to one-dimensional subalgebras. The case of two-
dimensional subalgebras will be considered elsewhere.

V. Adjoint group for algebra L;

Let G be a Lie group, with L its Lie algebra. Each element T' € G yields
inner automorphism 7, — TT,T~! of the group G. Every automorphism
of the group G induces an automorphism of its Lie algebra L. The set of
all these automorphisms of L is a local Lie group called the group of inner
automorphisms of the algebra L, or the adjoint group G4. The Lie algebra of
G4 is the adjoint algebra L4 of the algebra L, defined as follows. Let X € L.
The linear mapping ad X : X — [¢, X;] is an automorphism of L, called
inner derivation of the Lie algebra L. The set L4 of all inner derivations
ad X(X € L) together with the Lie bracket [adX,adXs] = ad[X;, X5] is
a Lie algebra, called the adjoint algebra of L. Clearly, the adjoint algebra
LA is the Lie algebra of the adjoint group G*. Two subalgebras in L are
conjugate (or similar) if there is a transformation from G“ which takes
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one subalgebra into the other. The collection of pairwise nonconjugate s-
dimensional subalgebras is called an optimal system of order s and denoted
by f#s. The algorithm becomes clear by the following calculations of the
adjoint algebra and the adjoint group for the algebra L; with the basis
(4.3a).

Denote by A elements of the algebra adL;. According to what is stated
above one can take operators

0
Ao = [Za, Zﬁ]a—Zﬁ (5.1)

as a basis of the algebra adL;.
Using the table of commutators (Table 1) we get

A =74 82 + 22827 Ay =7y (;; + ZQ@ZG
T Y A
As = Zs <8iZ4 + %) , (5.2)
Ay = (%22 R z&)
Ay :—Zgaaz + Z; (;;6

The infinitesimal operator A; generates the following one-parameter
group of linear transformations:

Zy=12y, Zy=12y Zy=Zs+mZy, Zy= 2y

Zé = Z5, Zé = Z(;, Zé = Z7 + CL122,

which is represented by the matrix

1 0 0000 0
0 1 00000
ag 0 1 00 0 0
Mi(a)=| 0 0 0o 1 0 0 0
0 0 00 100
0 0 000 10
0 a 00 0 0 1
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Following the same procedure we obtain the matrices Ms(az), ..., M(az)
associated to the infinitesimal operators As, ..., A7, respectively.

Here 0 < a3, a4,a¢ < +00 and —o0 < aq,as,as, a7 < +0o. We do not
write all these matrices because for our purposes we need only their product:

as —asay 0 0 0 0 O

0 asag 0 0 0 0 O

aijas asaszag — ajasay; 1 0 0 0 0

M = M(ay)...M(a7) = 0 0 0 1 asag 0 O
0 0 0 0 agae 0 O

0 ao0a30g 0 0 asag 1 ay

0 a10a30¢ 0 0 0 0 Qg

Actually it is preferable to work not with the operators 7, ..., Z;, but
with coordinates of the decomposition

7
Z=Y iz (5.3)
1

of Z € Ly, i.e., with the vectors
e= (e e? ... eN. (5.4)

Vector e is transformed by means of the transposed matrix M7 of M
and after the transformation has the following coordinates:

él = ag(el + a163),

9 1 2 3 6 7

e ag[—are” + age” + (azas — araz)e’ + asage’ + ajage’],

e=e et=et &=, (5.5)
&° = aglase® + ase’ase’,

7 7

e = a7e6 + age’.

These transformations give rise to the adjoint group of the algebra L.
We remind that aq, as, a5, and a; are arbitrary real parameters, while as, aq,
and ag are real positive parameters. We use also the reflections (3.18), (3.19)
which give rise to the following transformations of operators (4.3a):

Z1 — —Zl, Z2 = —Zz (318/)

ZQ = —ZQ, Z5 — —Z5, Z7 — —Z7. (319/)
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Table 1: Table of commutators

Z Ly A3 Ly Ls L Ln
Zy 0 0 Z; 0 0 0 Z
Zy 0 0 Zy 0 0 Zy 0
s —Z1 —Zy 0 0 0 0 0
Zy 0 0 0 0 %5 0 0
Zs 0 0 0 Zs 0 Zs 0
Ze 0 —Zy 0 0 —Zy 0 —Z;
Zy —Zy 0 0 O 0 Z; 0

VI. Construction of the optimal system of one-
dimensional subalgebras of L7

The construction of the optimal system of one-dimensional subalgebras of
L, can be carried out using a very simple natural approach. Namely, we
simplify any given vector (5.4) e = (e!,...,e") by means of transformation
(5.5) and reflections (3.18'), (3.19') and divide the obtained vectors into
nonequivalent classes; in any class we select a representative having as sim-
ple form as possible. After this brief and somewhat vague description, we
proceed to the calculations.

First, we remark that transformations (5.5) leave invariant the compo-
nents €3, e*, and €% of the vector under consideration. Therefore, we have to
look over all for possibilities for €3, e*, and €% and in every case to simplify
other components by means of transformations (5.5). So, we will start by
the case

e £0,et #£0,e8 #£0. (6.1)

In this case we get
el =0, =0 (6.2)

by putting in formulas (5.5)

ay = —e'/ed, ag=1, a;=—€"/d’. (6.3)

So, after the transformation (5.5) with the values (6.3) of the parameters
a1, ag, a7 (other parameters are arbitrary) any vector e is transformed to

(0,2, ¢e*, e*, e, e, 0), (6.4)
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provided that conditions (6.1) are valid. We further simplify the vector
(6.4) by means of transformations (5.5) with a; = a7 = 0.

After this transformation the vector (6.4) goes to the vector e with
components

ed=e et=et e =¢" (6.5)
e® = azagle® + az(e® + €%)),
e’ = aglas(e* + €°) + ase®].

Formulas (6.5) point out that we have to distinguish the following four
subcases:

e 4+eb#£0, e +e5#£0, (6.6)
e 4+ef#£0, ' +e5=0, (6.7)
et +ef =0, e'+e8#£0, (6.8)
e +ef =0, e'+eb =0, (6.9)

If (6.6) is valid we put
ag = —e?/(e® + €%, (6.10)
ay; =1, as=—e"/(e* + €% (6.11)

to obtain

e=(0,0,¢*¢*0,¢%0). (6.12)

Using the fact that any infinitesimal operator is defined up to a constant
factor we can write the vector (6.12) in the form

e=1(0,0,0,0301,0), a#0,-1, B#£0,—L (6.12a)
If (6.7) is valid we take ay from (6.10) to obtain
e=(0,0,e* —eb agage’, e%,0).0, -1, B #0,—1. (6.13)

Here, when e® # 0 we can get ajage® = €® using an arbitrary factor

asag and the reflection (3.19") , and obtain [see the passage from (6.12) to
(6.12a)]

6=(0,0,a,~1,1,1,0), a#0,-1.0,—1, B#£0,—1. (6.13a)
When e° = 0 we get from (6.13)

e=(0,0a-1,0,1,0), a#0-1.0,—1, B#£0,—L. (6.13D)
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If (6.8) is valid we take (6.11) to obtain
e = (0,asage?, —€% ¢e*,0,¢%0).0, -1, B#0,—1. (6.14)

Following the same procedure as in the case (6.7) we obtain from (6.14)
two different vectors:

e=(0,1,-1,8,0,1,0), 30, -1 (6.14a)

and
e=(0,0,—-1,4,0,1,0),5 # 0, —1. (6.14b)

If (6.9) is valid we put ag = 1 and have
e = (0,as, ey, —€% —€% aya®, €°,0). (6.15)

Here we use arbitrary positive factors as, ay and both reflections (3.18'),
(3.19’) and obtain from (6.15) the following four different vectors:

e=(0,1,—-1,-1,1,1,0), (6.15a)
e=(0,0,—1,—-1,1,1,0), (6.15b)
e=(0,1,—1,-1,0,1,0), (6.15¢)
e =(0,0,—1,—1,0,1,0). (6.15d)

We summarize: Any vector (5.4) that satisfies the conditions (6.1) is
equivalent to vectors (6.12a), (6.13a), (6.13b), (6.14a), (6.14b) and (6.15a)-
(6.15d). These vectors give rise [via formulas (5.3) and (5.4)] to the following
nonequivalent operators:

OéZ3+6Z4+ZG7 a#oaﬂ%()?

a3 — Zy+ Zs+ Zs, a#0, (6.16)
ZQ_Z3+5Z4+ZG7 ﬁ#oa
Ty — Ty — Zy+ Zs + Ze.

Here, we changed the restrictions on the parameters o and ( in order
to compact the operators; for example, the vector (6.15¢) is included in
formula (6.14b) when we cancel the condition g # —1.

Now we pass from the case (6.1) to the second case

340, e'#£0, e =0. (6.17)
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Analysis of this case gives the following nonequivalent operators

OLZ3 -+ Z4 + Z7, O(Zg + Z4, (07 7é 0.
The other cases are

340, et=0, e®#0,
ZQ_Z3+Z67 OéZ3—|—Zﬁ, 067&0;
e3=0, e*#£0, €#£0,
Zy+ Zs — Zs, 21— Lyt L5+ L,
BZy+ Zs, Z1+[Zs+ Zs, B F#0;
340, et=el=0,

Zs, Zs3+Zs, 23+ Zn,

Zy+ Zs+ 2y, Zz+ Zs — Ly,

et £0, =e=0,

Zy, L1+ 2y, Zo+Zy, Zy+ Zy,
Zl+Z4—|—Z7, ZQ+Z4+Z7;
ed=et=0, e8+#£0,

Ze, 21+ Zs;

Z17 ZQ? Z5a Z77 ZI+Z57 Zl+Z77

Zy + s,
Lo+ Ly, s+ Ly, Zs— 2y, Zi+ Zs+ Zy,
Zl+Z5—Z7, Z2+Z5+Z7, ZQ+Z5—Z7.

207

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

We summarize the results of Eqgs. (6.16), (6.18) - (6.24) to obtain the

following optimal system of one-dimensional subalgebras of L7 :

70 =27, ZV =2, 7V =27,
ZW =7, +aZs, Z© =7,

79 = Zs+ aZs+ 2y, 27 = 7,
Z®) =21+ 24, 29 =71+ Zs,

700 = 7, + Zs + B2y, 27 = 7, + Z,

2 =2Zy+ 2y, ZW) =2y + Z,
ZW =Zy+ Zr, 2" = Zs+ Zs,

(6.25)
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78 = Zy+ 77, 70D = 75+ 7,

7 = 7o — 7., 28 = 7, + Z, + Z,

700 = Zy + Zs+ Z7, Z®V =21+ Zs — Zs,

7 = 7,4 Zy+ Zey 2 = Zy+ Zs + 7,

7@V = 7y 4+ Zs — Z:, ZP) =aZs+ Zy+ Zs,

7 = Zo 4 Zo+ Zo, 720D = Zy+ Zs — Zs,

72 =7, — Zy+ Zs+ Zs, Z% = Zy — Zs + BZs + Zs,
760 =0y — Zy+ Zs + Zg, 28V =7y — Zy— Zy+ Zs + Zs.

Here, a and (3 are arbitrary constants.

VI1I. Equations admitting an extension by one
of the principal Lie algebra

Now we apply Propositions 7.1 and 7.2 to the optimal system (6.25) and
obtain all nonequivalent equations (1.9) admitting £-extensions of the prin-
cipal Lie algebra L3 by one, i.e., equations of the form (1.9) such that they
admit, together with the three basic operators (2.8) of Ls, also a fourth
operator X,. For every case, when this extension occurs, we indicate the
corresponding coefficients f and g and the additional operator Xj.

We clarify the algorithm of passing from operators (6.25) to f, g, and X,
by the following examples. For the first example we take the last operator
from (6.25):

ZOV = Zy — Zy — Zy+ Zs + Zg

0 0 0 0

=—a—+——-f—=+ =" 7.1
Tor o, Tar T ag (T.1)
Invariants are found from the equations
dx df
T ! f g
and can be taken in the form
L=v.+In|z|, Ih=f/x, I3=g—uv,. (7.2)

From the invariance equations taken in the form

L=aL), I=T(L) (7.3)
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it follows
f=xz®(N), g=v,+T(N), (7.4)

where A = I;. From the formulas (4.4a)-(4.4) applied to the operator

) o, )

So, the equation
vy = xP(vy + In|z]) vy + T(v, + In|2|) + v, (7.6)

admits the four-dimensional algebra L, generated by the operators (2.8)
and (7.5).

For the second example we take the operator

0
70) — 7. — . 7.7
=5 (7.7)
Invariants of this operator are
[1 :1}712 :Ux,lg :f (78)

In this case there are no invariant equations of the form (4.5) because
the necessary condition for existence of invariant solutions (see [106], Sec.
19.3) is not satisfied, i.e., invariants (7.8) cannot be solved with respect to
f and g.

After similar calculations applied to all operators (6.25) we obtain the
following result (Table 2) of the preliminary group classification of equation
(1.9) admitting an extension L, of the principal Lie algebra Ls.
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Table 2: The result of the classification (o = =, ~

arbitrary functions of \)

SELECTED WORKS, VOL. 11

= g, and ¢ and I are

N Z Invariant A Equation Additional operator X4

1 z® Vg Vg = Pvgy + T 0@

2 AS) T v = Pvge + T xﬁv

3 zZ® Vg /T vy = Qg + T t% "‘xai; +21)8%

4 Z«Sio Vg /T vy = 27{Dvy, + '} (1— %) t%—kx%—!—%%

5 Zgao x vt = V2{ Pz + Doy} ,Bt% - 21}%

6 Zgio vy /2o T vy = TV {Pvyy + 2T} 2-NtE +222 +2(0+2)2

7 A, T vy = Pugy — 1 Pvy + T :1728%

8 zZ® Vg vy = e {Pv,, + '} t% — 28@

9 AS Vg v = Py + 1T+ 23% _~_t2%

10 210 e %y, vy = V2{ vy + Ty} ﬁt% - 2% — 2v8@

11 zUH 29y, vy = Pugy + I — 2® 22 222

12 712 T vy = €' {Dvy, + '} t2 — 222

13 z(13) x Vg = Puge + T + vy (t? + 2x)8ﬁ

14 209 x Vg = Pvgp + T — (2 4+ 1) 1D, (2% + 233)%

15 219 Vg /T ver = Pugy + T + In |z Zt% —&-23@%—1—(7&2—&—41})0@

16 z(19) Le —In |z Vg = Pvgy + T — @ ln |z 2t% + Qxa% + (2% + 41))8—‘%;

17 z4m T vt = Pugy + (1 — @)z~ lo, +T (t? +2?) 2

18 z(8) x VPV — (1 + @)z~ v, + T (t? — x2)3%

19 219 2 — 2u, vy = e {Pvy, — a® + T} tg —2% —x28@

20 20 g2 2y, Vg = Pugp + (1 — @)z + T Qéé + (2 + xQ)C%

21 z(H 2% + 2u, v = Pvgy + (1 +®)x + T 2% + (2 -2 2

22 7(22) x Vg = e%{fbvm — %vw +T} t% —z(x+ 2)6%

23 723 x Uy = Pugy — %vx +T (t2 + 22 + 2x)%

24 729 x v = Pvgy + %vz +T (t? — 2% + 2x)%

25 ij()) x vy = €7 {Pv,, — In|z|® + T} t% fzz%

26 Zc(éi()) %2 —olnfz] vy =27{Pvye —oln|z|® +T} (2-o)ts +202
+(o2? + 41})8%

27 739 _Injz| vy =Pvg +(1—@)Infz[+T 2t% + 2xa@ + (2 4+ 2%+ 41))%

28 ZG) L ilnfr| vy =@+ (1+ @) x| +T 268 +222 + (12 —2? +4v) 2

29 728 e %y, vy =€ TPuy, + T+ t% + 28% + (2 + 211)%

30 23 v, 4+ 1In|z| vy = 2P { vy, + 27T} (B+2)te +222 +2(v—2)2

31 fo()) x vy = Pv; g, + T+ Inju, t% + (#2 + 21})%

32 Zéig()) z— )y, Vg = Q;%Uzz +T+oln|z| 2+ O’)t% + 2xa%

+[o(t? + 20) + 4] &
33 zGL 4. +1In || Vg = TPVLp + T + vy t% + 23:% — (422 — 211)%




Paper 8

A simple method for group
analysis and its application
to a model of detonation

N. H. IBRAGIMOV* AND M. TORRISI [70]
Dipartimento di Matematica, Viale A. Doria, 6-95125 Catania, Italy
(Received 25 March 1992; accepted for publication 25 June 1992)

Reprinted with permission from
J. Math. Phys., Vol. 33 (1992), No. 11, pp. 3931-3937.
Copyright (© 1992, American Institute of Physics.

A simple procedure is suggested to obtain extensions of the principal Lie
algebra of a given family of equations by using the equivalence algebra. An
application to a qualitative model of detonation is performed.

Introduction

It is well known that the problem of group classification of a given family
of equations (containing arbitrary parameters or functions) is more com-
plicated than the problem of calculation of a symmetry group for a given
equation.

Recently, a simple approach was suggested in [7] for a partial solution of
group classification based on an equivalence group, or its Lie algebra, called
equivalence algebra and denoted Lg. The approach was called a method of
preliminary group classification.

*Permanent address: Institute for Mathematical Modelling, USSR Academy of Sci-
ences, Miusskaya Sq. 4, Moscow 125047, Russia.
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The program of realizing this simplified approach to, the problem of the
group classification was undertaken in our paper [71] and applied to a wide
class of nonlinear wave equations that appear in many physical problems.

The method of preliminary group classification has been hinted by the
observation that in applications of group analysis most of the extensions of
principal Lie algebra Lp (algebra admitted for every equation of the family
of equations under consideration) are taken from equivalence algebra Lg.
These extensions are called £ extensions.

In this paper we use the equivalence algebra in order to simplify the
calculation of symmetry groups without solving the determining equation.
If we calculate the equivalence algebra, £ extensions for equations of a given
family are obtained by solving simple algebraic equations only.

An important feature of the approach is that the construction of an
equivalence algebra for a given family of I equations is reduced to calculation
of a symmetry algebra for a given system of partial differential equations
(PDE’s), where arbitrary functions do not appear (see [71]).

In Secs. 8 and 8 we discuss this approach in detail by focusing on the

first-order system
LIy (1.1)
u+—=0, v=g, .
tT t =49
where p and ¢ are arbitrary functions of u and v, and
dp

d_ = Pyl + DyUse
xXr

In Sec. 8 we give a sketch of a qualitative model of detonation [36] and
in Sec. 8 we apply our method to this model.

The Appendix is written for those who want to follow the details of
calculations.

II. Equivalence algebra and notations

An equivalence transformation in our case is a non-degenerate change of
variables t, z, u, v, taking any system of the form (1.1) into a system of the
same form, generally speaking, with different functions p(u,v) and g(u,v).

We consider a continuous group of equivalence transformations and seek
for its generator

o ,0 .0 0 o .0
Y — ¢l 2 2 7 1= 2_ L= 2_— 2.1
S T T e T T g, T gy (2.1)

from the invariance conditions of Eqs (1.1) written as the following system:

U+ putly + P, =0, w =9, Dr=0:=0, ¢ =g,=0. (2.2)
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Here, the coordinates & and 71 of the operator (2.1) are sought as func-
tions of ¢, z, v, u while the coordinates y are sought as functions of ¢, x, u, v, p, g.
The invariance conditions of the system (2.2) are

Y(ut +puu$ +pvvﬁc) = 07 Y(Ut - g) = O’ (23)

i\}pt = 07 ?px = 07 1A}gt = 07 ?gx = 07 (24)

where Y is the prolongation of the operator (2.1).

In order to write the prolongation formulas, we introduce necessary no-
tations. First we emphasize that the symmetry transformations and their
generators, for differential equations (1.1), act on the space (x,u) of inde-
pendent variables,

r=(2',2%), 2':=t 2*:=u2, (2.5)
and dependent variables,
u=(u',u?), u'i=u, u’i=nu, (2.6)

In contrast to this equivalence transformations and their generator (2.1)
act on the space (y, f) of four independent variables,

y = (x,¥), (2.7)

and dependent variables,
f=(f0), fl=1Ff =g (2.8)

These notations allow us to put Y in a compact form and to clearly
distinguish symmetry and equivalence generators. Namely, we write a sym-
metry operator as

9, 0

X=&—+n— 2.9
&'ar g (2.9)
and its first prolongation as
X=X+ 0 (2.10)
1 = J au;‘,’ ‘
with ‘ ‘ A
G = Dj(n') — upD;(€"), (2.10')
where 5 9
D= — +u—- (2.11)

0z I Qui
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As for equivalence generator (2.1), we write it in the form

9,
Y = 2.12
a a + :u afl ( )
where
= (&n). (2.13)
so that 5
Y =X+p - 2.12/
YT (2.12')
Now we can give a compact form for the prolongation of (2.12):
Y=Y+ wi 2 (2.14)
o0 DT |

The coordinates ¢ of operator (2.14) are given by formula (2.10) while

wh = Do (') = f5Da(VF), i=1,2, a=1,....4, (2.15)

where 8 5
D, = i 2.16
+faafl (2.16)

It is worthwhile to note that the differential operators defined by (2.11)
and (2.16) are similar, but act on different spaces.
We also note that the prolongation formula (2.14) can be rewritten as

(2.14)

in accordance with (2.12').

Now, taking into account our notations, we substitute the prolonga-
tion formulas (2.14) in the invariance conditions given by Egs. (2.3) and
(2.4). The general solution of these equations, obtained in the Appendix
[cf. (A16)] gives rise to the equivalence operator for the system (1.1):

0 0 8
Y = (Cl + Cgt) (03 + 041')— + (05 + C'ﬁu)
+0’(U)% + [(04 + 06 — Cg)p + 07]8_]) + [O’ (U) — Cg]ga—g

Here CY, ..., C7 are arbitrary constants and o(v) is an arbitrary function.
So the equivalence algebra L is infinite dimensional and can be written
as the direct sum
LS = L? S Lm
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where L7 is spanned by the seven operators

0 0 0 0
Yi= 2, Ya=o po g2
0 0 0 0
0 0 0
Y6 Uz tPo-s Y7 o

Y, =0(v)— + a'(v)g(% : (2.19)

II1. Projections and principal lie algebra

We introduce the following projections of the equivalence operator (2.1):

9 9 9 )
_ — 1 2 1 2
P (V) = X =85+ a0 +n g +mgs (3.1)

0 0 0
ran(Y)=Z=n'—+n"—+p' — +p° -
The significance of these projections is defined by the following simple
(but important for applications) statements.

Proposition 8.1. An operator X belongs to the principal Lie algebra Lp
for the system (1.1) iff

X = pr(x,u) (Y) (32)
with an equivalence generator Y, such that
Pran (¥) = 0. (33)

Proposition 8.2. Let Y be an equivalence generator. The operator
X =pry(Y), (3.4)
is a symmetry operator for the system (1.1) with functions
p=p(u,v), g=g(u,v), (3.5)
iff the equations (3.5) are invariant under the group generated by

Z = prip(Y). (3.6)
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The proof of these statements is almost immediate. In fact, to prove
Proposition 8.1 we recall that the principal Lie algebra consists of all the op-
erators (2.9) admitted by system (1.1) for any p(u,v) and g(u, v). Therefore
the principal Lie algebra is the subalgebra of the equivalence algebra, such
that any operator Y of this subalgebra leaves invariant equations p = p(u, v)
and g = g(u,v). It follows that p, g,u, and v are invariant with respect to
Y. It means that n° = 0 and u* =0, or

Py (Y) = 0.
Proposition 8.2 can be easily proved in a similar way.

Example 8.1. Let us find the principal Lie algebra via Proposition 8.1.
We have, for the general operator (2.17) of the equivalence algebra,

0 d o ., o
pr(uyf)(Y) = (C5+06u)%+a(v)%+[(04+06—02)p+07]a—p+[a (U)—Cg]ga—g-

Therefore from Eq. (3.3) we get
C5+06U:O, U(U):O,

which give

So 5 5
Y =0C=—+C5—
Lot + Sor
and the principal Lie algebra Lp is two dimensional and spanned by
0 0
Xi=—, Xo=—" 3.7
ot TP o (3.7

Example 8.2. Let us take the two-dimensional Abelian algebra Lo spanned
by the following operators (3.6):

Z3:(1+112)8—+21)g§,

(3.8)
Z ug—i-(k‘—i-l) 9 _,2.
1= %o Pap ~9ag

The operator Z3 corresponds to the equivalence operator (2.17) with C; =
... = C7 =0and o(v) = 1+ v?, while the operator Z, is obtained by letting
02 = 1,04 :k+1706 = 1,05 20720, and U(U) =0.
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So, here we look for Egs. (1.1) admitting an extension of the principal
algebra Lp by two-dimensional algebra with the basis

0 0 0 0
Xs=(1+v")=, Xo=t—+(k+1)r—+u-—- 3.9
3 ( +/U)8'U7 4 at+( + )x8$+uau ( )
According to Proposition 8.2, we have to find invariant equations (3.5)
for algebra Ly with the basis (3.8). For this algebra we have the following

two functionally independent invariants:

_ ug

A=pu kY  B=_“2_

p Y 1 + /U2 Y

and invariant equations can be written by putting A and B to be arbitrary

constants:

1 2
p=Au*t, ¢g=B v , A, B = const. (3.10)
u
So the specialization
1 2
uy + Ak + Dufu, =0, v, =B v (3.11)
u

of the system (1.1) admits the algebra L, spanned by the operators (3.7)
and (3.9).

Now we inspect if this algebra L, is the greatest £- extension of the prin-
cipal algebra Lp. For this we write the invariance conditions of Eqs. (3.10)
with respect to the general operator Z defined in (3.1). These conditions
are written as

(Cy + Cs — Co)u"™ + Cr = (K + 1)Csu™ + (k + 1)Ceurtt,
(0! — Co)(1 +v*) = —Cs(1 +v?) + 2v0
and give, in the case of arbitrary k,
Cs=Cr; =0, Cy=Cy+ kCg,
o= [L+ (Cy — Cg) arctanv](1 +v?), L = const.
So the system (3.11) admits the following operator:

0 0 0
X = — _ -
(C1 + Cat) 5 T [Cs + (Cy + kC)x] o T Ceu 50
0
+[L + (Cy — Cg) arctan v](1 + 02)% .
Therefore the largest £ extension of Lp is given by the operators (3.9) and

0 0 ) 0
X5 = lm% +u% — (14w )arctanv%-
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IV. Sketch of a qualitative model in detona-
tion

As is well known when we consider the model of a binary reacting mixture of
inviscid compressible gases by assuming that flow is adiabatic and neglecting
diffusive effects, the governing system consists of the following equations:

ptpu =0, a+ P _o c—Pi_o Aoy (4.1)
pdx I
where the independent variables ¢ and x represent the time and space, and
p,u, e, and A\ represent, respectively, density, particle velocity, internal en-
ergy, and reaction progress variable (0 < A < 1) given by the mass fraction
of the product.

The pressure p and reaction rate 7 are given as constitutive functions,

describing the mixture

p=0plp,e;A), 7=7(p.e ). (4.2)

The qualitative model, to which we apply the simplified approach ex-
posed in previous sections, is defined by the system of equations

dp
_— = A =7 4:
Pt + I 0, A=r (4.3)
with
p= ﬁ(p’ /\)7 r= f’(p, /\) (43/)

This system is a simplified mockup of the physical system (4.1) and can be
regarded as a prototype of Euler’s equations describing reactive compressible
adiabatic flows.

This model was introduced by Fickett in [35] and widely discussed in
[36] ( also see [48], [37], [109]). The number of original field variables is
reduced to p and A, while the first three original equations of the "real”
model are replaced by the first equation in (4.3).

The equation of progress of reaction is retained, but in a simplified form.
Also, the equation of state and rate equation are retained, but they depend
only on two arguments instead of three. Some variations are introduced in
these equations in order to adapt them to some classes of phenomena. Here
we consider an irreversible and exothermic reaction. In this case it is usual
to assume the following form of the state equation for pressure:

. 1
p(pv )‘) = E(pQ + q)‘)v q = const., (44)
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where ¢ > 0 is the heat of reaction.
Hall and Ludford [48] generalized this form of p by assuming

b= 51" +afOV)

and specialized the function f in the form
f(A) = A" (nis a positive integer).

In agreement with this, here we also consider the following form of p :
1
b= 5l +a(2r— )] (4.5

A rate equation, the most general form of which was considered in [36],
is given by
P =kR(p)G(N),

where k is a rate multiplier and G()) is the depletion factor. Following [36]
we put G(A) = (1 — A\)™, where m is a real positive number. So we write

7 =k(1—XN"R(p). (4.6)
When we take R(p) = 1 the rate function assumes the following form:
P =k(1—\)™.

In this case the second equation in (4.3) is decoupled and the reaction
proceeds independently of p.

V. Application of the method to system (4.3)

We first rewrite the projection Z [cf. (3.1)] of the equivalence operator
(2.17) in physical notations:

0 0 . 0
7 = (05 + C6p)— + O'()\)— + [(04 + Cﬁ — Cg)p + C7]—A
8p O\ 9 8}9 (51)

o

Here we consider the following two cases for the form of constitutive
equations (4.3').

Case 1:

+[o' () — Cy7
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The invariance condition for Eq. (5.2) is written

1
Z1p— =(p*>+ g\
p 2(/) +q)(5'2)

= [(Cy+ Cs — Co)p + Cs] — Csp — Cgp? — ga -

1
= 5(04 — 06 — 02)p2 + 5(04 + 06 — 02)/\ + 07 — C5p — gO’ = 0.
It follows that

2
04 = CQ + 067 05 = O, g = 206)\ + —C7. (54)
q

The invariance condition for (5.3), by using (5.4), is written as

2|7 k1= N"R(p)| = (206~ C)(1 = \)"R(p)
Fom(1 — Ay <C6>\ + %)R(p) eI = N"pR(p) = 0.  (5.5)

It follows that a nontrivial extension of the principal algebra Lp exists only
if

pR'(p) =1, [ = const. (5.7)
We substitute the solution
R(p) = hp', h = const., (5.8)

of Eq. (5.7) into Eq. (5.5) to obtain

We use Proposition 8.2 and summarize the equations (5.4), (5.6), (5.8) and
(5.9) as follows.

The system (4.3) with the constitutive equations (5.2) and (5.3) admits
an £- extension of the principal algebra Lp [cf. (3.7)] iff

1
p=5"+aq\), F=K1-N"p (K =kh).
The corresponding system (4.3),

pe+ ppa + gAx —0, M\=K(1-\N", (5.10)
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has the symmetry algebra spanned by

0 0
Xl—a, X2—%7 (5.11)
0 0 0 0

Some results of [109] are also related to this case.
Case 2: Here we take

b= 51" +a2A— )], (5.12)

and 7 of the same form (5.3) as in the previous case.

The invariance condition of Eq. (5.12) is written

1
Zlp =5 +a@r =) =0
b= 5"+l D] o0
and implies
1
Cs=0, Cy=0Cy+Cs o= T [Cs(2X — A?) + C4].

The invariance condition of (5.3) yields
C7_Cﬁ, O':CG()\—l),
R(p) = hp', Cy=(1—m—1)Cs.

Now we summarize.

The system (4.3) with constitutive equations of the form (5.12) and (5.3)
admits an £- extension of the principal algebra Lp if the function R(p) is
of the form (5.8). The corresponding system (4.3),

petppe +a(l=MNA =0, A\ =K(1-N)"p, (5.13)
has a symmetry algebra Ls spanned by (3.7) and
9, 0 15} 0
Xs=(1—-—m-—-Dt— 2—m—1)x— — —1)—- 14
o= (Lmm =t 2 —m—logs +p + (= Dgne (14)
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Appendix: Calculation of L¢

Here, a detailed solution of the determining equations for the equivalence
algebra Lg¢ of Egs. (1.1) is offered.
After (2.14), Egs. (2.3) and (2.4) are written as

1
(G + puly + poCl + W3l twivy =0, - =0 (A1)
w =0, wy=0, wi=0, w;=0. (A2)

We solve these determining equations, taking into account Eqgs. (2.2).
According to the prolongation formula (2.10"), we have

i = Di(n') = wDy(€") = up Dy(€7) (A3)
=0y + up +wny, = ug(§) A wy +0igy) — ua(§ + ikl - viEd),
G = De(n') — weDy(€') — us Do (€7)
= My Ualy + VTl — (€ + el + 02E}) — Uy (U6l + 0,60 + 0,6,

(¢ = Di(n*) — v:Dy(§') — v Di(€?)

=07+ ugy + vn; — v(& + wly, + 0gy) — va(& + wll + vk,
G = Do(”) — Do (€') — v, Do (€7)

= 10+ Ualy + V2l — U6} F U2l + 0E)) — Vo (€] + Wl + vaEY).

In view of equations p; = p, = g; = ¢, = 0 from (2.2), the differentia-
tions (2.16) are reduced to

R Y )
- 9 o~ a9 a8 2
-2 p =2 9
"= or T ow TPy Ty

and the prolongation formulas (2.15) become

wi = Dy(1t) — peDy(€Y) — poDe(€2) — puDi(n') — puDy(i?)

= {1t — pun — Py (A4)
w% = 595(,Ul) - ptﬁx(fl) - pxbx(ég) - puﬁx(nl) - pvﬁx(nz)
= [} — PuTly — Dol (Ab)

= Dy(1®) — 9:Di(€Y) — g2 Di(€) — 9uDe(n") — g Di(n?)
= 17 — g — GuTi, (A6)
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W% = ﬁm(:u2) - gtﬁx(é) - ngw(f2> - guﬁm(nl) - gva(UQ)

= [t} = Gully — GuTTss (A7)
w?l, = DU(UI) _ptDU(gl) _pxbu(€2) _puDU(nl) _vaU(HQ)

= Ly, + Dubly + Gubly — Dully — Dol (A8)
wi = Dv(:ul) - ptDv(gl) - prv<52) - puDv(nl) _vav(nQ)

= fy + Duply + Golly — Dully — Dullo- (A9)

First we solve Egs. (A2), which, after (A4)-(A7), are written as
=Dty = P =0, i — puily — ptly = 0,
= guy = 9oty =0, iy = gutl, — Gutly = 0.

Since here uf,n' are independent on py, Py, Gu, gu, it follows that
pe= =0, np=n,=0, i=12 (A10)
After (A10) and (2.2), the second equation in (A1) is written as

P (u,0,p,9) = ¢
= (Putts + Dovs) (96, + 0ol — 1) + (1 + & — va8)g — &, 9" — & v
and implies immediately that
gg’LlL + Umgi - 773 =0

or

£.=0, &=0, 7 =0, (A11)
and also
&§=0, &=0. (A12)
Thus p? is equal to
pr=(nr—&)g— &9 (A13)

and, according to (A10) and (A11), depends on v and g only. Differentiation
of (A13) with respect to ¢t and z gives rise to

It follows from Eqgs. (A10)-(A14) that
¢ =Ct+al@)+8(v), & =),

771 = 771(%“)7 772 = U(”) <A15)
pt = pt(u,0,p,9), p*=[o'(v) = Clg—pF'v)g"
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Consider now the remaining determining equation, namely the first
equation in (Al).
After (2.2) and (A15), the formulas (A3), (A8), and (A9) give rise to

G = (Putte + Pova)[C =1y + B'(0)g] + gmy,

(3 = uaty + Vot + (Putts + povs) [0 (2) + B/ (V)0s] — 7/ (2) s,
G =0'(V)ve — [a'(z) + §'(v)vzlg — 7' (2)0s,

Wy = f, + Pupy + Gully — Dully,

Wy = Jy + Dot + Gulty — Pully — oo (V).

We substitute these expressions into the first equation (Al), and af-
ter easy calculations find the following general solution of the determining
equations:

51 = C'1 + C2t7 £2 = Cg + C4I,
n'=Cs+Ceu, n1°= a(v), (A16)
pt = (Cy+ Cs — Co)p+ Cr,

p* = lo'(v) — Calg.
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Group analysis - a microscope
of mathematical modelling.

I: Galilean relativity in
diffusion models

N. H. IBRAGIMOV

Original unabridged manuscript partially published in [59], [63] and [64].

Principles of invariance and symmetry play a significant part in philos-
ophy, mathematics, physics, engineering and life sciences.

In particular, Felix Klein [77] noted that the special theory of relativity
is, in fact, a theory of invariants of the Lorentz group.

The aim of this series of papers is to extend Klein’s idea and to clarify
a significance of Lie group analysis in mathematical modelling in general.
In these papers, however, no adherence to general theory is attempted, the
emphasis is rather on physically relevant examples. The series comprises
three parts, namely,

Part I: The Galilean relativity in diffusion models,

Part II: Dynamics in the de Sitter space,

Part IIT: Comments on explanation of Mercury’s anomaly

Physical effects hinted by Lie group analysis and discussed in this series
are relatively small and difficult to observe. But small effects are some-
times of fundamental significance for the theory, specifically if we deal with
description of real world phenomena.
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§ 1 Introduction

The invariance of the heat equation with respect to the Galilean transfor-
mation was discovered by S. Lie [85] in the case of one spatial variable and
by J.A. Goff [44] in the case of three spatial variables. However, a physical
significance of the Galilean invariance has not been elucidated until recently.

I enunciated in [59] the principle of Galilean relativity in diffusion prob-
lems. In what follows, I provide a systematic development of this approach
by considering the linear thermal diffusion. The Galilean relativity expresses
the independence of the fundamental physical law of heat balance upon a
choice of inertial frames. It is shown that the derivation of the heat con-
duction equation can be based totally on the Galilean relativity principle,
without using Fourier’s law.

A physical consequence of the validity of this principle is that the phe-
nomenological temperature, defined by Fourier’s law, depends upon a choice
of an inertial frame.

Finally, it is shown that the thermal diffusion with an arbitrary initial
distribution of temperature is determined uniquely by the Galilean relativity
principle, without using the differential equation of heat conduction.

The concluding section is devoted to nonlinear diffusion type equations.

1.1 Some comments on special relativity

Let us discuss the idea of Lorentz invariance in physics by considering the
following well-known examples.

Consider, in the space (x,y, z,t), the Lorentz transformation describing
the motion of a reference frame with a constant velocity V' along the z axis:

, x+ Vit , o t+x(V/c?)

J— ,: —
x_wv ?/ yv < 2, m )

where 3% = V?2/c? and ¢ = 3 x 10'%m/sec. is the light velocity in vacuum.

Egs. (1.1) determine, e.g. the transformation of velocities. Consider the
particular case of motion parallel to the z axis. If an observer at rest in the
original reference frame (x,y, z,t) detects the velocity u, then an observer
at rest in the inertial frame (z',y/, 2/, t') moving with velocity V' along the
x axis will detect the velocity

o u+V
1+ u(V/e2)

Likewise, one finds the transformation law of the volume €2 of a body:

Q=01 - 52 (1.3)

(1.1)

(1.2)
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It follows that the particle density p undergoes the transformation

/ P
p Ve (1.4)
The transformation law (1.4) is an immediate consequence of (1.3) and the
“physically natural” assumption that the number pdS2 of particles in a given
volume df) is Lorentz-invariant.

From point of view of an observer in the moving reference frame, u, €2, p
and v/, ', p’ can be considered as proper and effective velocity, volume and
density, respectively.

If the velocity V is significantly smaller than the velocity of light, then
the Lorentz transformation (1.1) is written approximately as the Galilean
transformation

¥y=x+Vt, y=y, =z =t (1.5)
whereas Egs. (1.2) and (1.3)-(1.4) lead to the Galilean addition of velocities
u=u+V (1.6)

and the laws of Galilean invariance of volume and density
=0, p=p, (1.7)

respectively.

We observe the Galilean addition of velocities (1.6) in everyday life while
travelling, e.g. by train. When the train sets out from a station, it is difficult
to perceive which of two trains, ours or a nearby train, is moving. This is
the commonly known Galilean relativity.

Unlike the transformation of the velocity, the law of Lorentz diminution
(1.4) of the density p is mainly of a theoretical value. Indeed, it is difficult
to imagine how one might practically detect the effective density p'.

1.2 Galilean group in classical mechanics

The Galilean transformations provide a group theoretic background of clas-
sical and continuum mechanics based on Newton’s laws of motion. In nu-
merous models of fluid mechanics, one deals with finite or infinite dimen-
sional extensions of the Galilean group represented in the space of physical
variables (density, pressure, velocity vector etc.). Consequently, fluid me-
chanics is, from group theoretic point of view, a classification theory of
extensions of the Galilean group, their representations and invariants.
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If a mechanical system is composed of particles obeying Newton’s laws
of motion, then the system will be described by a set of ordinary differential
equations of second order in which time is the independent variable. These
equations are invariant under the Galilean transformation. In particular,
this applies to systems consisting of arbitrarily large number of particles,
e.g., fluids. In fluid mechanics, the molecular character of the fluid is of no
direct interest and one can approximate a system by a continuum. Then
one is primarily interested in distribution of field quantities such as density,
pressure and velocity of fluid elements. It is remarkable that the hydrody-
namical approximation also obeys the principle of Galilean relativity. That
is, the differential equations are invariant under the Galilean transformation
(1.5) provided that the field quantities undergo a suitable transformation.

Consider, e.g. the one-dimensional gasdynamic equations

pr +upy + puy =0,
p(uy + uug) + pr =0, (1.8)
P+ ups + A(p, p)uy, =0,

where p, p and u are the density, pressure and velocity, respectively, A(p, p) is
an arbitrary function. The equations (1.8) are invariant under the Galilean
transformations (1.5)-(1.6) and the identity transformation p’ = p, p' = p
for the density and pressure.

1.3 Does temperature depend upon motion?

The usual approach to modelling of diffusion processes does not bear the
Galilean invariance of resulting differential equations. This invariance has
been revealed for the first time in 1881 by S. Lie in his paper [85] on the
group classification of linear second-order partial differential equations.
Consider the one-dimensional
heat conduction equation:

Up = Ugy (1.9)

The symmetry group of the
heat equation (1.9) contains,
in particular, the Galilean
transformation (cf. (1.5))

Does temperature
depend upon motion?

t=t, z=ux+2at (1.10)

describing the motion of the
reference frame by the velocity V' = 2a. Eq. (1.9) is invariant under the
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transformation (1.10) provided that the temperature u undergoes the trans-
formation

i = ue” (@), (1.11)

Thus, Lie’s result provides us with the positive answer to the question
whether the temperature in diffusion problems depends upon a motion of
inertial frames. To the best of my knowledge, a physical significance of
this result was not elucidated until recently. It seemed that the thermal
diffusion, unlike the classical and continuum mechanics, did not bear the
Galilean relativity as an essential principle.

On the other hand, it has been shown in [59] that the Galilean invariance
determines uniquely the fundamental solution and hence allows one to solve
the problem of heat diffusion with an arbitrary initial temperature without
using the differential equation of heat conduction. This is due to the fact
that the heat equation itself is uniquely determined by the requirement of
the Galilean invariance.

The present paper contains a discussion of both mathematical and phys-
ical aspects of the Galilean principle in thermal diffusion problems.

§ 2 Physical Postulates

The behavior of physical systems in diffusion processes is described by ne-
glecting the molecular character of the system. The elements of this ideal-
ized system are assumed to be unaffected by molecular fluctuations regard-
less of how small a volume is being considered.

Let us discuss a steady heat diffusion process in a homogeneous medium
of an arbitrary dimension n. We assume that the density p of the medium,
its specific heat ¢ and thermal conductivity k are positive constants. Let us
isolate, in the medium, an arbitrary domain €2 and denote by 02 and v the
boundary of 2 and the unit outer normal to the boundary, respectively. De-
note by u the absolute temperature, so that u = u(¢, ) is the temperature
field defined for any time ¢ and @ € €.

After J.B.J. Fourier’s 1811 paper on the theory of heat conduction and
his famous 1822 book Théorie analitique de la chaleur, the mathematical
model of thermal diffusion is usually based on the following physical laws
of heat balance in arbitrary domains 2.

First Postulate. The quantity of heat () in the domain €2 is propor-
tional to the mass of the domain and to its temperature:

Q(t):/ﬂpcu(t,w)dﬁ. (2.1)
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Second Postulate. Heat diffuses from a higher to a lower temperature,
and the heat flow is proportional to the gradient of temperature.

Third Postulate. For any domain €2, the rate of change of heat content
dQ/dt in Q is equal to the difference between influx and efflux of heat
through the surface 0. According to (2.1) and the Second Postulate, this
postulate is written:

pc@dQ = kVu - vdS. (2.2)
o Ot 0

The above three postulates do not include the invariance under Galilean
transformations. In other words, they do not specify whether the physical
laws of heat balance depend upon a choice of inertial frames. Therefore, I
complete the Fourier laws by the following fourth postulate expressing the
Galilean principle in diffusion problems.

Fourth Postulate. The heat balance equation is Galilean invariant.
Namely, the Galilean transformations (1.10), accompanied by a suitable
linear transformation of the temperature u, leave the balance equation (2.2)
unaltered.

The following statement shows that the fourth postulate determines how
the temperature T" behaves in different inertial frames.

Theorem 9.1. In order that the invariance Fourth Postulate hold it is
necessary and sufficient that the Galilean transformation

T=x+tV (2.3)

be accompanied by the following transformation of temperature:

U = ue Q=VHV) (2.4)
ere = ey 1S any constant vector, amn € positive constan
Here V = (V! V™) is any tant vect d th iti tant
k
a=—
dep

is known as the thermal diffusivity of the medium.

Proof. Let the balance equation (2.2) be invariant under the transforma-
tion (2.3) and
u= f(t,z,V)u (2.5)

with an unknown coefficient f(¢t,2, V) to be found from the invariance
condition of Eq. (2.2). For twice continuously differentiable functions u(t, x)
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the surface integral in the right hand side of Eq. (2.2) can be rewritten by
the divergence theorem in the form

/ kVu - vdS = / kdiv(Vu)dSQ.
o9

Q

Hence, Eq. (2.2) is equivalent to the differential equation of heat conduction
ur = 4daAu (2.6)

since the domain 2 is arbitrary. The usual infinitesimal invariance test of
Eq. (2.6) under the n-parameter group of transformations (2.3), (2.5) with
the group parameters V1, ... V™ yields

f _ e—a(2m~V+t|V|2)

Hence, the transformation law (2.4) is a necessary condition for the validity
of the fourth postulate.

One can verify by straightforward computation that the transformations
(2.3)-(2.4) leave invariant the integral equation (2.2) for any continuously
differentiable w(t,x) and any domain 2. Hence the transformation law
(2.4) is sufficient for the validity of the fourth postulate. This completes
the proof. See also § 3.

Thus, according to the Galilean principle, if an observer at rest detects
the temperature field

u=u(t,x),

an observer moving with the constant velocity V' will detect field in his local
coordinate system {Z} the following effective temperature:

u = UVIE=22 V) V).

§ 3 Derivation of diffusion equations from
Galilean principle

3.1 Semi-scalar representation of the Galilean group

The Galilean group comprises the time translations, the isometric mo-
tions, i.e. the translations and rotations, in the space IR" of variables

x = (z',...,2"), and the n-dimensional generalization of the Galilean trans-
formation (1.10). The respective generators of this transformations are:
0 0 -0 0
Xo=—, Xj=—, X;j=20——-2"—, 1,7=1,...,n, 3.1
°T o or 9T o T Vg MY (3.
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and

)
Y = 2t—
’ oxt’

It was shown by Lie [85] and, in a more general context, by Ovsyan-
nikov [103], [106] that a point symmetry group for linear partial differential
equations with one dependent variable u and any number of independent
variables z = {2’} has a special form. Namely, the transformations of the
independent variables do not depend upon w while the dependent variable
u remains unaltered or undergoes a linear transformation, i.e.

i=1,..n. (3.2)

2= fi(z,a), u =g(z,a)u+h(za). (3.3)

We will deal with homogeneous linear equations. In this case we can let
h(z,a) = 0, and hence consider infinitesimal symmetries of the form

, 0
X = 52(2)82" + u(z)u% : (3.4)
where o 5

Furthermore, any linear homogeneous equation admits the dilation of the
dependent variable, i.e. has the infinitesimal symmetry

0
T =u— - 3.5
1= % (3:5)
Therefore, we will add T3 to the operators (3.1), (3.2) and call the cor-
responding extended transformation group again the Galilean group and

denote it by G.

Definition 9.1. Let the group of transformations (3.3) do not change the
dependent variable u, i.e. v/ = u. Then w is said to be invariant or scalar.
Thus, transformation groups with a scalar u are given by generators (3.4)
with p(z) = 0.

The geometric uniformity of a medium means its invariance under iso-
metric motions in IR". Therefore, it is natural to assume that steady diffu-
sion processes in homogeneous media are governed by functions u that are
invariant under the time translations as well as translations and rotations
in IR". The situation is described by the following definition.

Definition 9.2. A linear representation of the Galilean group G is an ex-
tension of the action of G by linear transformations of the variable u. A
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linear representation is said to be semi-scalar if u is invariant under the
time translations and isometric motions in IR". That is, a semi-scalar rep-
resentation is determined by a Lie algebra spanned by the operators (3.1)
and by the operators of the form:
0 0 , 0
Th=u—, Y=t—+u't,x)u—, ,7=1,...,n. 3.6
L= un 5 TH G E)ug, 0 (3.6)
In the particular case p'(t,) =0, i = 1,...,n, the generators (3.1), (3.6)
define what is called the scalar representation of the Galilean group. The
scalar representation is naturally identified with G.

Theorem 9.2. There exist precisely two different semi-scalar linear repre-
sentations of the Galilean group. One of them is the scalar representation
G and the other is a proper semi-scalar representation with the generators

0 0 .0 -0
e L —_ o= ] ot
Xo=g Xi=ga Xe=¥e Vg
0 0 0
T, = u— Y, =2t— — 2'u— .7 =1,....n. )
1 uauy 7 @:EZ xuaua 1,] ) , (37)

Proof. According to Definition 9.2, the operators (3.1), (3.6) generate a
semi-scalar representation of the group G if and only if the linear span L of
the operators (3.1) and (3.6) is a Lie algebra. This condition is satisfied if

(X.,YileLl, a=0,1,....n; i=1,...,n, (3.8)
and
[Xij>Yk] el, ij5k=1,...,n. (39)
We have
X0V = 2+ 2 0 v = 28, 0 m e (3.10)

oa* " ou”

o ot ou
It follows from (3.10) and (3.8):
[Xo.Yi] = X; + CiTy,  [Xi,Yi] = CiTn,

or o Bus
4 e :
i Cl, -r _ Cz
ot O Qgk F

where C? are arbitrary constants for« = 0,1,...,nand 7 =1,...,n. Hence,

up to the addition of T} to Y;, we have

0 i i 0 -
Yi:t%qL(C’otJerxk)u%, ihj=1,..,n. (3.11)
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Substitution of the operator (3.11) into the conditions (3.9) yields
Ci=0, Cj=0Co,

where C' is an arbitrary constant and 4, is the Kronecker symbol. If C' =0
one arrives at the scalar representation G. In the case C' # 0 one can set
C = —% by choosing a suitable scaling of ¢ or . This proves the theorem.

Definition 9.3. The group with the generators (3.7) is called the heat rep-
resentation of the Galilean group and is denoted by H.

Thus, according to Theorem 9.2, there are exactly two distinctly different
semi-scalar linear representations of the Galilean group, namely, the scalar
representation G and the heat representation H.

3.2 [Extension by scaling transformations

In mechanics, scaling transformations (dilations) play an essential role. The
generator of an arbitrary dilation can be taken in the form

0 0 0
T=at—+blal— 4 ...+ b"2"— 3.12
a@t+ $8x1+ + T (3.12)
with arbitrary constant coefficients a and b°. The dilation of u can be elim-
inated by virtue of the operator 77 given in (3.5). The extension of the
heat representation H of the Galilean group by scaling transformations is
described by the following theorem.

Theorem 9.3. The Lie algebra spanned by the operators (3.7) admits an
extension by a generator of dilations (3.12). The extension is unique and is
obtained by adding to (3.7) the operator

o 0

(3.13)

Proof. Let L be the linear span of the operators (3.7) and an operator (3.12)
with undetermined coefficients a, b*. The Lie algebra condition requires that

T, X;;]e L, [T,Y:] e L. (3.14)
We have (no summation with respect to the repeated indices i, 5):

. 0
iy Gi=1,..n
er@:vﬂ) i,7 n

7, X5) = (¥~ b)Y
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Therefore the first equation (3.14) yields

bl=...=p"=b.
Hence,
0 -0
T = at— —

atat + bx 5

Now we have

T,Y;] = 2(a — b)ti - bmiu2
e oxt ou’

and the second equation (3.14) yields
a = 2b.
Thus, we have arrived at the operator (3.13).

Definition 9.4. The group with the generators (3.7) and (3.13) is termed
the extended heat representation of the Galilean group. This extension of
the group ‘H by scaling transformations is denoted by S.

3.3 Diffusion equations

Diffusion processes are described, in the linear approximation, by second-
order partial differential equations. Bearing this in mind, let us find all
linear second-order equations

a®?(t, & )uap + b*(t, T)ug + c(t, T)u = 0 (3.15)

satisfying the Galilean invariance principle. Here «,(3 = 0,...,n, and
2% = t. The subscripts «, 3 denote the derivations with respect z%, 2°.

Theorem 9.4. Equation (3.15) is invariant under the scalar representation
of the Galilean group G if and only if it is the Helmholtz equation

Au+ fu=0, = const. (3.16)

Proof. We have to investigate the invariance of Eq. (3.15) under the
generators (3.1), (3.2) and (3.3). The invariance under the translation gen-
erators X, (a =0,...,n) shows that Eq. (3.15) has the constant coefficients
a®® b, c. This equation is invariant under (3.3) as well because it is homo-
geneous. Thus, we have to determine the constant coefficients of Eq. (3.15)
from the invariance test under X;; and Y;°.
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Consider the operator X;;. Its prolongation to the first and second
derivatives has the form
0 -0 0

Xy =l — —a'— _
1T o x8x3+u]0ui

— Uy, + (§,iuaj + 5gukj — §ium~ — (5&14]“)

8—uj QU
where 7,7,k =1,...,n and a = 0, ..., n. Hence:

Xij(aaﬁuaﬁ + b%uy + cu) = ao‘iuaj + aikukj — a%uy; — aFuy; + biuj —Vu,;.
Using this expression and the well-known invariance condition one obtains
=0, dadv=as”, b =0, i,j=1,...,n,

and hence arrives at the following equation:

Auy + aAu 4+ buy + cu =0, A, a,b, c= const. (3.17)

Now we test Eq. (3.17) for the invariance under (3.2). The second
prolongation of the operator (3.2) has the form

0 9, 0 0
VY = - — Ui — 2uy — Uy
! taﬁ?z Y 8ut e 8utt s

Therefore, the invariance conditions
Y2 (Auy + aAu+bug +cu) =0, i=1,..,n,

are written
—2Auy; —bu; =0, i=1,..,n,
and yield A = 0,b = 0. Setting § = ¢/a, we obtain Eq. (3.16).

Theorem 9.5. Equation (3.15) is invariant under the heat representation
‘H of the Galilean group if and only if it has the form

uy = Au + Su, (3.18)
where A is the n-dimensional Laplacian in IR" and [ = const.

Proof. We have to investigate the invariance of Eq. (3.15) under the
generators (3.7) of the group H. As shown in the proof of the previous
theorem, the invariance under the translation generators X, (o = 0,...,n)
and the rotation generators X;; reduces Eq. (3.15) to the form (3.17). Thus,
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it remains to satisfy the invariance conditions of Eq. (3.17) under Y; from
(3.7). The second prolongation of the operator Y; has the form

0

0 0
Y, = 2t€)—x —a' u% — (2'uy + 2u2)8ut (Siu+x uk)(?uk
—(Qj Ut + 4um)%ﬁ — (5jut +x utj + 2U7,])Wt] — (5ku] + 5juk xXr U]k)au]k

The invariance conditions
Yi(Auy + aAu+ buy +cu) =0, i=1,...,n,

yield

A=0, a+b=0.
By setting § = ¢/a, one arrives at Equation (3.18), thus completing the
proof of the theorem.

3.4 Heat equation

Theorem 9.6. The extended heat representation S of the Galilean group
is a symmetry group for the heat equation

= Au. (3.19)

Furthermore, Eq. (3.19) is the only linear second-order equation (3.15) ad-
mitting the group S.

Proof. In virtue of Theorem 9.5, it suffices to identify those diffusion equa-
tions (3.18) invariant under the scaling transformations with the generator
(3.13). After simple calculations one obtains from this invariance condition
that 8 = 0, and hence arrives at Eq. (3.19).

Remark 9.1. The maximal Lie algebra admitted by the n-dimensional
heat equation (3.19) is spanned by (found for n = 3 in [44])

0 0 .0 -0 0 0
Xo=—, Xi=—, Xjj=0——-2'"—, Y, =2t— —2'u—
°T ot ori T g T ow i
0 0 0 0 0 1
Th=u=—, Tp=2t— Z=0=+t'— — ~(2nt Mu——
1T Yy ot gi T g gt F ez,
and by the infinite-dimensional ideal consisting of the operators
0
X, =7(t
T(t,®) 5,

where 7(t, ) is an arbitrary solution of Equation (3.19).



238 N.H. IBRAGIMOV SELECTED WORKS, VOL. II
3.5 Addition to the 2006 edition

The results of § 3 have been extended to the Lorentz group in [68]. It is
proved there that there exist two non-similar semi-scalar linear representa-
tions of the Lorentz group. One of them is the scalar representation with
the usual generators augmented by the generator T} of the scaling transfor-
mation, namely:

0 0 -0 )
Xo=— Xi=—, Xj=20'— —2'"—1
07 ot ox’ 1= 0r Y

0 0 2t 9
Ty =u— E:t ; "5 A, .7.:]-’2737
S 39:’+c28t )

where c is the light velocity. The other representation is the proper semi-
scalar representation defined by the generators

0 0 -0 o, 0
X:— Xi:—-a Xz: J T Z—., T: a5
07 o’ oxt R A L Y
Y;:taii—i—%%—axiu%, a=const. 20, 4,57=1,2,3.

The most general linear second-order equation admitting the proper semi-
scalar representation of the Lorentz group has the form

1

—uy = Au —au, + fu, «a, = const.
c

It is manifest that by letting here ¢ — oo we arrive at Equation (3.18).

§ 4 Solution of the Cauchy problem using
Galilean principle

The Galilean principle, specifically the invariance under the extended rep-
resentation S of the Galilean group can be used, e.g. for constructing the
fundamental solution and solving the Cauchy problem. This approach is
essentially simpler than the commonly used Fourier transform method. An-
other advantage of the new approach is its independence on a choice of
coordinate systems. Therefore the method can be applied to differential
equations with variable coefficients as well*.

* Author’s note to this 2000 edition: A general invariance theory of fundamental so-
lutions for parabolic and hyperbolic equations is presented in [65], Chap. 3. See also
Paper 21 in Vol. T of these “Selected Works”.
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4.1 Fundamental solution of the Cauchy problem

Recall that the distribution u = E(t,x) is called the fundamental solution
of the Cauchy problem for the heat equation (3.19) if it solves Eq. (3.19)

u—Au=0, t>0, (4.1)
and satisfies the following special initial condition:
u|t:O =d(x), (4.2)
where 0(x) is Dirac’s d-function and

u}t:O = tl—iglo E(t,x).

The theory of distributions reduces the solution of an arbitrary Cauchy
problem to calculation of the fundamental solution. Namely, if the funda-
mental solution E(¢, x) is known, the solution u(¢, x) of the Cauchy problem

u—Au=0 (t>0), u|t:O:u0(w) (4.3)
with an arbitrary initial data ug(x) is given by the convolution:
u(t,x) = E*xug = /uo(y)E(t, x—y)dy, t>0, (4.4)
R”

provided that the convolution (4.4) exists.

4.2 Symmetry of the initial condition

Theorem 9.7. The maximal subgroup of the extended heat representa-
tion S of the Galilean group leaving invariant the initial condition (4.2) is
generated by the operators

o .0
A= T
0 .0
Y, =2t— — 2'u— L9 =1, ... 4.
7 taxz xuaqj/? /L?] Y ?n7 ( 5)

Proof. The invariance of the initial condition (4.2) assumes, in particular,
the invariance of the initial manifold ¢ = 0 and of the support = 0 of the
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o-function. Thus, we write the invariance test of the equations t = 0, =0
with respect to the linear combination with constant coefficients,

X = COXQ + CiXZ' + Cinij + ZZY; + ]{flTl + ]{52T2,

of the generators (3.7), (3.13) of the group S. Inspection of the invariance
condition shows that ¢® = ¢/ = 0, i.e. the translation generators X, and
X; has been eliminated. Hence, the operators (3.7), (3.13) are restricted
to Xi;, Y, 11 and T5. Equation (4.2) is manifestly invariant under the
operators X;; and Y;, but it is not invariant under the two-dimensional
algebra spanned by 17, T5. Therefore, we inspect the infinitesimal invariance
test for the linear combination

; 0 0
(Th + kTg)|t:0 =55 + k‘u% , k= const.

Under this operator, the variable u and the J-function are subjected to the
infinitesimal transformations

u~u+aku, §~§—and.

It follows, that
U—06=u—0+alku+nd)+o(a),

and that
(@—19)|,_s = alk +1)d + o(a).

Hence, the invariance condition is written k£ +n = 0 and we arrive at the
operators (4.5).

Remark 9.2. Since the differential equation (4.1) admits the group S, the
operators (4.5) are admitted by both the differential equation (4.1) and the
initial condition (4.2). In other words, the group with the generators (4.5)
is a symmetry group of the special Cauchy problem (4.1)—-(4.2).

Remark 9.3. Egs. (4.1)—(4.2) admit, in addition to (4.5), the generator

0 o, 1
2 7 2
Z =t En +tx Fri —4(2nt+ || )u—u

of projective transformations (see Remark 9.1). However, this excess sym-
metry is not used in what follows.
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4.3 Calculation of the fundamental solution

Now we can show that the invariance under the heat representation of the
Galilean group determines the fundamental solution uniquely. Moreover,
computation of the fundamental solution does not require integration of
the heat equation. Namely, the following statement holds.

Theorem 9.8. There exists one and only one function, namely
E(t,x) = (2v/7t) " e I2I*/10), (4.6)

which is invariant under the group with the generators (4.5) and satisfies the
initial condition (4.2). The function (4.6) solves Eq. (4.1) as well. Hence it
is the fundamental solution of the Cauchy problem for the heat equation.

Proof. Let us first notice that the functionally independent invariants for
the operators X;; from (4.5) are ¢, r, u, where

r=lal =) 4 (@)

Now we restrict the action of the operators Y; from (4.5) to functions of
these invariants and arrive at the operators

For them, the independent invariants are
t and p= we” /4,

The last operator from (4.5) is written in these variables in the form:

0 0
Z1—nly =2t— — np—.
1 — Ny tat npap

It has one functionally independent invariant, namely J = ¢"/?p. Hence,
the function

J = (\/Z)"u e’/ (4t)

is the only independent invariant for the operators (4.5). Accordingly, the
general form of the function u = ¢(¢, ) which is invariant under the oper-
ators (4.5) is given by J = C, whence

uw=C(Vt) e/ O = const.
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Invoking the following equation known from theory of distributions:
1
lim ———— e /U0 — d(x),
t—+0

(2Vmt)
we obtain from the initial condition (4.2) that
C = (2ym)™

Thus, we have proved the uniqueness of the invariant function satisfying
the condition (4.2) and arrived at the fundamental solution (4.6).

Remark 9.4. It is worth noting that the proof provides also a practical
algorithm for constructing the fundamental solution. Furthermore, using
Equation (4.6), we conclude that the Poisson formula

/ u(y)e =¥/ gy ¢ >0, (4.7)

R’IL

u(t,x) =

1
2Vt
for the solution of the Cauchy problem (4.3) has been obtained solely by

the invariance principle, without integrating the heat equation.

Remark 9.5. According to the above construction, the fundamental solu-
tion (4.6) has the remarkable property to be independent on a choice of
inertial frames.

§ 5 Nonlinear diffusion type equations

Definition 9.5. An evolutionary equation
up = F(x, U, Uy, Uy (5.1)

is said to be diffusion type if it is invariant under the heat representation
H of the Galilean group (see Definition 9.3).

Theorem 9.9. The most general diffusion type equation (5.1) has the form

weo[(%)] o2

Proof. The reckoning shows that the generators (3.7) of the of the group H
in the case n = 1 have the following two functionally independent invariants
depending on w, Uy, Uy, Usy

Upy U .
J1 = uy — uxx, ng———‘”5<— )
X

Hence, the most general regular invariant equation is given by J; = ®(.Js),
i.e. by (5.2).
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Theorem 9.10. The most general diffusion type equation that is invariant
under the extended heat representation & of the Galilean group with the
generators (3.7), (3.7) (see Definition 9.4) has the form

2
U = kg, + (1 — k) % , k= const. (5.3)

Proof. Using the invariance test under the generators (3.7), (3.7) of the
group S, one can show that the group S has only one functionally indepen-

dent invariants depending on w, uy, Uy, Uy, namely:
uug — u?
— .

x

J =

Ullgy — U
The most general regular invariant equation is given by J = k, i.e. by (5.3).
Institute of Mathematical Modelling April 1990

Russian Academy of Sciences
Moscow
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Group analysis - a microscope
of mathematical modelling.
II: Dynamics in de Sitter space

N. H. IBRAGIMOV
Original unabridged manuscript partially published in [60], [66].

§ 1 The de Sitter space

Two astronomers who live in the de
Sitter world and have different de
Sitter clocks might have an interesting
conversation concerning the real or
imaginary nature of some world events.

F. Klein [78]

The present work provides a first step towards the relativistic mechanics
in the de Sitter space. It is based on an approximate representation of the
de Sitter group. Namely, the de Sitter group is considered as a perturbation
of the Poincaré group by a small curvature. In order to illustrate a utility
of the approximate approach, a derivation of exact transformations of the
de Sitter group is presented, then an independent and simple computation
of the first-order approximate representation of this group is suggested.
Modified relativistic conservation laws for the free motion of a particle and
unusual properties of neutrinos in the de Sitter space are discussed.

244
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1.1 Introduction

In 1917, de Sitter [30] suggested a solution for Einstein’s equations of general
relativity and discussed in several papers its potential value for astronomy.
This solution is a four-dimensional space-time of constant Riemannian cur-
vature and is called the de Sitter space.

Felix Klein [78] gave a remarkably complete projective-geometric anal-
ysis of the de Sitter metric in the spirit of his Erlangen program. Ear-
lier, Klein mentioned (see [77], p. 287) that “what modern physicists call
the theory of relativity is the theory of invariants of the four-dimensional
space-time x,y, z,t (the Minkowski space) with respect to a certain group,
namely the Lorentz group” and suggested to identify the notions “theory of
relativity” and “theory of invariants of a group of transformations” thus ob-
taining numerous types of theories of relativity. The de Sitter universe (the
space-time of a constant curvature) admitting, like the Minkowski space, a
ten-parameter group of isometric motions, the de Sitter group, served Klein
as a perfect illustration. Klein’s idea consisted in using the de Sitter group
for developing the relativity theory comprising, along with the light veloc-
ity, another empirical constant, namely the curvature of the universe. The
latter would encapsulate all three possible types of spaces with constant
curvature: elliptic, hyperbolic (the Lobachevsky space), and parabolic (the
Minkowski space as a limiting case of zero curvature).

The following opinions of the world authorities in this field give a com-
prehensive idea of utility and complexity in developing relativistic mechanics
in the de Sitter universe.

Dirac [31]: “The equations of atomic physics are usually formulated in
terms of space-time of the space of the special theory of relativity. ... Nearly
all of the more general spaces have only trivial groups of operations which
carry the spaces over into themselves, so they spoil the connexion between
physics and group theory. There is an exception, however, namely the de
Sitter space (without no local gravitational fields). This space is associated
with a very interesting group, and so the study of the equations of atomic
physics in this space is of special interest, from mathematical point of view.”

Synge ([117], Chapter VII): “The success of the special theory of rel-
ativity in dealing with those phenomena which do not involve gravitation
suggests that, if we are to work instead with a de Sitter universe, the curva-
ture K must be very small in comparison with significant physical quantities
of like dimensions (K has the dimension of sec™2). Without good reason
one does not feel inclined to complicate the simplicity of the Minkowski
space-time by introducing curvature. Nevertheless the de Sitter universe is
interesting in itself. It opens up new vistas, introducing us to the idea that
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space may be finite, and this seems to satisfy some mental need in us, for
infinity is one of those things which we find difficulty in comprehending.”

Giirsey [47]: “Since the de Sitter group gives such a close approximation
to the empirical Poincaré group and, in addition, is based on the structure
of the observed universe in accordance with Mach’s principle, there seems
now sufficient motivation for the detailed study of this group. What can
we expect from such study? The curvature of our universe being as small
as it is, can we hope to obtain any results not already given by the Lorentz
group? A tentative answer is that we should be optimistic for two reasons.
Firstly, the translation group no longer being valid in the de Sitter space,
we shall lose the corresponding laws of energy and momentum conserva-
tion. The deviations from these laws with the usual definitions of energy
and momentum based on the Poincaré group should manifest themselves in
the cosmological scale. These laws, however, will be replaced by the laws
of the conservation of observables corresponding to the new displacement
operators which in the de Sitter group have taken the place of translations.
It is in the light of these new definitions that such vague motions as the
creation of matter in the expanding universe should be discussed. Secondly,
we should see if new results are implied for elementary particles. Because
the structure of the de Sitter group is so widely different from the Poincaré
group its representations will have a totally different character, so that the
concept of particle, that we have come to associate with the representations
of a kinematical group will need revision. Another point worth investigat-
ing is the possibility of having new symmetry principles connected with the
global properties of the de Sitter group.”

One of obstructing factors is that in the de Sitter group usual shifts of
space-time coordinates are substituted by transformations of a rather com-
plex form (see Section 1.3). Therefore invariants and invariant equations
also become much more complicated as compared to Lorentz-invariant equa-
tions. In order to simplify the theory of dynamics in the de Sitter space by
preserving its qualitative characteristics, an approximate group approach
is employed here. The approach is based on recently developed theory of
approximate groups with a small parameter [14]. In this connection the
de Sitter group is considered as a perturbation of the Poincaré group by a
small constant curvature K (cf. [72]). The approximate representation of
the de Sitter group obtained in this way can be dealt with as easily as the
Poincaré group. To elicit possible new effects specific for dynamics in the
de Sitter universe it is sufficient to calculate first-order perturbations with
respect to the curvature of the universe because, according to cosmological
data, the curvature is a small constant K ~ 107°* cm 2.
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1.2 Notation from Riemannian geometry

We will denote by V,, an n-dimensional Riemannian space with the metric
ds® = g;j(z)da'da? (1.1)

where x = (z!,...,2") andi,j = 1,...,n. We use the convention on summa-
tion in repeated indices. It is assumed that the matrix |g;;(x)| is symmetric,
gi;(z) = g;i(x), and is non-degenerate, i.e. det|g;;(z)| # 0 in a generic point
z € V,. Hence, there exists the inverse matrix |g;;(«)|~" with the entries
denoted by ¢¥(z). By definition of an inverse matrix, one has g;;¢g/* = dF.

The length s of a curve z* = (o) (01 < 0 < 03) in V,, joining the points
T1, Ty € V,, so that 2'(0y) = 2}, x'(09) = %, is given by the integral

o2
s:/ Ldo, (1.2)

1

where A

dx’ (o)
do

If the curve has an extremal length, i.e. it provides an extremum to the

integral (1.2), it is called a geodesic joining the points x; and x5 in the space

V... The condition to be a geodesic is thus given by the Euler-Lagrange

equations with the Lagrangian (1.3):

d(aL> aL:o, i=1,...,n. (1.4)

L= \/gu(x)iiir il = (1.3)

do \0it) Oxi

If we set 0 = s, where s is the arc length of the curve measured from the
point z1, then the equations (1.4) of geodesics are written

d*a’ , dx? dx*

— () ———=0, i=1,...,n 1.5
ds2 + ]k‘( ) ds ds ) ’ s 10y ( )

where the coefficients I',, known as the Christoffel symbols, are given by

i1 915 | Oguk _ 9gjr
ik = 99 (637’“ * dxi Ozt ) (1.6)

It is manifest from (1.6) that I'}, = T'}.

With the aid of Christoffel symbols one defines the covariant differentia-
tion of tensors on the Riemannian space V,,. Covariant differentiation takes
tensors again into tensors. Covariant derivatives, e.g. of a scalar a, and of
covariant and contravariant vectors a; and a’ are defined as follows:
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Oa
Ok oxk
aai j
ik = 5% a; I
oa’
i JiTi
a +a’T
K oxk Jk

The covariant differentiation will be indicated by a subscript preceded by a
comma. For repeated covariant differentiation we use only one comma, e.g.
a; jr denotes the second covariant derivative of a covariant vector a;.

The covariant differentiation of higher-order covariant, contravariant and
mixed tensors is obtained merely by iterating the above formulae. For
example, in the case of second-order tensors we have

80%"
_ J ! l
Qijk = ok ailrjk — iy,
Oa¥l .
LV 1A Y] i
ET Ok +a"y, + a1y,
ai _ aa; + al Fl . aiFl .
ik = gk Ytk T Nt gk

For scalars the double covariant derivative does not depend on the order
of differentiation, a j; = a ;. Indeed,

0%a -~ Oa 5a - Oa
ajk: _ —Fz-k—,, akj = == _F;g'—-a (17)
’ OxI Qxk I Ox ’ Oxkoxi T Oxt
and the equation T, = T}, yields that a j. = a ;. However, this similarity
with the usual differentiation is violated, in general, when dealing with
vectors and tensors of higher order. Namely, one can prove that

l
Qi jk = Qikj + aR,

afjk = afkj - alRlijkv (1.8)
etc. Here l
ory, oy . m
Réjk - 8:1:;6 - 8:17’3 + Fikrlmj - Fijrink (1.9)

is a mixed tensor of the fourth order called the Riemann tensor. It is also
used in the form of the covariant tensor of the fourth order defined by

Rhpir = gthijk' (1.10)
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According to Egs, (1.8), the successive covariant differentiations of ten-
sors in V,, permute only if the Riemann tensor vanishes identically:

)

R, =0, i kl=1..n (1.11)

The Riemannian spaces satisfying the condition (1.11) are said to be flat.
The flat spaces are characterized by the following statement:

The metric form (1.1) of a Riemannian space V,, can be reduced by an
appropriate change of variables x to the form

ds® = (dz')® + - + (daP)® — (daPT1)? — -+ — (da™)?

in a neighborhood of a regular point z, (not only at the point () if and
only if the Riemann tensor Rﬁjk of V,, vanishes.

Contracting the indices [ and k in the Riemann tensor (1.9), one obtains
the following tensor of the second order called the Ricci tensor:

R:; déf Rk = arfk — aFZ
o= He = g T b

Finally, multiplication of the Ricci tensor by ¢ followed by contraction
yields the scalar curvature of the space V,,:

+ LRIk =TTk (1.12)

ij - mk*

R = g¢"Ry;. (1.13)

1.3 Spaces of constant Riemannian curvature

Recall the notions of curvature and spaces of constant curvature introduced
by Riemann [112] (for a detailed discussion, see [34], Sections 25-27).

A pair of contravariant vector-fields A\* and x° in a Riemannian space
V,, is called an orientation in V,,. Riemann introduced a so-called geodesic
surface S at a point z € V,, as a locus of geodesics through x in the directions

a'(z) = 7\ (x) + op'(z)

with parameters 7 and . Then the curvature K of V,, at x € V,, is defined as
the Gaussian curvature of S. The Riemannian curvature K can be expressed
via Riemann’s tensor Ry = gimRﬂl as follows:

Rz’jkl)\i/vbj)‘k:ul

K = . . .
(gikgjt — GGk )N I \F !

Definition 10.1. A Riemannian space V,, with the metric (1.1) is called a
space of a constant Riemannian curvature if K is constant, i.e.

Riju = K(g9ikgj — 9agjr), I = const.
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The following form of the line element (I keep Riemann’s notation) in
the spaces of constant curvature:

1 /
ds = W Zdl’Q (114)

was obtained by Riemann ([112], Section I1.4), whose name it bears.

In the case of an arbitrary signature, the Riemannian spaces V,, of con-
stant curvature are characterized by the condition that their metric (1.1)
can be written in appropriate coordinates in the form (see [34], Section 27):

1 . K ;
d52 = ﬁ Z Ei<dxl)27 9 = 1 + Z Z 6@'(:]:1)27 (115)

where each €; = £1, in agreement with the signature of V,,, and K = const.
Eq. (1.15) is also referred to as Riemann’s form of the metric of the spaces
of constant curvature.

1.4 Killing vectors in spaces of constant curvature

The generators

0
ox?
of the isometric motions in the space V,, with the metric (1.1) are determined
by the Killing equations
0Gij o¢l ol
The solutions & = (&1,...,&") of Egs. (1.16) are often referred to as the
Killing vectors. Let us write Egs. (1.17) for the metric (1.15). We have:

1 9gi K
gij = @ Ei(;ij7 8—xlj = _ﬁ € xr 61'62']'7 (118)
where 0;; is the Kronecker symbol. The indices ¢ and [ in the expressions
€:0;; and €', respectively, are fixed (no summation in these indices). Upon
substituting the expressions (1.18), Egs. (1.17) assume the following form:

X =¢(x)

(1.16)

=0,4,j=1,...,n (1.17)

O&! et K -
Eiéil@ + Ejéjl% — ? eiéij 12_1: 6Z£El€l = O,

or (no summation in 7 and j)

S - :
Gi@ TE€ o' - g E’L'(Sij Glxlé-l =0, ,j=1,...,n (119>

=1



10: DYNAMICS IN DE SITTER SPACE (1990) 251

The spaces V,, of constant Riemannian curvature are distinguished by
the remarkable property that they are the only spaces possessing the largest
group of isometric motions, i.e. the maximal number "(”TH) of the Killing

vectors (see, e.g. [34], Section 71). Namely, integration of Eqs. (1.19) yields
the 2 ”H - dimensional Lie algebra spanned by the operators
K ;. A\ 0
X; = (595 24 (2— 0)6,-53> . (1.20)
X =€) — — ezzzi (i < j)
ox' O’ ’
where 4,7 = 1,...,n, and 6% is the Kronecker symbol. In the expressions

€7’ and €;0% the index i is fixed (no summation). Likewise, there is no
summation in the index j in the expression €;z”.

Remark 10.1. The direct solution of the Killing equations (1.19) requires
tedious calculations. Therefore, I give in Section 3.2 a simple method based
on our theory of continuous approximate transformation groups.

1.5 Spaces with positive definite metric

The spaces V,, of constant Riemannian curvature can be represented as
hypersurfaces in the (n 4 1) - dimensional Euclidean space IR™**. Let us
dwell on four-dimensional Riemannian spaces V.

The surface of the four-dimensional sphere with the radius p :

GHG+E+E+6G =0 (1.21)

in the five-dimensional Euclidean space IR® represents the Riemannian space
V4 with the positive definite metric having the constant curvature

K=p7= (1.22)
Introducing the coordinates x* on the sphere by means of the stereographic
projection:
x“zi, w=1....4, (1.23)
1+ Gp!

one can rewrite the metric of the space V; in Riemann’s form (1.15):

4
1
52 = 5 Z dz)? (1.24)

where

K 4
O=1+—0 o= (z") (1.25)
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Remark 10.2. The inverse transformation to (1.23) has the form
xt C5 1 K 9
— X _ (1= . 1.26
It is obtained by adding

K 2 _ 1_C5p_1

0- S —
4 14+ Gpt

to the equation (1.23).

Let us consider the generators

X = (a)

oz

of the group of isometric motions in the space Vj of constant curvature with
the positive definite metric (1.24). In this case the Killing equations

e Gy 238 %3

Do T Imaggr T vy =0
have the form (1.19) with all ¢; = +1, i.e.
ot o8y K
— —(x- = =1,...,4 1.2
axlj + awu 9 (aj 5)5/111/ O? lu7 v Y Y 9 ( 7)

4

where x - & = Y 2%¢ is the scalar product of the vectors = and .
a=1

According to (1.20), Egs. (1.27) have 10 linearly independent solutions
that provide the following 10 generators:

X = 1+ —(2(z")? - 02)- — + =

r 1 K 0 0 0
_ 2\2 2 2 1 3 4
Xo= 1+ T RE) =) ga+ 57 [P g t g T gl
K 312 9 0 K ,r, 0 5 0 4 0
X = [1+ T RE) =) gm+ 57 |7 g + 7 5m T 7 gl
K 0 K 0 0 0
X, = |14 2 (9242 — 52 Noal 2 3
4 +4(($) a)_ax4+29§ x6x1+$8x2+ 9231
0 0
X =2"— a (,u<y, N:17273;V:1a27374)7 (128)
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where 02 = (2')? + (2%)? + (23)? 4 (2*)? defined in (1.25).
Let us verify that, e.g. the coordinates

€ =14 L)~ (12— () — (Y],
€2 — gxle, = %x%g’ I §ZE1$4

of the operator X; satisfy the Killing equations. We write

and obtain

4

K H K

Soarer = (1400t 0o = @ ).
p=1

Whence, dev e

1
B + h Kx' o,
and hence the Killing equations (1.27) are obviously satisfied.

The six operators X, from (1.28) correspond to the rotational symmetry
of the metric (1.24) inherited from the rotational symmetry of the sphere
(1.21) written in the variables (1.23). The other four operators in (1.28)
can also be obtained as a result of the rotational symmetry of the sphere
(1.21). To this end one can utilize the substitution (1.23) and rewrite the
rotation generators on the plane surfaces ({1, (), - - ., ({4, (5) in the variables
x. Unlike this external geometrical construction, the Killing equations give
an internal definition of the group of motions independent of embedding V4
in the five-dimensional Euclidean space.

x- & =0z,

Remark 10.3. The structure constants c? . of the Lie algebra L, spanned
by the operators (1.28) are determined by the commutators

(X, Xo) =KX, (X, X)) =X,
(X Xa) =0 (a# p,a#v),
(qu Xaﬁ) = 5WXVB + 5V5Xua - 5uﬂXW - 5vaXuﬁ'

It follows that the determinant of the matrix A, = cf,ch, is equal to
—6K*, and hence does not vanishes if K # 0. Thus, by E. Cartan’s theorem
(see e.g. [33], Section 45), the group of isometric motions of the metric
(1.24) with K # 0 is semi-simple. This fact is essential in investigation of
representations of the de Sitter group (see [47] and the references therein).
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Exercise 10.1. Deduce the operators (1.28) by both suggested approaches,
namely by the change of variables (1.23) in the rotation generators of the
sphere (1.21), and by solving the Killing equations (1.27).

Remark 10.4. It is manifest from Riemann’s form (1.15) that the spaces of
constant Riemannian curvature are conformally flat. In particular, the space
V, with the metric (1.24) is conformal to the four-dimensional Euclidean
space and has the metric tensor

1

9 = E(S

)

gV =0%%", pv=1,....4. (1.29)

Its Christoffel symbols I'}, and the scalar curvature R are given by

%, = = (52" — 602" — 65at), R=—12K. (1.30)

2
In Egs. (1.29), (1.30), 0., 6" and ¢}, denote the Kronecker symbol.

1.6 Geometric realization of the de Sitter metric

In order to arrive at the de Sitter space V; we set
=z, 2=y, =2 '=ctv-1, (1.31)

where ¢ is the velocity of light in vacuum. Then, according to Eqgs. (1.23),
the variable (4 is imaginary whereas (i, (5, (3 are real variables. As for the
fifth coordinate, (5, it is chosen from the condition that the ratio (5/p is
a real quantity. Hence, either both variables (5 and p are real, or both of
them are purely imaginary. If both (5 and p are real, Eq. (1.21) yields that
the de Sitter metric is represented geometrically by the surface (see [31])

GHE+G -G +¢ =0 (1.32)
If both (5 and R are imaginary, we have the surface
GHG+G—G-G=-p" (1.33)

Inserting (1.31) in (1.24) and denoting —ds* by ds? in accordance with
the usual physical convention to interpret ds as the interval between world
events, we obtain the following de Sitter metric:

1
ds* = ﬁ(02dt2 —d2® — dy* — d2?), (1.34)
where
K 990 2 9
Hzl—z(ct—x -y —2°). (1.35)

Egs. (1.22), (1.32) and (1.33) show that the de Sitter space can have positive
or negative curvature depending on the choice of the surface (1.32) or (1.33),
respectively. The geometry of these surfaces is discussed by F. Klein [78].
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1.7 Generators of the de Sitter group

Rewriting the operators (1.28) in the variables x,y, z,t defined by Egs.
(1.31) we obtain the following generators of the de Sitter group:

X1::1—|—§(1:2—y2—22+02t2)_§+5x[y§ +z§+t%:,
X2::1+§(y2—x2—22+02t2):%+§y[x%+2%+t%,
X3::1+Z(z2—x2—y2+02t2):(%+5 [xag—i-y&%—i-t%,
X4:é 1-— §<2t2+1‘ +y° +z)}§t—§t[xa%+ya%+2%
Xij:xjaii—xi%, Y, =t aiﬂul % i,7=1,2,3.  (1.36)

In other words, the de Sitter group is the group of isometric motions of the
metric (1.34). If K = 0 the de Sitter group coincides with the Poincaré
group (i.e. the non-homogeneous Lorentz group). Let K # 0. Then the
operators X;; and Y; in (1.36) generate the homogeneous Lorentz group
(the rotations and the Lorentz transformations). However, the operators
X1, X2, X3, Xy in (1.36) are essentially more complicated than the sim-
ple generators %, ai/ , aaz , Ev of the space and time translations in the
Poincaré group. The operators X7, X5, X3 and X, in (1.36) can be con-
sidered as the generators of the “generalized space-translations” and the

“generalized time-translations”, respectively.

§ 2 The de Sitter group

Attempting to find the group transformations ' = f#(x, a) by solving the
Lie equation

=M)), M=o =2a", p=1,...,4, (2.1)
for X7 or X, from (1.36), it is hard to disagree with Synge’s opinion cited
above. Nevertheless, let us check how these transformations look like.

2.1 Conformal transformations in IR?

Let us consider a relatively simple problem on determining the one-parameter
group of conformal transformations in the Euclidian space IR? generated by
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the operator

9]
X =+ x2)a—m - Qxy—y —2rz—-

In this case the Lie equations (2.1) are written

dz’

d_:y/2_i_z/2_xl27 :B/| L=,
a a=

dy’

aa - Voo =

d /

d_z = 217, Z| =%
a a=

VOL. II

To simplify the integration of Egs. (2.3), one can introduce canonical
variables u, v, w, where u, v are two functionally independent invariants, i.e.

two different solutions of the equation

aof of af
— 2 2_ 2 - - L A—
Xfi=w+2z—x )@:E Qxyay szaz 0,

and w is a solution of the equation
X(w) = 1.
Then rewriting the operator X in the new variables by the formula

0 9 B
X = X(u)=— + X(v)— + X (w)—
(u) g+ X (v) -+ X(w)5-

and invoking that X (u) = X(v) =0, X(w) = 1, one obtains

0

X=—-
ow
Hence, the transformation of our group has the form

!/ / !/
U = U, v =, w =w + a.

(2.4)

(2.5)

(2.6)

(2.7)

The solution of Egs. (2.3) is obtained by substituting in (2.7) the expressions
for w,v,w via x,y, z, and the similar expressions for ', v, w’ via 2/,y’, 2.
Thus, the problem has been reduced to determination of v and v from Eq.

(2.4), and w from Eq. (2.5). Let us carry out the calculations.
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Calculation of invariants v and v requires the determination of two in-
dependent first integrals of the characteristic system for Equation (2.4):

dx dy dz
x?2—y?2—22 2ry 2az

The second equation of this system, dy/y = dz/z, yields the invariant

u=—-
Y

Substituting z = uy into the first equation of the characteristic system one

obtains
dx dy

2 — (1+u?)y®> 2y

or, setting p = 22,

dp p

dy y
Taking into account that v is constant on the solutions of the characteristic
system, we readily integrate this first-order linear equation and obtain

p=uvy— (1 +u*)y?* v = const. (2.8)
Expressing the constant of integration v from (2.8) and substituting p = 22,
u = z/y, we obtain the second invariant

r2
v=—, T2:x2+y2+z2.
Y

In order to solve Eq. (2.5) we rewrite the operator (2.2) in the variables
u, v,y using the transformation formula similar to (2.6):
0 0 0
X = X(u)~ + X ()2 + X(y)=
()50 + X )50+ X5,
Since X (u) =0, X (v) =0, X(y) = —2zy, and Eq. (2.8) upon substitution
p = 2% yields x = \/vy — (1 + u2)y?, the operator (2.2) becomes

X = =2y\/vy — (1 + u?)y? a%'

Therefore Equation (2.5) takes the form
dw 1

P T T
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whence, ignoring the constant of integration, we obtain

1 14+ u? z
w g _— —_— — .
vy V2 72

Now we substitute the resulting expressions

T
_—= - _— = — _— = — Qa.
y/ y ) y/ y ) 2 r2 +

Solution of these equations with respect to x’, ¢/, 2/, furnishes the following
transformations of the conformal group with the generator (2.2):

, T + ar?
f— ,
14 2ax + a?r?
/ Yy
= 2.9
Y 14 2ax + a?r?’ (2.9)
z

14 2ax + a?r? '

2.2 Inversion

An alternative approach to calculation of the conformal transformations
(2.9) is based on Liouville’s theorem [93] which states that any conformal
mapping in the three-dimensional Euclidian space is a composition of trans-
lations, rotations, dilations and the nversion*

I = ::—27 Y1 = 7%7 k1= % (2.10)
The inversion (2.10) is the reflection with respect to the unit sphere. It pre-
serves the angles, i.e. represents a particular case of conformal transforma-
tions. It carries the point (z,y, z) with the radius r to the point (x1, 41, 21)
with the radius r; = 1/r (therefore it is also called a transformation of
reciprocal radii) and hence, the inverse transformation

T n 21
= 5> = 5> Zz = — (210/)

2
1 U1 1

*Liouville’s theorem was generalized to multi-dimensional spaces by Sophus Lie. A
detailed discussion is available in [90], Ch. 10, and [19], § 1.
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coincides with (2.10). If the inversion (2.10) is denoted by S, then the
latter property means that S™' = S. According to Liouville’s theorem,
the one-parameter transformation group (2.9) can be obtained merely as a
conjugate group from a group of translations H along the x-axis. Indeed,
if one introduces the new variables (2.10") in the generator of translations
X, = 0/0x, according to the formula (cf. (2.6))

0 0 0
X=58X1=X1(o)—+ X1(y)— + X1(2)=— 2.11
1 l(x)ax—'— 1(y)8y+ 1<Z)azv ( )
then by virtue of
2,2 .2
Xy(z) = Y1 +Z}1 ! — g
Ty
Xi(y) = —2:]614y1 = 2zy, Xi(z2)=—2xz
Ty

one obtains the operator (2.2). Therefore, the group G with the generator
(2.2) is obtained from the translation group

H: zg=x14+a, Y=y, 2=z (2.12)

by the conjugation
G =SHS. (2.13)

Indeed, mapping the point (x,y, 2) to the point (z1, ¥y, 2z1) by means of the
inversion (2.10), we write the transformation (2.12) in the original variables
_rtar? Y

z
Ty = s Yo = ﬁ 29 = ﬁ . (214)

2
Now according to (2.13) let us make one more inversion

/ T2 / Y2 / 22
x’ _— —27 o —2 Z = —2 .
T T T

Substituting here the expressions (2.14) and the expression

(x4+ar?)? +y*+2° 14 2ax+ a*r?
ré - 72

2 _
Ty = y

we arrive precisely to the transformations (2.9) of the group G.

Remark 10.5. Note, that the inversion, like any conformal transformation,
is admitted by the Laplace equation. Specifically, the Laplace equation

AU = Ugy + Uyy + Uz, =0
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is invariant under the transformation (2.10) of the independent variables
supplemented by the following transformation of the dependent variable w :

U = ru. (2.15)

Thus, Equations (2.10), (2.15) define a symmetry transformation

£7 y1:£7 21237 U1:T’U, (2.16)

I =
72 72 72

of the Laplace equation known as the Kelvin transformation.

2.3 Bateman’s transformations

As mentioned in Remark 10.5, the inversion (specifically, the Kelvin trans-
formation (2.16)) is admitted by the Laplace equation and is widely used in
potential theory for elliptic equations. Upon obvious modification, inversion
can also be adjusted to the wave equation. Bateman [19], [20] found several
other transformations admitted by the wave equation that differ from the
inversion and the Lorentz transformations. We will consider here the fol-
lowing transformation (it differs from Bateman’s form given in [19], p. 76,
only by notation and the constant coefficient «):

. ao?-1 y _ 2 _ ao’+1
Tr = — , Y=« s =« s t=— )
2 x—ct T —ct xr —ct 2c x —ct

(2.17)

where
0% =1r? — A2

Remark 10.6. Bateman’s transformation (2.17) supplemented by the change
of the dependent variable

u=(x—ct)u

is admitted by the wave equation
Uy — AU =0
and hence is a conformal transformation in the Minkowski space-time.

We will use Bateman’s transformation (2.17) for determining transfor-
mations of the de Sitter group generated by a linear combination of the
operators X; and X, from (1.36). Let us rewrite the generator X = 0/0x
of translation group in the variables (2.17). In accordance with the formula
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of change of variables (2.6) we determine the action of the operator X on
variables (2.17), and by virtue of the equation

(2.18)

arrive at

Assuming that K > 0 and letting oo = 2/ V'K we obtain

_ 1 __ _
X: \/—E(X1+CX4>7

where X, X, are the corresponding operators from (1.36) written in terms
of the variables T, ¥, z, t. Thus, the Bateman transformation B :

_ o?—1 _ 2y
Tr = ——, = D a——
VK (z — ct) Y VK (z — ct)
2z . o+1
A AN U N 2.19
VEK(x — ct) VK (z — ct) (2.19)
where 02 = 22 + y? + 2% — 2t?, transforms the operator of translation
X = 0/0x into
_ 1 __ _
BX=X= <X1 v cX4>. (2.20)

We can get rid of the factor 1/ V'K by replacing the parameter @ in the
group with the generator (2.20) by the parameter

a=a/VK. (2.21)

Let us invert the transformation (2.19). Substituting x — ¢t given by
(2.18) into the expressions for g and z we obtain

Y z
= — - = — - . 2.22
y T —ct’ i T —ct ( )

Then (2.19) shows that the expression 62 = 7% + ¢ + 22 — ¢*t? has the form

5 Az +at)
52 — R (2.23)
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Equations (2.18) and (2.23) yield

x—ct:—# a:—l—ct:@
VE(@ —cl) 2 — cf)’
whence K& —4 Ko+ 4
r=——, t=——— (2.24)

WK (T —ct)’ 46\/?(2_7—05‘

Equations (2.22) and (2.24) define the inverse transformation B~ :

Ko*—4 Y
€T :—7 :—7,
' AV K (x — ct) v x —ct
Ko? +4
le—i, t1:0—+ (2.25)
x —ct dev K (x — ct)

for the transformation (2.19).

2.4 Calculation of de Sitter group transformations

I provide here the computation of finite transformations of a one-parameter
subgroup of the de Sitter group using Bateman’s transformation. It is useful
to compare these calculations with the calculation of approximate group
transformations given below in Section 3.3.

Equation (2.20) shows that the group G with the infinitesimal operator
X1 4+ ¢Xy and the group H of translations along the z-axis are conjugated
by means of the Bateman transformation:

G =BHB™".

Therefore one can use the following procedure for calculating the one-
parameter transformation group generated by X; + cX,. First one moves
the point (x,v, z,t) to the position (x1,y1,21,t1) by applying the map B~}
and writes the translation

To=T1+a, Yo=Y, 2=z, la=1h
in the original variables in the form
Ko? — 4+ 4avVK(x — ct) y
Ty = ’ =
AV K(x — ct)

z Ko?+14

-, t
v—ct’ 4evVK (z — ct)

Z9 =
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Then one applies Bateman’s transformation (2.19) to the point (9, y2, 22, t2).
To this end, one has to evaluate the expressions

2 2 2 2 2,2
0y =Ty + Y5+ 25 — Ly

and

\/E (ZL‘Q - CtQ).

Using the change of the parameter (2.21), the above expressions are written

1 K
2 _ _ lp 2 —
o5 x—ct{ (x—l—ct)—|—2a(4a )—l—Ka(x ct)}
and
— 24+ K —ct
R (1 — cty) = +x ib(; c )’

respectively. These equations together with the representation (2.19) of
Bateman’s transformation B furnish ultimately the point

(Q?I, y/v 2/7 t/) = B(l’g, Y2, 22, t2)

with the coordinates

w,:x+a—%[aa2+2a2(x—ct)] ,_ y
1—La(x —ct) ’ 1—Za(z—ct)’ (2.26)
, z p t+ 2 — £lao® + 2a*(z — ct)] .
z = y = .
1—La(z —ct) 1—La(z —ct)

In order to check that the transformation (2.26) leads to the generator
X + ¢Xy, one can single out in (2.26) the terms that are linear in a :

K K
a4 [1+Z((x—ct)2 — > —22)}61, Yy ~y+ Ey(x—ct)a,

K 1 K
2o+ Ez(x —ct)a, t' =t+- [1 - Z((a: —ct)+y*+ 22)]a, (2.27)
c

and compare the result with the coordinates of the operator X; + cXj.

The transformations of the whole de Sitter group, but in a realization of
the metric different from (1.34), are presented in [128], Chapter 13, § 3. A
matrix representation of this group in the metric (1.34) is available in [47].
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§ 3 Approximate representation of the de Sit-
ter group

In this section, the de Sitter group is considered as a perturbation of the
Poincaré group by a small constant curvature K. The approrimate repre-
sentation of the de Sitter group obtained here can be dealt with as easily
as the Poincaré group. A brief introduction to the theory of approximate
transformation groups given in Section 3.1 is sufficient for our purposes.

3.1 Approximate groups

The concept of approximate transformation groups was suggested in [14].
Here the necessary minimum of information about approximate groups is
given. For a detailed presentation of the theory of approximate transforma-
tion groups, see, e.g. [15] (Paper 6 in this volume).

Let f(x,¢) and g(z,e) be analytical functions, where x = (z!,..., z")
and ¢ is a small parameter. We say that the functions f and g are approx-
imately equal and write f ~ ¢ if f — ¢ = o(e). The same notation is used
for functions depending additionally on a parameter a (group parameter).

Consider a vector-function f(z,a,e) with components

fz,a,e),..., " (z,a,¢)

satisfying the “initial conditions” f%(z,0,e) ~ z' (i = 1,...,n). We will
write these conditions in the vector form

f(z,0,e) = x.

Furthermore, we assume that the function f is defined and smooth in a
neighborhood of @ = 0 and that, in this neighborhood, a = 0 is the only
solution of the equation

f(z,a,¢e) ~ x.

Definition 10.2. An approzimate transformation
¥ f(r,a,¢) (3.1)
in IR" is the set of all invertible transformations
/

x :g(x7a7€)

with g(x,a,¢) = f(z,a,¢).
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Definition 10.3. We say that (3.1) is a one-parameter approzimate trans-
formation group with the group parameter a if

f(f(z,a,e),b,e) = f(x,a+b,e). (3.2)

Let us write the transformations (3.1) with the precision o(¢) in the form

¥~ folz,a) +efi(x,a) (3.3)
and denote
0 0
fo(@) = % a=0’ Glr) = w a=0 (34)

Theorem 10.1. If (3.3) obeys the approximate group property (3.2) then
the following approximate Lie equation holds:

W = &o(fo +ef1) +e&i(fo+efi) +o(e). (3.5)

Conversely, given any smooth vector-function £(x,¢) = &o(x) + &1 (x) % 0,
the solution 2z’ &~ f(x,a,¢€) of the approrimate Cauchy problem

dx’
% ~ f(x/’(g)? (36)
o mw (3.7)

determines a one-parameter approximate transformation group with the
parameter a.

The proof of this theorem is similar to the proof of Lie’s theorem for
exact groups [14, 15, 16]. However, we have to specify the notion of the
approximate Cauchy problem. The approximate differential equation (3.6)

is considered here as a family of differential equations
dz' -
= =@, (3.8)

with the right-hand sides &(z, €) ~ £(x, ¢). Likewise, the approximate initial
condition (3.7) is treated as the set of equations

o] _ = alze), alze) = (3.9)

Definition 10.4. We define the solution of the approximate Cauchy prob-
lem (3.6), (3.7) as a solution to any problem (3.8), (3.9) considered with
the precision o(¢).
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Proposition 10.1. The solution of the approximate Cauchy problem given
by Definition 10.4 is unique.

Proof. Indeed, according to the theorem on continuous dependence on
parameters of the solution to Cauchy’s problem, solutions for all problems
of the form (3.8), (3.9) coincide with the precision o(e).

Definition 10.4 shows that in order to find solution of the approximate
Lie equation (3.5) with the initial condition (3.7) it suffices to solve the
following exact Cauchy problem:

d

£ =&lfo) folup =, (3.10)
d, "9

B s (), Al =0

Equations (3.10) are obtained from (3.5) by separating principal terms with
respect to €.

Example 10.1. Toillustrate the method, let us find the approximate trans-
formation group
o =xy+exy, Y =y, +ey

on the (z,y) plane defined by the generator

X=(01+ 5x2)% + 25:753/% .

The above operator X is a one-dimensional analogue of the operator X;
from (1.36). We have:

50 = (17())7 61 = (127 2a:y),

and the Cauchy problem (3.10) is written in the form

dx| dy,
d—ao =1, d—aO:O, xg‘azozx, y(’)‘a:():y; (3.11)
dz dy;
T = (20)% ot =200 7 = Ui, = O (3.12)
Egs. (3.11) yield z{, = z + a, y{, = y, and hence Eqs. (3.12) take the form
dz! dy;
b= (@+a? L =2(c+a), 2o =yl = 0.

da da



10: DYNAMICS IN DE SITTER SPACE (1990) 267

whence )
ot = 2%a+ va* + ga?’, Y, = 2xya + ya®.
Thus, the approximate transformation group is given by
1
v =x+a+ (a4 va® + gaS)E, y =y + (2rya + ya®)e. (3.13)

It is instructive to compare the approximate transformations with the cor-
responding exact transformation group. The latter is obtained by solving
the (exact) Lie equations

da’ dy’
a0 =t o= Hg=e =y
These equations yield:
,  sin(da) + oz cos(da) , Yy

Yy = 5, (3.14)

B 6| cos(da) — oz sin(da)] ’ [ cos(da) — bz sin(da)]

where 0 = y/e. The approximate transformation (3.13) can be obtained
from (3.14) by singling out the principal linear terms with respect to e.

3.2 Simple method of solution of Killing’s equations

Now we will carry out the program of an approximate representation of the
de Sitter group. Let us first apply the approximate approach to differential
equations outlined in Section 3.1 to the Killing equations (1.27) for the
metric (1.24). Setting

=& + K& +o(K), (3.15)

we obtains from (1.27) the approzimate Killing equations

ogy o5y | [osh | o

Ozv ~ Oz orv | Ozt (- &0)0u | =0, (3.16)
whence (cf. Egs. (3.10))
0% |, 05 _
axu 8$“ - 07 (317)
and s oer
1 1 _
g+ g~ (7 £0)0 =0, (3.18)

Equations (3.17) define the group of isometric motions in the Euclidian
space, namely rotations and translations, so that

g = aba” + b (3.19)
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with constant coefficients a# and b*. The coefficients a! skew-symmetric,
Le. a = —ay, therefore we have

4
v =b-x=) bar (3.20)
pn=1
Due to the obvious symmetry of Eqgs. (3.18) it is sufficient to find their
particular solution letting b = (1,0,0,0). Then Eq. (3.20) yields z - £, = 2!
and Egs. (3.18) take the form

0§ | 0&f

g ¥ 5o = 2'6,,. (3.21)
Solving Egs. (3.21) with g = v one obtains
1 1
6% = Z(xl)Q + 901<',L'27 1133, $4)7 6% = 51’11'2 + (102('%17 $37 :U4)7
1 1
&= 5951332 + (2t 2 pt), & = §wlx4 + ot (at, 22 2%). (3.22)
Using Egs. (3.22), we arrive at the following Eqgs. (3.21) with p=1:
oot dp” 1
¥ =0 =234
8x”+6x1+2x e
whence P21 )
¥
ZY L0, v=234
@z T2 VT
A particular solution to the latter equations is given by
1
ol = - [(z%)% + (%) + (z*)?]. (3.23)

One can easily verify that substitution of (3.23) and ¢? = ¢* = p* = 0
in (3.22) yields a solution to Egs. (3.21). Finally, combining Egs. (3.22),
(3.23), (3.15) and Egs. (3.19) with a# = 0,b = (1,0,0,0), one obtains the
following solution of the approximate Killing equations (3.16):

K 1,.v

¢ = 1—1—%[@1)2—(ac2)2—(x?’)2—(x4)2], ¢ =gl v=234 (3.24)

The vector (3.24) gives the operator X; from (1.28) and hence, according
to Section 1.5, it is an exact solution of the Killing equations (1.27). The
fact that the approximate solution coincides with the exact solution of the
Killing equations is a lucky accident and has no significance in what follows.
Of importance for us is the simplification achieved by the approximate ap-
proach to solving the Killing equations. All other operators (1.28) can be
obtained by renumbering the coordinates in (3.24). The transition from
(1.28) to the generators of the de Sitter group has been given in Section 1.7.
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3.3 Derivation of the approximate representation of
the de Sitter group

It is sufficient find the approximate representation of the de Sitter group by
takin one typical generator of the group, e.g. (1.36). Let us take ¢ = K/4
as a small parameter and write the coordinates of the first operator (1.36),

0 0 0 0
_ 2 .2 2 242
Xy = (L+ela? —y? — 22+ 27 5y T2 (y_(?y +25- +t_8t) , (3.25)

in the form £ = &) + ¢&;. Then
& =1(1,0,0,0), & = (2% —y? — 22 + 1%, 22y, 222, 20t).
In order to find the corresponding approximate group transformations
¥ =xptexy, Y =yytey, 2=z +ez, t'=ty+et)

we have to solve the Cauchy problem (3.10) comprising, in our case, the
equations

drhy b A A

da ’ da da da (3.26)

x€)|a:0 =2, y[/)|a:0 =Y, 26|a:0 =z, t6|a:0 = t,

and ”
dﬂil = 22—y — 2 P
dy} dz dt!
D —2alyh, =2z, = 2apth, (3:27)

x/1|a:0 = y/1|a:0 - Z“a:O = t,1|a:0 =0.

In order to solve the system (3.26), (3.26), we proceed as in Example
10.1. Namely, we solve Egs. (3.26) and obtain

ro=x+a, Y=y, 25=2, ty="=t. (3.28)

Then we substitute the expressions (3.28) in the differential equations from
(3.27) and arrive at the following equations:

/
dz}

=2? —y* — 22 + A+ 2za + a®,
da

dy} dz dt/
“h_ 2xy + 2ya, i R 20z + 2za, — = 2zt + 2ta.
da da da
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Their integration by using the initial conditions yields

/

1
2y = (2° —y* = 22+ P)a+ xd® + Zad,

3
/ p—
Yy, = 2zya + ya (3.29)
2, = 2rza + za?
t) = 2xta + ta®.

Combining the equations (3.28), (3.29) and substituting € = K /4, we obtain
the one-parameter approximate transformation group

K 1
r=x+a+ Z[(xQ —y? =22+ Atha+ wa® + §a3},
K
y =y -+ —(2zya+ya’),
4 (3.30)

K

Z=z+ Z(sza + za?),
K

t=1t+ Z(tha + ta?)

with the first generator (1.36):

K 0 K 0 0 0
o= (182222 L g 9
1 ( tal et ar 5 lvg, e Y
The transformations (3.30) can be called a generalized translation in the de
Sitter universe. In the case K = 0 they coincide with the usual translation
' = x 4 a along the z-axis, whereas for a small curvature K # 0 they have
little deviation from the translation.

Remark 10.7. Integration of the exact Lie equations for the generator
(3.25) yields the following exact one-parameter group:

2v/2 x cos(2ay/€) + (1 — e0?) sin(2a/2)

T= VE(l +e0?) 4+ /e(1 — e0?) cos(2a+/c) — 2 x sin(2ay/e)

_ 2y

Yo 112+ (1 —e0?) cos(22za\/§) — 2xy/esin(2a4/2) (3.31)
7 +e0?+ (1 — e0?) cos(2av/e) — 2x+/esin(2a+/e) ’

- 2t

f=

1+ ¢e02+ (1 — e0?) cos(2a+/2) — 2x+/zsin(2a/€)’

where 0?2 = 2% + y? + 2% — 22
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Exercise 10.2. Find the approximate group with the generator X, of the
generalized time-translations from (1.36).

The following exercise is useful for clarifying specific properties of the
Bateman transformations.

Exercise 10.3. Find an approximate group generated by X; + c¢X, and
compare the result with Egs. (2.26) in Section 2.4.

§ 4 Motion of a particle in de Sitter space

4.1 Introduction

The free motion of a particle with mass m in the space-time V4 with the
metric

ds® = g, (v)dztdz”

is determined by the Lagrangian

L = —mey/ g ()i, (4.1)
1

where z = (z!,...,z%) is the four-vector and # = dz/ds is its derivative
with respect to the arc length s measured from a fixed point xy. In other
words, the free particle moves along geodesic curves in Vj defined by the
equations (1.5),

d?z> ., L dztdx”
— = A=1,....4 4.2
ds? ) ds ds 0, o (42)

where the coefficients Fﬁy are the Christoffel symbols given by (1.6):

1 (67 aga agOCL a,gl,l/
Lo = 39" (axf + ST Apv=1234 (43

The factor —mec in (4.1) appears due to special relativity.
By using the Noether theorem, we associate with the generators

X = (o) (4.4)

of the isometric motions in Vj the following conserved quantities for the
equations of motion (1.5) (see [58], Section 23.1):
dz”
ds

T = mcgu, & (4.5)
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4.2 Relativistic conservation laws

The relativistic conservation laws are obtained by applying the above pro-
cedure to the Minkowski space with the metric

ds* = Adt* — da® — dy® — d2*. (4.6)

The group of isometric motions in the Minkowski space is the Lorentz group
with the generators (cf. (1.36))
0 0 -0 o, 0 1 .0

X=Xy =mal Y=t i (47
ot’ oxt T oxt v oxJ ox? + CQI ot (4.7)
where 7,7 = 1,2, 3.

Let us apply the conservation formula (4.5) to the generators (4.7). We
will write Eq. (4.5) in the form

Xo =

3
dx”
T = K 4.
ey et (43)
w,v=0
where
=t =2z 2=y, 23 =2 (4.9)

We will denote the spatial vector by & = (2!, 2%, #3). Accordingly, the physi-
cal velocity v = dx/dt is a three-dimensional vector v = (v, v? v3). We also
use the usual symbols (- v) and  x v for the scalar and vector products,
respectively.

Writing Eq. (4.6) in the form

ds = c\/1 - B2dt, (* = |v]*/c?, (4.10)

we obtain from (4.1) the following relativistic Lagrangian, specifically, the
Lagrangian for the free motion of a particle in the special theory of relativity:

L=—-mc*\/1— 3, (4.11)

Furthermore, we have:

da® 1 dz’ v
—_— —, —:—7 7,:1’2,3 412
ds  ¢cy\/1— 32 ds  cy/1— 32 (4.12)

Now the conserved quantity (4.9) is written:
T= [ (&-v)], (4.13)

JI-F
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where ;
(&-v) =) &
i=1

Let us take the generator X, from (4.7). Substituting its coordinates
€2 =1, =01in (4.13) we obtain Einstein’s relativistic energy:

mc?

F=—. (4.14)
V1 — (32

Likewise, substituting in (4.13) the coordinates of the operators X; and
we arrive at the relativistic momentum

X

iJ

p= 1Y (4.15)

V1—=p32
and the relativistic angular momentum

M =z x p, (4.16)

respectively.
The generators Y; of the Lorentz transformations give rise to the vector

m(x — tv) '
Vi

In the case of N-body problem, conservation of the vector (4.17) furnishes
the relativistic center-of-mass theorem.

Q= (4.17)

4.3 Conservation laws in de Sitter space

In the notation (4.9), the de Sitter space metric (1.34) is written

K
ds* cdt? — |dzl?), 0=1——(t" — |z|?), (4.18)

4
and Egs. (4.10), (4.11), (4.12) and (4.13) are replaced by

ds = 2\/1 —Brdt, B*=|v/, (4.19)

:@(

L=-mc*0"\/1— 32, (4.20)

0 k ’
o0 W 193 a2

ds o /T-p ds o JT_p2
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and
m

T = e\/ﬁ [6250 — (E . ’U):|7 (422)
respectively.

Let us apply (4.22) to the generalized time-translation generator X,
from (1.36) written in the form

0 K 2 xi : (4.23)

_ _5 242 PAY B
Xo = L=+ o)) 5 - Sta' 5

Substituting the coordinates

K , K .
0 =1- Z(c%t2 + |x|?), €& = —5021&:16’, i=1,2,3,
of the operator (4.23) in (4.22), we obtain the conserved quantity

i — 5(02152 + |z]?) + 5t(:l: : 'v)]

mc
T°:91/1_52[1 4 2

One can readily verify that the following equation holds:

1 [1 — 5(02252 + ]w\z)}

0 4
Therefore, Ty the yields the energy of a free particle in the de Sitter space:
mc? K
E=—"—|1+ —(tv—x) - x|. 4.24
N [1+ 5 9( v—x)- ] (4.24)

If K =0, we have £ = E, where E is the relativistic energy (4.14). If
K # 0, (4.24) yields in the linear approximation with respect to K :

5%E[1—§(m—tv)-az]

Similar calculations for the operators X; from (1.36) provide the mo-

mentum
m

K
P=——[2-0)v— —(t—x v)x|. 4.25
In the linear approximation with respect to K, it is written:

K 1
zp—EE[t(a:—tv)ng(a:xv) X @]

where £ and p are the relativistic energy (4.14) and momentum (4.15),
respectively. It is manifest that P = p if K = 0.
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By using the infinitesimal rotations X;; and the generators Y; of the
Lorentz transformations from (1.36), one obtains the angular momentum

1

and the vector
m(x — tv)

*Toi-p

respectively.

4.4 The Kepler problem in de Sitter space

Let us extend the Lagrangian (4.20) of the free motion of a particle to
Kepler’s problem in the de Sitter space. We will require that the generalized
Lagrangian possesses the basic properties of the Lagrangian in the classical
Kepler problem, namely, its invariance with respect to the rotations and
time translations. Furthermore, we require that when K = 0 and 5% — 0,
the generalized Lagrangian assumes the classical value

L=_-m|>+—, a=const. (4.26)
x

Therefore, starting from (4.20), we seek the Lagrangian of Kepler’s problem
in the de Sitter space in the form

L=-m0 /1 F+ ﬁem — ) (4.27)
T
with undetermined constants s and [. The action integral

/ Lt (4.28)

with the Lagrangian (4.27) is invariant with respect to rotations. Hence,
the invariance test (see [58])

Xo(L) + Dy(€9L =0 (4.29)

of the action integral (4.28) with respect to the generalized time-translations
with the generator (4.23),

_ K 50 09 K, ;0
Xo= [L= T+ )| 57 - St o
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will be the only additional condition for determining the unknown constants
k and [ in (4.27). Here Xy is the prolongation of the operator X, to v and
¢ is its coordinate at 2 :

K
€@ =1- Z(C2t2 + ||?).
The reckoning shows that

To(L) + Di(e)L = “K o

= S0 - - 20) = + st (4.30)

Therefore, Eq. (4.29) yields that s = 0 and [ = % This proves the following.

Theorem 10.2. The Lagrangian (4.27) is invariant under the group of gen-
eralized time-translations if and only if it has the form

L= {— mc0~" + ﬁ} V-3 (4.31)
T

Remark 10.8. A similar theorem on the uniqueness of an invariant La-

grangian is not valid in the Minkowsky space. Indeed, as follows from

(4.30), for K = 0 Eq. (4.29) is satisfied for any Lagrangian (4.27). Thus,

Theorem 10.2 manifests a significance of the curvature K.

Let us check that the Lagrangian (4.31) assumes the classical value (4.26)
when K = 0 and 3? — 0. Taking in (4.31) the approximation

L |of?
Vi-Pxl-p2=1—- "
g p 5 o2

and letting 3% — 0, we obtain

1
L= —m02+—m|v|2+&-
2 ||

2

Ignoring the constant term —mc?, we arrive at (4.26).

§ 5 Wave equation in de Sitter space

Recall the definition of the wave equation in curved space-times given in
[52], [53]. According to this definition, the wave equation in the space-time

V, with the metric ds* = g, (z)datda”, where x = (z',...,z"), is given by

1
Ou = ¢"'u 0 + ERU =0, (5.1)
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where R is the scalar curvature of V, and u,, is the second-order covari-
ant derivative. Upon substituting the expression (1.7) for the covariant
differentiation, the wave operator defined by Eq. (5.1) is written

L 0*u , Oa 1
DU = g“ (axuaxu —_ FH”%) + ERU, (52)

Characteristic property of Eq. (5.1) is that it is the only conformally in-
variant equation in Vj provided that Vj has a nontrivial conformal group.
Moreover, in V; with a nontrivial conformal group, (5.1) is the only equation
obeying the Huygens principle [54].
The wave operator (5.2) in the de Sitter space with the metric (1.34),
1

ds® = @(CZdﬁ —da? — dy* — d2?), (5.3)
can be written explicitly by using the expressions (1.30) and the change of
variables (1.31). However, it is simpler to use the equation (see [52])

Ou = HO(Hu) (5.4)

connecting the wave operators L] and [ in the the conformal spaces Vj and
V, with metric tensors g,, and g,,, respectively, related by the equation

Guv(x) = HQ(x)gW(x), v =1,...,4. (5.5)

In the case of the metric (5.3) we have H = #~! and [J is the usual wave
operator in the Minkowski space. Therefore, using Eq. (5.4) we obtain the
following wave operator in the de Sitter space:

- 1 2 2 9\,
(- _ = = _ = el
Hu="0 (c2 o2 02 oy au2) (5) (56)

Hence, we arrive at the following statement.

Theorem 10.3. The solution to the wave equation

DOu =0 (5.7)
in the de Sitter space is given by
u=~0wv, (5.8)
where v is the solution of the usual wave equation,
Vgt — C2(U$x + Uyyyy + uzz) = O, (59)
and
K 5 2 .2 2
0=1——(ct"—z°—y" — 2°). (5.10)

4
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§ 6 Neutrinos in de Sitter space

In the present section, a specific symmetry of the Dirac equations for par-
ticles with zero mass (neutrinos) in the de Sitter space-time is considered
in the framework of the theory of approximate groups. A theoretical con-
clusion of this section is that, in the de Sitter universe with a constant
curvature K # 0, a massless neutrino splits into two “massive” neutrinos.
The question remains open of whether this conclusion has a real physical
significance and of how one can detect the splitting of neutrinos caused by
curvature.

6.1 Two approximate representations of Dirac’s equa-
tions in de Sitter space

Dirac’s equations in the de Sitter space [31] for particles with zero mass
(neutrinos) can be written in the linear approximation with respect to the
curvature K as follows:

0 3
7“8_3 _ ZK(x )¢ = 0. (6.1)

Here 4* are the usual Dirac matrices in the Minkowski space, ¢ is a four-
dimensional complex vector, and

4
(€)= a'y"
pn=1

The following propositions can be proved by direct calculations.

Proposition 10.2. The substitution

3
v=6-KPo. (62

reduces Eq. (6.1), in the first order of precision with respect to K, to the
Dirac equation in the Minkowski space,

O

v Oh (6.3)

Note that Eq. (6.3), due to homogeneity, is invariant under the following
transformation of the variables z:

y' =dxt, 1=+v-1. (6.4)
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Therefore, by setting
o(x) = ¢(y), (6.5)
we can rewrite Eq. (6.2) in the form

3
w=w+§KM%- (6.6)

The invariance of Eq. (6.3) with respect to the transformation (6.4)
means that
u OY

0. 6.7
vaw (6.7)
Substitution of (6.6) into Eq. (6.7) yields:
0 3
Jﬁ+—K@/w¢=0 (6.8)

8y/‘

Eq. (6.8) coincides with the Dirac equation (6.1) in the de Sitter space-time
with the curvature (—K).

Proposition 10.3. The combined system of equations (6.1), (6.8) inherits
all symmetries of the usual Dirac equation (6.3). Namely, the system (6.1),
(6.8) is invariant under the approximate representation of the de Sitter
group and under the transformation (6.4) - (6.5). Moreover, it is conformally
invariant in the first order of accuracy with respect to K.

6.2 Splitting of neutrinos by curvature

The above calculations show that the Dirac equations in the de Sitter uni-
verse have the following peculiarities due to curvature.

6.2.1 Effective mass

The equation (6.1) can be regarded as a Dirac equation
99
ol D

with the variable “effective” mass

+me = (6.9)

m = —ZK(Z’ ) (6.10)

Then, in the framework of the usual relativistic theory, neutrinos will have
small but nonzero mass. It follows from Proposition 10.3 that the “massive”
neutrinos move with velocity of light and obey the Huygens principle on
existence of a sharp rear front.
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6.2.2 Splitting of neutrinos

Since the equations (6.3) and (6.7) coincide, there is no preference between
two transformations (6.2) and (6.6), and hence between Egs. (6.1) and (6.8).
Consequently, a “massless” neutrino given by Eq. (6.3) splits into two “mas-
sive” neutrinos. These “massive” neutrinos have “effective” masses

3
my = —Zk(x~fy)
and
3
me = ZK([E’}/)

and are described by the equations (6.1) and (6.8), respectively. These two
particles are distinctly different if and only if K # 0. One of them, namely
given by the equation (6.1), can be regarded as a proper neutrino and the
other given by the equation (6.8) as an antineutrino.

6.2.3 Neutrino as a compound particle

I suggest the following interpretation of the above mathematical observa-
tions. In the de Sitter universe with a curvature K # 0, a neutrino is a
compound particle, namely neutrino—antineutrino with the total mass

m=my +mg = 0. (6.11)

It is natural to assume that only the first component of the compound
is observable and is perceived as a massive neutrino. The counterpart to
the neutrino provides the validity of the zero-mass-neutrino model and has
the real nature in the antiuniverse with the curvature (—K). A physical
relevance of this model can be manifested, however, only by experimental
observations.

Institute of Mathematical Modelling October 1990
Russian Academy of Sciences
Moscow
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Experience gained from solving concrete problems and reading lectures
on various aspects of mathematical physics has convinced me that quite a
few phenomena (diffusion, wave, etc.) can be modelled directly in group-
theoretical terms. Differential equations, conservation laws, solutions to
boundary value problems, and so forth can be obtained as immediate con-
sequences of group invariant principles. It is this idea that has inspired
the major part of the present paper. Various results on group analysis are
presented here in the form of relatively independent, self-contained short
stories, so that the exposition is concise and the reader does not have to
read the entire paper.

§ 1 The Galilean group and diffusion

The invariance principle with respect to the Galilean group can be used
to describe heat propagation in the linear approximation and to replace
the Fourier law (or the Nernst law, which describes diffusion in solutions
ete.). It is shown in [59] (see also [61]) that the fundamental solution can be
directly derived from the invariance principle and the heat equation itself
plays only an auxiliary role. The reasoning is as follows.

281
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First, consider the Galilean group for the case in which space is one-
dimensional. This is a three-parameter group formed by the translations
with respect to time ¢ and the space variable x and by the Galilean transfor-
mations, which describe the passage to steadily moving coordinate systems.
We add a dependent variable u to the independent variables ¢ and x. It will
denote the temperature, and, by definition, will be transformed in pass-
ing to a moving (with constant velocity 2a) coordinate system according
to the law @ = ue~(@*%°")_ This extension of the Galilean group yields the
three-parameter family of transformations, generated by the operators

0 0 0 0

a0 Xl = a0 - :

ot Ox Ox ou

This family is not a group since the linear span of these operators is not

closed with respect to the commutator. The closure of this vector space
yields the four-dimensional Lie algebra with the basis

0 0 0 9 0
XO:E’ Xl:%’ leu%, Y:2t£—$1t% (].1)

Thus, in the one-dimensional theory of heat conductivity ( diffusion) the
Galilean group is realized as the four-parameter group formed by the trans-
lations with respect to t and z, the Galilean transformations, and dilata-
tions of u. In [59] this realization was named the heat representation of the
Galilean group.

Lemma 11.1. The Lie algebra with the basis (1.1) can be extended to a
five-dimensional algebra by adding operators of the dilatation group (scale
transformations of ¢ and z). This extension is unique and is obtained by
adding the operator

Xo =

0 0

to the basis (1.1).

Proof. Let us add a dilatation operator of general form 7" = oet% + Bx%
to the basis (1.1) and write down the conditions that the resultant space is
closed with respect to the commutator. We obtain « =2 and 3 = 1.

Theorem 11.1. Any linear second-order equation that admits the Lie al-
gebra with basis (1.1) has the form

Uy = Upy + CU, € = const. (1.3)

Furthermore, the only second order equation admitting the extended algebra
with the basis (1.1), (1.2) is the heat equation

Up = Ugy. (1.4)
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Proof. The general linear equation that admits the operators Xy, X;, and
T} in (1.1) is the equation

Atgy + Bugs + Cuy + augy + buy +cu =0

with constant coefficients. It remains to write out the criterion for this
equation to be invariant with respect to Y, and then with respect to T5.

Remark 11.1. Equation (1.4) also admits the group of projective trans-
formations with the operator

0 o 1 0
Z=0—+te— — (2t + 2*)u— - 1.5
o Tl T T g, (15)
The generalization to the multi-dimensional case is obvious. Thus, the
heat equation

with n space variables z = (2!, ..., 2") admits the Lie algebra with the basis

0 0 -0 0
= — L= — L= J J— 1
Xo (?ta’ Xi axi’a X 8xaxi xaécj’ )
Ty=u—, Ty=2%—+2'— YV,=2%— —zlu— 1.7
! u%u’ : taf”axz’ bor ~ Ty (1.7)
7= +tr'— — —2nt+rHu—. i.i=1,....n.
ot T g T @t rugn, =1

In conjunction with X = ¢(t, z)2 [where ¢(t, z) is an arbitrary solution to
(1.6)] this algebra furnishes the maximum symmetry algebra of Eq. (1.6).

Theorem 11.2. (see [59], [61]). The equation
u — Au = 0(t, ) (1.8)

with the Dirac d-function on the right-hand side admits the algebra with
basis X;;,Y;,To —nTi, Z. The fundamental solution to the heat equation is
an invariant solution with respect to the group generated by that algebra.

§ 2 On the Newton-Cotes potential

Consider the motion of a particle of mass m in a central potential field. The
Lagrangian function is

L= %UQ +Ul(r), (2.1)
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where v? = |v|?, v = & = dx/dt. The equation of motion is written

U0,

muv

2.2
: (22)
Since scale transformations are important in mechanics, let us find out for
what potentials U(r) the group of dilatations with the generator
0 .o,
T =kt— '—, k = const. 2.3
ot i oz’ " (23)
satisfies the Noether theorem on conservation laws [i.e., when (2.3) is a
Noether symmetry].
It is convenient to represent the generator (2.3) as the canonical Lie-
Bécklund operator (see [58])

0
oxt

and to consider the infinitesimal coordinate transformation = x + dx,
where

X = (2" — ktv') (2.4)

dx = (x — ktv)a. (2.5)
The differentiation of (2.5) with respect to t yields the velocity increment
dv = ((1-Fk)v — ktv)a. (2.6)

For small coordinate and velocity variations dx and dv the main part of
increment of the Lagrangian (2.1) is equal to

6L:mv-(5v—|—U(T)

x-0x. (2.7)

As applied to this case, the well-known Noether theorem asserts that if the
increment of the Lagrangian is the total derivative

dF

0L =— 2.8
e (2.
then equation (2.2) has the integral

J=mv - dx— F. (2.9)

Theorem 11.3. The condition (2.8) is valid for the Lagrangian (2.1) and
for the infinitesimal transformations (2.5) and (2.6) of the dilatation group

if and only if
a

U= o 0= const. (2.10)
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Moreover, we have k = 2, and consequently, the equation
. T
me = 2aﬁ (2.11)
admits the dilatation group with the operator
0 .0
T=2t— — 2.12
ot e ozt ( )

Equation (2.11) also admits the group of projective transformations with
the generator

0 e,
Z=1—+tr'—-
ot e oz’
Both operators satisfy the condition (2.8), and the formula (2.9) provides

the corresponding integrals of motion

Jy =2tE —mx -v, Jy=2E —mx- (2tv — x), (2.14)

(2.13)

where F = %v2 + -3 is the energy.

Proof. With (2.5), (2.6), and (2.2) taken into account, the formula (2.7)
can be rewritten as
d

5L:gﬂﬂ—kwm»v—2MUh+kdﬂf+2U)

Thus, we should find out under which conditions the expression rU’ + 2U
is a total derivative. This is possible if and only if its variational derivative
vanishes, i.e.
O v+ o0y = D 4 20) = (U 4 20y S —

53:i(r * )_axi(r -\ ro
Hence we have the second-order equation (rU’+ 2U)" = 0 for the unknown
function U(r). Its solution, to within an additive constant, is the potential
(2.10). The other statements of the theorem can be verified by standard
computations (also see [58], Sec. 25.2).

The central potential (2.10) possesses a number of specific properties (we
ascribe this to its projective invariance), and that is why it occurs in various
problems in Newtonian mechanics. Newton [97] (see also [98]) considered
the motion of a body under the action of a central force proportional to the
inverse cube of the distance. Later, such motion was investigated in more
detail by Cotes (Roger Cotes, 1682-1716, English astronomer and mathe-
matician, who prepared the second edition of “Principia”) in his “Harmonia
Mensurarum.”

There is also a remarkable connection between the Newton-Cotes po-
tential (2.10) and a monoatomic gas. This connection is realized by the
conservation laws (2.14) (see [58], Sec. 25.2), which are also inherited by
the Boltzmann equations [23].
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§ 3 The Lie-Backlund group instead of New-
ton’s apple

Had not Newton lain in the garden under an
apple tree and had not an apple suddenly fallen
on his head, we might be still unaware of the
motion of celestial bodies and about a great
number phenomena, which depend upon it.

L. Euler

As far as I know, the ”law of inverse squares” of Newton’s gravitation
theory has not yet been derived from symmetry principles in literature.
In this section (which is, surely, only of methodical significance) such an
attempt is made. The main point here is to state Kepler’s first empirical
law in group-theoretical terms.

It was shown as early as by Laplace [82] that Kepler’s first law (the
planets move along ellipses with the Sun in one of the focuses) is a direct
corollary of the conservation law for the vector®

A:va—f—oz%, (M =mz x v) (3.1)

for the equation of motion

mo = a— (3.2)

in the central field with potential

U= —g, a = const. (3.3)
r
In addition, Eq. (3.2) admits the infinitesimal Lie-Bécklund transformation
& = x + dx with the vector-parameter a = (a', a?, a®), where

dx=2(a-x)v—(a-v)r— (x-v)a. (3.4)

The Hermann-Bemoulli-Laplace vector (3.1) can be obtained from the Noether
theorem according to formula (2.9) (see [58], Sec. 25.2).

The cited Lie-Backlund symmetry is a natural generalization of the ro-
tational symmetry of the Kepler problem. To visualize this fact, it suffices
to note that an infinitesimal transformation from the rotational group is

*According to [45], this vector appeared in the literature as a constant of integration
for the orbit equation in 1710 in the publications by Jacob Hermann, a student of brothers
Bernoulli, and by Johann Bernoulli.
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determined by the increment dx = x x a and that the expression (3.4) can
be represented as the, symmetrized double vector product of the vectors
x,v, and q :

dx =[(x x v) X a]l+ [x X (v x a)]. (3.5)

The symmetry with respect to the Lie-Bdcklund group with infinitesimal in-
crement (3.5) is just Kepler’s first law expressed in group-theoretical terms.

Theorem 11.4. The condition (2.8) for the applicability of the Noether
theorem is valid for a central field U(r) and the increment (3.5) if and only
if the potential has the form (3.3).

Proof. The reasoning is the same as in the preceding section. In this case
we have

d :
0L =2 a((m-a)U)—(v-a)(rU +U)

Hence the condition (2.8) takes the form

where ® = (v - a)(rU’'+ U), and so

od B , , r d , 1 , , B
%—(rU +U) ('v'a)?—a('rU +U)a—;(7’U +U) vx(xxa)=0.
It follows that (rU’ + U)" = 0, which implies the potential (3.3) to within
an unessential additive constant.

§ 4 Is the parallax of Mercury’s perihelion
consistent with the Huygens principle?

In the concluding “Common scholium” of his “Principia,” Newton wrote:
“The gravity to the Sun is the gravity to its isolated particles and it is
reduced with the distance to the Sun. This reduction is proportional to
the square of the distance even up to the Saturn orbit, which follows from
the fact that planets’ aphelions are at rest, and even up to the farthest
comets’ aphelions provided that these aphelions are at rest. But so far I
have not been able to derive the reason for these gravity properties from
the phenomena, and I do not devise any hypotheses... It is enough to know
that gravity really exists, acts according to the laws stated and is sufficient
to explain all motions of celestial bodies and of the sea.”
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About 150 years later it was however found that the planets’ aphelions
(or perihelions) are not at rest but are slowly moving. For example, the
observed parallax of Mercury is only about 43" per century. However, small
effects are sometimes of fundamental significance for the theory, all the more
so if we deal with description of real phenomena. Specifically, the anomaly
in the motion of Mercury has not been given a satisfactory explanation on
the basis of Newton’s gravitation law, despite the efforts of greatest scien-
tists. The explanation given by Einstein in 1915 was the first experimental
justification of the general relativity theory. All these facts are well known,
and a wonderful critical survey can be found in [128], Chap. 8, Sec. 6. Here
we consider a point that has not apparently been taken into account so far.

Einstein’s explanation of the parallax of Mercury’s perihelion is based
on the assumption that the space near the Sun is not plane but has the
Schwarzschild metric (1916), previously found by Einstein to within the
second approximation. But in passing from the plane Minkowsky space-
time to the Schwarzschild metric the Huygens principle is violated. This
principle implies the existence of rear front for sonic, light, and other waves
that carry localized perturbations. This is because the Minkowsky space
belongs to the family of Riemann spaces with nontrivial conformal group,
whereas the Schwarzschild space has a trivial conformal group and therefore
does not satisfy the Huygens principle (see [55], Chap. 4 or [58], Chap. 2).

Thus, in connection with the theoretical explanation of the observed
anomaly in the planets’ motion a new problem arises. It can be stated as
the following alternative.

1. The explanation by passing to the Schwarzschild metric is adequate to
the phenomenon in the approximation required. Then the Huygens principle
is not valid, and hence sonic, light, and other signals undergo distortions.
And we should estimate the distortion level from the view point of possible
observation.

2. The Huygens principle holds in the real world. Then we should ex-
plain the parallax of Mercury’s perihelion without any contradiction with
this principle. This task requires thorough physical analysis of the equations
of motion for a particle in a curved space-time with nontrivial conformal
group. The problem is facilitated by the fact that such spaces can be de-
scribed completely. Namely, any space-time with nontrivial conformal group
is defined in an appropriate coordinate system by the metric ([58], Sec. 8.5)

ds® = e @[(dz®)? — (da)? — (da?)? — 2f (2! — 20)da?dz® — g(at — 2°)(dz®)?],

where f and ¢ are functions only of ! — 2, such that ¢ — f? > 0, and the
function p(x) can depend on all variables z.
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§ 5 Integration of ordinary differential equa-
tions with a small parameter admitting
an approximate group

The theory of approximate transformation groups [17] can be used to clas-

sify and integrate differential equations with a small parameter. Consider

an example that illustrates the method of integrating ordinary differential

equations in the framework of regular perturbations of symmetry groups.
The second-order equation

y' —x—ey’ =0 (5.1)

with small parameter € does not have any exact symmetries, and hence can-
not be integrated by Lie group methods. However, it admits the following
approximate symmetry generators (here we do not dwell on the question
whether Eq. (5.1) has any other approximate symmetries):

x=2et g [iee(p B0 2
1 40 1, 7T a0 (5.2)
XzZEE:U %—I- [ﬂf‘f‘%f(gyx 4_@% ﬂ@_y

The operators (5.2) span a two-dimensional Abelian Lie algebra and gener-
ate a two-parameter approximate transformation group [17].

The method of successive reduction of order (see [61], Chap. 2) provides
the following technique for approximate integration of Eq. (5.1) by means
of the approximate symmetries (5.2). In what follows all equations should
be interpreted as approximate equations to within o(e).

The change of variables

1 11 2
t=y—¢ (§x2y2 + @y:ﬁr’) ., U= — geyx?’ (5.3)
transforms X into the translation operator X; = %. The transformed equa-
tion (5.1) for the function wu(t) reads

11, 5,

&ﬁwf——4uuf}=o

" N3 2,1
3
u+u(u)+€[uu+6 50

and does not depend upon t. Therefore, it can be integrated by the standard
substitution «’ = p(u), which yields

1 11
p 4 up? +e (3u2 + 6u4p — @uﬁpQ) =0. (5.4)
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Let us now integrate Eq. (5.4) by using the second operator in (5.2). To this
end we rewrite the operator X, in terms of the new variables ¢, u defined
by (5.3), extend the resultant operator to the variable p = u’ and consider
its action in the space of the variables (u,p). As a result, we obtain the
following approximate symmetry for Eq. (5.4):

X, = Eu4% + [pQ +e <2u3p — gﬁﬁ)} 8%) : (5.5)

The change of variables

ut 1 ud 13 u®
- - = 5.6
& u+€2p’ g p+€(p2 15p> (56)

takes the operator (5.5) into the translation operator X, = a% and Eq. (5.4)
into the explicitly integrable form

11
q(z)+z+ @ez(i = 0.

Integration yields:

1 11
q= —522 - 50627 +C, C = const. (5.7)
If we substitute the expressions (5.6) for z and ¢ into (5.7), and then resolve
the obtained equation as p = f(u), a single quadrature yields the solution
t = | f(u)du. Then the solution of the original equation (5.1) can be found
via the change of variables (5.3).

§ 6 Specific features of group modelling in
the de Sitter world

Two astronomers who live in the de Sitter
world and have different de Sitter clocks might
have an interesting conversation concerning the
real or imaginary nature of some world events.

F.Klein [78]

This section is a sketch for future more detailed work on some new
approaches and effects that are possible if the curvature of our universe is
small but nonzero. Here we will discuss only the following two features of the
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transition from the Minkowsky geometry to the de Sitter world (space-time
of constant curvature).

The first feature is the possibility to treat the de Sitter group in terms
of the theory of approximate groups and to consider it as the perturbation
of the Poincaré group by introducing a small constant curvature. Indeed,
according to the cosmological data, the curvature of our universe is so small
(about 10~°%e¢m™2) that it suffices to calculate only the first-order pertur-
bations. The resultant Lie equations can easily be solved and provide an
approximate representation of the de Sitter group [60]. This permits us to
simplify the formulas of the exact theory dramatically. The second feature
is connected with the use of a special complex transformation, which, in the
case of the Minkowsky space, is a very simple conformal transformation,
admitted by the Dirac equation with zero mass and is not significant there.
But if the curvature is not zero, then the transformation becomes a non-
trivial equivalence transformation on the collection of spaces with constant
curvature. The addition of this transformation to the de Sitter group results
in an interesting combination of the three possible types of spaces of con-
stant curvature: elliptic, hyperbolic (Lobachevsky spaces), and parabolic
(Minkowsky spaces considered as the limit case in which the curvature is
zero). The metric of the de Sitter space is

K -2
dr® = (1 + (7 = c2t2>> (Pdt* — do® — dy* — d2?),  (6.1)

where
r? =2 +y* + 2% K = const. (6.2)

With the standard notation (z',2?% 23, 2%) = (x,v, 2,ict), ds = idr we

have
K —2 4 4
ds? = (1 + Za2> > (dat)?, o? = (a) (6.3)
pn=1 pn=1
The motions of the metric (6.3) form the de Sitter group, which differs
from the Poincaré group in that simple translations of the coordinates x#

are replaced by more complicated “generalized translations”. For example,
generalized translation with respect to the coordinate x! has the generator

X = (1 B - @ - @ - 0] ) o

K ,f,0 g 0 e
T (:p 022 T o T ) (6.4)
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and the translation itself has the form
2! cos(avVK) + (1 — %02)\/% sin(avVK)
1+ £02+ (1 - £02) cos(avVK) — 2'VK sin(aVK) ’

l
~1 T

T + L6524 (1 - £62) cos(aVK) — 21 VK sin(aVK)

where a is the group parameter, and [ = 2, 3, 4.

If the constant curvature K is small, one can use the theory of approx-
imate groups [60]. The approximate Lie equation for the operator (6.4)
can be solved easily. As a result, we obtain the following simple approx-
imate representation of the generalized translation (6.5) (see the detailed
calculation in [60]):

=2

(6.5)

P=a'4a+ 5{[(:161)2 — (22)? — (2*)? — (2*)%a + 2'a® + a—} + o(K),

4 3

~l L, K 1, 2

=z +Z:E(2ax +a”) +o(K), [=234. (6.6)
The free motion of a particle in the de Sitter world is described by the
Lagrangian

L=-mc0 /1 32 (6.7)
with % e
_ 2 2.2 2 |V
9—1"‘2(7’ —Ct), ﬁ—?,

where m and v are the mass and the velocity of the particle, respectively.
We write = (2!, 22, 2%), so that v = dz/dt. Starting from the formula
(6.7), we shall find the Lagrangian for Kepler’s problem in the de Sitter
world. The invariance of the classical Kepler problem with respect to the
rotations and time translations, the known limit value of the potential (3.3)
for K = 0 and 3* — 0, and formula (6.7) will serve as heuristics in our
consideration. Hence we seek the Lagrangian in the form

L=—-mc*07'\/1 -2+ g(95(1 — %)™ s,m = const. (6.8)
r

The action integral [ Ldt is invariant with respect to rotations. Therefore,
the invariance with respect to the generalized time translations with the
operator

1 K 0 K .~ 0
X4 = c—2 1-— Z(CQtz + 7‘2):| a — gtz,l’l% (69)
=1

[which is obtained from (6.4) by replacing z! with z*] will be the only
additional condition.
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Theorem 11.5. The action integral [ Ldt with the Lagrangian (6.8) is
invariant with respect to the group with the operator (6.9) if and only if
s=0and n= %, i.e. when

L=-m0\/1-p+2/1-p. (6.10)
r
Proof. The required invariance condition is [58]
(X4 + Dy(€)]L =0, (6.11)

where X, is the extension of operator (6.9) to v, and & is the coordinate of
this operator at % - The calculation gives

(X4 + Dy(E]L = %98(1 — BA)"(1 - 2n)% + st]. (6.12)

Therefore, the statement of the theorem follows from (6.11).

Remark 11.2. A similar theorem on the uniqueness of an invariant La-
grangian is not valid in the Minkowsky space. Indeed, as follows from
(6.12), for K = 0 condition (6.11) identically holds for the Lagrangian (6.8)
with any n. Thus, the theorem proved is an effect characteristic of nonzero
curvature.

The spinor analysis in a curvilinear space has been developed from var-
ious points of view by many authors. A good exposition of its techniques
and a general review of literature on the topic are given in [26]. According

o0 [26], Sec. 2, the Dirac equation in the metric (6.3) can be rewritten in
the form

K 0 3
(1 + ZUQ) V“a—;i — ZK(x Y)Y +mp =0, m = const., (6.13)
where v*(u = 1, ..., 4) are the usual four-row Dirac matrices in the Minkowsky
space and x-y denotes the four-dimensional inner product (z-vy) = Zi:l ahayt,
Here we are interested only in the equation for neutrino (m = 0) in the linear
approximation with respect to K :

w OV

3

Equation (6.13) admits the de Sitter group, whose action on the wave
function v is defined as follows. Let us write out the infinitesimal transfor-
mation of the de Sitter group as dxz = a&. Then ¢ = aS1, where

4

_1 ag“uV_Vu_ § 52_1
S=3 > axy(vv Y = 30w) + K (1+ id (x-€). (6.15)

H,v=1
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Let us now return to Eq. (6.14). It can be reduced (in the linear approxi-
mation with respect to K) to the common Dirac equation

B
V“a—ﬁ =0 (6.16)

% (1 + %72) _3] . (6.17)

Equation (6.16) is invariant with respect to the transformation
B =gk, i=+/—L (6.18)

Therefore, instead of (6.17), we choose the representation of ¢ as

) e

From (6.16) we obtain the equation (the bar over Z is omitted)

w OX

ol Dt

which coincides with Eq. (6.14) in the de Sitter space with curvature of the
opposite sign.

In the Minkowsky space the transformation (6.18) takes timelike inter-
vals into spacelike ones and vice versa. The same is true of the de Sitter
space, with the simultaneous change of sign of the space curvature. Indeed,
assigning the subscript K to the interval (6.3) and using (6.18), we have

dsiyy = —ds7_g. (6.21)

Formulas (6.17) and (6.19) can be interpreted as the “splitting” of a
neutrino into two neutrinos, that are described by equations (6.14) and
(6.20) and differ only if K # 0. System of equations (6.14), (6.20) admits
the approximate transformation group whose infinitesimal transformations
are defined by the increments

dx =a&, Op=aSy Ox=alyx (6.22)

where the vector € = (£1,...,£%) belongs to the 15-dimensional Lie algebra
of the group of conformal transformations of the Minkowsky space (e.g., see
[58]) and the matrices S and T" are given by the formulas (see (6.15))

by the change

¢ = P(x)exp

¢ = x(T)exp

+ 2R =0, (6.20)

1 aer 3
S=3 Z 62,(7 V= = 30m) + K (2 ),
1“”*1 e ; (6.23)
_ —_ AVAH — .
T=3 > e (VY T = 30w) — K (x-€).

pr=1
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§ 7 Two-dimensional Zabolotskaya-Khokhlov
equation coincides with the Lin-Reissner-
Tsien equation

The group admitted by the equation

PPz T 290tx = Pyy = 0 (7'1)

describing a nonsteady potential gas flow with transonic velocities [92], has
been calculated in [94]. The Lie algebra of this group is infinite-dimensional
and contains five arbitrary functions of ¢. On the other hand, in [125] the
infinite-dimensional symmetry algebra of the equation

0% [(u? 0%u 0%u
8(]% ( 2 ) 0¢10¢> aQ;% ( )

which is the two-dimensional version of the Zabolotskaya-Khokhlov equation
[129] known in nonlinear acoustics, has been found in [125]. This algebra
contains three arbitrary functions of the variable ¢,. The comparison of the
two algebras suggests the possibility of a nonpoint (since the dimensions
of the symmetry algebras are different) correspondence between equations
(7.1) and (7.2). In fact, these equations can easily be identified by intro-
ducing a potential. Namely, if we set © = —q1,t = —2¢5, and y = ¢3 in Eq.
(7.1), differentiate it with respect to ¢; and denote

_ %

U= , 7.3
o0, (7.3)

then we obtain Eq. (7.2). The passage from the symmetry algebra of Eq.
(7.1) to the algebra for Eq. (7.2) can easily be accomplished by applying
the formulas from ([58], Sec. 19.4) to the differential substitution (7.3).

This work was supported by the Russian Fund of Fundamental Research
(Grant No0.93-013-17394).

Institute of Mathematical Modelling Received 16 April 1993
Russian Academy of Sciences
Moscow



Paper 12

Perturbation methods in group
analysis: Approximate
exponential map

N. H. IBRAGIMOV

Lecture [67] presented at Workshop Differential equations and Chaos,
University of the Witwatersrand, Johannesburg, South Africa, January 1996.

Recently, a new direction in symmetry analysis of differential equations
has been developed. This approach, based on the concept of approximate
groups, is used for tackling differential equations with a small parameter
and for approximate representations of Lie groups.

In the classical Lie group theory, the one-parameter group with a given
infinitesimal generator is represented by the exponential map. The present
paper is an introduction to the topic with the emphasis on the role of the
exponential map in the theory of approximate groups.

Introduction

The initiation and subsequent development of the theory of approximate
transformation groups were inspired by the following two chief circum-
stances.

A variety of differential equations recognized as mathematical models
in engineering and physical sciences, involve empirical parameters or con-
stitutive laws. Therefore coefficients of model equations are defined ap-
proximately with an inevitable error. Consequently, differential equations
depending on a small parameter are of frequent occurrence in applications.

296
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Unfortunately, any small perturbation of coefficients of a differential equa-
tion disturbs its symmetry properties, and this reduces the practical value
of group theoretical methods.

Instability of Lie symmetry groups is the first circumstance that has led
us [14] to the concept of approximate groups.

The second factor is that, in practical applications, Lie group analysis
may come across unjustified complexities.

The second circumstance is illustrated by the following example. Con-
sider the de Sitter space-time with the metric form

—2
ds? = — <1 + 50’2>

I

4
(da)?,
=1

where
4

o = Z(:L‘“)Q, (z', 2%, 2%, 2%) = (w,y, 2, ict),
p=1

i = —1, ¢ = 299793 x 101 cm/sec is the velocity of light in empty
space, and ¢ = K/4 with K denoting the curvature of the de Sitter uni-
verse. According to cosmological data, the curvature K is a small constant
(~ 1075 cm™2), hence ¢ can be treated as a small parameter. We assume
here that ¢ > 0. The de Sitter group (i.e., the group of isometric motions
in the de Sitter space-time) differs from the Poincaré group (i.e., the group
of isometries in the Minkowski space-time) in that the usual translations
of space-time coordinates x* are replaced by more complicated transforma-
tions, the so-called “generalized translations” in the de Sitter space-time.
The generalized translation, e.g. along the z! axis has the infinitesimal
generator

0 0 0 0
_ N2 (2 2\2_ (3Y\2_ (.42 1,2 3 4
X = <1—|—5[(9§ )2 (22)2— ()2 — (%) ]>%—|—25$ <g; e R 8$4).
The corresponding group transformations (with the group parameter a)
have the form

y zt cos(2a+/2) + (1 — €U2>21? sin(2av/z)
T 21 +e0? + (1 — e0?) cos(2a+/g) — 2x1\/esin(2a+/e) ’

=2 , ] =2,3,4.
1402+ (1 — e0?) cos(2a+/e) — 2z1/esin(2a+/¢) J
However, since ¢ is small, it is sufficient to use an approximate expres-
sion of these transformations, e.g. by expanding them in powers of ¢ and
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considering only the leading terms of the first order. That is, to consider
the de Sitter group as a perturbation of the Poincaré group by the curvature
K. Then the result is rather simple, viz.

P aatbate([(@) - @) - (@) - @ e+t + éa?’) ,

T~ 2! +e(2axt +a?)?, j=2,34.

The question naturally arises of how to calculate this perturbation di-
rectly, without using the complicated formula of group transformations.
The theory of approximate groups gives a method of calculation. Namely,
one can use the approrimate Lie equations. Furthermore, this approxima-
tion inherits the group property of the exact transformation group in the
precision prescribed.

The present paper focuses on construction of one-parameter approximate
groups, in the first order of precision, by using the exponential map. The
main result is formulated in Theorem 12.2 and states the following.

Given an operator

X=Xy+eX3

with a small parameter €, where

9
oxt’

0

Xo = 56(95) O

X, =& (x)
the corresponding approximate group of transformations

T —i ;
T=xy+ex;, 1=1,...,n,

is determined by the following formulae:

Fy= (), B = (aXo aX ) (@), i=1,...n,
where
a? a’
X0 =14 aXo + oy X§ + 5 X§ + -
and
a? a’
{(aXo,aX1)) = aXy + E[Xo»Xl] + g[XOa [Xo, Xa]] -+ -

In other words, the approximate operator X = Xy 4 X generates the
following one-parameter approximate group of transformations in IR":

T = (1 + e((aXy, aXl)))e“XO(xi), i=1,...,n.
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The above approximate representation of the de Sitter group is readily
obtained by applying this theorem to the generator X of the generalized
translations:

X = X() + €X1
where 9
Xg=—
07 9l
and

o) o) 0 9,
(N2 (22 o 3\2 (A2 1 2 3 4
X1—<({L’) (x%)° — () (:U))axl—l—Zx <x 52 T 8x3+w (9x4>'

The calculations are given in Section 3.2, Example 12.9.

g 1 Preliminaries on Lie groups

A brief sketch of the Lie equations and the exponential map is given here
to draw a parallel between the classical and approximate group theories.

1.1 Continuous one-parameter groups

Let x = (z',...,2") € IR™. Consider a one-parameter family of invertible
transformations 7T,:

T = f(z,a), (1.1)

or in coordinates,
' = fYx,a), i=1,...,n.
Given a € U, the transformation 7, carries the point x € IR" to the point
z e R"
Here the parameter a ranges over all real numbers from a neighborhood
U C R of a = 0, and we impose the condition that (1.1) is the identity
transformation if and only if a = 0, i.e.

[z, 0) =z, (1.2)
and, conversely, the equation f(z,a) = x with a € U implies a = 0.

Definition 12.1. A set G of transformations (1.1) is called a continuous
one-parameter group of transformations in IR™ if the functions f%(x,a) sat-
isfy the condition (1.2) and the group property

f'(f(z,a),b) = fi(z,c), i,...,n, (1.3)
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for all a,b € U, where ¢ € U is a certain (smooth) function of a and b:

c = ¢(a,b), (1.4)

such that the equation
¢(a,b) =0 (1.5)
has a unique solution b € U for any a € U. Given a, the solution b of

Eq. (1.5) is denoted by a~!. The function ¢(a,b) is termed a group compo-
sition law.

According to Definition 12.1, a continuous group G contains the (unique)
identity transformation I = Ty. Further, the group property (1.3) means
that any two transformations 7,,7, € G carried out one after the other
result in a transformation which also belongs to G:

TWT,=T. c=¢(ab)eU,

for any a,b € U. The solvability of the equation (1.5), together with the

group property (1.3), provides the inverse transformation 7, ! = T,-1 € G
toT, € G:
T,T, =T, T, 1 = I

for any a € U.
The group parameter a is said to be canonical if the composition law is
¢(a,b) = a+ b, i.e., if the group property has the form

fi(f(x,a),b) = fi(z,a+b), i=1,...,n. (1.6)

Given an arbitrary composition law (1.3), there exists the canonical param-
eter a. It is defined by the formula

0¢(a,b)

0b ‘b:o'
Example 12.1. Let n = 1, and let ¥ = x 4+ ax. This is a one-parameter
group with the composition law ¢(a,b) = a+ b+ ab. Here A(a) =1+ a and
hence the canonical parameter is

“d
EL:/ ¢ =In(1+ a).
0

1+a

where

Ala) =

In this paper we shall adopt the canonical parameter when referring to
one-parameter groups as well as approximate groups.
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1.2 Group generator. Lie equations

Let G be a group of transformations (1.1) with a function f(z,a) satisfying
the initial condition (1.2) and the group property (1.6). The infinitesimal
transformation of the group G is the main linear part (in a) of (1.1), viz.

T~ 2+ all(z), (1.7)
where ofi(x.a)
- “(x,a
(z) = —1+ =1,...,n.
5 (‘/L‘> aa a:O’ ? 7 Y n
The first-order linear differential operator
- 0
X =& P 1
() (15)

is known as the infinitesimal operator or generator of the group G. S. Lie
called it a symbol of the infinitesimal transformation (1.7). One-parameter
groups are determined by their infinitesimal generators according to the
following Lie’s theorem.

Theorem 12.1. Given an infinitesimal transformation (1.7) or its symbol
(1.8), the solution & = f(x,a) of the system of ordinary differential equa-
tions

dz ,
=& (x =1,... 1.9
@), i=l..m, (19)
with the initial conditions
| _ =2 i=1....n (1.10)

determines a one-parameter group of transformations (1.1).

First-order ordinary differential equations (1.9) (sometimes the equa-
tions (1.9) together with the initial conditions (1.10)) are known as the Lie
equations.

Example 12.2. Consider, in the (x,y) plane, the infinitesimal transforma-
tion

T%aj—l—aﬁ, Y~y +azxy
with the symbol

0 0
X == —.
T 8x+xy8y

Here the Lie equations (1.9) have the form
dz  , dy

— =7, =2y.
da da y
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Integrating,
1 Cy

Cl —a ’ ¥y= Cl —a ’
where Cy and Cy are arbitrary constants. The initial conditions (1.10)
provide

T =

1 e
= a Y= a )
whence
ci=1, =Y
x x
Thus the one-parameter group of transformations has the form
jzl—m&x’ gzl—yax. (L.11)

1.3 The exponential map

The solution of the Lie equations (1.9) —(1.10) can be represented explicitly
by the exponential map,

T =e"(z"), i=1,...,n, (1.12)

where the exponent is given by the infinite sum:

CL2 (13
e“X:1+aX+§X2+§X3+--.. (1.13)

Example 12.3. The exponential map (1.12) is written in the (z,y) plane
in the form:

“Wx), =" (y), (1.14)
where X is given by the series (1.13). Let us apply the exponential map
to the generator

T=ce€

0 0
X = 132% + xya—y
considered in Example 12.2. We have:
X(z)=2% X*z)=X(X(2))=X(z*) =22°, X?x) =3l ...
These equations hint the general formula
X"(z) =nlz"™, n=12,....
The proof is given by induction:

X" 2) = X(nlz™™) = (n+ 1)l2%2" = (n + 1)la" 2
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It follows:
ea)((x) :x+ax2—|—---—|—a”x”+1+---

One can rewrite the right-hand side of this equation in the form

T
r(l+ax+---+a"a"+--) = T~ oz

1

where the well known Taylor expansion of the function (1 — az)~"' is used

provided that |ax| < 1. Hence,

Similarly,
X(y) =y, X*(y) = X(zy) = yX(2) +2X(y) = y(z°) +y(ay) = 2lya?,
X3(y) =2pX (27) +2°X(y)] = 2[y(227) + 2*(xy)] = 3lyz*.
This hints the general formula
X"y) =nlyz", n=1,2,...
that can be readily verified by induction:
X" (y) = n! X (y2") = nlnya™™ + 2™ (zy)] = (n + 1)lyz"

It follows:
eX(y) =y +ayr + a’yx® + -+ a"ya" + - -

=y(l+ax+---+a"2"+---) = y_.
1—ax

Thus, we arrive at the transformation (1.11):

x oy
1—az’ 7T 1—ax

xr =

§ 2 One-parameter approximate transforma-
tion groups

For a detailed discussion of the material presented here and of the theory
of multi-parameter approximate transformation groups, see [65], Ch. 2.
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2.1 Notation and definition

In what follows, functions f(z,e) of n variables z = (x',... 2") and a

parameter ¢ are considered locally in a neighbourhood of ¢ = 0. These
functions are continuous in the z’s and ¢, as are also their derivatives to as
high an order as enters in the subsequent discussion.

If a function f(z,e) satisfies the condition

e—0 gp

it is written (after E. Landau, Vorlesungen tuber Zahlentheorie, vol. 2, 1927)

f(z,e) = o(eP).

Then f is said to be of order less than eP. If

f(ZL’,é?) - g(I,&) = 0(517)7

the functions f and g are said to be approximately equal (with an error
o(eP)) and written

f(SC,e’:“) = g(l‘,e’:‘) + 0(5]0)7
or, briefly
fry
when there is no ambiguity.

The approximate equality defines an equivalence relation, and we join
functions into equivalence classes by letting the functions f(z,¢) and g(z, ¢)
to be members of the same class if and only if f ~ g. Given a function
F(z,2), let

folx) +efi(z) + -+ fo(o)
be the approximating polynomial of degree p in € obtained via the Taylor

series expansion of f(x,¢) in powers of € about ¢ = 0. Then any function
g ~ f (in particular, the function f itself) has the form

g(z,e) = folz) +efi(x) + -+ " fp(x) 4 o(e).
Consequently the function
fo(x) +efi(z) + -+l fo(x)

is called a canonical representative of the equivalence class of functions con-
taining f.
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Thus, the equivalence class of functions g(z,¢) ~ f(x,¢) is determined
by the ordered set of p + 1 functions

fo(@), fi(@), oy folz).

In the theory of approximate transformation groups we consider ordered
sets of smooth vector—functions depending on z’s and a group parameter a,
Viz.

fo(z,a), fi(z,a), ..., fo(z,a)
with coordinates
fi(x,a), fi(z,a),... f;(x,a), i=1,...,n.
Let us define the one-parameter family G of approximate transformations
T~ fi(z,a) +efi(z,a) + -+ el fi(w,a), i=1,...,n, (2.1)

of points z = (x!,...,2") € R" into points = = (z',...,7") € IR" as the
class of invertible transformations

z = f(z,a,¢) (2.2)
with vector—functions f = (f%,..., f*) such that
fi(x,a,e) =~ fi(x,a) +efi(z,a) + - + 2 fi(x,a).
Here a is a real parameter, and the following condition is imposed:
f(z,0,¢) =~ x.

Furthermore, it is assumed that the transformation (2.2) is defined for any
value of a from a small neighborhood of a = 0, and that, in this neighbor-
hood, the equation f(x,a,c) ~ x yields a = 0.

Definition 12.2. The set G of transformations (2.1) is called a one-
parameter approximate transformation group if

f(f(z,a,¢e),b,e) ~ f(x,a+b,e)
for all transformations (2.2).

Remark 12.1. Here, unlike the classical Lie group theory, f does not nec-
essarily denote the same function at each occurrence. It can be replaced by
any function g &~ f (see the next example).
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Example 12.4. Let us take n = 1 and consider the following two functions:

1
flz,a,e) =x+a(l +ex+ aea)
and .
g(z,a,e) =x+a(l+ex)(l+ 55@).
They are equal in the first order of precision, viz.

1
g(z,a,6) = f(z,a,¢) +*p(x,a), ¢(z,a)= Qa%,

and satisfy the approximate group property. Indeed,
f(glz,a,e),b,e) = f(x,a+b,e) +*p(x,a,b,e),

where )
o(z,a,b,e) = Ea(ax + ab + 2bx + cabx).

2.2 Approximate group generator

The generator of the approximate group G of transformations (2.2) is the
class of first-order linear differential operators

’ 0
X=¢ , 2.3
(. e) 23)
such that ' . ' '
§'(z,e) = &ox) +e€i(x) + -+, (2),
where the vector fields &, &5, ..., &, are given by
A o fi
&(x) = %‘azo, v=0,...,p;i=1,...,n.
In what follows, an approximate group generator is written as
, , , 0
X =~ (o) +e€i(z) + ... +ePE(a)) el
It is written also in a specified form, viz.
X =¢&(z 6)i = (&) +e&i(z) + - +ePE(a)) a . (2.4)
T O 0 ! P ox’

Remark 12.2. In theoretical discussions, approximate equalities are con-
sidered with an error o(e?) of an arbitrary order p > 1. However, in the most
of applications the theory is simplified by letting p = 1. The assumption
p = 1 is adopted in what follows.
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2.3 Approximate Lie equations

Consider one-parameter approximate groups in the first order of precision.
Let

X = X(] + €X1 (25)
be a given approximate operator, where
i 9 i 9
Xo = 50@)%7 X1 = 51(1‘)8331 :

The corresponding approximate group of transformations of points x into
points = Ty + £x; with the coordinates

T =T+ ex! (2.6)

is determined by the following equations:

dzy .- » i
da0 = &(®0), Tl =", (2.7)
dz! "0 (x) - i y
T = ger | THE@E). ml =0 23)

where i = 1,...,n. The equations (2.7)—(2.8) were derived in [14] and called
the approximate Lie equations.

2.4 Solution of approximate Lie equations

An approach to the solution of approximate Lie equations is illustrated by
the following simple examples.

Example 12.5. Let n =1 and let

0
X=1 2.
(1+ex) 5
Here &y(x) =1, &(z) =z, and Egs. (2.7)—(2.8) are written:
dz _
==L T, =
dry  _ _
% = Xy, 231|a20 =0.

Its solution has the form

a2

Tog =2+ a, :Elzax+5-
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Hence, the approximate group is given by

a2
j%:c—l—a—f—e(ax—i—?).

Example 12.6. Let n = 2 and let

X=(1+ex )881“

Here &y(z,y) = (1,0), & (z,y) = (22, 2y), and Egs. (2.7)-(2.8) are written:

0
+5xya

@ =1 @ =0 T ‘ — . T | —
da ) da ) 0lgq=0 » Yo a=0 Y,
di‘l —\2 d?jl _ _ _

da = (I'()) ) da = ZoYo, xl{a:(} = 07 yl‘azo = 0.

The integration yields:

a3 a2
fzx+a+5(ax2+a2x+§>, gzy+g(axy+§y),

§ 3 Approximate exponential map

3.1 Main theorem

Let X and Y be linear differential operators of the first order. Consider the
exponential map

=1 1 1
—XFr=14X X2 X3 4+
;;k +X X

The differential of the exponential map is a linear mapping given by the
following infinite sum (see, e.g. [25], Ch. III, § 4.3):

e

k:0

ad X)),
where ad X is the inner derivation by X. It is known also as the map adjoint
to X and is defined by the linear mapping
ad X(Y) = [X,Y]
with the usual Lie bracket (commutator)

[X,Y]=XY - YX.
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Definition 12.3. Let us define the differential operator of the infinite order
(X,Y)) by the formal infinite sum

(V) = Y Gy ad X1

By substituting
ad X(Y) = [X,Y], (adX)*(Y) =[X,[X,Y]],...

we write it as follows:

(X, V) =Y + %[X, Y]+ %[X, X,Y]] + %[X, X, XY+ (31)

Theorem 12.2. The solution
(To; 1) = (TS, ..., T Ty, .-, ZT)

to the approximate Lie equations (2.7)—(2.8) is given by the formulae:

:Ef) =M (gh), T = {(aXo,aX N (7)), i=1,...,n, (3.2)
where
a’ a’
<<CLX07 CLX1>> = aX1 + a[Xo, Xl] + y[Xo, [X[),Xl]] + - (33)

In other words, the approximate operator (2.5),
X = XQ + €X1

generates the following one-parameter approximate group of transforma-
tions in R™:

' = (1+e{(aXo,aXy)))e™™ ("), i=1,...,n. (3.4)

Proof. According to the definition of the approximate group generator (see
Sections 2.2 and 3.1), we substitute

X(] + €X1

into the definition (1.13) of the exponent:

2 3
caXoteX1) — 1 4 a(Xo + 5X1) + %(XO + 5X1)2 + %(XO + 5X1)3 +.
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and single out the sum of terms of the first degree in €. Then we obtain the

following:
2

3
a(Xo+eX1) T2 b s
e ~1+aX0—|—2!X0+3!X0+

3
+€{CLX1 + — (X0X1 + X1X0) 3l (X§X1 + X0X1X0 + Xng)

+ (XX 4+ X2X) X + XXy X2+ X, X3) 4+ ) (3.5)

Al
By using the identities

XoX1 = X1 X0 + [Xo, X4],

Xe X1+ XoX1Xo = 2X1 X§ + 3[Xo, X1]Xo + [Xo, [Xo, Xu]], . ..
one can rewrite (3.5) in the form:

2

3
® Kot 1 4 a Xy + %X& + %XS’ +

3
+e{aX: (14 aXo+ ol X2+ 3'X3 )

a2 a2 g
+2 [Xo, X1] (1 + aXo + 2,X2+ %0 +)
a3 a2 03
g[Xo,[XO,Xl]](lJraXoJr o) —X§ + 3'X3 )4t
Thus, in virtue of (3.1):
e X0TX) ~ (1 4 ((aXp, aX1)))e™™. (3.6)

Hence, the exponential map (1.12) written for the operator (2.5) in the first
order of precision with respect to € has the form (3.4). Taking into account
(2.6), one obtains the formulae (3.2) thus proving the theorem.

3.2 Examples
Example 12.7. Let us use Theorem 12.2 in Example 12.5. Here,

0 0
Xo—%, X1 fﬂa—x

Therefore



12: APPROXIMATE EXPONENTIAL MAP (1996)

and
0
Xo, Xi|l==—=X
[ 05 1] ax 0
[Xo, [Xo, Xi]] = [Xo, Xo] =0,....
Consequently,
Ty = e (2) = x + q,
and
a* 0
Xo,aX
{(aXo,aX1)) = (az + )6x
whence
a? a
71 = (aXo,aX1))(7o) = (ax + )&E (x+a)=ar + —
Hence,

CL2
f%x+a+s<ax+§>.

Example 12.8. Let us use Theorem 12.2 in Example 12.6. Here,

Xo—%, Xi=z %—i-xyaay
Therefore,
To=e"(z) =2 +a

and

[ X0, X1] = Qx% + yé% ,

X0, [0, X)) =22

Ox

[ X0, [Xo, [Xo, X1]]] =0,....

Consequently,

a? 0 0 2a3 0

{(aXo,aX1)) = aX; + — T ( o

dy 3! 0x
= (az” + +a3)£+( +a_2 )2
ax CL.%' 3 9p ary 23/ 8y'

311
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Whence
_ _ s o a* 0
71 = (aXo,aX1)(Zo) = (azx” + a’x + 3)%(93 +a),
a2
o1 = (aXo,aX1) (%) = (azy + —y)5-(y).
2770y
Hence,
a’ a?
Z1 :ax2+a2x+§, Y1 :axy+5y.

We thus arrive at the result of Example 12.6:

3

sz+a+€<ax2+a2x+%),

2

a
yzyjte(axy—l—gy).

Example 12.9. Consider now the generator of the generalized translation
along the z!' axis in the de Sitter space-time (see Introduction):

X = (1+e[(x1)2—(x2)2—(xS)Q—(af*)Z])i+2m1<x2 ai2+x3 0 g0 )

ox! ox3 . ox?
Here X = X, 4+ ¢X; with
0
Xn— —
0 axl )
Xl — <($1)2 o ($2)2 o ($3)2 _ ($4)2 i
ozt

0
129
+ 2z <$ Ox2 ox3 oxt/)’

The operator X generates the translation group:

Ii=al+a, T =2 j=234.
Now we calculate the differential of the exponential map by Eq. (3.1) applied
to the operators Xy, X;. We have:

0 0
o1 (.1 2
[Xo, Xa] =22 (w ox! T 0x? ox3 oxt

0
[X[)v [XOa Xl“ = 2% s
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Consequently, the formula (3.3) takes the form:

(aXo,aXy) = (") = (2% = (&) = (@*)]a + 2'a® + za) 2

0 0 0
1, 2.2 3 4
+2az" +a )(x O0x? i 023 " 8254)'

Therefore (3.2) yields

7y = (aXo, aX1))(7p) = [(21)" — (2%)” — (2%)" = (@")*]a+ 2'a® + %a:”,

7 = (2az' +a®)a!, j=234.
We thus arrive at the approximate transformation given in Introduction:

1
Ttz ter; =a +a+ 5([(:)31)2 — (@*)? — (2*)* — (2%)%a + 2'a® + §a3>,

AN xé +ex] =27 + e(2ax' +a®)2?, j=2,3,4.

Department of Computational November 1995
and Applied Mathematics,

University of the Witwatersrand,

Johannesburg, South Africa
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Discussion of Lie’s nonlinear
superposition theory

N. H. IBRAGIMOV

Lecture presented at 8th International conference on Modern Group Analysis
(MOGRAN-8), Ufa, Russia, 27 September - 03 October, 2000.

§ 1 Lie’s theorem on nonlinear superposition

It is a very interesting problem to seek, together with E. Vessiot [121] and
A. Guldberg [46], all systems

dax’

% = fit,x), i=1,...,n, (1.1)
whose general solutions x = (x',...,2™") can be expressed via m particular
solutions 1 = (x1,...,27),...,xym = (L ,...,2") in the form

=@ (2, T C,. G, i=1,.0. 0. (1.2)
S. Lie, 1893

Lie (see [88], [87], [89]) solved the problem by proving the following
theorem™.

Theorem 13.1. Equations (1.1) possess a nonlinear superposition if and
only if they have the form (discovered by Lie [86])

da?
dt

*The reader can find a detailed presentation of Lie’s theory in [59].

=Tt (x) + -+ T,()E(z), i=1,...,n, (1.3)

314
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whose coefficients & (x) satisfy the condition that the operators

Xazﬁi(x)%, a=1,...,r (1.4)

span a Lie algebra L, of a finite dimension r termed the Vessiot-Guldberg-
Lie algebra for equation (1.1). The number m of necessary particular solu-
tions is estimated by

nm > r. (1.5)
Superposition formulae (1.2) are defined implicitly by the equations
Ji(x,x1, .. ) =Ch i =1,...,n, (1.6)

where J; are functionally independent (with respect to 2!, ..., 2") invariants
of the (m + 1)-point representation

Vo=Xo+XW4... 4 xM (1.7)

of the operators (1.4).

In the present talk, I illustrate Lie’s theorem by several examples.

§ 2 Examples on Lie’s theorem

Example 13.1. Consider the homogeneous linear equation

dx
— = A(t)x.
Here r = 1 and the operator (1.4) has the form

d
X — p— .
xda:

We take the two-point representation (1.7) of X :

0 0
V—l’@‘i‘ﬂfla—xl

and its invariant J(x,z;) = x/z;. Equation (1.6) has the form z/z, = C.
Hence, m = 1 and the formula (1.2) is the linear superposition x = C'z;.
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Example 13.2. The simplest generalization (1.3) of Example 13.2 is the
equation with separated variables:

dzx
— =T(t)h
= T(0)h()
Here r =1 and (1.4) is
d
X =h(xr)—
(@)4,
Taking the two-point representation V' of X,
0 0
V=nhx)=—+h
(@) + hlan) 5

and integrating the characteristic system dz/h(z) = dzi/h(x;), one obtains
the invariant J(z,z1) = H(x) — H(z1), where H(z) = [(1/h(z))dz. Equa-
tion (1.6) has the form H(z) — H(xz1) = C. Hence, m = 1 and the formula
(1.2) provides the nonlinear superposition

x=H Y (H(z,) + O).

Example 13.3. The non-homogeneous linear equation

dx

— = A(t B(t

Y Aty + B0

has the form (1.3) with 71 = B(¢) and 75 = A(t). The Vessiot-Guldberg-Lie

algebra (1.4) is an Ly spanned by the operators

d d
Xi=—, Xo=20—"
1 ) 2 dz
Substituting n = 1 and r = 2 in nm > r, we see that the expression (1.2)
for the general solution requires at least two (m = 2) particular solutions.
In fact, this number is sufficient. Indeed, let us take the three-point repre-
sentation (1.7) of the basic operators X; and X :

. 0 0 0 0 0

e a + 1= a + Tog—— a:L‘Q
and show that they admit one invariant. To find it, we first solve the
characteristic system for the equation Vi(J) = 0, namely, dz = dz; = dxs.
Integration yields two independent invariants, e.g. u = x — xy and v =
X9 — x1. Hence, the common invariant J(z, x1, xs) for two operators, V; and
V5, can be obtained by taking it in the form J = J(u,v) and solving the
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equation Va(J(u,v)) = 0, where the action of V; is restricted to the space of
the variables u, v by using the formula V, = V(u)0/0u+V,(v)0/0v. Noting,
that Va(u) = x — 1 = v and Va(v) = 29 — x1 = v, we have

0 0
%—U8—+U%

Hence the invariant is J(u,v) = u/v, or J(z,z1,22) = (x — x1)/(x2 — x1).
Thus, equation (1.6) is written (x — z1)/(z2 — 1) = C. Hence, (1.2) is the
linear superposition:

r=x1+C(xyg—x1) = (1—C)xy + Cus.

Example 13.4. Consider the Riccati equation
dx

i P(t) + Q(t)x + R(t)z>. (2.1)
Here the Vessiot-Guldberg-Lie algebra is L3 spanned by
d d d
X, = — X0 = p— Xo =2 —. 2.2
YT A 2= T TN 4 (22)
We take the four-point representation of the operators (2.2),
V—g—l—a—i—a—l—a Vo = a+xa+xa+x8
YT 0r 0w 0wy 0wms’ 2 Tox ! om | oms | oms
0 0 0 0
2 2 2 2
— 27 2.
V=1 8m+x18:v1+$28m2+x38x3’ (2:3)
and find its invariant
7 (x — z9)(x3 — 21)

(r1 — ) (2y — 23)
The equation J = C gives the well-known nonlinear superposition.
Example 13.5. Theorem 13.1 associates with any Lie algebra a system of

differential equations admitting a superposition of solutions. Consider, as
an illustrative example, the three-dimensional algebra spanned by

0 0 0 0 0
Xi=2, Xo=20—+yz, Xg=a2"—+ay— 2.4
The system (1.3) corresponding to the operators (2.4) is written*
dz dy

=Ty (t) + 2T (t)x + T3(t)a?, = Ty(t)y + T3(t)xy. (2.5)

dt dt

*The operators (2.4) span a subalgebra of the eight-dimensional Lie algebra of the

projective group on the plane. Accordingly, the first equation of the system (2.5) is the
Riccati equation (2.1) with P =T,Q = 215, R = Ts;.
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In other words, the operators (2.4) span the Vessiot-Guldberg-Lie algebra L
for the system (2.5). The estimation nm > r with n = 2,7 = 3 determines
the minimum m = 2 of necessary particular solutions. Consequently, we
take the three-point representation of the operators (2.4):

V_g_‘_i_‘_i
Y7 092x Oz, | Oxo
19) 0 0 0 0
Y — 4+ 2 2
Vo xa$+y8y+ 18 +y181+ 3328 +yzay2
5 0 0 5 O 0 8 0

Vs = +x + 23 + 23 +x
R P TR PR L L P T
The operator V) provides five invariants:

Y, Y1, Y2, 21 =T1 — T, 22 = T2 — T1-

Restricting V5 to these invariants, one obtains the dilation generator

0 0 0 0
V2_221 +222—+y8 + 1

9z, 92 o 2oy,

(9312

Its independent invariants are uy = 2z5/21,us = y?/(x1—2),us = yi/(x1—1),
and uy = y3 /(w1 — ). Substituting the expression for z; and z,, one obtains
the following basis of the common invariants for V; and V5 :

2 2 2

X2 — I _ Y _ Y _ Y
Uy = ) Ug = ’ Ug = ) Uy = :
Iy — X ry — X ry — X Iy — X

It remains to find the restriction ‘73 of V3 to the above invariants by the
formula

0 0
Vs V},(Ul)aul + -+ V?,(U4)a—u4 :

The reckoning shows that
(w2 — 1) (z — @)

Vs(uy) = P = (o1 —2)(1+uy)ur, Va(uz) = yi = (21 — )us,

T+ T — 229

Vi(ug) = —y* = —(z1—2)us, Va(us) = ys = (z1—2)(1+2u; )uy

r — T

Hence,

~ 0 0 0 0
Vi = (a:l — x) ((1 + ul)ulau1 — uQ8u2 + ug o + (1+ 2u1)u46u4)
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Consequently, the equation XN/gw(ul, ...,uyg) = 0 is equivalent to
(1+ ul)ulgi — Wg;i + Ugg;/; +(1+ 2u1)u4g—i =0,
whence, by solving the characteristic system
duq B _du2 _duz duy
(I4+u)uy,  uy ug (14 2u)uy’
one obtains the following three independent invariants:
2y Uy Uy (22 — 21)y?

R (1 — ) (22 — )

s = Ug — (z1 — 2)y3

I +u)uy (v —x1) (19 — )

Hence, the general nonlinear superposition (1.6), involving two particular
solutions, (z1,y1) and (z9,ys), is written

Jl(%,?/&uws) = Ch J2(¢1:¢2>¢3) = 02, (2'6)

where J; and Jy are arbitrary functions of three variables such that their
Jacobian with respect to z,y does not vanish identically. Letting, e.g.

J1 = V1 and Jy = \/1a1)3, i.e. specifying (2.6) in the form

one arrives at the following representation of the general solution via two
particular solutions:

o Cha1ys — Coxayy Y= CiC(x2 — 1)
Ciys — Coyr Cryz — Cayr
Institute for Symmetry Analysis June 2000

and Mathematical Modelling,
University of North-West,
Mmabatho, South Africa
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