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1. Introduction

The problem on linearization of second-order ordinary differential equations by means
of point transformations was solved by Sophus Lie [I] in 1883. More specifically, he
showed that the linearizable equations are at most cubic in the first-order derivative
and gave the linearization test in terms of the coefficients of these equations.

In 1997, G. Grebot [2] studied the linearization of third-order equations by means
of a restricted class of point transformations, namely t = ¢ (z),u = ¢ (z,y) . However,
the problem was not completely solved.

In 2004, N.H. Ibragimov and S.V. Meleshko [3] solved the problem of linearization
of third-order equations by means of point transformations. They showed that all third-
order equations that are linearizable by point transformations are contained either in
the class of equations which is linear in the second-order derivative, or in the class
of equations which is quadratic in the second-order derivative. They provided the
linearization test for each of these classes and describe the procedure for obtaining
the linearizing transformations as well as the linearized equation.

The present paper is devoted to obtain criteria for a fourth-order equation to be
linearizable by change of the dependent and independent variables. In our calculations
we used computer algebra packages. The final results were checked by comparing with
theoretical results on invariants as well as by applying to numerous known and new
examples of linearization. The paper is organized as follows.

2. Point transformations of fourth-order equations

We consider the fourth-order ordinary differential equation

y W =f (v 9" y") . (1)
We apply a point transformation
t=p(ry), u=4v¢(y) (2)

to equation ().

We begin with investigating the necessary conditions for linearization. The general
form of (I]) that can be obtained from linear equations by any point transformations (2))
is found on this step. In consequence, we identify two candidates for linearization.

A linear fourth-order ordinary differential equation we use in the Laguerre form. In
1879, E. Laguerre showed that in linear ordinary differential equation of order n > 3 the
two terms of orders next below the highest can be simultaneously removed by equivalence
transformation (see [4], Section 10.2.1 and the references therein). Therefore, we write
the general linear fourth-order equation in Laguerre’s form

u +at)u 4+ B(t)u=0, (3)

where t and u are the independent and dependent variables, respectively.
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2.1. The candidates for linearization

Considering t and u as the new independent and dependent variables, respectively, one
obtains the following transformation of the first-order derivative

o = Dw(w) _ Ve + y,wy
Dx(so) 0+ Y0y

(4)

where ¢, = %f, Oy = By’ etc., and
0 0 0 0 0
Dx - 4 1 < + n < + " + (4) + ..
ox Y ay Yy ay/ Y ay// Yy ay///

is the total derivative. Likewise, one obtains the transformation of derivatives of the
second and higher order. Namely, denoting by P(z,y,’) the right-hand side of (),

!
P(z,y,y) = Vet YUy
O+ Py
one has
w= PP _FtyBAyEy A 5)
Do (9) ety (patyp,)
Denoting by Q(z,y,y’,y") the right-hand side of (H),
N S
(2 +Y'0y)?
one has
- D4(Q) _ Quty' Qu+y ' Qu+y"Q
T Da(p) Pty Py (6)
A

= otven)’ (P +0'0y) " = 30y ()] + -
Denoting by R(z,y,vy’,y"”,y") the right-hand side of ({@l),

A
R= (RSP (e + 0 y" =30, ()] + -+
hence,
W@ _ De(R) _ Batt/ Rty Ry Rty Ry
Da () Pty oy (7)

= m [(% + y'@y)zyw} o

Thus, (3] becomes

(z +y'0y)7 {(%ﬂ - QOyy/)2Ay(4) + [—10A(¢s + oy )eyy”
x y

—2(2(5@0myA — QOyAm)QOy + (530yyA — 4(pyAy)(px)y/2 (8)
—2(5(20ayPr + PaaPy) A — 2(0a Dy + 20, A0 )02 )y
+ "+ ] = 0.

Here

A = S%% - (pywx 7& 0
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is the Jacobian of the change of variables (2). It is manifest from (8) that the
transformations (2) with ¢, = 0 and ¢, # 0, respectively, provide two distinctly different
candidates for linearization.

If ¢, = 0 we work out the missing terms in (8)), substitute the resulting expression
in ([3) and obtain the following equation

y(4) +(A1y’+Ao)y”’+Boy”2+(ng’2+01y’+C’o)y”
+Dyy" + D3y + Dy + Dyy' + Dy = 0,

(9)

where
= 4(1hy) "My, (10)
Ao = =2(02y) " (BPaatly — 2020y, (11)
= 3(y) " Wy, (12)
= 6(1hy) " Dyyys (13)
Cr = —6(¢sty) ™' (BPuathyy — 20uthuyy), (14)
Co = —(920y) ™ | (4paaapr — 1502, )8y + 6(30ustiay — Patiuny)Pa), (15)
Dy = (1) Dy (16)
Dy = —2(0atty) ™ (30uatyyy — 205Vryyy); (17)
Dy = —(03y) " (40raautlyy — 1505,y + 18000prtayy — 605 0nayy), (18)
Dy = —(31y,) 7 [3(5¢2y — 100000atiuy + 692 nsy) Pre — (920040 + Dby )0
~2(5¢00tly — 4Patny) PurePr + PanesPity |, (19)
Do = —(3,) 7 [(15¢3, — 050 + Preratf2) e — (10000ePratle — HPaaaPrtina
+1502,Vas — 60aaPstiusa + P50V + P2V0nas)Pa . (20)
Definition 1. We call (@) with arbitrary coefficients Ay = Ag(z,y),

Al = Al(x7y)7 BO = BO(x7y>7 CO = CO(xuy)a Cl = Cl(x7y)7 02 = 02(x7y>7
and D; = D;(z,y), (1 =0,...,4), the first candidate for linearization.
If ¢, # 0, we proceed likewise and setting r(z,y) = :Z—”;, arrive at the following

equation
y@ + e (=10y" + Foy” + By + Fo)y”
i 15y + (Hoy” + Hiy' + Ho)y™
(J4y’4 + T3y + Joy? + Ty + Jo)y” (21)
+ K7y + Key'® + K5y + Ky
+ K3y + Koy? + Ky + Ky] =0,
where

F2 = _Q(QOyA)_l(&DyyA - QQOyAy)a (22)
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Py = 4(p,A) 7 {(A:c + Ayr = 5ryA)p, — 530yy7°A}>

Fy = —2(p,A) [((STyA —2A,)r + 51, ), + 5goyyr2A],

Hy = G(WyA)_1(590yyA — 20, A,),

Hy = —3(p,A)7! {(SAQE + 3A,r — 25r,A)p, — 20<pyyrA},

Hy = 3(p,A)7! {(5(37}0 + 2ryr)A — (5A, — Ayr)r)p, + 10g0yyr2A},

Ji = =(sA) T (100, 0y A — 4507 A + 3000, Ay — 602A,,),

J3 = Q(SOZA)_l [3((2(A:cy + Ayyr = 5ryAy) — 57°yyA)90§
—5((Az + 3Ayr — 4r,A)p, — 60y, rA)py,) — 20<pyyy<pyrA},

Ty = 6(920) 7 [(Dga + Ay + 4451 — 520, + 3A,r — 51, A)r,
—107ry,rA — 5r, A, — 5rxyA)cpZ —5(((3(A; + Ayr) — 10r,A)r
=21, A)py — 90y, T2 A) gy, — 10<pyyy<pyr2A},

Ji==2@20) 7 [(BB(B3A + Ayr) — 1r,A)ry — 6(Agyr + Ayy)

+207,,rA)r + 5(3(A, + Ayr) — 167, A)ry + 5ryp A + QOTmyTA)(pZ

+15(((3A, + Ayr — 8ryA)r — 4r, A)p, — 6g0yyr2A)<pyyr
+2090yyy90y7’3A} ’

Jo = —(@20) 7 [((2((5ryyrA = BAue)r + 57w A + BryrA)
—5(TryA — 6A,)ryr)r — 5(2(TryA — 3A,)r + 97‘mA)rm)go§
—5(3(2((2ryA — Ag)r + 2ru Ay + 30y, A) gy,
_290yyyﬂpyr2A)7’2} )

K7 = —(sz)_l [@yyyy@iwy — 100yyyyypyty + 4¢yyy¢§¢yy + 15@2@;%
_15<P;2,y<»0y¢yy + 6§0yy@§wyyy - @Zﬁ@b - ‘PS@DyO‘ - szd)yyyy}’

K¢ = (902&)_1 [3(5((7%%@;7” — 6A)py — T(0yhyr — A)pyy )Pyy
—2(Toythyyyr — 5Ayy)90;2/)¢yy + (7%5//6?/)7“ + 7@;@%0” - 90204A
+70yyyyyr — 4Ayyy)90z + 2(35pyypytyr — 300y, A — 1490;2;7/)1/317’
+100y Ay )pyyy oy — (Toythyr — 5A)‘Pyyyy90;2/}v

Ks5 = —(@f;A)_l [(2(3(Afcyy + 3Ayyyr — BryAyy — 51y, Ay) — 5y, A)

—3(7@351&/’ + 7@2%@7’ — 2g0§aA + 71/1yyyy7’)<py'r’)<p2
—3(2(5(Agy + 5Ayyr — 4r, Ay — 21y A) — 21g0y1byyy'r’2)<pz

(30)

(32)

(33)

(34)
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—15((A, + 1A, — 3r,A — To,ab,, 1)@,

+7(pytyr — 28)0yyT) 0y )eyy — 2((5(Ag + 11A,r — 3ryA)
_4290y7/’yy7’2)30y + 15(Tpythyr — 12A8)0yyT) Qyyypy

+3(Toythyr — 10A)90yyyy(v0g2/r}a (35)

Ky = —(gbA) 7 [(2(45ryymy A — 10my, A, — 55, Ayr + 50124,
=20, Ay — 507, Ay + 11A 1 + 2040y + 170,77
=207y A — 51y Ay, — 107,y Ay — 51y, A)
=5(T¢, BUr + Tgybyar — 3psal + Ty, r)oyr?) oy
+15((3((5(As 4+ 5A,r) — 1dr, A)r — 1,A) — 350,10, )0,
+35(pythyr — 30)pyyr?) 0l — 10(Agy + 314y, 1% + 13A,,r
—8(Ay + 6A,r — 2r,A)ry — 267y, rA — 4dr, A, — 4r,, A
—210y Uy oy — 10(((5(Ag + 5Ar) — 141, A)r — 1, A
14y 1y )y 4 5(T@ythyr — 18A) 0y 12 ) Py,
+5(Tpythyr — 15A)90yyyy9032/7°2}> (36)

K3 = —(50) 7 (1300 + 358,11 + D + 310,17
—5(3Aus + 26,1 + 23A,,r — (154, + 49A,r — 251, A)r,)r,
—5(13A, + 324,71 — 507, A)ry,r — 657, 7° A — 5(3A,, + 5A,,r
—16r, Ay — Tryy A1y — 5rpp Ay — 51y A
—5(30; + 11A,r — 157, A)ryy — 3074y, rA — 5(Te, Br + Tgih,ar
—4Q2 A + Ty )0y 1) — 5(2((2(2800 + 1Ty r? + 114,,7)
—(29A, + 75A,r — 51ryA)r, — 45r,rA)r — (3A, + 13A,r — 13r,A)r,
— Ty A — 147, r A — 21gpy¢yyyr4)g0§ —3((6((5(A; +3A,r) — 13r,A)r
=21, A) = 350,y %) 0y + 35(0ythyr — AD) @y )pyy )0y,
—10(2((5(As + 3A,7) — 131, A)r — 21, A — T by, ),
+5(Tpythyr — 240) 0y r*) Py oy + 5(Toythyr — 20A)90yyyy¢§r3}v (37)

Ky = = (5 A) T [((B((5may + TA )1 + Dag + TAgy1?)
—(3(13A,, + 28A,,7% + 39A,,7) + (204r,A — 161A, — 217A, 7)1,
—(T9A, + 116A,r — 2647, A)ry,r — 541, r°A)r
—(3(20,0 + TAr* + 11A,,r) + (171r,A — 64A, — 140A,7)r,
=121y, rA — 181, A1y — (44, + 11A 1 — 21r,A)ryy — 127,57 A
—TareN — ((3TA, + 5341 — 1507, A)r — 331, A)ryy, — 337,71 A
=3(T¢, BUr + Tgybyar — 5osal + Ty, r)oyr) o,
—3(2(5((2A4z + TA,,r* + 64,4, — (13A, + 19A,r — 20r,A)r,
—13ryyrA)r2 — ((BA; +5A,r — 111y A)r — 1y A)ry — 1y A
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—6rxyr2A) — 21gpy¢yyy7’5)g0§ — 15((2((5(A; +2A,r) — 12r,A)r

—3r;A) — 790y¢yyrg)90y + T(pythyr — 5A)S0yyr2)90yyr2)90yy

—2(2(5((5(As + 2A,71) — 12r,A)r — 3r,A) — 210,10, )0,

+15(Tepythyr — 30A)¢yyr2)ﬂpyyy¢yr2 + 3(Toythyr — 25A)S0yyyy90§7°4}> (38)

K, = _(902A)_1 [((7(Amy + AynyZ)r + 3Au0e + 7Axyyr2
—(33A,0 + 284,17 + 492,17 + 2(59r, A — 56A, — 42A,7)1,)1,
—(43A, + 4201 — 1287, A)ry,r — 231y, r*A)r?
— (1280 + TAyr? + 21A,,r + 2(86r,A — 497, — 35A,7)r,
—497,,rA)r + (851, A — 15A, — 21A, 7)1, )1s
—((8A, + TAyr — 32r,A)r — 10r,A)ry, — 9rmyr2A A S VAN
—((29A, + 214,71 — 957, A)r — 467, A)rpyr — 1675, 7° A
—(Teoy BYr + T byar — 60yl + Ty r)oyr) o,
—(2(5((4As + TAr? + TALr — (23A, + 21A,r — 31r,A)r,
—17ryyrA)r2 —((9A, + TAyr — 271, A)r — 6r, A)ry — 31y, rA
—10rgyr?A) = 21py1hy, 1) — 15((3((5A; + TA,r — 117, A)r
—drs ) = Toybyy 1)y + T(pythyr — 6A)pyyr?) oy ) pyyr
—2((5((5A; + TA,r — 111, A)r — 41, A) — 14, by, ),
+5(Toythyr — 360) 0y 1) Pyyypyr® + (Toythyr — 30A)¢yyyy90g2ﬂ°5}> (39)

Ko = (£38) 7 [ (((2(razy + 2ryyym)T + Tz + 3ray,r”) A

+3(3A, + 24,1 — 8r,A)ry, rH)r — (107, + 11r,7)A

—(4A, + Ayr)r)ree — (131 + 207, r) A — (TA, 4+ 3A,7)r) Ty

+((90§6¢ + 9021/@04 + Yy )T — ‘P;OKA)S%TE) + (9Ag, + 4Ayyr2

+T7Azyr — 2(13A, + 64,1 — 121, A)r, )1y r? — ((Apay + Ayyyr?)r

+ Az + Ay )r?)r — (2((17A, + 5A,r — 237, A)r, + 61y, rA)

— (60 + Ayyr? + 30,,r))r?* — (5(3r, + 8r,r)A

—3(hA, + Ayr)r)rx)rx)gpz — ((2((5(rpe + 37“yy7°2 + 2ryyr)A

+30y Uyt + 5(5A, + 3A,r — 67, A)ryr — 5(Aue + Ayyr? 4+ Ayyr)r)r

—5((3ry + Tryr)A — (3A, + Ayr)r)rx)gpz — 15((3(ry + 2r,r)A

oy = 3(As + Ayr)r)y — (oythyr — TA) @)y gy

+(2((5(ry 4 2ry 1) A + 20,1, — 5(A, + Ayr)r) o,

—5(py ¥y — 620, Py + (204 — 5A) ey r®r?]. (40)
Definition 2. We call ([2I) with arbitrary coefficients r = r(z,y),
Fy = Fo(z,y), Fi = Fi(zy), I2 = F(z,y), Ho = Ho(z,y), Hi = Hi(z,y),
Hy = Ho(z,y), Jo=Jo(z,y), Ji = Ji(z,y), Jo=Jo(z,y), J3 = J5(z,y), Ja= Ju(z,y),
and K; = K;(x,y), (i=0,...,7), the second candidate for linearization.
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Thus, we showed that every linearizable fourth-order equations belong either to
the class of (@) or to the class of (2I). In Sections and 23] we formulate the
main theorems containing necessary and sufficient conditions for linearization as well as
the methods for constructing the linearizing point transformations for each candidate.
Proofs of the main theorems and illustrative examples are provided in the subsequent
sections.

2.2. The linearization test for equation (9)

Consider the first canditate for linearization, i.e. equation ([@). In this case, the
linearizing transformations (2)) have the form

t=w(x), u=yP(x,y). (41)
Theorem 1. Equation (9]

y(4) +(A1y/ + Ao)y/// + Boy//2 + (ng/z + C’ly’ + C’o)y”
+Dyy'™* + D3y + Doy + D1y’ + Dy = 0,

is linearizable if and only if its coefficients obey the following ten equations

Agy — A =0, (42)
4By — 34, =0, (43)
12A,, + 342 — 8C, = 0, (44)
1241, + 3A0A; —4C, =0, (45)
32C0, + 1240, A; — 16C,, + 3AZA; — 44,C, = 0, (46)
4Cy9, + A1Cy — 24D, = 0, (47)
4Cy, + A0y — 12Dy = 0, (48)
16C,, — 1240, A1 — 345 A; + 44,01 + 8A,Cy — 32D, = 0, (49)

192Dy, + 36 Agp Ag Ay — 48 4, Cy — 48C4, Ay — 288Dy, + 9AFA; — 12A2C,
—36A40A,Cy + 4843 Dy + 32C,C, = 0, (50)

384D1,, — [3((3AgAr — 4C1) A3 + 16(2A1 Dy + CoCh) — 16(A1Co — Dy) Ag) Ag
—32(4(C1 Dy — 2C3Dy + CoDy) + (341D — CF)Ay) — 96Dy, Ag
+384Dg, A1 + 1536Dg,, — 16(3A0A1 — 4C1)Coy
+12((34pA1 — 4C1)Ag — 4(A1Cp — 4D5)) Aoz | = 0. (51)
Provided that the conditions ([42)-(51) are satisfied, the linearizing transformation (41))

is defined by a fourth-order ordinary differential equation for the function ¢(x), namely
by the Riccati equation

d
40% — 20x% = 8Cy — 342 — 12A,,, (52)
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for
Pz
X = 2n (53)
and by the following integrable system of partial differential equations for ¢ (z, y)
Aty =y Ay, (54)
Ay = by (Ao + 6x), (55)
and

16009000 = 9600854, X + 1600, (—12A40, — 343 — 90x* + 8C))
+40, (12 A0, Ag + T2A0.x — 16Co, + 3A5 + 18 AZx — 12A4,C)
+120x* — 48xCy + 24Dy — 82) + (144 A7, + T2 A0, A5 — 35240,Co
—~160C — 80Cp, Ag — 1600Dyg, + 640Dy, — 808, + 945 — 88AC )
+160A49D; + 30409 — 4004, Dy + 300X + 144C3) + 1600, Dy,  (56)
where x is given by (B3)) and € is the following expression

Q= A} —440Cy +8D; — 8Cy, + 640 Ag + 4A0se. (57)
Finally, the coefficients « and 3 of the resulting linear equation (B)) is given by
Q
=gk (58)

and

B = (1600p3) (=144 A2, — T2 A0, Aj + 35240,Co + 160C0,. + 80Co, Ay
+1600Dg, — 640Dy, + 808, — 9Ay + 88A3Cy — 16049 D; — 3040
+400A; Dy — 300§ — 144C7). (59)

Remark 1. Since the system of equations (42))-(51)) provides the necessary and sufficient
conditions for linearization, it is invariant with respect to the transformations (4I). It
means that the left-hand sides of ([2))-(&1l) are relative invariants (of the second-order)
for the equivalence group (41]).

2.3. The linearization test for equation (21)

The following theorem provides the test for linearization of the second candidate. The
necessary and sufficient conditions comprise eighteen differential equations (60)-(77) for
twenty one coefficients of the (2I]). The linearizing change of variables (2) is determined

by ([8)-(1) for the functions p(z,y) and ¥ (z,y).

Theorem 2. Equation (21])
y@ 4+ y’i—r(_loy// + Fyy? + By + Fy)y"”
_‘_m [15y//3 + (H2y/2 + Hly/ + Ho)y//2
+(J4y’4 + ng/3 + ng/z + le’ + Jo)y//
+ K7y + Key'® + K5y + Kqy™

+K3y" + Koy? + K1y + Ko) =0,
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is linearizable if and only if its coefficients obey the following equations

107y, = —(Fiy + Fou + Foyr + ry ),
10r, = 10r,r — Fy + Fyr — Fyr?,

Hy, = —3F;,

4H, = —=3(5F, — 2Fr),

4Hy = —3(6F, — Fir),

10F1yy = —(FlyF2 - 40F2:cy - 16F2J;F2 + 20F2yy’f’ + 40F2y’f’y + ]_4F2yF2’l" + 20J4x
— 20Jy,r + 141, F5 — 401, Jy),

12Fy, = 12Fy,r — 3F1Fy + 6F5r + 4.5 — 16J,7,
60F 1, = 60Fy,r — 36 FyFy — 15F7 + 66 F) For — 36 Fyr? 4 40Jy — 80J51 + 80J477,

60Fy, = 60Fy,r — 51F,Fy + 66 Fy For + 36 Fr — 72F, For® + 36 Fyr® + 60.J;
— 80Jyr + 80J31% — 80,77,

20.Jy = 9F7 — 18FyFir + 18 Fy Fyr® + 9FEr? — 18 Fy Fyr® + 9F5r* + 20,7
—20J57? + 20J37° — 20.J47%,

120J3,, = 216 Fy, Fy, + 54Fy, Fy — 48F,Jy + 360Fy,, 1, + 90Fy,, Fy — 180 Fyy, For
— 432F5 r + 324Fy, 1 Fy + 189Fy, Fy Fy — 486 Fy, Fir — 1925, J3
+ 864 Fy, Jyr — 60.J3, F + 72043y + 180J 4, Fp — 240147
— 1200.J4y7, + 60y, For + T20Ks, — T20Kg,r — 5040 K 7,7
+ 5040 K 7,7 + 367, F5 — 4321, FyJy — 21601, Kg + 151207, Ko7
+ 504Fy K7 + 36 Fy F — 102F, FyJy — 504F, Kor — T2F)r
— 48F 5 J5 4 396 F Jyr + 504 Fy K7r? 4 1365y — 544.J37r,

24040y, = — (36 Fyy Foyy + 162Fy, Foy Fy — T2Fy, Jyy, + 36 Fy, Fy — 168F, FyJ,
— T2F, Ko — 168F 1, Kqr — T2Fy,, Fo,r + 144Fy,, 1, F
+ 54Fyy F\ Fy — 108Fyy, F5r — T2F3y, J5 + 288 Fyy, Jyr + 432F5 1,
+ 1085, Fy — 540F;, For — 144Fy, Js, + 528 Fyy Jyp + 192Fy, Jyyr
+ 324Fy,r, Fy — 1008 Fy, 1, Jy + 162Fy, Fy Fy — 132F,, Fy J,
— 396 Fy, Fyr — 180 Fy, FoJs + 1320 Fy, Fy Jur + 144 F,, Kgr
— 336 Ly, K7r? — 3603, Fy + 17603,y + 12045, F + 132J4, Fy
— 432045y — 24047 — 960 T4,y — 1204y, For — 76841, Fy
— 138J4, F1 Fy + 288.J4, Fiyr + 184.J4,J3 — 100814, Jyr + 960 Ky,
+ 240K, Fy — 960Ks,,r — 3840Ks,r, — 240Kq, For — 1920K 7,7

10
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— 2400 K 7, + 2880 K7,1, — 600K, Fy — 480K+, For + 4320 K7,,r?

+ 24000 K 7,11 + 432K7, Fy + 168 K7, Fir + 912K, For®

+ 201607 K7 + 1728, F1 K7 + 361, Fy — 2647, F3 J, — 12481, F3 K

+ 52807, Fy Ko + 1607, J; + 408 Fy Fy Ky + 150F2 K, + 27TF Fy

— 120 Fy Jy — 168 Fy Fy K + 168 Fy Fo Kqr — 54Fyr — 36F;) J3

+ 384 F3 Jyr + 336 Fy Kgr — 1344F; Kor® + 160FyJ3J, — 640F, Jir

— 400J5 K7 + 224J3 K¢ — 368J3 K71 — 896, Kgr + 3872J4 K71

+ 672Fy, K7), (71)

41y = Adyyr — Py + 2y Jyr — 4K + 24 Ker — 84K, (72)

60Fy,, = —(30Fy, Fy + 36 F1, F) — 36 Fy, For — 60Fy,,r° + 24F5, Fy — 36 Fy, Fyr
— B4Fy, For® — 40y, + 40J3,r + 80Jy,r* — 361, Fy Fy + 361, Fyr
+ 407, J3 — 807, Jur + 6FyFy — 6FyJy + OFL Fy — 18Fy Fyr
— 12Fy Js + 24F Jyr — 6F51% — 10FyJo + 22Fy Jsr + 26 FyJyr?
— 60K, + 180K 5 — 180 K41 — 420K+1°), (73)

QOJQQD = QOng’f’ + 20J3m7” — 20J3y7’2 — 14FOJ3 -+ 28F0J47” — 5F1J2 + 19F1J37’
— 28F, Jyr? 4+ 10FyJor — 24Fy J3r? + 28 Fy Jyr® — 120K 5 + 360K 7
— 640K 57% + 840K¢r® — 840K 1, (74)

60J1, = 60J1,r — 405,72 + 40J3,7° — 42y Jy + 42Fy Jyr — T0FyJyr? — 15513
+ 42F) Jor — 52F) J3r? + T0F Jur® + 30Fy Jir — 42F, Jor?
+ 62Fy Jsr® — T0Fy Jyr* — 600K, + 1080 K3r — 1380 K72
+ 1700 K57 — 2100 Kgr* + 2100 K775, (75)

80K, = 3F F) — 6F For — 6FyFir + 18Fy Fi For® — 12FF3r® — 8FyJ,
+ 16 Fy Jor — 24FyJsr? + 32F, Jur® + 3FPr? — 12F2 Fyr® + 15F, Fyr?
+ 8E Sy — 16, Jor? + 248, J3r® — 32 Jyr* — 6F5r® — 8FyJir?
+ 16 FyJyr® — 24F, Jor* + 32, J4r° 4+ 160Kyr — 240K 3r? + 320K,r°
— 400 K57 + 480K¢r® — 560K 77, (76)

400Ky = —(6F) — 33F2Fyr + ASF For? + A8FyFir? — 126 Fy Fy For® + T8 Fy Fir?
+ 40Fy Jir — 80Fy Jor? + 120F,J5r® — 160Fy Jur* — 21 F 33
+ T8F2 Fyr* — 93F Fyr® — 40F, Jyr* + 80F, Jor® — 120F, Jyr*
+ 160 Fy Jur® + 36 F5 1% + 40 Fy Jyr® — 80Fy Jor? + 120y Jr®
— 160 F,J47% — 400K5r* 4+ 800K 3r® — 1200K,r* 4+ 1600K5r°
— 2000K¢r°® 4 2400K7r7). (77)
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Provided that the conditions (60)-(77) are satisfied, the transformations (2] mapping
equation (2I)) to a linear equation (3]) is obtained by solving the following compatible
system of equations for the functions ¢(x,y) and ¥ (z,y)

P = TPy, (78>
pr@Dx = T@ywy — A, (79)
10Apy, = ¢y (44, — F2A), (80)

and

50000y yyyy A = 3000y, 0y A* (4D, — FoA) + 5ty 0, A(—120F, A? — 144A7
+ 120, FR A = 39F5 A* + 80.J,A%) + thy0,, (50007 e A®
— 150 Fy,, A® 4 360F3, Ay A? — 165F3, F3A® + 1004y A° + 96A
— T202F A + 1080, FFA? — 2407, JyA? — 24FFA° 4 60F5J,A%)

— 500tpp, BA® + 500 K7 A" (81)
The coefficients a and 3 of the resulting linear equation (3] is given by
C)
_ 9 82
=g (82)
and
3 = (1600Ap,) " [A(—144F22y — T2F5, Fy + 352Fy, Jy + 16014, + 80.J4, Fy
+640K, — 1600K+, — 2880K7,r + 800, — 4480r, K7 — 400F, K,
—9F) 4 88FZ Jy + 160F, K — 320F, Kor — 1447 — 120Ay@}, (83)

where O is the following expression
O = (F5 — 4J,)Fy — 8(Ke — TK7r) — 84y + 6Fo Fy + 4y, (84)

Remark 2. The equations (60)-(T7) define eighteen relative invariants of the third-
order for the general point transformation group (2I).

3. Proof of the linearization theorems

The proof of the linearization theorems formulated above requires investigation
of integrability conditions for the equations given in Section 211 We  will
consider the problem for the candidates (@) and (2I]) separately. The problem is
formulated as follows. Given the coefficients A;(z,v), Bi(z,y), Ci(x,y), Di(z,y) and
Fi(z,y), Hi(x,y), Ji(z,y), K;(z,y) of the equations (9) and (2II), respectively, find the
integrability conditions of the respective equations for the functions ¢ and .
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3.1. Proof of Theorem 1

Let us turn to the proof of Theorem 1 on linearization of ([@). Namely, given the
coefficients A;(z,y), Bi(z,y), Ci(x,y), Di(x,y) of (@), we have to find the necessary and
sufficient conditions for integrability of the over-determined system (I0)-(20) for the
unknown functions ¢(x) and ¥ (z,y).

We first rewrite the expressions (I0) and (IIl) for A; and Aj in the following form

Pyy = %> (85)
ty = (690m4:r0 zaon) W, (86)
Comparing the mixed derivative (1), = (4 )y, One arrives at (42))
Aoy = Ay
Then (I2), (I3) and (I4)) are written in the form
3A; — 4By =0,

3A7 —8C, + 124,, = 0,
and
12A1m + 3AOA1 - 401 = 0,

respectively. So that one obtains (43]), (44)) and (45]) respectively. Furthermore, ([I5]) for
Cy becomes
(1240,¢3 — 6093, + 393 A7 — 8¢2C0)

T

I 220) 87
© 100, (87)

Differentiation of (87) with respect to y yields

1240, A1 + 32Co, — 16C, + 3AFA; — 44,C, = 0.
Thus one gets (A6). Therefore ([I6]), (I7) and (I8]) can be written in the form of (47,
(@8) and (49), respectively.

One can determine « from (I9)), as the following
. 4A0xw + 6A0mA0 - 8C0m + A% - 4A(]C() + 8D1

Q 37 (88)
Since ¢ = ¢(z), we have o, = 0 yields (B0)
D3y = —155[36A0, A0 Ay — 48 A0, C — 48Co, Ay — 288Dy, + 9A3A,

—1243Cy — 3649 A1Co + 4849 D + 32CoCh)
From (20) one finds

djmvxx =

+ 36 Ao P te Ao — 48Coapitbe — 12003 0y + 36092, 0 ra

— 24002002V a0e — 18Pa0Pothn AY + 48000212 Co + 40L A1)

+ 12034, A2 — 32034, Co + 51, A — 20034, 40Cy

+ 40345, Dy — 40335, Do (89)
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Forming the mixed derivative (¢yza4)y = (Vay)zze ONE obtains

1
p= W
— 1800 A0, Ppe Ao — 12A0,0, A2 + 32 A0,0.Co — 480C 0,404
+ 2400C 0,040 + 1600 Do, 0, — 300, A + 1200, AoCh
— 24000, D1 — 390, Ag + 208, A2ZCy — 4000, Ao D,

+ 400, A1 Dy — 144%03]. (90)
Since ¢ = (z), we have (5, = 0 yields (1)

(320 Apzripr — 1200A0s0 0z + 360 Aggaipr Ag + 336 43,00

384

—32[4(01D1 - 2CQD() + CQDQ) + (3A1D0 - Cg)Al]
—96D1,Ag + 384Dy, Ay 4 1536 Dy, — 16(3A9A; — 4C1)Co,
+12[(340A; — 4C1) Ag — 4(A1Co — 4D2)] Ag, |

Diwy = 35 |[(3840A; — 4C1) A3 + 16(2A41 Dy + CoCh) — 16(A;1Co — Dy) Aol Ag

From (87)) one can rewrite the representation for Cjy upon denoting x = % leads to
(52) and the representations for v, and 1., in the equations (85) and (86]) become (54)
and (53). Rewriting the representation for a from (88)) in the form

Q

g

where
Q= A3 —4A0Cy +8D; — 8Cy, + 640, Ag + 4A0se,
and thus § of ([@0) becomes
B = (1600p3) (=144 A2, — T2A0, Aj + 35240,Co + 160C0,. + 80Cs, Ay
+ 1600Dg, — 640Dy, + 808, — 9Ag + 88A3Cy — 16049 D, — 30 A,
+ 4004, Dy — 300xQ — 144C3).
Finally, one obtains (89) in the form

16009000 = 96008400 X + 160050 (—12A40, — 3A2 — 90x* 4 8Cy)

+ 4000, (12 A0, Ag + T2A0. X — 16C0, + 3A3 + 18 A2y — 124,C)

+ 120x* — 48xCy + 24Dy — 8Q) + (144A%, + T2 A0, Af — 352A0,.Co
— 160C0.; — 80Cp, Ag — 1600Dy, + 640D1, — 809, + 9A; — 88A2C)
+ 16049 D; + 30409 — 4004, Dy + 300X + 144CF) + 1600¢, Dy.

Hence we complete the proof of Theorem 1.

3.2. Proof of Theorem 2

In the case of (2I)), the problem is formulated as follows. Given the coefficients
Fi(z,y), Hi(z,y), Ji(z,y), K;(z,y) of 2I]), find the necessary and sufficient conditions
for integrability of the over-determined system of equations (22))-(#0) for the unknown
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functions ¢(z,y) and (z,y). Recall that, according to our notation, the following
equations hold

_ Yy — A

Pr =TQy, Yy=—"""—", (91)
! Py
and
Pz Pz
Qg = — O, ﬂx = ﬁ .
oy 7 oy "
Let us simplify the expression (22]) as follow

Py = [(41, — FoA)p,]/(10A). (92)
Comparing the mixed derivative (¢,),, = (¢yy). one obtains

Agy = [Fonl? = Fyyr N 4+ 107, A% + 47, Ay A — 1y FoA”

+ 40D, + 44, rA — A2 ] /(44). (93)

Rewriting (23)) in the form

A, = (20r,A + 4A,r + 1A — 2FrA) /4.
Forming the mixed derivative A,, = (A,), one arrives at (60)

Tyy = —(F1y — Foy — Foyr — r, F)/10.

Then ([24)-27) are written in the form of (6Il)-(G4]), respectively. Furthermore, (28]
becomes

Ay = —(20FyA* — 48A2 + AN oA + TFFA? — 20J,A%) /(40A).
Now, consider the equation (A,,), = (A;),y , one gets (65)
Flyy = —(FlyFQ — 40F2xy — 16F2xF2 -+ QOngyT -+ 40F2yry
+14F2yF2’l" + 20J4x - 20J4y’f’ + ]_4’/"sz2 - 40TyJ4)/10
Thus equations (29)-(B2) yield (@6])-(€9), and from (B3]) one finds
Yy = [3008,0, A2 (40, — FoN) + 5ty 0, A(—120Fy, A” — 144A2
+ 120, FR A = 39F5 A? + 80.J,A%) + 1)y 0, (50005 e A®
— 150Fy,, A® 4 360 Fp, Ay A% — 165F5, Fo A® + 100J,,A®
+96A — T2A2 oA + 1080 F5 A? — 2407, J,A? — 24F7 A°
+ 605 J1A%) — 50005 3A% + 500K7A] /(500p0,A%). (94)
One can determine « from (34), as the following
a = (4Fyyy 4+ 6Fy Fy — 8Jyy + F; — 4FyJ, — 8K + 56 K71) /8¢5, (95)
Now the equation o, — ra, = 0 leads to (70)). Furthermore, one considers (¢)yyyy =
(Yyyyy)o , yields
6 = 120Ay(_4F2yy — 6F2yF2 -+ 8J4y — F23 + 4F2J4 -+ 8K6 — 56K77”)
+A(320 Fayyy + 480Fyy, Fy + 336 F2, + 168 Fy, F2 + 32F,.J;

—480.Jy,,, — 240.J4, Fy — 1600K7, 4+ 1600K7,r — 400F, K;
—9F} + 88FJ, + 160F, Kg — 320 Krr — 144J2) /1600A0%.

(96)
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The equation 3, — rB, = 0 leads to (1. Therefore, (B5)-([0) become (72)-(77),

respectively.

Let us turn now to the integrability problem. Omne can find all fourth-order
derivatives of the functions ¢ and ¢ by using ([@1]), ([O2) and ([@4). So that one obtains
at (78)-(®1). Finally, the coefficients o and 3 of the resulting linear equations (93]) and

([@6) are given by

oa=—7,
8@2

B= (—l44F3 A — T2Fp, F3A + 352F3, JyA + 160.J4, A + 8013, Fo A
+640Kg,A — 1600K7, A — 2880 K7, A — 4480r, K7 A + 800,A
—120A,0 — 400F, K7 A — 9FFA 4 88F2J4A + 1605, KA
—320F KA — 14430) /(1600p2A),

where
O = (Fy —4J,)Fy — 8(Kg — TK7r) — 8Jyy + 6Fo Fy + 4Fy,,.

Hence we complete the proof of Theorem 2.

4. Illustration of the linearization theorems

4.1. An example on Theorem 1

Example 1. Consider the nonlinear ordinary differential equation
22y(2y W +y)+82%y " +16xyy" +622y " +48xy"y" + 241y +24y™ = 0.(97)
It is an equation of the form () with the coefficients

4 8 3 24 12
Alz_aAOZ_a30:_702:07012_700:_27
Y x Y Ty x
12 Y
Dy=0, D3=0, Dy=—, D1 =0, Dy=73 - (98)
T4y 2

One can check that the coefficients ([O8) obey the conditions ([#2)-(5I). Thus, the
equation (@7) is linearizable. We have

8C) — 3A2 — 1240, = 0 (99)
and the equation (52) is written as

dx 2
2= — = 0.
dx X

Let us take its simplest solution xy = 0 . Then invoking (53), we let

Y=z
Now the equations (54))-(53]) are written
Yoy _ L ey 2

vy Yy Yy,
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and yield
Py = K%y, K = const.
Hence
w2y?
Y=K 5 + f(x).
Since one can use any particular solution, we set K =2, f (z) =0 and take
Y = 2%y

Invoking (@9)) and noting that (57)) yields © = 0, one can readily verify that the function
¥ = 2%y? solves equation (56]) as well. Hence, one obtains the following transformations

t=x, u=a%y> (100)
Since © = 0, equations (58) and (B9) give

a=0, p=—=1
03

Hence, the equation (@7) is mapped by the transformations (I00) to the linear equation
u™ +u = 0.
Example 2. The third-order member of the Riccati Hierarchy is given by Euler et al.
[5] as
y" + dyy” + 3y* + 6y*y + 4yt = 0. (101)
Applying [6], and [7] one checks that equation cannot be linearized by a point

transformation or contact transformation or generalized Sundman transformation.
Under the Riccati transformation y = % the equation (I0I) becomes [§]

()+4<a_1)w2 / ///_'_3(a_1) 2,
+6(a—1)(a—2)ww?" + (a—1)(a—2)(a—3)" =0. (102)
It is an equation of the form (IQI) with the coefficients

Al _ A(]—O B(] 3(a— 1)7
C2:W70—0700_07 (103)
D, = @=641la=6 ' p.— (0 Dy =0, D; =0, Dy=0.

One can verify that the coeflicients (I03) obey the linearization conditions (42)-(51).
Furthermore,

8Cy — 3A5 — 1240, = 0 (104)
and the equation (52]) is written as

dx
2= — =0.
dx X

We take its simplest solution x = 0 and obtain from (53) the equation ¢” = 0, whence

Y =1z
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Equations (54]) and (55) have the form

ww - 1
1/}— = ¢ ) ,lvz):cw =0
Yo w
and yield
, = Kw@™Y, K = const.
Hence
wa
Since one can use any particular solution, we set K =a, f(z) =0 and take
P = w.

Invoking (I04]) and noting that (57) yields = 0, one can readily verify that the function
1 = w* solves equation (B0l as well. So that one obtains the following transformations

t=xz, u=uw" (105)
Since €2 = 0, equations (58) and (59) gives
a=0, [#=0.

Hence, the equation (I02)) is mapped by the transformations (I0H) to the linear equation
u® = 0.

Example 3. Let us consider the Boussinesq equation
Upp + Wy + U2 + U = 0. (106)

Of particular interest among the solutions of the Boussinesq equation are travelling wave
solutions:

u(z,t) = H(x — Dt).
Substituting the representation of a solution into (I06]), one finds

HY + (H+ DHH" + H? = 0. (107)
It is an equation of the form (@) with the coefficients

A1:0, AOIO, BOIO, CQIO, 01:0, C(]:D2—|—H,
Dy=0, Ds=0, Dy=1, D, =0, Dy = 0.

Since the coefficients (I08) do not satisfy the linearization conditions (@), (49) and
(B1)), hence, the equation (I07) is not linearizable.

(108)

Example 4. Consider the non-linear equation

10 1
y(4) _ ?y//y/// + ﬁ (15y//3 _ :L'y/7 _ y/G) —0. (109)
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It has the form (2I]) with the following coefficients:

7’:0, FQIO, F1:0, FOIO, HQIO, H1:0, H():O,

J4:0, JgIO, JQIO, J1:0, J(]:O, K7:—flf,

K6:—17K5:0,K4:0,KgIO,KQIO,Klzo,KOIO. (110)
Let us test the equation (I09) for linearization by using Theorem 2. It is manifest that
the equations (60)-(77) are satisfied by the coefficients (I10). Thus, the equation (109)
is linearizable, and we can proceed further.

Let us take its simplest solution ¢ = y and ¥ = x which satisfy the compatible
system of equations (78)-(8I). So that one obtains the following transformations

t=y, u=z. (111)
Since © = 8 | equations (82) and (83) give
a=1, (=1

Hence, the equation (I09]) is mapped by the transformations (ITT) to the linear equation
u® + ' +u=0.
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