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1. Introduction

The problem on linearization of second-order ordinary differential equations by means

of point transformations was solved by Sophus Lie [1] in 1883. More specifically, he

showed that the linearizable equations are at most cubic in the first-order derivative

and gave the linearization test in terms of the coefficients of these equations.

In 1997, G. Grebot [2] studied the linearization of third-order equations by means

of a restricted class of point transformations, namely t = ϕ (x) , u = ψ (x, y) . However,

the problem was not completely solved.

In 2004, N.H. Ibragimov and S.V. Meleshko [3] solved the problem of linearization

of third-order equations by means of point transformations. They showed that all third-

order equations that are linearizable by point transformations are contained either in

the class of equations which is linear in the second-order derivative, or in the class

of equations which is quadratic in the second-order derivative. They provided the

linearization test for each of these classes and describe the procedure for obtaining

the linearizing transformations as well as the linearized equation.

The present paper is devoted to obtain criteria for a fourth-order equation to be

linearizable by change of the dependent and independent variables. In our calculations

we used computer algebra packages. The final results were checked by comparing with

theoretical results on invariants as well as by applying to numerous known and new

examples of linearization. The paper is organized as follows.

2. Point transformations of fourth-order equations

We consider the fourth-order ordinary differential equation

y(4) = f (x, y, y′, y′′, y′′′) . (1)

We apply a point transformation

t = ϕ (x, y) , u = ψ (x, y) (2)

to equation (1).

We begin with investigating the necessary conditions for linearization. The general

form of (1) that can be obtained from linear equations by any point transformations (2)

is found on this step. In consequence, we identify two candidates for linearization.

A linear fourth-order ordinary differential equation we use in the Laguerre form. In

1879, E. Laguerre showed that in linear ordinary differential equation of order n ≥ 3 the

two terms of orders next below the highest can be simultaneously removed by equivalence

transformation (see [4], Section 10.2.1 and the references therein). Therefore, we write

the general linear fourth-order equation in Laguerre’s form

u(4) + α (t) u′ + β (t) u = 0, (3)

where t and u are the independent and dependent variables, respectively.
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2.1. The candidates for linearization

Considering t and u as the new independent and dependent variables, respectively, one

obtains the following transformation of the first-order derivative

u′ =
Dx(ψ)

Dx(ϕ)
=
ψx + y′ψy

ϕx + y′ϕy

, (4)

where ϕx = ∂ϕ
∂x
, ϕy = ∂ϕ

∂y
, etc., and

Dx =
∂

∂x
+ y′

∂

∂y
+ y′′

∂

∂y′
+ y′′′

∂

∂y′′
+ y(4) ∂

∂y′′′
+ · · ·

is the total derivative. Likewise, one obtains the transformation of derivatives of the

second and higher order. Namely, denoting by P (x, y, y′) the right-hand side of (4),

P (x, y, y′) =
ψx + y′ψy

ϕx + y′ϕy

one has

u′′ =
Dx (P )

Dx (ϕ)
=
Px + y′Py + y′′Py′

ϕx + y′ϕy

=
∆

(ϕx + y′ϕy)
3y

′′ + · · · . (5)

Denoting by Q(x, y, y′, y′′) the right-hand side of (5),

Q =
∆

(ϕx + y′ϕy)3
y′′ + · · ·

one has

u′′′ = Dx(Q)
Dx(ϕ)

=
Qx+y′Qy+y′′Q

y′
+y′′′Q

y′′

ϕx+y′ϕy

= ∆
(ϕx+y′ϕy)5

[

(ϕx + y′ϕy) y
′′′ − 3ϕy (y′′)2

]

+ · · · .
(6)

Denoting by R(x, y, y′, y′′, y′′′) the right-hand side of (6),

R =
∆

(ϕx + y′ϕy)5

[

(ϕx + y′ϕy) y
′′′ − 3ϕy (y′′)2

]

+ · · ·

hence,

u(4) = Dx(R)
Dx(ϕ)

=
Rx+y′Ry+y′′R

y′
+y′′′R

y′′
+y(4)R

y′′′

ϕx+y′ϕy

= ∆
(ϕx+y′ϕy)7

[

(ϕx + y′ϕy)
2y(4)

]

+ · · · .
(7)

Thus, (3) becomes

1

(ϕx + y′ϕy)7

[

(ϕx + ϕyy
′)2∆y(4) + [−10∆(ϕx + ϕyy

′)ϕyy
′′

−2(2(5ϕxy∆ − ϕy∆x)ϕy + (5ϕyy∆ − 4ϕy∆y)ϕx)y
′2

−2(5(2ϕxyϕx + ϕxxϕy)∆ − 2(ϕx∆y + 2ϕy∆x)ϕx)y
′

+ · · ·]y′′′ + · · ·
]

= 0.

(8)

Here

∆ = ϕxψy − ϕyψx 6= 0
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is the Jacobian of the change of variables (2). It is manifest from (8) that the

transformations (2) with ϕy = 0 and ϕy 6= 0, respectively, provide two distinctly different

candidates for linearization.

If ϕy = 0 we work out the missing terms in (8), substitute the resulting expression

in (3) and obtain the following equation

y(4) +(A1y
′ + A0)y

′′′ +B0y
′′2 + (C2y

′2 + C1y
′ + C0)y

′′

+D4y
′4 +D3y

′3 +D2y
′2 +D1y

′ +D0 = 0,
(9)

where

A1 = 4(ψy)
−1ψyy, (10)

A0 = −2(ϕxψy)
−1(3ϕxxψy − 2ϕxψxy), (11)

B0 = 3(ψy)
−1ψyy, (12)

C2 = 6(ψy)
−1ψyyy , (13)

C1 = −6(ϕxψy)
−1(3ϕxxψyy − 2ϕxψxyy), (14)

C0 = −(ϕ2
xψy)

−1
[

(4ϕxxxϕx − 15ϕ2
xx)ψy + 6(3ϕxxψxy − ϕxψxxy)ϕx

]

, (15)

D4 = (ψy)
−1ψyyyy, (16)

D3 = −2(ϕxψy)
−1(3ϕxxψyyy − 2ϕxψxyyy), (17)

D2 = −(ϕ2
xψy)

−1(4ϕxxxϕxψyy − 15ϕ2
xxψyy + 18ϕxxϕxψxyy − 6ϕ2

xψxxyy), (18)

D1 = −(ϕ3
xψy)

−1
[

3(5ϕ2
xxψy − 10ϕxxϕxψxy + 6ϕ2

xψxxy)ϕxx − (ϕ3
xψyα + 4ψxxxy)ϕ

3
x

−2(5ϕxxψy − 4ϕxψxy)ϕxxxϕx + ϕxxxxϕ
2
xψy

]

, (19)

D0 = −(ϕ3
xψy)

−1
[

(15ϕ3
xx − ϕ6

xα + ϕxxxxϕ
2
x)ψx − (10ϕxxxϕxxψx − 4ϕxxxϕxψxx

+15ϕ2
xxψxx − 6ϕxxϕxψxxx + ϕ6

xβψ + ϕ2
xψxxxx)ϕx

]

. (20)

Definition 1. We call (9) with arbitrary coefficients A0 = A0(x, y),

A1 = A1(x, y), B0 = B0(x, y), C0 = C0(x, y), C1 = C1(x, y), C2 = C2(x, y),

and Di = Di(x, y), (i = 0, . . . , 4), the first candidate for linearization.

If ϕy 6= 0, we proceed likewise and setting r(x, y) = ϕx

ϕy

, arrive at the following

equation

y(4) + 1
y′+r

(−10y′′ + F2y
′2 + F1y

′ + F0)y
′′′

+ 1
(y′+r)2

[15y′′3 + (H2y
′2 +H1y

′ +H0)y
′′2

+(J4y
′4 + J3y

′3 + J2y
′2 + J1y

′ + J0)y
′′

+K7y
′7 +K6y

′6 +K5y
′5 +K4y

′4

+K3y
′3 +K2y

′2 +K1y
′ +K0] = 0,

(21)

where

F2 = −2(ϕy∆)−1(5ϕyy∆ − 2ϕy∆y), (22)
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F1 = 4(ϕy∆)−1
[

(∆x + ∆yr − 5ry∆)ϕy − 5ϕyyr∆
]

, (23)

F0 = −2(ϕy∆)−1
[

((5ry∆ − 2∆x)r + 5rx∆)ϕy + 5ϕyyr
2∆

]

, (24)

H2 = 6(ϕy∆)−1(5ϕyy∆ − 2ϕy∆y), (25)

H1 = −3(ϕy∆)−1
[

(5∆x + 3∆yr − 25ry∆)ϕy − 20ϕyyr∆
]

, (26)

H0 = 3(ϕy∆)−1
[

(5(3rx + 2ryr)∆ − (5∆x − ∆yr)r)ϕy + 10ϕyyr
2∆

]

, (27)

J4 = −(ϕ2
y∆)−1(10ϕyyyϕy∆ − 45ϕ2

yy∆ + 30ϕyyϕy∆y − 6ϕ2
y∆yy), (28)

J3 = 2(ϕ2
y∆)−1

[

3((2(∆xy + ∆yyr − 5ry∆y) − 5ryy∆)ϕ2
y

−5((∆x + 3∆yr − 4ry∆)ϕy − 6ϕyyr∆)ϕyy) − 20ϕyyyϕyr∆
]

, (29)

J2 = 6(ϕ2
y∆)−1

[

(∆xx + ∆yyr
2 + 4∆xyr − 5(2∆x + 3∆yr − 5ry∆)ry

−10ryyr∆ − 5rx∆y − 5rxy∆)ϕ2
y − 5(((3(∆x + ∆yr) − 10ry∆)r

−2rx∆)ϕy − 9ϕyyr
2∆)ϕyy − 10ϕyyyϕyr

2∆
]

, (30)

J1 = −2(ϕ2
y∆)−1

[

((5(3(3∆x + ∆yr) − 14ry∆)ry − 6(∆xyr + ∆xx)

+20ryyr∆)r + 5(3(∆x + ∆yr) − 16ry∆)rx + 5rxx∆ + 20rxyr∆)ϕ2
y

+15(((3∆x + ∆yr − 8ry∆)r − 4rx∆)ϕy − 6ϕyyr
2∆)ϕyyr

+20ϕyyyϕyr
3∆

]

, (31)

J0 = −(ϕ2
y∆)−1

[

((2((5ryyr∆ − 3∆xx)r + 5rxx∆ + 5rxyr∆)

−5(7ry∆ − 6∆x)ryr)r − 5(2(7ry∆ − 3∆x)r + 9rx∆)rx)ϕ
2
y

−5(3(2((2ry∆ − ∆x)r + 2rx∆)ϕy + 3ϕyyr
2∆)ϕyy

−2ϕyyyϕyr
2∆)r2

]

, (32)

K7 = −(ϕ2
y∆)−1

[

ϕyyyyϕ
2
yψy − 10ϕyyyϕyyϕyψy + 4ϕyyyϕ

2
yψyy + 15ϕ3

yyψy

−15ϕ2
yyϕyψyy + 6ϕyyϕ

2
yψyyy − ϕ7

yβψ − ϕ6
yψyα− ϕ3

yψyyyy

]

, (33)

K6 = (ϕ3
y∆)−1

[

3(5((7ϕyψyyr − 6∆y)ϕy − 7(ϕyψyr − ∆)ϕyy)ϕyy

−2(7ϕyψyyyr − 5∆yy)ϕ
2
y)ϕyy + (7ϕ5

yβψr + 7ϕ4
yψyαr − ϕ3

yα∆

+7ϕyψyyyyr − 4∆yyy)ϕ
3
y + 2(35ϕyyϕyψyr − 30ϕyy∆ − 14ϕ2

yψyyr

+10ϕy∆y)ϕyyyϕy − (7ϕyψyr − 5∆)ϕyyyyϕ
2
y

]

, (34)

K5 = −(ϕ3
y∆)−1

[

(2(3(∆xyy + 3∆yyyr − 5ry∆yy − 5ryy∆y) − 5ryyy∆)

−3(7ϕ4
yβψr + 7ϕ3

yψyαr − 2ϕ2
yα∆ + 7ψyyyyr)ϕyr)ϕ

3
y

−3(2(5(∆xy + 5∆yyr − 4ry∆y − 2ryy∆) − 21ϕyψyyyr
2)ϕ2

y
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−15((∆x + 11∆yr − 3ry∆ − 7ϕyψyyr
2)ϕy

+7(ϕyψyr − 2∆)ϕyyr)ϕyy)ϕyy − 2((5(∆x + 11∆yr − 3ry∆)

−42ϕyψyyr
2)ϕy + 15(7ϕyψyr − 12∆)ϕyyr)ϕyyyϕy

+3(7ϕyψyr − 10∆)ϕyyyyϕ
2
yr

]

, (35)

K4 = −(ϕ3
y∆)−1

[

(2(45ryyry∆ − 10ryy∆x − 55ryy∆yr + 50r2
y∆y

−20ry∆xy − 50ry∆yyr + 11∆xyyr + 2∆xxy + 17∆yyyr
2

−20ryyyr∆ − 5rx∆yy − 10rxy∆y − 5rxyy∆)

−5(7ϕ4
yβψr + 7ϕ3

yψyαr − 3ϕ2
yα∆ + 7ψyyyyr)ϕyr

2)ϕ3
y

+15((3((5(∆x + 5∆yr) − 14ry∆)r − rx∆) − 35ϕyψyyr
3)ϕy

+35(ϕyψyr − 3∆)ϕyyr
2)ϕ2

yy − 10(∆xx + 31∆yyr
2 + 13∆xyr

−8(∆x + 6∆yr − 2ry∆)ry − 26ryyr∆ − 4rx∆y − 4rxy∆

−21ϕyψyyyr
3)ϕyyϕ

2
y − 10(((5(∆x + 5∆yr) − 14ry∆)r − rx∆

−14ϕyψyyr
3)ϕy + 5(7ϕyψyr − 18∆)ϕyyr

2)ϕyyyϕy

+5(7ϕyψyr − 15∆)ϕyyyyϕ
2
yr

2
]

, (36)

K3 = −(ϕ3
y∆)−1

[

((13∆xxy + 35∆yyyr
2)r + ∆xxx + 31∆xyyr

2

−5(3∆xx + 26∆yyr
2 + 23∆xyr − (15∆x + 49∆yr − 25ry∆)ry)ry

−5(13∆x + 32∆yr − 50ry∆)ryyr − 65ryyyr
2∆ − 5(3∆xy + 5∆yyr

−16ry∆y − 7ryy∆)rx − 5rxx∆y − 5rxxy∆

−5(3∆x + 11∆yr − 15ry∆)rxy − 30rxyyr∆ − 5(7ϕ4
yβψr + 7ϕ3

yψyαr

−4ϕ2
yα∆ + 7ψyyyyr)ϕyr

3)ϕ3
y − 5(2((2(2∆xx + 17∆yyr

2 + 11∆xyr)

−(29∆x + 75∆yr − 51ry∆)ry − 45ryyr∆)r − (3∆x + 13∆yr − 13ry∆)rx

−rxx∆ − 14rxyr∆ − 21ϕyψyyyr
4)ϕ2

y − 3((6((5(∆x + 3∆yr) − 13ry∆)r

−2rx∆) − 35ϕyψyyr
3)ϕy + 35(ϕyψyr − 4∆)ϕyyr

2)ϕyyr)ϕyy

−10(2((5(∆x + 3∆yr) − 13ry∆)r − 2rx∆ − 7ϕyψyyr
3)ϕy

+5(7ϕyψyr − 24∆)ϕyyr
2)ϕyyyϕyr + 5(7ϕyψyr − 20∆)ϕyyyyϕ

2
yr

3
]

, (37)

K2 = −(ϕ3
y∆)−1

[

((3((5∆xxy + 7∆yyyr
2)r + ∆xxx + 7∆xyyr

2)

−(3(13∆xx + 28∆yyr
2 + 39∆xyr) + (204ry∆ − 161∆x − 217∆yr)ry)ry

−(79∆x + 116∆yr − 264ry∆)ryyr − 54ryyyr
2∆)r

−(3(2∆xx + 7∆yyr
2 + 11∆xyr) + (171ry∆ − 64∆x − 140∆yr)ry

−72ryyr∆ − 18rx∆y)rx − (4∆x + 11∆yr − 21ry∆)rxx − 12rxxyr∆

−rxxx∆ − ((37∆x + 53∆yr − 150ry∆)r − 33rx∆)rxy − 33rxyyr
2∆

−3(7ϕ4
yβψr + 7ϕ3

yψyαr − 5ϕ2
yα∆ + 7ψyyyyr)ϕyr

4)ϕ3
y

−3(2(5((2∆xx + 7∆yyr
2 + 6∆xyr − (13∆x + 19∆yr − 20ry∆)ry

−13ryyr∆)r2 − ((3∆x + 5∆yr − 11ry∆)r − rx∆)rx − rxxr∆
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−6rxyr
2∆) − 21ϕyψyyyr

5)ϕ2
y − 15((2((5(∆x + 2∆yr) − 12ry∆)r

−3rx∆) − 7ϕyψyyr
3)ϕy + 7(ϕyψyr − 5∆)ϕyyr

2)ϕyyr
2)ϕyy

−2(2(5((5(∆x + 2∆yr) − 12ry∆)r − 3rx∆) − 21ϕyψyyr
3)ϕy

+15(7ϕyψyr − 30∆)ϕyyr
2)ϕyyyϕyr

2 + 3(7ϕyψyr − 25∆)ϕyyyyϕ
2
yr

4
]

, (38)

K1 = −(ϕ3
y∆)−1

[

((7(∆xxy + ∆yyyr
2)r + 3∆xxx + 7∆xyyr

2

−(33∆xx + 28∆yyr
2 + 49∆xyr + 2(59ry∆ − 56∆x − 42∆yr)ry)ry

−(43∆x + 42∆yr − 128ry∆)ryyr − 23ryyyr
2∆)r2

−((12∆xx + 7∆yyr
2 + 21∆xyr + 2(86ry∆ − 49∆x − 35∆yr)ry

−49ryyr∆)r + (85ry∆ − 15∆x − 21∆yr)rx)rx

−((8∆x + 7∆yr − 32ry∆)r − 10rx∆)rxx − 9rxxyr
2∆ − 2rxxxr∆

−((29∆x + 21∆yr − 95ry∆)r − 46rx∆)rxyr − 16rxyyr
3∆

−(7ϕ4
yβψr + 7ϕ3

yψyαr − 6ϕ2
yα∆ + 7ψyyyyr)ϕyr

5)ϕ3
y

−(2(5((4∆xx + 7∆yyr
2 + 7∆xyr − (23∆x + 21∆yr − 31ry∆)ry

−17ryyr∆)r2 − ((9∆x + 7∆yr − 27ry∆)r − 6rx∆)rx − 3rxxr∆

−10rxyr
2∆) − 21ϕyψyyyr

5)ϕ2
y − 15((3((5∆x + 7∆yr − 11ry∆)r

−4rx∆) − 7ϕyψyyr
3)ϕy + 7(ϕyψyr − 6∆)ϕyyr

2)ϕyyr
2)ϕyyr

−2((5((5∆x + 7∆yr − 11ry∆)r − 4rx∆) − 14ϕyψyyr
3)ϕy

+5(7ϕyψyr − 36∆)ϕyyr
2)ϕyyyϕyr

3 + (7ϕyψyr − 30∆)ϕyyyyϕ
2
yr

5
]

, (39)

K0 = (ϕ3
y∆)−1

[

((((2(rxxy + 2ryyyr
2)r + rxxx + 3rxyyr

2)∆

+3(3∆x + 2∆yr − 8ry∆)ryyr
2)r − ((10rx + 11ryr)∆

−(4∆x + ∆yr)r)rxx − ((13rx + 20ryr)∆ − (7∆x + 3∆yr)r)rxyr

+((ϕ4
yβψ + ϕ3

yψyα + ψyyyy)r − ϕ2
yα∆)ϕyr

5 + (9∆xx + 4∆yyr
2

+7∆xyr − 2(13∆x + 6∆yr − 12ry∆)ry)ryr
2 − ((∆xxy + ∆yyyr

2)r

+∆xxx + ∆xyyr
2)r2)r − ((2((17∆x + 5∆yr − 23ry∆)ry + 6ryyr∆)

−(6∆xx + ∆yyr
2 + 3∆xyr))r

2 − (5(3rx + 8ryr)∆

−3(5∆x + ∆yr)r)rx)rx)ϕ
3
y − ((2((5(rxx + 3ryyr

2 + 2rxyr)∆

+3ϕyψyyyr
4 + 5(5∆x + 3∆yr − 6ry∆)ryr − 5(∆xx + ∆yyr

2 + ∆xyr)r)r

−5((3rx + 7ryr)∆ − (3∆x + ∆yr)r)rx)ϕ
2
y − 15((3(rx + 2ryr)∆

+ϕyψyyr
3 − 3(∆x + ∆yr)r)ϕy − (ϕyψyr − 7∆)ϕyyr

2)ϕyyr
2)ϕyy

+(2((5(rx + 2ryr)∆ + 2ϕyψyyr
3 − 5(∆x + ∆yr)r)ϕy

−5(ϕyψyr − 6∆)ϕyyr
2)ϕyyy + (ϕyψyr − 5∆)ϕyyyyϕyr

2)ϕyr
2)r2

]

. (40)

Definition 2. We call (21) with arbitrary coefficients r = r(x, y),

F0 = F0(x, y), F1 = F1(x, y), F2 = F2(x, y), H0 = H0(x, y), H1 = H1(x, y),

H2 = H2(x, y), J0 = J0(x, y), J1 = J1(x, y), J2 = J2(x, y), J3 = J3(x, y), J4 = J4(x, y),

and Ki = Ki(x, y), (i = 0, . . . , 7), the second candidate for linearization.
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Thus, we showed that every linearizable fourth-order equations belong either to

the class of (9) or to the class of (21). In Sections 2.2 and 2.3, we formulate the

main theorems containing necessary and sufficient conditions for linearization as well as

the methods for constructing the linearizing point transformations for each candidate.

Proofs of the main theorems and illustrative examples are provided in the subsequent

sections.

2.2. The linearization test for equation (9)

Consider the first canditate for linearization, i.e. equation (9). In this case, the

linearizing transformations (2) have the form

t = ϕ(x), u = ψ(x, y). (41)

Theorem 1. Equation (9)

y(4) +(A1y
′ + A0)y

′′′ +B0y
′′2 + (C2y

′2 + C1y
′ + C0)y

′′

+D4y
′4 +D3y

′3 +D2y
′2 +D1y

′ +D0 = 0,

is linearizable if and only if its coefficients obey the following ten equations

A0y − A1x = 0, (42)

4B0 − 3A1 = 0, (43)

12A1y + 3A2
1 − 8C2 = 0, (44)

12A1x + 3A0A1 − 4C1 = 0, (45)

32C0y + 12A0xA1 − 16C1x + 3A2
0A1 − 4A0C1 = 0, (46)

4C2y + A1C2 − 24D4 = 0, (47)

4C1y + A1C1 − 12D3 = 0, (48)

16C1x − 12A0xA1 − 3A2
0A1 + 4A0C1 + 8A1C0 − 32D2 = 0, (49)

192D2x + 36A0xA0A1 − 48A0xC1 − 48C0xA1 − 288D1y + 9A3
0A1 − 12A2

0C1

−36A0A1C0 + 48A0D2 + 32C0C1 = 0, (50)

384D1xy −
[

3((3A0A1 − 4C1)A
2
0 + 16(2A1D1 + C0C1) − 16(A1C0 −D2)A0)A0

−32(4(C1D1 − 2C2D0 + C0D2) + (3A1D0 − C2
0)A1) − 96D1yA0

+384D0yA1 + 1536D0yy − 16(3A0A1 − 4C1)C0x

+12((3A0A1 − 4C1)A0 − 4(A1C0 − 4D2))A0x

]

= 0. (51)

Provided that the conditions (42)-(51) are satisfied, the linearizing transformation (41)

is defined by a fourth-order ordinary differential equation for the function ϕ(x), namely

by the Riccati equation

40
dχ

dx
− 20χ2 = 8C0 − 3A2

0 − 12A0x, (52)
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for

χ =
ϕxx

ϕx

, (53)

and by the following integrable system of partial differential equations for ψ(x, y)

4ψyy = ψyA1, (54)

4ψxy = ψy(A0 + 6χ), (55)

and

1600ψxxxx = 9600ψxxxχ+ 160ψxx(−12A0x − 3A2
0 − 90χ2 + 8C0)

+40ψx(12A0xA0 + 72A0xχ− 16C0x + 3A3
0 + 18A2

0χ− 12A0C0

+120χ3 − 48χC0 + 24D1 − 8Ω) + ψ(144A2
0x + 72A0xA

2
0 − 352A0xC0

−160C0xx − 80C0xA0 − 1600D0y + 640D1x − 80Ωx + 9A4
0 − 88A2

0C0

+160A0D1 + 30A0Ω − 400A1D0 + 300χΩ + 144C2
0) + 1600ψyD0, (56)

where χ is given by (53) and Ω is the following expression

Ω = A3
0 − 4A0C0 + 8D1 − 8C0x + 6A0xA0 + 4A0xx. (57)

Finally, the coefficients α and β of the resulting linear equation (3) is given by

α =
Ω

8ϕ3
x

, (58)

and

β = (1600ϕ4
x)

−1(−144A2
0x − 72A0xA

2
0 + 352A0xC0 + 160C0xx + 80C0xA0

+1600D0y − 640D1x + 80Ωx − 9A4
0 + 88A2

0C0 − 160A0D1 − 30A0Ω

+400A1D0 − 300χΩ − 144C2
0). (59)

Remark 1. Since the system of equations (42)-(51) provides the necessary and sufficient

conditions for linearization, it is invariant with respect to the transformations (41). It

means that the left-hand sides of (42)-(51) are relative invariants (of the second-order)

for the equivalence group (41).

2.3. The linearization test for equation (21)

The following theorem provides the test for linearization of the second candidate. The

necessary and sufficient conditions comprise eighteen differential equations (60)-(77) for

twenty one coefficients of the (21). The linearizing change of variables (2) is determined

by (78)-(81) for the functions ϕ(x, y) and ψ(x, y).

Theorem 2. Equation (21)

y(4) + 1
y′+r

(−10y′′ + F2y
′2 + F1y

′ + F0)y
′′′

+ 1
(y′+r)2

[15y′′3 + (H2y
′2 +H1y

′ +H0)y
′′2

+(J4y
′4 + J3y

′3 + J2y
′2 + J1y

′ + J0)y
′′

+K7y
′7 +K6y

′6 +K5y
′5 +K4y

′4

+K3y
′3 +K2y

′2 +K1y
′ +K0] = 0,
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is linearizable if and only if its coefficients obey the following equations

10ryy = −(F1y + F2x + F2yr + ryF2), (60)

10rx = 10ryr − F0 + F1r − F2r
2, (61)

H2 = −3F2, (62)

4H1 = −3(5F1 − 2F2r), (63)

4H0 = −3(6F0 − F1r), (64)

10F1yy = −(F1yF2 − 40F2xy − 16F2xF2 + 20F2yyr + 40F2yry + 14F2yF2r + 20J4x

− 20J4yr + 14ryF
2
2 − 40ryJ4), (65)

12F2x = 12F2yr − 3F1F2 + 6F 2
2 r + 4J3 − 16J4r, (66)

60F1x = 60F1yr − 36F0F2 − 15F 2
1 + 66F1F2r − 36F 2

2 r
2 + 40J2 − 80J3r + 80J4r

2, (67)

60F0x = 60F0yr − 51F0F1 + 66F0F2r + 36F 2
1 r − 72F1F2r

2 + 36F 2
2 r

3 + 60J1

− 80J2r + 80J3r
2 − 80J4r

3, (68)

20J0 = 9F 2
0 − 18F0F1r + 18F0F2r

2 + 9F 2
1 r

2 − 18F1F2r
3 + 9F 2

2 r
4 + 20J1r

− 20J2r
2 + 20J3r

3 − 20J4r
4, (69)

120J3yy = 216F1yF2y + 54F1yF
2
2 − 48F1yJ4 + 360F2yyry + 90F2yyF1 − 180F2yyF2r

− 432F 2
2yr + 324F2yryF2 + 189F2yF1F2 − 486F2yF

2
2 r − 192F2yJ3

+ 864F2yJ4r − 60J3yF2 + 720J4xy + 180J4xF2 − 240J4yyr

− 1200J4yry + 60J4yF2r + 720K6x − 720K6yr − 5040K7xr

+ 5040K7yr
2 + 36ryF

3
2 − 432ryF2J4 − 2160ryK6 + 15120ryK7r

+ 504F0K7 + 36F1F
3
2 − 102F1F2J4 − 504F1K7r − 72F 4

2 r

− 48F 2
2 J3 + 396F 2

2 J4r + 504F2K7r
2 + 136J3J4 − 544J2

4r, (70)

240J4xyy = −(36F1yF2yy + 162F1yF2yF2 − 72F1yJ4y + 36F1yF
3
2 − 168F1yF2J4

− 72F1yK6 − 168F1yK7r − 72F2yyF2yr + 144F2yyryF2

+ 54F2yyF1F2 − 108F2yyF
2
2 r − 72F2yyJ3 + 288F2yyJ4r + 432F 2

2yry

+ 108F 2
2yF1 − 540F 2

2yF2r − 144F2yJ3y + 528F2yJ4x + 192F2yJ4yr

+ 324F2yryF
2
2 − 1008F2yryJ4 + 162F2yF1F

2
2 − 132F2yF1J4

− 396F2yF
3
2 r − 180F2yF2J3 + 1320F2yF2J4r + 144F2yK6r

− 336F2yK7r
2 − 36J3yF

2
2 + 176J3yJ4 + 120J4xyF2 + 132J4xF

2
2

− 432J4xJ4 − 240J4yyyr − 960J4yyry − 120J4yyF2r − 768J4yryF2

− 138J4yF1F2 + 288J4yF
2
2 r + 184J4yJ3 − 1008J4yJ4r + 960K6xy

+ 240K6xF2 − 960K6yyr − 3840K6yry − 240K6yF2r − 1920K7xyr
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− 2400K7xx + 2880K7xry − 600K7xF1 − 480K7xF2r + 4320K7yyr
2

+ 24000K7yryr + 432K7yF0 + 168K7yF1r + 912K7yF2r
2

+ 20160r2
yK7 + 1728ryF1K7 + 36ryF

4
2 − 264ryF

2
2 J4 − 1248ryF2K6

+ 5280ryF2K7r + 160ryJ
2
4 + 408F0F2K7 + 150F 2

1K7 + 27F1F
4
2

− 120F1F
2
2 J4 − 168F1F2K6 + 168F1F2K7r − 54F 5

2 r − 36F 3
2 J3

+ 384F 3
2 J4r + 336F 2

2K6r − 1344F 2
2K7r

2 + 160F2J3J4 − 640F2J
2
4 r

− 400J2K7 + 224J3K6 − 368J3K7r − 896J4K6r + 3872J4K7r
2

+ 672F0yK7), (71)

4J4x = 4J4yr − F1J4 + 2F2J4r − 4K5 + 24K6r − 84K7r
2, (72)

60F0yy = −(30F0yF2 + 36F1yF1 − 36F1yF2r − 60F2yyr
2 + 24F2yF0 − 36F2yF1r

− 54F2yF2r
2 − 40J2y + 40J3yr + 80J4yr

2 − 36ryF1F2 + 36ryF
2
2 r

+ 40ryJ3 − 80ryJ4r + 6F0F
2
2 − 6F0J4 + 9F 2

1F2 − 18F1F
2
2 r

− 12F1J3 + 24F1J4r − 6F 3
2 r

2 − 10F2J2 + 22F2J3r + 26F2J4r
2

− 60K4 + 180K5r − 180K6r
2 − 420K7r

3), (73)

20J2x = 20J2yr + 20J3xr − 20J3yr
2 − 14F0J3 + 28F0J4r − 5F1J2 + 19F1J3r

− 28F1J4r
2 + 10F2J2r − 24F2J3r

2 + 28F2J4r
3 − 120K3 + 360K4r

− 640K5r
2 + 840K6r

3 − 840K7r
4, (74)

60J1x = 60J1yr − 40J3xr
2 + 40J3yr

3 − 42F0J2 + 42F0J3r − 70F0J4r
2 − 15F1J1

+ 42F1J2r − 52F1J3r
2 + 70F1J4r

3 + 30F2J1r − 42F2J2r
2

+ 62F2J3r
3 − 70F2J4r

4 − 600K2 + 1080K3r − 1380K4r
2

+ 1700K5r
3 − 2100K6r

4 + 2100K7r
5, (75)

80K1 = 3F 2
0F1 − 6F 2

0F2r − 6F0F
2
1 r + 18F0F1F2r

2 − 12F0F
2
2 r

3 − 8F0J1

+ 16F0J2r − 24F0J3r
2 + 32F0J4r

3 + 3F 3
1 r

2 − 12F 2
1F2r

3 + 15F1F
2
2 r

4

+ 8F1J1r − 16F1J2r
2 + 24F1J3r

3 − 32F1J4r
4 − 6F 3

2 r
5 − 8F2J1r

2

+ 16F2J2r
3 − 24F2J3r

4 + 32F2J4r
5 + 160K2r − 240K3r

2 + 320K4r
3

− 400K5r
4 + 480K6r

5 − 560K7r
6, (76)

400K0 = −(6F 3
0 − 33F 2

0F1r + 48F 2
0F2r

2 + 48F0F
2
1 r

2 − 126F0F1F2r
3 + 78F0F

2
2 r

4

+ 40F0J1r − 80F0J2r
2 + 120F0J3r

3 − 160F0J4r
4 − 21F 3

1 r
3

+ 78F 2
1F2r

4 − 93F1F
2
2 r

5 − 40F1J1r
2 + 80F1J2r

3 − 120F1J3r
4

+ 160F1J4r
5 + 36F 3

2 r
6 + 40F2J1r

3 − 80F2J2r
4 + 120F2J3r

5

− 160F2J4r
6 − 400K2r

2 + 800K3r
3 − 1200K4r

4 + 1600K5r
5

− 2000K6r
6 + 2400K7r

7). (77)
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Provided that the conditions (60)-(77) are satisfied, the transformations (2) mapping

equation (21) to a linear equation (3) is obtained by solving the following compatible

system of equations for the functions ϕ(x, y) and ψ(x, y)

ϕx = rϕy, (78)

ϕyψx = rϕyψy − ∆, (79)

10∆ϕyy = ϕy(4∆y − F2∆), (80)

and

500ϕyψyyyy∆
3 = 300ψyyyϕy∆

2(4∆y − F2∆) + 5ψyyϕy∆(−120F2y∆
2 − 144∆2

y

+ 72∆yF2∆ − 39F 2
2 ∆2 + 80J4∆

2) + ψyϕy(−500ϕ3
yα∆3

− 150F2yy∆
3 + 360F2y∆y∆

2 − 165F2yF2∆
3 + 100J4y∆

3 + 96∆3
y

− 72∆2
yF2∆ + 108∆yF

2
2 ∆2 − 240∆yJ4∆

2 − 24F 3
2 ∆3 + 60F2J4∆

3)

− 500ψϕ5
yβ∆3 + 500K7∆

4. (81)

The coefficients α and β of the resulting linear equation (3) is given by

α =
Θ

8ϕ3
y

, (82)

and

β = (1600∆ϕ4
y)

−1
[

∆(−144F 2
2y − 72F2yF

2
2 + 352F2yJ4 + 160J4yy + 80J4yF2

+640K6y − 1600K7x − 2880K7yr + 80Θy − 4480ryK7 − 400F1K7

−9F 4
2 + 88F 2

2 J4 + 160F2K6 − 320F2K7r − 144J2
4 ) − 120∆yΘ

]

, (83)

where Θ is the following expression

Θ = (F 2
2 − 4J4)F2 − 8(K6 − 7K7r) − 8J4y + 6F2yF2 + 4F2yy. (84)

Remark 2. The equations (60)-(77) define eighteen relative invariants of the third-

order for the general point transformation group (2).

3. Proof of the linearization theorems

The proof of the linearization theorems formulated above requires investigation

of integrability conditions for the equations given in Section 2.1. We will

consider the problem for the candidates (9) and (21) separately. The problem is

formulated as follows. Given the coefficients Ai(x, y), Bi(x, y), Ci(x, y), Di(x, y) and

Fi(x, y), Hi(x, y), Ji(x, y), Ki(x, y) of the equations (9) and (21), respectively, find the

integrability conditions of the respective equations for the functions ϕ and ψ.
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3.1. Proof of Theorem 1

Let us turn to the proof of Theorem 1 on linearization of (9). Namely, given the

coefficients Ai(x, y), Bi(x, y), Ci(x, y), Di(x, y) of (9), we have to find the necessary and

sufficient conditions for integrability of the over-determined system (10)-(20) for the

unknown functions ϕ(x) and ψ(x, y).

We first rewrite the expressions (10) and (11) for A1 and A0 in the following form

ψyy =
ψyA1

4
, (85)

ψxy =
(6ϕxx + ϕxA0)

4ϕx

ψy. (86)

Comparing the mixed derivative (ψyy)x = (ψxy)y, one arrives at (42)

A0y = A1x.

Then (12), (13) and (14) are written in the form

3A1 − 4B0 = 0,

3A2
1 − 8C2 + 12A1y = 0,

and

12A1x + 3A0A1 − 4C1 = 0,

respectively. So that one obtains (43), (44) and (45) respectively. Furthermore, (15) for

C0 becomes

ϕxxx = −
(12A0xϕ

2
x − 60ϕ2

xx + 3ϕ2
xA

2
0 − 8ϕ2

xC0)

40ϕx

. (87)

Differentiation of (87) with respect to y yields

12A0xA1 + 32C0y − 16C1x + 3A2
0A1 − 4A0C1 = 0.

Thus one gets (46). Therefore (16), (17) and (18) can be written in the form of (47),

(48) and (49), respectively.

One can determine α from (19), as the following

α =
4A0xx + 6A0xA0 − 8C0x + A3

0 − 4A0C0 + 8D1

8ϕ3
x

. (88)

Since ϕ = ϕ(x), we have αy = 0 yields (50)

D2x = − 1
192

[

36A0xA0A1 − 48A0xC1 − 48C0xA1 − 288D1y + 9A3
0A1

−12A2
0C1 − 36A0A1C0 + 48A0D2 + 32C0C1

]

.

From (20) one finds

ψxxxx = −
1

40ϕ3
x

[

32A0xxϕ
3
xψx − 72A0xϕxxϕ

2
xψx + 48A0xϕ

3
xψxx

+ 36A0xϕ
3
xψxA0 − 48C0xϕ

3
xψx − 120ϕ3

xxψx + 360ϕ2
xxϕxψxx

− 240ϕxxϕ
2
xψxxx − 18ϕxxϕ

2
xψxA

2
0 + 48ϕxxϕ

2
xψxC0 + 40ϕ7

xβψ

+ 12ϕ3
xψxxA

2
0 − 32ϕ3

xψxxC0 + 5ϕ3
xψxA

3
0 − 20ϕ3

xψxA0C0

+ 40ϕ3
xψxD1 − 40ϕ3

xψyD0

]

. (89)
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Forming the mixed derivative (ψxxxx)y = (ψxy)xxx one obtains

β =
1

1600ϕ5
x

[

320A0xxxϕx − 1200A0xxϕxx + 360A0xxϕxA0 + 336A2
0xϕx

− 1800A0xϕxxA0 − 12A0xϕxA
2
0 + 32A0xϕxC0 − 480C0xxϕx

+ 2400C0xϕxx + 1600D0yϕx − 300ϕxxA
3
0 + 1200ϕxxA0C0

− 2400ϕxxD1 − 39ϕxA
4
0 + 208ϕxA

2
0C0 − 400ϕxA0D1

+ 400ϕxA1D0 − 144ϕxC
2
0

]

. (90)

Since ϕ = ϕ(x), we have βy = 0 yields (51)

D1xy = 3
384

[

[(3A0A1 − 4C1)A
2
0 + 16(2A1D1 + C0C1) − 16(A1C0 −D2)A0]A0

−32[4(C1D1 − 2C2D0 + C0D2) + (3A1D0 − C2
0 )A1]

−96D1yA0 + 384D0yA1 + 1536D0yy − 16(3A0A1 − 4C1)C0x

+12[(3A0A1 − 4C1)A0 − 4(A1C0 − 4D2)]A0x

]

.

From (87) one can rewrite the representation for C0 upon denoting χ = ϕxx

ϕx

leads to

(52) and the representations for ψyy and ψxy in the equations (85) and (86) become (54)

and (55). Rewriting the representation for α from (88) in the form

α =
Ω

8ϕ3
x

,

where

Ω = A3
0 − 4A0C0 + 8D1 − 8C0x + 6A0xA0 + 4A0xx,

and thus β of (90) becomes

β = (1600ϕ4
x)

−1(−144A2
0x − 72A0xA

2
0 + 352A0xC0 + 160C0xx + 80C0xA0

+ 1600D0y − 640D1x + 80Ωx − 9A4
0 + 88A2

0C0 − 160A0D1 − 30A0Ω

+ 400A1D0 − 300χΩ − 144C2
0).

Finally, one obtains (89) in the form

1600ψxxxx = 9600ψxxxχ + 160ψxx(−12A0x − 3A2
0 − 90χ2 + 8C0)

+ 40ψx(12A0xA0 + 72A0xχ− 16C0x + 3A3
0 + 18A2

0χ− 12A0C0

+ 120χ3 − 48χC0 + 24D1 − 8Ω) + ψ(144A2
0x + 72A0xA

2
0 − 352A0xC0

− 160C0xx − 80C0xA0 − 1600D0y + 640D1x − 80Ωx + 9A4
0 − 88A2

0C0

+ 160A0D1 + 30A0Ω − 400A1D0 + 300χΩ + 144C2
0) + 1600ψyD0.

Hence we complete the proof of Theorem 1.

3.2. Proof of Theorem 2

In the case of (21), the problem is formulated as follows. Given the coefficients

Fi(x, y), Hi(x, y), Ji(x, y), Ki(x, y) of (21), find the necessary and sufficient conditions

for integrability of the over-determined system of equations (22)-(40) for the unknown
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functions ϕ(x, y) and ψ(x, y). Recall that, according to our notation, the following

equations hold

ϕx = rϕy, ψx =
ψyϕx − ∆

ϕy

, (91)

and

αx =
ϕx

ϕy

αy, βx =
ϕx

ϕy

βy.

Let us simplify the expression (22) as follow

ϕyy =
[

(4∆y − F2∆)ϕy

]

/(10∆). (92)

Comparing the mixed derivative (ϕx)yy = (ϕyy)x one obtains

∆xy =
[

F2x∆
2 − F2yr∆

2 + 10ryy∆
2 + 4ry∆y∆ − ryF2∆

2

+ 4∆x∆y + 4∆yyr∆ − 4∆2
yr

]

/(4∆). (93)

Rewriting (23) in the form

∆x = (20ry∆ + 4∆yr + F1∆ − 2F2r∆)/4.

Forming the mixed derivative ∆xy = (∆x)y one arrives at (60)

ryy = −(F1y − F2x − F2yr − ryF2)/10.

Then (24)-(27) are written in the form of (61)-(64), respectively. Furthermore, (28)

becomes

∆yy = −(20F2y∆
2 − 48∆2

y + 4∆yF2∆ + 7F 2
2 ∆2 − 20J4∆

2)/(40∆).

Now, consider the equation (∆yy)x = (∆x)yy , one gets (65)

F1yy = −(F1yF2 − 40F2xy − 16F2xF2 + 20F2yyr + 40F2yry

+14F2yF2r + 20J4x − 20J4yr + 14ryF
2
2 − 40ryJ4)/10.

Thus equations (29)-(32) yield (66)-(69), and from (33) one finds

ψyyyy =
[

300ψyyyϕy∆
2(4∆y − F2∆) + 5ψyyϕy∆(−120F2y∆

2 − 144∆2
y

+ 72∆yF2∆ − 39F 2
2 ∆2 + 80J4∆

2) + ψyϕy(−500ϕ3
yα∆3

− 150F2yy∆
3 + 360F2y∆y∆

2 − 165F2yF2∆
3 + 100J4y∆

3

+ 96∆3
y − 72∆2

yF2∆ + 108∆yF
2
2 ∆2 − 240∆yJ4∆

2 − 24F 3
2 ∆3

+ 60F2J4∆
3) − 500ψϕ5

yβ∆3 + 500K7∆
4
]

/(500ϕy∆
3). (94)

One can determine α from (34), as the following

α = (4F2yy + 6F2yF2 − 8J4y + F 3
2 − 4F2J4 − 8K6 + 56K7r)/8ϕ

3
y. (95)

Now the equation αx − rαy = 0 leads to (70). Furthermore, one considers (ψx)yyyy =

(ψyyyy)x , yields

β = 120∆y(−4F2yy − 6F2yF2 + 8J4y − F 3
2 + 4F2J4 + 8K6 − 56K7r)

+∆(320F2yyy + 480F2yyF2 + 336F 2
2y + 168F2yF

2
2 + 32F2yJ4

−480J4yy − 240J4yF2 − 1600K7x + 1600K7yr − 400F1K7

−9F 4
2 + 88F 2

2 J4 + 160F2K6 − 320F2K7r − 144J2
4 )/1600∆ϕ4

y.

(96)
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The equation βx − rβy = 0 leads to (71). Therefore, (35)-(40) become (72)-(77),

respectively.

Let us turn now to the integrability problem. One can find all fourth-order

derivatives of the functions ϕ and ψ by using (91), (92) and (94). So that one obtains

at (78)-(81). Finally, the coefficients α and β of the resulting linear equations (95) and

(96) are given by

α =
Θ

8ϕ3
y

,

β = (−144F 2
2y∆ − 72F2yF

2
2 ∆ + 352F2yJ4∆ + 160J4yy∆ + 80J4yF2∆

+640K6y∆ − 1600K7x∆ − 2880K7yr∆ − 4480ryK7∆ + 80Θy∆

−120∆yΘ − 400F1K7∆ − 9F 4
2 ∆ + 88F 2

2 J4∆ + 160F2K6∆

−320F2K7r∆ − 144J2
4∆)/(1600ϕ4

y∆),

where

Θ = (F 2
2 − 4J4)F2 − 8(K6 − 7K7r) − 8J4y + 6F2yF2 + 4F2yy.

Hence we complete the proof of Theorem 2.

4. Illustration of the linearization theorems

4.1. An example on Theorem 1

Example 1. Consider the nonlinear ordinary differential equation

x2y(2y(4)+y)+8x2y′y′′′+16xyy′′′+6x2y′′2+48xy′y′′+24yy′′+24y′2 = 0.(97)

It is an equation of the form (9) with the coefficients

A1 =
4

y
, A0 =

8

x
, B0 =

3

y
, C2 = 0 , C1 =

24

xy
, C0 =

12

x2
,

D4 = 0 , D3 = 0 , D2 =
12

x2y
, D1 = 0 , D0 =

y

2
· (98)

One can check that the coefficients (98) obey the conditions (42)-(51). Thus, the

equation (97) is linearizable. We have

8C0 − 3A2
0 − 12A0x = 0 (99)

and the equation (52) is written as

2
dχ

dx
− χ2 = 0.

Let us take its simplest solution χ = 0 . Then invoking (53), we let

ϕ = x.

Now the equations (54)-(55) are written

ψyy

ψy

=
1

y
,

ψxy

ψy

=
2

x
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and yield

ψy = Kx2y, K = const.

Hence

ψ = K
x2y2

2
+ f (x) .

Since one can use any particular solution, we set K = 2, f (x) = 0 and take

ψ = x2y2.

Invoking (99) and noting that (57) yields Ω = 0, one can readily verify that the function

ψ = x2y2 solves equation (56) as well. Hence, one obtains the following transformations

t = x, u = x2y2. (100)

Since Ω = 0, equations (58) and (59) give

α = 0, β =
1

ϕ4
x

= 1

Hence, the equation (97) is mapped by the transformations (100) to the linear equation

u(4) + u = 0.

Example 2. The third-order member of the Riccati Hierarchy is given by Euler et al.

[5] as

y′′′ + 4yy′′ + 3y′2 + 6y2y′ + 4y4 = 0. (101)

Applying [6], and [7] one checks that equation cannot be linearized by a point

transformation or contact transformation or generalized Sundman transformation.

Under the Riccati transformation y = aω′

ω
the equation (101) becomes [8]

ω3ω(4) + 4 (a− 1)ω2ω′ω′′′ + 3 (a− 1)ω2ω′′2

+ 6 (a− 1) (a− 2)ωω′2ω′′ + (a− 1) (a− 2) (a− 3)ω′4 = 0. (102)

It is an equation of the form (9) with the coefficients

A1 = 4(a−1)
ω

, A0 = 0 , B0 = 3(a−1)
ω

,

C2 = 6(a2
−3a+2)
ω2 , C1 = 0 , C0 = 0 ,

D4 = a3
−6a2+11a−6

ω3 , D3 = 0 , D2 = 0 , D1 = 0 , D0 = 0.

(103)

One can verify that the coefficients (103) obey the linearization conditions (42)-(51).

Furthermore,

8C0 − 3A2
0 − 12A0x = 0 (104)

and the equation (52) is written as

2
dχ

dx
− χ2 = 0.

We take its simplest solution χ = 0 and obtain from (53) the equation ϕ′′ = 0, whence

ϕ = x.
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Equations (54) and (55) have the form

ψωω

ψω

=
a− 1

ω
, ψxω = 0

and yield

ψω = Kω(a−1), K = const.

Hence

ψ = K
ωa

a
+ f (x) .

Since one can use any particular solution, we set K = a, f (x) = 0 and take

ψ = ωa.

Invoking (104) and noting that (57) yields Ω = 0 , one can readily verify that the function

ψ = ωa solves equation (56) as well. So that one obtains the following transformations

t = x, u = ωa. (105)

Since Ω = 0, equations (58) and (59) gives

α = 0, β = 0.

Hence, the equation (102) is mapped by the transformations (105) to the linear equation

u(4) = 0.

Example 3. Let us consider the Boussinesq equation

utt + uuxx + u2
x + uxxxx = 0. (106)

Of particular interest among the solutions of the Boussinesq equation are travelling wave

solutions:

u(x, t) = H(x−Dt).

Substituting the representation of a solution into (106), one finds

H(4) + (H +D2)H ′′ +H ′2 = 0. (107)

It is an equation of the form (9) with the coefficients

A1 = 0 , A0 = 0 , B0 = 0 , C2 = 0 , C1 = 0 , C0 = D2 +H ,

D4 = 0 , D3 = 0 , D2 = 1 , D1 = 0 , D0 = 0.
(108)

Since the coefficients (108) do not satisfy the linearization conditions (46), (49) and

(51), hence, the equation (107) is not linearizable.

Example 4. Consider the non-linear equation

y(4) −
10

y′
y′′y′′′ +

1

y′2

(

15y′′3 − xy′7 − y′6
)

= 0. (109)



Linearization of fourth-order ODEs 19

It has the form (21) with the following coefficients:

r = 0 , F2 = 0 , F1 = 0 , F0 = 0 , H2 = 0 , H1 = 0 , H0 = 0 ,

J4 = 0 , J3 = 0 , J2 = 0 , J1 = 0 , J0 = 0 , K7 = −x ,

K6 = −1 , K5 = 0 , K4 = 0 , K3 = 0 , K2 = 0 , K1 = 0 , K0 = 0. (110)

Let us test the equation (109) for linearization by using Theorem 2. It is manifest that

the equations (60)-(77) are satisfied by the coefficients (110). Thus, the equation (109)

is linearizable, and we can proceed further.

Let us take its simplest solution ϕ = y and ψ = x which satisfy the compatible

system of equations (78)-(81). So that one obtains the following transformations

t = y, u = x. (111)

Since Θ = 8 , equations (82) and (83) give

α = 1, β = 1.

Hence, the equation (109) is mapped by the transformations (111) to the linear equation

u(4) + u′ + u = 0.
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