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Abstract:

Although quaternions are generally deemed useful for representing three dimenional rotations and are often used
in 3D redering software, most of the information on them is either extremely technical, or merely defines them
without offering any intuitive understanding. In particular, while the expression for a general 4D quaternion
rotation is often given, there is seldom any explanation of how to construct a particular desired rotation, other than
blindly converting from the equivalent matrix.

In this paper I'd like to present my own attempts at an intuitive understanding. (Intuitive, at least for someone who
is very familiar with complex numbers and is comfortable with linear algebra.) Although this by it’s very nature
has a hand waving quality, I hope that this kind of understanding will lead to the more effective application of
quaternions.

Properties of 4D Rotations

Rotations in three dimensions are usually described as rotation about an axis — a particular vector. It is more
accurate to say that rotation occurs in a plane, but in three dimensions it’s easier to describe a plane by giving a
vector perpendicular to the plane at the center of rotation.

That isn’t sufficient in four dimensions. There is a two dimensional space perpendicular to any rotation plane, so
to describe the rotation plane, we’ll have to give two directions in it. In this paper I will describe the “x-y plane”
or the “z-w plane” and so on. I'll eventually want to construct a rotation given any two non-parallel vectors.

In addition, since there are two dimensions perpendicular to any rotation plane, that allows us to have a second,
completely independent rotation plane spinning at the same time. A general rotation will have two angles of
rotation, as well as two vectors describing one rotation plane. The orientation of the second rotation plane can be
derived from the first one, but only up to an overall sign. We can’t tell which way the second plane is spinning
without additional input, or at least a convention of some sort.
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Review of Rotations in the Complex Plane

Quaternions in four dimensions can be viewed as a generalization of complex numbers in two dimensions. Com-
plex rotations should be familiar to anyone with a Physics or Engineering background.

Given a complex number z = x + iy (where x and y are real numbers and i*> = —1), which can also be viewed as
the point (x,y) on the complex plane, we can rotate that point about the origin by multiplying by a pure complex
phase, such as ¢ = cos(6) + i sin(6).

e® z= (cos(0) +1sin(0)) (x+1 y) (1)
=Xcos(0) ~ysin(6) +1 (ycos(6) + xsin(0))

which looks like a rotation by angle 6 in the x-y plane.

Rotation in the Complex Plane
z ei®

The rotation itself is just another complex number, except that it sits on a circle of radius one. In fact, any complex
number can be written in this polar form.

z=re'®=rcos(6) +irsin(6) (2)

The complex conjugate (replaceing i with -i) gives us a rotation in the opposite direction.

*

z- =rel®=rcos(-60) +irsin(-6) = r cos(6) - i r sin(O) (3)

A Review of Quaternions

B Definition

A quaternion is a combination of four real numbers,

q=w+ix+3jy+kz (4)
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where i* = j* = k> = —1 (just like for complex numbers) and i j k = —1. For any pair of them, i j = — ji
(they anticommute). In particular:

ij=k jk=4i ki-=7j 5
ji=-k kj=-i ki=-j (3)

Physicists will recognize 1, j, and k as similar to the Pauli matrices from Quantum Mechanics. Indeed, you can
write them as 2x2 unitary matrices, but we won’t need to do that here. All we need to know is that they’re the axes
of a four-dimensional space.

m Polar Form

e can also write a quaternion in “polar form” in the same way we handled complex numbers.
W 1 t t lar form” in th y handled 1 b

q=rei® (6)
where r is a real number, @ is an angle in radians, and fi is a three dimensional unit vector. I will sometimes call n
an “axis vector” and will often treat it like any other quaternion.

n=xi+yj+zk
(7)

X+y+2=1

We can expand the polar form just as we did with complex numbers.

q=-re®®= r cos(6) + r Aisin(O) (8)

It may seen surprising that a complicated mix of i, j, and k like fi is should behave as if it were just i alone, but it
shouldn’t be. We tend to think that “i is along the x-axis” but really, one direction is just as good as any other. Any
combination of i, j, and k (that still has length 1) is just as good as any other.

. a2
Exercise: n~ = ?

Given an arbitrary quaternion ¢, you can calculate the polar form like this. (Where q*is the quaternion equivalent
of the complex conjugate.)

r=|aql|=vagqr

*

+
cos (9):Re(%):‘12;1
_ e B N2 (9)
- q-9q° _ q-9q°

lq-q* | 2 r sin (©)

Be careful of the case where q is real. Then # = 0 and f is undefined. Also note that the sign of # can be absorbed
into fi, so even though you can find 6 in the range -7 < 6 < 7 given both the sine and the cosine (and many math
libraries have a two argument arctangent function for that purpose), in the above we limited 6 to 6 = 0. If we had
wanted the full range of 6 we could have limited the directions of fi instead.

B Manipulating Quaternions

Adding two quaternions is easy. Just add the components like you would a vector.
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d, +9, = (W1 +wp) +1 (X1 +%) +3 (¥, +¥,) +k (21 +2) (10)

Multiplying two quaternions can look really hairy due to the multiplication rules of the i, j, and k.

4,9, = (M1 W - X1 X -y, 1, -21 2Z) +1 (W2 X1 + W1 X2 - Y, Z1 +¥; Z2) +

. 11
J (e y, +wW ¥, +X3 21 -X1 Zp) R (=X ¥, + X, ¥V, + Wy Z1 + Wy Zy) { )

It makes a little more sense if you write the quaternion in a “14+3” notation, [w, v], where v is just an ordinary 3-
vector made from the real cooefficients of the i, j, and k. Then

q1q2=[W1: ‘71}{%: ‘72} (12)
Vix Vs ]

- - - -
= [Wl Wy —V1Vy, Wi V) + Wy V1 + V1 XV

Note that when w; and w; are zero, then the quaternion product is just the vector dot product and vector cross
product at the same time.

Finding the inverse of a quaternion is easiest in polar form. It’s just like that of a complex number. We can
interpret it as changing a rotation by angle 6 to a rotation by -6.

h 71 l -y l l
-1 _ o _ -ne _ _ ~ fAi si 1
q- = <r<e ) = —e = cos (0) nsin (O) (13)

In particular, if q is a unit quaternion, the inverse is the same thing as the conjugate q* .
Exercise: Write down an expression for \/E in polar form.

There is a clever way to find the “square root” (the half angle version, ignoring overall +) of a unit quaternion:
Add one and renormalize.

eH0/2 _ l+<e'Aie _ 1+eh® (14)
| 1+ ef® | \/2 (1 +cos (0))

It’s easy to see how this works if you draw a picture of the two quaternions being added. The total quaternion (in
red) is half the angle from the real axis no matter what the starting quaternion is.

Quaternion “Square Root”

—* e?® 1+eh®
0.5
6/2
0.5 1

It’s also easy to see that the quaternion square root of -1 is undefined. It could be any 3-space unit vector fi. In
such cases, you’ll need some additional criteria to figure out which one you might want in a particular situation.
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Quaternions as a “Complex-Like” Rotation

To build up to a general quaternion rotation, I'll start by naively treating it just like a complex rotation. We’ll
apply a pure rotation of the form e®“to a quaternion q. The trouble is, the order of multiplication matters here. Do
we multiply the phase from the left or the right? The correct answer is both. We split the difference, like this.

eRO/2 g ghO/2 (15)

To see what's going on, however, I'm going to write q as the sum of two parts: q,, the part which commutes with
0 (the real part and the part that’s parallel with fi) and q,, the part which anticommutes with fi (the part that is
orthogonal to fi). For example, if i =1i, thenq . =w+ix,andq,=jy+Kkz.

a0/2 20/2 _ _Ao/2 20/2
e qe =e (d.+49,) e

(16)

_ en@/Z qc en@/Z 4 en@/Z qa en@/2

The commuting part, q_, is easy. It passes right though one of the phases, allowing us to combine them. The
anticommuting part, q_ , is almost as easy. It passes through the phase changing the sign of fi as it goes, leaving us
with:

fio/2 _06/2 fo/2 -A6/2 fi o
e e q. +e e q, =e"%q, +q, (17)

The interpretation of our transformation is clear:

no/2 no/2

The transformation e can be interpreted as a rotation of angle € in the plane

qe
defined by i and the “real axis”. I will call these “w-axis rotations” .

In particular,
ei®/2 q eio/2 rotates in the w-x plane
e30/2 q @32 rotates in the w-y plane

ek9/2 q k92 rotates in the w-z plane

Quaternions as a 3D Rotation

Textbooks usually describe a quaternion rotation as u q u~! where u is any unit quaternion. (Aside: In this case it

doesn’t have to be a unit quaternion, since the inverse will cancel out any overall r scale factors, but I'll continue
to assume that it is one.) Using the same techniques as in the previous section, we can see this is

€92 q e P92 2 B2 (q_+q,) e B0
(18)
_ o2 a, e B6/2 , oho/2 a, e 06/2
Now when we pull the phases through, the phases on the commuting part cancel, and we have
h0/2 g-ho/2 a + eh0/2 gho/2 a, =q + eho a, (19)

It’s clear that the rotation is now only acting on q_, but in what way, exactly? I'm going to rewrite the anti-
commuting part in a different way. For the sake of notation, I'm going to assume that fi=i, so that q_ can be
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written jy + k z. Then, I will insert a factor of 1 = j(-j), and pull one j out to the end (changing the sign of i as it
anticommutes.)
eio/2 a, e i6/2 _
ei@/z (j _Y+k Z> <_j> j e*i@/zz ei@/z <y+i Z) ei@/Zj
And that looks like an ordinary complex rotation in the y-z plane (with a j tacked on the end to make the final
result space-like.)

(20)

The interpretation of this transformation is clear:

no/2 -fio/2

The transformation e can be interpreted as a rotation of angle ¢ about the axis

qe
i leaving the real part unchanged. I will call this a “3-space rotation”.

In particular,
eld92q e 192 rotates in the y-z plane
ei®/2 q ¢392 rotates in the z-x plane

eko/2 q e ko2 rotates in the x-y plane

It is worth noting that while a general 3D rotation like u q u™! rotates in a plane in 3-space, the cooresponding *“w-

axis” rotation, uqu, rotates in a plane perpendicular to that of uqu~'. From that we can see what quaternion
multiplication really is: In the expression u q, the u transforms q by applying a rotation, by the same angle, in two
orthogonal planes at once. At the same time, you can interpret it as q transforming u, rotating u about two differ-
ent planes by some different angle.

3D Rotations Applied to a Polar Form

Here is a useful identity.

u eﬁeu—l =euﬁu’1e (21)
This makes intuitive sense — a 3-space rotation ought to just rotate the 3-space axis vector. It’s easy to prove if
p g ] p ytop
we expand it this way.

ne .. -1 -1

u - =u (cos (O) +fisin (6)) u

= cos (6) +u Au’! sin (O) (22)

Ayu-l
unu - 6
=€

Note, however, that this trick does not work for rotations through the w-axis

u eﬁ9u¢e"ﬁ"e (23)

since u i u typically has a real component, and our polar form breaks down.

General 4D Rotations

The most general 4D rotation of a quaternion q can be written u; q ug , which is multiplying on the left and on the
right by arbitrary unit quaternions. So, given two quaternions, what rotation do they represent? What are the two
rotation planes, and what is the angle of rotation for each one? I'll start by writing the rotation in polar form.

ef1 91q ez 62 (24)
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First note that if fi; and fi, are parallel or antiparallel (fi; = +fi, ), we already know what rotations they represent.
The trick will be to rewrite fi; and fi, as parallel and antiparallel parts. Define fi; and i ; as rotations of fi; and fi,
so that

fi; = cos(p)f;+ sin(y)Af;

- . . . (25)
n,= cos(y)n;- sin(y)n;

You can also write this as
1 R 1. R . R
7(n1+n2):? n, +n, | A; =cos (@) A;
1 1 (26)
7 (A; -Ny) = 2 n; -f, | fi; =sin (¢) A

Note that fi; and fi; are orthonormal, unless fi; = +fi, , in which case one of fi; or fi;is undefined. Also note that
¢ is the angle between fi; and fi; , or half the angle between fi; and 11, ,

We can remove the explicit references to fi; with a 3-space rotation about fix = fi; fi;. Letu = e® ¢/2. Then

-1

n; —un;u

N (27)

fi, =u " fi;u
Note that you can calculate u without having to calculate ¢.

fi, A; = (cos () A; +sin (¢) d;5) (cos (¢) fi; - sin (¢) fj)
= ~cos (2 @) - fig sin (2 ) = -u*

sou= (-fi; fiy) "
Our original general rotation can then be written

(Eﬁl 61 q eﬁz 62 _ <ueﬁi 61 u—l) q (ufl eﬁi 6, u>

- - (28)
_ (u <eni o (! qul) el 92) u)

When we rearrange the parenthesis, we can see a new interpretation of the transformation.

First we apply u™! which tilts the plane of rotation by ¢, so that it’s aligned on the w-axis.

Then we apply a “complex-like” rotation in the w-fi; plane and a space rotation in the fi;-fix plane
(depending on the values of ©6; and ©, .)

Finally, we apply u, to return the rotation plane to where it was.

To make this explicit, we write our arbitrary q in this basis

q, =u
q. =u ﬁiu=ﬁi
LA uoa (29)
q;=u fiju=m;j
q, -u ﬁku=u2ﬁk
so that
q:wqw+xqi +yqj +2d,, or
ul qul =w +xfi;+yh;+zh,,

and then observe how the rotation acts on the pieces.
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e % qe™ % = (u (eﬁiel (w +x0; +yf;+2zhy) eﬁiez) u)

<u (e“"el (w +x0;) e ® 1 e (y 4 zh;) e ® ﬁj) u) (30)

= (u (@™ (979 (1 xf;) +e™ (%) (y 1+ z4;) Aj) u)
At this point it’s clear that the w and x parts are going to be rotated by an angle of 6; + ©,, while the y and z parts
are going to be rotated by an angle of ©; - 6, . I'll leave the remaining algebra to the reader and jump to my

conclusion.

A general 4D rotation of quaternion q, given by €™ 1 q e ©2  is a rotation by 6, + 6, in the q,-
q; plane, and a rotation by 6, — 6, in the q ; -q, plane, where, if fi, # +fi;

i A A 1/2
f
q, =€’ = (-0 Ny)
_ _fiy+f, 4
= e =Ny
q; [f; +8; | *
— fi, -fi, — .
qj T A -f, | =0

q, :eﬁkwﬁk =q, ﬁlﬁj
If a;= —nz then replace 6, - —0, and i, —» —1i,, and then...
If iy=1nythenq, = 1, q; = i1, and the second rotation is a 3-space rotation about the fi; axis.

H Interpretation
For a general 4D rotation of the form &% ? q ™ ? , the following is true.

The rotation is in one plane leaving the other fixed, if and only if §; = £6, (modulo 27 of course).
If the angle between f; and fi, is 2 ¢ then the planes of rotation are tilted by .
The planes of rotation intersect the 3D space along fi; + fi, , which we have called i; and fi;.

m Pictures (to do)

Rotation in an Particular Plane

Suppose we want to find a rotation that will rotation unit quaternion q, into q, . Since each quaternion can also be
a rotation, there is a very simple way of doing this — by multiplying by q, and q, . In fact, there are lots of ways
of doing this.

(q2q1_1)q1=q1 (q1_1q2)=(q1_1)q1 (q2)=(q21/2q1_1/2)q1 (q1 172 1/2) q, (31)

While all of these rotations “work”, in that they rotate q, into q,, they each rotate the perpendicular plane in
different ways. Let’s break this down a bit. I’ll write the quaternions in the 1+3 notation: q,, = [q,,, Zn]

e N A | Uy A IR R AT ey IR TR 32)
q1_1q2 [q1a fh][é]zaqz] [611 612+111 qz q1 qz q2 q1 q1><q2]
The first thing to notice is that the real parts of these are symmetric in the indices 1 and 2, while the space parts are
anti-symmetric. Thus, if you were to swap the indices, you’d turn this rotation into its conjugate, and therefore its
inverse. This makes perfect sense, since rotation from q, into q, is the inverse of rotation from q, into q; .

The second thing to notice is that the real parts are the 4D dot product between q, and q,, and is therefore the
cosine of the angle between them. This is what you’d expect for a rotation from q, into q, .
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Next, notice that the 3-space parts are different only in that the third term has a different sign.

[0, 1 0 - 31] =14, -92 9, = |q14,-q2q, |
0.+ ¢, xq,] == | g, xq, | &
The first two terms is precisely the linear combination of q, and q, which has no real part. It’s the direction along
which the rotation plane intersects the 3-space. Earlier, we had called this direction f; . The third term is the space
direction that’s orthogonal to the plane of q, and q, , the direction along which the other, perpendicular, rotation
plane intersects the 3-space. Earlier, we had called this direction i; .

(33)

It is easy to see that these transformations have the same form as the more general transformation we found in the
previous section. In fact, we can now write down by inspection the following expressions.

q, q,”" = cos(8) + sin(B) (cos(p) f; + sin(p) fi;) = s Mi+sin(@)))

q,”' q, = cos(8) + sin(B) (cos(p) f; — sin(p) fi;) = oS i—sin(@)i)

where 6 is the angle between q, and q,, and (34)
919 — 924, = |1 9, = g2 q; | ; = sin(6) cos(e) f;

[0, q, qu] = |q1 Xq, |ﬁj = sin(6) sin(p) 0,

Claim: The rotation that takes the unit quaternion q, into q, while leaving the perpendicular rotation plane fixed
can be written

1172 _ 1/2
(a,9,)" q(q, 7" q,) (35)

We expand this as
e% (cos(p) fy; +sin(p) ;) q@g% (cos(e) fi; —sin(p) fi ;) (36)

and use the results of the previous section to note that this is a rotation of angle 6 in the plane given by
q :eﬁkw :eﬁiﬁjw
W
q; =
and a rotation of zero in the perpendicular plane.

(Aside: The literature describes something called a “Slerp” (spherical linear interpolation) that will smoothly
transform q, into q, . They let q(r) = (q, q, -1y q, , which is q, when 7 =0 and q, when ¢ = 1. Unfortunately, this
only multiplies on one side, so it also rotates the plane orthogonal to q, and q, . This isn’t actually wrong, since
the Slerp is only intended for interpolating between two points on a hypersphere — it was not ment to be a
rotation operator, even if it looks like one in quaterion form. Still, if we wanted a slerp-like rotation in only one
plane, it’s clear what we need: q(r) = (q, q, ' )2 q,(q,7"' q, )

It’s useful to look at eq. 35 for two special cases. First, if q, and q, lie in a plane that goes through the w-axis,
then they have the same axis vector and therefore they commute. In particular q, q, 1= q, -l q, and our rotation
has the form u q u as you’d expect. Second, if q, and q, are both pure space vectors (having zero real compo-
'=-q, and q,q,"

nents) then q =-q,q, = (Iz_l q, =(q, -l qz)_1 , and therefore our rotation has the form

uqul'.
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Swapping Rotation Planes

Given a rotation in two orthogonal rotation planes, can we find a rotation that swaps the rolls of those planes? This
is surprisingly easy, given the machinery we already have. Suppose our rotation is represented by

(eﬁl @1q (eﬁz 6, (37)

We already know that the tilt of one of the rotation planes is given by (assuming fi; # +fi, and 6, 6, +0.)

A 1/2

q, =e*’ = (-fi; fiy) (38)

All we need to do is spin this by 90°, which is just multiplying by fi;, though we’ll probably want to do it
symmetrically.

u-f, " = (1+48y) /2

(u (39)

e 61 u) q (u eyl
If fi; = +i,, or one of 6, 6, =0, then fi; is undefined. You can choose any fi; which is perpendicular to which-
ever of fi; or fi; you can interpret.

Rotating a Triangle

Rotating from q, to q, only partially specifies a rotation. The rotation in the plane perpendicular to q1 and q2 is
still undetermined. Rotation a pair of quaternions while keeping the angle between them fixed doesn’t completely
specify the 4D rotation, but it’s the next step. This is equivalent to spining a rigid triangle around one corner to
some other arbitrary rotation.

Suppose we want to rotate a pair of quaternions, q, and p,, into another pair, q, and p,. For the sake of argu-
ment, let’s first consider a brute force approach. We know how to find a rotation from q, to q, . If we describe it
in polar form

ehTq et 7 (40)
we can then tweek it to add a rotation by 6" in the plane perpendicular to q, and q, .
(Eﬁl %i' q (eﬁz %i' ( 4 1 )

It’s obvious that @' is the angle between e z P; efz 7 and p, after being projected onto the plane perpendicu-
lar to q, and q, . Not only is this messy, it breaks when q, = q, . In that case, there is an entire 3D space that p,
and p, can lie in.

Let’s back up a bit. Remember that there is a simple way to rotate q, into g, , if we don’t care about the perpendic-
ular plane.

(qz q1_1)q (42)

If we look at this as a two step process — q, ! takes q, to the real axis before we apply q, — then we can insert
a completely general 3D rotation about the real axis which won’t interfere with finally getting to q, .

(qyuq,”")q (™) (43)
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We can find out what u is by requiring that our rotation take p, to p, .

(qyuq,™)p; (@) =p, (44)
or
u(g, ' pu =q,”' p2 (45)
So u is the pure space rotation that takes q, ~I'p, into ‘Iz_l p> . (We know it’s a pure space rotation since q, “Ip,
and ‘Iz_l p: have the same real component: the cosine of the angle between each p and q.) We’ve reduced a 4D
problem rotating two quaternions to a 3D problem rotating one quaternion.

We know how to rotate one quaternion. We can use eq. 35 if we’re careful to project our vectors onto the 3D
space first. The projections are easy to calculate: zero the real part and renormalize. In fact this is exactly the axis
vector of their polar form.

Let n; = the axis vector of q, -1 pi1,and
fi, = the axis vector of g, " p,.

So our constraint (eq. 45) looks like
ufi, u!

A
:n2

There is an intuitive interpretation of this u. fi; is a 90° rotation in the plane of the initial triangle. (Note that right-
multiplying by q, ~I'p; will rotate q, into p,.) Similarly, fi, is a 90° rotation in the plane of the final triangle. In
fact, if the ps and qs are both pure space vectors, then i ~ p X q, the normal vector to the triangle. What our u is
really doing then, is rotating the “normal vector” of the first triangle onto the “normal vector” of the second. The
“normal vector” of a triangle isn’t defined in 4D, but these fi; s are the 4D equivalent.

We can find u using eq. 35,
A oA (12
u=(-mn)

and our rotation now looks like

A A U2 _ A A 12
(q,(-h2 1) " q,7!)q (- fip fiy) (46)

There’s one thing you have to watch out for. When fi; = —fi,, u = V=1 which isn’t uniquely defined. This
happens when the triangle is flipped over by 180°. All we need to do is set u to any space direction that’s perpen-
dicular to n; .

Rotating a Tetrahedron (not yet ready)

Matrices

It is useful to be able to convert between a pair of quaternions representing a rotation, and a 4x4 matrix represent-
ing the same rotation.

Yoo Yo1 Yo2 Xo3 do
Fio Y11 Y12 Xi3 d:1
urquzy <> Rqg-= (55)
Fao0 Y21 Y22 Iz3 d2
3o Y31 Y32 X33 ds

This is fairly easy to do, if you remember that rotations take one set of orthonormal basis vectors into another.
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B Quaternions — Matrix

Each column of the matrix is the result of transforming one of our basis vectors, which in quaternion form are {1,
i, j, k}. Given that, we can practically write down our final matrix without any effort.

(uLluR)o (uLiuR)o (uLjuR)o (uLkuR)o
R < (up Lug), (uLiuR)l (uLjuR)l (up kug), (56)
(ug, Lug), (uLiuR)z (uLjuR)z (ur kug),
(uLluR)g, (uLiuR)g, (uLjuR)g, (uLkuR)g
Letu, =(a, b, ¢, d)and ug = (e, f, g, h). The explicit form of our matrix is then.
ae —bf —cg —dh —be—af —dg+ch —ce+df —ag—bh —de—cf +bg—ah
R - be +af —dg +ch ae—-bf +cg+dh —de—cf —bg+ah ce—-df —ag—-bh (57)

ce +df +ag —bh de—-cf -bg—ah ae+bf —cg+dh —be +af —dg—ch
de —cf +bg +ah —ce—df +ag—bh be—-af —dg—ch ae+bf +cg—dh

B Matrix — Quaternions by Diagonalization

To go the other way, we first interpret each column of the matrix R as a quaternion.

Yo = (Yoo, Yi0s Y20, ¥30)
¥y = (Yg1, Y114 Y21, ¥31) (58)
¥y = (Yo2, Y124 Y22, ¥32)
r; = (Yg3, Y13, Y23, ¥33)

We’ll work it column by column. What transformation will take 1 to ry ? It’s r, itself. We could either right
multiply, left multiply, or even some mix of the two. I’ll choose the left multiply. Let u; =r, Our tentative
transformation is thenu; q 1.

For the next column, we ask what transformation will take i to r; before u; has been applied? Clearly it’s

u; ! ry i, (That is, undo the i, and then apply the r; , then undo the u; .) We can’t apply that to either the left or

right without clobbering the transformation on the first column, so we split it across both sides. Let
1L e1al2 . L 1

w =(; " r;i7) . Our tentative transformation isnow u; u; q@ u; ™+ .

(There is a special case when u,? = —1, where the square oot is poorly defined. This only happens when the

diagonal of the matrix (the i component) is -1. To clear it, we can rotate by 180° about any axis in the j-k plane.

u, = j will work.)

(There is another interpretation for the i~ in the last transformation. We know that simple rotation matrices have
cosine of the angles along the diagonal, and that quaternion rotations have the cosine in the real component.
What’s an easy way to move the cosine in (r; ), to the real component (r;), ? Multiply by -i.)

What’s left of our rotation is just a 2-D rotation about the x-axis. We could just read the sine and cosine of the
rotation off of the 3rd row of the remaining matrix (which is u, ' u; ! ry uy, the transformed version of 1, ), but

let’s do it formally. What transformation will take j to rpbefore u;and u,have been applied? Let

1 1

I e 12 . .. _ _
u; = wy ' rpuy j71) . Our final transformation is now u; u, u; qu; * u, !

(Again there is a special case where us? = —1. This time it’s due to a -1 on the j component. To clear it, we must
rotate by 180° about the i axis, so u3 =i. We can’t use the k axis: it would clobber the second column of the
matrix which we had cleared with u, .)
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To summarize:

u; =ry
_ 1312
W= it
_ 1512
w=(mw)'nwjh (59)

u, =u;u us
-1
ugp = (uy uz)

(While this is correct and (somewhat) intuitive, it is computationally intensive. Can I simplify?)

B Matrix — Quaternions by Geometry

Just use the Rotate a Tetrahedron method described above. Since a matrix rotates {1, i, j, k} into the columns of
the matrix, and since any column of the matrix can be determined by the other three, we can choose any three of
the four columns as our tetrahedron. Since the matrix columns are also orthogonal, we don’t have to project the
quaternions onto the 3-space. (p; = P, and r; = I; = F; in the notation of that section.)

The resulting algorithm is actually quite similar to the “by Diagonalization” method above. (For the "simple, two-
step" version at least.) It’s just the interpretation that’s different.

Summary

We’ve reviewed the nature of rotations in four dimensions, of rotations in the complex plane, and the mathematics
of quaternions. Then we’ve described how rotations can act as rotations in certain limited planes before attacking
the general case. We’ve shown how to calculate the quaternion pair that describes rotation in particular planes, and
how to calculate the planes given the quaternion pair.

A general 4D rotation of quaternion q, given by €™ 1 q e® ©2 , is a rotation by 6, + 6, in the q,-
q; plane, and a rotation by 6, — 6, in the q ; -q, plane, where, if i, # +h,

a A A 1/2
i
q, =€’ = (-n; )
_ _m+fi, _ g
q; = [fi; +f; | i
_ i -f, _ g
qj T A A, | 1;

q, =e™’f, =q, n; N
If i, = -1, then replace 6, - —0, and i, —» —1i,, and then...
If hy=n,thenq, =1, q; = 0, and the second rotation is a 3-space rotation about the fi; axis.

Some properties of this rotation are:
The rotation planes intersect the 3-space along the directions fi; and fiy .
The rotation planes form angles ¢ and ¢+n/2 with the w-axis.

Some special cases of particular interest are:

If 8, = +6, then the rotation is in one plane, leaving the orthogonal plane fixed.

If6, = 6, = 6/2 and fi; = fi, then the rotation plane passes through the w-axis.

If 0, = 6, =0/2and fi; = -fi, then the rotation plane is entirely within the 3-space, perpendicular with the
w-axis.
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The rotation that takes q, into q, while leaving the perpendicular rotation plane fixed can be written
_151/2 - 12
@9, 4@, q,)
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