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In a recent paper, Anderson, Kamran, and Olver [“Interior, exterior, and generalized
symmetries,” preprint (1990) ] obtained the first- and second-order generalized symmetry
algebra for the system u, = (v,, )?, leading to the noncompact real form of the exceptional Lie
algebra G,. Here, the structure of the general higher-order symmetry algebra is obtained.
Moreover, the Lie algebra G, is obtained as ordinary symmetry algebra of the associated first-
order system. The general symmetry algebra for u, = f(u,0,0,,...,) is established also.

1. INTRODUCTION AND GENERAL

In a recent paper Anderson, Kamran and Olver' dis-
cussed symmetries and first- and second-order generalized
symmetries of a peculiar kind of equation, merely an “under-
determined system” of equations

(L.1)

2
Uy = Vsxr

where u, v are functions of x.

Due to the fact that the system (1.1) is underdeter-
mined, one can raise the question of existence of generalized
symmetries. As a result the authors obtained as a Lie algebra
of second-order symmetries the noncompact real form of the
exceptional Lie algebra G, .

Symmetries can be described in a differential geometric
way as vector fields ¥ satisfying the conditions

& ICD'I, (1.2)

where I is a closed ideal of differential forms associated to the
differential equation, .¥°,, the Lie derivative by the vector
field, and finally D’ the prolongation of the ideal I upto
some finite order.”?

In Sec. II we discuss the results obtained by software
developed to construct symmetries.” In Sec. III we give a
derivation of the general Lie algebra structure of (1.1). In
Sec. 1V we discuss some special cases. Finally, in Sec. V, we
give a beautiful and short derivation of the Lie algebra of
generalized symmetries for a completely general “system”

u, = fu,0,0,,0,,,...). (1.3)

1. SYMMETRIES, 2nd- AND 4th-ORDER GENERALIZED
SYMMETRIES

We shall present here the results obtained using the
computer algebra package® to construct (generalized) sym-
metries of differential equations, applied to

u, = ()% (2.1)
In Sec. II A we obtain point symmetries of (2.1), while in
Sec. II B we derive 2nd-order generalized symmetries. In
Sec. II C we prove that the generalized symmetries obtained
in B are equivalent to ordinary point symmetries of an asso-
ciated first-order system of differential equations. Finally, in
Sec. II D we compute 63 4th-order generalized symmetries.
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A. Ordinary infinitesimal symmetries

In order to compute ordinary symmetries for (2.1) we
describe the differential equation in terms of an exterior dif-
ferential system I of differential forms on
R’ = {(x,u,0,0,,0,)}, v, =0y, U, = Vyy,... . The ideal I is
generated by the differential one-forms

a, =du — 3 dx,

a, =dv—v, dx, (2.2a)

a, =dv, — v, dx,
and the exterior derivatives

da,, da,. (2.2b)
An infinitesimal symmetry (point symmetry) of the ideal J
(2.2) or the differential equation (2.1) is a vector field V'
defined on R®, i.e.,

da,,

V=V, + V', + V3, + V"‘&vI + V"Z:S',,2 2.3)
where V'*, V¥ V" are functions of x, u, v, such that
L ICI 2.4)

In (2.4) .Z, denotes the Lie derivative with respect to V.
Condition (2.4) leads to an overdetermined system of par-
tial differential equations for ¥'%,...,V* which can be solved
in a straightforward way, leading to a six-dimensional Lie
algebra generated by the vector fields

V,=3,, V,=xd,+d, +d, —.d,,
V,=4,, Vs=ud,+Wwd,+d, —i,d,, (2.5)
Vy=4, Ve¢=xd,+3,,
whereas the Lie algebra structure is given by
=
(v, 1 2 3 4 5 6
i1 * 0O 0 VvV, O V,
2 * 0 O Vv, O
3 £, 1, 0 . (2.5a)
4 * 0 — Vs
5 * — Ve
6 *
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B. Second-order generalized symmetries

Due to the choice we made in (2.1), (2.2) to consider
(2.1) as a first-order differential equation expressing u in
terms of v and not taking the description

Ve = + 4, (2.6)
a fact that is reflected in the choice of the set of algebraic
variables, we are now searching for second-order (in v) gen-
eralized symmetries.

Due to the occurrence of equivalence classes of general-

ized symmetries we restrict our attention to vertical vector
fields*®
V=F"3, + F*3, + prolongation, (2.7)
where (2.7) F¥, F" are functions of x, u, v, v,, v,, i.e.,
F*=F"(xu,00,,0,), (2.8)
F' = F°(x,u,u,u,,0,).

Vertical vectors fields are vector fields with vanishing d,
component. The generalized symmetry condition is?

< (I)CD, (2.9)
where D1 is the second prolongation of 7 and D *7 is gener-
ated by

a, 05,05 as in (2.2),

a, =dv, — v, dx, (2.10)

as =dv, — v, dx,

together with da, ,...,das.
The resulting overdetermined system of partial differen-
tial equations arising from condition (2.9) is given by

Fi+Fi, +Fiv, + Fyv, + Flo, —20,F" =0,
Fy+Fu3 +Fo, + Flv, +Flo, —F"=0, (2.11)
F+F +FJv, +Flv, + Flo, + Fllo, —F”=0.

The resulting overdetermined is solved in a complete ele-
meniary way leading to a set of 14 vector fields that are given
by

VE(1): =3+D(U)* (3% U? + 4xV « V' 2° — 42V 1?4V 2?)

+ D(M)*x(9+x UV — 42V 1%),
VF(2): =4xD(U)*V 2% (2% V1 — V22 X)

4+ DN+ — 3+ U X 4+ 42V 12),
YE(3): =4+«D(UN)*(3xU V1 + 3V %P 2?

— 4V 1%V 2%%X + V2%%X ?)

+ D)% (35U X + 125 F xV 1 — 8V 121X),
VF(4): = 4xD(UN)# (9% UV — 9% UV 1xX

— 9%V * V22X + 4¢V 1> + 64V 1%V 222X 2

— V23%X3) + 3xD(V)*x( — UrX?

A+ 126F2 — 125V V 16X + 4+ V 125X 2),
VF(5):=4*D(N*V2’ + 3+D()*U,
VF(6): = D(U),

VE(7): = D(V)*X,
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VF(8): =4+D(U)*V1 + D(F)*X?,
VFE(9): = 12+D(U)x(V — V' 12X) — D(V)*X 3,
VE(10): = D(V),
VE(11): = 2«D(U) U + D(V)*V,
VE(12): = D(D)*(3*U + F23X) + D()*V 11X,
VF(13): = D(U)*(4*V 12 — F2%+X ?)

+ D)+ X *(3+V — V1X),
VE(14): = D(U)*V 22 + D(N*V 1,

where D(U) =4, V1l =u,,.
The result is in complete agreement with the result ob-
tained by Anderson et al.’

(2.12)

C. Infinitesimal symmetries of the associated first-
order system

Motivated by results obtained by several authors® on
the equation

Yex =0, (2.13a)
and the related system of equations

W1)x =Das

(), =0, (2.13b)
we describe (2.1), i.e.,

U, = (0,,)> (2.14)

as an underdetermined system of three differential equations
in four dependent variables (u,0,w,p), i.e.,

(2.15)

The exterior differential system T associated to (2.15) de-
fined on R® = {(x,u,0,w,y,p, ) } is generated by

2
Uy =5 Uy =W, W,=J.

By =du — y* dx,
By =dv—wdx,
By =dw —ydx, (2.16a)
By =dy—yp, dx,
and their exterior derivatives
df,, dB,, dB,, and dp,. (2.16b)

A vector field V defined on RS, i.e.,
V=F3, +F"3, + Fd, + F“8, + F?d, + Fy‘é'y‘
(2.17)
is a symmetry of T if
Ly (hcl (2.18)

Condition (2.18) leads to the following overdetermined sys-
tem of partial differential equations for the functions
V7., ¥ functions which depend on x, u, v, w, p:

Fy+y'Fi +wF} +yFl +y F*—yF%

—V'F, —wy’Fy — y°Fy, — yy, F5 — yF? =0,
F§ 4 Y°F}, + wF} + yF?,

+ W F, —wF; —wiFi — wF: —uwyF?,

—wpy F; — F¥=0, (2.19)

Paul H. M. Kersten 2044

Downloaded 17 Jan 2011 to 194.225.239.24. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



F&+ yF¢ + WF? +yF% +y,F§ = yF s —y'F;
—ywF: — y'FL, —yy, F; — F’=0,

and the defining relation for F”'.
System (2.19) reduces to

Ff. —yszf =0, (2.20a)
Ft — wF} =0, (2.20b)
F— yFx =0, (2.20c)

together with

FY 4+ y'F4 + wF? + yFi, —y(F; +V°F;

+ wF* 4+ pFX) — 2pF¥ =0, (2.21a)

Fy + y'Fy + wF, +yF, —w
X(F} +yF} +wFj+yF;) —F*=0,  (221b)

Fe+yFe+wFy+yFy—y
X (F% + y*F +wF} +yFi) —F’=0. (221¢)

J

We now differentiate (2.21b) with respect to y and use con-
dition (2.20) that results in

WF, + F,, —w(yF; + F,) =0.
Differentiation of (2.22a) with respect to y yields

(2.22a)

2F +2yF, + F., —w2Fy + 29F, + FJ, =0,
(2.22b)

ie, 2F) 4+ F> —2wF} =0, a result obtained by using
(2.20b).

If we now differentiate (2.22b) with respect to y and use
(2.20b) we arrive at

F;, =0. (2.23a)
From this condition it is now a straightforward calculation
to solve the overdetermined system (2.20), (2.21) leading to
a 14-dimensional Lie algebra of ordinary infinitesimal sym-

metries of (2.16), (2.15).
The result is

VF(1): = 6*xD(X)*( — 3%V *Y + 2+ W?) + 3xD(U)*(3*U? — 24V %Y ?) + D(P)*(9+ UV — 18+ VWY + gxW?)

+ 9xD(W)*(UsW — V*Y?) 4+ 3+D(Y)*Y #(3xU — 2+ WxY),
VF(2): = 12«D(U)*(V — W*X) —D(N*X3 — 3«D(W)+X 2 — 6xD(Y)*X,

VF(3):=D(U),

VF(4): = 4+xD(U)*W + D(V)*X * + 2xD(W)*X + 2+D(Y),

VF(5): = D(M)*X + D(W),

VE(6): = D(X)*X? + 4xD(UY*W?2 + 3+D(V)*V *X + D(W)* 3%V + WxX) +D(N)*(4xW — X xY),

VF(7): = 2*D(U)*U + D(V)*V + D(W)*W + D(Y)*Y,

(2.23b)

VF(8): = 2*D(X)*( — 4« W + 3xX*Y) + 25 D(UNAX * Y2 4 D(V)#( — 3xU*X — 4x W2 4+ 6xWxX *Y)

+3#D(W)x( — U+ X*Y?) 4 2+D(Y)*Y?,

VF(9): = 6xD(X)*Y + 24D(U)*Y 3 4+ 3xD(N)*( — U+ 2« WxY) + 3xD(W)*Y?,
VF(10): = 6xD(X)*X #(6%V — 4x WX + X2%Y) + 2+D(U)* (184U *V — 18U W X - BxW? 4+ X3xY?)
+ 3+D(V)x( — UsX? 4 12472 — dx WX 2 + 25 WX *Y) + 3xD(W)*( — 3xU X2+ 125V W

A WX + X%Y?) 4 6xD(Y)x( — 3xUX + 46 W2 — 2 WX *Y + X *Y?),
VF(11): = 2xD(X)*( — 6%V + 8 WX — 34X *+Y) 4+ 2D (6% U W — X% Y?) + D(M) X #(3xU *X + 8« W?

— XWX +Y) + D(W) % (64U X + 4xW? — 3% X %Y ?) + 2D(Y)*(3xU + 24 WY — 2+ X xY?),

VF(12): = — D(X)*X + D(U)*U — D(V)*V + D(Y)*7Y,

VF(13): = D(X),
VF(14): = D(V).

By taking the d,, d, components of the equivalent vertical
vector field and, carrying through the transformation

X=X, u=u, V=V W=V, Y=,

we arrive at the symmetry algebra G, as derived by Ander-
son et al.!
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So the Lie algebra G, is nothing else but the ordinary
symmetry algebra of the related system. At the moment we
have no general theorem relating classes of higher-order
symmetries to ordinary symmetries of associated systems of
first-order equations. We hope to deal with this problem in
the future.
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D. Fourth-order generalized symmetries

In this subsection we present the computer results of the
computation of 4th-order generalized symmetries of equa-
tion (2.1). In order to do so we prolong the ideal 7 of differ-
ential forms (2.2), (2.10), i.e., D*I is generated by

@, =du — v} dx,
a, =dv—uv, dx,

oy = dl}l — Uy dx’

a, =dv, — vy dx, (2.24a)
as =dv, — v, dx,
a, =dv, — vs dx,
a, = dvs — v dx,
and their exterior derivatives
day,...,da,. (2.24b)

The generalized symmetry condition is given as

& (1) C DA, (2.25)

which results in a system of three partial differential equa-
tions for the coefficients F*, F¥, F", F of the vertical vector
field v, The conditions are of a form analogous to (2.11), and
as an immediate result we arrive at
v
I _ o, (2.26)
av,
so F'is a function of x, u, v, v, , V3, U;.

In order to obtain at least some solutions of the system
satisfying (2.25) we put in the additional condition

a 2 F v

av?
i.e., F?is linear with respect to v,.

From the condition (2.27) the construction of the solu-
tions was straightforward and did lead to a set of 63 4th-
order generalized symmetries.

The general solution to condition (2.25) is given in the
next section. Here we present some of the 63 generalized
symmetries (x independent):

=0, (2.27)

VE(1): = D(U)*(81%U* + 648U V2%V 2x V4 — 324x U % V24 32
4 G4k U VAV 1%V 2% V3 4 216% UV 5V 2% — 540U %V 125V 2 4 648+ U V2V 2°x V' 3
— STRU AV *V 1%V 24V 4 4+ 288+ UV *V 1%V 3> — 864x U xV*V 1’4V 2%V 3 — 648+ UV x P 1+ 2°
— 288UV 1"V 24 V3 4 864x U P 13% V2> — 180% F 2426 — 288 V¥V 1’% V2% ¥ 3 + 576+ %V 12} 2°
+ 128#V 15 V2%V 4 — 645V 1%V 32 4 3845V 1%V 2% V'3 — 4324V 1*«F2%) -1 24 D(F)*(81xU ¥V
+ 162U V2V 3 ~ 162% UV V15V 2 — 36% UV 17 — 545U P2V 2> — 1445 UV 5V 1%V 3
b 108* UV V124V 22 4 725UV 1" V2 4 245V« V 134V 2% - 322V 1%V 3 — 48+ 1°% ¥ 2%),
VF(2): = 12xD(U) % (185 UV x V24V 4 — 9+ U %V %V 3> - 9 UV 1%V 2%V 3 + 3xU%« V2> + 18« UV %V 2%} 3
— BxUSV 1%V 24V 4 4 4s UV 135V 3% — 125UV 12V 2%V 3 — 9 UV 14V 2 — 54 5 2°
— AV AV 2V 3 4 85V 1247 2%) + D(P)*(2T+U° 4 108UV 13 — 545UV 142 — 364UV 5V 2°
— 4B UV 1%V + 36+ UV 1’4V 2* + B4V 1’1 2%),
VE(3):=D(U)* (18 U5V 24 VA — 9+ UV 3% 4 18+ UV 2’V 3 — 5%V 2°%) ++ 3= D( )+ U (3xU*V3 — V2%),
VF(4): = D(U)* (9% UV 22 + T2xU V¥V 15V 24V 4 — 36xUsVaV 1%V 3 + 365UV »F 224V 3
36UV 125V 2% V3 — 36+ UV 15V 2% 4 364V V 1+ V235V 3 — 245V 2 V2% — 324V 1%V 24V 4
4+ 165 1%V 32 — 642V 1° V22 V3 + 36xV 12V 2*) + D(F)* (O U*sV 1 + 36+ UV *V 15V 3
—OxUrV V22 — 18+ UV 1%V 2 — 6xV+V 1%V 2% — 16+ V 1*%V 3 + 16+ V 1’+¥ 2%),
VF(5): =24D(U)* (95U + 36xU V5V 2%V 4 — 18+ U V2V 32 4 36x UV V15V 24V 3 + 125 UV x V' 2}
—30x UV 124V 2% - 18+ V2V 2%V 3 — 164V #V P4V 24V 4 4+ 84V xV 1°%V 32 — 24xV xV 1%V 2°% V'3
— 18P * P 1V 2" — 8+ V 1" V25V 3 + 244V 134V 23) + D(W) % 27UV + 364U V%V 3
— 36xUV*V 1xV2 — BxUxV 1* — 6V 2V 2> — 165V *V > V3 + 124 F 2V 124V 22 + 8+ ¥ 1*2 1 2),
VF(6): = 2*D(U)*(6x UV * V2%V 4 — 3sUsV*V 32 + 35UV 15V 25V 3 4 25UV 2% 4 32V #V 2%V 3
—3xV IV 2Y) + D(P)x(3xU2 + 65UV xV3 -3+ UV 15F2 — V2V 23),
VE(7): = 4+D(I)*(6x UV 1% V2%V 4 — 3+ UV 1%V 3% 4 35U V2%V 3 + 35V 12V 2% V3 — 2%V 2°)
+ D) (125 UV 1xV3 — 35U%V22 — 2+ V 1%V 2%),
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VE(8): = 4xD(IN# (64U V2 £ 84V 13V VA _ 4x V1%V L 12V 15V 2%V 3 — 0V 12V 2%)

+ D(V)*(9*U? + 165V 1>xV3 — 124V 125V 2%),

VF(9): = D(U)*(2*V2+V4 — V3?) + D(V)*V'3,

VF(10): = 4xD(U)* 2%V 1xV 2%V 4 — V15V 32 + V2%V 3) + D(V)*(4+V 15V 3 — V2?),
VE(11): = 2xD(U)*(6*Vx V22V 4 — 35V V32 4 35V 15V 2+ V3 — 24V 2%) 4+ 3+xD(M)*x 2%V +V3 — V15V 2),
VF(12): = 24D(U)(UAV2* + &V AV 14V 24V 4 — 24V 4V 1%V 32 4 25V 5V 224V 3 £ 24V 125V 2%V 3 — 24V 15V 2?)

+ DM 2% UV 1+ 4V *V 15V3 — VaV2: — 2%V 1*5V2),

VF(13): = 3+D(U)*(6+V sV 2+ V4 — 35V +V 32 L 6+VxV 1+ V 2xV3

+ DN (9% V25V 3 — 9%V xV 1%V 2 4 45V 1%),
VF(14): = 6+sD(U)*(2*U V24V 4 — UV 3 + V22V 3) + D(M)*(6+U V3 — V'2%),
VE(15): = D(U)#(

IH. DERIVATION OF THE GENERALIZED SYMMETRY
ALGEBRA

We start the discussion at the ordinary differential equa-
tion

U, = (0,)% (3.1)

where “x" is d /dx; u, v are functions of x.

So the equation at hand (3.1) is merely an underdeter-
mined system of ordinary differential equations where u, v
are dependent variabies. The main aim of this section is the
construction of the complete generalized symmetry algebra
of (3.1). The final result is formulated in Theorem 3.1.

Generalized symmetries are formal vector fields defined
on the infinite jet bundle J(x; u, v) (cf. Refs. 4, 5) which
leave invariant the differential equation together with its dif-
ferential consequences (¥, = u,, v, =V;, U,, = Us,...)
ie.,

u = U%,

U, = 20,0, (3.2)

uy =203 + 2v,0,,

Local coordinates on J(x; u, v) are given by
(X,0,0,8) Uy 58,0 ,3,V3500-)

whereas local coordinates on the submanifold 4 defined by

(3.2) are
(X,1,0,01,0;, U3 5000 ) (3.3)

The formal total derivative vector field D on J(x; u, v) is
given by

B=ax + ulau + vlau + u2au1 + UZaul + Tt
whereas the restriction of D to the submanifold 4 defined by
(3.2) is given by

D=9, +vd, +v,8, +v,9, + .
For later use we introduce the restriction D ¢* of D to the
(n + 1)th-order jet bundle

D"’)=ax+v§3u+013.,+"'+Un+13u"- (34)

2047 J. Math, Phys., Vol. 32, No. 8, August 1991

(2.28)

—

Suppose the vertical vector field ¥ with characteristic func-
tions F*(X,u,0, ..V, )5 F (X, U0, .50, ), (F*=0),isa gen-
eralized symmetry of (3.1), (3.2).

We then have the following symmetry conditions

D™F“[v,]—20,F*[v,,,] =0, (3.52)
DWF[v,] — F"[0,,.]1=0, (3.5b)
DU VF v, ] — F[v.,2] =0. (3.5¢)

In (3.5) we introduced the notation
Fv,] = F(x,u,0,01,...,0; )
Equations (3.5b), (3.5¢) are in effect the defining relations
for the prolongation coefficients F”', F” of V:
V=F*v,]9, +F*[v,]19, + F"[v,,. ]9,

+ F*[v,,,]9,, + (3.6)
We now want to construct the general solution of (3.5). In
order to do so we first solve (3.5¢) for F*[v,, ,] ie.,

F”z[v,,H]=D(”+“F”'[v,,+,], (3.7
and the system (3.5) reduces to

D"F*[v,] —2v,D"*VF"[v,,,] =0, (3.8a)

D"™F'[v,] —F"[v,,,] =0 (3.8b)

Remark: At this stage it is possible to solve (3.8b) but
we decided not to do so! Now (3.8a) is a polynomialinv, , ,
of degree 1 and (3.8) reduces to

aF "' [v . .
SUTRP Ll LESE BT IS PR ST PR R
67vn+l
(3.9a)
1:D ™WF*“[v,] —2v,D"F"[v,] =0, (3.9b)
D"™WF[v,] —F"[v,] =0. (3.9¢)

In (3.9a) and further on, “v, , ,:” refers to the coefficient of
v, . » in a particular equation.

From (3.9) wearrive by (3.9b), (3.9¢) being polynomi-
alsinv, ., at

Paul H. M. Kersten 2047
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JF* IF"

Upsri g — [v.]— 202 [v,] = (3.10a)
ov,

1:D "= VF[v,] —2v2D""“F"’[vn] =0, (3.10b)

vnr: 2 0, =0, (3.10¢)
dv,

lD""“F”[v,,] —F" v,] =0 (3.10d)

To solve system (3.10) first note that (3.10c)
F'lv,] =F*[va_1]s (3.11)

and by differentiation of (3.10d) twice with respect to v,

— fv,1=0, (3.12a)
and by consequence F " is linear with respect to v,
F”‘[v,,]=H’[v,,_1]+v,,H2[u,,_,]. (3.12b)

Now substitution of (3.11), (3.12b) into (3.10a)—-(3.10d)
yields

‘ZF“ [0,] — 20, H?[v, ;] =0, (3.13a)
D(n-l)F [ n] _ZUZD(n_'l)Hl[Un_l]
—20,0,D "~ VYH?*[v,_,] =0, (3.13b)

DY=VFlv, _1—H'[v, ] —v,H*[v,_,]=0.
(3.13¢)
We solve (3.13a) for F*[v, ], ie,

Flv,] =200, H?[v, | +H[v,_,],
and from (3.13b), (3.13¢c) we arrive at
20,0, H v, ]

+ 20,0,D "~ VH?[v, 1 + D"~ PH[v,_ ],

(3.14)

~20,D""YH'[v,_,] —20,0,D""VH?[v,_,] =0,
(3.152)

DU=VYFv,_ | —H'[v,_,]—v,H*[v, ] =0.
(3.15b)

Due to the cancellation of the second and fifth term in
(3.15a) we obtain a resulting system of four equations

v 20, H [v, ] + 5ii31 [v.-11]

_ 2, ‘ZHl [0, (]=0, (3.16a)
1:D - [:,:, — 2, D"~ DH'[v,_,]=0,(3.16b)
v":aff_v, [0a_1] —H[v,_,] =0, (3.16¢)
1D C=DF o, ] —H'[s,_,]=0. (3.16d)
From (3.16) we solve (3.16¢) for H*[v,_, ],

Ho[v, ] = aaF” [0n 1] (3.17)

n—1

and then integrate (3.16a)
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JF oH
2v, Y [ ] —2v, 3, [v._11]
1
— 2, iH [0n 1] =0, (3.18)
n—1
which leads to
HS[U,,-I ——-21}2 [U,,#l]—zvsF»[U,,“[]
4 H*y 1 (210
T L Yy Ade s

By obtaining (3.19) we have to put in the reqmrement

(n—1>3),1e,
n>4, (3.20)

and we shall return to this case in Sec, IV,
Substitution of the results (3.17), (3.19) into (3.16)
yields

20,H' v, ] +20, D PH'[v,_, ] — 20, F*[v,_,]
— 20, D" [y, ]+ D PH v, _,]
—20,D" "2 H 'y, ,]1=0,

DU=VF [y, ] ~H'[v,_,]=0.

(3.21a)
(3.21b)
By the cancellation of the second and sixth term in (3.21a)
we finally arrive at
DU =2F v, | —H'[v,_,]=0 (3.222)
DU=PH* v, 5] —2,F[v,_,]=0, (3.22b)

where (3.22a), (3.22b) can be considered as defining rela-
tion for H'[v, _, ], F*[v,_, | in terms of an arbitrary func-
tion H*[v, _, 1.

The final result can now be obtained by (3.17), (3.19):

JF"
[U"wllﬂ

v
H3[”N~l] =202H|[U"“1]

— 20, F"[v,_,] +H4[u,,_2],
together with (3.22a), (3.22b), (3.14),

Hz[vn»l] =

n—1

F“lv,] =2, _9F" [V ]+ 20,H'[v,_ ]
av, _,
=20, F"[v, 1+ H*v,_,], (3.23a)
Fo[o,] =F*[v, ], (3.23b)
whereas in (3.232), (3.23b) F'[v,_,], H'[v,_, ] are de-

fined by (3.22a), (3.22b) in terms of the arbitrary function
H*v,_,]

The general result of this section is now formulated in
the following.

Theorem 3.1: Let H be an arbitrary function of
XU el oy LB,

H = H(x,u,0,01 400, ) =H{[v,_,]
and define
F'lv, 1= (1/20,)D"~2H [v,_,],
F*[v,] =20,D"VF’[v,_,]
—20,F*v, _1+H[v,_,],
then the vector field

(3.24)
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V=F"[0,]3, + F'[v,_,19,

is a generalized symmetry of (3.1). Conversely, given a gen-
eralized symmetry ¥ of (3.1) then there exist a function H
such that the components F'¥, F' of V are defined by (3.24)

(cf. Sec. IV). 0O
IV. SPECIAL CASES

Due to the restriction (3.16) the result (3.19), (3.18)
hold for

n=>35,..,

meaning H4[v,, _2 ] is a free function of x,u,v,...,v, _, and
F'is obtained by (3.18b), i.e,,
F"[v,,_,]=(1/Zu4)D‘""2’H4[v,,~2]. (4.1)

From (4.1), (3.18b) it is clear that F*[v, _, ] is linear with
respect to v, _, and

1 4iid

vn—l 8H4
v, dv,_,

F'lv,_,]= +F[v,_,] (4.2)

Moreover, the requirement F"[v, ,] is independent of
v, - reduces to H*[v, _, ] is independent of v, _,, i.e.,
aF*
avn -1
The result (4.3) holds for n> 5.
The results for generalized (n<5) are obtained by im-

posing additional conditions on the coefficient /' of the ver-
tical vector field.

[901]=0=H v, ;] =H*[v,_5]. (43)

A.The case n=5

Here,
Pl =g { B ) 2 2 (0]
+ v, 8;“ [vs] + 0, (Zf [vs]
+U3%[v3]+v4%}g}—4[v3]]- (4.4)

The requirement F*[v, ] is independent of v, now leads to a
genuine first-order partial differential equation
4 H 4 H* JH* oH*
oH +u§a +v1(9 + v, + vy =0
dx u v v, v,

(4.5)

and the general solution is given in terms of the invariants of
the corresponding vector field

V=2, +v3id, +v,9, +v,9, +v,4,, (4.6)
where the set of invariants is given by

Z, =V,

Z, =V, — U3X,

zy =20, — 20, X + VyX7, (4.7)

2z, = 6V — 6V, + 30, x7 — v, X%,
zs = 3u — 3vix + 30,0, X% — v3x>.

So H*is given by
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H*=H*(2,25), (4.8)

whereas the formulas for £, F* reduce to

c?H“_v 8H4+vv
dv, ’ dv, 2

a*H*
av3

F'=H*—uv,

2

F'=19, H*

B. The case n=4

The requirement F” is independent of v, reduces to

J2H*=0 (4.9a)
and (4.5)
oH* , OH* oH* oH* IJH*
+v v +v v =0.
x T TV e 2av,J”auz
(4.9b)

Substitution of (4.9a) into (4.9b) immediately leads to the
condition

a,0, H =0,
ie.,
F'=F°(x,u,n,),
and the result completely reduces to the second-order sym-

metries obtained by Anderson et al.,' leading to the 14-di-
mensional Lie aigebra G, .

V. HIGHER ORDER SYMMETRIES OF A
GENERALIZATION OF THE UNDETERMINED
EQUATION

We derive the general formulas for higher-order sym-
metries of the differential equation

u; = fu,0,0,,05,..,0;.), (5.1)
where in (5.1)

U =u,, V=0, U, =U,m..
We shall restrict the derivation to the case

k=3, (5.2)

the most general case can be handled easily by an induction
argument and the associated results are given at the end of
this section.

We denote partial derivatives of fby

Y Y I
fo=Gu fo=g Si= v,
The generalized symmetry condition® for (5.1) results in

(5.3)

DF“—f,,F"—foF”—le”' —sz"z—f:,F”-‘—_—O, (5.4)
where
D=4, +/3,+v,9, +v,3, + ", (5.5)

and F“F' F",... are the components of the generalized sym-
metry V

V=F“, +F',, (5.6a)

while
F'+'=DF" (i=0,..). (5.6b)
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Condition (5.4) is easily rewritten as

DF* — f,F* — fuF* — fiF" — f,F" — f,DF"” =0. (5.7)
First note that due to (5.6b) (5.7), if
Fé=F"[v,,,]

ie., F* = F*(x,u,v,..,0, ., ) then

FP=F[v,], F"[0,:1] F=F"[v,,,]-
(5.8b)

(5.8a)

Now put

F'lo, 2] =fiF [0, 2] +Fi[v, 2], (59

where F¥ is a function, yet to be determined, and substitute
(5.9) into (5.7), then the highest-order terms imptly

Filva 2] =Fi[vas1 ]
i.e., F* does not depend on v, , ,, and (5.7) reduces to
DF{ —f,F{ —foF* = fi F"

+{(D—-f)f —fIDF" =0.
Similar to (5.9) put
F={—=D—ff +LIF"+Fi[v,.1]
and substitute into (5.10), then
Filv, . ] =F3[v,]
and
DFy —f,F% —oF'+{— (D -1);

+ (D —f)f, —fi}DF*=0.
Repeating the process once more, we put
Fi={(D~f)% — (D—f)fs +i}F + F3[v,],

(5.10)

(5.11)

(5.12)

(5.13)
arriving at
Fi[v,] =F3[va_1] (5.14a)
and
D—fIFs+{(D-£)fs — (D=1
+ (D —fIfi —fIF'=0, (5.14b)

from which we can solve for F” in terms of an arbitrary
function F§ (5.14a)

Fo={—(D—f) + D=1
— (D —f)N +} " "(D—f,)F},
and from (5.9), (5.11), (5.13) together with (5.6b),
(5.14b) a formula for F¥
FU=fiF" v, 1 +{—=D=F)) +LIF [v,,1]

+{D = £ = D =f)) +AIF[0,].
(5.14¢)

Of course it has to be noted that » must be chosen (sufficient-
ly large) such that there is no contribution of the terms

S

(D —1)fs — s

(D—=£.Yfs — (D —Lf)f + /i

(D=1 — D=L e + (D=f)fi — o,
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in the highest-order terms of (5.7), (5.10), (5.12), (5.14).
We finish this section by formulating the following
theorem.
Theorem 5.1: Consider the differential equation
1y = f(u,0,04,00,0;)

and let A be an arbitrary function of x,u,0,...,0,

H=H]luv,]. (5.152)
Define
k
F"=lz (-—l)f(D—f,,)'f}}”"(D——j;)H[un]
=0
(5.15b)
and
k k
Fe= S S (0= ) ]
= U=
+ H[v,], (5.15¢)

where F" ' is obtained from F* by prolongation (5.6b).
Then the vector field

V=F"d, + F'd,

is a generalized symmetry of (5.1).
Conversely any generalized symmetry of (5.1) arises
from a specific choice of H [v, ]. a
As mentioned before the general result can be derived by
an induction argument.

VIi. CONCLUSION

Motivated by the result of computer “experiments” in
the construction of generalized symmetries we derived the
complete symmetry algebra for the ordinary underdeter-
mined system

Uy = D0 el ).
Moreover we showed that the generalized symmetry algebra
of 2-nd order derived by Anderson et al. is equivalent to the
ordinary symmetry algebra of the associated system.
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