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Introduction

Introduction

The aim of this project is to understand and to apply the fractional
calculus to solve differential equation with Caputo Derivatives. The plan
of my project is as following in three section. In first section I give the
definiton of Riemann-Liouville Fractional Derivatives and Caputo
Fractional Derivatives. In second section I give equations with Caputo
Derivatives and last section I give some examples with Caputo
Derivatives.
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Fractional Integrals and Fractional Derivatives

Definition

Fractional Integrals and Fractional Derivatives: Fractional
differential equations have excited in recent years a considerable
interest both in mathematics and in applications. They were used
in modeling of many physical and chemical processes and in
engineering. In its turn, mathematical aspects of fractional
differential equations and methods of their solution were discussed
by many authors: the iteration method, the series method, the
Fourier transform technique, special methods for fractional
differential equations of rational order or for equations of special
type, the Laplace transform technique, the operational calculus
method.
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Fractional Integrals and Fractional Derivatives

Definition

Since both the Riemann-Liouville and the Caputo derivatives are
defined through the Riemann-Liouville fractional integral and this
operator plays a very important role in the development of the
corresponding operational calculus, there are some coinciding
elements in the operational calculus for both fractional derivatives.
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Riemann-Liouville Fractional Integrals and Fractional
Derivatives

Statement

In this section we give the definitions of the Riemann - Lioville fractional
integrals and fractional derivatives on a finite interval of the real line and
present some of their properties in spaces of summable and continuous
functions.More detailed information may be found in the book Samko et
al. Let Ω = [a, b] (−∞ < a < b <∞) be a finite interval on the real axis
<. The Riemann-Liouville fractional integrals (Iαa+f) and (Iαb−f) of order
α ∈ C (<(α) > 0) are defined by

(Iαa+f)(x) =
1

Γ(α)

∫ x

a

f(t)dt
(x− t)1−α

, (x > a; <(α) > 0)

and

(Iαb−f)(x) =
1

Γ(α)

∫ b

x

f(t)dt
(t− x)1−α

, (x < b; <(α) > 0)
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Riemann-Liouville Fractional Integrals and Fractional
Derivatives

Left Riemann-Liouville Fractional Derivative

In this part, we formulate the problem in terms of the left
Riemann-Liouville fractional derivatives, which are defined as
follows, the left Riemann-Liouville fractional derivative;

aD
α
t f(t) =

1
Γ(n− α)

(
d

dt

)n ∫ t

a
(t− τ)n−α−1f(τ)dτ

Caputo Fractional Derivatives and Its Applications Çankaya Univ.
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Riemann-Liouville Fractional Integrals and Fractional
Derivatives

Right Riemann-Liouville Fractional Derivative

In this part, we formulate the problem in terms of the right
Riemann-Liouville fractional derivatives, which are defined as
follows, the right Riemann-Liouville fractional derivative;

tD
α
b f(t) =

1
Γ(n− α)

(
− d

dt

)n ∫ b

t
(τ − t)n−α−1f(τ)dτ,
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Statement

Fractional Riemann-Louville derivatives have various interesting
properties.
For example the fractional derivative of a constant is not zero, namely

aD
α
t C = C

(t− a)−α

Γ(1− α)
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Caputo Derivatives

Statement

In this section we present the definitions and some properties of the
Caputo fractional derivatives. Let [a, b] be a finite interval of the real line
<, and let Dα

a+[y(t)](x) ≡ (Dα
a+y)(x) and Dα

b−[y(t)](x) ≡ (Dα
b−y)(x) be

the Riemann-Liouville fractional derivatives of order α ∈ C(<(α) ≥ 0).
The fractional derivatives (CDα

a+y)(x) and (CDα
b−y)(x) of order

α ∈ C(<(α) ≥ 0) on [a, b] are defined by via the above Riemann-Liouville
fractional derivatives by

(CDα
a+y)(x) :=

(
Dα
a+

[
y(t)−

n−1∑
k=0

yk

k!
(t− a)k

])
(x) (1)

and

(CDα
b−y)(x) :=

(
Dα
b−

[
y(t)−

n−1∑
k=0

yk

k!
(b− t)k

])
(x) (2)

n = [<(α)] + 1 for α /∈ N0; n = α α ∈ N0.
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Caputo Derivatives

Statement

These derivatives are called left-sided and right-sided Caputo
fractional derivatives of order α.
In particular , when 0 < <(α) < 1, the relations (1.) and (2.) take
the following forms:

(CDα
a+y)(x) := (Dα

a+[y(t)− y(a)])(x)

and
(CDα

b−y)(x) := (Dα
b−[y(t)− y(b)])(x)

If α /∈ N0 and y(x) is a function for which the Caputo fractional
derivatives (CDα

a+y)(x) and (CDα
b−y)(x) of order

α ∈ C(<(α) ≥ 0) exist together with the Riemann-Liouville
fractional derivatives (CDα

a+y)(x) and (CDα
b−y)(x)
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Caputo Derivatives

Statement

Let <(α) ≥ 0 and let n be given. If y(x) ∈ ACn[a, b] , then the Caputo
fractional derivatives (CDα

a+y)(x) and (CDα
b−y)(x) exist almost

everywhere on [a, b].
(a) If α /∈ N0, (CDα

a+y)(x) and (CDα
b−y)(x) are represented by

(CDα
a+y)(x) =

1
Γ(n− α)

∫ x

a

yn(t)dt
(x− t)α−n+1

= (In−αa+ Dny)(x)

and

(CDα
b−y)(x) =

(−1)n

Γ(n− α)

∫ b

x

yn(t)dt
(t− x)α−n+1

= (−1)n(In−αb− Dny)(x)

respectively, where D = d/dx and n = [<(α)] + 1 . In particular, when
0 < <(α) < 1 and y(x) ∈ AC[a, b] ,
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Caputo Derivatives

Statement

(CDα
a+y)(x) =

1
Γ(1− α)

∫ x

a

y′(t)dt
(x− t)α

= (I1−α
a+ Dy)(x)

and

(CDα
b−y)(x) =

1
Γ(1− α)

∫ b

x

y′(t)dt
(t− x)α

= (I1−α
b− Dy)(x)

(b) If α = n ∈ N0 , then (CDn
a+y)(x) and (CDα

b−y)(x) are
represented by (36.) and (37.). In particular ,

(CD0
a+y)(x) = (CD0

b−y)(x) = y(x)
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Introduction Fractional Integrals and Fractional Derivatives Equations with Caputo Derivatives Examples Conclusion BIBLIOGRAPHY

1 Introduction

2 Fractional Integrals and Fractional Derivatives

3 Equations with Caputo Derivatives

4 Examples

5 Conclusion

6 BIBLIOGRAPHY

Caputo Fractional Derivatives and Its Applications Çankaya Univ.
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Equations with Caputo Derivatives

Statement

Here we consider problems for the nonlinear differential equations
with the Caputo derivative (CDα

a+y)(x).
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The Cauchy Problem with the Initial Conditions at the
Endpoint of the Interval Global Solution

Definition

In this section we consider the nonlinear differential equation of
order α > 0:

(CDα
a+y)(x) := f [x, y(x)] (α > 0; a ≤ x ≤ b),

involving the Caputo fractional derivative (CDα
a+y)(x)), on a finite

interval [[a, b] of the real axis < , with the initial conditions

yk(a) = bk, bk ∈ < (k = 1, 2, 3..., n− 1); n = − [−α]
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Volterra Integral Equation

y(x) =
n−1∑
j=0

bj
j!

(x− a)j +
1

Γ(α)

∫ x

a

f [t, y(t)]dt
(x− a)1−α

(a ≤ x ≤ b).

and then

y(x) =
n−1∑
j=0

bj
j!

(x− a)j +
1

Γ(α)

∫ x

a
((x− t)n−1)(f [t, y(t)]dt)

(a ≤ x ≤ b).
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Euler-Lagrange Equations

In this section we will obtain the necessary conditions for a
continuoulsy differentiable function y which minimize the
variational problem

I(y) =
∫ b

a
L(x, y(x), Dα

a y(x))dx y(a) = a0, y(b) = b0

We will see that these necessary conditions will be in form of
Euler-Lagrange Equations. by parts∫ b

a

∂L

∂y
y(x)dx+

∫ b

a
Dα
b−

(
∂L

Dα
a+y(x)

)
y(x)dx

Fractional Lagrange Conditions :

∂L

∂y
+Dα

b−

(
∂L

Dα
a+y(x)

= 0
)
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Examples

If <(α) > 0 and λ > 0 , then

(CDα
+e

λt)(x) = λαeλx

and
(CDα

−e
−λt)(x) = λαe−λx

The Mittag-Leffler function Eα[λ(x− a)α] is invariant with respect
to the Caputo derivative CDα

a+ ,but it is not the case for the
Caputo derivative CDα

−.

Eα(z) =
∞∑
k=0

zk

Γ(α+ 1)

=

CDα
a+

( ∞∑
k=0

zk

Γ(α+ 1)

)
=
∞∑
k=0

zk

Γ(α+ 1)

(
CDα

a+z
k
)
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Introduction Fractional Integrals and Fractional Derivatives Equations with Caputo Derivatives Examples Conclusion BIBLIOGRAPHY

Example I

Example I

= (CDα
a+Eα[λ(x− a)α])(x)

=
∞∑
k=0

CDα
a+

Γ(αk + 1)
(λ(x− a)α)k

=
λ

Γ(αk + 1)
Eαλ(x− a)α
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Example II

Example II

= (CDα
−Eα[λ(x− a)−α])(x)

=C Dα
− −

(
xα−1 (λx−α)k

Γ(αk + 1)

)
=

1
x
Eα,1−α(λx−α)

where

Eα,1−α(z) =
∞∑
k=0

zk

Γ(αk + 1− α)
(α, 1− α,<(α) > 0)
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Conclusion

Caputo Fractional Derivatives and Its Applications

By using the basic tool, Riemann-Liouville Fractional Integrals, it
was possible to define Riemann-Liouville Fractional derivatives.
These fractional derivatives generalize the standard derivative in
usual calculus. The derivative of the constant function under
Riemann-Liouville Fraction is not zero which is strange for me.
However, the derivative of the constant function under Caputo
Derivative is zero.
Both of the Riemann-Liouville and Caputo Derivatives are
interesting to me. They appeared in many fields, mathematics,
physics, biology and engineering.
I learned the Euler-Lagrange equation for Lagrangians containing
fractional derivatives and realized that when α→ 1 we obtain the
Euler-Lagrange Equations that I learned in the calculus of variation
course.
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