The Geometry of Infinite Dimensional Groups

Boris Khesin and Robert Wendt

very preliminary version

April 7, 2004

Contents

I Preliminaries 1 1 Lie Groups and Lie Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 Lie groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 The Lie algebra of a Lie group . . . . . . . . . . . . . . . . . . . . . 2 2 Adjoint and coadjoint orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1 The adjoint representation . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 The coadjoint representation . . . . . . . . . . . . . . . . . . . . . . 7 3 Central extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.1 Lie algebra central extensions . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Central extensions of Lie groups . . . . . . . . . . . . . . . . . . . . 10 4 The Euler equations for Lie groups . . . . . . . . . . . . . . . . . . . . . . . 12 4.1 Poisson structures on manifolds . . . . . . . . . . . . . . . . . . . . . 12 4.2 Hamiltonian equations on the dual of a Lie algebra . . . . . . . . . . 13 4.3 A Riemannian approach to the Euler equations . . . . . . . . . . . . 14 4.4 Poisson pairs and Bihamiltonian structures . . . . . . . . . . . . . . 18 5 Symplectic Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 5.1 Hamiltonian group actions . . . . . . . . . . . . . . . . . . . . . . . . 20 5.2 The Marsden-Weinstein reduction . . . . . . . . . . . . . . . . . . . 21 6 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

II Infinite dimensional Lie groups and their coadjoint orbits 23 1 Loop groups and affine Lie algebras . . . . . . . . . . . . . . . . . . . . . . . 23 1.1 The central extension of the loop Lie algebra . . . . . . . . . . . . . 23 1.2 Coadjoint orbits of affine groups . . . . . . . . . . . . . . . . . . . . 27 1.3 Construction of the central extension of the loop groups . . . . . . . 30 1.4 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2 Diff S^1 and the Virasoro Bott group . . . . . . . . . . . . . . . . . . . . . . 36 2.1 Central extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.2 Coadjoint orbits of Diff(S^1) . . . . . . . . . . . . . . . . . . . . . . 39 2.3 The Virasoro coadjoint action . . . . . . . . . . . . . . . . . . . . . . 40 2.4 The Virasoro group and the Korteweg-de Vries equation . . . . . . . 45 2.5 Bi-Hamiltonian structure of the KdV equation . . . . . . . . . . . . 46 2.6 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3 The group of volume preserving diffeomorphisms . . . . . . . . . . . . . . . 50

iii iv CONTENTS

3.1 The group of volume preserving diffeomorphisms and its coadjoint representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 3.2 The Euler equation of an ideal incompressible fluid . . . . . . . . . . 51 3.3 Hamiltonian structure and first integrals of the Euler equations for an incompressible fluid . . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.4 More examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 3.5 Riemannian Geometry of the Group SDiff . . . . . . . . . . . . . . 55 3.6 Infinite Diameter of the group of Hamiltonian diffeomorphisms . . . 57 3.7 The symplectic structure on the space of curves . . . . . . . . . . . . 60 3.8 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4 The group of pseudo differential operators . . . . . . . . . . . . . . . . . . . 64 4.1 The Lie algebra of pseudo differential operators . . . . . . . . . . . . 64 4.2 Outer derivations and central extensions of ψDO . . . . . . . . . . . 65 4.3 The doubly extended Lie algebra ~ψDO and Manin triples . . . . . . 68 4.4 The Lie group of α-pseudo differential operators . . . . . . . . . . . 69 4.5 Integrable hierarchies on ~G_{int} . . . . . . . . . . . . . . . . . . . . . . 73 4.6 Surjectivity of the exponential map . . . . . . . . . . . . . . . . . . . 75 4.7 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 5 Double loop groups and elliptic Lie algebras . . . . . . . . . . . . . . . . . . 78 5.1 The central extension of G^Σ and its Lie algebra . . . . . . . . . . . . 78 5.2 Coadjoint orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 5.3 Holomorphic loop groups and monodromy . . . . . . . . . . . . . . . 81 5.4 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 6 Calogero Moser Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 6.1 Definition of the systems . . . . . . . . . . . . . . . . . . . . . . . . 84 6.2 The rational Calogero Moser system and SU(n) . . . . . . . . . . . 85 6.3 The trigonometric Calogero Moser system and ^LSU(n) . . . . . . . 86 6.4 The elliptic Calogero Moser system and ^SL(n)^Σ . . . . . . . . . . . 89 6.5 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

III Real and complex gauge groups 93 1 Around holomorphic bundles . . . . . . . . . . . . . . . . . . . . . . . . . . 93 1.1 Holomorphic bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 1.2 Hitchin systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 1.3 Poisson Structures on moduli spaces . . . . . . . . . . . . . . . . . . 100 1.4 Moduli spaces of flat connections . . . . . . . . . . . . . . . . . . . . 100 1.5 Poincaré Residue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 1.6 Moduli spaces of holomorphic bundles . . . . . . . . . . . . . . . . . 107 1.7 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 2 Around the Chern-Simons Functional . . . . . . . . . . . . . . . . . . . . . 112 2.1 Reminder on the Lagrangian Formalism . . . . . . . . . . . . . . . . 112 2.2 Chern-Simons functionals . . . . . . . . . . . . . . . . . . . . . . . . 114 2.3 Chern-Simons functionals and linking numbers . . . . . . . . . . . . 117 2.4 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

Contents v

3 Polar Homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121 3.1 Introduction to polar homology . . . . . . . . . . . . . . . . . . . . . 121 3.2 Polar Homology of a projective variety . . . . . . . . . . . . . . . . . 123 3.3 Operations on polar homology . . . . . . . . . . . . . . . . . . . . . 127 3.4 Polar homology for affine varieties . . . . . . . . . . . . . . . . . . . 128 3.5 Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

Appendices 131 A.1 Compact Lie groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 1.1 Maximal Tori and conjugacy . . . . . . . . . . . . . . . . . . . . . . 131 1.2 The fundamental group . . . . . . . . . . . . . . . . . . . . . . . . . 131 1.3 Topology of semisimple simply connected compact Lie groups . . . . 131 1.4 Main structure Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 131 A.2 Root systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 2.1 Finite root systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 2.2 Affine root systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 2.3 Elliptic root systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 A.3 Twisted Calogero Moser Systems and elliptic root systems . . . . . . . . . . 131

Bibliography 133 vi Contents

Chapter I

Preliminaries

In this introductory chapter, we collect some basic notions from the theory of Lie groups and algebras. Since its content should be familiar to most readers, the chapter mainly serves to set up notations.

1 Lie Groups and Lie Algebras

1.1 Lie groups

We start directly with the main definition of this chapter:

Definition 1.1 A Lie group is a smooth manifold G with a group structure such that the multiplication G × G → G and the inversion G → G are smooth maps.

Since the Lie groups we will be considering throughout this book will be infinitedimensional, we have to say what we mean by an infinite-dimensional manifold. Roughly speaking, an infinite-dimensional manifold is a manifold modeled on an infinite-dimensional locally compact vector space just as a finite-dimensional manifold is modeled on R^n .

Definition 1.2 Let V, W be Fréchet spaces, i.e. complete Hausdorff metrizable vector spaces. A map f : U ⊂ V → W is said to be differentiable at a point u ∈ U in direction v ∈ V if the limit

Df(u; v) = lim_{t→0} f(u + tv) − f(u) t (1.1)

exists. The function is said to be continuously differentiable on U, if the limit exists for all u ∈ U and all v ∈ V , and if the function Df : U × V → W is continuous as a function on U × V . In the same way, we can build the second derivative D^2f, which (if it exists) will be a function D^2f : U × V × V → W and so on. A function f : U → V is called smooth or C^∞, if all its derivatives exist and are continuous.

Definition 1.3 A Fréchet manifold is a Hausdorff space with a coordinate atlas taking values in a Fréchet space such that all transition functions are smooth maps.

Now one can start defining differential forms, vector fields, tangent spaces, principal bundles and the like on a Fréchet manifold exactly in the same way as for finite-dimensional manifolds (see e.g. [37] for more on this). From now on, whenever we speak of an infinitedimensional manifold, we implicitly mean a Fréchet manifold. In particular, our infinitedimensional Lie groups are Fréchet Lie groups.

Remark 1.4 Instead of Fréchet manifolds, one could consider manifolds modeled on Banach spaces. This would lead to the category of Banach manifolds. The main advantage of Banach manifolds is, that strong theorems from finite-dimensional analysis, such as the inverse function theorem, hold in Banach spaces but not necessarily in Fréchet spaces. Some of the Lie groups we will be considering such as the diffeomorphism groups are not Banach manifolds. For this reason we stay within the more general framework of Fréchet manifolds.

1.2 The Lie algebra of a Lie group

Definition 1.5 Let G be a Lie group with the identity element e ∈ G. The Lie algebra g of G is the tangent space of G at the identity element.

Example 1.6 Here are several examples of finite-dimensional Lie groups:

• Gl(n, R ), the set of nondegenerate n × n matrices, is a Lie group with Lie algebra gl(n, R ) = Mat(n × n, R ) • Sl(n, R ) = {A ∈ Gl(n, R ) | det(A) ≠ 0} is a Lie group with Lie algebra sl(n, R ) = {A ∈ gl(n, R ) | tr(A) = 0} • SO(n, R ) = {A ∈ Gl(n, R ) | AA^† = Id, det A > 0} is a Lie group of transformations of R^n preserving the Euclidean inner product of vectors (and orientation) in R^n , i.e. < Au, Av >=< u, v > for all vectors u, v ∈ R^n . Its Lie algebra is the space of skew-symmetric matrices so(n, R ) = {A ∈ gl(n, R ) | A + A^† = 0}.

• Sp(2n, R ) is the group of transformations of R^{2n} preserving the non-degenerate skewproduct of vectors.

Exercise 1.2.1 Give an alternative definition of Sp(2n, R ) with the help of the equation the corresponding matrices have to satisfy. Find the corresponding Lie algebra.

The following examples are the first infinite-dimensional Lie groups we shall meet.

Example 1.7 Let M be a compact finite-dimensional manifold. Then the set Diff(M) of diffeomorphisms of M is an open subspace of the Fréchet space of all smooth maps from M to M. One can check that the composition and inversion are smooth maps so that Diff(M) is a Lie group. Its Lie algebra is given by V ect(M), the Lie algebra of smooth vector fields on M (see [37]).

Given a volume form μ on M, one can define the group of volume preserving diffeomorphisms SDiff(M) := {ϕ ∈ Diff(M) | ϕ^∗μ = μ} .

1. Lie Groups and Lie Algebras 3

Since SDiff(M) is a closed subgroup of Diff(M), it is a Lie group. Its Lie algebra is the Lie algebra of divergence-free vector fields SV ect(M) := {v ∈ V ect(M) | Div(v) = 0}.

Example 1.8 Let M be a finite-dimensional compact manifold and let G be a finitedimensional Lie group. Set the group of currents on M to be G^M = C^∞(M, G). We can define a multiplication on G^M pointwise, i.e., we set (φ · ψ)(g) = φ(g)ψ(g) for all φ, ψ ∈ G^M . This multiplication gives G^M the structure of a (Fréchet) Lie group, as we discuss below.

Example 1.9 A slight but important generalization of the example above is the following: Let M and G be as above, and let P be a principal G-bundle on M. Let Gau(P ) be the gauge group of P , i.e. the group of bundle automorphisms containing the identity automorphism. Every element φ ∈ Gau(P ) defines a map s : P → G such that φ(p) = s(p)p for all p ∈ P . The map s has the property that s(gp) = gs(p)g^{−1} for all p ∈ P and g ∈ G. Hence Gau(P ) can be identified with the set C^∞(P, G)^G of all smooth G-equivariant maps from P to G, where G acts on itself by conjugation. Therefore, Gau(P ) is a Lie group with Lie algebra gau(P ) = C^∞(P, g)^G of Gequivariant maps from P to g, where the G-action on g is the adjoint action (see below). Since Gau(P ) is a closed subgroup of G^P , the exponential map of Gau(P ) is given by restriction of the exponential map of G^P .

Definition 1.10 Define the exponential map from a Lie algebra to the corresponding Lie group exp : g → G. Given a vector X ∈ g one can associate to it a vector field ~X on G by left translation: ~X(g) = l_{g∗}X, where l_g : G → G denotes the left translation by a group element g. Obviously, the vector field ~X is invariant under left translations by elements of G. That is, l_{g∗} ~X = ~X for all g ∈ G. On the other hand, any left-invariant vector field ~X on the group G defines an element ~X(e) ∈ g. This shows that the Lie algebra g can be identified with the set of left-invariant vector fields on the group G.

Now let us fix some X ∈ g and let ~X denote the corresponding left-invariant vector field. The flow of the field ~X is a map ϕ_X : G × R → G such that^d_{dt} |_{t=0}ϕ_X (g, t) = ~X(g) and ϕ_X (g, 0) = g. The flow ϕ_X of this differential equation is unique (when it exists) and one can show that ϕ_X (e, t + s) = ϕ_X (e, t)ϕ_X (e, s). In particular, ϕ_X (e, .) : R → G is a subgroup of G, the so called one-parameter subgroup corresponding to X. When the one-parameter subgroup ϕ_X (e, .) exists for all X ∈ g, we define the exponential map exp : g → G via the time-one map X → ϕ_X (1).

For each of the finite-dimensional Lie groups considered above, the exponential map is given by the usual exponential map for matrices: exp : A → exp(A) = ∑_∞ n=0 1 n! A^n.

Remark 1.11 Note that the existence of the exponential map depends on the existence of solutions of certain first order differential equations. By the theory of differential equations, the exponential map exists for all finite-dimensional Lie groups and more generally for Lie groups modeled on Banach spaces. However, there are Fréchet Lie groups which do not admit an exponential map. Moreover, in the cases when the exponential map of an infinite-dimensional group exists, it can exhibit rather peculiar properties.

Let us first look at the case of the current group G^M , where the exponential map exists and endows this group with the structure of a Fréchet Lie group. Namely, the space g^M = C^∞(M, g) endowed with the topology of uniform convergence is a Fréchet space.

Moreover, the map exp : g → G can be used to define a map ~exp : g^M → G^M pointwise. In a sufficiently small neighborhood of 0 ∈ g^M , the map ~exp is bijective. Thus it can be used to define a local system of open neighborhoods of the identity in G^M . We can use left translation to transfer this system to any point in G^M and thus define a topology on the group G^M . Again using the exponential map, we can define coordinate charts on G^M . This definition implies that multiplication and inversion are smooth maps. So G^M is an infinite-dimensional Lie groups (see e.g. [37] for more details).

From the construction of the Lie groups structure on G^M , it is clear that its Lie algebra is g^M , and that the exponential map g^M → G^M is the map ~exp we described above. Note however that ~exp is not, in general, surjective, even if exp : g → G is surjective. As an example, take both M and G to be group U(1). As a manifold we can identify U(1) with S^1. Then the identity map id : U(1) → U(1) does not lie in the image of ~exp.

In the example of a diffeomorphism group Diff(M) the exponential map exp : V ect(M) → Diff(M) exists and assigns to each vector field on M the time-one map for its flow. In contrast to the exponential map in Example 1.8, this exponential map is not, in general, even locally surjective. This is already true for the group Diff(S^1) as we shall see in the following Proposition.

Proposition 1.12 The exponential map exp : V ect(S^1) → Diff(S^1) is not locally surjective.

Proof. Observe first that any nowhere vanishing vector field on S^1 is conjugate under Diff(S^1) to a constant vector field. Indeed, if ξ(θ) = v(θ)^∂_{∂θ} is such a vector field, we can define a diffeomorphism ψ : S^1 → S^1 via ψ(θ) = a ∫_θ 0 dt v(t) . Here, a is chosen such that

ψ(2π) = 2π. Then ψ_∗(ξ ∘ ψ^{−1}) is a constant vector field on S^1.

From this observation we can conclude that any diffeomorphism of S^1 which lies in the image of the exponential map and which does not have any fixed points is conjugate to a rigid rotation of S^1. Hence to see that exp is not locally surjective, it is enough to construct diffeomorphisms arbitrarily close to the identity which do not have any fixed points and which are not conjugate to a rigid rotation. For this one can take diffeomorphisms which have isolated periodic points, i.e., fixed points for a certain nth iteration of this diffeomorphism. Indeed, if such a diffeomorphism ψ belonged to the image of the exponential map, so would its nth power ψ^n. Then the corresponding vector field defining the ψ^n as the time-one map would either have zeros or be nonvanishing everywhere. In the former case, the periodic points of ψ must be actually fixed points, while in the latter case, ψ^n, as well as ψ, would be conjugate to a rigid rotation and hence all ponts of ψ would be periodic. Both cases give us a contradiction.

Explicitly, a family of such diffeomorphisms can be constructed as follows: Let us identify S^1 with R /2πZ. Then consider the map ψ_{n,ϵ} : x → x +^1_n + ϵ sin(nx). For ϵ small enough, this is indeed a diffeomorphism of S^1. Furthermore, choosing n big and ϵ small, ψ_{n,ϵ} can be moved arbitrarily close to the identity. Finally, for ϵ ≠ 0, ψ_{n,ϵ} can not be conjugate to a rigid rotation. If it was conjugate to a rotation, it would have to be the rotation ψ_{n,0} since ψ^n_{,ϵ}(0) = 0. But in this case, we would have ψ^n_{,ϵ} = id, which is not true for ϵ ≠ 0. □

2 Adjoint and coadjoint orbits

2.1 The adjoint representation

A representation of a topological group G on a topological vector space V is a linear action of the group G on V which is continuous in the sense that the map G×V → V , (g, v) → gv is continuous. If V is real, (V, φ) is called a real representation, otherwise it is a complex representation. Often, V is assumed to be a Hilbert space. In that case, the representation is said to be unitary if the inner product on V is invariant under the action of G. In the case when G is a Lie group, we require V to be a Fréchet space and the action of G on V to be smooth.

Every Lie group has two distinguished representations, the adjoint and the coadjoint representation. Since they will play a prominent role in this book we describe them in some detail.

Any element g ∈ G defines an automorphism c_g of G by conjugation c_g : h ∈ G → ghg^{−1}. The differential of c_g at the identity maps the Lie algebra of G to itself and thus defines an element Ad_g ∈ Aut(g).

Definition 2.1 The map Ad : G → Aut(g), g → Ad_g defines a representation of the group G which is called the group adjoint representation. The orbits of the group G in its Lie algebra g are called the adjoint orbits of G. g

G Figure 2.1: Conjugation c_g on the group G generates the adjoint representation Ad_g on the Lie algebra g.

The differential of Ad : G → Aut(g) at the identity defines a map ad : g → End(g), the adjoint representation of the Lie algebra g. Using the map ad, we can define a bilinear map [ , ] : g × g → g via [X, Y ] = ad_X (Y ).

The map [ , ] is called the Lie bracket of g.

Using the identification of g with the set of left-invariant vector fields on G one can show that the Lie bracket [ , ] on g coincides with the bracket (or, commutator) of two left invariant vector fields. (Recall that the commutator [ ~X, ~Y ] of two left-invariant vector fields ~X and ~Y is defined as [ ~X, ~Y ] = L_{~X} ~Y − L_{~Y} ~X, where L_{~X} denotes the Lie derivative of ~Y with respect to ~X.) From this it follows that the bracket [ , ] is skew symmetric and satisfies the Jacobi identity: [X, [Y, Z]] + [Z, [X, Y ]] + [Y, [Z, Y ]] = 0 for all X, Y, Z ∈ g. These two properties can be taken as an axiomatic definition of an abstract Lie algebra bracket on a vector space g. Thus, the bilinear operation on g defined by the bracket [ , ] gives g the structure of an abstact Lie algebra and ad : g → End(g) can be viewed as a representation of g.

Example 2.2

• Let g ∈ Gl(n, R ) and A ∈ gl(n, R ). Then Ad_gA = gAg^{−1}. Hence the adjoint orbits are given by sets of similar matrices in gl(n, R ). The adjoint representation of gl(n, R ) is given by ad_A(B) = [A, B] = AB − BA.

• The adjoint orbits of SO(3, R ) are spheres centered at the origin and the origin itself.

• The adjoint orbits of SL(2, R ) are again given by matrices of equal Jordan normal form. Hence, writing A = ( a b c −a ) ∈ sl(2, R ), one sees that the adjoint orbits lie

in the level sets of a^2 + bc = const: similar matrices have the same determinant.

• Let G be the set of orientation preserving affine transformations of the real line. That is G = {(a, b) | a, b ∈ R , a > 0}, and (a, b) ∈ G acts on x ∈ R via x → ax + b. The Lie algebra of G is R^2 and the adjoint orbits on G are the affine lines {(α, β) ∈ R^2 | α = const ≠ 0, β arbitrary} , the two rays {(α, β) ∈ R^2 , α = 0, β ≠ 0}, and the origin {(0, 0)} (see figure 2.5).

• Let M be a compact manifold. The adjoint orbits of Gl(n, C )^M in gl(n, C )^M are given by fixing the Jordan normal form of ψ(x) for each x ∈ M.

• Let M be a compact manifold. The adjoint representation of Diff(M) on V ect(M) is given by coordinate changes of the vector field: ϕ ∈ Diff(M) : v → ϕ_∗v∘ϕ^{−1}. The adjoint representation of V ect(M) on itself is given by the negative of the usual Lie bracket of vector fields: ad_vw = −L_vw =^{∂v}_{∂x} w(x) −^{∂w}_{∂x} v(x) in any local coordinate x. Exercise 2.1.1 verify the latter formula from the definition of the group adjoint action. Hint: expess the diffeomorphisms corresponding to the vector fields v(x) and w(x) in the form g(t) : x → x + tv(x) + o(t), h(s) : x → x + sw(x) + o(s), t, s → 0, and find the first several terms of g(t)h(s)g^{−1}(t).

2.2 The coadjoint representation

Dually to the adjoint representation of G on g, one has the coadjoint representation of G on g^∗, the dual space of g:

Definition 2.3 The coadjoint representation Ad^∗ of the group G on the space g^∗ is the dual of the adjoint representation. Let ⟨ , ⟩ denote the pairing between g and its dual g^∗. Then the coadjoint action of the group G on the dual space g^∗ is defined by ⟨Ad^∗_g(ξ), X⟩ := ⟨ξ, Ad_g−1 (X)⟩ for all ξ in g^∗ and X ∈ g. The differential ad^∗ : g → End(g^∗) of Ad^∗ at e is called the coadjoint representation of the Lie algebra g. Explicitly it is given by ⟨ad^∗_Z (ξ), X⟩ = −⟨ξ, ad_Z (X)⟩. Remark 2.4 The dual space of a Fréchet space is not necessarily again a Fréchet space. In this case, instead of considering the full dual space to a Lie algebra g, we will usually confine ourselves to considering only the “smooth duals,” the functionals from a certain Ginvariant Fréchet subspace g^∗_s ⊂ g^∗. The pair (g^∗_s, Ad^∗|_g∗_s ) is called the regular (or smooth) part of the coadjoint representation of G, and, abusing notations, we will usually skip the index_s.

Example 2.5

• In the first three examples of 2.2, there exists a G-invariant inner product on g which induces a G-equivariant isomorphism between g and g^∗. Hence the adjoint and coadjoint representations of the groups G are isomorphic, and the coadjoint orbits coincide with the adjoint ones.

• The group of affine transformations of the real line in Example 2.2 has two twodimensional coadjoint orbits, the upper and lower half-planes in R^2 , and a set of zero-dimensional orbits, namely, the points (α, 0) for each α ∈ R (see Figure 2.5).

• We can define a non-degenerate G^M -invariant product on gl(n, R )^M by setting ⟨X, Y ⟩ = ∫ M tr(X(θ) · Y (θ))dvol for X, Y ∈ gl(n, R )^M and some fixed volume form dvol on M. This inner product can be used to identify g^M with a subspace g^∗_s ⊂ g^∗. The space g^∗_s is called the smooth (or regular) part of g^∗. Thanks to the nondegenerate pairing, the smooth part of the coadjoint representation of G^M is isomorphic to the adjoint representation.

Note that each of the finite-dimensional coadjoint orbits above is even-dimensional. This is a consequence of the general fact that coadjoint orbits are symplectic manifolds, which we discuss later.

Figure 2.2: Adjoint and coadjoint orbits of the group of affine transformations on the line

Remark 2.6 In what follows we will pay a particular attention to the structure and description of coadjoint orbits of infinite-dimensional Lie groups. According to the orbit method, a general principle due to A. Kirillov, the information on the set of unitary representations of a Lie group G is contained in the group coadjoint orbits. This method has become a powerfull tool in the study of Lie groups and it has been worked out in detail for large classes of finite-dimensional Lie groups such as nilpotent and compact Lie groups (see [59]). In infinite dimensions, the correspondence between coadjoint orbits and representations has only been fully understood in a few isolated cases such as affine Lie groups (cf. [27],[82], [91]), but there are indications that it works for other groups as well.

3 Central extensions

3.1 Lie algebra central extensions

Definition 3.1 A central extension of a Lie algebra g by a vector space n is a Lie algebra ~g, whose the vector space ~g = g ⊕ n is equipped with the following Lie bracket: [(X, u), (Y, v)]^∼ = ([X, Y ], ω(X, Y )). (Note that ω depends only on X and Y , but not on u and v, which means that the extension is central: the space n belongs to the center of the new Lie algebra.) The skew symmetry and the Jacobi identity for the new Lie bracket on ~g are equivalent to the following conditions on the map ω. Such a map ω : g × g → n has to be a two-cocycle on the Lie algebra g, i.e. has to be bilinear, antisymmetric, and to satisfy the cocycle identity ω([X, Y ], Z) + ω([Z, X], Y ) + ω([Y, Z], X) = 0 for any triple of elements X, Y, Z ∈ g.

A two-cocycle ω on g with values in n is called a two-coboundary if there exists a linear map α : g → n such that ω(X, Y ) = α([X, Y ]) for all X, Y ∈ g. One can easily see that the central extension defined by such a two-coboundary becomes the trivial extension by the zero cocycle after the change of coordinates (X, u) → (X, u − α(X)).

Hence in describing different central extensions we are interested only in the twococycles modulo two-coboundaries, i.e., in the second cohomology H^2(g; n) of the Lie algebra g with values in n: H^2(g; n) = Z(g; n)/B(g; n), where Z(g; n) is the vector space of all two-cocycles on g with values in n, and B(g; n) is the subspace of two-coboundaries.

Remark 3.2 A central extension of a Lie algebra g by an Abelian Lie algebra n can be defined by the following exact sequence {0} −→ n−→~g−→g −→ {0} of Lie algebras such that n lies in the center of ~g. A morphism of two central extensions is a pair (φ, ν) of Lie algebra homomorphisms φ : n → n^′ and μ : ~g → ~g^′ such that the following diagram commutes: 0 −→ n −→ ~g^π−→ g −→ 0 φ μ 0 −→ n^′ −→ ~g^{′ π′}−→ g −→ 0, (3.2)

Two extensions are said to be equivalent if the map μ is an isomorphism and φ = id.

Exercise 3.1.1 Prove the following equivalence:

Proposition 3.3 There is a one-to-one correspondence between the set of equivalence classes of central extensions of g by n and the set H^2(g; n).

Example 3.4 Consider the abelian Lie algebra g = R^2 , and let ω ∈ Λ^2(R^2 ) be an arbitrary skew symmetric bilinear form on R^2 . Then ω defines a two-cocycle on R^2 with values in R (in this case, the cocycle condition is trivial, since g is abelian). The resulting central extension is g^′ = R^2 ⊕ R with Lie bracket [(v_1, h_1), (v_2, h_2)] = (0, ω(v_1, v_2)). Moreover, since g is abelian, B(g; R ) = {0} whence H^2(g; R ) = Λ^2(R^2 ) ∼= R . Note that all ω ≠ 0 ∈ Λ^2(R^2 ) lead to isomorphic Lie algebras. A representative of this isomorphism class is called the three-dimensional Heisenberg algebra.

By taking a nondegenerate skew-symmetric form ω in R^{2n}, we can define in the same way the Heisenberg algebra in R^{2n}.

An infinite-dimensional analog of the Heisenberg algebra is as follows. Consider the space of smooth functions on the circle g = C^∞(S^1) and regard it as an abelian Lie algebra. Define the two-cocycle by ω(f, g) = ∫ S^1 f

′g dx. (One can view these algebra and cocycle as the ”limit” n → ∞ of the example above by considering the functions in Fourier components.)

Exercise 3.1.2 Check the cocycle identity for ω(f, g).

Definition 3.5 A central extension ~g of g is called universal, if for any other central extension ~g^′, there is a morphism ~g → ~g^′ of central extensions.

Obviously, if it exists, the universal central extension of a Lie algebra g is unique up to isomorphism.

Remark 3.6 There is the following simple criterion to determine whether a Lie algebra possesses a universal central extension. For a Lie algebra g to have a universal central extension, it is necessary and sufficient for it to be perfect, i.e., to coincide with its own derived algebra: g = [g, g] (see e.g. [76]).

Any finite-dimensional semisimple Lie algebra is perfect. An abelian Lie algebra is not perfect.

Example 3.7 Let M be a finite-dimensional manifold. One can show that the Lie algebra V ect(M) of vector fields on M is perfect. We will determine the universal central extension of V ect(M) explicitly for the case M = S^1 in section 2 of chapter II.

Example 3.8 For any n-dimensional compact manifold M and perfect finite-dimensional Lie algebra g, the Lie algebra g^M is perfect. If moreover g is simple, the universal central extension ~g^M of g^M can be constructed as follows: Let Ω^1(M) denote the set of one-forms on M and dΩ^0(M) the subset of exact one-forms. Furthermore, let ⟨ , ⟩ be a non-degenerate symmetric invariant bilinear form on g. Then we can define a two-cocycle ω on g^M with values in Ω^1(M)/dΩ^0(M) via ω(X, Y ) = ⟨X, dY ⟩. The antisymmetry of ω is immediate and the cocycle identity follows from the Jacobi identity in g^M . So ω defines a central extension of g^M . For a proof of the fact that this is indeed the universal central extension of g^M , see e.g. [82].

Example 3.9 More generally, let G be a compact or complex semisimple Lie group and P → M be a principal G-bundle on a compact manifold M. Then gau(P ) is perfect. Its universal central extension is given by Ω^1(P )^G/dΩ^0(P )^G, where Ω^1(P )^G is the space of G-invariant one-forms on P , and dΩ^0(P )^G denotes the subspace of exact G-invariant one-forms.

3.2 Central extensions of Lie groups

Central extensions of Lie groups can be defined similarly to those of Lie algebras. However, as we will see below, unlike the case of Lie algebras, not all group extensions can be described explicitly by cocycles. This is why we start with the alternative definition of the extensions via exact sequences.

Definition 3.10 A central extension ~G of a Lie group G by an abelian Lie group H is an exact sequence of Lie groups {e} → H → ~G → G → {e} such that the image of H lies in the center of ~G. Morphisms and equivalence of two central extensions are defined analogously to the case of Lie algebras.

If the central extension ~G is topologically a direct product of G and H: ~G = G×H (or, equivalently, if there is a smooth section in the principle H-bundle ~G → G) one can define the multiplication in ~G as follows: (g_1, h_1) · (g_2, h_2) = (g_1g_2, c(g_1, g_2)h_1h_2), similar to the case of Lie algebra central extensions. The associativity of this multiplication corresponds to the so called cocycle identity on the map c.

Definition 3.11 A smooth map c : G × G → H which satisfies c(g_1g_2, g_3)c(g_1, g_2) = c(g_1, g_2g_3)c(g_2, g_3) is called a smooth group two-cocycle on G with values in H.

A smooth two-cocycle on G with values in H is called a two-coboundary if there exists a smooth map λ : G → H such that c(g_1, g_2) = λ(g_1)λ(g_2)λ(g_1g_2)^{−1}. As before, the group two-coboundaries correspond to the trivial group extensions, after a possible change of coordinates. Similarly, two group two-cocycles define isomorphic extensions if they differ by a two-coboundary. This explains the following

Proposition 3.12 There is a one-to-one correspondence between the set of central extensions of G by H which admit a smooth section and the elements in the second cohomology group H^2(G, H) := Z(G, H)/B(G, H). Here Z(G, H) and B(G, H) denote respectively the sets of smooth two-cocycles and two-coboundaries on G, with the natural abelian group structure.

However, in contrast to the case of Lie algebras, there exist central extensions of Lie groups which do not admit a smooth section, and hence cannot be defined by explicit two-cocycles. We will encounter examples for such groups in Chapter II.

A central extension of a Lie group G always defines a central extension of the corresponding Lie algebra. The converse need not be true: the existence of a Lie group for a given Lie algebra is not guaranteed in infinite dimensions. Instead, one says that a central extension ~g of a Lie algebra g lifts to the group level if there exists a central extension ~G of the group G whose Lie algebra is given by ~g. If the group central extension ~G by H is defined by a group two-cocycle c, one can recover the Lie algebra two-cocycle defining the corresponding central extension ~g of the Lie algebra g directly from the group cocycle c by appropriate differentiation.

Proposition 3.13 Let H be an abelian Lie group with a Lie algebra h, and let c be an H-valued two-cocycle on G defining a central extension ~G. Then the h-valued two cocycle ω defining the central extension ~g of g is given by ω(X, Y ) = d^2 dtds |_{t=0,s=0}c(g_t, h_s) − d^2 dtds |_{t=0,s=0}c(h_s, g_t) , where g_t is a smooth curve in G such that^d_{dt} |_{t=0}g_t = X, and h_s is a smooth curve in G such that^d_{ds} |_{s=0}h_s = Y .

Exercise 3.2.1 prove this Proposition.

Example 3.14 Let G = R^2 with the natural abelian group structure. Then

~G = { 1 a b 0 1 c 0 0 1 | a, b, c ∈ R }

is a central extension of G, called the three-dimensional Heisenberg group. One verifies directly that the central extension is defined via the R -valued group two-cocycle c given by c((a, c), (a^′, c^′)) = ac^′. Using Proposition 3.13, we see that the infinitesimal form of the cocycle c is given by ω((A, C), (A^′, C^′)) = AC^′ − A^′C, so that the Lie algebra of ~G is the Heisenberg algebra discussed in Example 3.4.

4 The Euler equations for Lie groups

4.1 Poisson structures on manifolds

Definition 4.1 A Poisson structure on a manifold M is a bilinear operation on functions { , } : C^∞(M) × C^∞(M) → C^∞(M) satisfying the following properties:

i) antisymmetry: {f, g} = −{g, f}, ii) the Jacobi identity: {f, {g, h}} + {g, {h, f}} + {h, {f, g} = 0, and iii) the Leibniz identity: {f, gh} = {f, g}h + {f, h}g for any functions f, g, h ∈ C^∞(M).

The first two properties mean that a Poisson structure is a Lie algebra structure { , } on the space C^∞(M) of functions, while the third property gives that {f, ·} : C^∞(M) → C^∞(M) is a derivation for all f ∈ C^∞(M). Since any differentiation of the space of function is the Lie derivative along an appropriate vector field, Poisson structures can be thought of as the maps from functions to the corresponding vector fields on the manifold:

Definition 4.2 Let H : M → R be any smooth function on a Poisson manifold M. Such a function H defines a vector field on M by L_{ξH} g = {H, g} for any test function g ∈ C^∞(M). The corresponding vector field ξ_H is called the Hamiltonian field corresponding to the Hamiltonian function H with respect to the Poisson bracket { , }.

Remark 4.3 Let M be a manifold with a Poisson structure { , }. The Hamiltonian vector fields on M evaluated at a fixed point m ∈ M span a subspace of the tangent space T_mM. Thus, varying the point m defines a distribution on the manifold M (i.e. a subbundle of the tangent bundle T M). Obviously, the commutator of two Hamiltonian vector field is again Hamiltonian. Therefore, by the Frobenius theorem, this distribution is integrable and gives rise to a foliation of the Poisson manifold M. Furthermore, since the tangent space of the leaf through the point m is generated by Hamiltonian vector fields, we can define a two-form ω on each leaf by fixing it on Hamiltonian vector fields ξ_f and ξ_g: ω(ξ_f , ξ_g) = {f, g} .

The leaves of this foliation are called symplectic leaves.^1

Exercise 4.1.1 Show that the two-form ω defined on the leaf through a point m ∈ M is closed and non-degenerate.

Definition 4.4 A pair (N, ω) consisting of a manifold N and a two-form ω on N is called a symplectic manifold if ω is closed (dω = 0) and non-degenerate. In the case of infinite dimensions, the form is non-degenerate in the sense that for each point p ∈ N and any non-zero vector X ∈ T_pN, there exists another vector Y ∈ T_pM such that ω_p(X, Y ) ≠ 0.

4.2 Hamiltonian equations on the dual of a Lie algebra Let G be a Lie group (finite of infinite dimensional) with Lie algebra g, and let g^∗ denote (the smooth part of) its dual.

Definition 4.5 The natural Lie-Poisson (also, Kirillov-Kostant Poisson) structure { , }_{LP} on the dual Lie algebra g^∗ { , }_{LP} : C^∞(g^∗) × C^∞(g^∗) → C^∞(g^∗) is defined via {f, g}_{LP} (m) = ⟨[df_m, dg_m], m⟩ for any m ∈ g^∗ and any two smooth functions f, g on g^∗. (Here df_m is the differential of the smooth function f taken at the point m, understood as an element of the space g itself; and ⟨. , .⟩ is the natural pairing between the dual spaces g and g^∗.)

Figure: df, dg ∈ g, while m ∈ g^∗.

Proposition 4.6 The Hamiltonian equation corresponding to the function H and the natural Lie-Poisson structure { , }_{LP} on g^∗ is given by d dt m(t) = −ad^∗_{dHm(t)} m(t). This equation is called the Euler-Poisson equation on g.

Proof. Let g ∈ C^∞(g^∗) be an arbitrary function. Then L_{ξH} g(m) = {H, g}(m) = ⟨[dH_m, dg_m], m⟩ = ⟨ad_{dHm} (dg_m), m⟩ = −⟨dg_m, ad^∗_{dHm} (m)⟩ implies ξ_H (m) = −ad^∗_{dHm} (m), which is the assertion. □

1Alternatively, a Poisson structure can be defined by specifying a bivector field Π on the manifold M, i.e. a section of T M^{∧2}: {f, g} = Π(df, dg). Such a bivector field defines a distribution on M as the images of the map Π : T^∗M → T M. Symplectic leaves are, by definition, integral submanifolds of this distribution.

Corollary 4.7 The symplectic leaves of { , }_{LP} on g^∗ are the coadjoint orbits of G. In particular, all (finite-dimensional) coadjoint orbits have even dimension.

Proof. Let m ∈ g^∗ be a point in the dual space, O_m the coadjoint orbit through m, and H ∈ C^∞(g^∗) a function on the dual. For any vector v ∈ g of the Lie algebra, one can represent it as dH_m by taking an appropriate function H. Therefore, one can obtain as Hamiltonian vectors ad^∗_{dHm} (m) at the point m all vectors in the image of ad^∗_g(m), i.e., all vectors in the tangent space to the orbit T_mO_m := T_m(Ad^∗_G(m)). By definition, all Hamiltonian vectors span the tangent space to symplectic leaves, which proves that coadjoint orbits are exactly the symplectic leaves of the Lie-Poisson bracket. □

Definition 4.8 Consider a quadratic Hamiltonian function H(m) :=^1_2 ⟨A^{−1}m, m⟩ defined with the help of an invertible operator A : g → g^∗, called the inertia operator.

Corollary 4.9 For the quadratic Hamiltonian function H : g^∗ → R defined by H(m) := 1 2 ⟨A^{−1}m, m⟩ the corresponding Hamiltonian equation is d dt m(t) = −ad^∗_A−1_{m(t)}m(t) . (4.3)

Indeed, dH_m(m) = A^{−1}m for any m ∈ g^∗.

4.3 A Riemannian approach to the Euler equations

It turns out that the Euler-Poisson equations with quadratic Hamiltonians have a beautiful Riemannian reformulation.

V. Arnold in [9] suggested the following general set-up for the Euler equation describing a geodesic flow on an arbitrary Lie group. Consider a (possibly infinite-dimensional) Lie group G, which can be thought of as the configuration space of some physical system. (Examples from [9]: SO(3) for a rigid body or the group SDiff(M) of volume-preserving diffeomorphisms for an ideal fluid filling a domain M.) The tangent space at the identity of the Lie group G is the corresponding Lie algebra g. Fix some (positive definite) quadratic form, the “energy,” on g. We consider left (or right) translations of this quadratic form to the tangent space at any point of the group (the “translational symmetry” of the energy). This way the energy defines a left- (respectively, right-) invariant Riemannian metric on the group G. The geodesic flow on G with respect to this energy metric represents the extremals of the least action principle, i.e. the actual motions of our physical system.^2 To describe a geodesic on the Lie group G with an initial velocity v(0), we transport its velocity vector at any moment t to the identity of the group by using the left (respectively, right) translation. This way we obtain the evolution law for v(t) on the Lie algebra g.

To fix the notations, let ( , ) be some left-invariant metric on the group G. The geodesic flow with respect to this metric is a dynamical system on the tangent bundle T G

2Usually, the finite-dimensional examples below are related to the left invariance, while the infinitedimensional ones with the right invariance of the metric. In particular, for a rigid body one has to consider left translations on SO(3), while for fluids the right ones on SDiff(M).

m

G v id

A

g g^∗

g(t)

Figure 4.3: The vector v in the Lie algebra g traces the evolution of the velocity vector of a geodesic g(t) on the group. The inertia operator A sends v to a vector m in the dual space g^∗.

of the group G. We can pull back this system to the Lie algebra g of the group G by left translation. That is, if g(t) is a geodesic in the group G with tangent vector g^′(t), then the pull back v(t) = l^∗_{g(t)−1} g^′(t) is an element of the Lie algebra g. (In the case of a right invariant metric, we set v(t) = r^∗_{g(t)−1} g^′(t)). Hence, the geodesic equations for g(t) give us a dynamical system d dt v(t) = B(v(t)) , (4.4)

on the Lie algebra g of the group G, where B : g → g is a (non-linear) operator.

Definition 4.10 The dynamical system (4.4) on the Lie algebra g describing the evolution of the velocity vector of a geodesic in a right invariant metric on the Lie group G is called the Euler (or, Euler-Arnold) equation corresponding to this metric on G.

It turns out that the Euler equation for a Lie group G can be viewed as a Hamiltonian equation on the dual of the Lie algebra g in the following way. Observe that the metric ( , )_e at the identity e ∈ G defines a non-degenerate bilinear form on the Lie algebra g and, therefore, it also determines an inertia operator A : g → g^∗ such that (v, w)_e = ⟨A(v), w⟩ for all v, w ∈ g. This identification A : g → g^∗ allows one to rewrite the Euler equation on the dual space g^∗, see figure 4.3. Now, setting m = A(v) allows us to relate the geodesic equation (4.4) on the Lie algebra g to the Hamiltonian equation on the dual g^∗ with respect to the Hamiltonian function H(m) =^1_2 ⟨m, A^{−1}m⟩:

Theorem 4.11 (Arnold) Fix some left-invariant metric on G and let A : g → g^∗ denote the corresponding inertia operator. The geodesic equation (4.4) takes the form d dt m(t) = −ad^∗_A−1_{m(t)}m(t) .

Remark 4.12 The underlying reason for the Riemannian reformulation is the fact that any geodesic problem in Riemannian geometry can be described in terms of symplectic geometry. Geodesics on M are extremals of a quadratic Lagrangian (metric) on T M. They can also be described by the Hamiltonian flow on T^∗M for the quadratic Hamiltonian function obtained from the Lagrangian via the Legendre transform.

If the manifold is a group G with a left-invariant metric then there exists the group action on the tangent bundle T G, as well as on the cotangent bundle T^∗G. By taking the quotient with respect to the group action, we obtain from the (symplectic) cotangent bundle T^∗G the Lie-Poisson structure on the cotangent space T^∗G|_e = g^∗, i.e., on the dual to the Lie algebra. The Hamiltonian function on T^∗G is dual to the Riemannian metric (viewed as a form on T G), and its restriction to g^∗ is the quadratic form H(m) = 1 2 ⟨A^{−1}m, m⟩, m ∈ g^∗. The geodesics of a left-invariant metric on G correspond to the Hamiltonian function −H(m), while those of a right-invariant metric correspond to H(m).

Proof. Let us fix the function L : T G → R by L(g, v) = 1 2 (v, v)_g . Suppose that g(t) is a geodesic path for the left-invariant metric ( , ) on the group G. Then, by definition, the path g(t) satisfies the variational principle δ ∫ L(g(t), g^′(t))dt = 0 (4.5)

with fixed endpoints. (Here and later, δ denotes the variational derivative.)

For simplicity of notation, let us write g^{−1}(t)g^′(t) for l^∗_{g−1(t)}g^′(t). (Note, that if G is a matrix group, this notation agrees with the usual meaning of the expression g^{−1}(t)g^′(t) as a matrix product). Since the metric ( , ) on the group G is left-invariant, we can write

(g^′(t), g^′(t))_{g(t)} = (g^{−1}(t)g^′(t), g^{−1}(t)g^′(t))_e . Then we can calculate δ ∫ 1 2 (g^{−1}g^′, g^{−1}g^′)_edt = ∫ (δ(g^{−1}g^′), g^{−1}g^′)_edt (4.6)

Note that we have δ(g^{−1}g^′) = −g^{−1}δgg^{−1}g^′ + g^{−1}δg^′ and (g^{−1}δg)^′ = −g^{−1}g^′g^{−1}δg + g^{−1}δg^′ so that we can write δ(g^{−1}g^′) = (g^{−1}δg)^′ + [g^{−1}g^′, g^{−1}δg] .

Thus, the left hand side in equation (4.6) becomes ∫ (δ(g^{−1}g^′), g^{−1}g^′)_edt = ∫ ((g^{−1}δg)^′, g^{−1}g^′)_edt + ∫ ([g^{−1}g^′, g^{−1}δg], g^{−1}g^′)_edt (4.7) = − ∫ (g^{−1}δg, (g^{−1}g^′)^′)_edt + ∫ ([g^{−1}g^′, g^{−1}δg], g^{−1}g^′)_edt , (4.8) where we have used integration by parts in the last step. Now, let us write v(t) for g^{−1}(t)g^′(t), and let A : g → g^∗ denote the inertia operator defined by the metric ( , )_e. Then right-hand-side in the latter equation becomes − ∫ (g^{−1}δg, (g^{−1}g^′)^′)_edt+ ∫ ([g^{−1}g^′, g^{−1}δg], g^{−1}g^′)_edt (4.9) = − ∫ ⟨g^{−1}δg, A(v)^′⟩dt + ∫ ⟨ad_v(g^{−1}δg), A(v)⟩dt (4.10) = − ∫ ⟨g^{−1}δg, A(v)^′⟩dt + − ∫ ⟨g^{−1}δg, ad^∗_v(A(v))⟩dt = 0 (4.11)

This implies A(v)^′ = −ad^∗_v(A(v)) .

Writing m = A(v) finishes the proof of Theorem 4.11. □

Remark 4.13 Instead of using a left-invariant metric on G, we could have used a rightinvariant one. This changes the signs in the Euler equation so that one obtains d dt m = ad^∗_A−1_m(m) Example 4.14 Let us consider the group SO(3). The Lie algebra so(3) of SO(3) can be identified with R^3 such that the Lie bracket on g is the cross product on R^3 : [u, v] = u × v. Let A be some non-degenerate 3 × 3-matrix which we can view as an inertia operator. Then by Corollary 4.9, the Euler equation on so(3)^∗ is given by d dt m = A^{−1}m × m , which is the Euler equation for a rigid body in R^3 . Similarly, for G = SO(n), one obtains the Euler equation for a higher dimensional rigid body.

Many other conservative dynamical systems in mathematical physics also describe geodesic flows on appropriate Lie groups. Here we list several examples of such systems to emphasize the range of applications of this approach. The choice of a group G (column 1) and a energy metric E (column 2) defines the corresponding Euler equations (column 3) Group Metric Equation SO(3) < ω, Aω > Euler top SO(3) ⋉ R^3 quadratic forms Kirchhoff equations for a body in a fluid SO(n) Manakov^′s metrics n−dimensional top Diff(S^1) L^2 Hopf (or, inviscid Burgers) equation Virasoro L^2 KdV equation Virasoro H^1 Camassa − Holm equation Virasoro Ḣ^1 Hunter − Saxton (or Dym) equation SDiff(M) L^2 Euler ideal fluid SDiff(M) H^1 averaged Euler flow SDiff(M) ⋉ SVect(M) L^2 + L^2 Magnetohydrodynamics Maps(S^1, SO(3)) H^{−1} Landau − Lifschits equation

Many of this examples we discuss below. This list is by no means complete. There are plenty of other interesting systems, e.g., super-equations or gas dynamics, and we refer to [10, 71, ?] for more details.

4.4 Poisson pairs and Bihamiltonian structures

A first integral (or a conservation law) for a vector field ξ on a manifold M is a function on M invariant under the flow of this field. In this section we will show that if the vector field ξ is a Hamiltonian vector field with respect to two different Poisson structures on the manifold M which are compatible in a certain sense, there is a way of constructing first integrals for such a field.

Definition 4.15 Two Poisson structures { , }_0 and { , }_1 on a manifold M are said to be compatible (or form a Poisson pair) if for any λ ∈ R , the linear combination { , }_0 +λ{ , }_1 is again a Poisson bracket on M.

A Hamiltonian system^d_{dt} m = ξ_m on M is called bi-Hamiltonian if the vector field ξ is Hamiltonian with respect to both Poisson structures.

Our main example of a manifold which admits a Poisson pair is the dual space g^∗ of a Lie algebra g. One Poisson structure on the space g^∗ is given by the usual Lie- Poisson bracket { , }_{LP} . We can define a second Poisson structure on g^∗ by “freezing” the Lie-Poisson bracket at any point m_0 ∈ g^∗:

Definition 4.16 The constant Poisson bracket on g^∗ associated to a point m_0 ∈ g^∗ is the bracket { , }_0 defined on two smooth functions f, g on g^∗ by {f, g}_0(m) = ⟨[df_m, dg_m], m_0⟩ . The Poisson bracket { , }_0 depends on the freezing point m_0 ∈ g^∗. Note that in the point m_0 itself the two Poisson brackets { , }_{LP} and { , }_0 coincide. While the symplectic leaves of the Lie-Poisson bracket { , }_{LP} are the coadjoint orbits O_m of the Lie group G , the symplectic leaves of the constant bracket { , }_0 are given by translations of the tangent space T_{m0} O_{m0} of the coadjoint orbit through the point m_0.

Lemma 4.17 The Poisson brackets { , }_{LP} and { , }_0 are compatible for every “freezing point” m_0 ∈ g^∗.

Proof. We have to check that { , }_λ = { , }_{LP} + λ{ , }_0 is a Poisson bracket on g^∗ for all λ ∈ R . But this is clear since { , }_λ is simply the bracket { , }_{LP} shifted by −λm_0. □

Remark 4.18 Explicitly, the Hamiltonian equation on g^∗ with the Hamiltonian function F and computed with respect to the constant Poisson structure frozen at a point m_0 ∈ g^∗ has the following form: dm dt = −ad^∗_{dFm} m_0 , (4.12)

as a modification of Proposition 4.6 shows.

Going back to the general situation, let { , }_0 and { , }_1 be a Poisson pair on a manifold M. It turns out that in this case one can generate a bihamiltonian dynamical system by producing a sequence of hamiltonians in involution, according to the following Lenard-Magri scheme [69]. Consider the Poisson bracket { , }_λ = { , }_0 + λ{ , }_1, and let h_λ be a Casimir function for this bracket, that is, a function on M parameterized by λ and satisfying {h_λ, f}_λ = 0 for all smooth functions f ∈ C^∞(M) and λ ∈ R . Furthermore, suppose that the function h_λ can be expanded into a power series in λ, i.e. that we can write

h_λ = ∞∑ i=0 λ^ih_i (4.13)

where the h_i are smooth functions on M. Each of the functions h_i defines a Hamiltonian vector field ξ_i on M with respect to the Poisson bracket { , }_1. That is, L_{ξi} f = {h_i, f}_1 for all f ∈ C^∞(M).

Theorem 4.19 Let ξ_i denote the Hamiltonian vector field on M corresponding to the function h_i and the Poisson bracket { , }_1. Then the vector field ξ_i is a Hamiltonian with respect to the Poisson bracket { , }_0 and the Hamiltonian function −h_{i+1}. Furthermore, for i ≠ j, we have {h_i, h_j }_k = 0 for k = 0, 1.

Proof. Since h_λ is a Casimir function for the Poisson bracket { , }_λ, we have {h_λ, f}_λ = 0 for all smooth functions f on M. Substituting for h_λ its power series expansion (4.13), we get 0 = {h_λ, f}_λ ={ ∞∑ i=0 λ^ih_i, f}_λ

={ ∞∑ i=0 λ^ih_i, f}_0 + λ{ ∞∑ i=0 λ^ih_i, f}_1.

Comparing coefficients of the powers of λ we find {h_0, f}_0 = 0 and {h_i, f}_0 = −{h_{i−1}, f}_1 . The first identity expresses the fact that h_0 is a Casimir function for the bracket {., .}_0. The next one says that the Hamiltonian field for h_1 with respect to {., .}_0 coincides with the Hamiltonian field for −h_0 and the bracket {., .}_1, and so on.

To see that every function h_i is a first integral for the equation generated by h_j with respect to each bracket, we have to show that {h_i, h_j }_k = 0 for i ≠ j and k = 0, 1. Assume, for instance, that i < j and k = 1. Then

{h_i, h_j}_1 = −{h_{i+1}, h_j }_0 = {h_{i+1}, h_{j−1}}_1 = · · · = ±{h_l, h_l}_s = 0

for some s ∈ {0, 1}. The other cases are checked by similar calculations. □

Exercise 4.4.1 Show that if the symplectic leaves of { , }_λ are of higher codimension, and there are several independent Casimirs h^{(1)}_λ , h^{(2)}_λ , ..., all the coefficients of their expansions in λ are in mutual involution with respect to both brackets: e.g., {h^{(1)}_i , h^{(2)}_j }_k = 0.

Remark 4.20 The fact that {h_i, h_j }_k = 0 for k = 0, 1 means that the functions h_j are first integrals of the Hamiltonian vector fields ξ_i. So if the functions h_j are independent, theorem 4.19 provides us with an infinite list of first integrals for each of the ξ_i. In this situation one says that the h_i are the Hamiltonians of a hierarchy of bi-Hamiltonian systems. We will encounter an example for such a situation in section II.2.4 when we study the so called KdV equation and its relation to the Virasoro algebra.

5 Symplectic Reduction

5.1 Hamiltonian group actions

Throughout this section let (M, ω) be a symplectic manifold, i.e. a manifold M together with a non-degenerate closed 2-form ω on M. Furthermore, let G be a connected Lie group with Lie algebra g and let us suppose that the exponential map exists. If the group G acts smoothly on M, each element X of the Lie algebra g defines a vector field ξ_X on M via ξ_X (m) = d dt |_{t=0} exp(tX)m .

The group action of G on the manifold M is called symplectic, if it leaves the symplectic form ω invariant, i.e. if g^∗ω = ω for all g ∈ G.

Definition 5.1 A symplectic G-action on a symplectic Manifold M is called Hamiltonian if there exists a G-equivariant smooth map Φ : M → g^∗ (the moment map) such that for all X ∈ g, we have d⟨Φ, X⟩ = ι_{ξX} ω . Remark 5.2 The fact that a group action on a manifold M is Hamiltonian implies that all vector fields ξ_X on M which are generated by the group action are Hamiltonian vector fields with Hamiltonian function H_X = ⟨Φ, X⟩.

Exercise 5.1.1 Consider M = R^2 with the usual symplectic form ω = dp ∧ dq. Let the group U(1) act on R^2 by rotations. Show that this action is Hamiltonian with moment map Ψ(p, q) =^1_2 (p^2 + q^2).

Exercise 5.1.2 Consider the coadjoint action of a Lie group G on the dual of its Lie algebra. Show that this action restricted to any coadjoint orbit O ⊂ g^∗ is Hamiltonian with moment map the inclusion ι : O → g^∗.

Exercise 5.1.3 Generalize the definition of Hamiltonian group actions to Poisson manifolds and show that the coadjoint action of a Lie group G on the dual of its Lie algebra is Hamiltonian with moment map given by the identity.

5. Symplectic Reduction 21

5.2 The Marsden-Weinstein reduction

Consider a symplecic manifold (M, ω) with a Hamiltonian action of the group G. The equivariance of the moment map Φ : M → g^∗ implies that the inverse image Φ^{−1}(λ) is a union of G_λ orbits. The Theorem on symplectic reduction states that if λ is a regular value of the moment map, and if the set Φ^{−1}(λ)/G_λ of G_λ-orbits in Φ^{−1}(λ) is a manifold, then it inherits a natural symplectic structure from the one on M.

Exercise 5.2.1 Suppose that G is a finite dimensional Lie group acting on on the symplectic manifold M in a Hamiltonian way with moment map Φ. For m ∈ M, let G.m denote the G-orbit through m and let G_m denote the stabilizer of m with Lie algebra g_m. Show that for all m ∈ M, the kernel and the image of the differential of the moment map th the point m ∈ M are given by ker(d_mΦ) = (T_mG.m)^ω = {ξ ∈ T_mG.m | ι_ξω = 0} , im(d_mΦ) = ann(g_m) = {λ ∈ g^∗ | λ(X) = 0 for all X ∈ g_m}

Conclude that an element λ ∈ g^∗ is a regular value of moment map if and only if for all m ∈ Φ^{−1}(λ) the stabilizer G_m discrete.

The symplectic form ω does not restrict to a symplectic form on the level sets Φ^{−1}(λ) of the moment map, as it might aquire a kernel. But the exercise above shows that the foliation of the level set defined by this kernel coincides with the foliation into G^0_λ-orbits in Φ^{−1}(λ) (G^0_λ beeing the connected component of the identity of the stabilizer grou G_λ). Hence, if the quotient space is reasonably nice, the 2-form ω descends to a symplectic form on the quotient.

Theorem 5.3 (Marsden-Weinstein, Meyer) Suppose, λ is a regular value of the moment map and suppose that Φ^{−1}(λ)/G_λ is a manifold (this condition is satisfied if e.g. G_λ is compact and acts freely on Φ^{−1}(λ)). Then there exists a unique symplectic structure ω_λ on the reduced space Φ^{−1}(λ)/G_λ such that ι^∗ω = π^∗ω_λ. (Here, ι denotes the embedding Φ^{−1}(λ) → M.)

Finally, if H : M → R is a Hamiltonian function which is invariant under the Gaction, it descends to a function H_λ on the quotient space Φ^{−1}(λ)/G_λ. Furthermore, if two G-invariant functions F and H on M Poisson commute with respect to the Poisson structure on M defined by the symplectic form ω, the corresponding functions on the quotient Φ^{−1}(λ)/G_λ stillPoisson commute with respect to the quotient strucure.

Example 5.4 Consider the manifold M = C^{n+1} with its standard symplectic structure ω =^i_2 ∑ dz_i ∧ dz̄_i. The group U(1) = R /Z acts on C^{n+1} by rotation: z → e^{2πit}z. The Moment map for this action is given by Φ(z) = π‖z‖^2. The reduced space Φ^{−1}(1)/U(1) is the complex projective space C P^n with symplectic form (a multiple of) the Fubini-Study form.

Let f_i : C^{n+1} → R denote the function f_i(z) = ‖z_i‖^2. The functions f_i are invariant under the U(1)-action on C^{n+1} , and the corresponding Hamiltonian functions on the symplectic quotient generate the rotation in the C_i -hyperplanes in C P^n .

6 Bibliographical notes

The material of this chapter is standard. There are many books on Lie groups and Lie algebras ([90], [20], [15] to name a few). Our treatment of infinite dimensional Lie groups follows [37]. A more general approach to infinite dimensional manifolds is developed in [64]. The symplectic structure on the coadjoint orbits of a Lie group goes back to Kirillov, Kostant and Sorieau and can be found in almost any book on symplectic geometry. In section 3, we follow [76], and for the material of section 4, see [71]. The idea of freezing the Lie Poisson bracket can be found in [70]. The Marsden Weinstein reduction in section 5 goes back to [72], and [74]. We have followed [36] and [73].

Chapter II

Infinite dimensional Lie groups and their coadjoint orbits

1 Loop groups and affine Lie algebras

Let G be a finite dimensional Lie group and let M be a finite dimensional compact manifold. The current group G^M of smooth maps from M to G endowed with pointwise multiplication is an infinite-dimensional (Fréchet) Lie group. In this section we will consider the particular case when the manifold M is the circle S^1. The resulting current group G^{S1} is usually called the loop group of G and is denoted by LG.

We are interested in the coadjoint representation of the group LG or rather of a certain (and, actually, unique) central extension ^LG of the group LG. It turns out that in contrast to the nonextended group LG, the coadjoint representation of the centrally extended group ^LG has a much nicer structure. In particular, all orbits have finite codimension and can be classified in terms of conjugacy classes of the finite dimensional group G. This is not true for the nonextended loop group LG: all its non-zero orbits are of infinite dimension and codimension. From this point of view it is more attractive to study the extended affine group ^LG than the nonextended loop group LG: in accordance with Kirillov’s method of orbits, which roughly states that the group representations are in correspondence with the group coadjoint orbits. The simple structure of the ^LG orbits explains, in particular, its similarity with finite-dimensional Lie groups.

The centrally extended loop group ^LG has been studied from various points of view as it is connected with different fields of mathematics and mathematical physics. In this chapter we shall only describe the geometric features of the theory.

1.1 The central extension of the loop Lie algebra

Let g be a finite dimensional Lie algebra. The corresponding loop algebra Lg is the Lie algebra of smooth maps from the circle S^1 to g. The Lie bracket on Lg is the pointwise Lie bracket of g. In this section we are interested in a certain central extensions of Lg. It turns out that if the finite dimensional Lie algebra g is simple, there is essentially only one non-trivial central extension of the loop algebra Lg.

Recall first the definition of an invariant bilinear form on a Lie algebra g:

Definition 1.1 A bilinear form ⟨ , ⟩ : g × g → R is invariant, if ⟨X, [Y, Z]⟩ = ⟨[X, Y ], Z⟩ for all X, Y, Z ∈ g.

Any invariant bilinear form on a Lie algebra g gives rise to a Lie algebra two-cocycle and hence a central extension of the corresponding loop algebra Lg in the following way:

Proposition / Definition 1.2 The map ω : Lg × Lg → R , which is defined by ω(X, Y ) = 1 2π ∫_{2π} 0 ⟨X(t), d dt Y (t)⟩dt is a two-cocycle on Lg. The corresponding one-dimensional central extension of Lg is denoted by ^Lg and is called the affine Lie algebra corresponding to g and ⟨ , ⟩.

Proof. Anti-symmetry of the map ω follows by integration by parts. It remains to check the cocycle identity of ω. This is a direct calculation again using integration by parts and the invariance of the inner product of g. □

Remark 1.3 In the algebraic literature, one is usually interested in the algebra Lg_{pol} of polynomial loops in g (i.e., trigonometric polynomials with values in g). Obviously, the construction of the cocycle ω on Lg restricts to Lg_{pol} and we shall denote the corresponding central extension by ^Lg_{pol}. If g is a complex simple Lie algebra, there exists a unique invariant bilinear form on g. The corresponding affine Lie algebra is also called (untwisted) affine Kac-Moody algebra.

Equivalently, the algebra Lg_{pol} can be thought of as the space of g-valued Laurent polynomials Lg_{pol} := g ⊗ [z, z^{−1}], while the integral over the circle is replaced by taking the residue at z = 0. The equivalence of polynomial loops with the latter description is delivered by the change of variable t → z = e^{it}, which sends Fourier polynomials in t to Laurent polynomials in z and identifies d/dt with iz · d/dz.

Remark 1.4 Sometimes it is convenient to further extend the affine algebra by adding the “cocentral direction.” Namely, the map d : X → d dt X is a derivation of the Lie algebra Lg and it extends to a derivation of the centrally extended algebra ^Lg which acts trivially on the center. So we can define the semi-direct product ~Lg = ^Lg ⋊ R d which is also sometimes called the affine Lie algebra corresponding to g. The advantage of the “doubly extended” Lie algebra ~Lg is that, unlike ^Lg, it admits a non-degenerate invariant bilinear form, which is given by ⟨X + αc + βd, Y + γc + δd⟩ = 1 2π ∫_{2π} 0 ⟨X(t), Y (t)⟩dt + αδ + βγ .

It turns out that if the Lie algebra g is semi-simple, the affine Lie algebras corresponding to g for different invariant forms are the only nontrivial central extensions of the loop algebra Lg:

Proposition 1.5 If the Lie algebra g is the Lie algebra of a semisimple compact Lie group G, then any central extension of loop algebra Lg is given by a cocycle of the form from Proposition 1.2 for some bilinear invariant form ⟨ , ⟩ on g.

Proof. (See [82]): We first note that it suffices to consider cocycles ω which are constant under conjugation by constant loops g ∈ G. Indeed, if ω is not invariant under conjugation, the cocycle ~ω = ∫ G g^∗ω is invariant and belongs to the same cohomology class as ω.

Let us consider the complexification Lg_C = Lg ⊗ C of Lg. An element X ∈ Lg_C can be expanded into a Fourier series X = ∑ a_rz^r, where z denotes the function e^{it}. Any two-cocycle ω on Lg can be extended to a bilinear map Lg_C × Lg_C → C . By continuity, ω is completely determined by its values on polynomials (i.e. on finite Fourier series). Let us define maps ω_{p,q} : g_C × g_C → C by ω_{p,q}(X, Y ) = ω(Xz^p, Y z^q). These maps are G-invariant and hence symmetric. This follows from the general fact that for semisimple g, any G-invariant bilinear map g_C × g_C → C has to be symmetric, which is an easy consequence of Schur’s lemma. By anti-symmetry of the map ω, we get ω_{p,q} = −ω_{p,q}. Moreover, the cocycle identity for ω implies ω([Xz^p, Y z^q], Zz^r) + ω([Zz^r, Xz^p], Y z^q) + ω([Y z^q, Zz^r], Xz^p) = 0. Rewriting this in terms of the maps ω_{p,q} gives ω_{p+q,r}([X, Y ], Z) + ω_{r+p,q}([Z, X], Y ) + ω_{q+r,q}([Y, Z], X) = 0 Using the G-invariance and symmetry of ω_{p,q} we get ω_{r+p,q}([Z, X], Y ) = ω_{r+p,q}([X, Y ], Z) and similarly for the third term. Finally, using the fact that g = [g, g] for semisimple g, we obtain ω_{p+q,r} + ω_{r+p,q} + ω_{q+r,q} = 0 (1.1) From now on, we only have to exploit Equation 1.1. Setting p = q = 0 yields ω_{0,r} = 0.

Setting r = −p − q gives ω_{p+q,−p−q} + ω_{−p,p} + ω_{−q,q} = 0, hence by induction ω_{n,−n} = nω_{1,−1}. Finally, putting r = n − p − q, we get ω_{p+q,n−p−q} + ω_{n−p,p} + ω_{n−q,q} = 0, which implies ω_{n−k,k} = kω_{n−1,1} for all n and k. Hence 0 = nkω_{0,n} = kω_{n−1,1} = ω_{n−k,k}, from which we can deduce ω_{p,q} = 0 for all p, q with p + q ≠ 0.

Returning to the cocycle ω, we obtain ω( ∑ p X_pz^p, ∑ q Y_qz^q) = ∑ p,q ω_{p,q}(X_p, Y_q) = ∑ r rω_{1,−1}(X_r, Y_{−r}) = i 2π ∫_{2π} 0 ω_{1,−1}(X(t), Y^′(t))dt which is of the required form (remember that we have defined z = e^{it}). □

Remark 1.6 Let g be a simple finite-dimensional Lie algebra and M a compact oriented manifold. Consider the current algebra g^M = C^∞(M, g), the Lie algebra of smooth maps from M to g. The non-degenerate bilinear form on g is unique up to a multiple. The universal central extension of g^M is given by the two-cocycle ω(X, Y ) = ⟨X, dY ⟩ with values in the quotient space Ω^1(M)/dΩ^0(M) of all 1-forms in M modulo all exact 1-forms, cf [82].

Note that if dimension of the manifold M is at least 2, then the space Ω^1(M)/dΩ^0(M) is infinite-dimensional. However, if M is one-dimensional, i.e. a circle M = S^1, any oneform on M is closed. Hence Ω^1(M)/dΩ^0(M) is exactly the first de Rham cohomology group of M which is one-dimensional. So in this case, the universal central extension of g^M = Lg is exactly the central extension from proposition 1.5.

To visualize the Ω^1(M)/dΩ^0(M)-valued central extension of the algebra g^M for higherdimensional M, we fix an element in the dual space to Ω^1(M)/dΩ^0(M) and associate to it an R -valued central extension. First note that the (smooth) dual to the quotient space Ω^1(M)/dΩ^0(M) is the space Z^{n−1}(M) = Ω^1(M)/dΩ^0(M) of all closed (n − 1)-forms on M. Indeed, for any 1-form u ∈ Ω^1(M) and an (n − 1)-form γ ∈ Z^{n−1}(M) there is the natural pairing on the compact manifold: ⟨u, γ⟩ := ∫ M u ∧ γ. This pairing gives zero if u = df is exact and γ is closed.

Now the real-valued two-cocycle associated to the form γ is

ω_γ (X, Y ) = ∫ M ⟨X, dY ⟩ ∧ γ. Note that if the closed (n − 1)-form γ is not smooth, but is a δ-type form (i.e., a Green current) supported on a closed curve Γ ⊂ M, then the cocycle ω_γ (X, Y ) degenerates exactly to the affine algebra two-cocycle on the curve Γ: ∫ M ⟨X, dY ⟩ ∧ γ = ∫ Γ⟨X, dY ⟩ (cf. Proposition 1.5).

1.2 Coadjoint orbits of affine groups In the last section, we have constructed the affine Lie algebra ^Lg corresponding to a finite dimensional Lie algebra g. Let us assume for a moment that there exists a Lie group ^LG with Lie algebra ^Lg. We will construct such a group in the following section. Here, we are interested in the adjoint and coadjoint representation of ^LG.

Note that in order to understand the coadjoint orbits of the group ^LG we do not actually have to know how the extended group looks like, but we need just its nonextended vesion. Indeed, if the group ^LG exists, it will be a central extension of the loop group LG of the Lie group G corresponding to the Lie algebra g. So there exists a map p : ^LG → LG whose kernel is the center of ^LG.

Furthermore, one can immediately see that for any Lie group H, the center of H acts trivially in the adjoint representation. Applying this observation to the group ^LG, we see that the adjoint action of ^LG factors through the map p. So in order to study the adjoint action of the centrally extended group ^LG, we only have to understand action of the group LG on the Lie algebra ^Lg and its dual. This action will be described explicitly in the following Lemma.

Lemma 1.7 In the adjoint representation of ^LG, an element g ∈ LG acts on (X, a) ∈ ^Lg = Lg ⊕ R via g : (X, a) → ( Ad_g(X), a − 1 2π ∫_{2π} 0 ⟨g^{−1}(t) d dt g(t), X(t)⟩dt ) . Proof. One checks directly that the map above defines a representation of LG on Lg ⊕ R . To see that this is indeed the adjoint representation of ^LG, we have to check how the corresponding infinitesimal action looks like: Let g_s be a path in LG tangent to Y ∈ Lg. That is, g_s is family of loops in G depending smoothly on a parameter s ∈ R such that g_0 = id and^d_{ds} |_{s=0}g_s = Y . Then we have d ds |_{s=0} 1 2π ∫_{2π} 0 ⟨g^{−1}_s (t)g^′_s(t), X(t)⟩dt = 1 2π ∫_{2π} 0 ⟨Y^′(t), X(t)⟩dt . So we get d ds |_{s=0}Ad_{gs} (X, a) = ( Ad_{gs} (X), a − 1 2π ∫_{2π} 0 ⟨g^{−1}_s (t)g^′_s(t), X(t)⟩dt )

= ( [Y, X], a − 1 2π ∫_{2π} 0 ⟨Y^′(t)t, X(t)⟩dt )

=ad_Y (X, a) ,

where we have used integration by parts in the last step. □

Let us turn to the coadjoint representation of ^LG on ^Lg^∗. The space ^Lg can be identified with a subspace of the dual space of ^Lg via the non-degenerate pairing ⟨(X, a), (A, λ)⟩ = 1 2π ∫_{2π} 0 ⟨X(t), A(t)⟩dt + aλ .

The image of ^Lg is the smooth part of the dual of ^Lg and we will denote it by ^Lg^∗_s.

As in the case of the adjoint representation, the coadjoint representation of the group ^LG factors through the map p : ^LG → LG, so that it is enough to consider the action of the loop group LG on ^Lg^∗.

Lemma 1.8 In the coadjoint representation of ^LG on ^Lg^∗_s, an element g ∈ LG acts via

Ad^∗_g(A, λ) = ( Ad_g(A) + λ( d dt g)g^{−1}, λ ) .

Proof. Recall that the coadjoint action of LG on ^Lg^∗_s is defined via ⟨Ad^∗_g(A, λ), (X, a)⟩ = ⟨(A, λ), Ad_g−1 (X, a)⟩ . The lemma follows from this formula by a direct calculation. □

Corollary 1.9 In the coadjoint representation of ^Lg on ^Lg^∗_s, an element X ∈ Lg acts via

ad^∗_X (A, λ) = ([X, A] − λX^′, 0) .

Exercise 1.2.1 i) Verify this formula for ad^∗_X (A, λ) by differentiating the group coadjoint action above, as in the proof of Lemma 1.7. ii) Verify the same formula directly from the definition of the Lie bracket in the affine algebra; iii) Check that the formula for Ad^∗_g(A, λ) indeed defines a representation of the corresponding group, i.e., that Ad^∗_gAd^∗_h = Ad^∗_{gh}.

This excercise gives an alternative way of verifying the formula for loop group coadjoint action on ^Lg^∗_s without calculating the corresponding group adjoint action.

Remark 1.10 Suppose, the Lie algebra g is gl(n, R ). Then we can identify the affine subspace Lg × {1} ⊂ ^Lg^∗_s with the set of matrix-valued first order differential operators on the circle: ^Lg^∗_s × {1} = { d dt − A | A ∈ Lg} . In this identification, the loop group LG acts via gauge transformations on differential operators.

We now want to study the orbits in the coadjoint representation of ^LG. Since λ is invariant under the action of LG we can study the orbits in a fixed hyperplane λ = const. For simplicity of notation, let us fix λ = 1. The other hyperplanes with λ ≠ 0 differ from this one by an overall rescaling. We will comment on the case λ = 0 in Remark 1.16.

Theorem 1.11 Let G be a compact and simply connected Lie group. There is a one-to-one correspondence between the set of LG-orbits in the (λ = 1)–hyperplane in ^Lg^∗_s and the set of conjugacy classes in the group G. Moreover, the stabilizer of an element (A, 1) ∈ ^Lg^∗_s is isomorphic to the centralizer of the corresponding conjugacy class in G.

Corollary 1.12 Every coadjoint orbit in the (λ = 1)–hyperplane in ^Lg^∗_s is isomorphic to LG/H for some subgroup H ⊂ G. In particlar, the codimension of such orbits is always finite.

Proof. Let us assign to each (A, 1) ∈ ^Lg^∗_s the differential equation d dt z − Az = 0 , (1.2)

and let z be a solution of this differential equation. Since A is a loop in the Lie algebra g, any solution z of equation 1.2 with z(0) ∈ G stays in the group G and hence defines a path z : R → G (see e.g. [62]). Furthermore, since A(t) is periodic in t, the map z(t + 2π) is another solution of equation 1.2. Differentiating with respect to t shows that the path z(t + 2π)^{−1}z(t) does not depend on t and hence defines an element g_z ∈ G. Now, if ν is another solution of equation 1.2 then ν differs from z by a constant h ∈ G. That is, ν(t) = hz(t) for all t ∈ R . This gives

g_ν = h^{−1}g_zh ,

so that g_ν and g_z lie in the same conjugacy class of G. This shows that we can assign to each element (A, 1) a conjugacy class on the group G.

It remains to show that this construction assigns the same conjugacy class of the group G to each element in the coadjoint orbit of ^LG containing (A, 1). To this end, let z be a solution of equation 1.2 and fix a loop g ∈ LG. It is a direct calculation to check that the path t → gz(t)g(0)^{−1} is a solution of the differential equation d dt z = (gAg^{−1} − g^′g^{−1})z . But g ∈ LG is periodic in t so that we have

g(0)z(t + 2π)^{−1}g(t + 2π)^{−1}g(t)z(t)g(0) = g(0)z(t + 2π)^{−1}z(t)g(0) .

Therefore, the conjugacy class of G corresponding to Ad^∗_g(A, 1) is the same as the conjugacy class corresponding to (A, 1).

The discussion above already shows that the stabilizer of an element (A, 1) ∈ ^Lg^∗_s in the coadjoint representation of LG, is equal to the stabilizer of the corresponding conjugacy class in G.

Finally, we have to check that the map LG-orbits in the (λ = 1)–hyperplane → conjugacy classes in G is surjective. This is a consequence of the surjectivity of the exponential map. Indeed, fix some g ∈ G, and let H ∈ g be an inverse image of H under the exponential map. Then we can view (H, 1) as an element of the (λ = 1)–hyperplane in ^Lg^∗_s, and the conjugacy class of G corresponding to the coadjoint orbit through (H, 1) contains g. □ Remark 1.13 The proof of Theorem 1.11 shows that every coadjoint orbit of ^LG in the (λ = 1)–hyperplane contains a constant element.

Example 1.14 The stabilizer of (0, 1) ∈ ^Lg^∗_s is the whole group G, so that the coadjoint orbit through (0, 1) is isomorphic to LG/G. In general, if G is compact, and T ⊂ G is a maximal torus in G, then every element of G is conjugate to some element of T . (For G = SU(n), this is the classical fact that every unitary matrix is diagonalizable). Furthermore, two elements of T are conjugate in G if and they are conjugate under W = N_G(T )/T . Here, N_G(T ) denotes the normalizer of T in G. The group W is a finite group, the so called Weyl group of G. It follows from our discussion above, that the set of conjugacy classes in G and hence the set of coadjoint orbits in the (λ = 1)–hyperplane in ^Lg^∗_s can be identified with the set T/W . This set in turn is a convex polytope, the so called fundamental alcove of G (see Appendix A.1). The codimension of a conjugacy class in G is determined by its position in this polytope. For example the stabilizer of every conjugacy class in the interior of fundamental alcove is the maximal torus T itself. Hence the corresponding coadjoint orbits of LG are isomorphic to LG/T .

Remark 1.15 In the proof of theorem 1.11, we have considered arbitrary solutions of the differential equation d dt z − Az = 0 . There is a distinguished solution of this equation, the so called fundamental solution z_f , which is given by the initial condition z_f (0) = id. The corresponding element g_{zf} = z_f (t + 2π)^{−1}z_f (t) ∈ G is the monodromy of the equation. Mapping each element of a given coadjoint orbit to the fundamental solution of the corresponding differential equation allows us to identify the coadjoint orbit with a space of paths in G starting at the identity and ending in the corresponding conjugacy class in G. In this picture, the closure of the coadjoint orbit is given by the set of all continuous maps from the interval [0, 2π] to G starting at the identity and ending in the corresponding conjugacy class. This identification allows to use powerful methods from analysis such as Wiener integration on the (closure) of the orbits (see [27],[91]).

Remark 1.16 The LG-action on the (λ = 0)–hyperplane in ^Lg^∗_s is given by the pointwise conjugation action of LG on its Lie algebra. Thus, (A, 0) and (B, 0) belong to the same coadjoint orbit if and only if A(t) and B(t) are conjugate for all t ∈ S^1. Hence the classification of coadjoint orbits reduces to the classification of families of matrices up to conjugation. Every function f : S^1 → R which only depends on the eigenvalues of the family A(t) is an invariant under the action of the group LG on the (λ = 0)–hyperplane in ^Lg^∗_s. This shows that every coadjoint orbit in this hyperplane has infinite codimension.

1.3 Construction of the central extension of the loop groups

Recall from section 1.1 that in the case that g is a finite dimensional semi-simple Lie algebra, every central extension of the loop algebra Lg is given by means of a cocycle ω(X, Y ) = 1 2π ∫_{2π} 0 ⟨X(t), Y^′(t)⟩dt , (1.3) where ⟨ , ⟩g × g → R is some invariant bilinear form on g.

Suppose that the Lie algebra g is simple. Then up to multiplication by scalars, there exists a unique invariant bilinear form on g, the so called Killing form. Recall that if g is a matrix Lie algebra, then we can write ⟨X, Y ⟩ = tr(XY ) for X, Y ∈ g. Throughout this section, we shall normalize the Killing form such that the long roots in g have square length 2 (see Appendix A.1 for some facts about compact Lie groups). Abusing notation slightly, we will often write tr(X, Y ) for the normalized Killing form.

The choice of the bilinear form ⟨ , ⟩ fixes a two-cocycle ω and hence a central extension ^Lg of the loop algebra Lg. The goal of this section is to show that this central extension lifts to the group level. Thus, we are looking for a central extension {e} → S^1 → ^LG → LG → {e} of the loop group LG whose Lie algebra is given by ^Lg. If such a central extension of LG exists, it defines an S^1 bundle ^LG → LG. The problem in constructing the central extension ^LG comes from the fact that the S^1 bundle ^LG → LG turns out to be nontrivial. So it is not possible to write down a continuous group two-cocycle which defines the extension. Otherwise it would mean the existence of a global section and hence the triviality of the bundle.

Theorem 1.17 Let G be a compact, simple and simply connected Lie group and let ω be the two-cocycle on Lg defined in formula 1.3, where the bilinear form ⟨ , ⟩ on g is specialized to the Killing form normalized in such a way that the long roots on g have squared length 2. Then the Lie algebra central extension of Lg defined by the cocycle ω lifts to a central extension ^LG of LG.

Remark 1.18 In fact, the proof of Theorem 1.17 will show that a central extension of the loop algebra Lg defined by a multiple kω of the cocycle ω lifts to a central extension of the loop group LG whenever k is an integer. Although we will not show it, it turns out that these are all possible central extensions of the loop group LG.

The rest of this section is devoted to the proof of Theorem 1.17.

Before we start with the construction of the central extension of the loop group LG, let us give an alternative construction of the Lie algebra ^Lg. Let D = {z ∈ C | |z| ≤ 1} denote the closed unit disk. The loop algebra Lg can be regarded as a quotient Lg = g^D/g^D_{S1} , where g^D = C^∞(D, g) is the Lie algebra of smooth maps from the disk D to g, and g^D_{S1} denotes the subalgebra of maps that vanish on the boundary ∂D = S^1 of D. That is, g^D_{S1} = {X ∈ g^D | X_S1 = 0}. We can define a map ω^D : g^D × g^D → R by ω^D(X, Y ) = 1 2π ∫ D tr(dX ∧ dY ) . Here dX and dY should be viewed as matrix-valued one forms on D, so that tr(dX ∧ dY ) is a two form on D which can be integrated over the disk D. A short calculation shows that ω^D is a two-cocycle on g^D. Hence defines a central extension ^g^D of g^D. Furthermore, by the Stokes formula, we have 1 2π ∫ D tr(dX ∧ dY ) = 1 2π ∫ D dtr(XdY ) = 1 2π ∫ ∂D=S^1 tr(XdY ) .

This shows that the cocycle ω^D depends only on the boundary values of X and Y . In particular, it vanishes on the subalgebra g^D_{S1} ⊂ g^D so that g^D_{S1} is an ideal in the Lie algebra ^g^D. Obviously, the quotient ^g^D/g^D_{S1} is isomorphic to ^Lg.

The next goal is to construct the group extension ^LG as a quotient similar to the construction of the Lie algebra extension ^Lg above. In particular, we are looking for a central extension ^G^D of the Lie group G^D whose Lie algebra is given by ^g^D. We will then embed G^D_{S1} as a normal subgroup in ^G^D such that the Lie algebra of G^D_{S1} is isomorphic to g^D_{S1} . From this it is clear that the Lie group ^LG = ^G^D/G^D_{S1} is a central extension of LG whose Lie algebra is ^g = ^g^D/g^D_{S1} .

We will proceed in several lemmas.

Lemma 1.19 There exists a central extension ^G^D = G^D × U(1) of G^D with Lie algebra ^Lg^D. Proof. Let g ∈ G^D be a map from the disk D to G. Then g^{−1}dg and dgg^{−1} are g-valued one-forms on D. Let us define a map γ : G^D × G^D → R , by γ(g_1, g_2) = 1 4π ∫ D tr(g^{−1}_1 dg_1 ∧ dg_2g^{−1}_2 ) .

Then the map e^{iγ} is a group two-cocycle in G^D with values in U(1) defining the desired central extension of G^D. Indeed, we have

(g_1g_2)^{−1}d(g_1g_2) = g^{−1}_2 g^{−1}_1 dg_1g_2 + g^{−1}_2 dg_2 , and d(g_1g_2)(g_1g_2)^{−1} = dg_1g^{−1}_1 + g^{−1}_1 g^{−1}_2 dg_2g_1 so that we get γ(g_1g_2, g_3) + γ(g_1, g_2) = γ(g_1, g_2g_3) + γ(g_2, g_3) .

Hence, e^{iγ} is a group 2-cocycle with values in U(1) and hence defines a central extension ^GD of GD by U(1). Recall that the multiplication in ^GD is given by

(g_1, a_1)(g_2, a_2) = (g_1g_2(x, y), a_1a_2e^{iγ(g1,g2)}) .

Finally, we have to check that the Lie algebra of ^G^D is given by ^g^D. To do this, we calculate the infinitesimal version of the cocycle e^{iγ}: Let g_s and g_t be two smooth curves in G^D such that^d_{ds} |_{s=0}g_s = X and^d_{dt} |_{t=0}g_t = X. According to Proposition 3.13 of chapter I, the infinitesimal version of e^{iγ} is given by

d^2 dtds |_{t=0,s=0} exp(iγ(g_t, g_s)) − d^2 dtds |_{t=0,s=0} exp(iγ(g_s, g_t)) = 1 2π ∫ D tr(dX ∧ dY ) = ω^D(X, Y ) .

□ Our next goal is to embed G^D_{S1} as a normal subgroup into ^G^D. Let B be a threedimensional ball bounded by the two-sphere S^2 which is represented as the union of two disks D and D^′ glued together along the common boundary. Given a G-valued map g ∈ G^D_{S1} we can extend it trivially to S^2 and then choose an arbitrary extension ~g of g to B (see figure 1.1). This is possible due to the following topological fact.

Fact 1 Let G be a compact and simply connected Lie group. Then π_2(G) = {e}, that is any continuous map f : S^2 → G can be extended to a continuous map f̃ : B → G.

Then we can define a number λ(g) = 1 12π ∫ B tr(g̃^{−1}dg̃)^{∧3} .

Remark 1.20 The real-valued 3-form tr(g̃^{−1}dg̃)∧^3 has the following expression in coordinates: ... This is the left-invariant differential form on the group G, whole value at the identity of the group on a triple of vectors A, B, C ∈ g from its Lie algebra is given by the following exterior 3-form: ⟨A, [B, C]⟩.

Obviously, λ(g) depends on the extension g̃, but we shall see in the following the dependence of λ(g) on the choice of an extension is easily controlled.

Lemma 1.21 Given two maps g, h : S^2 → G and extensions g̃, h̃ : B → G of g and h. Then λ(g̃h̃) = λ(g̃) + λ(h̃) + γ(g, h) (1.4)

Moreover, for any g : S^2 → G, the number e^{iλ(g)} does not depend on the choice of the extension g̃ of g to B.

Proof. Let g̃ and h̃ be extensions of g and h to B. Then λ(g̃h̃) = 1 12π ∫ B tr ( (g̃h̃)^{−1}d(g̃h̃) )_{∧3} = 1 12π ∫ B tr ( h̃^{−1}g̃^{−1}dg̃h̃ + h̃^{−1}dh̃ )_{∧3}

=λ(g̃) + λ(h̃) + 1 4π ∫ B tr ( g̃^{−1}dg̃ ∧ g̃^{−1}dg̃ ∧ dh̃h̃^{−1} + g̃^{−1}dg̃ ∧ dh̃h̃^{−1} ∧ dh̃h̃^{−1} )

=λ(g̃) + λ(h̃) + 1 4π ∫ B dtr ( g̃^{−1}dg̃ ∧ dh̃h̃^{−1} )

=λ(g̃) + λ(h̃) + γ(g, h),

Figure 1.1: Extension of g to g̃ : B → G where we have used the Stokes theorem in the last step.

Finally observe that any two extensions g̃ and g̃ of g to B differ by a map h̃ : B → G such that h̃|_{∂B} = e. That is, g̃ = g̃h̃. Since h̃|_{∂B} = e, we have γ(g, h̃|_{∂B}) = 0. Hence by the first part of the lemma, λ(gh̃|_{∂B}) = λ(g) + λ(h̃|_{∂B}). Now we have to use another fact from the topology of compact Lie groups:

Fact 2 Let G be a compact, simple and simply connected Lie group. Then the third cohomology group with values in Z, H^3(G, Z) is generated by a single element η. If g̃ is a map from a three-dimensional manifold M to G, then the pullback of η by g̃ is given by

g̃^∗η = 1 24π^2 tr(g̃^{−1}dg̃)^{∧3} .

The map h̃ maps the boundary of B to the identity in G. So we can view it as a closed three-cycle in G. Using the fact that ∫ C η ∈ Z for any closed three-cycle C in G gives λ(h̃) ∈ 2πZ so that the number e^{iλ(g)} indeed does not depend on the choice of extension of g. □

Since the number e^{iλ(g̃)} does not depend on the choice of the extension g̃ of the map g, we can define a map ψ : G^D_{S1} → ^G^D via g → (g, e^{iλ(g̃)}).

Lemma 1.22 The map ψ : G^D_{S1} → ^G^D, defines an embedding of G^G_{S1} as a normal subgroup in ^G^D.

Proof. It follows from Lemma 1.21 that ψ is well defined and the injectivity of ψ is obvious. We only have to check that ψ(G^D_{S1} ) is a normal subgroup in ^G^D. Equation 1.4 shows that ψ(G^D_{S1} ) is indeed a subgroup of ^G^D. Normality of G^D_{S1} follows from the identity λ(g̃h̃g̃^{−1}) = λ(h̃) + γ(gh, g^{−1}) + γ(h, g^{−1}), which can be deduced directly from 1.4. □

Lemma 1.23 Under the embedding G^D_{S1} → ^G^D, the Lie algebra of G^D_{S1} coincides with the Lie algebra g^D_{S1} ⊂ ^g^D.

Proof. The form tr(g̃^{−1}dg̃)^{∧3} is a homogeneous polynomial of degree 3 in the derivatives of g̃ Hence all its derivatives at g̃ ≡ e vanish (see Figure 1.2). □ g^D_S1

G^D_S1

Figure 1.2: G^D_{S1} as a subset of ^G^D in an neichborhood of the idntity of ^G^D.

Remark 1.24 Let us briefly remark on other central extensions of the loop group LG. Each multiple kω^D of the cocycle ω^D defines a central extension of the Lie algebra g^D and hence gives rise to an extension of the Lie algebra Lg. Obviously, each of these extensions of g^D lifts to a central extension ( ^G^D)^k of the group G^D. The problem, however, is that there exists a topological obstruction to the existence of an embedding of G^D_{S1} into the corresponding extension of G^D. Indeed, in order to embed the group G^D_{S1} into ( ^G^D)^k, we have to use the map g → (g, e^{ikλ(g̃)}). However, Lemma 1.21 shows that the number e^{ikλ(g̃)} depends on the choice of g̃ unless k is an integer. Hence, we can lift the central extension of the loop algebra Lg with cocycle kω to the group level whenever k ∈ Z. It can be shown [82], that these are in fact all possible central extensions of the loop group LG.

1.4 Bibliographical notes

There is a huge body on literature on the theory of loop groups and the corresponding Lie algebras. The standard reference for the material of this section is the book by Pressley and Segal [82]. The monograph [65] describes the theory of Kac-Moody groups from a more algebraic point of view, and the corresponding Lie algebras have been treated in the [47].

The central extension of the loop algebra goes back to Kac (cite ...) and Moody (cite ...). The classification of coadjoint orbits of the loop group has been obtained by Reiman and Semenof-Tian-Shansky (cite ...), Frenkel (cite ...) and Segal (cite ...). Frenkel has used this classification to give an analogue of Kirillov’s character formula for compact Lie groups in the loop group setting. The construction of the central extension of the loop group as described in section 1.3 first appeared in the physics literature on the Wess- Zumino-Witten model [75]. Construction of this cocycle in different variations can be found in the papers of Faddeev-Shatashvili, Pressley-Segay, Mickelson, Witten, Moore- Nekrason-Losev-Shatashvili, etc.

2 Diff S^1 and the Virasoro Bott group

This section deals with the Lie group Diff(S^1) of orientation preserving diffeomorphisms of the circle and its Lie algebra, the Lie algebra Vect(S^1) of smooth vector fields on the circle and their central extensions. In section 2.1 we we show that the Lie algebra of vector fields on the circle admits an essentially unique central extension, the so called Virasoro algebra. This central extension can be lifted to a central extension of the Lie group of orientation preserving diffeomorphisms of the circle. The corresponding group is called the Virasoro-Bott group. Similarly to the case of loop groups, the Virasoro-Bott group behaves much nicer in the coadjoint representation than the unextended group of orientation preserving diffeomorphisms of the circle, and its coadjoint orbits can be classified in terms of conjugacy classes of the finite dimensional group SL_2(R ). We will describe this classification in sections 2.2 and 2.3. Finally, in sections 2.4 and 2.5, we study the Euler equations with respect to some right-invariant metrics on the Virasoro- Bott group and show that they give rise to some interesting nonlinear partial differential equations.

2.1 Central extensions

Let us consider the Lie algebra Vect(S^1) of smooth vector fields on the circle. After fixing a coordinate θ of the circle, any vector field can be written as f(θ)^∂_{∂θ} where f is a smooth function on S^1. Under this identification, the commutator of two elements in Vect(S^1) is given by [f^∂_{∂θ} , g^∂_{∂θ} ] = (f^′g − g^′f)^∂_{∂θ} , where f^′ denotes the derivative of the function f. Note that the Lie bracket is the negative of the usual Lie bracket of vector fields.

Proposition / Definition 2.1 The map ω : Vect(S^1) × Vect(S^1) → R given by ω(f ∂ ∂θ , g ∂ ∂θ ) = ∫ S^1 f^′(θ)g^{′′}(θ)dθ. (2.5) is a two-cocycle on Vect(S^1), called the Gelfand-Fuchs cocycle. The corresponding central extension of Vect(S^1) is called Virasoro algebra and is denoted by vir.

The proof that ω is indeed a two-cocycle is a straight forward calculation. The following proposition shows that up to isomorphism, the Virasoro algebra is the unique non-trivial central extension of the Lie algebra Vect(S^1).

Proposition 2.2 We have H^2(Vect(S^1), R ) ∼= R where the generator of the cohomology is given by the Gelfand-Fuchs cocycle ω from Proposition 2.1.

Proof. The proof of Proposition 2.2 is similar to the proof of proposition 1.5. Our goal is to show, that up to a coboundary, any two-cocycle ω on the Lie algebra Vect(S^1) is a multiple of the Gelfand-Fuchs cocycle. First, let us extend the cocycle ω on Vect(S^1) to a complex bilinear form on the complexification Vect(S^1)_C = Vect(S^1) ⊗ C of the Lie algebra Vect(S^1). An element f^∂_{∂θ} ∈ Vect(S^1)_C can be expanded into a Fourier series f(θ) = ∑ f_ne^{inθ} .

By continuity, the cocycle ω is completely determined by its values on L_n = e^{inθ ∂}_{∂θ} . Note that the commutator of L_n and L_m is given by [L_n, L_m] = −i(m − n)L_{n+m} . Let us set ω_{n,m} = ω(L_n, L_m). Then, from the cocycle identity for ω, we get (m − n)ω_{n+m,k} + (k − m)ω_{m+k,n} + (n − k)ω_{k+n,m} (2.6) and ω_{n,m} = −ω_{m,n}. (2.7) In particular, we have ω_{0,0} = 0. Furthermore, we can define a one-cocycle α via α(L_n) = i n ω(L_n, L_0). Then we have ω(L_n, L_0) − dα(L_n, L_0) = ω(L_n, L_0) −^i_n ω([L_n, L_0], L_0) = 0. So after changing ω by the exact cocycle dα, we can assume ω_{n,0} = 0 for all n ≠ 0.

Setting k = 0 in equation 2.6 yields −mω_{m,n} + nω_{n,m} = 0 . Whence, using the antisymmetry of ω, we get ω_{m,n} = 0 whenever n + m ≠ 0. Setting k = −m − n in 2.6 gives (m − n)ω_{m+n,−n−m} − (2m + n)ω_{−n,n} + (2n + m)ω_{−m,m} = 0 . Finally, for m = 1 the equation above reads

(−n − 1)ω_{n+1,−n−1} − (n + 2)ω_{−n,n} + (2n + 1)ω_{−1,1} = 0 .

Hence ω_{n,−n} is defined recursively by the knowledge of ω_{1,−1} and ω_{2,−2}. This shows that the space of ω’s which can satisfy condition 2.6 and 2.7 is at most two-dimensional. Two linear independent elements of this space are given by ω_{n,−n} = n^3 and ω_{n,−n} = n. But the cocycle defined by ω_{n,−n} = n is exact. In fact, it comes from the one-cocycle α defined above. So up to a coboundary, the two-cocycle ω we started with has the form ω(L_n, L_m) = cδ_{n,−m}n^3 for some c ∈ C .

It remains to show that ω is non-trivial. Suppose that ω = dβ for some one cocycle β. This means that β is a linear map and ω(L_n, L_m) = β([L_n, L_m]). In particular, we have β([L_n, L_{−n}]) = 2niβ(L_0) which shows that in this case ω(L_n, L_{−n}) would have to depend linearly on n which is a contradiction. □

Our next goal is to show that the central extension of the Lie algebra Vect(S^1) defined by the Gelfand-Fuchs cocycle ω can be lifted to a central extension of the group Diff(S^1). Maybe surprisingly, the situation here is much simpler that in the case of loop groups. The central extension of the group Diff(S^1) by S^1 corresponding to vir is topologically trivial and hence can be defined by a continuous two-cocycle.

Proposition / Definition 2.3 The map c : Diff(S^1) × Diff(S^1) → S^1 given by (φ, ψ) → 1 2 ∫ S^1

log(φ ∘ ψ)^′d log ψ^′

is a continuous two-cocycle on the group Diff(S^1). The Lie algebra of the corresponding central extension ~Diff(S^1) is the Virasoro algebra vir. The two-cocycle c is called the Bottcocycle, and the corresponding central extension of the group Diff(S^1) is the Virasoro-Bott group.

Proof. To show that the map c defines a cocycle, we have to check the identity c(φ ∘ ψ, η) + c(φ, ψ) = c(φ, ψ ∘ η) + c(ψ, η) . First, observe that we have ∫ S^1

log ψ^′ d log ψ^′ = ∫ S^1

d(log ψ^′)^2 = 0

so that we can calculate c(φ ∘ ψ, η) = ∫ S^1

log(φ ∘ ψ ∘ η)^′ d log η^′ = ∫ S^1

log(φ^′ ∘ ψ ∘ η) d log η^′ + c(ψ, η) .

On the other hand,we have c(φ, ψ ∘ η) = ∫ S^1

log(φ ∘ ψ ∘ η)^′ d log(ψ ∘ η)^′ = c(φ, ψ) + ∫ S^1

log(φ^′ ∘ ψ ∘ η) d log η^′ .

This shows that the map c is indeed a group two-cocycle.

It remains to check that the infinitesimal version of the Bott cocycle c is the Gelfand- Fuchs cocycle ω. Let f^∂_{∂θ} and g^∂_{∂θ} be two smooth vector fields on S^1 and consider the corresponding flows φ_s and ψ_t on S^1. By Proposition 3.13 of chapter I we have to check that ω(f ∂ ∂θ , g ∂ ∂θ ) = d^2 dtds |_{t=0,s=0}c(φ_t, ψ_s) − d^2 dtds |_{t=0,s=0}c(ψ_s, φ_t) But d d |_{t=0}c(φ_t, ψ_s) = 1 2 ∫ S^1

log^′(φ^′_0 ∘ ψ_s)f^′ ∘ ψ_sd log ψ^′_s = 1 2 ∫ S^1

f^′ ∘ ψ^′_sd log ψ^′_s and d ds |_{s=0} 1 2 ∫ S^1

f^′ ∘ ψ^′_sd log ψ^′_s = 1 2 ∫ S^1 f^′dg^′ . Similarly, we get

d^2 dtds |_{t=0,s=0}c(ψ_s, φ_t) = 1 2 ∫ S^1 g^′df^′ = − 1 2 ∫ S^1 f^′dg^′ . Putting everything together yields the assertion. □

2.2 Coadjoint orbits of Diff(S^1)

Before we start classifying the coadjoint orbits of the Virasoro group, let us take a look at the coadjoint representation of the group Diff(S^1) of orientation preserving diffeomorphisms of the circle. As we have seen in example 2.5 of chapter I, the smooth part of the dual of Vect(S^1) can be identified with the space V = ( Ω^1(S^1) )_{⊗2} of quadratic differentials on S^1. After choosing a coordinate θ on S^1, the elements of V can be written as u(θ)(dθ)^2 where u is a smooth function on S^1. Recall the following fact from example 2.5 of chapter I:

Proposition 2.4 The coadjoint action of the group Diff(S^1) on V is given by the formula φ : u(dθ)^2 → u ∘ φ^{−1} · (φ^{−1′})^2(dθ)^2

which is just the change of variables formula.

It follows from this Proposition that √ u(dθ)^2 transforms under diffeomorphisms like a one-form on S^1. In particular, if the function u does not have any zeros, the number

Φ(u(θ)(dθ)^2) = ∫ S^1 √ |u(θ)|dθ is invariant under the coadjoint action of Diff(S^1). It turns out that this is the only invariant function since the coadjoint orbit through u(dθ)^2 has codimension 1 in V . Indeed, the argument of the proof of proposition 1.12 of chapter I shows that whenever the function u does not have any zeros, the differential u(dθ)^2 can be mapped under the action of Diff(S^1) to a constant quadratic differential u_0(dθ)^2, where the constant u_0 is the average of √ u(θ)dθ on the circle:

u_0 = 1 2π ∫ S^1 ( √ u(θ)dθ . The stabilizer of a constant quadratic differential is the group S^1 of rigid rotations so that the orbit through u(dθ)^2 is diffeomorphic to Diff(S^1)/S^1 and hence has codimension 1 in V .

Now let us suppose that the function u does have zeroes on S^1 and denote its consecutive zeros by a_i. The numbers

c_i = ∫_{ai+1} a_i √ |u|dθ , are preserved under the coadjoint action of the group Diff(S^1). In particular, if the function u changes sign, the corresponding coadjoint orbit of Diff(S^1) has necessarily codimension higher than 1, and there exist coadjoint orbits of the group Diff(S^1) of arbitrary high codimension.

Remark 2.5 One can show that if the function u changes sign exactly twice, then the corresponding coadjoint of the group Diff(S^1) has codimension 2. This is rather surprising since in finite dimension the existence of a symplectic structure on each coadjoint orbit forces the codimensions of the coadjoint orbits to vary in steps of multiples of 2. As we shall see in the next section, the coadjoint orbits of the Virasoro group behave much more like finite dimensional coadjoint orbits.

2.3 The Virasoro coadjoint action

Recall that elements of the Virasoro algebra are given by pairs (f(θ)^∂_{∂θ} , a), where f(θ)^∂_{∂θ} is a vector field on the circle, and a is a real number. Hence we can identify the smooth part vir^∗_s of the dual of the Virasoro algebra with

vir^∗_s ∼= V ⊕ R ,

where V is the space of quadratic differentials considered in the last section, and the pairing between vir and vir^∗_s is given by ⟨(f(θ) ∂ ∂θ , a), (u(θ)(dθ)^2, λ)⟩ = ∫ S^1 f(θ)u(θ)dθ + aλ . Remark 2.6 From now on, we will simply write vir^∗ for the smooth part of the dual of the Virasoro algebra since we will not talk about the full dual of vir.

Our goal in this section is to derive a classification of the coadjoint orbits of the Virasoro-Bott group ~Diff(S^1) which is similar to the classification of the coadjoint orbits of the centrally extended loop groups of section 1.2. Obviously, the center of the group ~ Diff(S^1) has to act trivially in the coadjoint representation so that the representation factors through one of the unextended group Diff(S^1). Using the pairing between vir = Vect(S^1)⊕R and vir^∗ and the explicit construction of vir as a central extension of Vect(S^1) one can find a formula for the resulting representation if Diff(S^1).

Proposition 2.7 In the coadjoint action of the Virasoro-Bott group, an element φ ∈ Diff(S^1) acts via Ad^∗_ϕ(u(dθ)^2, λ) = ( u ∘ φ^{−1} · (φ^{−1′})^2(dθ)^2 + λS(φ^{−1})(dθ)^2, λ ) , (2.8)

where S(φ) = φ^{′′′} φ^′ − 3 2 ( φ^{′′} φ^′ )_2

is the Schwarzian derivative of φ.

Proof. The adjoint action of the Lie algebra vir on itself is given by ad_{(v,a)}(f, b) = (v^′f − f^′v, −fv^{′′′}) .

Hence, using the identity ⟨ad_{(v,a)}(f, b), (u, λ)⟩ = −⟨(f, b), ad^∗_{(v,a)}(u, λ)⟩ we find that the coadjoint action of the Lie algebra vir on its dual vir^∗ is given by ad^∗_{(v,a)}(u, λ) = (−2v^′u − u^′v − λv^{′′′}, 0) . (2.9) It remains to check that equation (2.8) indeed defines an action of the group Diff(S^1) on the space vir^∗ and that the infinitesimal version of this action is given by equation (2.9). Both assertions can be checked by direct calculations which we leave to the reader. □

Remark 2.8 The Schwarzian derivative has the following important transformation law:

S(φ ∘ ψ) = S(φ) ∘ ψ · (ψ^′)^2 + S(ψ) . (2.10)

Equation (2.8) shows that the (λ = const)–hyperplanes in vir^∗ are invariant under the coadjoint action of the Virasoro-Bott group. Our goal is to find a classification of the coadjoint orbits of the Virasoro-Bott group in a fixed (λ ≠ 0)–hyperplane in vir^∗ which is similar to the classification of the coadjoint orbits of the centrally extended loop groups in section 1. The basic idea in the classification is the following geometric interpretation of the group action (2.8). For a given element (u(dθ)^2, λ) ∈ vir^∗ with λ ≠ 0 let us consider the differential equation λ d^2 dθ^2 f + uf = 0 (2.11)

on R . This differential equation is called Hill’s equation, and the differential operator L_u = λ^{d2}_{dθ2} +u is called a Hill’s operator. Equation (2.11) second order differential equation. So its space of solutions is two-dimensional.

Lemma 2.9 Let f, g be two linearly independent solutions of equation (2.11). Then the Wronskian

W (f, g) = det ( f g f^′ g^′ ) = f^′g − g^′f is constant.

Proof. A short calculation using the fact that f and g satisfy equation (2.11) shows that^d_{dθ} W (f, g) = 0. Therefore W (f, g) has to be constant. □

Since the solutions f and g of equation (2.11) are taken to be linearly independent, we know that the Wronskian W (f, g) does not vanish. Hence, we can normalize f and g in such a way that we have W (f, g) = 1. In particular, the functions f and g cannot vanish at the same time. So we can define a map ψ = [f : g] : R → P^1 R . It turns out that the ratio ψ behaves nicely under the coadjoint action of the Virasoro group:

Proposition 2.10 Under the Virasoro coadjoint action, a diffeomorphism φ of S^1 acts on the ratio ψ by reparametrization: φ : ψ → ψ ∘ φ^{−1} Proof. Let us fix some μ ≠ 0, and let u be a smooth function on the circle. As before, L_u denotes the differential operator L_u = μ^{d2}_{dθ2} + u. If f is a solution of the differential equation L_uf = 0, and if η is a diffeomorphism of S^1, then one can check, that the function ~f = f ∘ η · (η^′)^{− 1}_2 (2.12)

is a solution of the differential equation L_{~u}( ~f) = 0, where the function ~u is given by

~u = u ∘ η(η^′)^2 + 2μS(η) .

Hence, substituting η = ψ^{−1}, we see that the action of the group Diff(S^1) on solutions of equation (2.12) gives rise to the Virasoro adjoint action on the (λ = 2μ)–hyperplane in equation (2.8). Now, if we change two linearly independent solutions f and g of equation L_uf = 0 according to equation (2.12), then the ratio of the two solutions simply changes by a reparametrization. □

On the other hand, given any map ψ : R → P^1 R , we can reconstruct the potential u of the corresponding differential operator L_u:

Proposition 2.11 Let ψ : R → P^1 R be a smooth map. Then the potential u of the corresponding differential operator L_u is given by^λ_2 times the Schwarzian derivative of ψ: u = λ 2 S(ψ) . Proof. Decomposing ψ into its components we can write ψ = [f : g]. Obviously, this does not define the functions f and g uniquely. But since we want both f and g to satisfy an equation of the form (2.11), the functions f and g should satisfy the relation fg^′ − f^′g ≡ const , (2.13) which can be seen by differentiating both sides of equation (2.13). Let us normalize f and g so that the constant equals 1. Writing ψ = [1 : ~ψ] with ~ψ =^g_f whenever f ≠ 0, we get ~ψ^′ = g^′f − f^′g f^2 = 1 f^2 , which yields f =^1√_{~ψ′} and g = ~ψf =^{~ψ}√_{~ψ′} .

Finally, given two functions f, g : R → R which satisfy f^′g − g^′f = 0, we want to find some u : S^1 → R such that L_uf = 0 and L_ug = 0. One can check directly, that u =^λ_2 S( ~ψ) has the desired properties. Indeed, since ~ψ^′ = (g/f)^′ = 1/f^2, we get S( ~ψ) = −2 f^{′′} f and hence L_uf = λf^{′′} + fu = 0 . A similar calculation gives L_ug = 0. □

As a corollary of the considerations above, we obtain the following result:

Corollary 2.12 Let φ : R → R be a Möbius transformation, i.e. φ(x) = (ax + b)/(cx + d) for some a, b, c, d with ad − bc = 1. Then S(φ) = 0.

Proof. For a given Hill’s operator L_u, the pair of linearly independent solutions f, g of the equation L_uf = 0 is not defined uniquely but up to a transformation of the pair (f, g) by a matrix from SL_2(R ). If we transform the pair (f, g) by a matrix from SL_2(R ), the ratio ~ψ = f/g changes by a Möbius transformation φ. But since the potential u of the Hill’s operator L_u is defined uniquely by f and g, we can use the transformation law from equation (2.10) to conclude S(φ) = 0. □

All the considerations above were of local nature. To obtain a classification of the Virasoro coadjoint orbits we have to remember that the Hill’s operators we are dealing with are periodic. In order to state the classification result, we have to introduce some notation. Let ~SL_2(R ) denote the universal cover of the group SL_2(R ). The group ~SL_2(R ) admits an outer automorphism of order 2. So we can consider the quotient ~SL_2(R )/Z_2 . The main result of this section is the following theorem.

Theorem 2.13 For fixed λ ≠ 0, there is a one-to-one correspondence between the set of coadjoint orbits of the Virasoro-Bott group on the hyperplane {(u(θ)(dθ)^2, λ)} ⊂ vir^∗ and the set of conjugacy classes in ( ~SL_2(R ) \ {id} ) /Z_2 .

Proof. For a given (u(dθ)^2, λ) ∈ vir^∗, let us consider the corresponding Hill’s operator L_u =^λ_2^{d2}_{dθ2} + u and consider a pair (f, g) of linearly independent solutions of the equation L_uf = 0. Since u is periodic, the values (f(t), g(t)) and (f(t + 2π), g(t + 2π)) are related by a monodromy matrix M ∈ SL_2(R ). That is,

(f(t + 2π), g(t + 2π)) = (f(t), g(t))M . (2.14)

Equivalently, the values of the ratio ψ(t) = [f(t) : g(t)] and ψ(t+2π) = [f(t+2π) : g(t+2π)] are related by a Möbius transformation M ∈ P SL_2(R ). The monodromy matrix M (respectively M) is changed to a conjugate matrix if we change the pair of solutions (f, g). On the other hand, in Proposition 2.11 we have shown that to each map ψ : R → PR^1 , we can assign a unique Hill’s operator L_u. In particular, if ψ is quasiperiodic, i.e. if it satisfies an equation of type (2.14), it follows from the construction that the potential u is periodic. Furthermore, if we reparametrize ψ by a diffeomorphism of S^1, we see that the potential u changes according to the Virasoro coadjoint action. This shows that the Virasoro coadjoint orbits in the in a fixed (λ = const)-hyperplane are in oneto-one correspondence with equivalence classes of pairs (ψ, ~M), where ~M is a conjugacy class in P GL_2(R ) and ψ is a path in P GL_2. The equivalence relation is given by the reparametrization of ψ with a diffeomorphism of S^1. The path ψ defines a lift of the conjugacy class ~M to the universal cover ~SL_2(R ) of P GL_2(R ). Finally, the path ψ always goes in the positive direction. So we only reach “half” of the conjugacy classes in the universal cover ~SL_2(R ), hence we have to quotient by Z_2 . Furthermore, the identity in ~SL_2(R )/Z_2 can never be assumed since ψ′(0) ≠ 0. □

Corollary 2.14 For fixed λ ≠ 0, the Virasoro coadjoint orbits in the hyperplane {(u(dθ)^2, λ)} ⊂ vir^∗ are classified by the Jordan normal forms of matrices in SL_2(R ) together with a nonnegative integer parameter, the winding number.

Now, let us look at the stabilizers of the different coadjoint orbits. Since the codimension of a coadjoint orbit through (u(dθ)^2, λ) equals the codimension of in SL_2(R ) of the conjugacy class of the corresponding monodromy matrix we see that the codimension can be at most three. Matrices from the group SL_2(R ) fall into three classes, whose Jordan normal forms are the exponentials of the following three classes in the Lie algebra sl_2(R ). i) ( 0 0 0 0 ) , ii) ( a 0 0 −a ) , and iii) ( 0 ±1 0 0 ) (2.15)

The codimension of the corresponding conjugacy classes in SL_2, (R ) is 3 in case i) and it equals 1 in cases ii) and iii). Note that the class of real matrices which are exponentials of a matrix of type ii) decomposes into rotation matrices (for a ∈ iR ) and hyperbolic rotation matrices (for a ∈ R ).

Figure 2.3: The points 0, M_1 and M_2 in sl_2(R ) correspond to Virasoro orbits of type i), ii), and iii) respectively.

Finally, let us take a look at coadjoint orbits containing constant elements. We have to consider Hill’s operators L_u with u = p = const. Obviously, the corresponding monodromy matrix M_p ∈ SL_2(R ) is given by

M_p = ( cos(2π √ p) − sin(2π √ p) sin(2π √ p) cos(2π √ p) )

if p ≥ 0 and

M_p = ( cosh(2π √ −p) − sinh(2π √ −p) sinh(2π √ −p) cosh(2π √ −p) ) for p < 0. Now, the stabilizer of a differential operator L_p with p > 0 is the group S^1 of rigid rotations if M_p ≠ id ∈ P GL_2(R ) and it is three dimensional if M_p = id ∈ P GL_2(R ), i.e. if M_p is of type i) in (2.15). This can only be the case if p =^1_4 m^2 for some m ∈ Z. In this case, the stabilizer of L_p in Diff(S^1) is the m-fold covering of P GL_2(R ) in Diff(S^1).

2.4 The Virasoro group and the Korteweg-de Vries equation The Korteweg-deVries (or KdV) non-linear differential equation which describes traveling waves in a shallow canal. It is given by u_t = −3uu_θ − cu_{θθθ} , (2.16) where u is a function of t and θ, u_t and u_θ denote the partial derivatives^∂_{∂t} u and^∂_{∂θ} u, and c ≠ 0 is a constant. A brief history of this equation can be found in [40].

Recall from section I4 that the Euler equation with respect to a right-invariant metric on a Lie group G is a dynamic system on the Lie algebra of G describing the evolution of the tangent vector of a geodesic on G pulled back to the Lie algebra of G by right translation. In this section we will show how the Korteweg-deVries equation appears as the Euler equation with respect to some right invariant metric on the Virasoro-Bott group.

Let us define an inner product on the Virasoro algebra vir = Vect(S^1) ⊕ R by ⟨(v(θ) ∂ ∂θ , a), (w(θ) ∂ ∂θ , c)⟩ = ∫ S^1 v(θ)w(θ)dθ + ac . (2.17) This inner product gives rise to the inertia operator A : vir → vir^∗, which is given by (v ∂ ∂θ , c) → (v(dθ)^2, c) . The main result of this section is the following theorem:

Theorem 2.15 The Euler equations for the right invariant metric on the Virasoro group which is defined by right translating the inner product ⟨ , ⟩ from equation (2.17) are given by u_t = −3uu_θ − cu_{θθθ} (2.18) c_t = 0 . (2.19)

Proof. Recall from equation (2.9) that in the coadjoint action, an element (v^∂_{∂θ} , a) ∈ vir acts on an element (u(dθ)^2, c) ∈ vir^∗ via ad^∗_{(v ∂∂θ ,a)}(u(dθ)^2, c) = ((−2v^′u − vu^′ − cv^{′′′})(dθ)^2, 0) . According to theorem 4.11, the Euler equation for the left invariant metric on the Virasoro- Bott group which comes from the inertia operator A : vir → vir^∗ is given by d dt m(t) = −ad^∗_{dHA−1m(t)} m(t) , (2.20) where m is a path in vir^∗, and A is the inertia operator defined by the metric on the Virasoro algebra vir. Now, substituting (u(dθ), c) for m, we see that equation (2.20) becomes

u_t = 3uu_θ + cu_{θθθ} (2.21) c_t = 0 (2.22)

Finally, by remark 4.13, switching from left to right invariant metrics changes the signs in the calculations above and thus yields the assertion. □

Remark 2.16 There is generalization of theorem 2.15: Consider the following two-parameter family of inner products on vir: ⟨(v ∂ ∂θ , b), (w ∂ ∂θ , c)⟩_H1_{α,β} = ∫ S^1 (αvw + βv_θw_θ)dθ + bc . Note that for α = 1 and β = 0, we recover the inner product from equation (2.17).

Theorem 2.17 The Euler equations for the right invariant metric on the Virasoro group which is defined by right translating the inner product ⟨ , ⟩_H1_{α,β} with α ≠ 0 are given by

α(u_t + 3uu_θ) − β(u_{θθt} + 2u_θu_{θθ} + uu_{θθθ}) + cu_{θθθ} = 0 , (2.23)

c_t = 0 . (2.24)

Exercise 2.4.1 Give a proof of theorem 2.17 along the lines of the proof of theorem 2.15.

Remark 2.18 For α = 1, β = 0, equation (2.23) recovers the KdV equation (2.18). For α = β = 1, equation (2.23) is a generalized form of the Camassa-Holm equation, and for α = 0, β = 1, equation (2.23) becomes the so called Hunter-Saxton equation.

The case c = 0 corresponds to the unextended Lie algebra Vect(S^1) of vector fields on the circle rather than the Virasoro algebra vir. In this case depending on the values of α and β one obtains the Hopf equation u_t + 3uu_θ = 0 or the unextended Camassa-Holm equation u_t + 3uu_θ + 2u_θu_{θθ} + uu_{θθθ} + u_{θθt} = 0.

2.5 Bi-Hamiltonian structure of the KdV equation

Recall from section 4.4 of chapter I that every point m_0 ∈ vir^∗ gives rise to a “constant” Piosson bracket { , }_0 on vir^∗ by “freezing” the usual Lie-Poisson bracket { , }_{LP} in the point m_0. The constant Poisson bracket is defined for smooth functions f, g on vir^∗ by {f, g}_0(m) = ⟨[df_m, dg_m], m_0⟩ Furthermore, we have seen in Lemma I.4.17 that the Poisson brackets { , }_{LP} and { , }_0 are compatible for all choices of the point m_0. The main goal of this section is to show that for a certain choice of the “freezing point” m_0, the KdV equation is Hamiltonian with respect to the constant Poisson structure { , }_0. Since the KdV equation is Hamiltonian with respect to the Lie-Poisson bracket as well, it is in fact bi-Hamiltonian.

Theorem 2.19 The KdV equation (2.16) is Hamiltonian with respect to constant Poisson bracket on vir^∗, “frozen” at the point m_0 = (^1_2 (dθ)^2, 0) ∈ vir^∗.

Proof. Let F (u(dθ)^2, c) be a function on vir^∗, and let dF_{(u(dθ)}2_{,c)} = (δF/δu, δF/δc) = (v ∂ ∂θ , b) ∈ vir

be its derivative at the point (u(dθ)^2, c) ∈ vir^∗. A calculation which is similar to the proof of Proposition I.4.6 shows that the Hamiltonian equation with respect to the function F and the constant Poisson bracket frozen at a point m_0 ∈ vir^∗ is given by d dt (u(dθ)^2, c) = −ad^∗_{(v ∂∂θ ,b)}m_0 . (2.25)

Specifying the “freezing” point to m_0 = (^1_2 (dθ)^2, 0) ∈ vir^∗, equation (2.25) becomes d dt (u(dθ)^2, c) = −ad^∗_{(v ∂∂θ ,b)}( 1 2 (dθ)^2, 0) = (v^′, 0) . (2.26)

The next step is to fix the function F via F (u(dθ)^2, c) = − ∫ S^1 ( 1 3 u^3 − c 2 (u_θ)^2 ) dθ . In order to calculate the derivative dF of the function F at the point (u(dθ)^2, c), recall that the definition of the derivative of the function F in direction (ξ(dθ)^2, b) ∈ vir^∗) gives ⟨(ξ(dθ)^2, b), dF_{(u(dθ)}2_{,c)}⟩ = d dϵ |_{ϵ=0}F (u(dθ)^2 + ϵξ(dθ)^2, c + ϵb) .

Since in equation (2.26), only the partial derivative δF/δu plays a role, it is enough to calculate d dϵ |_{ϵ=0}F (u + ϵξ, c) = − ∫ S^1 ( 1 3 (u + ϵξ)^3 − c 2 (u_θ + ϵξ_θ)^2 ) dθ (2.27) = − ∫ S^1 ( u^2ξ − cu_θξ_θ ) dθ (2.28) = − ∫ S^1 ( u^2ξ + cu_{θθ}ξ ) dθ (2.29)

= − ⟨((u^2 + cu_{θθ}) ∂ ∂θ , c), (ξ(dθ)^2, 0)⟩ . (2.30)

Now plugging the derivative dF into equation (2.26) gives u_t = −uu_θ − cu_{θθθ} which is the KdV equation. □

Corollary 2.20 The KdV equation is bi-Hamiltonian with respect to the compatible Poisson structures { , }_{LP} and { , }_0 on where { , }_0 denotes the constant Poisson structure, frozen in the point (^1_2 (dθ)^2, 0) ∈ vir^∗.

Remark 2.21 In a similar fashion, one can extract the bi-Hamiltonian natures of the Hunter-Saxton and the Camassa-Holm equation mentioned in Remark 2.18. The respective “freezing” points of the constant Poisson bracket on vir^∗ are m_0 = ((dθ)^2, 1) for the Camassa-Holm equation and m_0 = (0, 1) for the Hunter-Saxton equation (see [49]).

Figure 2.4: The freezing points of the constant Poisson bracket on vir^∗ which give rise to the bi-Hamiltonian structures of the KdV, the Camassa-Holm and the Hunter-Saxton equation respectively.

Remark 2.22 Since the usual Lie-Poisson bracket and the constant Poisson bracket frozen in the point m_0 = (0, 1) are compatible, the bracket { , }_λ2 = { , }_{LP} + λ^2{ , }_0 defines a Poisson bracket for all λ ∈ R . which is the usual Lie Poisson bracket on vir^∗ shifted by the point m_0 = (0, 1) ∈ vir^∗.

We saw in Theorem 2.13 that the monodromy of the differential operator c^{d2}_{dθ2} + u(θ) which is a matrix in SL_2(R ) changes to a conjugate matrix under the Virasoro coadjoint action. Therefore, the trace of the monodromy is a Casimir function for the Poisson bracket { , }_{LP} on vir^∗. Similarly, since { , }_λ2 is the usual Lie Poisson bracket on vir^∗ shifted by the point m_0 = (0, 1) ∈ vir^∗, we get

Lemma 2.23 Let M_λ denote the monodromy of the differential operator c^{d2}_{dθ2} + u(θ) − λ^2. Then the function h_λ = log(tr(M_λ))

is a Casimir function for the Poisson bracket { , }_λ2 on vir^∗.

Finally, we can expand h_λ into a power series in λ and thereby produce first integrals of the KdV equation: h_λ = 2πλ − ∞∑ n=1 c_nh_{2n−1}λ^{1−2n} , where

h_1 = ∫ S^1 u(θ)dθ, h_3 = ∫ S^1

u^2(θ)dθ, h_5 = ∫ S^1

u^3(θ) − 1 2 (u_θ(θ))^2dθ, . . . and c_1 = 1/2, c_n = (2n − 3)!!/(2^nn!) for n > 1.

2.6 Bibliographical notes The cohomology of the Lie algebra of vector fields on the circle was computed in [30], and the Virasoro algebra was introduced in [89]. The Bott cocycle on the group Diff(S^1) first appeared in [14]. The classification of the coadjoint orbits of the Virasoro group goes back to [66], and in the present form to [85], [60, 61]. In section 2.4 and 2.5, we follow [80] and [49]. Much more details on the structure of the Virasoro-Bott group can be found in [35].

3 The group of volume preserving diffeomorphisms

In this section, we will study the coadjoint representation of the group of volume preserving diffeomorphisms of a compact manifold M. It turns out that the corresponding Euler equation on the group of volume preserving diffeomorphisms of a compact manifoldis the Euler equation for an incompressible fluid on the manifold M.

3.1 The group of volume preserving diffeomorphisms and its coadjoint representation

Recall the definition of the group of volume preserving diffeomorphisms of a compact manifold:

Proposition / Definition 3.1 Let M be a n-dimensional compact manifold (possibly with boundary) and let μ be a volume form in M. The group SDiff(M) = {φ ∈ Diff(M) | φ^∗μ = μ} of volume preserving diffeomorphisms of M is an infinite-dimensional Lie group whose Lie algebra is the Lie algebra

SVect(M) = {ξ ∈ Vect(M) | L_ξμ = 0 and ξ is tangent to ∂M}

of divergence free vector fields on M.

The following proposition identifies the smooth part of the dual of the Lie algebra SVect(M) and the coadjoint representation of the group SDiff(M) on it:

Proposition 3.2 The smooth part of the dual of the Lie algebra SVect(M) is identified with the space Ω^1(M)/dΩ^0(M) of smooth one forms on M modulo exact one forms on M. In the coadjoint representation, an element φ ∈ SDiff(M) maps an element [u] ∈ Ω^1(M)/dΩ^0(M) to [(φ^{−1})^∗u]. Accordingly, the coadjoint action of SVect(M) on Ω^1(M)/dΩ^0(M) is given by the negative of the Lie derivative: ξ : [u] → −[L_ξu] for any divergence free vector field ξ on M.

Proof. Let us suppose for a moment that the manifold M has no boundary. Each vector field ξ on M defines a (n − 1)-form ν_ξ via interior multiplication with the volume form on M: ν_ξ = ι_ξμ. Thus, for a divergence free vector field ξ ∈ SVect(M) we have 0 = L_ξμ = ι_ξdμ + dι_ξμ = dν_ξ, so that the (n − 1)-form ν_ξ has to be closed. The pairing between Ω^1(M)/dΩ^0(M) and SVect(M) is given by ⟨[u], ξ⟩ = ∫ M u ∧ ν_ξ . Since the ν_ξ is closed, we have ⟨df, ν_ξ⟩ = 0 for all functions f on M so that the pairing between SVect(M) and Ω^1(M)/dΩ^0(M) is indeed well defined.

The case of manifolds with boundaries can be dealt with along similar lines using the fact that the vector field ξ has to be tangent to the boundary of M.

Finally, recall that in the adjoint representation, the group Diff(M) acts on its Lie algebra V ect(M) by coordinate changes: Ad_φ(ξ) = φ_∗ξ ∘ φ^{−1}. Hence we find

⟨Ad_φ(ξ), [u]⟩ = ∫ M u ∧ ι_{φ∗ξ∘φ}−1 μ = ∫ M (φ^{−1})^∗u ∧ ι_ξ(φ^{−1})^∗μ .

Since φ preserves the volume form μ, we have Ad^∗_φ[u] = [(φ^{−1})^∗u]. The statement on infinitesimal coadjoint action of the Lie algebra SV ect(M) follows directly. □

Exercise 3.1.1 Give a proof of Proposition 3.2 in the case that the manifold M has a non-empty boundary

3.2 The Euler equation of an ideal incompressible fluid

Let M be a n-dimensional Manifold or a subset of R^n and fix a volume form μ as well as a Riemannian metric ( , ) on M.

Definition 3.3 The Euler equation of an ideal, incompressible fluid on M is given by

ξ_t + (ξ, ∇)ξ = −∇p , divξ = 0 . (3.31)

Here, ξ denotes a time-dependent vector field on the manifold M (the velocity field), ξ_t is the partial derivative^∂_{∂t} ξ, and p is a time-dependent function on M (the pressure). If the manifold M has a non-empty boundary, we additionally require that the vector field ξ is tangent to the boundary of M.

Remark 3.4 Let us make the following observation: For a vector field ξ on the manifold M, let ϕ : R × M → M denote the flow of ξ. Then, by definition, we have^∂_{∂t} ϕ(t, x) = ξ(t, ϕ(t, x)) and ϕ(0, x) = x for all x ∈ M. By the chain rule, we get

∂^2 ∂t^2 ϕ = ξ_t + ξ_xϕ_t = ξ_t + ξ_xξ = ξ_t + (ξ, ∇)ξ .

Thus, rewritten as an equation for the flow ϕ, the Euler equation (3.31) is equivalent to the equation ∂^2 ∂t^2 ϕ = −∇p(t, ϕ(t, x)) . (3.32) Equation (3.32) has a natural interpretation as a geodesic equation: Indeed, the Riemannian metric ( , ) on the manifold M allows to define a quadratic form on SVect(M) via (ξ_1, ξ_2) = ∫ M (ξ_1, ξ_2)μ . (3.33)

This quadratic form defines a right invariant metric on the group SDiff(M) via right translation. Now, since the vector field ξ is divergence free, its flow ϕ(t, . ) at time t takes values in the group SDiff(M) of volume preserving diffeomorphisms of the manifold M.

Lemma 3.5 Equation (3.32) implies that the path ϕ is geodesic with respect to the rightinvariant metric on the group SDiff(M) defined by equation (3.33).

Proof. Note that we have ∫ M (∇p, ξ)μ = 0 for all divergence-free vector fields ξ and all smooth functions p on M. This implies that

∂^2 ∂t^2 ϕ = ∇p is a section of the normal bundle of SDiff(M) viewed as a subset of the Fréchet

space of all smooth maps from M to itself. Therefore the path ϕ is indeed geodesic. □

3.3 Hamiltonian structure and first integrals of the Euler equations for an incompressible fluid Recall, that the smooth part of the dual of the Lie algebra of volume preserving vector fields on a compact manifold M is given by the space Ω^1(M)/dΩ^0(M) of one-forms modulo exact one-forms. Furthermore, a metric ( , ) on the manifold M determines a left-invariant metric on the group SDiff(M), and hence an inertia operator

A : SVect(M) → Ω^1(M)/dΩ^0(M)

by A : ξ → [u] where u is the one form obtained from the vectorfield ξ by “raising the indices” with help of the metric. That is we set u( . ) = (ξ, . ). Since the Riemannian metric is non-degenerate, the map A is surjective.

Lemma 3.6 The Hamiltonian equation on Ω^1(M)/dΩ^0(M) with respect to the Hamiltonian function H([u]) = −⟨A^{−1}[u], [u]⟩ is given by d dt [u] = −L_ξ[u] , (3.34)

where u = ⟨ξ, ·⟩ is a fixed representative of A^{−1}[u].

Proof. Recall from corollary I.4.9 that the Hamiltonian equation with respect to the function H is given by d dt [u] = ad^∗_A−1_{[u]}[u] .

The coadjoint action of the Lie algebra SVect(M) on its dual is given by the negative of the Lie derivative so that we get equation (3.34). □

Corollary 3.7 The Hamiltonian equation (3.34) is equivalent to the Euler equation for an incompressible fluid on the Manifold M.

Proof. Rewriting equation (3.34) in terms of coset representatives gives ∂ ∂t u = −L_ξu − dp (3.35) for some time dependent function p. Passing back to vector fields, i.e. applying A on both sides of equation (3.35), we get our final equation: ∂ ∂t ξ = −(ξ, ∇)ξ − ∇p , This is the Euler equation for an incompressible ideal fluid on M where p is interpreted as the pressure function. □

u [u]

Figure 3.5: Projection of u ∈ Ω^1(M) to Ω^1(M)/dΩ^0(M).

Our next goal is to determine invariants of the coadjoint action of SDiff(M). To this end, we have the following proposition.

Proposition 3.8 If the dimension of M is n = 2m + 1, then the function

I([u]) = ∫ M u ∧ (du)^m is invariant under the coadjoint action of the group SDiff(M).

If dim(M) = 2m, then the function

I_k([u]) = ∫ M ( (du)^m μ )_k μ is invariant under the action of the group SDiff(M) for each k ∈ N .

Proof. We have to check that I and I_k are well defined functions on Ω^1(M)/dΩ^0(M). This is clear, since for exact one-forms dv, we have I([dv]) = 0. Furthermore, the group SDiff(M) acts on Ω^1(M)/dΩ^0(M) by change of coordinates so that the integrals I and I_k are indeed invariant under this action. □

Corollary 3.9 In odd, respectively even dimension, the functions I, respectively I_k on SVect(D) are first integrals of the Euler equation for an incompressible ideal fluid.

Proof. As we have seen in corollary 3.7, the Euler equation is Hamiltonian with respect to the usual Lie-Piosson bracket on the dual space of the Lie algebra SVect(M). Therefore its flow-lines lie in fixed coadjoint orbits of the group SDiff(M). But by Proposition 3.8, the functions I and I_k are constant on the coadjoint orbits and hence along the flow lines. □

Example 3.10 Consider a compact n-dimensional submanifold of R^n with the usual Euclidian metric. The inertia operator A maps a vector field ξ = ∑ ξ_i^∂_{∂xi} to the one form u_ξ = ∑ ξ_idx_i. Then the Euler equation has the form ∂ ∂t ξ = −(ξ, ∇)ξ − ∇p . Example 3.11 Specifying to the case of a 3-dimensional Manifold M, we see that the function I(ξ) = ∫ M u_ξdu_ξ is a first integral of the Euler equation. A short direct calculation gives I(ξ) = ∫ M ⟨ξ, curl(ξ)⟩d^3x . This last integral has a natural geometric meaning as the helicity of the vector field ξ:

Definition 3.12 Let M be a 3-dimensional compact manifold with a volume form μ and suppose that the second deRham cohomology group of M vanishes. Then, if ξ is a divergence-free vector field on M which is tangent to the boundary of M we know that the 2-form ω = ι_ξμ is closed, hence exact. So we can find a 1-form αon M such that ω = dα. The helicity of the vector field ξ is defined by H(ξ) = ∫ M ι_ξμ ∧ α = ∫ M dα ∧ α . Exercise 3.3.1 Show that the helicity does not depend on the ambiguity in the definition of the 1-form α.

Remark 3.13 The helicity of a vector field ξ has a more topological interpretation as the “average linking number” of the trajectories of ξ (see [10] for details).

Example 3.14 Similarly, specifying to he case of a 2-dimensional submanifold M ⊂ R^2 , we find infinitely many first integrals of the Euler equation, namely

I_k(ξ) = ∫ R^2 (curlξ)^kd^2x , where curl(ξ) =^{∂ξ1}_{∂x2} −^{∂ξ2}_{∂x1} is a function on R^2 .

3.4 More examples Here we state (without going into any details) some other examples of groups of diffeomorphisms together with the Euler equation they give rise to.

Recall that for a compact manifold M, we can identify the smooth part of the dual of Vect(M) with the space Ω^1(M) ⊗_C∞_{(M)} Ω^n(M) via the pairing ⟨ξ, α ⊗ μ⟩ = ∫ M ι_ξ(α)μ .

Example 3.15 Consider the group Diff(M) ⋉ C^∞(M). Its Lie algebra is given as a vector space by Vect(M) ⊕ C^∞(M). The smooth part of the dual of Vect(M) ⊕ C^∞(M) can be identified with Ω^1(M) ⊗_C∞_{(M)} Ω^n(M) ⊕ Ω^n(M) via the pairing ⟨(ξ, f), (α ⊗ μ, ν)⟩ = ∫ M ι_ξ(α)μ + ∫ M fν . Exercise 3.4.1 Show that the coadjoint action of the group Diff(M) ⋉ C^∞(M) on the space Ω^1(M) ⊗_C∞_{(M)} Ω^n(M) ⊕ Ω^n(M) is given by Ad^∗_{(φ,f)}(α ⊗ η, ν) = (φ^∗α ⊗ φ^∗η) + φ^∗df ⊗ φ^∗ν, φ^∗ν) . Exercise 3.4.2 Fix a map h : C^∞(M) → C^∞(M) which assigns to each function ρ (the density of the fluid) a function h(ρ) (the pressure of the fluid). Define a Hamiltonian H : Vect(M) ⊕ C^∞(M) → R by (ξ, ρ) → ∫ M ( 1 2 (ξ, ξ)ρ + ρΦ(ρ) ) μ , where Φ(ρ) is chosen such that ρ^2Φ^′(ρ) = h(ρ).

Show that the Euler equation corresponding to the Hamiltonian H is the Euler equation of a (baratropic) compressible fluid { ρ^d_{dt} ξ = −ρ(ξ, ∇)ξ − ∇h(ρ) d dt ρ + div(ρξ) = 0 .

(3.36)

Exercise 3.4.3 Find Casimir functions similar to the ones we discussed in the case of the Euler equation of an ideal fluid in the preceeding section.

Example 3.16 As another example, we can consider the Lie group SDiff(M)⋉SVect(M), where SVect(M) is viewed as an Abelian Lie group. The underlying vector space of its Lie algebra is SVect(M) ⊕ SVect(M). Again choosing a Riemannian metric on M, we can define a Hamiltonian function H : SVect(M) ⊕ SVect(M) → R via (ξ, B) → ∫ M (ξ, ξ)μ + ∫ M (B, B)μ . In this case, the resulting Euler equation are the equations of magnetic hydrodynamics, where ξ is interpreted as the velocity field and B is the magnetic field.

Exercise 3.4.4 Work out the details for the example above.

3.5 Riemannian Geometry of the Group SDiff

In this section, we sidestep slightly from our theme of studying the geometry of the coadjoint orbits of the group of volume preserving diffeomorphisms SDiff(M) and indicate without proofs some peculiarities of the geometry of the group itself.

Recall that a Riemannian metric ( , ) on the manifold M gives rise to a right-invariant metric on the group SDiff(M) by fixing it at the identity via

(ξ_1, ξ_2)_e = ∫ M (ξ_1, ξ_2)μ .

Definition 3.17 Let ϕ_t : [0, 1] → SDiff(M) be a path in the group SDiff(M), i.e. a family of volume preserving diffeomorphisms of M. The length of the path ϕ_t in the L^p-norm is defined to be

l_p(ϕ_t) =

∫_1 0 ‖ dϕ_t dt ‖_Lp dt = ∫_1 0 (∫ M ‖ dϕ_t dt ‖^pμ ) 1_p dt . Using the lengths of paths, one can define the L_p-distance between two diffeomorphisms φ and ψ by dist_p(φ, ψ) = inf{l_p(ϕ_t) | ϕ_0 = φ and ϕ_1 = ψ} .

Finally, the L_p-diameter of a path-connected component of the group SDiff(M) is defined by diam_p(SDiff(M)) = sup_{φ,ψ∈SDiff(M)} dist(φ, ψ) . The following two theorems show that there is a fundamental difference between the groups of volume preserving diffeomorphisms of manifolds of different dimensions:

Theorem 3.18 (Eliashberg, Ratiu, 1991) For all two-dimensional Riemannian manifolds M, the L_2-diameter of the group of volume-preserving diffeomorphisms is infinite:

diam_2(SDiff(M)) = ∞

Theorem 3.19 (Shnirelman 1985 and 1995) Let M^n be the n-dimensional unit cube with n ≥ 3 and the standard metric in R^n . Then the L_2-diameter of the group of volumepreserving diffeomorphisms is finite and we have the following estimate:

diam_2(SDiff(M)) < 2 √ n 3 . We will not prove these theorems here. However, a related result will be proved in section 3.6. To give a rough idea, how the distinction between dimension n = 2 and dimension n ≥ 3 comes about, consider a path in SDiff(M) and associate to each point in the path the Jacobi matrix of the corresponding diffeomorphism which is a matrix in SL_n(R ). This defines a path in SL_n(R ). Now, the fundamental group of SL_2(R ) is isomorphic to Z, while for n ≥ 3, the fundamental group of SL_n(R ) is isomorphic to Z/2Z. Hence, in two dimensions, the shortest path from the identity to an element of the group SDiff(M) can be very “twisted” which means that the element is far away from the identity in the L_p metric. In higher dimensions it is “easier” to “untwist” paths, so that any given element cannot be too far away from the identity.

3.6 Infinite Diameter of the group of Hamiltonian diffeomorphisms

In this section we will state and prove a result which is similar to Theorem 3.18 of Eliashberg and Ratiu on the diameter of the group of volume-preserving diffeomorphisms of a two-dimensional manifold.

To get started, let M^{2n} be a compact manifold with a symplectic form ω which is exact: ω = dα for some one-form α on M. Note, that in this situation, the manifold M has to have a non-empty boundary since otherwise we would have ∫ M ω^n = ∫ M d(α ∧ ω^{n−1}) = 0 , which is a contradiction.

Definition 3.20 Let the group Ham(M) be the group of Hamiltonian diffeomorphisms on M, i.e. the group of time-one flows of Hamiltonian vector fields on M. The Lie algebra of the group Ham(M) is the Lie algebra of Hamiltonian vector fields on M.

The main goal of this section is to prove the following theorem of Eliashberg and Ratiu:

Theorem 3.21 The L_p-diameter diam_p(Ham(M)) of the group of Hamiltonian diffeomorphisms is infinite in any right-invariant L_p metric.

Note that the strongest result is in the L^1-norm since

l_p( . ) ≥ C_{M,p} · l_1( . ) .

To give an example of a Hamiltonian diffeomorphism which is far away from the identity, let M be the unit disk in B^2 ⊂ R^2 with the standard volume form. Consider the quadratic potential H(x, y) =^r_2 (x^2 + y^2 − 1)^2. The time-one map of the corresponding Hamiltonian vector field is simply a rotation around the origin by the angle 2πr. So for big r, the corresponding diffeomorphism is far away from the identity since two-dimensionality prevents us to “unwind” the rotation by a short path from the identity.

The rest of this section is devoted to the proof of theorem 3.21 in the special case of the 2n-dimensional unit ball B^{2n} ⊂ R^{2n} with the standard symplectic form ω. Before we get started, we need some preparations:

Proposition / Definition 3.22 Given a one-form α on B^{2n} and a Hamiltonian diffeomorphism φ ∈ Ham(B^{2n}) fixing the boundary ∂B^{2n}, there exists a unique function h : B^{2n} → R vanishing with its gradient on ∂B^{2n} such that dh = α − φ^∗α.

Fix a one-form α such that ω = dα. The Calabi invariant of a Hamiltonian diffeomorphism φ, defined by Cal(φ) = 1 n + 1 ∫ B hω^n does not depend on the choice of α.

Proof. First, we show the existence of the function h. To this end, observe that the one-form α − φ^∗α is closed. Indeed, we have d(α − φ^∗α) = dα − φ^∗dα = ω − φ^∗ω = 0 since φ fixes the symplectic form ω. Now, since α is closed, it has to be exact so that there exists a function h on B^{2n} such that dh = α. The fact that φ restricted to the boundary of B^{2n} is the identity gives the condition ∇h|_{∂B}2n = 0, which fixes h uniquely.

To see that the Calabi invariant is indeed invariant of the choice of α, suppose that we have another ~α = α + df. Then we get ~h = h + (f − φ^∗f) But we have ∫ B^{2n} (φ^∗f)ω^n = ∫ B^{2n} fω^n since φ fixes ω. □

Remark 3.23 The Calabi-invariant Cal : Ham(B^{2n}) → R is a homomorphism. Indeed, if φ = φ_2 ∘ φ_1, then we have

dh = α − φ^∗α = α − φ^∗_2α + φ^∗_2α − φ^∗_2 ∘ φ^∗_1α = dh_2 − φ^∗_1dh_1

so that we get ∫ B^{2n} hω^n = ∫ B^{2n} h_1ω^n + ∫ B^{2n} h_2ω^n .

There is an alternative definition of the Calabi invariant Cal(φ): Let φ_t be a path in Ham(B^{2n}) such that φ_0 = id, and φ_T = φ. Then φ_t is the time-one flow of a Hamiltonian function H_t : B^{2n} × [0, T ] → R (see figure 3.6). H

t B^{2n} Figure 3.6: Graph of the function H_t : B^{2n} × [0, T ] → R

Theorem 3.24 The Calabi-invariant of a Hamiltonian diffeomorphism φ of B^{2n} can be written as Cal(φ) = ∫_T 0 (∫ B^{2n} H_tω^n ) dt . In particular, the integral ∫_T 0 (∫ B^{2n} Htω n) dt does not depend on the chice of the path φ_t.

Proof. Let φ_t ∈ Ham(B^{2n}) be a path such that φ_0 = id and φ_T = φ. We have to show that ∫ B hω^n = (n + 1) ∫_T 0 (∫ B^{2n} H_tω^n ) dt (3.37)

Due to the homomorphism property of the Calabi invariant, it is enough to show this equality for infinitesimal short time. That is, it is enough differentiate both sides with respect to t at t = 0 and observe that the results coincide. That is, we need to prove the identity ∫ B d dt |_{t=0}hω^n = (n + 1) ∫ B^{2n} H_tω^n . Let ξ denote the Hamiltonian vector field ξ =^d_{dt} |_{t=0}φ_t. Then, by the definition of the function h in Proposition 3.22, we get d( d dt h) = −L_ξα , (3.38)

where L_ξα denotes the Lie derivative of the one-form α with respect to the vector field ξ. We can apply Cartan’s formula to find −L_ξα = −dι_ξα − ι_ξdα = d(H − ι_ξα) , (3.39) since H is the Hamiltonian function corresponding to the vector field ξ, i.e. −dH = ι_ξω = ι_ξdα. Equations (3.38) and (3.39) allows to reconstruct^d_{dt} h: d dt h = H − ι_ξα + const for some constant const ∈ R . The boundary conditions for h force the constant to be 0 so that we get d dt h = H − ι_ξα . Now, Theorem 3.24 follows from the next lemma: □

Lemma 3.25 − ∫ B^{2n} ι_ξα ∧ ω^n = n ∫ B^{2n} Hω^n

Proof. We can calculate − ∫ B^{2n} ι_ξα ∧ ω^n = − ∫ B^{2n} α ∧ ι_ξ(ω^n) = −n ∫ B^{2n} α ∧ ι_ξ(ω) ∧ ω^{n−1} =n ∫ B^{2n} α ∧ dH ∧ ω^{n−1} = n ∫ B^{2n} dα ∧ dH ∧ ω^{n−1} − n ∫ ∂B^{2n} α ∧ H ∧ ω^{n−1} =n ∫ B^{2n} dα ∧ dH ∧ ω^{n−1} .

The boundary term vanishes due to the boundary conditions on the function H. This finishes the proof of Lemma 3.25. Theorem 3.24 follows from ∫ B^{2n} ( d dt |_{t=0}h ) ω^n = ∫ B^{2n} (H − ι_ξα) = (n + 1) ∫ B^{2n} Hω^n . □ Now we are ready to give a proof of Theorem 3.21 in the case M = B^{2n}, the unit ball in R^{2n} .

Proof. Let ω denote the standard symplectic structure on R^{2n} , and let μ = ω^n be the corresponding volume form. The L_2-length of a path φ_t joining the identity φ_0 = id and an arbitrary Hamiltonian diffeomorphism φ_1 = φ is given by

l_2(φ_t) =

∫_1 0 (∫ B^{2n} ‖ dφ_t dt ‖^2μ

) 1_2 dt = ∫_1 0 (∫ B^{2n} ‖∇H_t(φ_t)‖^2μ ) 1_2 dt = ∫_1 0 ‖∇H_t‖_{L2} dt The estimate now follows from the Poincaré and Schwarz inequalities:

l_2(φ_t) =

∫_1 0 ‖∇H_t‖_{L2} dt ≥ c_1 ∫_1 0 ‖H_t‖_{L2} ≥ c_2dt ∫_1 0 ‖H_t‖_{L1} dt ≥c_2 ∫_1 0 ∫ B^{2n} H_tμdt = c_2 · Cal(ϕ) . Now, since Cal : Ham(B^{2n}) → R is a non-trivial homomorphism, one can find a Hamiltonian diffeomorphism of B^{2n} with arbitrarily large Calabi invariant. □

3.7 The symplectic structure on the space of curves Let us fix the standard volume form μ = d^3x on R^3 . Consider an immersion of the circle S^1 into R^3 , i.e. a knot in R^3 . Throughout this section, we fix a parametrization of the circle S^1 so that the knot gives us a parametrized closed curve γ in R^3 . We can use this curve to define a functional on SVect(R^3 ), i.e. an element of the dual space SVect(R^3 )^∗ as follows: Fix a compact oriented surface S ⊂ R^3 such that the boundary of S coincides with γ: ∂S = γ. Such a surface is called a Seifert surface for γ. Then to any vector field ξ ∈ Vect(R^3 ), we can associate its Flux through the surface S. If the vector field ξ is divergence free, the Flux does not depend on the choice of the surface S so that the curve γ defines a functional on the Lie algebra SVect(R^3 ): ⟨γ, ξ⟩ = F lux(ξ)|_S = ∫ S ι_ξμ . (3.40)

Figure 3.7: Seifert surface for the unknot

Remark 3.26 Obviously, the functional on the Lie algebra SVect(R^3 ) defined by the curve γ does not lie in the smooth part of the dual of SVect(R^3 ). But we can still associate a one form u on R^3 to γ which however will not be a smooth one-form but a “δ-type” one-form which is supported on the surface S. Roughly speaking, the one form u integrated over a closed curve σ in R^3 counts the intersections of σ with the surface S with appropriate multiplicities. As in the smooth case, the one-form u is not defined uniquely, but only up to an exact one form so that the curve γ determines an element [u] ∈ Ω^1(R^3 )/dΩ^0(R^3 ). Here Ω^1(R^3 ) denotes the space of δ-type one-forms which can be viewed as a completion of the space of usual one-forms and Ω^0(R^3 ) denotes the space of δ-functions on R^3 .

Exercise 3.7.1 Check the well-definedness of [u].

Remark 3.27 As we have seen above, a knot γ in R^3 can be seen as an element of the (full) dual space of the Lie algebra of divergence free vector fields on R^3 . From this viewpoint, the coadjoint orbit through γ is the equivalence class of γ. This leads to the somewhat rough statement that the knot-invariants are among the coadjoint invariants of the Lie group SDiff(R^3 ).

Definition 3.28 The Marsden-Weinstein symplectic structure ω on the space of unparametrized immersed curves in R^3 is defined as follows: Let γ be a closed immersed curve in R^3 , and suppose that we have fixed a parametrization θ of the circle S^1. Let α and β two tangent vectors at γ. That is, α and β are vectorfields along γ which are not tangent to γ. Then we can define a two form ω on the space of immersed curves in R^3 , which, evaluated on two tangent vectors α and β at γ is defined to be the volume of the wedge spanned by α(θ), β(θ), and γ^′(θ) integrated over θ (see figure 3.7): ω(α, β) = ∫ vol(α(θ), β(θ), γ^′(θ))dθ = ∫ ι_αι_β μ .

Proposition 3.29 The Marsden-Weinstein symplectic structure at a curve γ coincides with the natural symplectic structure on the coadjoint orbit of the group SDiff(R^3 ) through the curve γ viewed as an element of the dual space of SVect(R^3 ).

Exercise 3.7.2 Give a proof of this proposition.

Figure 3.8: ω evaluated on two tangent vectors at the point γ

Remark 3.30 The same construction works for any 3-dimensional Riemannian manifold. In higher dimensions, a similar construction allows to define a symplectic structure on the space of immersed submanifolds of codimension 2.

In three dimensions, there exists a natural “energy” function H on the space of immersed paths which assigns to a path γ its length: H(γ) = ∫ ‖γ^′(θ)‖dθ . Proposition 3.31 The Hamiltonian equation corresponding to the energy function H is given by the binormal or filament equation γ_t = γ^′ × γ^{′′} . (3.41) Here, γ^′ denotes the derivative^∂_{∂θ} γ.

Exercise 3.7.3 Give a proof of this proposition Remark 3.32 Equation (3.41) is equivalent to the Landau-Lifschitz equation: Set L = γ^′. Then equation (3.41) becomes L_t = γ^′_t = γ^{′′} × γ^{′′} + γ^′ × γ^{′′} = γ^′ × γ^{′′} , so that we get L_t = L × L^{′′} which is the simplest form of the Landau-Lifschitz equation.

Remark 3.33 The Landau-Lifschitz equation has another interpretation as the Euler equation for a certain left-invariant metric on the loop group L(SO(3)) = C^∞(S^1, SO(3)). To be more precise, let us identify the Lie algebra L(so(3)) = C^∞(S^1, so(3)) with the smooth part of its dual via the pairing ⟨X, Y ⟩ = ∫ S^1 tr(X(θ)Y (θ))dθ . Then we can define an inertia operator A : L(so(3)) → L(so(3))^∗ by prescribing its inverse: A^{−1}(X) = X^{′′} .

The corresponding left-invariant metric on the group L(SO(3)) is the so called H^{−1}-metric. Finally, the energy function on the dual space L(so(3))^∗ is given by E(X) = ∫ S^1 tr(∂^{−1}X, ∂^{−1}X)dt . Exercise 3.7.4 Show that the Landau-Lifschitz equation is the Euler equation for the Energy E.

Remark 3.34 The Hasimoto transformation sends the binormal equation to the nonlinear Schrödinger equation. 3.8 Bibliographical notes

text is missing

4 The group of pseudo differential operators

The Lie algebra of vector fields on the circle embeds naturally into the Lie algebra of differential operators on S^1, where the Lie bracket of two differential operators is given by their commutator: [A, B] = A ∘ B − B ∘ A. We have seen in section 2.1 that the Lie algebra of vector fields on the circle admits an essentially unique central extension, the Virasoro algebra. Hence it is natural to ask, if the Lie algebra of Differential operators on S^1 also admits a central extension which, restricted to the subalgebra of vector fields gives the Virasoro algebra. Such an extension has been constructed by Kac and Peterson in in [44].

In this section, we will study the Lie algebra ψDO of pseudo differential operators on S^1 which contains the algebra DO of differential operators as a subalgebra. It turns out that the Lie algebra ψDO admits a central extension which, restricted to subalgebra DO gives back the Kac Peterson extension ^DO. From this point of view, the Lie algebra of pseudo differential operators is the most general of the three Lie algebras mentioned above. Maybe surprisingly, the construction of the central extension of ψDO is rather easy and resembles the construction of the affine Lie algebras in section 1.

There does not seem to be a Lie group attached to the Lie algebra of pseudo differential operators or to its central extension ^ψDO. However, after extending the Lie algebra ^ψDO further by adding an outer derivation, we can find a subalgebra of the big Lie algebra to which there is a Lie group attached, the group ~G_{int} of α-pseudo differential operators. We shall describe this group in section 4.4. It turns out, that the corresponding Lie algebra is a Lie bi-algebra which in turn implies that the group ~G_{int} is a Poisson Lie group, i.e. that it admits a Poisson structure which is compatible with the group structure. This Poisson structure is the so called Gelfand Dickey structure. In section 4.5 we describe a hierarchy of Hamiltonian attached to this Poisson structure.

4.1 The Lie algebra of pseudo differential operators

Definition 4.1 The associative algebra ψDO of pseudo differential operators consists of formal series A(θ, ∂) = n∑ k=−∞ a_k(θ)∂^k with a_k ∈ C^∞(S^1). The multiplication in ψDO is given by the Leibnitz rule for multiplication of differential operators: ∂^k ∘ f∂^n = f∂^{n+k} + ∞∑ i=1 ( k i ) f^{(i)}∂^{n+k−i} , (4.42)

where ( k i ) = k(k − 1)(k − 2) · · · (k − i + 1) i! (4.43)

denotes the binomial coefficient. The Lie algebra structure on ψDO is given by the usual commutator [A, B] = A ∘ B − B ∘ A.

Remark 4.2 For k > 0, equation (4.42) should be interpreted as the Leibnitz rule for differential operators: For example, in the case k = 1, we have ∂(fg) = f∂g + f^′g. In particular, the Lie algebra DO = { n∑ k=0 a_k(θ)∂^k | a_k ∈ C^∞(S^1)}

of differential operators on S^1 is a subalgebra of ψDO. Similarly, we can define the subalgebra g_{int} if integral differential symbols to be g_{int} = { −1∑ k=−∞ a_k(θ)∂^k | a_k ∈ C^∞(S^1)} .

As a vector space, the Lie algebra ψDO admits a direct sum decomposition ψDO = DO ⊕ g_{int}. Remark 4.3 For k < 0, the binomial coefficients (4.43) are never zero so that the sum on the left hand side of equation (4.42) is infinite. For example, for k = −1, we get

∂^{−1} ∘ f = f∂^{−1} − f^′∂^{−1} + f^{′′}∂^{−3} − . . . ,

which makes sense, since we now have ∂ ∘ (∂^{−1} ∘ f) = ∂^{−1} ∘ (∂ ∘ f) = f so that ∂ and ∂^{−1} are indeed inverse to each other.

One of the nice properties of the Lie algebra of pseudo differential operators is that admits an analogue of the trace of usual matrices:

Definition 4.4 The trace of a pseudo differential operator A = ∑ a_i(θ)∂^i is defined by tr (_n ∑ i=−∞ a_i(θ)∂^i ) = ∫ S^1 a_{−1}(θ)dθ .

Exercise 4.1.1 Show that tr[A, B] = 0 for all a, B ∈ ψDO. This implies that the bilinear form (A, B) = tr(A ∘ B) is invariant, i.e. that it satisfies ([A, B], C) = (A, [B, C]).

Exercise 4.1.2 Show that the bilinear form (A, B) = tr(A ∘ B) is non-degenerate on ψDO and that the subalgebras DO and g_{int} are isotropic subspaces of ψDO.

4.2 Outer derivations and central extensions of ψDO

Suppose, we want to find the logarithm of the differential operator ∂. To do this heuristically, note that in the definition of the product of two pseudo differential operators in formula (4.42) we can replace the integer k by an arbitrary real number α so that we get

[∂^α, f∂^n] = ∞∑ i=1 ( α i ) f^{(i)}∂^{n+α−i} , (4.44) where the binomial coefficients on the right hand side are defined exactly as in the integer case. Formally, we can write d dα |_{α=0}∂^α = (log ∂)∂^α|_{α=0} = log α .

Hence, differentiating both sides of equation (4.44) at α = 0 gives

[log ∂, f∂^n] = ∞∑ i=1 (−1)^{i+1} i f^{(i)}∂^{n−i}. (4.45)

We use this formula to define the map [log ∂, . ] : ψDO → ψDO.

Proposition / Definition 4.5 The linear map [log ∂, . ] : ψDO → ψDO which is given by formula (4.45) is an outer derivation of the Lie algebra ψDO of pseudo differential operators.

It is a direct calculation to check that the map [log ∂, . ] is indeed a derivation of the Lie algebra ψDO. The fact that it is outer will be clear after Proposition 4.6 (see Remark 4.9). The derivation [log ∂, . ] can be used to define a central extension of the Lie algebra ψDO. Exercise 4.2.1 Show that the map c : ψDO × ψDO → R which is given by A, B → tr([log ∂, A] ∘ B) is a Lie algebra two-cocycle on ψDO.

It turns out that the cocycle c on the Lie algebra ψDO generalizes some of the Lie algebra cocycles we have met before:

Proposition 4.6 The restriction of the cocycle c to the subalgebra Vect(S^1) ⊂ ψDO gives the Gelfand-Fuchs cocycle, i.e. c(f∂, g∂) = 1 6 ∫ S^1 g^′f^{′′} for all functions f and g on S^1.

Proof. This is a direct calculation: c(f∂, g∂) =tr([log ∂, f∂] ∘ g∂) = tr(g∂ ∘ [log ∂, f∂]) =tr ( g∂ ∘ ∞∑ i=0 (−1)^{i+1} i f^{(i)}∂^{1−i} )

=tr (_∞ ∑ i=1 (−1)^{i+1} i g(f^{(i+1)}∂^{1−i} + f^{(i)}∂^{1−i+1}) )

The coefficient of ∂^{−1} in the last sum is −^1_2 gf^{′′′} +^1_3 gf^{′′′} = −^1_6 gf^{′′′}. So by definition of the trace, we have c(f∂, g∂) = − ∫ S^1 1 6 gf^{′′′} = 1 6 ∫ S^1 g^′f^{′′}, which is the Gelfand-Fuchs cocycle. □

Corollary 4.7 The restriction of the cocycle c to the subalgebra of differential operators DO ⊂ ψDO is the Kac-Peterson cocycle.

Exercise 4.2.2 Show that the restriction of the cocycle c to the Abelian subalgebra C^∞(S^1) of smooth functions on the circle gives the cocycle defining the infinite-dimensional Heisenberg algebra. That is c(f, g) = ∫ S^1 f^′g for all smooth functions f and g on S^1.

Remark 4.8 One can easily generalize the cocycle c to the Lie algebra of gl_n-valued pseudo differential operators. Then the restriction to the subalgebra of Lie algebra valued functions gives back the cocycle defining the affine Lie algebra ~gl_n.

Remark 4.9 Proposition 4.6 shows in particular that the cocycle c cannot be trivial. Indeed, otherwise it would have to be trivial restricted to all subalgebras of ψDO which, by Proposition 4.6, can not be true. This also implies that the derivation [log, . ] is outer since otherwise the cocycle c would be trivial.

Remark 4.10 Note the analogy between the construction of the cocycle c on ψDO and the cocycle defining the central extension of the loop algebra Lg discussed in section 1: The cocycle on Lg was defined by ω(X, Y ) = ∫ S^1 tr(X d dθ Y ) = ⟨[ d dθ , X], Y ⟩ . So the outer derivation^d_{dt} of the loop algebra Lg is “replaced” by the outer derivation log ∂ of the Lie algebra ψDO.

Remark 4.11 Obviously, the function f : R → R , f(x) = x is not defined on the circle. Nevertheless, the commutator [x, A] with any element A ∈ ψDO is a pseudo differential operator on S^1. This allows to define a 2-cocycle c^′ on the Lie algebra ψDO by c^′(A, B) = tr([x, A] ∘ B) . It has been shown by B. Feigin (cite...) that the cocycles c and c^′ span the second cohomology of the Lie algebra ψDO. Note however that the restriction of the cocycle c^′ to the subalgebra DO ⊂ ψDO vanishes: We have c^′(A, B) = 0 for all differential operators A and B. Similarly, the cocycle c restricted to the subalgebra g_{int} of integral pseudo differential operators vanishes.

This symmetry between the cocycles c and c^′ becomes even more apparent if we consider the Lie algebra of pseudo differential operators on C^∗ . If we identify z with e^{iθ}, the cocycle c^′ takes the form c^′(A, B) = tr([log z, A] ∘ B] . 4.3 The doubly extended Lie algebra ~ψDO and Manin triples

The cocycle c discussed in the last section defines a central extension ^ψDO of the Lie algebra ψDO. In this section we are concerned with a slightly bigger Lie algebra which is obtained by extending ^ψDO by the derivation log ∂.

Definition 4.12 Extend the derivation [log ∂, . ] to a derivation on the Lie algebra ^ψDO by letting it act trivially on the center. The “double extension” of the Lie algebra ψDO is given as the semi-direct product ~ ψDO = ^ψDO ⋊ R log ∂ . Remark 4.13 As a vector space, the Lie algebra ~ψDO has a direct sum decomposition ~ ψDO = ^DO ⊕ ~g_{int} , where ~g_{int} denotes the Lie algebra of integral differential operators g_{int} extended by the “cocentral” direction log ∂, and ^DO denotes the centrally extended Lie algebra of differential operators on S^1 (see figure 4.13). ^DO (see figure 4.13).

log ∂

C ∂^0 ∂^1 ∂^2 ∂^3 ∂^4

~g_{int}

^DO

∂^{−1} ∂^{−2} ∂^{−3} ∂^{−4}

Figure 4.9: ^DO and ~g_{int} as subalgebras of the Lie algebra ~ψDO.

The advantage of the doubly extended Lie algebra ~ψDO is that it admits a non-degenerate invariant bilinear form (the ”Killing form”):

Exercise 4.3.1 Show that the bilinear form ( , ) on the Lie algebra ~ψDO which is given by (A + b_1C + α_1 log ∂, B + b_2C + α_2 log ∂) = tr(A ∘ B) + b_1α_1 + b_2α_2 . (4.46)

is non-degenerate and invariant. Show that the subalgebras ^DO and ~g_{int} are isotropic subspaces of ~ψDO.

Corollary 4.14 The bilinear form ( , ) on ~ψDO identifies ~g_{int} with the (smooth part of) the dual of ^DO and vice versa.

A more elaborate form of stating these observations is to say that the Lie algebras ~ ψDO, ^DO, and ~g_{int} form a Manin triple:

Definition 4.15 Three Lie algebras g, g_+ and g_− form a Manin triple if the following two conditions are satisfied:

1. The Lie algebras g_± are nontrivial subalgebras of g such that g = g_+ ⊕ g_−.

2. There exists a non-degenerate invariant bilinear form on g such that g_+ and g_− are isotropic subspaces.

The importance of Manin triples comes from the fact that there is a one to one correspondence between Manin triples and Lie bi-algebras:

Definition 4.16 A Lie algebra g is called a Lie bi-algebra if its dual space g^∗ comes equipped with a Lie algebra structure [ , ]^∗ such that the map α : g → g ∧ g which is dual to the commutator map [ , ]^∗ : g^∗ ∧ g^∗ → g^∗ satisfies

ad_X α(Y ) = α([X, Y ]) , (4.47)

where ad denotes the adjoint action of g on g ∧ g.^1

Theorem 4.17 Let (g, g_+, g_−) be a Manin triple. Then the Lie algebra g_− is naturally identified with g^∗_+ and gives g_+ the structure of a Lie bi-algebra. On the other hand, for any Lie bi-algebra g there is a natural Lie algebra structure on g = g⊕g^∗ such that (g, g, g^∗) forms a Manin triple.

Given a Lie bi-algebra g, we can define a commutator on g = g ⊕ g^∗ by

[X + a, Y + b]_g = [X, Y ]_g − ad^∗_b (X) + ad^∗_a(Y ) + [a, b]_g∗ + ad^∗_X (b) − ad^∗_Y (a)

for all X, Y ∈ g and a, b ∈ g^∗. The condition that this commutator satisfies the Jacobi identity is equivalent to the condition (4.47) on the map α. For a full proof of Theorem 4.17 we refer the reader to e.g. [86].

Now we can restate our observations about the Lie algebra ~g_{int} in this more elaborate language.

Corollary 4.18 The Lie algebras ~ψDO, ^DO and ~g_{int} form a Manin triple. In particular, ~g_{int} is a Lie bi-algebra.

4.4 The Lie group of α-pseudo differential operators

The Lie algebra DO of differential operators on the circle and its central extension ^DO do not seem to have Lie groups attached to them. However, the dual part ~g_{int} of the Manin triple (~ψDO, ^DO, ~g_{int}), i.e. the Lie algebra of integral pseudo differential operators comes with a group attached to it, the so called group of α-differential operators ~G_{int}. In this section we will describe this group and a natural Poisson structure on it which comes from the bi-algebra structure of its Lie algebra. In the final section of this chapter we will see how this Poisson structure gives rise to interesting Hamiltonian hierarchies.

1The condition on the map α states that α should be a Lie algebra 1-cocycle values in g∧g corresponding to the adjoint representation of g on g ∧ g.

Definition 4.19 Define the group of α-pseudo differential operators to be the set of monic pseudo differential operators of degree α ∈ R :

~G_{int} = {∂^α(1 +^{−1} ∑ i=−∞ a_i(θ)∂^i) | α ∈ R , a_i ∈ C^∞(S^1)} . The product on ~G_{int} is defined by

∂^α ∘ f = f∂^α + ∞∑ i=1 ( α i ) f^{(i)}∂^{α−i} .

Exercise 4.4.1 Check that ~G_{int} is indeed a group, i.e. that it is closed under taking inverses.

log ∂

~Gint

^DO = ~g∗int

~gint

α = const

Gint α

Figure 4.10: The group ~G_{int} of α-pseudo differential operators and its Lie algebra ~g_{int}

Remark 4.20 To define a topology on ~G_{int}, observe that the group ~G_{int} can be written as a semi-direct product ~G_{int} = G_{int} ⋊ {∂^α | α ∈ R } , where G_{int} denotes the group of monic pseudo differential operators of degree 0, and {∂^α | α ∈ R } is a one-parameter subgroup of ~G_{int}. The group G_{int} is the inverse limit of Fréchet vector spaces (each one being the direct sum of finitely many C^∞(S^1)’s with the usual C^∞ topology), hence it can be endowed with the inverse limit topology. In the α-direction we use the usual topology on R . Finally we give ~G_{int} the direct product topology of G_{int} and the α-direction.

Remark 4.21 Suppose, there exists an exponential map exp : ~g_{int} → ~G_{int}. Let A ∈ g_{int} be a pseudo differential operator. Then, if it existed, the element P_t = exp(t(a log ∂ + A)) should satisfy the equation ( d dt ) ∘ ( P_t ∘ P^{−1}_t ) = a log ∂ + A . (4.48)

It turns out that in the case of the Lie algebra ~g_{int}, this equation can be used to define the one-parameter subgroup P_t and hence the exponential map. This is the content of the following theorem which we will prove in section 4.6.

Theorem 4.22 The exponential map exp : ~g_{int} → ~G_{int} which is defined by a log ∂ + A → P_1, where P_1 is defined by equation (4.48) is well defined and bijective.

Remark 4.23 Since the exponential map exp : ~g_{int} → ~G_{int} is bijective, the group G_{int} can be viewed as an infinite dimensional analogue of the finite dimensional unipotent group.

The fact that ~g_{int} is a Lie bi-algebra implies that the corresponding Lie group ~G_{int} is a Poisson Lie group:

Definition 4.24 A Poisson Lie group (G, { , }) is a Lie group G together with with a Poisson structure { , } on the underlying manifold such that the multiplication is a Poisson map G × G → G with respect to the product Poisson structure on G × G and the inverse G → G^− is a Poisson map G → G^− where G^− denotes the Lie group G equipped with the negative of the Poisson structure of G.

Theorem 4.25 For any simply connected Lie group G, there is a one-to-one correspondence between the the set of Lie bi-algebra structures on its Lie algebra g and Poisson Lie group structures on G.

For a proof of this theorem, see e.g. [68]. Here we shall only recall the construction of the Poisson bracket on G from the Lie bi-algebra structure on g (which is all we will need later). Since the Lie algebra g is a bi-algebra, it is part of a Manin triple (ḡ, g, g^∗). Suppose there is a Lie group Ḡ corresponding to the Lie algebra ḡ. We can define a Poisson structure on the group G as follows: Let ξ, η ∈ T^∗_g G be cotangent vectors at a point g ∈ G. Let A = r^∗_g ξ and B = r^∗_g η denote their pull-backs to T^∗_e G = g^∗, and let Ā and B̄ be arbitrary extensions of A and B to cotangent vectors of the larger group, i.e. Ā, B̄ ∈ T^∗_e Ḡ = ḡ^∗. Furthermore, for Ā ∈ ḡ, let (Ā)_+ denote the restriction of Ā to g^∗ ⊂ ḡ. Then the bivector field Π which defines the Poisson structure on the group G evaluated on the co-vectors ξ and η is gigen by Π_g(ξ, η) = ⟨(Ā)_+, B̄⟩ − ⟨(Ad_gĀ)_+, Ad_gB̄⟩ . Remark 4.26 Note that we don’t need the existence of a Lie group Ḡ corresponding to the Lie algebra ḡ. For the construction above to work it is enough to know how the Lie group G acts on the Lie algebras ḡ.

Corollary 4.27 The group ~G_{int} carries a natural Poisson structure which makes it into a Poisson Lie group.

As it turns out, the Poisson structure on the group ~G_{int} has a very concrete description:

Definition 4.28 The quadratic (or second) generalized Gelfand-Dickey Poisson structure { , }_{GD} on the group ~G_{int} is defined as follows:

1. For two functions f, g : ~G_{int} → R , the value of {f, g}_{GD} at some point ∂^{α0} (1 + . . .) ∈ ~G_{int} depends only on the restriction of f and g to the α = α_0 hyperplane.

2. We can identify the tangent space of the α = α_0-hyperplane with the set ∂^{α0} ∘(1+g_{int}) and the cotangent space with DO∘∂^{−α0} . The pairing between ∂^{α0} ∘g_{int} and DO∘∂^{−α0} is given by ⟨A, δL⟩ = tr(A ∘ δL), where A ∈ DO ∘ ∂^{−α0} and δL ∈ ∂^{α0} ∘ g_{int} is a tangent vector at L.

3. Now it is sufficient to define the Poisson bracket on linear functionals A, B ∈ DO ∘ ∂^{−α0} . We define {A, B}_{GD}(L) = ⟨B, V^2_A(L)⟩ , where V^2_A(L) is defined by

V^2_A(L) = (L ∘ A)_+ ∘ L − L ∘ (A ∘ L)_+ .

Here X_+ denotes the positive (differential) part of a pseudo differential operator X ∈ ψDO. Remark 4.29 Note that if the degree of L is α and the degree of A is −α, then the degree of V^2_A(L) differs from α at most by an integer. This is important since otherwise the pairing ⟨B, (V^2_A(L))⟩ = tr(B ∘ (V^2_A(L)) would vanish.

Theorem 4.30 The Poisson structure in ~G_{int} which comes from the Lie bi-algebra structure of its Lie algebra as described in Corollary 4.27 coincides with the negative of the quadratic generalized Gelfand-Dickey structure.

Proof. We first show that the function deg : ~G_{int} → R which assigns to a pseudo differential operator the degree of its leading coefficient is a Casimir function on ~G_{int}. Indeed, the differential d deg_L is an element of the cotangent space T^∗_L ~G_{int} and its pullback to the identity is given by r^∗_L(d deg_L) = (0, 1) ∈ ^DO = DO ⊕ R . Let f : ~G_{int} → R be any differentable function. Then r^∗_L(df_L) = (A, a) for some (A, a) ∈ ^DO. Let (Ā, a, α) be any extension of (A, a) to ~ψDO = ψDO ⊕ R ⊕ R log ∂. Here, Ā denotes an extension of A to ψDO = DO ⊕ g_{int}. Similarly, let (bar0, 1, β) be any extension of (0, 1) to ~ψDO. Then, since (0, 1) is central, we have L ∘ (O, 1) ∘ L^{−1} = (0, 1) and L ∘ (Ā, a, α) = (B̄, b, α) for some B̄ ∈ ψDO and n ∈ R . In particular, α is invariant under conjugation with L. This shows that {deg(L), f(L)} = ⟨(0, 1)_+, (Ā, a, α)⟩ − ⟨(L ∘ (0, 1) ∘ L^{−1})_+, L ∘ (Ā, a, α) ∘ L^{−1}⟩ = 0 . Since the function deg is a Casimir function, all deg(L) = const-hyperplanes in ~G_{int} are Poisson submanifolds and we can restrict our attention to their tangent spaces. Let X and Y be cotangent vectors in L at the α = α_0 hyperplane. Then we view X and Y as elements of ∂^{−α0} DO. Let X̄ and Ȳ denote an arbitrary extension of X and Y to ∂^{−α0} ψDO. By the definition of the poisson bracket on ~G_{int}, we can write

Π_L(X, Y ) =⟨(r_L ∗ X̄)_+, r_L ∗ Ȳ ⟩ − ⟨(Ad_L(r_L ∗ X̄))_+, Ad_Lr_L ∗ Ȳ ⟩ =⟨(X̄ ∘ L)_+, Ȳ ∘ L⟩ − ⟨(L ∘ X̄)_+, L ∘ Ȳ ⟩ =⟨L ∘ (X̄ ∘ L)_+ − (L ∘ X̄)_+ ∘ L, Ȳ ⟩ .

which is the negative of the quadratic generalized Gelfand Dickey bracket. □

Remark 4.31 The so called first (or linear) generalized Gelfand Dickey structure can be defined on the α ∈ Z-hyperplanes in ~G_{int} by setting

V^1_A(L) = ([L, A])_+ − [L, (A)_+] . (4.49)

It turns out that the first and the second generalized Gelfand Dickey structures are compatible: Indeed, we have

V^2_A(L + λ∂^0) = V^2_A(L) + λV^1_A(L)

so that V^2_A(L) + λV^1_A(L) is the second Gelfand Dickey structure shifted by λ∂^0.

Usually, for example when studying the n-KdV equation, the operator L is taken to be a pure differential operator L = ∂^n + u_1∂^{n−1} + . . . + u_1 of degree n ≥ 0. Linear functionals on such differential operators are given by pseudo differential operators A of degree deg(A) ≤ −1 via the paring ⟨A, L⟩ = tr(A ∘ L). Since the degree of A is negative, we have (A)_+ = 0 so that the term [L, (A)_+] does not appear in equation (4.49). Thus in this case, the first generalized Gelfand Dickey structure reduces to the usual first Gelfand Dickey structure which is defined by V_A(L) = ([L, A])_+. Note that this Poisson structure is nothing else but the usual Lie-Poisson structure on ~g_{int} ∼= ^DO^∗.

4.5 Integrable hierarchies on ~G_{int}

We begin by noting that for every element L ∈ ~G_{int}, there exists a one-parameter subgroup L^t passing through L. This comes from the fact that the exponential map ~g_{int} → ~G_{int} is surjective. Let us call the exponent α of the leading term of L the degree deg(L) of the operator L. It follows from the explicit description of the exponential map that deg(L^t) = t deg(L) for all t ∈ R .

Define functions H_m : G_{int} → R for m ∈ N by

H_m(L) = tr(L^{mα} )

for any L of degree α. As remarked above, the degree of the operator L^mα equals m, so that none of the functions H_m vanishes.

Theorem 4.32 1. The functions H_m are in involution with respect to the Poisson structure on G_{int}.

2. Each H_m defines a Hamiltonian equation on G_{int} which is given by ∂L ∂t_m = [L, (L^{mα} )_+] ,

where, as above, (L^mα )_+ denotes the pure differential part of the operator L^mα .

3. The Hamiltonian equation corresponding to H_m is well defined on any deg(L) = const-hyperplane in G_{int}.

Before we can prove this theorem, we need the following general lemma.

Lemma 4.33 Let L be a pseudo differential operator of order α ≠ 0 with leading coefficient 1. Then there exists a pseudo differential operator Q of the form

Q = u_0(θ) + u_1(θ)∂^{−1} + u_2(θ)∂^{−2} + . . .

such that u_0 is nowhere vanishing and L_0 = QLQ^{−1} has constant coefficients.

Exercise 4.5.1 Give a proof of this Lemma by induction on the order of the (undetermined) coefficients of Q and L_0. Note in particular that up to a multiplicative constant, the coefficient u_0 is determined by a_1.

Proof. of Theorem 4.32 We start by proving part 2. Let us fix a differential operator L of degree α. Since we can identify the tangent space of ~G_{int} at the point L with the space ∂^α ∘ g_{int}, the differential of the function H_m at L ∈ ~G_{int} which is an element of the cotangent space T^∗_LG_{int} can be identified with a pseudo differential operator X = X̄ ∘ ∂^{−α}. Note that the operator X̄ is well defined only up to addition of an element of g_{int}.

Let δL be an infinitesimal variation of L. Then, we get dH_m(L)(δL) = tr(L + δL)^{mα} − trL^{mα} = ⟨X̄ ∘ ∂^{−α}, δL⟩ = tr(X̄ ∘ ∂^{−α} ∘ δL) , (4.50) where ⟨ , ⟩ denotes the pairing between dual spaces.

Let us show that we can take X =^m_α L^mα^{−1}. Indeed, if L has constant coefficients, then the differential part of X̄ has constant coefficients as well. So to find X it is enough to consider δL’s which also have constant coefficients. But in this case, L and δL commute so that the left hand side of equation (4.50) equals^m_α L^mα^{−1}δL up to terms of order o(δL). Hence, if the operator L has constant coefficients, we get X =^m_α L^mα^{−1} as desired. Now suppose that L has arbitrary coefficients. Then by lemma 4.33, we can write L = QL_0Q^{−1}, where L_0 has constant coefficients and Q is of degree 0. The functions H_m are constant under conjugation by such Q, so the differential of H_m at L is the image of the differential of H_m at L_0 under this conjugation. So we find X =^m_α L^mα^{−1} in general. Finally, we can use the third part of the definition of the generalized Gelfand Dickey structure to obtain ∂L ∂t = m α ( (L^{mα} )_+L − L(L^{mα} )_+ ) = [L, (L^{mα} )_+] .

This is part two of the Theorem. The first part follows directly, since the flow for H_m changes an operator into a conjugate one. Thus, the ad-invariant function H_n stays invariant on the flow lines so that the commutator {H_m, H_n} vanishes for all m, n. Finally, the flow of H_m does not change the degree, which is the assertion of the third part of Theorem 4.32. □

Remark 4.34 It follows from the definition of the Gelfand Dickey structure on the group ~G_{int} that the function deg : G_{int} → R is a Casimir function, i.e. {deg, f}_{GD} = 0 for all f ∈ C^∞(G_{int}). So we can restrict the Hamiltonian systems defined by the Hamiltonian functions H_m to the deg(L) = const-hyperplanes in ~G_{int}. This gives a hierarchy of Hamiltonian systems on each deg(L) = const-hyperplane. The following cases are of particular interest:

1. On the deg(L) = 1 hyperplane one gets the the so called Kadomtev-Petashvili (KP) hierarchy

2. On the deg(L) = n-hyperplanes one recovers the n-KdV hierarchy ∂L ∂t_m = [L, (L^{m/n})_+]

3. Since products and inverses of Poisson submanifolds of a Poisson Lie group are also Poisson, we can consider the “quotient” of the deg(L) = n and the deg(L) = mhyperplanes, i.e. the set {L_1L^{−1}_2 | deg(L_1) = m, deg(L_2) = n}. This gives the fractional KP hierarchy.

4. We can also consider pseudo differential operators with complex coefficients. Fix Hamiltonians H_m(L) = i^mtr(L^m). Then for m = 2 and L = ∂ + ψ^∗∂^{−1}ψ the coefficient of ∂^{−1} in the Hamiltonian give the non-linear Schroedinger equation: i ∂ψ ∂t = ψ_{θθ} + |ψ|^2ψ^∗ .

4.6 Surjectivity of the exponential map In this section we will prove Theorem 4.22 on the surjectivity of the exponential map exp : ~g_{int} → ~G_{int}. Take an element P ∈ ~g_{int}. If P was an element of a finite-dimensional matrix Lie algebra, the exponential L_s = exp(sP ) should satisfy the differential equation ( d ds L_s ) = P ∘ L_s. (4.51)

We will use this equation to define the element exp(P ) ∈ ~G_{int}. Before we deal with the general case, let us look at the subgroup G_{int} of pseudo differential operators of degree 0:

Proposition 4.35 The map exp : g_{int} → G_{int} is well defined and bijective.

Proof. Fix some element P = −1∑ i=−∞ a_i(θ)∂^i ∈ g_{int} (4.52)

and let us write

L_s = 1 + −1∑ k=−∞ u_k(θ; s)∂^k . Suppose that P and L_s satisfy the differential equation (4.51). Comparing the coefficients of ∂^k for k ≥ 1 in 4.51 gives us an infinite system of differential equations of ”triangular form”: d ds u_k(θ; s) = Φ_k (u_1(θ; s), . . . u_{k−1}(θ; s) (4.53)

Here, Φ_k is a polynomial in the u_1, . . . , u_{k1} and their derivatives with coefficients in C^∞(S^1). For example, we have^∂_{∂s} u_1(θ; s) = a_1(θ) and^∂_{∂s} u_2(θ; s) = a_2(θ) + a_1(θ)u_1(θ; s) + a_1(θ)u^′_1(θ; s), where u^′_1 denotes the derivative with respect to θ. This system can be solved uniquely after fixing the initial condition u(θ; 0) = 0. Furthermore, since the a_i’s are periodic in θ, so will be the u_k’s. Hence the exponential map is correctly defined for such P . We can write down an explicit formula for exp(sP ). Indeed, since deg(P^k) = k the coefficients of the ∂^i’s in the sum ∑ k≥0 1 k! P^k are finite sums. So we can write

exp(sP ) = ∑ k≥0 s^k 1 k! P^k .

By the same argument, the series for log(1 + P ) = ∑ k≥1 (−1)^k

k P^k converges. So each g ∈ G_{int} which is of the form g = 1 + P for some P ∈ g_{int} lies in the image of the exponential map. □

Before we can look at the exponential of a general element of ~g_{int}, we need an observation which is also interesting by itself since it makes sense of the heuristic calculation d ds ∂^s = log ∂ we used in section 4.1.

Proposition 4.36 The element log ∂ ∈ g_{int} generates the Lie algebra of the one parameter subgroup {∂^s | s ∈ R } ⊂ G_{int}. Proof. Let P ∈ g_{int} be of the form P = a_i(θ)∂^i. Then, for ϵ, δ ∈ R we get

∂^ϵ · exp(δP ) · ∂^{−ϵ} exp(−δP ) =∂^ϵ · (1 + δP ) · ∂^{−ϵ} · (1 + δP ) mod δ^2 =1 + δ(∂^ϵ · P ∂^{−ϵ} − P ) mod δ^2 =1 + δ[∂^ϵ, P ]∂^{−ϵ} =1 + δ ∞∑ k=1 ( ϵ k ) a^{(k)}_i ∂^{i−k}

=1 + δϵ ∂ ∂ϵ |_{ϵ=0} ∞∑ k=1 ( ϵ k ) a^{(k)}_i ∂^{i−k} mod ϵ^2,

where we have used Taylor expansion in the last step. Since^∂_{∂ϵ} |_{ϵ=0} ( ϵ k ) =^{(−1)k+1}_k , we get

∂^ϵ · exp(δP ) · ∂^{−ϵ} exp(−δP ) =1 + δϵ ∞∑ k=1 (−1)^{k+1} k a^{(k)}_i ∂^{i−k} mod ϵ^2, δ^2

=1 + δϵ[log ∂, P ].

This proves proposition 4.36. □

Now we can continue the proof of theorem 4.22. Let us look at a general element of P ∈ ~g_{int}. We can write P = λ log ∂ + P_0, where P_0 = ∑_{−1} i=−∞ ai(θ)∂ i is an element of g_{int}.

Equation (4.51) then reads d ds L_s = (log ∂ + P_0) L_s. (4.54)

Let us write L_s = (1 + Q_s)∂^s. Then the equation above is equivalent to the following one: d ds Q_s = [log ∂, Q_s] + P ∘ (1 + Q_s) (4.55)

Indeed, replacing the differential equation for L_s by a finite difference, we get ϵ( ∂ ∂s L_s)L^{−1}_s + O(ϵ^2) =L_{s+ϵ}L^{−1}_s = (1 + Q_{s+ϵ})∂^{s+ϵ}∂^{−s}(1 + Q_s)^{−1}

=(1 + Q_{s+ϵ})∂^ϵ(1 + Q_s)^{−1} = (∂^ϵ(1 + Q_{s+ϵ}) − [∂^ϵ, Q_{s+ϵ}]) (1 + Q_s)^{−1} = ((∂^ϵ − 1)(1 + Q_{s+ϵ}) + (1 + Q_{s+ϵ}) − [∂^ϵ, Q_{s+ϵ}]) (1 + Q_s)^{−1}

=ϵ log ∂ + ϵ ( d ds Q_s ) (1 + Q_s)^{−1} − ϵ[log ∂, Q_s](1 + Q_s)^{−1} + O(ϵ^2).

Hence equation 4.54 is equivalent to ( d ds Q_s ) (1 + Q_s)^{−1} − ϵ[log ∂, Q_s](1 + Q_s)^{−1} = P

which is the same as equation 4.55. Now, equation 4.55 gives rise to a triangular system of ordinary differential equations similarly to 4.53. Hence it can be solved so that we have defined the exponential map correctly on the whole Lie algebra ~g_{int}.

Finally, we have to check the bijectivity of exp. We do this by constructing an inverse map to exp. Let us write g = (1 + P_0)∂^s for any g ∈ G_{int}. Here P_0 = ∑_{−1} i=−∞ ai(θ)∂ i is an integral pseudo differential operator. By the Proposition 4.35, we can find some Q ∈ g_{int} such that (1 + P_0) = exp(Q). Hence we get

g = (1 + P_0)∂^s = exp(Q) ∘ exp(s log ∂) .

The Campbell-Hausdorff formula implies g = exp(Q + t log ∂ + t[Q, log ∂] + . . .) .

So we can define the inverse of the exponential map by

log(g) = Q + t log ∂ + t[Q, log ∂] + . . . .

Note that the coefficients of each ∂^k in the expression for log(g) is a finite sum (since the terms have decreasing degree). Therefore, the map log : ~G_{int} → ~g_{int} is well defined which implies that the exponential map exp : ~g_{int} → ~G_{int} is indeed bijective.

4.7 Bibliographical notes Our main references for this section are [56], [57], [47], and [21]. More facts on Poisson Lie groups can be found e.g. in [68] and [86].

5 Double loop groups and elliptic Lie algebras

Recall that for a compact manifold M and a simple finite dimensional Lie algebra g, the current algebra g^M = C^∞(M, g) has a universal central extension whose center is the space Ω^1(M)/dΩ^0(M) of one forms modulo exact one forms on M. The cocycle defining this central extension is given by c(A, B) = (A, dB), where ( , ) denotes the Killing form on the Lie algebra g. Obviously, if the dimension of the manifold M is bigger that one, the space Ω^1(M)/dΩ^0(M) is infinite-dimensional.

In this section we will consider the special case that M = Σ is an elliptic curve, i.e. a 2-dimensional torus with a complex structure on it. The corresponding current algebra g^Σ is usually called the double loop algebra corresponding to the finite dimensional Lie algebra g. The complex structure on the curve Σ can be used to define a 1-dimensional central extension of the Lie algebra g^Σ. The centrally extended Lie algebra ĝ^Σ is sometimes called an elliptic Lie algebra. Maybe surprisingly, there is a classification of the coadjoint orbits of the corresponding Lie groups which is in complete analogy to the classification of the coadjoint orbits of the centrally extended loop groups.

The elliptic Lie algebras are “tied together” with the finite-dimensional simple Lie algebras and the affine Lie algebras by a class of integrable systems, the so called Calogero Moser systems. We will introduce these systems and describe their connection to the corresponding Lie algebras in section 6 of this chapter.

5.1 The central extension of G^Σ and its Lie algebra

Throughout this section fix an elliptic curve Σ over C , i.e. a 2-dimensional torus with a complex structure. One can always write such a curve a a quotient Σ = C /(Z + τZ), where τ is a complex number with Im(τ) > 0. Let dz denote the canonical (1, 0)-form on Σ. Definition 5.1 Let g be a simple finite-dimensional Lie algebra over the complex numbers. The elliptic Lie algebra corresponding to the Lie algebra g and the elliptic curve Σ is the 1-dimensional central extension ĝ^Σ = g^Σ ⊕ C of the current algebra g^Σ, which is defined by the following commutator: [(X(z, z̄), a) , (Y (z, z̄), b)] = ( [X(z, z̄), Y (z, z̄)] , ∫ Σ ⟨X, dY ⟩ ∧ dz ) . Note that the complex structure of the elliptic curve Σ only appears in the cocycle ω^Σ, which defines the central extension. Furthermore, decomposing the operator d = ∂ + ¯∂ into its Dobleaut components ∂ and ¯∂, one can write the cocycle ω^Σ as

ω^Σ(X, Y ) = ∫ Σ (X, ¯∂Y ) ∧ dz . (5.56) Remark 5.2 The cocycle ω^Σ can be seen as a Lie algebra cocycle on g^Σ with values in the dual of the space of holomorphic 1-forms on Σ. Its evaluation on the holomorphic 1-form dz is given by equation (5.56).

Proposition 5.3 The elliptic Lie algebras ĝ^{Σ1} and ĝ^{Σ2} are isomorphic if and only if the elliptic curves Σ_1 and Σ_2 are isomorphic.

Proof. Let Φ : ĝ^{Σ1} → ĝ^{Σ2} be an isomorphism of Lie algebras. We can regard the restriction of the map Φ to g^{Σ1} as an automorphism of the current algebra g^{Σ1} . It is a general feature of current algebras that one can decompose such an automorphism Φ into Φ = h ∘ φ_∗, where h is conjugation by an element of Aut(g)^{Σ1} , and φ is a diffeomorphism of Σ_1 to Σ_2 (see [82], Proposition 3.4.2). In order for the map Φ to extend to the central extension, it must take holomorphic differentials to holomorphic differentials which proves the assertion. □

The Lie group corresponding to the current algebra g^Σ is given by the current group G^Σ, where Gis the simply connected complex Lie group corresponding to the Lie algebra g. Theorem 5.4 The central extension ĝ^{Στ} of g^{Στ} lifts to a central extension of the current group G^Σ, which sits inside an exact sequence e → Σ → Ĝ^{Στ} → G^{Στ} → e The central extension Ĝ^{Στ} can be constructed by the same methods which are used in [82] to construct the central extension of the loop group LG (see [22]) or by a generalization of the Mickelsson construction of the central extension of the loop group LG described in section 1.3. Since we will not need the explicit form of the central extension anywhere in this book, we refer the reader to the original literature for details.

Remark 5.5 Instead of restricting ourselves to elliptic curves, we could have considered the current algebra of any compact Riemann surface Σ of genus g > 0. Let H_Σ be the vector space of holomorphic differentials on Σ. This is complex vector space of dimension dim(H_Σ) = g Define a cocycle ω^Σ on g^Σ with values in H^∗_Σ via its evaluation on holomorphic 1-forms: Set

ω^Σ(X, Y )(α) := ∫ Σ ⟨X, ¯∂Y ⟩ ∧ α for all holomorphic one-forms α on Σ. This cocycle defines a g-dimensional central extension of the Lie algebra g^Σ. This central extension lifts to a central extension G^Σ, this time by the Jacobian J of Σ: e → J → Ĝ^Σ → G^Σ → e If Σ is an elliptic curve, its Jacobian is given by Σ itself and one recovers the central extension of the double loop group which was described above.

5.2 Coadjoint orbits

In this section, we will study the coadjoint representation of the group Ĝ^{Στ} .

Proposition 5.6 The smooth part of the dual (ĝ^Σ)^∗ of the Lie algebra ĝ^Σ can be identified with the space g^Σ ⊕ C via the pairing ⟨(A, λ), (Y, μ)⟩ = ∫ Σ (A, Y )dz ∧ dz̄ + λμ , where ( , ) is the Killing form on g.

In the coadjoint representation of Ĝ^Σ an element g ∈ G^Σ acts on the space (ĝ^Σ)^∗ via g : (A, λ) → (Ad_g(A) + λ ¯∂gg^{−1}, λ) . This describes the coadjoint representation of the group Ĝ^Σ completely since the center acts trivially in the coadjoint representation.

Proof. The proof exactly same as the proof of the corresponding statement for affine Lie groups. □

The coadjoint orbits of the centrally extended group Ĝ^Σ have a nice classification in terms of holomorphic principal G-bundles over the elliptic curve Σ:

Theorem 5.7 Fix some λ ≠ 0. Then there is a one-to-one correspondence between the set of coadjoint orbits orbits of the group Ĝ^Σ in the hyperplane (A, λ) | A ∈ g^Σ| ⊂ (ĝ^Σ)^∗ and the set of equivalence classes of holomorphic principal G-bundle on the elliptic curve Σ. Proof. Given an element (A, λ) ∈ (ĝ^Σ)^∗, let us consider the partial differential equation λ ¯∂ψ = Aψ . We can find an open covering U_i of the curve Σ such that there exist local solutions ψ_i : U_i → G of this equation. Then the functions φ_{i,j} : U_i∩U_j → G defined by φ_{i,j} = ψ^{−1}_i ψ_j are holomorphic and satisfy φ_{i,j} = φ^{−1}_{j,i} and φ_{i,j} φ_{j,k}φ_{k,i} = id. Thus, they can be taken to be the gluing functions of a holomorphic principal G-bundle P (A) on the curve Σ.

Conversely, every holomorphic principal bundle P on Σ_τ comes from some (A, λ) as above. Indeed, choose a local trivialization ψ_i : U_i → G of the bundle P such that the transition functions φ_{i,j} = ψ^{−1}_i ψ_i are holomorphic. Then we have ¯∂ψ_iψ^{−1}_i = ψ_j ¯∂(ψ^{−1}_j ψ_i)ψ^{−1}_i − ψ_j ¯∂ψ^{−1}_j ψ_iψ^{−1}_i = ¯∂ψ_j ψ^{−1}_j . Hence, the ¯∂ψ_iψ^{−1}_i fit together to define a global g-valued function^1_λ A on Σ_τ . Thus, the bundle P is isomorphic to the bundle P (A) defined above.

Finally, two holomorphic principal G-bundles P (A_1) and P (A_2) are equivalent if and only if there exists some g ∈ G^Σ such that A_2 = gAg^{−1} − λ ¯∂gg^{−1}, i.e. if the differential operators λ ¯∂ + A_1 and λ ¯∂ + A_2 are related by a gauge transformation. □

Remark 5.8 Theorem 5.7 gives a classification of the coadjoint orbits of Ĝ^{Στ} in terms of holomorphic principal G-bundles on Σ_τ . A similar classification works for the centrally extended gauge groups on any Riemann surface. However, instead of the coadjoint representation of the group Ĝ^Σ, one has to consider a representation of Ĝ^Σ on g^Σ ⊕ C which is defined by the cocycle ω(X, Y ) = ∫ Σ⟨X, dY ⟩ ∧ ν, for some fixed where (0, 1)-form ν on Σ.

The proof of Theorem 5.7 adapts word by word to this more general case.

Exercise 5.2.1 Define an elliptic analogue of the Virasoro algebra, i.e. a central extension of the Lie algebra Vect_{(0,1)}(Σ) of (0, 1)-vector fields on the elliptic curve Σ and describe its coadjoint orbits.

5.3 Holomorphic loop groups and monodromy

Recall that coadjoint orbits of a (centrally extended) loop group LG can be classified in terms of conjugacy classes of the corresponding finite dimensional Lie group G. The conjugacy class to a coadjoint orbit can be interpreted as the monodromy of a flat connection on the circle. As we shall see, coadjoint orbits of the centrally extended double loop group ĜΣ admit a similar description.

Let L_{Hol}G denote the group of holomorphic maps from the cylinder to the simply connected complex Lie group G with pointwise multiplication: L_{Hol}G = {g : C /Z → G | gholomorphic } The group L_{Hol}G is called the holomorphic loop group of G.

Definition 5.9 Fix some element τ ∈ C . Then the “τ-twisted” conjugacy classes of the group L_{Hol}G are the orbits of the L_{Hol}G-action on itself which is given by g(z) : h(z) → h^g = g(z − τ)h(z)g(z)^{−1} . Remark 5.10 The τ-twisted conjugacy classes of the group L_{Hol}G can be seen as “restricted conjugacy classes” of the bigger group Ǧ = L_{Hol}G ⋊ C /Z, where the cylinder C /Z acts on the group L_{Hol}G by “rotating” the loops. The restricted conjugacy classes of Ǧ are the L_{Hol}G-orbits in Ǧ, where L_{Hol}G is viewed as a subgroup of Ǧ.

The next theorem is in complete analogy with the corresponding theorem for ordinary loop groups.

Proposition 5.11 Let Σ be an elliptic curve which can be written as Σ = C /(Z + τZ). Fix some λ ≠ 0. Then there is a one-to-one correspondence between the set of coadjoint orbits of the group Ĝ^Σ in the hyperplane {(X, λ) | X ∈ g^Σ} ⊂ (ĝ^Σ)^∗ and the set of τ-twisted conjugacy classes in the holomorphic loop group L_{Hol}G.

Proof. As before, we associate to an element (A, λ) ∈ g^Σ ⊕ C the differential equation λ ¯∂ψ = Aψ. (5.57) Let ψ be a solution of equation 5.57) which is defined on the cylinder C /Z. Since A is periodic in τ, the function ψ(z − τ) is also a solution of (5.57). Furthermore, the function ν(z) = ψ(z − τ)^{−1}ψ(z) is holomorphic and periodic in Z. Therefore it defines an element in L_{Hol}(G). Now if ψ_1(z) is any other solution of (5.57), it will have the form ψ_1(z) = ψ(z)μ(z), where μ is a G-valued function on C /Z. Also, we have ¯∂μ = ¯∂(ψ^{−1}ψ_1) = 0 which shows that μ ∈ L_{Hol}(G). Finally, we have

ν(z) = ψ(z − τ)^{−1}ψ(z) = μ(z − τ)^{−1}ψ_1(z − τ)^{−1}ψ_1(z)μ(z) ,

which shows that the τ-twisted conjugacy class in L_{Hol}G corresponding to the element (A, λ) does not depend on the choice of a solution of equation (5.57).

Furthermore, let g ∈ G^Σ and, as before, let ψ denote a solution of (5.57). Then the map gψ is a solution of the equation ¯∂φ = (Ad(g)A + λ ¯∂gg^{−1})φ . Since g is periodic in τ, we get ψ(z − τ)^{−1}g(z − τ)^{−1}g(g)ψ(z) = ψ(z − τ)^{−1}ψ(z) , which shows that the restricted conjugacy class associated to the element (A, λ) ∈ g^Σ ⊕ C is well defined on the level of coadjoint orbits of the group Ĝ^Σ. Thus, we can define a map

{Ĝ^Σ−orbits in the hyperplane{(A, λ} ⊂ g^Σ⊕C } → {τ-twisted conjugacy classes in L_{Hol}(G)}.

Injectivity of this map is clear from the discussion above. Finally, every twisted conjugacy class in L_{Hol}G comes from this construction so that the map is surjective as well. Indeed, given some element g ∈ L_{Hol}G, we can find a smooth map ψ : C /Z → G such that g(z) = ψ(z − τ)^{−1}ψ(z). Then we can set A =^1_λ ¯∂ψψ^{−1}. Now, the fact that ψ(z − τ)^{−1}ψ(z) is holomorphic implies that A is periodic in τ. Therefore, A is a smooth map from the elliptic curve Σ to the Lie algebra g. Obviously, the conjugacy class corresponding to the coadjoint orbit through (A, λ) ∈ g^Σ ⊕ C is the τ-twisted conjugacy class through the element g ∈ L_{Hol}G. □

Remark 5.12 In the last section we have seen that there is a bijection between the set of coadjoint orbits of the group G^Σ in a fixed λ = const-hyperplane in (ĝ^Σ)^∗ and the set of equivalence classes of holomorphic G-bundles on the elliptic curve Σ. Hence, together with Proposition 5.11, we get a bijection between the set of τ-twisted conjugacy classes in the holomorphic loop group L_{Hol}G and the set equivalence classes of holomorphic G-bundles on the elliptic curve Σ. This bijection can be easily constructed more directly: To any holomorphic map g : C /Z → G we can associate a holomorphic G-bundle P_g on the elliptic curve Σ = C /(Z + τZ) as the quotient P_g = ((C /Z) × G)/τZ . Here, τZ acts on (C /Z) × G via τ : (z, h) → (z + τ, g(z)h). One checks directly that two bundles P_{g1} and P_{g2} are isomorphic if and only if g_1 and g_2 lie in the same τ-twisted conjugacy class of the group L_{Hol}G. On the other hand, every holomorphic G-bundle on the elliptic curve comes from this construction. Indeed, let P be a holomorphic G bundle on Σ. Consider the pull back π^∗P of P to the cylinder C /Z by the natural projection map π : C /Z → Σ = C /(Z + τZ). The bundle π^∗P is holomorphically trivial, so we can find a global holomorphic section g : C /Z → G. Obviously, the bundle P is isomorphic to the bundle P_g.

Remark 5.13 We can put all the considerations from this chapter into one picture: Let S denote the set of all smooth maps ψ from the cylinder C /Z to the group G such that ψ(z − τ)^{−1}ψ(z) is holomorphic and let B denote the set of equivalence classes of holomorphic G-bundles on the elliptic curve Σ. The double loop group G^Σ acts on the set S by multiplication from the left and the holomorphic loop group L_{Hol}G acts on S by multiplication on the right. Obviously, these two actions commute. The map ψ(z) → ψ(z − τ)^{−1}ψ(z) gives the set S the structure of a G^Σ-bundle over L_{Hol}G and it is L_{Hol}G-equivariant with respect to τ-twisted conjugation on L_{Hol}G. On the other hand, the map ψ →^1_λ ¯∂ψψ^{−1} gives the set S the structure of a L_{Hol}G-bundle over the affine space {(A, λ) | A ∈ g^Σ} and it is G^σ-equivariant with respect to the coadjoint action of G^Σ on {(A, λ) | A ∈ g^Σ}. Putting everything together, we obtain the following commutative diagram:

{(A, λ) | A ∈ g^Σ} L_{Hol}G

B

S

5.4 Bibliographical notes

The elliptic Lie algebras were introduced in [22], where most of the material of this section is taken from. Other references for this section are [28] and [24]. The observation in Remark 5.12 is due to E. Looijenga (see [22] and [13]). The commutative diagram in Remark 5.13 was shown to us by P. Slodowy.

It is also possible to define elliptic Lie algebras more abstractly, using the notion of elliptic Root systems ([84], [7], [81]). The coadjoint orbits of the corresponding Lie groups can be classified in terms of holomorphic bundles whose structure groups are non-simply connected (and possibly even non-connected), and in terms of twisted conjugacy classes of non-connected loop groups [92].

6 Calogero Moser Systems

In this section, we describe a family of integrable systems, the so-called Calogero-Moser systems and show how they can be recovered by Hamiltonian reduction from cotangent bundle of finite-dimensional simple, affine and elliptic Lie algebras respectively. This construction shows how these three classes of Lie algebras and the corresponding Lie groups are “tied together.”

6.1 Definition of the systems

Consider a system of n interacting particles moving on the real line R governed by the Hamiltonian H(q_1, . . . , q_n, p_1, . . . , p_n) = 1 2 n∑ i=1 p^2_i + ∑ i>j V (q_i − q_j ) , (6.58)

where the q_i denote the positions of the particles and the p_i denote their momenta. The potential V is supposed to depend only on the distance q_{i,j} = q_i −q_j between the particles.

Definition 6.1 The Calogero-Moser systems are Hamiltonian systems of type (6.58), where the potential is given by

1. V (ξ) =^1_{ξ2} (rational case),

2. V (ξ) = {_{a2} sin^2(2ξ)

a^2 sinh^2(2ξ)

(trigonometric cases)

3. V (ξ) = a^2℘(ξ; τ) (elliptic case) .

Here, τ ∈ C with im(τ) > 0 should be viewed as the modular parameter of the elliptic curve Σ = C /(Z + τZ) and , ℘( · ; τ) is the Weierstrass ℘-function with periods 1 and τ which is defined by ℘(ξ; τ) = 1 ξ^2 + ∑ m_1,m_2∈Z^2 (m_1,m_2)≠(0,0)

( 1 (ξ − m_1 − m_2τ)^2 − 1 (m_1 + m_2τ)^2 )

It is known that the Calogero Moser systems are integrable. In the following sections, we will show, how they can be obtained by Hamiltonian reduction from the coadjoint representations of the finite dimensional compact Lie group SU(n), the affine Lie group ^ LSU(n) and the elliptic Lie group ^SL(n, C )^Σ.

Remark 6.2 Note that in the limit a → ∞, the Hamiltonian (6.63) degenerates to the Hamiltonian of the rational Calogero Moser system. Similarly, in the limit τ → i∞ the function ℘(z; τ) reduces to^{π2}_{sinh2(πz)} −^{π2}_3 so that the Hamiltonian of the elliptic Calogero Moser degenerates to the trigonometric case.

Remark 6.3 The Calogero Moser systems can be defined for any simple root system. In this case, the Lie group SU(n) which corresponds to a root system of type A_{n−1} has to be replaced by the corresponding simply connected compact Lie group G.

Remark 6.4 A relativistic analogue of the elliptic Calogero Moser system is the Ruijsenaars- Schneider model whose Hamiltonian is given by H(p, q) = n∑ i=1 (cosh βp_i) ∏ j≠k √ 1 − g^2℘(q_j − q_k) .

Analogues of the rational and trigonometric Calogero Moser systems can be obtained from this Hamiltonian by degenerations.

6.2 The rational Calogero Moser system and SU(n)

Let us look at the simple Lie group G = SU(n). Its Lie algebra g = su(n) is the Lie algebra of traceless skew-adjoint n × n matrices. Using the non-degenerate bilinear form ⟨A, B⟩ = −tr(AB), we can identify the dual space g^∗ with g itself. This identification gives an isomorphism T^∗g ∼= g ⊕ g. The cotangent bundle of any manifold is carries a natural symplectic structure. Using the identification of g with g^∗, the symplectic form ω on T^∗g is given by ω ((Q_1, P_1), (Q_2, P_2)) = −tr(Q_1P_2 − Q_2P_1) (6.59)

for (Q_1, P_1), (Q_2, P_2) ∈ g ⊕ g.

The group G acts on g by conjugation. The induced action of G on the cotangent bundle T^∗g = g⊕g is given by conjugation on each summand. In particular, the symplectic form ω is invariant under the G-action.

Exercise 6.2.1 Show that the map Φ : g ⊕ g → g which is given by

Φ ((Q, P )) = [Q, P ]

satisfies the moment map condition. That is, show that the map Φ is G-equivariant and d⟨Φ, X⟩ = ω(·, ξ_X ) for all X ∈ g, where ξ_X denotes the vector field on T^∗g generated by an element X ∈ g.

We now want to perform Hamiltonian reduction. That is, given some element μ ⊂ g^∗, we consider the manifold Φ^{−1}(μ)/G_μ, where G_μ denotes the stabilizer group of μ under the coadjoint representation.

Let us fix μ = i(−I + v^∗ ⊗ v) where v ∈ C^n is the vector all whose entries are equal to 1. Then μ is a matrix with 0’s on the diagonal and i’s in all other entries. The inverse image of the moment map Φ^{−1}(μ) is the set of all (Q, P ) ∈ g ⊕ g such that [Q, P ] = μ . Lemma 6.5 Let (Q, P ) be an element of Φ^{−1}(μ). Then we can simultaneously conjugate Q and P by an element A ∈ G_μ such that Q is a diagonal matrix. Furthermore, let (iq_1, . . . iq_n) denote the diagonal elements of the matrix Q. Then we can assume the q_j to be non-increasing.

Proof. Let is choose some unitary matrix C such that D = CQC^{−1} is diagonal, and set E = CP C^{−1} and w = Cv. Then [E, D] = i(I − w^∗ ⊗ w) is a matrix with 0’s on the diagonal (since D is diagonal). This implies that w^∗_j w_j = 1, whence w_j = e^{itj} for some t_j ∈ R . Hence multiplying C by a diagonal matrix with entries e^{−itj} shows that we can choose the matrix C to be an element of the stabilizer of μ. Finally, multiplying v by a permutation matrix does not change v, so we can arrange the diagonal entries of Q to be non-increasing. □

Lemma 6.5 shows that the reduced space Φ^{−1}(μ)/G_μ is given by the solutions of the equation [Q, P ] = μ , (6.60)

where Q ∈ su(n) is a diagonal matrix, P ∈ su(n) is arbitrary, and μ is the matrix with 0’s on the diagonal and i’s in all off-diagonal entries. Let ip_{j,k} denote the entries of the matrix P and (iq_1, . . . iq_n) be the entries of the diagonal matrix Q. Then equation (6.60) translates to p_{j,k} =^{−1}_{(qj −qk)} for j ≠ k and p_{j,j} arbitrary.

Finally, let us consider a system of n free moving particles on the Lie algebra g. The Hamiltonian this system is given by its potential energy: H(Q, P ) = − 1 2 tr(P^2) .

The function H is is invariant under conjugation by elements of SU(n), so it descends to a function ~H on the quotient Φ^{−1}(μ)/G_μ which is given by ~H(Q, P ) = −1 2 tr(P^2) = 1 2 ∑ j p^2_{j,j} + ∑ j>k 1 (q_j − q_k)^2 .

This is the Hamiltonian of the rational Calogero Moser system. First integrals of this system are given by G-invariant functions on the Lie algebra g.

6.3 The trigonometric Calogero Moser system and ^LSU(n)

Here, we use similar ideas as in the last section to obtain the trigonometric Calogero-Moser system by Hamiltonian reduction. Let G be the group SU(n) with Lie algebra g = su(n) and let LG denote the loop group of G, i.e. the group of smooth maps from S^1 to G. Furthermore, let us denote by a^∗ the vector space of smooth maps from the circle to the Lie algebra g enlarged by a “co-central” direction:

a^∗ = C^∞(S^1, g) ⊕ R .

The space a^∗ should be viewed as the smooth part of the dual of the affine Lie algebra ^Lg = C∞(S1, g) ⊕ R which was studied in section 1. As such, it carries a natural action of the loop group LG which comes from the coadjoint action of the centrally extended loop group ^LG. That is, an element g ∈ LG acts on the space a via g : (Q, λ) → (gQg^{−1} + λg^′g^{−1}, λ) .

Let a^{∗∗} denote the full dual of the space a. We can write a^{∗∗} as a direct sum

a^{∗∗} = F(S^1, g) ⊕ R ,

where F(S^1, g) denotes the space of g^∗-valued distributions on S^1, and R denotes the “central” direction. If we use the Killing form to identify the Lie algebra g with its dual space, we see that the space a^{∗∗} contains the affine Lie algebra ^Lg as a subspace. However, the Lie algebra structure of ^Lg does not extend to a Lie algebra structure on the space a^{∗∗}. Nevertheless, the loop group LG acts naturally on the space a^{∗∗} via the dual to the coadjoint representation, and this representation contains the usual adjoint representation of the loop group LG on its Lie algebra as a sub-representation. Explicitly, the action of LG on a^{∗∗} is given by g : (P, a) → ( gP g^{−1}, a − ∫_1 0 tr(P g^{−1}g^′) ) . Viewing the direct sum a^∗ ⊕ a^{∗∗} as the cotangent bundle of the vector space a allows to endow a^∗ ⊕ a^{∗∗} with an LG-action and a natural symplectic structure ω which is easily seen to be invariant under the LG-action. (The symplectic structure can be written down explicitly by adapting equation (6.59) to the current situation.)

It turns out that the action of the loop group LG on the space a^∗ ⊕a^{∗∗}a is Hamiltonian, i.e. it admits an LG-equivariant moment map Φ : a^∗ ⊕a^{∗∗} → (Lg)^∗. However, the moment map does not take values in the smooth part of the dual of the Lie algebra Lg but in the full dual, i.e. in the space F(S^1, g^∗) of g^∗-valued distributions on S^1. The analogue of Exercise 6.2.1 in this situation is the following

Proposition 6.6 The action of the loop group LG on the space a^∗ ⊕ a^{∗∗} is Hamiltonian with moment map given by Φ ((Q, λ), (P, a)) = [P, Q] + λ∂P Here, [P, Q] denotes the point-wise commutator of P and Q, and the derivative ∂P should be viewed in the distributional sense (i.e. if P has a finite jump at 0, its derivative ∂P acquires a Dirac-δ-type singularity at 0).

We now want to perform Hamiltonian reduction. Let us consider the element μ ⊗ δ_0 ∈ (Lg)^∗, where μ = i(−I + v^∗ ⊗ v) is the matrix with 0’s on the diagonal and i’s on all offdiagonal entries, and δ_0 is the Dirac δ-function centered at 0 ∈ S^1. Under the coadjoint action of the group LG on (Lg)^∗, an element g ∈ LG maps μ ⊗ δ_0 to g(0)μg(0)^{−1} ⊗ δ_0.

Lemma 6.7 Let ((Q, λ), (P, a)) be an element in the inverse image Φ^{−1}(μ ⊗ δ). Then, if λ ≠ 0, we can find some element g in the stabilizer of μ ⊗ δ_0 such that gQg^{−1} + λg^{−1}g^′ is a diagonal matrix whose entries are constants iq_j with q_j ∈ R such that the q_j are non-increasing

Proof. The assertion that Q is conjugate to a diagonal matrix with non-increasing diagonal entries follows from the classification of the coadjoint orbits of the smooth loop group LG in section 1.2. The argument that g can be chosen in the stabilizer group (LG)_{μ⊗δ} is the same as in the proof of Lemma 6.5 □

The moment map equation is given by [P, Q] + λ∂P = μ ⊗ δ_0 , where Q ∈ su(n) is a diagonal matrix and P ∈ (Lsu(n))^∗ is arbitrary. Let iq_j denote the entries of Q and ip_{j,k} denote the entries of P . In these coordinates, the moment map equation reads p_{j,k}(iq_k − iq_j ) + λ∂p_{j,k} = δ_0 , (6.61) where the equation should be viewed as equations for R -valued distributions on S^1. Lemma 6.8 For fixed λ ≠ 0, the solutions of equation (6.61) are given by p_{j,k}(t) = e^{aj,kt} λ(e^{aj,k} − 1) (6.62)

with a_{j,k} =^{i(qj −qk)}_λ .

Proof. Note that away from t = 0, equation (6.61) is an ordinary linear differential equation with constant coefficients so that the solution cerainly has to take the form (6.62). Viewed as a function on the circle p_{j,k} has a finite jump at t = 0 which makes sense since its derivative should aquire a Dirac-δ type singularity. To prive the statement, we have to evaluate equation (6.61) on a test function f : S^1 → R . This gives ⟨(iq_j − iq_k)p_{j,k} + λ∂p_{j,k}, f⟩ = (iq_j − iq_k) ∫ S^1 p_{j,k}(t)f(t)dt + λ ∫ S^1 p_{j,k}(t)f^′(t)dt = (iq_j − iq_k) ∫ S^1 p_{j,k}(t)f(t)dt − λ ∫ S^1 p^′_{j,k}(t)f(t)dt + λf(0)(p_{j,k}(1) − p_{j,k}(0)) = f(0) = ⟨δ_0, f⟩ In the last step we have used the fact that p_{j,k} is of the form (6.62). In particular, we have p_{j,k}(1) − p_{j,k}(0) =^1_λ . □

Finally, the function H : a^∗ ⊕ a^{∗∗} → R which is given by H ((Q, λ), (P, a)) = − 1 2 ∫ S^1

tr(P^2)

is invariant under the action of the group LG on the space a ⊕ a^∗. Fixing λ and restricting the function H to the solutions of the moment map equation, we get H ((Q, λ), (P, a)) = 1 2 ∑ j p^2_{j,j} + ∑ j>k 1 4λ^2 sin^2(^1_{2λ} (q_j − q_k))

. (6.63)

For λ = 1 this is exactly the Hamiltonian of the trigonometric Calogero-Moser system. First integrals of this system are given by G-invariant functions on the Lie algebra g, integrated over the circle.

6.4 The elliptic Calogero Moser system and ^SL(n)^Σ

Here we use the same ideas as in the last section to obtain the elliptic Calogero Moser system by symplectic reduction from a Hamiltonian action of the elliptic Lie group corresponding to SL_n(C ). To this end, let Σ = C /(Z ⊕ τZ) be an elliptic curve and let G = SL_n(C ) denote the special linear group with Lie algebra g = sl_n(C ). We denote by b^∗ the space of smooth maps from the curve Σ to the Lie algebra g enlarged by one “co-central” dimension: b^∗ = C^∞(Σ, g) ⊕ C .

The space b^∗ should be thought of as the smooth part dual space of the elliptic Lie algebra ^g^Σ which was introduced in section 5. Hence, it carries the coadjoint action of the current group G^Σ which is given by g : (Q, λ) → gQg^{−1} + λ ¯∂gg^{−1} for an element g ∈ G^Σ.

Let b^{∗∗} denote the full dual of the space b^∗, i.e. the space of g^∗-valued distributions on the elliptic curve Σ enlarged by a “central” direction:

b^{∗∗} = F(Σ, g^∗) ⊕ C , .

The vector space b^{∗∗} carries the dual of the coadjoint representation of G^Σ, which contains the usual adjoint representation of the group G^Σ as a subspace.

As in the last section, the action of the group G^Σ on the cotangent bundle T^∗b^∗ = b^∗ ⊕ b^{∗∗} turns out to be Hamiltonian, with moment map Φ taking values in the full dual of the current algebra g^Σ, i.e. in the space of g^∗-valued distributions on the curve Σ:

Proposition 6.9 The action of the current group G^Σ on the space b ⊕ b^∗ is Hamiltonian with moment map given by Φ ((Q, λ), (P, a)) = [P, Q] + λ ¯∂X Here, [P, Q] denotes the point-wise commutator of P and Q, and the derivative ¯∂P should be viewed in the distributional sense.

Remark 6.10 In contrast to the cases of finite dimensional and affine Lie algebras, it is not true that in the coadjoint representation of the elliptic Lie algebra ^g^Σ, every element (Q, λ) ∈ b^∗ with λ ≠ 0 can be mapped to a constant diagonal matrix. However, recall that for fixed λ_0 ≠ 0, the set of coadjoint orbits in the (λ = λ_0)-hyperplane in b^∗ is in one-to-one correspondence with the set of equivalence classes of holomorphic SL_n(C )- bundles on the elliptic curve Σ. We call a holomorphic SL_n(C )-bundle flat and unitary if it admits a flat connection whose holonomy takes values in the maximal compact subgroup SU(n) ⊂ SL_n(C ). It is general fact that almost all holomorphic SL_n(C )-bundles on the elliptic curve Σ are flat and unitary. To be more precise, if {B_t}_{t∈T} is a holomorphic family of holomorphic SL_n(C )-bundles on Σ paramterized by a complex space T then the subset T_0 of t such that B_t is flat and unitary is Zariski open in T . Now, if (Q, λ) ∈ b^∗ corresponds to a flat and unitary bundle, there exists a gauge transformation g ∈ G^Σ such that gQg^{−1} + λg^{−1} ¯∂g is a diagonal matrix (see Lemma 6.11).

Lemma 6.11 If the element (Q, λ) ∈ b^∗ corresponds to a flat and unitary bundle on the elliptic curve Σ, then there exists a gauge transformation g ∈ G^Σ such that gQg^{−1}+λg^{−1} ¯∂g is a diagonal matrix.

Proof. An SL_n(C ) bundle ξ on the elliptic curve Σ = C /(Z ⊕ τZ) which is flat and unitary can be defined as a quotient ξ = (C × SL_n(C ))/(Z ⊕ τZ) where Z ⊕ τZ acts on C × SL_n(C ) via (1, 0) : (z, h) → (z + 1, t_1 h), and (0, τ) : (z, h) → (z + τ, t_2 h). Here t_1, t_2 ∈ SU(n) ⊂ SL_n(C ) are the monodromies of the flat connection on the bundle ξ. Since the group Z ⊕ τZ is Abelian, the monodromies t_1 = exp(H_1) and t_2 = exp(H_2) have to commute. So we can diagonalize them simultaniously

Now, the bundle ξ is isomorphic to the bundle ~ξ = (C /Z × SL_n (C ))/τZ, where τZ acts via τ : (z, h) → (z + τ, exp(H_2 − τH_1) h). The isomorphism between the two bundles is performed by the map (z, h) → (z, exp(−zH_1) h). Now, exp(H_2 − τH_1) can be viewed as an element of the holomorphic loop group L_{Hol}SL_n(C ), and ~ξ is the holomorphic SL_n(C )- bundle on the elliptic curve Σ which corresponds to the τ-twisted conjugacy class in L_{Hol}SL_n(C ) (see Remark 5.12). So the element (Q, λ) is gauge-equivalent to the constant diagonal matrix (H_2 − τH_1, λ) ∈ b^∗. □

Since the set of (Q, λ) which correspond to flat and unitary bundles is open and invariant under the action of the group G^Σ, we can restrict our attention to this set. To perform Hamiltonian reduction, we fix the element α ⊗ δ_0 ∈ (g^Σ)^∗, where α is the matrix with 0’s on the diagonal and 1’s everywhere else, and δ_0 is the Dirac δ-function centered at 0 ∈ Σ.

Lemma 6.12 Let ((Q, λ), (P, a)) be an element in the inverse image Φ^{−1}(μ⊗δ_0). Then, if λ ≠ 0 and the element (Q, λ) ∈ b corresponds to a flat and unitary SL_n(C )-bundle on the curve Σ, we can find some element g in the stabilizer of α ⊗ δ_0 such that gQg^{−1} + λg^{−1}g^′ is a diagonal matrix whose entries are constants q_j ∈ C .

Proof. Using Remark 6.10 and Lemma 6.11, the proof of Lemma 6.12 is the same as the proof of Lemma 6.7. □

Now, the moment map equation reads [P, Q] + λ ¯∂P = α ⊗ δ_0 , where Q ∈ sl_n(C ) is a diagonal matrix and P ∈ (sl_n(C )^Σ )^∗ is arbitrary. Let q_j denote the entries of Q and p_{j,k} denote the entries of P . Then the moment map equation reads

p_{j,k}(q_k − q_j ) + λ ¯∂p_{j,k} = δ_0 , (6.64)

where the equation should be viewed as equations for C -valued distributions on the elliptic curve Σ. To solve this equation, we have to recall some facts about theta-functions:

Proposition / Definition 6.13 The theta-function

θ_{1,1}(z; τ) = ∑ n∈Z+^1_2 e^{2πin(z+ 12 )+πiτn2}

is a holomorphic function in z with a simple zero at z = 0 on the complex plane C . Furthermore, it satisfies the identities

θ_{1,1}(z + 1; τ) = −θ_{1,1}(z; τ) θ_{1,1}(z + τ; τ) = −e^{−2πiz−πiτ} θ_{1,1}(z; τ) Using the theta-function θ_{1,1}, one can write down solutions for the moment map equation (6.64):

Lemma 6.14 Write τ = τ_1 +iτ_2 and a_{j,k} =^{τ2(qj −qk)}_{πλ} . Then, for fixed λ ≠ 0, the solutions of equation (6.64) are given by p_{j,k}(z) = e^{πaj,k z−z̄τ}2 θ_{1,1}(z + a_{j,k}; τ) θ_{1,1}(z; τ)θ_{1,1}(a_{j,k}; τ)

. (6.65)

Proof. Using the transformation properties of the theta-function θ_{1,1}, one checks that the functions p_{j,k} are periodic in 1 and τ. Furthermore, the function ψ_{j,k}(z) = θ_{1,1}(z + a_{j,k}; τ) θ_{1,1}(z; τ)θ_{1,1}(a_{j,k}; τ)

is meromorphic and has a first order pole in z = 0. Therefore, its derivative aquires a Dirac-δ type distribution at z = 0. Hence, evaluating equation (6.64) on a test function f : Σ → C gives the assertion. □

Finally, we can write down G^Σ-invariant Hamiltonians on the space b^∗ ⊕ b^{∗∗}. The simplest one is given by ((Q, λ), (P, a)) = 1 2 ∫ Σ tr(P^2)dz ∧ dz̄ . (6.66)

Note that the functions p_{j,k}p_{k,j} = ψ_{j,k}(z)ψ_{k,j}(z) are meromorphic periodic in z with periods 1 and τ and have a second order pole at z = 0 and a zeros at z = ±a_{j,k}. This shows that we can write p_{j,k}p_{k,j} = c(℘(a_{j,k}) − ℘(z)) for some constant c. So after rescaling, the Hamiltonian H descends to the Hamiltonian of the elliptic Calogero-Moser system on the symplectic quotient. As in the cases of rational and trigonometric Calogero-Moser Systems, first integrals of this systems can be obtained from G-invariant functions on the Lie algebra g.

Remark 6.15 Instead of just looking at δ-functions centered at z = 0, one can consider δ-functions with finitely many poles. The corresponding integrable systems and their trigonometric analogues have been studied in [79].

6.5 Bibliographical notes In this section we follow [46], [32] and [79].^{RW1}

1 ■■ RW1: Some historic references about Calogero Moser (SUTHERLAND) systems???

Chapter III

Real and complex gauge groups

1 Around holomorphic bundles

1.1 Holomorphic bundles

In this section, we will recall some basic notions and facts from the theory of holomorphic vector bundles. For a more comprehensive introduction, see e.g. [18] and [63].

Let M be a complex manifold let E → M a complex vector bundle, and denote the set of C^∞ sections of a vector bundle E by Γ(E).

Definition 1.1 A complex structure on the complex vector bundle E → M is a covering of open sets {U_i}_{i∈I} of the manifold M M together with local trivializations φ_i : E|_{Ui} → U_i × C^n such that the transition functions

φ_i ∘ φ^{−1}_j : U_i ∩ U_j × C^n → U_i ∩ U_j × C^n

are holomorphic.

Remark 1.2 Since the transition functions φ_i ∘φ^{−1}_j induce the identity on the first factor, they give rise to holomorphic maps g_{i,j} : U_i ∩ U_j → Gl_n(C ). It is easy to check that the g_{i,j} satisfy the cocycle identity: g_{i,j} = g^{−1}_{j,i} and g_{i,j} g_{j,k}g_{k,i} = id on U_i ∩ U_j ∩ U_k.

On the other hand, given an open covering {U_i}_{i∈I} of M together with a collection of holomorphic maps g_{i,j} which satisfy the cocycle identity above, one can define a holomorphic vector bundle on M as follows. The total space E of the bundle can taken to be the union ∪_{i∈I} U_i × C^n subject to the relation (x, v) ∼ (x, g_{i,j} (x)v) whenever x ∈ U_i ∩ U_j . This is a well defined equivalence relation since the g_{i,j} satisfy the cocycle condition. The transition functions of this bundle are given by (id|_{Ui∩Uj} , g_{i,j} ) which are holomorphic. Hence the bundle is indeed a holomorphic vector bundle on M.

Having defined the notion of a holomorphic vector bundle on a complex manifold, we want to know what its holomorphic sections are. To this end, remember that on a complex manifold M the complexified deRham complex (Ω^∗_M , d) splits into a double complex (Ω^{∗,∗}_M , ∂, ¯∂), where ∂ : Ω^{p,q}_M → Ω^{p+1,q}_M and ¯∂ : Ω^{p,q}_M → Ω^{p,q+1}_M are the holomorphic and anti holomorphic differentials such that ∂ + ¯∂ = d. In a local coordinate chart (z_1, . . . , z_n), the forms in Ω^{p,q} can be written as ∑ f_{i1,...ip,j1,...jq} (z_1, . . . z_n, z̄_1, . . . , z̄_n)dz_{i1} ∧ . . . ∧ dz_{ip} ∧ dz̄_{j1} ∧ . . . ∧ dz̄_{jq} . Definition 1.3 A function f : U → C is holomorphic in if ¯∂f = 0.

Remark 1.4 For any complex vector bundle E on M we can define the set of E-valued (p,q)-forms as Ω^{p,q}(E) = Γ(E) ⊗ Ω^{p,q}. Given a holomorphic structure on the bundle E, we can define the operator ¯∂_E : Ω^{p,q}(E) → Ω^{p,q+1}(E) uniquely by the properties

1. ¯∂_E(fs) = ( ¯∂f)s + f( ¯∂_Es) for all f ∈ C^∞(M) and s ∈ Γ(E)

2. ¯∂_E vanishes on open U ⊂ M iff s is holomorphic in U.

Indeed, in any local trivialization (U, φ_U ) of E, the operator ¯∂_E can be taken to be the standard differential ¯∂. To see that ¯∂_E is independent of the choice of local trivialization, consider a different trivialization (V, φ_V ). On U ∩ V the trivializations are related by a holomorphic map g_{U,V} : U ∩ V → Gl_n(C ). The differential of a section s is given by ¯∂_E (g_{U,V} s) = ( ¯∂g_{U,V} ) + g_{U,V} ¯∂_E(s) = g ¯∂_E(s) since g_{U,V} is holomorphic. This shows that the differential ¯∂_E is indeed well defined.

We have seen how a holomorphic structure on a complex vector bundle E → M gives rise to a differential operator ¯∂_E on the set of sections of E vanishing on the set of holomorphic sections. On the other hand, any connection d_A on a complex vector bundle E (i.e. any map d_A : Ω^0_M (E) → Ω^1_M (E), which satisfies the Leibnitz rule d_A(fs) = (df)s+d_As for all sections s and functions f) splits into partial connections d_A = ∂_β + ¯∂_α with ∂_β : Ω^0_M (E) → Ω^{1,0}_M (E) and ¯∂_α : Ω^0_M (E) → Ω^{0,1}_M (E). Given a connection d_A on the bundle E, it is a natural question to ask, whether ¯∂_α is integrable, i.e. whether it comes from a holomorphic structure on E. To find a criterion for the integrability of a partial connection ¯∂_α, let us extend ¯∂_α to a map Ω^{0,p}_M (E) → Ω^{0,p+1}_M (E). Then, in a local C^∞- trivialization (U, φ), we can write ¯∂_α = ¯∂ + α^φ, where α^φ is a matrix of 1-forms on U. Set Φ_α = ¯∂^2_α ∈ Ω^{(0,2)}(EndE). In the local trivialization, we have Φ^φ_α = ¯∂α^φ + α^φ ∧ α^φ. Now we can state the integrability theorem for partial connections:

Theorem 1.5 A partial connection ¯∂_α on a complex vector bundle E → M is integrable if and only if ¯∂^2_α = 0.

Theorem 1.5 is essentially a bundle-valued version of the Nirenberg-Newlander Theorem on the integrability of almost complex structures. The integrability condition ¯∂^2_α = 0 assures the maximal number of linearly independent solutions of the equation ¯∂_αs = 0. For a proof of theorem 1.5, see e.g. [63].

Remark 1.6 For any connection d_A on a complex vector bundle, its curvature F_A = d^2_A ∈ Ω^2(EndE) splits into F_A = F^{2,0}_A + F^{1,1}_A + F^{0,2}_A Theorem 1.5 states that the (0, 1) part of a connection d_A defines a holomorphic structure on the corresponding bundle if and only if the (0, 2)-part of its curvature vanishes.

Definition 1.7 Assume that there exists a Hermitian structure on the vector bundle E, i.e. a Hermitian metric ( , ) on each fiber which varies smoothly on the manifold M. A connection d_A on the bundle E is called unitary if it is compatible with the metric, i.e. if d(s, t) = (d_As, t) + (s, d_At) for any two sections s, t of E.

Lemma 1.8 Let ¯∂_α be a partial connection on a complex hermitian vector bundle E. Then there exists a unique unitary connection d_A on the bundle E such that the (0,1)-part of d_A is given by ¯∂_α.

Proof. Let A^φ be the matrix of 1-forms representing the connection d_A in a unitary trivialization (U, φ). Then the unitarity-condition on d_A reads A^φ = −(A^φ)^∗. Now, given a partial connection ¯∂_α with local connection matrix α^φ, we can define A^φ = α^φ − (α^φ)^∗. This defines the connection d_A globally. □

Suppose that a complex vector bundle on the complex manifold M admits both a holomorphic structure and a Hermitian metric. Then there exists a unique connection d_A on the vector bundle E which is compatible with both structures. Since the curvature F_A of a unitary connection is skew adjoint we find F^{0,2}_A = (F^{2,0}_A )^∗. On the other hand, compatibility with the holomorphic structure forces F^{0,2}_A = 0 so that the curvature matrix F_A has to be a matrix of (1,1)-forms. The findings are summarized in the following Theorem.

Theorem 1.9 A unitary connection on a hermitian complex vector bundle E over M is compatible with a holomorphic structure in E if and only if it has curvature of type (1,1). In this case the connection is uniquely determined by the metric and the holomorphic structure.

Finally, let us recall the notion of a stable bundle. Let E be a vector bundle on a Riemann surface Σ. The rank rk(E) is the dimension of its fibers, and the degree deg(E) of the bundle E is the degree of its determinant bundle, i.e. the highest exterior power of the bundle E.

Definition 1.10 A holomorphic vector bundle E on a Riemann surface is stable if for any proper subbundle F ⊂ E we have deg(F ) rk(F ) < deg(E) rk(E) . The bundle E is called semistable if the inequality above is replaced by ≤.

Example 1.11 To illustrate the notion of stability, we show that all endomorphisms of a stable vector bundle over a Riemann surface Σ, are isomorphisms: Indeed, let E be a stable vector bundle and let f : E → E be an endomorphism. Denote by I the image of E under the map f. This is a subbundle of E. Hence by stability, μ(I) ≤ μ(E). Since on the other hand, I is isomorphic to E/ ker(f), we find μ(E) ≤ μ(I). By stability of E, the bundle I cannot be a proper subbundle of E. Thus, the bundles I and E have the same rank. Therefore the map f is surjective and hence an isomorphism.

Exercise 1.1.1 Let E be a stable vector bundle over a Riemann surface. Show that the only endomorphisms of E are homotheties.

Remark 1.12 The condition of stability of a vector bundle E on higher dimensional manifolds M^n is defined similarly. The degree of the bundle is now defined by deg(E) = ∫ M ω^{n−1} ∧ c_1(E), where ω is a Kähler class on M and c_1(E) is the first Chen class of the bundle E. So the degree of the bundle E depends on the choice of the Kähler class ω on M. Furthermore, instead of considering just subbundles of the given vector bundle E, one has to consider torsion free subsheaves of E.

1.2 Hitchin systems

In this section we will give a short introduction to the so called Hitchin systems. These are integrable systems on the cotangent bundle of the moduli space of stable vector bundle on a Riemann surface of genus g > 1. Similarly to the Calogero-Moser which we have introduced in section 6 of chapter II, systems they can be defined via symplectic reduction from the action of an infinite-dimensional Lie group on an affine space.

To get started, let us recall some facts about the moduli space of stable vector bundles on a Riemann surface: Throughout this section let us fix some Riemann surface Σ of genus g and let us and let N denote the space of equivalence classes of stable holomorphic vector bundles on Σ of a given topological type. That is, we fix a complex vector bundle E on the surface Σ and denote by N the moduli space of equivalent semistable holomorphic structures on E. It is a classical theorem due to Narashiman and Seshadri that N is a complex variety.

Remark 1.13 The dimension of the space N can be computed as follows. Let E_t be a family of holomorphic bundles depending on a parameter t ∈ R with E_0 = E and let g_{i,j} (t) denote the corresponding transition functions. Then the functions

g^{−1}_{i,j} (0) ∂ ∂t |_{t=0}g_{i,j} (t) define a class in the sheaf cohomology group H^1(Σ, EndE). Looking at all possible curves through a given holomorphic structure g_{i,j} (0), we see that the tangent space of N at g_{i,j} (0) can be identified with the cohomology group H^1(Σ, EndE). The dimension of H^1(Σ, EndE) is given by the Riemann-Roch theorem: dim H^0(Σ, EndE) − dim H^1(Σ, EndE) = deg(EndE) + rank(EndE)(1 − g) . Now, deg(EndE) = 0 and stability of E implies that dim H^0(Σ, EndE) = 1 (see Example 1.11 and Exercise 1.1.1). So we get

dim N = n^2(g − 1) + 1 .

The cotangent bundle T^∗N admits a natural symplectic structure. We will give a second description of T^∗N as a symplectic quotient much in the same way as we described the cotangent space of a coadjoint orbit as a symplectic quotient in section II.6. From this description it will be apparent that the cotangent bundle T^∗N is the phase space of an integrable system.

Proposition / Definition 1.14 Let A^s denote the set of stable complex structures on the complex vector bundle E. This set can be identified with the set of partial connections ¯∂_α which are integrable and which give rise to a stable complex structure on the bundle E. The gauge group G(E) of the bundle E is the group of smooth automorphisms of the bundle E which fix the base Σ. This group acts on the set A^s by gauge transformations and the moduli space of stable holomorphic structures on the bundle E can be identified with the set N = A^s/G^Σ_C .

Remark 1.15 The cotangent bundle T^∗A^s can be identified with the set of pairs T^∗A^s = {( ¯∂_α, φ)} , where ¯∂_α is a point in A^s and φ is a M(n, C )-valued (1,0)-form on Σ. In the physics literature, the form φ is usually called Higg’s field and the bundle T^∗A^s is the Higg’s bundle.

There exists a natural symplectic structure on the cotangent bundle T^∗A^s which is given by ω ¯_{∂α,φ}(δ ¯∂_α, δφ) = ∫ Σ tr(δ ¯∂_α ∧ δφ) . Here, the pair (δ ¯∂_α, δφ) is a tangent vector at the affine space T^∗A in the point ( ¯∂_α, φ). That is, δ ¯∂_α and δφ are infinitesimal variations of ¯∂_α and φ, i.e. tangent vectors at ¯∂_α and φ.

The gauge group G(E) of the complex vector bundle E acts on the space T^∗A^s by conjugation: g : φ → gφg^{−1} and ¯∂_α → g ¯∂_αg^{−1}. Obviously, the symplectic form ω is invariant under this action.

Exercise 1.2.1 The G(E)-action on the space T^∗A^s is Hamiltonian. The moment map μ : T^∗A^s → Lie(G(E))^∗ is given by μ( ¯∂_α, φ) = [ ¯∂_α, φ] . Lemma 1.16 The symplectic quotient μ^{−1}(0)/G^Σ_C is naturally identified with the cotangent bundle T^∗N .

Lemma 1.16 shows that T^∗N can be described as a symplectic quotient. Our next goal is to find a set of dim N Poisson commuting Hamiltonians on T^∗N which are functionally independent and thus form an integrable system. To this end, let K denote the canonical bundle on the Riemann surface Σ, and let T be the holomorphic tangent bundle of Σ. Furthermore, fix some j ∈ N and a basis ν_{j,k} of H^1(Σ, K ⊗ T^j ).

Exercise 1.2.2 Show that the dimension of H^1(Σ, K ⊗ T^j ) is (2j − 1)(g − 1) for j > 1 and g for j = 1.

Let us define functions H_{j,k} : T^∗A^s → C by H_{j,k}( ¯∂_α, ϕ) = ∫ Σ ν_{k,j} tr(φ^j) . Exercise 1.2.3 Show that the functions H_{j,k} Poisson-commute on T^∗A^s. Also show that they are gauge invariant, and therefore they Poisson commute after the symplectic reduction.

Note that the total number of the functions H_{j,k} is g + n∑ j=2 (2j − 1)(g − 1) = n^2(g − 1) + 1

which is exactly half the dimension of T^∗N . Finally, the functions H_{j,k} are functionally independent. Hence they form an integrable system on T^∗N . These integrable systems are the so called Hitchin systems.

1.3 Poisson Structures on moduli spaces

In the following three sections section we will take a closer look at the moduli spaces of holomorphic vector bundles and show that they carry a symplectic structure. More generally, we will replace the moduli space of holomorphic vector bundles by the moduli space of holomorphic G-bundles, where G is a complex reductive Lie group. A classical theorem due to Ramanathan [83] states that this moduli space is isomorphic to the moduli space of flat connections on the corresponding K-bundle, where K is the maximal compact subgroup of G. We will describe this moduli space and its symplectic structure in section 1.4. If the Riemann surface Σ has a boundary, the moduli space of flat connections does not carry a symplectic structure but a Poisson structure. In this case, one can use the coadjoint orbits of the centrally extended loop groups described in section II.1 to classify the symplectic leafs of this structure.

In section 1.6 we will turn to the situation of holomorphic G-bundles on a complex surface S. If S admits a nowhere vanishing holomorphic n-form, it is a theorem of Mukai that the moduli space of holomorphic G-bundles on S carries a holomorphic symplectic structure. We shall give description of this symplectic structure which is analogous to our description of the moduli space of flat connections on a Riemann surface Σ. More generally, we will deal with the case that the complex surface S merely admits a meromorphic n-form with poles of at most first order. In this case the moduli space of holomorphic G-bundles on S inherits a Poisson structure and the symplectic leafs of this structure can be classified in terms of coadjoint orbits of the elliptic Lie groups we have been studying in section II.5. To make the constructions precise, we need a complex analogue of the Stokes’ formula which we will describe in section 1.5.

1.4 Moduli spaces of flat connections

In this section, G will always denote a compact simply connected Lie group with Lie algebra g. As usual, tr( . , . ) denotes (a multiple of) the Killing form on g. Furthermore, let Σ be a compact Riemann surface possibly with boundary ∂Σ consisting of the disjoint union of several copies of S^1 and let E be a principal G-bundle over Σ.

Γ_n

Γ_1

Figure 1.1: Riemann surface with boundary components Γ_1 . . . Γ_n

We denote by A^Σ the affine space of all smooth connections in E. Since the group G is simply connected, the bundle E is trivial. Hence we can write

A^Σ = {d + A | A ∈ Ω^1(Σ, g)} .

This shows that A^Σ is an affine space with underlying vector space Ω^1(Σ, g). In particular, we can identify the tangent space at any point of A^Σ with Ω^1(Σ, g). This allows to define a symplectic structure ω on A^Σ by setting ω_A(δ_1A, δ_2A) = ∫ Σ tr(δ_1A ∧ δ_2A) , (1.1) where δ_1A and δ_2A denote tangent vectors of A^Σ at the point d + A, i.e. elements of Ω^1(Σ, g).

Since the principal G-bundle E on the surface Σ is trivial, the gauge group G of the bundle E is isomorphic to the current group with G^Σ = C^∞(Σ, G) and the Lie algebra of G is given by the current algebra g^Σ = C^∞(Σ, g). The action of the group G on the affine space A^Σ is the usual gauge action g : A → gAg^{−1} − dgg^{−1}. This action preserves the symplectic structure ω and we shall see in a moment that it is Hamiltonian.

Proposition 1.17 The Hamiltonian function H_ϵ generating the action of an infinitesimal gauge transformation ϵ ∈ g^Σ is given by H_ϵ(A) = ∫ Σ tr (ϵ(dA + A ∧ A)) − ∫ ∂Σ trϵA) . Proof. The Hamiltonian vector field X corresponding to any function H is defined by its action on functions f by L_X f = {H, f} = ∫ Σ ⟨δH ∧ δf⟩, (1.2) where δf denotes the derivative of the function f A^Σ. The latter expression in formula 1.2 is the Poisson bracket corresponding to the symplectic structure on A^Σ.

In order to determine the Hamiltonian function H_ϵ, it suffices to consider the coordinate function f(A) = A. We then get L_X A = {H, A} = δH δA . Thus, for the above Hamiltonian H_ϵ we have L_{Xϵ} A = δH_ϵ δA = [ϵ, A] − dϵ , i.e. L_{Xϵ} A is the infinitesimal gauge transformation of A by ϵ. Indeed, for F (A) = dA+A∧A we have δF (δA) = δ(dA + A ∧ A) = dδA + δA ∧ A + A ∧ δA = δdA + [A, δA]. This gives δH_ϵ(δA) = ∫ Σ tr(ϵδF )⟩ − ∫ ∂Σ tr(ϵδA) = ∫ Σ tr (ϵ(δdA + [A, δA])) − ∫ ∂Σ tr(ϵδA) = ∫ Σ tr (δA ∧ ([ϵ, A] − dϵ)) . In the last equality we have used Stokes’ formula. □

Remark 1.18 In general, a Hamiltonian function H_ϵ corresponding to a vector field X is defined only up to a constant. Thus, the Poisson bracket of two Hamiltonian functions H_{ϵi} reproduces the Lie algebra g^Σ only up to a two-cocycle c: {H_{ϵ1} , H_{ϵ2} } = H_{[ϵ1,ϵ2]} + c(ϵ_1, ϵ_2) , The cocycle c is an obstruction to the existence of a moment map. If the cocycle c is non-trivial, one has to consider the action of a central extension ^g^Σ of the Lie algebra g^Σ on the space A^Σ in order to have a moment map. Here, the central extension ^g^Σ is the one coming from the cocycle c.

Proposition 1.19 For the Hamiltonian functions H_ϵ considered above, the cocycle c from Remark 1.18 is given by c(ϵ_1, ϵ_2) = ∫ ∂Σ ⟨ϵ_1, dϵ_2⟩

Proof. Let us calculate {H_{ϵ1} , H_{ϵ2} }. Using formula 1.2 and the expression^{δHϵ}_{δA} = [ϵ, A] − dϵ, we get

{H_{ϵ1} , H_{ϵ2} } = ∫ Σ tr ((−dϵ_1 + [ϵ_1, A]) ∧ (−dϵ_2 + [ϵ_2, A])) = ∫ Σ tr(dϵ_1 ∧ dϵ_2) − ∫ Σ tr(dϵ_1 ∧ [ϵ_2], A) − ∫ Σ tr([ϵ_1, A] ∧ dϵ_2) + ∫ Σ tr([ϵ_1, A] ∧ [ϵ_1], A) = ∫ ∂Σ tr(ϵ_1dϵ_2) + ∫ Σ tr ([ϵ_1, ϵ_2](dA + A ∧ A)) − ∫ ∂Σ tr([ϵ_1, ϵ_2], A) = ∫ ∂Σ trϵ_1dϵ_2) + H_{[ϵ1,ϵ2]}.

We have used Stokes’ formula several times. □

Remark 1.20 The cocycle c from Proposition 1.19 is nontrivial. Indeed, when restricted to one boundary component, it is exactly the cocycle defining the universal central extension of the loop algebra Lg (see section II.1.1). So c defines a non-trivial central extension ^g^Σ of g^Σ.

Corollary 1.21 The gauge action of G^Σ on A^Σ extends to a Hamiltonian action of the centrally extended group ^G^Σ.

In order to describe the moment map of the action of the group ^G^Σ on the space A^Σ more explicitly, we have to get our hands on the dual space of the Lie algebra ^g^Σ = {(ϵ, z) | ϵ ∈ g^Σ, z ∈ R }. As usual, we will only be interested in the smooth part of the dual.

Lemma 1.22 The smooth part (^g^Σ)^∗ of the dual of the Lie algebra ^g^Σ is given by the space of triples (^g^Σ)^∗ = {(F, C, x) | F ∈ Ω^2(Σ, g), C ∈ Ω^1(Σ, g), x ∈ R } .

The non-degenerate pairing between ^g^Σ and (^g^Σ)^∗ is given by ⟨(F, C, x), (ϵ, z)⟩ = ∫ Σ tr(ϵF ) − ∫ ∂Σ tr(ϵ, C) + zx . The group G^Σ acts on the Lie algebra ^g^Σ by is adjoint action and dually on (^g^Σ)^∗ by its coadjoint action. To be more precise, we should consider the coadjoint action of the centrally extended group ^G^Σ corresponding to ^g^Σ. But the center of ^G^Σ acts trivially in the adjoint representation, it is enough to consider the group G^Σ itself. By Corollary 1.21, the group G^Σ acts on the space A^Σ in a Hamiltonian way. So there exists a moment map from A^Σ to (^g^Σ)^∗.

Proposition 1.23 The moment map μ : A^Σ → (^g^Σ)^∗ of the G^Σ-action on A^Σ is given by A → (F (A), A|_{∂Σ}, 1) , where F (A) = dA + A ∧ A is the curvature of the connection A.

Proof. Obviously, the map μ is equivariant since the curvature is equivariant. Let X_ϵ denote the vector field on A^Σ corresponding to an element ϵ ∈ ^g^Σ. We have to check the moment map condition ω(X_ϵ, ·) = d⟨ϵ, μ⟩ . But this is exactly what we have shown in the proof of Proposition 1.17. □

Definition 1.24 For any submanifold Γ ⊂ Σ let us denote by G^Σ_Γ the group of gauge transformations on Σ “based on Γ”. That is, we set G^Σ_Γ = {g ∈ C^∞(Σ, G) | g|_Γ = id}, and let g^Σ_Γ be the corresponding Lie algebra. A slight modification of Proposition 1.23 gives Corollary 1.25 The group G^Σ_Γ acts on A^Σ in a Hamiltonian way. The moment map for the action of the corresponding Lie algebra g^Σ_Γ is the map A^Σ → (g^Σ_Γ )^∗ given by the curvature: A → dA + A ∧ A . We can consider the symplectic quotient M_{Σ,Γ} = A^Σ//G^Σ_Γ of flat connections modulo gauge transformations from G^Σ_Γ . That is, we set M_{Σ,Γ} = {d + A ∈ A^Σ | F (A) = 0}/G^Σ_Γ .

Remark 1.26 Since M_{Σ,Γ} is defined via Hamiltonian reduction, it inherits a symplectic structure from the space A^Σ. Note however that if the boundary ∂Σ of the Riemann surface Σ is non-empty, the space M_{Σ,Γ} will certainly be infinite-dimensional. Furthermore, it can have singularities. We shall only be concerned with the non-singular part of the moduli space M_{Σ,Γ}.

For each boundary component Γ_i of the surface Σ, We can consider the restriction of a connection A ∈ A^Σ to each boundary component Γ_i of the surface Σ. This is a connection on Γ_i and hence can be viewed as an element in the dual space (^g^{Γi} )^∗ of the centrally extended loop algebra ^g^{Γi} corresponding to the boundary component Γ_i. Hence we can define a restriction map A^Σ → ∪_i(^g^{Γi} )^∗ , (1.3)

where the union ranges over the set of boundary components of Σ. Since the group G^Σ_Γ acts trivially on the boundary of Σ, the restriction map for connections factors through the symplectic quotient M_{Σ,Γ}.

Lemma 1.27 The restriction map

M_{Σ,Γ} → ∪_i(^g^{Γi} )^∗

which maps a connection to its restriction on the boundary of Σ is a Poisson map.

Proof. The restriction map A^Σ → ∪_i(^g^{Γi} )^∗ is obviously Poisson since it is just a component of the moment map A^Σ → (g^Σ_Γ )^∗. Factoring through M_{Σ,Γ} does not change this. □

Finally, note that since the group G^Σ_Γ of based gauge transformations is a normal subgroup in the group G^Σ of all gauge transformations, the group G^Σ acts on the space M_{Σ,Γ}. Hence we can consider the quotient

M_Σ = M_{Σ,Γ}/G^Σ .

Furthermore, since the action of the group G^Σ on the space A^Σ is Hamiltonian, its induced action on the quotient M_{Σ,Γ} is still Hamiltonian. It is a general fact that the quotient of a symplectic manifold by a Hamiltonian group action is a (possibly singular) Poisson manifold. Hence the space M_Σ is a Poisson manifold. Furthermore, it is finite dimensional and compact. As before, we shall only be interested in the non-singular part of M_Σ.

Remark 1.28 Note that the cocycle c is trivial on the Lie algebra g^Σ_Γ , so that the corresponding group G^Σ_Γ can be embedded as a normal subgroup into ^G^Σ. The quotient ^GΣ/GΣ_Γ is then a central extension of the group G∂Σ. If the surface Σ is the unit disc, this is exactly the Mickelsson construction of the central extension of the loop group L(G) which we described in section II.1.3.

We can now use the restriction map M_{Σ,Γ} → ∪_i(^g^{Γi} )^∗ to describe the symplectic leaves of the Poisson manifold M_Σ.

Proposition 1.29 The symplectic leaves of the Poisson structure on the manifold M_Σ inherited from the symplectic structure on A^Σ are parametrized by the conjugacy classes of holonomies around the holes (that is, a symplectic leaf is singled out by fixing the conjugacy class of the holonomy around each hole).

Proof. The symplectic leaves of M_Σ are in one-to-one correspondence with the coadjoint orbits of the (centrally extended) affine Lie algebra on a circle ^g^{Γj} (or the direct sum of several copies of the affine algebras if the boundary Γ of the surface Σ consists of several components). As we have seen in section II1.2, these coadjoint orbits, are parametrized by the conjugacy classes of holonomies around the circle. □

Remark 1.30 The above Proposition should not be understood as that the conjugacy classes of holonomies around the holes can be taken arbitrary, since the holonomies of a flat connection on the surface obey certain relations coming from the fundamental group π_1(Σ). For example, if Σ is a sphere with n holes then the product of all n holonomies has to be id ∈ G (provided one has chosen the same base point and a convenient orientation for all n loops encircling the holes).

Remark 1.31 There exists a completely finite-dimensional description of the Poisson structure on the space M_Σ. The idea is to replace the surface Σ by a graph L which can be taken to be the 1-skeleton of a triangulation of the surface. The space of flat connections A^Σ is replaced by the set A^L of connections on the graph L. By definition, By definition, the set A^L = ∏ edges of L G is taken to be the product of G over all edges

Figure 1.2: A Surface Σ is replaced by the 1-skeleton of a triangulation

of the graph L and should be viewed as the “holonomies along the edges.” The gauge group G^L = ∏ vertices of L G acts by conjugation at the vertices. The moduli space MΣ of

flat connections is diffeomorphic to the quotient M^L = A^L/G^L. It turns out that one can define Poisson strictures on both A^L and G^L such that the action of the group G^L on the space A^L is Poisson (i.e. the map G^L × A^L → A^L is a Poisson map with respect to the sum of the two Poisson structures on G^L ×A^L). In particular, the quotient M^L = A^L/G^L is a Poisson manifold (see [25]).

There are several other finite dimensional constructions of the moduli space M_Σ. (see e.g. [6, 5, 42, 45]).

1.5 Poincaré Residue

In the following section we want to treat the symplectic geometry of the moduli space of holomorphic vector bundles (or more generally, holomorphic G-bundles where G ⊂ GL(n, C ) is a complex reductive group) on a complex surface in a similar fashion as we treated the symplectic geometry of the moduli space of flat connections on a Riemann surface modulo gauge transformations. To do this, we need a complex analogue of Stokes‘ Theorem. This will be a multidimensional generalization of the Cauchy integral formula which we will now describe.

Let X be a compact complex n-dimensional manifold and let γ be a meromorphic n-form with singularities of at most first order on a smooth complex hypersurface Y ⊂ X. Let z : U → C be a function defining Y locally in a neighborhood U of some point p ∈ Y . Then in U, the n-form γ can be decomposed into the sum γ = dz z ∧ α + β , where α and β are holomorphic in U.

Lemma 1.32 The restriction α|_Y is a well defined (n − 1)-form on Y , that is, α|_Y is independent of the choice of f.

This lemma can be easily proved using local coordinates. Since the 1-form α|_Y is independent of the choices made, the following definition makes sense:

Definition 1.33 The holomorphic (n − 1)-form α|_Y on Y is called the Poincaré residue of the meromorphic form γ and is denoted by res_Y γ.

Now we can state the main theorem of this section.

Theorem 1.34 (Cauchy-Stokes formula) Let X, Y and γ be as above, and let u be a smooth (n − 1)-form on X.Then the form γ ∧ du is integrable on X, and ∫ X γ ∧ du = (−1)^n2πi ∫ Y res_Y γ ∧ u .

Proof. Let z be a coordinate function locally defining Y . To see that γ ∧ du is integrable, observe that γ ∧ du grows like^1_{|z|} as z → 0. Since the real codimension of Y in X equals 2, γ ∧ du is indeed integrable.

To calculate the integral, choose some tubular neighborhood U_ϵ of radius ϵ of Y (see figure 1.5). Then we can write ∫ X γ ∧ du = lim_{ϵ→0} ∫ X\U_ϵ γ ∧ du = (−1)^n lim_{ϵ→0} ∫ ∂U_ϵ γ ∧ u = (−1)^n lim_{ϵ→0} ∫ Y ∫ |z|=ϵ γ ∧ u where we have used Stokes’ theorem to reduce the integral over X \ U_ϵ to an integral over its boundary. Finally, we can decompose γ =^{dz}_z ∧ α + β and use Cauchy’s theorem to write lim_{ϵ→0} ∫ Y ∫ |z|=ϵ γ ∧ u = 2πi ∫ Y res_Y γ ∧ u.

Note that the term involving β ∧ u vanishes as ϵ → 0. □

U_ϵ

Y

X Figure 1.3: A tubular neighborhood U_ϵ of the polar divisor Y ⊂ X.

Remark 1.35 Note that in the Cauchy-Stokes’ formula above, the polar divisor takes the part of the boundary in the usual Stokes’ formula. In the same spirit, the meromorphic n-form can be seen as a “complex analogue” of an orientation. We will encounter similar analogies in subsequent sections.

Remark 1.36 Theorem 1.34 can be extended to the case when the meromorphic n-form γ has first order poles on a normal crossing divisor Y = ∪_iY_i ⊂ X. (Normal crossing divisor means that the irreducible components Y_i of Y , each one appearing with multiplicity one, intersect generically.) Analogously to definition 1.33, one can define a residue res_{Yi} γ on each component of Y . The resulting (n − 1)-forms res_{Yi} γ on Y_i are meromorphic and have first order poles at the intersections Y_{i,j} = Y_i ∩ Y_j . One can now consider the repeated Poincaré residue of γ at Y_{i,j} . Let z_i and z_j be local coordinates of X representing Y_i and Y_j respectively. Then γ can be locally represented as γ = α ∧^{dzi}_{zi} ∧^{dzj}_{zj} + β, where β is holomorphic. One then finds that

res_{i,j} γ := res_{Yi} (res_{Yj} γ) = res_{zi=0} ( res_{zj =0} α ∧ dz_i z_i ∧ dz_j z_j + β ) = α|_{Yi,j} . Note that res_{i,j} γ = − res_{j,i} γ .

Otherwise res_{i,j} γ does not depend on the choice of the local coordinates z defining Y_i and Y_j. In this situation we shall denote by res γ the collection of (n − 1)forms on the components Y_i of the normal crossing divisor Y = div_∞ γ.

1.6 Moduli spaces of holomorphic bundles

Let S be a compact complex surface (dim_C S = 2) and let G ⊂ Gl(n, C ) be a complex reductive group. In this section, we will describe a Poisson structure on the moduli space M_G of stable holomorphic vector bundles on S with the group G as structure group. As in section 1.4, when speaking about a moduli space we shall only mean its nonsingular part. The approach we take will be a complete analogy to our considerations in section 1.4, where we described the moduli space of flat connections on a Riemann surface. The basic idea is to replace the “real” notions of “orientation”and “boundary” of a Riemann surface by the notion of complex orientation (a non-vanishing meromorphic n-form on S) and its polar divisor which will play the role of the ”boundary” of the complex surface S (see Remark 1.35).

Let S be a compact complex surface as above, and fix some meromorphic two-form β on S which has only poles of first order and whose polar divisor P ⊂ S is a smooth curve in S. Let us assume additionally that β has no zeroes. In this case, res_P β is a non-vanishing holomorphic one-form on P which shows that P is an elliptic curve or the union of several non-intersecting elliptic curves. According to Remark 1.35, these elliptic curves can be seen as the analogues of the circles constituting the boundary components of a real smooth surface. An example for such a situation is S = C P^2 with the meromorphic 2-form defining the complex orientation on S given by β = dxdy/xy.

Now, let E be a smooth G-bundle over the surface S which admits a holomorphic structure and let End E be the corresponding bundle of endomorphisms with the fiber g = Lie(G). Furthermore, let A^S denote the infinite-dimensional affine space of smooth (0, 1)-connections in E. Finally, let us choose a reference holomorphic structure, i.e. a (0, 1)-connection ¯∂_0 such that ¯∂^2_0 = 0. The space A^S can be identified with the vector space Ω^{(0,1)}(S, End E) of (End E)-valued (0, 1)-forms on S, i.e.

A^S = { ¯∂_0 + A | A ∈ Ω^{(0,1)}(S, End E)} .

The affine space A^S possesses a natural holomorphic symplectic structure which is given by

ω_C (δ_1A, δ_2A) = ∫ S β ∧ tr(δ_1A ∧ δ_2A) , where β is the meromorphic n-form on S (i.e. the complex ”orientation“ on S) and as usual, tr(., .) denotes the non-degenerate bilinear form on g (i.e. the Killing form). Also, δ_1A and δ_2A are two tangent vectors at the affine space A^S in the point ¯∂ + A.

Following this observation, we can repeat the constructions from section 1.4 more or less word by word, always replacing the ”real” notions by their complex counterparts.

Let us denote the gauge group of the bundle E (i.e. the group of automorphisms of E which cover the identity on the base S) by G^S and its Lie algebra by g^S = Γ(S, End E) (where Γ denotes the space of C^∞-sections).

Proposition 1.37 The symplectic structure ω_C is invariant with respect to the gauge transformations A → gAg^{−1} − ¯∂gg^{−1} , where g ∈ G^S is an element of the group of gauge transformations, i.e., the group of automorphisms of the smooth bundle E.

As in section 1.4, we can find Hamiltonian functions generating the infinitesimal action of the gauge group G^S .

Proposition 1.38 An infinitesimal gauge transformation ϵ is generated by the Hamiltonian function H_ϵ(A) = ∫ S β ∧ tr(ϵ, ( ¯∂A + A ∧ A)) − 2πi ∫ P res_P β ∧ tr(ϵ, A) . Proof. The proof is essentially the same as the proof of proposition 1.17. One just has to replace the use of Stokes’ formula by Cauchy-Stokes. Indeed, writing F = ¯∂A + A ∧ A we have δH_ϵ = ∫ S β ∧ tr (ϵ, δF (δA)) − 2πi ∫ P res_P β ∧ tr(ϵ, δA) = ∫ S β ∧ tr(ϵ, ¯∂δA + [A, ∂A]) − 2πi ∫ P ⟨ϵ, δA⟩ = ∫ S β ∧ tr(δA, [ϵ, A] − ¯∂A) . Here [A, ϵ] − ¯∂ϵ is the infinitesimal gauge transformation of a (0, 1)-connection A by ϵ. □

We can also write down the commutation relations for the Hamiltonians with respect to the Holomorphic Poisson structure induces by ω. We have {H_{ϵ1} , H_{ϵ2} } = H_{[ϵ1,ϵ2]} + c(ϵ_1, ϵ_2) , where c is a two cocycle on g^S.

Proposition 1.39 For two Hamiltonian functions H_{ϵ1} , H_{ϵ2} , the 2-cocycle c is given by c(ϵ_1, ϵ_2) = 2πi ∫ P res_P β ∧ tr(ϵ_1, ¯∂ϵ_2) .

Remark 1.40 If P is an elliptic curve, then the two cocycle c is c(ϵ_1, ϵ_2) = 2πi ∫ P α ∧ tr(ϵ_1, ¯∂ϵ_2) , where α is some holomorphic one-form on P . In section II.5, we have used the same cocycle to construct a central extension of the double loop group g^P . This suggests that the centrally extended (elliptic) Lie algebra ^g^P and the corresponding Lie group should play a similar role in the theory of holomorphic bundles as the centrally extended loop algebras (affine Lie algebras) played in the theory of flat connections on Riemann surfaces. Lemma 1.41 Let ^g^{S,β} denote the gauge algebra g^S centrally extended by means of the cocycle c from proposition 1.39, and let ^G^{S,β} be the corresponding group. Identifying the Lie algebra ^g^{S,β} with the set of pairs (ϵ, z) with ϵ ∈ g^S and z ∈ C , we find that the smooth part of the dual (^g^{S,β})^∗ of ^g^{S,β} is given by the space of triples (F, C, x), where F is a smooth (0, 2) form on the surface S, C in an (EndE)-valued (0, 1)-form on P and x is a complex number. The non-degenerate pairing < , > between the spaces ^g^{(S,β)} and (^g^{(S,β)})^∗ is then given by: < (F, C, x), (ϵ, z) >= ∫ S β ∧ ⟨ϵ, F ⟩ − 2πi ∫ P res_P β ∧ ⟨ϵ, C⟩ + zx .

The gauge group G^S acts on the affine space A^S by gauge transformations. This action gives rise to an action of the centrally extended group ^G^{S,β} in which the center of ^G^{S,β} acts trivially. The following result can be deduced from Proposition 1.38 exactly as Proposition 1.23 was deduced from 1.17 in section 1.4.

Proposition 1.42 The centrally extended group of gauge transformations, ^G^{(S,σ)}, acts on the affine space A^S in a Hamiltonian way. The moment map for the action of the corresponding gauge algebra ^g^{(S,σ)} is the mapping A^S → (^g^{(S,σ)})^∗ given by the (0, 2)- curvature and by the restriction of the ¯∂-connection form to the “boundary”: A → ( ¯∂A + A ∧ A, A|_P , 1) . As before, let us consider the group G^S_P of gauge transformations based at the polar divisor P : G^S_P = {g ∈ G^S | g|_P = id} , and denote by g^S_P the corresponding Lie algebra. Since the cocycle c is trivial on g^S_P , we can view g^S_P as a subalgebra of ^g^S. Accordingly, the group G^S_P can be viewed as a subgroup of ^G^S . Restricting the action of ^G^S on A^S, we get an action of G^S_P . A slight modification of the last proposition gives:

Corollary 1.43 The group G^S_P acts on the space A^S in a Hamiltonian way. The moment map μ for the action of the corresponding Lie algebra g^S_P is the mapping A^S → (g^S_P )^∗ given by the (0, 2)-curvature: A → ¯∂A + A ∧ A . Now observe, that the set μ^{−1}(0) is the set of holomorphic structures on the complex bundle E since it consists of (0, 1)-connections whose (0, 2)-curvature vanishes. So the (holomorphic) symplectic quotient M_{S,P} := A^S //G^S_P = μ^{−1}(0)/G^S_P is the space of holomorphic structures on E modulo gauge transformations.^1 Coming from symplectic reduction, M_{S,P} acquires the structure of an (infinite-dimensional) symplectic manifold. In a second step, we will consider the quotient M_S := M_{S,P} / ^G^{S,β} . Being the quotient of a symplectic manifolds by a group of symplectic transformations, the quotient M_S will be a (possibly singular) Poisson manifold. We will now set out to describe the symplectic leaves of M_S outside the singularities. Before we do that, let is look at one particular situation.

Corollary 1.44 (Mukai) Suppose that P = ∅. Then S admits a nowhere vanishing holomorphic n-form. Hence S has to be either an Abelian variety or a K3-surface. In this case, we also have G^S_P = G^S , so that M_S itself admits a holomorphic symplectic form.

1Recall that we consider the moduli space only locally around smooth points

Going back to the general situation, recall that the polar divisor P of the meromorphic n-form β on S has to be the union of ∪_{i∈I} Σ_i of elliptic curves. Using Remark 1.40 we see that the restriction of an element in A^S to P can be viewed as an element in ∪_{i∈I} (^g^{Σi} )^∗, where ^g^{Σi} is the centrally extended double loop algebra corresponding to the cocycle c. Similarly, the restriction map A^S → ⋃ i∈I (^g^{Σi} )^∗

factors through the symplectic quotient M_{S,P} and we get:

Proposition 1.45 The restriction map M_{S,P} → ⋃ i∈I (^g^{Σi} )^∗ .

sending an integrable (0, 1)-connection on the surface S to its restriction to P is a Poisson mapping.

The symplectic leaves of the Poisson manifolds (^g^{Σi} )^∗ are the coadjoint orbits of the corresponding groups. These in turn are in one-to-one correspondence with the equivalence classes of holomorphic G-bundles on Σ_i (see section II.5.2). Finally, we can summarize the findings of this section:

Proposition 1.46 The local moduli space M_S of holomorphic G-bundles on S possesses a (holomorphic) Poisson structure. The symplectic leaves of this structure are parametrized by the moduli of their restrictions to the anti-canonical divisor P ⊂ S (that is a symplectic leaf is singled out by fixing the isomorphism class of the restriction to the elliptic curve P , or the isomorphism classes of restrictions to each curve if P consists of several such curves).

Remark 1.47 The above proposition should not be understood as that the isomorphism classes of bundles on P can be taken arbitrary; rather they have to satisfy the condition that they arise as restrictions of bundles defined over S.

Remark 1.48 The discussion above applies with minor modifications to the case is the polar divisor P consists of several components intersecting transversally. In the latter case, the corresponding gauge group ^G^{P,β} is the current group of a punctured Riemann surface.

1.7 Bibliographical notes

The material of section 1.1 is standard (see e.g. [18],[63]). The Hitchin systems in section 1.2 have been introduced in [39] (see also [40]). The moduli space of flat connections on a Riemann surface has been studied from various points of view. Our main references are the fundamental paper by Atiyah and Bott [12] and the papers [25] and [50]. The symplectic structure on the moduli space of stable sheaves on a K3 surface or an Abelian surface has been found by Mukai [78]. We follow [50].

2 Around the Chern-Simons Functional

In this somewhat informal section we describe the physics approach to the results of the last sections via the Chern-Simons functional. The Chern-Simons functional is a functional on the space of connections on a principal bundle over a three dimensional compact manifold N with boundary Σ. Its critical points are the flat connections. One can use this fact to recover the symplectic structure on the moduli space of flat connections on the boundary Σ of N. A complex version of the Chern-Simons functional is related to the holomorphic symplectic structure on the moduli space of stable bundles on an Abelian surface or a K3-surface in a similar way, as the usual Chern-Simons functional is related to the moduli spaces of flat connections. In section 2.3 we briefly mention how one can use path integration methods to to count linking numbers of closed curves embedded in three dimensional manifolds.

2.1 Reminder on the Lagrangian Formalism A particle moving on a manifold M can be described using the Lagrangian formalism. That is, the physics on M is described by a Lagrangian function L : T M × R → R , where, as usual, T M denotes the tangent bundle of M. To each path q : [t_0, t_1] → M one can associate the action S[q] = ∫_{t1} t_0 L(q(t), q̇(t), t)dt . Here we have adopted the physics notation q̇(t) =^d_{dt} q. The movement of a particle on the manifold M is described by the condition that the action along the path p(t) of its actual motion is minimal. To be more precise, let us suppose we know that the particle has position q_0 at time t_0 and q_1 at time t_1. Then we can pose the variational problem

S[q] = min (2.4)

subject to the conditions q(t_0) = t_0 and q(t_1) = t_1. A solution of this problem will be a local minimum of the functional S. Hence, if the path q is a solution of the variational problem and δq is a vector field along q with δq(t_0) = δq(t_1) = 0, we have the necessary condition δS[δq] = 0 , where δS[δq] denotes the directional derivative of the functional S in direction δq. Writing out δS[δq] explicitly, we get δS[δq] = ∫_{t1} t_0 ( ∂L(q, q̇, t) ∂q δq + ∂L(q, q̇, t) ∂q̇ d dt δq(t) ) dt (2.5) = ∫_{t1} t_0 ( ∂L(q, q̇, t) ∂q − d dt ∂L(q, q̇, t) ∂q̇ ) δqdt + ∂L(q, q̇, t) ∂q̇ δq|^{t1}_{t0} , (2.6) where we have used integration by parts in the second step. The last term in equation (2.6) vanishes since we imposed the condition δq(t_0) = δq(t_1) = 0. So for q to be a solution of the variational problem from equation (2.4), we find the necessary condition ∂L(q, q̇, t) ∂q − d dt ∂L(q, q̇, t) ∂q̇ = 0 . (2.7)

Equation (2.7) is the famous Euler-Lagrange equation.

Example 2.1 The easiest example for the situation described here the case when M = R , and the Lagrangian function L is given by L(q, q̇, t) =^1_2q̇^2 − V (q). Here the function V : R → R denotes the potential energy of a particle moving on the real line. In this situation, the resulting Euler-Lagrange equation is given by d dt q̇ + V^′(q) = 0 .

Remark 2.2 In the considerations above, we have evaluated the derivative δS of the functional S on vector fields which vanish on the boundary. We could just as well insert more general vector fields into δS. That is, we can view δS as a one-form on the space C^1([t_0, t_1], M) of differentiable paths in the manifold M. Thus, the functional S should be viewed a function on the space C^1([t_0, t_1], M), and δS is the exterior differential of S.

Let us denote by Sol([t_0, t_1], M) the space of solutions of the Euler-Lagrange equations (2.7). Restricting the function S to the space Sol([t_0, t_1], M), we find δS|_{Sol([t0,t1],M)}(δq) = ∂L(q, q̇, t) ∂q̇ δq|^{t1}_{t0} = σ_1(δq) − σ_0(δq) .

Here, σ_1 and σ_0 are one-forms on Sol([t_0, t_1], M). Applying the exterior derivative δ on both sides of the equation and using δ^2 = 0, we get δσ_1 = δσ_2. Therefore, there exists a closed two-form ω = δσ_1 = δσ_2

on the space Sol([t_0, t_1], M). That is to say, the space Sol([t_0, t_1], M) is pre-symplectic. Note however that the two-form ω might be degenerate, so we can not expect Sol([t_0, t_1], M) to be symplectic.

Remark 2.3 Until now, we have been considering the situation of a particle moving on a manifold M. That is, we have been considering an action functional on the space of maps C^1([t_0, t_1], M) of an interval [t_0, t_1] to a manifold M. One can replace the interval [t_0, t_1] by any higher dimensional manifold N with boundary: Let N be a n-dimensional manifold with boundary ∂N. After choosing a Lagrangian function L : T M^{⊗n} → R , we can associate to any differentiable map φ : N → M its action S[φ] = ∫ N L(φ(x), ∂_ν φ(x))d vol(x) .

As in the one-dimensional situation described above, one can pose a variational problem which leads to a generalization of the Euler-Lagrange equations. Again, one finds a closed (possibly degenerate) two-form on the space of solutions of these equations, which makes the space into a pre-symplectic manifold.

Another generalization of the situation described above is to replace maps φ : N → M by sections of a bundle on N. After defining an action functional, one can derive the corresponding Euler-Lagrange equations and see that the space of solutions of these equations is pre-symplectic. We will describe an example for such a situation in the next section.

2.2 Chern-Simons functionals

The real case

Let N be a compact three-dimensional manifold with boundary ∂N = Σ. Furthermore, N

∂N

Figure 2.4: Three-dimensional manifold N with boundary ∂N = Σ.

let G be a compact Lie group with Lie-algebra g, and let tr( . , . ) : g × g → R denote the non-degenerate invariant bilinear form on g (the Killing form). Fix a G-bundle E → N on N and let A denote the space of connections of the bundle E.

Definition 2.4 The Chern-Simons functional is a functional CS : A → R which is defined by CS(A) = ∫ N tr(A ∧ dA) + 1 3 ∫ N tr(A ∧ [A ∧ A]) . Proposition 2.5 The set of solutions of the Euler-Lagrange equation for the Chern- Simons functional CS is the space of flat connections of the G-bundle E on the manifold N. Proof. Let δA ∈ T_AA be a tangent vector at the space A in the point A. That is, δA is a Lie algebra valued 1-form on the manifold N. Then we can calculate δS(δA) = ∫ N tr(δA ∧ dA) + ∫ N tr(A ∧ dδA) + ∫ N tr(δA ∧ [A ∧ A]) = ∫ N d tr(A ∧ δA⟩) + ∫ N tr (δA ∧ (2dA + [A ∧ A])) . By Stokes theorem, the first term becomes ∫ ∂N ⟨A∧δA⟩. Imposing the boundary condition δA|_{∂N} = 0, we obtain the Euler-Lagrange equation

2dA + [A ∧ A] = 0 . (2.8)

Using the fact that [A ∧ A] = 2A ∧ A, we see that the requirement that A is a solution of the Euler-Lagrange equation means that the curvature of A should vanish. Hence the space of solutions of equation (2.8) is exactly the space of flat connections on N. □

The 1-form σ on the space of flat connections is given by σ(δa) = ∫ ∂N ⟨a ∧ δa⟩ , where a denotes the restriction of a connection A on the manifold N to the boundary Σ = ∂N. Obviously, the 1-form σ is invariant under the gauge group action. Therefore the closed 2-form ∂σ is degenerate along the orbits of the action of the gauge group on the space of flat connections.

Exercise 2.2.1 Show that the 2-form ∂σ is degenerate exactly along the orbits of the action of the gauge group G^Σ.

As a consequence of this exercise, we get another proof of the fact that the moduli space of flat connections carries a symplectic structure:

Corollary 2.6 There exists a non-degenerate closed 2-form ω on the moduli space M^Σ of flat connections on Σ = ∂N.

Remark 2.7 The Chern-Simons functional has the following invariance property: Assume that the manifold M is a compact three-dimensional manifold without boundary and suppose that A and ~A are connections of a G-bundle on M which are related by a gauge transformation g. That is ~A = gAg^{−1} − dgg^{−1} . Then the Chern-Simons functional transforms via CS( ~A) = CS(A) + 1 12π ∫ M tr(g^{−1}dg)^{∧3} . The integral^1_{12π} ∫ M tr(g^{−1}dg)^{∧3} can be rewritten as the integral ∫ M g^∗μ, where μ is a generator of the third cohomology group H^3(G, Z) of the compact Lie group G. In particular, we have ∫ M g^∗μ ∈ Z so that the exponential e^{2πiCS(A)} is gauge invariant.

The complex case

According to the general philosophy we adopted in sections 1.5 and 1.6, the complex analogue of an oriented compact three dimensional manifold M should be a compact complex three dimensional variety X together with a meromorphic 3-form β which takes the part of the orientation. The polar divisor div_∞ β then plays the role of the boundary of the manifold M. From this point of view, it is rather obvious how to define an analogue of the Chern-Simons functional in this situation.

Let G_C be a complex Lie group and let E_C be a complex G_C -bundle on the variety X. As before, let us denote by A^{(0,1)} the space of (0, 1)-connections on X.

Definition 2.8 The complex Chern-Simons functional CS_C : A^{(0,1)} → C is defined via

CS_C (A) = ∫ X β ∧ ( ⟨A ∧ ¯∂A⟩ + 1 3 ⟨A ∧ [A ∧ A]⟩ ) . Exactly the same discussion as in the real case applies to the complex case to give the Euler-Lagrange equation ¯∂A + 1 2 [A ∧ A] = 0 . (2.9)

Remember that the condition on the boundary values of a ”real” connection has to be replaced by a condition on the values of a complex connection on the polar divisor of the “orientation” β. The space of solutions of the Euler-Lagrange equation (2.9) is the space of connections with vanishing (0, 2)-curvature. This in turn can be identified with the set of complex structures on the bundle E_C .

Let us denote the polar divisor of the meromorphic 3-form β by Y . Then the residue res_Y β is a non-vanishing 2-form on the divisor Y . In particular, Y has to be a K3-surface or a complex torus. In any case, restricting solutions of the Euler-Lagrange equation (2.9) to Y gives a holomorphic pre-symplectic structure on the space of connections on Y with vanishing (0, 2)-curvature. Explicitly, this structure is given as ω_C = δσ_C , where σ is the holomorphic one-form

σ_C (δa) = ∫ Y res_Y β ∧ ⟨a ∧ δa⟩ . Here, a is the restriction of some connection A on the 3-dimensional variety X to the polar divisor Y , and δa is a tangent vector at a. As in the real case, ω_C is degenerate along the orbits of the complex gauge group so that we obtain a holomorphic symplectic structure on the moduli space of holomorphic bundles on the divisor Y :

Corollary 2.9 (Mukai) There exists a non-degenerate holomorphic closed two-form ω_C on the moduli space M^Y of holomorphic structures on Y = div_∞ β.^2

Remark 2.10 The Casson invartiant for a homology 3-sphere X is defined as follows: Choose a smooth surface Σ ⊂ X without boundary. Consider the moduli space M_Σ of flat connections on the trivial SU(2)-bundle on the surface Σ. The embedding of the surface Σ into the 3-manifold X allows to write X as a union X = X_1 ∪_Σ X_2. Accordingly, we can define two Lagrangian submanifolds L_1 and L_2 of the symplectic manifold M_Σ an the subspaces of flat connections on the surface Σ which extend to X_1 and X_2 respectively. Then the Casson invariant is defined as

Casson Invariant = c(intersection # of L_1 and L_2)

for some constant c.^{RW2}

This picture can be generalized to an analogue of the Casson invariant in the holomorphic setting (see [19], [87]).

2As in section 1.6 we are only concerned with the moduli space locally around a smooth point 2 ■■ RW2: Reference for this ???

2.3 Chern-Simons functionals and linking numbers

Linking numbers

Recall the definition of the linking number for two closed curves in a simply connected manifold.

Definition 2.11 Let M be a simply connected manifold and γ_1 and γ_2 two non-intersecting oriented closed curves in M. Since the manifold M is simply connected, we can pick an oriented surface D_1 ⊂ M (a Seifert surface for the curve γ_1) such that the surface D_1 is bounded by the curve γ_1 and such that D_1 and γ_2 intersect transversally. We can now define the linking number lk(γ_1, γ_2) to be the intersection number of the surface D_1 and the curve γ_2 (see figure 2.3): lk(γ_1, γ_2) = #(D_1, γ_2).

γ_2 γ_1

Figure 2.5: Linking of two oriented curves

Of course, one has to check that this number is well defined.

Proposition 2.12 The linking number lk(γ_1, γ_2) is

(i) independent of the choice of D_1, (ii) symmetric in γ_1 and γ_2, (iii) invariant with respect to isotopy.

Furthermore, the linking number of two curves γ_1 and γ_2 is well defined in any (not necessarily simply connected) 3 dimensional manifold M provided that both γ_1 and γ_2 are homologous to 0.

Remark 2.13 The linking number is actually invariant with respect to changing the curve γ_1 to a curve ~γ_1 which is homologous to γ_1 in M \ γ_2 (see figure 2.3).

~γ_1 γ_1 γ_2

Figure 2.6: The homologous curves γ_1 and ~γ_1 have the same linking number with the curve γ_2.

Remark 2.14 For the purpose of this section, we will need to write the linking number of two curves γ_1 and γ_2 in a slightly different way. Let Δ ⊂ M × M denote the diagonal and let δ ∈ H_3(M × M, R ) denote its Poincaré dual. Then we can write

lk(γ_1, γ_2) = #(Δ, D_1 × γ_2) = ∫ x∈D_1 ∫ y∈γ_2 δ(x, y) . (2.10)

One can split the three-form δ into

δ = δ^{3,0} + δ^{2,1} + δ^{1,2} + δ^{0,3} ,

where δ^{i,j} denotes the component which is an i-form on the first factor of M × M, and a j-form on the second factor. Note that in formula 2.10 we only had to integrate over the component δ^{2,1} since all the other integrals vanish.

Gaussian Integrals

Before we can describe the physics approach to linking numbers via the Chern-Simons functional we have to recall how infinite dimensional Gaussian integrals are dealt with in the physics literature. For a start, let us have a look at finite-dimensional Gaussian integrals: Let Q be a symmetric positive definite bilinear form on R^n and denote by ( . , . ) the usual scalar product on R^n . Then we can calculate ∫ R^n e^{12 (x,Qx)}dx^n = ( (2π) det Q

) 1_2 =: Z(0) . (2.11)

Now let J ∈ R^n be some vector and consider the integral

Z_Q(J) = ∫ R^n e^{12 (x,Qx)+(J,x)}dx^n . (2.12)

This integral can easily be solved by completing the square. Indeed, let x_0 be a solution of the equation Qx_0 + J = 0, i.e. x_0 = −Q^{−1}J. Then we can write ~x = x − x_0, so that the integral becomes

Z_Q(J) = ∫ R^n e^{12 (~x+x0,Q(~x+x0))+(J,~x+x0)}dx^n = ∫ R^n e^{12 (~x,Q~x)+ 12 (x0,Qx0)+(J,x0)}d~x^n =e^{12 (Q−1J,J)−(J,Q−1J)} Z_Q(0) = e^{− 12 (Q−1J,J)} Z_Q(0) . Thus, we have Z_Q(J) Z_Q(0)

= e^{− 12 (Q−1J,J)} . (2.13)

Remark 2.15 When the space R^n is replaced by some infinite dimensional vector space, the integrals defining Z_Q(0) and Z_Q(J) do usually not make sense. However, ignoring this fact one can “calculate” their ratio. That is, let Q be a symmetric positive definite operator on some inner product space H, and let J ∈ H be some vector. Then the ratio Z_Q(J) Z_Q(0) is defined by equation (2.13).

The Chern-Simons functional and linking numbers

Let us apply these ideas in the case of the Chern-Simons functional. Let A denote the space of connections of a U(1)-bundle on a simply connected three-dimensional manifold M and let CS : A → R denote the Chern-Simons functional. Since the group U(1) is Abelian, the term including A ∧ [A ∧ A] vanishes. So in this case the Chern-Simons functional reads CS(A) = 1 2 ∫ M A ∧ dA . Let us choose some J ∈ A and define

S_J (A) = 1 2 ∫ M A ∧ dA + ∫ M A ∧ J . The Gaussian integral ∫ A e^{SJ} formally looks like the integral in equation (2.12). So we can apply the definition of the ratio^{Z(J)}_{Z(0)} from Remark 2.15 and calculate Z(J) Z(0)

= e^{− 12} ∫ M A_0∧J , where A_0 is a solution of the equation dA + J = 0.

To make a connection to the linking number, let γ_i, i = 1, . . . , k be closed, nonintersecting curves in the manifold M and let δ_{γi} be Dirac-delta type 2-forms on M supported on the curve γ_i. To be more precise, remember that we have defined the 3-form δ ∈ H^3(M × M, R ) to be the Poincaré dual of the diagonal in M × M. We can split the 3-form δ into its components δ = δ^{3,0} + δ^{2,1} + δ^{1,2} + δ^{0,3}, where δ^{i,j} is the component of δ which is an i-form on the first factor of M × M, and a j-form on the second factor (see Remark 2.10). Denoting the coordinates of the first factor of M × M by x and the components of the second factor by y, we can now write

δ_{γi} (x) = ∫ y∈γ_i δ^{2,1}(x, y) . Since the manifold M is simply connected, we can choose surfaces D_i ⊂ M such that ∂D_i = γ_i. Let us define the delta-type 1-form supported on the surface D_i by

δ_{Di} (x) = ∫ y∈D_i δ^{1,2}(x, y) . Then Stokes theorem gives d_xδ_{Di} (x) = δ_{γi} (x) , or more explicitly, δ_{γi} (x) = ∫ y∈D_i d_x(δ^{1,2})(x, y) , where d_x denotes the exterior derivative applied to the x-coordinates only.

Now let J be a linear combination of the delta-type 2-forms δ_{γi} . That is we write J = ∑ i q_iδ_{γi} . Note that “the current” J is not an element of the space A but rather of its

120 III. Real and complex gauge groups

dual A^∗. Nevertheless, the definition of the Gaussian integral still applies to the function e^{SJ (A)}, and we can calculate Z(J) Z(0)

=e^{− 12} ∫ M A_0∧J = e−^1_2 ∫ M A_0∧ ∑ i q_i ∫ y∈γi δ 2,1(x,y) =e^{− 12} ∫ M A_0∧ ∑ i q_i ∫ y∈Di dxδ 1,2(x,y) = e^1_2 ∫ M dA_0∧ ∑ i q_i ∫ y∈Di δ 1,2(x,y) =e^{12} ∫ M ∑ j q_j ∫ z∈γj δ 2,1(x,z)· ∑ i q_i ∫ y∈Di δ 1,2(x,y) =e^{12} ∑ i,j q_iq_j ∫ z∈γj ∫ y∈Di δ(y,z) = e 1 2 ∑ i,j q_iq_j lk(γ_i,γ_j ) Here we have used Stokes theorem several times as well as the definition of A_0 as a solution of the equation dA + J = 0.

Corollary 2.16 The “path integral”^{Z(J)}_{Z(0)} counts the linking numbers of the γ_i.

Remark 2.17 A similar discussion relates the holomorphic Chern-Simons functional with the polar linking number which will be defined in section 3.3.

Remark 2.18 Finally let us mention that replacing U(1)-bundles over the three dimensional manifold N by bundles based on non-Abelian groups, one can relate the Chern- Simons functional to knot invariants such as the Jones polynomial. Similar statements should be true in the case of the complex Chern-Simons functional but this is still an open problem ([29],[87]).

2.4 Bibliographical notes

An excellent account of the relation of the Chern-Simons functional to knot theory is the book by Atiyah [11]. The complex Chern-Simons functional has been introduced by several people, see [19], [29], [51], [88], [?] In this section, we follow [51], [19] and [94]. Mathematically rigorous approaches to the path integral in section 2.3 have been developed in [2],[3], and the non-Abelian case has been treated in [4].

3 Polar Homology

In sections 1 and 2 of this chapter, we have encountered several analogies between notions from differential topology and complex analysis which we list in the following table:

Real Complex real n-dimensional manifold complex variety of dimension n orientation non-vanishing meromorphic n-form boundary polar divisor Stokes Theorem Cauchy-Stokes formula flat connection holomorphic structure affine Lie algebra elliptic Lie algebra Chern-Simons functional complex Chern-Simons functional homology polar homology

The last analogy of the table above is the subject of the current section. We begin by giving an informal introduction to polar homology before we state the precise definition on section 3.2. In section 3.3, we treat polar analogies of linking numbers and intersection numbers, and finally, in section 3.4 we briefly introduce polar homology of affine varieties.

3.1 Introduction to polar homology

In the analogy between real and complex manifolds described above, it seems natural to view the Dobleaut cohomology groups H^{0,p}_{¯∂} (X) together with the ¯∂-operator as a complex counterpart of the deRham cohomology H^∗(X) with the differential d. From this point of view, the natural question to ask is whether there exists a complex counterpart of the homology groups H_i(X). That is, we would like to find ”polar homology groups” HP_p(X) such that there is a non-degenerate pairing HP_p(X) × H^{0,p}_{¯∂} (X) → C . According to the table above, the part of the boundary operator in usual cohomology should be taken by an operator which assigns to a meromorphic form its polar divisor. Indeed, such groups can be constructed using the ideas of section 1.5. The Cauchy-Stokes formula (Theorem 1.34) gives an idea, how the corresponding chains should look like: The counterpart of a chain in singular cohomology should be a p-dimensional subvariety W ⊂ X together with a meromorphic p-form β having poles of at most first order on the polar divisor V ⊂ W . According to the Cauchy-Stokes formula, the boundary operator ∂ sending p chains to (p − 1)-chains should be given by ∂(W, β) = 2πi(V, res_V β). We will show later that one has ∂^2 = 0, so that the p-th polar cohomology group of X is given by HP_p(X) = ker∂/im∂. Example 3.1 Consider the example α =^{dx∧dy}_{xy} in C^2 . Then we have

res |_{y=0} res |_{x=0}α = 1 = − res |_{x=0} res |_{y=0}α .

Thus, the separated residue differs by a sign corresponding to the order of the divisor components. Hence, the total residue of the form α equals 0.

dy y

−^{dx}_x

Figure 3.7: The relation ∂^2 = 0 in polar homology is a polar analogue of the relation ∂^2 = 0 in singular homology which comes from the fact that every vertex of the fundamental polygon appears twice with opposite signs.

Furthermore, we can define a pairing ⟨ . , . ⟩ between the groups HP_p(X) and H^{(0,p)}_{¯∂} (X) via ⟨(W, β), u⟩ = ∫ W β ∧ u . By the Cauchy-Stokes formula, we have ⟨∂(W, β), u⟩ = ⟨(W, β), ∂u⟩ so that the pairing is well defined.

Example 3.2 Let us consider an example for the situation described above. Let Z be a complex projective curve and let us try to calculate the polar homology groups HP_k(Z). In this (and in any) case, all the 0-chains are cycles. Let (P, a) and (Q, b) be two 0-cycles, where P, Q are points on Z and a, b ∈ C . They are polar homologically equivalent iff a = b. Indeed, a = b is necessary and sufficient for the existence of a meromorphic 1-form α on Z, such that div_∞ α = P + Q and res_P α = 2πi a, res_Q α = −2πi b. (The sum of all residues of a meromorphic differential on a projective curve is zero by the Cauchy theorem.) Then, we can write in terms of polar chain complex (to be formally defined in the next section) that (P, a) − (Q, a) = ∂ (Z, α). Thus, HP_0(Z) = C .

Polar 1-cycles correspond to all possible holomorphic 1-forms on Z. On the other hand, there are no 1-boundaries, since there are no polar 2-chains in Z. Hence HP_1(Z) ∼= C^g , where g is the genus of the curve Z.

Remark 3.3 A real manifold whose homology groups have the same dimension over the reals as the polar homology groups of a Riemann surface Z_g of genus g is given by a wedge of g circles if g > 1, and by a closed interval if g = 0. These manifolds can be drawn as graphs as in figure 3.1.

Remark 3.4 One can define polar (k, l)-chains as pairs (A, α), where A ⊂ X is a kdimensional subvariety and α is an l-form on A. The relation ∂^2 = 0 still holds in this more general setup, and one obtains polar homology groups HP_{k,l}. Above, we have been considering the groups HP_k = HP_{k,k}. Another interesting case is the case l = 0 in which we consider pairs (A, a), where a ∈ C is a number. Two pairs (A_1, a_1) and (A_2, a_2) are equivalent if there exists a 1-form α on X which has opposite residues on A_1 and A_2.

g = 0 g = 1 g > 1

Z is polar orientable (with polar boundary): there exists a 1-form with two simple poles and without zeros,

dim HP0(Z) = 1 , dim HP1(Z) = 0 ,

Z is polar orientable (without a polar boundary): there exists a 1-form without zeros or poles,

dim HP0(Z) = 1 , dim HP1(Z) = 1 ,

Z is not polar orientable: a generic holomorphic 1-form has 2g − 2 zeros,

dim HP0(Z) = 1 , dim HP1(Z) = g .

Figure 3.8: The real analogue of a smooth projective curve Z of genus g.

Remark 3.5 One can view polar chains on the variety X as Green- or deRham currents, i.e. as functionals on the algebra of differential forms on X. Indeed, we can pair a polar chain (A, α) with a smooth differential form ω on X via ⟨(A, α), ω⟩ = ∫ A α ∧ ω . It follows immediately from the Cauchy-Stokes formula that this pairing is well-defined and gives a homomorphism ρ : HP_k(X) → H^{n,n−k}_{¯∂} ∼= ( H^{0,k}_{¯∂} )_∗ , where n = dim_C X and more generally, ρ : HP_{k,l}(X) → H^{n−k+l,n−k} ¯∂ ∼= ( H^{k−l,k}_{¯∂} )_∗ . Remark 3.6 The intuitive definition of polar homology we have given in this section does not quite work in general. Rather than submanifolds (i.e. polar divisors) we should construct polar chains from images of varieties. This is in accordance with singular homology where one considers maps of abstract simplices into a manifold. In the following section, we will give a precise definition of the polar cohomology groups of a complex projective manifold.

3.2 Polar Homology of a projective variety

In this section we deal with complex projective varieties, i.e., subvarieties of a complex projective space. By a smooth projective variety we always understand a smooth and connected one. For a smooth variety X, we denote by Ω^p_X the sheaf of holomorphic pforms on X. The sheaf Ω^{dim X}_X of forms of the top degree on X will sometimes be denoted by K_X .

Before we can define the space of polar k-chains, we need to recall the notion of a push forward of a differential form.

Definition 3.7 Suppose that f : X → Y is a finite unramified covering and let φ be a function on X. Then the push-forward or trace f_∗φ of φ is a function on Y whose value at a point y ∈ Y is calculated by summing the values of f over the set of pre-images of y taken with multiplicities.

Remark 3.8 The operation f_∗ can be generalized to holomorphic (resp. meromorphic) p-forms and to maps f which are only generically finite, i.e. if there exist analytic hyperplanes D ⊂ Y such that f is an unramified finite covering outside D. Indeed, let ω be a meromorphic p-form on U ⊂ (Y \ D) be an open set. Then f^{−1}(U) = ∪_iU_i and f|_{Ui} is an isomorphism. Let s_j : U → U_j be the inverse of f^{−1}(U). Then on U, the p-form f_∗ω is defined as f_∗ω = ∑ j s^∗_j ω. This defines a p-form on Y \ D. One can check that this form extends across the smooth points of the hyperplane D. Since the set of singular points has codimension greater that one in Y , the form f_∗ω extends to a holomorphic (resp. meromorphic) p-form on Y provided the form ω itself was holomorphic (resp. meromorphic).

Example 3.9 Instead of giving a general proof of the existence of f_∗ω which can be found in [33] let us consider the following example. Let f : C → C be defined as x → f(x) = y = x^m. Then any one-form ω = ψ(x)dx has a push-forward f_∗ω = φ(y)dy. Indeed, we have dy y = m dx x and hence, for y ≠ 0, we can define φ(y)dy = 1 m ∑ j x_j ψ(x_j ) y dy ,

where x_j runs over all m^{th} roots of y. It remains to check that φ(y) can be extended to y = 0. Expanding ψ into a power series ψ(x) = ∑ l≥0 a_lx^l ,

we find φ(y) = 1 my ∑ l≥0 a_l ∑ j x^{l+1}_j = 1 my ∑ k≥1 a_{km−1}(my^k) = ∑ k≥1 a_{km−1}y^{k−1} ,

where we have used that ∑ j x^n_j = 0 unless n = km. From this formula, we get

lim_{y→0} φ(y) = 1 (m − 1)! d^{m−1}ψ(x) dx^{m−1} |_{x=0}. So ψ extends to a holomorphic function on C .

The operations of push-forward and taking the residue are related in a nice way:

Proposition 3.10 Let f : X → Y be a proper surjective holomorphic map between complex manifolds of the same dimension. Let ω be a meromorphic form on X with poles of at most first order on a smooth hypersurface V ⊂ X. Suppose that f(V ) is a smooth hypersurface in Y . Then f_∗ω has first order poles on f(V ), and

res f_∗ω = ~f_∗ res ω ,

where ~f : V → f(V ) is the restriction of f.

Finally, we can state the definition of polar k-chains. for a complex projective variety X with dim X = n which will be defined as a C -vector space with certain generators and relations.

Definition 3.11 The space of polar k-chains C_k(X) is a vector space over C defined as the quotient C_k(X) = Ĉ_k(X)/R_k, where the vector space Ĉ_k(X) is freely generated by the triples (A, f, α) described in (i),(ii),(iii) and R_k is a set of relations (R1),(R2),(R3) imposed on the triples.

(i) A is a smooth complex projective variety, dim A = k; (ii) f : A → X is a holomorphic map of projective varieties;

(iii) α is a rational k-form on A with first order poles on V ⊂ A, where V is a normal crossing divisor in A, i.e., α ∈ Γ(A, Ω^k_A(V )). The relations are: (R1) λ(A, f, α) = (A, f, λα) (R2) ∑ i(A_i, f_i, α_i) = 0 provided that ∑ i f_{i∗}α_i ≡ 0, where dim f_i(A_i) = k for all i and the push-forwards f_{i∗}α_i are considered on the smooth part of ∪_if_i(A_i).

(R3) (A, f, α) = 0 if dim f(A) < k.

Remark 3.12 Relation (R3) implies that C_k(X) = 0 for for k > dim_C X. Relation (R2) allows us, to deal with pairs instead of triples replacing a triple (A, f, α) by a pair (Â, α̂), where Â = f(A) ⊂ X, α̂ is defined only on the smooth part of Â and α̂ = f_∗α there. Due to the relation (R2), such a pair (Â, α̂) carries precisely the same information as (A, f, α). (The only point to worry about is that such pairs cannot be arbitrary. In fact, by the Hironaka theorem on resolution of singularities, any subvariety Â ⊂ X can be the image of some regular A, but the form α̂ on the smooth part of Â cannot be arbitrary.)

One can also define a boundary operator.

Definition 3.13 The boundary operator ∂ : C_k(X) → C_{k−1}(X) is defined by ∂(A, f, α) = 2πi ∑ i (V_i, f_i, res_{Vi} α)

(and by linearity), where V_i are the components of the polar divisor of α, div_∞ α = ∪_iV_i, and the maps f_i = f|_{Vi} are restrictions of the map f to each component of the divisor.

Theorem 3.14 The boundary operator ∂ is well defined, i.e. it is compatible with the relations (R1), (R2), and (R3). Furthermore, ∂^2 = 0.

For a full proof of this theorem, we refer the reader to [52]. Note however that the relation ∂^2 = 0 is essentially a consequence of the equation res_{i,j} γ = − res_{j,i} γ in Remark 1.36 (see example 3.1).

Definition 3.15 For a smooth complex projective variety X, with dim X = n, the chain complex 0 → C_n(X)^∂−→ C_{n−1}(X)^∂−→ · · ·^∂−→ C_0(X) → 0 is called the polar chain complex of X. Its homology groups, HP_k(X), k = 0, . . . , n, are called the polar homology groups of X.

Example 3.16 The polar cohomology groups of a complex projective curve Z of genus g can be computed using the same arguments as in Example 3.2. We find that the polar homology groups are HP_1(X) = C and HP_2(X) = C^g .

Finally, we can define a pairing between the Dobleaut cohomology groups H^{(0,k)}(X) and the polar homology group HP_{n−k}(X) as follows:

Definition 3.17 The pairing between an equivalence class of a triple a = (A, f, α) and a smooth (0, k)-form u on X, is given by the following integral: ⟨a , u⟩ := ∫ A α ∧ f^∗u . The integral is well defined since the k-form α has only first order poles on a normal crossing divisor. It is now straightforward to show that the pairing ⟨ , ⟩ descends to the space of equivalence classes of triples C_k(X), i.e., that it is compatible with the relations (R1), (R2), (R3) of Definition 3.11. Indeed, (R1) is obvious, compatibility with (R3) follows from noticing that f^∗u = 0 if dim f(A) < k, and the compatibility with (R2) follows from the relation ∫ A α ∧ f^∗u = ∫ f(A) f∗α ∧ u if dim f(A) = k, where the last

integral is taken over the smooth part of f(A).

Proposition 3.18 The pairing defined above defines the following homomorphism in (co- )homology: ρ: HP_k(X) → H^{(n,n−k)}_{¯∂} , where n = dim X.

Proof. By Serre duality, ρ is the map HP_k(X) → (H^{0,k}_{¯∂} (X))^∗ and it is sufficient to verify that the pairing vanishes if ∂a = 0 and u = ¯∂v, or if ¯∂u = 0 and a = ∂b. This follows immediately from the Cauchy-Stokes formula (Theorem 1.34 of chapter 1.3): ∫ A α ∧ f^∗( ¯∂u) = 2πi ∫ div_∞ α

(res α) ∧ f^∗(u) , that is ⟨a , ¯∂u⟩ = ⟨∂a , u⟩. □ In fact, the homomorphism above is an isomorphism:

Theorem 3.19 (Polar deRham Theorem) The map ρ : HP_k(X) → H^{(n,n−k)}_{¯∂} is an isomorphism.

See [55] for a proof of this theorem.

3.3 Operations on polar homology

Polar intersection

In this section, we show how one can define a ”polar analogue” for the intersection number in usual homology. Recall that in singular homology, one considers a smooth oriented closed manifold M and two oriented closed submanifolds A, B ⊂ M of complementary dimensions, i.e., dim A + dim B = dim M. Suppose, A and B intersect transversally at a finite number of points. Then to each intersection point P one assigns the local intersection index which is an element of {±1} by comparing the mutual orientations of the tangent vector spaces T_P A, T_P B, and T_P M.

Let X be a complex compact manifold of dimension n. In order to define a polar analogue of an intersection index, X needs to carry a ”polar orientation”. Recall that the analogue of an orientation on a real manifold is a holomorphic, nowhere vanishing n-form μ on X. Note that the existence of such a form requires the normal bundle of X to be trivial. Hence X has to be a Calabi-Yau manifold or a complex torus.

Definition 3.20 Given a polar oriented complex manifold X and two polar cycles (A, α) and (B, β) of complementary dimensions which intersect transversally in X. The forms α and β are to be viewed as ”polar orientations” of the submanifolds A and B. The polar intersection number of the cycles (A, α) and (B, β) is defined by the formula ⟨(A, α) · (B, β)⟩ = ∑ P ∈A∩B α(P ) ∧ β(P ) μ(P ) . Remark 3.21 At every intersection point P , the ratio in the right-hand-side is the “comparison” of the orientations of the polar cycles at that point with the orientation of the ambient manifold. This is a straightforward analogue of the use of mutual orientation of cycles in the definition of the topological intersection number. Note, that in the polar case the intersection number does not have to be an integer. Rather, it should be viewed as a function on the “parameters” (A, α), (B, β) and (X, μ)

Remark 3.22 Essentially the same formula can be used to define an intersection product of cycles when they intersect on a manifold of positive dimension. See e.g. [50] for more on this.

Polar linking number

A similar construction as in the previous section allows to define a polar analogue to the concept of a linking number. Recall that the linking number is defined for two nonintersecting oriented closed curves γ_1, γ_2 in a simply connected manifold M. Since M is simply connected, we can pick an oriented surface D_1 ⊂ M such that D_1 is bounded by γ_1 and such that D_1 and γ_2 intersect transversally. We can now define the linking number lk(γ_1, γ_2) to be the intersection number of D_1 and γ_2:

lk(γ_1, γ_2) = #(D_1, γ_2).

Using the polar intersection number, it is clear how to proceed and define a polar linking number.

Definition 3.23 Let (X, μ) be an oriented complex manifold and let (A_1, α_1) and (A_2, α_2) be two polar one cycles in X. Suppose that both cycles are boundaries (the analogue of a curve in M being contractible). Then we can pick a complex surface B_1 and a meromorphic 2-form β_1 on B_1 such that ∂(B_1, β_1) = (A_1, α_1). Suppose that the curves A_1 and A_2 do not have any common points. Then we can define the polar linking number of (A_1, α_1) and (A_2, α_2) as the polar intersection number of (B_1, β_1) and (A_2, α_2):

lk_{polar} ((A_1, α_1), (A_2, α_2)) := ∑ P ∈B_1∩A_2 β_1(P ) ∧ α_2(P ) μ(P ) .

Theorem 3.24 The polar linking number lk_{polar}((A_1, α_1), (A_2, α_2)) is

(i) independent of the choice of (B_1, β_1), (ii) symmetric in (A_1, α_1) and (A_2, α_2), (iii) homolocically invariant when (A_1, α_1) is replaced by a cocycle (A^′_1, α^′_1) in the complement of A_2 which is polar homologous to (A_1, α_1).

Remark 3.25 The polar linking number is related to the complex Chern-Simons functional in the same way, the usual linking number is related to the real Chern-Simons functional (see section 2.3).

3.4 Polar homology for affine varieties

In the preceding sections, we have been studying polar homology of projective manifolds. Of course, it would be nice to have an analogue of homology of arbitrary varieties. In our analogy, projective varieties played the role of compact manifolds in usual topology. So it is natural to expect that the role of non-compact manifolds should be played by quasi projective varieties, i.e. Zariski open subsets in projective varieties. In this section we will indicate how a theory of polar homology for quasi projective varieties can be developed.

Let X be a quasi projective variety and let X̄ be its projective closure. That is, X is Zariski open in X̄. We take the space C_k(X) of k-chains in X to be the subset of k-chains in X̄ such that the according k-forms vanish outside X. C_k(X) = {(A, f, α) ∈ C_k(X̄) | α(x) = 0 for all x ∈ X̄ \ X} . Proposition 3.26 The spaces C_k(X), form a subcomplex in the polar chain complex (C_•(X̄), ∂) which depends only on the variety X and not on the choice of its compactification, the projective variety X̄.

The resulting homology groups of the chain complex (C_•(X), ∂) are denoted as before by P H_k(X) and are called polar homology groups of X. One of the good properties of the polar homology groups is that they behave like ordinary homology groups with respect to taking unions of Zariski open subsets of a projective variety X̄.

Theorem 3.27 (Mayer–Vietoris sequence.) Let a complex variety X (either quasi projective or projective) be the union of two Zariski open subsets U_1 and U_2 , X = U_1 ∪ U_2 . Then the following sequence of chains is exact:

0 → C_k(U_1 ∩ U_2)^i−→ C_k(U_1) ⊕ C_k(U_2)^σ−→ C_k(X) → 0.

Here the map σ represents the sum of chains, σ : a ⊕ b → a + b, and the map i is the embedding of the chain lying in the intersection U_1 ∩ U_2 as a chain in each subset U_1 and U_2 : i : c → (c) ⊕ (−c). This implies the following exact sequence in polar homology:

· · · → HP_k(U_1 ∩ U_2)^i−→ HP_k(U_1) ⊕ HP_k(U_2)^σ−→ HP_k(X) → HP_{k−1}(U_1 ∩ U_2) → . . .

Example 3.28 As an example, let us consider the case when X = X̄ \ {P } is a smooth projective curve without a point. Then dim HP_1(X) = g −1 if g > 0 and dim HP_1(X) = 0 if g = 0. Indeed, the space HP_1(X) is the space of holomorphic 1-forms on X̄ which vanish at P . To calculate HP_0(X) in the case g > 0 it is sufficient to notice that for any two points Q_1, Q_2 ∈ X, the 0-cycle (Q_1, q_1)+(Q_2, q_2) is homologically equivalent to zero if and only if q_1 + q_2 = 0 (the same condition as in the case of a non-punctured curve which we discussed in the introduction to this chapter). In the case of g = 0 an analogous statement requires three points to be involved (unlike the case of a non-punctured projective line): the corresponding 1-form on C P^1 has to have at least one zero, and hence at least three poles. So we find dim HP_0(X) = 1 if g > 0 and dim HP_0(X) = 2 if g = 0.

We collect the results about the curves in figure 3.28 (where we depict the complex curves by graphs, such that polar homology groups of the curves coincide with singular homology groups of the corresponding graphs).

Example 3.29 In a similar way, one can deal with the case of a smooth projective curve without two points, X = X̄ ∖ {P, Q}. We summarize the results in figure 3.4. Here, one has to distinguish the case of generic points P and Q, and the case when P +Q is a special divisor in which case there are more 1-differentials with zeros at P, Q than generically.

3.5 Bibliographical notes

In this section, we followed the papers [50, 51, 52, 53, 55].

130 III. Real and complex gauge groups

g = 0 g = 1 g > 1

dim HP0(X) = 2 , dim HP1(X) = 0 , dim HP0(X) = 1 , dim HP1(X) = 0 , dim HP0(X) = 1 , dim HP1(X) = g − 1 .

Figure 3.9: A smooth projective curve without a point, X = X̄ ∖ {P }.

g = 0

g = 1

g > 1 , P, Q are generic

g > 1 , P + Q is special

dim HP0(X) = 3 , dim HP1(X) = 0 ,

dim HP0(X) = 2 , dim HP1(X) = 0 ,

dim HP0(X) = 1 , dim HP1(X) = g − 2 ,

dim HP0(X) = 2 , dim HP1(X) = g − 1 .

Figure 3.10: A smooth projective curve without two points, Z ∖ {P, Q}.

Appendices

A.1 Compact Lie groups

1.1 Maximal Tori and conjugacy 1.2 The fundamental group 1.3 Topology of semisimple simply connected compact Lie groups 1.4 Main structure Theorem

A.2 Root systems

2.1 Finite root systems 2.2 Affine root systems 2.3 Elliptic root systems

A.3 Twisted Calogero Moser Systems and elliptic root systems

This would be new...

132 III. Real and complex gauge groups

Bibliography

[1] J.F. Adams, Lectures on Lie groups. W. A. Benjamin, Inc., New York-Amsterdam 1969

[2] S. Albeverio, J. Schäfer, A mathematical model of abelian Chern-Simons theory. In ”Stochastic Processes, Physics and Geometry II”. ed. S. Albeverio, U. Cattaneo, and D. Merlini, Proc. Locarno Conf., Singapore: World Scientific, 1994

[3] S. Albeverio, J. Schäfer, Abelian Chern-Simons theory and linking numbers via oscillatory integrals. J. Math. Phys. 36, (1994) 2157–2169.

[4] S. Albeverio, A. Sengupta, A mathematical construction of the non-abelian Chern- Simons functional integral. Comm. Math. Phys. 186 (1997), 563–579.

[5] A.Y. Alekseev, A.Z. Malkin, Symplectic structure of the moduli space of flat connection[s] on a Riemann surface. Comm. Math. Phys. 169 (1995), 99–119.

[6] A.Y. Alekseev, A.Z. Malkin, E. Meinrenken, Lie group valued moment maps. J. Differential Geom. 48 (1998), 445–495.

[7] B.N. Allison, S. Azam, S. Berman, Y. Gao, A. Pianzola, Extended affine Lie algebras and their root systems Mem. Amer. Math. Soc. 126 (1997), no. 603.

[8] Arnold ...

[9] V.I. Arnold, The Hamiltonian nature of the Euler equation in the dynamics of rigid body and of an ideal fluid, Uspekhi Mat. Nauk 24 (1969), no.3, 225-226.

[10] Arnold Khesin Topological methods in hydrodynamics, Applied Math. Series 125, Springer-Verlag, Second printing 1999.

[11] M. Atiyah, The Geometry and Physics of Knots. Cambridge University Press, Cambridge, (1990)

[12] Atiyah Bott The Yang-Mills equations over a Riemann Surfaces, Philos. Trans. Roy.

Soc. London 308 (1982), 523-615.

[13] V. Baranovski, V. Ginzburg, Conjugacy classes in Loop Groups and G-Bundles on Elliptic Curves Internat. Math. Res. Notices 15 (1996), 733–751.

[14] R. Bott, On the characteristic classes of groups of diffeomorphisms, Enseign. Math.

(2), 23 (1977), 209–220.

[15] T. Bröcker, T. tomDiek Representations of Compact Lie Groups, Springer, Heidelberg, New York, 1985.

[16] J. Brylinski, Coadjoint Orbits of Central Extensions of Gauge Groups, Comm. Math.

Phys. 188 (1997), 351–365.

[17] V.G. Drinfeld, V.V. Sokolov, Lie algebras and equations of Korteweg-de Vries type, Current problems in mathematics (Moscow) Itogi Nauki i Tekhniki, vol 23, Akad. Nauk SSSR, Veseoyuz. Inst. Nauchn. i Tekhn. Inform., 1984, pp. 81–180 (Russian).

[18] S.K. Donaldson, P.B. Kronheimer, The geometry of four-manifolds. Oxford Mathematical Monographs. Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1990.

[19] S.K. Donaldson, R.P. Thomas, Gauge theory in higher dimensions. The geometric universe (Oxford, 1996), 31–47, Oxford Univ. Press, Oxford, 1998

[20] J.J. Duistermaat, J.A.C. Kolk, J. A. C. Lie Groups Springer-Verlag, Berlin, 2000.

[21] B. Enriquez, S. Khoroshkin, A. Radoul, A. Rosly, V. Rubtsov, Poisson-Lie aspects of classical W -algebras, Amer. Math. Soc. Transl. Ser. (2), 167, Amer. Math. Soc., Providence, RI, 1995, pp. 37–59.

[22] P. Etingof, I.B. Frenkel, Central extensions of current groups in two dimensions, Comm. Math. Phys. 165 (1994), 429–444.

[23] P. Etingof, I.B. Frenkel, A. Kirillov, Spherical functions on affine Lie groups, Duke.

Math. J. 80 (1995), 59–90.

[24] P.I. Etingof, B.A. Khesin, Affine Gelfand-Dickey brackets and holomorphic vector bundles, Geom. and Funct. Anal. 4 (1994), 399–423.

[25] V.V. Fock, A.A. Rosly, Moduli space of flat connections as a Poisson manifold. Advances in quantum field theory and statistical mechanics: 2nd Italian-Russian collaboration (Como, 1996). Internat. J. Modern Phys. B 11 (1997), no. 26–27, 3195–3206.

[26] V.V. Fock, A.A. Rosly, Poisson structure on moduli of flat connections on Riemann surfaces and the r-matrix. Moscow Seminar in Mathematical Physics, 67–86, Amer. Math. Soc. Transl. Ser. 2, 191, Amer. Math. Soc., Providence, RI, 1999.

[27] I.B. Frenkel, Orbital theory for affine Lie algebras, Invent. Math. 77 (1984), 301–352.

[28] I.B. Frenkel, B.A. Khesin, Four Dimensional Realization of Two Dimensional Current Groups, Comm. Math. Phys. 178 (1996), 541–562.

[29] I.B. Frenkel, A.N. Todorov In preparation

[30] I.M. Gelfand, D.B. Fuchs, Cohomology of the Lie algebra of vector fields on a circle, Funct. Anal. Appl. 2:4 (1968), 92–93. English translation: Funct Anal. Appl. 2 (1969) 342–343.

[31] I.M. Gelfand, I. Zakharevich, Spectral theory of a pencil of third-order skew-symmetric differential operators on S^1, Funct. Anal. Appl. 23 (1989) 85–93.

[32] A. Gorsky, N. Nekrasov, Elliptic Calogero-Moser system from Two Dimensional Current Algebra e-print, hep-th/9401021 (1994).

[33] P.A. Griffiths, Variations on a Theorem of Abel, Invent. Math., 35 (1976), 321–390. [34] P.A. Griffiths, J. Harris, Principles of Algebraic Geometry, Wiley, NY (1978) [35] L. Guieu, C. Roger, The Virasoro algebra and the Virasoro group momograph in preparation.

[36] V. Gullimen, S. Setrnberg Symplectic Techniques in Physics, Cambridge University Press, Cambridge, 19??

[37] R.S. Hamilton, The Inverse Function theorem of Nash and Moser, Bull. of the AMS 7 (1982), 65–222.

[38] S. Helgasson Differential Geometry and Symmetric Spaces, Academic Press, New York, London, 19??

[39] N. Hitchin, Stable bundles and integrable systems. Duke Math. J. 54 (1987), 91–114. [40] N.J. Hitchin, G.B. Segal, R. Ward, Integrable Systems, Calendron Press, Oxford, 1999.

[41] J. E. Humphreys Introduction to Lie Algebras and Representation Theory Springer- Verlag, Berlin, Heidelberg, New York, 1972.

[42] L.C. Jeffrey, Extended moduli spaces of flat connections on Riemann surfaces. Math.

Ann. 298 (1994), 667–692.

[43] V. G. Kac, Infinite dimensional Lie Algebras. Third edition, Cambridge University Press, Cambridge, 1990.

[44] V.G. Kac, D.H. Peterson, Spin and wedge representations of infinite-dimensional Lie algebras, Proc. Nat. Ad. Sci. USA 78 (1981), 3308–3312.

[45] Y. Karshon, An algebraic proof for the symplectic structure of moduli space. Proc.

Amer. Math. Soc. 116 (1992), 591–605.

[46] D. Kazhdan, B. Kostant, S. Sternberg, Hamiltonian Group Actions and Dynamical Systems of Calogero Type Comm. Pure Appl. Math. 31 (1978), 481–507.

[47] B.A. Khesin, A Poisson-Lie framework for retional reductions of the KP hierarchy, Letters in mathematical Physics 58(2001), 101–107.

[48] B.A. Khesin, Yu.Y. Chekanov Invariants of the Euler equations for ideal or baratropic hydrodynamics and superconductivity in d dimensions Physica D, 40 (1989), 119–131.

[49] B.A. Khesin, G. Misiolek Euler equations on homogeneous spaces and Virasoro orbits, Preprint, 2001.

[50] B.A. Khesin, A.A. Rosly Symplectic Geometry on Moduli Spaces of Holomorphic Bundles over Complex surfaces The Arnoldfest (Toronto, ON, 1997), 311–323, Fields Inst. Commun., 24, Amer. Math. Soc., Providence, RI, 1999.

[51] B.A. Khesin, A.A. Rosly, Polar homology and holomorphic bundles. Topological methods in the physical sciences (London, 2000). R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci. 359 (2001)

[52] B.A. Khesin, A.A. Rosly Polar Homology, Canad. J. Math. 55 (2003), 1100–1120.

[53] B.A. Khesin, A.A. Rosly Polar Homology and Holomorphic Bundles Philos. Trans.

Roy. Soc. London Ser. A, 2001

[54] B.A. Khesin, A.A. Rosly Symplectic geometry on moduli spaces of holomorphic bundles over complex surfaces. The Arnoldfest (Toronto, ON, 1997), 311–323, Fields Inst. Commun., 24, Amer. Math. Soc., Providence, RI, 1999.

[55] B.A. Khesin, A.A. Rosly, R.P. Thomas, Polar de Rham theorem. math.AG/0305081 (2003) , to appear in Topology.

[56] B. Khesin, I. Zakharevich, The Lie-Poisson group of pseudodifferential symbols and fractional KP-KdV hierarchies, C.R. Acad. Sci. 316 (1993), Serie I, 621–626.

[57] B. Khesin, I. Zakharevich, Poisson-Lie group of pseudodifferential symbols Comm.

Math. Phys. 171 (1995), 475–530.

[58] A.A. Kirillov Elements of the Theory of Representations. Springer-Verlag, Berlin, Heidelberg, New York, 1976.

[59] A.A. Kirillov, Merits and Demerits of the Orbit Method, Bull. of the AMS 36 (1999), 433–488.

[60] A.A. Kirillov, The orbits of the group of diffeomorphisms of the circle, and local Lie superalgenras, Funct. Anal. Appl. 15 (1981), 135–136.

[61] A.A. Kirillov, The orbit method, II: Infinite-dimensional Lie groups and Lie algebras, Contemp. Math., 145 (1993), 33–63.

[62] Kobayashi, Nomizu ??????????????????????

[63] S. Kobayashi Differential geometry of complex vector bundles, Publ.Math.Soc.Japan (Iwanami Shoten and Princeton Univ. Press), 1987.

[64] A. Kriegl,P.W. Michor, The convenient setting of global analysis, Mathematical Surveys and Monographs, 53. American Mathematical Society, Providence, RI, 1997.

[65] S. Kumar Kac-Moody groups Progress in Mathematics, Birkhäuser, Boston 2003 [66] V.F. Lazutkin, T.F. Pankratova, Funct.Anal.Jego Prilozh. 9 (1975), 41–48 (Russian) [67] J. Le Potier, Lectures on vector bundles, Cambridge Studies in Advanced Mathematics, 54. Cambridge University Press, Cambridge, 1997.

[68] J.H. Lu, A. Weinstein Poisson Lie groups, dressing transformations, and Bruhat decompositions, J. Diff. Geom. 31 (1990), no.2, 501–526.

[69] F. Magri, A simple model of the integrable Hamiltonian equation’, J.Math. Phys. 19, (1978), no.5, 1156–1162.

[70] S. Manakov, A note on the integration of Euler’s equation of the dynamics of an n-dimensional rigid body, Funct. Anal. Appl. 10 (1976), 93–94.

[71] J.E. Marsden, T.S. Ratiu, Introduction to Mechanics and Symmetry, Second Edition, Springer, New York, 1999.

[72] J.E. Marsden, A. Weinstein, Reduction of symplectic manifolds with symmetry, Rep.

Math. Phys., 5 (1974), 121–120 [73] E. Meinrenken Symplectic Geometry, Lecture notes, University of Toronto, 2000. [74] K.R. Meyer Symmetries an integrals in mechanics, in Dynamical Systems, M. Peixoto, ed. 259–273, Academic Press, New York, 1973 [75] J. Mickelsson, Kac-Moody groups, topology of the Dirac determinant bundle and fermionization, Comm. Math. Phys. 110 (1986), 173–183.

[76] R.V. Moody, A. Pianzola, Lie Algebras with Triangular Decomposition, ????????????? [77] R.V. Moody, S.E. Rao, T. Yokonuma, Toroidal Lie algebras and vertex representations, Geometricae Dedicata 35 (1990), 238–307.

[78] S. Mukai Symplectic structure of the moduli space of stable sheaves on an Abelian or K3 surface, Invent. Math, 77 (1984), 101–116.

[79] N. Nekrasov, Infinite-dimensional algebras, many-body systems and gauge theories, Moscow Seminar in Mathematical Physics, 263–299, Amer. Math. Soc. Transl. Ser. 2, 191, Amer. Math. Soc., Providence, RI, 1999.

[80] V. Ovsienko, B.A. Khesin, The (super) KdV equation as an Euler equation, Funct.

Anal. Applic. 21 (1987), 81–82.

[81] U. Polmann, Realisation der biaffinen Wurzelsysteme von Saito in Lie- Algebren,Hamburger Beiträge zur Mathematik, 1995.

[82] A. Pressley, G. Segal, Loop Groups, Oxford University Press, Oxford, 1986. [83] A. Ramanathan, Stable Principal Bundles on a Compact Riemann Surface, Math.

Ann. 213 (1975), 129–152.

[84] K. Saito Elliptic root systems [85] G. Segal, Unitary Representations of some Infinite Dimensional Groups, Comm.

Math. Phys. 80 (1981), 301–342.

[86] M.A. Semanov-Tian-Shanskii, Dressing transformations and Poisson group actions, Publ. RIMS 21 (1985), 1237–1260.

[87] R.P. Thomas, Gauge theory on Calabi-Yau manifolds Ph.D. thesis, Oxford (1997). [88] R.P. Thomas, A holomorphic Casson invariant for Calabi-Yau 3-folds, and bundles on K3 fibrations. J. Differential Geom. 54 (2000), 367–438.

[89] M.A. Virasoro, Subsidiary conditions and ghosts in dual resonance models, Phys. Rev.

D 1, (1970), 1933–1936.

[90] F.W. Warner Foundations of differentiable manifolds and Lie groups, Graduate Texts in Mathematics, 94. Springer-Verlag, New York-Berlin, 1983.

[91] R. Wendt, Weyl’s character formula for non-connected Lie groups and orbital theory for twisted affine Lie algebras J. Funct. Anal. 180 (2001), 31–65.

[92] R. Wendt, A character formula for certain representations of loop groups based on non-simply connected Lie groups, Math.Z., to appear.

[93] E. Witten, Coadjoint orbits of the Virasoro Group, Comm. Math. Phys., ??? [94] E. Witten, Quantum Field theory and the Jones polynomial, Comm. Math. Phys., 121:3 (1989), 351–399. The Floer memorial volume, Progr. Math. 133 (1995), Birkhäuser, Basel, 637–678.

[95] E. Witten, Chern-Simons guge theory as a string theory, The Floer memorial volume, Progr. Math. 133 (1995), Birkhäuser, Basel, 637–678.