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Preface

Integral Equations occur, in a natural way, in the course of obtaining
mathematical solutions to mixed boundary value problems of mathematical
physics. Of the many possible approaches to the reduction of a given
mixed boundary value problem to an integral equation, Green’s function
technique appears to be the most useful one and, such Green’s functions
involving elliptic operators (Laplace’s equation being an example) in two
variables, are known to possess logarithmic singularities. The existence
of singularities in the Green’s function associated with a given boundary
value problem, thus, brings in singularities in the kernels of the resulting
integral equations to be analyzed in order to obtain useful solutions of the
boundary value problems under consideration.

The book covers a variety of linear singular integral equations, with
special emphasis on their methods of solution. After describing the various
forms of integral equations in the introductory chapter (chapter 1), we have
broken up, the whole material presented in the book, into nine chapters.
In chapter 2, simple elementary methods of solution of the famous and
most important Abel integral equation and its generalizations have been
discussed first, and, then the singular integral equations of the first kind
which involve both logarithmic as well as Cauchy type singularities in
their kernels have been taken up for their complete solutions. The theory of
Riemann-Hilbert problems and their applications to solutions of singular
integral equations involving Cauchy type kernels has been described in a
rather simplified manner, in chapter 3, avoiding the detailed analysis, as
described in the books of Gakhov and Muskhelishvilli (see the references
at the end). Particular simple examples are examined in detail to explain
the underlying major mathematical ideas. Some very special methods of
solution of singular integral equations have been described in chapter 4,
wherein simple problems of various types are examined in detail. The
chapter 5 deals with a special type of singular integral equation, known as
hypersingular integral equations, along with their occurrence and utility
in solutions of mixed boundary value problems arising in the study of
scattering of surface water waves by barriers and in fracture mechanics.
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Hypersingular integral equations of both first as well as second kinds have
been examined with special emphasis on problems of applicationto physical
phenomena. Both analytical as well as approximate methods of solution of
such integral equations have been described in this chapter. Some special
approximate methods of solution of singular integro-differential equations
have been explained in detail, in connection with simple problems, in
chapter 6. This particular chapter, like a major portion of the material
described in chapter 5, is the result of some recent research having been
carried out by the authors and other workers. The chapter 7 deals with
the Galerkin method and its application. In chapter 8, numerical methods
of solution of singular integral equations of various types have been
explained and some simple problems have been discussed whose numerical
solutions are also obtained. The error analysis in the approximate as well
as numerical methods of solution of singular integral equations studied
in the chapters 5 and 6, of the book has been carried out to strengthen the
analysis used. The final chapter 9 involves approximate analytical solution
of a pair of coupled Carleman singular integral equations in semi-infinite
range arising in problems of water wave scattering by surface strips in the
form of inertial surface and in the form of elastic plate, which have been
studied by the authors and coworkers recently.

It is hoped that the book will help in picking up the principal
mathematical ideas to solve singular integral equations of various types
that arise in problems of application. It is further hoped that even though
all the ideas are explained in the light of specific simple problems of
application, there is no lack of rigor in the analysis for readers and users
looking for these aspects of singular integral equations. It should therefore
serve as a book, which helps in introducing the subject of singular integral
equations and their applications to researchers as well as graduate students
of this fascinating and growing branch of applied mathematics.

B. N. Mandal
A. Chakrabarti

February 2011
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Introduction

In this introductory chapter we describe briefly basic definitions concerning
integral equations in general, and singular integral equations in particular.
Integral equations arise in a natural way in various branches of mathematics
and mathematical physics. Many initial and boundary value problems
associated with linear ordinary and partial differential equations can be
cast into problems of solving integral equations. Here we present some
basic definitions and concepts involving singular integral equations and
their occurrences in problems of mathematical physics such as mechanics,
elasticity and linearised theory of water waves

1.1 BASIC DEFINITIONS

An equation involving an unknown function @(x) with a<x<b (ab
being real constants), is said to be an integral equation for @(x) , if @(x)
appears under the sign of integration. A few examples of integral equation
is given below:

Example 1.1.1
b
jKl(x,t) @, (t) dt=f (x), a<x<b

where K, (x,t) and f,(x) are known functionsand @, (X) is the unknown
function to be determined.

Example 1.1.2

0, (X) + bez(X,t) ,(t) dt=f,(x), a<x<b

where K, (x,t) and f,(x) are known functions and ¢, (x) is unknown.
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Example 1.1.3

05(x) + ti[Ks(X,t) [p,T dt = f,(x), a<x<b

where K, (x,t) and f,(x) are known functions and ¢,(x) is unknown.

The known functions K, (X,t), K, (x,t), K,(x,t), appearing in the
above equations, are called the kernels of the integral equations involved,
and the other known functions f,(x), f,(x), f,(x), are called the forcing
terms of the corresponding integral equations. We emphasize that integral
equations whose forcing terms are zero, are called homogeneous integral
equations, whereas for nonhomogeneous integral equations, the forcing
terms are non-zero. The function K;(X,t), f,(x),e,(x) (i=12,3)
appearing in the above examples are, in general, complex-valued functions
of the real variable X.

The integral equations in the Examples 1.1.1 and 1.1.2 above are
examples of linear integral equations, since the unknown functions ¢,,@,
there, appear linearly, whereas the integral equation in the Example 1.1.3,
in which the unknown function appears nonlinearly, is an example of
nonlinear integral equation. In the present book we will consider, only
linear integral equations.

Some further examples of integral equations involving either functions
of several real variables or several unknown functions are now given.

Example 1.1.4
0,00+ [K,(xD,(Bdt=f,(x,xeQcR", n=23....
Q

Here ¢,(x) is the unknown function of several variables x,,x,....X (n = 2)
and the Kernel K, as well as the forcing term f, are known functions.
This is an example of a linear integral equation in an n-dimensional space
(n>2).

Example 1.1.5
N b
Q)+ jKij(x,t) ¢, (1) dt=f(x), a<x<b, i=12,.N.
=l a

Here the set of functions @,(x) (i=12,...,N) is an unknown set, and
the kernel functions K (x) as well as the forcing functions f,(x) are
known.
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This is an example of a system of N one-dimensional linear integral
equations.

In the present book we will be concerned with only those classes of
integral equations, which are known as singular integral equations, and for
such equations, the kernel function K(x,t) has some sort of singularity at
t = x. Asingularity of K(x,t) at t =X, when it exists, may be weak or
may be strong. For a weak singularity of K(x,t) at t = x, the integral

bjK(x,t) o(t) dt

for a < x <b exists in the sense of Riemann while for a strong singularity
of K(x,t) at t = x, the integral

bjK(x,t) o(t) dt

for a < x <b has to be defined suitably.

Linear integral equations may be of first or second kind. A first kind
integral equation has the form

b
[KOt) o(t) dt= f(x), a<x<b (1.1.1)
while a second kind integral equation has the form

b
(p(x)+ij(x,t)(p(t) dt=f(x), a<x<b (1.1.2)
where A is a constant. "

If both limits of integration aandb in (1.1.1) and (1.1.2) are
constants, then these equations are called integral equations of Fredholm
type, whereas, if any one of a and b is a known function of x (or simply
equal to x), then the corresponding integral equations are said to be of
\olterra type.

If the kernel K (x,t) is continuous in the region [a,b]x[a,b]and the
double integral

bb
U | K(x,t) ] dx dt

is finite, then the integral equations (1.1.1) and (1.1.2) are called regular
integral equations.
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Although the equation (1.1.2) is the standard representation of
Fredholm integral equation of second kind, there exists another form of
equation given by

u(p(x)+bIK(x,t) o(t) dt= f(x), a<x<b (1.1.3)

where it is evident that =% and is absorbed in the forcing term. One

advantage of this representation is that, on setting u = 0, one gets the first
kind Fredholm integral equation.

Example 1.1.6
1
0(x)-A [ o) dt=f(x), 0<x<1
0

where A is a known constant. This is an example of a nonhomogeneous
Fredholm integral equation of the second kind.

Example 1.1.7

X
o (X) - j xt o(t) dt= f(x), 0<x<1.
This is an example of a nonhomogeneous \olterra integral equation
of second kind.

As mentioned above, singular integral equations are those in which the
kernel K(X,t) is unbounded within the given range of integration. Based
on the nature of unboundedness of the kernel, one can have weakly singular
integral equation, strongly singular integral equation and hypersingular
integral equation.

If K(X,t) is of the form

K (x.t) = L(x,t)

| x—t[*
where | (x,t) is bounded in [a,b] x [a,b] with L(x,x) =0, and o is
b

a constant suchthat 0 <o <1, then the integral JK(x,t)dt (a<x<b)

exists in the sense of Riemann, and the kernel is wéakly singular, and the
corresponding integral equation (first or second kind) is called a weakly
singular integral equation. Also the logarithmically singular kernel
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K(x,t)=L(x,t) In |[x—t|

where  L(x,t) isbounded with L(x,x)=0, is also regarded as a
weakly singular kernel.

Example 1.1.8

X
j&)ﬂz dt = £ (x), x>0
§(x-1)

where f(0) =0. This is an example of a nonhomogeneous \olterra
equation of first kind with weak singularity. This is in fact the Abel integral
equation attributed to the famous mathematician Niels Henrik Abel (1802—
1829) who obtained this equation while studying the motion of particle on
smooth curve lying on a vertical plane.

Example 1.1.9

t+X
t-x
This is a first kind Fredholm integral equation with logarithmically
singular kernel. This integral equation occurs in the linearised theory of

water waves in connection with study of water wave scattering problems
involving thin vertical barriers.

If the kernel K(x,t) is of the form

t].(p('[) In dt = f(x), a<x<h.

L(x,t
K(x,t):(—t) ,a<x<b
where L(x,t) is a differentiable function with L(x, x) # 0 (the function
L can still be weaker!), then the kernel K(X,t) has a strong singularity
at t=x i)or rather it has a singularity of Cauchy type at t =X, and the

integral IK(X,t)dt is to be understood in the sense of Cauchy principal
value (CPaV), as denoted and defined by

X-€ b
% K(x1) o(t) dt = lim {j Koot o(t) dt+ [ K1) o(t) dt}
a X+€
where the cut indicates that the integral is defined as CPV only. The
corresponding integral equation is called a Cauchy-type singular integral
equation.
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Example 1.1.10

£ 2O 4 t(x), a<x<b

t—X
where the integral is in the sense of CPV. Thisis called a nonhomogeneous
Cauchy type singular integral equation first kind. This integral equation
occurs in various types of physical problems. It can be solved only when
the behaviour of @(t), dictated by the physics of the problem in which it
occurs, at the end points is known.

If the kernel K(x,t) is of the form
L(x,t)
(t-x)°

where L(x,t) is continuous and L(x, x) # 0, then K(x,t) has a very
strong singularity at t = x.

For simpilicity, we choose L(x,t) = 1, then K(x,t) =
<p( )

K(x,t) = ,a<x<b

=, and the

integral ~dt (a<x<b) cannot be defined in Riemann sense.

However |t can be defined in the sense of Hadamard finite part of order 2,
as denoted and defined by

(p(t) I q>( I o(t) _p(x+e)+o(x—¢)
aa+0 ><+g(t X) €

where the cross before the integral indicates that the integral is defined in
the sense of Hadamard finite part.

Example 1.1.11

xlj (‘P_(t)) dt=f(0) —l<x<l

where @ (+1) = 0 and the integral is defined in the sense of Hadamard finite
part. This is an example of a first kind hypersingular integral equation.

Note: The cut in the integral sign to denote a Cauchy principal value
integral and the cross before the integral sign to denote a hypersingular
integral will not be used further.

Remark: There exists in the literature a huge amount of work related to
second kind integral equations of Fredholm type for regular kernels since
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the solution is unique. However there exists no such work for first kind
integral equations of Fredholm type for regular kernels since the solution
need not be unique. This is illustrated by considering the first kind integral

equation
1

_[ (x+t) o(t) dt=1, 0<x<1

0
Here the kernel K(X,t) = X+t is obviously a regular kernel. Solution of
this integral equation is not unique. It is easy to see that it has solutions

o(t) =—6+12t, @(t) = —24t + 36t>.

In fact any number of solutions can be obtained if one follows the
method used in Chakrabarti and Martha (2009) for finding approximate
solutions of Fredholm integral equations of the second kind. Thus there
is no point to consider finding solutions of first kind Fredholm integral
equations with regular kernels. However, this is not the case with first kind
integral equations with singular kernels. A considerable part of this book
is devoted to solving first kind singular integral equations analytically as
well as approximately.

We now demonstrate the occurrence of singular integral equations
(weakly singular, Cauchy singular and hypersingular) in varieties of
problems of mathematical physics, like classical mechanics, elasticity and
fluid mechanics.

1.2 OCCURRENCE OF SINGULAR INTEGRAL EQUATIONS
1.2.1 Weakly singular integral equation (Abel’s problem)

We consider, first, the problem in classical mechanics, which is that of
determining the time a particle takes to slide freely down a smooth fixed
curve in a vertical xy-plane (see Figure 1.2.1), from any fixed point (X,Y)

on the curve to its lowest point (the origin 0).
Y

[ERS

()

F10. L.2.L ADET's problem


http://www.crcnetbase.com/action/showImage?doi=10.1201/b10883-2&iName=master.img-000.jpg&w=131&h=103
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If m denotes the mass of the particle and X =y (y) denotes the equation
of the smooth curve where y is a differentiable function of Y, then we
obtain the energy conservation equation as given by

% mvZ +mgy = mgY (1.2.2)

where v is the speed of the particle at the position (x, y) at time t, assuming
that the particle falls from rest at time t = 0 from the point (x, y), and 9
represents acceleration due to gravity.

We can express the relation (1.2.1) as

ds /2

—=—[2g(Y —y)]1 (1.2.2)
dt

by using the arc-length s(t), measured from the origin to the point (x, y),
where a minus sign has been used in the square root since S decreases with
time t during the fall of the particle.

Using the formula

1/2

d .
£=[1+{w (V¥] (123)

where  '(y) = i}lﬂ , We can express (1.2.2) in the form
y

/
dy_dyds_ [ 2g(r-y) [0 (L2
dt ds dt 1+§y '()¥ o
and, this on integration, gives
0 ' 2 V2 T
J- {1+{\|1 (Y)} } dy:—Jdt - T (1.2.5)
M Zg(Y - y) 0

where T is the total time of fall of the particle, from the point (X, y) to the
origin (0,0).
Writing
SR UAC) A
W—y} (126)

o(y) = { 29
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the relation (1.2.5) can be written as

o)
[PV gy=T=1(v) say,0<¥<a (27
0

Y-y
Note that f (0) =0. We thus find that the time of descent of the particle,
T, can be determined completely by using the formula (1.2.7), if the shape
of the curve x =y (Yy), and hence the function @(y) is known.

If we consider, alternatively, the problem of determination of the shape
of the curve, when the time of fall T(= f(Y)) is known, which is the
historic Abel’s problem, then the relation (1.2.7) is an integral equation for
the unknown function @ (y), which is known as Abel’s integral equation
or simply Abel integral equation.

The most general form of Abel integral equation is given by

1%‘“: O x>0 (1(0=0) @28

where h(x) is amonotonically increasing functionand o is a real constant
such that 0<o <1.

We note that the equations (1.2.7) and (1.2.8) are linear \olterra integral
equations of the first kind. These are weakly singular integral equations.

In the equation (1.2.8) if we put
h(x) = x*, h(x)=sinx (0<x<m /2), h(x)=1-cosx (0<x<m/2),

then we obtain some special Abel integral equations.

Abel discovered the equation (1.2.7) in 1826, and thus the year 1826
may be regarded as the year of birth of the topic integral equation.

1.2.2 Cauchy type singular integral equation
A. Acrack problem in the theory of elasticity

The mathematical problem to determine the distribution of stresses, in
two dimensions, around a Griffith crack, can be shown to be reducible to
a singular integral equation involving a Cauchy-type singular kernel, as
described below.

Using Cartesian Xy co-ordinates, with |X|<1, y=0 representing
the crack in an infinitely elastic plate, this basic mixed boundary value
problem of the theory of plane elasticity can be posed as follows. To solve
the equations of equilibrium, as given by
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anx aGXY _ O
OX
% for y>0 (1.2.9)
ao_xy+ao_yy — O
OX oy

under the conditions

G6,=00ny=0 —co<X<w
o, =-p(x) on y=0, |x]| <1, (1.2.10)
u =0ony=0, [x] >1

where u,,u, represent the displacement components, and ¢ ,,,6,,,0,,

represent the stress components at the point (X, Y), it being assumed that
there are no body forces.

We also force that the derivatives of ux,uytend to zero as
(XZ + y2)112

Then, as shown by Sneddon (1994), we can utilize the following
representations of the displacement and stress components at point (X, y):

1t PE) qo ooy ity
o J & e (1.2.11)
_ 1 T PE) g .
=T 5[ : {2(1m) +&y} e’ cosEx d§
and
Oy ="— Ey?& P(&) e‘ﬁysingxdé
T 0
ng (1-£y) P(€) ¥ cosEx dE (1.2.12)

(1+Ey) P(E) e cosEx dE

?—]|r\>

]
e ]
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where P(§) is an unknown function to be determined. The constants
u and n are the rigidity modulus and the Poisson ratio, respectively, of
the material of the elastic plate under consideration.

We find that the boundary conditions (1.2.11) give rise to the following
relations for the determination of the unknown function P(&):

\Emj' P(€) cos Ex dE = p(x), 0<x<1

\fj' cos&xdé; 0, x>1.

It may be noted that the condition 6,, =0 on y=0 is automatically
satisfied and that

(1.2.13)

UV(X’O)Z\E O] PE) cos&x d& (1.2.14)
n g &

with the requirements that

{0(1) as x — 0,
u, (x,0) =

O((l— xz)”z) as x —1. (1.2.15)

If we integrate the first equation in (1.2.13), we obtain

\f I PE) Gine x gt = fp(t) dt=q(x), 0< x<1. (1.2.16)

Setting

\/nz O] %@ coséx d& =@(x), 0<x<1, (1.2.17)

and using the Fourier cosine inversion formula, after utilizing the second
relation of (1.2.13), we get

i@:\g lj(p(t) cos&t dt. (1.2.18)
g T g



12 Applied Singular Integral Equations

Then the relations (1.2.16) and (1.2.18) give rise to the equation (see
Chakrabarti (2008), p 113, for details)

J‘ (p(t) d __7; q(x) O<x<1 (1.2.19)

where the integral is in the sense of CPV and (t) satisfies the end
conditions

0@1) as t—0,
= 1.2.20
o 0((L-1)"*) as t >1. (1.2.20)
Setting
¢(/s) ng(u)
7 (s) N g(u) (1.2.21)
along with
t?=s, x> =u. (1.2.22)
the equation (1.2.19) can be cast into the form
1
j 1) ds =g(x), O<u<l (1.2.23)

0

which is a singular integral equation with Cauchy-type kernel, and has to
be solved under the conditions that

( )_ 0(571/2) as S—)O, (1224)
- 0((-s)"*) as s> 1.

B. A mixed boundary value problem in the linearized theory of water
waves

The problem of surface water wave scattering by a thin vertical barrier
in the linearised theory of water waves is shown below to reduce to a
homogeneous singular integral equation with Cauchy kernel. The
mathematical formulation of the problem in this case is the following:
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To solve the Laplace equation

2 2
99,99 0 y50, —m<x<m (1.2.25)
oxX° oy
with the boundary conditions
2
Kop+—=0on y=0, —co<X<© (1.2.26)
oy
where K is a positive real constant,
99
—=0on x=0,0<y<a (1.2.27)
OX
along with the following conditions, across x = 0:
op . .
8—(p is continuouson x=0, 0<y<oo (1.2.28)
X

¢ iscontinuouson x=0, a<y<x;
and the infinity conditions

e (e +Re™) as x>—0  (1229)
o(x,y) —>{

T e K 35 x — o0,
o,Vo >0 as y—>owo (1.2.30)

where R and T are unknown physical constants called the reflection and
transmission coefficients and e " represents the incident field. The
function @ (X, y) also satisfies the edge condition

";—“’ 0,y)=0(y-al™) as y>a. (1.231)
X

Setting

O(X, y) =0,(X, ¥) +w (X, Y) (1.2.32)
where

e (" +Re™ ) as x<0 (1.2.33)
—Ky+iKx

9 (% y)—{

Te , X>0,
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and observing , because of the conditions at infinity, namely (1.2.29) and
(1.2.30), that y(x,y)—>0 as |x| — oo and also as y —> o, we
can have the representation of the unknown harmonic function y (X, y)
satisfying the boundary condition (1.2.26), as given by the following
expressions:

2 ¢ Ak) e ™
-~ jkz)— L(k,y) dk, x>0

v =) ; B(K) & (1.2.34)
; J‘W L(k,y) dk, x<0

where A(k) and B(k) are two unknown functions to be determined, and
L(k,y) =k cosky —K sinky. (1.2.35)

Using the Fourier analysis, we obtain the pair of formulae, as given by
Fk)= | f L(k,y) dy,
(k) j (v) L(k,y) dy (1.2.36)
F(k)

f(y)=2K e™ jf(t) e”“dt+£j ~L(k,y) dk, y>0.
0 n 0

Now, using the representations (1.2.34) for the function y (x,y) along
with (1.2.32) and (1.2.33), we find that the continuity conditions (1.2.25)
give rise to the following important relations:

%IMMK y) dk = (1+R-T)e™, a<y<o, (1.2.37)

,% ? % L(k,y) dk = —iK(1-R-T)e™, a<y<w, (1.2.38)

2 I kA(k) S Lk,y)dk = —iKT e, 0<y<a, (1.2.39)
T 0

,% J kB(k) ~ L(k,y)dk = —iK (1-R)e™, 0<y<a. (1.2.40)
0

Adding both sides of the relations (1.2.39) and (1.2.40) we find that
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ng wj% L(k,y)dk = —iK 1-R-T)e™, a<y<oo, (1.2.41)

Using the relations (1.2.35) and (1.2.41) along with the pair (1.2.36), we
find that we must have

0

A(K) = —B(K), (1.2.42)

R+T =1. (1.2.43)
We thus obtain from (1.2.39) and (1.2.37)

2 j KAK) Lk,y)dk = K(1-R)e™, 0<y<a, (1.2.44)
T 3 +

2129 1 ky) dk=2ReW, acy<w.  (1245)
T g +K

Setting

ajm~

wj kA(k) Lk,y)dk =h(y), a<y<eo,  (1.2.46)

where h(y) (y>a) is an unknown function to be determined, we find
with the aid of (1.2.36)

KA(K) = iK (1- R) e *sin ka+wj h(t) L(k,t) dt  (1.2.47)

with
wj h(t) e “dt = —% (1-R) (1—e2"®). (1.2.48)

a

Substituting A(k) from (1.2.47) into the relation (1.2.45) we find that the
function h(t) must satisfy the equation

27 Lky) y) y
-~ Oj o {jh(t) L(k,t) dt}dk

+ﬂ K(l R) —Ka J‘Sllf(ll((? L(k ;’) dk = 2R e*Ky y>a. (1249)
0
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Operating on both sides of the equation (1.2.49) by i+ K along with the
results dy
jsmky sinkt ty>0,

dk= Lo Y24
k 2 y+t

0

©

lim [e** sinky sinkt dk = #

e —>+0

t,y>0,

we obtain the equation

“ 11
ajh(t) [m+F+K In a‘ y>a (1.2.50)

V—D dt = iK e (1—R) In
y+t y+

If we use the result

e [L+L K In

y- ‘ y>a, (1.2.51)
y+t y-t y+a

L S—

y- D dt = e In
y+t

we find that the equation (1.2.50) becomes

j g (t) £_+L +K In P2 t}dt: 0, y>a, (L252)
y-t y+t
where
gt) =h(t)-iK@-R) e™, t>a. (1.2.53)

Now, from the relations (1.2.32) and (1.2.33) we find that
g_(p (+0,y) = iKT ™ + (+0 y)
X

= iK(1-R) eny—ij EA(k) L(k,y) dk (1.2.54)
i k*+

= iK1-R) e ™ =h(y), y >a.

Thus by (1.2.54) and (1.2.53) along with the edge condition (1.2.31),
we observe that the physical problem under consideration reduces to that
of solving a homogeneous singular integral equation (1.2.52), for the
unknown function g(y) which must satisfy the condition at the end point
y =a given by

g(y) =0(|y-al"?) as y—a. (1.2.55)
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We also note that
lim g(y)=0. (1.2.56)
y—o

After determining the function g(y), i.e., h(y) completely, we will be
in a position to determine the unknown physical constant R (the reflection
coefficient), by using the relation (1.2.48). The details of these calculations
constitute a different study altogether, and will not be considered here.

For the present moment, we will reduce the singular integral equation
(1.2.53) to a Cauchy singular integral equation. For this we set

G(t) = tIg(s) ds (1.2.57)
so that
G'(t) = g(t) (1.2.58)
and
G(a) = 0. (1.2.59)

We now observe that

jg(t) In |~ dt= jG(t)[ ! LJ dt.

y+t y-t
Thus the equation (1.2.52) can be reduced to the form

jp(t)[—+—jdt—0 y>a
; y+t y-t

which is equivalent to
°°j p(t)
: -y

~dt=0, y>a (1.2.60)

where
p(t) =g(t) + KG(1)

and the integral is in the sense of CPV. The equation (1.2.60) is equivalent
to the homogeneous singular integral equation

j q(“) du=0, 0<v<1 (1.2.61)



18 Applied Singular Integral Equations

where
-1/2
qu) = p(au ), (1.2.62)
ut

The equation (1.2.61) has to be solved under the end conditions
" O(u™?) as u—0, ( )
= 1.2.63

a 0((L-u)™*) as u—>1

1.2.3 Hypersingular integral equation

Many two-dimensional boundary value problems involving thin obstacles
can be reduced to hypersingular integral equations. Martin (1991) gave
a number of examples from potential theory, acoustics, hydrodynamics
and elastostatics. A simple example involving two-dimensional flow past
a rigid plate in an infinite fluid.

Let @,(X,Y) be the known potential describing the two-dimensional
flow in an infinite fluid in the absence of a rigid plate occupying the position
y=0, O0<x<a. Let @(x,y) be the potential due to the presence of the
rigid plate so that the total potential is

(% Y) =0, (%, Y) +0(X, Y). (1.2.64)

The function @ (X, y) satisfies the Laplace equation

tOt

V% =0 in the fluid region, (1.2.65)
the condition on the plate

o9,
a_@:_ A on y=0, 0<x<a, (1.2.66)
o 0y

the edge conditions

¢ =0() near (0,0) and (0,a) (1.2.67)
and the infinity condition

@ —>0asr= (x2 + yz)ﬂ2 — oo, (1.2.68)
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Let

G(x yiem) =7 In {x-&y +(y-n)}. (269

We apply Green’s theorem to @(X,y) and G(x,y;E,m) in the region
bounded externally by a circle of large radius R with centre at the origin,
and internally by a circle of small radius € with centre at (§,n) and a
contour enclosing the plate, and ultimately make R — o0, € — 0 and the
contour around the plate to shrink into it. We then obtain

% f
@(&m)z—;—n I CEGE J(rx()y_n)z dx (1.2.70)
where
f(xX)=¢(x,+0)—@(x,—0), 0<x<a (1.2.71)

and is unknown. f (x) satisfies the end conditions
f(0)=0, f(a)=0. (1.2.72)

f (x) can be found by using the condition (1.2.66) on the plate written in
terms of &, i.e.

o __ 99, __ 1
%(&,O)— an(&,n)- o V@) 0<t<a  (1273)

where V(§) is a known function. Using the representation (1.2.70) we
obtain

xaj (Xf_(z))z dx=v(), 0<E <a, (1.2.74)

where the integral is in the sense of Hadamard finite part of order 2. The
equation (1.2.74) is the simplest hypersingular integral equation.



Some Elementary Methods of Solution of
Singular Integral Equations

In this chapter we present some elementary methods to solve certain singular
integral equations of some special types and classes. As applications of
such elementary methods of solutions we take up the integral equations
arising in some problems of in the theory of elasticity and surface water
wave scattering.

2.1 ABEL INTEGRAL EQUATION AND ITS GENERALIZATION

In this section we present some Abel type integral equations and their
solutions

(a) We first consider the Abel integral equation as given by
1 AV
(Ap) o(x) = - “ E (2.1.1)

with  £(0)=0, where the operator A may be regarded as the Abel
integral operator. As mentioned in Chapter 1, this integral equation was
discovered by Abel in 1826 and is the first equation in the theory of integral
equation.

We can solve the integral equation (2.1.1) for the class of functions

whose Laplace transforms exist. The Laplace transform of the functions
¢@(x) and f(x) are defined by (cf. Doetsch (1955), Sneddon (1974))

(@(p),F(p)) = j (@(x), /(x)) e dx, Rep>8 >0 2.1.2)

where O is some positive number. The inverse formulae for the Laplace
transforms are
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1 y +ioo §
@), /)=~ [ (®@), F(p) ¢ dp, x>0 (2.1.3)
y -ico
where Y is greater than the real part of the singularities of ®(p) and F(p).
It may be noted that Y may be different for ®(p) and F(p).
The convolution theorem involving Laplace transforms
F(p) and K(p) of f(x) and k(x) respectively is

| {j @) k(x—t)dt} e’ dx = F(p)K(p)  (2.14)

0

for Rep>98, >0 where §, is some positive number, and for some
special classes of functions f(x) and k(x). The details are available
in the treatise by Doetsch (1955) and Sneddon (1974). Then using Laplace
transform to the both sides of equation (2.1.1), along with the convolution
theorem (2.1.4), we find that

®(p) K(p) =F(p) (2.1.5)

where

K(p)= O]k(x) e dx (k(x)=x")

Z\/E for Re p > 0.
P

The relation (2.1.5) can thus be expressed as

D(p) = f \/% F(p) @2.1.7)

which is assumed to hold good for Re p>8 >0 where O is some
positive number and depends on the class of functions ¢ and f.

If we next use the well-known result involving Laplace transforms, as
given by,

(2.1.6)

°]. h'(x) e™ dx=p H(p)—h(0) (2.1.8)

where /4'(x) denotes the derivative of 4(x), H(p) is the Laplace
transform of /(x), and also the convolution theorem (2.1.4), we find
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from the relation (2.1.7) that the solution function @(x) can be expressed
in either of the two forms:

R SAG)
xX)=— | ———= dt 2.1.9a
90 = - j — (2.1.92)
where  f''(f) denotes the derivative of f(¢), since f(0)=0, after
utilizing the result (2.1.6),

1 d f )
o) =— — D — o7 dt}. (2.1.9b)
Remarks
1. The formulae (2.1.9a) and (2.1.9b) represent two different forms of
the solution of the Abel integral equation (2.1.1).

2. The formula (2.1.9b) is known as the general inversion formula for
the Abel operator A, defined in the equation (2.1.1), and the formula
(2.1.9a) is a special case of the formula (2.1.9b), in the circumstances
when f(x) is a differentiable function with f(0)=0. In fact,
the formula (2.1.9a) can be derived from formula (2.1.9b), by an
integration by parts whenever f(x) is differentiable and f(0) =0.

3. Another very elementary method to solve the integral equation (2.1.1)
is to multiply both sides by (y —x)™"'* and integrate w.r.to x between
0 to y. This produces

S Rk 00 dx
.[ (y x)l/z dx = 6[{6[ (x t)I/Z } (y_x)l/Z

T '[(p(t) dt.

Then by differentiation w.r.to y, we obtain

o) = {J. f(X)l/z }

(y—x)

which is the same as (2.1.9b).
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(b) The integral equation (2.1.1) is sometimes called Abel integral equation
of the first type. The second type Abel integral equation is

b
I%dt —f(x), 0<x<b (2.1.10)
—Xx
where f(b) = 0. Its solution can easily be obtained as
1.d % fo
=—-—— — | ———adt. 2.1.11
P (x) = T d J. (—x)" ( )

(c) A slight generalization of first type Abel integral equation is

T 0@ _
J(x—t)o‘ dt = f(x), x>0, (2.1.12)

where f(0)=0 and O<o <1. Its solution can be obtained, using the
Laplace transform method or an obvious very elementary method, as

0(x) = sinmo. d { (xf(tt))l — dt} 0. (2.1.13)

(d) The solution of the second type Abel integral equation

e
J(t—x)a dt = f(x), 0<x<b,

where f(b)=0, O0<a <1, is

o(x) = ST d { SO dt},0<x<b. (2.1.14)
nodc |3 (-0

(e) The most general form of first type Abel integral equation is

y o ()
— 2 dr=f(x), a<x<b, (2.1.15)
aj {h(x)—h(t)}

where f(a)=0, 0<o <1 and A(x) is a strictly monotonically increasing
and differentiable function of x on [a,b] and A'(x)#0 on [a,b].
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Its solution is

g(x) = S0 "[ EAOLIONS dt},a<x<b. (2.1.16)
T {h(x)- h(t)}

(f) The most general form of second type Abel integral equation is
b

o)
o dt =f(x), a<x<b, 2.1.17)
J {h(t) - h(x)}

where f(b)=0, 0<oa <1 and A(x) is as in (e) above.

Its solution is

o) = S0 4 { {h(f)(’%d,}aq@, (2.1.18)
T t
(g) A special case

1
For the special case /(x)= x*,a=0,b=1 and oo =—, the Abel
integral equation of first kind (2.1.15) has the form

(Ap)(x) = I(ZL;))M di=f(x),0<x<1 (f(0)=0) (2.1.19)
0 X —

having the solution

(P(x)_(A‘f)(x)%%[] ’f(’)m ]O<x<1(2120)

while the Abel integral equation of the second kind (2.1.17) has the form
1

_ 00
J- (t )1/2 t :f(x)o 0<x<1 (f(l):()) (2121)

having the solution

gi] AN

X) = — ———dt|, O<x<1. (2.1.22
¢(x) dv | (tz—xz)l/z ( )
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(h) More general Abel type integral equation
If we now introduce the operators B and D, as defined by

(B /)(x) = 1 W
(D £)(x) = 2 £(x)

(2.1.23)

we find that the inverse operator A", as given by the relation (2.1.20),
can be expressed as

(A7 N)(x) = [(BAD) f1(x). (2.1.24)

This way of expressing the inverse operator .A ', has been mentioned by
Knill (1994), who has demonstrated amethod, known as the diagonalization
method for solving the Abel type integral equation (2.1.19), Chakrabarti
and George (1997) have generalized the idea of Knill (1994) further and
have explained the diagonalization method for more general Abel type
integral equations as given by

j _KSD oy de = £(x). x>0 (2.1.25)
)
where O0<a <1, >0 and
k(x,0)=Y a, x*7 ', (2.1.26)
j=1

a; (j=12,..m) being known constants.
It has been shown by Chakrabarti and George (1997) that, the solution
of the integral equation (2.1. 25) can be expressed in the form

(p(x):z x" for 0<x<vr, (2.1.27)
n=0 Mn

for all f(x) such that
f(x)=Y fx"for 0<x<r (2.1.28)

n=0
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and

r(n+jj

I'l-o) < p

M, = ——— 2 q, ; - (2.1.29)
B3 F(ngjﬂ—ocj

Details are omitted here and the reader is referred to the work of Chakrabarti
and George (1997) for details.

(i) Animportant result
Let
bj RO () dt:’] () w (1)

1/2 1/2

dt, 0<x<b (2.1.30
Po-noy T o -ne) b @430

where
@(b) = 0,y(b) = 0; h (), h,(¢) are monotonically increasing functions in
(0,b); h (0) = 0; h,(0) = 0; h () and h(¢) are even functions of z. Then

"j KO0 - j LOVO 4 g oyep, (2131

0 {h(x)-h (1)} 0 {h(x)=h(0)}

This result has been proved in the paper of De, Mandal and Chakrabarti
(2009). It has been successfully utilized in the study of water wave
scattering problems involving two submerged plane vertical barriers and
two surface piercing barriers (De et al. (2009, 2010)). This result is also
true for a < x < b, and in that case the lower limit of the integrals in both
sides of (2.1.31) is a.

2.2 INTEGRAL EQUATIONS WITH LOGARITHMIC TYPE
SINGULARITIES

In this section we present some elementary methods of solution of weakly
singular equations with logarithmic type singularities.

(a) Reduction to a singular integral equation of Cauchy type

The integral equation with logarithmic type singularity, as given by
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b
jzn lx—1| @) dt = f(x), a<x<b, 2.2.1)

can be solved, for some specific class of functions @(x), f(x), by
differentiating the integral equation (2.2.1) with respect to x and solving
the resulting singular integral equation of the Cauchy type, as given by

o)
j (p—t dt=f'(x), a<x<b (2.2.2)
x_

where the integral is in the sense of Cauchy principle value. The domain
(a,b) of the integral equation (2.2.2) can be transformed into the interval
(0,1) by using the transformations

u—a v—a

t = R X =

b—a b—a
with u,v being the new variables, and then the solution of the transformed
integral equation

—_

=h(v), O<v<l (2.2.3)

V=g (b_ j hv) f(

will finally solve the integral equation (2.2.2) completely.

(=]

where

j, (2.2.4)

In section 2.3 of Chapter 2, we will present a simple method of solution
of the integral equation (2.2.2).

(b) Reduction to a Riemann-Hilbert problem
Here a method of solution of the singular integral equation, with a
logarithmic singularity, as given by

X g =f(x), 0<x<1 (2.2.5)

lj (t) In

1

T
is explained briefly. In the equation (2.2.5), @ and f are assumed to be
differentiable in (0,1).
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We first extend the integral equation (2.2.5) into the extended interval
(-1,1), by using it as

1
1 I(p(t) In Xt dt = F(x), —1<x<1 (2.2.6)
T x—t
where
F(x)= {f (), O<x<l, (2.2.7)
—f(=x), -1<x<0.

Then if we set

@(z)z% [ 0@ (”ZJ dt,

f—z (2.2.8)

we obtain a sectionally analaytic function ®(z), which is analytic in
the complex z-plane (z=x+iy, i° =—1) cut along the real axis from
z=-1 to z =1, along with the following properties

d(z) = %[] o(1) {ln (t+z) — In (t—z)}dt

(@)
+ {o@) {n(t+2) - in (l—z)}dt}
(i) Tim () = 0" (x) = { [o@) i X dt} T inp(x)
z—x+i0 dX ; f—x
and

(iii) D(2) :0( ! j for large |z| so that lim ®(z)=0

2
z
Using the limiting relations (ii), the integral equation (2.2.6) can be
expressed as a functional relation as given by

O (x)+D (x)=g(x), —1<x<1 (2.2.9)

where

g(x)= {m @), 0<x<l, (2.2.10)

2 f'(—x), —1<x<0

with dash denoting differentiation with respect to the argument.
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The functional relation (2.2.9) is one of the types that arises in a more
general problem, called the Riemann-Hilbert Problem (RHP), which will
be described in some detail in Chapter 3.

The general solution of the RHP (2.2.9) can be expressed as

1 1 g a
O(z) =——73 , gf) +D (2.2.11)
z(z-=1)""| 2ni 5 D () -z
with
1
Z f—
being the solution of the homogeneous RHP (2.2.4), giving
I
O, (1) =F—, (—1<1<]), (2.2.13)

( —t )1/2 ?

and D being an arbitrary constant. Solution of the integral equation (2.2.5)
is obtained by using the relation (ii), in the form

1 V
<P(x)=ﬁ[d)+(x)*®’(x)]_ 2 {j ( ’2) AN D}(2.2.14)

Tcx( x)12

where D, is an arbitrary constant.

2.3 INTEGRAL EQUATIONS WITH CAUCHY TYPE KERNELS

In this section we consider the problem of determining solutions of Cauchy
type singular integral equations using elementary methods.

(a) First kind singular integral equation with Cauchy kernel

We consider the simple first kind Cauchy type singular integral equation
t
j(p() di = f(x), a<x<b 23.1)

where the integral is in the sense of Cauchy principal value, f(x) is a
known continuous function in (a, b) . Its solution depends on the behaviour
of @(7) at the end points dictated by the physics of the problem in which
the integral equation arises. The solutions can be obtained for the following
three forms of end behaviours:
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() e()=0(t—a|"*)ast—>aand () =0(|t—b["*) as t — b;

1/2

(ii) o)=0(t—a|"*)ast —>aand @) =0(t—-b|
or, 0(t)=0(|t—a|”* Yast —>a and ¢(r) = 0(|t—b["*) as t — b;

)ast—b,

(iii) @()=0(t—al|”*)ast—aand @()=0(t-b|"*)ast—b;

For the form (i), the solution involves an arbitrary constant while for the
form (ii), the solution does not involve any arbitrary constant. For the third
form the solution exists if and only if f(x) satisfies a certain condition
known as the solvability criterion in the literature.

Here we use an elementary method to solve the integral equation
(2.3.1). As in section 2.2(a), the domain (a,b) of the integral equation
(2.3.1) can be transformed into the interval (0,1). Thus, without any loss
of generality, we consider the solution of

L J.&tidt=f(x), 0<x<I (23.2)
o X~

where the integral is in the sense of CPV.

We now put £ =£°, x=n7 (§ >0, >0) in the equation (2.3.2) to
obtain

1 f\l!(i)(———jdi fim), 0<n <l (233)
L2 n+

where
v E)=0E"), ) =/M"). (2.3.4)

Integrating both sides of (2.3.3) with respect to 1| between 0 to 1N we
obtain

j ) In N=2] g = e(m), 0<n <1 (2.3.5)

i

1
TT
where

gm)= Ifl (s) ds. (2.3.6)
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We use the integral identity

min(& n)

e K

to obtain from (2.3.5), after interchange of order of integration,

J.[J. W(&) 1/2 J . du:_% gMm), 0<n <1 (2.3.7)

lné;n:
€+n

- ()’

This is equivalent to the pair of Abel integral equations

j (é:‘l‘f(&) 12 d& :F(M), O<1/l<1, (2.3.83)
n
.[ Lu)m u= -2 gn), 0<n <l. (2.3.8b)
; (nz_uz 2

Solution of the Abel integral equation (2.3.8b) follows from (2.1.20) and
is given by

uF(u)= J.Ln)m dn
0 -1 )
so that =y | fl(n) — dn
6[ ( 2_n2
Fw= L0 239
0 (u -N )

Again, solution of the Abel integral equation (2.3.8a) follows from (2.1.22)
and is given by

W(u) = - dn

) (2.3.10)
_ u J_ (-1 )1/2f(l)

n (1 u )1/2 (uz—tz)

2d f n Fi)
T du
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where the integral is in the sense of CPV. Back substitution of
u=y"? t=x"? produces

0(y)=—— (Lj j(l_—xj SO w3
T \l-y ; X y—Xx

The form (2.3.11) of the solution satisfies the end conditions

Oer/z) as x>0
o 01—+"") as x>1.

From this solution we can derive in a non-rigorous manner, the solution
for the case when

o(x)=0 |x|_1/2) as x>0 and @(x)= OQI—xr”z) as x —> 1.
Using (2.3.11) we find that

lfcp(y)dyZ—lf[l_ij J(x) LLII(YJ @ }dx.

s \ly) y-x

The integral in the square bracket has the value T so that

1 B 1 11 1/2
OI Q(x) dx = — Oj (T] £(0) dr.
From the form (2.3.11) we find that
1 1 1 : A0
o)== ———= |~ [ o) dx + | {r(1-1) —dt},
S {va-»} {6[ OI{ } y—t

1
Writing C =— I(p (x) dx we find that
0

<p(y)=—l L { C+IJ. {;(1_;)}”2 JAGR },(2.3.12)
yu-y 0 y—t
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In view of the result that

! 1 dt

OI pa-p)y° vt

we can regard C in (2.3.12) as an arbitrary constant and thus (2.3.12) is
the required solution satisfying the end conditions

0 erm ) as x—0

o1-"")as x>1.
To derive the solution for the case when

Oer/z) as x >0

o0 o1-x"")as x> 1,

we write @()) from (2.3.11) as

=0 for O0<y<l

o(x)=

f(x) dx
{x(l B x)}1/2 y—x

172 4
1
+_( y ] [ LWy
n \l-y) ; <{x(l—x)}
Thus @(y) has the required behaviour iff the second term in (2.3.13)
vanishes, i.e., f(x) satisfies

1 1/2 !
o) =-— -} j
(2.3.13)

1
| L)m dx = (23.14)
0 {x(l—x)}
and in this case the solution is given by
1 e f(x)
=—— 1- ———— dx. 2.3.15
o) =-— {r1-»} j R
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Thus the solution of the integral equation (2.3.1) can be obtained. The
results are follows:

Case (i) If ¢(x)=0 |x—a|71/2) as x > a and @(x)= OQ b—x |‘”2) as x > b,
then the solution of (2.3.1) is

‘p(x):_l ;uz {CJrl] {t-a)b-}" S0 dt}, a<x<p (23.16)
T {(x-a)b-x)} : x—t

where C is an arbitrary constant.

Case (ii) (a) If (p(x):OQx—ar/z) as x —a and (p(x):OQb—xrm) as x — b,
then

(p(x):—nl (x—aj J‘[E) /@ dt, a<x<b. (2.3.17)

b—x t—a x—t

a

O If @(x)=0 |x—a|’”2) as x> a and @(x)=0 |x—b|”2) as x — b,
then

0= (b‘x} | ["“j SO 4 acxeh. 2318)

n \x—a b—t x—t

a

Case (iii) If ¢(x) = oqx—ar“) as x> a and @(x)= oqx—br”) as x — b,
Then the solution exists if and only if f(x) satisfies

| /) — dr=0 (23.19)
s t=a)b-1)}

(known as the solvability criterion) and the solution is then given by

__J@O o dr a<x<b.
{t—a)b-n))* x—=1

Note: 1 The integrals appearing in (2.3.16) to (2.3.18) and (2.3.20) are in
the sense of CPV. This method was employed by Mandal and Goswami
(1983), and is also given in the book by Estrada and Kanwal (2000).

2. The method of solution presented above is obviously not rigorous.
There exists rigorous method of solution based on complex variable
theory and can be found in the books by Muskhelishvili (1953) and
Gakhov (1966). This will also be discussed in Chapter 3.

000 = fx-a)b-0}" | (2.3.20)
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(b) Second kind integral equations with Cauchy kernel

We consider the simple Cauchy type singular integral equation, as given
by

p@@ﬁ:j%glﬁ+wa0<x<l 2.3.21)
0 —X

where, the integral is in the sense of CPV, and for simplicity, we assume
that p is a known constant, and @(x) and f(x)are complex valued
functions of the variable x € (0,1), @(x) being the unknown function of
the integral equation and f{x) being a known function.

It may be noted that the case p =0, of the integral equation (2.3.21),
corresponds to the integral equation of the first kind already considered
above, whilst if p # 0, then the equation (2.3.21) represents a special
singular integral equation of the second kind, with constant coefficient.
There exist various complex variable methods of solutions of the integral
equations of the form (2.3.21) in the literature (see Muskhelishvili (1953)
and Gakhov (1966)), some aspects of which will be taken up in Chapter 3
of the book.

Here we employ the following quick and elementary method of
solution of the integral equation (2.3.21), which depends on the solution
of Abel type singular integral equations, described in the previous section
2.1.

We start with the following standard result

1
[ ! dt _ _moma o o1 (2322)

P tmx Y (l-x)

where o is afixed constant such that 0 <o <1, and the singular integral
is understood in the sense of CPV.

Theresult(2.3.22) clearly shows that there exists a class of differentiable
functions, in the open interval (0,1), which represents the solutions of the
homogeneous part of the integral equation (2.3.21), in the circumstances
when p =—Tt cotmo , and this is provided by the functions

Q,(x)=——>—, 0<x<]I, (2.3.23)
° x4 (1-x)"

where C, is an arbitrary constant. It may be noted that

o =— when p =0.
> Y
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Guided by this observation on the homogeneous part of the integral
equation (2.3.21), we now expect that the general solution of the integral
equation (2.3.21) can be expressed in the form, as given by

| d t v
= — | ———d 2.3.24
?) (l—x)a dx J(x—t)l_a l ( )

with o satisfying the relationp =—7 cotmor, where Y (¢)is a
differentiable function with y (0)#0. From (2.3.24), we find an
alternative form for @(x) as

v 1

_ VO o 2323
x ‘1-x)* (1-x)°

(x—t )

o(x)=

S B ]

where ¥ = ¢~ The form (2.3.25) clearly shows that the function @(x)
possesses the same weak singularities at the end points of the interval
(0,1), under consideration, as is possessed by such solutions (cf.(2.3.23))
of the corresponding homogeneous equation (2.3.21).

Using the form (2.3.25) of @ (x) we first find that
[e® . _ de )1 T we | d
) Pl T ;(t_u)mdu}
_ 1 1 . dt (2.3.26)
= — = 4
Ol Ty J"’“{Io F ) } ‘

, dr
f"’”{foo(—zw:}d“

obtained by interchanging the orders of integra{cion in the second term,

after splitting it into two terms like J e dt + J dr. By using the

0 X
following standard integrals (cf. Gakhov (1966))

T cos ec IO
1 ” — for O<x<u<l,
J 1 (=) ) (2.3.27)
Ol 1-00
’ (l_t) (t_u) A R L for O<u<x<l

(1=x) (x-u)”
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in the relation (2.3.26), we can express the integral equation (2.3.21) as

Py (0) P v'® . _ 1 wv(0cotno
X (1 x) (1 x) (x—t)m X (l—x)a
_mootma ¢y \(t) Tcosec mo. ¢ W ()

dt+ f(x),

S T (s R s
and this, on using the relation p =—T cotmo, gives rise to the following
Abel type integral equation

1 '
(;K%dz: SO (4o f(x), 0<x<l. (2328)

The solution of the equation (2.3.28) can be determined easily by employing
the techniques described in section 2.1, and, we find that

+C (2.3.29)

vix )_sm oL J-(l y) f(y)

i (-x)

where C is an arbitrary constant of integration.

Using the representation (2.3.29) into the right side of (2.3.24), we thus
determine the general solution of the singular integral equation (2.3.21), in
the class of functions described earlier (cf.(2.3.23)), as given by

B C sinmo d 1 a- y) f(y) (2.3.30)
900 = X (l—x)m +TE2(1—X)“ dX{J( —t)I - {7[ } dl}

By interchanging the order of integration on the right side of (2.3.30),
and using the following results

> (XJ = G,(x,) for x>y (=1-a)

(1) min(x,)’)#_ =0 J+M X
_ -0 _ o " o+j
(x t) (v ’) Z ; X =G,(x,y) for x<y,
=0 JTOY
u
(il %G _ (l) L%
ox x) y—-x 0Ox
2

(iii) sin® ot =——— (since p = cotmar).

P +T
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We can easily rewrite the general solution (2.3.30) of the integral
equation (2.3.21), in the following well-known form (cf. Gakhov (1966))

jy (t y) S0 e (2.3.31)
( x)

We observe that for the partlcular case p =0, corresponding to the
equation of the first kind, whose solution is obtained in section 2.3, the
general solution can also be obtained from the relation (2.3.31), and is
given by (since o =1/2)

O(x)=—"— f(x)+
pl+m

p’+m? lr’(1 x)"

°0) = Ty I z (_) S dy|  (@2332)

1/2 (1

where C isan arbitrary constant. This coincides with (2.3.12) if — f (»)
is replaced by f(y).
(c) A related singular integral equation

A related singular integral equation of the first kind with Cauchy type
kernel, as given by

1
0 ()
| o dr=f(), 0<x<l, (2.3.33)
0

which occurs in the study of the problem of surface water waves by a
vertical barrier (see Mandal and Chakrabarti (1999)), can also be handled
by employing the technique developed above.

We find that the substitution

1 d 'I _ts(n)
T N2

(-x)

where s(7) is a differentiable function, with s(1) # 0, helps in solving the

integral equation (2.3.33) with a differentiable forcing term f'(x), in the
form

P(x)=— dt, 0<x<l (2.3.34)

X dx

y l_t 1/2
0() =D I ( ) f@)di (23.39)
()" ™ (-x) rox

where D is an arbitrary constant.
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(d) 4 special singular integral equation

Next we describe a quick and elementary method of solution of the
following special singular integral equation, as given by

a(x)(Te)(x) + (T(b))(x)= f(x), —1<x<1 (23.36)
where the singular integral operator T is defined as

1
1 Imdt, l<x<l (2.3.37)

T o I=x

(To)(x) =

with a(x), b(x) and f(x) being known differentiable functions of x e (—1,1),
under the circumstances when

a(x)b(x)=A*(1-x7), (2.3.38)

A being a known constant. The above special singular integral equation
arises in the study of problems in the theory of dislocations as well as in
the theory of waveguides (cf. Williams (1975), Chakrabarti and Williams
(1980) and Lewin (1975)). We present below the method of Chakrabarti
and Williams (1980) to determine the general solution of the integral
equation (2.3.36).

We first observe that the general solution of the integral equation
To =(To)(x)=g(x), -1<x<1 (2.3.39)

can be expressed in the form (cf. equation (2.3.32))

O(x)=(T"'g)(x) = T((1-x*)"g)x) (2.3.40)

C 1
——
(l—xz)12 (l—xz)l/2
for differentiable function g, where C is an arbitrary constant.
We notice that the operators 7 and 7', as defined by the relations

(2.3.37) and (2.3.40) respectively, have the following three important
properties:
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M T(T"'9) =9,
» C
(i) T (T¢)=———F519
(1-x*)
and
(iii) n—1 0. (2.3.41)

(—r)’

Thus, we have that

T(bo), (2.3.42)

b ¢ 1
(1_X2)1/2(p (1_x2)1/2 (1_x2)1/2

and, then, the given integral equation (2.3.36) can be cast as

a f C
g [0~ 2P| T 72 —. (2.3.43)
i) [( >“°] (-] (-+)

Applying the operator 7' on both sides of the above equation (2.3.43) and
using the results (2.3.41), we obtain

b oL | @344

(1 —x’ )1/2

To |-

Ty ™ e

from which it follows that

az /2 ( 1/2 (pJ labz(p = az 1/2 T{ f2 1/2}. (2345)
(=) L@y ) ) ()

If we now define a new operator L, as given by

__a® 5 (2.3.46)

N2
(—x

and utilize the relation (2.3.39), we find that the equation (2.3.45) can be
expressed as
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(Lz—Kz)(p = h (2.3.47)
where
__alx) S
ey ey

The equation (2.3.47) can now be cast into either of the following two
forms:

(2.3.48)

(L=, )(x) = h(x), (2.3.49)
or, (L+AW, )(x) = h(x) (2.3.50)
where
V(%) = ((L+A) )(x) (2.3.51)
and
v, () =((L-1)9)(x) (2.3.52)
so that the unknown function (p(x) of our concern, can be expressed as
O (x )— 7 v, @), (2.3.53)

Utilizing the operator L, as defined by the relation (2.3.46), the
integral equation (2.3.49) can be expressed as

SN2
_}‘(l_z) v, =T (1 f2)1/2
—x

which, on applying the operator 7" to both sides, produces (see equations
(2.3.41))

(2.3.54)

v+ A T(l x’ ) A

1 1/2 1/2 1/2
(1-x) (-x)" (-x)

where A is an arbitrary constant.

Now, if we define
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1_ 2 1/2
M(X)=% and W, (x)=(1-x" W,(¥), (2355

then the equation (2.3.54) takes up the form
Y () +AT(W)(x) = f(x)+4, —1<x<l. (2.3.56)

A similar analysis, applied to the equation (2.3.50), produces the
equation

¥ (x)-AT(WP,)(x) = f(x)+B, —l<x<l (23.57)

where

¥, =(1-x) v, (2.3.58)

and B is an arbitrary constant, different from A.

We thus observe that the original singular integral equation (2.3.36) can
be solved by way of solving two independent singular integral equations
(2.3.56) and (2.3.57), and utilizing the algebraic relation (2.3.53). We
consider below a special case of the above general problem of singular
integral equation.

A special case

In the special case when
2 2 1/2 P 1/2
a(x)=A (l—x ) and b(x)= (l—x ) , (2.3.59)

the function W(x) in the relation (2.3.55) becomes

1
u(x)= e (2.3.60)
which is a constant, and then the two integral equations (2.3.56) and
(2.3.57) take up the following simple forms:
1
\Pl(x)+x(T‘P1):f(x)+A, -l<x<l1 (2.3.61)
and

‘Pz(x)—%(T‘I’z)=f(x)+B, —-l<x<l1. (2.3.62)
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The solutions of the above two singular integral equations (2.3.61)

and (2.3.62) can be easily obtained, in the case when A >0, by using a
variation of the result (2.3.31), and we find that

F+xj l—f( jﬁﬂn+Acﬂ
1+A°\1-x) @ 1 \1+¢ f—x (2.3.63)
Kl

" Lig L g
(1 +x)5 (1 —x)5

Y (x)=

(f( )+A)-

}\'2

and

1

5P 1
() = Xz(f(x)+B)+ [1 xj nlf(mj —fﬁ”iB " (23.64)

1+x
KZ

* T, T
(l + x)2 (l - x)2

where

A =tanmf (A >0) (2.3.65)

and, K, and K, are arbitrary constants.

We note that in the most special case of the above problem, where
the constants 4, B, K, and K, are all zeros, the solution of the singular
integral equation (2.3.36) can be finally expressed as

1 L (1) [ (1ex)
e =D l—x(l—xj d (E) /

iR 1
. 1+xj T (1+xj2 I
1-x 1-x

In solving the singular integral equations (2.3.2) and (2.2.21) with Cauchy
kernels, solutions of Abel integral equations have been utilized. This idea of
use of Abel integral equations in solving Cauchy singular integral equations
of first kind was in fact originally described by Peters (1963). The function
¢@(x) is assumed to satisfy a uniform Holder condition in the closed
interval [0,1] and at the end points x =0,1, it may have a singularity
like /n|oe—x]| or (¢ —x)" (0<y <) where o denotes any one

(2.3.66)

Remark
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of the end points. The forcing function f(x) is also assumed to be a
member of the class of functions to which @ (x) belongs.

Peters (1963) used the following important idea, which is useful for
any integral equation of the first kind, as given by

1
[KG.0 @) di=f(x), 0<x<I (2.3.67)
0
for which the kernel K(x,?) possesses the representation
t
JKl(x,G)Kz(t,G)dG, t<x,

K(x,n)=1" (2.3.68)
J.KI(X,G)KZ(Z,G)dG, x<t.
0

Then, using the representation (2.3.68), the integral equation (2.3.67)
can be reduced to

]Kl(x,o)[l_[l{z(t,c) o) dtj do = f(x), 0<x<1(23.69)

which essentially represents two independent integral equations of Volterra
type, as given by

]‘Kl(x,c) y(o)do = f(x), 0<x<l1 (2.3.70)
0
and
1
J.Kz(t,cs) o) dt =y (c), 0<o <l. (2.3.71)

We note that the most important relation y (1) = 0 must be satisfied.
Thus, the original problem of determining the unknown function @(x)
satisfying the integral equation (2.3.67) can be successfully resolved by
solving the two integral equations (2.3.70) and (2.3.71) on section 2.3(a)
to solve the Cauchy singular integral equation (2.3.1).
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2.4 APPLICATION TO BOUNDARY VALUE PROBLEMS IN
ELASTICITY AND FLUID MECHANICS

As applications of the solutions of singular integral equations to boundary
value problems in elasticity and fluid mechanics, we take up in this section
two problems formulated in Chapter 1.

(a) A crack problem in the theory of elasticity

Ithas already been shown in section 1.2.2 that the problem of determination
of the distribution of stress in the vicinity of a Griffith crack x| <1,y =0
(in Cartesian xy-co-ordinates) in an infinite isotropic elastic plate, can be
solved completely, by using the solution of the singular integral equation
of the Cauchy type given by (1.2.23) which is required to be solved
under the end conditions given by (1.2.24). Using the form (2.3.18) (with

a=0, b=1 and f(x) replaced by M) we find that
s

the appropriate solution of the integral equation (1.2.23) satisfying the
requirements (1.2.24), is given by

IR AT G (0]
Sf(s)= nz[ . J j[l_J dr. (2.4.1)

b t—s

It is a matter of some routine manipulations to determine the
distribution of stress 6,0 ,,,0 , as given by the relations (1.2.12), for
the special boundary value problem of elasticity considered here, when
use is made of the relations (1.2.21), (1.2.18) along with the knowledge of
the functions f(s), as given by (2.4.1).

(b) A surface wave scattering problem

As has been shown in section 1.2.3, the problem of determination of the
scattered potential, in the linearised theory of water waves, when a train of
surface water waves is normal incident on a thin vertical barrier partially
immersed in infinitely deep water, can be solved completely by reducing
it to the homogeneous singular integral equation (1.2.61) under the end
conditions (1.2.62). Its appropriate solution is now obtained by using the
solution (2.3.16) (with a=0, b=1, f(x)=0) and is given by

C
W=y

where C is an arbitrary constant. Thus the function p(¢) defined by
(1.2.60) is found to be

(2.4.2)
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Ct

p(t)Zm

(2.4.3)

and thus the function g(y) satisfying the integral equation (1.2.52) is
obtained as

y Ku
g(y)=Cdi e ™ jﬁdy , uU>a. (2.4.4)
'y a \U —a

The unknown constant C, the complex reflection and transmission
coefficients R and T, and the scattered potential can then be determined
by utilizing the various connecting relations given in section 1.2.3, which
however is not presented here. Details can be found in the book of Mandal
and Chakrabarti (2000).



Riemann-Hilbert Problems and Their
Uses in Singular Integral Equations

In this chapter we describe the analysis as well as the methods of
solution of a special type of problems of complex variable theory, called
Riemann-Hilbert problems (RHP). It will be shown here that converting
the equations to RHPs and finally solving them can, successfully solve
the singular integral equations involving the Cauchy type singularities in
their kernels. This method has already been introduced in Chapter 2 in
an ad hoc manner to solve a singular integral equation of some special
type involving logarithmic type kernel. This method is also known in the
literature as function-theoretic method.

Examples of singular integral equations occurring in Elasticity, Fluid
Mechanics and related areas, will be considered and the detailed analysis
to solve some of the singular integral equations arising in these areas will
be explained. The Cauchy type singular integral equations have already
been introduced in chapter 1 briefly and solutions of some of them have
been obtained by some elementary methods. We have tried to present
all the basic ideas needed to implement the analysis involving RHPs
in as simple a manner as has been possible, so that even beginners can
understand easily.

3.1 CAUCHY PRINCIPAL VALUE INTEGRALS

In this section we explain the ideas involving a special class of integrals,
which are singular and are of the Cauchy type. These have already been
introduced in section 1.1 while defining integral equation with Cauchy
type singular kernel. As an example of a Cauchy type singular integral, we
consider the integral

I= ! dx, a<c<b with a,beR. (3.1.1)
X—C
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The integral (3.1.1) does not exist in the usual sense, but if we interpret
I as

7 |
thm“ dx + j dx}, (3.1.2)
et Y x—c e X—C
then we find that
I= In|2=€ (3.13)
c—a

which is an well defined quantity. This is taken to be the Cauchy principal
value of the integral under consideration, to be denoted with a cut across
the sign of integration, as in the relation (3.1.1). All such singular integrals
appearing in this book will be understood to have similar meaning and we
simply write

b
1
I:;[ N dx,

where the cut across the sign of integration is withdrawn.

The most general singular integral of the Cauchy type is the one given
by the relation

f:rj' Z%Zc)dz:nm rj R (3.1.4)

where I' is a smooth contour in the complex z-plane and { is a point on
the contour I' (see Figure 3.1.1)

I

I

Fig. 3.1.1 Contour I’

and I', is the portion of the contour I' which lies inside a circle of
radius € centred at z=C_.
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We emphasize here that many boundary value problems of
mathematical physics can be transformed into singular integral equations
where the kernels are of Cauchy type (cf. Sneddon (1974), Gakhov (1966),
Muskhelishvilli (1953), Ursell (1947), Mandal and Chakrabarti (2000) and
others).

3.2 SOME BASIC RESULTS IN COMPLEX VARIABLE THEORY

We now state some important theorems and results in the theory of
functions of complex variables, without their detailed proofs, which can
be found in Muskhelishvilli (1953), Gakhov (1966).

Theorem 3.2.1
For the integral

D(z)=—— j(p(r) dt, zeT, (3.2.1)
2ni f Tz

if the density function @(t) satisfies the Holder condition

O

‘(9(11)_(9(7:2)‘ < Ahﬁ -7,

, D<o <l (3.2.2)

with A4 being a positive constant, for all pairs of points T,,T, onasimple
closed positively oriented contour I" of the complex z-plane (z = x +iy),
then d(z) represents a sectionally analytic (analytic except for points
z lying on I' ) function of the complex variable z.

Theorem 3.2.2 (The Basic Lemmay)

The function

W (z)=—— j(p(r)_(p(t) t (3.2.3)
2mi

PoT-z

on passing through the point z =%, of the simple closed contour I,
behaves as a continuous function of z, i.e.

! - [ @) =0 4 (3.2.4)
1

lim y(z)=
zt 2n T—t
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exists and is equal to w(f), whenever ¢ satisfies a Holder condition on I

Note: The theorem 3.2.2 also holds at every point on I, except at the end
points, when I is an open arc in the complex z-plane.

Theorem 3.2.3 (Plemelj-Sokhotski formulae)
If

1
(Z)_z_rj

with @ satisfying a Holder condition on I, then
lim ®(z)=®d"(¢) and lim O(z) =D (¢)
zot+ Z—t—

exist, and the following formulae hold good:
O (t)-D (t)=0(), tel, (3.2.5a)

O (1) +D () = J' (p(r) tel (3.2.5b)

where lim and lim mean that the point z approaches the point

z—t+ zot—

t on I' from the left side and from the right side respectively of the
positively oriented contour I, with the singular integral appearing above
being in the sense of CPV.

The formulae (3.2.5) are known as the Plemelj formulae (also referred
to as the Sokhotski formulae) involving the Cauchy type integral ®(z),
which can also be expressed as

O (1) =+ —(p(t)+2— j"’("') tel. (3.2.6)

Note: The Plemelj formulae also hold good even if I" is an arc (or a finite
union of arcs) provided that # does not coincide with an end point of T".

Proof: We can easily prove the Plemelj formulae in the case when I" is a
closed smooth contour, by using the following results:
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1, zeD"
L= o zen
2ni 7tz 1 (3.2.7)
—, zel,
2

where D" istheregion lying inside the simple closed contour I' and D~
is the region lying outside F (see Figure 3.2.1).

Fig. 3.2.1 Regions D" and D~

Writing
T t
v(z)= I P@)-0()
2ni & T-z
we find that
limy (z)=1 ! dat
zot+ =+ QUi : >t+ Qi N T—2
giving, on use of the results (3.2.7),
Y@= (t)-¢(), tel. (3.2.8)
Also,
lim y(z) = - @) lim —
zt— z>i- Qi K z>i- Qi K T—2

giving

Y () =0 ()-0=0 (1), tel. (3.2.9)
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Now, we have

(o) = 1

j dr—(p(t)— — G, tel
r

L
21 2ni Tt

which gives

| 1
V(O ==7 e+— Fj el,  (3.2.10)

when the result (3.2.7) is utilized. Now the Theorem 3.2.2 suggests that
all the results (3.2.8), (3.2.9) and (3.2.10) are identical and we thus derive
the results (3.2.6).

The following theorem can be easily established (we omit the proof
here).

Theorem 3.2.4
The Cauchy type singular integral ZL jwdr satisfies a Holder
miofT—

condition for points z on I' if @(t) satisfies a Holder condition for
points T on I

We next establish an important formula, known as Poincare’-Bertrand
Formula, involving singular integrals, as explained below in the form of
a theorem.

Theorem 3.2.5 (Poincare’-Bertrand Formula (PBF))

If T' is a simple closed contour, and if ¢ satisfies a Holder condition on
I", then the PBF

I_ {j o) ds} dv =-n’e(t), tel,  (3.2.11)

holds good.
Proof: We set

‘-6

1
®,(7) =5 rj erl, (3.2.12)

k=

P,(1) = erl, (3.2.13)

5 |
—
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and also
@@)_EL-j ) gt zgT, (3.2.14)
r
O ()= [ 2D G gt (3.2.15)
2ni F Tz

Then using the Plemelj formulae (3.2.6), we obtain

PO=0" (-2 9, 1T, (32.16)
. 1
9,(0) =P ()= 0,(1), 1€T. (3:2.17)
Then, using (3.2.16) in (3.2.15) we obtain
D (2)= ! . j @ at ——— J. o) dt
2ni F T-z i J T-z
= q)(z)—l d(z), ze D",
giving 2
D (z)= %CD(Z), zeD". (3.2.18)
Thus we derive that
D/ (1) = %d)*(t), tel. (3.2.19)

Using (3.2.19) in the relations (3.2.16) and (3.2.17), we deduce that
1
¢x0=z@vltef. (3.2.20)

The relations (3.2.12), (3.2.13) and (3.2.20) prove the Poincare’ -Bertrand
Formula (3.2.11), finally.

Note: 1. The Poincar e’ -Bertrand Formula is useful whenever the orders of
repeated singular integrals are interchanged.

2. Another form of this theorem is given later in chapter 4.
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3.3 SOLUTION OF SINGULAR INTEGRAL EQUATIONS
INVOLVING CLOSED CONTOURS

In this section we explain the procedure to solve a singular integral
equation involving simple closed contour by means of a simple example
only. Another example is given as an exercise.

Example 3.3.1

Solve the singular integral equation

2_
(-2 o(r)+——0*8 j(p(r)dr L ier 6an
T LTt t

where I' is a simple closed contour enclosing the origin but the point z
=2 lies outside I" as shown in the Figure 3.3.1.

h}r

Fig. 3.3.1 The curve I"
We set

D(z)=—— [ M) 4. cer (33.2)
2ni & Tz

Using the Plemelj formulae (3.2.6), we can express the given equation
(3.3.1)as

1

S r. 3.
YR ‘e (3.3.3)

(t-2)D0"(1)-20 (1) =
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1 1
Multiplying both sides of (3.3.3) by % P and integrating with
respect to 7 over the contour I", we easily find that
1
o 0P
Z —
O(z) = | (3.3.4)
,zeD".

8z

Hence we obtain the solution @ (#) of the integral equation (3.3.1) as

PE)=D"()-D (?)
1 1 6t—1* -4 (3.3.5)

T 427 & 8t-2)

Note: The above example is taken from Chakrabarti (2008, p 130).
Further examples may be found in the books of Muskhelishvilli (1953)
and Gakhov (1966).

Exercise 3.3.2 Solve the singular integral equation

2_
(t+ D)) — L=2F0 _[q)(r)dr ~ 3 er
T STt t

where I isthe same as in Figure 3.3.1. This is left as an exercise.

3.4 RIEMANN-HILBERT PROBLEMS

Singular integral equations involving open arcs

The theory of a single linear singular integral equation of the second kind
and of the type

cwon+ [ 2 a=fa, rer, gy

where c(?), f(¢) and @(7) areHoldercontinuous functionson I with T’
being a finite union of open arcs, can be developed as explained below (cf.
Muskhelishvilli (1953), Gakhov (1966)).
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We define the sectionally analytic function

d(z) = L j @) dt, zel. (3.4.2)
2ni 2 T—z

r

Using the Plemelj formulae (3.2.6) (it can be proved that the formulae
(3.2.6) are true if I is a finite union of open arcs), we express the integral
equation (3.4.1) as a linear combination of ®* and ®~, as given by the
relation

(O @ (-0 (@) |+ni[ @ () +D (1) ]= (1), teT,

ie.,
t)—Ti t
o ()= O iy LD er a3
c(t)+mi c(t)+mi
provided c¢(?) # —Tti.
We observe that the relation (3.4.3) is of the form
O (1) =G()D (1) +g(1), teT, (3.4.4)

where G(¢) and g(¢) are Holder continuous functions on ['. The
problem (3.4.4) involving the sectionally analytic function ®(z) is called
the RHP. We now describe some salient features of RHP.

Statement of Riemann-Hilbert problem

The Riemann-Hilbert problem is to determine a sectionally analytic
function @(z), defined in the whole of the complex z-plane
(z=x+iy, x, yeR), cutalong I' (a union of finite number of
simple, smooth, non-intersecting positively oriented (anticlockwise) arcs
(contours), the ends of the arcs being called end points), with prescribed
behaviour at z = o0, satisfying either of the following boundary conditions
on[:

(i) O (t)=G@)D (¢), teTl,
or

(i) O () =G)D (1)+g(¢), teTl,
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where G(¢t) and g(¢) satisfy Holder condition on I and G(¢) # 0 for all
te I.

The solutions of the problems, as posed by the equations (i) (the
homogeneous RHP) and (ii) (the nonhomogeneous RHP), under sufficiently
general conditions, are beyond the scope of the present book. However,
under special circumstances giving rise to specially simple values of the
two functions G(¢) and g(7), the following simplified idea seems to be
sufficient for the purpose of finding the solutions of the RHPs described
by (i) and (ii).

Method of solution of the RHP

Let us denote by @ (z) as a solution of the RHP (i) so that @ (z)
satisfies

D, (1)=G()D,(¢), teTl.
Taking logarithms of both sides of the homogeneous equation, we obtain

In®,(t)—In ©,(t) =In G(t), teTl. (3.4.5)

We now observe that there may exist a particular solution @ (z) of the
equation (3.4.5) such that

[in®,] (t)-[In®,] (©)=inG(), tel,  (3.46)

giving a possible solution of (3.4.6), after noting the relation (3.2.5a), as

In ®,(z) = yIMGmm. (34.7)
2ni 21—z
It must be emphasized that the function ®,(z) obtained from the
relation (3.4.7) is a very special solution of the homogeneous RHP (I),
for which the two relations (3.4.5) and (3.4.6) are equivalent, and that we
can always add any entire function of z to the expression for /n @ (z),
derived by using the relation (3.4.7), and still obtain a solution of the
homogeneous RHP ().
Let us assume that we are using the function ®(z), as obtained in
the relation (3.4.7). Then using the fact that
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_ 9,0

G() o0 <0 (3.4.8)

we can rewrite the nonhomogeneous RHP (ii) as

Q) @) _ g feT (3.4.9)
D) D () D)

using the fact that @, (z)#0 for reT.

The relation (3.4.9) again represents a Riemann-Hilbert problem of a
very special type, and its solution can be obtained by noting the Plemelj
formula (3.2.5a), in the form given by

ni 2 @ (t)(t—z)

where E(z) is an entire function of z, in the whole of the complex
z-plane, including I.

(D(z)=CI)0(z)[21J. 20 wiEw| (410

In sections 3.5, 3.6 and 3.7 we will discuss certain singular integral
equations with weak singularities such as Abel and logarithmic, and show
that such equations can be solved by reducing them to RHPs.

We now go back to obtaining the solution of RHP (3.4.3), which
is equivalent to the singular integral equation (3.4.1). We consider, for
simplicity, the case of the singular integral equation (3.4.1) in which
c(t)=p, a real positive constant, and I" is the open interval (0,1) of
the real axis of the complex z-plane, where z = x +iy . The homogeneous
Riemann-Hilbert problem in this case, has the form

o () =27 @7 (x), xe(0,1). (3.4.11)
P +Ti

Now, with the aid of any suitable solution @ (z), of the homogeneous
problem (3.4.11), the original Riemann-Hilbert problem can be expressed as

®+(x)_®7(X) _ f@+ . xe(0.]).
Dy(x) Dy(x) (p+m)d (x)
We observe that the relation (3.4.12) represents a very special

Riemann-Hilbert problem for the determination of the sectionally analytic
function ®(z)/ D (z), and for a particular class of functions f(x)

(3.4.12)
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involved in the forcing term of the original integral equation (3.4.1) under
our consideration, for x e I' =(0,1).

The general solution of the Riemann-Hilbert problem (3.4.12) can be
written as

_ L S NG 3.4.13
D) =y(3)| 3 qu)m(t_z) di+E(z) |, (3:4.13)

where E(z) is an arbitrary entire function of z. Then, the solution of
the integral equation (3.4.1) can be derived from the relation

Ox)=D (x)-D (x), 0<x<l. (3.4.14)

We thus find that the general solution of the integral equation (3.4.1)
depends on an arbitrary entire function E(z) appearing in the relation
(3.4.13).

We illustrate the above procedure, for the special case of the function
¢@(x) and f(x), which are such that ¢@(x) and f(x) are bounded at
x =0 but have integrable singularities at x =1.

Now, if we choose

®,(2) = [L_Ja (O<o < %) (3.4.15)
where
Pomi _ onia (3.4.16)
P +Ti
so that p =T cot TaQ, (3.4.17)

then, by fixing the idea that 0 <argz <27 , we find

D (x) = [i] ™, @y (x) = (ﬁj S (3.4.18)

Also,
lim ®(z) =1 (3.4.19)

and
lim ®(z)=0 (3.4.20)

Z—>0
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as suggested by the relation (3.4.2). Using these in (3.4.13) we find that
we must have

E(z) = 0, (3.4.21)

giving

q)(Z)zq)O(Z) 1 lj f(t)

- dt, z¢(0,1). (3.4.22)
2ni p+mi § O -2)

Then utilizing the Plemelj formulae on the relation (3.4.22), together with
the results (3.4.18), we find that

P(x) =0 (x)- D (x)

BW0) [ SO, G000
2ni(p +mi) § D (1)t —x) 20, (x)(p +mi)

J(x)

which simplifies to

{pf() [ j“ i[(l tj 1@ dt} 0<x<1. (3.4.23)

Notes: 1. The limiting case p =0 (i.e. o =1/2) of the integral equation
(3.4.1) with T" = (0,1) is the integral equation of first kind as given by

o(x)=

j (p(’) dt = f(x), 0<x<l, (3.4.24)

whose solution is obtained as

w(x):—iz(ij lj(l;t) (f(”jd; 0<x<l. (3.425)
T X

1- ; t t—x

We thus observe that the integral equation (3.4.24) possesses the unique
solution as given by (3.4.25) in the special circumstances when both
¢ and f are bounded at one end (x = O) and they can be unbounded
(with an integrable singularity) at the other end (x =1). The solution
(3.4.25) of the Cauchy type singular integral equation (3.4.24) has already
been obtained in section 2.3 by using an elementary method.

2. There are two other important cases of the integral equation (3.4.1) in
the special situation when I" = (0,1), which are as follows:
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Case (i):  f(x) and @(x) are wunbounded at both the ends
x=0 and x=1.

Case (ii)):  f(x) and @(x) are bounded at both the ends
x=0 and x=1.

These two special cases (i) and (ii) can be handled by choosing special
functions @ (z) of the homogeneous Riemann-Hilbert problem (3.4.11),
and we find that the two possible choices are as follows:

For case (i)

D, (2) =D ()= 2" (z-1)",
and for case (ii)
D, (z) =D (2) = 2% (z-1)"°, (3.4.26)

where O is as given by the relation (3.4.16). We find that in case (i)
we must select E(z) = a constant = ¢, say, and in case (ii) we must not
only select E£(z) but also we must have the fact that the forcing function
f(¢) satisfies the condition

1
t
| {;Q dt =0,
o @y ()
which is equivalent to
j f (t)l dt=0. (3.4.27)
(1=

This condition (3.4.27) is called the solvability condition for the given
integral equation in the case (ii)

The particular limiting case p =0 giving rise to the first kind singular
integral equation (3.4.24) then produces the following solutions in the
above two cases (i) and (ii):

In case (i) the solution of the integral equation (3.4.24) is given by

1/2

I 1 J #1-0}" 1@ t)} oy
{x —.X')}l/z

where ¢, is an arbitrary constant.

o(x)= dt|, 0<x<l (3.4.28)
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In case (ii) the solution of (3.4.24) is given by

0(x) = {x(l x)} lj SO g 0<x<1, (3429
{r1-0}

provided the forcing function f(x) satisfies the solvability condition (see
(3.4.27))

] S0
{[(l— )}1/2

These results have already been obtained in section 2.3 by using an
elementary method.

(3.4.30)

We emphasize that the singular integral equations arising in the crack
problem and the surface water wave problem considered in Chapter 1 can
now be tackled completely.

3.5 GENERALISED ABEL INTEGRAL EQUATIONS

The generalized Abel integral equation

x b
a(x)&[ (;p_(?)“ dt + b(x) I (tqi(i))“ =f(x), O<p<l, xE[OL,B], (3.5.1)

was solved by Gakhov (1966, p 531) assuming that a(x),b(x) satisfy
Holder condition on [OL , B] and f(x), @(x) are such that

o (%)
F)={x—o)(B —x¥ £ (), @(x) = P —— (352
{ / PRy

where € >0, f"(x) possesses Holder continuous derivative in
[o,B] and @°(x) satisfies Holder condition on [OL, B ] The solution
method involved solving a Riemann-Hilbert problem for the determination
of a function Y (z) (z=x+ iy) defined by

J’ ¢(1) (3.5.3)
R() (t- Z)“

v(2)=

where

R(z)= <{(z —a)(p —z)}%. (3.5.4)
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The function  (z) is sectionally analytic in the complex z-plane cut
along the segment [(x P ] on the real axis. It may be noted that

M@ﬂzoh%Jasp»w (3.5.5)

The RHP was solved by utilizing the Plemelj formulae involving Cauchy
singular integrals.

As a particular example of the equation (3.5.1), the solution of the
integral equation

I|@ﬂ dt=f(x), O<p<l, xe[o,B]  (3.5.6)
x—t

was obtained as

_sinmu d |t g(n)
o(n) =T = L a:zym-m} (3.5.7)

where

_1 _CML unj f® (3.5.8)
g() fu) ()ija dr, xelo,B]

where the integral is in the sense of CPV.

Remark

The kernel of the integral equation (3.5.6) is weakly singular. However
the solution, as given by the expressions (3.5.7) and (3.5.8), requires the
evaluation of a strongly singular integral. Thus the above method has the
disadvantage that the solution of a weakly singular integral (Abel type
singularity) equation is obtained in terms of strongly singular integral
(Cauchy type singularity).

A straightforward and direct method to solve the integral equation
(3.5.1) resulting in solution involving only weakly singular integrals of
the Abel type has been given by Chakrabarti (2008). This method is now
described below.
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The method
Let

B
O(z)= J‘ (t(p—(?)” dt, O<u<l1, (z=x+iy). (3.5.9)

Then @(z) is sectionally analytic in the complex z-plane cut along the
segment [Oc, B] on the real axis. Itis easy to see that, for x € [Oc, B ],

D (x) = lim ®(z) =™ (40)(x) T (49)(x)  (3.5.10)
where the operators  4,, A, are defined by
_ e _ o
(A9)(x) = J Gopy U (49 = j doxr (3.5.11)
Using the relations (3.5.10), we find

)y = LE=C D -y gy - €L -y ] (35.12)

2i sinmu 2i sinmu

Using these in the given integral equation (3.5.1) we obtain

fax) = ™b(x) }0 (1)~ {a(x) — ™ b(x) }~ (x) = 2i sinmp £ (x), xefo,p] (3.5.13)

The relation (3.5.13) represents the special Riemann-Hilbert type
problem given by

O '(x)+G(x)D (x)=g(x), xe [Oc, B] (3.5.14)

where

Glx)= - 2R =b) _ —exp[—2i tan"" { b(x) sinmp H (3.5.15)
a(x)—e ™b(x) a(x)—b(x) cosmu

and

2i sinT
a(x)—e ™b(x)

g(x)= f(x). (3.5.16)
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To solve the special Riemann-Hilbert type problem (3.5.14), we note
that

|q>(z)|=0[LJ as |z| > . (3.5.17)

n
g

Let us assume that the homogeneous problem
O, (x)+G(x)D;(x) =0, xefo,p] (3.5.18)

has the solution
D, (z)=e"?
where
Y, (x)-Y,(x)=G,(x) (3.5.19)
with
e® = —G(x). (3.5.20)

To find W (z), we utilize the first relation of (3.5.12) in (3.5.19).

Thus we can express W (z) as
B

¥ (z) = a % dt (3.5.21)
where
1 |
Vo (X)) =—— (4, Gy)(x) (3.5.22)
2i sinTu
with

.Nk

(476, )(x):smﬂ 4a j _G0O_, (3.5.23)

node ;] (x-0)'™*

Using (3.5.15) in (3.5.14) we obtain

') P _ gl xefo.p] (3.5.24)
Dy(x)  Dy(x)  Dy(x) ’
where

O (x) = exp[‘Pg(x)]. (3.5.25)
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We note that W; (x) can be obtained by using the results in (3.5.10)
for the function ¥, (2) defined by (3.5.21).

Utilizing the first of the formulae (3.5.10), we determine the solution
of the Riemann-Hilbert type problem (3.5.24), as given by

D(z) _Bj A(r)
D(z) o (t-2)"

(3.5.26)

where
) =—— 4 { % dz}. (3.5.27)
2ni dx | O () (x—1)"
Writing
g()
£ =-= (3.5.28)
PO 00

we see that A(x) in (3.5.27) can be written as

A(x) = — { ICON &dt} (3.5.29)

i | (x-o)™  J (x=p)'™*

assuming that the derivative p'(¢f) of the function p(7) exists for

te[oc,B].

Now from (3.5.26), we find that
D* (x) = Dy ()| ™ (A41)(x) + (4M)(x) |, xeo,B] (3.5.30)
giving
D" (x)—D (x)=h(x), say, xe[oc,ﬁ] (3.5.31)

where

h(x) = {e™ @ (x) —e ™D (x) JAN)(x)

(3.5.32)
+{0; () -, () J(AM)(x), xea,B]

By using the first formula in (3.5.12), we obtain from (3.5.31), the
solution of the integral equation (3.5.1) as
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R A O
O =— — Lf T dt}, xefo,p] (3533

This can also be expressed in the equivalent form

(P(X)=1 { Ae) +Xf A1) } xelo,B], (3534

2mi —a)™ (x—1)'™

assuming that the derivative h'(¢) of h(z) exists for ¢ e [oc, B ]

An alternative form of the solution of the integral equation (3.5.1) can
be derived. This is explained below:

To solve the Riemann-Hilbert type problem (3.5.14), we consider the
homogeneous problem

Qp(x) + ™ Qu(x)=0, xefo,B] (3.5.35)

instead of the homogeneous problem (3.5.18), we find the alternative
representation for ®(z) as

D(z) = Q(2) I m(t) dt (3.5.36)
where
_e™ a4t g
O(xX)="— — j O (3.537)
Writing
g
H=—"-— (3.5.38)
=00

we see that ®(x) in (3.5.37) can be written as

™ qB®) Tt 4@
o(x) = B0 j T dt| (3539

assuming that the derivative of the function g(¢) exists for 7 € [Oc, B ]

Then, using the limiting values @ (x) of the function ®(z) given in
(3.5.36), along with the second formula in (3.5.12), we obtain an alternative
representation of ((x) as given by
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1 d |% k@
P()=5— — U ﬁ dt}, xefo,B]  (3.5.40)

X

where
k(x)=e™ O (x) — ™ D (x)

_ . (3.5.41)
= {0;(0) - Q) J4o)(x) + ™ Q5 (x) - ™ Q) HA0)(x).

It may be noted that, the formula

de | (t-x)'™

has been used in obtaining the form (3.5.40). The result (3.5.40) can also
be expressed in the equivalent form

: B
(A )(x) = — SO jﬂ dr|, xe[o,p]  (3.542)
T

p 1
o) =~ { B Oy,

2mi | (B-x)"™ J(t-x)'™"

whenever the derivative k'(¢) of k(¢) exists for 7 e [Oc, § ]

}, xelo,p], (3.5.43)

Note: 1. The solution of the integral equation (3.5.1) has been obtained
in terms of two forms given by (3.5.33) (or (3.5.34)) and (3.5.40) (or
(3.5.43)). These two forms are equivalent although it is not easy to show
their equivalence directly.

2. When either a=0,b=1 or a=1,b=0, we get back the known
solutions of Abel integral equations, using the formula (3.5.33) or
(3.5.40).

3. No Cauchy type singular integral equation occurs in the analysis
employed here.

3.6 SINGULAR INTEGRAL EQUATIONS WITH LOGARITHMIC
KERNEL

Many boundary value problems of mathematical physics give rise to first kind
integral equations possessing logarithmically singular kernels of the types
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B
fo) In |t-x|dt = f(x), a<x<B (3.6.1)

and

J.(p(t) In

‘dt =f(x), a<x<f (3.6.2)
+x

where @(x) and f(x) appearingin (3.6.1) and (3.6.2) are assumed to be
differentiable in (ct,[3) .

There exists a number of methods to solve the integral equations
(3.6.1) and (3.6.2) which ultimately cast the solution involving Cauchy
principal value integrals of the form

IW()dt o<x<f (3.6.3)

which are strongly singular integrals compared to the weakly singular
integrals occurring in (3.6.1) and (3.6.2). For example, the integral equation
(3.6.1) has a solution of the form (cf. Porter (1972), Chakrabarti (1997))

1 e-a@-0y"r'o)
(x)= 1/2
e T R) [I =
(3.6.4)
e,
;n(ﬁgaja {t-a)(B -1}
in the case when [ —a #4, and
2 .,
o(x)= o2 1 1/2{-'.{0 D@ -0; SO dt+C| (3.6.5)
n {(x—o)(B - x)} t—x

where C is an arbitrary constant, in the case when [ —ot =4, provided
that f(x) satisfies the solvability condition

B.f /() o
{t—o)(B —z)}”2 (3.6.6)
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The solutions (3.6.4) and (3.6.5) involve singular integrals of the type
(3.6.3).

Chakrabarti (2006) developed direct methods based on complex
variable theory to solve the two weakly singular integral equations (3.6.1)
and (3.6.2) and obtained solutions which do not involve integrals having
stronger singularities of Cauchy type. These methods are described
below

The method of solution for the integral equation (3.6.1):
Let

t—z o—z

B
D(z) = jcp(t) In (a—j—A In (B—j (z=x+iy) (3.6.7)
-z -z

where A is an arbitrary complex constant. Then the complex valued
function is analytic in the complex z-plane cut along the segment [OL P ]
on the real axis. It is easy to observe that

B x
D (x) = I(pl(t) Inlt—x dt = mi jcp(t)dt — Bin (x—a)

(3.6.8)
xX—

iniB—Aln[ ]im’A for x e (o,P)

-X
where

B
B= j o(t) dt. (3.6.9)

To derive the result (3.6.8), uses of the following limiting values of the
logarithmic functions have been made.

For xe(a,P)

In(o—z)—>In(x—a) Fmi as y—> =0,

} (3.6.10)
mPB-z)—>h(P-x) as y—> 0.

The pair of formulae (3.6.8) can be expressed as the following equivalent
pair
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B
®+(x)—®_(x)=2ni{A+ J.(p(t) a’t}, xe(a,B), (3.6.11a)

and

. (3.6.11b)

g x—o
O (x)+D (x)=2 I(p(t) In |x—i|dt — 24 In (B—]
—2Bin(x-a), xe(o,p).
We note that by writing
B
r(x)=2mi {A + J’ 0 (?) dz}, xe(,B), (3.6.12)
we obtain ’
o(x)= —L. r'(x) (3.6.13)
21
with
r(o)=2mi(A+ B),r(B)=2miAd (3.6.14)
so that the formula (3.6.11a) is expressed as
O (x)-D (x)=r(x), xe(,p). (3.6.15)

Using the integral equation (3.6.1), we find that the formula (3.6.11b)
gives

O (x)+D (x) = f(x), xe(o,p). (3.6.16)

where

ﬁ(x)=2[f(x)—A In (

X—a

j -Bn (x—a)}, xe(,B). (3.6.17)

The relation (3.6.16) can be regarded as a special case of the more general
Riemann-Hilbert problem

O (x)+g(x)D (x)= f(x), xe(a,p) (3.6.18)

involving a sectionally analytic function cut along the segment [oc P ] on
the real axis.
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By using the formulae (3.6.11)—(3.6.14), we can easily obtain the
solution of the Riemann-Hilbert problem (3.6.16). This is given by

B
D(z)=D,(2) —% M@ in(t=2)dt~C in (0 ~2)-D In (g_j +E(z)} (3.6.19)

where @ (z) represents a solution of the homogeneous problem (3.6.16)
satisfying

D, (x)+D,(x)=0, xe(o,p), (3.6.20)
=L MOAMB) - AMB) 565
D (x) i 2mi o

and FE(z) represents an entire function in the complex z-plane.

Using the formula (3.6.11a), we then obtain
B
2ni“ o(t) dt+A} =0 " (x)-DP (x), a<x<fP
= D) (x) Q' (x)~ O, (x) 0 (x), x<x<P (3622

=0;(0) {0 ()+Q (0}, a<x<B,

where Q(z) represents the term in the square bracket of the expression in
the right side of (3.6.19).

Again, using the formula (3.6.11b), applicable to the function Q(z),
we obtain

1F . [
21:{ ;[(p(t) dt+A}:®o(x){—E ajx (t) In |t—x] dr (3.623)

-2CIn (x—a)-2D In [;_a)+2E(x)} o<x<p.
—X

We can choose the solution of the homogeneous problem (3.6.20) to
be written in the form

1
{(z-a)z-B)}"

®,(z) = (3.6.24)
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so that

D (x) = (3.2.25)

1
{(x—a)(B -0}

From the definition of ®(z) given by (3.6.7), we find that

|®(z)|=0(ﬁ] as |z| -

and since, from (3.6.24),

|q>0(z)|:o(éj as |z| -,

the entire function £(z) appearing in the right side of (3.6.19) must be a
constant. Thus choosing p(;)==, where D is an arbitrary complex

constant, we find from (3.6.23),

B . b
27'Ei|: I(P(t) dt +A:| = ﬁ{_% J.}\.'(l‘) In |t—x| dt +D:|. (3626)
X X 1 o

x—o)(B —x)
where now
A(x )_(D((x))_ =2i{(x-a) (B - x)} {f(x)—Bln (x—o)—AIn [;;_O;H (3.6.27)

The relation (3.6.26) eventually determines the solution function
@ (x), for the equation (3.6.1), by differentiating it with respect to x, and
for the purpose of existence of the derivative, which makes the integral in
(3.6.1) to converge, we find that we must have

B
D—L. jx'(t) In (t—a) dt =0,
i

b 3.6.28
D= [ %) in (B=1) dt =o0. (3.6.28)
1 o

The two equations in (3.6.28) determine the arbitrary constants
D and A in terms of the constant B, which will have to be determined
by using the relation (3.6.9), and the process of differentiation applied to
(3.6.26), finally produces the solution of the equation (3.6.1) in the form
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1 d 1 qu;
o(x )——— — ,/2{ — In |x—t|dt} ]| (3.6.29)
[{u RS R K ]

where

y(@)={t-a)PB-n}" {f(t)—B In(t-a)—A In (%_—“H (3.6.30)

The right side of (3.6.29) can be simplified. It may be noted that

1/2 r—o

o {t-o)B-0}"In —

[ Ltt-o)B 01 0= qin | v~ |di = [ B-r , (3.631)
g dt Bt P

o

=

= —n(f-a), a<x<f

and

di [{(:—a)(ﬁ—z)}l’zzn (t—oc)]ln b—t| dr
Bf (—oa)B-0} in(-0) (3.6.32)

t—x
1/2
—da
=

__7(a+B 2x)ln(B aj+%(ﬁ—o¢)+2ﬂ:{(x—ot)(B—x)}l'ztan’l(z

where CPV integrals have been evaluated.
A particular case

Let f(x)=a constant C (say) for the integral equation (3.6.1). Then the
solution (3.6.29) reduces to

(p(x)ﬁ {(x—o)(P —x)}’%. (3.6.33)
T In

It is easy to verify that (3.6.33) is indeed the solution of the integral
equation

B
[o@ym|t—x| di=C, a<x<p (3.6.34)
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by using the results

§
| nlt=xl __ een i (B%aj (3.6.35)

d {—o)B-x}"

’ In |t—x|

j 172

o {t-o)(PB -0}
The method of solution for the integral equation (3.6.2):
Let

dt =aconstant, a<x<b. (3.6.36)

z—0 Z+0
+B In

z— zZ+

B —
O()= [ @@ In == di+An (3.637)
s t+z

where z=x+1iy, and 4,B are complex constants. Then @(z)
is sectionally analytic in the complex z-plane cut along segments
(—B,—o) and (o,P) on the real axis.

Using the results

(3.6.38)

Inx for x>0.
+in+In (—x) for x<0

we find that

—x

t+x

x B
T in jcp(t)dt+ I(p(t) In dt F inA

A n (x__ojc}rl?ln E:(i for oo <x <P, (3.6.39)

" (x) = lim B(z) =
' " gt £ mB

—x B
. t
+in j<p(t)dz+j(p(t) In | —

xX—=0 X+

+A4ln +BiIn

for —f <x<-—a.

—X +Xx
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The equations in (3.6.39) give rise to the following Plemelj-type alternative
formulae:

o jq)(z)dt—zmA for o <x <P,
Ot (x)— D (x)= o (3.6.40)

2mi I(p(t)dt—2niB for —p <x<-o
and J

xX—=0

di+24 In ; o

B+x
for xe (-B,-a)U(,PB).

+2B In

B
O () + D ()=2 [ () In (3.6.41)

t—x
t+x

—X

By using the relation (3.6.41), we find that the singular integral equation
(3.6.2) can be reduced to a Riemann-Hilbert problem, as given by

xX—a X+

B+x

+B In

O (x)+ D (x)= 2[f(x)+A In

} (3.6.42)
= 2g(x), say, for xe L=(-p,—a)U(,p)

where

g(x)= {f(x) for @ <x <, (3.6.43)

—f(-x) for —B <x<-o
for the determination of the sectionally analytic function @(z) defined in
(3.6.37).

Also by using the right sides of the relation (3.6.40), denoted by 7(x),
we find that

@' (x)-D (x)=r(x) for xeL (3.6.44)
with

r'(x):—Zni{(p(x) for o <x<p, (3.6.45)
—p(—x) for —pB <x< -0

Now we observe the following, which will help to solve the Riemann-
Hilbert problem (3.6.42).
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If we select in (3.6.47)
0(x)=0, A=—B=%,

then the function ®(z), as given by (3.6.37) withp =0,4=-B=1/2) i.e.,

z—o 1 Z+0
—— In

z—=pB 2  z+P

solves the special RHP as given by (putting ¢ = 0, 4 = -B = 1/2 in
(3.6.39))

¥(2) :% In (3.6.46)

W)W () = —mi for xe(a,p), (3.647)
ni for x e (—p,—o). o

Also if we select in (3.6.37)

—L. r'(x) for xe(o,P)
A=B=0, p(x)=1 ™

L‘ r'(=x) for xe(—f,-o)

2mi

with r(ot) = r(—ot) =0, then the RHP as given by (see the relation
(3.6.40))

X ()=x (x)=r(x), xeL=(-B,-o)U(a,B) (3.648)

has the solution

t_
. (3.6.49)
t+z

IR
x(z)=—%(!r(t) In

We may add arbitrary entire function to each of the solutions (3.6.46)
and (3.6.49) of the two special Riemann-Hilbert problems (3.6.47) and
(3.6.48) respectively.

Using these ideas, the Riemann-Hilbert problem described by (3.6.41)
can be solved and its solution is given by

. = t+o
fO+A4n +BIn ——
_ 1 hd B+t Brt| , z-t (3.6.50)
B(2) = @y (2)| - — j - 5@ In —— di+E(2)
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where @ (z) represents the solution of the homogeneous problem
O;(x)+D, =0, xeL=(-B,-0)U(,B) (3.6.51)

and E(z) is an entire function of z. By considering the order of ®(z)
defined by (3.6.37) for large z, we find that E(z) is a polynomial of
degree 2. Now solution of (3.6.51) can be taken as

0,(2) = {22 )@ B} (3.6.52)
so that
O ()=t i { o )P’ -} L xel (3653

The solution of the integral equation (3.6.2), thus, can be finally
determined by using the relations (3.1.50), (3.6.52) and (3.6.53) along
with (3.6.44), and we find that the solution ((x) can be expressed as

1 d . _
O ==2— — P (-0 (1)}

1 d v (x) (3.6.54)
:__2_ N N N N 172 |° XE((X,B)
moodx | -’ )(BP ")}
where
fdl (0 oonr L t—o t+o t—x
w(x)=&[dt{{(z —a)(B* -1 {f(t)mln g tEh BHH In [—ldr (3.6.55)
+71 (C +C,x+Dx*)
where C|, C, are two arbitrary constants, and
B
D=mi jq)(x)dx. (3.6.56)

It may be observed that the form (3.6.54) of the function @(x)
can solve the integral equation (3.6.2), if and only if the following four
conditions are satisfied

() w(=B)=0, (i) w(-a)=0, (i) w(@)=0, (iv) w(B)=0. (3.6.57)

The five conditions, one in (3.6.56) and four in (3.6.57), will determine
the five constants D, 4, B,C, and C, and the final form of the solution
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@(x) can then be determined completely which does not depend on any
arbitrary constant.

It may be noted that the conditions (i) and (ii) of (3.6.57) can be
avoided if we choose 4 =0=B.

This completes the method of solution of the integral equation (3.6.2).
Examples for particular forms of the forcing function can be considered
although no such example has been undertaken here.

Remark

The form of the solution (3.6.54) of the integral equation (3.6.2) possesses
terms which are unbounded at x =0 and x = 3. Hence, in order that the
solution is bounded at x = and x =3 , we must have two solvability
conditions to be satisfied by the forcing term, as given by the equation

(i) w'(®)=0 and (i) y'(B)=0. (3.6.58)

Chakrabarti et al (2003) demonstrated the utility of bounded solution
of the integral equation (3.6.2) in connection with the study of surface
water wave scattering by a vertical barrier with a gap.

3.7 SINGULAR INTEGRAL EQUATION WITH LOGARITHMIC
KERNEL IN DISJOINT INTERVALS

In the previous section two first kind weakly singular integral equations with
logarithmic kernel in a single interval have been solved by reducing them
to appropriate Riemann-Hilbert problems. In this section a logarithmically
singular integral equation in a finite number of disjoint intervals have been
considered for solution. The integral equation is solved after reducing it
to a Riemann-Hilbert problem. The method as developed by Banerjea and
Rakshit (2007) is described below.

We consider the integrral equation

n B/’ n
> Jowin|-xdi=f), xeL=J (:B,) G.7.1

7=
Let

b4

(z=x+iy) (3.7.2)

5
-z

n ﬁ/ n n
O(2)=) [o@)in(t-2)di-4 In (0-2)-> B, In gi

prt X
J o J



80  Applied Singular Integral Equations

where

B,
1 &
A=— > [owar (3.7.3)

7=l a

and B;'s (j=1,2,...,n are arbitrary. Then ®(z) is sectionally analytic
in the complex z-plane cut along the segments (t;,f,), (Ct,,B,),--s
(0., B,) on the real axis.

By using the results in (3.6.48), we find that for x € L,

(Xj*x

B,'_x

. B ) )
Y [owin|-x{di—a) infa,~x-) B, in
J=l a j=1 J=1

T ](p(t) dt £ in (A+B)), for xe(o,,B,),

O (x) = N ) ) (3.7.4)
Y (o in|—x{de —AY inlo,~x]-> B, In

J=

(XJ—X

B,—x

k1 Py x
sy [o@d Fin [o@)de + im(kd+B,), for xe(o,B,) k=231

C(/

The equations (3.7.4) give rise to the following Plemelj-type formula
for the sectionally analytic function ®(z):

O (x)+D (x)=h(x), for xeL, (3.7.5)
O (x)-D (x)=r(x), for xeL, (3.7.6)
where
n n o, —x
h(x):2{f(x)—Az In |Ocj—x|—z B, In |—* ‘} (3.7.7)
=l Jj=1 Bj —-X
and
_omi j 0(1) di +2mi(A+ B,) for xe(@,,B,),
=1, x
omi Y, J(p(t) dt—2mi j<p(t) dt +2mi (kA+B,) (3.7.8)

for xe(o,,B,), k=23...n.
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Thus from (3.7.8) we find that
1
(p(x):—T r'(x), xe(o,,B,), k=12,..n. (3.7.9)
1

and in the expression for r(x)given by (3.7.8), the constants
A4 and B; (j =1,2,...n) are to be determined such that

A= i fr(e,)-r(B,))

1 (3.7.10)
B =—A+—r(a,),
21

B, :—kA+L_ {Z r(o,) - 3 r(Bj)}, k=23,..n.

2ni |5 =
A solution of the homogeneous problem

D) (x)+®;(x) =0, xe(;,B;), j=12,.n  (3.7.11)

is given by
®,(z)=R(z) = H {c-0)=-8))8, 671
then |
s E07 (0B,
(=D""i
D (x) = * |R(x)| xe@.p,), (3.7.13)
xe(a,,B,)

Thus, following a somewhat similar argument in section 3.6, we find that
the Riemann-Hilbert problem described by (3.7.5) has the solution
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B,

(D(Z)Z(DO(Z){—L Zn: I gWin(t-z)dt-C Z In (o, —2)

2ni o o, =
OC
—Z D, In 5 +E(z):| (3.7.14)
where
_h(x)
gx)= ———
D;(x)’

n

C= ‘ﬂ Z {gB)-g@)}.

(3.7.15)

1
DIZ_C+ .g(a])’
2mi

D, = —kC + ﬁ {Z g(o,) - Z (B, )} k=2,3.n,

and E(z) is an entire function of z in the form of a polynomial of
degree (n—1).

It may be noted here that after substituting @ (x) from (3.7.13) and
(3.7.12) into g(x) in (3.7.15), one gets

gla)=g(B,)=0, j=12.n

Hence
C=0, D=0, D, =0, k=2,3..n. (3.7.16)
Thus from (3.7.14) we get
b,
(z) = @0(z)l—ﬁi j g'(t) In (t-z) dt+E(z)}. (3.7.17)
=

Using (3.7.17) in (3.7.6) we obtain for x € (¢, [3;),

1 n—j+1 1
r(x) = (IR)T)I{ 2 j g'(1) In |t —x| dt+2E(x)] (3.7.18)
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Substituting j(x) from (3.7.7)and @ (x) from (3.7.13) into g(x)
in (3.7.15) we get

g(x)=2i(=1)"""y (x), xe(a,,B)), j21

where

n n a ) _x
v (x) = |R(x)| {f(x)—A Y info,~x|-> B, In BJ x‘ ] (3.7.19)
J= 7=l i
Finally substituting 7(x) from (3.7.18), (3.7.19) into (3.7.9) we obtain
¢(x) for xe(a;,B;) as

o(x)=— [|R(x)|{z j In |t x| dr+(- 1)an(x)H,(3-7-20)

J=1 o
where T E(x) isapolynomial of degree n—1 given by
nE(x)=d +d,x+-+d x"". (3.7.21)

Now the original integral equation (3.7.1) can be solved if the following
2n consistency conditions are satisfied.

b,

| % (W (Oin |t—ou | di+(-1Y mE(@,)=0,
E’: (3.7.22)
| %(w(t)) In |t=B,| dt+(-1) EB;)=0, j=12..n.

These 2n conditions determine the 2n constants d,'s in (3.7.21) and
B,'s in(3.7.19), k=1,2,...,n



Special Methods of Solution of Singular
Integral Equations

In this chapter we describe certain special methods of solution of
singular integral equations involving logarithmic type and Cauchy type
singularities in the kernels. These methods avoid the detailed uses of the
complex variable methods described in Chapter 3. The special methods of
solution of singular integral equations discussed in this chapter, have been
the subject of studies of various researchers such as Estrada and Kanwal
(19854, 1985b, 1987, 2000), Boersma (1978), Brown (1977), Chakrabarti
(1995), Chakrabarti and Williams (1980) and others.

4.1 INTEGRAL EQUATIONS WITH LOGARITHMICALLY
SINGULAR KERNELS

(a) We first consider the problem of solving the singular integral equation

1JA In |x—t| o(t)

1 (1—t2 )1/2
where  f(x) and ¢@(x) are differentiable functions in the interval
(=1,2) so that the mathematical analysis, as described below, to obtain
the solution of the equation (4.1.1), is applicable. It may be noted that
the method is also applicable to less restricted class of functions, e.g.
f and ¢ areintegrable in (-1,1).

By a straightforward transformation of the variables and the functions
involved, the integral equation (4.1.1) can be viewed as an equation
holding in the general interval (a,b) where a and b are real numbers
and b>a.

dt =f(x), —1l<x<l1 (4.1.1)
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Before explaining a special method of solution of the equation
(4.1.1), which will require the knowledge of the Chebyshev polynomials
T (x)=cos (n cos*x), —1<x<1(n=0,1,..), we mention below a
few results which will be needed in the analysis.

(i) The Chebyshev polynomials T (x) (n=0,1..) possess the
orthogonality property

0, for n=m,
I TO)T,00 o _

(-x)"

(i) Any function f(x) definedin [-1,1] and satisfying the condition
1 2
] [F(x)]
a (1— X2)1/2

can be expanded in a Chebyshev series as given by

? for n=m=0, (4.1.2)

n, for n=m=0.

dx < oo (4.1.3)

F=3 ¢, T.(x (4.1.4)

where

cozi]‘&dx, cnzgljwd (n>1), (4.15)
n n

1/2
1 (1—x2) 1 (1—x )1

with the series (4.1.4) being convergent in mean square sense, with respect
to the weight function (1—x?)"2.

As a special case of the expansion (4.1.4), we find that, for
-1<x, t< 1, we have
T.(x) T, (t)

n

which can be verified easily with the ald of the following results:

In |x—t| =—In2- 22

det——n In2, -l<x<1 (4.1.6)
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and

on |x—t| T (t
J.Mdtz—z T,(x), —1<x<1 nx>1.(417)
n

12
1 (:I.—tz)1
Observation: It is interesting to observe from the relation (4.1.6) that the
integral equation
T[ In [x—t| o(t)

A (:I.—tz)ll2

possesses the solution, as given by

dt=1 -1l<x<1], (4.1.8)

(p(t):—i, -1<t<l. (4.1.9)
7 In 2

Let us now explain a special method of solution of the integral equation
(4.1.2).

Let us assume that the function f(x) and (t) appearinginequation
(4.1.1) can be expanded in Chebyshev series as given by

F)=3 ¢, T.(x (4.1.10)

and "0
(P(X)=i d, T,(x) (4.1.11)

n=0

where c_'s are known constants, as given by the formulae (4.1.5), and
d,'s are unknown constants to be determined.

By using the expressions (4.1.10) and (4.1.11) into the equation (4.1.1)
and utilizing the results (4.1.6) and (4.1.7), we obtain

(-nIn2)dy-nY % T00 = Y ¢ T,00, ~1<x<l (4112)
n=1 n=0

We thus find that the unknown constants d 's are given by the
following relations:
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1
do _ Co = —— 1 J‘ f(X) - dx,
nln2 n’in2 (1—x2)l
and
1
d=_"¢ = _an I eI, (9 dx, n>1.  (4.1.13)

n n 2 /2
n T (:I.—Xz)1

The relation (4.1.11), along with the relations (4.1.13), solve the integral
equation (4.1.1) completely, for the class of functions f (x) for which the
constants d_, as given by the relations (4.1.13), help the series (4.1.11) to
converge in the mean square sense described before.

It is easily verified that the solution of the integral equation (4.1.1),
in the special case when f(x)=1 (i.e. the integral equation (4.1.8)), is
given by

1

o) =d, Ty(X) =———, (4.1.14)
mln2

which was already observed earlier in the relations (4.1.8) and (4.1.9).
Now, denoting by L, the operator as defined by

n [x—t| @(t)
(L)(X) = Ly(e(t);x) = j |—2|,2dt, (4.1.15)
1 (l—t )1
we observe that, the eigenvalues of the operator L, are
—m In 2, for n=0,
A =9 m (4.1.16)

—_ for n>1
n

with the associated eigenfunctions T_(x) (n>0).

We then consider the integral equation of the second kind as given by

o (X)—A(Lg) (X) =f(x), -1<x<1. (4.1.17)
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We find that if we expand the functions f and ¢ in terms of Chebyshev
series (4.1.10) and (4.1.11), then the solution of the integral equation
(4.1.17) can be expressed in the form

1
0(x) = [R(x,yiA) f(y) dy (41.18)
-1
where the resolvent R is given by the formula

1 Ei T(X)T(Y)

1-y?) R yiA) = ——— +
( y)l (. yid) Tl+Ant In2) @ 4o

(4.1.19)
1+—
n

whenever AA, #=-1, with A, 's (n>0) being given by the relations
(4.1.16).

It is also observed from above that if AA, =-1, then the solution of
the integral equation (4.1.17) exists if an only if

j %‘c)f? dx =0. (4.1.20)

(b) We next consider the singular integral equation
1] In |x—t| @(t) dt =f(x), -1<x<L. (4.1.21)
By formall;differentiating both sides of the equation (4.1.21) with

respect to X, we obtain the singular integral equation with Cauchy type
kernel

[ EPL))( dt= — f'(x), —l<x<l. (4.1.22)

Using the results of Chapter 3, we can express the general solution of the
singular integral equation (4.1.21) in the form

111t/f(t)
Lo

-1

(P(X):—)l . —l<x<l, (4123

(1—x

where C is an arbitrary constant.
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We easily observe, from equation (4.1.23), that

1 1 1
o(x) dx=C @L-t)2 £(t) # dt
[ [ (1—x2)1 J {I X)) (t- x)}
producing
1 1
C=— [ 00 dx, (4.1.24)
-1

after noting that
1

dx
=0 for -1<t<l
_J; (1—x2)1/2(t—x) o =S

Now from the equation (4.1.21) we derive that

1 1 1 B 1 f(x)
— | 1 - dt; dx = | ———= dx,
[ (1—X2)1/2 {,[ n |X t| o(t) t} X J; (1—X2)1/2 X

giving
1I(p(t) 1J' | t| dx dt:].&dx.

a g (- )1/2 ] (l—XZ)U2

By using the results (4.1.8) and (4.1.9), this produces

7 In2 jq)(t) dt = j #)2‘))1,2 dx. (4.1.25)
-1 —X

The use of the two results (4.1.24) and (4.1.25) suggests, therefore, that if
the function @(x), as given by the relation (4.1.23), has to be the solution
of the integral equation (4.1.21), the constant C must be given by the
relation

L)
Co e ! e dx, (4.1.26)

and, then, the solution of the singular integral equation (4.1.21) is obtained
in the form
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1/2

1 t) fo, 1% fo B
(p(X)_TCZ(l—XZ)l/z :[ t—x 72'1" - j dt |,-1<x<1. (4127)

Remarks

1. The same equation (4.1.22) results even if (4.1.21) is replaced by
1
Ilnh—ﬂ(ﬂndt:fQ)+D,—1<x<l (4.1.21)
-1

where D is an arbitrary constant. Thus, (4.1.23) will represent the
solution of (4.1.21') also (!) with

1 1
C== [o@dt.
L

But (4.1.25) changes, as in also the case with (4.1.26), giving

1 % f@)+D
T2 J ()+/2 dt
n°in2 < (1_'[2)1
D dt
= (oldC) -
( )ﬁm2{@4ﬁ”
D
= (oldC)————.
( ) n?ln 2

Thus, an extra solution of (4.1.21), of the form
D 1 1/2
nin2 (1—X2J

2. The solution of @ (X), as given by the relation (4.1.27), is unbounded at
both end points x =-1 and x =1. We must mention here that if @(X)
has to be bounded at both the end points x=-1 and x =1, then for
bounded solution of the equation (4.1.22), we must have that

is possible.
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o f'm _
{ (1_t2)1/2 dt =0 (4.1.28)

giving the solution of @(t) as

o(x) = (1_)(22)1 1[ f',(zt) dt, -1<x<l.  (4.1.29)
a1 (].—tz)1 ('[—X)

i
We remark, at this stage, that the result (4.1.27) can be rewritten as

2V f'(t) t+x)f (t)
o0 = (1 ) I(l ey’ . e X)1 f @ t)uz (4.1.30)
1 1 () q
n2ln 2 (l_xz)llz 7J1. (1—1:2)1/2 t

Thus, we notice that, the solutions (4.1.29) and (4.1.30) will agree with
each other and produce the bounded solution (4.1.29), at the two ends
x=-1 and x =1, if and only if the following two conditions hold
good:

1 '
(i) j % dt =0 (4.1.31)
A (1—t2)
which is the condition (4.1.28) and
1 ’ 1
J- tf(t)/2 dt = — 1 ,[ f(t)/2 dt
1 (-t?) N2 3 @-t)

(c) We now consider the singular integral equation
1

1 j (t)ln:+—xdt f(x), 0<x<l. (4133

(ii) (4.1.32)

0

where f(0)=0 for consistency. This integral equation arises in the study
of problems on water wave scattering by vertical barriers in the linearised
theory of water waves (cf. Chakrabarti et al (2003)).
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By differentiating the equation (4.1.33) formally, with respect to X,
as was done for the problem in (b), we obtain the Cauchy type singular
integral equation

1
2 j fﬁ“’(? dt =f'(x), 0<x<1. (4.1.34)
n 0

This integral equation can be cast into the new form
1
l.jj&Qldu:n@) O<y<1 (4.1.35)
Ty u-y

by using the following transformations

t=u, x* =y, @(u)=ou"), f(y)=f'(y"). (4136

The general solution of the singular integral equation (4.1.35), which
is of the Cauchy type, can be easily written down as (see section 3)

_11 | heent i 4.1.37
¢,(u) = {u(l—u)}”{c J Y dy},0<u<l, ( )

where ¢ is an arbitrary constant. Transforming back to the old variables,
we rewrite the relation (4.1.37) as

o) =+

1 ) 1 Xz(l_xz)l/z
- t(l_tz)llz ¢ - j

e f’(x)dx},0<t<l- (4.1.38)

0

We then notice, by standard integrations, that
1
c =2 [to)adt (4.1.39)
0
We observe from the original integral equation (4.1.33) that

1

R CO N R X P gl g
J @-x)” T Jw() J @-x)" e (4.1.40)

:]t@a)m
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obtained by using the result

1
[ —"z1n |X+:| dx=nt, O<t<l.  (4141)

0 (:L—Xz)u2 X—

We then find by using the two relations (4.1.39) and (4.1.40), that we must
choose the constant ¢ as given by

1

x f(x

=2 j ( ),2 dx. (4.1.42)
0 (1 X )l

Thus, with ¢ being chosen to be given by the relation (4.1.42), the relation

(4.1.38) produces the general solution of the singular integral equation

(4.1.33), which does not involve any arbitrary constant, and this general

solution has the property that it is unbounded at both the end points
t=0 and t=1.

Now, we can formally rewrite the solution (4.1.38) as

@- x)1 (1—x2)l/2 (X% —t?)
2.[[ X fz()SZdXH O<t<1

after using the identity

o)== = j {c 20~ t){_f ) dx+t2'[¢dx (4.1.43)

x*(1—- Xl/z=(X2_t2+t2)(12_t/22+t2_)(2) (4.1.44)
@-x) @)

From the result (4.1.43), we thus observe that the singular integral equation
(4.1.33) can have the solution, which is bounded at both the end points
t=0 and t=1, ifand only if the following two conditions are satisfied
by the forcing term f (X):

X (l X )1/2

(i) [ LGN (4.1.45)

0 (1— X2 )1/2
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and

(ii) c+2j 1Xf (’;1),2 dx=0
X

which, after using the relation (4.1.42), becomes
1J~ x f(X)+x2f'(X) i

0 (l—X2 )1/2

Thus, this bounded solution is given by

2 ! f'(x
o) = —= t(1-t?)Y? j - ,2( )2

n 0 (1—x )1 (x —t
It is easily verified by using the given integral equation (4.1.33) and
the equation (4.1.34) that the second condition (4.1.46) is satisfied
automatically.

We can determine the two other forms of the solution @(t) of the
singular integral equation (4.1.33), which are (i) bounded at the end point
t =0, but unbounded at t =1, (ii) bounded at the end pointy t = 1, but
unbounded at t = 0, by formally rewriting the general solution (4.1.38) in
two other different forms, as was done in the relation (4.1.43), by using
the identities

(4.1.46)

dx, 0<t<l. (4.1.47)

() X2(1=x2)% = (X2 —t2 +17) (1—x2)2

G S e
(1_ X2 j/Z

respectively. We find by using the identity (i), that the solution (4.1.38) can
be rewritten as

(i) X(1-x*)"2 =

(4.1.48)

@) ()
(t)— c—2t
wer T e
-2 j(l—xz)lfzf'(x) dx |, 0<t<1. (4.1.49)

whereas, by using the identity (ii), the solution (4.1.38) can also be
rewritten as
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f'(x)
(t)— — = _|c-20- t)j i
t-t )1 [ ) (¢~
¥ 21j (X fz(xy)z dx} 0<t<l. (4.150)

Thus, the two appropriate forms of the solutions for the particular cases (i)
and (ii), mentioned above, are given by

0 o= j(l X) ) 4x, 0<t<r (@151)

Rt

c-2 lj @-x*)" f'(x) dx =0
0

provided that

which produces, by using (4.1.42),

I (L=x) F')-xF(x) 4 _ g (4.1.52)

(t-x)"

which can be shown to be satisfied identically, if use is made of the given
integral equation (4.1.33) and the equation (4.1.34),

(i <p(t)=—2(1_:2)1 [ ( X;,fz'((x) o o<t @199
T - W2 —t2

provided that
c+2j XEC0 4 g,

l X)1/2

which produces, again by using (4.1.42),

1I XY +X T -0, (4.1.54)

(-x)"

which can again be shown to be identically satisfied by using (4.1.33) and
(4.1.34).
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Remark

It is emphasized that the conditions (4.1.46), (4.1.52) and (4.1.54) are just
three identities associated with the given integral equation (4.1.33), under
the circumstances considered and thus, these are not any extra conditions
to be satisfied by the forcing function f(x). The major conclusion that
can be drawn out of the above discussion, concerning the singular integral
equation (4.1.33), is that the corresponding homogeneous integral equation
does not possess any non-trivial solution at all, and that the solution of
the non-homogeneous integral equation, therefore, does not contain any
arbitrary constant, like what happens in the case of singular integral
equation of the Cauchy type.

4.2 INTEGRAL EQUATIONS WITH CAUCHY TYPE KERNELS

A special elementary method

A special elementary method to solve the first kind singular integral
equation with Cauchy type kernel is explained here. Let us consider the
problem of solving the singular integral equation

Iﬂdt:f(x), 0<x<l1 (4.2.1)
;5 t—x

where {x(l—x)}llzq)(x) remains bounded near the end points
x=0 and x=1.
We use the following transformations:

t =cos?0, x=cos’o, u(®) =2¢ (cos’0) sind cosd, A(O) = f(cos’0) (4.2.2)

sothat 0<0 <m /2, 0<o <m/2. Then the equation (4.2.1) transform
to

n/2
zu(e) — 46 =-A(a), O<a<m/2. (4.23)
5 €0s“0 —cos”a

Now, because of the requirements that the function w(6) is bounded at
0=0and 6 =m/2,weassumethat u(®) can be expanded into the
uniformly convergent trigonometric series as given by

u(e):% a8, +Y, @, C0s20, 0<O<m/2,  (4.24)

n=1
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where a, (n=0,1...) areunknown constants.

Substituting the expression (4.2.4) into the left side of the equation (4.2.3),
interchanging the orders of integration and summation, we obtain

miz do i “]-2 c0s 2
2n

1
M) == ——————+> a —
(@) 2 % J cos’0 —cos’a &5 § cos’0 —cos’a

do, 0<6 < /2. (4.2.5)

We now evaluate the integrals in the relation (4.2.5) by re-expressing the
integrals in terms of contour integrals, to give

n/2 /2
| = J- ::osZne2 40 = 2 I cos2n9
5 C0s“O —cos”a 5 €0s20 —cos 20,
(4.2.6)
_ i’] oS NY __ij 7" +1
2 2 cosp cosB 2 2 z"(z-e")(z-e ")

where z =", B =2a, and C istheunitcircle in the complex z-plane,

with indentations at the points z=e® and z=e'®. We then use the

Cauchy’s residue theorem and derive that

_ 1 sin2no
sin 2o

We thus obtain, by using the results (4.2.7) in (4.2.5), that

n

n=0,12,... . 4.2.7)

T

_ > a, sin2no, O<a<m/2.  (4.2.8)
sin2o.

The coefficients &,, (N=1,2,...) in the series (4.2.8), are obtained, by
utilizing the orthogonality of the functions sin2na (n=1,2,...), as

n/2
a,, :—ni j Ao) sin2a sin2no dos, n=12,.... (4.2.9)

(@) =

2
0

Next, utilizing the relations (4.2.9) into (4.2.4), we obtain
l 8 n/2
O)=7 &% -— jx(oc) sin2o T(at,0) dO  (4.2.10)
T

0
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where o
I H 2n o
T(0.,0)= lim HZ:; x*" sin2no cos2n@

: (4.2.11)
sin2a

~ 8(cos’® —cos’ o)

obtained by writing

sin2no. cos2nd = %{sin 2n(o+6)+sin2n(o. —6)}

and summing up the series by standard tricks. We thus determine w(0)
as given by

n/2
u(e)=%ao—i J- f (cos’ o) cosoc(l cos’a) do, 0<0 <n/2. (42.12)

n? cos’ —cos’ o

Reverting back to the old variables (see the relations (4.2.2)), we obtain
the complete solution of the given integral equation (4.2.1) as

: PN A ) J.M dt|, 0<x<1, (4.2.13)
{x@-x%}

where C, is an arbitrary constant, which can be identified as

o(x)=

C, =ni j o(x) dx. (4.2.14)
0

This result agrees with the results obtained in earlier chapters.

We mention here that there has been a Lemma, proved by Ursell
(1947), which is as follows:

Lemma The singular integral equation
f —l;(U)z du=A(y), a<y<ox, (4.2.15)

has, for suitable ?»(y) asolution p(u) such that (u”-a )1 w(u)
is bounded near U = a, this solution being given by

I (y _a)l }L(y)dy . a<u<o, (4.2.16)

(uza)l oy -u?)

w(u)=
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where C is an arbitrary constant.

It may be verified that the transformations
u=a secd, y=a seca, 0<0, a<mn/2 (4.2.17)

cast the integral equation (4.2.15) into the one which is similar to the
equation (4.2.3) and hence the above Lemma can be proved easily.

4.3 USE OF POINCARE'-BERTRAND FORMULA

Here we explain the use of the well-known Poincare'-Bertrand formula,
involving repeated singular integrals of the Cauchy type, to derive the
solutions of some important singular integral equations with Cauchy
type singularities. This has already been introduced in the last chapter. A
slightly different but equivalent form is given here.

LetL be a smooth arc or contour, @(t,t,) a function of two points
t and t on Lsatisfying the Holder condition with respectto t and t,,
and let t, be a fixed point on L not coinciding with one of the end
points of L . Then the following formula, known as the Poincare'-Bertrand
formula (PBF) holds good:

1| et } : { o(t.t,) }
dt, bdt = —n(t,,t,)+ —F U gildt. (4.3.1
Lt—to“ -t A i A

As a first use of the PBE, we consider the problem of solving the
following singular integral equation of the Cauchy type (cf. Chakrabarti
(1980)).

Problem 1 Solve the singular integral equation
1
(To) (0= | ;"ﬂ dt =f(x), -1<x<1, (4.3.2)
—X
-1

where the functions @(x) and f(x) are assumed to satisfy the Holder
conditions in (-1,1).
Solution

We rewrite both sides of the equation (4.3.2) as

LX) (Te) () = L) f(x), ~1<x<l, (433)
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and th?n multiply both sides of the equation (4.3.3) by

1-x)2" 1 : :
-7 for —1<& <1, and integrate with respect to
1+x X— &

X between x=-1 to x=1, where p isanunknown constant to be

determined, asdescribed below, suchthat 0 < Ref <1. Theninterchanging
the order of the repeated integrals, in the above procedure, by using the
PBF (4.3.1), with L = (—1 1), we arrive at the following result:

1+¢& (p(t) 1+x 1 1
- é)(l QJ @)+ [ {j( [1 Xj [t_—x+x_§de}dt

- x) f(x)
= J' (1+x) E dx, —-1<& <1.

If we now use the following result (cf. Gakhov (1966))

(4.3.9)

1+xY dx b 1+
j(l— )(ij oy :(1—x)[sin B—n cotnﬁ(l xj }—C(B), -1<1<1 (4.3.5)

where

B
CB)= I Gij dx, (4.3.6)

the relation (4.3.4) takes up the form

1 1 i
~(1- @[“2] (p(§)+# j(p(t) dt+7 cotm I&{(l—t)(%]
B Y (43.7)

- &)(HéJ}dt J(1+x] - X)lgf(x)dx, _1<E <1,

We thus find that the relation (4.3.7) is satisfied by the function
@(x) of the given integral equation (4.3.2) for all constants
B suchthat 0<Ref <1. It is this important relation (4.3.7), which
will produce solution of the integral equation (4.3.2) by choosing the
unknown constant 3 appropriately. We observe that the only choice for

B is B =2 and then (4.3.7) produces

9@€)= I(l X) ' x], -1<¢ <1, (4.3.8)

m (-t ){
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where

A= j o(t) dt (4.3.9)

and can be regarded as an arbitrary constant since
| =
2
1 @-8) (x-8)
It may be noted that if @ (t) is an odd function, then A =0.

As a second use of the PBF, we consider the following problem,
occurring in the theory of dislocations (cf. Williams (1978)).

=0for —1<x<1.

Problem 2 Solve the singular integral equation

J.[ . jll!(ﬂ)dnzh(c), 0<o <1 (43.10)
o \N—-06 N+o

where p (>-1) is a known constant, and W and h satisfy Holder
conditions in (0,1).

Solution

We first use the following transformations:

n= (l—tz)l/zy o :(1—)(2 )1/2 and o(t) = (l—tz)uzw ((l—tz)llz).
(4.3.11)
g(X) = h((l— X2)1/2 )1 (P(—t) = —(p(t)’ g(_t) — _g(t), t>0.

Then the given equation (4.3.10) gets transformed into the new singular
integral equation, as given by

42 12
a(1-x*)" ](f—(t)zdt + 1[ g ttjx(p(t) dt = ilg(x), ~1<x<1 (43.12)
R -1 -

p
where

a?="—"" (4.3.13)



102 Applied Singular Integral Equations

We next multiply both sides of equation (4.3.12) by
1

1-x2 "’ 1 _ .
— —— for —1<& <1land integrate with respect to x
1+x x—§

between x=-1 to x=1, where 3 is an unknown constant to be
determined, as explained below, with 0 < Ref <1, so that the solution of
the integral equation (4.3.12) is determined. We obtain, then, by using the
above procedure and by applying the PBF (4.3.1) with L =(-11),

-(1- é)(“éj (+a* o) +a’ j (p(t){j(l )(Tijﬁ [tl Zde}.
IM{I(“XJ [i+ ! jdx}dt:gl@), _1<t<1 (43.14)

& t—-x x-¢&
where 1,
L 1-x)2 " g(x)
= dx. 4.3.15
5.6)=7"7 MHXJ s (43.15)

Changing B to 1—f inthe relation (4.3.14), we get
1 —B
- é)[l+§j (1+a )11(p(§)+ .[(Pi{I(]__ )(1‘*1] (ti :Lajdx}d

fw{l&ﬂ)‘%%jm}m 0.E), 1<t <1 (4.3.16)

A t t—-x x-§

where
1

1 B_E
9,(€) = pil j(l_xj 909 gy (4..3.17)

1+X x—&

We now evaluate the inner integrals in the relations (4.3.14) and
(4.3.16). By using the result (4.3.5), we obtain
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sinmf 4

- &)(“‘ij L+t mip@)+ o [ o) dt
_na’ cotnp lj(p—{(l i)(“éj - t)(l”) } "
1 g t (4.3.18)

2 B- 2
I I(l ) o (1+.§J (1+t) N
{—¢ 1-¢ 1-t
= 0,). -1<t<l
and

- a)[“éj (L 2) nE)+

+na’ cotnp j “’(2{(1 @(“2) - I)GJFIJ }dt

St EIR g

= gz(g)v _1<§ <ln

Multiplying the relation (4.3.18) by (ﬂ ]B and the relation (4.3.19) by [ﬁ jlﬁ,
1+& 1+&

j(p(t) dt

(4.3.19)

and adding, we obtain

*2ﬂ2(l+a2)(1*§)<0(§)-[ Ejgl(i) [ EJ 9,()

_ma'c [(1-8Y (1-¢ o(t) £ 1et)

sinrf {(1&} () } ot | Ba-o[ 125 2]
1-¢ 1) L o) 1-8 )" (1+

== }"‘3 et | 6

Géj ij }dt, J1<E <1,

where

(4.3.20)

C= j o (t) dt. (4.3.21)
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, /2_ ~ lj 1/2
@-t) =@a-t (1_tj ,

we observe from the relation (4.3.20) that the solution ¢ of the integral
equation (4.3.12) will be possible to be determined from the relation
(4.3.20) itself, if we choose the constant 3  such that

Now, noting that

a’ cotmp = tanmP
which is equivalent to

tanmip =|al, (4.3.22)

and, in that event, the solution to the equation (4.3.12) is
1 1-t)° 1-tYy?’
t)=— t)+| — t
°® 2n2(1+a2)(1—t){(1+tj 91()+(1+tj 9.0

na’C (l—tjﬁ (1—tj” (4.3.23)
—— + , —1l<t<l.
sinmf [\ 1+t 1+t

Now, in our given integral equation (4.3.12), ¢ is an odd function (cf. the
transformation (4.3.11), and hence we have C =0, so that the solution
(4.3.23) finally takes up the form

1 1-t)’ 1-t)"
(P(t):—m{(m) gl(t)+(m) gz(t):l, -1<t<1(4.3.24)

where the functions g, and g, are defined by the relations (4.3.15) and
(4.3.17) respectively.

The form (4.3.24) of the solution of the integral equation (4.3.12) agrees
with that obtained by Lewin (1961) by employing a different method.

4.4 SOLUTION OF SINGULAR INTEGRAL EQUATION
INVOLVING TWO INTERVALS

Using the well known inverse of the Cauchy singular operator on a single
interval, derived in section 3, along with certain standard results associated
with singular integrals, the general solution of a singular integral equation
in a double interval, whose kernel involves a combination of logarithmic
and Cauchy type singularities, is obtained here.



Special Methods of Solution of Singular Integral Equations 105

We consider the singular integral equation

_[‘MU{K In [t~ X| 2 }dt =f(x), xel, (4.4.1)

|t+x| X+t X-t

where K >0, f(x) isaprescribed function, L isthe union of two
intervals (0,a) and (b,x) (a<Db), and

o) = 0(|t—c|)l/2 as t —>c where c=a,b. (4.4.2)

This integral equation arises in the study of surface water wave scattering
by a fully immersed thin vertical plate of finite width (see Chakrabarti
(1989) for similar studies). Banerjea and Mandal (1993) used a method to
solve this integral equation which is somewhat involved.

Here we employ a method of some special type that avoids many details
involving complex variable theory and the Riemann-Hilbert problem used
in Chapter 3 for tackling such singular integral equations.

To solve the integral equation (4.4.1), we rewrite it in the following
form

1 11
jq;l(t){K I —1* f} dt+j<p2(t){}< Il — ot t} (4.43)
=f(x), xelL
where
t) for O<t<a,
(t)= o) (4.4.4)
¢,(t) for b<t<oo,
and
f,(x) for 0<x<a,
f(x)= (4.4.5)
f,(x) for b<x<oo.
After making the substitutions
v (1) =K [ ¢,(s) ds+o,(t), O<t<a, (4.4.6)
t

and

Vo) =K [@,(s)ds +,(t), b<t<um, (4.4.7)
b
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the equation (4.4.3) can be expressed as

[RACES I Vol g TO) el gag
§oxi -t 2X

Letting
x*=E, t?=n, a’=a, b*=8,

(4.4.9)
—WIT(t)=)q(ﬂ), —WZT(t)=7»2(n), and %ﬂl}(@),

the equation (4.4.8) can be rewritten as
j Mn) tn +J Zm) an=9gE€), Eel’ (4.4.10)

where L' is the union of the intervals (0,a) and (f3,0). To solve the
equation (4.4.10) we require the following definitions and results.

Definitions
Operators:

We define the operators T,,T,,T, and T, as follows:

0 @)= [ 1 for £ < 0)
(ii) (flf)(§)=0] ) dn for & ¢ (0,a),
0 T]—i
(i) @0 = [ T W an for & (B,
B "ﬂ—i

W ENE =] D iy for & e,
8 Tl—§
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For simplicity, we use the following notations

(i) Al(g):[i] for 0<£ <a, Zl(g):(ij for &>B
o-§ E—a

(i) A,(€)=(E-B)"” for &£>B, B, €)=(B-&)" for 0<t<B,
(iii) A, €) = £ (@ )Y for 0<& <a, ByE) = E-o)}'* for £>.

The inverse operators:
The inverse operator T‘l is obtained as (see equation (3.4.28))

(T h)E) = (é){ = T, h)(&)} £ <(0,0)

where C, is an arbitrary constant. Since

T,(AN)E) =——{T, (A;h)(€ )+ constant }

(&)

we can write

(i)

(T‘lh)(i) TANE), Eec(00) (44.11)

(é) ZA 19

where C, is also an arbitrary constant. We can use (4.4.11) as the
definition of the inverse operator T,. The inverse operator T,*
similarly be defined as

(L)€ =+ (é){ LT, h)(&)} Ee(B.»), (4412

where C, is an arbitrary constant.

Results The following results can be proved easily (left as simple
exercises):

Lo )](&)—

N f(&)
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2. [%Tf)](&)— +1E).

(E,.)

3. [ (f)}(a)-@ Mil@)[fz(&lfﬂ(&).
©rEde- s mehEe

5. [ﬂ{iﬂ(&-f}ﬂ(&)—@[ @, 1)]e - THeE),

where j=Kk, j=12 and k=1,2.

6. { T, (3, f)H(g)_ @)[ .(Ajf)](g), j=12.

(&)

€)=

8. _T} i }( =7
A A(&)

i
A

o } N3}

C, and C, are arbitrary constants in all the above results.
The equation (4.4.10) can be written as a system of equations as given
by
(T2)E)+ (T2, )E) =hE), 0<E<a  (44.13)

and

(T2 )E) +(T2)E) =€), &> P (4.4.12)
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where

GE) 56
hl(a) &1/2 ' 2(&) &1/2 '

Applying the operator T,", as defined by the relation (4.4.12), on both
sides of the equation (4.4.14) and using the results 2 and 4 above, we get

z(i)—A (g)[ {F( 2%)}(&)——{T (A0)}E) - c} (4.4.16)

Using the expression (4.4.16) in the equation (4.4.13) along with the
results 5, 6 and 10 above, we get

[(30)]©) =2, (,1))E) +7C, + A,©RE). (4417)

Again, applying the operator Tl'l, on both sides of the equation
(4.4.17), along with the results 1, 3 and 11 above, we get

(4.4.15)

@A, E) = (“A"(); AE){ [TI(AAzhl)](aHrz(AAh)](&)} (4.4.18)

After a little simplification, the equation (4.4.18) can be expressed as
. AE+B 1 (a-aj’zﬂ (n”z(ﬁ —n)”? H
(E-’)* 1/2 2¢1/2 Tl 1/2 ( ) (E_,)
B T S T U EEE

. T{Whm)ﬂ(&) 0<E <a.
n-a)

(4.4.19)

where
A =-nC,, B =naC,-(1+m)C,. (4.4.20)

and these represent two arbitrary constants. Using the expression on the
right side of the equation (4.4.18), in the equation (4.3.16) and utilizing the
results 5, 6, 8 and 9, we arrive at the expression for the unknown function

A, (&) as given by

_ AE +B, 1 (&—ajﬂzﬂ~(n1’2(ﬁ n)“ H
}\’2 - 1/2 2¢ 1/2 T
= e -p T e p © ht)]|E)

+ TZ(W““)H@ £,
n-a)

(4.4.21)
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Thus, the solution of the equation (4.4.10) is given by the expressions
in the relations (4.4.19) and (4.4.21) for 0< <o and & >0,
respectively. Using the transformations as given by the relations (4.4.4)
and (4.4.15) in the solutions (4.4.19) and (4.4.21), we finally obtain the
solutions corresponding to the equation (4.4.8) as given by

2 2 1/2
AX’ +B, L2 (a —X j P(x), 0<x<a, (4.4.22)

n{(a N )(b2 }2 TCZ bz_xz
and
o AX? +B, 2 [xz—azjuz
v, (X) = _| P(x), x>b, (44.23)
n % -t (2 bZ)}“
where

P(x) = j[bz j tfl(t)zdt j[t _sz th()t(Zdt. (4.4.24)

t? —x JltP-a?) -
Using the expressions (4.4.6) and (4.4.7) along with the solutions (4.4.22)
and (4.4.23), we obtain the explicit solution of the integral equation (4.4.1)
as given by the formulae

0,(X) ——{ e y,(u) du}, O<x<a

o(x) = (4.4.25)

L
L

(Pz(X)——{ ey, (u) du}, X >b.

This method of solution is given by Chakrabarti and George (1994). The
results (4.4.25) fully agree with those obtained by Banerjea and Mandal
(1993). In the case of nonhomogeneous equation (4.4.1), for which
f (x) =0, the solutions are obvious from the results (4.4.22) and (4.4.23),
and are in full agreement with the results obtained by Estrada and Kanwal
(1987,1989).



Hypersingular Integral Equations

In this chapter we explain the occurrence and usefulness of hypersingular
integral equations in various branches of applied mathematics. Starting
with the basic definition of hypersingular integrals, we will build the
subject matter of this topic in order to apply it to certain specific problems
involving cracks in an elastic medium and scattering of surface water
waves by obstacles in the form of thin barriers.

5.1 DEFINITIONS

Starting with the singular integral of the Cauchy type, for a Holder
continuous function @(t), forte(a,b), as defined by the relation

£—>+0

f(p(t) dt = lim “ (;p_(t) I o® dt} a<x<b, (5.1.1)

X+€

we define the hypersingular integral of order 2 for the same function
o(t), as

_o(® 4 o) 4 o) 0(x=e)+o(x+e)
-[(t { I (t—x) I (t—x)’ . } a<x<b. (5.1.2)

In the circumstances when @(t) is also differentiable in (a, b), we can
relate the two integrals in (5.1.1) and (5.1.2) as

a

t] Q) dt:i[ bj °® dt}, a<x<b (513

As an example, we find that for @(t)=1, a=-1 and b =1 we obtain
that
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1 t=x—¢ t=1
I 1 . dt = lim _{L} _[L} _E
2 (t—x) e->+0 t=XJ t—XJie € (5.1.4)

2
1-x?

, —1<x<1.

We then observe that, as a special case, we have
i d 2
|  dt=- (5.1.5)
-1

1

showing that the value of the hypersingular integral f tizdt,
1

involving the positive function 77 is a negative number (1), svhich is
not an absurd result in this area of mathematics involving hypersingular
integrals, the reason for which is attributed to the finite part of the otherwise
divergent integral, as introduced by Hadamard (1952).

The general hypersingular integral of order (n+1) (n>1) can be
defined by means of the relation (cf. Fox (1957)).

[ oW dt:ili_m){xf (1) dt+hj M 41 (xe)|, a<x<b, (5.1.6)

;] (t_x)rHl (t_X)n+l e (t_x)rHl
where
n-1 Ky —_eY_ (—1\" KK
H(xe)=S L @ (xze)=CD 07 (xxe) g, 4
~ K (n—k) e’

whenever the kth derivative @™ (x) of @(x) is Holder continuous in
(a,b) for k=0,1,..n-1.

The following theorem is extremely useful in dealing with
hypersingular integrals (cf. Fox (1957)).

Theorem5.1: If ¢ e C"*(a,b), i.e. @(t) possessesa Holder continuous
derivative of order n with

o™ (t) -0 ") | < Alt-t, [
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whenever t, t, € (,b), A is a positive constant and 0 < p <1, then

the limit defined in the relation (5.1.6) exists, and we say that the
o)

(t_x)n+l

b
hypersingular integral j dt of order (n+1) exists.

Proof: Using the property that @™ (t) exists for t  (a,b), we write by
utilizing the Taylor’s theorem, that for x € (a,b),

_ t-X @ t-%° ¢ L0 oy t=x" waqy (5.1.8)
PO =00) +— =07 () + =0T )+ + TR () +=——070)
whenever 0 lies between t and X. The substitution of the relation
(5.1.8), along with the relation (5.1.7) into the expression inside the square
bracket in (5.1.6), is legitimate as it is clearly observed that the limit exists.
This completes the proof of the theorem.

Remark

It is obvious that the definition (5.1.6) of hypersingular integrals of order
(n+1) can be extended to the case when the integration is taken along
the arc of a plane curve and the variables involved are all complex, with
a and b representing end points of the arc of integration, X being any
fixed part on the arc.

Followings are some important properties of hypersingular integrals:

Property 1: If ¢ € C" (a,b) (a,b being real numbers and a<b), and if
0<m<n(n>1),then

e _$ (-k-D' %@  ¢“(b)
5'- (t_x)n+1 dt_z n! |: :|

k=0 (a- X)nik (b- X)nik

, (=mt o™
n! K (t_x)n—mﬂ

(5.1.9)
dt, a<x<bh.

The extensions of the above property 1, to the case of general complex
integration are the followings.
Property 1A: If ¢ (2) is single valued and analytic in a domain which
includes a simple closed Jordan curve C and its interior, then

Iﬂdzz(”‘m)! (D) 4 m<n (5.1.10)

e (Z_u)n+1 n! 2 (Z_u)n—m+l

where the integrals are taken once round C and u is a fixed point on C.
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Property 1B:

If (i) € C™"(—o0,00) forsome u suchthat O<u <1, (ii)for large
It @™(®)=0(""") (p>0, m<n), and (iii) o (t)/t"* >0
(k=0,1...,m-1)as t — oo, then

I B L L L B (5.1.11)
(t- X)n+1 n! 2 (t_X)n—m+1 ' =n

Property 2: If the conditions, involving the property 1B, on the function
@(t) are valid, and if for large [t|, @™ (t)=0(t™*") for p >0, then
the following results, extending the Hilbert transform, hold good.

If g(x)_ -[(t(pg[))”” , —oo<X<oo, then

i) g(x) e L2(—oo,oo),

") (p(n)(x): - J. g(t) dt

™)} dx.

OO 2 1

iii) ;[{g(x)} dx = -
The extensions of the Plemelj’s formulae for Cauchy integrals to

hypersingular integrals are given by the following general property.

Property 3: If (i) for all points of a positively oriented arc C in the
complex z-plane except possibly at the end points of C, @(z) possesses
derivatives upto order n, (ii) @(z) satisfies Holder condition on C and t
is a point on C, other than the end points of C, then

sy @00, o)
DE(t) =+ 200 3 j - t)”” (5.1.12)

where @*(t) are the Iimiting values of the function

o)
cp(z)_zm j(r S dt, zeC,

as z approaches C from the left or from the right of C.




Hypersingular Integral Equations 115

5.2 OCCURRENCES OF HYPERSINGULAR INTEGRAL
EQUATIONS

Many two-dimensional boundary value problems in mathematical physics
can be formulated as hypersingular integral equations. In Chapter 1, how
the problem of two-dimensional flow post a rigid plate in an infinite fluid
gives rise to a simple hypersingular integral equation is demonstrated.
Some further examples involving acoustic scattering by a hard plate,
water wave interaction with thin impermeable barriers, stress fields around
cracks, in which hypersingular integral equations occur, are now given

Problem 1: Potential flow past a flat plate

We consider the problem of an irrotational two-dimensional flow in an
ideal fluid past a rigid flat plate L, say. Assuming that the total velocity
potential can be expressed as

0 (X, Y) =0, (X, ) +0 (X, ) (5.2.1)

where @,(x,Y) isthe known velocity potential of the flow in the absence
oftheplate L and ¢(X,y) isthe perturbed potential due to the presence
of the plate, we can determine the potential function @(X,Y), by using
Green’s identity, as described below.

We use rectangular co-ordinates (t,n) where t is along the plate
L and n is normal to the plate, and let

oy

(P(Xl y) = <7
P on

where 8_n denotes outward normal derivative on L,theny isthe
reduced potential, and satisfies the two-dimensional Laplace equation

oy +62\|1 0

aXZ ay2 =

in the fluid region. Note that ¢ also satisfies the Laplace equation. Thus

(X, y) (5.2.2)

(5.2.3)

ﬂ also satisfies the Laplace equation in the fluid region. Hence the
n

harmonic function —— at a point p=(X,Yy) in the fluid region can be

represented by using Green’s integral theorem, in the form

iaﬂ (xy)=- ¥ I {aw(q)} G(p,q) ds, (5.2.4)
n

on | an?
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where q=(§,n) is a point on the plate, and

G(pia) = In {ix-&)" +(y-n)’}” (525)

is the Green’s function satisfying the Laplace equation everywhere

except at the point q, {8%]1 (q)} denoting the jump across

L at the point q. on’
Differentiating (5.2.4) along the direction of n at (x,y) and using
(5.2.2), we obtain

1 0
oY) = — j [0(a)] G(p,q) ds,. (5.2.6)

Using the condition of vanishing of the normal derivative of @' (X, y) on
the rigid plate L, we obtain from (5.2.6) that
1 2

=+ 9 _ 9%y
o o LI[@(Q)]G(IO.OI) ds, = P (p), peL. (527)
82

Now the derivative operation g2 can be interchanged with the integration
operation provided the integral is interpreted as a hypersingular integral, and
thus the equation (5.2.7) produces the hypersingular integral equation

1 0°G 09,
— [lo@] —= (p.a)yds, == (), peL. (528)

L

which isto be solved subject to the requirement that the potential difference
[(a)] across L vanishes at the two end points of L.

Remark

Since I[(p(q)] G(p,q) ds, satisfies the Laplace equation
L

2 2
8_ + 6_ () =0, theequation (5.2.7) can also be written as
ot? on?

1o _ 09,
o o Lf[(P(Q)]G(p,Q) ds, = P (p), peL. (529)
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0 i I .
where — denotes the tangential derivative. We note that the equation

(5.2.9), which is equivalent to the equation (5.2.7) giving rise to the
hypersingular integral equation (5.2.8), can be integrated out along the
line L, and thus we can derive a weakly singular integral equation, as
given by

— [[@]6(p.a) &5, = (). pel. (6210

where f(p) involvestwo arbitrary constants of integration, A, and A,
say. Thus, one can avoid bringing into picture hypersingular integral
equation altogether provided that we can determine these two arbitrary
constants completely. This approach, however, will not be pursued here.

Problem 2: Acoustic scattering by a hard plate

Let a plate occupying the position y=0, O0<Xx<a, be immersed in
an infinite compressible fluid. A time-harmonic incident sound wave
described by the velocity potential Re {(po(x, y)e"‘“} be scattered
by the plate. Henceforth the factor € " will be dropped throughout.
Let @(X,Yy) denote the scattered potential. Then @(X,y) satisfies the
differential equation,

o> o

[F+W+ kzj(p =0 in the fluid region,
X

the plate condition

6_([):_% on y=0, O0<x<a,

o oy

the radiation condition,

a—(p—ik(p:O as r — oo,

or
Let G(x &)=~ in HO(R) with R={(x-8)* + (y-n)* | * Then

G —> InR as R — 0 and satisfies the radiation condition at infinity.



118 Applied Singular Integral Equations

By an appropriate use of Green’s integral theorem
o(x,y) and G(x,y;& n) we obtain

cp(an)——— Iw(x)—(xoan)dx

where
Wy (X) =@(x,+0)—¢(x,-0), 0<x<a,

and is unknown, and satisfies
v (0)=0, y(a)=0.

We now use the condition on the plate

%"(&,m:—%@,ox 0<¢ <a

in which the right side is a known function.

Now
50 oo L Ty g ik HEKx-E)
oy &0 =5 ()jw(x) > g ™
= i aj‘q‘((x) 1 +L(X&) dx
27 0 (X_é)z ’
where

ink H(k[x-€]) 1
2 Xx-g|  (x=&)’

~ —% k? In |x-E| as |x-&|—>0.

L(x.8) =

Thus the equation for y (x) is

jw()[ 7 +L(xa)}dx VE). 0<E<a

where v(§)=-2n % (€,0) isaknown function.
m

to
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Problem 3: Surface water wave scattering by a thin vertical barrier

We consider here the two-dimensional problem of scattering of surface
water waves described in Chapter 1. For the sake of completeness, the
corresponding mathematical problem is described fully.

To solve the partial differential equation
Vi = o + o' 0

Yy = —0<X<oo, Yy>0 (5.2.11)

along with

i)  the free surface condition:
ch+8—(p=0 on y=0, —oo<X<w0,
oy
i) the condition on the barrier:
o9

—=0o0on x=40, yelL
OX

where L is the portion of the y-axis, representing the barrier
lying on the plane x =0,

iii)  the condition on the gap:

¢ and % are continuous across the gap (x=0, yelL
where X

C=(0,)-L),

iv)  the surface wave conditions:

(p(x,y)—>{e +Re

—Ky+iKx Ky—iKx

T e "% a5 x > 0

where R and T are unknown constants, known as the complex
reflection and transmission coefficients respectively,

v)  the condition at infinite depth:
¢, Vo >0 as y >
and
vi)  the edge condition(s):
r'> Vo =0(1) as r >0
where r is the distance from a submerged edge of the barrier.
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An appropriate solution of the problem satisfying the conditions (iv)

and (v) and the continuity of Z—q) across x=0, y >0, is represented as
X

ek . 00 AKK)
1-R) e "y — e ™™ M(k,y) dk, x>0
o(x,y)= o % I k? ey de (5.2.12)
1 - 2 ©
g K L R gl —% ! Ak(lz() e M(k,y) dk, x<0
where A(Kk) is an unknown function, to be determined, and
M (k, y) = k cosky — K sin ky. (5.2.13)
It may be noted that the continuity of 6_(p across X =0, y >0, produces
the equality ox
R+T =1 (5.2.14)

relating the unknown constant R and T, by using Havelock’s inversion
theorem (cf. Mandal and Chakrabarti (2000)).

If we now set
v (Y)=0(+0,y)-0(-0,y), y>0, (5.2.15)

then the condition (iii) concerning the continuity of ¢ across the gap
produces

v (y)=0 for yelL. (5.2.16)

Using the relation (5.2.15) in the representation (5.2.12), we find that
A(k) must satisfy

d? % 2A(K)
ol_y2I k2

which is equivalent to

M(k,y) dk =2Re ™ +y (y), y>0

0

ReKY+wj A(K) M (k, y) dk :—% w(y), y>0. (5217)
0

By Havelock’s inversion we obtain that

1
AK) = KD Lj v (U) M (k,u) du, (5.2.18)

R=-K [y (u)e™ du. (5.2.19)
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Again, using the condition (iii) in the representations (5.2.12), we obtain
a4 AK)
dy? § k
By using the relation (5.2.18) in the left side of (5.2.20), we obtain, after
interchanging the orders of integration,

M(k,y) dk =iK@L-R)e™, yeL  (5.2.20)

a4t T Mk, y) Mk,u) _ o) (5.2.21)
v Lj\p(u)“ KT dk tdu =—-itK(1-R)e™, yelL.
The inner integral can be evaluated (cf. Ursell (1947)), and thus we
obtain

2
7 jK: (u,y) wu)du=—=2irK e, yel, (5222
y

after using the relation (5.2.19) for R, where

K(y+u) '

_y+u 2 g7k j = dv+2im e 0, yuel. (52.23)

K, y)=

If we now interchange the order differentiation and integration in (5.2.22),
we obtain formally

[C wywwdi=-2ink e, yel, (5224

where

L 2K 1
— 2
(y- U) y+u (y+u)

K(y+u) (v
£Uy)= —2K ek | % dv+2ink? e o (5.2.25)
Because of the presence of the hypersingular term (y —u)~ in the kernel
L (u,y), the integral in the left side of (5.2.24) is not an ordinary one, and
is to be interpreted in the sense of Hadamard finite part. Thus we arrive at
the hypersingular integral equation of the form

j[(y_lu)2+ L. (yu)] v du=f(y), yel

L

for the determination of y (y), £ ,(y,u) being regular and f(y)
being known.
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Remark
Asinthe Problem 1, here also we again remark that, instead of the hypersingular
integral equation (5.2.24), we can derive a weakly singular integral equation
for y (), involving two arbitrary constants in the right side, as follows:

If we integrate both sides of the equation (5.2.22) twice, we obtain the
integral equation

j IC(u,y) g(u) du :—2% e +C,+Cy, yelL (5.2.26)
L

inwhich C, and C, are two arbitrary constants, and K(y,u), given
by the expression (5.2.23) is a kernel involving logarithmic singularity
at U=y, so that the integral equation (5.2.26) is weakly singular. The
two arbitrary constants C, and C, can be determined for particular
configurations of the barrier. For example, if the barrier extends infinitely
downwards from a fixed depth below the free surface, then C, =0 for the
boundedness of the right side as y — oo.

Problem 4: A straight pressurized crack in an unbounded solid (the Griffith
crack problem)

We consider the problem of a simple straight crack along the x-axis
(y=0, a<x<Db) in a plane isotropic elastic medium under a pressure
distribution p(x) along both its edges. The problem is described as
follows in the usual notations

nyzo on y=0, —oo<X<o0,
6, =-p(x) on y=0, a<x<b,

v =0ony=0, —o<x<a, b<x<oo, (5.2.27)

/2
c,—0, 0,0 c,—>0 as (x2+y2)1 — o,

For  two-dimensional elasticity problems, the displacement
components U,V and the stress components G, ,G G, can be
expressed by Muskhelishvili’s formulae given by

2u(U+iv) = KD(z) -z D'(z) - ¥ (z),
o, =Re[ @'(2)+D'(z) -2 "(2) -¥'(2) ],

XX Xy !

(5.2.28)

5, =Re[0/(2)+ D'(2) + 20" (D) + V(D) |,

G, = |m[E d"(2) + w'(z)}
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where

_E
2(1+y)’
E being the Young’s modulus, y being the Poisson’s ratio, W being

the shear modulus, z = x+iy, ®(z), W(z) being two arbitrary analytic
functions.

Let

0 K=3-4y, (5.2.29)

p(2)=z D'(2)+¥(2), (5.2.30)
then the formulae (5.2.28) take the forms
2u(u+iv) = K®(z)-p(2) + (z-2)@'(2),
o, = Re[@’(z)+2q>'—(z)—m+(2—z)q>Tz)],

G, = Re[cp'(z)+m—(2—z)@(z)],

vy
0, = -Im[ ')~ p'(2)-(2-2)0"(2) |
where now ®(z) and p(z) are also two arbitrary analytic functions.

(5.2.31)

For the Griffith crack problem, we note that, if we assume
®(z) = p(z), then it is ascertained from the very beginning that
o, =0 ony=0.

In this case, the displacement components U,V and the stress components
0,00, can be expressed as

2u(U+iv) = KO(z) - D(2) + (- 2) + D'(2)
G, = Re[@'(z)+q>'—(z)+(2— z)CD”—(z)],
- (5.2.32)
G, :Re[cp'(z)ma'(z)—(z—z)cp"(z)],
G, = -|m[(z-§)q>"(z)]

where now @(z) is an analytic function in the complex z-plane cut along
the x-axis from a to b (the crack).
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Let ¢ (x) denote the displacement (unknown) of the points of the upper
edge of the Griffith crack, then —@(x) is the corresponding displacement of
the points of the lower edge of the crack. Thus

v(x,%0) = £ o), a<x<b (5.2.33)
0 , otherwise

where @(X) is unknown, but @(a) =0=0q(b).
Now from the first equation of (5.2.32), we find

=10

v(x,iO):i im[ Ko@) -®(2)]

- K*1 o).
Let
O(z) =0 (X, y) +iB (X, ).
Then
V(x,0) = K2+1 B (x,£0). (5.2.34)

However (5.2.33) is satisfied if v(X,y)=-v(x,—Yy) so that B(x,y) can
be chosgn to satisfy B(x.y)=—-B(x,—y). Hence B(x,y) isoddiny.

o : :
Butas — =——, we see that o(X, y) is eveniny. Thus
ox oy

o(x,y)=o(x,—y) and B(x,y)=—-P(x,—y). Hence we must have
that

D(2) = D(2). (5.2.35)

Since ®(z) is sectionally analytic in the complex z-plane cut along the
x-axis between a to b, let us represent it as

b
O(z) = j 9O (5.2.36)
1=z
Then by Plemelj formulae,

b
d(x +i0) =+ mig(X) + j %dt, a<x<b, (5.2.37)
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so that
O(x+10)—-Dd(x—10) =2miq(x), a<x<bh.

This gives
o (X, +0) +ip (x,+0) —ou(x,—0) —ip (x,—0) = 2mwiq(x), a<x<b.
Since a.(x,y) iseveniny and B(X,Y) isodd in y, this is equivalent to
2iB (x,+0) =2miq(x), a<x<h.
Using (5.2.34), we find from this

4(x) == B(x,+0)
T
2
= T(K+D) v(x,+0)
2p
rkep "

Thus ®(z) is determined in terms of the unknown function @(x) in the
form

<p(t)
®(2) = E(K D ] j t. (5.2.38)

To obtain an integral equation for ¢(t), we use the condition
6, =—p(x) on y=0, a<x<b.
Now from the third equation of (5.2.33), we have on y =0

G, = Re[tb’(z) + <I>'—(2)Jy:O

_ 4 bf o(t)
n(K+1) J (t—x)?

Thus we see that @(t) satisfies the simple hypersingular integral
equation

I OO g KD ) acx<b (5239

(t- x) 4u
with the requirement that ¢ (a) =¢(b) =0.
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We shall obtain the exact solution of a simple hypersingular integral
equation in the next section.

5.3 SOLUTION OF SIMPLE HYPERSINGULAR INTEGRAL
EQUATION

We consider the simple hypersingular integral equation

BN ORI
(Ho)(x)=— oy dt=f(x), -l<x<l (53.)

with  the end  conditions @()=¢(-1) =0, where f(x)
is a known function and ¢ is required to be such that
@ €C*(-1,1) where C**(-11) denotes the class of functions
having Holder continuous derivatives with exponent o (0 <o <1) in
the open interval (—1,1) (cf. Martin (1992)).

(A) Some elementary methods

Let (To)(x) denote the Cauchy singular operator

T0)0=2 [ 2D a, “1<x<1 (53.2)
T t-x
The hypersingular operator (H¢)(x) can be interpreted as
d
Hp =—(To). (5.3.3)
dx
Also, it is easy to show that
Ho=To' (5.3.4)

where @' denotes the derivative of @. Thus the simple hypersingular
integral equation (5.3.1) can be recast into the following two equivalent
but basically different forms

i(T(P) =f(x), -1<x<], (5.3.5)
dx

Te'=f(x), —1<x<1. (5.3.6)
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It then becomes clear that the solution of the HSIE (5.3.1) can be
determined successfully, by solving any one of the Cauchy type singular
integral equations (5.3.5) and (5.3.6). It may be noted that the problems of
solving the SIEs (5.3.5) and (5.3.6) are basically different in the sense that
the function ¢ in (5.3.5) has the end behaviour that ¢(+1) =0 (in fact

o(t) = Oﬂt $1|1/2) as t — £1 while the function ¢" in (5.3.6) has
the behaviour that @'(t) =0 Qt 1]471/2) as t—>+1.

We now describe three basically independent methods of solution of
the HSIE (5.3.1) (cf. Chakrabarti and Mandal (1998)).

Method 1
Let f(x)=9g'(x) (5.3.7)
And using the equivalent representation (5.3.5) of the equation (5.3.1), we get

Te)(x)=B+g(x), -1<x<1 (5.3.8)

where B is an arbitrary constant. The equation (5.3.8) is a Cauchy type
SIE satisfying the end conditions ¢ (£1) = 0. Its solution is given by

(p(x)=—(1_x)l lj B0 4 _1<x<1, (539
o -t) (%)

provided
j B+ 4 _g (5.3.10)

which is the solvlability condition for SIE (5.3.8). Thus the arbitrary
constant in (5.3.8) is given by

1
B=—— | 9O 4. (53.11)
T 3 (l—tz)
Since
! 1
I dt=0 for -1<x<l1

2 (1_t2)l/2 (t _ X)
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we find from (5.3.9) that

=X 9(t) dt, -1<x<1. (5.3.12)
4 (1_t2)1/2(t_x)

Although (5.3.12) gives the required solution, it is expressed in terms
of g. However, we would like to obtain the solution in terms of f . For
this, we use the following algebraic identity

1 t+X (1—t2)1/2

L = +
@-2) @-x) @-x) @-v)*  t-x

Now using the result for the indefinite integral

o(x)=

(5.3.13)

J % dt =~ (L-t* )+ xsin*t— (- x° ) K(xt)+D(x) (5.3.14)

where

K (x,t) = In‘ X

Lt f1-1)a- )
and D(x) is an arbitrary function of X, we find that
1 1
dt =
I (1—t2)u2 (t-x) (1—x2)1

where E(X) is an arbitrary function of x.

. (5.3.14)

= IK(D+E(X)} (53.15)

Integrating the right side of the relation (5.3.12) by parts and using the
result (5.3.15), we find that ¢@(X) is given by

a|r

1jf(t) In | tox dt. (5.3.16)

l 1
— L Tg' Kt = .
*0=z Jg() 0 -t fa-t)a-e) !

Method 2

In this method we utilize the equivalent representation (5.3.6) of
the hypersingular integral equation (5.3.1). Then, the solution of
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the Cauchy type integral equation (5.3.6) with the requirement that
o'(t) =OQl$t|_1/2) as t —>=*1 s given by

(p’(x);,{cl ]' m dt], “1<x<], (5.3.17)
j T o t—x

(1— X2

where C is an arbitrary constant. Integrating both sides of (5.3.17) we
obtain

-1
where D is another constant. The inner integral in (cf.(5.3.15)

1 {EM)+K(t,x)}

@-t)”

so that
1 1
o(x)=D+C sin x4+ j f(t) E(t) dt+t j f(t) K(t,x) dt
n o3 T3 (5.3.18)

1
= D,+C sin x4+ - [ @ Kb dt
T

where D, is another constant.

Finally we observe that if @(X) has to satisfy the end conditions
¢ (£1) =0, we must choose C =0, D, =0 and in that case the solution
(5.3.18) reduces to (5.3.16), i.e.

dt,-1< x<1.

1! ‘ t—X
o)== [ f(t) In ——
o ‘1—tx+{(1—t )a-x) ¥ ‘
Method 3
In the third method of solution of the hypersingular integral equation
(5.3.1), along with the end conditions @(+1) =0, we employ a direct

approach, which leads to the problem of solving a simple Abel type
integral equation.
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By using the transformations
t=2s-1 x=2y-1, ot)=9@2s-1) =y (s), f(x)=fRy-1)=g(y), (5.3.19)

the hypersingular integral equation (5.3.1) reduces to

1 ILS)st:Zg(y), O<y<l (5.3.20)
(s-v)
with the end conditions  (0) =y (1)=0.
We set
1/2 ! S
v (s)=s" Jﬁda, 0<s<1 (5.3.21)

where S(§)is a differentiable function in (0,1), with S(1) = 0. We then
find, by integrating by parts, that

w(s)=2{s(L-s)}* (1) - 25" ](g—s)“ S'(€) d&, 0<s<1. (5.3.22)

Clearly, y (s) belongs to the desired class of functions in which we
seek the solution of the equation (5.3.20).

Substituting the relation (5.3.22) into the left side of the equation
(5.3.20) and interchanging the order of integration in the repeated integral
we obtain

20 I{S(S ;)} IS'@{ [ {S@ ;} ds}dg 29(y), 0<y <L (5.3.23)

We now use the following results, which can be easily derived, by using
elementary integrations

g
}{s(é—s)}“z - —n(y—zj for 0<y<g,

o ST [——y+{y(y é)}“z} for y>¢,

(5.3.24)

where for 0<y <&, the integral is in the sense of CPV. From (5.3.24),
it follows after putting & =1 that

1 _ 1/2
.[Mds:—n(y—lj for 0<y<1.
0 S-Yy 2
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Hence the hypersingular integrals in (5.5.23) are evaluated. Thus the
equation (5.3.23) finally produces

2542 [SE) e - [S'E) {y(zyy_—‘;)}l,zda ~2g(y), 0<y<l (53.25)
Using the symbol
y
A) = [ (y-€)" s'€) dg (53.26)
0

the equation (5.3.25) can be expressed as
, 1
y"EA(y) v A(y)=-S(0)-g(y), O<y<l (5.227)

where A'(y) = d—A
dy

The equation (5.3.27) is a first-order differential equation for the
function A(y)and solving it with the initial condition A(0) =0, as is
obvious from the definition (5.3.26), we easily determine A(y), from
which we derive that

2A'(y) = J' % d€ =G(y), O0<y<1l (5.3.28)

where
G(y) =y *’[-S(O)y+ [ gm)dn-2yg(y)]  (53.29)

We have thus arrived at the simple Abel type integral equation (5.3.28) for
the determination of the unknown function S’(§), and from the solution
(2.1.9b) in Chapter 2, we find that

F] Mdy, 0<E <1,

ey 1 4
SE)=3 dg § -y

giving on integration,

S(§)=3(0)+n1 ij %dy, 0<f<l. (5330
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Substituting for G(y) giving in (5.3.29) and interchanging the orders of
the repeated integrals, we obtain
2% 9y

S(0) ¢
S@) = S(O)_ 12 1/2
n I {y(é y)} T o {yE -y}

1& 3
— oy 312 1/2 y, U<c <l
b (){J = }d Peest

Using the results, obtained by elementary means,
g dy
I 7z =
o YE-Y)

and 12
ij 2 (& - y]
sn¥E-m)"” ey )]

we obtain, from the relation (5.3.31), that

3 1/2
SE)=- é I@ 9(31/,)2 dy, 0<&<1. (5.3.32)

Substituting the final form (5.3.32) of the function S(§) into the relation
(5.3.21), we find that

(5.3.31)

g 1/2
Sv2 g(y)
=-Z dy:d
lI"(S) J.&(é 5)1/2{ (& y)1/2 y} é

=2 an| [ dg (5.3.33)
n [Iy g(y){fé{(&—x& y)}’“}y

1/2 dg d
' Iy g(y){Jé{(ﬁ— - y)}”z} y}

after interchanging the order of integration. The inner integrals in the two
terms of the right side of the relation (5.3.33) can be evaluated by using

elementary methods, and we find that
|s+ y—2sy+2{sy(l-s)(1- y)} | (5.3.34)
S—Yy

e
oy EAE-9)E - (Sy)” "
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Using (5.3.34) in (5.3.33) we find finally

2! | Y |
2 | , 0<s<1l (5335
v (s) n Ojg(y) " ‘s+y—25y+2{SY(1—S)(1—V)}M‘ e )

Substituting back in terms of the original variables from (5.3.19), i.e.
:E _ X+1'W( j_ ), g[x+1j f(x), we obtain

2y_2

<p(t): j f(x) In| Xt |dt, 1<ty (5.3.36)

(B) Function-theoretic method

It is observed that even though the original integral equation (5.3.1)
involves hypersingular kernel, its solution as given by the formula (5.3.36)
involves a singular integral possessing Cauchy type singularity. This is
in fact weaker compared to the strong singularity of the given integral
equation. Because of the fact that once hypersingular integrals have been
accepted, there is no special need to deviate and bring in integrals with
weaken singularities in the picture.

Chakrabarti (2007) developed a direct function-theoretic method
to solve the hypersingular integral equation (5.3.1) by reducing it to a
Riemann-Hilbert type boundary value problem of an unknown sectionally
analytic function of a complex variable z(=Xx+1y), in the complex
z-plane, cut along the segment (—1,1) of the real axis. This method is
now presented here.

Let us define ®(z) as

cp(z)_lj (_(t)) dt, z¢(-11). (5337)

Then ®(z) is a sectionally analytic function of z in the complex z-plane
cut along (—1,1) of the real axis.

We have the result (cf. Jones (1982), p 104)

lim -
Y10 X+ 1y

:¢in8(x)+l, —00< X <00 (5.3.38)
X
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where 3 (x) denotes Dirac delta function. Differentiation of both sides
with respect to X produces formally

lim

o, 1
M i) =+ ind (x)+7 (5.3.39)

2
where &'(X) denote the derivative of 3 (X).

Utilizing (5.3.39) in (5.3.37) we obtain the following Plemelj-type formulae
for the limiting values of the function, as z approaches a point on the cut
(-1,1) from above (y — +0) and below (y — —0) respectively:

D(x+i0) = d*(x)

] . o) ~
- m_[ o(t) §'(t—x) dt+ ! T dt, —l<x<1.
so that
O*(x) =+ in(p’(x)+_|- ﬁ)z dt, —1<x<1. (5.3.40)
1 (t—X)

It may be noted that the limiting values (5.3.40) can also be derived
by standard Plemelj formulae involving the limiting values of the Cauchy
type integral

e
¥(2)= | ;p— dt, ze(-11) (5.3.41)
A
-1
giving
Y(x+i0) =¥*(x)
! 5.3.42
= tin (p(x)+_[ ;pﬁdt, -l<x<1 ( )
1 -
where the integral is in the sense of CPV, and noting

d(2) :E (2) (5.3.43)

along with

j (p(t)z_ dt:i I ﬂdt, -l<x<1. (5.344)
-1 (t—X) dX 1
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Now, the two relations in (5.3.40) can be viewed as the following two
equivalent relations

o (x)+ 0 (x)=2 | % dt, —1<x<1, (5.3.454)

O (X)—D (x)=2mi ¢'(x), —1<x<l1. (5.3.45h)

Using the relation (5.3.45a), the hypersingular integral equation (5.3.1)
reduces to

O (X)+D (X)=2n f(x), —-1<x<l1 (5.3.46)

which represents a special Riemann-Hilbert type boundary value problem
for the determination of the unknown function @(z). Its solution can be
found directly as explained below.

If ®,(z) representsanontrivial solution of the homogeneous problem
(5.3.46), satisfying

D, (X)+D,(x)=0, -1<x<1 (5.3.47)
then we may rewrite the nonhomogeneous problem (5.3.46) as
Q (X) - (x) = Z“f ) gex<1 (5.3.48)
D@, (x)
where
o(z) =22 (5.3.49)
Dy (2)

Thus, the relation (5.3.45b) suggests that we can determine the function
Q(z) as

1% g
Q(Z)_Zni j — dt+E(2) (5.3.50)
where
9 =—7" an(x) (5.3.51)

@7 (x)
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and E(z) isan entire function of z.

Using the form (5.3.50) of the function €(z), along with the relation
(5.3.49) and the Plemelj-type formula (5.3.45b). we obtain

(X)) =-7— L 0()“ 90 dt+2n|E(x)} ~1<x<1.(5.3.52)
2n’? )

Thus we have been able to determine the first derivative of the unknown
function @(x), in terms of an unknown E(X), E(z)being an entire
function in the complex z-plane.

If we select @ (z) as

D, (2) = (”D , (5.3.53)
then
1+x )
O;(X)=7F (1_ ] for —1<x<1. (5.3.54)
Now, by definition, |®(z)|= [W] as |7 >, so that
1

1Q(2)| = s((zz)) =0 W as |z|—>oo and hence we must select
0
E(z)=0.

Thus from (5.3.51) and (5.3.54) we find

0= (LX) O
9'(0=-= (1_)(] j(t_x) dt, —1<x<1 (5.3.55)

where
h'(t) = (1 U f(0). (5.3.56)

Finally, integrating the relation (5.3.55), the solution of the given integral
equation (5.3.1) is obtained as

o(X)=p(x)+C, -1l<x<1 (5.3.57)
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where

U B T8 T 11()
p(x)_—; (ﬁj { - dt (5.3.58)

and C is an arbitrary constant. We note that the expression for h(t)
will involve an arbitrary constant of integration, arising out of the relation
(5.3.56), and thus the form of the solution (5.3.57) involves two arbitrary
constants altogether.

This completes the function-theoretic method of solution of the
hypersingular integral equation (5.3.1) in which the conditions @ (+1) =0
have not been used. When these conditions are used, the form of the solution
(5.3.57) will reduce to the form (5.3.36). This is now shown below.

Integration of (5.3.58) by parts produces

, 1 (1+x)7% % ne) 1| h(=1)—h(1) 2h(1)
=-= |22 — dt+= .
p'(x) = (1_)() = +n{ (1_)(2)1,2 +(1X)(1X2)1/z:|

Another integration gives, because of the relation (5.3.56),

-1

dt

S Ry ——
P= [T 1ot {0t

+ 4 h(l) M% {h(—l)—h(1)+]' (E) £(t) dt} sin‘ix

(5.3.59)

1-x+(1-x?)"? 3

ignoring an arbitrary constant and using the following results

L2 1_2’2
(] ISt S O

1+t —X 1+X t—x 1+t
and
_ _ 2 1/2
iln‘ il ,J:[l tZ] L (s3s
x - xt+ fi-dya-t) )| LX) x-t

When ¢(+1) =0, we must have h(1)=0=C, and

h(-1)=- | (E) £(t) dt (53.62)

-1
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and thus we obtain

X—t

1 | )
(p(X)—n jf(t) In ‘1 Py t)f ‘ dt, —1<x<1,

which agrees with (5.3.36).

5.4 SOLUTION OF HYPERSINGULAR INTEGRAL EQUATION
OF THE SECOND KIND

In this section we present a straightforward analysis involving the complex
function theoretic method to determine the closed form solution of a special
hypersingular integral equation of the second kind. This analysis is given
by Chakrabarti, Mandal, Basu and Banerjea (1997). The hypersingular
integral equation of the second kind is given by

1

0()-= @-x)" | OO g f(, —1<x<i (541)
7 R

with @(+1) = 0, and it is known as the elliptic wing case of Prandtl’s

equation (cf. Dragos (1994a, 1994b) for which o(>0) is a known

2rk
constant, and f(X)——(l X )2 k,B also being known constants

with 3 > 0. The equation (5.4.1) is examined here for its closed form
solution for the class of forcing functions f(Xx) which are summable
in (=1,1), by using a complex function theoretic method in a straight
forward manner.

The present method converts the equation (5.4.1) into a differential
Riemann-Hilbert Problem on the cut (-1,1) which is amenable to its
closed form solution, and, by this, it is demonstrated that in the considered
special case the elaborate reduction method as presented in the treatise of
Muskhelishvilli (1953, formulae (122.13)-(122.15) and (122.17)) can be
avoided to solve the given integral equation.

Assuming that @ € C*"(=11), i.e. @(X) possesses a Holder
continuous first derivative, with exponent vy , such that 0 <y <1, so that
@ (x) issummable in (-1,1), and ¢@(+1) =0, we set

®(2) = zi j ;pft) dt, ze(-11), (5.4.2)
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and observe that @®(z) represents a sectionally analytic function of the
complex variable z(=X+1y) in the z-plane, cut along the segment

(=1,1) on the real axis, and that |(p(z)|:0(ﬁ as |z| > .

The Plemelj formulae give that

1
o (=22 0+ — [ 2 ay, —1ax<1 (543
2 2rl 3 t—X

where ®*(x) are the limiting values of ®(z) on the upper and lower
sides of the cut (—1,1) and the integral is in the sense of CPV.

Using the formulae (5.4.3), we can easily cast the integral equation
(5.4.1) into the functional relation as given by

(l ioc(1— x2)? d j(D (x)- (1+|oc(l x2)? d j(D (x)=f(x), -1<x<1. (5.4.4)

The relation (5.4.4) represents a differential Riemann-Hilbert problem on
the cut (cf. Gakhov (1966)) for the determination of the function ®(z), and
once the function ®(z) is determined, the solution @ (X) of the equation
(5.4.1) can be completed by using the formulae (5.4.3) once again, giving

eX) =D " (X)-Dd (x), —l<x<l. (5.4.5)
Now we determine the function ®(z), satisfying the relation (5.4.4),
by using the analysis as described below.
We observe that the following limiting values hold for the sectionally
analytic function z —1)1 in the complex z-plane, cut along (—1,1) on
the real axis:

lim (22 -2 =+ i(1-x?) (5.4.6)
y—t

with that branch of the square root for which xM2 is positive whenever X
is positive. Then the relation (5.4.4) can be cast into the simplified form
given by

Y (xX)-¥ (x)=f(x), -1l<x<1], (5.4.7)
where

vz dd(z)

W(2) = d(2) - (z° -1 m

(5.4.8)
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The solution of the simple Riemann-Hilbert problem (5.4.7) is obtained,
immediately, in the form

_1 e
W(Z)_Zni { - dt, (5.4.9)

since |y (2)| = (—) as |z| > o because |®(z)|= (ﬁ) as

|z| > o0 (cf. the representatlon (5.4.6)).

Then, solving the ordinary differential equation (5.4.8) by a standard
method, we obtain that (since o. > 0),

D(2) = —é ] MT(@)dg+k % (ZZ 1)1’2} (5.4.10)

-
where A is an arbitrary constant.
We note that we must choose A =0, in order to meet with the
requirement that | (z)|= 0(%) as |z| - oo. We also note that,

since analytic functions of analytic functions are themselves analytic in
the same cut plane, there is no difficulty in checking that the function as
given by (5.4.10) represents an analytic function in the complex z-plane,
cut along the segment (—1,1) of the real axis. In particular, by Cahchy’s
integral theorem applied in the outer region of the cut (-=1,1), ®(z) isa
single-valued function there.

We thus finally determine the function ®(z), related to the integral
equation (5.4.1), in the form

00— §+@-0 ] I {% _lj } YE)ds (5.4.10)

where W(z) is as given by the formulae (5.4.9). As z — +1, we have
@O (1) = D (+1) sothat ¢(+1) =0, as required.

The result (5.4.11), along with the relation (5.4.5), thus completely
solves the integral equation (5.4.1).

In the case of Prandlt’s equation, we have

2nk .

=F (B >0), and f(X)_T (1-x%) (5.4.12)
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The integral in the relation (5.4.9) can be evaluated by standard
contour integral equation procedure (cf. Gakhov (1966) for example), and
we find that

Y(z) = —%{z +(22 -1 }’1. (5.4.13)

21
Using the result (5.4.13), along with the value of a0 as & =——, we

determine the function ®(z), by using the formula (5.4.11), after some
easy manipulations, in the form

D(z) = 22([3 %—(zz—l)m}- (5.4.14)
T

1+

The relation (5.4.5) finally determines the solution ¢ (x) of the integral
equation of Prandtl, and obtains that

o(x) = 4T;k (1—x2)1’2, (5.4.15)
1+— B
T
and this completely agrees with the one as quoted in the Dragos’s papers.
The second kind hypersingular integral equation (5.4.1) will be
considered later for its numerical solution.



Singular Integro-differential Equations

In this chapter we consider some singular integro-differential equations
for their solution by employing a simplified analysis. These equations arise
in a natural way while solving a class of mixed boundary value problems
of mathematical physics (cf. Holford (1964), Spence (1960), Stewartson
(1960)).

6.1 A CLASS OF SINGULAR INTEGRO-DIFFERENTIAL
EQUATIONS

We consider the singular integro-differential equation as given by

u(x) _ni J‘ V()

0

dt=f(x), 0<x<oo (6.1.1)
r—x

where u(x) and v(x) represent two linear differential expressions of
the forms

u(x)= i a, 0 (x) (6.1.2)
k=0
and
V@0 =3 b 0® ) (6.13)
k=0

in which a,’s and b, ’s are in general complex constants, 0" (x)
denotes the kth derivative of the unknown function @(x) with
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prescribed initial values @’ (0), along with the conditions that
0" (0)=0, for k=0,1,2,....n, and fx) represents a known
differentiable function.

Varley and Walker (1989) have discussed a general method of solving
the integro-differential equation (6.1.1) by converting it to a singular
integral equation, which avoids the complication of calculating various
singular integrals appearing in the final form of the solution. Chakrabarti
and Sahoo (1996) employed a straightforward analysis simplifying the
work of Verley and Walker (1989). This is explained here.

We seek solution of (6.1.1) under the assumptions that
v(x)=0(x") as x >0 (6..1.4)
where Re a0 >—1, and
v(x) = 0(x") as x > (6..1.5)
where —1<Ref <0.
Method of solution
Using the Laplace transform V' (p) of the function v(x) defined by
Vip)= 0] v(x)e ™ dx, p>0, (6.1.6)

0

the equation (6.1.1) can be shown to be equivalent to the following singular
integral equation

1 % V(g)

Up)+— [ =L dg=F(p) (6.1.7

T 0 q—p
where U(p), V(p) and F(p) are the Laplace transforms of the
functions u(x), v(x) and f(x) respectively. The expressions for U(p)
and V(p) are given by

U(p)=A(p)O(p)—A4(p), V(p)=B(p)®(p)-B(p) (6.1.8)
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where
A(p) = a, p*
pary
A4(p)= (z a; pk_lj(Po +(Z a, pk_2](91 T ta0,,,
=1 =2
=0
B,(p) :( b, p" lj(po +(Z b, pk_zj(ﬁ +b,0,,
=1 =

with

0, =0“(0), k=0,1,2,..n.

Using the relations (6.1.8), the equation (6.1.7) can be cast into the
form

A(p)V(p)+B7(tp) wj qu) dg=C(p), p>0 (6.1.10)

where

C(p)=A4,(p)B(p)—B/(p)A(p)+ F(p)B(p). (6.1.11)

By the Abelian theorem on Laplace transforms (cf. Doetsch (1974)) and
using the assumptions (6.1.4) and (6.1.5), we obtain

V(p)=0(p~™) as p >, (6.1.12)
and
V(ip)=0(p ) as p—>0. (6.1.13)

These orders of V(p) assure that the integral in (6.1.10) exists and
finite.

We now discuss, in some detail, the method of determination of the
function V' (p). We consider the general case of (6.1.1) for which the pair
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(ay,b,) has the property that either a, and b, or both are non-zero, the
same is assumed to hold good for the pair (g ,b ) also.

Defining

v = [ Dy, 2= prip, (6.1.14)
2ni 5 t—z

we note that W(z) is analytic in the complex z-plane with a cut along the
positive real axis. Then by Plemelj formulae

Y (p)-¥Y (p)=V(p), p>0 (6.1.15)

and
lP+(p)+‘1”(p)=,i j @dz, p>0 (6.1.16)
Im g t—p

where W' (p) and W (p) are the limiting values of W(z) as z
approaches a point p on the positive real axis from above and from
below respectively.

From (6.1.10) and the relations (6.1.15) and (6.1.16) we obtain

A(p) +iB(p) W (p) =¥ (p) = Cp)

- ——, p>0, (6.1.17)
A(p)—iB(p) A(p)—iB(p)

which represents a Riemann-Hilbert problem for the determination of the
sectionally analytic function W(z). This Riemann-Hilbert problem can
be solved as described below.

We first construct a sectionally analytic function €2(z) in the complex
z-plane cut along the positive real axis, satisfying the relation

Q'(p) _ A(p)+iB(p)
Q (p) A(p)-iB(p)’

where Q" (p), Q (p) are the limiting values of (z) on the two sides
of the positive real axis.

Assuming that A(p)+iB(p) possesses zeros at the points
w (i=1,2,..n) and A(p)—iB(p) possesses zeros at different points
A; (j=1,2,n), none of which lie on the positive real axis, and setting

(6.1.18)
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Q(z)=A(z) 2° (6.1.19)

with ‘
5=y Wtib (6.1.20)
2mi a,—ib,

we can recast the problem (6.1.18) in the form

AN _1p PN
VA , p>0. (6.1.21)
A (p) lj_=1[ p_}\‘j

The solution of the problem posed by the relation (6.1.21) can easily be
written down as (cf. Gakhov (1966)),

In A(z)—ZL j [Z In ]t_%dt +In E,(z) (6.1.22)

where E,(z) is an entire function, and using the Plemelj formulae, we
obtain

n _)\‘ 0 t_}\,
wB2) s Ly P2 L, | 2R L G pso. (6.123)
A(p) S |2 p-w 2mi; t—u, Jt—p

After simplification this gives

El(p) . Y,

— = P (p=AW.(p) (6.1.24)

A (p) H Y
where

t
I n{MJ
(l+v) ;T j

V(p)—c( ] (r-%,) — j(t_k)(t_uj)dt (6.1.25)
with

1 M
Y, =—%5 In L_J]’ elj :arg(?»j), 621‘ :arg(“f)’
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c. _exp[ )”'2 —L1(0)+y, {In |A,|-i(2n -0, ezj)}}

and
Int
10)=) —————dr
I (t=A)(—n,)
We thus determine the limiting value of , as given by
5+Zy/ n
| B H {p-2)V,(p)}
" (6.1.26)
Q(p) £ (p)
Using the relation (6.1.18), we can recast (6.1.17) as
N v - - C(p)Q
Q' (P ()~ (¥ ()=~ DD g 1)

A(p)—iB(p)

producing

1 co () 1
Q(Z)‘P(Z)—zm- .[ A()—iB(t) t-z

0

di+E,(2), (6.1.28)

where E,(z) is an entire function.

By Plemelj formulae, we obtain from (6.1.28)

‘I”(p)—l C(p) Q(P) 1 O]‘ CHy @ 1
2A(p)-BP) @ (p) () | AO-BOp" (g 50
E(p) >0
Q+( )’

and

) 1t cwm 1, E®p
Y= " I -0 0 Gy 7" (6.1.30)

2 A(p)-iB(p) 2miQ (p) ;

The function V'(p) is finally determined, by using the relations (6.1.24)
and (6.1.30) in the relation (6.1.15), and we find that



148  Applied Singular Integral Equations

e T e e e T et
2mi

2 A(p)-iB(p)\ Q" (p) Q*(p) Q (p) At)—iB(®) t—p
+ (s ]E<p> (6.1.31)
Q(p) Q(p)) o

The integral in the relation (6.1.31) can be easily evaluated by considering

the contour integral
[ LO06)
r B(E)(E -2)

where I is closed contour comprising of a circle of large radius along
with a loop around the positive real axis in the complex { -plane, with the
assumption that C,,C,,... {, arethe n distinct zeros of B({), which
do not lie on the positive real axis and B'((;)#0 for j=1,2,..n
(the case of multiple zeros can also be dealt with). Then, by application
of the Cauchy residue theorem we obtain that (using the relation (6.1.18)
also)

3 COXO 1, CW) g, )( mj”i QC)CC) 6132
n g AN-iB@)i-p B(p) Q'(p)) "E BE)HEC -p)

Using the result (6.1.31) in (6.1.32) we derive that
Lo QC)CC) .
B ——= 22 _JiF
(p){; BC)p-L) > z(p)}

. (6.133)
(a,-ib)(p-2)(p=2y)(P-2,)Q (p)

Vip)=

which, on substitution for Q" (p) from the relation (6.1.26), gives

V(p)=H(p) p*" V(p)V,(p)---V,(p) (6.1.34)
where
= UL HCE) )
B B el LN YY
(p)|:z BI(C])(p_C/) l 2(p)}

(6.1.35)

= (a,—ib,)E(7)

which is a rational function, with

Y=Y Y, +Y,.
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The analysis that has been explained above is applicable to (6.1.1)
for the general case where a, ’s and b, ’s are complex constants. But,
for the particular case, when a, ’s and b, ’s are real constants, we have
0<d <I1. Setting 6,,=0,, 0, =21 -0,, and W, =A,, we obtain

6/
'szl_;a c; =1:

and using the relation (6.1.25) we find that

P
;]

sin® J~ Int
; =2t cost +1

exp| —

V.(p)= _ . (6.1.36)
[(p_}‘j)(p_xj)] ”

This is equivalent to the result obtained by Varley and Walker (1989).

Ultimately, by using the form (6.1.34) we find that
(p)

V(p)= 0[ j as p > o (6.1.37)
P

and
V(p):O(H(p)p“s) as p >0, (6.1.38)

which help is expressing H(p) as
n—1
H(p)=Y h, p’ (6.1.39)
j=—k
where k—1<0 +Yy <k, k=0,1,...,(n—1), when the relations (6.1.12)
and (6,1,13) are also used.

The determination of /4 .’s can be completed by considering two
separate cases as described next. These cases take care of even different
degrees of the two polynomials A(p) and B(p).

Case (i): If A(p) and B(p) are of the same degree n, the constants
hy,h,...,h _, canbe obtained by using the relation (6.1. 10) along with the
fact that €,,C,,..C, are the simple zeros of B(p). The other constants
h.,h,,..h  will remain arbitrary.
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Case (ii): If n>m where n is the degree of A(p) and m is the
degree of B(p), then the m constants 4,,h,,...,h, can be determined
by using the m zeros of B(p) and the relation (6.1.10). The other
(n—m—1) constants /4, ,,,...,h _, can be determined by using the
asymptotic behaviour of ((z) as z — . The other constants will
remain arbitrary.

The function v(x) can finally be determined by using the Laplace
inversion formula and we find that

v(x)=2 > R, cos (x‘kj‘sinej +0L, )ex‘x"me’ + I [(s) e™ ds (6.1.40)
j=0 0
where Rjeia"’ denotes the residue of V(p) at p=A, and
1 ‘ ‘
I(s)=— W (se ™)V (se™ 6.1.41
($)=5— o™=V (se™) ] (6.1.41)

with the expression for V(p) as given by the relation (6.1.34). The
unknown function @ (x) can then be determined successfully, by using the
second relation in (6.1.8) along with the convolution theorem for Laplace
transforms.

Remark

Followings are some observations on the method that has been presented
above.
(i) A lot of complication is avoided by evaluating the Cauchy type
integral in the relation (6.1.31) directly.

(ii) In this analysis, the determination of H(p) is simpler as compared
to that explained by Varley and Walker (1989).

(iii) The behaviour of the funtion V(p) at the end points
p=0 and p = oo along with the analyticity property of V' (p) has
helped to arrive at the expression for H(p), as given by the relation
(6.1.35).

6.2 A SPECIAL TYPE SINGULAR INTEGRO-DIFFERENTIAL
EQUATION

In this section we describe a method of solution of a special type of singular
integro-differential equation arising in the study of a problem concerning
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heat conduction and radiation, in elastic contact problems, etc. (cf. Frankel
(1995), Chakrabarti and Hamsapriye (1999)). This equation is given by

MM—k | Maly:f(x), 0<x<l (6.2.1)
dx §oy—x

where A,U are known non-zero constants, and f(x) is a known
differentiable function of x e (0,1), with the end onditions for the
unknown function 6 being given by

0(0)=0(1)=0.

Using the transformations
1
A ——(& +1), _—(n +1), ©&)=6 (i j (6.2.2)

we can rewrite the equation (6.1.1) as

_g_f(§+1j ljlf;)(fn&)d“’ C1<E<l (623)

with the end conditions
O(x1)=0.

If we use the inversion formula for the Cauchy type singular integral
equation, as given by the relation (6.2.3), assuming that the left side of
the relation is known, for the time being, and that we require bounded
solutions at the end points & = £1 in the form @(x1) =0, we find that

g )1/2 J- 1 {611@_1 f[ﬂﬂ]}l dn,-1<E& <1, (624)

OE) =
©)= dn 2 n-¢

with the condition for bounded solution being given by

‘u el P

If in the relations (6.2.4) and (6.2.5) we use the transformation

O¢)=01-8 0&) (6.2.6)
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where @ is non-zero at & =+1, the transformation being motivated
by the equation (6.2.3) under the end conditions for @(§), we obtain the
following relations:

(-8 0= 2% | {1 1) o' -—1—om)
(t-n*) (6.2.7)
o na) L
2u(l-n?)" f( 2 ]} nog Mri<es
and

I () o't~ G 2”2),,2<om)—m(1 lnz)mf("”j}dn 0. (62.8)
] o .

Now, in order to solve the equation (6.2.7), we assume that @ (§) can
be expressed in terms of a convergent series as given by

0= a, T.E) (6.2.9)

where T (§) (n=0,1,2,...) are Chebyshev polynomials of the first
kind, and a,’s are unknown constants to be determined. Then using the
following results on Chebyshev polynomials 7,(§) and U, (&) of first
and second kinds

i 7,&=nU,E), n=12,.,
(i) T, €)=0,

i) T,ENE) = 0, @)+ T, @)} mn=012...

iv)  TE€)=¢,

1 1— 2 \/2 Un )
V) j ( 2)_ € d& =-n T,,0), n=0,1.2,..., n|<1,
(vi) L. 6) dé =m U,Mm), n=0,1,2,.., m|<1,

(1-&2) &-n)
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| 0 if n#1,
SLE) g

(vii) .[ ( _g? )“2 5 T i n=1,

the equation (6.2.7) produces, after substituting the relation (6.2.9) into

(1 &)”Z a, T,E) = P(&)%‘Z na, T,E)

(6.2.10)
2u &
IR AR}
where
1
1 f(YHj
PE)=—) 2 . 62.11)

M (1) m-8)

Also the relation (6.2.8) gives
n+l1
1 f[j

Z na, j(l -n*)"*U,,(n)dn -na, =

1/2
(6.2.12) 1 (1n?)
Now using the result
s 0 if n#1,
j(l -N*) U,,0)dn = n . (6.2.13)
2 if n=1,

the relation (6.2.12) determines the unknown constant a, as

1
1! f(n;j
a =—— j — L. (6.2.14)
(L 1—7]2)

Next, in order to determine the other constants a, (n # 1), we multiply

both sides of the relation (6.2.10) by (l £’ ) T (&) and integrate
between —1 to 1 to obtain
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P(&)T ©€)  TET,E)
T(g)T (é)dﬁ.. 1/2 & 1/2 &
] S R =

] 6.2.15
o] (1T"’§§’2{Uf@wnz@)}d&m=o,1,z,.,_. (62.15)

In the relation (6.2.15) if we use the results

LETE =2 {.,6)+7,.,6)

and

0 if m#n,

¢ LETE) :
J. L 22 e =3m if m=n=0,
(-¢°)

we obtain the following relations connecting the unknown constants a, :

> a4, I _Pe) x_“ S 4, by m=12,.. (62.16)

= ( é)l/z =0

c _ 't POT,E) L (6.2.17)
Z a,c,, = | ———25F §+ ma, +— Z a,b,, m=12,..,
n=0 J‘ ( a ) }\‘ n=0

where

— if m=n>0,

3

e = | T,E)T, ) dt

and

‘ TE
b= | —2m U, E)+U, ;@) e, (6.2.18)
( E_, ) ﬁj In-2| }d

The unknown constants a,(n=0,1,2,...) can now be determined,
approximately by truncating the series for » =N in the relations (6.2.16)
and (6.2.17) and thereby obtaining a system of linear equations for
(N +1) unknown a,,a,,...,a,,of which the constant @, has to be given
by the relation (6.2.14) for consistency.
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Having described a general method to solve approximately the
singular integro-differential equation (6.2.3), we present in the next section
three methods of solution given by Chakrabarti and Hamsapriya (1999).
Convergence aspect of one method is also discussed.

6.3 NUMERICAL SOLUTION OF A SPECIAL SINGULAR
INTEGRO-DIFFERENTIAL EQUATION

Here we present tiiree numerical methods of solution of the special singular
integro-differential equation

do ;100 .
" k_lj o di=f(0), ~1<x<l (6.3.1)

where A is a known positive constant, and @(x) satisfies the end
conditions @(£1)=0, and f(x) has the special form f(x)= —x/2
This equation arises in a heat conduction and radiation problem as already
mentioned in section 6.2

Method 1

In the first method, a colloation method is employed instead of the Galerkin
method of Frankel (1995), after recasting the equation (6.3.1) into the
form

B R do (63.2)
w(x)—n(l_xz)l,{c—m jl — (f(z)—z dt)dt}, —“l<x<l,

where ¢’ is defined as

c'= lj ©(1) dt.

In the special case when f(x) = X , as considered by Frankel (1995),
2

the relation (6.3.2) can be transformed to a more convenient form as

1

N 1! 2 (1_t2)1/2 do T,(x)
(1-*) 9()-— [ 0) di—5 lj — dt:—M; —~1<x<1 (6.3.3)
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after utilizing the result

1/2
(% n
I ——dt=——T,(x), —-l<x<lL. (6.3.4)
< t—x 2
It must be emphasized that the right side of the equation (6.3.3) will be
more complicated in the case of any general f(x) (other than a polynomial
itself). However, approximating f(x) by a suitable polynomial, the
methods described here are still applicable.

The relation (6.3.3) can be rewritten in the operator form as

(D+i C}(p(x):F(x), -l<x<l1 (6.3.5)
AT

where

(Do)(x) = (1_x2)”<p(x)_ni [owya, (636

IJ- (1_12)1/2 d_(p

(Co)x)=—— | R ~l<x<l1, (63.7)
1

Now we assume an approximation for the function @ (x) in the form

N
Px) =@ ()= " " T, (x) (6.3.92)
j=0
giving !

N N
P@)=>"c"Ti(x)=>" MU, (x) (6.3.9b)
- :

j=

=
with the constants C;N) ( j=0,1L...N ) are to be determined by the aid
of a suitably selected set of collocation points, to be described below, for a
sufficiently large value of the positive integer /N, ensuring the convergence
of the method used. Here double primes in the summation symbol denote
that the first and the last terms are halved.

Substituting the approximations (6.3.9) into the relation (6.3.3) and
using the results



Singular Integro-differential Equations 157

St
I P U, ,(x)=n T(x), —l<x<],
A

jT(t)dr H( 1) , j=0,1,2,..., (6.3.10)
we arrive at the relation
S & 11+( 1) _L(x)
; ! {(1 ) T )-— 7 ()} }; ~1<x<1.(6.3.11)

We now select the set of collocation points as given by

X=X :—cos(ﬂj, i=12,.,(N-1),
N

and derive the system of linear equations

L. o 11+( ', T(x)
; ¢! ){(1 x) T (x )_7 f =57 (x )} 4}; ,i=12,..,(N-1). (6.3.12)
Also, on using the end conditions @(+1)=0, we obtain two more
equations

N N
> M =0, Y (=1) M =0. (6.3.13)

J=0 J=0

We have therefore reduced the problem of solving the equation (6.3.3), to
that of solving the system of (N +1) linear ec&uahons given by (6.3.12)
and (6.3.13) for the unknown constants C (7=0,1,2,...,N), which
can be handled by any standard method. The above system of linear
equations is solved for ch) (/=0,1,2,...N) and @, (x) given by
(6.3.9a) is computed at some intermediate points. These computed values
of @, (x) at some points are  given in Table 1 (taken from Chakrabarti
and Hamsapriye(1999)). We note that, because of the symmetry property
¢o(x) = ¢(—x), the c( )°s in the expression of @ (x) have the property
that ¢\, =0, k=0,1,.. L[NV/2]

We have considered three different values of A(>0) e.g. A =0.1, 1, 10
as considered by Frankel (1995), and have selected N =10,20,40 and
80 for determining the constants c( ) we have also fixed the inermediate
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points to be X =X,

=10.2k, k

=0,1,...,5, in all the methods.

We have

tabulated the values of @, (X) only in the interval [0,1], and symmetry
takes care of the negative half of the interval [_1’ 1],

The convergence of the numerical method is apparent from the given

table. The numerical results so obtained tally with those of Frankel
(1995).
Table 1
¢, (x) (Method 1)
A x, /N 10 20 40 80
0.1 0 0.11578506 0.11578505 | 0.11578504 | 0.11578504
0.2 0.11124202 0.11124204 | 0.11124204 | 0.11124204
0.4 0.09757759 0.09757695 | 0.09757693 | 0.09757693
0.6 0.07467364 0.07467364 | 0.07467375 | 0.07467375
0.8 0.04230536 0.04230520 | 0.04230520 | 0.04230520
1.0 0 0 0 0
1 0 0.06950789 0.06950780 | 0.06950773 | 0.06950773
0.2 0.06712763 0.06712801 | 0.06712802 | 0.06712802
0.4 0.05985113 0.05984643 | 0.05984624 | 0.05984626
0.6 0.04718193 0.04718294 | 0.04718280 | 0.04718280
0.8 0.02809934 0.02809826 | 0.02809828 | 0.02809828
1.0 0 0 0 0
10 0 0.01392298 0.01392237 | 0.01392221 | 0.01392221
0.2 0.01358400 0.01358756 | 0.01358769 | 0.01358769
0.4 0.01255415 0.01253918 | 0.01253874 | 0.01253848
0.6 0.01059876 0.01060232 | 0.01060181 | 0.01060179
0.8 0.00727896 0.00727837 | 0.00727857 | 0.00727859
1.0 0 0 0 0
Method 2

In the second method, we utilize the end-bounded solution of the integro-
differential equation (6.3.1) in the form

(p(x):_(‘ ) 7] [f()

j(lt)(t x)

dt, —l<x<l,

(6.3.14)
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which satisfies the end requirements @(£1) =0, provided the condition

f [f()— —j (_1)1/2 =0 (6.3.15)

is satisfied.

In fact, the formula (6.3.14) for @ (x), can be shown to be equivalent to
the formula (6,3,2), under the condition (6,3,15), beause of the fact that

2 22
e EED
1-1 1-1

giving

dt

J@ DAL )I 5 av | YO
x—t (—t) 2 (1— )

+x.|. W() ———dt for y eL(p), —-1<x<],

)1/2

where L(p) denotes the space of all real square 1n]tegrable functions on
(=1,1) with respect to the weight function p(x)=(1—x")"%

Then,  the do relation  (6.3.14)  follows by  choosing
y(x)=f(x)— 2— and ¢’ to be

:_lj “"(’)),2 dt = jcp(t)dz.

T

It is rather obvious that the symmetry of @(x) as well as the antisymmetry
of f(x) automatically forces the condition (6.3.15) to be satisfied.

The relation (6.3.14) can be viewed as an equivalent integro-
differential equation to the original equation (6.3.1) that satisfies the end
conditions. An approximate solution to the new equation (6.3.14) has now
been derived here by writing down the unknown function @(x) in terms
of the Chebyshev approximation as given by

P ~Py(x)=D"a" T (x), -1<x<l  (63.16)

Jj=0
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where a'" (j=0,1,...,N) are certain constants to be determined, which
are different from the ones used in Method 1.

Substituting the approximation (6.3.16) into the equation (6.3.14) and
using the result, for —1 < x <1,

0 for j=0,-1,

1 U (l) 2n for j=1,

4, () = ;[ mdt “lon {U(H),2 (x)}2 for j = odd integer, (6.3.17)

21 U, 5,,(x) U, (x) for j=even integer,
we arrive at the relation
1/2 1/2
N 2(1-x* 1-x7
z aE.N) T,(x)—j# u; (x) :u, -l<x<], (6.3.18)
= | AT ' 2Am

in the case when f(x) = —%.

We next discretize the relation in (6.3.18) at the Chebyshev points

T,
X =X = _COSW’ i=0,1...N and obtain a system of (N +1)
linear equations in the (N +1) unknowns aﬁ.N) (j=0,1,...,N), whose
solution is then obtained by any standard method.

Numerical values of @, (x), obtained by Method 2, are tabulated
in Table 2 (taken from Chakrabarti and Hamsapriye (1999)), at the
same set of intermediate points as are chosen for Method 1. It is clear
that we have obtained the results as close as the results of Table 1.
As a check to the solution (6.3.16) (i.e. @,(x)) thus obtained, we
have verified that the relation (6.3.15) is satisfied automatically since

as ), =0 for k=0,1,...,[N/2]
Method 3

We have also developed a Galerkin type method as discussed by Frankel
(1995) using the reduced equation (6.3.14). The derivation is similar to
that in Frankel (1995). We assume an expansion of ¢(x)

e(x)=> b, T, ,(x)-1, -1<x<I. (6.3.19)

J=1

Using the prescribed end conditions @(£1) =0, we obtain the relation

> b =1 (6.3.20)
j=1
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Using (6.3.20), we can rewrite the expression for ¢(x) in the form

o)=Y b (70 -T,(x), —1<x<I. (63.21)

Substituting the relation (6.3.21) into the relation (6.2.14) and multiplying
by the factor

Table 2
¢, (x) (Method 2)
10 20 40 80
A x, /N
0.1 0 0.11578771 0.11578525 | 0.11578505 | 0.11578504

0.2 0.11124464 | 0.11124224 | 0.11124205 | 0.11124204
0.4 0.09758022 | 0.09757715 | 0.09757694 | 0.09757693
0.6 0.07467610 | 0.07467397 | 0.07467371 | 0.07467375
0.8 0.04230763 | 0.04230538 | 0.04230521 | 0.04230520
1.0 0 0 0 0

1 0 0.06952008 | 0.06950874 | 0.06950781 | 0.06950774
0.2 0.06713985 | 0.06712895 | 0.06712809 | 0.06712803
0.4 0.05986398 | 0.05984741 | 0.05984633 | 0.06984626
0.6 0.04719460 | 0.04718395 | 0.04718288 | 0.04718280
0.8 0.02811236 | 0.02809929 | 0.02809836 | 0.02809829
1.0 0 0 0 0

10 0 0.01393546 | 0.01392346 | 0.01392229 | 0.01392221
0.2 0.01359641 | 0.01358865 | 0.01358778 | 0.01358769
0.4 0.01256880 | 0.01254040 | 0.01253856 | 0.01253849
0.6 0.01051380 | 0.01060370 | 0.01060192 | 0.01060180
0.8 0.00729842 | 0.00728008 | 0.00727871 | 0.00727860
1.0 0 0 0 0

T, ,(x)

2 \/2
—X

variable " x, in the range (—1,1), we arrive at the following system of
linear equations.

for i=1,2,..., and then integrating with respect to the

o0 j72
5 b{n su_%j_l)[ 1 ﬂ:kiw for i=1,(63.22)
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} i 16 =2 21+1
b|=98, ——(-1
2 ,{2 vt )(H) (21+2i—1)(2l—2i+3)ﬂ (6.3.23)

Lt

A 1-4(-1)°

where 9 ; denotes the Kronecker delta sybol, after using the following
results

for i=2,3,...,

w, for i=j=0
¢ TOT0

@ J; (-7 )”2

(i1) lj %dt:m U0+ U, )+ + Uy (0 + Uy (1) }, -1<x<1;(6.3.25)
A (-r) -

i ..
dt = > for i=j#0, (6.3.24)

0, for i+ j,

(i) [ U, 0d=—— 2 g1 (63.26)
b (21 +2i—1)(21 - 2i +3)
. 2
(IV) I 20 z(t)dt = w (6327)

The above infinite system of linear equations are solved for the b .’s, by
first truncating the infinite series in the relations (6.3.19) to (6.3.23), at an
integral value N,say. In this case we consider the form

P(x) =@ (x) =i b (T2 j,z(x)—To(x)), —1<x<1, (6.3.28)

as a possible approximation to the solution of the singular integro-
differential equation. The system of equation (6.3.22) and (6.3.23) then
takes the form

N I 16 & 1 .
Z bj(N) p 8 — (-1 — ||l=——+4gfori=1 (6.3.29)
S By = 2[+1 AT

y = 2+1
po| %5, -1y
2 (] )(IZ (2l+2i—1)(21—2i+3)H
:L N S
AT 1-4(i-1)

<

(6.3.30)
for i=23,...,N.
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The system of linear equations (6.3.29) and (6.3.30) has been solved
for different values of N (N =21,41,81,161) and the values of
¢, (x), as given by the relation (6.3.28), are tabulated in Table 3 (taken
from Chakrabarti and Hamsapriye(1999)), upto seventh decimal place
accuracy.

Table 3
¢, (x) (Method 3)

s X, /N 10 20 40 80
0.1 0 0.1157803 0.1157838 0.1157847 | 0.1157850
0.2 0.1112375 0.1112408 0.1112417 0.1112419
0.4 0.0975728 0.0975758 0.0975766 | 0.0975768
0.6 0.0746703 0.0746729 0.0746735 0.0974673
0.8 0.0423029 0.0423046 0.0423050 | 0.0423051

1.0 0 0 0 0
1 0 0.0694869 0.0695024 0.0695064 | 0.0695074
0.2 0.0671076 0.0671228 0.0671267 | 0.0671276
0.4 0.0598272 0.0598414 0.0598450 | 0.0698459
0.6 0.0471663 0.0471786 0.0471817 | 0.0471825
0.8 0.0280865 0.0280865 0.0280975 0.0280981

1.0 0 0 0 0
10 0 0.0139003 0.0139175 0.0139210 | 0.0139219
0.2 0.0135690 0.0135831 0.0135565 | 0.0135873
0.4 0.0125202 0.0125339 0.0125373 | 0.0125382
0.6 0.0105854 0.0105975 0.0106007 | 0.0106015
0.8 0.0072632 0.0072748 0.0072776 | 0.0072784

1.0 0 0 0 0

Before this discussion is closed, a study on the convergence aspects for
the Method 1 has been taken up. For this, the singular integro-differential
equation (6.3.1), recast into the form (6.3.3) and expressible in the form
(6.3.5), is considered here.

Convergence of Method 1

In the Method 1 (i.e. the collocation method), we have worked with an
approximation to @(x) of the form (cf. the relation (6.3.9a))

N
O() ()= "¢ T(x), ~l<x<I

J=0

(6.3.31)
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where cﬁ.N )5 are the constants which can be determined as described
earlier. By suitably adjusting the coefficients in this approximation, we can
rewrite @, (x) in a more convenient form as

N
Py =Y a™y (x), —1<x<l (6.3.32)
=0

where (xEN) ’s are certain constants and j(x) ’s are defined by

1/2
\pj(x):(gj T.(x), j=L2,.. (6.3.33)
T

such that
1

[ o) o @} dr=1

where
1/2

p(x):(l—xz)_ .

In the convergence of the Method 1, it is required to prove that
¢, () tendsto @(x), in some sense, as N —> . We shall show below
that, in certain normed linear space of functions,

[0y —0], =0 as N—o (6.3.34)

where ||||p denotes the norm, as will be explained in the sequel.

Firstly, we show that the equation (6.3.3) or (6.3.5) (i.e. the singular
integro-differential equation), is an operator equation between two Hilbert
spaces. Let L(p) denote the space of all real, square integrable functions
with respect to the weight function p(x)= (1 —x? )’” :

The inner product of any two functions #(x) and v(x) belonging to
L(p) and the norm are defined by

1
<u,v >p:J. %dx and ||u||p ={< u,u >, }1/2 (6.3.35)
A (l—x)
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respectively. It is well known that {v}”as defined by the relation (6.3.33)
forms a complete orthonormal system 1n the space L(p).

Thus, for any @ € L(p), we can write
P =2, <oW; >, W, (x),

Jj=0

1/2
[l Z{Z(; kow, >, }2} < o, (6.3.36)

the norm being obtained by using Parseval’s relation

We consider the subspace L,(p) of L(p), which consists of all
those elements #, such that

2 J A<y, >, <o (6.3.37)
<

for the reason, which is clear from the system of linear equations (6.3.12)
and (6.3.13), so obtained in the Method 1, for solving the unknowns c;N ),

By defining v, =y, / j for j>1, we obtain a complete orthonormal
system in the space L, (p). The subspace L,(p) can be made into
a Hilbert space by defining the inner product of any two functions
u(x), v(x) e L (p) and the norm to be

<uy> =Y Auy > <vy > (6.3.38)
Jj=1
and

1/2
||u||1:{z JHcuy, >p}2} < o (6.3.39)
j=1

respectively. It can be verified that ”vj”l =1, j=12,..,

It can be verified that D is a Hilbert-Schmidt operator from
L (p) into L(p) and hence compact (cf. Golberg (1985)). Further, it
can be shown that ||Cu||p :”u”1

2
Thus we see that (D +}\—C j is a mapping from the space L (p)
T

2
into the space L(p). In fact (D+—C j is an operator from a much
larger space into L (p). A
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Itcan furtherbe verifiedthat C ™' : L(p) — L,(p) existsandis givenby

Clu=) <uy,> IL uelL(p) (6.3.40)
‘ J

=

since Gy, = jy ;. )
Now the operator D is compact and C™' exists. Thus (D +7»_C )
T

has a bounded inverse (cf. Golberg (1985)) if and only if the null

AT
That is, the corresponding homogeneous equation of (6.3.3) has
zero as its only solution. This is now assumed for some values of
A (see later). Therefore, we can find a positive real constant K,

2
space of the operator (D+—Cj contains only the zero element.

-1
2

such that for the norm of the inverse operator (D+}L—C j (for
TT

A >0, from L(p) to L,(p)), there holds the estimation

-1
(micj H < 6341)
AT ;

To prove that @, (x) converges to @(x), we have to show that
¢, (x) satisfies an analogous operator equation as @ (x). For this purpose,
we consider the interpolatory projection map (cf. Atkinson (1997))
P,:L(p)— L(p), that maps @(x)eC’ ([—1,1]) onto the unique

polynomial which interpolates @(x) at certain (N +1) distinct points
x., j=0,1,...,N.
J

Replacing ¢ by @, inthe relation (6.3.5) and using the usual collocation
procedure, we arrive at

[D¢N+%C@N—Fj(xj)=o, xj.:—cos%,j:o,l,...,N. (6.3.42)
T

Thus @, satisfies the relation (cf. Atkinson (1997))

P, (D(pN + iC(p,v - Fj = 0. (6.3.43)
AT
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Since P,Co, =Co,, Wecan write the relation (6.3.43) as

2
P,Do, + A_C(pN =P F. (6.3.44)
s

Further, since C™' existsand D is compact, there exists N > N, o, Where N

-1
2 )
is a large positiveintegersuchthat (PND + 7»_ C j exists (for A >0),
TT

and ||(PND+ﬁC)"1 |,< K’ where K is a constant (cf. Golberg

(1985)). 5
By using the invertibility of the operator (PND +—C j, it can be
proved that Am

2 2 Y

O—0, = _(PND +—Cj (Co —P,Co) for N> N,. (6.3.45)
AT AT
Thus, we obtain
2

lo -0y, < v K'|Co-P,Co  for N> N, (63.46)

Now we have
Co - P,Co =(Co—-p)-PF,(Co—p) (6.3.47)

for all polynomials p of degree < N, since then P, p = p, resulting
in the relation

[co~P.Col, < 4l o], @348
Now, from the operator equation

iC(p =F-Dg

AT
it can be argued that C@ is at least once differentiable. This is derived
from the fact that @(x) e C' ([—1,1]). A proof of this is given below.
Using the above observations and assuming that p is a polynomial (of
degree < N) of best uniform approximation to C¢ and using the fact
that P, is bounded, we obtain
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2
o=, <5 K §+ 1Al s, fico -,

2 , 1
<K 18]y, JlCo = £l I p(x) dx (6.3.49)

2
- KK {+||PN C0—>L(p)}“C(p_p"oc

= 0(N") for N2N,, 21,

after applying Jackson’s theorem (cf. Baker (1977), Atkinson (1997)), so
that

||(P —(PN”p —>0 as N > oo, (6.3.50)

This proves the convergence of the Method 1.

Two important results

We prove here two important results, which have been used in the above
analysis.

Result I: @(x) e C' ([—l, 1]) where C' ([— 1, 1]) denotes the space of

once continuously differentiable functions on the interval [—1, 1].
Proof: We know that

oel(p)cL(p) and @(£1)=0.
These imply that

(To)x) = ﬁi dr e L(p) (6.3.51)
-1 x

since the singular integral operator is bounded (cf. Wolfersdorf (1983)).
Thus from the integro-differential equation (6.3.1) we immediately see

that % € L(p). Now,
Ox

X d X d
o@=o(+ [ Lai=[ SLar (63.52)
-1

-1
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Thus, we can estimate the quantity |@(x,) —@(x,) |, forany x,,x, €[-1,1]
to be

XZ d(p
[0 (x) =0 (x)|= j —
1/2
dQ 2
< 1 3.
< {j (dtj dtHj dt} (6.3.53)
< K|x2—xl|1/2,

where K 1is defined to be

1/2

B 1 do
k=] W(E)d’ ' (6.3.54)

X

The inequality (6.3.53) shows that @(x) is Holder
continuous, with exponent 1/2 in [11] Again,  since

¢(x£1)=0, the CPV integral I 4 )dt (-l<x<1) is  Holder

continuous with exponent 1/2 (cf Muskhehsthh (1953)). Thus using

the equation (6.3.1) as well as the above observations, we find that @Q is

. : dx
also Holder continuous and hence continuous on [—1,1].

Result 2: The homogeneous integro-differential equation (6.3.1) with
@ (1) =0 has only one solution @ =0 for A > 0.

Proof:  We consider the homogeneous integro-differential equation

Y j () Tldi=0, ~1<x<l (63.55)
A

di
with A > 0. Multiplying both sides by ad and integrating with respect
to x over [—1,1] , we obtain dx

1 2
2 j (d—q’} dx+AT <SQ, 9> = 0 (6.3.56)
dx
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where < , > isthe usual inner product in the space J, and that

(SQ)(t) = -~ | O e —1<r<. (6.3.57)
T 5 x—t

The second term in the relation (6.3.56) satisfies the inequality (cf.
Wolfersdrof (1983))

2
2 > 0. (6.3.58)
1

Thusitisclearthateachtermintherelation (6.3.56) hastobeequaltozero,and

in particular, c;—(p =0 which implies that @(x)=0 since @(£l)=0.
X

In the next two sections we highlight two simpler approximate methods
of solution of the integro-differential equation (6.3.1), which appear to
be simple and straightforward in comparison with the Galerkin methods
discussed above. The convergences of the methods are also discussed.

6.4 APPROXIMATE METHOD BASED ON POLYNOMIAL
APPROXIMATION

The Cauchy type singular integral equation

1

2d—(p—7» I mcltzf(x), —-l<x<1, A>0, (6.4.1)
dx 5 ox—t

with @(£1)=0 has been considered for numerical solution employing
a simple method based on polynomial approximation of the function
¢(x) (-1<x<1) by Mandal and Bera (2007). This simple method
is discussed here. Since the unknown function @(x) satisfies the end
condition @(£1) =0, it can be represented in the form

1/2
o(x)=(1-x") y(x), -1<x<I (6.4.2)

where y (x) is a well behaved unknown function of x in (—1.1). We
approximate the unknown function \ (x) by means of a polynomial of
degree n, as given by
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v (x)= Z a;x' (6.4.3)
=0

where a; 's (j=0,1,...,n) are unknown constants, then the equation
(6.4.1) reduces to

z ao(x)=g(x), —l<x<l (6.4.4)
=0
where
X AT
OLO(X)Z_W_TX
()
o, (x) = Jx’ l_(j+113x/+1 A /z: +( D2 2 b =10
( X) 2 k= 1"(§+2)
2
1
and g(x)= Ef (x). (6.4.5)

The unknown constants a;(j =0,1,...,n)are now obtained by putting
x=x,(/=0,1,...,n) in (6.4.4) where x,'s are distinct and —1<x, <I.
Thus we obtain a system of (7+1) linear equations, given by

z ao., =g,1=0,1,.,n, (6.4.6)
where

oy =a‘j(xl)’ g =g(x)). (6.4.7)

The method is now illustrated for f(x)=-x/2 as considered in
section 6.3. However, other forms of f(x) can also be considered. For the
linear system (6.4.6), we choose 7 =10, and the collocation points as X,
-0.924, x, =-0.665, x, =-0.408, x, = -0.023, x,, = 0.961 and A =1. Slnce
fx)= -x/2 we have g(x) = -x/4. The system of linear equations (6.4.6)now
produces a,=0.070, a,=0.000, a,=-0.024, a,=0.000, a,=-0.004, a
=-0.003, a, =-0.035 4, =0.011, g, =0.061, a, =-0.011, a,, =-0.052.

Using these coefficients, the values of @(x) at X=0.2k, k=0,1,..5
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are presented in Table 1 below. The values of @(X) given in Table 1 of
section 6.3 at these points (for A =1) are also given (correct upto three
decimal places) for comparison. It is obvious that the results obtained
by the present method compares favourably with the results obtained in
section 6.3.

Table 1

X, 0.0 0.2 0.4 0.6 0.8 1.0
Present 0.070 | 0.068 0.061 | 0.048 [0.029 |0
Method

(p(xk)
Method 0.069 | 0.067 0.060 | 0.047 0.028 |0
of
Sec. 6.3

The present choice of collocation points which are not equispaced, helps
in casting the original problem of integro-differential equation (6.4.1) with

X
A=1, f(x)= B into a system of algebraic equations where appearance

of'ill-conditioned matrices have been avoided altogether.

Convergence of the method

Substitution of @ (x) in terms of y (x) given by (6.4.2) into the equation
(6.4.1) produces an equation for  (x). Then s (x) satisfies the equation

(D—%C)\p ()=g(x), —-1l<x<1 (6.4.8)

where C,D respectively denote the operators defined by

1/2
L (-0)
C =— | —— dt, —1 1 6.4.9
(u)(x) - _J; - u(t) dt, <x< ( )
and

/2 du
7 u(x), —l<x<l. (6.4.10)

(Du)(x) (1 x)] (—)]
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Let 7 (x)=cosnd with x=cos0, be the Chebyshev polynomial
of the first kind. Then

(CU,)x)=-T,,(x), n=0 (6.4.11)

where U, (x) isa Chebyshev polynomial of the second kind.

This shows that the operator C can be extended as a bounded linear
operator from L, (1) to L(W), where L(l) is the subspace of functions
square mtegrable with respect to p(x)=(1—x ) and L (u) is the
subspace of functions u € L(W) satisfying

lul} => (k+1) <y, > < oo (6.4.12)
k=0
where
2 1/2
wk{;) T, (6.4.13)
and
1
<uy>, = j w(t) u(t) v(t) dt. (6.4.14)
-1
Again,
(DU, ) (%)= ~———35 nl T,.,(x), n>0. (6.4.15)

=)

This shows that D can be extended as a linear operator from
L(u) to L(n). Assuming g € L(W), we find that the equation (6.4.8)
possesses a unique solution y € L, (i) for each g e L(W).

If we use the polynomial approximation (6.4.3) for v, then

y(x)=p,(x)= Z ajxj. (6.4.16)
j=0

Since x’ (j=0,1,....,n) can be expressed in terms of Chebyshev
polynomials of first kind 7, (x) (m=0,1,..., j) as (cf. Snyder (1966))

, 1 L2l j
X' = 271 > i T, 5 (x) (6.4.17)

k=0
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where [ j/ 2] denotes the greatest integer < j/2, we canexpress p,(x)
given by (6.4.16) as

pn(X)=Zn: b, T,(x), (6.4.18)
i=0

where the coefficients b, (i=0,1,...,n) can be expressed in terms
of a; (j=0,l,...,i) and vice-versa. The right side of (6.4.18) is now
denoted by

u,(x)= Z ¢ W, (x) (6.4.19)
k=0

where

To determine an error estimate in replacing \y by p,, we note that

b = pl = v -,

Following the reasoning given in Golberg and Chen (p.309, 1997), it can
be shown that

(6.4.20)

x

<L (6.4.21)

1 nr

v -,

where ¢ isaconstantand r issuchthat geC’ [—1,1]. In the above

. X . @ . .
computation g(x):—z and thus is a C* function. Hence 7 in

(6.4.21) can be chosen very large so that the error becomes negligible as
n increases, and the convergence is quite fast. This is also reflected in the
above numerical results.

6.5 APPROXIMATE METHOD BASED ON BERNSTEIN
POLYNOMIAL BASIS

The integro-differential equation

1
299 5 j marr:f(x), 1 <1 (6.5.1)
dx o ox—t
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with @(£1) =0, has also been solved numerically employing the method
of polynomial approximation in the Bernstein polynomial basis by
Bhattacharya and Mandal (2008). This method is briefly discussed in this
section.

Bernstein polynomials

The Bernstein polynomials of degree 7 over the interval [(), 1] are defined by
B, ()= ) (-x)".i=0,1...n. (65.2)

Bernstein first used these polynomials in the proof of Wiestrass theorem.
By a linear transformation, any interval [a,b] can be changed to [0,1],
so that without any loss of generality one can consider a function to be
defined on [0, 1]. The corresponding approximation of the function f(x)
on the Bernstein polynomial basis in the interval [0, 1] is given by

B/ (x)= Zn: a, (nj x (1-x)"" (6.5.3)
i=0 1

where a, is defined as a, = f(ij (6.5.3) is a Bernstein polynomial
n

approximation of the function f(x) and it can be proved that for a
function f(x) bounded on [O,l],

lim B) (x) = 1 (x) (6.5.4)

holds at each point of continuity x of f(x) and that the relation holds
uniformly on [O,l] if f(x) is uniformly continuous on the interval
(cf. Lorenz (1953)). In fact by making suitable changes in the definition of
the coefficients g; in the expression (6.5.3), this property can be extended
to approximate any general function. The coefficients a, in that case can
be an arbitrary constant. Hence Bernstein polynomial basis provides a
very good basis for approximation of unknown function satisfying an
integral equation.

Bernstein polynomials of degree 1 are given by

B, (x)=1-x, B,(x)=x;
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Bernstein polynomials of degree 2 are given by
By,(x)=(1- x)°, B ,=2x(1-x), B,, = x*;
Bernstein polynomials of degree 3 are given by

B,i(x)=(- x)’, B, 5(x) =3x(1- x)’, B, ;= 3x* (1-x), B, (x)= X’

and so on.
Properties of Bernstein polynomials
(a) Recursive relation:
B, ,(x)=(1-x)B,,, ,(x)+x,_,,(x).

(b) Derivatives

d
_Bi,n (x)= Bi—l,n—l (x)— Bi,n—l (x).
dx

(c) Positivity

B, ,(x) is positive for x[0,1]:
(d) Symmetry

B,(x)=8,,,(X).
(e) Sum to unity

Zn: B, ,(x)=1.
i=0

Approximate solution using Bernstein polynomial basis

The unknown function @(x) of (6.5.1) with ¢@(£1) = 0, canbe represented
in the form

o) =(1-x) "y, ~1<x<l (6.5.5)

where  (x) is a well behaved function of xe [0,1]. To find an
approximate solution of (6.5.1), Wy (¢) is approximated using Bernstein
polynomials in [—1,1] as

v =Y a B, (6.5.6)
i=0
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where now B, (x) (i=0,1,...,n) are defined on [—1,1] as

B, (x)= (lj A0 =0 o1 n (6.5.7)

2"

and a, (i =0,1,...,n) areunknown constants to be determined. Substituting
(6.5.7) in (6.5.1) we get

D a{—z—m B, (x)+2(1-x")" B, (0-) f A=) '"() (6.5.8)

i=0 (l—x )

=f(x), —1<x<1.

Multiplying both sides by B, ,(x) (j =0,1,...,n) and integrating from
—1 to 1 we get a linear system given by

S 4 C =b,, j=01,...n (6.5.9)
where )
ci,.——zj = )1/2 B, (x) B, (x) dx + 2 j (1- x) B, (x) B, (x) dx (65.10)
T j {j (-7)" w t}Bj,n(x)dx
and
b, = lj f(x) B,,,(x)dx. (6.5.11)
A

For A =1, we can write C; as
Cy =Dy +E; +F,

where

D, =-n lj (1-x*)" B,(x) B, ,(x) dr
-1

{2 e(on-i-142) (6512
(n) (n 2 2) . .
= —4j (J [ ] ,j=L2,..,n;i=0,1,..

j T(2n+2)
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Bi=n [ 4-5) B0,
-1

2\ (n F(i+j+;j F(Zn—i—j+;j
- wmp 1) (1) AR s
j=0,1,..,(m-1);i=0,1..n»n

and

1
F, = j A(x) B, ,(x) dx
-1

where

m+1 1
L) &, 1+(—1)*"F[ 2 jr(ij
4@ =57 U > d|-mx #t |, (6.5.14)
1

k=0 m=0 4 F(E+2
2

i=0,1,...,n
so that

] n n n n . . ]_(_])k+r
F =— a’ d" | —mn
(DR (z} (]j kz‘; Z(; L { k+r+2

LD (=D F(MTHJ r@
- z ,7=0,1,..m;i=0,1,..n
o k+r—m 4 F(m j

(6.5.15)

with

‘ i\(n—i
d;;"zz (-DF (J(k_sj, k=0,1,.n;i=0,1,..,n, (6.5.16)

N

the summation over s being taken as follows:

fori<n—i (i)s=0 to k for k<i,

(i1))s=0 to i for i<k<n—i, (i) s=k—(n—i) to n—i
for n—i<k<n, while for

i=n—i (n being an even integer) (i) s=0 to k for k <i,
(i) s=k—i to i for i<k<m; for i>n—i, i and n—i above

are to be interchanged. Also we find that for the choice of f(x) = —i,

2
_ L (") (gonjy DD TGHD 6517
bi=3 (J (n-2/) Cni3) , j=0,1..n ( )
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The system (6.5.9) is solved for unknowns a, (i =0,1,...,n) by standard
numerical method and numerical values of @(x) for different values of x
are obtained approximately.

In our numerical calculations we have chosen
n=7,10,13 and a,,q,,...,a, are obtained numerically. Using these
coefficients  the values of @(x) at x=(0.2)k, k=0,1,...,5 are
presented in Table 1 below. For a comparison between the present method
and that of the method used in Frankel (1998), values of @(x) at these
points obtained by Frankel (1995) are also given. It is obvious that the
result compares favourably with the results of Frankel and also obtained in
Table 1 of section 6.3, and in Table 1 section 6.4.

Table 1
X 0 0.2 0.4 0.6 0.8 1.0

®(x) n=7 | 006973 | 0.06711 | 0.05964 | 0.04736 | 0.02811 | 0
(Present n=10 | 06948 | 0.06714 | 0.05988 | 0.04711 | 0.02821 | 0

method) n=13 | (06950 | 0.06717 | 0.05981 | 0.04723 | 0.02805 | 0

(p(x) 0.06950 | 0.06712 | 0.05984 | 0.04718 | 0.02891 0
Frankel’s

method

Convergence of the method can be proved as in section 6.4. In place of the
relation (6.4.17), we have the relation (cf. Snyder (1969))

S
n) 1 & . b s (s
B,»,n(x)=[ij o Z;‘ d, > ;) {[m} (mﬂj} U,_,, (x). (6514

where d”" is given in (6.5.16).

Although the numerical computations have been carried out for
f(x)=-x/2, the method can be applied for other forms of f(x).



Galerkin Method and its Application

The term Galerkin method has already been intoduced in section 6.3
without any explanation. In this chapter the underlying mathematical
idea behind Galerkin method of determining approximate solution to a
general operator equation L f =/ along with approximation of the inner
product [ f,/], is explained where L is a linear operator. This will be
applied to solve approximately singular integral equations with Cauchy
type kernels. Also, application of the method to a number of water wave
scattering problems involving thin vertical barriers arising in the linearised
theory of water waves, as given in Mandal and Chakrabarti (1999), will
be reviewed.

7.1 GALERKIN METHOD

Here we explain the general Galerkin method, which is also called a
projection method, to solve any operator equation of the form

(L Hx)=I(x), xeA (7.1.1)

where L is a linear operator from a certain product space S to itself and
A denotes a simply-connected domain in R”, in standard notations.

We first introduce the following important definitions.

Definition 1: A function f(x) is said to solve the operator equation
(7.1.1), if and only if,

(L fM=[AL f] =M1 =[1,A] (7.1.2)
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forall A(x) €S, where the inner product [u,v] is defined as

[u,v]= j u(x) v¥(x) dx, (7.1.3)
A

the integral being understood in the ordinary Riemann sense and the stars
(*) denote complex conjugates.

Definition 2: The solution function f(x), as defined by the relations
(7.1.2), associated with the equation (7.1.1), is said to be an approximate
solution of the equation (7.1.1), if the relations (7.1.2) hold good, only
approximately, i.e., if

[L /A=A LA~ A 1] (7.1.4)
forall A(x)eS.
Note: In the above definition, the phrase, “a relation holding good

approximately”, means that the absolute value of the difference of the two
sides of the relation is very small. For example, if we say that

axb (7.1.5)
where a and b are complex numbers, then we must have
la—b|<e

where € is a sufficiently small positive number.

As is clear from the above meaning of the approximate solution of the
operator equation (7.1.1), it is found that the approximate relation (7.1.4) is
to hold good instead of the actual equation (7.1.1). Also since the quantity
[L f,\] represents the projection of the vector L f, onto the vector A, in
the usual sense whenever the inner products are interpreted geometrically,
the approximate methods of solution of operator equations of the form
(7.1.1), in the sense described above, are also called projection methods.

The method

In this section we are concerned with the Galerkin method of solving
approximately the operator equation (7.1.1). For this purpose we
approximate f(x) in the form

f(x)= F(x)= Z a; §,(x) (7.1.6)
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N . . . :
where {q)j (x)} 1 denotes a set, contained in S, of independent functions
J=

of x € A, which need not be an orthogonal set nor need be complete also,
and a, 's (j=1,2,..N) are unknown constants to be determined.

Then taking the inner product of both sides of the operator equation (7.1.1),
with f replaced by F, as given by the relation (7.1.6), we obtain

N

z a, [L,;(x),A(x)]=[I(x),A(x)] for A €S. (7.1.7)
J=]
Then by choosing A(x) =@, (x), for some fixed positive integer £, such
that 1 <k < N, we obtain

N

Z a, (L @;(x), o.(0)]~[I(x), 9, (x)], k=1,2,..,N. (7.1.8)

=
By treating then the approximate relations (7.1.8) as identities, as is
customary in Galerkin methods, we obtain a system of N linear equations,
for the N unknown constants a,,a,,...,a,, which can be solved easily
by standard methods. The approximate solution of the operator equation
(7.1.1), in the above described sense, is then given by the relation (7.1.6).

It is observed, from practical experience, that in many applications of
integral equations, instead of getting the exact informations on the function
f(x), satisfying the actual operator equation (7.1.1), many informations
of physical importance concerning a practical problem can be derived from
the knowledge of the inner product K =[ f,u], where u(x) is a known
function of x € A. It is then clear that the knowledge of the approximate
function F'(x), as given by the relation (7.1.6), helps in determining the
number X, by means of the relation

N

K=[fu]=Y a; [¢,.u], (7.1.9)

=
where the constants a,'s (j =1,2,..., N) are solutions of the system of
linear equations (7.1.8).

Single-term approximation

In many problems in mathematical physics (cf. Jones p 269 (1966)) it is
enough to use just a single-term Galerkin approximation, for which one
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can take N =1, in the relation (7.1.6), and then find just one equation, in
the linear system (7.1.8), giving

S = F(x)=a, ¢,(x) (7.1.10)
with
o tbol @11
[Lo.9,]

The approximate value of /C, in such circumstances, turn out to be given
by the formula

e Leolonu] a.112)
[L(p17(pl]

Some important observations

We have

() [F,LF]=[F,]
(i)  [fA=LL1=1LF1+(L f = F]

i) [Lf-F1=I[Lf1-2[,F]+[lF]
=[Lf,f]-2[LF,F]+(F,LF) (byusing (1))

()  [f=F.L(f=F)=Lf.Lf1-1f,LF]=[F.Lf)+[F,LF]
=[Lf,f]-2[LF,Fl+[F,LF]
if [Lh,h]=[h,Lh)] forall h,h, €S, ie. if L is a self-adjoint

operator.

Thus by using the results (iii) and (iv), we find that if L is a self-
adjoint operator, we have that

[, f-Fl~[f-F,L(f-F)] (7.1.13)

If, further we have either of the facts that (a) L is positive semi-definite,
i.e, [h, Lh] 20 forall heS and(b) L is negative semi-definite, i.e., [
h, L h]<0 for all 2~ €S8, then we find from equation (7.1.13), that, either
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(D [LFIL[L f] incase (a), (7.1.14a)
(I [LLF]1=[L, f] in case (b). (7.1.14b)

The above two facts (I) and (II) imply that the quantity [/, F],
computed out of the approximate solution F' of the operator equation
(7.1.1), provides a lower bound for the actual quantity [/,F] in the
cases where L represents a positive semi-definite operator whereas [/, F']
provides an upper bound for the actual quantity [/, f] in the cases where
L represents a negative semi-definite operator.

Several problems of water wave scattering arising in the linearised
theory of water waves, can be resolved approximately in the sense as
described above, and bounds for certain useful quantities of the type
[/, f] for known [, can be determined approximately where one has to
work simultaneously with a pair of operators in this class of problems.
In many cases it has been observed that the two bounds, when computed
numerically, agree up to two to three decimal places by employing the
aforesaid single term approximations, and beyond six decimal places by
employing multi-term approximations, so that their averages produce
fairly accurate numerical estimates for the physical quantity [/, /]. This
principle has been utilized successfully in many water wave scattering
problems involving barriers.

In the next section we briefly describe the operator L arising in the
study of a number of water wave scattering problems involving thin
vertical barriers and give a list of exact solutions of approximate related
problems, which are used in the single-term approximations.

7.2 USE OF SINGLE-TERM GALERKIN APPROXIMATION

In this section we describe a few water wave scattering problems for which
single term Galerkin approximations have been utilized successfully to
obtain accurate numerical estimates for the reflection and transmission
coefficients.

The oblique water wave scattering problems involving a plane vertical
thin barrier in deep water cannot be solved explicitly unlike the case when
the incoming surface wave train is normally incident on the barrier. The
surface-piercing vertical barrier was considered by Evans and Morris
(1972a), who used the aforesaid single-term Galerkin approximation
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to obtain upper and lower bounds for the reflection and transmission
coefficients. These bounds involve some definite integrals, which are
rather straightforward to compute numerically. It has been found that these
bounds, when computed numerically for various values of the different
parameters, coincide up to two to three decimal places and as such their
averages produce fairly accurate numerical estimates for the reflection and
transmission coefficients.

In the course of mathematical analysis for the problem of oblique wave
scattering by a thin vertical barrier present in deep water, the following
integral equations arise (cf. Evans and Morris (1972a), Mandal and Das
(1996))

Jr@ myadu=e", yel (7.2.1a)
j gu)N(yuydu=e™, yeL (7.2.1b)
L

where L denotes an interval whose length is equal to the length of the
wetted portion of the vertical barrier, L =(0,00)—L, K is a positive
constant, f(y) is proportional to the horizontal component of velocity
in the gap above or below the barrier while g()) is proportional to
the difference of velocity potential across the barrier so that f(y) is
required to have a square root singularity near an edge while g()) tends
to zero as one approaches an edge, M (y,u) and N (y,u) are given by

M (yu) = J~ (k cos ky—K sin ky)(k cos ku—K sin ku) dk.,

) (7.2.2a)
0 (k*+v?) (KX +K?)

K sin ky)(k cos ku—K sin ku)
kK +K?

Ny,u) = lim T (E4v?) theosly- e dk,y,uel (7.2.2b)

with v =K sin o, o0 being the angle of incidence of a surface wave
train incident upon the barrier from a large distance.

Thus, M (y,u) and AN(y,u) are real symmetric functions of
y and u, and M and N are positive semi-definite linear integral
operators defined by

M) = [ @) Mp,w)du, yeL,
W)= | &) N(y,u)du, y €L,
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Along with the integral equations (7.2.1a) and (7.2.1b) we have that

Jf@k“@z& (7.2.3a)
’ | 1
Iﬂw€%@=#K%j (7.2.3b)

L

where the real (unknown) constant C is related to the reflection and
transmission coefficients (complex) R and T respectively by

_(I-R)cosa.  Tcosa.
imR m(1-T)

The integral equations (7.2.1a) and (7.2.1b) can be identified with the

operator equation (7.1.1) while the relations (7.2.3a) and (7.2.3b) can

be identified with the inner product (7.1.3), A denoting L or L and the
inner product is simply the integral over A.

C

(7.2.4)

It so happens that for normal incidence of the incoming wave train,
the integral equations corresponding to (7.2.1a) and (7.2.1b) possess exact
solutions. A single term Galerkin approximation to f(y) in terms of
the corresponding exact solution £,(), say, for normal incidence of the
wave train, provides a lower bound C, for C by noting the equality
(7.2.3a) and using the inequality (7.1.14a) since M is a positive semi-
definite linear operator. Similarly a single-term Galerkin approximation
to g(y) in terms of the corresponding exact solution g,(y), say, for

1

1

normal incidence of the wave train, provides a lower bound — for —
2

and hence an upper bound C, for C by noting the equality (7.2.3b) and

using the inequality (7.1.14a) again since A is a positive semi-definite
linear operator. Thus it is found that

C, <C<C, (7.2.5)

Now, we have from the equation (7.2.4),

1

(1+112C2 sec’ o

nCsecal

|R|: - 2,2 2
(1+7'E C sec” o

(7.2.6)

1/2 2 | | 1/2 °
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It is found that R, and R, obtained from (7.2.6) by using C, and C,
respectively in place of C , provide upper and lower bounds for [R | Similarly
the bounds 7, and 7, for |T| are obtained. Since |R|2 +|T 2
always, it is sufficient to consider |R| only. At least for three configurations
of the vertical barrier, viz. surface-piercing partially immersed barrier
(Evans and Morris (1972a)), submerged vertical plate (Mandal and Das
(1996)), and thin vertical semi-infinite barrier with a submerged gap (Das
et al (1996)) it has been observed that R, and R, agree within two to
three decimal places when computed numerically for any wave number
and some particular values of different parameters. Thus averages of
R, and R, produce fairly accurate estimates for |R|

Four different configurations of the barrier are usually considered. For
a surface-piercing partially immersed barrier, L = (0,a), L =(a,®); fora
submergedbarrierextendinginfinitelydownwards, L = (a,), L =(0,a);
for a submerged plate L =(a,b), L =(0,a)J(b,) and for a vertical
wall with a submerged gap, L =(0,a)U(b,»), L =(a,b). We state
below the functions f;(y) and g,(») in terms of which the single-term
Galerkin approximations of the integral equations (7.2.1a) and (7.2.1b)
respectively are made for these geometrical configurations.

d “ ¥y Ku _
ﬁ)(y): —|:€ ! I Ldi”]a yeL:(aaoo)a

1/2
2 2
a (M —a )

du, yeL=(0,a).

a Ku
—Ky J' ue
1/2
2 2
¥ (a —Uu )

(i1) L= (a,©), L=(0,a)

/()= —i{e’@ ] —d] yeL=(0a),

1/2
2 2
Y (Cl —u )

AT yeL=(a,»o).

2
(i —a
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(iii) L= (a,b), L=(0,a)U(b,x)
e ™ I (d 226 dul|, 0<y<a
;o p@)
So») =

(@ —u" Je
~—du|, y>b
dy{ bj @t "
8= e f )

| ( )|1/2 -~ du,a<y<b

where
p(u)= (u2 —-a’ )(u2 -b* ),
I e’ —n d
d’ = #
1/2
(iv)

L=(0,a)U(b,»), Z:(a b)

_d| x|
fo()’)—d e j| ()|l/2 {-F@}du|, a<y<b,

K)

1/2 {5 F(u)}du O<y<a,

g ()=

}J.

a

y
K) I
b

— 10 —F(u)}du, y>b,
|()| —{ }

where

b ueKu eKu
I o7 F(u)du —
K
5o p(bu)l _
ue
J‘ 7z du
2 p@)
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with

Fu) =

o

L:[ |p(S|)1/2

and p(u) is given in (iii) above.

The oblique scattering problems corresponding to the first, third and
fourth configurations have been considered by Evans and Morris (1973a),
Mandal and Das (1996) and Das et al (1997). For the second configuration,
Evans and Morris (1973a) reported that similar single-term approximations
do not provide good results. For this reason, and to obtain more accurate
results, multi-term Galerkin approximations in terms of suitable basic
functions are required. These are discussed in Mandal and Chakrabarti
(1999) and the references given there.

7.3 GALERKIN METHOD FOR SINGULAR INTEGRAL
EQUATIONS

Consider the singular integral equation

U-Cy=Ff, (7.3.1)

written in the operator form, i.e., the equation

o(x)—A 1] %dt:f(x), a<x<b (7.3.2)
where
(9)(x) = (x), (7.3.3)
I being the identity operator, and

b
(CoY) =1 | O 4 g<x<b, (73.4)
JIi-=x

C being the Cauchy singular operator, a,b being two known real numbers
with a<b,and A being a known complex parameter of the problem
under consideration Writing

) =Dy ()= a; ¢;(x) (7.3.5)
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N . . . 1 .

where the set {(p ; } i linearly independent and a)'s (j =1,2,...,N)
i A

are unknown constants and using the definition of the inner product [u, v]
as

[u,v]: [v,u:r = J. u(x) v'(x) dx (7.3.6)

we obtain the following system of linear equations for the determination
of the unknown constants a's (j =1,2,..., N)

AoV =y (7.3.7)
where the elements a,, of the matrix A are given by
a, :Sjk—[Acpj,(pk],j,k=1,2,...,N, (7.3.8)
and the N -dimensional vectors o) and Y(N) are given by

a™ =(a,,a,,..,ay)" (7.3.9)

and

vV = (1.0 1[0 ][00 ]) (7.3.10)
in standard notations.

Itis well known from linear algebra, because of various errors occurring
in the formation of the system of equations (7.3.7) and its numerical
solution, that we do not get the exact value of the solution vector o ‘"’
in (7.3.7), and instead, we obtain an approximate solution a®™ to OL(N),
which is the solution of the perturbed system

(A+ A =y ™ + Ay ™) (7.3.11)

where A4 and Ay are perturbations to numerical integrations
involving the various inner products.

Then, if we can associate with the perturbation A4, an appropriate
norm, i.e. if ||AA|| is suitably defined, and also if ||AA| is sufficiently
small, it follows that

o ]+ o]
=4l

||oc(N) —oz<N>|| < ||A"|| | (7.3.12)
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in standard notations, where A~ is the inverse of the matrix A. The
inequality (7.3.12) provides us with abound of the error in the approximation
of the solution of the system of equation (7.3.7), which also gives rise to a
bound of the relative error as given by

R P N ]
L I v (v T

(7.3.13)

An excellent account of Galerkin method applied to Cauchy type singular
integral equations can be found in the treatise by Golberg and Ghen
(1997).
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In this chapter we describe briefly the development of some methods
to obtain solutions of singular integral equations with Cauchy type
singularities and hypersingular integral equations. Equations of both first
and second kinds will be considered.

8.1 THE GENERAL NUMERICAL PROCEDURE FOR CAUCHY
SINGULAR INTEGRAL EQUATION

Let us consider the singular integral equation of the form (involving a
known weight function, for convenience)

p g
a(x)o(x)p (x) +b(x) j %dt— j k,(x, )0 (O)p(1)di = f(x), ao<x<f (8.1.1)

where (@ is the unknown function to be determined, and
a(x), b(x), o(x), k, (x,) and f(x) are all known functions for
xe(,B)and te(o,pB), o and B being two known real constants, to
be precise. The kernel function k,(x,?) is assumed to be continuous and
square integrable in (o, 3) X (o, B).

If a(x) =0, then the equation (8.1.1) is an equation of the first kind,
while if a(x)# 0, it is an equation of the second kind. Here we explain
numerical methods of solution of the general singular integral equation
(8.1.1), and for this purpose, we first consider the numerical approximation
of integrals of the form

B
(KQ)(x) = j k(x,t) o(f) o(t) dt, oo <x<PB.  (8.1.2)

o
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If k(x,?) is continuous on (ot,3) X (o, ), then we can approximate
(K®)(x), for any fixed x € (o, ), by an expression of the form

(Ko)(x) = Z w; k(x,1,) ¢(¢)) (8.1.3)

by standard quadrature methods involving the interpolation points
o=t<t<..<t =p.

If k(x,t) has singularities, then other approaches are needed and,
then, if we assume that k(x,#) can be factored as

k(x,t)=m(x,t) n(x,t) (8.1.4)

where m(x,t) is the singular part of k(x,?) and n(x,?) is continuous,
then we first approximate the expression 7n(x,7)Q(¢) as

P 9 = Y a,(0) w,(x) (8.1.5)

(a degenerate approximation) with some known function {a,(r)}_, and
{v.(x)}_, and obtain

B
(K@)(x) ~ [ (1) m(x,1) {Z a,(0) m(x)}dr

(8.1.6)
= w () v, (x)
i=0
where

B
w.(x) = j m(x,t) o(t) a,(t) dt, i=0,1,....r. (8.1.7)

o

Remarks

1. The approximation (8.1.5) is derived by interpolating n(x,)((?)
in 't', in some manner—usually by a polynomial, piecewise
polynomial or trigonometric interpolant.

2. If w,(x) (i=0,L,...,7) can be evaluated analytically or numerically
to high accuracy, by some other quadrature rule, then (8.1.6) is an
effective approximation formula for the integral (K@)(x).
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As an illustration of the above idea on the numerical approximation of
integrals, we take up the following example.

Example: Consider the evaluation of the weakly singular integral

1 1/2
1-¢
I(x)= | (—j In |x—1| f(t)dr, -1<x<],
o \U+1
where f(¢) isasmooth function. We note that 7/(x) can be expressed as

1) = f (A=1) In |x—1| (1)

Ly

Using Chebyshev series approximation, we can write

dt, —1<x<l1. (8.1.8)

M
(A-Df @)=, " T (8.1.9)
j=0
where ch) 's areknown constants, 7’ 's are the Chebyshev polynomials

of the first kind and the prime (') indicates that the first term is halved, we
obtain

1 p—
I(x)= i M _[ tn =t T, dt, -1<x<1

1/2
) h 1-¢*
’ ) (8.1.10)
M (M)T (x)

= M’lzz

by using the result
—1 In 2, j=0,

]- In |x—t| T.(1) P
| _ o, |
5(-#)" < T g2l

For the best approximation in (8.1.9) (cf. Atkinson (1978))
C;M) 's (j=0,1,..., M) are given by

M+l P
c§M>=ﬁ "g(GI.)COS(AZT_lj, 0<i<M (.11
i=0

with

gy =01A-0)f(0) (8.1.12)
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and

0, = cos

, 0<i<M+1 (8.1.13)

" +
where z denotes that the first and the last terms of the summation are
halved.

We now take up the approximate evaluation of the singular integral

p
(So)x) = | % di, o<x<B, (8.1.14)

o

occurring in the equation (8.1.1). We can easily derive the following
important result, by using standard procedures in numerical analysis
(cf. Atkinson (1978)).

Result: Let ®(¢) be a non-negative function in the interval (ot,3) such
that

B
It" o(t) dt <o for n>0.

Then, using an N-point polynomial quadrature rule, we have
B

jm(t)cp(t) dt~ > wo(t,) (8.1.15)
o k=1
where ,
W, = j w(?) 1) dt, (8.1.16)

o

I”(t)'s (k =1,2,...,N) being the fundamental polynomials of Lagrange

interpolation for the set of points ¢,,%,,...,7,, 1.e.
L
0 =1] L
j—l tk - tj
J#k

We also have, under these circumstances,

M) 400 Ly (8.117)

(S0)x) = (Sy@)x) =2, === =+~ (x)

N
k
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with

) 6,0

= [ 2= (8.1.18)
‘ o GN(lk)(t_lk)

where  S,0 = S¢,, @(¢f) being the unique polynomial which
interpolates @(¢) at

N
{t.t),...t,,x}, o () =]] (t-1,) and g, =So .

k=1

Proof': We first note that, by using Lagrange’s interpolation formula, we
have

Oy =D L)+, (OP(x) (8.1.19)
k=1
where
L) =— =D oy
GN(tk)(t_tk)(tk —X) (8.1.20)
lN l(t) = GN—(t)
i GN(X)
and the dash denoting derivative. Thus we obtain
(Sy0)(x) = (5@ )(x)
& (), (1) o), @)
p3 m(rk)aj S dz+<p<x>aj =N i
& e@e,0 So ) - G120
200 o6 e 0
> WeW) a0 xtt, 1<K<N,
k=1 tk —-X G]\/(x)

and this proves the result (8.1.17) along with the relation (8.1.18).
Remark

The above formulae are sufficiently general, and particular cases depending
on the interpolation points can be dealt with separately.
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Utilizing the above results and discussions into the singular
integral equation (8.1.1), we find that we can obtain the following
approximate  relation, connecting  the (N+1)  unknowns
o), k=12,..,N, where o =1 <t,<...<t, =0 and
¢ (x), as given by,

OO + SO~ S WO (o(t,) = £(x), forx 21, 1<k<N (8.1.22)

=

where

W () = I ) o0 0 d E12)

inwhich [{”(¢) is given by the formula (8.1.16) and (S,@)(x) is given
by the formula (8.1.21).

The equation (8.1.22) can finally be expressed as, after using the
equation (8.1.21)

) w,f°><x><p<r>+{a<x>w<X>+b(m<V(>x)} M=S( (3.1.24)

k
for x#¢,, 1<k<N.

We thus observe that, we can hope to get a system of N equations, for the
N unknowns @(¢,) (k=1,2,...,N), out of the relation (8.1.24), if x can
be chosen such that x # ¢, (k=1,2,...,N), and at the same time

b()qy () _
Oy (x)

and if, we can obtain compatible system of equations for the unknowns

©(t,),(1<k < N), ultimately.

Thus the singular integral equation (8.1.1) can be solved, by the above
explained approximate method, only under certain specific assumptions on
the functions a(x), b(x) and ®(x). In the special case when a(x) =0,
we find that the values of x which can provide a solvable system of
equations for the unknowns @(¢,) (k=1,2,...,N), are given by the
solution of the equation

a(x)m(x)+ 0, (8.1.25)

gy(x)=0 (8.1.26)

where g, (x) = (SG N)(x) as introduced earlier. Having solved for
o )(k=1,2,..,N), the function @(x) forany xe(a,f),can be
constructed by using a suitable interpolation formula.
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In another special case, when a(x)=a and b(x)=b where
a and b are constants, along with the assumption that o0 =—1, § =1,
in the given equation (8.1.1), we obtain the replacement of the result
(8.1.24) by the following:
wo(t, ) 5 50,,)(X)P(x)

[, —x O . (¥)

a o(x)p(x)+ bz
(8.1.27)
+ Z wWo(r,) = f(x), for x#1,,0< j<n

where —1=¢ <t <t,<..<t =1, (Df.o)(x) being given by (8.1.23)
with k replaced by j, and '

n

o= @-1). (8.1.28)

j=0

Thus, in this special case, if we can get enough number of values of x,
for which the coefficient of @(x) in the left side of the relation (8.1.27)
vanishes, i.e. if for these values of x, we have

a o(x)o,, (x)+b(So,.,)(x)=0, (8.1.29)

we can expect to solve the resulting system of linear algebraic equations
(arising out of (8.1.27))

n

o) &
by M;,(P(j)Jrz W) 01,) = f(x), x#1, 0<j<n, (8.1.30)
Zo Tt _ .

-
forthe (n+1) unknowns @(¢;) (j=0,1,...,n).

Note that if =0, the roots of the equation (8.1.29) are different from
1, (j=0,1,..,n).

We close this discussion here and do not go into further details of this
method.

8.2 ASPECIAL NUMERICAL TECHNIQUE TO SOLVE
SINGULAR INTEGRAL EQUATIONS OF FIRST KIND WITH
CAUCHY KERNEL

In this section, we present a specially designed numerical scheme given by
Chakrabarti and Vanden Berghe (2004) to tackle a class of singular integral
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equations of the first kind with Cauchy type kernels for their approximate
numerical solutions. This method is guided by the analytical solutions
of first kind singular integral equations with Cauchy kernel discussed in
section 2.3. Let the singular integral equation of first kind with Cauchy
type kernel over a finite interval, be represented by the general equation

] {ko (6, ) + k() Y0 () di = f(x), —1<x<1  (82.1)

where

A

k, (t,x) = kt (t,%) (8.2.2)

the functions k(t X), k(t,x) being regular and square integrable,
k(x x)#0. The integral in (8.2.1) involving the factor (t x) is
defined in the sense of Cauchy principal value. Solution of the integral
equation is to be found for the following four basically important and
interesting cases:

Case (i) @(x) isunbounded at both end points x = =1,

Case (ii) @(x) isunbounded at the end point x =—1, but bounded
at the end point x =1,

Case (iii) @(x) is bounded at the end point x = —1, but unbounded
at the end point x =1,.

Case (iv) @(x) isbounded at both the end points x = =£1.

The simplest integral equation of the form (8.2.1) is the one as
given by

1
[ OO g— f(x), —1<x<1 (8.2.3)
N f=x

for which /:t(t,x) =1 and k(¢z,x)=0. From section 2.3 it is well known

that the complete analytic solutions of the singular integral equation (8.2.3),
in the above four cases can be determined using the following formulae.

zj(1 )" o

. 1
C = , —1 1
ase (1) o(x) (1 2 )1/2 n’ P <x< (8.2.4)

where C is an arbitrary constant,
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Case (ii) m(x)=—%[1‘—x] j[i’j SOy yerer, (825)

RN t—x

12 1 172
Case (iii) <o(x)=—i2(”—;‘j G%j %dt, _l<x<l, (82.6)

-1

Case (iv) (P(x)=—(1_7:2 [ G zf)jf?( ah, 1<l (8.2.7)
-1 —t r—x

the solution existing in Case (iv), if and only if

lj SO 4o, (8.2.8)
-1 (1—l‘2)

Guided by the analytical results available, as given by the expressions
(8.2.4) to (8.2.7), for the solution of the simple singular integral equation
(8.2.3), as well as by utilizing the idea of replacing the integral by an
appropriate approximate function, we explain here a numerical scheme
that can be developed and implemented, for obtaining the approximate
solutions of the general singular integral equation (8.2.1). The particular
cases of the equation (8.2.3) follow quite easily and the known analytical
solutions are recovered in the cases of simple forms of the following
function f(x), being polynomials of low degree.

The numerical scheme:

The unknown function @ (x) is represented as

W (x)

/22
(1-+)
where W (x) isawell behaved function of X € [—1, 1]. Then the unknown

function W (x) is approximated by means of a polynomial of degree n,
as given by

V(@) =y, @0xY (M (x), r=12,34 (82.10)
Jj=0

o(x)= -l<x<l, (8.2.9)
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in the four cases mentioned above, where A (x)=1 in case (1)
A, (x)=1—x in case (ii),A,(x) =1+x in case (zzz) and A, (x)=1-x’
in case (iv); where the unknown coefficients ¢ can be determined in
terms of the values of the unknown function \ (x) at n+1 distinct

points x;, such that —1<x, <x <..<x, <L

Using the above approximate form (8.2.10) of the function y (x)
along with the representation (8.2.9), into the original integral equation
(8.2.1), we obtain

i C() II }\, (f)k(l x)tj dt+ ]J‘ X,‘(l)k(l,x)tf di |= f(0), —l<x<l, r=1,2,34, (8211)

/=0 i (1 t) (t- i (lftz)l/2

In the equations (8.2.11) we next use the following polynomial
approximations to the kernels k(z,x) and k(z,x) given by

ié(z,x)zi k, (x)”, k(t,x):zs: k(0 (82.12)
p=0 q=0

with
]fp(X):k(tp,x), —1<t, <t <...<t, <1, 6213
k,(x)=k(t),x), —1<t;<t/<..<1/<1.

We thus obtain the following functional relation to be solved for the
unknown constants c;.") (j=0,1,...n)

i P Zk(x) I( )l/kz(t) df+Zk( ) j (M (f/)zdt:| (8.2.14)

= f(x), —1<x<l.

Now using the following well known results given by

1 pt+j -1/2
J’ t U};r(l) dIZTE xp+j—1}\‘r(x)(l_izj
(-2) @-x x (8.2.15)

= 4
=u, (x), —l<x<l
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and
1 +7
tq .1}\’ t
| L8O =y (8.2.16)
2
1 (l —t )
where Y. (S) is a constant obtainable in terms of Beta functions, we obtain

from (8.2. 14)

Y c;’{z k) a0+ kq(x)y;?jx}—f(x) Slex<l, r=1,23,4 82.17)

J=0

Setting x=x,, /=0,1,2,...,n in the above relation (8.2.17), we obtain
the following (n+1)X(n+1) linear equations for the determination of
the unknown constants c;.’) (j=0,1,....,n):

DYool =f, 1=01,..,nr=1234,  (82.18)
Jj=0

where

f=1(x) (8.2.19)
and

m

af =Dk, (x)ul), (x,)+z k, )yl (8220)

p=0

Solving the system of equations (8.2.18) and utilizing the relations (8.2.9)
and (8.2.10), we determine an approximate solution of the singular integral
equation (8.2.1), in the form

(r) /
o(x) = A (x) Z =1,2,3,4. (8.2.21)

NS

Particular cases and examples
Example 1

For the simplest integral equation (8.2.3), we select in the first instance the
known function f(x) to be a polynomial of degree one, i.e.

f(x)=b,+ bx, —1<x<1 (8.2.22)
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with b, and b, asknown constants. We first observe that due to (8.2.8)
we must have for the case (iv) that

b, =0. (8.2.23)

whereas b, can be a non-zero constant for the other three cases (i), (ii)
and (iii), for the existence of solutions. Then, using the facts that, for the
integral equation (8.2.3),

k(t,x)=1 and k(t,x)=0 (8.2.24)

along with the relations (8.2.12) to (8.2.16), we obtain that

-1
o) =u"(x)=n x/-*x,(x,)[l—iz] ,r=1,2,3,4;,1=0,1,.,n, (8.2.25)
X

i

and the equations (8.2.17) reduce to the simple polynomial relations

Z ul”(x)=by+bx, r=1,2,3,4, (8.2.26)
=0
so that we can determine the unknown constants c;r) directly, by just
comparing the coefficients of various powers of x from both sides of the
equation (8.2.26). There is thus no need to solve the system of equations

(8.2.18) in this simple situation. Following expressions are easily found:

u’ =0, u =7, u’ =mx, u =7 L%+x2J,...;

ul =-n, u®=n(-x), u? =m 7l+x7x2 , uP=n lferxz - |, (8227)
’ 2 2 2

u® =m, u® =n(1+x), uf’:n(%-%—x-%—xz], u§3’=n(%+g+x2+x3),...;

The constants ¢’ can then be determined easily and the final forms of the
unknown function @(x) agree with the known results obtainable from the
relations (8.2.4) to (8.2.7).

Let us illustrate this for 7 = 4. We find from equation (8.2.26)
c$Pul® () +cPu® (x) + cPul? (x) +-+- = b, + bx

which is equivalent to

C(()4)(_7|;x)+cl(4) {_Tl: (xz _%j}+cg4) {—TI: (x3 _%j}_,_ =b, +bx.
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By equating similar powers of x from both sides of the equation and
taking account of (8.2.18), we obtain

T
@ _p =
¢’ =b,=0.
2

T
e+ T g
2

=0, j=23,..
giving as a result

b
4 4 .
o :_;1, c_g. )=0, j=12...

The result for @(x) follows from (8.2.9), (8.2.10) and A,(x)=1-x7,

1.e.
b
0()=—"H(1-x*)",

which is also the exact value obtained by (8.2.7) for f(x) given by
(8.2.22).

Example 2

As a second example we consider the integral equation

1

I (%Hﬂj@(z) dt=f(t), —1<x<l1. (8.2.28)
—X

-1

For this, we have
k(t,x)=1 and k(t,x)=1+x.
So, we obtain, in this case
k(x) =1 k@x) =0 j=12.;
ky(x) =1x, k(x) =1, k(x)=0, j=2,3,..;

1 j
W) = [ 2O g 0,12,
2 (1-2) (-

L
. t'A (2 :
v = j RO g =012,
-1

(-7 )1/2
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Let us consider in detail the case » =1. Then

1 J
o —
Yj - I

Ly

dt, j=0,12,...

so that
i 3
Yo =7, v, =0, vV ==, v{" =0, v{" =>m.
2 8
Again, | 4
M —
u; (x)= J. B dt, —-1<x<l1
a2 (1-2) (@-x)
so that

1
4 ()=0, w0 =m, w’x)=nx, u;”<x>=n(§ +x2j,

Then, using (8.2.20) we get for » =1,
(

... (8.2.29)

... (8.2.30)

o _,,M (O] (O] N
oy =u; (x)+xy; +Y0, J.0=0,12,....

For j=0,1,,2,3,... we find

M _, @ )]
Oy =Yo X, Y17

H _ M O]
oy, =T +Y," X, +Y, ",

1 _ O] M
O, =Tx, +Y, X, +YV5 7,

1 _ 1 2 ) M
Oy =T E"'x/ Y3 Y,

By introducing (8.2.29) we obtain

3 3 3
1 1 1 1
o) (x)=mx, (xfl)zgn, (xg,)(x)zanxl, aé,’(x)=7‘c[§+x,j,....

Finally, by choosing n =3, we have to solve the linear system
case (i) (r =1), i.e.

3
Y. ol =f, 1=0,1,2,3.
j=0

(8.2.31)

(8.2.32)

(8.2.18) for

(8.2.33)
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In the special situation, when f'(x) =1, the integral equation (8.2.28) can
be expressed as

1

I;p(t) dr = 1+ )+ x, —1<x<l, (8.2.34)
—X

-1

with
1 1
W, = —j t Q@) dr, p,=— j ©(?) dt. (8.2.35)
-1 -1

We can easily solve the equation (8.2.34), by utilizing the relation (8.2.4),
in the case (i), and we find that @(x) is given by

o(x)= im+i(x—30n x%) (8.2.36)
(1 - x’ ) 3n

where B, is an arbitrary constant.

Again, by utilizing the system of equations (8.2.33), with
g, =1, for /=0,1,2,3 we obtain that, for any four chosen values of
x,(-1<x <1),

2 2
@ =B, a’=-r &' ==7B, 7=0 (8337

= Dy,

where B, is an arbitrary constant.

Finally, by using the constants in (8.2.37) in the relation (8.3.10), in
the case (i), i.e. for ¥ =1, we obtain the same expression (8.2.36), which is
the exact solution for the integral equation (8.2.28), in the special situation

when f(x)=1.
Remark

1. The reason behind the matching of our approximate solution with the
exact ones, of the two singular integral equations considered above,
is that the known function f(x) is chosen to be a polynomial and
that we take here sufficiently large 7 in the approximation (8.2.10).

2. We have not taken up any other example which require the solution
of the system of equations (8.2.18) seriously, but the two examples
taken up here assure the correctness and robustness of the method
described above.
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8.3 NUMERICAL SOLUTION OF HYPERSINGULAR
INTEGRAL EQUATIONS USING SIMPLE POLYNOMIAL
EXPANSION

A general hypersingular integral equation of first kind, over the interval
[—1, l], can be represented by

j OB | panldi= f), —1<x<1 @83
(t-x)
with  @(£1)=0, where K(¢z,x) and L(¢,x) are regular square-
integrable functions of 7 and x, and K(x,x)#0, and the integral
involving (t x) is understood in the sense of Hadamard finite part.
A somewhat less general form of first kind hypersingular integral
equation given by

jcp(r){(

with @(£1) =0, arises in a variety of mixed boundary value problems in
mathematical physics such as water wave scattering or radiation problems
involving thin submerged plates (cf. Parsons and Martin (1992, 1994),
Martin et al. (1997), Mandal et al. (1995), Banerjea et al. (1996), Mandal
and Gayen (2002), Kanoria and Mandal(2002), Maiti and Mandal (2010)),
and fracture mechanics (Chan et al. (2003)), etc. The integral equation
(8.3.2) is usually solved approximately by an expansion-collocation
method, the expansion being in terms of a finite series involving Chebyshev
polynomials U,(¢) of the second kind. In particular, @(¢) in (8.3.2) is
approximated as

) +L(t,x)} dt=f(x), —1<x<1 (83.2)

—X

o)~ (1- z) z aU.(f) (8.3.3)

where a;, (i=0,1,...,n) are unknown constants. Substitution of (8.3.3)
in (8.3.1) produces

n

D ad(x)=f(x), —1<x<1 (8.3.4)

i=0
where

A(x)_—n(z+1)U(x)+j (- z) L(t,x) U.(f) dr. (8.3.5)
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To find the unknown constants a;, (i=0,1,..,n), we put
X=X, (j=0,1,...,n) where x ’ 's are suitable collocation points such
that —1 < x ;< 1. This produces the linear system

n

D> ad, =f, j=0,1,..n (8.3.6)

i=0

where =A,(x;) and f; = f(x,). This can be solved by any
standard method The collocatlon pomts are usually chosen to be the zeros
of U, (x) or T (x). This method becomes somewhat unsuitable for
solving the general hypersingular 1ntegral equation (8.3.1) due to presence
of the factor K(¢,x) with (t— )

Mandal and Bera (2006) developed a modified method to solve
approximately the equation (8.4.1). This method is somewhat similar to
the method described in section 8.2 to solve a general type of first kind
singular integral equation with Cauchy type kernel, given by

J. (t){ +L(f )} dt=f(x), —-1<x<1, (83.7)

©(?) satisfying appropriate conditions at the end points, and the integral
involving ( —x)~" isinthe sense of Cauchy principal value (K (x,x)# 0).
The approximate method developed below appears to be quite appropriate
to solve the most general type of first kind hypersingular integral equation
(8.3.1) assuming of course that K (#,x) and L(¢,x) can be approximated
as in section 8.2.

Method of solution

The unknown function @(x) satisfying @(£1) =0 can be represented in
the form

o) =(1-x) W), ~1<x<l (83.8)

where y(x) is a well-behaved unknown function of xe [—l,l],
Approximating \ (x) by means of a polynomial of degree 7, given by

W (x) = Z cx’ (8.3.9)
j=0
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where ¢;'s (j=0.L...,n) are unknown constants, then the original
integral equatlon (8.3.1) produces

Zn:c. (- t)] K(tx)t
=i (1—x

As in section 8.2, the functions K(#,x) and L(z,x) can be approximated
as (for fixed x)

d’*f () L, di |= f(x), ~1<x<1.(8.3.10)

K(t,x)=i K, (0, L(t,x)=ZS: L) (83.11)
p=0 q=0

with known expressions for K (x) and L _(x). Then (8.3.10) gives

i cjocj(x):f(x), -1<x<1 (8.3.12)
where =
o ()= u, () K,(x)+D v, () L(x) (83.13)
p=0 q=0
with

1, —1<x<1 (8.3.14)

) (1 t) t””
pos (1) = j =

Yy, (X) = f (l—tz)”2 1 dt, (8.3.15)
-1

which can be easily evaluated. The unknown constants ¢, (j =0,1,...,n)
are now obtained by putting x=x, (/=0,1,...,n) in (8.3.12), where
—1<Xx, <1 and are to be chosen suitably. Thus we obtain a system of
(n+1) linear equations, given by

D ¢y =f =010 (8.3.16)
where =0 |
i =0u(x;), fl :f(x[)a (8.3.17)

for the determination of the (7+1) unknowns ¢, (j=0,1,...,n). This
completes the description of the approximate method for solvmg (8.3.1).
Below we give some simple examples to illustrate the method.
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Example 1: 1If we choose K(t,x)=1, L(t,x)=0, then the equation
(8.3.1) reduces to the simple hypersingular integral equation

| &)Zdt:f(x), l<x<l (8.3.13)
] (t—x)

satisfying @(£1) =0, whose solution is given by (see section (5.3))

‘dn -1<s<1.  (8.3.19)

| -
h—m+@—kaﬂﬁ”

However, here we use the method developed above to obtain the solution
for the particular forcing function f(x)=1. Since for this case, K, (x)
and L,(x) in (8.3.11) are given by

Ky(x)=1, K,(x)=0(p>0) and L (x)=0 (¢=0)(8.3.20)

o) =5 [ £() In
LU

we find that the relation (8.3.12) produces

Z cjuj(x):l, -1<x<1 (8.3.21)

Jj=0

where 1
uy(x)=-m, u(x)=-2nx, u,(x)=m (E—3x2j,
(8.3.22)

1 3
u,(x)=m (x—4x3), u,(x)=m (§+3x2 —5x4j,... .

Substituting (8.3.22) in (8.3.21) and comparing the coefficients in both
sides, we obtain

C():__’ Clzczz---:() (8323)
so that

o =-—(1-x)"

which is in fact the exact solution of (8.3.18) for f(x)=1 obtained by
using the relation (8.3.19).
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Example 2: Next we consider the hypersingular integral equation

j {( 1 y +(f+X)} o) dt=f(x), —1<x<1 (8.3.24)
] t—x

with @ (il): 0. This corresponds to K(¢z,x)=1 and L(¢,x)=7+x.

The equation (8.3.24) is of the form (8.3.1), and as such, we use the
method developed above to obtain approximate solution of (8.3.24). Now,
here, K ,(x) and L,(x) are given by

K,(x)=1, K,(x)=0(p=1) and Ly(x)=x, L(x)=1, L (x)=0(g=2). (8.3.25)
Thus (8.3.13) gives

o, (x)=u;(x)+y,x+Y,,,, J=0,1.., (8.3.26)
where u,(x) (j=0,1,...) are the same as those given in (8.3.22) and

1
n'? T ( '+j
a

2(j+1!

, J=0,1,... (8.3.27)

Yo =0, Yo =

so that o, (x), O, (x),... etc. are obtained in closed forms.

For simplicity if we choose the forcing function f(x) to be of the
form f(x)=b,+bx, where b, and b, are known constants, then we
can determine the unknown constants ¢,,c,,... directly by comparing the
coefficients of various powers of x in the two sides of (8.3.12), as both
sides are now polynomials. This produces

2 16 (b .
CO:—E(I6[?0 +b]), CIZ—E(?O'FZ)IJ, C]ZO(]ZQ,) (8328)

and the solution of (8.3.24) in this case is obtained as

o) =(c, +ex)(1-x*)". (8.3.29)
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However, if we use the expansion of @(x) in terms of Chebyshev
polynomials given by (8.3.3), then in this case the functions
A.(x) (i=0,1,...) are obtained as

A(x)=-m +%x, Al(x)=%—4nx, A, () =3n -16nx", A,(x)=16n2" -32mx... (8.3.30)

and comparing the coefficients of both sides of the relation (8.3.4) we obtain

2 8 (b .
a0=—ﬂ(l6bo+bl), a1:_ﬂ(?0+b1j’ a,=0 (i22). (8331

Noting that U,(x) =1 and U, (x) =2x, we find from (8.3.3) that @(x)
is exactly the same as given in (8.3.29).

It may be noted that the collocation method to obtain the
unknown constants ¢; (i=0,1,...) in (8.3.9) and g4, (i=0,1,...)
in (8.3.3) for this problem can be used. For simplicity we choose
J(x)=1+2x sothat by =1 and also b, =2 above. Choosing n =3 in
the expansion (8.3.4). The unknown constants ¢,,¢,,¢,,c; are determined
from the linear system

3
> co, =/, 1=0,1,23. (8.3.32)
Jj=0
If we choose the collocation points as x, =—1, x, = —g, X, = E’ x, =1,

then the linear equations (8.3.32) produce
¢, =—0.3696501, ¢, =—-0.4107224, ¢, =0, c, =0, (8.3.33)

which are almost the same as given in (8.3.28). Similarly choosing =13
in (8.3.3), we see that the unknown constants a,,a,,a,,a; are to be found
by solving the linear system

3
> ad, =1, j=0123. (8.3.34)

i=0
. ) ) 1
Choosing the same set of collocation points as —1, -—, —, 1, we find

3

that the linear equations (8.3.34), when solved, produce

a, =—0.3696500, a, =-0.2053610, a, =0, a, =0(8.3.35)

which are again almost the same as given in (8.3.31). It may be noted
that by increasing n, the same results as above are obtained for both the
methods.
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8.4 NUMERICAL SOLUTION OF SIMPLE HYPERSINGULAR
INTEGRAL EQUATION USING BERNSTEIN POLYNOMIALS
AS BASIS

The simple hypersingular integral equation (8.3.18) has also been solved
numerically by Mandal and Bhattacharya (2007) employing the Bernstein
polynomials as basis for the expansion of the unknown function @(x).
This is briefly presented here. We can write

(p(x):(l—xz)l/zlu(x), —1<x<1 (8.4.1)

where  (x) is a well-behaved function of x € [—1, 1]. Now W (x) is
approximated in terms of Bernstein polynomials in the form

y(x)=) aB,(x), -1<x<l. (8.4.2)
1=0

Then the equation (8.3.16) produces the relation
> ad(x)=f(x), -1<x<I1 (8.4.3)
i=0

where

| e "5 T3)
D\ i S HED” f=m—2
A,(x)=?(l ); di"| - (k+1)x +;) Z r(ﬂuj (k—m—1)x . (8.4.4)
2

the summation inside the square bracket being understood to be absent for
k <2,and d,"’s are given in (6.5.16) of section 6.5.

The unknown constants a;, (i=0,1,...,n) can be found by a
collocation method as has been done in section 8.3 where an expansion for
Y (x) has been used in terms of simple polynomials instead of Bernstein
polynomials. However, here we follow a different method as described

below.
Multiplying both sides of (8.4.3) by B, (x) (j=0,1,..,n) and

integrating with respectto x between —1 to 1, we obtain

Z ac,=f;, j=0,1,..n (8.4.5)
i=0
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where now

¢, = ]J. A4,(x) B, ,(x) dx

in 3im 1+ (="
22()()22" d, [ T (k+ 1)—+r+1 (8.4.6)

k=0 r=0

214D T (=) F(;j F(m;l)
i ,,,Z:(:) k+r—-m-1 4 F(m+2j (k=m=1)
2

fi=| f®) B, (x) dx, j=0,1,..n. (8.4.7)

We note that when f(x)=1,

()Z 1) ) d”, j=01,.,n.  (84.8)

= 1+k

The constants d ,’(’" occurring in (8.4.4) and (8.4.8) are defined in (6.5.16)
of section 6.5.

and

In our numerical computation here, f(x) is chosento be 1, and 7 to
be 3. The constants a, (i =0,1,2,3) are calculated by solving the linear
system (8.4.5) for n=3 and f; (j=0,1, 2, 3) given by (8.4.8). Thus the
function  (x) is found approximately, and hence, by using the relation
(8.4.1), @(x) is obtained approximately. A comparison between this

approximate solution and the exact solution given by

O(x) =~ (1-x)"
T

is presented in Table 1 for x=0, £0.2, £0.4, £0.6, +0.8. It is seen
that the approximate and the exact values are same and they coincide.
Mandal and Bhattacharya (2007) plotted the absolute difference between
exact and approximate solutions and found from that figure that the
accuracy is of the order of 107"
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Table 1

X 0 +0.2 104 106 10.8

(p(x) -0.318310 -0.311879  -0.291736 - 0.254648 -0.190986
(approx)

(p(x) -0.318310 -0.311879  -0.291736 - 0.254648 -0.190986
(exact)

Convergence of the method

The simple hypersingular integral equation (8.3.18) has the representation
in the operator form

(Fy)(x) = f(x), —1<x<I (8.4.9)

where H is the operator defined by

(H\u)(x)=l 4 _[(l_t—)lu(t)dt, “1<x<1, (8.4.10)
T odx| t—x

1

the integral within the square bracket being in the sense of Cauchy principal
value, and

£ =— 10 84.11)
Since

(HU )(x)=—(n+1) U, (x), n=0,

H can be extended as a bounded linear operator (cf. Golberg and
Chen (1007, p 306)) from L (w) to L(w), where L(w) is
the space of functions square integrable with respect to the weight
1/2 . .

W(X)z(l_ xz) in [-1,1], and L,(w) is the subspace of functions
u € L(w) satisfying

lul} => (k+1) <u,u, > <o (84.12)

k=0

where
1

<u,u, > = J. (l—x2 )1/2 u(x) u, (x) dx. (8.4.13)

-1
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Now the function W (x) satisfying the equation (8.4.9) is approximated in
terms of the Bernstein polynomials B;,,(x) in the form

v (x) = p,(x) (8.4.14)

where

=Y a B, 8.4.15)
i=0

[2
Interms ofthe orthonormal Chebyshev polynomials u,(x) =, [— U (x),
’ T

p, (x) can be expressed in the form

p,(x)= icjuj (x) (8.4.16)
Jj=0

T
where ¢, = By b,, b, (j=0,1,...,n) being expressed in terms of

a (i=0,1,.,n). If feC [—1,1], r>0, then it follows that
(cf. Golberg and Chen (1997, p 306)).

v -,

where ¢, is a constant. Thus the convergence is quite fast if 7 is large.
Here we have chosen f, to be a constant and thus f, € C* [—1, 1]. Hence
the convergence is very rapid and this has been reflected in the numerical
computation.

<en’ (8.4.17)

8.5 NUMERICAL SOLUTION OF SOME CLASSES OF
LOGARITHMICALLY SINGULAR INTEGRAL EQUATIONS
USING BERNSTEIN POLYNOMIALS

Weakly singular integral equations are of crucial importance and have
been discussed widely in the literature. There exist a number of powerful
methods for solving integral equations of such kinds approximately such as
Nystorm and Galerkin methods. Bhattacharya and Mandal (2010) employed
expansion in terms of Bernstein polynomials to obtain approximate
numerical solutions of some weakly singular integral equations with
logarithmic singularities in their kernels. Capobianco and Mastronardi
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(1998) employed the interpolation method to obtain an approximate
solution to a Volterra type integral equation with constant coefficients
containing a logarithmic kernel, after transforming the integral equation
into an equivalent singular integral equation with Cauchy type kernel.
An approximate numerical solution was obtained by using the invariance
property of orthogonal polynomials for Cauchy singular integral equations.
Khater et al (2008) used the method of finite Legendre expansion to solve
Volterra integral equations with logarithmic kernels. Maleknejad et al
(2007) used Galerkin wavelet method to solve certain logarithmically
singular first kind integral equations. Here a straightforward method based
on truncated expansion of the unknown function involving Bernstein
polynomials is employed for these integral equations for the purpose of
obtaining their approximate solutions.

(a) Fredholm integral equation of second kind

We consider a general Fredholm integral equation of the second kind with
logarithmic kernel given by,

o @(x)+B jzn lx—t] @) di = f(x), a<x<b (85.1)

where o0 and [ are arbitrary constants. To find an approximate solution
of (8.5.1), we approximate the unknown function ¢ (x) using the Bernstein
polynomials B, ,(x) defined in the interval [a, b] by

B (x):('?\(x_") (b—x) L i=012..m  (852)
in l} (b—a)n

using an expansion of the form
()~ a B, (x), a<x<bh (8.5.3)
i=0

where a,'s (i=0,1,...,n) are unknown constants to be determined.
Substituting (8.5.3) in (8.5.1) we obtain

> a8, 0+ [in|x—1| B0 di|= /(). a<x<b (354)
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Putting x=x;, (j=0.,1,...,n), xj.'s being chosen to be a set of suitable
distinct points in (a,b), we obtain the linear system

Y a d,=f, j=01l..n (8.5.5)

i=0

where
b
A,.j{oc B, (x)+B [In|x,~{ B, () dt], i,j=0,1,..n (856)

and
fj :f(xj), j=0,1,...,n (8.5.7)

It may be noted that 4,'s and f)'s can easily be computed numerically.
The linear system (8.5.5) is now solved to obtain the unknown constants
a; (i=0,1,...,n). These are then used in (8.5.3) to obtain the unknown
function approximately.

For a=0 and P =1, we have the first kind Fredholm integral
equation given by

b
[ in |x=4 o) dt = f(x), a<x<b. (8.5.8)

a

In the linear system (8.5.6) Al.j ’s are given by

b
Ay = [ Il B, (t)dt,i, j=0,1,...m. (8.5.9)
(b) Volterra integral equation of second kind

Consider a general Volterra integral equation given by
o @(x)+p j In |x—1| 9(t) dt=f(x), a<x<b (85.10)

o, being arbitrary constants. Here again, the unknown function @ (x)
is approximated in the interval [a, b] as

¢(x)= Y. ¢ B, (x), a<x<b (8.5.11)
i=0
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Again, by suitable choice of x = X, J= 0,1,...,n, the equation (8.5.10)
can be converted into the linear system

n

> ¢ D,=f, j=01l..n (8.5.12)

i=1

where

D, =a B, (x)+B [ In |[x,~1| B, (&) dt, i,j=0,1,..,n (85.13)

and

fj :f(xj), j=0,1,...,n (8.5.14)

The system (8.5.12) is solved for the unknown constants
¢, i=0,1,..,n

Hllustrative Examples

We now illustrate the above method for a Volterra-type integral equation
and two first kind Freedholm integral equations with logarithmic kernels.

Example 1: Consider the Volterra-type integral equation given by
X 1

a I o) dt + b J. o) In |t—x| dt =w(x) x(1-x"), —-1<x<1, (8.5.15)
-1 L

where

w(x) = (l—x)l/4 (1+x)™* (8.5.16)

and a® +b* =1.

A direct differentiation of (8.5.15) with respect to x reduces it
to a Carleman singular integral equation with Cauchy type kernel.
It was shown by Capobianco and Mastronardi (1998) that a direct analytical
solution of (8.5.16) is given by

1 b 1_ I—_x 4—6x*

1-x
- 6x+(1-3x") In m}w(x).
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Now substituting

o(x)~ > a B, (x), —1<x<l (8.5.18)
i=0
2
in (8.5.15) and putting x=x,, j=0,L..,n where x, =—-1+——7/,
we obtain the linear system n+l
; a; Dy =f;, j=0,1...n (8.5.19)
where

x_f”“ n (_1)k+/

n-LOLE O TG

2’”2 k=0 1=0

7+1
1 N Y (1+xj) ( _L] (8.5.20)
+ - VZ:(; (r )x (-1) v In (1+x,) -

+1
1_x‘ r+l
+¥(ln (l—x,)—Lj i, j=0,1,...,n.
r+1 7+l

and

Ji=wlx;) x, (l—xf.), j=0,1,..,n. (8.5.21)

Choosing a=b= ZL and n =27, the linear system (8.5.19) is solved

1/2

for the unknown constants a, (i =0,1,...,27). The following Table 1
gives a comparison between the values of the function @(x) obtained
by the present method and that of the exact value given by (8.5.17) at
different points. From this table it is clear that the method gives a good
approximation.

Table 1

X -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8

(p(x) -0.4191 -0.1726  0.6947 0.9509 0.4387 -0.2432 -0.9887 -1.3475
(approx)

(p(x) -0.4266 0.1660 0.6883 0.9443  0.4304 -0.2536 -1.0037 -1.3894
(exact)
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Example 2: Consider the first kind Fredhokm integral equation
1
j In |x—1| o(t) dt=-2m(2x-1), 0<x<1  (85.22)
0

whose exact solution is (cf. Maleknejad et al (2007))

4(2x—1)

§-(x-1y }/2 |

Approximating @ (t) on [0,1] using the Bernstein polynomials and
following the method illustrated above, we obtain the linear system

o(x) =

(8.5.23)

n

Z.: a, A, =f,, j=0,1,..,n (8.5.24)
where
n—i itk . P X ;*kl D 1
A ()k= ;( )( )( 1) {( l)x (lnx—m)
(8.5.25)
+(-x,)" (- x)——lj}, i, j=0,1..n
and
f=-2m(2x,-1), j=0,1,...n. (8.5.26)

Choosing n =17 and x; = Ll’ the linear system (8.5.24) is solved and
n+

the unknown function(x) is obtained approximately. The Table 2 gives a
comparison between the results of the present method and the exact values
obtained from (8.5.23) atx=0.1,0.2, ..., 0.9.

Table 2
x 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(p(x) -5.0266 -2.9160 -1.7118 -0.8033 0.0000 0.8022 1.7100 2.9122 5.0136
(approx.)

(p(x) -5.3333 -3.0000 -1.1746 -0.8165 0.0000 0.8165 1.7457 3.0000 5.3333
(exact)
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Example 3: Consider the first kind Fredholm integral equation

1

j In |x—1| @(t) dt :%[xz Inx+(1-x") In (1—x)—x—ﬂ, 0<x<l. (8.5.27)
0

whose exact solution is (cf. Maleknejad et al (2007))
Q(x)=nx. (8.5.28)

Following the method illustrated above, we obtain the linear system

> a d;,=d, j=01,.,n (8.5.29)

i=0

where A,'s are given by (8.5.25) and
d—l > 1-x2)n (1 ! 0<x<1 (8.5.30)
=3 x5 nxj+(—xj)n(—xj)—xj—5, <x<I. 5.

Choosing n=6 and X; =§, 0,1,...,6, the system (8.5.29) is solved,

and a comparison between the approximate and exact results is given in
Table 3. The table 3 shows that the results are exactly same.

Table 3

X 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Q(x) | o1 02 03 0.4 0.5 06 0.7 08 09
(approx)

Q(x) | 0.1 02 03 0.4 0.5 06 0.7 08 09
(exact)

Convergence Analysis

The Fredholm integral equation (8.5.1) can be expressed in the operator
form

(+K))(x)=f(x), a<x<b (8.5.31)

where [ is the identity operator and (K(p )(x) denotes

(Ko)(x)= bj In |x—1| @) dt. (8.5.32)
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The norm ||(p|| is defined as
o= sup o0}

For the integral equation (8.5.31), @(¢) is approximated in terms of
Bernstein polynomials as

0(=0,00=. a B, ()

For determining the unknown constants a, (i =0,1,...,n) the collocation
points X, (j=0,1,...,n) used in the linear system (8.5.5) are chosen as

X, =a+b;aj (j=0,1,...,n).
n+l

The convergence of the polynomial @, (#) to @(#) can be obtained by
following the arguments given by Vainikko and Uba (1983) and it is found
thatif 7 e C” [a,b], then

1
o-0,|<—, 1<u<m (8.5.33)
n
Then the present method when applied to a Fredholm integral equation
with a logarithmically singular kernel provides a convergent numerical
method.

The Volterra type integral equation (8.5.15), as mentioned earlier, was
solved by Capobianco and Mastronardi (1998) explicitly by reducing it
to a Carleman singular integral equation by simple differentiation of the
two sides. This is also discussed in the treatise by Kythe and Puri (2002).
The Carleman equation possesses an explicit solution. Capobianco and
Mastronardi (1998) used this explicit solution to obtain an approximate
solution by considering the interpolation of the known function on the
right of (8.5.15) and substituting this in the solution. Using the invariance
properties of orthogonal polynomials for the Cauchy integral equation,
they obtained the approximate solution and also gave weighted norm
estimate for the error. It is now well known that the Carleman singular
integral equation when approximated by Chebyshev polynomials, has the
error estimate ¢n when fe(C” [—1,1] (cf. Golberg and Chen (1997,
Chap.7). Since the equation (8.5.15) reduces to a Carleman singular
integral equation, it may be assumed that when @(x) satisfying (8.5.15)
is approximated by Chebyshev polynomials, the error estimate will be
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similar. Again, as Bernstein polynomials can be expressed in terms of
Chebyshev polynomials, the present method of solving the Volterra type
integral equation of the form (8.5.15) yields a similar estimate.

For oo =0 and P =0, the integral equation (8.5.1) becomes a first
kind integral equation with logarithmically singular kernel. This is known
as Symm’s integral equation in the literature. Sloan and Stephen (1992)
studied this integral equation for its numerical solution by expanding the
unknown function in terms of truncated series of Chebyshev polynomials
of first kind multiplied by an appropriate weight function, and employed
a collocation method to obtain the unknown constants of the truncated
series. If the function f on the right side is smooth, it was shown by
Sloan and Stephen (1992) that this process yields faster-than-polynomial
convergence. In the examples 2 and 3 above, Bernstein polynomials
have been used in the expansion in place of the Chebyshev polynomials.
However, Bernstein polynomials can be expressed in terms of Chebyshev
polynomials, and thus the present method also yields the same type of
convergence. This is reflected in the illustrative examples 2 and 3.

8.6 NUMERICAL SOLUTION OF AN INTEGRAL EQUATION
OF SOME SPECIAL TYPE

The problem of determining the crack energy and distribution of stress in
the vicinity of a cruciform crack leads to the formulation of the integral
equation of the second kind.

mm+jKogymnw:fuL0<x31 (8.6.1)

where

4 xt*

K(x,t)=—

T (x2 +1
The derivation of the integral equation (8.6.1) can be found in the works of
Rooke and Sneddon (1969) and Stallybrass (1970). Here f(x) isaknown
function depending on the internal pressure. As the value of @(x) at the
point x =1 directly relates to the stress intensity factor at the crack tips,
evaluation of @(1) is important. Also the kernel K(x,#) has a singularity

at the point (0,0), which results in computational complexities.
Tang and Li (2007) solved (8.6.1) using a Taylor series expansion
and compared the values of @(¢) with those of the values obtained by

0<x,t<l. (8.6.2)

2 1/2 2
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Stallybrass (1970), who employed Wiener Hopf technique to solve (8.6.1).
Rooke and Sneddon (1969) also gave another solution to (8.6.1) where they
used Fourier Legendre series to reduce the integral equation to that of an
infinite system of simultaneous linear equations. However, the methods of
Stallybrass (1970) and Rooke and Sneddon (1969) are somewhat elaborate,
while the method of Tang and Li (2007) makes use of Cramer’s rule where
calculations become tedious as terms in the approximations increase. Also
Elliot (1997) used various sigmoidal transformations to find approximate
solution of the integral equation (8.6.1), for the special case when f(x) =1.

Bhattacharya and Mandal (2010) used two simple methods, one based on
approximation in terms of the Bernstein polynomials, and the other based
on the rationalized Haar functions, to obtain numerical solution of (8.6.1).
These are now discussed below.

The Bernstein polynomial method

To find an approximate solution of the integral equation (8.6.1), @(x) is
approximated using the Bernstein polynomial basis in [0, 1] as

¢(x)=2 a B, (x) (8.6.3)

where B, (x) (i=0,1,...,n) are the Bernstein polynomials of degree
defined on [0,1] as

B,(»)=( )W (1-x)", i=0,1l,..n, (8.6.4)

and a, (i =0,1,...,n) areunknown constants to be determined. Substituting
(8.6.3) in (8.6.1) we get

n

1
> a {Bl.’n(x)+ j K(x,t) B, (t) dt |= f(x), 0<x<1. (8.6.5)
i=0 0

Multiplying bothsides of (8.6.5)by B, ,(x) (j =0,1,...,n) andintegrating
with respectto x from 0 to 1 we obtain the linear system

> a C=f, j=01..n (8.6.6)
i=0
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where
C,=D,+E, (8.6.7)
with 1
D, = [ B,,(x) B, ,(x)dx
0 (8.6.8)
_ (n) rG+j+Hr@2n—-i—-j+1
: C(2n+2)
,,-:i ] {] B”(t)dt} B, (x) dx
T B (x +t) ' ’

_ %(n) Z (m)(n,)( 1y m{(jﬂ){‘}’(zi{”) (8.6.9)

N e

—om (=1)"" (14 i+ m)sec (—(i +;n)n ﬂ,

W(z) being the logarithmic derivative of the gamma function, given by

I'(2)
Y(z)=——, 8.6.10
(2) o) ( )
and 1
/= I f(x) B, ,(x) dx. (8.6.11)

If the internal pressure applied to each arm of the crack is chosen to be
x""', 0<x<1, p beingan integer, then f(x) is given by

)
foy=——2 (8.6.12)
Then for this case

r(g]r(j— p—1)T(n—j+1)

8.6.13
2 p+l ( )
r 5 I'd+n+p)

fj:
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The linear system (8.6.6) is now solved for the unknowns a, (i =0,1,...,n)
by standard numerical method to obtain @ (x) approximately. Different
values of (1), which gives the stress intensity factor in the cruciform
crack, are obtained for p =1,2,...,10. A comparison between the exact
results as given in Tang and Li (2007) and the results obtained by the
present method for » =12 is given in Table 1. This table shows that the
results are fairly accurate.

The rationalized Haar function method

The rationalized Haar functions have been used to solve a number of
Fredholm integral equations by Maleknejad and Mirazee (2003,2005) and
some Volterra integral equations by Reihani and Abadi (2007) with regular
kernels. This method is applied here to solve (8.6.1) whose kernel has a
singularity at one end. It may be noted that the idea of using Haar functions
come from the rapid convergence feature of Haar series in the expansion
of functions. It is thus very useful to approximate the unknown function
in various problems of mathematical physics, which can be effectively
reduced to differential and integral equations. Calculations involved in the
solution process by this method are very simple and requires merely some
matrix operations.

Table 1: Numerical values of (0 (1)

P Exact results Approximate results
1 0.86354 0.86352
2 0.57547 0.57535
3 0.46350 0.46349
4 0.39961 0.39963
5 0.35681 0.35682
6 0.32549 0.32549
7 0.30125 0.30125
8 0.28176 0.28176
9 0.26564 0.26564
10 0.25201 0.25201

The orthogonal set of Haar functions considered here are a group of
square waves with magnitudes 2//*,27/'* and 0, j =0,1,.... Further, the
Haar functions are the rationalized Haar functions obtained by deleting
the irrational numbers and introducing integer powers of 2. Thus the
rationalized Haar functions, which retain all the properties of the original
Haar functions, have magnitudes 1,—1 and 0.
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The rationalized Haar functions are defined as
L, J £x<J,,,

D (x)=1-1 J,,<x<J, (8.6.14)
0, otherwise
where
J—W 1
J =—, =0, —, 1. 8.6.15
u 21 M 2 ( )

The values of m is given in terms of i and ; as
m=2+j-1, i=01,.,j=12"2..2 (8.6.16)
and

D,(x)=1, 0<x<l1, i=0,j=0. (8.6.17)

Also, the orthogonal property of Haar functions gives

j @ (x) ,(x) dx = {i m=1, (8.6.18)

, otherwise.

Now, any function g(x), which is square integrable over [0,1] , can be
expanded using the rationalized Haar functions as

gx)=Y d @(x) (8.6.19)
r=0
so that
1
d =2 J. g(x) @ (x) dx, r=0,1,.... (8.6.20)
0

Therefore, to find an approximate solution of the integral equation (8.6.1),
we approximate ((x) using the rationalized Haar functions as

(p(x):i d. ® (x) (8.6.21)
r=0

=d"®(x) (8.6.22)
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with
p=2"+j-1 i=01,..0;j=12,..2,
and .
d=|d,.d,..d, ]| (8.6.23)
T
D(x) =[ D, (), D, (x),.... D, (x) | (8.6.24)

The kernel K (x,#) is also approximated by using the rationalized Haar
functions as

K(x,z)zi pz h @ (x)D, (1) (8.6.25)
u=0 v=0
= @' (x) HO(¢) (8.2.26)
where
11
B =2 j j K(x,H®, (x)®, (t)dx dt, (8.6.27)
00

H=[h,] ,u=2"+y-1, 2"+8-1;

PXp

uyv=0,1,..,0; vy=12,..,2" 08=12.,2".

By truncating (8.6.19) upto a finite number of terms, it can be shown that

1,2 2p=1)|_ 1
FEARENENES IR

with
d=lo| L] ol 2| o227 (8.6.29)
2p 2p 2p
Hence
H= (cif1 )T i (8.6.30)
where

| k|2 22 s s (8.631)
2p DPXp
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Similarly f(x) in (8.6.1) can be approximated using @ (x) as

=Y 1, @,

= F'd(x)
with

F=[fo, frorfys |=®'F"

F= f 2n-1 ,n=12,..,p.
. 2p 1xp

Using these evaluations, the equation (8.6.1) produces

where

4’ + ] " (x) 1) d'® (1) di = F'® (x)
which reduces t(?
{Ip +H ] D (1) (I)T(t)dt}d =F,
0
I, being the identity matrix of order p, and
if ® () D" (t)dt =D,
0

D being the diagonal matrix given by

Therefore (8.6.35) further reduces to

(I,+HD)d =F

(8.6.32)

(8.6.33)

(8.6.34)

(8.6.35)

(8.6.36)

(8.6.37)

(8.6.38)

(8.6.39)
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so that
1
d=(I,+HD) F. (8.6.40)

Thus the unknown constants d, (¥ =0,1,...p — 1 are obtained and
these then given an approximation to ((x) after using (8.6.21). From
this, @(¢) is obtained. Table 2 shows comparison between the exact
values of (1) as given in Tang and Li (2007) to those obtained by the
present method for o0 =4,5 and 6. From this table it is observed that the
results are fairly accurate and improve as o (i.e. p) increases.

Table 2: Numerical values of (0(¢) for different values of Ol

P Exact results Approximate results
a=4,p=32 o=5p=64 a=6,p=128
1 0.86354 0.98307 0.99995 0.99998
2 0.57547 0.62659 0.63162 0.63412
3 0.46350 0.48445 0.49220 0.49609
4 0.39961 0.40479 0.41453 0.41945
5 0.35681 0.35208 0.36341 0.36917
6 0.32549 0.31380 0.32646 0.33295
7 0.30125 0.28431 0.29813 0.30524
8 0.28176 0.26063 0.27547 0.28316
9 0.26564 0.24106 0.25680 0.26500
10 0.25201 0.22449 0.24105 0.24973

8.7 NUMERICAL SOLUTION OF A SYSTEM OF GENERALIZED
ABEL INTEGRAL EQUATIONS

Here a system of generalized Abel integral equations arising in certain
mixed boundary value problems in the classical theory of elasticity, is
considered. Pandey and Mandal (2010) solved this system numerically by
using Bernstein polynomials. This is now described briefly.

Many interesting problems of mechanics and physics lead to an
integral equation in which the kernel K (¢, u) is of convolution type, that
is K(t, u) = k(t —u), where k(x) is a certain function of one variable.
A similar integral equation with weakly singular kernel, named as Abel
integral equation, appears in many branches of science and engineering.
Usually, physical quantities accessible to measurement are quite often
related to physically important but experimentally inaccessible ones by
Abel integral equations. A system of generalized integral equations of
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Abel type were studied by Lowengrub(1976) and Walton(1979). As stated
by Walton (1979), certain mixed boundary value problems arising in the
classical theory of elasticity reduce to the problem of determining functions
¢, and ¢, satisfying Abel type integral equations of the type,

an () 21D v an ) [ 2D = fo)
g (x* —1%) (" —x7) (8.7.1)
00 RO
aMﬂLﬂ_ﬂwm+me&a_ﬁwm—ﬁ@)

where, x €(0,1), 0<u <1, o 21 and g; (x) are continuous on [0,1].
Since only o0 =1, 2 occur in physical problems, we restrict our attention
to these values only. Mandal et al (1996), solved this problem analytically
for the special case a0 =1, w=1/2, a;(x)=1, using the idea of
fractional calculus. Here a simple algorithm based on approximation of
unknown functions in terms of Bernstein polynomials has been used to
find numerical solutions by converting and solving the generalized system
into a system of linear equations for given f,(x) (i =1, 2).

For obtaining the approximate solution of (8.7.1), ¢, (#) and 0, (¢) are
approximated in the Bernstein polynomial basis on [0,1] as,

0, (1), (1) = Za&m)md%m ~0, (1) = Zaam) (8.7.2)

where a;, and b, (i=0,1,2,...,n) are unknown constants to be
determmed Substltutlng (8.7.2) in (8.7.1), we obtain,

@ ()Y a2, +a,(9) Y b, B, ()= £, ()

a0 Y a B0 an® Y hh@=fw O

where,

T B B
7»()=0f(x_— B(x)_jﬁdzandxe(on
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We now put x=x,,j=0,1,....,n in (8.7.3), wherex,’s are chosen
as suitable distinct points in (0,1) such that 0 < x,...<Xx, <1. Putting
X = x; we obtain the linear system

all(xj)zai}\‘ij + alZ(xj) ZbiBij =/ (xj)
0 0 (8.7.4)

azl(x_,') iaiBij +a22(x_;) ibi}\’ij =/, (x.,')

where,
A =A(x;) and B, =B,(x,), for i,j=0,1,..,n.

The linear system (8.7.4) can be easily solved by any standard method for
the unknown constants a,’s and b, ’s provided of course the coefficient
matrix is nonsingular. It is emphasized that it is always possible to choose
distinct points x; €(0,1) (j =0,L,...,n) such that this is possible. The
computed g,’s and b, ’s are then used in (8.7.2) to obtain the approximate
solutions ¢, (¢) and¢, () .

A number of illustrative examples are now presented to demonstrate
the simplicity of the method as well as accuracy of the numerical results.
In all these examples we have chosen 7 =8 and the errors, defined as
E()=0,(t)—0,(z) and E,(¢) =0,(¢)—0,(¢) , are computed for
different values of 7 €[0,1] and depicted graphically. Also we tabulated
the approximate and exact solution for # =0.0,0.2, ...,0.8,1.0.

Hllustrative examples

Casel: In this case, we have considered examples with the assumption
that o0 =1.

Examplel.l Consider the system of generalized Abel integral

equations (8.7.1) with a,.j(x) =1, for i,j =1,2, u=1/2 with
ﬁ(x)z%xm +§(l—x)5/2 +2x*(1-x)"? +%x(1—x)3/2,

£, (x)= %(1 —x)*?+2x(1-x)"? +%x5/2 .

This has the exact solution ¢, (£) =¢ and ¢, (¢) =¢" .
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Table 1: Approximate and exact solution of example 1.1

t 0.0 0.2 0.4 0.6 0.8 1.0
o, (1) -0.000110 0.200022  0.400040 0.600035 0.800067 0.998009
(Ill ) 0.0 0.2 0.4 0.6 0.8 1.0
¢2 ) -0.000063 0.040015 0.160037 0.360032  0.640060 0.998055
0, (1) 0.0 0.04 0.16 0.36 0.64 1.0
0.001 T T T T
2510 4 - —
U
EI(t) _
— =510 ¢ |- —
E2(1)
-0.00125
000 | | ! !
0 0.2 0.4 0.6 038 1

t
Fig. 1 Errors associated with Ex. 1.1

Examplel.2 Consider the system of generalized Abel integral equation
witha (x) =1, for i,/ =1,2,u=1/3 with

729 s, 3

9 5/3 11/3 9 8/3 3 2 2/3 6 5/3
X)=——x""+ +—(1-x) "+=x(1-x)" —=x"(1-x)" ——x(1-x
H0=7 (A=) 2= =2 (=X -2 x (-2

1540 11
3.5 23,9 2 si3_3 8/3
+—x (1-x)"+=x"(1-x)"—=(1A-x
S ¥ =) ox (=07 =2 (1-x)
and
19x2

. 3 3 12 12
£ ()= g(1 -x)*+ o (1-x)%° +5x4(1 —x)?+ ?)ﬁ(l -x)*+ ﬁx(l —-x)'?

b

24
73)611/3_277)64/3.
440 40

This has exact solution ¢, (¢) =¢+ ¢*and ¢, (¢) =t — ¢*.

3 2/3 3 14/3
+—x(1-x)"+—(10-x +
S ¥1=0)7 + 2 (=x)

Table 2: Approximate and exact solution of example 1.2

t 0.0 0.2 0.4 0.6 0.8 1.0
0, (1) 0.000147  0.201583  0.425635  0.729584  1.209559  2.001582
0, () 0.0 0.201600  0.425600  0.729600  1.209600 2.0

q;z(t) -0.000316  -0.032005  -0.095979 -0.143986 -0.128090  0.000498
0, (7) 0.0 -0.032000  -0.096000 -0.144000 -0.128000 0.0
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0.002 T T T T
0.0015[~
0.001~
EI(t)
E2(t)
oo 05‘_.'000-- 'y oo e Py
=510 * |- -
—0.001 | | | |
0 0.2 0.4 0.6 0.8 1
Fig. 2 Errors associated with Ex. 1.2
Examplel.3

In this example, a,,(x)=1,a,(x)=1/4, a,(x)=1/2, a,(x) =3, u=1/2
with
16 5/2 1 5/2 1 2 3/2 1 2 1/2 1 3 1/2
X)=— +—(0-—x)"+=—x"(1-x)"+=x"(1-x) "+=x"(1-x
fi(x) T 10( ) 5 (I-x) 5 (1-x) 5 (1-x)

-

1 1 3
4 1_ 3/2 +— 1_ 7/2_"_7 1_ 5/2
3x( x) 14( x) le( x)

and
1 2 16 96
fz(x): _(l_x)S/Z + x2 (l_x)l/2 += x(l_x)3/2 +_x5/2 +_x7/2 .
5 3 35
. . 2 3
This has exact solution ¢, (r) =¢*and 0, (¢) =t~ + 1.
Table 3: Approximate and exact solution of example 1.3
t 0.0 0.2 0.4 0.6 0.8 1.0

O,(f) -0.001610  0.040050  0.160083  0.359990  0.639726  1.009014
o, (?) 0.0 0.040000  0.160000 0360000  0.640000  1.000000

0,(f) -0.000084 0047977 0223992 0575916 1151847  2.005230
o, (1) 00 0.048000  0.224000  0.576000  1.152000  2.000000
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0.01

0.0075[~

0.005~

E1(t)

0.0025[~

E2(t)

=0.0025 [~

—0.005
0

Examplel. 4  This

Fig. 3 Errors associated with Ex. 1.3

example

presents

the

problem

(1), with

a,,(x) =x*+1, a,,(x)=(x+1)/4, a,,(x) =x*/2, a,,(x)=2-x,
nw=1/2 and

fl(x):%(x2 +1)x*"? +i(l+x)[%(lfx)7/2 +20-x)"2x*+ g (1-x) "2 x+2 x° (lfx)”zj

32 7/2 1 2 2 5/2 1/2 2 4 3/2
X)=—2-x)x""+—x"|—=(1-x +20-x)""x"+—(1A-x X |.
S (%) 35( ) 7 [5( ) (I-x) 3( ) J

This has exact solution ¢, (£) =¢>and 0, (¢) =¢°.

Table 4: Approximate and exact solution of example 1.4

t 0.0 0.2 0.4 0.6 0.8 1.0
q)~1 (t) 0.000000 0.040019 0.160049 0.359974  0.639978  1.003905
(I)l (t) 0.0 0.040000 0.160000 0.360000  0.640000 1.000000
(I)z (t) 0.000000 0.008019 0.064023 0.215971 0.511841 1.001006
(I)2 (t) 0.0 0.008000 0.064000 0.216000  0.512000 1.000000

0.005 T T T T
0.003[
EI(1)
E2(1)
°°® 0001 —\“-
-0.001 ' ' ' :
0 02 0.4 0.6 0.8 1

Fig. 4 Errors associated with Ex. 1.4
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Example 1.5 In this example,
a,(x)=1,a,x)=1/4,a,(x)=2,a,(x)=1/8, u=2/3 with

243 10/3 729 13/3 3 10/3 9 7/3 3 2 1/3
X)=—>—x "+—x "+ —(1-x) "4+—x(1-x)"—=x"(1-x )
/@) 140 455 40 ( ) 28 ( ) 4 ( )
_Ex(l _x)4/3 +éx3 (l_x)l/3 + ng (l_x)4/3 _ i(l _x)7/3
and 8 4 16 28

36

fH(x)= —%(l—x)m/3 —g x(1-x)"" +7 ¥ (1-x)"" +%x(l—x)m/3 +6x°(1-x)"

+6x* (1-x)" _gxz (1-x)*" +£(l—x)l3/3 " 243 s _ﬂxwa_
2 13 1120 112

This has exact solution ¢, (¢) =t — t*and ¢, (¢) =t* - £°.

Table 5: Approximate and exact solution of example 1.5

t 0.0 0.2 0.4 0.6 0.8 1.0

q;l(t) 0.000009  -0.006404  -0.038404 -0.086399 -0.102402 -0.000014

o, () 0.0 -0.006400  -0.038400 -0.086400  -0.102400 0.0
q;z (t) 0.000021  -0.032064 -0.095994 -0.143986 0.127987 0.000140
¢2 (t) 0.0 -0.032000  -0.096000 -0.144000 0.128000 0.0
210 * T T T T
110 ¢ -
EI(t) ce, 000000,
— P @ ° ® ©c0cnannpneec®®%e, ]
E2(t) 0 e, Lot .
-110 ¥ '-.—
g0 1 1 1 1
0 02 04 0.6 0.8

Fig. 5 Errors associated with Ex. 1.5
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Case2: In this case, we have considered examples with the assumption
that o0 =2.

Example 2.1 Consider the system of a generalized Abel integral equation
witha (x) =1, for i, j =1,2 with

)= x+%(l—x)”2 +%x2 ln(1+\/1—x2 )»%xz In(x).

L
fr(x)= sz +(1=x*)"*  This has exact solution 0,(t) =t and

0, (1) =1

Table 6: Approximate and exact solution of example 2.1

t 0.0 0.2 0.4 0.6 0.8 1.0
¢, () -0.000003 0200011  0.400036  0.600028  0.800080  0.997813
0,() 0.0 0.200000  0.400000  0.600000  0.800000  1.000000

52(0 -0.000003  0.040016  0.160038  0.360031  0.640077  0.998037

o,(6) 00 0.040000  0.160000 0360000  0.640000 1.0
0.001 T T T T
210 * [ L. _
El(H)=6-10 * |- —
F20 —p0014F
-0.0022}~
-0.003 : . . :
0 02 0.4 0.6 0.8 1

Fig. 6 Errors associated with Ex. 2.1

Example 2.2: In this example we consider a system of generalized Abel
integral equations of the form (8.7.1) with

a,,(x) =x>+1, a,(x)=(x+1)/4, a,,(x) =x*/2, a,,(x)=x,
nw=1/2 and
T

fi()=(x* +1)[31—1;x4 +Ex2j+ [ix+i}‘:%(l—xz)”z+%xz 1nﬁ+(1—xz)1 2)—%)&'2 lnxl

f(x)= %xz [%(1 —x%)? +%x2 In ﬁ +(1 7x2)”2)+§x4 In 6 Jr(lfxz)l’z)fgx4 lnxféx2 lnxj

3

+—Xx".

T
4
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This has exact solution ¢, (¢) =t +¢*and ¢, (f) =¢>.

Table 7: Approximate and exact solution of example 2.2

t 0.0 0.2 0.4 0.6 0.8 1.0
Q)Nl(t) -0.000001  0.041640  0.185705  0.489598  1.049501  2.008946

0, (?) 0.0 0.041600  0.185600  0.489600  1.049600 2.0
0,(f) 0.000000 0.040094 0.160081  0.359896 0.639494 1003657
o, (?) 0.0 0.040000  0.160000  0.360000  0.640000 1.0
0.012 T T T T
0.0092[~

El(t) 00064~

B2(t
EF29 600361

810 ¢ [

—v—vvoo...o.o'ool"...
I L : I
02 0.4 0.6 08 !

t
Fig. 7 Errors associated with Ex. 2.2
From the given numerical examples and tables, we conclude that the
method based on approximation in terms of Berstein polynomials is a
powerful tool for solving systems of generalized Abel integral equations.

—0.002
0



Some Special Types of Coupled Singular
Integral Equations of Carleman Type and
their Solutions

In this chapter we have presented the methods of solution of certain
special forms of a pair of coupled singular integral equations of Carleman
type occurring in the study of scattering of surface water wave problems
(cf. Gayen et al. (2006, 2007), Gayen and Mandal (2009)).

The coupled singular integral equations under consideration are of the
following special forms:

300 9,0 + - j“’l(t) L]0 g, x50 O)

a(x) @,(x) + 1 O] 9.1 dt—i O]' M dt = f,(x), x>0 (9.2)
T t—X o t+X

where a(x), f,(x) and f,(x) areknownfunctions, | isaknown positive
parameter, and ¢, and (p2 are unknown functions to be determined, the
integrals involving (t x) being in the sense of Cauchy principal value
integrals.

The specific forms of the known function a(x) which occurs in the
study on water wave problems (cf. Gayen et al (2006, 2007), Gayen and
Mandal (2009)) are

2
a() =X KK e ok, 50, K 2K,

x(K,—-K,)
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and

x*(Dx* +1) + K?
5

) =—"5xx

, D>0, K>0.

The functions f,(x), f,(x) also have known forms.

9.1 THE CARLEMAN SINGULAR INTEGRAL EQUATION

The Carleman singular integral equation over a semi-infinite range given
by
a(x) p(x) + | M) 4 £(x),x>0, (9.1.1)
m oy t-=X

also occurs in the study of water wave problems (cf. Chakrabarti (2000))
and its solution can be obtained by reducing it to an appropriate Riemann
Hilbert problem. Its method of solution is briefly described below.

Introducing a sectionally analytic function ®(z) in the complex
z-plane cut along the positive real axis as defined by

_ 1 e®
(1) = Oj o dt (9.1.2)

and utilizing the Plemelj formulae

[ee]

CDi(x):i% (p(x)+% Oj M 4

- (9.1.3)

the equation (9.1.1) can be expressed as

{a(x)+i}o" (x)—{a(x) -i}@ (x)= f(x), x>0  (9.1.4)

where cpi(x)= lim ®(z), x>0. The relation (9.1.4) represents a
y—+0

Riemann Hilbert Problem for the determination of the function ®(z).

The solution of the problem (9.1.4) can be easily obtained in the
form

1 1 dt
P(2)=Do(2) o OI @O+ =z O
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where @ (z) represents the solution of the homogeneous problem
{a(x) +i} g (x) —{a(x)—i} @y (x) =0, x>0 (9.1.6)

and  @;(x)= Iim CDO(z), x> 0.

®,(z) is non-zero and sectionally analytic in the complex z-plane cut
along the positive real axis, and is such that |@,(z)|=0(1) as |z|— .

This produces  |® (z)|=0 [| |] as |z| - oo, as is to be expected from

the representation (9.1.2) for the function @(z). The function ®(z) is

obtained as
l a(t)—i dt

Thus @(z) is now known from (9.1.5), and the solution of the integral
equation (9.1.1) is obtained by using the formula

o(X)=d"(X)—Dd (x), x>0. (9.1.8)

Remark

While the Carleman singular integral equation (9.1.1) possesses an explicit
solution, the two coupled equations (9.1) and (9.2) cannot be solved explicitly
due to the presence of the parameter | in the non-singular integral in each
equation. Two types of methods can be employed to solve the integral
equations, one of them being an approximate method valid for large values
of the parameter I, and the other method casts the original integral equations
into a system of Fredholm integral equations of the second kind with regular
kernels which can be solved numerically for any value, large, medium or
small, of the parameter |. These two methods are described in the next two
sections. In both these methods, the common feature is the utility of the
explicit solution of the Carleman integral equation (9.1.1).

9.2 SOLUTION OF THE COUPLED INTEGRAL EQUATIONS
FOR LARGE |
The coupled integral equations (9.1) and (9.2) were solved approximately

for large | by Gayen et al (2006) when a(x), f,(x), f,(x) have the
following specific forms:



Some Special Types of Coupled Singular Integral Equations 243

X2 + K K
a(x) =——%, 9.2.1
x(Kl -K,) (9.2.1)

o eiKzl B l
fx)=2 P , 9.2.2
() 2x—iK2+2x+iK2 (22)
eiKzl a l

Lo=b ¢, 023

2 x-iK, 2 x+iK,’

where K, >0, K, >0 and o, areunknown constants. K, K, are
real but o, are in general complex. This method is described below
briefly.

For very large values of |, we can ignore the integrals involving e ™"
in (9.1) and (9.2), and thus as zero-order approximation we obtain the
following uncoupled integral equations:

a(x) <pf(x)+% g] @ dt = f’(x), x>0 (9.2.4)

0 —

£ 0
a(x) (pg(x)+1 j @, (1) dt = £2(x), x>0 (9.2.5)
2 5 t-=x

where the superscript '0' denotes the zero-order approximations, and

f°(x), f,(x) arethesameas f, (x), f, (x) given in (9.2.2), (9.2.3)
above with o, B replaced by a°, B°. The two independent equations
(9.2.4) and (9.2.5) can be solved as in section 9.1.

The solutions are found to be

@ (x) =0’ e B (x)+ B Py(x), (9.2.6)
@3 (x) =0’ P,(x)+B° B(X), (9.2.7)
where

(Kl B Kz) XAS (X)

T TR e W e R

P9, P.0) =
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with

Ao(z)=exp[i,{ I(Ini_znqi_]‘ [lnt—sz_sz dt H (9.2.9)
2ni | 5\ ik, t-z t+iK, t—z

0

The zero-order approximations «° and B° to o and B
respectively can be determined from some other relations (see Gayen et al
(2006) for details).

To obtain the next order (first-order) approximate solutions
01 (X), @,(x) of the coupled equations (9.1) and (9.2), we
decouple these by replacing @,(t) in (9.1) by the known function
@) (t) and @, (t) in(9.2) by @ (t), and also approximate o,f3
appearing in f (x) and f,(x) by o',B'. This art gives rise to the
following pair of Carleman singular integral equations for @, (X), ©;(X)
as

o 1
a(x) (pll(X)Jrl j ¢, () dt = f(x), x>0, (9.2.10)
T t=X
o 1
a(x) (pi(x)+l j 02(V) g f(x), x>0 (9.2.11)
T g t-X
where
0 0 —It 1 iK,l 1
fll(x):ijwdua— e B! 9.2.12)
2 5 t+x 2 x—iK, 2 x+iK,
o 0 -t 1 iK,l 1
2== | o.M g4, b e o 1 (9.2.13)
2 5 t+x 2 x-iK, 2 x+iK,

Note that f'(x) and f,(x) contain the unknown constants o', ™.
(the first-order approximations to o, 3) .

The equations (9.2.10) and (9.2.11) can be solved as before, and it can
be shown that (cf. Gayen et al (2006))

o1 (x) =at " P(x)+B'P,(X) (9.2.14)

0:(x) =a'P,(x) + B e"'P(x) (9.2.15)
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where B, (x),P, (x) are given in (9.2.8) above. The first-order
approximations o' B! to o, can be obtained from some other
relations as was in the case for zero-order approximations a.°,B°. The
details can be found in Gayen et al. (2006).

This process can be repeated in principle to obtain higher order
solutions. However, Gayen et al. (2006) did not pursue this further as the
first order solutions produced sufficiently accurate approximations for
some quantities of physical interest involved in the water wave problem
studied.

9.3 SOLUTION OF THE COUPLED INTEGRAL EQUATIONS
FORANY |

For the values of a(x), f,(x), f,(x) given by (9.2.1), (9.2.2), (9.2.3) the
coupled integral equations (9.1) and (9.2) have been solved by Gayen et al
(2007) for any | . For this purpose, the equations (9.1) and (9.2) have been
written in the operator form

(Se,) (%) + (N, )(x) = f,(x), x>0, (9.3.1)

(S, ) () +(No, )(x) = f,(x), x>0, (9.3.2)

where the singular operator S and the non-singular operator N are
defined by

(3<p)(x)=a(x)<p(x)+n1 | :p()dt x>0,  (9.3.3a)

t)e
(Np)(x)=—= j () dt x> 0. (9.3.3b)
0
It is observed that the Carleman singular integral equation

(So)(x)=f(x), x>0 (9.3.4)
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has the explicit solution

() =(Sf )(x)

D (X)
=a(x—)(x_)i(8h)(x), x>0

(9.3.5)

with

0
B RCTCTo R

where the operator S is defined by

(9.3.6)

(Sh)(x)za(x) h() = [ O G4 x>0 (9.3.7)
m oy t—X
and
D, (X) = IimOCDO(z), Z=X+liy,
y—>+

where

1%, t=ik, . )dt G, t-iK, _ .} dt
®O(Z)=expl:%{(! [Int+iK1_2mj:_0 (In—t+iK2_2mJ:H' (9.3.8)

z ¢ (0,00)
is a solution of the homogeneous problem

(@) +i)@y(x)—(a(x)—i )@, (x) =0, x> 0. (9.3.9)

We now apply the operator S™* to (9.3.1) to obtain
0,(x) =S (f,—- N, )(x), x>0 (9.3.10)

which when substituted into (9.3.2) produces

(S9,)(0)+ N (S (f, - No,))x) = F,(x), x>0. (9.3.11)
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Applying the operator S to both sides of (9.3.11), we find

((I —ﬁ)pz)(x) =r(x), x>0 (9.3.12)

where Z is the identity operator and
L=S"'N, (9.3.13)
r()=8"(f,~NS™, )(x), x>0. (9.3.14)

It should be noted that the operator A/S™ is not commutative.

Now f,(x) and f,(x) are substituted from (9.2.2) and (9.2.3) into
(9.3.14) to obtain r(x) in the form

r(x)=o rl(x) + B r (X)

where

_logg | 1 e @, (t)e™
rl(X)_Zc a(x)—l{x+iK2+ n 5[ (at)-i)(t+x)(t—iK, ), (-t) dt} (9.3.15)
and

1 o0 | e 1 @ (t)e™
R0 = 2c a(x)—l{x—iK2 +n J (at)-i)t+x) (t+iK, )y (-t) dt} (9.3.16)
with

1/2
. 2K
c:CDO(J_rlKZ):(K +:< J :
1 2

We now define two functions y (x) and x(x) for x >0 such that
(Z+8)9,)X)=w (%), ((Z-S)p,)(x)=x(x), x>0 (9.3.17)

so that

0:00 = 00+ L), (50,)00 =3 (0-7(0), x>0 (9318)
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Then the integral equation (9.3.12) can be written either as

(Z+L)x)(x)=r(x), x>0 (9.3.19)

or as

((ZT-Lw )(x)=r(x), x>0. (9.3.20)

Since

I’(X) = rl(x) + B r (X)

we may express y (X), x(X) as

W) =(Z-L)'r )= w,()+B w, (0, (9321)
1) =(Z+L) ")) =0 () +B %X, (9.3.22)

where v ;(x), x;(X) (] =12), x>0 are unknown functions.

The integral equation (9.3.19) along with the relation (9.3.21), and the
integral equation (9.3.20) along with the relation (9.3.22) are satisfied if

v (%), %5 (%) (j=12) satisfy

((ZT-Lw,))=1x), x>0, ((Z-Lw,)(X)=r,(x), x>0,
(Z+L)x)x)=r(x), x>0, ((Z+L)x,)(X)=r,(x), x>0.
These are in fact Fredholm integral equations with regular kernels.

(9.3.23)

The integral operator £

The integral operator £=S"N is now obtained explicitly. Using
the definitions of the integral operators S™* and N as given in (9.3.5)
and (9.3.3b) respectively, it is easy to see that

(Cmx) = (S AIM)x)

- QDS(X){ a(x) [ 1% m(t)e™ J (9.3.24)

a()—i| Dy () (@) +i) m § tex

0

L —It b &
- JNOE(J®%®@@HO@+W§XJ }
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To evaluate the inner integral in the second term of (9.3.24), we
consider the integral

| dg el (9.3.25)
7 D,C)C -2+t -2)

where I' is a positively oriented contour consisting of a loop around
the positive real axis of the complex C -plane, having indentations above
the point £ =x+1i0 and below the point { =Xx—i0 in the complex
C-plane. Also @, ({) satisfies the homogeneous RHP

() +1)@4(€) - (a€) -i)®,(€) =0, £ >0.  (9.3.26)
We observe that

—
D D,E)NC+1)(EC -2)

S S—]

=2

{ 1 } d§
D) D,E) [ € +DE-2) (9.3.27)
|

D, (&)(a(ﬁ)ﬂ)(i +1)E-2)’

Also from the residue calculus theorem

I de :2ni{ 11 } (9.3.28)
r (Do(C)(g +t)(€—2) t+z @O(Z) (Do(_t)

Comparing (9.2.27) and (9.2.28) we find

1)1 1 ] 1 °°I 2i dg
t+2 [ ®y(2) Do(-t)) 2mi § ©;E)(aE)+i)E+)E-2)

Applying Plemelj formulae to the above relation, the inner integral in the
second term on the right side of (9.3.24) is evaluated as

“j dE _m { a(x) 1 }
5 ©E)@CG)+)E+DE-X)  t+x [(a(X)+1)Dg(x) Dy(-t)
which when substituted into (9.3.24), produces

1 CD+(x) J- m(t)e™

dt.  (9.3.29)
n a(x)-— (t+x)D,(-t)

(Lm)(x) =-
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The Fredholm integral equations in (9.3.23) can be solved numerically
and then the functions y ; (x), % ;(x) (J =1,2) can be found numerically.
It may be noted that considerable analytical calculations are required
to reduce the functions r;(x) (j =1,2) to forms suitable for numerical
computation.

Simplification of r;(x) and r,(X)

The basic step for the evaluation of the integral equations
(9.3.23) and the functions r,(X), r,(X) is to determine the functions
®,(—x) and ®;(x) for x>0 incomputable forms. Now an explicit
derivation of these functions and simplification of r,(x) and r,(x) is
given.

The function @, (x) is given by

" n[t iK, t+|K2j
() = (x iK, ﬂj exp i trik, t-iK, ) o 0. (9.3.30)
X+iK, x—iK 2ni g t—x
If we define
[t IK, t+|K2j
" t+iK, t-iK
Y(X) = L j L 2/ dt, x>0,
2ri g t-x
1 %, t=iK; dt
Y. (X)=— — (1=12), x>0, (9.3.31
09=5— [n t+iKtX(J ) (93.31)

0

X(x):Y(—x) and X;(x)=Y,(-x), x>0,

then
Y (X) =Y, () =Y, (%), @o(-X) =exp(X (X)),

@3(x)=(x‘?Kl “?KZJ exp (Y (x)).

X+1K, X+IK,

(9.3.32)
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Following Varley and Walker (1989) the derivative of Y/(X) is found to

- B[, M

It may be observed that Y, (0) =0. Integration of Y/(x) gives

) In (t/(-iK, )) In(t/(iK;))
Y00 = n[-[ t(t+iK; ) t(t—lK )}

= - I — du.

27“ —iK; /x

(9.3.33)

After some manipulations Y (x) reduces to

x—iK, 3 x+iK, 1 "¢
Y= 7 A

4 x-iK, 4 x+iK, m 7,

Inv . (0334
vi+1

Hence @ (X) has the alternative form

{2 (25 ot

X+iK,

K 3/4 K _5/4 (9335)
=| 2200 [ E(x)
Xx—IK, X+1K,
-1/4
X’ + K12 ~2i(0,-95)
= e 1Y, E X
[xz +K? ] (x)
where
_ -1 -
0, =tan™(K;/x), j=1,2 and 0350

E(x) = exp [—1 Klf Inv dv]
Ty v+l o
X (x) is simplified in a similar manner and we find that
X;x)=Y;(=x)=-Y;(x), j=12.
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Thus X (x)=-Y(x), and
D, (—x) =exp(X(x))
_( x—iK, j‘”“ ( X +iK, ]3’4 () ©33)

B X —iK, X+iK,

X+ K2\
— 1 ei(91—ez) E(x _1.
[X2+K22j (EC9)

The various complex-valued functions appearing in r,(x) and r,(x) are
simplified as follows:
@, (X) 2 234 (2 14 i0,-6,)
a 0 =(K, - K, )x(x"+K X+ K e "E(X
@ o9 (K, =KX +KE) T (X +K,) (x)
where we have used
X—1K )(x+1K
a(x)—i:( 1) ),
x(K,-K,)

@ (X) 1 (Ke=K)X ey 2
) a)—i O (x)  XAKE - (EC0)

i) 1 1 1
a(x)—i D,(—x) (x—iK, x+iK,

© _ -2i0,
= (Kl K,)xe - (E(X))2 (esiez, o )
(¢ + K)o + KZZ)1
s (X) L 1 = (Kl _ KZ)X e ™ 2i0,
(d) a(x)—i(x—iKz’ x+iK2J_ {(X2+Kf)(x2+r<;)f“‘ E(x)(e*.1)
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Using (a) to (d), r;(x) and r,(x) are simplified as

rl(x): ro(x) ﬁ PSL J‘ M(u,X) e3i tan-l(Kz/u)du ’
(x + Kz)l 0
B ei(K2|+202) 0 M itanrl(KZ/u)d
r,(X) = r,(Xx) ﬁ-I_ I (u,x) e ul,
(X +K2)1 0
where
K. —K, xE(x)e™ 14
L(x) = ——2 (9 o (C+Kk2)"
T (x2 +K/
| 2 o zi ant (K,J) (9.3.38)
_ ue‘u E(x elzfltan J/u
M(U,X): K1 Kz ( ())

2 (ut+KP) U+ Kzz)l/2 U+x)
The functions @, (x),0,(X)
The functions @,(x) and ¢,(x) which satisfy the two coupled

singular integral equations (9.3.1) and (9.3.2) are now found in a straight
forward manner as

0,00 = (51,)0 - (£0,(0)
= (S ‘%{W () -x (0} (9.3.39)

=a oy () +B @7 (%),

0:00 =5 0 00+ 29}
=0 0y () +B 9 (%)

(9.3.40)

where

1 q)o+ (X)eiK2|
2| c(a()—i)(x—iK,)

¢y (x) = -y, (X) +%,(x) |, (9.3.41)
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B _i CI)0+(X) _
o' =3| a0 iy X0 g3
o: (X)=%(w1(><)+x1(><)) (9.3.43)
@5 (X) = %(WZ(X) + %, (X)); (9.3.44)

the value of the constant C being given earlier.

Thus @,(x) and @,(x) are obtained in principle for any value of
the parameter |.

Remarks

1. The integral equations (9.3.3a) and (9.3.3b) are coupled. They can
be decoupled simply by addition and subtraction in the following
manner. If we define

O(X) =0, (X) +@,(x), w(X)=y,(X)-w,(x)  (9.3.45)

then addition and subtraction of equations (9.3.3a) and (9.3.3b)
produce

a(x) @ () + — v] °® dt—l? O M 4t x>0 (9.3.46)
T 5 =X T, t+X

a(x) v (x) + 1 wj vl g, 1 O] v (Be dt=g(x), x>0 (9.3.47)
T 0 T b

where
f(x),9(x)= f,(x) £ f,(x). (9.3.48)

The two equations (9.3.46) and (9.3.47) are not coupled. Asimilar approach
as described above can be employed to solve them for any value of I. This
is described below briefly.
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Using the operators S and A defined in (9.3.3a) and (9.3.3b)
respectively, the equations (9.3.46) and (9.3.47) reduce to

(So)(x)+(My ) (x) = f(x), x>0, (9.3.49)
(S0 )(x)+(My )(x) = g(x), x>0. (9.3.50)
Applying the operator S™* to the above equations we find that
(Z+L)0)x) = (S )x), x>0, (9.3.51)
(T+LW)X)=(S"g)%), x>0, (9.3.52)

where the operator £ is defined in (9.3.29).
The right-hand sides of (9.3.51) and (9.3.52) are of the forms

(S0 =0 F*(x)+B 7 (x) (9.3.53)
(S*9)x) =0 g"(x)+B g" () (9.354)
so that
O()=(Z+L) o £ +Pp F7)(x) (0.3.55)
= a @*(x)+B 0" (%)
and
() =(-L)" o g” +B g")(x) (9.3.56)

= oy (x)+B ' (x),

where @”(x),0" (x), w*(X),w *(x) are to be found.

Comparing (9.3.51) and (9.3.52) (together with (9.5.53) and (9.5.54))
to (9.3.55) and (9.3.56) we see that equations (9.3.51) and (9.3.52) will
be satisfied if the functions @ (x)," (x), w(X),w *(x) satisfy the
following Fredholm integral equations of the second kind.

(T +L)0" )X = £2(x), x>0, ((Z+L)" )x)= P (x), x>0

(9.3.57)
((T-000" )0 =" (0, x>0, ((T-LWw ")) =" (x), x>0,
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Once the four equations (9.3.57) are solved numerically the functions
@ (X),y (X) can be found in terms of oo and [ using (9.3.55) and
(9.3.56), and then @,(x) and @,(x) can be determined from (9.3.45).

2 2 2

2. The form a(x) = X (Dx +12)+ K
f,(x) and f,(X) DKX
(different from (9.2.2) and (9.2.3)) occur in a water wave problem
involving a floating elastic plate of finite width | in two dimensions
(see Gayen and Mandal 2009). The coupled, singular integral
equations in this situation can be solved by reducing them to twelve
Fredholm integral equations of second kind with regular kernels.
Details can be found in Gayen and Mandal (2009).

3. The forms of the coupled singular integral equations of Carleman
type given by (9.1) and (9.2) can be generalized to the forms

(S0,)(X¥) + (N, )(x) = f,(x), x>0, (9.3.58)

(S9,)(X)+(Ng, )(x) = f,(x), x>0, (9.3.59)

, and some specific forms of

where

(S900 =800+~ [ 2Dt x50, i-12
m oy t=X
and N is the same as defined in (9.3.3b).
Finding the method of solution of this pair of equations for any value
of the parameter | appears to be a challenging task.
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