What is involutivity?
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Involutivity is a geometric condition, that is, if it holds in one
co-ordinate system, it holds in all. Being a DGB/characteristic
set is not.

Example (G. Reid): The system

Urx — Ou Uyy — 0

is @ DGB. Change co-ordinatesto X =z +vy, Y = x —y and the
system becomes

uxx +uyy =0, uxy = O.

which has an integrability condition, with Y < X,

uyyy = 0

Think: Changes of co-ordinates introduce new orderings. . .



A primitive “completion” algorithm:

[A] differentiate everything to get all eqns the same order
[B] do linear algebra on the top order terms to get into echelon
form

[C] if get a lower order egn, differentiate it to be the same
order as where you are right now, re-do the linear algebra
[D] differentiate all egns once

[E] go to step B

Problem: When do we know we have “finished”? Can we
achieve a co-ordinate free result? That is, if we change
co-ordinates, will we finish at the same order?

Naive answer: when the top order terms “saturate’.



As we know, there is one huge impediment to such a naive
approach, which is solved by using Grobner basis or more
generally “critical pair’ type techniques, namely, finding
systematically the integrability conditions of lower order than
the order of the egns required to find them.



One major, well known and much studied method of making
co-ordinate free conditions algebraically testable is to construct
a functor into the category of chain complexes.

Xexm Sentllenlen1y 52 = 0

where the C"™ are abelian groups (modules, vector spaces).
Any function f: X — Y for X,Y € X is mapped to a map of
chain complexes, {f#" :C"(Y) — C™(X) |n € N} such that
(1x)#" = 1cn and (f o g)#" = g#n o f#n,

The cohomology groups are defined by

H"(X) = kerd|en/imé|on—1

and are thought of as invariants or obstructions.



Assume the system & = {d,} is a characteristic set in a
termordering with total degree of differentiation as a main
criterion, and each element of ® has order q.

Set
OIK [,
U = —, K=(K1,...,Kp).
K @Hmﬂ A 1 @v
Then the rt" symbol of @ is given by
( )
0P
or(®) =1 > VgL ' [Ll=raeA
o Ou%
r_N_”Q /
The symbol lies in a module over a polynomial ring ...or in a

symmetric tensor fibre bundle depending on your point of view.



Example calculations
Equation The og Symbol element
:w — :m — u? 2uzvz + 2uyvy
UgpUrr + :m@ — 3Uyy  UzVzz + 2UzyVzy — 3Vyy
%AQW + QWV 2UugVzzrr + MQ@@H&&@

By the product rule and the fact & is a characteristic set, so
there are no integrability conditions of lower order than those
required to calculate it, we have

%
Q.ﬁAﬁ®H|mmn_vQ . a € A, _NA‘_ = mwv = Q.Qf_)wAn_vv.



Think: (1) the v% form a basis of SIKlT* ( 'S" is for symmetric;
the index on the v's is symmetric).

(2) the rth symbol of the system & defines a linear map
Typr P SITTT* 5 E

Example o

f1

.Naw — Uzz — Uxz

Uyz — Ugxx
D J

For this example, the image space G5 of m» and the kernel g, of
T> are given by:

Go
g2

A@@N — VUgx, Vzz — @HNV

A\Q@N I_I Vex,Vzz I_I Vxz, @8@“ @@@v



Spencer’s definition of involutivity

We tensor the symmetric tensor space ST* with the exterior
algebra AT*. For

w € N'T* @ Skl w > wppdrt @ vy
n|=4,lv|=k+1
define
1 .
S(w) = - > wppdzt Adet @ v,_q,
1,v; 70
Example

6(dz ® (vyz — Vgz)) = dzdy Q vy — dzdr Q@ vy



The sequence

0 = STT* O T* @ sT—17* O A2T* g gr—27*
O L AT @ §renTE Ly 0

where n = #x's and r > n, is exact.

That is, not only 62 = 0 but im § = ker§.



The map ¢ restricts to the kernels 9q+k of the symbol maps
T4+, @nd so the sequence

4 ) )
O|v .QQ|_|%|V N.%@ .QQ+ﬁIH|v N°T* @ .Q©+%Im|v.

e S AMTF R gy — O
iIs well-defined.
Denote by
H A>@ﬂ* ¥ §+ﬁ|@v

the quotient of keréd/im §. We say that the symbol of @ is
involutive if

H A%ﬂ* ®§+T@v =0, foral 0<p<mn,r>p



1 = uyz — uzx
Recall the Example o D J
Jo = uzz— ug:
The first two kernel spaces are
g2 — AG,@N + Vzz, Vzz + Vzz, G&@v\c@@v
g3z — Ad@.cm + VUrxy, Vzyy, Vyyy, Vxzxx + Vryz + Vyzz + Vrzz + Vzzz + GNNNV
Then

1 = dim H(A°T* @ g2) = dimker §| yopug,,. — dim im JURT

Xg2
and a representative element is

dydz ® (vzz + vzz) + drdz @ (vyz + Vaz)

Note that “new” conditions for this system that appear at order



To investigate the map ¢, and what the homology spaces might
be detecting, I needed a map &, which *“goes the same way as
differentiation”, that is, the indices on the v's are added to, not
subtracted.

The map S is defined to be the adjoint of § with respect to the
simplest inner product,

+1 K = L,dz! = +dz"

(dz! @ v, dz" @ vp) =
0O else

Thus S is defined by

(0w, p) = (w, Sp)



We have that S is zero on 0-forms (|I| = 0) and otherwise
S(dz! @ vi) = > sign(I, Ndz' Tt ® VK41,
i

where

sign(l,i)dz; A dz! " = dx!

Recall é was defined by
1

0(dzH @ vy) = .

> dat A dz' ® Vy—1;
1,v; 70



Example

S(dzdy @ vyy — 2drdz @ T2Uyyvs;)

= dy @ Vayy — dT ® vyyy

—2dz ® &w:@@e&aw

+2dx ® amgm\@eamn

S vields a symbolic differentiation

S(dx; Qug) = x; * v = VK41,

x;* treats everything except the vyi as constants and



We have S2 = 0, and
S 1% ks S Armx k+1~r% S
2 NI @ SkT* 2 ATT* @ SkHITx S L.
S Al @ ghtryx S ghtr+lrx g
IS exact. Moreover
S . NET* 0% Q@+ﬁ — N1 0% in_uﬁl_n”_.

where the G 4, are the rt" symbol equations.

Theorem

Hs(A*T* ® ggr) = Hs(N*1T* @ Gy iy 1)

In other words, the information the two sets of homology
groups encode is the same!!



Recall the Example e b

SO .ﬂ_)_m.ﬂ QM — A\CQN — VUgax, Vzz — \CHNV. m_Dom

o o o 0
%\M — Uxzz — Uzxz, %.&H — %NH — ®|©,\,,M — Ugxxx — Uzxxz

we 3m<® Vrzz — Urxz, Vrxxr — Urxz m Qmw mo
w=dzQ Adaa& — GSHNV —dxr ® A@&am — dammv c >Hm~1_* 04 Qw
Can check S(w) =0 but w ¢ S(A?T* @ G5) and thus

W] € Hs(A'T* © G3)

and is a representative generator.



BUT LOOK!!

w=dzQ[zx0(f1) —xz*x0(f1) —yxo(fo)]l +dx®x*o(f2)
SO that
S(w) =0
IS the equation
(22 —z2) x o(f1) + (2% — 2y) x o (f2) = O

which is nothing other than

the SYZYGY or compatibility condition of the
symbol equations



Thus, we can try to understand involutivity

In terms of syzygies,

which is much more familiar territory

(at least to me!)



Let s = (s1,59,...5r) be a syzygy of the symbol equations

o(f1),0(f2),...a(fr) thatis,
MU@*Q.A.JV = 0.

Let H be H homogeneous polynomials in the z; and let
w; € N1T* @ 1 be such that

S(w;) = s;
Define ws = > ; w; ® o(f;) Then

1
ws € NT™ @ Gy deg(s)—1

is defined up to an element in im 8.



T heorem

Let s be a syzygy of the symbolic system G4 = {og(f;) : ¢} of
degree greater than one.

Suppose s is minimal, that is,

s 7Y hyt7, t7 a syzygy, hy € H
J

with deg t7 < deg s.

Then
1
0 # [ws] € Hs(AN'T™ ® G4 deg(s)—1)



Moreover:

all elements of
1
Hs(A'T" ® Gyt deg(s)—1)
are of the form
TQ.L

for some syzygy s of Gy.



Overall result

Assume the system is a DGB with respect to a total degree
termordering.

As you prolong the system, the degree of the minimal syzygies
of the symbol goes down monotonically to 1, and then stays at
1 forever. When the syzygies have degree 1, the § homology
groups are all zero, and then the system is involutive.



In fact all the groups Hg(AT* @ G,4r) Can be obtained in
terms of k" order syzygies, that is, the syzygies of the syzygies
of the syzygies of the .

So, is the § sequence the same as the Koszul sequence for G47



If I = (f1,...fp) C R is a polynomial ideal, one way to define
the Koszul sequence is

L |
0 — AP Ly pp—1 1y

_ _ _
o A2 AL g

~

where A is the exterior algebra on p symbols {e;} over R, and
the map Jf is linear and
afleieiyei,) =) (=1) fiei - & e,

J

J
For example, L¢(3" g;e;) = > fig;- The sequence fi,..., fp is said
to be regular if the homology groups of .f are zero.



Example: involutive #- regular
Let @ = {ugs, ugy, uyy}. The symbol, written in the form of
polynomials, are the prolongations of

2 2
oo(P) = {t1, t1to, t5}.
We have R =R[t1,tp] and f =%, t1to, t5. Then
XmﬁL\u_>H = Amu.umwv where
s1 = tre1 — t1eo, So = toep — t1e3.

Since the minimal syzgies of og have order 1, the symbol is
involutive. Now, the image of L\_>m is given by

im p = (t181,1082,1281 + t152)

and thus H R3.

1 ~
Koszul ~



Name Map Space

Spencer & A ® g4«
S N* & QQnT*
Koszul af N*

For Spencer, the map is universal and the space particular. For
Koszul, the map is particular and the space is universal.



Conclusions

Involutivity is a geometric, that is, co-ordinate free form of
being a characteristic set.

A characteristic set is involutive when the generating syzygies
of its zeroth order symbol have degree 1. This can always be
achieved by prolongation.

There are at least two other sequences in terms of the syzygies
of a system, the Koszul sequence and the Janet sequence (the
analogue of the Hilbert resolution). The relationship between
these sequences and their applications is a point for further
study.



