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1. Introduction

Consider the following problems:

(@) Let M c R3 open and N c R? open; let D; be a smooth rank 2 distribution on M, and D, a smooth rank 2 distribution

on N. We wish to investigate whether there exists an immersion f: M — N that maps D; to D,, i.e. such that Vp €
M, Vv e TpyM: v e D1(p) = T, f(v) € D2(f(p)). Restricting M and N if necessary, let w = (@', w?, )T be a coframe
on M such that D; = {w® =0}, and let £ = (2!, 22, 23, 2*)T be a coframe on N such that D; = {£2> = 24 =0}. An
immersion f: M — N will map D; to D, (in the precise sense defined above) if and only if

(22N _ () 3
r(@)-(2)
where ¢, d are smooth R-valued functions on M with ¢ + d? # 0. Equivalently, we wish to investigate the existence of
a smooth mapping f : M — N such that

.Q] a a; as 1
. 022 _ | b1 b2 b3 wz
Mlas=lo o ¢|\2)

24 o o d/ ¢
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with the matrix function

a a; as

[ b1 by bs
V= 0 0 c
0 0 d

taking values in the set of real 4 x 3 rank 3 matrices. Note that the matrix function V can be written as V = U J, where

0
1
0
0 0O

o O =
- O O

and U is a matrix function on M with values in the subgroup

A B
Gz{(o C)lA,CeGL(Z,R)}

of GL(4, R).

Let M, N, Dy, D, as in (a), and assume now given a Riemannian metric g on D; and a Riemannian metric g; on D;.
We wish to investigate whether there exists an immersion f: M — N that maps D7 to D, and g; to g, i.e. such that
VpeM, VveT,M: veDi(p)= Tpf(v) € D2(f(p)), and such that Vp e M, Vv,w € T,M: g2(T, f(v), Tp f(W)) =
g1(v, w). Restricting M and N if necessary, let @ = (w!, w?, ®3)T be a coframe on M such that D; = {w? = 0} and such
that g1 = 0! @ @' + w? ® @?, and let 2 = (21, 2%, 23, 2*T be a coframe on N such that D, = {23 = 24 =0} and
such that g, = 2' ® 21 + £2? ® £22. An immersion f: M — N will map D; to D, and g; to g (in the precise sense
defined above) if and only if

r(5)=(5)
(&)= (i) () (3)

where c,d are smooth R-valued functions on M with ¢? 4+ d? # 0 and a1, az, a3, b1, b2, b3 smooth R-valued functions
on M with

a az
<b1 b2>eO(Z,R).

Equivalently, we wish to investigate the existence of a smooth mapping f : M — N such that

and

ol ap a as !

£ 22) b1 by b3 w2
23] 1o o ¢ )
04 0 0 d

with the matrix function

ap ax as

_ | b1 b2 b3
V= 0 0 ¢
0 0 d

taking values in the set of real 4 x 3 rank 3 matrices having upper-left 2 x 2 block in O (2, R). In this problem as well
V can be written as V = U J, where

100
010
]_001
0 0O

and U is a matrix function on M with values in the subgroup

A B
G:{(O c) |AeO(2,R),CeGL(2,R)}

of GL(4, R).
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(c) Let (M, gm) be a Riemannian manifold of dimension m, and (N, gy) a Riemannian manifold of dimension n, with
m < n; does there exist an isometric immersion f:M — N, i.e. a C* map f such that f*gy = gu? Re-expressing the
problems in terms of suitable adapted coframes (and restricting M and N if necessary), and letting 2 = (221, ..., "7
be a coframe on N such that gy =3 ; 2! ® 2/, and w = (@', ...,@™T a coframe on M such that gy =3 ;' ® o',
it is easy to see that f: M — N is an isometric immersion if and only if there exists a matrix-valued function V on
M satisfying VTV =1 and such that f*$2 = V. Note that if m and n were equal, this problem would become the
standard Riemannian isometry problem. Note also that any real n x m matrix V satisfying VTV =1 can be written as
V =U]J, where U € O(n) and | = (e1...en), where e, denotes the kth basis vector in the canonical basis of R".

(d) With (M, gm) and (N, gn) as in (c), assume we now wish to investigate whether there exists a smooth mapping
f:M — N such that f*gy = a?gy, for some smooth function o: M — R*. In other words, we are interested in con-
formal immersions of M into N. Letting £2 and w be the same coframes as in (c), it is easy to see that f:M — N is
a conformal immersion if and only if there exists a matrix-valued function V on M satisfying VTV = «?I for some
smooth function o : M — R* and such that f*$2 = Vw. Here again, any real n x m matrix V satisfying VTV = «?2[ can
be written as V = U J, where U € CO(n) = {20 cR*, Uec0om)} and J =(e1...em), where e; denotes the kth basis
vector in the canonical basis of R".

The problems described in (a), (b), (c), and (d) are all instances of the following general problem:

(P) Let G be a Lie subgroup of GL(n), let M, N be open subsets of R™ R", respectively with m <n; let W and V be
real vector spaces of dimension m and n, respectively; let wy be a W-valued smooth one-form on M, and 2y a
smooth V-valued one-form on N; assume wy(q) is onto W, Vg € M, and wy(q) onto V,Vge N; let J: W — V be a
monomorphism. Assume given a representation of G on V, and, viewing V as a G-module, denote the corresponding
operation G x V — V by (g, v) — g-v. Does there exist an immersion f:M — N such that f*Q2y = A - Jwy, where
A:M — G is a C*° mapping on M with values in G?

Our objective in this paper is to show that Cartan’s method of equivalence [1,3,5] can be extended, with suitable modifi-
cations, to address this class of problems, yielding necessary conditions for a solution to exist. We will treat the sufficient
conditions for the existence of a solution to this problem in a future paper. Note that Problem (P) with m =n is exactly the
problem addressed by Cartan’s method of equivalence. Also, in order to facilitate the comparison of our proposed extension
to Cartan’s method of equivalence, we have tried to keep our notation as close as possible to that used in the standard
Refs. [3,5] on Cartan’s method of equivalence.

2. Extending Cartan’s equivalence method
2.1. Principal bundles, coframes, and structure equations

As with Cartan’s equivalence method, the first major simplification is afforded by lifting the problem to the principal
bundle of coframes. Consider then the principal G-bundles M x G and N x G with left G-action given by g1 - (¢, g2) =
(g, g182), and canonical surjections mp:M X G—> M, py:M xG— G and 7y :Nx G— N, py:N x G — G. Let (éi)?;l be
a basis of W, and let (e;)]_; be a basis of V such that e; = J&;, Vi € {1,...,m}; denote by (fj);?:1 the basis of V* dual to
(ei)i_,. We denote by (-, -) the duality pairing between V* and V. On M x G we define the V-valued one-form w by

w=py - JTyoM,
and, on N x G, the V-valued one-form £2 by
2= DN - ]TI(}.QN.

We define the real-valued smooth one-forms (wi)?zl on M x G and (.(2")?:1 on N x G by

n n
w=Zwiei, Q:ZQie,-,
i=1 i=1
The following result is the key result on which the proposed extension rests:

Theorem 1. There exists an immersion f: M — N and a C*° map A : M — G such that f*Q2x = A - Jowy if and only if there exists a
left-equivariant C*° map f: M x G — N x G such that f*2 = w.

Proof. Assume first that there exists a left-equivariant C°° map ]‘:M x G — N x G such that f*.rz = w. Note that it follows
from left-equivariance of f that my o f = f oy for some C* map f: M — N. We have:
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QL =wlk, YxeMxG,

(F*on - mi2n)|, = (pu - I (m)],.

[(pn o f)-Gno HY*2n]|, = (pm - iy (@m)],.
[(fomrm)*2n]|,= (b o HY' - pu - Jreiy(@m)],.

& T 2wk=((pvo HX) ™ pu@ - Jrf @)l VxeM xG.

¢ ¢ o

By left-equivariance of f it follows that Vxe M x G, Vg € G:

((pvo P)g-0) " pulg-0=(g pvo )" 2 pue
=((on o H) ™ pm(o),
in other words, the G-valued mapping x — ((pn o ]A")(Ax))‘1 -pm(x) on M x G factors through the projection . There
therefore exists a C° map A : M — G such that ((py o f)(x)™ - pm(x) =1 o Ty (%), VX € M x G. Hence:
ffe=0 = ay(f*en=Gorm) - Jryom
& an(f*Rn) =y Joum)
& [*n=i-Jou,
by virtue of my being a submgrsion. Conversely, assume there exists a C®° map f:M — N and a C* map A:M — G such
that f*2y = A Jwum. Defining f:M x G — N x G by f(q, g) = (f(q), g - (*(g))~1), we obtain:
F*2lqe =8 7320l a0
=(pnof)- (v o [)*2nlq.e
=(pn o )@, 8) - (f otm)* lg.)
=g (@) 7O Jomwlgg
=2 (@) 2@ Ty ©wlag
=g Jny(omlq.g
=wlgg, VYQ,8 eMxG,

and left-equivariance of ]‘ is immediately verified. O

The key simplification afforded by Theorem 1 lies in the fact that the dependence on the group-valued function is
removed; instead, the group itself is introduced through the product spaces. At this point, the problem is reduced to pulling
back a family of one-forms to a given family of one-forms. It is important to note that since m < n, the family of linear
forms (c()"(q)),f‘:1 is linearly dependent Vg € M x G, whereas the family of linear forms (Q"(q))lr.’:1 is linearly independent
Vq € N x G. Furthermore, Vg € M x G, exactly m of the linear forms (a)i(q))?:] form a linearly independent family in
Tq(M x G). We can exploit this redundancy in the o' by effecting a first reduction of the structure group G. For every
(n — m)-tuple of indices (i1, ...,i,—m) satisfying 1 <i; <iy <--- <ip_m < n, and for every q € M, we define the subset
Gq,(i1,....in_m) Of G as follows:

Gaulirinm) = (8 €G |0 (q. 8) =+~ 0" (q, g) =0}.

Proposition 1. Vq € M, Gq n+1,...,n) is a Lie subgroup of G independent of q € M, and denoting it by Go, for every (n — m)-tuple of
indices (i1, ..., in_m) satisfying 1 < iy <iz <--- <in_m <N, Gq (i;,....i,_m) IS independent of ¢ € M and is either empty or a right
coset of Go.

Proof. By Cartan’s theorem [4], it will be sufficient to show that Gg m41,..n) is a closed subgroup of G. The fact that
Gq,(m+1,..,m is a closed subset of G follows immediately from continuity of the one-forms o™l .., @" on M x G. Further-
more:

m
i
w=Y (Tyol,)Py e
i=1

n m
=" @Epi) (L pm - eej,

j=1i=1
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and therefore, since (a)}'\/,);.”:1 is a coframe on M and my is a submersion, we obtain, Vq € M:

g€Ggms1,..ny <& g-ejespan(er,...,ey), Vi=1,...,m.

Furthermore:

1. V81,82 €Ggmet,my, Yi=1,...om ¥j=m+1,....n, (fI, g1g2-ei) = (f, g1- (g2 -€i)) =0, as follows from the above
characterization, which implies g182 € Gg,(m+1,...n);
2. 1€Gq mt1,..n since (fle)y=0,Vi=1,....,m,Vi=m+1,...,n;

3.
g8€Gqm+1,.ny <& g-ejespan(eq,...,eyn), Vi=1,...,m,
& eiespan(g_1~e1,...,g_1-em), Vi=1,...,m,
& span(gl-eq,...,g ' -em) =span(eq, ..., em)

g g_1€Gq,(m+1 ,,,,, n)s

as follows immediately from the above characterization of Gg, m+1,....n)-

This shows that Go = Gg (n+1....,n) is a Lie subgroup of G and is independent of g € M. Consider now Gg ,.....i,_m): €ither
it is the empty set or there is an element g,,.. i, of G acting on V through an automorphism permuting e;, and ej41,
ej, and em42, ..., €j,_, and ey, and leaving all other e; fixed; in the latter case,every g € Gq (.. ) can be written as

g =8(,...im) &0 Where go € Go. Hence, Gq ,.....i,_,) 1S either empty or a right coset of Go. O

oinem

The key idea at this point is to reduce the original problem to one involving only the subgroup Gg; by reducing the
structure group of the bundles to Gy, the problem does become simpler. The next result, the proof of which follows directly
from the definitions, shows that the existence of a solution to the original problem, involving G, implies the solution of a
similar problem, involving Go. Note that there is a natural left action of Gy on N x G, inherited from the left action of G
on N x G, and that for each (n — m)-tuple of indices (i, ...,in_m) satisfying 1 <iy <iy <--- <ip_m <n and for which
G, y is non-empty, M x G, . y is a (trivial) principal Go-bundle over M.

wln—m ~ln—m

Remark. In all that follows, we denote by pg the dimension dim(Gp) of Gop.

Proposition 2. Assume f:M x G — N x G is G-left-equivariant and satisfies f”SZ = w. Then, for each (n — m)-tuple of indices
(i1, ..., in—m) satisfying 1 < iy <iy <--- < ip—m <nand forwhich G, i, . is non-empty, the restriction of f to M x G, .
(denoted by the same symbol) is Go-left-equivariant and satisfies f*Q =0lMxGg, ..

«sin—m)

inem)”

By virtue of this proposition, we can reduce the original problem to one on M x G, ,....i,_n)- BY virtue of the fact that the
pullback operation and exterior derivative commute, it follows from Theorem 1 and Proposition 2 that a necessary condition
for the existence of a C°° map f:M — N and a C* map A:M — G such that f*Q2y = A Jwy is that there exist, for every
(n —m)-tuple of indices (i1, ...,ipn—m) such that 1 <iy <ip <--- <ip_y <n and for which G, . ,_,) IS non-empty, a
Go-left-equivariant C*° map f: M x Gy.....inm) — N x G such that frde = dwlMxG, i, - We shall therefore investigate
the structure equations of the quasi-coframes @ and §2, on M x G, . y and N x G, respectively. We have:

wsin—m

do=d(py - | - Tyom)
=dpm A Jryom + pum - JTy doy
=dpm - (pm) "' A@+ pum - [T}y dom.

Letting Gy denote the Lie subalgebra of G associated with the Lie subgroup Gg of G, dpy - (pm)~! is a Gp-valued C* one-
form on M x Gy, invariant under the right action of Go on M x Go. Let (a,), be a basis of the Lie algebra G of G such that
the first po elements form a basis of the Lie subalgebra Go. Then there exist right-invariant Maurer-Cartan forms (u”), on
Gy such that

dom -y = DY apph(u”).
1<p<po
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The representation of Gop on V induces a representation of the Lie algebra Gg on V, i.e. a Lie algebra homomorphism
Go — Hom(V, V). We therefore obtain:

dw = Z appy (W) Aw+ pu - gy dom.
1<p<po

Since wy = Z',n:] a)}'wéi is such that wy(q) is onto W for all ¢ € M, and M is m-dimensional, there exist uniquely defined

C* functions cljk on M such that

dojyy= Y oy rol, 1<i<m,
1< ji<k<m

and therefore

. ; P
> " [ o )Ty ATy T
1<j<k<m
1<i<m

i j K
d " [0 )Tyl ATl e
1<j<k<m
1<i<m

jn,’{,,da)M

We now express n;,,a){w, n,&w“w in terms of w = Z?:] ' e;. Note that
-1
w=py-Jryon & JryomM=Dpy -©

m n
i i1
& E (n;,,a)M)ej:E ' py e
i=1 i=1

Hence, V1 < j <m:

wpal, = f,

o

(T why) ei>

i=1

= (fI, Jmyom)
=(pm- fl, o).

It follows therefore that

pu - Jrydom= Y omm)((pm- [l 0) A(pm- X, 0))pu e
1<j<k<m
1<i<m

t
Y v o) A e
1<r<s<m
1<t<m

> v Aoe
1<r<s<m
1<t<m

where the functions yfs, called torsion coefficients, are given V1 <t <m,1<r <s<m by:

Ves= Y. (Cheomm){flpyt e (FX, py esh(py' - e (1)
1<j<k<m
1<i<m

We now consider the group action on V ® /\2 V* induced from the group action on V. The following result is a direct
consequence of the definition of torsion coefficients given in Eq. (1), and it highlights a desirable property of the restriction
of the torsion coefficients to M x Gy.

Proposition 3. Consider the smooth function y =" yLer ® f" A f* defined on M x Go with valuesin V ® /\2 V*; we have,Vq € M,
Vg, g € Go:

g-v@q.8)=v@, gg).
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Proof. We have, Vq € M, Vg, g € Go:
2v@9=) vs@.dg-e®g fTrg-f°
=g (@ a™ enh 8 e @ flener ® 1A S
=g (Y@@ e fFes g ehec® 1A f)
g (@ & en)ec® (& flen) " A (& fX.e0)f)
=g (Y ch@g-eiwg fIng )
=88-v(@e),

where e denotes the identity element of Gg. Using once more the same chain of equalities with different arguments yields
g8 -y(q,e)=y(q, g8), proving the desired result. O

The structure equations for £2 are given by:
ds2 = d(pN . JTKI.QN)
=dpn-py' AR+ pN-Thd2N;

since dpy ~p§1 is a G-valued C* one-form on N x G, invariant under the right action of G on N x G, there exist right-
invariant Maurer-Cartan forms (/7°), on G such that

don-py'= ) appyUI”),
1<p<dim(@)

and since 2y = Z?:l QI"Ve,- is such that £2y(q) is onto V, Vq € N, and N is n-dimensional, there exist uniquely defined C*®
functions Cj.k on N such that

dey= Y cdelrek 1<i<n,

1<j<k<n

and since £2 = py - Ty 2N, We have T3 2N = p;,l - £2, and the structure equations for £2 can be rewritten as:

A2 = appNUTP) A2+ Y TE(f7.2) A (5, 2)er
=Y apNUT) A2+ 2" A 2%,
where the torsion coefficients Frfs are given, V1 <t <n, 1<r<s<n, by

ri= Y (Comm(fl,py e (f by es)ipy - fh e (2)
1<j<k<n
1<i<n
Let now f:M x Gg — N x G be a Gy-left equivariant map such that f*.Q = w; then:
=2 = do=fdQ
Hence, letting a, - ej = Y i_; a) e;, we can identify a, € G with Y7 ;_;d e; ® f/ € V. ® V* =~ Hom(V, V). We therefore
obtain:

w=["2 = do'= Z as-ppg,,(up)/\a)j+ Z y}kwj/\a)k

1<j<m 1<j<k<im

1<p<po
= Y. Gno WA+ YT (ool ad i=1..m:
1<j<m 1<j<k<m

1<p<po

by Cartan’s lemma, this in turn implies
Y Gplon e H A =]+ Y [Te D —vjdel= Y7 by, ik=1...m.
1<p<po 1<jsm 1<jsm

with bj; = b,
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Remark. Since (a p)dlm(g)

we have that Vp € {1,..., po}, a;p =0 whenever i > m and j < m; furthermore, it follows from the characterization of the

is assumed to be basis of the Lie algebra G such that (ap)z":l be a basis of the Lie subalgebra Gy,

subgroup Go of G that we can assume without loss of generality that Vp € {pp + 1, ...,dim(G)}, a;p =0for0<i,j<m

2.2. Torsion absorption

We have, for any family (v,’f) 1<kgm of smooth R-valued functions on M x Go:

1<p<po
i o,k i i j k
Y dy(ran+ X o) roi= ¥ dpunnol = T —dyol nok
1<j<m 1<ksm 1<j<m 1<j<k<m
1<p<po 1<p<po 1<p<po
Let Vy; denote the vector subspace of V spanned by eq,...,en; we identify its dual V} with the vector subspace of V*
spanned by f1,..., f™. Define the vector space homomorphism

2
L:Go® Vi — Vm® \ Vy,

by:
i k i k
L( 2 Vk“p®f)=_ > @il —a e ® [ f
1<k<m 1<i<m
1<p<po 1< j<k<m
1<p<po

; i 0 i P i i
Denoting — Z1<p<p0 (ajpvk fakpvj) by (L(v))jk, we therefore obtain:

do' = Z aﬂ-p(p,*v,(up)+ Z )/\a)]—l— Z [vi — L(v))Jk]wf/\w", i=1,...,m.

1<j<m 1<k<im 1<j<k<m
1<p<po

For torsion absorption, we need to solve as many of the equations

y}k—(L(u));kzo, i=1,....m 1<j<k<m, 3)
on M x Go as possible. Similarly, we have, for any family (f)lf) 1<kgm Of smooth R-valued functions on N x G:
1<p<po
. _ . * ’\p k . . ~ 1 . k
2'= Y d, (pN(H'O) + > e ) N2 S P (L) lel A0
1<j<m 1<ksm 1<j<k<m
1<p<po
+ Z a;pp;,(ﬂp)/\.@j—k Z a}pp;,(l'[p)/\.@j
m+1<j<n 1<jsn
1<p<po Po+1<p<dim(G)
+ ), iAo+ Y rmpgiaek i=1...n
1<j<m<k<n m+1<j<k<n
In this case we need to solve as many of the equations
(L(v))]k i=1,....m 1<j<k<m, (4)

on N x G as possible, that is, we need to absorb the torsion coefficients F}k with coefficients i, j, k ranging from 1 to m
only. In the special case that all the torsion coefficients in Eqs. (3) and (4) can be absorbed, we have the following result:

Theorem 2. Assume there exists a unique family (vkp) of smooth R-valued functions on M x Gg such that all of the equalities in (3) are

satisfied, and a family (ﬁ,f) of smooth R-valued functions on N x G such that all of the equalities in (4) are satisfied; if, after torsion
absorption for the dw- and d$2-structure equations, we have the structure equations

i_ i gp i
do' = Z ajpe AW, i=1,...,m,
1<jsm
1<p<po
i_ i op J i o k j k.
a2'= Y d,eraei+ > reiarek+ Y reiaek i=1...n,
1<j<n 1<j<m<k<n m+1<j<k<n

1<p<d1m(g)
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where, for each p € {1, ..., po}, 0° is a smooth one-form on M x Gy, andfor each p €{1,...,dim(G)}, ©F a smooth one-form on
N x G, and if the left-equivariant C° map f M x G — N x G satisfies f*.Q w, then:

f*@)”:ép, Voell,..., po}.

Proof. By Proposition 2, left G-equivariance of f implies left Gg-equivariance of the restriction of ]‘ to M x Gg (which we
denote by the same symbol); it follows therefore that:

fre = L oP Al = i P OPY AWl =
ffe=w = Y dpfrod= Y d,[r@) e, i=1,...m,
1<jsm 1<j<m
1<p<po 1<p<dim(G)
i P _ P J_ i FrxoopP i .
& ), 4 - re > aj, ffO° ) AN’ =0, i=1,....m,
1<j<m 1<j<m
1<p<po po+1<p<dim(G)
and since ;=0 for p > po + 1 and 1<i, j <m, we obtain
i P _ f* 0 J_ .
Z ajp(9 f*© NAw =0, i=1,....m,
1<jgm
1<p<po

from which it follows that there exists a family (a,f ) of smooth R-valued functions on M x Gg such that

m
Pofre) =Y afok, p=1.....p0.
k=1
and by the assumption that there is a unique family (v,f) that satisfies all the equalities in (3), we must have a,f =0 for all
k, p, which gives the desired conclusion.

Remark. Theorem 2 is the counterpart of the “unique torsion absorption” theorem in Cartan’s method of equivalence and its
importance lies in the fact that the necessary condition f*@)ﬂ =0” leads in turn to the necessary condition ]’*d@" =doP
which can be exploited through the integrability conditions ddw = 0 and dd$2 = 0, exactly along the lines of what Gardner
[3] calls an “abstract computation.”

2.3. Structure group reduction
We now study the case when not all of the torsion coefficients can be absorbed. As with Cartan’s equivalence method,
the goal is to normalize the torsion and reduce the structure group to the isotropy subgroup of the normalized value

(compare with [3], Chapter 4). ‘ '
Consider the Gop-action on Gg induced from the Gg-action on Vp, under the identification a, — Za‘jpe,- ® f1. If, for

g€ Go and a, € Go, we let g-ap =) ajar, g-ej =) Afer, and g- fi= ZBl{f", then, under the identification of g-a,
with g - (Za}pei ® f4), we have:

g- <Za§-pei®ff> ZamA,Bjer®f":Za;a,r(rercafk,

which yields the equality
Za;akr ZaijlB]
Proposition 4. The mappingL:Go ® Vy, = Vi ® /\2 V5, is a homomorphism of Go-modules.
Proof. We have, ¥{v/'} CR, Vg € Go:
L(g. (Zulfap ® fk)> :L(Zv,f’g.ap Qg f’<)
=Y (@, ATBIBV] —al  ATBEB]v)er ® f5 A f
=Y @ —d, g e f A =g (Y vfa, ).
which proves the desired result.

It follows that the quotient mapping & : Vi, ® /\2 Vi—>Vn® /\2 V5 /Im(L) is also a homomorphism of Go-modules. The
following result is a direct consequence of this observation and of Proposition 3:
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Proposition 5. Restricted to each fiber of M x G, the Vi ® /\2 V3 /Im(L)-valued function & oy, where y =3 ye: ® f" A fS with
. defined in (1), is a homomorphism of Go-modules. Hence, restricted to each fiber of M x Go, & oy takes values in an orbit of the
action of Goon Vi, ® /\2 vy /Im(L).

Consider now the projection pp: V ® /\2 V¥ > Vi ® /\2 V, defined by

. . ) . . I

o T teerinf)= T eeriagh
1< j<k<n 1<j<k<m
1<i<n 1<i<m

Note that pp is not necessarily Go-equivariant; this leads us to define the subgroup Gj of Go by:
Go=1{geGol(fl,g-ej)=0 ¥1<i<m, m+1<j<n}.

By Gj-equivariance of py, it follows that restricted to each fiber of N x G, the V ®/\ V. /Im(L)-valued function £ oppol’,
where I =Y Tk2" A 2% with TT% defined in (2), is also a homomorphism of Gp-modules.

Definition 1.

1. The V;; ® /\ V5 /Im(L)-valued function T =£ oy on M x Gy is called the intrinsic torsion of the quasi-coframe w.

2. The V; ® /\ Vo /Im(L)-valued function Y =& o pym ol on N x G is called the intrinsic torsion of the quasi-coframe £2.
3. Problem (P) is called regular if Yzo € T(M x G5) N T (N x G), 7~ 1(19) is a submanifold of M x Gg submersing onto M,
and T ~!(1p) a submanifold of N x G submersing onto N.

Remark. Let Ggo denote the isotropy subgroup of 7y in G*; Proposition 5 implies that t—!(zp) and Y ~!(tp) inherit a
Gf)" -action from the Gg-action on M x G and N x G, respectively.

Theorem 3.

(@) If t(M x Gg) N T (N x G) =@, then there is no solution to Problem (P),
(b) Assume Problem (P) is regular fT(M x Gy NT(N x G) #Pand 1o € T(M x Gg) N T(N x G), and if there exists a smooth

G-left-equivariant map f ‘M x G — N x G that satisfies f*.Q = w, then the restriction flrl(m) T (1) = T (1) off to
77 1(10) is G’ -left-equivariant and satisfies Pl 1y R 1r-1(zg) = @lr1)-

Proof. Assume 7(M x Go) N T (N x G) = and assume that there exists a smooth G-left-equivariant map f MxG—
N x G that satisfies f*SZ w. We must then have f*dQ dw, which then implies oy =&oppol o f which implies
T(M x Go) N T(N x G) # ¥, which contradicts the assumptlon this proves (a). To prove (b), note first that it follows from
the proof of (a) that V1o € T(M x Gj) N T (N x G), f|, 1(10)(1*1(1'0)) C T 1(19). The desired result follows trivially by

restriction of the forms on both sides of the equality f*.Q =ow to T (7).

Remark. Under the condition of (b) of Theorem 3, Problem (P) leads to Problem (P,): Find a Ggo—left—equivariant map
g:7 Y(19) > T '(10) such that g*mr,](ro) = W|;-1(gy)- As with Cartan’s method of equivalence, the goal is to reduce the
structure group as much as possible. When the structure group is reduced to the identity, no group parameters are involved
anymore and no Lie algebra-compatible torsion absorption is feasible; the intrinsic torsion of the quasi-coframes is then the
same as their torsion. In the simplest case, that of constant torsion, equality of corresponding torsions of the quasi-coframes
provides the desired necessary conditions. When the torsions are not constant, the problem is to identify the functional
dependencies between them. This is done exactly as in Cartan’s method of equivalence, as detailed in [3,5].

3. Examples

We illustrate the proposed extension to Cartan’s equivalence method on two examples:

(a) Let M c R? an open subset of R3 with coordinates (x, y,z), and let N ¢ R* an open subset of R* with coordinates
(X,Y,Z,W). Consider the rank 2 distribution D; on M defined by dz — (xdy — ydx) =0, and the rank 2 distribution
D, on N defined by dZ =dW = 0. Does there exist an immersion f: M — N that maps D; to D,? In order to express
this problem in terms of suitable adapted coframes, we define the one-forms

oy =dx, wiy=dy, wy=dz— (xdy—ydx),
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on M, and the one-forms
Qy=dX, Q%=dy, @=dz, Qy=dw,
on N. As seen in Problem (a) of Section 1, we need to consider the subgroup

A B
Gzi(o C)|A,CeGL(2,R)

of GL(4, R). Proceeding as detailed in Section 2, we have a structure equation of the form
do! 10

* * Kk ok ! *x *x Kk * 0 do!
dw_da)z_****/\w2+**** O]On*dwg/l
Tldeo* ] T 0 0 x « o’ 00« +x]Jloo0 1™ v

dw? 0 0  » w* 00+ +/\0 00O day

*x * Kk ok ! * ok K ok 0

* ok Kk * w? * Kk Kk 0

= A 3 + *
0 0 » «* w 0 0 » * Ty (2dx Ady)
0 0 » = w* 0 0 » 0
for w on M x G, and a structure equation of the form
* Kk Kk ok !
* *x * ok 22
d2=10 0 « «|"| 23
0 0 » 04

for £2 on N x G. The subgroup Gy of G fixing w* to 0 is given by

Go= {('3 g) | A, C eGL2,R), C upper triangular}.
It follows from the characterization of Gg that there exists a smooth non-vanishing function a on M x Gg such that
Ty dx Ady) = aw' A w?; hence, the structure equation for w on M x G becomes (omitting w*):

* *x * ! * *x * 0
da):(* * *)/\(a)2>+<* * *)( 0 ),
0 0 « w3 0 0 */ \aw' Aw?
1

from which it follows that the w-structure equation has a non-vanishing torsion term (aw' A w?) which cannot be
absorbed in the (truncated) Maurer-Cartan matrix due to the presence of the zero block; hence, that torsion is in-
trinsic. On the other hand, the §2-structure equation has zero intrinsic torsion. Applying Theorem 3, we are led to a
contradiction. Hence, there exists no immersion f:M — N mapping distribution D; to distribution D,.

Let M c R? an open subset of R? with coordinates (x, y), and let N c R3 an open subset of R3 with coordinates
(X,Y, Z). Consider the rank 2 distribution D; on M defined by TM itself, and the rank 2 distribution Dy on N defined
by dZ — ZdX = 0. Consider the Riemannian metric g; on D; defined by g; = dx? + dy2, and the (sub-)Riemannian
metric g on D, defined by g = (1 + Y2)2dX? + dY?2. Does there exist an immersion f:M — N that maps D; to D,
and such that the Riemannian metrics are preserved, i.e. such that f*g, = g1? In order to express this problem in terms
of suitable adapted coframes, we define the one-forms

wy =dx, iy =dy,
on M, and the one-forms
Qy=0+Y>dX, Q%=dY, Qy=dZ-ZdX,

on N. As seen in Problem (b) of Section 1, we need to consider the subgroup

G:{(g B)lAeO(Z,R),ceR*}

c

of GL(3,RR). Note that the subgroup Go of G fixing w? to 0 is G itself. Proceeding as detailed in Section 2, we have a
structure equation of the form
1

do! * x ok w * x * 10 do!
da):(da)2>=(* * *)/\(Cz)z)—l-(* * *)(O 1)71’,('/,( 12\/[)
do? 00 « w3 00 «/ \oo dwyy
0 a « !
=(—a 0 *>/\<a)2)
0 0 « 3
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for w on M x G, with o (the pullback, via py;, of) a Maurer-Cartan form on O (2; R), and a structure equation of the

form
0 u * ol A B\ [~2YdXndY
dsz:(-u 0 *)/\(92)+(0 C)( 0 )
0 0 o3 0

for 2 on N x G, with u the (pullback, via py, of) a Maurer-Cartan form on O(2; R). We have:

dX AdY = 2'A 2% mod 23,

1+Y2

and, with the parametrization

A B cos t —sint bq
0 ¢)= sint cost by |,
0 0 [

we can write the £2-structure equation as:

0 u * ol — 27 cost2' A 2% 4 (0 mod 2°)
dﬂ:(—u 0 *>/\(92>+ —li‘;zsint91/\92+(0mod93)
0 0 « 3 0
0 1 «* ol (0 mod £23)
:(—x 0 *)/\(QZ)-I— (0 mod £23) |,
0 * o3 0

where

A= 2Y cost |21 2Y sint ) £22
“H=\irv2 1+v2 '

Since the one-form « is uniquely determined, it follows from Theorem 2 that if there did exist an immersion with the
desired properties, A would have to pull back to « under a left-equivariant map. However, we have:

do =d(dt) =0,

dr = 2'A 2% mod 23,

1+4+Y2

i.e. « is closed whereas X is not. We conclude that there cannot exist an immersion f: M — N that maps Dy to D,
and such that the Riemannian metrics are preserved.

4. Conclusion

In this paper, we have proposed an extension of Cartan’s method of equivalence to immersions; more specifically, we
have shown how the basic steps in Cartan’s method, starting with the encoding of the desired geometric structures in terms
of suitable moving coframes, can be carried out in order to find obstructions to the existence of immersions between given
geometric structures. It would be interesting to relate the results on Riemannian immersions that could be obtained with
the method proposed here to known results on Riemannian immersions [2].
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