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Preface

The formulation of laws of nature in terms of minimum principles has a
long history that can be traced to Hero of Alexandria (c. 125 B.C.). He
proved in his Catoptrics that when a ray of light is reflected by a mirror,
the path actually taken from the object to the observer’s eye is shorter
than any other possible path so reflected. This principle was generalized
by Fermat who postulated, around 1650, that light always propagates in
the shortest time from one point to another, and deduced mathematically,
from this principle, the law of refraction. The same Fermat anticipated the
differential calculus by stating a necessary condition for the maximum or
the minimum of a polynomial that is equivalent to the vanishing of its
derivative.

More ambitious was the aim of Maupertuis when he enunciated, around
1750, his principle of least action as a rational and metaphysical basis for
geometrical objects and mechanics. His statement was far from precise and,
in the same year, Euler expressed it as an exact theorem of dynamics in
an addendum to his famous book on the calculus of variations. This book
contains the famous extension of the Fermat necessary condition for an
extremum of a real function to the case of functionals of the type

b
y— / £(2,4(2), ¥'(2)) dz,

called the Euler-Lagrange equation after the more analytical treatment
given shortly after by Lagrange.

It will take some time, during which further necessary conditions for a
maximum or a minimum will be derived by Legendre, Jacobi, Weierstrass,
and others to realize with Volterra and Hadamard, at the turn of this
century, that the calculus of variations is just a special chapter of a theory
of extrema for real functions defined on function spaces, and to create the
tools necessary to formulate, in this setting, the corresponding necessary
conditions.

The question of the existence of an extremum has a more recent history,
a feature shared with the more general problem of existence theorems in
mathematics. Gauss, who gave four demonstrations of the fundamental
theorem of algebra, admitted without proof the existence of a minimum
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for the functional ¢ given by

o 3 ; X 2 X
o(y) = /n > (a(e)d

over all sufficiently regular functions y whose restriction on the boundary
08 of the bounded domain © C R” is fixed. It was the origin of the so-
called Dirichlet principle for the existence of a solution to the Dirichlet
problem with data h on 8%,

Ayz)=0, z€Q

y(z) = h(z), ze€odq.

The long-waited justification of this principle by Arzela and Hilbert, around
1900, was the stimulus for the creation of a systematic approach for getting
conditions of existence for a minimum or a maximum of a functional.

After some pioneering work of Lebesgue, it-became clear with Tonelli’s
important contributions that the lower semi-continuity introduced by Baire
in another context was the right type of continuity for a fruitful abstract
formulation of the calculus of variations. The systematic development of
functional analysis, and in particular the study of convex sets and reflex-
ive Banach spaces, paved the way for a systematic development of sharp
existence conditions.

The creation of a general theory of periodic solutions of Hamiltonian sys-
tems as a fundamental step in understanding the structure of their solution
set was one of the major motivations of Poincaré’s monumental mathemat-
ical work. Besides many other contributions, Poincaré initiated the varia-
tional treatment of those questions. In particular, he made use of Jacobi’s
form of the least action principle to study the closed orbits of a conservative
system with two degrees of freedom. He also considered the related question
of the existence of geodesics. However, despite the rigorous treatment of the
closed orbits of dynamical systems with two degrees of freedom by Whit-
taker, and the related work of Signorini, Tonelli, and Birkhoff, and despite
the fact that Birkhoff minimax theory was the impetus for Morse theory
and Lusternik—-Schnirelman approach to critical point theory, progress to-
ward a global variational approach for the periodic solutions of Hamiltonian
systems was very slow.

A notable exception was Seifert’s use in 1948 of Jacobi’s form of the least
action principle and differential geometry to prove the existence of an even
T-periodic solution when the Hamiltonian is the sum of a kinetic and a
potential energy term. This was generalized by Weinstein in the late 70s,
who proved in particular, by similar methods, that an autonomous system
with Hamiltonian H such that H~!(1) is a manifold bounding a compact
convex region always has a closed orbit in H~1(1).

The fundamental difficulty in applying the naive idea of finding the peri-
odic solutions of a general Hamiltonian system through the critical points
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of its Hamiltonian action on a suitable space of periodic functions lies in
the fact, already observed by Birkhoff, that this action is unbounded from
below and from above. This makes the use of the well-developed direct
method of the calculus of variations (which deals with absolute minima)
unapplicable, except in some particular second order systems already con-
sidered in the 20s by Lichtenstein and Hamel.

However, in the mid 60s, extensions of the minimax approach (in partic-
ular of Lusternik-Schnirelman theory) and of the Morse theory to functions
defined on Banach manifolds were given by Palais, Smale, Rothe, Clark,
Ambrosetti, Rabinowitz, and others. In the late 70s, Rabinowitz initiated
the use of those methods in the study of periodic solutions of Hamiltonian
systems. Later, a dual least action principle was introduced by Clarke and
extensively developed by Clarke, Ekeland, and others. More recently, Morse
theory and an extension of it due to Conley have provided further insight
into those questions.

The aim of this book is to initiate the reader to those fundamental tech-
niques of critical point theory and apply them to periodic solutions prob-
lems for Hamiltonian systems. Those illustrations have been chosen either
because of their importance in the various applications in mechanics, elec-
tronics, and economics, or because of their mathematical importance. We
hope that our style of presentation will be appealing to people trained and
interested in ordinary differential equations. We have the feeling that criti-
cal point theory, which has been mostly developed by specialists in differen-
tial topology, partial differential equations, or optimization, should be made
more popular among people working in ordinary differential equations. Of
course, the variational methods developed here are directly applicable to
partial differential equations problems at the expense of a substantial com-
plication of the technical details. They can be found in a number of the
references to the literature at the end of the book.

The reader interested in other aspects of critical point theory can then
consult the references given in the bibliographical notes ending each chapter
as well as the following surveys and monographs: [AuE,], [Berc;], [Bera],
[Blol], [Botlyg], [Breg], [Cesl], [Chal], [ChHl], [Cla3], [Conl], [Corl], [Deil],
[Desi), [Eely], [Ekes), [EkT;], [EkTu,], [Fen;], [Fun,], [Kli;], [Koz], [Kray],
[Ljuy], [Mawz 3 5,11], [Milz], [Mors], [Moyi], [Mrs3], [Niry], [Rabz6,12,13,14,19),
[Roc1], [Rots), [Ryba], [Schy], [Smoy], [Stra 5] [Szus], [Tom ], [Vaiy 2], [Voly 2],
[VOPl], [Wil3’5], [YOUQ], [Zehl], [Zeig].
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1
The Direct Method of the

Calculus of Variations

Introduction

A real function ¢ of a real variable which is bounded below on the real
line needs not to have a minimum, as it is clear from the example of the
exponential function. If we call minimizing sequence for ¢ any sequence
(ax) such that

p(ax) — infep

as k — 00, a necessary condition for the real number a to be such that
¢(a) = infgp

is that ¢ has a minimizing sequence which converges to a (take ay = a for
all integers k). Without suitable continuity assumptions on ¢ this condition
will not be sufficient, as shown by the example of the function ¢ defined
by ¢(z) = |z| for z # 0 and ¢(0) = 1, which does not achieve its infimum
0 although all its minimizing sequences converge to zero. In order that the
limit a of a convergent minimizing sequence be such that ¢(a) = inf ¢, we
have to impose that

lim p(ax) > ¢(a).
k s 00

This will be the case if ¢ is lower semi-continuous on R, i.e. if

Limy, oo p(ur) > o(u)

whenever uy — u.

Now, in R, the existence of a convergent minimizing sequence is equiv-
alent to that of a bounded minimizing sequence, a feature which is lost
when we replace R by an infinite dimensional Banach space with its norm
topology. In Section 1.1, we show that the existence of a bounded minimiz-
ing sequence still guarantees (and is indeed equivalent to) the existence of
a minimum for ¢ : X — R, when X is a reflexive Banach space (in par-
ticular a Hilbert space) and when the lower semi-continuity property for ¢
holds for the weakly convergent sequences (ux) in X. Section 1.2 shows that
this weak lower semi-continuity is equivalent to the lower semi-continuity
in norm when ¢ is convex.
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If a differentiable function ¢ : R — R has a local maximum or a local

minimum at a, then
¢'(a) =0.

This is the most elementary version of the basic necessary condition in
the theory of extremums. Its extension to the case of a differentiable real
function on a normed space is given in Section 1.3 and a detailed study
of its meaning in the case of the classical functional of the calculus of
variations with periodic boundary conditions can be found in Section 1.4.In
particular, for a continuous mapping F' : [0,7]xRY — R, (t,uv) — F(t,u),
such that VF(t,u) = D, F(¢, u) is continuous, the solutions of the problem

i(t) = VF(t,u(t))
u(0) — u(T) = w(0) — w(T) =0

are the critical points u (i.e., the points with ¢/(u) = 0) of the action
functional

T
or s u— [ 1A/ROP + PeuO)

on a suitable space of T-periodic functions.

We describe in Sections 1.5 to 1.7 various conditions upon F (and possi-
bly VF) which insure that ¢ has a bounded minimizing sequence. In the
simple case of the scalar linear problem

u(t) = —h(t)
u(0) — u(T) = 4(0) — w(T) =0,

the necessary and sufficient condition of solvability is well known and given

by
T
/ h(t)dt =0,
0

l.e., h must have mean value zero. Qur results are, in various directions,
nonlinear extensions of this condition. For example, Theorem 1.5 implies
that for a continuous ¢ : R — R such that

Jm g(u) = g- <gy = lim g(u),
the problem
i(t) = 9(u) - h(2)
u(0) — u(T) = u(0) - u(T) =0

1s solvable if 3
g- < h < 9+

where h denotes the mean value of h, i.e., T~! fOT h(t)di.
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On the other hand, Theorem 1.6 will imply that for g(u) = asinu (the
forced pendulum equation), the above periodic problem is always solvable

when h = 0. Finally, a consequence of Theorems 1.7 to 1.9 is that for
¢ non-decreasing, the above periodic problem is solvable if and only if &
belongs to the range of g. This completely extends the solvability results
of the linear case

w(t) = du—h(t) (A>0)
u(0) — u(T) = u(0) — w(T) =0

to the more general situation where the linear restoring force Au is replaced
by an arbitrary continuous non-decreasing function of u.

1.1 Lower Semi-Continuous Functions

Let X be a normed space.
A minimizing sequence for a function ¢ : X —]— 00,+00] is a sequence
(ux) such that

(ug) — infp
whenever k — co. A function ¢ : X —]—00,+00] is lower semi-continuous
(resp. weakly lower semi-continuous) if

up — u = limp(uz) > ¢(u)

(resp. up — u = limp(uz) > p(u)).

The following properties are easy consequences of the definition:
i) The sum of two l.s.c. (resp. w.ls.c.) functions is L.s.c. (resp. w.l.s.c.).

ii) The product of a l.s.c. (resp. w.l.s.c.) function by a positive constant
is L.s.c. (resp. w.ls.c.).

iii) If (¢x)rea is a family of ls.c. (resp. w.ls.c.) functions, the function
supyea ¥ defined by

(SUP w) (u) = sup px(u)
AEA A€EA

is lower semi-continuous (resp. w.ls.c.).

Theorem 1.1. If ¢ is w.ls.c. on a reflexive Banach space X and has a
bounded minimizing sequence, then ¢ has a minimum on X.

Proof. Let (u;) be a bounded minimizing sequence. Going if necessary to
a subsequence, we can assume, by the reflexivity of X, that (ux) converges
weakly to some u € X. Thus,

¢(u) < limp(up) = lim p(u;) = inf o,
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so that ¢(u) = infx ¢. O

The existence of a bounded minimizing sequence will be in particular
insured when ¢ is coercive, i.e., such that

p(u) = +oo i ul] = oo.

1.2 Convex Functions
A function ¢ : X —] — 0o, +00] is convez if

P((1 = Nu+2v) < (1= A)p(u) + Ap(v)

for all A €]0,1[, u,v € X.
The following properties are easy consequences of the definition:

1) The sum of two convex functions is a convex function.

ii) The product of a convex function by a positive constant is a convex
function.

ii1) If (pa)rea is a family of convex functions then supy¢, ¢ 1s a convex
function.

In view of Theorem 1.1, it is important to obtain sufficient conditions
for weak lower semi-continuity. We shall obtain such a condition from the
following result.

Mazur Theorem. If (uy) is a sequence in a normed space X such that
up — u, there exists a sequence of conver combinations

k k
vk:ZakjuJ-, Zakal, akj_>_0 (kEN*)
j=1 j=1

such that vy — u in X.

Theorem 1.2. If X is a normed space and ¢ : X —] ~ c0,+00] s ls.c.
and convez, then ¢ is w.ls.c.

Proof. Assume that u; — u and let ¢ > lim ¢(u;). Going if necessary to
a subsequence, we can assume that ¢ > p(w;) for all i € N*. By Mazur’s
theorem, there exists a sequence (vg) with

k k
v = E o Uj, E ar; =1, ax; 20
j=1 ji=1
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such that vy — u. Since ¢ is l.s.c. and convex, we obtain

k
¢(u) < lim p(vg) < lim (Zak,w(% ) < (Zak,-) c=
=

Since ¢ > lim(u;) is arbitrary, we have ¢(u) < lime(w;), so that ¢ is
w.ls.c. ]

1.3 Euler Equation

The following theorem shows that in order to solve the equation
¢'(u) =0

for a differentiable function ¢ : X — R, it suffices to find a local minimum
(or maximum) of ¢.

Theorem 1.3. If ¢ : X — R is differentiable, every local minimum (resp.
mazimum) point satisfies the Euler equation

¢'(u) = 0.
Proof. Let u € X and r > 0 be such that
p(u) < o(u +v)
whenever |v] < r. Then, if v € X \ {0} and 0 < A < r/||v||, we have

o+ Xv) = p(u)
A

0<

and hence 0 < (¢’(u), v). Since v is arbitrary, ¢’(u) = 0. The case of a local
maximum is similar. O

Remark 1.1. The following simple generalization of Theorem 1.3 will be
useful. If ¢ : X — R is differentiable and ¥ C X is a vector subspace of
X, then every local minimum (resp. maximum) point of ¢|y satisfies the
equation

(¢ (w),v) =0, veY

i.e., ¢'(u) € YL. The proof is identical to the one above, except for the
very last conclusion.
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1.4 The Calculus of Variations with Periodic
Boundary Conditions

Let C3° be the space of indefinitely differentiable T-periodic functions from
R into RV,

Fundamental Lemma. Let u,v € L*(0,T; RN). If for every f € CP,

T T
| o reni=- [, o &)
0 0
then
T
/0 v(s)ds =0 (2)
and there ezists ¢ € RN such that
u(t) = /0 w(s)ds + ¢ (3)
a.e. on [0,T].

Proof. 1) If (e;) denotes the canonical basis of RV, we can choose f = ¢;
in (1), which gives

/T(v(t),ej)dwo (1<i<N)
0

and (2) follows.
2) Let us define w € C(0,T;RN) by

wit) = /0 os)ds,

[ w0, e - [ [ eo.rwa

By the Fubini theorem and (2), we obtain

/OT [/,T(v(s),f'(t»dt] ds

T T
/0 (v(s), F(T) = f(s))ds = — /0 (o), £(s) ds.

so that

It

T
/0 (wlt), f(1)) dt

i

Hence, by (1) we have, for every f € C°,

T
/0 (u(t) = w(t), f(£))dt = 0.
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In particular, we can choose

s ={ Sn fenkymi, kem\(), 155N
and the theory of Fourier series implies that
u(t) —w(t) = ¢

a.e. on [0,7] for some ¢ € R™, and the proof is complete. o

Remarks. 1) A function v satisfying (1) is called a weak derivative of u.
By a Fourier series argument, the weak derivative, if it exists, is unique.
The weak derivative of u will be denoted by .

2) By the fundamental lemma,

u(t):/otiz(s)ds+c

a.e. on [0,7]. As usual, we shall identify the equivalence class u and its
continuous representant

a(t) = /O i(s)ds + . (4)

In particular, by (2), u(0) = u(T) = ¢, and by soustraction in (4),

u(t) = u(‘r)+/r u(s)ds

for t,7 € [0,T).

3) If u is continuous on [0, T}, then by (4), u is the classical derivative of
u = 4.

4) 1t follows from (4) and a classical result of Lebesgue theory that u is
the classical derivative of u a.e. on [0,77].

Let 1 < p < co. The Sobolev space W;"’ is the space of functions u €
L?(0,T; RN) having a weak derivative u € L?(0, T; RM). Let us recall that,
if u € WP,

u(t) = /Ot a(s)ds + ¢

and u(0) = u(T). The norm over Wy? is defined by

T T 1/p
|Mmy:(llwwa+4|wwm) -

It is easy to verify that Wp” is a reflexive Banach space and that C%° C
WP,
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We shall denote by H} the Hilbert space WTI,’2 with the inner product

T
((w,0)) = / [(u(t), o(t)) + (a(2), 5(2))] dt

and the corresponding norm ||u|| = ”””W,‘:" Let us recall that
T 1/p
= }]is d = 1)||.
el ( A dt) and[ull = max (o)

Proposition 1.1. There exists ¢ > 0 such that, if u € W%’p, then
llulleo < cllullype- (4)
Moreover, if foT u(t)dt = 0, then

llulleo < clll|Ls. (4")

Proof. Going to the components of u, we can assume that N = 1. If
u € le‘,p’ it follows from the mean value theorem that

T
(l/T)/o u(s)ds = u(r)

for some 7 €]0,T[. Hence, for ¢ € [0,T], using Holder inequality,

T
fu(t)] = < Ju(r)] + / fi(s)| ds

T 1/p
+ 71 ( / |a<s>|P)

+ Tl (1/p+1/g=1).

u(r) + /Tt u(s)ds

/OT u(s) ds
/OT u(s) ds

If foT u(s)ds = 0, we obtain (4"). In the general case, we get, for ¢ € [0,T],

IA

(1/T)

(1/T)

T
(1/T) / fu(s)| ds + Tl .

T2l s + T 9|l e
(T8 + Tl

|u(®)

IN

INIA

and we obtain (4'). 0

Proposition 1.2. If the sequence (ug) converges weakly to u in W%’p, then
(ur) converges uniformly to u on [0,T].
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Proof. By Proposition 1.1, the injection of W%’p into C(O,T; RN), with
its natural norm || - ||, is continuous. Since uy — u in WP, it follows
that u; — u in C(0,T;R"). By the Banach-Steinhaus theorem, (uy) is
bounded in W2 and, hence, in C(0, T; R™). Moreover, the sequence (uy)
is equi-uniformly continuous since, for 0 < s <t < T, we have

or®) - x5 () dr < (¢ - )1 (/t Jie(r)P dr) N

s
< (=99 Jurllyzr < O =)0,

By Ascoli-Arzela theorem, (uy) is relatlvely compact in C(0, T;R"). By
the uniqueness of the weak llrmt in C(0, T; R"), every uniformly convergent
subsequence of (uy) converges to u. Thus, (uj) converges uniformly on [0, T
to u. (m]

In the case of the Hilbert space H}, we obtain sharp estimates.

Proposition 1.3. If u € H} and fOT u(t)dt = 0, then

T T
| P s @an) [ lawp a
0 0

(Wirtinger’s inequality) and

T
Il < (T/12) / li(t)|? dt

(Sobolev inequality).

Proof. Since, by assumption, u has the Fourier expansion

+o0

u(t) = Z uy, exp(2iwkt/T),
koo
k#£0

the Parseval equality implies that
T +o00
/ OPdt = 3 TR /Tl
0

k=-o00
k#£0

+o0 T

> /1) Y, Tl =4t/ [P a,
k=00 0
k#£0
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The Cauchy-Schwarz inequality and Parseval equality then imply that for

te 0,1,

2
+o0
lu(@)® < > |l
k=—o00
k#0
400 400
< | S @A) | S @tk /T)|u)?
kz—00 k=00
L k#0 k#0
T
= (T/l?)/ la(t)|? dt
0
since Zzozl(l/kz) =r%/6. O ) -

Theorem 1.4. Let L : [0,T] x RY x RN — R, (t,z,y) — L(t,z,y) be
measurable in t for each [z,y] € RN x RN and continuously differentiable
in [z,y] for almost every ¢t € [0,T). If there exists a € C(R*,RY), b €
LY0,T;RY) and c € L9(0,T;RY), 1 < ¢ < oo, such that, for a.e.t € [0,T]
and every [z,y] € RN x RN, one has
IL(t, 2, y)| < a(lz])(b(t) + |yIF)
|DzL(t,z,y)| < a(l|)(b(t) + |y/f) (a)
IDyL(t, 2, y)| < alel)(e(t) + |yI"~)

where ’l,+ ;;— =1, then the functional ¢ defined by

T
o(u) = /0 L(t, u(?), u(t)) dt

1s conlinuously differentiable on W%’p and

T
(¢'(u),v) = /0 [(DzL(2, u(t), u(t)), v(t)) + (Dy L(2, u(t), u(?)), 9(¢))] dt.
(b)
Proof. It suffices to prove that ¢ has at every point u a directional deriva-
tive ¢'(u) € (WypP)* given by (b) and that the mapping
¢ Wpt = (W), u— ¢ ()

is continuous.
1) It follows easily from (a) that ¢ is everywhere finite on W,;*. Let us
define, for u and v fixed in WP, t € [0,T], A € [-1,1],

F(M\1) = L(t, ut) + Mvo(), (1) + Ao(2))
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and r
¢(A)=/O FOL) dt = o(u+ ).

We shall apply Leibniz formula of differentiation under integral sign to .
By assumption (a) we have

|DAF(At)| = |(DeL(t, u + Av, 4 + Ad), v) + (Dy L(t, u + Av, & + A9), )|
< a(lu+ MD[(b() + Ji + XoP)]v] + (e(t) + | + AP~ )]o]]
< aol(b(t) + (il + [o)P) o] + (c(8) + (Jie] + [21)"~1)[2])
where

(lu(®) + Au(?))).

Since b € LY, (|4| + |9])? € L', ¢ € LY, |9] € LP, and v is continuous on
[0,T], we have

ap = max a
()\,t)e[-—l,l])([o,T]

IDAF(A, 1) < d(t) € L}(0, T;RY).

Thus, Leibniz formula is applicable and

. T T
¢(0)=/0 D,\F(O,t)dt:/o (Do L(t, u(t), 4(2)), v(2))

+ (Dy L(t,u(t),u(t)), o(t))] dt.
Moreover,
|D:L(t,u,%)] < a(lu])(b(t) + [l?) € L'(0, T, RY),

and
|Dy L(t,u, %) < a(lul)(c(t) + |[a[*~") € L9(0, T, R*).

Thus, by Proposition 1.1,

T
/0 (D2 L(t, u(t), (1)), o(t)) + (Dy L{t, u(t), it)), o(1))] dt

< allvlleo + e2lollzr < eallvlly e,

and ¢ has, at u, a directional derivative ¢’(u) € (Wp")* given by (b).
2) By a theorem of Krasnosel’skii, assumption (a) implies that the map-
ping from W into L' x L? defined by

u— (DgL(.,u,u), DyL(.,u,u))

is continuous, so that ¢’ is continuous from Wg* into (WjP)*, and the
proof is complete. 0
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Corollary 1.1. Let L : [0,T] x RY x RN — R be defined by
L(t,2,y) = (1/Qyl* + F(t,2)

where F : [0,7] x RN = R, (t,z) — F(t,z) is measurable in t for each
z € RY, continuously differentiable in z for almost every t € [0,T] and
satisfy the following conditions:

[F(t,z)l, |VF(2)| < a(lz])b()

for a.e. t € [0,T], all z € RN, some a € C(R4+,R,), and some b €
LY0,T;Ry). If u € HL is a solution of the corresponding Euler equation
¢'(u) =0, then @ has a weak derivative i, and

i(t) = VF(t,u(t)) a.e.on[0,T]

u(0) = u(T) = u(0) — w(T) = 0.
Proof. By Theorem 1.4, we have

T
0= (¢ (u),v) = /0 (VF(t, u(t)), o(t)) + (i(t), (1)) dt = 0

for all v € H} and hence for all v € C{°. Thus, % has a weak derivative
and #(t) = VF(t,u(t)) a.e. on [0,T]. Moreover, the existence of a weak
derivative for u and % implies that 4(0) — «(T) = u(0) — u(T) = 0. a

1.5 Periodic Solutions of Non-Autonomous
Second Order Systems with Bounded
Nonlinearity

Let us consider the problem introduced in Corollary 1.1

i(t) = VF(t,u(t)) (a.e. on[0,T]) (5)

where F : [0,7] x RN — R satisfies the following assumption:

(A) F(t,z) is measurable in t for each z € RN, continuously differ-
entiable in z for a.e. ¢t € [0,T], and there exist ¢ € C(R*,R*) and
be L'(0,T; R*) such that

|F(¢,2)] < a(leb(t), |VF(t )] < a(l))b(?)

forallz € RY and ae. t € [0,T7.
The corresponding functional ¢ on H} given by

T
o= [ TP/ + Ftuo)]d
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is continuously differentiable and w.ls.c. on H} as the sum of a convex
continuous function (Theorem 1.2) and of a weakly continuous one (Propo-
sition 1.2). If ¢ has a bounded minimizing sequence then, by Theorem 1.1,
¢ has a minimum so that, by Corollary 1.1, problem (5) is solvable. It
remains to find conditions under which ¢ has a bounded minimizing se-
quence. When VF is bounded by a L!-function for all « € RY, we shall
see that it suffices to require a coercivity condition for the average of F'
with respect to ¢.

Theorem 1.5. Assume that F satisfies condition (A) and that there exists
g € LY(0,T) such that
IVF(t,z)| < g(2)

for a.e. t €[0,T) and all z e RN, If
T
/ F(t,z)dt — +00 as |z| — oo, (6)
0

then problem (5) has at least one solution which minimizes ¢ on Hk.

Proof. For u € H}, we have u = T+ @& where T = fo (t)dt and

T
o(u) = /0(1a(t)|2/2)dt+/ F(t,u‘)dt-{-/ [F(t, u(t)) — F(t,0)] dt

T OT °

- /O(Ia(t)|2/2)dt+/0 F(t, ) dt
+ /0 ' / VT i), a(t) dsdt

T T T

> /0(|11(t)|2/2)dt'-(/0 g(t)dt) ||ﬁ||oo+_/0 F(t,u)dt
1/2

> /T(|a( 2/2) dt (/ |ut)|2dt) +/TF(t,U)dt

by Sobolev’s inequality. As ||u|| — oo if and only if(|'ﬁ|2+f0T i (2)|2dt)H/? —
00, the above inequality and (6) imply that

p(u) = +00 as [lul| = oo

and hence every minimizing sequence is bounded, which completes the
proof. (] :

As an example, let us consider the scalar problem
% = afsin(u — b sgn u) + sin(b sgn u)] + e(t)
u(0) — u(T) =.4(0) — w(T) =0,
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where ¢ > 0,0< b< m, e € L*(0,T) and j;)T e(t)dt =0.In this case,
F(t,u) = a[(sinb)|u| — cos(Ju| — b) + cos b] + e(t)u

and hence
T
/ F(t,z)dt = T asinb|z|— T a[cos(|z| — b) — cos b] — +o0
0

if |z| — oo. Moreover, |F(t,u)| is clearly bounded by 2a + |e(t)| and the
result follows.

The coercivity condition does not hold if b = 0, i.e., in the case of the
forced pendulum equation

i = asinu + e(t).

We shall show in the next section that the corresponding existence result
can still be proved by taking advantage of the periodicity in u of the right
hand member of the equation.

1.6 Periodic Solutions of Non-Autonomous
Second Order Systems with Periodic Potential

We show in this section that (5) is solvable when F is periodic in each
variable &;. Let (e;) (1 < i < N) denote the canonical basis of R

Theorem 1.6. Assume that F' satisfies condition (A) and that there exist
T; > 0 such that

F(t,z +Tje;) = F(t,z) (1<i<N) Q)

for all z € RN and a.e. t € [0,T). Then the problem (5) has at least one
solution which minimizes ¢ on H}.

Proof. It follows from (7) and the regularity of F' that there exists h €
L(0,T) such that
F(t, ) > ht)

for all z € RN and a.e. t € [0, ). Consequently, if C; = j;)T h(t) dt,

T
o(u) > (1/2) / [i(t) dt - Cy

for all v € H}. As ian; ¢ < 400, it follows from this inequality that if
(ur) is a minimizing sequence for ¢, there will exist Cz > 0 such that

T
/0 i ()Pdt < Cs (8)
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for all k € N. Let ug = g + @ with @ = (1/T) fJ ui(s) ds, it follows
from (8) and Wirtinger’s inequality that

llaell < Cs3, k€N (9)
for some C3 > 0. On the other hand, it follows from (7) that
pu+Tie) = plu), 1<i<N
for all u € H} and hence if (u;) is a minimizing sequence for ¢, ([(Ux, €1) +
k1T + (dg,e1), ..., (U, en) + knTn + (@k,en)]) is also a minimizing se-
quence of ¢ and we can therefore assume that
0< (@e)<T (1<i<N) (10)

Consequently by (8), (9), and (10), ¢ admits a bounded minimizing se-
quence, and the proof is complete. O

One can obtain, as follows, a useful extension of Theorem 1.6 to some
forced second order systems. It is elementary to check that, for e € L}(0,T;
RN), the linear problem

i(t) = e(t)
v(0) — v(T) = 9(0) — ¥(T) =0 (11)

has a solution if and only if
T
/ e(t)dt =0. (12)
0

This solution will be unique if we impose in addition that

T
/ v(t)dt =0 (13)

and we shall denote by E the unique solution of (11) satisfying (13). Then
if we consider the problem

ii(t) = VF(t, u(t)) + e(t)

u(0) — u(T) = 4(0) - w(T) = 0 (14)
where e € L'(0,T; R" ) satisfies (12), we obtain, letting
u(t) = v(t)+ E(), (15)

the equivalent problem

3(t) = VF(t,v(t) + E(t))
v(0) — o(T) = ¥(0) — ¥(T) = 0. (16)
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Now, if F satisfies the periodicity conditions of Theorem 1.6, the same is
true for F# : [0,7]x RN — R, (t,z) — F(t,z+E(t)) and hence, Theorem
1.5 applied to (16) implies the following.

Corollary 1.2. Under the conditions of Theorem 1.6 for F, the problem
(14) has, for each e € L'(0,T;R"N) verifying (12), at least one solution
which minimizes on H} the functional ¢, defined by

T
90e(U)=/0 [li(®)[?/2 + F(t, u(t)) + (e(t), u(t))] dt.

Proof. Theorem 1.6 applied to (16) implies the existence of a solution v
of (16) which minimizes on H}. the function ¢ defined by

T
¥ = [ [6OF/2+ Pt o) + Bt

Therefore, u defined by (15) solves (14) and minimizes on (. — E) on H.
But, integrating by parts we get

T .
bu—FE) = / [i(t) — E@)P/2 + F(t, u(t))] de
T .
- / ()72 + (u(t), e(t)) + (&, u(®)] de + || B2
= puw) + B
hence u minimizes ¢, on H}. 0

As an application, let us consider the periodic boundary value problem
for the forced pendulum equation

u(t) + Asinu(t) = e(t) (A >0 fixed) (17)
u(0) — w(T) = «'(0) — &'(T) = 0.

Notice that if (17) has a solution then, integrating the equation over [0, 7]
and using the boundary conditions, we get

A/OTsinu(t)dt: /OTe(t) dt

hence
~A< (1T /T e(t) dt < A.
0

One cannot, therefore, hope to solve (17) for every e € L!(0,T) and
a complete explicit description of the range of (d?/dt?) + Asin(.) act-
ing on T-periodic functions is still unknown. As (17) is of the form (14)
with F(t,z) = Acosz, the conditions of Corollary 1.2 are satisfied if
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fOT e(t)dt = 0 in which case (17) has, therefore, a solution which mini-
mizes the corresponding . on H},
Another application is the pendulum with a horizontal periodic external

force, whose equation is
i(t) + Asinu(t) = cosu(t) e(?)
and can be written
@ = Dy[A cosu+ e(t) sin u]
so that Theorem 1.6 is directly applicable for each e € L}(0, 7).

1.7 Periodic Solutions of Non-Autonomous
Second Order Systems with Convex Potential

When F is convex in z, it is possible to eliminate the boundedness condition
on VF in Theorem 1.5 and to deduce a necessary and sufficient condition
of existence when F' is strictly convex in £ or when N = 1.

We shall need the following elementary and intuitive results on convex
functions.

Proposition 1.4. Let G € CI(RN,R) be a convez function. Then, for all
z,y € RY we have

G(z) > G(y) + (VG(y), z ~ y). (18)

Proof. By the convexity of G we have, for each z,y € R" and each
A €0, 1],
G((1-=XNy+ Az) < (1-XN)G(y) + AG(=z)
hence
Gly+ Mz —y)) - GQ)
A
Letting A — 0 we obtain (18). 0

< G(z) - G(y)-

A function G :—] — oo, +00] is strictly conver if
G((1=Xz+ 2y) < (1-X)G(z)+ AG(y)

whenever G(z) < +00, G(y) < 400, z # y, and X €]0,1].

Proposition 1.5. Let G € CI(RN,R) be a strictly convez function. The
following properties are equivalent:

a) There ezists T € RY such that VG(Z) = 0.

b) G(z) — 400 when |z| — oo.
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Proof. 1. If VG(Z) = 0, it follows from (18) with y = ¥ that  minimizes
G on RV. Since G is strictly convex, Z is unique, hence

6 = min[G(z + z) — G(z)] > 0.

|e]=1
The convexity of G then implies that, when |z| > 1

6(z+5)-om<toein+(1- 1) 6@ -c@

§
||

IA

|—i-|(G@+ z) - G(x)).
Hence,
G(z +T) > b|z| + G(T)

for || > 1 and (b) follows easily.
2. If G satisfies (b), then G has a minimum at some point Z for which
(a) holds. a

Theorem 1.7. Assume that F : [0,7] x RY — R satisfies assumption
(A), that F(t,.) is convez for a.e. t € [0,T] and that

T
/F(t,:l:)dt—-++oo if |z| — oo. (19)
0

Then problem (5) has at least one solution which minimizes ¢ on H}.

Proof. By assumption, the real function on RY defined by

T
:l:—-»/ F(t,z)dt
0

has a minimum at some point Z for which
T
/ VF(,Z)dt = 0. (20)
0

Let (ug) be a minimizing sequence for ¢. It follows from (18) and (20) that

v

T T T
p(ur) (1/2)/0 |u,‘,(t)|2+/0 F(t,?c')dt+/0 (VE(t,Z),ux(t) — T)dt

T T T
(1/2)/0 |uk(t)|2dt+/0 F(t,E)dt+/0 (VF(L, ), (1)) dt

where ug = U+ withu, = (1/7) fOT ux (1) dt. We obtain, using Sobolev’s
inequality,

T T
(w2 (1/2) / kg ()Pt + / F(t,7) di
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T
- ( / m(t,z),dt) liello
T T 1/2
> (1/2)/0 lia () 2dt — 1 — ¢ (/O Idk(t)|2dt)

for some constants ¢; and ¢y > 0. Hence, there exists a constant ¢z > 0
such that

T
/ lax(t)|?dt < ca.
0
By Sobolev’s inequality, this implies that
lliklloo < €a (21)

for some constant ¢4 > 0. Now we have, by convexity,

F(t,m/2) = F(¢,(1/2)(u(?) — @(1)))
< (V/2)F @, wi(t)) + (1/2)F (2, —ix(t))

for a.e. t € [0,7] and all k € N, hence

T
o(ug) > (1/2) /OT |izk(t)|2dt+2/OT F(t,iik/2)dt-—/o F(t, —ix(2)) dt.

This implies, by (21),

T
o(ur) > 2/0 F(t,/2) dt - cs

for some ¢5 > 0 and therefore, by (19), (@) is bounded, which completes
the proof. 0

We consider now the case where F(t,.) is strictly convex.

Theorem 1.8. Assume that F satisfies condition (A) and that F(t,.) is
strictly convez for a.e. t € [0,T). Then the following conditions are equiva-
lent:

a. Problem (5) is solvable.
B. There exists T € RN such that

T
/ VF(,E)dt = 0.
0

Y. fOT F(t,z)dt — 400 when |z| — co.
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Proof. 1. If u is a solution of (5) then, integrating the differential equation
over (0,T) and using the boundary conditions, we get

T
/ VF(t, u(t)) dt = 0. (22)

Let u = @ + ¥ where ¥ = (1/T) f(;‘r u(t) dt and define the strictly convex
functions G and G on RV by

G(z) = /OT F(t,z)dt;

T
G(z) =/ F(t,z + (1)) dt.
0
Since, by (22), VG(%) = 0, Proposition 1.5 implies that
G(z) — 4+ as |z| — oo. (23)

By the convexity of F(t,.), we have

G(z) < (1/2)/0T F(t,2z)dt + (1/2)/0T F(t,24(t)) dt

= (1/2)G(2z) + C. (24)

It then follows from (23) and (24) that G(z) — +oo as || — co. Hence,
there exists Z € R" such that VG(Z) = 0, i.e.,

T
/ VF(t,F)dt =0
0

and («) implies (3).
2. By Proposition 1.5 applied to the function G defined above, (3) implies

().

3. By Theorem 1.7, () implies (a). a

We now return to the case of a convex F(t,.) but with N = 1. Setting
f(t,z) = DyF(t,z), we see that f(¢,.) is nondecreasing for almost every
t € [0,1]. This implies a simpler necessary condition for the existence of a

solution of
u(t) = f(t,u(t
u(0) — u(g*; = aEO) ~( l)(T) =0. (25)

Lemma 1.1. If (25) has a solution, there exisis @ € R such that

T
/ £(t,3)dt = 0. (26)
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In other words, the real function a — f(;‘r F(t,a)dt has a critical point a.

Proof. If (25) has a solution u, then, integrating both members of the
equation over [0,7] and using the boundary conditions imply that

T
/ f(tu(t))dt =0.
0
Therefore, if m < u(t) < M for t € [0,7], we have, by the monotonicity of
ft),
T T
[ remasos [ rama
0 0

and the result follows from the intermediate value theorem. o

We shall now prove the more striking fact that condition (26) is also
sufficient to the solvability of (25).

Theorem 1.9. If f(t,.) is nondecreasing for a.e. t € [0,T], then problem
(25) has at least one solution if and only if there exists some @ € R sat-

isfying (26), i.e., if and only if the real function a — f: F(t,a)dt has a
critical point.

Proof. The necessity is proved in Lemma 1.1. For the sufficiency, let us
first assume that

T
/ f(t,a)dt =0
0

whenever a > @. Then, by (26) and the nondecreasing character of f(t,.),
this implies that

f(t,a) = f(t,q)
for a.e. t € [0,7] and all @ > @. Let v be a solution of the T-periodic linear
problem

i(t) = f(t,9)
v(0) = v(T) = ¥(0) — o(T) =0

(such a solution exists because of (26)) and let b € R sufficiently large so
that
v(t)+b>a, tel0,T].

If we set u(t) = v(t) + b, then u(0) — u(T) = 4(0) — w(T") = 0 and
i(t) = 9(t) = f(t,8) = f(t,v(t) + b) = f(t,u(t))

so that u is a solution to (25). Similarly if

T
/ f({,a)dt=0
0
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whenever a < @. It remains, therefore, to consider the case where there
exists a; < @ < ay such that

T T
ClE‘/0 f(t,aﬂdt<0<[) f(t,az)thcz.

Then, for a > a3,

/OT F(t,a)dt

/OT [F(t,az) + /01 f(t, (1 = s)az + sa)(a — az) ds| dt

T
/ F(t,az2)dt + cz(a — a3)
0

and fOT F(t,a)dt — 400 if a — +o0. Similarly, if a — —o0, the existence
of a solution follows from Theorem 1.7. ]

Remark 1.2. When f is independent of z, Theorem 1.9 reduces to the
usual Fredholm necessary and sufficient condition

/OTf(t)dt =0

for the solvability of (25).
In the special case of a problem of the form

i) = g(u(t)) - h(t)
u(0) —u(T) = u(0) - a(T) =0

with g : R — R continuous and nondecreasing and h € L!(0,T’), Theorem
1.9 implies existence if and only if h = (1/T) fOT h(t) dt belongs to the range
of g.

In particular, the range of the nonlinear operator “;1—:5' ~ g(.) acting on
T-periodic functions will be open (resp. closed) if the range of g is open
(resp. closed) in R.

Historical and Bibliographical Notes

The direct method of the calculus of variations has its origin in the Dirichlet
principle, which consists in connecting the existence of a solution of the
Dirichlet problem
Au(z)=0, zeQ
u(z) = h(z), z€0Q

where @ ¢ R is an open bounded set, A = Soi_, D? is the Laplacian,
h : 0 — R is a given function, to the existence of a minimum of the
Dirichlet integral

(27)

D(u) = /ﬂ Vu(e)Pdz, (28)
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over a class of sufficiently regular real functions on {2 which are equal to h on
0Q. If, with Gauss (1839), Lord Kelvin (1847), Dirichlet (1850), Riemann
(1851, 1857) and others, we consider the existence of this minimum as
obvious, the existence of a solution for (27) follows, as (27) is the Euler-
Lagrange equation associated to the extremums of D. In 1870, Weierstrass
pointed out the important distinction between the notions of infimum and
of minimum by producing a counterexample making doubtful the validity
of the Dirichlet principle. It was only at the turn of the twentieth century
that the partial results of Arzela [Arz;] and the definitive work of Hilbert
(Hil; 2] rehabilitated the Dirichlet principle by giving conditions upon h and
 which insure its validity. This seminal work was immediately followed by
a number of significant contributions by Levi, Fubini, Lebesgue, Zaremba,
Courant, Lichtenstein, and Tonelli, establishing the direct method of the
calculus of variations, i.e., the extension of the Dirichlet principle to more
general functionals of the type

F(u):/nf(x,u(x),Vu(x))dx, (29)

as a powerful tool for proving the existence of solutions to linear and non-
linear boundary value problems.

Although the concepts of lower and upper semi-continuity had been intro-
duced by Baire [Bai,] in 1897, it was Lebesgue [Leb, 5] who first emphasized
that lower semi-continuity was the type of continuity naturally satisfied by
functionals of type (29), and Tonelli [Ton,;] extensively and systematically
developed the concept. One can consult Cesari’s book [Ces;] for a modern
treatment and subsequent contributions.

It was soon realized, after Volterra’s creation of the theory of function-
als and its development into functional analysis, that this discipline would
allow an elegant and general formulation of the direct method of calcu-
lus of variations. Theorem 1.1 illustrates this fact strikingly and is the
result of successive refinements by a number of mathematicians among
which Golomb [Gol,], Mazur and Schauder [MaS;], Morrey [Moy,], Rothe
[Roty 2,3], and Vainberg [Vai, 3]. More complete references can be found in
the survey papers and books of these last three authors.

Convexity is a very old concept and convex functions are present from the
very beginning of the calculus. The systematic study of convex functions on
R can be traced by Jensen [Jen;] and detailed treatments of convex func-~
tions on RY can be found in the books of Fenchel [Fen;] and Rockafellar
[Roc,]. Convex sets were important in functional analysis, too, and Mazur’s
theorem was proved by Mazur [Maz;] in 1933. The link between convex-
ity and the direct method of the calculus of variations, already present in
Tonelli’s work, was very closely analyzed by Mazur and Schauder [Ma$;]
in 1936.

The argument of Theorem 1.3 for obtaining the Euler equation can be
traced, in special situations, to Euler [Eul;], as early as 1771.
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The fundamental lemma is a variant, for weak derivatives and periodic
boundary conditions, of the du Bois-Reymond version of the fundamental
lemma of the calculus of variations, generally stated and proved for more
regular u and v and two-point boundary conditions. The pioneering rigor-
ous approach of this lemma is that of du Bois-Reymond [DuB;] in 1879,
which can be considered as a very early contribution to the theory of dis-
tributions, containing in particular the first use of what we now call the
“test functions.”

The inequalities in Proposition 1.1 are generally referred as Sobolev in-
equalities and Wirtinger’s inequality in Proposition 1.3 corresponds, for
periodic functions, to Poincaré’s inequality for Dirichlet boundary condi-
tions. Results in the line of Theorem 1.4 are due to Morrey [Moy,].

Although Poincaré [Poi,] initiated the use of Jacobi’s least action prin-
ciple to the study of periodic solutions of a mechanical system with two
degrees of freedom, and was followed by Whittaker, Signorini, Tonelli, and
Birkhoff, the first treatment of a periodic boundary value problem for a
non-autonomous second-order equation seems to be due to Lichtenstein
[Lic;] in 1915, where a problem of type (25) is considered under the as-
sumption that F' is bounded from below and f > o > 0 for u > R and
f €< —a <0 for u < —R; he mentions the example

u =2t 14 al(:c)uz" + ...+ agnqa(x).

Condition (6) in Theorem 1.5 (coercivity on the kernel) was first in-
troduced by Ahmad-Lazer-Paul [ALP;] for Dirichlet problems and in the
frame of a minimax method. Theorem 1.6 is due to Willem [Wil;] and the
method of proof, independently used by Dancer [Dan;] in the case of the
forced pendulum equation, had essentially been found already by Hamel
[Ham,] in 1922. Theorems 1.7, 1.8, and 1.9 are motivated by results of
Mawhin-Willem [MaW;] described in Chapter III. They generalize and
improve earlier results of Berger-Schechter [BeS;] and Gossez [Gos;] ob-
tained by other methods. For an abstract version of Theorems 1.7, 1.8, and
1.9, see Mawhin [Maw;].

Further historical references on the Dirichlet principle are given in [Maw,],
as well in [Berz], [Boli], [Cou;], [Fun,] (which contains Hamel’s treatment
of the forced pendulum equation), [Had,], [Ler,], [McS; 2], [San;], [Voli 2],
[VOP]].

For recent contributions to convexity and semi-continuity questions in
the calculus of variations, see [Ces; ], [Clag 4 5], and see [Bre; ], [EkT,], [ScL]
for elegant treatments of the foundations of convex analysis.

One can find a study of the forced periodic pendulum equation with
further restrictions on A in [Cas;] and an extension of Theorem 1.6 to a
more general situation which covers the forced double pendulum in [CFS,].

Other applications of the direct method to the existence of odd periodic
solutions can be found in [Bers] and [Wiljp]. For a study of periodic so-
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lutions of autonomous systems as contrained minima, see [Berg], [CaM;],

and [Gory].

Exercises

1. If ¢ : X —]—00,00] is convex and bounded above by a real constant
on a neighborhood of @ € X, then ¢ is continuous at a. Consequently,
if X is complete, such a ¢ is continuous on int D(¢) where D(yp) =
{u € X : p(u) < oo} (effective domain of ).

2. A function ¢ : X —]— 00,00] is called strictly convex if
p(1 = Mu+ v < (1= A)p(u) + Ap(v)

whenever v # v and A €]0, 1[. Such a function achieves its infimum
at one point at most.

3.If ¢ : X —]— 00,00] is convex and l.s.c., then @(u) — +oo, as
|u| — oo, if and only if there exists @ > 0 and 3 > 0 such that

o(u) > alu| -6
forallue X.

4. The function ¢ : X —] -~ 00,00] is I.s.c. if and only if p* = {u € X :
o(u) < ¢} is closed, for all ¢ € R.

5. If the function ¢ : X —]— 00,00] is convex; then for each ¢ € R, the
set p° = {u € X : ¢(u) < ¢} is convex. Show by an example that ¢°
can be convex for each ¢ € R without ¢ being convex.

6. If o : X —]—00,00] is convex (resp. l.s.c.) the set of points at which
@ achieves its infimum is convex (resp. closed).

7. If ¢ : X —] — 00,00] is convex, each local minimum of ¢ is a global
minimum of ¢.

8. Under the assumptions and notations of Theorem 1.4, if ¢’(u) = 0,
then

T
/ D, L(t, u(t), u(t)) dt = 0
0

and there is some ¢ € RN such that
¢
Dy L(t, u(t),u(t)) = / D L(r,u(r),u(r))dr +¢
0

a.e. on [0,7].
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9.

10.

11.

12.

1. The Direct Method of the Calculus of Variations

Assume that F satisfies assumption (A) of Section 1.5 and that
F(t,z) — 400
as |z| — oo uniformly for a.e. t € [0,T]. Show that the system
i(t) = VF(t, u(t)),
u(0) — w(T) = 4(0) — &(T) = 0,

has at least one solution which minimizes ¢ on H}.. ([BeS1], [Bers)).
Show that the same is true for

i(t) = VF(,u(t)) + et),
u(0) — w(T) = (0) — w(T) =0,

“where ¢ € L'(0,T;RN) and fo (t)dt = 0.

Let g : R — R be continuous, 2m-periodic, and such that
fo g(u) du = 0. Show that the problem

(1) + 90t + u(t)) = 0,
u(0) — u(27) = 0 = %(0) — 4(2x),

has at least one solution ([Baty]) (and hence a continuum of solution
as u(t 4 ¢) + ¢ is a solution for each ¢ € R when u is a solution).

Show that the equation of the compass in a rotating magnetic field
u"(t) + Asinu(t) + Bsin(u(t) —t) = 0
always has a 27-periodic solution.

Generalize Theorem 1.6 to the case where

ij=1

‘P(“)=/ [1/2) Y @ (u(t))i ()i () = V(u(t)) = (u(t)]e(t)) | dt

where a;; and V are in C1(RM, R), Ti-periodic in u; for some T; > 0
(1 € i< N), and such that

plEl? < Y ai(u)eg;
i,j=1
for some p > 0 and all ¢ € RY, and ¢ € L}0,T;R"M) with

fo e(t)dt = 0. ([CFSy]). This applies in particular to the forced
double-pendulum system.
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13. Show that, in the conditions of Theorem 1.9, the set of solutions of
(25) has the form I + iy where g is a fixed T-periodic function with
mean value zero and [ is a closed interval (possibly empty). Relate the
structure of I to the form of the function a — fOT F(t,a)dt. ((Maw]).

Hint. Use exercise 1.6. '
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The Fenchel Transform and
Duality

Introduction

The Legendre transform F* of a function F € CI(RN, R) is defined by the
implicit formula
F*(v) = (v,u) = F(u)

v = VF(u)
when VF is invertible. It has the remarkable property that

N
Z v)dy;

dF*(v)

N
Z(v,du, + uidv; — D; F(u)du;) = ZU, dv;,

i=1

or,

u = VF*(v),

so that F™* 1s such that
(VF)y ' =VF*.

Its geometrical meaning is the following: the tangent hyperplane to the
graph of F' with normal [v, ~1] is given by

{lw,s} e RN*! : 5 = (w,v) — F*(v)}.

Thus, the graph of F' can be described in a dual way, either as a set of
points or as an envelope of tangent hyperplanes.

The Fenchel transform extends the Legendre transform to not necessarily
smooth convex functions by using affine minorants instead of tangent hy-
perplanes. To motivate the analytical definition of the Fenchel transform of
F we can notice that, when F is convex, the function F, : u — (v,u)— F(u)
is concave and the definition of the Legendre transform just expresses that
u is a critical point of F,, and hence the global maximum of F), is achieved
at u. Consequently,

F(v) = wseugn[(v, w) — F(w))]
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and the right-hand member of this equality, which is defined as an element
of ] — 00, +00] without the smoothness and invertibility conditions required
by the Legendre transform is, by definition, the Fenchel transform of the
convex function F'. The reciprocity property between VF and VF*, which
loses its meaning for a non-smooth convex F or a non-smooth F* | can
be recovered in terms of the subdifferential of a convex function G, i.e., a
subset of R" associated to G at u and which reduces to {VG(u)} when G
is differentiable at u.

The role of the Legendre transform in classical Hamiltonian mechanics
is well known. If the Lagrangian L = L(t,q,r) is given, the correspond-
ing Hamiltonian H = H(t, q, p) is nothing but the Legendre transform of
L(t,q,.), namely

H(t,q,p) = (p,q) — L(t,q,7)

where 7 is expressed in terms of (¢,q, p) through the relation
p=D.L(tqr)

Besides this classical Hamiltonian dualily, it is interesting to introduce,
in the study of Hamiltonian systems, another duality based on the Legen-
dre transform of H(t,.,.). Indeed, if we write u = (g, p), the Hamiltonian
equations can be written in the compact form

_Ju(t) = VH(, u(t))

_f On Iy
J‘(-IN oN)

is the symplectic matrix. Setting

where

v =-Ju,
so that

u=Jv—c
where c is a constant, we obtain

v = VH(t, u)

or equivalently
u=VH*(t,?)

if the Legendre transform H*(t,.) of H(t,.) exists. Therefore, our Hamil-
tonian equations expressed in terms of v become

Jv—VH*(t,v)=¢,
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the integrated Euler-Lagrange equations corresponding to the critical points
of the function x defined on a suitable space of T-periodic functions by

T
x) = [ (/D@0 00) + B (¢ 50

This dual action x can, therefore, be used as well as the Hamiltonian action

T
Bl = / [(1/2)(Ja(t), u(t)) + H(t, u(t))] dt

to prove the existence of T-periodic solutions of our Hamiltonian system
because the critical points of x are, in many situations, more easy to find
than those of 1. This observation is at the basis of the use of this Clarke
duality in the study of Hamiltonian systems.

2.1 Definition of the Fenchel Transform

Let us first recall a basic tool in convex analysis.

Separation Theorem. Let C and D be nonempty disjoint convez subsets
of a normed vector space V. If C is closed and D is compact, there exists
a closed affine hyperplane P which strictly separates C and D, i.e., there
exisis | € V* and o € R such that

(u)>a if ueC and l(u)<a if ueD.

Let us recall that the epigraph of a function F : V — ] — 00, 00], with
V a normed vector space, is the set

epiF = {[u,t]e VxR : F(u) <t}

The easy proof of the following lemma is left to the reader.

Lemma 2.1. The function F : V — ] — 00,00] is convez (resp. l.s.c.) if
and only if epi F' is convez (resp. closed).

We shall now show that a convex l.s.c. function F : V — ] — 00,00] can
be entirely characterized by the affine functions that F dominates.

Lemma 2.2. Let F : V — ] — 00,400]. The following statements are
equivalent.

a) F is convezr and ls.c.

b) F is the supremum of all the continuous affine functions which are
everywhere smaller than F.
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Proof. b) = a). If b) holds, F is convex, and ls.c. as the supremum of
convex continuous functions.

a) = b). If F = oo, then b) is satisfied. Assume now that F is finite
at some g, so that epi F' # ¢. To prove that a) = b) we must show that
for each w € V and t < F(w) we can find an affine continuous function G
such that G(w) >t and G < Fon V. Let t < F(w), so that (w,t) & epi F.
Since, by Lemma 2.1, epi F is closed and convex, the separation theorem
implies the existence of v € V*, ¢ € R, and d € R such that

v(w)+ct <d<v(u)+cs (1)
whenever (u,s) € epi F. Since s > F(uo) implies (ug, s) € epi F and thus
d — v(uo) < cs,

the function s — sc is bounded below for s > F(ug) so that, necessarily,
c2> 0.
Assume first that ¢ > 0. If we define G by

G(u) = ¢ o(w—u) +t,

then G is affine, G(w) =t and, by (1), G(u) < s if s > F(u) so that G < F
on V. Assume now that ¢ = 0. It follows from (1) that

v(w) < d < v(u) (2)

when F(u) < +00. Thus F(w) = +o00. Since F(up) is finite, the preceding
part of the proof, applied to ug and F(ug) — 1, implies the existence of a
continuous affine function G such that G < F on V. Define, for A > 0, the
affine continuous function G by

Gx(u) = G(u) + A(d — v(w)).

It follows from (2) that F > G and that, for sufficiently large A, Gx(w) > t.
0

We shall denote by T'o(R™) the set of all convex ls.c. functions F :
RY — ] - 00,400] whose effective domain D(F) = {u € RN : F(u) <
+0o0} is non-empty.

The Fenchel transform F* of a function F € FO(RN) is the function
F* : RN — ] - 00,400] defined by

F*(v)= sup ((v,u)— F(u)).
D(F)

u€

Remarks. 1. The continuous affine function (v,.) —  is everywhere less
than F if and only if
o> (v,u) ~ F(u)
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for all v € RN i.e. if and only if
| a > F*(v).

2. It follows from the definition that F* is convex and lower semi-
continuous. On the other hand, by Lemma 2.2, there exists (v,a) € R¥ xR
such that

F>(v.)—oa.

Thus, by definition,
F*(v) < o

and D(F*) # ¢, which shows that F* € To(R").
3. An immediate consequence of the definition is the Fenchel inequality

F(u) + F*(v) 2 (v,0)

for allw € RN and v ¢ RV.
4. Another immediate consequence of the definition is that if Fy €
To(RY), F2 € To(RY), and Fy < F,, then

F{ 2 F;. (3)
Theorem 2.1. If F € Ty(RY), then (F*)* = F.
Proof. By Lemma 2.2 and Remark 2.1, we have, for each u € R",

Fu) = sup (v,u)—a)= sup ((v,u)—a)
[v,a]eRNxR vERN
(v,)-a<F o> F(v)
=  sup ((v,u)—F*(v))=(F")"(v). O
veED(F*)

We define the subdifferential of a function F € To(R™) at a point u € RV
to be the set

dF(u) = {v e RY : F(w) > F(u)+ (v,w — u) for all w € RV}.

We shall say that F' is subdifferentiable at u if OF (u) # ¢.

Remarks. 1. F is subdifferentiable at u if and only if « € D(F) and there
is an affine continuous function everywhere less than F and equal to F(u)
at u.

2. F(u) = inf F if and only if 0 € 0F (u).

3.1f v; € OF(u;) (i = 1,2), then

F(ug) > F(u1)+ (vy,u2 — uy)

F(u) 2 F(uz) + (v2,u1 — us)
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so that
0> (v2 — v1,u1 — u2),

i.e.
(vi — va,uy —u2) >0,

which we express by saying that  F(u) is a monotone multivalued mapping.
4. Tt is easy to check that dF(u) is closed and convex.

We now state and prove a fundamental property of the Fenchel trans-
forms which is the basis of the duality method in optimization.

Theorem 2.2. If F € To(RYN), the following statements are equivalent
a. v € 0F(u)
b. F(u)+ F*(v) = (v,u)
c. u € IF*(v).

Proof. By definition

vEIF(v) & (v,u)— F(u

) > (v, w) — F(w) for all w € RN
& (vu)—- F(u) =
)

sup ((v,w) - F(w))
veERN
& (v,u) = F(u) = F*(v)
so that (a) <> (b). By Theorem 2.1 and the first equivalence
F(u)+ F"(v) = (v,u) & (F7)"(u) + F7(v) = (v, u)
& F*(v)+ (F*)"(u) = (u,v) @ u € JF*(v)
so that (b) © (c), and the proof is complete. o

Proposition 2.1. If F € To(RY), the graph {[u,v] €e RN xRN : v €
OF (u)} of OF is closed.

Proof. Let ([ug, v¢]) be a sequence in §F such that u; — u and vy — v as
k — oco. For every w € R, we have

F(w) > F(ug) + (vk,w — ug), keN".
and hence, by lower semi-continuity
F(w) > likminf+(v,w —u) > F(u) + (v,w — u).
—00
Thus, v € 0F(u) and the proof is complete. 0
Example. Let G : RY — R be defined by

G(u) = aq” ul? + v
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where a > 0, ¢ > 1, v € R. Then

G*(v) = sup ((v,u)—ag ul!=y)=a PP~ o —v,  (4)
uecRN

where ¢~ 4+ p~ 1 = 1.

Proposition 2.2. Let F € To(R") be such that, for some a >0, ¢ > 1,
B8>0,v>0, one has

—-B< F(u)<ag Mul? +7 (5)
whenever u € RN . Then, if v € 0F(u), one has
a?lip~ ol < (v,u)+ B+ (6)

and -
vl < {pa?/4[Jul+ B+ 4] 4 1}771. (M

Proof.‘By Theorem 2.2, v € 8F(u) & F*(v) = (v,u) — F(u) and hence,
by (3), (4), and (5),

a”Plip=tylP —y < F*(v) < (v,u) + B

which directly gives (6). If |v] < 1, (7) is obvious. If we now assume that
|v] > 1, then, by (6),

[P~ < of/1p[jul + B+ 7]

and the proof is complete. 0O

2.2 Differentiable Convex Functions

We shall study the regularity of the Fenchel transform of a convex function.

Proposition 2.3. If F : RY — R is convez and differentiable at u, then
OF(u) = {VF(u)}.

Proof. By the convexity of F' and Proposition 1.2, VF(u) € 0F (u). Now,
if v € 3F (u), then

F(w) — (v,w) > F(u) - (v,u)

for all w € RV, i.e., F()— (v, .) has a minimum at u. As F is differentiable,
this implies that
VF(u)-v=0

and the proof is complete. ]
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Recall that a function F : RY — [—oc0, +00[ is strictly concave if —F is
strictly convex.

Proposition 2.4. If F € To(RY) is strictly convez and such that
F(u)/|u] = +o0 (8)
if |u] — oo, then F* € CY(R" R).

Proof. Without loss of generality, we can assume that 0 € D(F).
1. By assumption, for v € RV fixed, the function G, defined by

Go(w) = (v,w) - F(u)

is strictly concave and G,(w) — —oco as |w| — oo by (8). Thus, G, has
exactly one maximum point u. By Theorem 2.2,

OF*(v) = {u}.

2. Let us show that 8F* : RN — RN, v — u where u is such that
OF*(v) = {u}, is continuous. By Proposition 2.1, the graph of 9F* is
closed, hence it suffices to prove that F* takes bounded sets into bounded
sets. Let |v] < p for some p and {u} = 8F*(v); then v € 6F(u) hence

F(0) 2 F(u) = (v,u) (9)
so that, by the Cauchy~Schwarz inequality
p 2 v 2 (F(u) — F(0))/]u]-

Relations (8) and (9) imply that [u| is bounded.
3. Finally, if {u} = 8F*(v) and {u;} = OF*(v + h) for some v € RY,
h € RN \ {0}, then, by definition of the subdifferential, we have

F*(v+h)—F*(v) = (h,u) _ (h,up—u)
o< A ]

By the continuity of F*, uy — u if h — 0 and F* is differentiable at v
with {VF*(v)} = {u} = 8F*(v). Hence F* € C}(R",R). O

< < lup —ul.

2.3 Hamiltonian Duality

Let L : [0,T]x RN xRN = R, (t,z,y) — L(t, z,y) be a smooth function
such that, for each (¢,z) € [0,T] x RMN, L(t,z,.) satisfies the assumptions of
Proposition 2.4. The Fenchel (or Legendre) transform H(t,z,.) of L(¢, z,.)
is defined by

H(t’x’z) = yzlg)N[(z’y) - L(t’x»y)]
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or ‘
H(t,:c,z):(z,y)——L(t,:c,y) (]_0)
z=DyL(t,z,y), y=D,H(t z,z2).

The Lagrangian action is defined on a suitable space of T-periodic functions
by

T
oq) = /0 L(t,q(0),d(1)) dz.

The corresponding Euler equations are

SAD, Lt a(0), ()] = Da Lit,a(2), (). (1)

Formula (10) suggests replacing L(t,q,¢) in ¢ by (¢,p) — H(t,q,p). The
Hamiltonian action is thus defined on a suitable space of T-periodic func-
tions by -

T
$ap) = / (1), p(t)) — H(t,q(t), p(t))] dt.

The cofresponding Euler equations are the Hamilton equations

Q(t) = DzH(t’q(t)’p(t)) (12)
p(t) = -—DzH(t,q(t),p(t)). (13)

By duality, (12) is equivalent to
p(t) = Dy L(t, q(t), 4(¢))- (14)

We obtain, at least formally, from (10)
D.H = D, L - (D;9)(Dy L) + (Dsy)(2) = ~DsL,
so that (13) is equivalent to
5(t) = Do L(t, 1), i(1). (15)

The Euler equation follows directly from (14) and (15). Let J be the sym-
plectic matrix, so that J? = —J and (Ju,v) = —(u, Jv) for all u,v € RN,
If u = g, p], the system (12)—(13) becomes

i(t) = JVH(L, u(t)) (16)

- Ju(t) + VH(t, u(t)) = 0,

where VH denotes the gradient of H with respect to u. We have, by T-
periodicity

T 1 (7T, d :
[ o= [ [6w.p0)+ $60,p50) - .50 @
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. T T
= -3 || [60.00) + apen = -3 [ Gico,uw)a.

Consequently, the Hamiltonian action ¢ can be written

Y(u) = —/OT [-;—(Ja(t),u(t)) +'H(t,u(t))] dt.

Now the quadratic form

T
u— ~%/0 (Ja(), u(t)) dt

is “strongly indefinite” (see Section 3.1) and “dominates” the functional

T
" _/ H(t,u(t)) dt.

Consequently, the function 1 will be neither bounded from above nor from
below and critical points will be rather difficult to obtain as global mini-
mums or maximums do not exist.

2.4 Clarke Duality

Let H : [0,T] x RV S R, (t,u) — H(t, u) be a smooth Hamiltonian such
that, for each ¢t € [0, 7], H(t,.) satisfies the assumptions of Proposition 2.4.
The Fenchel (or Legendre) transform H*(t,.) of H(t,.) is defined by

H*(t,v) = sup [(v,u) — H(t,u)]

uGRZN
or .
(t,v) = (v,u) — H(t,u) (17)
v=VH(,u), u=VH*(v).
If
v=-Ju or u=Jy,
we obtain

Trl

o = [ [560.00)- 1600 @

Tr 1
[—-2—(0(0, u(t)) + (9(t), u(t)) - H(t,U(t))} dt
Ty

%(J{;(t), v(t)) + (0(t), u(t)) — H(t, u(t))] dt.

1l
S~ S~ —,
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Formula (17) suggests replacing (v, u)—H (t,u) by H*(¢, 7). The dual action
is thus defined on a suitable space of T-periodic functions by

X(v) = /OT [—;—(Jﬁ(t),v(t))+H"(t,i;(t))] dt.

We shall see in the next chapter that y can be bounded below under
reasonable assumptions upon H.
Another useful property of the dual action is that

x(v+¢) = x(v)
for all ¢ € R?M. Thus, it suffices to find critical points of x restricted to

the space
. T
WP =vewy? :/ v(t)dt =0 .
0

Theorem 2.3. Let
‘ H:[0,T)x R =R, (t,u)— H(t,u)

be measurable in t for each u € R?*N and strictly convez and continuously
differentiable in u for almost every t € [0,T]. Assume that there exists
g €]1,400[, @ >0,6 >0, 8,y € LP(0,T;RY), with %+ % =1, such that,
for all w € R™ and a.e. t € [0,T], one has

6(Jul?/q) — B(t) < H(t, u) < o|u|?/q) + ¥(1). (18)

Then the dual action x is a continuously differentiable on WTl‘p and, if
v € Wy is a critical point of X, the function u defined by

u(t)y = VH*(t,9(1))
satisfies (16) and u(0) = u(T).

Proof. It follows directly from Proposition 2.4 that H*(¢, u) is continuously
differentiable in u for a.e. t € [0,T]. By assumption (18) and relation (4),
we obtain, for all u € R?N and a.e. t € [0, 7],

P9 (JolP [p) = 7(1) < H*(¢,v) < 67211l /p) + B(1). (19)
Proposition 2.2 implies that
IVH*(t,0)] < [(¢/8)(Jo] + B(1) +7(1)) + 1P~
< el 4 e(B) + (1) + 107, (20)

for some positive constants ¢; and cz. Let us note that (847 +1)?~* € L?
since (8 + v + 1) € LP. By (19) and (20), the function L defined by

L(t,2,y) = (1/2)(Jy,2) + H" (¢, y)
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satisfies the assumptions of Theorem 1.4. Consequently, the dual action is
continuously differentiable on quﬂp, and, hence, on WTl’p.

Finally, if v € WTI"’ is a critical point of x, Theorem 1.4 implies that, for
allh € qu,’p, one has

T ) .
0:/0 B(Jt}(t),h(t))-i-(VH*(t,i)(t))-—%Jv(t),h(t))] dt.  (21)

It is then easy to verify the preceding relation for all k € WTl’p, and hence
for all h € C§°. By (21), the fundamental lemma is applicable, so that

VH*(t, 5(t)) — (1/2)Jv(t) = /0 (1/2)Jo(s) ds + ¢

a.e.on [0,77], i.e.,
Ju(t) = VH*(1,9(1)) + ¢

a.e. on [0, T). Setting
u(t) = VH*(t,9(t)) = Ju(t) — ¢,
we obtain u € quﬂp, @ = Jo and, by duality
v(t) = VH(t, u(t)).

Thus,
u(t) = Jo(t) = JVH(t, u(t))

a.e. on [0, 7). Moreover, u(0) = u(T) since u € Wp?. D
Historical and Bibliographical Notes

The Fenchel transform first appeared in 1939 for convex functions on R
in a paper of S. Mandelbrojt [Man;], which motivated an improved and
more general definition by Fenchel [Feny] in 1949 for convex functions in
R". A special case of the Fenchel inequality (in R) was already given
and used by W.H. Young [You;] in 1917. The Fenchel transform is an
extension of the Legendre transform [Leg;] introduced in 1787. The Fenchel
transform was extended to topological vector spaces by Bronsted [Broi],
Moreau [Mori 23], and Rockafellar [Roc; 23], as well as the concept of
subdifferential.

The Hamiltonian duality is basic in analytic mechanics and in the cal-
culus of variations. The Hamilton’s equations appear for the first time in a
paper of Lagrange (1809) on perturbation theory, but it was Cauchy (1831)
who first gave the true significance of those equations. In 1835, Hamilton
put those equations at the basis of his analytical mechanics and gave the
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first exact formulation of the least action principle. That the Hamilto-
nian with periodic boundary conditions is indefinite was already noticed
by Birkhoff [Bir;], who developed the first minimax approach to handle it.

The Clarke duality was introduced in 1978 by Clarke [Cla;] and devel-
oped by Clarke-Ekeland [Cla,; 5, CIE; 3, Eke; 2 3] to overcome the above
mentioned difficulty by replacing the Hamiltonian action by a dual action
which can be bounded from below. A heuristic exposition of duality in the
calculus of variations is given in Courant-Hilbert [CoH;].

See also [Youy), [EkT,], [EkTu;], [Fens], [Wils] for various aspects of
the role of convexity and duality in the calculus of variations. Duality
methods for first and second order evolution equations are developed in
[AuE,], [BrE,], and [BrE,). Non-convex optimization problems are consid-
ered, using duality, in [Tol; 5], [Ekeg 10], [Mas;]. On the relations between
optimization and periodic orbits, see also [Claz s ).

Exercises

1. Let F e To(R), uo e R¥, A eR. If

G(u) = F(u) + X, then G*(v) = F*(v) — A;
G(u) = F(u — uyp), then G*(v) = F*(v) + (uo, v);
G(u) = F(u) + (u,up), then G*(v) = F*(u — up).

2. A function F € To(RM) has a global minimum at v if and only if
u € dF*(0), in which case
IRih;lF = ~F*(0).

3. Let (vs) be a sequence in R | v € RV (F,) be a sequence in To(RY)
and F € To(RM). If

Up — U

and
lim F,.(u) > F(u) for each u € R,

then
F*(v) < lim F (va).

4. If F : RY — RY is convex and differentiable, then
F(w) = sup [F(u) + (VF(u),w — u)).
u€RN
5. Let F € To(R") be such that F(u) > alu| — g for all v € R and
some & > 0, § > 0. Then

F*(v) < 8 whenever |v| <a.
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6. Compute F* if F(u) = (¢,u) — o for some £ € R and o € R.

7. Let F : RV — ]— 00,40] be convex and C C RV a convex set.
Assume that F is finite and continuous at ug € C or finite at ug €
int C. Then u minimizes F on C if and only if there is some v € 8F(u)
such that '

(v,w—u)>0 forall weC.

8. If F € To(RY) is continuous at ug € D(F), then 8F (ug) is compact.
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Minimization of the Dual
Action

Introduction

A basic problem in mechanics (classical and celestial) is the study of the
periodic solutions of Hamiltonian systems

Ju(t) + VH(t, u(t)) = 0.

Although the variational structure of the problem suggests that the best
results should be obtained through a variational approach, progress in this
direction has been rather slow. This is due to the fact that the associated
Hamiltonian action ¥ given by

T
v = [ /D@0,u10) + B uw)d
is indefinite. This is easily shown by substituting
ug(t) = (cos Agt)e — (sin Agt)Je

with Ay = 2kn/T, k € Z, c € R™, |¢| = 1, so that |u(t)] = 1 and
(Jur(t), ur(t)) = Ak for all t € R and k € Z. Consequently,

T
w(uk):lmr+/ H(t,ux(t))dt — +o0 or — o0
0

according to k — oo or —oo. Therefore, the direct method of the calculus
of variations cannot be applied in a straightforward way and more sophisti-
cated approaches like minimax methods, isoperimetric natural constraints,
or dual least action principles have to be used.

In this chapter, we shall concentrate on situations where the Hamiltonian
H(t,u) is convex in u, in which case the dual least action principle seems
to provide the best results in the simplest way. We shall base the various
type of existence results (which deal with subharmonic solutions, periodic
solutions of autonomous systems with fixed period or with fixed energy
as shown in Sections 3.3 to 3.5) on a single basic existence theorem given
in Section 3.2. This theorem only requires a suitable quadratic growth
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restriction on H(t,.) and a coercivity condition on R*" for the averaged
Hamiltonian

T
T“l/ H(t,v)dt.
0

The special case of second order systems, which is particularly important
for the applications, deserves a special study made in Sections 3.6 to 3.8
where, in particular, nonlinear extensions of linear problems of the type

w(t)=Au—h(t) (A<0)

u(0) — w(T) = @(0) — &(T) = 0

are given, which complete the study initiated in Chapter 1 for A > 0. For
example, some necessary and sufficient conditions for the solvability of the

scalar problem
i(t) = g(u(®)) — h()
u(0) — u(T) = 4(0) — a(T) =0,

with g continuous and non-increasing, are given and connected to the
Landesman-Lazer conditions.

3.1 Eigenvalues and Eigenfunctions of J(d/dt)
with Periodic Boundary Conditions

Before going to nonlinear problems, it is of interest to discuss the simple
linear periodic problem

Ju(t) = Au(t), u(0) =u(T) (D)
where A € R. The differential equation in (1) is equivalent to
u(t) = —=AJu(?)
and its solutions are of the form
u(t) = exp(—=AtJ)c

with arbitrary ¢ € R*M. Now, as J2 = —I,

o0
Z —1)F(At)E Tk k!

exp(—AtJ)

= iu)“ 1)"1(2k)'+2 —1)(A)ZEH (—1)k J(2k 4 1)!

k=0

1
o

k
= (cos At)I —sin(At) J
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hence
u(t) = (cos At)c — (sin At)Jec.

This solution will satisfy the T-periodicity condition if and only if ¢ satisfies
the equation

[(1 = cos AT)I + (sin AT)J]c = 0. )

Taking the inner product with ¢ and with J¢, we obtain, since (Je¢,¢) = 0,
(1 = cos AT)|e|? = (sin AT)|Jc|? = 0.
Thus (2) has a nontrivial solution if and only if
A=A =2kn/T, k€T
Now, if A = Ay, equation (2) becomes
Oc=0

so that ¢ € RZV is arbitrary. We have, therefore, proved the following.

Proposition 3.1. The periodic eigenvalue problem (1) has a nontrivial
solution if and only if
A=Ay =2%kn/T

for some k € Z, in which case (1) possesses the 2N-dimensional vector
space of solutions

u(t) = (cos Agt)c — (sin Axt) Je (3)

where ¢ € R is arbitrary.

As the set of eigenvalues {A; : k € Z} is unbounded from below and
from above, the quadratic form

i T
U — -/ (Ju(t), u(t)) dt
2 Jo
will be indefinite on the space
Hi ={u : [0,7] = R™ : u is absolutely continuous, u(0) = u(T)
and % € L2(0,T)}.
Indeed, with u(t) defined in (3),

T T
-;» /o (Ji(t), u(t)) dt = %E /o u(t)Pdt = "7"1"|c|2 p—

The following estimate is useful.
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Proposition 3.2. For every u € H},

T TT,k
[ v uoyaz - [Caopa

Proof. Let us write & = u(t)—% fOT u(s) ds. Cauchy-Schwarz and Wirtinger
inequalities imply that

T T
/(Ja(t),u(t))dt = /(Ja(t),a(t))dt
0 0
T 12 o op
—( /O |Ju(t)|2dt) ( /0 |u(t)|2dt)
T 12 ;7
_% ( /0 |Ja(t)|2dt) ( /0 |a(t)|2dt)

T T
= —— i(t)3dt. 0
= O

1/2

v

1/2

v

3.2 A Basic Existence Theorem for Periodic
Solutions of Convex Hamiltonian Systems

We consider the periodic boundary value problem

Ju(t)+ VH(t,u(t))=0 ae.on [0,7] (4)
u(0) = u(T)

where H : [0,7] x R*¥ — R, (t,u) — H(t,u) is measurable for t for each
u € R?M and continuously differentiable and convex in u for almost every

t€[0,T).

Theorem 3.1. Assume that the following condilions are satisfied.
Ay. There ezxists | € L*(0,T; R?N) such that for all w € R*M and a.e.
t € [0,T] one has
Hit,w) > (), w). (5)

A,. There exists o € 10,2n/T| and v € L*(0,T; R*) such that, for every
u € R® and a.e. t € [0,T] one has

H(t,u) < SJul? +7(2). (6

As.
T
/ H(t,u)dt — +00 as |u|— oo,u € R?VN. (7
0
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Then problem (4) has at least one solution u such that

T
v(t) =~J [u(t) - %/0 u(s) ds]

minimizes the dual action

x : Hp —]=00,00], v—»/ [ (Jo(t),v (t))+H"(t,i)(t))]dt.

Proof. a) Existence of a solution for a perturbed problem. Let ¢ > 0 be
such that
0<a+e<2r/T (8)

and let

He : [0,T)xR*™ R, (t,u) — |2| + H(t,u)
where 0 < € < €g. Clearly H(t,.) is strictly convex and continuously dif-
ferentiable for a.e. t € [0, T] and H(., u) is measurable on [0,7] for every
u € R*N. We obtain, from (A1) and (Ay),

i)+ B < a0, < (@4 )2 4 400,
hence uP i) Juf?
T“—?—'SHe(t:“)S(a‘Ffo)—?— +7(t), 9)

so that by Theorem 2.3, the perturbed dual action
Tr1
x) = [ [50i0,00)+ 12,50 a

is continuously differentiable on HL: = {u € H} : fo u(t)dt = 0} and if
ve € HT is a critical point of y., the function u. defined by

u(t) = VH(t,0(t))
is a solution of Fi) (0 + VH u(t)) = 0
u(t) + eu(t) + t,u(t)) =0,
u(0) = u(T), (10)

and the relation
Jve = 1,

holds. We have, by (9) and Propositions 3.2 and 2.2,

x(v) > 3 (aieo - 23;;) /0 ot - /0 oy




3.2. A Basic Existence Theorem for Periodic Solutions 47

= 8o /OT(i)(t))zdt - 70 (11)

where 65 > 0 by (8). Let (v;) be a minimizing sequence for x.. By (11),
(|9x|)L2) is bounded, and hence, by Wirtinger inequality, (v;) is bounded
in H}. Now x.1(v) = fDT HY(t,v(t))dt is weakly lower semi-continuous
on H} by Theorem 1.2 and x. 2(v) = -;—fOT(Ji)(t) v(t)) dt is w.ls.c. (even
weakly continuous) by Proposition 1.2. Thus x¢ = x,, 1+Xe,2 s W.ls.c. and,
by Theorem 1.1, has a minimum at some point v, € HT

b) A posterlorl estimates on u.. It follows from (A1), (A2), and Proposi-
tion 2.2 that

IVH(t,u)] < 2(a + Dful + [1@)1*/2) + 7)) + 1 + Jul.
It is then easy to verify that the function

T
H:R¥™W LR, u—+/ H(t,u)dt

is continuously differentiable. Now, by assumption (A3), H has a minimum
at some point @ € R?" for which

/ VH(@,T)dt =0

0
so that the problem
v(t) = VH(t,u) (12)
has a unique solution w in H} such that f w(s)ds = 0. By (12), H*(t, w(t))
= (w(t),w) — H(t,u) so that H*(.,w(.)) € L*(0,T;R). From the obvious
1nequa11ty H(t,u) < H(t, u) we deduce H}(t,v) < H"‘(t v) and from (11)
we obtain

T
0 / @l =70 < xe(ve) < xe(w)
0

IN

T
1 .
/ [E(Ju'z(t), w(t)) + H*(t,w(t))] dt =¢; < oo.
0
Therefore, [0¢|12 < ¢z and from Jo, = ., we have
Iale2 = [te|pz < 2

where @, = u, — U, T = F fOT u;(t) dt. Wirtinger’s ineq.uality implies that
[léell < e3. By the convexity of H(t,.) and (10) we obtain

H(t,%—) H(t,EE—Q(—Q (t)) SH(E D) + 5 H(E,=i(1)

LA u®), u0) + S H(E0)+ TP + 2

S(=Tie(t),uc(®) = Sluc® + S +7(0)

IA

IA
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Using Proposition 3.2, we have

T . T
1 . -
/ H(t,u)dt < —-2-/ (Jue(t),ue(t))dt+%|u5|%a+"ro
0 0

(44

2 —
4C3+70 = C4.

T .. o T
E|u6|§,2 + Z|Ue|§,z +7 < Z’;Cg +
By assumption (Ag), |[%| < ¢s. Finally,

lludl < Il + @] < s + VTes = cs.

¢) Existence of a solution for the original problem. Since ||u¢|| < cs, there
is a sequence (€,) in ]0,¢€q] tending to 0 and some u € H} such that u,,
converge weakly to u in HL. Moreover, as v, = —J &, we have

ve(t) = —J(ue(t) — ue),
so that (v, ) converges weakly to
v = —J(u—ﬁ). (13)

By Proposition 1.2, u._ (resp. v, ) converges uniformly to u (resp. v) on
[0,7]. From (10) in integrated form

T
Jue, (t) — Jue, (0) + /0 [ente, (5) + VH(s,ue, (s))]ds =0
we deduce r
Ju(t) — Ju(0) + / VH(s,u(s))ds =0,

i.e. u € H} is a solution of (4).
Finally, as H}(t,v) < H*(t,v), we have, for all h € H},

Xen(ven) < Xe,.(h) < X(h)'

Now, by the duality between u,_ and 9., we have

T
Xea0e) = [ 0500060 0) + (s 0,56, (0) = Hoo 1,0, )]
T
= [ [fUa 0.0 0)+ (0, 50,0)
— H(t,ue, () = B |ue, (O] dt. (14)
It follows from (4) and (13) that
o(t) = VH(t,u(t)) a.e.on[0,T]. (15)
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Letting n — oo in (14), we obtain, by (15)

T
lim Xeu(ve) = /0 [%(Jr')(t),v(t))+ H*(t,6(1)) — H(t,u(t))] dt

- /OT [%(Ji;(t), o(t)) + H*(t,b(t))] dt = x(v).

Thus x(v) < x(h) for all h € H} and the proof is complete. O

Under stronger assumptions, it is possible to obtain a priori bounds for
all the solutions of (4).

Proposition 3.3. If there exists a € ]0,7n/T[, 3> 0,7 > 0 and § > 0 such
that
blul - B < H(t,u) < Slul?+7

for all t € [0,T] and u € R, then each solution of (4) satisfies the

inequalities r
[ titopa < 22T (16)
/ lu(t)| dt < ”E‘r(ﬂ‘* 7)) (17)

Proof. By Proposition 2.2, we have
1
2g [HGuW)® < (VHE, u(t)), w(t) + B+ 7.

It follows from (4) that

1 T T
2c [ liOPd+ [ i), ) de s 6+ 07
@ Jg ]

and, by Proposition 3.2,

1 T [T,
% 27 J, la(t)|*dt < (B + )T,

which gives (16). Now, by convexity, (4), Proposition 3.2, and (16), we have
T T
5/ lu()|dt — BT < / H(t, u(t)) dt
0 0
T
< [ 10+ (VHEuw),u) d
0

T T

< 7T—/0 (Jd(t),u(t))dt57T+%/o la(t)|%dt
T (2a(B+ v)=T

s T+Er-< T —aTl >
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which gives (17). O

When H(t,.) is strictly convex we can proceed exactly like in Theorem
8 of Chapter 1 (with F replaced by H) to deduce from Theorem 3.1 a
necessary and sufficient condition for the solvability of (4).

Corollary 3.1. Assume that H(t,.) is strictly convez for a.e.t € [0,T] and
satisfies the conditions (Ay) and (Az) of Theorem 3.1. Then the following
conditions are equivalent.

a. Problem (4) is solvable.
B. There ezists T € R*N such that

T
/ VH(t,Z)dt = 0.
0

5. fér H(t,z)dt — +oo when |z| — oo.

s

3.3 Subharmonics of Non-Autonomous Convex
Hamiltonian Systems

Now let H : R x R — R be continuous with H(t,.) convex and differ-
entiable on R*Y for each t € R,VH : RxR¥® R?" continuous and
H(.,u) T-periodic for each u € R?Y | i.e.,

H(t,u)=H(@+T,u)
for all (t,u) € R x R*. We still consider the corresponding system
Ju+ VH(t,u)=0. (18)
Clearly a solution u of (18) over [0,7] verifying
u(0) = u(T)

can be extended by T-perodicity over R to give a T-periodic or harmonic
solution of (18), i.e. a solution satisfying

u(t+T)=u(t), teR, (19)

and Theorem 3.1 gives conditions for the existence of such a solution. If
(19) is not satisfied with T replaced by T'/k (k € R, k> 2), T is called
the minimal period of u. We shall show that systems like (18) may admit
solutions u such that

u(t) = u(t + ¥T), t€R,
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for some k > 2 where minimal period is strictly greater than 7. Such
solutions are called subharmonic solutions or simply subharmonics. Their
existence will follow from Theorem 3.1 and Proposition 3.3.

Theorem 3.2. Assume that
H(t, u)/|uf’ — 0 (20)

and
H(t,u) — +o0 (21)

as |u| — oo uniformly int € R.
Then, for each k € N\ {0}, there exists a kT-periodic solution ux of
(18), such that
“uk”oo - OO (22)

and such that the minimal period T} of uy tends to 400 when k — oo.

Proof. Let ¢; = maxser |H(t,)|- By condition (21) there exists R > 0 such
that
H(t, u) >14+a

for all t € R and u with |u| > R. By convexity we have, for all (t,u) €
R x R?N with |u| > R,

R R R
14 < H(t,———u) <—H(t,u)+ (1-—)H t,0
‘ i) < g+ ) H 4O
R
S mH(t’u)+CI
and hence there is # > 0 and é > 0 such that
H(t,u) > blu| - 8 (23)

for all (¢,u) € R x RV,
If k € N\ {0} is fixed, condition (20) implies that there exists a €
10,2x/kT[ and ¥ > 0 such that

H(t,u) < (a/2)[u’ +v (24)

for all (t,u) € R x R*N. By (23), (24), and Theorem 3.1 with T replaced
by kT, the system (18) will have a kT-periodic solution u; such that

1 kT
v = —J [ug — ﬁ/o u(s)ds

minimizes the dual action

kT
Xkt v— /0 [(1/2)(T6(2), v(t)) + H*(t, ()] dt
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on H,iT.
The remainder of the proof depends upon the obtention of an upper
estimate for ¢ = xk(vk). Let us first notice that by (23)
(v,u) — H(t,u) < (v,u) — 8lu| + B< B
if |v| < 8, so that
H*(t,v) <pB whenever |v]|<6.

If p € R® is such that |p| = 1, then the eigenfunction hj associated to
the eigenvalue A_; = ~2x/kT of the kT-periodic problem for (1) given by

8Tk 2mt . 2mt
he(t) = - (cos ﬁ-1+sm —k%—;J) p

belongs to H}p and is such that |hi| = 6. Thus,

# kT . 52
e < xu(h) < /0 [(1/2)(h (1), (1)) + ) di = —5—k*T* + BRT. (25)

If (22) does not hold, there exists ¢; > 0 and a subsequence (k, ) such that

||k, |loo < c2.
By (18), this implies that
”"‘k,.”oo <cs
for some ¢3 > 0 and hence
lvEalloo < 2¢2,  [I9k,]loo < ca.

Consequently, as
H*(t,v) > —H(t,0) > —c,

we have
Ck, 2> —(2coc3 + 1) kn T,

which is impossible by (25) for n sufficiently large. Thus
[|ug)loo — 00 if k — oo.

It remains only to prove that the minimal period of u; tends to 4+o00 as
k — oo. If not, there exists 7 > 0 and a subsequence (k) such that the
minimal period T}, of uk, satisfies Ty, < 7 (n € N*). By (20) there exists
a € ]0,7/r[ and v > 0 such that

H(t,u) < (o/2)|ul® +7,
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for all (¢, u) € Rx R?N. Hence, by (23) and Proposition 3.3 with T replaced
by T, we get

/OTk.. e, ()]t < 2a(7rﬂj:])1:nTk" < 2a(fj:,r)7" (26)
J R e
Let us write ug = U, + tg, where
1 [Ten
Uk, = . Jy ug, (1) dt.

Sobolev inequality and (26) imply that
-2 o T (2a(B+ )T
e 12 < 15 (22222,
Inequality (27) implies that
- 1 [T (B+ )
o < = )|dt < 2T
ealleo € 7= [ e 01t < LT

Thus (]|, ]|« ) is bounded, a contradiction with (22). 0

3.4 Periodic Solutions with Prescribed Minimal
Period of Autonomous Convex Hamiltonian
Systems

Let H : R*™ — R be convex and of class C!. We shall now consider the
autonomous system

Ju(t) + VH(u(t)) = 0. (28)

In this section, we shall deal with the problem of periodic solutions with a
prescribed minimal period. In the next one, we shall consider the case of
periodic solutions with a fixed energy.

Theorem 3.3. Assume that
H(u)/|u]* -0 (29)

and
H(u) — 400 (30)

as |u| — oo. Then there exists Ty > 0 such that, for each T > Ty, the
system (28) has a periodic solution ur with minimal period T. Moreover,

5211}111|uT(t)| — +oo if T — +o0. (81)
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Proof. We can always assume that H(0) = 0. Theorem 3.1 implies, for
each T > 0, the existence of a T-periodic solution ur of (28) such that

ur — %/OT ur(s) ds]

vp = —J

minimizes the dual action
T
xr(v) = /0 [—;-(Ji;(t), o(t)) + H*(i;(t))] dt

on H}. Let us estimate cr = xr(vr) from above. Like in the proof of
Theorem 3.2, there exist 3,6 > 0 such that

lv| <6 = H™(v) < 5.

If p € R?Y is such that lo] = 1, then the eigenfunction hp associated with
the eigenvalue A_y = =27 /T of the T-periodic problem for (28) given by

6T 2 . 27
hr(t) = o [(cos —]—,t> I+ (sm —T—t> J] p
belongs to H} and is such that |hz(t)| = 8. Thus
Try . 52
er <xrhn) < [ [Ghe@,he(0) 48] de= - 12467 32)
0

If T > Ty = 478/6%, we have cr < 0. Suppose that up is (T/k)-periodic
for some k > 0. Then v(t) = kvr(}) belongs to H} and

xr(v) = g/OT (JoT (%) - (%)) dt + /OT H* (oﬁ) dt

k2 [Tk T/k

= —é— A (J'UT(t),'UT(t))dt—f-k A H*('l')T(t))dt

T
= £ / (Jir(t), vr () dt + /OT H* (ir(1)) dt

= xol(or) + %—1 /OT(Ji)T(t), vp(d)) dt. (33)
Since H(0) = 0, we have H*(v) > (v,0) — H(0) = 0. Hence, if T' > To,
T
0> XT('UT) > /0 E(JUT(t)’ 'UT(t)) dt

and (33) implies xr(v) < xr(vr), a contradiction. Thus, for T' > Ty, the
minimal period of up is T.
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As in the proof of Theorem 3.2, (32) implies that ||ur||cc — o0 if T —
+00. Let R > 0 and let

m =max{H(e) : e € R* |e| < R}.
By (30) there is p > 0 such that, for all e € R?V,
lel] > p=H(e) >m+1. (34)

There is also some 7 such that

T > 7= |lurlle = lur(tr)l 2 p. (35)
Now, we have, for T'> 7 and t € R,

m+1 < Hup(tr)) = H(ur () (36)
since the energy is conserved. The definition of m implies that, for T > 7,

min lur(t)| > R

and the proof is complete. m]

Remark 3.1. There is no assumption in Theorem 3.3 about the behavior
of H near zero, so that bifurcation theory is not applicable.

Remark 3.2. The following example shows that Theorem 3.3 cannot be
generalized to the case of a superquadratic Hamiltonian. Let F € C}(R, R)
be such that F’(s) > 1 for all s € R and let H(u) = F(|u|?)/2. Thus H is
convex when F is convex. The solutions of the Hamiltonian systems

Ju(t) + F'(Jul)u=0
are
u(t) = cos(F’(le|*)t)e + sin(F'(|e|?)t) e,
for any e € R?M. Thus, the minimal period of u is less than 2.

We shall now show that in Theorem 3, the existence of a non-constant
T-periodic solution cannot be expected for every T > 0.

Proposition 3.4. Let f : RY — RY be Lipschitz continuous on RN with
Lipschitz constant c. If u is a non-constant T-periodic solution of

u = f(u),

then
T > 2x/c.

Proof. Since ¢ = f(u), we obtain, forat € R, and h# 0
[a(t + k) — u(®)] = |f(u(t + k) = f(u(®))] < clu(t + k) — u(?)],
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hence
|@(t)] < clu(?)]
for a.e. t € R. Then, by Wirtinger’s inequality,
T2 T2 2 T ]
/ [u(t)|2dt < — ywe) |u(t)|2dt < = / lu(t)|*dt
and the result follows as u is nonconstant. 0

Now Lipschitz continuity of VH is compatible with the assumptions of
Theorem 3.3, and Proposition 3.4 shows that the conclusion of Theorem
3.3 is optimal.

3.5 Periodic Solutions with Prescribed Energy of
~ Autonomous Hamiltonian Systems

If u(t) is a solution over [0, T] of an autonomous Hamiltonian system
Ju(t)+ VH(u(t) =0 (37)
then scalar multiplication of both members by u(t) gives

(VH(u(t)), u(t)) = 0
i.e. the energy
H(u(t)) = constant. (38)

It is therefore natural to look for solutions, and in particular for periodic
solutions, with prescribed energy. The difficulty in this case is that the
period, and hence the underlying function space of solutions, is not a priori
known. We shall see, however, how to reduce, under some assumptions
upon H, the fixed energy case to the fixed period case.

We first prove that, under some conditions on VH, the orbits of (37) on
an energy hypersurface S, i.e. the sets {u(t) € RN : t € [0,T]} with u
verifying (37) and (38) are independent of H and depend only on S.

Lemma 3.1. Let H; € CY(R*™ R) and ¢; € R (i = 1,2) be such that
S = H;Ye1) = Hy Y(c2)-

If
VHi(u) #0, w€S, i=1,2, (39)

then the orbils of the systems
Jit(t)—}-VHg(u(t)):O, i=1,2

on S are the same.
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Proof. Let u; : [0,T] — S be a solution of
Ju(t) + VH;(u(t)) = 0.

Since VH1(u1(t)) and VHz(u;(t)) are normal to S and continuous, there
is a function A : [0,7] — R such that

VHy(uy(t)) = A(t)VH (ui(t)), te€[0,T].
By (39), A(t) # 0 and the relation
Mt) = (VHx(ur (1)), VH(u1 (1)))/[VH (w1 (1))

shows that A is continuous and hence either positive or negative. Define
the strictly monotone function v by

w0 = [ s sel
and let uy : ¥[0,T7] — RN be given by uy = u; o¢p~!. Then
Jua(t) = J (i 0 ™1 )(1/9 0 y71)(t) = = [VHi(ur 0 ™) ()](A o ¥ 1)(2)
= VHy(ui$~1(t)) = =V Ha(us(t)), te€[0,T).
Consequently, u; is a solution of J& + VHa(u) = 0. O

We shall now use the above lemma and some convexity properties of
H to replace it by another Hamiltonian leading to the same orbits and
satisfying the conditions of Theorem 3.3. To this end, let us recall that if
C is a closed convex set in R™ and 0 € int C, the gauge j of C is defined
on R™ by

Jj(w)=1inf{A>0: u/X € C}.

Clearly, j maps R™ onto Ry, j(0) = 0 and j is positive homogeneous. If
ue R™, veR™,

,\E{/\>0:—;EC}, uE{u>0:-ZEC},

then \
u+v u 1 v
=—|= — - C
Atp /\+u(/\)+/\+u<u)e ’
ie.
,\+ue{v>0:“t"ec}.
Thus,

{,\>0:36C}+{u>0:EeC}c{v>0:“+veC}
A 7 v



58 3. Minimization of the Dual Action

so that
J(w) +j(v) > j(u+v).
Then, if 0 < a< 1, u € R™, v € R™, one has

J((1 = a)u+av) < j((1 - a)u+ j(av) = (1 - a)j(u) + aj(v)

which shows that j is a convez function.

On the other hand, if u € C, j(u) < 1 and ifu€intC, (1+eueC
for ¢ > 0 sufficiently small so that j(u) < 3= < 1. Conversely, if j(u) < 1,
there is some j(u) < o < 1 such that ¥ € E‘ as 0 € int C, there is rg > 0
such that v € C whenever |v| < rg, so that, for all such v we have

u+(1—-a)v:a~2—+(1—a)vEC

so Bu,(1 — a)rg) C C and u € intC. Finally, if j(u) = 1, there is a
sequence (A, ) with A, > 1 tending to 1 such that 3~ € C. C bemg closed,
u = limy oo = o € C. We have, therefore, proved that u € C if and only of

J(u) <1and u €intC if and only if j(u) < 1. As C is closed this implies
that u € 0C if and only if j(u) = 1. Thus j characterizes C.

Lemma 3.2. Let H € CY(R*N |R) and c € R be such that VH(u) # 0 for
every u € S = H™1(c). Assume that S is the boundary of a conver compact
set C containing 0 as an interior poini. Let j be the gauge of C and let
F =332 Then

() F7'(1)= S8
(if) F is positively homogeneous of degree 3/2.
(iii) There is 3> 0 and ¥ > 0 such that
BluP? < F(u) < ylul*/? (40)
for all u e R*.

(iv) F € CY(R™ R) and VF is positively homogeneous of degree 1/2.
Proof. (i) and (ii) follow directly from the definition of F' and the properties
Ofg‘;)r (iil), as F(u) > 0 for u # 0, we have

0<f= ﬂﬂi:“lF(") < mi’iF(") =

and hence the result by (ii). To show (iv), first let u # 0, A # 0 and
G(u,A) = H(}) — c. Then

u A .
G(u,,\)_O@Xes@](:\—)_1@,\_](14)
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u

9,

oG, . 1 u u

artmit =575 (v (737) 705) #°

a5 0 € int C and
o (o (5) o) =}

is a supporting hyperplane for C. Therefore, the implicit function theorem
implies that j, and hence F, is of class C! on RZN\{O}. Moreover, it follows
directly from (iii) that VF(0) = 0. Property (ii) implies trivially that VF
is positively homogeneous of degree 1/2. But then

lim V F(u) = 0 = VF(0)

and G
N =5 (v4(3),

so that

so that VF is also continuous at zero. ]
We can now state and prove the basic theorem of this section.

Theorem 3.4. Let H € C'(R?*",R) and ¢ € R be such that VH(u) # 0
for every u € S = H™Y(c). Assume that S is the boundary of a convez
compact set C containing 0 as an interior point. Then there ezists at least
one periodic solution of (37) whose orbit lies on S.

Proof. Let F : R*™ — R be given by Lemma 3.2. All the conditions of
Theorem 3.3 are satisfied for

Ju(t) + VF(u(t)) = 0 (41)

and hence, if we fix any T > Tp, (41) has a periodic solution u with minimal
period T. Conservation of energy and properties of F' imply that

F(u(t))=d>0, teR.
Let us define w by
w(t) = d~?/3u(d?), teR.
Then w is (T'/d"/?)-periodic,
F(w(t)) = F(d~*3u(d"/31t)) = d~ 1 F(u(d"/?)) = 1
for all t € R and
Ju(t)

1l

d3Ju(dY3t) = —d~ 1PV F(u(d"/3t))
= —VF(d~?Pu(d"/3t)) = —VF(w(1)),
so that w is a (T/d"/?)-periodic solution of (41) whose orbit I lies on S. By

Lemma 1, system (41) admit on S the same orbits as (37) and in particular
the closed orbit T which corresponds to a periodic solution of (37). o
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3.6 Periodic Solutions of Non-Autonomous
Second Order Systems with Convex Potential

In this section we shall use Theorem 3.1 to study the periodic boundary
value problem
§() + VF(t,9()) =0
9(0) — q(T) = 4(0) = ¢(T) = 0

where F : [0,T] x RN — R, (t,q) — F(t,q) is measurable in t for every
g € RY and continuously dlﬁerentlable and convex in ¢ for almost every

te[0,7).
Theorem 3.5. Assume thal the following condilions are satisfied.

Ay. There ezists | € L*(0,T;RN) such that, for all ¢ € RY and a.c.
t € [0,T] one has

(42)

(), 9) < F(t,9).

A,. There exists o € 10,27/T[ and v € L0, T;R*Y) such that, for each
g€ RY and a.e. t €[0,T), one has

a?
F(t,q)s—2—lq| + 7(1).
As.
T
/ F(t,q)dt — 400 as |g| — o0, g€ R".
0

Then problem (42) has at least one solution.
Proof. Define H : [0,T] x R?™ — R by
H(t,u) = o2l 2’ F(t,uy)

where u = (uy, up). For a.e. t € [0,T), H(t,.) is convex and continuously
differentiable. For every u € R?M and a.e. ¢ € (0,77,

(-—Q- ul) < H(t, u)< (Jua)? + [ |? )+ t) = ——| 2+ -—-g—)—.

Moreover,

1 T
—/ F(t,uy)dt — oo
@ Jo

if |lu| — oo. By Theorem 3.1, the problem (4) is solvable, i.e. u; and u,
satisfy

ia(t) + S VF(t,m(®)) = 0
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*ﬁl(i) + CYUz(i) - 0
u1(0) = uy(T) = uy(0) — ux(T) = 0
and hence ¢(t) = u;(?) is a solution of (42). O

By applying Corollary 3.1 to the Hamiltonian system introduced in the
above proof, we easily get the following result.

Corollary 3.2. If F(1,.) is strictly conver for a.e. t € [0,T] and satis-
fies conditions (A1) and (A3) of Theorem 3.5, the following conditions are
equivalent.

a. Problem (42) is solvable.
B. There exists T € RN such that foT VF(,7)dt = 0.

Y. foTF(t,x)dt—-++oo as |z — oo.

In the special case of N = 1, we can proceed exactly as in Theorem 1.9
to deduce from Theorem 3.5 a necessary and sufficient condition for the
solvability of (42).

Theorem 3.6. If N = 1 and F satisfies conditions (A1) and (A3) of
Theorem 5, then the problem (42) has a solution if and only if there exists
7 € R such that

/ ! VF(t,q)dt =0 (43)
0

(or equivalently if and only if the function foT F(t,.)dt has a critical point).
Remark 3.3. Condition (A;) in Theorem 3.5 is sharp as shown by the
example
(1) + w?q(t) = acoswt (44)
9(0) — ¢(T) = 4(0) — ¢(T) = 0 (45)
where w = 27/T where a € R\ {0} which has no solution and corresponds
to

F(t,q) = (w?/2)]g)? - cos(wt)(a, q) (46)
which satisfies the regularity and convexity assumptions of Theorem 3.5 as
well as conditions (A;) and (A3z).

3.7 A Variant of the Dual Least Action Principle
for Non-Autonomous Second Order Systems

Let us consider the following generalization of the problem considered in
Section 3.6,
§(t) + m*wq(t) + VF(t,q(t)) = 0

9(0) — ¢(T) = 4(0) — ¢(T) =0 (47)
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where F : [0,T] x RY — R satisfies the regularity and convexity assump-
tions listed at the beginning of Section 3.6 as well as condition (A1) of
Theorem 3.5, and where m € N and w = 2x/T. Problem (42) is a nonlin-
ear perturbation of the linear problem

§(t) — Aq(t) =0
q(0) — ¢(T) = 4(0) — ¢(T) =0 (48)

at the zero eigenvalue and problem (47) a nonlinear perturbation of (48)
at an arbitrary eigenvalue —m2w?2.
Assume for a moment that for a.e. t € [0,T], F(t,.) is strictly convex

and such that
F(t,q)

lql

so that F*(t,v) exists and is of class C?! in v. Let us recall the elementary
result that

—+oo as |q| — o0, (49)

(1) + miw?q(t) +v(t) =0
q(0) — ¢(T) = ¢(0) — ¢(T) =0
with v € L?(0, T; RN) has a solution if and only if

(50)

T
veV:{weLz(O,T,RN):/ w(t) cos muwt dt
0

T
= / w(t)sinmwtdt:O} (51)
0

in which case (50) has the family of solutions given by
T
q(t) = acos mwt + bsin mwt — / sin mw(t — s)v(s) ds, (a,b) € RM).
0

Then we immediately check that when v € V, (50) has a unique solution
belonging to V', which we shall denote by K'v. We define in this way a linear
operator K in V, and the general solution of (50) can be written

() =7+ (Kv)(t)

where
FewW =Vt ={we L*0,T;RY) :

w(t) = acos mwt + bsinmwt, a,b€ RN},
Also, using Fourier series, it is easy to show that if
v(t) ~ Z vkea‘kwt,

keZ
[k[#m
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then Z
Ko(t) ~ ettt (52)
& (k% — m?)w? mz)wz
Ikl#m
and hence,
T 1 9
Ku(t), v(t < s—
| ®o0, 0 < Gl (53)
forallve V.
Let us introduce in (47) the change of unknown given by
o(t) = =4 — m*w’q(t) (54)
with v € V, or equivalently
q(t) = q(1) + (Kv)(?) (55)

where § € W. If ¢ satisfies (47), then
v(t) = VF*(t,v(t)) a.e. on[0,7T] (56)
which, together with (54), shows that v satisfies the equation
—(Kv)(t)+ VF*(t,v(t)) = ¢(t) a.e. on[0,T) (57)

or

—(Kv)(t)+ VF*(t,0(t)) €W (58)

for a.e. t € [0,T]. Conversely, if v € V satisfies (57) or (58), then defining
g by (54), we see that the elimination of v implies (47). Now, (58) is the
Euler equation for the critical points in V of the functional x defined by

T
x(v)=/0 [-(1/2)(Kw(t), (1)) + F* (8, v(t))] dt, (59)

as it follows from Remark 1.1. As K is now a bounded linear operator
on V, x often has better properties than the direct action associated to
(47). It is a variant of the dual action introduced for Hamiltonian systems
in Section 2.4. To eliminate the unpleasant assumption of strict convexity
and condition (49) on F, we shall use, like in Theorem 3.1, a perturbation
argument.

Theorem 3.7. Let m € N* and F : [0,T] x RN — R, (t,q) — F(t,q)
be such that F(.,q) is measurable for each ¢ € RN and F(1,.) is convez
and continuously differentiable for a.e. t € [0,T). Assume that the following
conditions are satisfied.
B,. There exists | € L4(0,T;RN) such that, for all ¢ € RY and a.e.
t€[0,T], one has
F(t,q) > (), 9)-
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By. There ezists a € ]0,(2m +‘1)w[ and v € L*(0,T; R*) such that, for
every q € RY and a.e. t € [0,T1, one has

F(t,9) < («/2)lg]* + ().
Bs. fOT F(t,a cos mwt + bsin mwt) dt — +oo as
la| + |b| = 00, a,beRN.

Then problem (47) has at least one solution q such that v = —§ — m*w?q
minimizes on V the dual action x.

Proof. a) Existence of a solution for a perturbed problem. Let €9 > 0 be
such that
a+e<(2m+ 1w (60)

and lét
Fo: 0,T1xRN =R, (t,q) — (¢/2)la]*+ F(t,q)

where 0 < € < €p. Proceeding as in part (a) of the proof of Theorem 3.1,
we see that F* : [0,7] x RV — R is well defined and that the function

T
ve : V—-R, v—-»/ Fr(t,v(t))dt
0

is well defined and continuously differentiable on V. The same is obviously
true for the function

T
b:V R, v_./o (1/2)(K (1), v(t)) dt

and hence for the perturbed dual action

T
X VoR, v /0 [—(1/2)(Kv(2), o(8) + F2 (¢, v(t))] dt.

Moreover, as in Theorem 3.1,

A e
0 2 7(8)

1
FI(t,v) >
()2 —

and hence, by (52),

-

1 1
at+e  (2m+ w

T
fmz[ hm&—ﬁvmm=mmm—n<m

with 8¢ > 0. Thus, every minimizing sequence for x¢ is bounded. Now, ¢, is
weakly lower semi-continuous on V by Theorem 1.2 and K (V) C VNWp2.
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By Proposition 1.2, ¥ is weakly continuous on V and hence x¢ is w.l.s.c.
Thus by Theorem 1.1, x¢ has a minimum at some v, € V, for which

(XY (ve),w) = 0
for all w € V. It is easy to check that

() (ve), w) = /OT[—(Kve(t),W(t)) +(VF (t,ve(?)), w(t))] dt
(see the proof of Theorem 1.4) and hence
—Kve+ VF!(.,,ve(.)) € W.
The reasoning above shows then that if ¥ = —Kv. + VF}(.,v(.)), then

ge = 3¢ + K¢ is a solution of
§(t) +m*w’q(t) + VF(t,4(t)) = 0
9(0) - ¢(T) = 4(0) — ¢(T") = 0.

b) a posteriori estimates on g.. It follows from (B;), (B2), and Proposition
2.2 that

(62)

IVE(t,q)| < 2a[(1+ [i(1)]) lg] + (O] + 1.
It is then easy to verify that the function

T
F : R*™™ o R, [a,b]—»/ F(t,acos mwt + bsin mwt) dt
0

1s continuously differentiable. By assumption (Bj), F has a minimum at
some [@,5] € R?M for which

T
/ VF(t,acos mwt + bsin mwt) cos mwt dt
0

T
= / VF(t,dcos mwt + bsin mwt) sin mwt dt = 0.
0

But then VF(.,dcos mw(.) + bsinmw(.)) € V,, and letting
w(t) = VF(t,@cosmwt + bsin mwt),
we have, by duality,

F*(t,w(t)) = (w(t),dcosmwt + bsin mwt)
— F(t,d@cos mwt + bsin mwt)

for a.e. t € [0,7), so that F*(.,w(.)) € L}(0,T;R). Consequently, using
(61), we get

SollvellZ2 — 70 < x“(ve) < x(w) < x(w) =1 < 0
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and hence
llvellzs < €2

with ¢z independent of ¢. Consequently, if §¢ = ¢. — T,
lgllz2 = [|Kvella < c3

and
llge + m?w?qe||ra = ||vellze < ca.

By the convexity of F(¢,.) and (62), we obtain

F(6T0) < FRea) +3FE-70)

< MV adt)ad)+ 3FG0) + Tz + 52
< 5(-ilt) - meat), ) + 7(0) + SO

Hence,

T —€ T
t
/ F(t,f’—gl) < 3 [ i -mtao, c@)at
0 0
T o )
+ [ v0a+ it
0
1. . . -
< Sllie+ mwtadloallilics + 70 + (/DI < e

so that, by (B3), ||7°|lzz < ca, all norms being equivalent in the finite-

dimensional subspace W. Consequently,

llgellz? < ea+ca=cs

and
lldellzz < c2 + m*w?(c3 + c4) = c6.

c) Existence of a solution for the original problem. By the above inequal-
ities, there is a sequence (¢,) in ]0, €o] tending to zero and some T-periodic
g € C*([0,T),R") such that ¢, — ¢ in C*([0,7],RY). From (62) in inte-
grated form

T
den(t) = den 0) + / 2w, (5) + VFeu (5, 4 ()] ds = O,

we deduce

T
i(t) - §(0) + / [m?w?q(s) + VF(s,q(s))}ds = 0
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and ¢ is a solution of (47). The fact that the weak limit v of (v,, ) minimizes
x on V is proved as in Theorem 3.1. o

Remark 3.4. A similar result holds for the problem
—4(t) = m*w?q(t) + VF(t,q(t)) =0 (m21)

9(0) — ¢(T) = 4(0) - ¢(T) = 0
if, in condition (B3), o € ]0,(2m — 1)w[. The only difference consists in
defining Kv as the unique solution in V of

—{(t) — m*w?q(t) = v(2)

9(0) — ¢(T') = 4(0) — ¢(T') = 0.
The same approach can also be used to study Hamiltonian problems of the

form
+(Ju(t) + mwu(t)) + VH(E,u(t)) =0

u(0) = u(T)
where m € Z and H(t,.) is convex.

Corollary 3.3. Assume that the conditions By 1o Bs of Theorem 3.7 are
replaced by the existence of numbers

0<ﬁ_<_a<(2m+1)w
such that, for every ¢ € RN and a.e. t € [0,T), one has
(B/2)laf = 1) < F(t.9) < (@/2)lal* +7(0)

where v € L*(0,T;RY). Then problem (47) has at least one solution q such
that v = —§ — m2w?q minimizes on V the dual action x.

Proof. It is easy to show that the assumptions B; to B3 of Theorem 3.7
hold. (m]

3.8 The Range of Some Second Order Nonlinear
Operators with Periodic Boundary Conditions
We shall study the following special case of (47) with N = 1.

d(t) + m?wiq(t) + g(t,q(t)) = h(2) (63)
9(0) — ¢(T) = 4(0) — ¢(T) = 0

where h € C(0,T), m € N\ {0}, w = 22/T, g : [0,T] xR — R is
continuous and ¢(¢, .) is non-decreasing for each ¢ € [0,T]. Letting

T
F(t,q) = / o(t,5) ds — h(t)q, (64)
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we see that (63) is a special case of (42). We write, as usual, ut = max(u,0),
¢~ = max(—u,0), and use the notations of Section 3.7.

Proposition 3.5. Assume that F defined in (64) satisfies the assumptions
By and By of Theorem 3.7 (with N = 1). Assume, moreover, that there
ezxist g1 € L=(0,T), g2 € L*=(0,T), such that

T T
/ h(t) sin(mwt + @) dt < / g(t,q1(t)) sin® (mwt + ) dt
0 0
T
- /0 g(t, g2(t)) sin™ (mwt + @) dt

Jor all o € R. Then problem (63) has at least one solution.

Proof. It suffices to prove that condition (Bz) with N = 1 holds in Theorem
3.7, or equivalently that

T
/ F(t, Asin(mwt + ¢)) dt — 400 (65)
0

as A — 400 uniformly in ¢ € R. By convexity, we have

T
/ F(t, Asin(mwt + ¢)) dt = / G(t, Asin(mwt + ¢)) dt
0 [

in(mwt+p)>0
T
+ / G(t, Asin(mwt + ¢)) dt — A/ h(t) sin(mwt + @) dt
sin(mwt+p)<0 0

>

> [ Gt a1(1)) + g(t, a1 () (Asin(mut + ¢) - gx(1)) dt
sin(mwit+)>0

+ / G(t,92(8)) + 9(t,92(2)) (A sin(mwt + @) — g2(t)) dt
sin(mwt+¢)<0
—A/ ) sin mwt+<p)dt>A/ (t,q1(t) sint (mwt + ) dt

- A/ g(t, q2()) sin™ (mwt + @) dt+c1+c2—A/ h(t) sin(mwt + @) dt,
0 0

and the result follows from (65), because, by continuity and periodicity,
the difference between the right and the left members has a positive lower
bound independent of ¢. ]

Let now g4 : [0,7] — ] — 00,400} and g_ : [0,7] — ] — o0, +o0[ be
defined on [0,T] by

g+(t) = lim g(t,q), ¢-(t)= lim gt,9), (66)
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so that g_(t) < ¢(t,0) < g4(t) on [0, 7] and hence g_ and g+ are Lebesgue-
integrable on [0, T], with possibly

T T
/ g-(t)dt = —oc0 or / g+(t)dt = 400
0 o .

Theorem 3.8. Assume that F defined in (64) satisfies the assumptions By
and By of Theorem 3.7 (with N = 1). Assume, moreover, that h € C(0,T)
1s such that

T T
/ h(t) sin(mwt + @) dt < / [g94+(t) sint (mwt + @)
0 0

— g—(t)sin™ (mwt + p)] dt (67)
for all p € R. Then problem (63) has at least one solution.

Proof. We show that (65) holds for some ¢; € R and ¢z € R. If it is not
the case we can find a sequence ¢y in [0,7] converging to some @, such
that

T
/0 l9(t, k) sin® (mwt + @1) — g(t, —k) sin™ (mwt + oy,)

— h(t) sin(mwt + o)) dt <0,

and hence, by Fatou’s lemma,

T
02/0 [g+(t) sin™ (mwt+po)—g- (t) sin™ (mwt+po)—h(t) sin(mwi+po )] di

a contradiction with (67). o

Remark 3.5. As
9-(t) < g(t,9) < 9+(2)

for a.e. t € [0,7] and all ¢ € R, we see that if (63) has a solution ¢, then
necessarily for all ¢ € R,

T T
/ h(t) sin(mwt + p) dt = / g(t, q(t)) sin(mwt + p) dt
0 0
= / 9(t, q(t)) sin(mwt + @) dt
sin(mwt+¢)>0
+ / g(t, ¢(t)) sin(mwt + p) dt
sin(mwt+¢)<0

T T
< /0 g+(t)sin+(mwt+<p)dt—/0 g—(t)sin™ (mwt + ) dt
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which shows that condition (65) with < instead of < is necessary for the
solvability of (63). Such an “almost” necessary and sufficient condition
for the existence of a solution to (63) when B; and B; hold is called a
Landesman—Lazer condition.

Remark 3.6. When ¢ is independent of ¢, g_ and g4 are constant and
(67) takes the simpler form

!(% /OT h(t)sinmwtdt) + (% /OT h(t) cos mwt dt) :|

1
< =(9+~9-).

1/2

Of course, similar results hold for the problem
—§(t) — m*w?q(t) + g(t,4(2)) = h(t)
k 4(0) — o(T') = 4(0) — ¢(T) = 0.
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Corollary 3.3 is a special case of a result of [Wilg] and generalizes [Dol],
[LaSl], [MaWQ'lo].

Abstract versions of Theorems 3.1, 3.5, 3.7, and 3.8 can be found also in
[Brey], [Cary], [Dimy], [EKL,], [Maws 4], [Wilg]. Other results on periodic
solutions of Hamiltonian systems based upon the dual least action principle
are given in [Amby g], [Bere,], [Bloy], [Clag], [Ekeyy], [Manc;], [Wils o].

For applications of the dual least action principle to other boundary value
problems, the reader can consult [AmS;], [Maws ¢ 7], [MWW,,]. Results
in this line based upon a combination of Lyapunov-Schmidt arguments
and variational methods are given in [Bat; ], [BaC;], [Cass4s], [Caly],
[Fac2y3,4], [Lazl], [LLMI], [LMCl], [Terl], [Thel]

The importance of getting a posteriori estimates for the solutions of
variational problems was first emphasized by Dolph ([Dol;]) in a different
context.

Some of the problems considered in this chapter can also be treated,
under supplementary conditions, by the method of natural isoperimetric
conditions (or natural constraints) initiated by Poincaré [Poi,] and devel-
oped in [BiHl,z], [HeSl], [Ber3,4], [BeBl], [VGI1_4].
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was first considered by a geometrical approach in [Sei;]. For further re-
sults on periodic solutions of Hamiltonian systems, see also [Cros], [Den,],

[The,], [Weig], [Gia,], [Rab,7].
Exercises

1. Show that Theorem 3.1 also holds, under the same assumptions A,
and A, upon H, for the problem

Ju(t) + VH(t, u(t)) = e(t),
u(0) = w(T),
where e € L%(0,T; RzN) is such that

ATH(t,u)dt— (u,/fe(t)dt) — +00

as |u| — oo in R?N.
Hint: Writing e = € + &, with € = 71 fo e(t) dt, make the change of
variable u = w + E, where E is the unique solution of

Ju=¢), v0)=vT), v=0,
and apply Theorem 3.1 to the equivalent problem
Ju + VH(t,w(t)+ E(t) =0
w(0) = w(T).
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2. Show that if 0 < o < 2 and c € C(R,R) is such that c(t) > v > 0

for allt € R and is T-periodic, the problem
Ju(t) + ac(t) Ju(t)|* 2u(t) = 0

has, for each k € N\ {0}, a kT-periodic solution uj such that ||ug| —
oo and its minimal period Ty — +0oc when k — oo.

. Consider the problem

Ju+ca|u|*?u=0

where ¢ > 0 and @ > 1 and show by direct computation and using
the energy integral that its general solution is given by

u(t) = cos(wt)€ + sin(wt) J¢

where £ € R?M and w = ac?/*h*=2/* h = c|€|*. For a < 2, compare

this result with that of Theorem 3.3.

. Let H € CY(R*N R). If S = H~!(c) is a sphere and if, for each

u € S, VH(u) # 0, then all the solutions of J& + VH(u) =0 on S
are periodic.

. Let H(u) = N a(u? + o2 where the w, are positive real
n N+4n

n=1 2
numbers which are rationally independent. Show that, for each ¢ > 0,

H~(c) contains exactly N orbits of periodic solutions of the system

Ji+ VH(u) = 0.

. Show that under the assumptions A; and A2 of Theorem 3.5, the

conclusion of this theorem holds for
(t) + VF(t,q(t)) = e(t),

9(0) — o(T) = 4(0) — ¢(T) = 0,
where e € L2(0, T; RY) is such that

T T
/0 F(t,q)dt - (q,/o e(t)dt) — 400

as || — oo in RV,

Hint. Adapt the argument of Exercise 4.

. Formulate and prove the analog of Theorem 3.7 for problems of the

form

H(Ju(t) + mwu(t)) + VH(, u(t)) = 0,
u(0) = u(T),
where w = 27/T, m € Z \ {0} and H(t,.) is convex.
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Minimax Theorems for
Indefinite Functionals

Introduction

The dual least action principle has provided sharp existence theorems for
the periodic solutions of Hamiltonian systems when the Hamiltonian is
convex in u. When it is not the case, the existence of critical points of
saddle point type can be proved by using some minimax arguments. To
motivate them, we can consider the following intuitive situation. If ¢ €
C'(R? R), we can view ¢(z,y) as the altitude of the point of the graph
of ¢ having (z,y) as projection on R2. Assume that there exists points
uo € R?, u; € R? and a bounded open neighborhood € of ug such that
u; € R?\ © and ¢(u) > max(p(uo), p(u;)) whenever u € 8Q (that is the
case for example if uy and u; are two isolated local minimums of ¢).

Looking at the graph of ¢ in a topographical way, we can thus consider
the point [ug, ¢(uo)] as located in a valley surrounded by a ring of moun-
tains pictured by the set {[u,p(u)] : u € 90}, the point [uy, p(u,)] being
located outside of the ring. To go from [ug, ¢(uo)] to [u1, ¢(v1)] in a way
which minimizes the highest altitude on the path, we must cross the moun-
tain ring through the lowest mountain pass. The projection on R? of the
top of this mountain pass will provide a critical point of ¢ with critical
value

¢= inf max, v(9(s)),

where I denotes the set of paths joining up to uy (i.e. the set of continuous
mappings ¢ : [0,1] — R? with g(0) = uo, g(1) = u,). The validity of this
result will be insured only when some compactness condition is satisfied by
¢ and variants of the result will be obtained by modifying the class T.

Those minimax theorems will be deduced from Ekeland’s variational-
principle for a semi-continuous real function f which is bounded below on
a complete metric space M (another approach, based upon deformations
along the paths of steepest descent of ¢ can be used and is developed in
Chapter 6). If a real function achieves its minimum on M at a, its graph
will lie entirely in the “half-space” {[u,s] € M x R : s > f(a)}. Ekeland’s
variational principle insures that, for each € > 0, there is some a, € M such
that

fla) <inff+e
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and the graph of f lies entirely in the “cone” {[u,s] € M xR : s > f(ac)—
ed(ae,u)}. This theorem, given in Section 4.1, has many applications (to
optimization, optimal control, fixed points, dynamical systems, differential
geometry, ...) and variants which will not be developed here. To apply it
to the mountain pass situation described above, one will take in Section
4.5 M =T and f(g) = max,¢p 1) (9(s))-

To go from the existence of an “almost critical point” in Ekeland’s prin-
ciple to that of a critical point, a compactness condition of the type intro-
duced by Palais and Smale in their extensions of Lusternik—Schnirelmann
and Morse theories to infinite-dimensional spaces is required. Such con-
ditions are analyzed in Section 4.2 where an example shows how those
conditions are related to the obtention of suitable a priori bounds. This
example concerns functionals ¢ of the form

T
o(u) = /0 L(t, u(t), i(t)) dt

where L(t,z,y) = (1/2)(M (¢, 2)y,y) -V, z)+(f(t),z), M(t,.) and V (¢, .)
are Ti-periodic in each variable z; and f has mean value zero, so that they
generalize the ones considered in Section 1.6.

Another minimax result, Rabinowitz saddle point theorem, is used in Sec-
tion 4.3 to provide existence results for the periodic solutions of equations
like

i+ g(u) = h(t)

when g, not necessarily monotone, is bounded, and the corresponding ¢ is
indefinite. Again, the existence conditions are related to Landesman-Lazer
conditions. The same saddle point theorem is applied to Section 4.4 to the
periodic solutions of systems describing a Josephson multipoint junction.

Each method to obtain critical points can, of course, be combined to the
dual least action principle and Section 4.5 provides an interesting applica-
tion to the periodic solutions with fixed point of an autonomous Hamilto-
nian system

Ju(t)+ VH(u(t)) =0

with H convex, superquadratic and such that VH(0) = 0. The correspond-
ing dual action x is unbounded from above and from below, but the exis-
tence of a nontrivial critical point can be deduced from the mountain pass
theorem.

In Section 4.6, we introduce the concept of Lusternik—Schnirelman cat-
egory of a subset A of a topological space Y (namely the smallest integer
such that A can be covered by k closed sets contractible in Y') to prove a
multiplicity result for the critical points of functionals ¢ : X — R which
are bounded from below and invariant under the action of a discrete sub-
group G of the Banach space X . This is done as an application of Ekeland’s
variational principle. Let # : X - X/G be the canonical surjection and
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1 < j < dim span G + 1. The critical levels are obtained by a minimax
characterization of the type

inf max
AgA; A

where A; denotes the compact subsets 7(A) or 7(X) such that the category
in 7(X) of w(A) is not less than j.

A natural application to the systems described in Section 4.2 provide
the existence of at least N + 1 geometrically distinct critical points. This
gives in particular two T-periodic solutions at least for the forced pendulum
equation under the assumption of Section 1.6. This is specially interesting if
we notice that, in the unforced case, the periodic solution which minimizes
the action corresponds to the unstable equilibrium.

4.1 Ekeland’s Variational Principle and the
Existence of Almost Critical Points

Theorem 4.1. Let M be a complete metric space and let & : M —
] — 00, +00] be a ls.c. function, bounded from below and not identical to
+00. Let € > 0 be given and u € M be such that

®(u) <inf® +e.
M

Then there exists v € M such that

®(v) < ®(u)
d(u,0) < 1 M

and, for each w# v in M,
& (w) > ®(v) — ed(v, w). (2)
Proof. The relation
w < v & S(w) + ed(v, w) < B(v)

defines an ordering on M, as checked immediately. Let us construct induc-
tively a sequence (u,) as follows, starting with uy = u. If we suppose that
Uy, 18 known, let

Sp={weM: w<u,}

and let us choose 4,41 € Sy, such that

1
P <1 —
(unt1) < glnf‘1>+ nrl
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Clearly, Sp41 C Sn, 38 Unyy < u;,, and, since ® is l.s.c., Sy, is closed. Now,
if w € Sp41, w < Upy1 < Uy, and hence

. 1 . 1
ed(w, uny1) < P(un41) — ®(w) < 1§1nf<I> + Tl 1sl’1ffl> =i
so that 9
i n4l S T
diam S, 41 < ntl)

i.e. diam S, — 0 as n — 0o. M being complete, this implies that

ﬂ Sn = {v} ®)

neN
for some v € M. In particular, v € Sy, i.e.

v<uy=1u
so that’

$(v) < B(u) — cd(u,v) < $(u)

and

d(u,v) < e~} (®(u) - B(v)) < €~} (i}x‘llfcb 4e— iAnlfcb) =1.

To obtain (2), it suffices to prove that w < v implies w = v. If w < v, then,
for each n € N,
w < Uy

so that w € N,enSy and, by (3), w = v. ]
Remark 4.1. By using the equivalent distance Ad with A > 0, the conclu-
sions (1) and (2) can be respectively replaced by
d(u,v) < 1/A
and
®(w) > ®(v) — eAd(v, w). (4)

The choice A = €~/2 is then particularly interesting. We first prove a result
for functions bounded from below on a Banach space.

Theorem 4.2. Let X be a Banach space, ¢ : X — R be a function
bounded from below, and differentiable on X. Then, for each ¢ > 0 and for
each v € X such that

p(v) <infe+e ()
there ezxists v € X such that

p(v) < o(u) (6)
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fu— o] < €/2 (7)

l¢'(v)] < €2, (8)

Proof. Let us take M = X, ® = ¢ and, for ¢ > 0 given, let us choose

A = ¢~1/2 like in Remark 4.1 of Theorem 4.1. Then, if u satisfies (5), there
exists v € X such that (6), (7) hold and ’

o(w) > p(v) - /2o — ul 9)

for all w # v in X . Therefore, taking w = v+th witht >0, h € X, |h| =1
in (9) we get
o(v +th) — p(v) > —e'/%.

Dividing both members by ¢ and letting t — 0, we obtain
—e'/2 < (¢ (v), b)
for all h € X with |h| =1, and hence (8). 0
Corollary 4.1. Let X be a Banach space, ¢ : X — R be a function
bounded from below and differentiable on X. Then, for each minimizing
sequence (ug) of ¢, there exists a minimizing sequence (vy) of ¢ such that
p(vr) < o(ur)
|lug —vg| =0 if k— o0
l¢'(vk)| = 0 if k — oo.

Proof. If (ux) is a minimizing sequence for ¢, take

ex = @(up) —infx ¢ if (ur) —infx e >0
= 1/k if p(ug) —infx =0
and then take vy associated to ux and ¢; in Theorem 4.2. 0

For an indefinite function, we shall state and prove a minimax theorem
modeled on the intuitive situation described in the introduction.

Theorem 4.3. Let K be a compact metric space, Ko C K a closed sef, X
a Banach space, x € C(Ko,X) and let us define the complete meiric space
M by

M={g€eC(K,X) : g(s) = x(s) if s € Ko}

with the usual distance d. Let ¢ € C'(X,R) and let us define

¢ = inf max s €1 = max ¢.
Jnf max p(9(s)), o max ¢

If
c>c, (10)
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then for each € > 0 and each f € M such that
< 11
max ¢(f(s)) < ¢ +e, (11)
there exists v € X such that
¢ = ¢ < p(v) < maxp(f(s)),

dist (v, f(K)) < €'/2,
le'(v)l < /2.
Proof. Without loss of generality, we can assume that
0<e<e—c. (12)
Let f'€ M satisfying the condition (11). We define the function ® : M —

R by :
®(g) = maxp(g(s)),

so that ¢ = infpr ® > ¢;. To show that ® is continuous, one uses the uniform
continuity of ¢ on g(K).
Now Theorem 4.1 implies the existence of h € M such that

®(h) < ®(f) <c+e¢,
r,réa,gclh(s) — f(s)| < /2
and
®(g) > ®(h) — ¢*/2d(h, g) (13)

whenever ¢ € M and g # h. Thus our theorem will be proved if we show
the existence of some s € K such that

¢ — ¢ < p(h(s))
and
le'(h(s)] < €'/2,
i.e.
(' (h(s)),v) > €'/
whenever v € X and |v] = 1. If it is not the case, then, for each s € S,
where

S={s€ K : c—e<p(h(s))},

there exist 6, > 0, v, € X with |v,| = 1 and an open ball B, in K containing
s such that for ¢t € B, and u € X with |u| < §,, we have

(¢ (h(1)) + u,v,) < —€'/2. (14)
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(We have used the continuity of ¢’.) Since S is compact, there exists a
finite subcovering B,,, ..., B,, of S and we define ¢; : K — [0,1] by

dist (¢, CB,, k
a 1S F 3 "J) , ift e U B‘,‘-
Zi:l dist (t’CB-’-') : i1

¥i(t) =

k
Yi(t)=0, if te K\|JB..
fx=1
Finally, let 6 = min(4,,,...,6,,), let ¥ : K — [0,1] be a continuous
function such that

WO =1 ifc<p(ht)

0 ifp(h(t)) <c-e

nn

and let g € C(K, X) be defined by
k
9(t) = h(t) + 8%(t) D %3 (t)vs;.
i=1

It follows from (12) that, for t € Ko,

p(h()) = p(x(t)) Scr<c—e
and hence ¥(t) = 0. Thus, for ¢ € Kj,

o(t) = h(t) = x(),

i.e. ¢ € M. Let us now estimate ®(g) from above. The mean value theorem
and (14) imply that, for each ¢ € S, there is some 0 < 7 < 1 for which

j=1 j=1

k k
(9(t)) — w(h(t)) = (¢' (h(t) +769(8) ) ¢j(t)vs,) L69(t) Y i (t)s,)

j=1

k k
(0 Y w0 (h(t) 1)y «w)v,,) o0
< —e'/26y(2). (15)
Ift ¢ S, ¢(t) = 0 and ¢(g(¢)) = @(h(t)). Now, if { is such that ¢(g()) =

®(g), we obtain _ ~
p(h(t)) 2 ¢(9(1)) 2 ¢
so that £ € S and y(f) = 1. By (15), we get

e(g(@)) — p(h(D) < —€'/2%
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and in particular
®(g) + €'/26 < p(h(T)) < B(h)
so that g # h. But, by the definition of g, we have
d(g,h) <6

and hence

®(g) + ¢'/?d(g, h) < B(h),
which contradicts (13) and completes the proof. ]

The following result gives sufficient conditions insuring that (10) is sat-
isfied.

Corollary 4.2. Let K, Ko, X, x, M, ¢, c, and c; be defined as in Theorem
4.3. ,flssume that there exists S C X such that

g(K)NS+#¢ forall ge M, (16)
and Iei
co = igf(p.
Then, if
c1 < co, (17)

the condition (10) of Theorem 4.3 holds and hence also its conclusion.

Proof. By (16), we have

= inf >
¢ = inf maxp(g(s)) 2 co

and then (10) follows from (17). 0

Corollary 4.3. Under the conditions of Theorem 4.3, for each sequence
(fr) in M such that

max o(fx) = ¢,

there exists a sequence (v) in X such that

p(ve) — ¢
dist (v, fr(K)) — 0
l¢'(ve)l — 0
when k — oo.

Proof. We define €; = maxg ¢(f) —c if maxg ¢(fr)—c > 0and ¢y = 1/k
in the other case and we apply, for each k € N*, Theorem 4.3 to ¢ and

Jx- o
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4.2 A Closedness Condition and the Existence of
Critical Points

We have seen in the previous section how to obtain “almost” critical points
of functions of class C' on a Banach space X. Some auxiliary closedness
condition is required to obtain the existence of critical points. We shall
require that if (C,0) C R x X™ is in the closure of the range of ¢ x ¢, then
it must be in the range of ¢ x ¢'.

Definition 4.1. Let ¢ : X — R differentiable and ¢ € R. We say thal ¢
satisfies the (PS).-condition if the ezistence of a sequence (uy) in X such
that

plur) —¢, ¢'(ux) =0
as k — oo, implies that ¢ 1s a critical value of .

Remark 4.2. We shall use later a compactness condition called the Palais-
Smale condition (PS-condition) and which requires that every sequence
(u;) in X such that (¢(u;)) is bounded and ¢’(u;) — 0 as j — oo contains
a convergent subsequence. It is clear that the PS-condition implies the
(PS).-condition for each ¢ € R. Example 2 below shows that the converse
is not true.

Examples

1.Let X = R and ¢(u) = expu. As ¢'(u) = expu, only sequences (uy)
such that u; — —oo are such that ¢'(ux) — 0; for such a sequence, p(ux) —
0 but 0 is not a critical value for . Thus, exp does not satisfy the (PS)o-
condition. It trivially satisfies the (PS).-condition when ¢ # 0.

2. Let X = R and ¢(u) = sin u; if (ug) is such that

sinup — ¢, cosuy — 0
as k — 00, we can write
up = 2mpm + v, with vy, € [0,27]

so that
sinvg — ¢, cosvy — 0

as k — 0o. Now (v;) has a convergent subsequence with limit v such that
sinv=-c¢, cosv =0,

and hence c is a critical for sin. Thus sin satisfies the (PS).-condition for
every ¢ € R.

3. Let X = R and ¢(u) = u; then ¢’(u) = 1 and the (PS).-condition
holds for each c € R.
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4. Let X = R and ¢(u) = u?/2; then ¢'(u) = u and <p’(uk‘) — 0 if and
only if up — 0, in which case ¢(ur) — 0. Thus (PS)o holds and, trivially,
(PS), holds for all ¢ # 0.

The examples above show that functions satisfying the (PS).-condition
for each ¢ € R may have an infinity, a finite number of critical points, or
no ones. Corollary 4.1 can be used to provide a sufficient condition for the
existence of a critical point.

Theorem 4.4. Let X be a Banach space, ¢ : X — R. a function bounded
from below and differentiable on X. If ¢ satisfies the (PS).-condition with
¢ = infx ¢, then ¢ has a minimum on X.

Proof. By Corollary 4.1, there exists a minimizing sequence (vg) such that
¢'(vg) — 0 as k — o0o. By the (PS),-condition with ¢ = inf ¢, ¢ is a critical
value and the proof is complete. ]

As an example of application to differential equations, let us consider the
following problem

d .
w(0) —uw(T) = u(0)—w(T)=0

where
Lt,z,y) = (1/2)(M(t,z)y,y) — V(t,z) + (f(1), )

is such that the following conditions hold:

(L1) M(t,z) is a symmetric matrix of order N continuously differentiable
on [0,7] x RY and such that

(M(t,2)y,9) > alyl®
for some a > 0 and every (¢,z,y) € [0,T] x RY x RV,

(L) V(t,z) is measurable int for every z € R" and continuously differen-
tiable in z for almost every ¢ € [0, 7], and there exists h € L'(0,T;R)
such that

[V(t,2)| + DV (2, 2)| < h(t)
for every z € R" and almost every ¢ € [0, T].
(L3) M(t,z) and V(¢,z) are Tj-periodic in z;, 1 <i < N.
(Ly) f € L0, T;RY) and [J f(t)dt = 0. If w € L*(0,T;R™), we shall

write u = U + i, where

T
u="T""! / u(t) dt.
0
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Proposition 4.1. Under the assumptions (Li) to (Ls), the function ¢
defined on HL by

T
o= [ L), i) d
0
is continuously differentiable and bounded from below. Moreover, every se-

quence (ui) such that ¢'(ur) — 0, p(ur) is bounded and (i) is bounded
contains a convergent subsequence.

Proof. Using assumptions (L;), (Ly), (Ls), and Sobolev inequality, we
obtain

T
o(u) 2 oflillZ —/0 h(t) dt || fllz+ [lilleo 2 elllZa — e1 — eaflillzs, (19)

so that ¢ is bounded from below. Theorem 1.4 implies that ¢ is continuously
differentiable on H} and that

T
(¢ (u), ) = / (Mt u())i(t), o(2))

N
+(1/2) ) (Do, Mt u(t))i(t), ilt))ui(2)
i=1

= (DV(E,u®)v(t) + (f(2), u(1))] dt. (20)

Now let (ux) be a sequence in H} such that ¢’(ux) — 0, ¢(ux) is bounded
and (T) is bounded. It follows from (19) that (i) is bounded in L2. Con-
sequently, (ux) is bounded in H} and, going if necessary to a subsequence,
we can assume that u; — u in H} and u; — u in C([0, 7], R"). But then

(@' (ur) = ¢'(u),ur —u) = 0 as k — oo. (21)
Using (20) and assumption (L, ), we obtain

(¢ () — ' (u), w — u) > aflig — 4|3

T
+ / (LM us(8)) — Mt u(t)]i(t), i (8) — i(2)) dt
T N
+(1/2) / S [Des M(t, w(8)) ik (8), i (2)) — (D, Mt (@) i(0), i(1))]
=1
T
fur,i(t) - ui(t)] dt — /0 (D V(t,ue(t)) — DV (L, u(t)), ur(t) — u(t)) dt

T
+ /0 (F(0), u(t) — u(t)) dt.
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It is then easy to verify, using (21), that ||ux — %|jy2 — 0 as k — oo, and
hence that up — v in H}. i

Theorem 4.5. Under assumptions (L1) to (L), problem (18) has a weak
solution.

Proof. By Proposition 1, ¢ = infy; ¢ is finite. Let us verify the (PS),-
condition. Let (ux) be a sequence in H} such that ¢'(ux) — 0 and @(ux) —
c. Because of (L3) and (L4), we have

plu+Tie) = p(u), (1<i<N) (22)
and hence we can assume, without loss of generality, that
OS(-ﬁk,ei)Sﬁa 1SZSN

But then (%) is bounded and, by Proposition 4.1, we can assume, going
if necessary to a subsequence, that ux — u in H}. Hence ¢’(u) = 0 and
o(u) = ¢, i.e. ¢ is a critical value of ¢. Now Theorem 4.4 implies the
existence of a minimum for ¢ at some point u € H}. at which, necessarily,
¢'(u) = 0. Since
(¢'(u),v) =0

for all v € C§°, relation (20) implies that @ has a weak derivative. But then
©(0) = w(T), v(0) = u(T') and u is a weak solution of (18). 0

Remark 4.3. We shall prove in Section 4.6 that problem (18) has at least
N 41 “geometrically distinct” weak solutions.

We can now deduce the existence of critical points of functions ¢ €
C'(X,R) by adding a (PS),. condition to the assumptions of Theorem 4.3.

Theorem 4.6. Under the assumplions of Theorem 4.3, if ¢ satisfies the
(PS).-condition, then c is a critical value for ¢.

Proof. From Corollary 4.3, we obtain a sequence (vg) such that

e(vr) — e, ¢'(vi)—0

as k - 00. By condition (PS),, ¢ is a critical value and the proof is complete.
]

Particular choices of K, Ky, and x will provide interesting existence
theorems for critical points of ¢. Two important examples will be described
in Sections 4.3 and 4.5.
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4.3 The Saddle Point Theorem and Periodic
Solutions of Second Order Systems with
Bounded Nonlinearity

To motivate a first important special case of Theorem 4.6 which is due to
Rabinowitz, let us return to the problem of Section 1.8

i(t) = VF(t,u(t)) (a.e. on[0,T])
u)(O) - u(T) =)i2(0) —a(T) =0 (23)

with the same regularity assumptions under F and with the condition
IV F(t,2)| < h(t) (24)

for some h € L*(0,T), a.e. t € [0,T] and all z € R". It was proved in
Chapter 1 that (23) has a solution when

T
/ F(t,z)dt — +oo as |z] — oo. (25)
1}

It is natural to raise the question of the existence of a solution when (25)
is replaced by

T
/ F(t,2)dt — —c0 as |g] — o0 (26)
1}

In this case, the function ¢ is neither bounded from below, now from above.
Indeed, if w is a constant function,

T
<,o(w)=/0 F(t,w)dt - —co as |w| — oo

and, if v € H} has mean zero,

T T T
<,o(v)::/0 (|v(t)|"’/2)dt+/0 F(t,O)dt+/0 [F(t,v(t)) — F(t,0)]dt

T T T 1
= ()2 sV v s
= / (15()1?/2) dt + / F(t,0)dt + / / (VF(, s9(t)), o(t)) ds dt

T T
> /0 (Ii}(i)Iz/2)dt~cl--(/0 h(t)dt) l1¥]leo

T T 1/2
> /0 (Jo(®)I2/2) dt — ¢; — 2 (/0 Iv(t)lzdt) ,

where ¢; and ¢, are positive constants, so that ¢ is not bounded from
above. In particular, if X+ denotes the subspace of functions with mean
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value zero in H} and X~ the subspace of constant functions in H}, we see
that
afe> o

and that there exists R > 0 such that

sup ¢ < Bpf @,

SR
where S; = {u € X~ : |u| = R}. We shall obtain a solution of (23) from
the following abstract result.

Theorem 4.7. Let X be a Banach space and let ¢ € C*(X,R). Assume
that X splits into a direct sum of closed subspaces X = X~ @ X+ with

dim X~ < o0

and
supp < infe, . (27)
SR

where SE ={u€ X~ : |ul=R}. Let
Br={ue X :|ul<R}
M={9€eC(Bg,X) : g9(s)=s ifs€ Sy}

and
c= ¢ . 28

Then, if @ satisfies the (PS).-condition, c is a critical value of .
Proof. We shall apply Theorem 4.6 with ¢y = Supg- ¢, K = By, Ko = S

and x(s) = s, s € S;. We have only to prove that ¢ > ¢;. By Corollary 4.2
with ¢y = infx+ ¢ and (27), it suffices to prove that, for each ¢ € M, there
exists some s* € By such that g(s*) € X+. If P denotes the projector into
X~ with null-space X%, this is equivalent to findings s* € By such that
Pg(s*) = 0. Now, Pg € C(Bg, X ™) is such that Pg = Id on 0Bg = Sg.
Then, by Corollary 2 of Section 5.3 on topological degree, d(Pg, Bg) =
d(Id, Bg) = 1 and Pg has a zero in By by the existence property of degree
(in the easy case where dim X~ = 1, the intermediate value theorem
suffices). ]

Theorem 4.8. Let F satisfy the regularily assumptions of Section 1.8 as
well as the assumptions (24) and (26). Then problem (23) has at least one
solution u for which p(u) = ¢, where c is given by (28).

Proof. By Theorem 4.7, it is sufficient to prove that ¢ satisfies the (PS).-
condition, and we shall show that (PS). indeed holds for each ¢ € R.. Let
(ux) be a sequence in H%. such that

p(ur) — ¢, ¢'(ux) =0 ask — oo.
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Writing ux = U + iz with % = (1/7) fOT ux(t) dt, and using the fact that
there is some kg such that

(e’ (ux), )] < (1Al
for all k > ko and h € H}., we obtain, for k > ko

T
(@' (ur), )| = /0 (e @)? + (VF R, ur(t)), @ (t))]de| < ||l

and hence
i)l < C1, k2 ko (29)

because of (24), the Sobolev inequality and the equivalence of the L?-norm
for & and the H}-norm on X+. Now, ¢(ux) is bounded and hence

T T T
/ (Jux()12/2) dt +/ F(t, ) dt +/ [F(¢, us(t)) — F(¢,Te))dt > Ca,
0 0 0
keN
so that, using (29) and (24), we obtain

T
/ F(t,u,)dt>Cs, keN
0

and then
l—ﬁkl < Cy, ke N

by condition (26). Thus (ux) is bounded in H}. and hence contains a subse-
quence, relabeled (u;) which converges to some u € H}, weakly in H}. and
strongly in C([O,T],RN). Arguing then as in Proposition 4.1, we conclude
that (PS), is satisfied. O

4.4 Periodic Solutions of Josephson-Type Systems

Systems of the form

ii(t) + N2Du(t) + f(u(t)) = h(t) (30)
where
1 -1
-1 2 -1 0
D= . .
0 -1 2 -1
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and f(u) = (arsinuy,...,aysinuy) arise in the theory of Josephson mul-
tipoint junctions in solid physics as well as in the space discretization of
some boundary value problems for the sine-Gordon equation. Similar sys-
tems also describe the motion of forced linearly coupled pendulums.

More generally, let us consider the periodic problem

u(t) + Au(t) — VF(t,u(t)) = h(t) (a.e.on [0,T]) (31)
u(0) — w(T) = u(0) — w(T) = 0,

where A is a (N x N)-symmetric matrix, h € L!(0,T; RM), F(t,.) is con-
tinuously differentiable for a.e. t € [0,7] and F(.,u) is measurable on [0, T
for each u € RY. We shall use the saddle point theorem to obtain the
existence of solutions of (31) when F(t,.) satisfies some periodicity condi-

tions depending upon A and which reduce to those considered in Section
4.3 when A = 0.

Theorem 4.9. Assume that the following conditions are satisfied.
1. There exists g € L1(0,T) such that
|F(t,u)] < 9(2), |VF(@, u)l < g(t)
for all w € RY and a.e. t € [0,T).
2. dim N(A) = m > 1 and A has no eigenvalue of the form k?w?

(ke N\ {0}), where w=2n/T.

3. There exist a; € RN and T; >0 (1 < j < m) such that
N(A) = span(ay,...,am)

and
F(t,u+ Tjaj) = F(t,u) (1<j<m)

for a.e.t €[0,T] and all u € RV,

T
| t@rapa=0 a<i<m.
0 :
Then (31) has at least one solution.

The proof of Theorem 4.9 requires several preliminary results. We know

that the solutions of (31) correspond to the critical points of the function
¢ defined on HL by

T
p(u) =/0 {17201 = (Au(t), u(®)] + F, u(t)) + (h(2), (1))} d.



- 4.4. Periodic Solutions of Josephson-Type Systems 89

Letting .
)= [ A/ - (Au(o), ue)]d,

we see that
.
a(w) = (121l ~ (1/2) / (A + Du(t), u(t)) dt
= (1/2)((( - K)u, w))

where K : H} — H} is the linear self-adjoint operator defined, using Riesz
representation theorem, by

T
/0 (A + Du(t), v(e)) dt = (Ku,v))

(u,v € H}). The compact imbedding of H}. into C([0,T], R") implies that
K is compact. By classical spectral theory, we can decompose H} into the
orthogonal sum of invariant subspaces for J — K

Hi=H oH°oH*
where HY = N(I — K) and H~ and H* are such that, for some § > 0,
9(w) < ~(6/2lull* ifueH" (32)
a(u) 2 (6/2)lul* ifue H*. (33)

Notice that H™ is finite dimensional (as K has only finitely many eigen-
values A; with A; > 1) and H corresponds to the critical points of g(u),
1.e. to the solution of

u(t) + Au(t) =0

u(0) = u(T) = (0) — w(T) = 0.

Consequently, assumption 2 and elementary theory of linear differential
systems imply that
H® = N(A).
Ifue qu,, we shall write u = v~ + u® + u* where u= € H~, u® € H?, and
ut e Ht,
In the following proposition, we assume that the assumptions of Theorem

4.9 hold.
Proposition 4.2. dim H™ = 0 if and only if A is semi-negative definite.

Proof. If dim H~ = 0, then g(u) > 0 for each u € H} and, in particular,
for each constant function ¢; thus,

0 < g(c) = —(T/2)(Ac,c)



90 4. Minimax Theorems for Indefinite Functionals

for all ¢ € RY. Conversely, if A is semi-negative definite, q(u‘) > 0 for all
v € H} anddim H- =0. O

Proposition 4.3. Each sequence (ui) in H} such that (ul) is bounded
and
Ve(ur) — 0

contains a convergent subsequence.

Proof. Let (u;), be such a sequence; if C, is such that
IVe(ur)ll < Cy
for all k € N, then, using (32), (33), and Sobolev inequality, we get

Crlllwg I* + g 1112 = Cullu — i ll 2 (Veo(we), g — u;)

T
= (= Kywuf =)+ [ (TP u(0) +ho), ud () - v (1)
: 0
2 8(Ilw 11” + lluz I7) = CallluF IIP + fug 1)1,
where C depends only on h and g. Thus,
(112 + lug 1)? < Cs

and (ux) is bounded. Going, if necessary, to a subsequence, we can assume
that uy — u in H} and v, — u in C([0,T],RY). Now, the equality

(Vo () = Vip(u), ug — ) = [lug = ull? = (K (ug ~ ), us — w))

T
+ /0 (VFE(, ur(t)) — VF(t, u(t)), ur(t) — u(t)) dt

implies that ||ug ~ u|| — 0 as k — oo and the proof is complete. m]
Proposition 4.4. For each ¢ € R, ¢ satisfies the (PS).-condition.
Proof. Let ¢ € R and (u;) be such that

p(ug) —c¢ and Ve(up) — 0 (34)
as k — 0o. If we write

m

0 _ E

Up = cjaj,
j=1

then ¢; = ¢ + k;T; (1 < j < m) for some k; € Z and ¢; € [0,T5[ (1 <
J<m). Set i = ug + Z;"zléjaj + u;:, so that 4, = ug, ﬁ;: = u: and
(43) = ()=, ¢@;) is bounded. Moreover, d4; — u; € N(I — K), so that

q(ax) = q(ur), V(i) = Vg(ug).
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On the other hand, by assumptions 3 and 4 of Theorem 4.10, we have

T T m
[ 1w ) - (), w01 de = | i + Y ki)
0 0 =

T
— (h(t), uf (t) + u; (1)) dt =/0 [F(t, ar(8)) = (h(2), di(t))] at
so that
p(ur) = p(as), kEN.

Similarly,
Ve(ur) = Ve(ir), k€N

so that V(i) — 0 as k — oo. Proposition 4.3 implies that (d;) contains
a converging subsequence (#;, ) with limit @. Hence, by (34)
¢ = lim o(uj,) = lim o(i;,) = ¢(4)
0= Jim Vo(u;,) = lim Vo(is,) = Ve(a)
and condition (PS), holds. 0o

Proof of Theorem 4.9. Let us first notice that ifu = u®+ut € H'@ H,
then, using Sobolev inequality,

T
p(u) = (1/2)((1 - K)u™,ut)) +/0 [F(t, u()) + (h(2), u* (2))] dt

> (6/2et)? = llglle: = Cllkllza[lu]]

and hence ¢ is bounded below on H® @ Ht. Hence, if dim H~ = 0, ¢ is
bounded below on H and has a minimum by Proposition 4.4 and Theorem
44.Ifdim H- >0 and u = u~ € H™, then

T
o(u) = (1/2)((( - K)u,u)) + /0 [F(t,u(2)) + (h(2), u(t))] dt

< =(6/2)llull® + llgllzs + Clihlla|lu]
and
p(u) = —oo if |jul]] — 00 in H™.

Taking X = H:, X~ =H~, Xt = H°® H* in Theorem 4.7, we see that
dim X~ < oo and that there exists R > 0 such that

supp < glfso
SR
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where S = {u € X~ : ||u|| = R}. The existence of a critical point for ¢
follows then from Theorem 4.7 and Proposition 4.4. a

In the example given at the beginning of the section, we have
N-1
(Dv,v) =Y (v = vj41)’,
j=1
so that dim N(A) =1 and A = span{(1,1,...,1)}. On the other hand,

N
F(t,u)= Za,- Cos uj
j=1

satisfies assumption 3 with T; = 2w. Therefore, the conditions for the
existence of a periodic solution for (30) reduce to

det (N2D — k®w?) #0, ke N\ {0}

and

N T
hi(t)dt = 0.

4.5 The Mountain Pass Theorem and Periodic
Solutions of Superlinear Convex Autonomous
Hamiltonian Systems

Let us first state and prove the mountain pass theorem which was described
vaguely in the introduction.

Theorem 4.10. Let X be a Banach space and ¢ € C'(X, R). Assume that
there exist ug € X, uy € X, and a bounded open neighborhood Q of ug such
that uy € X \ Q and

inf ¢ > max(p(uo), p(u1))-

Let
I'={g € C([0,1],X) : 9(0) = uo,9(1) = w1}
and

¢=inf Jmax, e(9(s))-

If ¢ satisfies the (PS)c-condition, then c is a critical value of ¢ and ¢ >
max(p(uo), p(u1))-
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Proof. Let us take K = [0,1], Ko = {0,1}, x(0) = uo, x(1) = w4, M =
I, S = 09, cg = infanp, c1 = max(p(ug), ¢(u1)) in Theorem 4.3 and
Corollary 4.2. It remains only to show that

9([0,1)n o2 # 0
for all g € T, and this follows at once from the fact that g(0) = uo € R,
9(1) = w3 € X \ Q and from a classical connectedness result. O

We shall combine the dual least action principle with the mountain pass
theorem to prove the existence of non-trivial periodic solutions for the
autonomous Hamiltonian system

Ju(t) + VH(u(t)) = 0 (35)

where H € C1(R*,R) is strictly convex, H(0) = 0, VH(0) = 0 but, in
contrast to the results of Section 3.4, H is superquadratic instead of being
subquadratic.

Theorem 4.11. If there exists ¢ > 2, a > 0, such that, for every u € RV,
one has
gH (u) < (VH(u),u) (36)
and
H(u) < afuf?, (37)
then, for each T > 0, (35) has a non-trivial T-periodic solution.

The proof of Theorem 4.11 will be a combination of the dual least action
principle and the mountain pass lemma, and requires several preliminary
results.

Lemma 4.1. If

M = max H(u), m = min H(u),
Jul=1 Ju|=1

then
lul < 1= H(u) < Mlul?, |u| > 1= H(u) > m|u|’. (38)

Proof. If f(s) = H(sv) for some fixed v, assumption (36) implies that
sf'(s) > qf(s). Thus, if s > 1, f(s) > s?f(1), i.e. H(sv) > s?H(v). If
|u] < 1, this implies

H(uflul) 2 lu|™?H (u)

and if [u| > 1, this implies
H(u) = H(lu|(w/|u])) 2 |u[*H(u/|u]). O
Lemma 4.2. The funciion H* is continuvously differentiable on RN and,

if

+

L-J

=1, m' ='rrllir}H*(v), M* =‘|rr}g>1(H*(v), oa* = (ag)™?9/p,

W=
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we have m* > 0 and

pH*(v) 2 (VH" (v), ) (39)
ol S 12 H*(v) > m* |ol? (40)
ol 2 1= H*(v) < M*|ol? (41)

H*(v) > o*[of? (42)

for all ve RN,

Proof. Since H is strictly convex and, by (38), such that H(u)/|u| — +o0
as Ju| — 0o, Proposition 2.4 implies that H* € C‘(RzN R). Now it follows
from Theorem 2.2 and Proposition 2.3 that

v=VH(u) e u=VH*(v) & H*(v) = (v,u) — H(u).

Hence, assumption (36) implies that

© H*(v) = (v,u) ~ H(u) > (1 - —) (v,u) = ~(v VH*(v)).
Like in the proof of Lemma 4.1, (39) implies (40) and (41). Finally, (42)
follows from (37) by relation 2.4. 0

Remark 4.4. By Lemma 4.1, assumption (36) implies for H a super-
quadratic growth at infinity and a subquadratic growth near the origin. In
particular, the results of Chapter 3 are not applicable.

Remark 4.5. Since, by (41), H*(v) < M*(1 + |[v[?) for all v € R*,
Proposition 2.2 and Theorem 1.4 imply that the dual action ¢ defined by

T
o(v) = / [(1/2)(T(t), o(t)) + H" (5(2))] dt

is continuously differentiable on X = qu"p .

We shall apply the mountain pass theorem to ¢.

Remark 4.6. It will be convenient, in this section, to use the norm o] =
||9]lz» on X. By Proposition 1.1, this norm is equwalent to the W, P_norm
on X.

Lemma 4.3. There erists ¢ > 0 such that, for each v € X, one has

T
/0 (Ji(t), v(®)) dt > ~Clu|l.

Proof. Holder’s inequality and Proposition 1.1 imply that

T
_/0 (J9(t), v(t)) 2 ~[lTollzsllvllze = =T 9l5lzs [[vlloo
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Lemma 4.4. For every £ € X*, there exists f € L1(0,T;, R2N) such that,
forallve X,

T
(6,v) = / (1), 5()) db,

1€l x+ = |IfllLa-

Proof. The mapping L : X — L?(0,T; R2N), v — v is an isometry. Let
Y=LX)and M =L7! : Y — X.If £ € X*, the function

®:Y >R, u— ({,Mu)

is linear and continuous. By the Hahn-Banach theorem, ¢ has an exten-
sion ¥ € (LP)* such that ||®||(Ls)» = ||¥]|(zr)-. The Riesz representation
theorem implies the existence of f € L4(0,T;R*) such that (¥,u) =
fOT (f(t), u(t))dt for every u € L?(0,T; R*"N). Thus, for each v € X,

T
(v) = (6MLv)= (¥, Lv)= /0 (F(1), Lo(t)) dt

T
/0 (F(8), o(t)) dt.

Moreover,
lllx+ = l®llry = 1¥llzry = Ifllze. O

Lemma 4.5. Every sequence (v;) in X such that (¢(v;)) is bounded and
¢'(vj) — 0 contains a convergent subsequence.

Proof. Theorem 1.4 and Lemma 4.4 imply the existence of a sequence (f;)
in L7(0, T;R*") such that [1fillce — 0 as j — oo and

/OT('-JW () + VH"(9(t)) — f;(t),w(t)) dt = 0
for all w € X. By a standard Fourier series argument, we obtain
—Jvi(8) + VH (3;(8)) + ¢ = f;(t) (43)
a.e. on [0,T], for some ¢; € R*N. This implies that

T T T
| ws@menac [ (om G, [ 6opoa
(44)
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Using (39), (42), and (44), we obtain

Il

T T
o(v) = (1/2) / (5 (1), 55(0)) dt — (1/2) / (VH" (55(1)), 55 (1)) dt

+

T [T _
| aeienacz (1= 5) [ a0 de— /215 lslislon
p * . " p *
(1= B) o510 = lisllen = (1= Z) a*llusll” - oyl
Since 1 < p < 2 and (¢(v;)) is bounded, (v;) is bounded in X. Going if

necessary to a subsequence, we can assume that v; — v in X, v; — v

uniformly on [0,7] and that

IV

T
= (/T [ (50 - V" @)t —

in R*M. By duality, (43) implies that
vj(t) = VH(fi(t) + Jv;(1) — ¢;) (45)

for a.e. t € [0,7]. Now, assumption (37) and Proposition 2.2 imply that
V H maps continuously L? into L?, so that, letting j — oo in (45), we get

v; — VH(Jv —c)
in L?(0, T;R*Y), and hence v; —»vin X. O

Proof of Theorem 4.11.

1) We shall apply Theorem 4.10 to ¢. By Lemma 4.5, ¢ satisfies the
(PS),-condition for every ¢ € R.
2) Since
(v) 2 =(C/Nvll* + " |Jolf?

there exists p > 0 such that

p(v) >0=9(0) f0<|vli<p
>6>0 if ||o]| = p.

3) Let
vi(t) = (cos 2?) e+ (sin %?—) Je
where |e| > 1. Then,
T
| Gin(0, @) de = ~(7/2m) el
0
and Lemma 4.2 implies that

(v1) < —(T?/27) |e]” + TM™ |e]?.
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Since p < 2, we can choose |e| such that ¢(v;) < 0.
4) Theorem 4.10, with ug = 0, v; = v; and Q = B(0, p), implies the
existence of a critical point v of ¢ such that ¢(v) > ¢(0). By Theorem 2.3,

u(t) = VF*(i(¢))

is a nontrivial T-periodic solution of (35). 0

4.6 Multiple Critical Points of Periodic
Functionals

Let G be a discrete subgroup of a Banach space X andlet 7 : X — X/G be
the canonical surjection. A subset A of X is G-invariant if 7=1(x(A)) = A.
A function f defined on X is G-invariant if f(u+g) = f(u) for every u € X
and every g € G. If a differentiable functional ¢ : X — R is G-invariant,
then ¢’ is also G-invariant. Consequently, if u is a critical point of such a
@, then 7~ 1(m(u)) is a set of critical points of , and is called a critical
orbit of .
We shall use the following compactness condition.

Definition 4.2. A G-invariant differentiable functional ¢ : X — R satis-
fies the (PS)g-condition if, for every sequence (ug) in X such that o(ux)
is bounded and ¢'(ux) — 0, the sequence (w(ux)) coniains a convergent
subsequence.

If we consider for example the function ¢ associated to (18) in Section
4.2 and the discrete subgroup

N
G:{kae;:kiEZ, ISiSN}

i=1

of H}, where the T; are the positive real numbers of Assumption (L3), we
see from (22), that ¢ is G-invariant. Moreover, if u € H}, with u = T + 4,
T = (l/T)fOT u(t) dt, there exists unique k; € Z (1 < ¢ < N) such
that (@,e;) — kT3 € [0,T;[ (1 < i < N), and we set @0 = ((T,e1) —
k\Th,. .., (@ en)—knTn). If (ux) is a sequence in X with (¢(uz)) bounded
and ¢'(ug) — 0, then vy = W) + @ is a representative of [ux] € H}/G
which, by Proposition 4.1, will have a convergent subsequence. There-
fore, (m(ux)) = (m(vx)) has the same property and ¢ satisfies the (PS)¢g-
condition.

This G-invariance of the functional will provide a substantial improve-
ment of the conclusion of Theorem 4.4.

Theorem 4.12. Let ¢ € C1(X,R) be a G-invariant functional satisfying
the (PS)g-condition. If ¢ is bounded from below and if the dimension N of
the space generated by G is finite, then @ has at least N + 1 critical orbits.
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The proof of Theorem 4.12 depends on the notion of Lusternik-Schnirelman
category. Let us first recall that a subset C of a topological space Y is con-
tractible in Y if there exists h € C([0,1] x C,Y) and y € Y such that

h(0,u)=u, h(l,u)=y

forallue C.

Definition 4.3. A subset A of a topological space Y has category k in Y if
k is the least integer such that A can be covered by k closed sets contractible
in Y. The category of AinY is denoted by Caty(A).

Lemma 4.6. Let Y, Z be topological spaces and let A, BCY.
i) If AC B, then caty(A) < caty(B).
ii) caty (AU B) < caty(A) + caty B.

iii) If A is closed and B = n(1,A), where n € C([0,1] x A,Y) is such
that 9(0, u) = u for every u € A, then caty (A) < caty(B).

iv) If 2 € Z, catyxz(A x {2}) = caty (A).

Proof. Properties i), ii), and iv) are obvious. If caty (B) = 400, property
iii) is also obvious. Let us assume that k = caty (B) is finite, let (B;)i<j<
be the corresponding covering of B by closed sets which are contractible in
Y, and let (hj)1<j<i be the corresponding deformations. Define

Aj=(m)7(B;) (1<j<k)

where 1; = 7(1,.). The sets A; are closed and the mapping k;j xn : [0,1] x
Aj — Y defined by

(hj *n)(t,u) n(2t,u), 0<t<1/2
b2t - 1,n(L,w), 1/2<1<1

is continuous and such that (h; x9)(0,u) = u and (h; *9)(1,u) = q; for
each u € A; (1 < j < k). Since (A;)1<j<k is a covering of 4, caty (A) < k.
(W]

Definition 4.4. A metric space Y is an absolute neighborhood extensor,
shortly an ANE, if, for every metric space E, every closed subset F of E
and every f € C(F,Y), there exists a continuous extension of f defined on
a neighborhood of F' in E.

Examples
a) A finite product of ANE’s is an ANE.

b) A convez subset of a normed space is an ANE.
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¢) A circle is an ANE.

Proof. Property a) is obvious. Property b) follows from Dugundji’s ex-
tension theorem: if F' is a closed subspace of a metric space E and if
f € C(F,X) with X a normed space, then there exists an extension
g € C(E,X) of f such that g(E) is contained in the convex hull of f(F).
To prove property c), let F' be a closed subspace of a metric space E, and
let f € C(F,S'). By Tietze’s extension theorem, there exists an extension
g € C(E,R?) of f. On the other hand, there exists a neighborhood U of
S' in R? and a retraction? : U — S'. The map 7o g defined on g~'(U)
is the desired extension of f. 0

Lemma 4.7. If A is a closed subset of an ANE Y, then there exists a
closed neighborhood U of A such that

Caty(A) = Caty(U).

Proof. 1) If caty (A4) = +o00, the result is clear. Let us assume that k& =
caty (A) is finite. Let (Aj)1<j<k be the corresponding covering of A by
closed sets contractible in Y. It suffices to prove that each A; has a closed
neighborhood U; contractible in Y, since then

U= OUf
i=1

is a closed neighborhood of A and

k = caty (A) < caty (U) < k.

2) There exists h; € C([0,1] x 4;,Y) and a; € Y such that

hj(0,u) =u, hj(l,u)=aq;

for each u € A;. The set
F=([01]xA4;)U({0} x Y)u({1} x ¥)

is closed in E = [0,1] x Y. The function f : E — Y defined by

f(t,u)=hij(t,u), t€[0,1], ueA;
f(0,u)=u, ueY
f(1,u) = aj, ueyY

is continuous. Since Y is an ANE, f has a continuous extension 7 defined
on a neighborhood N of E. We can assume that A is closed since Y is
normal. Using the compactness of [0, 1], it is easy to verify the existence of
a closed neighborhood U; of A; since that [0,1] x U; C N. Since

n(0,u) =u, n(l,u)=a;
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for each u € Uj, Uj is contractible in Y and the proof is complete. a

Let G be a discrete subgroup of a Banach space X and assume that the
dimension N of the space V generated by G is finite. Then X is isomorphic
to R x Z, where Z is a complement of V, G is isomorphic to Z" and
m(X) is isomorphic to TN x Z where TV is the N-torus. Property iv) of
Lemma 4.6 implies that if 4 = [0, 1)V x {0},

catr(x)(m(A)) = catpnxz(TN x {0}) = catpn (TV).
By a standard result in algebraic topology,
catpn(TV) = N + 1.

Thus, we have
caty(x)(m(A4)) =N +1

and, for 1 < j < N +1, the set '
. Aj={ACX : Ais compact and catrx)(m(A)) > j}

is nonempty.
In order to apply Ekeland’s variational principle, we need the following
lemmas.

Lemma 4.8. For 1 < j < N +1, the space Aj with the Hausdorff distance
8(A, B) = max{sup dist(a, B), sup dist(b, A)}
a€A beB
15 a complete melric space.
Proof. 1) It is easy to verify that the space
M ={ACX : Ais closed, bounded and nonempty}

with the Hausdorfl distance is a metric space. Let us prove that (M, §) is
complete. Let (A,) be a Cauchy sequence in (M, §) and define the closed

bounded set
[0 0] [0 0]
A=) 4m.
n=lm=n

For every € > 0, there exists n(¢) such that

p,q > n(e) = 8(Ap, Ag) <e. (46)

It suffices to prove that 6(Aco,An()) < € since then ¢ > n(e) implies
8(Aw, Aq) < 2¢. Tt follows from (46) that

—
Aoo - U Am - (An(e))e-

m=n(€)
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Hence, we obtain
sup diSt(a,A,,(c)) <e. (47)
a€ Ao
Let b = b,, € An(e)- There exists an increasing sequence (n;) and a se-
quence (bn,) in X such that b,, € A,, and ||bs, — bs,_,|| < 27%¢. Since
(bn,) is a Cauchy sequence, there exists a € X such that b,, — a ask — oo.
Clearly a € A . For every k, ||bn, — by, || < €, so that ||a — b,,]| < € and
we have proved that
sup dist(b, Aso) < €. (48)
BEA ()
Inequalities (47) and (48) imply that §( A, An()) < €.
2) Let us prove that

K={A€eM: Ais compact}

is closed in (M, §). Let (A,) be a sequence in K and A € M be such that
8(Ay, A) — 0in n — oo. Since A is closed in the complete metric space X,
it suffices to prove that, for every ¢ > 0, there exists a finite covering of A
by open balls of radius ¢. For ¢ > 0, there exists n such that §(A,,A) < ¢/2.
Since A, is compact, there exists a finite covering of A,, by open balls with
radius ¢/2. Hence there exists a finite covering of A by open balls of radius
€.
3) It remains only to prove that

Aj = {A €K : catyx)(7(A)) > j}

is closed in (K,8). Let (An) be a sequence in A; and let A € K be such
that §(An, A) — 0 as n — oco. By Examples (a) - (b) - (¢),
A(X)=TV x 2= (SYN x 2

is an ANE. Lemma 4.7 implies the existence of a closed neighborhood U of
7(A) such that
catr(x)(m(A)) = caty(x)(U).

Since 7#~!(U) is a closed neighborhood of the compact A, there exists n
such that A, C U. Hence

caty(x)(m(A)) = catz(x)(U) > catr(x)(7(4n)) > J,

and A € A;. ]

Lemma 4.9. If 1 < j < N+ 1 and ¢ € C(X,R), then the function
® : A; — R defined by
P(A) = meaj(go(u)

s lower semi-continuous.
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Proof. Let (A, ) be a sequence in .A; and A € A; be such that §(An, A) — 0
in n — oo. For each u € A, there exists a sequence (u,) in X such that
Un € Ap and u, — u. Therefore,

p(u) = lim p(un) <lim,_, ,B(An),
and, since u € A is arbitrary,
B(A) < lim, o, ®(4,). O
Proof of Theorem 4.12. 1) Let us define, for 1 < j < N +1,

¢; = inf maxo.
I7 dea,AXY

Since A;41 C Aj, one has clearly
—oo<infp < <ep < ...5cN+1 < +400.

It suffices now to prove that, if cx = ¢; for some 1 < j <k < N + 1, then
K, ={ueX:¢(u)=0and ¢(u) = ¢}

contains k — j + 1 critical orbits.

2) Assume that ¢ = ¢; = ¢ forsome 1 < j < k < N + 1 and that K,
contains n < k — j distinct critical orbits m(uy),...,m(uy). Let p > 0 be
such that 7 restricted to B(um,2p) is one-to-one, 1 < m < n, and define

N, = U U B(um + g, p).

m=1geG
By the (PS)g-condition, there exists € € ]0,p?[ such that, if u € ¢~ ([c —

€,c+€])\ N,, then
lle ()] > €72, (49)

Indeed, if it is not the case, there is a sequence (u;) such that

1 1 1
u €X\N,, e—=<pw)<ets, P (wll < \/;,

and, by (PS)g, we can assume, going if necessary to a subsequence, that
n(u;) — w(u), i — +oo, for some u € X. We can also assume that u; €
[0,1)¥ x Z, since ¢ and ¢’ are G-invariant. But then u; — u, u € X \ N,
@(u) = ¢, ¢'(u) = 0, a contradiction since N, is a neighborhood of K. By
the definition of ¢, there exists A € A such that

®(4) = max <c+e.
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Let B = A\ Na,. Lemma 4.6 implies that
E S cateon(r(4)) < categ)(n(B) UT(A2y))
< cate(x)(m(B)) + cata(x)(N2p).
It follows from the definition of category that caty(x)(Nz2,) < n. But then
k < catyx)(7(B)) + n < caty(xy(7(B)) + k — j,

ie. B € A;.
3) Lemmas 4.8 and 4.9 and Ekeland’s variational principle imply the
existence of C' € A; such that

®(C) < ¥(B) < ®(4) <c+e
§(B,C) < €2
®(D) > ®(C) - ¢!/25(C, D) (50)

whenever D € A; and D # C. Since BN N, = ¢ and §(B,C) < € < p,
C NN, = ¢. In particular, the set

S={ueC :c—e<p(u)}

is contained in p~!([c— €, ¢ + €]) \ N,. By (49) and the continuity of ¢, we
can find, for each u € S, 6, > 0 and v, € X with |v,| = 1, such that, for
every g € G, one has

|h] < 6u = (@' (u + g + h),vy) < —€'/2. (51)

By the compactness of S, there exists a finite covering of S of the form
{By,..., B[} with
B; = B(u;,64,), 1<i<Ut.

Let us define ¢; : X — [0,1] by

Y gec dist(u +g,CB;)
L - . ’
Y j=1 2gec dist(u + g, CB;)

L
bi(u) = ifue B
ji=1

¢
Yi(u) =0, ifueX\|JB;.
i=1
Finally, let 6 = min{6,,,...,64,}, let ¥ : X — [0,1] be a continuous
invariant function such that

Yw) =1 ife< p(u)

0 ifp(u) < e~k
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and let € C([0,1] x X, X) be defined by

¢
7(t, u) = u+t6y(u) Z ¥i(u)vy,.

$=1
For each t € {0, 1], the mapping 7(t, .) satisfies the equivariance property
nt,u+g) =1t v)+g
for all v € X and all g € G. It follows from Lemma. 4.6 that, if D = 5(1, C),

Ca,t,r(x)(ﬂ’(D)) > Ca,t,r(x)(ﬂ’(C)) 2 7,

and hence, D being compact, D € A;.
The mean value theorem and (51) imply that, for each u € S, there is
some 7 € [0,1] for which

' ¢
(n(1,4)) = p(u) = (¢'(n(r, ), 6%(w) D i(w)vu,)

i=1

¢ ¢
= 6¢(u) Z Yi(u){¢' (v + T69(u) Z Yi(u)vy,), Vu;)

i=1 i=1
< —'283p(u).
Ifug S, ¢¥(u) =0,and p(n(1,u)) = p(u). f T € C issuch that p(n(1,7)) =
®(D), we obtain
¢ < ¢(n(1,7)) < p(7)
so that W € S and ¥(u) = 1. By (52), we get
e(1(1,9)) - p(T) < —¢'/?6
and, in particular,
®(D) + €}/%6 < p(u) < ®(C).
But, by the definition of D, we have
5(C,D)< $

and hence
®(D) + €'/%5(C, D) < #(C),
which contradicts (50) and completes the proof. u}

Assume now that L : [0,T] x RY x RY — R satisfies the assumptions
(L1) to (L4) of Section 4.2. We shall say that two weak solutions u and v
of (18) are geometrically distinct if

uZ v (modTie;, 1 <i< N).
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Theorem 4.13. Under assumptions (L1) to (L4) of Section 4.2, problem

(18) has at least N + 1 geometrically distinct weak solutions.
Proof. We shall apply Theorem 4.12 with X = H} and

N .
G:{}:k.-:r.-e.- k€2, I_<_z'5N},
i=1

so that the function ¢ defined on H} by

T
o(u) = /0 L(t, u(t), (1)) dt

is G-invariant, continuously differentiable, bounded from below, and sat-
isfies the (PS)g-condition, as shown in the beginning of this section. By
Theorem 4.12, ¢ has at least N +1 critical orbits, since N is the dimension
of the space generated by G. It is then easy to obtain, as in Theorem 4.6,
N + 1 geometrically distinct solutions of (18). O

Remark 4.7. We shall prove in Section 9.4 that, under a nondegener-
acy assumption, problem (18) has at least 2V geometrically distinct weak
solutions.

Examples
1) Foreachm >0, 9> 0, £ € R, and f € L}(0,T;R) such that

T
/ ft)dt=0,
0
the equation of the forced simple pendulum
me2ii(t) + g€sinu(t) = f(t)

has at least two geometrically distinct weak T-periodic solutions. It suffices
to take G = {2kn : k € Z}.
2) For each m; > 0, 4; € R, ¢ > 0 and f; € L}(0,T;R) such that

T
/ fi(t)dt =0
0

(i = 1,2), the equations of the forced double pendulum, which correspond
to

L(ta Z, 22, ylayZ) = (1/2)(1’711 + mZ)nylz + (1/2)m2£§y§
+ m2£1£2y1y2 COS(zl — 22) + (m1 + mz)gZ1 cOos I

+ maglycoszz + fi(t)zy + fat)z,,
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have at least three geometrically distinct weak T-periodic solutions, as
L satisfies conditions (L;) to (L4) of Section 4.2 and is G-invariant for
G= {27(]0161 + 2nkseqy : ki, ko € Z}.

3) Foreachm; > 0,4 >0,0<a<£,0<b<¥,9>0,k>0,and
h; € L*(0,T; R), (i = 1,2), the equations of a double pendulum coupled by
a linear spring with spring constant k attached at distances @ and b of the
respective fixed points of the pendulums and driven by horizontal forces
~2adk + hy(t) and 2bdk + ho(t) where d is the distance between the fixed
points, correspond to

L(t, 21, 22,41, 92) = (1/2)[m1 8y} + ma3y3]
~ [a® + b? — 2abcos(z; — 22) — 2d(bsinz; — asin ;)]

+ mygfy cos 2y + magls cos z2 + hi(t) sin zy + ha(t) sin z,.

Again, those equations have at least three geometrically distinct weak 7-
periodic solutions.

Historical and Bibliographical Notes
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from [Maw,3]. Theorem 4.11 was first proved by Rabinowitz [Rabz 7] by a
direct minimax approach and without the convexity assumption. The proof
given here is due to Ekeland [Eke;] and has motivated subsequent work by
Ambrosetti-Mancini [AmM,] and Ekeland-Hofer [EkH,)].
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Theorem 4.12 follows also from the Lusternik-Schnirelman theory on a
Finsler manifold (see [LuS] for the finite-dimensional case and [Pals] for
the general situation). The simple minimax characterization of the critical
values is due to Rabinowitz ([Rabys]. The use of the Hausdorff distance
in connection with category and Ekeland’s variational principle was intro-
duced in [Szug] where Lemmas 4.8 and 4.9 are proved.

Theorem 4.13 is due to Mawhin-Willem [MaW5] in the case of a simple
pendulum, to Fournier-Willem [FoW;] in the case of a double pendulum
and to Mawhin [Maw;,] and Rabinowitz [Rabs] in the general case. Ex-
ample 4.3 was considered, for odd h;, by Marlin [Mar,].

The geometry of a function near a critical point of mountain pass type
has been discussed by Pucci-Serrin [PuS; 23] and Hofer [Hof)]. For the
saddle point theorem, see [LaSo;].

For other applications of Ekeland’s variational principle to critical point
theory, see €.g. [BaEl], [Ekelzl, [Elel], [MCLl], [Penz], [ShCl], [Szulvz],
[Wil;]. That this principle characterizes complete metric spaces is shown
in [Sul,]. :

Variants of the mountain pass and of the saddle point theorems as well
as various applications can be found in [AhL,], [BaM,], [BBF,], [Bens],
[BeRll, [Ca.82], [Cha3,4,5], [DFSll, [GrSl], [H0f4], [L1P1], [LuSl], [Maws],
[Nil‘z], [Rab9’14], [RuSl], [5011’2], [Tialyzl, [Warl], [Wal].

Further discussions of Palais-Smale type conditions can be found in
[Gorz], [Stra,3].

See [AmC;], [ASt;], and [Cory] for other applications of the mountain
pass theorem combined with the dual least action principle.

The periodic solution of nonlinear wave equations (an infinite-dimensional
Hamiltonian problem) were first attacked through critical point theory by
Rabinowitz ([Rabs 15 16]). See also [ChH,], [CLD,], [Snc;], [Wils], [Wu2],
[WuL,], [Gia;], [Weig].

Exercises

1. Let M be a complete metric space, ¢ : M — R a l.s.c. nonnegative
function and T' : M — M a mapping such that

d(u,Tu) < ¢(u) — ¢(Tu)

for each u € M. Show that T has a fixed point (Caristi).
Hint. Apply Ekeland’s principle with € = 1 to get v € M such that

(1/2)d(s, To) > ¢(v) = o(T).
2. Show that if T' : M — M satisfies
d(Tu,Tv) < kd(u,v)
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for some k € [0,1] and all u,v € M, then a function 7 exists having
the properties of Exercise 4.1.

Hint. Try ¢ of the form ¢(u) = cd(u,Tv) and determine c.

. Given an elementary proof of Ekeland’s principle when M = RV,

Hint. Apply the results of Chapter 1 to the coercive function
Y(w) = ®(w) + €]|lu — w|| where $(u) < inf P +¢

and show that if ¢ achieves its minimum at v, then v satisfies the
conditions of Ekeland’s principle ([HiU,]).

. Let H be a Hilbert space, C C H a closed convex set and let ® €

C'(H,R) be bounded from below and such that (I — V®)(C) C C.
Show that for each ¢ > 0 and each u € C with ®(u) < infc & + ¢
there exists v € C such that

1) 2(v) < ®(u)

ii) [lv - ul] < €'/2

i) (V)] < /2.
Hint. Apply Ekeland’s principle with M = C and w = (1 —¢)v+¢(v —
V&(v)), t € [0,1]. ([Hos], [DFSy]).

. Let X be a Banach space and ¢ € C}(X,R) be such that ¢ achieves

its minimum on X at ug and such that, for some R > 0,
{ue X : ¢'(u) =0} C B(ug, R).
If ¢ satisfies the (PS)-condition, on d B(ug, R), then
mf  f> f(uo).

8B(UO,R)

Hint. Proceed by contradiction and apply Ekeland’s variational prin-
ciple.

Let X be a Banach space and let ¢ : X — R be a differentiable
function satisfying the Palais-Smale condition.

a) If ¢ is bounded from below then ¢ is coercive.

b) If ¢~ (c) is bounded for some ¢ € R then |¢p]| is coercive.

Hint. Apply Ekeland’s principle and a contradiction argument.

Let X be a Banach space and let ¢ € C!(X, R) satisfying the (PS)-
condition. If ¢ is not bounded from below and has a local minimum,
show that ¢ has at least two critical points. If ¢ has n > 2 local
minima, show that it has at least n + 1 critical points.
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8. Show that Theorem 4.9 still holds for the problem
u(t) = VF(t, u(t))
u(0) — w(T) = u(0) — w(T) =0
if F(t,u) = G(u) + H(t, u) with
(G(u) = G(v),u = v) 2 —yfu—v|?
for some v < w? and all u,v € RV and
IV H(E, W) < h()

for some h € L1(0,T), all u € R" and a.e. t € [0, T]. (JAhLy)).
Hint. Use Wirtinger inequality.

9. Show that, when F' satisfies the regularity conditions of Section 1.8
and
IVE(, )| < h(t)

for some h € L1(0,T), a.e. t € [0,7] and each z € R" the problem

ii(t) + m2wu(t) = VF(t,u(t))

u(0) — u(T) =4(0) —a(T) =0
with m € N \ {0} and w = 2x/T has at least one solution if either

T
/ F(t,acos mwt + bsin mwt) dt — +o00
0

or

T
/ F(t,acosmwt + bsin mwt) dt — —oo
0

when |(a,b)] — co in R2,

Hint. Use Rabinowitz saddle point theorem with, according to the
case, X~ = H-, Xt = H°@Ht or X~ = H & H°, Xt = g+
where

m-1
H- = {Z a; cos jwt + b; sin jwt : a; € RY,
Jj=0

b eRY,0<j<m-1}

H® = {acos mwt + bsinmwt : a € RV, b € RV}

T T
HY = {u € H} : / u(t) cos jwt dt = / u(t) sin jwt dt = 0,
0 0



110

10.

11.

12.
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0 < j €.m} and, to verify the PS.-condition, estimate
' (ur), uf = ug)|
fu=u" +ul+ut withu- e H-,u® € H®, ut € H*.

Compare the results of Exercise 3.3 with the conclusions of Theorem
4.11.

Let Y be a closed subspace of a normed space. The following proper-
ties are equivalent:

1) Y is an ANE;
ii) there is a neighborhood U of Y of which Y is a retract.

Use the mountain pass lemma to show that if a € R and f € L}(0,T)
is such that foT f(t)dt = 0, then the problem

u” 4+ asinu = f(t)

has a weak solution geometrically distinct from the one which mini-
mizes the action functional (([MaW,)]).
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A Borsuk—Ulém
Index Theories

and

Introduction

The (classical) Borsuk-Ulam theorem is a result which ensures that if Q@ C
R” is an open bounded symmetric neighborhood of the origin and if f :
80 — R"" ! is continuous and odd, then 0 € f(8Q). This result can be
proved using degree theory, a way of making an algebraic count of the zeros,
in the closure D of an open bounded set D C R”, of continuous mappings
¢ : D C R" having no zeros on 8D. A short account of degree theory is
given in Section 5.3.

The Borsuk-Ulam theorem is fundamental in measuring the “size” of
some subsets of a Banach space X which are symmetric with respect to
the origin. If A is such a set, its “size” is measured by its indez, namely the
smallest integer k such that there exists an odd mapping f € C(4, R¥\{0}).
For 992 like above, taking f = Id shows that ind Q2 < n and Borsuk-Ulam
theorem implies that ind Q2 = n.

Symmetry with respect to the origin and oddness of a mapping are noth-
ing but invariance properties with respect to a representation of the group
Z,. To cover more general situations, we sketch in Section 5.1 the elements
of the theory of representation of compact topological groups in Banach
spaces (or how to represent groups by linear operators). The case of the
group S* will be particularly important for the study of periodic solutions
of autonomous Hamiltonian systems. Indeed, if u(t) is a solution of such a
system, the same is true for u(¢ + w) for each w € R and hence, if u(t) is
T-periodic, we see the appearance of the representation T'(w) of the group
R/TZ ~ S? given by

(T@yu)(t) = u(t +w).

The computation of the index associated to the group S! requires a
Borsuk-Ulam theorem in this setting. This is done in Section 5.3 using the
parametrized Sard theorem introduced in Section 5.2 and degree theory.

One then disposes of the elements necessary to develop in Section 5.4 a
general index theory containing the previously mentioned ones as special
cases.
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5.1 Group Representations

Let G be a topological group. A representation of G over a Banach space
X is a family {T'(9)}4ec of linear operators T'(g) : X — X such that

T(0) = Id,
T(g1 + 92) = T(91)T(g2)

(9, u) — T(g)u is continuous.

A subset A of X is invariant (under the representation) if T(9)A = A
for all ¢ € G. A representation {T(g)}4ec of G over X is isometric if
T(g)ul| = ||u|| for all g € G and all u € X.

Lemma 5.1. Let {T(g)},ec be a representation of a compact group over
a Banach space X. Let Y be a closed invariant vector subspace of X which
admits a topological complement. Then'Y has an invariant topological com-
plement.

Proof. Let P be a (continuous) projector onto Y. Then the linear contin-
uous operator

Q= /G T(~g)PT(g) dg,

where dg is the normalized Haar measure on G, clearly maps X into ¥
and, if y €Y,

Qu= /G T(~g)PT(g)ydg = /G T(~g)T(g)ydg = v.

Thus @ is a continuous projector onto Y and is easily checked to be equi-
variant. Consequently, the range of Id — @ is an invariant topological com-
plement of Y. ]

Lemma 5.2. Let {T'(g)}4ec be a representation of a compact topological
group over RN. Then there ezists an invertible matriz L : RY — RV
such that LT(g)L™" is an isometric representation of G over RN (with
the Euclidean norm).

Proof. Since the quadratic form
Q) = [ (aldg

is positive definite, there exists a nonsingular matrix L : RY — R" such
that Qu = |Lu|?. It is then easy to verify that LT(g)L~" is an isometric
representation of G over RV . a

Theorem 5.1. Let {T(8)}ses: be an isometric representation of S over
RY (with the Euclidean norm). Then T(8) has the matriz representation

diag {M1,..., M}, (1)
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where Mj is either of order 1 and

Mj =1, ) (2)
or is of order 2 and for some n € N\ {0} one has
cosnf ~—sinnd
M;= ( sinnd  cosnd ) ' (3)

Proof. Since S! = R/27Z, we can consider T'(§) as a continuous 27-
periodic mapping over R. We first prove that 7'(8) is differentiable. Since

lim [a'1 /0 : T(w)dw] =T(0) = Id

a0

we see that foa T(#)d#d is invertible for all @ # 0 sufficiently small. On the
other hand, for any o € R and # € R, we have

B+

T(8) /0 " T(0)do = /0 " T + 0)do = /,3 T(6) o,

so that, for o # 0 sufficiently small, we get

T(B) = (/:MT((;)CM) [/Oa T(0)d0] o .

This implies clearly the differentiability of T'(8) at any 8 € R. Differenti-
ating both sides of the identity

T(6 + B) =T(6)T(B)
with respect to 6 and setting # = 0, we obtain
T'(8) = T'(0)T(B),

so that

T(6) = exp(0L)
where L = T"(0). Since the representation is isometric, T'(.)u is bounded
over R for every u € RY. By the theory of linear differential equations,

T(#) has a matrix representation (1), where M; is either of order 1 and
M; =1, or is of order 2 and

M = cos B;0 —sin ;60
77\ _sing;6 cos 3;0

for some B; > 0. Since T'(27) = Id, we necessarily have g; € N\ {0}. O
Remark 5.1. The matrices M; are the irreductible representations of S.
Remark 5.2. Let

Fix($)) = {ue RN : T(0)u = u for all 6 € S'}.

Theorem 5.1 implies that if Fix(S*) = {0} and if T'(0) is isometric, then N
must be even.
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5.2 The Parametrized Sard Theorem

Let U C RP be open. A point v € RY is a regular value of f € C™(U,RY)
(m > 1) if f'(u) is onto for each u € f~1(v).
We shall use the following important result.

Sard Theorem. Let U C R? be open and let f € C™(U,R?). If m >
max(0,p — q), then almost every point of R is a regular value of f.

A subset Z of R? is a C™-submanifold of dimenstion d if, for every z € Z,
there exists an open neighborhood A of 0 in R?, an open neighborhood B
of z in R? and a C™-diffeomorphism ® : A — B such that

®(ANRY)=BN_Z

It is easy to construct submanifolds by using regular values.

Preimage Theorem. Let U C R? be open and let f € C™(U,RY), (m >
1). If v is a regular value of f and if f~(v) # ¢, then f~'(v) is a C™-
submanifold of dimension p — q.

Proof. Let z € Z = f~!(v). Without loss of generality, we can assume
that v = 0 and z = 0. Since 0 is a regular value of f, the kernel X of f/(0)
has dimension p — ¢. Define now ¥ : X x X+ — R? by

¥(z,y) = (2, f(2,9))-

It is easy to verify that '(0) is invertible. By the inverse function theorem,
¥ is a C™-diffeomorphism from a open neighborhood B of 0 in R? to an
open neighborhood A of 0 in R?. Moreover,

$(BNZ)= ANRPY.

Setting ® = ¥~! completes the proof. 0
We now state and prove the parametrized Sard theorem.

Theorem 5.2. Let U C RP; A C R" be open and let f € C™(U x A,RY).
If m > max(0,p — q) and 0 € R? is a regular value of f, then, for almost
every A € A, 0 is a regular value of f(.,)).

Proof. We can assume that Z = f~1(0) # 4. By the preimage theorem,
Z is a C™-submanifold of dimension d = p + n — ¢. Since Z is Lindelof,
there is a sequence (®;, Aj, B;) satisfying the definition of a submanifold

such that
ZC U Bj.
jeN
Let us denote by z; the restriction of ®; to A; N R? = D(z;) and let
zj(v) = (y;(v),2;(v)) €U x A.
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By Sard’s theorem, for each j € N, almost every A € A is a regular value
of z; and then almost every A € A will be a regular value of every z;.

Assume that f(u,A) = 0 and that X is a regular value for every z;. Then
there is some j € N and v € D(z;) such that

u=y;(v), A=zv).
Now 0 is a regular value of f and hence, for each ¢ € R? there will be
a € R? and b € R" such that
fu(u, Na + fi(u, )b = c. (4)

From

f(yi(s),2i()) =0, s € D(z;),
we deduce

fu(w, M)y (v) + fa(u, A)zj(v) = 0. (5)

Moreover, A being a regular value of z;, there will exist w € R?*"~¢ such
that
z(v)w =b. (6)

From (4) - (5) - (6) we deduce that
¢ = fo(u,N)[a — y;(v)w)].
Hence 0 is a regular value of f(.,A) and the proof is complete. 0

Let {T'(#)}ses: be an isometric representation of S! over R?* (with the
Euclidean norm) such that Fix(S!) = {0}. By Theorem 5.1 and Remark
5.2, if we identify R?* with C*, T'(6) will have the representation

TO)u = (e™*%uy,..., e yy), (7

where n;,...,n; € N\ {0}. _
Let D be an open invariant neighborhood of 0 and let & € C(D, R*)
and n € N\ {0} be such that

& € C'(D,R*), (8)
®(T()u) = e ®(u), 0 €S, uedD, (9)
0 ¢ ®(OD). (10)

By (7), (9), and (10), m; = n/n; € N\ {0}, because if (0,...,u;,...,0) €
0D, then, for § = 2n/n;,

(T (8)u) = ®(0,...,u;,...,0) = e¥™/"®(0,...,uj,...,0).
Moreover, for all A = (Ay,...,Ax) € C¥*F | the mapping ®, defined by

@) (u) = ®(u) + Aur + ...+ Apupt
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satisfies the equivariance property (9).

Corollary 5.1. Under the above assumptions 0 € C¥ is a regular value of
the restriction of ® to D\ {0} for almost every A € CF*F.

Proof. Set A = C*** and define f : U x A — C* by f(u,)) = ®)(u). In
order to apply Theorem 5.2 with p = ¢ = 2k, m = 1 and n = k?, it suffices
to check that f’(u, ) is onto for each (u,A) € U x A, i.e. to be able to solve

the equation in (a,b) € C* x C*’
fu(u, Na+ f'A(u,A)b=c
for each ¢ € C*. Choosing a = 0, it remains to solve
biul + ...+ brup™* =c¢

which is always possible as u # 0. O

5.3 Topological Degree
Let D C RY be bounded and open and let f € C(D,RN). If

0 ¢ f(0D),
f € C*(D,RV), (1)
0 is a regular value of f|p,

the implicit function theorem implies that f~=1{0} is finite. The topological
degree of f in D (with respect to 0) is then defined by

d(f,D) = Z sign det f'(u)
u€ f~1{0}

and represents, therefore in the “generic” case (11), the “algebraic” number
of zeros of f in D.

The following lemma is basic to extend the concept of degree in more
general situations and prove its basic properties.

Lemma 5.3. Let F € C(D x [0,1],RY) be such that
0¢ F(0D x [0,1]),

F e C¥Dx[0,1]), (12)

0 is a regular value of F(-,j)|p (j = 0,1). Then one has d(F(.,0),D) =
d(¥(.,1), D).
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Let g € C(D, RN) be such that 0 ¢ g(0D). The Weierstrass approxima-
tion theorem and the Sard theorem imply the existence of f € C(D,R™)
satisfying (11) and the inequality

1f() — g(u)| < dist(0, g(9D)) (13)
for all u € 3D. We then define the topological degree of g in D by
d(g, D) = d(f, D).
Such a definition is meaningful if we prove that for f € C(D, R") satisfying
(11) and (13) we have 3
d(f,D) = d(f, D).
If we set _
F(u,t) = (1 =) f(u) +tf(u),
we obtain
|F(u,t) — g(u)| < dist(0, g(dD))
for all (u,t) € D x [0,1]. Consequently,

0 ¢ F(OD x [0,1])

and we conclude by applying Lemma 5.3.

By reduction to the C%-regular case (11), it is easy to prove the following
properties.

(i) If 0 & g(D) then d(g, D) = 0, which immediately gives the existence
property: if d(g, D) # 0, then 0 € g(D). .

(ii) (Ezcision). If U C D is open and 0 ¢ g(D\U), then d(g, D) = d(g, U).

(iii) (Additivity). If D = Dy U D, where Dy and D; are open disjoint sets
and 0 ¢ g(0D;y U 8D,), then

d(g, D) = d(g,D1) + d(g, D2).

(iv) (Cartesian product). Let D; C R” and D2 C R? be open and
bounded and let f; € C(D,,RP), f; € C(D2,R?) be such that 0 € f;(8D;)
(7 =1,2). Then

d((fl:fZ)’Dl X Dz) = d(fl’Dl)d(fZ’ DZ)

(In the C?-regular case, (iv) follows from the relation det(f1, f2)'(#1,uz2) =
det fi(uy)det f3(uz).)

Example. Let p > 0, D = {u € R* : |u| < p}, m; eN\{0} (1<j<k)
and identify R?* with C*. If we define f : D — C* by

Flug, . owg) = (. u™),



118 5. A Borsuk-Ulam Theorem and Index Theories

then ’

d(f,D)=my ... m;. (14)
Proof. By properties (ii) and (iv), it suffices to consider the case k = 1.
Define f : C — C by f(u) = u™, ie. f(z + iy) = (¢ + iy)™, where
m € N\ {0}. For each z € C\ {0}, the equation f(u) = z has exactly
m solutions and, by the Cauchy—Riemann equations, det f'(u) > 0 at each
solution. It follows from the definition of the degree that d(f,D) =m. O

Theorem 5.3 (Homotopy invariance). Let G € C(D x [0,1],RY) be such
that 0 ¢ G(OD x [0,1]). Then
d(g(.,0), D) = d(G(.,1), D).

Proof. By Weierstrass approximation theorem and Sard theorem, there is
aF € C(D x [0,1],R") satisfying (12) and such that

|F(u,t) — G(u,t)| < dist(0,G(8D x [0,1]))
for all (u,t) € 0D x [0,1]. One concludes by using Lemma 5.3 and the
definitions of the degree. 0o
Corollary 5.2. (Continuity property). Let f € C(D, R™N) and g € C(D, RM)
be such that 0 ¢ f(OD) and

() = g(u)| < dist(0, /(D))

for all uw € 0D. Then d(f, D) = d(g, D).
Proof. Use the homotopy

G(u,1) = (1 —1)f(u) +1g(u)
and Theorem 5.3. 0

Theorem 5.4. Let {T(8)}ses1 be an isometric representation of S* over
R?* (with the Euclidean norm) such that Fix(S') = {0} and let D be an
open bounded invariant neighborhood of 0. If ® € C(—D-, RZk) and n €
N\ {0} verify (9) and (10), then d(®, D) # 0.

Proof. First step. Identifying R?* and C* and using Theorem 5.1, we
see that T(#) has the representation (7). Let m; = n/n; (1 < j < k) where
the n; are given in (7) and let p > 0 be such that when |u| < p then u € D.
Define ¥ by

Y(u) = (u™,...,up*) if ju] < p,

Y(u) = &(u) if ue dD,

and use Tietze theorem to obtain a continuous extension ®; of ¥ over D.
By the continuity property of the degree we immediately obtain

d(®, D) = d(®;, D).
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Second step. Let ¢ > 0. By Weierstrass approximation theorem, there
exists a polynomial &5 : R?* — R?* such that

|®5(u) — @1 (u)| < e (15)

for all u € D.
Third step. Define ®; on D by

2r
B (u) = / =0 5(T(0)u) db
27 0
so that ' _
(T (0)u) = ™ ®5(u), ueD, feS.
If lu| < p or if u € D we deduce from (15) that

€ 1 " —infd g€
[5(u) ~ @ ()] = ]g,—r [ e @i - ar@wya| <c. (1)

By continuity of the degree, this implies that
d(®,, D) = d(®5, D)

for ¢ > 0 small enough.

Fourth step. Let > 0, since ®§ verifies (8), (9), and, for € > 0 small
enough, (10), the Corollary 5.1 implies the existence of A € C*** such that
|A] < 7 and 0 is a regular value of ®§|p\ (0}, Where

O (u) = B5(u) + Mu™ + ...+ Apup*. (17)
Consequently, (®5)~*{0} N (D \ {0}) is made of isolated points. But, since
®(T()u) = ™’ ®5(u), u€D, 9€S',

we see that ®§(T'(#)u) = 0, 6 € S* whenever ®§(u) = 0. Therefore, 0 ¢
®5(D \ {0}) and, letting U = {u € D : |u| < p} and using the continuity
and excision properties of degree, we obtain, for 5 small enough,

d(®%, D) = d(®%, D).

Fifth step. For € and 7 small enough, it follows from (16), (17), and (14)
that
d(®5,U)=d(®,,U)=d(¥,U)=m; ... mp £0

and the proof is complete. (]

Theorem 5.5. Let {T(6)}scs: be a representation of S' over R** such
that Fix(S') = {0} and let D be an open bounded invariant neighborhood
of 0. If ® € C(dD,C*) and n € N\ {0} are such that

®(T(0)u) = e™’®(u), 0 S, uedD,



120 5 A Borsuk-Ulam Theorem and Index Theories

then 0 € ®(4D).

Proof. Replacing T'(6) by LT(6)L~! and & by ® o L~! with L given in
Lemma 5.2 allows us to assume that T'(f) is an isometric representation
of S! over R** with the Euclidean norm. ® has a continuous extension
¥ : D — C*! ¢ C* by Tietze theorem and if 0 ¢ ®(0D) Theorem 5.4
implies that d(%, D) # 0. But if z € CF is close enough to the origin and
not in C*~1, property (i) of the degree and its continuity imply that

d(¢, D) = d(¢ - z,D) =0,

a contradiction. (]

5.4 Index Theories

Let G be a compact topological group and let {T'(g)}4cc be an isometric
representation of G over a Banach space X.

A rmiapping R between two invariant subsets of X (under the represen-
tation of G) is equivariant if

RoT(9)=T(g)oR

forallg e G.

Definition 5.1. An indez (for {T(g)}4¢c) is a mapping from the closed
invariant subsets of X into N U {oo} such that:

(i) ind A = 0if and only if A = ¢;
(ii) if R : A; — Ay is equivariant and continuous, then
ind A; < ind Ag;
(iii) if A is compact invariant, there is a closed invariant neighborhood N

of A such that
ind N = ind A4;

(iv) ind (A1 UA2) < ind A; +ind A; for all invariant subsets A; (i = 1,2).

We shall give two important examples.

Example 1. Let G = S! and define the S'-indez of a closed invariant
subset A of X as the smallest integer k such that there exists a n € N\ {0}
and a ® € C(A4, C* \ {0}) satisfying the following equivariance property

O(T(0)u) =e™®(u), 0€S', ue A (18)
If such a mapping ® does not exist, we define

ind A = co.
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Finally, we define ind ¢ = 0.

We now have to show that this is an index in the sense of Definition
5.1. We first notice that if ® € C(A, C* \ {0}) satisfies (18), there exists a
continuous extension ¥ of ® over X satisfying (18). It suffices to use first
Tietze theorem to obtain a continuous extensmn ® of ® over X and then
the mapping ¥ defined by

Y(u) = 51; /0 " =0 (T(0)u) d8

will satisfy the requirements.

We now check that the properties (i) to (iv) are satisfied.

(i) Follows directly from the definition.

(ii) If ind A3 = oo, the result is trivial. If ind A; = k < 0o, then there is a
® € C(4,,C*\{0}) satlsfymg (18). Since R is equivariant and continuous,
¥ = ®o R € C(A;, C*F\{0}) and satisfies (18). Thus ind 4; < k.

(iii) Let V' be any closed invariant neighborhood of the invariant subset
A. Property (ii) implies that

indV >ind A
since the inclusion map is equivariant. Thus, the result is trivial ifind A =
co. HindA = k < oo, there is a ® € C(A,C* \ {0}) satisfying (18)
and hence, a continuous extension ¥ of ® over X satisfying (18). Since
0 ¢ ¥(A) = ®(A) and ®(A) is compact, there is, by uniform continuity
of ¥ on A4, a § > 0 such that 0 ¢ ¥(As). Thus, A is a closed invariant
neighborhood of A and ind Ay < k. Consequently, ind A5 — ind A.

(iv) If ind A; or ind A, is infinite, the result is trivial. So, assume that
ind4; = kj < 0o (j = 1,2). Then there exists ®; € C(4;,C* \ {0})
satisfying (18) with n = n; and a continuous extension ¥; of ®; over X
satisfying (18) with n = n; (j = 1,2). Define

¥ X — Chrthe

by
Y(u) = (¥73(u), .., ¥7%, (v), O34 (u), ..., U35 (u)).
Then one has
¥ : A UA; — CRrtFa {0}

and
UT(O) = (™™ UTY (), ..., 50 W33, (),

1n1n30‘1,n1  (u),. mlmo‘l'glk,(“)) = eimnad g (y),
so that ind(A4; U Az) <k + kz. o
Example 2. Let G = Z; and define
TO)=1d, T(1)=-
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A subset A of X is invariant under this representation of Z, if and only if it
is symmetric with respect to the origin. The Zs-indez of a closed invartant
subset A of X is defined as the smallest integer k such that there exists an
odd mapping ® € C(A,RF \ {0}). If such a mapping does not exist, one
defines ind A = oo and, finally, one defines ind¢ = 0. The properties of
Definition 5.1 are checked as before.

We now give some results on the computation of the S'-index. Recall
that the S'-orbit of u € X is the set O(u) = {T(8)u : 6 € S*}.

Proposition 5.1. The S'-index of a finite union of S'-orbits which do
not meet Fix(S') is one.

Proof. Assume that A is the union of disjoint S-orbits O(uy), ..., O(u;)
where u; ¢ Fix(S') (1 < k < 7). Let us look at § — T'(f)uy, as a continuous
mapping on R with minimal period 2x/nj for some ny € N\ {0}. The
mapping ® : A — C\ {0} defined by

O(T(8)uz) = '™,
where n = njny ... n;, satisfies (18). Thus ind A = 1. 0

Proposition 5.2. Let Y be a closed invariant subspace of X of finite
codimension and let A be a closed invariant subset of X. If Fix(S') C Y
and ANY = ¢, then

1

indA < §codim Y.
Proof. Lemma 5.1 implies the existence of an invariant topological com-
plement Z of Y. As Fix(S') N Z = {0}, it follows from Remark 5.2 that
the dimension of Z is even and, identifying Z with CV, we deduce from
Theorem 5.1 and Lemma 5.3 that the restriction of T(#) to Z admits the
representation _

T(0) =L 'T(6)o L

T(0)u = (¢*0uy, ..., e uy), ueCV.

The mapping ® : Z \ {0} — CV \ {0} defined by

d=2%o L,
S(u) = (u}/™, . Wl
with n the least common multiple of nj, ...ny satisfies (18) as it is easily

checked. Let P be the projector onto Z along Y. Since ANY = ¢, P €
C(A, Z \ {0}) and, by the invariance of Y and Z, P is equivariant. Thus
®o P € C(A,CN\ {0}) and satisfies (18). Consequently, ind A < N =
él-codimY. ]
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Proposition 5.3. Let Z be a finite-dimensional invariant subspace of X
and let D be an open bounded invariant neighborhood of 0 in Z. If Z N
Fix(S') = {0}, then

ind 8D = %dim z.

Proof. Again, dimZ is even and let N = %dimZ. By Theorem 5.5,
ind D > N. Lemma 5.1 implies the existence of an invariant topologi-
cal complement Y of Z. Clearly, Fix(S$') C Y and 6DNY = ¢, so that, by
Proposition 5.2,

ind D < -;-codimY =N
and the proof is complete. ]

Historical and Bibliographical Notes

For the element of group representations, the reader can consult [Brd;]
and Sard theorem is proved in [Mil;]. The parametrized Sard theorem is a
particular case of Thom transversality theorem [Tho,] (see [AuE]).

The topological degree for C'-mappings from regular subsets of RY into
R was initiated in 1869 by Kronecker and extended by Brouwer in 1912
to the continuous case using simplicial techniques. See [Mil;], [Llo1], [Zei4],
and [Rot4] for recent expositions and discussions. The approach used here
relies upon the so-called generic method already used in 1922 by Birkhoff-
Kellogg [BiK,] to prove the Brouwer fixed point theorem, and in 1952
by Nagumo [Nagi] to define the Brouwer degree. This approach has been
widely rediscovered and developed since.

Theorem 5.4 constitutes the S'-version of the Borsuk-Ulam theorem:
d(f, D) = 1 (mod 2) for continuous and odd mappings f : D ¢ RN — RV
such that 0 € f(8D) and D is a symmetric open bounded neighborhood of
the origin. The original proof, due to Borsuk [Bor;], gave a positive answer
to a conjecture of Ulam. Generic proofs of this result were given inde-
pendently by Borisovich~Zvyagin-Sapronov [BZS,] and Alexander-Yorke
[AlY,]. A simpler case of Theorem 5.4 was first proved by Marzantowicz
[Mar;] and Geba-Granas [GeG,] observed that the generic approach to the
Borsuk-Ulam theorem could be extended to other group actions. This is
realized in the given proof of Theorem 5.4, which is taken from Nirenberg
[Nirl].

Theorem 5.5 is the S!'-version of a result of Borsuk [Bor;] for odd map-
pings. See [FHR,] for another approach to an extended version of Theorem
5.5. Propositions 9.1, 5.2, 5.3 are due to Benci [Ben;] for the case of a
Hilbert space.

Historically, the first index theory was the genus of Krasnosel’skii [Kra, o]
which corresponds to G = Z, and odd maps. It has been introduced as an
alternative to the Ljusternik-Schnirelmann category in the minimax ap-
proach of those authors to critical point theory [LJS;]. An extension of the
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genus to more general group actions was first published by Svarc [Sva;] and
variants are due to Yang [Yan;] and Conner-Floyd [CoF o). Other indices
were developed by Yang [Yan;], Conner-Floyd [CoF; ], Holm-Spanier
[HoS;], and Fadell-Rabinowitz [FaR; 2]. Index theories when G = {S'}
have been introduced by Fadell-Rabinowitz [FHR,] and Fadell-Husseini
[FaHl].

Further information on index theories can be found in [Ano;], [Bar],

[Fad; 23], [Neh;], and [Ste,].

Exercises

1. A representation {T'(g)},4ec of a topological group is irreductible if
T(g) has no non-trivial invariant subspace and is completely reductible

+ if'it is a direct sum of irreductible representations. A representation
of a compact topological group over RY is always completely irre-
ductible.

Hint. Use Lemma 5.1 and induction.

2. Let D be an open bounded symmetric neighborhood of 0 in RY and
let & € C(D, RM)NCY(D, RN be such that ®(—u) = —®(u), u € 0D
and 0 € ®(dD). For each real (n X n)-matrix A, define ®4(u) by

D 4(u) = B(u) + Au.

Then 0 € RY is a regular value of the restriction of &4 to D \ {0}
for almost every A € L(RY,RY).

Hint. Following the line of Corollary 5.1 and use the density of the
subset of non-singular (n X n)-matrices. ([AlY;], [BZS,]).

3. Let D be an open bounded symmetric neighborhood of 0 in R and
let ® € C(D,RY) be such that ®(—u) = —®(u) (u € dD) and
0 & ®(0D). Then
d(®, D) = 1(mod 2)

(Borsuk-Ulam).

Hint. Prove the result for ® € C1(D,R") and 0 a regular value by
direct computation and use Exercise 5, Weierstrass approximation
theorem and invariance of degree.

4. Prove that the Zj-index defined in Example 2 has the properties (i),
(i), (iii), and (iv) of an index.

5. Let X be a Banach space. Prove that if A C X is closed, symmetric
with respect to the origin and if 0 € A, then indz,A = +oc0.



Exercises . 125

6. Let X be a Banach space. Prove that if A C X is finite, non-empty,
symmetric with respect to the origin and if 0 ¢ A, then indz, A = 1.

Hint. Follow the lines of Proposition 5.1.
7. Let Y be a closed subspace with finite codimension of the Banach

space X and let A C X be closed, symmetric with respect to the
origin and such that ANY = ¢. Then

indz,A < codimY.

Hint. Follow the lines of Proposition 5.2.
8. Prove that if A C R™ is a bounded symmetric neighborhood of the
origin, then indz,0A4 = m.

Hint. Follow the lines of Proposition 5.3 and use Exercise 5.2 and
Exercise 5.3.
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Lusternik—Schnirelman Theory
and Multiple Periodic
Solutions with Fixed Energy

Introduction

When a function has some symmetry properties, one can expect to obtain
moré precise information on the set of critical points by using, in the mini-
max approach, correspondingly symmetric séts which are distinguished by
a measure of their “size” given by an index theory.

For example, when ¢ is an even C'-mapping, the corresponding Luster-
nik-Schnirelman method consists in finding conditions under which the
values ¢; defined by

Crp = Alélvﬁk max

are critical, where A denotes the collection of compact sets symmetric with
respect to the origin whose Zs-index is greater or equal to k. Of course,
different values of the ¢ for different k will immediately give a multiplicity
result for the critical points of . The interest of the method lies in the
fact that multiplicity conclusions can still be obtained if ¢; = ¢; for some
k > j, the “size” indz, K,; of the set of critical points of ¢ with critical
value ¢; having, in this case, the lower bound k — j + 1. Of course, similar
results still hold when ¢ is invariant with respect to the representation of
a topological group for which an index is defined, as it is the case for S1.

Although a variant of the method of Chapter 4 based upon Ekeland’s
variational principle could be used as well, we have adopted in this chapter
the more classical approach based on deformations, which is also at the
heart of the Morse theory given in Chapter 8. One considers deformations
of the underlying space X along the lines of steepest descent associated to
®, i.e. along the trajectories of the differential system

u = —Vo(u)

or of an associated pseudo-gradient vector field when the above differential
system or its solutions are not defined because of the lack of regularity of
@ or of structure of X. When ¢ has some symmetry, the corresponding
symmetry of the flow has to be used to preserve the symmetries of the sets
used in the minimax process during a deformation.
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Some compactness is required in proving the basic properties of the de-
formation flow, and they follow from a Palais-Smale-type condition.

Combined with the natural S'-invariance of the periodic solutions of
an autonomous Hamiltonian system in RzN, this approach provides the
existence of at least N distinct periodic orbits on a given convex energy
surface which does not differ too much from a sphere, in the sense that it
lies between two concentric spheres of radius r and V2r.

Local results on the multiplicity of periodic orbits of Hamiltonian sys-
tems, namely on periodic orbits with prescribed energy near an equilibrium,
are also given in Section 6.6. Their obtention relies upon a variational
bifurcation argument which reduces the problem, through the Liapunov-
Schmidt method, to a nonlinear eigenvalue problem in a finite-dimensional
space (Section 6.5). This last problem is studied in Section 6.4 by a variant
of the Lusternik—Schnirelman method given in Sections 6.1 and 6.2.

6.1 Equivariant Deformations

The concept of “pseudo-gradient” is required to extend the steepest descent
method to a general Banach space.

Definition 6.1. Let X be a Banach space, ¢ € C(X,R) and

Y={ueX :¢u)#0} (1)

A pseudo-gradient vector field for ¢ on Y is a locally Lipschitz continuous
mapping v : Y — X such that, for every u € Y, one has

lle(u)ll < 2[l¢' ()] (2)
(' (w), v(w) 2 I (w)II*. (3)

Lemma 6.1. Under the assumptions of Definition 6.1, there exists a pseudo-
gradient vector field for ¢ on Y.

Proof. Let @ € Y; as ¢’ (%) # 0, there exists w € X such that ||w|| = 1 and

(@@, w) > 2l @]

Let v = 2||¢/(@)|| w. Then
3 1~ 1~
lIell = slle" @I < 2ll¢' @)l

(¢! (8),0) = Sllg (@] < &' (2), w) > ¢/ (@)
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Since ¢’ is continuous, there is an open neighborhood V; of % in Y such
that, for every u € V3, one has

lloll < 2ll¢' (W] (4)
(' (w), v) > le'(WI* (5)

The family V = {V;}iecy 1s an open covering of the metric, and thus,
paracompact space Y. Therefore V has a locally finite refinement { Wy, }ier,
i.e. each Wy, is one V;; and each y € Y has a neighborhood Uy such that
Uy € Wa, # ¢ only for a finite number of values of i. Let us define

pi(uw) = dist(u,l Wy,), i€l
and, foru €Y,

o(u Pt(“)
( ) Z; E]EI Pi (u)

where v; corresponds to #; in the same way as v corresponds to # above.
All the;sums are finite as {W;, };¢s is locally finite, and v is clearly locally
Lipschitz continuous. Since p; vanishes outside Wy,, v(u) is a convex com-
bination of elements satisfying (4) and (5) and it is then easy to check that
(2) and (3) hold for every u € Y. o

Remark 6.1. If X is a Hilbert space and ¢ : X — R is differentiable, the
gradient Vo of ¢ defined by

(Vo(u),w) = ((p'(u),w), weX
satisfies (2) and (3).

Definition 6.2. A functional ¢ : X — R is inveriant for the representa-
tion {T'(g)}4ec of the topological group G if

poT(9)=p, gE€G.

We shall prove that any invariant ¢ € C!(X,R) has an equivariant
pseudo-gradient vector field.

Lemma 6.2. If ¢ € C'(X,R) is invariant for the isometric representation
{T(9)}gec, then, for all g€ G,u€ X, h€ X,

(¢'(T(g9)u), h) = (¢'(u), T(~g)h) (6)
o' (T (@)l = lle' (Wl (7)

Proof. By definition,
P(T(9) (v + 1T (=g)h)) — o(T'(g)u)

(' (T(9)u),h) = lim ;
= i P T (=9)h) ~ p(u)
t—0 i

= (¢'(u),T(~g)h).
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Since T'(—g) is a surjective isometry, (7) follows from (6). m]

Lemma 6.3. Let X and Y be melric spaces and T :'Y — X a locally
Lipschitz continuous function. If A CY is compact, there exisis § > 0 such
that T 1s Lipschitz continuous on As.

Proof. For each u € A, there is an open ball B(u,6(u)) and a nonnegative
constant £(u) such that

d(Tv, Tw) < (u)d(v,w), v,w € B(u,8(u)).

The family {B(u,8(u)/3)}ue4 is an open covering of A and contains a finite
covering {B(u;, 6(u;)/3)}1<icj of A. Let

§ = 12‘12]‘ 8(ui)/3.

Then, by construction
M = sup{d(Tv,Tw) : v,w € As} < o0

and we shall show that T is Lipschitz continuous on As with Lipschitz
constant

£ =max{M/§,{(u,),...,L(u;)}.
Indeed, take v and w in Ay; if d(v, w) < & and v € B(u;, 26(w;)/3), then
w € B(ui, 6(u;)) and
d(Tv, Tw) < £(u;)d(v, w) < £d(v,w).
If d(v,w) > 6, then

d(Tv, Tw) < %16 < Ld(v,w),

and the proof is complete. O

Lemma 6.4. If ¢ € C*(X,R) is invariant for the isometric represeniation
{T(g)}4ec of the compact group G, then there exists an equivariant pseudo-
gradient vector field for p and Y = {u € X : ¢'(u) # 0}.

Proof. Let w : Y — X be a pseudo-gradient vector field as given by
Lemma 6.1 and define v : Y — X by

vw=Lnﬁww@w%

where dg is the (normalized) Haar measure on G. Then v is equivariant
because

v@@w=_énﬁmawwmw

- Lﬂ@ﬂﬁ—wwﬂﬁﬂww
= T(§)v(u).
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Now v satisfies (2) and (3) because, by Lemma 6.2, we obtain
[ 1m0 w(r@uldg

| ur@uiids <z [ vl
G G
2l Wl

l[o(u)]

] IA

Il

(o' (), v(w)) /G (¢! (u), T(~g) w(T(g)u))dg

| @@u), wrernds > [ ¢ @ewlids
G G
I o

Finally, let u € Y and A = {T(g)u : g € G} C Y. By Lemma 6.3, there
exists § > 0 such that w is Lipschitz continuous, with constant £, on Ajs.
Now, if uy, ug € B(u, §), we obtain, since Ay is invariant,

A

lo(us) = v(u2)]| < /G T (~g)(w(T(g)ur) — w(T()uz))]| dg
/G (T (g)ur) — w(T(g)uz)|| dg

¢ [ 17 @ (s - ur)ldo = e = ua,

IN

and v is locally Lipschitz continuous. 0

The construction of the required deformations depends on some com-
pactness conditions.

Definition 6.3. The function ¢ € C!(X,R) satisfies the Palais-Smale
condition (PS) if every sequence (u;) in X such that (¢(u;)) is bounded
and

@' (u;) = 0 for j — 00
contains a convergent subsequence.

Remark 6.2. The Palais-Smale condition is a compactness condition on ¢
which replaces the compactness of the manifold in the classical Lusternik—
Schnirelman theory.

Remark 6.3. It is, in general, easier to verify (PS) than to find a priori
bounds for all possible solutions of ¢'(u) = 0 since in (PS) (¢(u;)) has to
be bounded.

Remark 6.4. It follows immediately from (PS) that, for each ¢ € R, the
set
Ki={ueX :¢'(u)=0 and ¢(u) = c}
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is compact.
Recall that, for ¢ € R, ¢° = {u € X : p(u) < c}. The basic deformation
result is given by the following.

Lemma 6.5. If ¢ € CY(X,R) satisfies (PS) and if U is an open neigh-
borhood of K., then, for every € > 0, there exists ¢ € ]0,¢[ and n €
C([0,1] x X, X) such that
(a)
(1, ¢\ U) C 7,
nw)=u if uge ([c—Fc+7).

Moreover, if ¢ and U are invariant with respect to the isometric represen-
tation {T(9)}4ec of the compact group G, then
(b) (1, .) is equivariant with respect to {T(g)}sec for every t € [0,1].

Proof. If € > 0 is given, there is a € € ]0,€/2[ such that if u € ¢~ }([c —
2¢,c+2¢]) N (LU), sz, then

lle’ (W)l > 4v/e. (8)

Indeed, if it 1s not the case, there is a sequence (uy) such that

2 2 , 4
ur € (CU)yv5 c"jc'SSP(uk)Sc'*‘Ea I|¢(“k)”<—\/—]}'

and, by (PS) we can assume, going if necessary to a subsequence, that
ug — u for k — co. But then u € (U N K. = ¢, a contradiction.

Now Lemma 6.1 implies the existence of a pseudo-gradient vector field v
foroonY ={u€ X : ¢'(u) # 0}. Let us define

A=¢"Ye—26,c+2)N (V)5 CY,

B:go"l([c——f,c+6])ﬂ([U)\/gCA,

_ dist(u, [ A)
YW = Jt )+ d(u, B)’

so that 0 € ¥(u) < 1, ¢¥(u) = 1in B and ¢(u) = 0 in [ A. Define the locally
Lipschitz continuous vector field f on X by

flu) = —p(u)fd ifueA
0 ifugA

As f is bounded on X, the Cauchy problem

o= f(o)
c(0)=u
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has, for each u € X, a unique solution o(., u) defined on [0, oo[ with o(.,.)
continuous. Let us define n = C([0,1] x X, X) by

w(t,w) = o(Vet, )
For t > 0, we have
lot, ) — ul] = ] [ sear| < [ i<t

we have o(t,( U) C ([ U) for t € [0,+/€]. By definition of f, we have for
allu€ X and ¢t > 0,

(ol w) = (¢/(o(t, w), f(o(t,)

= %ot w)|p(o(t, W) ' (o(t, v)), v(a(t,v))) < 0.
Let u € ot \U;if p(0(t,u)) < c—e for some t € [0, /€[, then p(o (€, u)) <
¢—¢€ and n(1,u) < ¢ —e. If not, then o(t,u) € B for all ¢ € [0, /€], and by
(8) and the definition of f we obtain

(o (Ve,u))

i

Ve
o+ [ geletw)a

Je
=, SO(U)*“/O (¢'(a(t,u)), fa(t, u)))dt

= oy [T _Mo(t,u)_
- ‘P(u) [J (‘P(U(t’u))’ ||'U(0'(t,u))||>dt

Y (ot )
S ke / (e @)l
Je
< etemg [Clpewle

< ¢c+e—2e=c—e.

Thus, n(1, u) € ¢°~¢ and hence n(1, p°t<\ U) C p° €.

Finally, if ¢ is invariant as well as U with respect to {T(g)}4ec, we can
assume, by Lemma 4, that the pseudo-gradient vector field v is equivariant.
Since the invariance of U/ implies also the invariance of 1, the vector field
f is equivariant. It is then a direct consequence of the uniqueness of the
solution of the Cauchy problem that o(¢,.) and hence 7(t, .) are equivariant
with respect to {T'(¢)}4ec, and the proof is complete. O

6.2 Existence of Multiple Critical Points

Let ¢ be a real continuous function on the Banach space X. We shall use
the Lusternik—Schnirelman minimax method to construct critical values of
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¢. Let {T(g)}4ec be an isometric representation of the compact topological
group G. Define, for j > 1,

A;j = {AC X : Ais compact, invariant for {T(g)};e¢ and ind A4 > j}

¢; = inf maxp.
Ce Tl el

Clearly, one has A; C Aj-1 (j > 2) and hence
~00< e < L... < +oo.

Theorem 6.1. Let ¢ € CY(X,R) be an invariant functional with respect
to {T(g)}gec which satisfies (PS). If ¢; > —oo for some j > 1, then c; is
a critical value of . Moreover, if c; = cj, for some k > j, then

indK;; >k—-j+1.
Proof. We shall prove that if —00 < ¢; = ¢x = ¢ for some 1 < j <k, then
indK,>k—-j+1

so that, by property (i) of the index, K, # ¢. Notice that K. is invariant by
Lemma 6.2 and is compact by the (PS) condition. Property (iii) of the index
implies the existence of a closed invariant neighborhood N of K, such that
ind N = ind K,. The interior U of N is an open invariant neighborhood of
K. so that Lemma 6.5 is applicable. Let € € ]0,1] be given by this lemma,
A € A; such that

mjlxcp <c+e¢

and B = A\ U. We deduce from properties (ii) and (iv) of the index

k <indA<ind(BUN) )
<ind B-+ind N = ind B + ind K.

It now follows from conclusion (a) of Lemma 6.5 that C = (1, B) C ¢°¢
and, since B is compact and invariant, the same is true for C by conclusion
(b) of Lemma 6.5. But max¢ ¢ < ¢ — € so that, by the definition of ¢; = ¢,
indC < j — 1. Now property (i} of the index implies that

indB<indC<j~1 (10)
and hence, by (9) and (10),
indK,>k-j+1. 0O

Theorem 6.2. Let ¢ € C(X,R) be an S'-invariant functional satisfying
(PS). Let Y and Z be closed invariant subspaces of X with codim Y and
dim Z finite and

codimY < dim Z.
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Assume that the following conditions are satisfied:

Fix(S') C Y, ZNFix(S') = {0} (11)

1¥fgo > —00 (12)

there ezistr > 0 and ¢ < 0 such that p(u) < c wheneveru € Z and ||u|| = r.
(13)

If u € Fix(S") and ¢'(u) = 0, then p(u) > 0. (14)

Then there ezists at least $(dim Z — codimY') distinct S'-orbits of critical
points of ¢ outside of Fix(S!) with critical values less or equal to c.

Proof. Let p = 1codimY and let j > p+ 1. If A € A;, Proposition 5.2
and (11) imply that ANY # ¢. By assumption (12),

> inf —00
mpxe 2yl >

so that ¢; > infy ¢ > —0o. Let ¢ = 3dimZ and D = {u € Z : ||y|| < r}.
Proposition 5.3 and (11) imply that ind D = ¢. For j < ¢ we deduce from
(13) that

¢ < rg%xgo <ec.

Consequently,
—-00<Cp+1 S...gcqgc.

By Theorem 6.1, each ¢; (p+1 < j < ¢) is a critical value of . If all the
¢; are distinct, the proof is complete because of (14). If ¢; = ¢ for some
p+1<j<k<gq, then, by Theorem 6.1,

indK,,>k—j+1>2.

By (14), K.; NFix(S') = ¢ and hence, by Proposition 5.1, K., contains
necessarily infinitely many S!-orbits and the proof is complete. ]

6.3 Multiple Periodic Solutions with Prescribed
Energy of Autonomous Hamiltonian Systems

We study the existence of multiple periodic solutions of the autonomous
Hamiltonian system

Ja(t) + VH(u(t)) = 0 (15)
on a convex energy surface H~1(c).

Theorem 6.3. Let H € C'(R®*M,R) and ¢ € R be such that VH(u) # 0
for every u € S = H™1(c). Assume that S is the boundary of a strictly
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conver compact set C and that there exists r > 0 and R € ]r,v/2r[ such
that
B[0,7] C C C B[0,R]. (16)

Then there exists at least N periodic orbits of (15) on S.

The proof of Theorem 6.3 requires some preliminary results. Let F =
7312, where j is the gauge of C, so that F' is strictly convex and satisfies
properties (i) to (iv) of Lemma 3.2. Assumption (16) implies that

(lul/R)** < F(u) < (|ul/r)*?.
By relation (2.4), we obtain
nr?|of® < F*(v) < n Rl an

where n = 4/27. Theorem 2.3 implies that the dual action ¢ defined by

T
o(v) = / [(1/2)(T6(t), v(2)) + F*(5(t))] dt

is continuously differentiable over X = WT13

The function ¢ is invariant under the representation of S & R/Z defined
over X by the translation in time {. In order to apply Theorem 6.2, we need
some easy estimates.

Lemma 6.6. If p > 2 and v € W}?, then

T T 2/p
/ (Jo(t), v(t)) dt > —(1/2m)T(2=2/P) ( / |1)(t)|"dt) :
0 0

Proof. By Proposition 3.2, we have, for v € WTI"’,

T
| i o)de > ~x /2l
0
Holder’s inequality implies that
l[éllze < T/2=12)||8]|2,. O

As p = 3, Lemma 6.6 suggests to make the convenient choice T = (21)3/4
for the period.

Lemma 6.7. If v € X, then

el(v) 2 mrilléllgs — (1/2)l0l1Zs-
Proof. It follows from (17) that

T
/ FH(0) dt 2 1|
0
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and from Lemma 6.6 that

T
| i@ az il o
0
Let
V = {v € X : vis (T/k)-periodic for some integer k > 2}.
Lemma 6.8. If ve V, then
p(v) > m = —(1/12)(67r%)2.

Proof. If v € X and is T/k periodic for some integer & > 2, Lemma 6.6
implies that

T;o e [ N O b
/0 (}J (t),v(t))dt—-k/o (Jo(t),v(t))dt > —k (/0 |o(2)] dt)

-1y 1.
= k13 2 —3 il
Then, using (17), we obtain, for v € V,
e(v) 2 nr?||ol|2s — (1/4)|I3]|Zs,

and the right hand membre of this inequality is minimum when ||9||zs =
(693~ . O

Let 0 0
— 2mt . 2mt . 2N
Z._{(cosT)e+(51nT)Je.eeR }

Lemma 6.9. If v € Z and ||9||gs = p = (3pr3) ™1, then
p(v) < c=—p?/6.

Proof. If v € Z, then Jo = —(27/T)v, so that

T T
| s wyat = =1pm) [ 17 Pa= Tr2m)ils

> (=T/20)TP||s]|3s = —|I9l13s.
Consequently, (17) implies that, for v € Z, with ||9]|zs = p,
e(v) < r¥lo|3s — (1/2)I6l|7. = —p%/6. O

Proof of Theorem 6.3. We apply Theorem 6.2 to the invariant functional
@ on X. It is convenient to use the norm ||v|| = ||?||zs on X.
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1) Let (v;) be a sequence in X such that (¢(v;)) is bounded and ¢’(v;) —
0 as j — oco. Lemma 6.7 implies that (v;) is bounded in X. As in the proof
of Lemma 4.5, this implies that (v;) contains a convergent subsequence, so
that ¢ satisfies the (PS)-condition.

2) The space Y = X and the space Z introduced in Lemma 6.9 satisfy
the conditions (11) and (14) since Fix (S!) = {0} and ¢(0) = 0. Moreover,
condition (12) follows from Lemma 6.7 and condition (13) from Lemma
6.9. We also notice that

codimY = codimX =0 < dimZ = 2N.

Thus, by Theorem 6.2, there exists at least N distinct S'-orbits of critical
points of ¢, namely {T'(8)v; : § € S'} outside Fix (S) = {0} with ¢(v;) <
c(j=12,...,N).

By Theorem 2.3, the function u; defined by

u;(t) = VF*(v;())
is a T-periodic solution of
Ju(t) + VF(u(t)) = 0. (18)

Now condition R € ]r,v/2r[ is equivalent to m > ¢, where m is defined in
Lemma 6.8 and ¢ in Lemma 6.9. Since ¢(v;) < ¢ (1 < j < N), we have
v; € V(1< j< N),ie T is the minimal period of u; (1 < j < N).

3) If dj = F(u;) > 0, then wj, defined by

w;(t) = d; (4} %),

is a solution of (18) with minimal period T/d}/3 and energy F(w;(t)) = 1.
If w; and w; describe the same orbit on S = F!(1), then w; = T(8)w; for
some 6. Thus, the minimal periods of w; and w; are the same, i.e. d; = d;.
But then u; and uj also describe the same orbit, i.e. ux = T'(8)u; for some
0, so that

b = VF(u) = VF(T(0)u;) = T(O)VF(u;) = T(8)5;

and hence vy = T'(f)v; as vy and v; have mean value zero. Thus, v and v;
describe the same orbit, which implies j = k. Thus, there exists at least N
distinct periodic orbits of (18) on S. By Lemma 3.1, the proof is complete.
]

Exercise 3.5 shows that the estimate N is optimal.
The Poincare integral invariant around a closed oriented curve I' in RN

is the line integral
—;—/F(Ju,du).
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Theorem 6.4. Let H € CY(R*™ R), c € R and r > 0 be such that
S = H~Y(c) is the boundary of a compact convez set C enclosing the closed
ball B[0,r]. Assume that VH(u) # 0 whenever u € S. Then every oriented
periodic orbit T' of (15) on S satisfies the inequality

1

—/(Ju,du)_>_7rr2.
2Jr

Proof. Let v : [0,7] — R2¥ be the parametrization of the oriented peri-
odic orbit T' by the arclength. Thus |9(¢)| = 1 for all ¢ € [0,T] and

Ti(t) = ~N(u(t)),
where N is defined on S by
N(w) = VH(w)/|VH(u)|.

Since, (u, N(u)) is equal to the distance from the origin to the tangent
hyperplane to S at u, we have, by assumption

(u,N(u)) > r

for every u € S. By using Proposition 3.2, we obtain

T T
T2/27r=(T/27r)/0 lo(¢)[2dt > _/ (v(0), Jo(t)) dt

0

T
= /0 (v(t), N(v())) dt > rT.

In particular, we have T > 27r and
T
(1/2) /F(Ju,du) = (1/2)/0 (Jo(2), (1)) dt

T
= (—1/2)/ (v(t),Jo(t))dt > rT/2 > 7r’. D
0
Example. The Henon-Heiles Hamiltonian H : R* — R given by

H(q,p) = (1/2)(p} + P3 + ¢} + 43) + p(piee — 63/3)

occurs in the simulation of a three atoms solid and in the Hartree averaged
field seen by a star moving in the galaxy. When ¢ > 0 is sufficiently small,
H~1(c) is the boundary of a strictly convex compact set of R* and Theorem
6.3 can be applied.
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6.4 Nonlinear Eigenvalue Problems

In this section, we denote by T'(f) an isometric representation of S* over
R such that Fix(S!) = {0}. Let D be an invariant open subset of R?¥
and let @, x € C'(D,R) be two invariant functions. We consider the non-
linear eigenvalue problem ’

Ve(u) = uVx(u), uE€ Z, (19)

where
Ze={u€D: x(u)=a}).

By definition, a critical point of ¢ resiricied to Z, is a solution of (19).
The invariance of ¢ and x implies the invariance of the set of critical
points of ¢ restricted to Z,.

Theorem 6.5. If there exisis an equivariant diffeomorphism h : D —
h(D) such that h(Z;) = S*-1, then there exists at least k S'-orbits of
critical poinis of ¢ restricied to Z,.

Proof. Let us define ¢ and ¥ by ¢ = o h~! and ¥ = x o A~ 1. It suffices,
therefore, to prove the existence of at least k S*-orbits of critical points of
¢ restricted to

Zo={veh(D): ¥(v) = a} = 521

Now, for every v € Z,, Vx(v) and v are normal to Z,, and hence there
exists A(v) € R such that

Vx(v) = A(v)v.
Therefore, it suffices to prove the existence of k S'-orbits of solutions of
Vé(v) = wv, ve SL

so that the proof of Theorem 6.5 is reduced to that of the following lemma.
m}

Lemma 6.10. Let D be an open invariant neighborhood of S?*~1 and
let ¢ € CY(D,R) be an invariant function. Then there exists at least k
St orbits of critical points of ¢ restricted to S?F~1. :

Proof. Let us define the equivariant vector field w on $2¥-1 by
w(u) = Vo(u) - (Vo(u), uju.

As in Section 6.1, it is easy to define on
Y ={ue S : wlu) £ 0}

a pseudo-gradient vector field v such that
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(a) [lv(ul < 2lw(w)ll
(b) (w(w),v(w)) 2 [[w(u)||?
(¢) (v(u),u)=0
(d) v is locally Lipschitzian and equivariant.
Let us define, for ¢ € R, K, and ¢° by
K. ={u€ 8! : wu) =0 and p(u) = c}
¢ = {ueS* ! 1 p(u) < c}.

Let U be an open invariant neighborhood of K. Using the pseudo-gradient
vector field v, it is easy to prove, as in Lemma 6.5, the existence of ¢ > 0
and of n € C([0,1] x S%-1, §2k—1) such that:

(a) n(1,p+\U) C 9=
(b) n(t,.) is equivariant for every ¢ € [0, 1].
By Proposition 5.3, ind S2*~1 = k. Define, for 1 < j < k, A; and ¢; by
A; = {AC 8%~ : Ais closed, invariant and ind 4 > j},
¢ = Aié',f,- sgp P.

It then suffices to prove, like in Theorem 6.1, that if ¢, = ¢; = ¢ for some
1<p<q<k, one has

indK,>¢-p+1. 0O

Remark 6.5. When x’'(u) # 0 on Z,, the notion of critical point of ¢
restricted to Z, has a simple geometric interpretation. By the preimage
theorem, Z, is a C'-manifold of R?* of dimension 2k — 1. Hence, for ev-
ery z € Z,, there exists an open neighborhood A of 0 in R?* an open
neighborhood B of z in R% and a diffeomorphism & : A — B such that
(AN Rzk_l) = BN Z,. The tangent space of Z, at z is defined by

T,Zs = {®' (@ }(2))v : ve€ R*1}.
By the definition of Z,, we obtain
x(®(y)) =a

for all y € AN R?*~!, Hence, we have

X'(®(y)) @' (y)v =0
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for all y € ANR*~! and v € R?**~1. In particular, this gives
X' (2)®' (@7 1(z))v=0
for all v € R?*~! so that 7,2, C ker x’(z). Since
codimT, Z, = 1 = codim ‘ker x'(2),

we have, necessarily,
T, Zs = ker Y'(2).

By definition, z is a critical point of ¢ restricted to Z, if and only if
ker x'(z) C ker ¢'(2),

i.e. if and only if
T, Z, C ker ¢'(2).

6.5 Application to Bifurcation Theory

This section is devoted to the nonlinear eigenvalue problem
Va(u)+ AVp(u) =0 (20)

where o and # are functionals of class C? on a Hilbert space X . We assume
that
Va(0) = VB(0) = 0.

Thus R x {0} is a branch of trivial solutions of (20). Using the Liapunov—
Schmidt method and an elementary variational argument, we shall con-
struct two distinct one-parameter families of non trivial solutions of (20).
We shall also prove a stronger multiplicity result when @ and 3 are S!-
invariant.

Our basic assumptions are as follows:

(Hl) VQ(O) = V,@(O) = 0.

(Hz) L = &(0) is a Fredholm o'perator, i.e. the dimension of ker L and
the codimension of R(L) are finite.

(Hs) dim ker L > 2 and M = 3"(0) is positive definite on ker L.

Remarks 6.6.

1) Since L is a Fredholm operator, R(L) is closed. The symmetry of L
then implies that X is the orthogonal direct sum of R(L) and ker L.
2) Without loss of generality, we can assume that

a(0) = A(0) = 0.
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3) We shall denote by P (resp. Q) the orthogonal projector on ker L
(resp. R(L)), so that @ = I — P. We shall use the following notations:

A=Va, B=VS R=A-L, S=B-M.

Theorem 6.6. Under assumptions (Hy 2 3), equation (20) has, for each suf-
ficiently small € > 0, at least two solutions (A(€), u(€)) such that B(u(e)) =
€. Moreover,

AMe)—0 as €—0.

Proof. 1) Liapunov-Schmidt reduction. Equation (20) is equivalent to the
system
P[R(v+ w)+ AB(v+w)] =0 1)
Lw+Q[R(v+w)+AB(v+w)] =0

where v = Pu, w = Qu. Since L : R(Q) — R(Q) is invertible, it follows
from the implicit function theorem that (21) defines near A = 0, v = 0,
w = 0 a C'-function w = w*(\, v). Since R x {0} is a branch of solutions,
we have w*(),0) = 0. Differentiating the identity

Lw*(\,v) + Q[R(v + w*(\,v)) + AB(v + w*(A,v))] =0 (22)
with respect to v at [0,0] and using the fact that R'(0) = 0, we obtain
LD,w*(0,0) = 0,
i.e. Dyw*(0,0) = 0. Thus,
[lw* (X, ) [I/|v]| — 0 (23)

as v — 0 uniformly for X near zero. Thus, equation (20) in the neighborhood
of A=0, v =0, w=0is equivalent to the finite-dimensional system

P[R(v + w* (A, v)) + AB(v + w*(A,v))] = 0. (24)
2) Deparametrization. Taking the inner product of (24) with v, we obtain
(R(v+ w* (A, v)),v) + AM(B(v+ w* (), v)),v) = 0. (25)

By Lemma 6.11 below, equation (25) defines a C'-function A = A*(v) for
v # 0 and sufficiently small. Moreover, A* is extended continuously at zero
by setting A*(0) = 0. If we define f near the origin by

f(v) = w'(3*(v),v),
it follows from (23) that

If@I/llell =0 as v—0. (26)
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Equation (20) is now equivalent to the equation
P[R(v+ f(v)) + X (v)B(v+ f(v))] = 0. (27)

3) Constrained extremisation. For p > 0 small enough, the function x
defined by :

x(v) = B(v + f(v))
is continuous on B(0, p) and of class C! on B(0,p) \ {0}. Since

T
Bu) = (1/2)(Mu,u)+/0 (S(t,u),u) dt,

we have

x(v) = (1/2)(Mv,v) + (M, f(v)) + (1/2)(M f(v), f(v))

T
+ [ (st + s+ s e (28)
0
Assumption (Hg) implies the existence of ¢ > 0 such that
(Mv,v) > ¢||v||?, v€kerL. (29)

Using (26), (28), (29) and the fact that S(0) = 0, we can choose p small
enough so that

x(v) > (c/49)|vll? (30)
for all v € B(0, p). Furthermore,
(Vx(2),0) = (VAW o) 0 4 o) -

(M +5)(v+ f(v), v+ f'(v)v).
By Lemma 6.12 below, we have

IF@I/llell — 0 as v —0. (32)
It then follows from (26), (29), and (32) that

(Vx(v),0) 2 5l (33)

on B(0, p) for p > 0 small enough.
By (30) and (33),

Ze={vekerL : x(v) = ¢}
will be a compact subset of B(0, p) \ {0} when ¢ > 0 is small enough, and

’ (VX(v),v) #0 (34)
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when v € Z,. The function ¢ defined by
p(v) = a(v+ f(v)) + A" (v)(x(v) =€)

achieves its minimum on Z, at a point v,. Since Vx(ve) # 0 because of
(34), the Lagrange multiplies rule implies the existence of p such that

V(ve) = pVx(ve),
(A(ve + £(00)) + X" () B(ve + F(8)),h + F(vOR) = u(Vx(ve), b)

for every k € kerL. Since f'(ve)h € R(Q), the definition of f(ve) =
w*(A(ve, v¢) implies that

(A(ve + f(ve)) + A" (ve) B(ve + f(ve)), f'(ve)h) = 0.
Using the fact that PA = PR, we obtain, for h € ker L,
(R(ve + f(ve)) + A" (ve) B(ve + f(ve)), h) = p(Vx(ve), h)- - (39)

It follows now from the definition of A*(v¢) that

0 = (R(ve + f(ve)) + A" (ve) B(ve + f(ve)), ve) = p(Vx(ve), ve),
so that relation (34) implies that p = 0. So, we finally have by (35)

(B(ve + f(ve)) + A" (ve) B(ve + f(ve)), h) = 0
for all h € ker L, i.e. v, is a solution of (27). Thus (A(¢), p¢), with
Me) = A"(ve), e = ve + f(ve)
is a solution of (20) such that
Blue) = x(ve) = €.

By (30), ve — 0 as ¢ — 0, so that A(e) = A*(ve) — M0) =0 as € — 0. The
other solution is obtained by maximizing ¢ on Z.. a

We now state and prove the technical lemmas used in the proofs of
Theorem 6.6.

Lemma 6.11. Equation (25) defines for small nonzero v a C'-function
A = A*(v) such that
A*(v) =0 as v—O.

Proof. Since M = B’(0), it follows from (23) that
B(v + w*(),v),v) = (Mv,v) +0(Jv|*) as v—0,
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uniformly for A near zero. Assumption (Hg) implies the existence of ¢ > 0
such that
(Mv,v) > cl|v]|®

for each v € ker L. Thus, we have
* ¢ 2
B('U +w ()‘1”)1”) 2 '2—”'””

on a neighborhood of A =0, v = 0, and the function g given by
(R(v + w* (A, v)),v)

A, = A if 0,
9(A,v) T Berw ) f#
= ) ifv=0,
is well defined. Since R'(0) = 0, we have
R(v+w* (X, v),v) =0(Jv|?) as v—0 (36)

uniformly for A near zero, so that g is continuous.
Let us prove that D) g is also continuous. Differentiating (22) with respect
to A, we obtain

[L+ QR (v+w*)+AQB (v +w")] Dyw* + @B(v + w*) = 0.
Now, L : R(Q) — R(Q) is invertible,
QR (v+ w*) + AQB'(v+w*) -0
as [A,v] — 0, and
Bv+uw')=Mv+0(v) as v—0
uniformly for A near zero. Thus, there exists ¢; > 0 such that
I1Daw*||/||v]l < e (37)
for [A,v] near zero. When v # 0, we have

(R (v+w)Dyw*,v) (R(v+w"),v)(B'(v+w” )DAw*,v)‘
(B(v + w*),v) ((B(v+ w*,v)))2

Dag=1+

Using (35), (36), and (37) in this formula, it is easy to verify that
Dyg(A,v)—1 as v—0,
and Dyg is continuous. Since

9(01 0) = 01 DAg(0,0) = 11
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we deduce from the implicit function theorem that the equation
g(A,v)=0 (38)

defines near A = 0, v = 0 a continuous function A = A*(v). Moreover, since
Dy g(A, v) exists and is continuous for v # 0, A* is of class C? for small
nonzero v. For v # 0, equations (25) and (38) are equivalent, so that the
proof is complete. 0

Lemma 6.12. The function f defined by

f(v) = w" (A" (v),v)

s such that
im || f'(v)vl|/|lv|| = 0.

1
v-+0
v#£0

Proéf. For v # 0, it follows from the definition of f that
f'(v)v = Dyw*(A*(v),v) DX*(v)v + Dyw* (A*(v),v) v.
Since D,w* and A* are continuous, we have
Dyw* (A (v),v) — Dyw*(0,0) =0
as v — 0, so that
1D (3 (0), o)oll/llel] — 0 a5 0 — 0.

Since, by (37),
[[Daw®* (A" (), 0)[I/]]ol] < @1,

it remains only to prove that DA*(v)v — 0 as v — 0. Differentiating the
identity g(A*(v),v) = 0, we obtain

D, g(A*(v),v)v

Drg(A*(v),v) -
The continuity of Dag implies that Dyg(A*(v),v) — 1 as v — 0. It thus
_ suffices to show that

DX (v)v = —

Dyg(A*(v),v)v —0 as v— 0.
When v # 0, we have, omitting the argument (A*(v), v) in w*,

(R'(v + w*)(v + Dyw*v),v)
(B(v + w*),v)
_ (R +w"),v)(B'(v + w")(v + dyw*v), v)
(B(v + w*),v))? '

Dyg(X*(v),v)v =
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Using (35) and (36), it is easy to complete the proof. ]

Now let T'(8) be an isometric representation of S over the Hilbert space
X such that the following condition holds.
(H4) @ and B are S'-invariant and

ker L N Fix(S?) = {0}.

This assumption implies that A, B, L, M and S are equivariant. In partic-
ular, ker L is invariant and, by the last part of (H4), the dimension of ker L
will be even.

Theorem 6.7. Under the assumptions of Theorem 6.6 and (H4), equation
(20) has, for each sufficiently small € > 0, at least (1/2)dim ker L S*-orbits
{IA(e), T(O)u] : 6 € S'} of solutions such that B(u(e)) = e. Moreover,
Ae) >0 ase—0.

Proof. 1. Let k = (1/2)dim ker L, so that ker L ~ R**. We shall apply
Theorem 6.5 to the functions ¢ and x defined in the proof of Theorem 6.6.
Let us prove that « and x are invariant. The invariance of P and Q. It
then follows from equation (22) that

LT(O)w" + Q[R(T(6)v + T(0)w*) + AB(T(9)v+ T(6)w*)] = 0.
From the uniqueness of w*, we, therefore, get the equivariance property
w*' (A, T(0)v) = T(0)w* (A, v). (39)

T'(0) being an isometry, we deduce from equation (25) with A = A*, and
(39) that

(R(T(0)v + w* (A", T(8)v), T(8)v) + A" (B(T(8)v
+ w (A", T(8)v), T(9)v) = 0.
Thus the uniqueness of A* implies its invariance. In particular, we have
F(T(0)v) = w* (A" (T(0)v), T(0)v) = T(8)w* (A" (v),v) = T(6)f(v),

i.e. f is equivariant. The invariance of & and 8 then implies that of x and

2. As in the proof of Theorem 6.6, there exists p > 0 such that
(Vx(u), u) > 0 whenever 0 < |u| < p. Thus, for ¢ > 0 small, there ex-
ists a diffeomorphism h defined on a neighborhood of

Ze={u€kerL : x(u) =€}

such that h(Z,) = S?*~1. Thus, condition (H4) and Theorem 6.5 imply the
existence of k S-orbits of critical points of ¢ restricted to Z., namely

{T@) :0€8}, j=1,2,...,k



148 ‘ 6. Lusternik—Schnirelman Theory

It then suffices to verify, as in Theorem 6.6, that if A;(e) = A*(vf), uf =
o1 + f(s1), then |
{Di(e), T(0)ul] : 6 € 5"}

is an S-orbit of solutions of (20) such that B(u) = ¢ and Aj(e) — 0 as
e— 0. O

6.6 Multiple Periodic Solutions with Prescribed
Energy Near an Equilibruim

Let H € C(R?*M R) be such that H(0) = 0, VH(0) = 0. We consider the
existence of periodic solutions of the Hamiltonian system

Ju(t) + VH(u(t)) = 0 (40)

on the energy surface H=1(¢) for small ¢ > 0. If C = H"(0), we assume
that the linearized system

Ji(t) + Co(t) = 0 (41)

has 2k linearly independent solutions with (not necessarily minimal) period
T. Moreover, we assume that

(Cu(t),v(t)) = (Cv(0),v(0)) >0

for every nonzero solution v of (41) with (not necessarily minimal) period

T.

Theorem 6.8. Under the above assumptions, equation (40) has, for each
sufficiently small € > 0, at least k periodic orbits on H~(e) whose periods
are near T.

Proof. After the change of variable s = 7=1¢, equation (40) becomes
Jz(s)+TVH(2(s)) =0

and any l-periodic solution of this equation corresponds to a 7-periodic
solution of (40). Setting 7 = T + A, we obtain the bifurcation problem

Va(z) + AVB(z) = 0 (42)

where the functionals o and 3 given by

o1
a@)= | [Ié(s),2(s)) + TH(x(s))] ds,

1
ﬁ(z):/o H(z(s))ds,
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are defined on the Hilbert space X = H}. The functionals o and 8 are of
class C? and are invariant under the representation of S* ~ R/Z defined
over X by the translations in time.

Let L = o/'(0), so that z € ker L if and only if

J#(s) + TCz(s) =0
z(0) = z(1).

By assumption, dim ker L = 2k and M = B"(0) are positive definite on
ker L. Since o’/(0) is symmetric, dim ker L = codim R(L) and «”(0) is a
Fredholm operator. Since H"(0) is nonsingular, ker L N Fix(S?) = {0}.

By Theorem 6.7, equation (42) has, for every sufficiently small € > 0, at
least k S'-orbits

{(e), T(®)]) : 6€S'}, j=1,....k,

such that

1
Bld) = / H(zi(s)) ds = e,

and Aj(¢€) — 0 as € — 0. The corresponding solutions of (40) on H~1(c)
are given by ' .
ul(t) =2 ((T+2(9)™"). O

Corollary 6.1. Let H € C2(R?M R) be such that H(0) = 0, VH(0) = 0
and H"(0) is positive definite. Then, for each sufficiently small ¢ > 0,
equation (40) has at least N periodic orbits with energy e.

Proof. Since C = H''(0) is positive definite, any solution of (41) is bounded
on R. Thus (41) has 2N linearly independent periodic solutions. The pe-
riodic solutions of (41) split into n families with incommensurable periods
Ti,...,T, and dimensions ky, ..., k,. Theorem 6.8 applied to each of those
families implies the existence of %‘- + ...+ %ﬂ- = N periodic orbits on
H~'(¢) where ¢ > 0 is small enough. These periodic orbits are distinct
from one family to another because they have no common period for € > 0
sufficiently small. u]

Historical and Bibliographical Notes

For surveys on the mathematical work of Lusternik, see [AVS;, AVDy],
[Ale;] and on minimax methods see [Paly], [Rabg]. The Lusternik—-
Schnirelmann theory [LJS;] generalizes to smooth functions on a compact
manifold the minimax theory of eigenvalues due to Raleigh, Poincaré, Fis-
cher, Courant, Weyl, etc. The basic topological invariant is not the ho-
mology of the manifold as in Morse theory but the category. The category
catpr A of a closed subset A of a compact manifold M is the least number
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of closed sets, each contractible in M, needed to cover A. By an elemen-
tary minimax argument, it is proved in [LJS,] that a smooth function ¢
on M has at least catps M critical points. Since catr(pyyR(Pn) = N +1
where R(Py) = SV /Z, is the real projective N-space, every smooth, even
function on SV will have at least N + 1 pairs of critical points. This re-
sult generalizes the linear theory of eigenvalues. If A C S¥ is closed and
symmetric with respect to the origin, the following relation

CatR(PN)(A/Zz) =ind A

between the category and the Z,-index has been proved by Rabinowitz
[Rabg]. For other group actions, the quotient space is not, in general, a
manifold, so that the index is more flexible than the category.

The concept of pseudo-gradient vector field was introduced by Palais
[Palg] in order to extend the classical Lusternik—Schnirelmann theory to
infinite-dimensional Banach manifolds. The compactness of the domain is
replaced by the Palais-Smale condition on the function ([Paly], [PaS,],
[Sma, ]). The next basic step toward the approach developed in this Chap-
ter was the obtention by Clark [Clk,] of strong multiplicity results for an
even function defined on a Banach space X. Since X is contractible, the
multiplicity follows from geometric conditions on the function itself as in
Theorem 6.2. The Z4-versions of Lemma 6.4, Lemma 6.5, Theorem 6.1, and
Theorem 6.2 are due to Clark [Clk,]. Related results are due to Ambrosetti

Theorem 6.2 is a generalization, due to Costa-Willem [CoW,] of a re-
sult of Ekeland-Lasry [EKL,] (dealing with the case where Y = X and
Fix(S') = {0}). Situations where Fix(S!) is finite dimensional have been
considered by Benci [Bens)].

Theorem 6.3 is a result of Ekeland-Lasry [EkL,]. Other proofs have
been given by Hofer [Hof;] and Ambrosetti-Mancini [AmM,]. An exten-
sion which replaces the strict convexity of C' by starshapeness properties
has been given by Berestycki-Lasry—Mancini-Ruf [BLM,]. Local results in
the line of Theorem 6.3 had been proved earlier by Weinstein [Wei,] and
Moser [Mos,], following the pioneering work of Lyapunov [Lya,] and Horn
[Hor,]. The concept of an integral invariant is due to Poincaré [Poi,] and
Theorem 6.4 to Croke-Weinstein [CtW,].

Theorem 6.5 is due to Krasnosel’skii [Kra;] and Theorem 6.6, due to
Stuart [Stu;], generalizes classical results of Krasnosel’skii, Bohme, and
Marino. Theorem 6.8 is due to Moser [Mos,] and Corollary 6.1 is a result
of Weinstein [Weip].

Further applications of the Lusternik-Schnirelmann type arguments with
S' — or other indices or pseudo-indices can be found in [BCP) »), [BeF 2],
[Cap,,2), [CaF,], [CFS,), [CaS, 5], [CWL,], [Ckks), [Cors], [DCF,], [Giry],
[GiMl,2,3]; [LOVI], [MﬂCz], [Rablg], [Sall], [VGI‘5_10].

For other papers on Lusternik—Schnirelmann theory, see [Ambg], [CoPy],
[Rabay), [Wus].
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Multiplicity results for the fixed energy problem can also be found in
[Bens], [LasV1], [Szuy], [Vi,2), [HofZ,], [Rabas). See also [Beres] and [BL4]
for conservative systems and [Beng] for Lagrangian systems.

Exercises

1. Let ¢ € C'(X,R) be an even functional satisfying (PS). Let Y and
Z be closed subspaces of X with codim Y and dim Z finite and

codimY < dim Z.
Assume that the following conditions are satisfied:

(i) infy ¢ > —o0,
(ii) there exists » > 0 such that ¢(u) < 0 whenever u € Z and
llull = r.
(iii) if ¢’(0) = 0, then ¢(0) > 0.
Then there exists at least dim Z — codimY distinct pairs of nonzero
critical points of .
Hint. Follow the line of Theorem 6.2 using Zs-index.
2. Let H € CI(RZN,R) be strictly convex and such that its Fenchel
transform H* € CY(R*V R). If v;,v, € CY([0,T],) are T-periodic

and such that u; = VH*(9;) and up = VH*(v;) belong to the same
Slorbit, then v, and v, belong to the same Sl-orbit.

3. Let H € C'(R*,R) be strictly convex, such that H(0) = 0, VH(0) =
0,
lim,, _,o2|u|"2H (v) > «

and such that its Fenchel transform H* € C'(R*M R). Then there
exists ¥ > a and p > 0 such that

H*(5) < (20) " of?
whenever [v] < p.
4. Let H € C'(R?™ R) be strictly convex and such that
H(0)=0, VH(0)=0
and let T > 0. Assume that there exists n € N, v € ]27n/T, 2x(n +
1)/T[, ¢ > 0, and 6 € )0, min(y — (27n/T), (2x(n + 1)/T — 7)[ such

that
IV H(u) - yul < 6lul+ ¢
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for all u € R*N and
lim, _o2lul2H(w) > (2%/T)(n + &)
for some k > 1. Then the problem
Ju+VH(u)=0
u(0) = u(T)

has at least Nk Sl-orbits of nontrivial solutions.

Hint. Use Exercises 5.5 and 5.6. Show that the same is true for —Ju+
VH(u)=0.

([BHRL)). Let H, K € C}(R*,R) and let U be a compact neighbor-

. hood of S = H~1(1). Assume that there exists a,b > 0 with a+5 > 0

such that

a(g, DgH (g, p)) + b(p, D, H(g,p)) + (VK(q,p), JVH(q,p)) >0

for all (¢,p) € U. Then there exists «,8 > 0 such that every T-
periodic solution of Ju + VH(u) = Oon Se = H }(1+¢) C U
satisfies

T
aTg/ (Ju,u) < BT.
0



.

Morse—Ekeland Index and
Multiple Periodic Solutions
with Fixed Period

Introduction

An autonomous Hamiltonian system
Ju(t)+ VH(u(t)) =0

is called asymptotically linear if there exist symmetric matrices Ag and Ao,
such that
VH(u) = Apu+o(ju]) as |ul—0

and
VH(u) = Aou + o(Ju]) as |u] — oo.

Such a system necessarily has the trivial periodic solution u = 0 and it is
interesting to find conditions for Ag and A which guarantee the existence
of nontrivial periodic solutions of a given period and provide information
about their multiplicity.

A rough condition follows from degree theory by requiring that some
topological degrees associated to the linearizations at zero and at infinity
would be different. A more precise tool would be provided by the Morse
indez of the Hamiltonian actions associated to those linearized systems but
this index is equal to infinity in both cases because of the strongly indefinite
character of the action.

When Ap and Ay are positive definite, the corresponding dual actions
are well defined and have finite Morse indices, which we can denote by
i(Ap,T) and {(A, T), respectively, where T is the period. Combining their
properties with the Lusternik—-Schnirelman theory applied to the dual ac-
tion, it is then possible to prove, under a nonresonance condition at infinity,
that the asymptotically linear Hamiltonian system has at least

nontrivial T-periodic solutions when i(Ay,T) > #(Ac,T). This condition
is reminiscent of the twist condition in the Poincaré-Birkhoff fized point
theorem for area-preserving mapping of an annulus into itself.
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7.1 The Index of a Linear Positive Definite
Hamiltonian System

Let A be a continuous mapping from R into the space of symmetric positive
definite matrices of order 2N. We consider the periodic boundary value
problem

Ju(t) + A(t)u(t) =0
u(0) = w(T) 1)

where T' > 0 is fixed. The corresponding Hamiltonian is given by
H(t,u) = (1/2)(At)u, u).

It is easy to verify that its Legendre transform (with respect to u) H*(t,-)

is of the form
’ H*(t,v) = (1/2)(B(t)v,v)

where B(t) = (A(t))~!, so that the corresponding dual action is defined on
H} by

T
xr(v) = / (1/2[(T6(2), v(8)) + (B(2)i(t), o(t))] dt.

Definition 7.1. The index i(A,T) is the Morse index of xr, i.e., the
supremum of the dimensions of the subspaces of H7. on which x7 is negative
definite.

Notice that the Hamiltonian action associated to (1) is given by

T
() = / (1/2)[(J(t), u(t)) + (A@yu(t), u(®))] dt

and hence is strongly indefinite because of the spectral properties of u — J1
seen in Chapter 3. Therefore defining the index (A4, T) as the Morse index
of ¢ would always give the value +00 and would be useless.

Since xr(v + w) = xr(v) for every constant function w, it is sufficient
to consider the restriction of xr to the subspace

T
fI}:{vEH}:/ v(t)dt:O}.
0

From our assumptions follows the existence of é7 > 0 such that
(B(t)v,v) > br|v|?

for all t € [0,T] and v € R?N. Thus Wirtinger’s inequality implies that the
symmetric bilinear form given by

T
(v, w)) = / (B@)i(2), u(t)) dt
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defines an inner product on H}. The corresponding norm || - || is such that
llol1* 2 érl6lZa. (2)

Let us define the linear operator K on flf}. by the formula (using the Riesz
theorem) '

T
(Kv,w)) = /0 (Ju(t), w(t)) dt.

It is easy to check that K is self-adjoint and compact. Moreover

T
2Xcr(v)=/0 [-(J(t),5(2)) + (B(t)o(2), o(t))] dt = ((v — Kv,v)).  (3)

It follows from the spectral theory that flf}. will be the orthogonal sum
of ker(I — K), Ht and H~ with I — K positive definite (resp. negative
definite) on H* (resp. H™). Since K has at most finitely many eigenvalues
(with finite multiplicity) greater than one,

i(A,T) = dimH~ < +oo0

i.e., the index i(A,T) is finite. On the other hand, there exists § > 0 such
that
((v— Kv,v)) > 8|]v]|?>, veH*

and _
((v = Kv,0)) < =Blloll?, veH.

Setting 6 = 667 > 0 we deduce from (2) and (3) the estimates
xr(v) 2 (8/2)lilf,, veH* (4)
and
xr(v) < =(6/2)l6[3,, veH™. ()

We now state and prove some preliminary results which will allow us to
prove a geometrical interpretation of the index.

Proposition 7.1. The dimension of ker(I — K) is equal to the number of
linearly independent solutions of (1).

Proof. By a Fourier series argument, v € ker(I — K) if and only if v € A}
and

B(t)o(t) = Ju(t) + ¢ (6)

for some ¢ € R?*" and a.e. t € [0,77]. As (B(f))~! = A(t) is invertible, v is
of class C, (6) holds for all t € [0, 7], and B(-)i(-) € H}. Setting

u(t) = (Bv)(t) = B(t)o(1),
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we have, for a.e. t € [0,T],

a(t) = %(B(t)b(t)) = Ti(t),

and u is a solution of (1).
Conversely, assume now that u is a solution of (1). Then

T
/ Alt)u(t)dt =0
0

and hence there will exist a unique v € H} such that u = ®v. Thus
=Ju(t) = A(t)u(t) = o(t)
for a.e. t €0, T, so that
u(t) = Jo(t)+¢
for some ¢ € R?M and all t € [0,T]. Consequently
AT v(t) + ] = ()

for a.e. t € [0,T], which is equivalent to (6) and shows that v € ker(I — K).
Thus ® is an isomorphism between ker(I — K) and the space of solutions
of (1). o

According to the Poincaré~Weyl-Fisher-Courant principle, the (possi-
ble) positive eigenvalues of K,

ALZ2A>A32> ..,
are given by the formulas

A = A (T) = max min. (Kv,v))

s

llell=1

T
= ] t),v(t)) d
mx g [ @), (7)

LT(B(f)ﬁ(r).o(t))d:=1

where the maximum is taken over all subspaces Hr j of I;'Tl' having dimen-
sion k. By Proposition 3.1, the bilinear form

T T
u_*/ (Jv(t),i;(t))dt::——/ (Ti(t), v(t)) dt
0 0

is positive on the space spanned by

2rkt . 2rkt " IN
(cos T )c+(sm T )Jc, keN*, ceR
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and hence K has infinitely many positive eigenvalues.

Lemma 7.1. Let Y, Z and W be subspaces of a vector space X. If X is
the direct sum of Y and Z and if WNY = {0}, then

dim W < dim Z.

Proof. Let P be the projection on Z along Y. Since WNY = {0}, Pu=0
implies that u = 0 for every v € W. Hence P : W — Z is one to one and
the result follows. ]

Proposition 7.2. The eigenvalues Ay (T) are increasing functions of T.
Proof. Let 0 < S < T. There exists a k-dimensional subspace V of H}
such that

s
Ax(S) = min / (Ju(t),v(t)) dt.

veV 0

INCIORORTOEES:
If v € V, let us extend it to [0,7] by setting
W) =o(S), S<t<T

and let

1 (7T

(t) = v(t) — -/ v(s)ds, 0<t<T.
T Jy

Then the space _
W={i:veV}CHr

is such that dim W = k. Moreover, for each v € V, we have

s T . .
[ wiw,saa= [ B
0 0
and
s T _
/ (Jo(d), (1)) dt = / (Ji(1), 5(0)) dt.
0 0
Hence, (7) implies that

M(S) = min (Kw,w)) < MW(T). (8)
[lwil=1

If A1 (S) is not an eigenvalue of K on H}, then A(S) < Ax(T) and the proof
is complete. Let us assume that A = X;(S) is an eigenvalue of K on HEL.
According to the spectral theory, H} is the orthogonal sum of Hy, Hs, and
Hj, with Hy = ker(K — AI), K — Al negative definite on H; and positive
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definite on H3. We show that WN(H; ® H,) = {0}. If w € Wﬂ(Hl@Hz),
then w = w; + wy with w; € H; (¢ = 1,2). If wy # 0, then

(e () ) = (Cx G ) + (O i) )

w
< A|||| ZI:L + [lwi]|? < X = Xi(S),

a contradiction with (8). Thus w = wy € ker(K — AI), i.e.,
B(t)w(t) = Jw(t) + ¢

for some ¢ € R*N and a.e. t € [0,T]. Since by construction w(t) = 0 on
15,T], we have w(t) = Jc on the same interval. By the uniqueness of the
solution of the Cauchy problem, w(t) = Je on [0,T] and hence w = 0 as
w € H}- Now it follows from Lemma 7.1 that

k=dimW < dimHa.

Let Hr i be a k-dimensional subspace of Hs. We have, by definition of Hj
and (7),
Ae(S) =A< i (Kv,v)) < X(T),

flvll=1
and the proof is complete. D

Proposition 7.3. The eigenvalues A\x(T') are continuous functions of T.

Proof. Let T' > 0 be fixed and let S > 0. Define ¢ on A4 by

= (o(3) 000)a.

Then, the change of variable t = T'r easily implies that

T
A:(S) = max min /O(Jv('r),i)('r))d'r, (9)

Hrp veHr
ps(v)=1

where the maximum is taken over all subspaces Hr,i of I:IC}. having dimen-
sion k.
Let € > 0; there will exist 6 > 0 such that

1 (t)<TB<;lS:)§ L Bw)

T+e
whenever ¢t € [0,7] and |S — T'| < 6. Thus

Il <es(v) < T Il? (10)
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whenever |S— T| < 6 and v € H}. It follows then from (9) and (10) that

T
A(S) = max min /O(Jv(t),i)(t))d)ﬁps(v)

Hrpy v€Hr )
v#£0

o
e 2, 0+ ( JACEORD) dt) ek

IA

T
- (1+e)gﬁf0&igk/o (Jo(), 5())dt = (1 + )Ae(T)

vl =1

whenever |S — T| < §. Similarly, A¢(S) > (1 — €)Ax(T) when |S—~T| < 6,
and the proof is complete. (]

Definition 7.2. A point T > 0 is conjugate to 0 for
Ju(t) + A(t)u(t) =0 (11)
with multiplicity m if the periodic boundary value problem (1) has m
linearly independent solutions.
We can now state and prove our geometric interpretation of i(4,T).

Theorem 7.1. The index i(A,T) is equal to the sum of the multiplicities
of the conjugate points to 0 for (11) situated in ]0,T7.

Proof. By definition of the index and the relation

xr(v) = (1/2)((v - Kv,v))

we see immediately that the index i = i(A,T) is characterized by the
relation
A(T) > 12 X (T).

It follows easily from Wirtinger's inequality that, for S > 0 sufficiently
small, we have

T
L Aa(S) < A (S) = max /0 (Jo(2), o(t)) dt < 1.

Jy (B 80 ()dt=1

Thus, by Propositions 2 and 3, i is equal to the number of eigenvalues
which have crossed the value one when S increases from 0 to T'. But, if for
some S > 0,

)\k(S) >1= )\k+1(S) =...= )\k+m(S) > )\k+m+1(S),

Proposition 7.1 implies that S is conjugate to 0 for (11) with multiplicity
m, and hence the proof is complete. 0
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7.2 Linear Autonomous Positive Definite
Hamiltonian Systems

Let A be a symmetric positive definite matrix of order 2N. Then the energy

integral
(Au(?), u(t)) = ¢

implies that all the solutions of the equation

Ju(t) + Au(t) = 0

are bounded on R. Consequently, all the eigenvalues of JA must be pure

imaginary, so that
o(JA) = {ia} : o > 0,any4r = —a,k=1,...,N}

and there exists a basis of

C?¥ of the form -
1+ iyY1,..., N+ YN, T1— Y1, TN — YN
such that
JA(.’L‘k + iyk) = iak(.’L‘k + iyk) (z <k< N)
Hence

JAzy = —agyr, JAyr =arzi (1<k<N)

so that a fundamental system of solutions is given by

(sinaxt)zy + (cos art)yr, (cosaxt)zy — (sinopt)yy k=1,...

It follows immediately from Proposition 7.1 that

o0 . .

. . 2ty

dim k - = d ——
im ker(I — K) 2;:0 im ker (JA T )

and from Theorem 7.1 that

N .
. . .. 2
z(A,T):?_S_ #{]GN :—;—,l<ak}.
k=1

(12)

(13)

Proposition 7.4. If o(JA) N 2—}1N = ¢, then I — K is invertible and

codim HY = i(A,T).

Proof. By (12), ker(I — K) = {0} so that I — K is invertible and H} is

the orthogonal direct sum of H* and H~. Hence

codimHY = dimH~ = i(A,T). O
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7.3 Periodic Solutions of Convex Asymptotically
Linear Autonomous Hamiltonian Systems

We consider the existence of multiple periodic solutions for the autonomous
Hamiltonian system

Ju(t) + VH(u(t)) = 0 (14)
where H € Cl(R2N ,R) is strictly convex and satisfies the conditions
VH(u) = Apu+o(|ul) as |u|—0 (15)
and
VH(u) = Apu+o(|lu|]) as |u|— o0 (16)

with symmetric positive definite matrices Ag and A .
Theorem 7.2. Assume that T > 0 is such that

Al. a(JAoo)ﬂ ?%N = ¢

As. (A, T) > i(Axo, T).

Then system (14) has at least
1. .
5[i(A0, T) = i(Aco, T)]

nonzero T-periodic orbits.

Remarks.
1) It follows from (A;) that the linear system

Ju(t) + Asu(t) =0

has no nontrivial T-periodic solution. Thus (A;) is a nonresonance condi-
tion “at infinity.”

2) Assumption (A3), which requires a distinct behavior of VH “at the
origin” and “at infinity,” is similar to the twist condition in the Poincaré-
Birkhoff theorem on the invariant points of a self-mapping on an annulus.

3) Since H is strictly convex and VH(0) = 0 by (15), 0 is the unique
equilibrium point of (14).

4) Without loss of generality, we can assume that H(0) = 0. Since
VH(0) =0, this implies that

H*(0)=0.
5) Since H is strictly convex and, because of (16) such that

H(u)/|u| = 400 as  |u| — oo,
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Proposition 2.4 implies that H* € C'(R?V, R). Moreover, (16) implies also
that
VH*(v) = Boov+o(]Jv]) as |v] — o0 an

where B, = AZ}. Indeed, by duality, if v = VH(u),
VH*(v) = Boov = 4 — B VH(tt) = =Boo (VH(u) — Ao t).

Moreover, as A, is positive definite, there exists § > 0 such that |Asu| >
&u| for u € R?M and hence, by (16), we have, for sufficiently large |u|,

(Aol + (8/2)lul 2 |Acot — (Accu — VH(u))| = ||
> |Awt| = [Awu — VH(u)| 2 (6/2)|ul

so that |u] — oo whenever |v| — oo, and hence (17) holds. By Theorem
2.3, the dual action ¢ defined by

xo)= [ ' (5050, 00+ 1G5 a

is continuously differentiable on H}L.
_Since ¢ is invariant for the representation of S 1 > R/TZ defined over
HL by the translations in time

(T(0)v)(t) = v(t +9),

we are in a position to apply Theorem 6.2.
6) It is convenient in this section to use the inner product

T
(v, ) = / (Boo(t), u(t)) dt

and the corresponding norm ||- || in H}. By Wirtinger’s inequality and the
positive-definiteness of B, this norm is equivalent to the standard norm
of H}.

The proof of Theorem 6.2 will depend on the following lemmas. The first
one will imply that ¢ satisfies the (PS)-condition.

Lemma 7.2. Every sequence (v;) in H} such that ¢'(v;) — 0 contains a
convergent subsequence.

Proof. Let us define the operators K and N over f]}, using the Riesz
theorem, by the formulas

T
(Kv,w)) = /0 (Jo(t), w(2)) dt,

T
(N, w)) = /0 (VH*(5(2)) — Beoo 9(2), w(2)) dt.
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Since
T
(' (v), w) = / (VH*(5(t)) = Jo(2), (8)) dt = (v — Kv + Nv, w)),
0
we have, by assumption,
v;j — Kvj + Nv; = f;, j€N*, (18)

with f; — 0in H}. In particular, ||f;|| < R for some R > 0 and all j € N*.
Assumption (A;) and Proposition 7.4 imply that L = I — K is invertible.
Thus it follows from (16) that there exists some ¢ > 0 such that

[Nl < (/UL o]l +c
for all v € H}. Therefore (18) implies that
sl < IL AN w1+ 151D < /21l + IL7HI(e + R), § €N,

so that (v;) is bounded. The rest of the proof uses the same argument as
that of the end of the proof of Lemma 4.5. o

We now verify the first geometric condition of Theorem 6.2 for ¢.

Lemma 7.3. The functional ¢ is bounded from below on a closed invariant
subspace Y of H} of codimension i(Ax,T).

Proof. By Assumption (A;), Proposition 7.4 and formula (4), there exists
a closed invariant subspace Y = H+ of H} with codimension i(A4s,T) and
there exists 6 > 0 such that, for each v € Y, one has

T

x7(v) = /0 (1/2)[J6(t), v(t)) + (Boo 0(2), 9(1))] dt > (6/2)[9[75
It follows from (17) that there exists ¢ > 0 such that
|VH*(v) — Beov| < (6/2)[0] + ¢

for each v € R*V. Hence, by the mean value theorem,

T
°0) = (/B0 < [ 1VH () = Bo(tn), o)

IA

1
[ 2t 1of + clollat = @41 + 1ol

Consequently, we have, forv € Y,

T
o) = xP@)+ / [ (5(2) — (1/2) (Beoi(t), 5(t))] dt

Y

T
(6/2)l6l25 - / (/2[5 - cls(e)]) dt
(6/D)l6f2a — clilzs > (5/4)[ 2 — eT (1/2)l6 21,

Il
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and ¢ is bounded from below on Y. O

We show now that the second geometric condition of Theorem 6.2 holds
for .

Lemma 7.4. There exists an invariant subspace Z of ffql. with dimension
(Ao, T) and some r > 0 such that p(v) < 0 whenever v € Z and ||v|| = r.

Proof. Assumption (15) and the reasoning of Remark 5 imply that
VH*(v) = Bov+o(|v]) as |v]—0 (19)

where By = Ag!. By (5) there exists an invariant subspace Z = H~ of H}
with dimension (A4, T) and some § > 0 such that

T
xr(v) = /0 (1/2)[J9(2), v(2)) + (Bov(t), v(t)] dt < ~(6/2)]4l15
whenever v € Z. By (19), there exists p > 0 éuch that
|VH*(v) — Bov| < (6/2) |v]

for v € R*N with |v] < p. Hence, by the mean value theorem, we have

1
|H*(v) = (1/2)(Bov,v) < /0|(VH*(tv)—-Bo(tv),v)|dt

IN

/ /2t ot = (6/4) P

whenever [v] < p. Consequently, if v € Z and 0 < |v]oo < p, We get
o) = xbw)+ [ " 6(0)) - (1/2)(Bos (0, 0]t

~6/2ll+ 6/9) | "l Pt = ~(6/9lol2,

IN

and the proof is complete since Z is finite-dimensional. 0

Proof of Theorem 7.2. We apply Theorem 6.2 to ¢ which isinvariant and
satisfies the (PS)-condition by Lemma 7.2. The spaces Y and Z introduced
respectively in Lemmas 7.3 and 7.4 satisfy the assumption

i(Aoo,T) = codimY < dim Z = i(Ao, T)

and the conditions (11), (12), (13), and (14) in Chapter 6 since Fix (S!) =
{0} and ¢(0) = 0. Thus Theorem 6.2 implies the existence of at least

(1/2)[i(A0, T) - i(Aco, T)]
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distinct orbits {T'(f)v; : 8 € S'} of critical points of ¢ outside of Fix
(S?) = {0}. By Theorem 2.3, u; defined by

uj(t) = VH*(3;(?))

is a T-periodic solution of (14). Clearly, v; # 0 impliés u; # 0 as v; has
a mean value of zero. Finally, if u; and u; describe the same orbit, then
ux = T(0)u; for some 6, so that

v = VH(ug) = VH(t(0)u;) = T(0)VH (u;) = T(0)9;

and hence
v = T(6)v;

and v; and v; have a mean value of zero. Thus vi and v; describe the same
orbit, which implies j = k and completes the proof. 0o

Historical and Bibliographical Notes

The Morse index of a quadratic form was introduced by Morse [Mrs; 5] in
finite dimension and by Lichtenstein for an infinite dimensional situation.

The index of a linear positive definite Hamiltonian is a concept due to
Ekeland [Eke7), the present definition being taken from [Ekeg] as well as
the material of Sections 7.1 and 7.2.

Multiplicity results for the periodic solutions of asymptotically linear
autonomous systems of second order equations with odd nonlinearities were
already obtained in 1978 by Clark [Clk,).

In the case of Hamiltonian systems, the first multiplicity results are due
to Amann-Zehnder [AmZ; ;] who combine a Liapunov-Schmidt-type of
finite-dimensional reduction [Ama,] with the Z2- and S;-indices. The ap-
proach of Section 7.3 is due to Costa-Willem [CoW,).

For other results of the Amann-Zehder type see also [Amay], [AmZ3),
[BMil], [BCF;;], and [H0f5].

For results related to the index of Hamiltonian systems, see [Broy],
[Eksza], [ELalyz], and [GiM4,5].

Exercises

1. Let H € C?(R*M,R) be such that VH(0) = 0 and H"(z) is positive
definite for all z € R?M \ {0} (in particular, H is strictly convex).
Define the index 7, of an non-constant solution u of

Ju(t) + VH(u(t)) = 0,
u(0) = u(7T),

by i, = i{(H"” ou,T). Prove that if u is T/k-periodic, then k < ¢, + 1.
In particular, if ¢, = 0, then T is the minimal period of u.
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2. Consider the linear Hamiltonian systems

Ju(t) + A (t)u(t) =0, Ji(t) + Ax(t)u(t) =0,

with A; and Az continuous mappings from R into the space of posi-
tive definite matrices of order 2N . If

A (t) < Aat)
for all t € [0,T], then
i(A1,T) < (42, 7).
Let H € C'(R* R) be strictly convex and such that
H(0)=0, VH(0)=0,

and let T > 0. Assume that there exists n € N, v € 122an/T, 2x(n +

" 1)/T[ such that

VH(u) = yu+oflul) as |u oo
and some k > 1 and @ > (27/T)(n + k) such that
VH(u) = Pu+o(Ju]) as |u|—0.

Then the problem
Ju+ VH(u) =0,
u(0) = w(T)

has at least Nk S'-orbits of nontrivial solutions. Compare this result
with the Exercise 7 in Chapter 6.

Hint. Use Theorem 7.2 and the results of Section 7.2.
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Morse Theory

Introduction

Morse theory’s object is the relation between the topological type of critical
points of a function ¢ and the topological structure of the manifold on which
the function is defined.

The topological type of a critical point u is described by the critical
groups of Morse Cy,(¢, u) (see Section 8.2) which exhibit the following prop-
erties:

a) in the nondegenerate case, the critical groups are computable by lin-
earization (see Section 8.6);

b) the critical groups are stable under small perturbations of the function
¢ (see Sections 8.9 and 8.10).

If ¢'(u) = 0 and ¢"(u) is invertible, then

dim Cp(p, u) = ép &

where k is the Morse inder of ¢”(u). Recall that this Morse index is an
integer measuring the maximal dimension of the spaces on which ¢"’(u)
is negative definite (see Section 8.6). We also present some results in the
degenerate case when ¢''(u) is a Fredholm operator.

The topological structure of the manifold M is described by its Bett:
numbers By. Intuitively, By, is the maximal number of n-dimensional sur-
faces without boundaries on M which are not the boundaries of a (n + 1)
dimensional surface on M (see Section 8.1). For example By is the num-
ber of path connected components of M. In the case of a sphere, every
closed curve is a boundary and B; = . On the other hand, By = 2 for the
two-dimensional torus.

To illustrate Morse theory, let us consider the classical situation of the
function ¢(z,y, z) = z defined on a two-dimensional torus M C R tangent .
to the plane Ozy (see Figure 8.1). The function ¢ has a critical point u; "
with Morse index zero, two critical points us and us with Morse index one,
and one critical point uq with Morse index 2. If M denotes the number of
critical points of ¢ with Morse index k, we have By = M; (k=0,1,2).

In general, for an N-dimensional compact manifold, the following relation
is valid

N N
Y Mtk =3 Bit* + (1+1)Q(1),
k=0 k=0
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FIGURE 8.1.

where Q(t) is a polynomial with nonnegative integer coefficients (see Sec-
tion 8.5). In particular, for t = —1, we obtain the Poincaré-Hopf formula
for a gradient vector field

N

N
Y1) M = 3 (-1)*By.
k=0

k=0

It is important to notice that a single degenerate critical point can con-
tribute to different numbers M;.

The proof of these results makes use of a deformation technique along the
paths of steepest descent along V. The corresponding tools and results
are developed in Sections 8.3 and 8.4.

A first application of Morse theory deals with the bifurcation of solutions
of equations depending upon a parameter. Loosely speaking, a change of
critical groups of the trivial solution implies bifurcation. This result, which
corresponds, in the context of Morse theory, to Krasnosel’skii’s bifurcation
theorem in degree theory, is given in Section 8.9.

8.1 Relative Homology

Let B be a subspace of a topological space A. For every integer n, we denote
by Hn(A, B) the nth singular homology group of the pair (A, B) over a
field F. For n < —1, H,(A, B) = {0}. For any map f : (4, B) — (4, B’)
(i.e., any continuous map f : A — A’ such that f(B) C B’) there is a
homomorphism

fas Hn(Aa B) - H,,(A',B')
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called the induced homomorphism. Let C' C B; there is a homomorphism
On : Ha(A,B) — Hp_1(B,0)

called the boundary homomorphism. We shall frequently write f, and &,
omitting the subindex. The FEilenberg-Steenrod arioms are satisfied:

(a) ids = id. '

(b) (90 f)e = guo0 fu.

(¢) The following diagram commutes:

Hn(4,B) = H. (4", B
01 10
Ho_i(B,C) Y2 m,_ (8,0

(d) (Eractness). Let
i:(B,C)—(4,0)
7 :(A4,C)—(A,B)

be the inclusion maps. The homology sequence

.= Hay1(A,B) 5 H.(B,C) = H,(A,C) 5 H,(A,B)— ...

is exact (i.e., the image of any homomorphism is equal to the kernel of the
next one).

(e) (Homotopy tnvariance). If f and g are homotopic (i.e., f = F(0,-),
g = F(1,-) for some continuous mapping F' : [0,1] x A — A’ such that
F([0,1] x B) C B'), then f, = g,.

(f) (Excision). Assume that C is an open subset of A such that the closure
of C is contained in the interior of B. Let i : (A\ C,B\ C) — (4, B) be
the inclusion map. Then i, is an isomorphism.

(g) If u is a point, then H,({u}, #) = 6, oF, where 6, o is the Kronecker
symbol.

We shall also need the following results.

(h) (Decomposition theorem). If (A, B) = Ul_,(4;, B;), where the A; are
closed and disjoint, then

Ha(A, B) = @l_, Ha(A;, B;).

(i) (Mayer-Vietoris sequence). Assume that X;, X, are open in X =
X1UX and that Y] € X, Y2 C X areopenin Y = YUY, f X1NX; # ¢,
there is an exact sequence

o= Ha(X1, Y1) @ Ho(X2,Y2) 5 Ho(X,Y) 3 Haoy(X1NXa, YiNYa)

2 n-1(X1,Y1)® Hp—1(X2,Y2) — ...
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called the Mayer~Vietoris sequence of {(X1,1), (X2,Y2)}.
Since F is a field, the homology groups are vector spaces and the Bett:
numbers B, (A, B) of the pair (A, B) are defined by

B, (A, B) = dim Ha(4, B).
Let R,(A4, B,C) be the rank of §,,. By exactness, we obtain
Bn(A, B) = dim R(jn+) + Rn(4, B,C)
B,(B,C) = Rn41(4, B,C) + dim R(i,.) (1)

Bn(A,C) = dim R(in+) + dim R(jn-).

A pair (A, B) is admissible if B, (A, B) is finite for each n and zero for all
sufficiently large n. The Poincaré polynomial of an admissible pair (4, B)
is defined by

oo .
P(t,A,B) = Bn(4,B)t".
=0
Let us also define
o0
Q(t)A’ B’C) = Z Rn+1(A,B,C) t".

n=0

If (A,B) and (B,C) are admissible, then (1) implies that (A4,C) is also
admissible and that

Bn(A,B) + Bn(B,C) = Ba(A,C) + Rn(A,B,C)+ Ra41(4, B,C).
Multiplying this equation by t" and adding over n, we get
P(t, A, B)+ P(t, B,C) = P(t, 4,C) + (1+)Q(L, A, B,C),  (2)

where we have used the fact that Ro(A4, B,C) = 0.
Assume that A; D As D ... D Aj are such that (A;, Ai4,) is admissible
fori=1,...,j— 1. Applying equation (2) to (A1, A;, Ai41), we obtain

P(t’Al’Ai) + P(t’AhAH-l) = P(t’Al’AH-l) + (1 + t)Q(t’Al’Al'aAl'+l)'

Adding those equations, we find

j-1

D P(t, Ai, Aigr) = P(t, A1, A;) + 1+ )Q(1), (3)

f=1

where Q(t) is a polynomial with nonnegative integer coefficients (by exact-
ness, P(t,A1,4;) =0).
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A subset A’ of A is a strong deformation retract of A if there exists
h € C([0,1] x A, A) such that

h(t,u) =u whenever u€ A’ and t€[0,1],

h(0,u) =u and h(l,u) € A’ whenever u€ A.

Assume that A D A’ D C with A’ a strong deformation retract of A.
Define r : (A,C) — (A',C’) by

r(u) = h(1,u)

and let
i:(A,0)—(4,0)

be the inclusion map. By homotopy invariance, we obtain
ivory = (for), = id, = id,

and, on the other hand, by definition of r, we have
rv 0, = (roi), =id, =1id,

so that r, is an isomorphism between H,(A,C) and H,(A', C). In partic-
ular, if C = A', we see that

Hn(A,A') % Ho(A', A) » {0}.

Now, if A D> B D B’, with B’ a strong deformation retract of B, we have,
by the above result and exactness,

{0} = Ho(B,B') > Hn(A,B') 5 H.(A,B) > H,._i(B,B")~ {0},
and hence
{0} = Imi, = ker j,, Imj. = ker 8 = H,(4, B).
Thus j, : H,(A,B') — Hy(A, B) is one to one and
H.(A,B") ~ H,(A, B).
Let A be a subset of R? containing 0 and let B* be the k-ball. Then, for

k> 1,
Hn(A x B*,(Ax B¥)\ {0}) ® Ha_x(4, A\ {0}). (4)

Proof. If k > 2, we obtain, after the identification B* ~ [-1,1}*,

(Ax B¥,(Ax BH\ {0}) = (Ax B¥"1 x [-1,1], (A x B¥"! x [-1,1])\ {0}).
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Thus the result follows by induction from the case k = 1. Let us assume that
k = 1. The suspension XA of A is obtained from A x [—1, 1] by identifying
the pair of sets (Ax {~1}, Ax {1}) to a pair of points (w-, w;). By excision,

Hu(A x [-1,1],(A x [-1,1])\ {0}) = Ha(ZA, A\ {0}).
Let us define the sets
Xy =ZA\{w.}, X-o =3XA\{u4},

Y+=X+\({0}X ]"'1,0]), Y_ =X--\({0} X[O!l[)v

so that
X UX_ =34, X, NnX_.=Ax]-1/1]

Y, UY_ =3%A\{0}, Y,nY_=(4\{0h)x]-1,1[

Since X4 and Yy (resp. X_ and Y_) are contractible to w; (resp. w_) we
have, by homotopy invariance and exactness

Hp(Xs,Y:) = Hp(wz,ws) =~ {0}.

The exactness of the Mayer—Vietoris sequence of {(X4+,Y4), (X-,Y-)}
implies that

Hn(X+ UX_,Y+ UY_) [~ Hn_.l(X+ ﬂX..,Y+ ﬂY_),

ie.,
Hn(EA: A \ {0}) ~ Hn—l(Ax ] - 1: 1[1(A\ {0})X ] - 1’ 1[)
[~ H,.._l(A,A\{O}),
and the proof is complete. !

In particular, if A = {0}, we obtain

H,(Bx, Bx \ {0}) H,({0} x B, ({0} x B*)\ {0})
Hn—k({o};¢) = 6n—k,0F - 6n,kF-

~
~

Let B® (resp. S°°) be the unit ball ( resp. the unit sphere) in an infinite-
dimensional normed space. Then, since S is a strong deformation retract
of B®, we have

Hn(B®,B®\ {0}) & Hn(B®,5%) ~ Hn(S®,S%) ~ {0}.
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8.2° Manifolds

Let M be a set and V' a Banach space. A chart is a bijection ¢ : D(z) C
M — R(z) C V such that R(z) is open. An atlas of class C* (k > 0) on
M is a set A of charts such that

(AT1) UpeaD(z) = M.
(AT2) z(D(x)N D(y)) is an open subset of V whenever z € A and y € A.
(AT3) the mapping

yoz~! : z(D(x) N D(y)) — y(D(z)N D(y))

is a C*-diffeomorphism for each z € A and y € A.

A manifold of class C* modeled on V (or briefly a C*-manifold) is a
pair (M, A) where M is a set and A is an atlas of class C* on M. We
will use the same symbol M to denote the C*-manifold (M,.A) and the
underlying set M. The topology of the manifold M is, by definition, the
unique topology on M such that the domain of each chart is open and each
chart is an homeomorphism.

Example 8.1. The singleton {Id : V — V'} is an atlas of class C* on the
Banach space V.

Example 8.2. Let A be an atlas of class C* on M and let N be an open
subset of the manifold. M. The restriction to N of the charts in A is an
atlas of class C* on N.

Example 8.3. Let G be a discrete subgroup of V and 7 : V — V/G the
canonical projection. Then

{r~! : #(U) = U, Uis openand 7 : U — V/G is injective}

is an atlas of class C* in V/G.

An important example of a manifold is given by the tangent bundle of
a Cl-manifold. If z and y are two charts on M whose domains contain a
point u, and if v € V and w € V, let us introduce the equivalence relation
(verify it!)
(u,2,v) ~ (u,y,w) & w = (yoz 1) (z(u))v

and define the equivalent class
[u,z,v] = {(u,y,w) : u € D(y) and (u,y, w) ~ (v, z,v)}.

The tangent space of M at u is the set T, M of the equivalence classes
[u,z,v] such that u € D(z) and v € V. A vector space structure is defined
on Ty M by the formulas

[u,z,v] + [u,z,w] = [u,z, v + ],
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slu,z,v] = [u,z, sv].
The chain rule shows that this definition is independent of the chart z.
The tangent bundle TM of M is defined by
™ = | TuM,
ueEM

and the projection » : TM — M is defined by
7 [u,z,v] — u.

Let M and N be C*-manifolds modeled on Banach spaces V and W,
respectively. A mapping f : M — N is locally Lipschitzian (resp. of class
C*)if yo foz~! is locally Lipschitzian (resp. of class C¥) for every chart
on M and every chart yon N.If f : M — N is of class C!, the differential
of f is the mapping df : TM — TN defined by

df ([u, 2,9]) = [f(v),y,(y o f oz™") (z(u))],

where z is a chart at u and y a chart at f(u). One can check that this defi-
nition is independent of £ and y and that the following diagram commutes

4

T™ — TN
T | l 7
M LN

If N is a Banach space W, then TW ~ W? and df : TM — W? is defined
by (taking y = Id on W)

df ([u, z,v]) = (f(u), (f o 27") (x(w))v).
In particular, if z is a chart on M,
dz : x7Y(D(z)) = V2
is a chart and {dz : ¢ € A} is an atlas of class C¥~! on TM, such that

dz([u,z,v]) = (z(u),v).

A critical point of ¢ € C1(M,R) is a point u € M such that dp|r 3 = 0.
The change in topology near an isolated critical point is described by the
critical groups. We assume that the C1-manifold M is regular. (Recall that
a topological space is regular if every neighborhood of a point contains a
closed neighborhood.) Let u be an isolated critical point of ¢ € C*(M,R).
The critical groups (over a field F') of u are defined by

Calp,u) = Ho(e*NU, o NU\{u}), n=0,1,...,
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where ¢ = ¢(u) and U is a closed neighborhood of u. By excision, the
critical groups are independent of U.

Let us complete the critical groups in a trivial but important case, namely
when u is an isolated local minimum point. Then there exists a closed
neighborhood U of u such that

p(1) > ¢ = p(w)
whenever v € U \ {u}. We obtain therefore
Cn(p,u) = Hy({u},¢) = bnoF, n=0,1,....

8.3 Vector Fields

In this section, M will denote a Hausdorff manifold of class C? modeled on
a Banach space V. A vector field on M is a mapping f : M — TM such
that 7o f = Id. If ¢ :]a,b — M is a C'-mapping, then we define ¢(t) for
t € Ja,b[ by

o(t) = [o(t), z, (z 0 o) (1)(1)] = do|t,id, 1],

where z is a chart at o(1).

Proposition 8.1. If f is a locally Lipschitzian vector field on M, then,
for every u € M, the Cauchy problem

EE »

has a solution defined on some open interval containing 0. Moreover, if
o1 : 1 = M and o2 : I, — M is a pair of solutions of (5) defined on
open intervals I; (j =1,2), then 0y =03 on [, N L.

Proof. Let z be a chart at u; near u, the Cauchy problem is equivalent to
dz(o(1)) = dz(f(o(2)))
z(a(0)) = z(u)

0(t) = (Podzofoz)(n(t)) 6)
n(0) = z(u) '
where n =zoo and P : V x V — V is defined by P(v, w) = w. Since f is
locally Lipschitzian, the same is true for dz o f o 2~!. The local theory of
differential equations in a Banach space implies the existence of a solution
n :] — €,¢[— V of (6), and each solution of (6) defined on ] — ¢, €[ is equal
to n.
Let I = {t € ) N I3 : o1(t) = oa(t)}; this set contains 0 and is closed in
I NI, since M is Hausdorff. Using the local uniqueness result, it is easy

or
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to verify that I is open in I} N I3, so that I = I; N I, and the proof is
complete. O

Proposition 8.1 implies that the union of the graphs of all solutions of
(5) defined on open intervals is a solution of (5) defined on an interval
Jo (), w3 ()] with

00 < w_(u) < 0 < wy(u) < +oo.

This solution is called the mazimal solution of (5) and is denoted by o(-, u).
As in the Banach space theory, the set

D= {(tu) : w_(w) <t < wi(uw)}
is open in R x M and the flow
oc:D—M, (t,u)—o(t,u)

is continuous.

8.4 Riemannian Manifolds

Let M be a manifold of class C* (k > 1) modeled on a Hilbert space V.
A Riemannian metric of class C*~! on M is a mapping which associates
to each pair (u,z), with ¥ € M and z a chart at u, a positive definite
invertible symmetric operator Mgy(u) : V — V such that the following
properties hold.

(RM1) The mapping M,
D(z) = L(V) : u— My(u)

is of class C*¥—! for each chart z.
(RM2) If = and y are two charts at u € M, then

[(y o z™1)' (2(u))]" My (w)l(y 0 z71) (2 (v))] = M (u).
1t follows from (RM2) that the relation
([u, z,v], [u,z, w]) = (Mz(uw)v, w)
defines an inner product on T, M, and the corresponding norm is given by
lw,2, o] = (Mo (u)o, 0)1/2.

A Riemannian manifold of class C* is a regular connected manifold of
class C* modeled on a Hilbert space and equipped with a Riemannian
metric of class C*¥~1.
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Let M be a Riemannian manifold of class C!. A piecewise C! path from
u € M tov € M is a piecewise C' mapping o : [a,b] — M such that
o(a) = u and o(b) = v. We shall denote by C¥ the set of all piecewise C?
paths from u to v and define the length of o € C¥ by

b
L(o) = / I6(8)] dt.

Proposition 8.2. For each v € M and v € M, the set C¥ is non-empty.

Proof. For each u € M, define A = {v € M : C¥ # ¢}. Since M is
connected and A # ¢, it suffices to prove that A is open and closed.

If v € A, there is a path ¢ : [a,b] — M in C¥. Let = be a chart at
v = o(b). There is a r > 0 such that B = z~}(B(z(v), 7)) is an open subset
of D(z), and thus of M. For w € B, the path & : [a,b + 1] — M defined
by

)=o), a<t<ib
5(1) = 27 ((1 - (t = B))a(v) + (t — Dz(w)), b<t<b+]

isin C¥. Thus B C A and A is open.

Now let v be in the closure of A and z be a chart at v. Define B as
before; there will exist w € AN B and then a path ¢ : [a,b] — M in C¥.
The path & : [a,b + 1] defined by

it)=o(t), a<t<b
)=z (1= (- b)z(w)+ (t-b)z(v)), b<t<b+1
isin CY. Thus v € A and A is closed. (]

Proposition 8.2 justifies the following definition of the geodesic distance
don M
d(u,v) = inf{L(o) : ¢ € C}}.

Proposition 8.3. The geodesic distance d is a distance on M whose topol-
ogy is compatible with the manifold topology.

Proof. Clearly d is symmetric and verifies the triangle inequality. Let z be
a chart at u € M. By definition, there exists 0 < a < @ such that

alhf? < (Mo (u)h,h) < BIR2, hEV.

By continuity, there exists 7 > 0 such that B = z~!(B(z(u),r)) is an open
subset of D(z), and hence of M and such that

(e/2)|h)? < (Mo (v)h,h) <28]h|>, veEB, heV.

For every piecewise C! path o : [a,b] — B, we have

b
L(o) = / (Mo (o(t))(2 00)'(2), (z 0 0) ()2 di
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b b ‘
> (@/20" [ Yooy Oldt2 /2] [(wooyal ()
= («/2)*|(z 0 0)(5) - (z 0 0)(a)l-
For every v € B, the path & defined by
&(t) =z (1 - t)z(u) + tz(v)), 0<t<1,

is such that
L(s) < (2f3)1’2/0 |2(v) — z(u)| dt = (28)/*|z(v) — z(u)|.  (8)

Let A be a neighborhood of u in M. Since M is regular, there exists a
closed neighborhood C of u such that C C AN B. Define é§ > 0 by

6 = inf{|z(w) — z(u)] : w € 8C}. (9)

Let v e M. If ¢ : [a,b] — M belongs to C?, then either ¢([a,b]) C C or
there is a ¢ € ]a, b[ such that ¢([a,c]) C C and o(c) € 8C. In the first case,
it follows from (7) that

L(e) > (a/2)|a(v) — 2(u)].
In the second case, (7) and (9) imply that
L(o) > (a/2)*|z(0(c)) — 2(u)] > (a/2)"/%6.

In particular, d(u,v) > 0 for v # v and d is a distance.
On the other hand, if v € M \ C, then L(c) > (a/2)*/%6 so that

{ve M : d(u,v) < («/2)Y?%)} C C C A.

A being arbitrary, this implies that the topology induced by d is stronger
than the manifold topology. Now (8) implies that

2"} (B(z(u),(26)"/*R)) C {v € M : d(u,v) < R}

whenever R € ]0,(28)!/%r[, showing that the topology induced by d is
weaker than the manifold topology. |

A subset of a Riemannian manifold of class C! will be said to be complete
if it is complete for the geodesic distance.

Let M be a Riemannian manifold of class C? and let ¢ € C*~°(M,R).
The gradient of ¢ is the vector field defined on M by

Vi(u) = [u,2, M7 (u) J(p o 27 (2(u))]

where J : V* — V is the inverse duality mapping.
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If ¢ € C?~°(M,R), the Cauchy problem
{ 740 =-75(e0) | 10

c(0) =u

has a unique maximal solution &(.) = ¢(., ). Since

c%((p oz~ oz oo)(t)
= ((por™Y (=(o(t), 50 0)V)

= (Ma(c())M; (o(t))I (p 0 271 (2(a(2)), it(x °o)(1))
= ~(Ve(a(2), Ve(o(?)))
= =|Ve(e®),

where z is a chart at o(t), either p(o(t)) = p(u) for allt > 0 or oo is
decreasing. Moreover we have

L9 o0)(t)

p(o(1)) = p(o(s)) - / Vp(e(r)ldr, w-(u)<s<t<wp(). (11)

Proposition 8.4. Under the above assumptions, if wy(u) is finite and the
set {o(t) : t € [0,w4(u)[} is contained in a complete subset of M, then
p(o(t)) — —oco when t — w(u).

Proof. For 0 < s <t < wy(u), the definition of d and (11) imply that

t t 1/2
o), o) < [ IVe(otr)ldr < (¢ o) ( / |w<a<r))|2dr)
= (=) (p(o(s)) - oo ()2, (12)

Since w4 (u) < 00, (t) does not converge as t — w4 (), and hence does not
verify the corresponding Cauchy condition. Since ¢ o & is non-increasing,
(12) implies that ¢(o(t)) — —o0 as t — w4 (u). ]

8.5 Morse Inequalities

Let us consider the following framework:
i) M is a Riemannian manifold of class C? and ¢ € C?~%(M,R);

il) X C M is positively invariant for the flow o defined by (10) (i.e.,
o(t,u) € X whenever u € X and t € ]0,w, (u)]);

iii) @ < b are real numbers such that the critical points of ¢ in ¢~!([a, b])N
X are isolated and contained in the interior of ¢~!([a,b]) N X;
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iv) ¢ 1([a,b]) N X is complete;

v) the Palais-Smale condition over ¢~ }([a,b])N X is satisfied, i.e., every
sequence (u;) in ¢~ !([a,b]) N X such that [Vp(u;)| — 0 contains a
convergent subsequence.

More generally, we shall say that ¢ satisfies the Palais-Smale condition
over a closed subset S of M if every sequence (u;) C S such that (¢(u;))
is bounded and |Vg(u;)| — 0 contains a convergent subsequence.

Lemma 8.1. Let M be a Riemannian manifold of class C? and let v be an
isolated critical point of ¢ € C?>~%(M,R). If the Palais-Smale condition
1s satisfied over a closed neighborhood A of v, then there exists € > 0 and
a neighborhood B of v such that, if u € B, either o(t,u) stays in A for
0 <t < wy(u), or o(t,u) stays in A until p(o(t,u)) becomes less than
p(v) — e

Proof. Let p > 0 be such that B[v,p] C A, ¢ is bounded on B[v, p], and
C={ueM: p/2<d(u,v) < p}is free of critical points. The Palais-
Smale condition implies that

§ =inf{|Vyp(u)| : e C} >0.

Let us define B = Blv, p/2] Np°t5#/% where ¢ = p(v). If u € B is such that
o(t, u) does not stay in A for all 0 < t < w4(u), then there exists 0 < ¢; <
ty < wy(u) such that o(t,u) € C for ) <t <y, d(o(ty,u),v) = p/2 and
d(o(ty, u),v) = p. It follows from (11) that

Plolta ) < plo(t) =4 [ [Vplotrw)ldr
< ptw)=3 [ leldr
< plu) - 8d(o(ty, ), otz w))
< c+bp/4—6(d(o(ta, u),v) — d(o(t1,u),v))

c+8p/d—6p/2
p(v) — 8p/4,
and the proof is complete with ¢ = §p/4. O

Lemma 8.2. If Assumptions (A) hold, then, for every u € ™ ([a,b])NX,
either there is a (unique) t > 0 such that p(o(t,u)) = a or wi(u) = 400
and there is a critical point v of ¢ in ¢~ }([a,b]) N X such that o(t,u) — v
when t — +o00.

Proof. If ¢(o(t,u)) > a for all t € ]0,w (u)[, Proposition 8.4 implies that
w4(u) = 400, and hence (o(t,u)) — ¢ > a when t — +00. By (11),

Lw [Ve(a(r,u))|?dr < co.

i
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Consequently, liminf;—, 40 [V(o(t,u))|? = 0 and the (PS) condition im-
plies the existence of a sequence (%;) tending to +oco and of a critical point
v such that o(t;,u) — v as j — oco. In particular, v € X and ¢ = ¢(v). It
follows then from Lemma 8.1 that o(t,u) — v as t — +oo. o

Let us define, for ¢ € [a, 8],
X={ueX: p(u) <c}

K.={u€ X : p(u) = ¢c,dp(u) =0}.

Lemma 8.3. Under assumptions (A), let a < a < B < b be such that
¢ (e, B)N X is free of critical points. Then X® is a strong deformation
retract of XP\ Kg. Moreover,  is non-increasing during the deformation.

Proof. By Lemma 8.2, if u € X? \ Kg and ¢(u) > a, either there is a
unique ¢(u) such that p(o(t(u),u)) = a or ¢(o(t,u)) — o as t — +oo. If
Y(t, u) = p(o(t, u)), then Dyyp(t(u),u) = —|V(a(t(u), u)|? # 0, and t(u) is

continuous by the implicit function theorem. Define the function p by

p(t, u) o(t,u) if 0 <t <t(u)

= o(t(u),u) ift(u) <t<oo
in the first case and by
p(t,u) = o(t,u), 0<t<+oo
in the second case. Moreover define g by
p(t,u) =u, 0<t< +oo

whenever © € X . The continuity of the flow o implies the continuity of p.
Now define the deformation on [0, 1] x (X? \ Kg) by

n(t,U)=p(1t ,U), 0<t<1

t
n(l,u) = lim p(t, u).

The continuity of 7 follows from Lemma 8.1 and from the continuity of
p. By construction, ¢(7(., %)) is non-increasing, and the proof is complete.
0

It is easy to verify that, under assumptions (A), ¢~1([a, ]) N X contains
at most a finite number of critical points uy,...,u;. The Morse numbers
of the pair (X, X9) are defined by

j
My (X%, X% =) dimCn(p,w), n=0,1,....

i=1
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If M,(X?, X*) is finite for every n and is equal to zero for n sufficiently
large, the Morse polynomial of the pair (X®, X4) is defined by

[e0]
M, X, X%) =) Mo(XP, X%)".
n=0

Theorem 8.1. Under assumptions (A) if, every critical point in ¢~ !([a,b]N
X corresponds to the same critical value ¢ € ]a,b[, then

M (X%, X% = By(X%, X%, n=0,1,....
Proof. Lemma 8.3 implies that
Ho (X%, X% ~ Hoy(X¢, X% =~ H, (X%, X%\ K.).
Since K. = {uy,...,u;} is contained in the interior of p~*([a,b]) N X, the
critical points have disjoint closed neighborhoods Uy, ..., U; such that

U= U Ui Co Y ([a,0)NX.

Therefore we obtain, by the excision and decomposition properties,

Ho(X°,X°\K,) = Hn(X°NU,(X°\K,)NU)
= Hu¢"NU, (¢ \ K)NV)

P Ha(p* N Ui, ¢° N U \ {u})

4

= @Cn(so,w),

and the result follows from the definitions. ]

Theorem 8.2. Under assumptions (A), if M,(X® X®) is finite for every
n and equal to zero for n sufficiently large, then there exisis a polynomial
Q(t) with nonnegative integer coefficients such that

M@, X% X% = P(t, X*, X%) + (1 +1) Q(2).

Proof. Let a < ¢; < ... < ¢; < b be the critical values corresponding to
the critical points in ¢~!([a,d]) N X. If we take real numbers a; such that

a=aq<c1<a1<c<...<aj_1<¢j <a; =b,
Theorem 8.1 implies that the pairs (X%+1 X %) are admissible and that

j—1 j-1
D Ba (X, XY = §T M, (X0, X%) = Ma(XP, X0).

i=0 i=0
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It follows then from formula (3) that

i-1
M(t, X%, X%) =) P, X%, X%) = P(t, X, X%) + (1+1)Q(t),
i=0
where Q(t) is a polynomial with nonnegative integer coefficients. O

Remarks.
1. Theorem 8.2 implies that

M, (X%, X%) > Bo(X%,X%), n=0,1,...,

‘and that - -
D (=1)"Mu(X?,X%) = ) (-=1)"Ba(X?, X*).
n=0 n=0

The second relation is an extension of the Poincaré~Hopf formula.
2. If Mn(X?, X%), May1(X?,X%) =0 for every n, then necessarily

M, X% X%) = P(t, X% X°).

The above observation is called the Morse lacunary principle.
Let us now extend Theorem 8.2 to the case of an unbounded interval
(@, +oo[.

Lemma 8.4. Let M be a Riemannian manifold of class C?%, let ¢ €
C*O(M,R), and let X be a subset of M positively invariant with respect
to the flow o defined by (10). If for every d > b, o~ ([b,d]) N X is complete
and free of critical points, and if ¢ satisfies (PS) over ¢~ 1([b,d])NX, then
X% is a strong deformation retract of X.

Proof. Let © € X be such that @(u) > b. If p(o(t,u)) > b for every
t € ]0,w*(u)[ then, as in the first part of the proof of Lemma 8.2, there
exists a critical point v of ¢ in X such that ¢(v) > b. But this is not possible
by assumption. Thus there exists a unique ¢(u) such that p(o(t(u), v)) = b.
The deformation can then be given on [0,1] x X by

n(s,u) = o(t(u)s,u), 0<s<1
if u€ X \ X® and by
n(s,u)=u, 0<s<1

ifue X°. 0

Let us suppose that, in addition to assumption (A), the following condi-
tion holds.

(B) For every d > b, ¢~ *([b,d[)N X is complete and free of critical points
and o satisfies (PS) over o~ !([b,d[) N X.
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The Morse numbers of the pair (X, X®) are defined by
Ma(X,X%) = Ma(X?, X%).

If M,(X,X?) is finite for every n and equal to zero for n sufficiently large,
the Morse polynomial of the pair (X, X?) is defined by

M(t,X,X%) = M(t, X%, X*%).

Corollary 8.1. Under assumptions (A) and (B), if M,(X,X?*) is finite for
every n and equal to zero for n sufficiently large, there exists a polynomial
Q(t) with nonnegative integer coefficients such that

M@,X,X%) =P, X, X%)+(1+1)Q().
Proof. By Lemma 8.4, X?® is a strong deformation retract of X so that
’ P(t,X,X%) = P(t, X*, X°).

The result then follows from Theorem 8.2 and from the definition of M (¢, X,
X%). O
Corollary 8.2. Let M be a complete Riemannian manifold of class C*
and let p € C*~°(M,R). If

i) ¢ satisfies the Palais-Smale condition over M,

i) ¢ is bounded from below on M,

iii) ¢ has only a finite number of critical points uy, ..., uj and dim Cy(p, u;
1s fintte for every n and zero for n sufficiently large, 1=1,...,7,

then there exists a polynomial Q(t) with nonnegative integer coefficients
such that

© J
> ZdimC,,(go,u,-)t" = P(t, M, $) + (1 + ) Q(2).

Proof. Let a < infapr ¢ and b > sup{p(u) : Ve(u) = 0}. It suffices to
apply Corollary 8.1 with X = M. a

8.6 The Generalized Morse Lemma

The generalized Morse lemma, also called the splitting theorem, is the basic
tool for the effective computation of critical groups. The theory of Fredholm
operators provides a natural setting for this lemma.

A linear continuous operator [ between two Banach spaces is called a
Fredholm operator if the dimension of ker L and the codimension of R(L)
are finite. This implies that R(L) is closed.
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Let V be a Hilbert space, U an open neighborhood of u € V, and let
¢ € C*(U,R). Define implicitly the linear operator L : V — V by

(Lv,w) = ¢"(u)(v, w).

Then L is self-adjoint and we shall identify-L with ¢"(u). If ¢"(u) is a
Fredholm operator, V is the orthogonal sum of R(¢"(u)) and ker(¢”(u)).

Assume now that u is a critical point of ¢. The Morse index of u is
defined as the supremum of the dimensions of the vector subspaces of V on
which ¢ (u) is negative definite. The nullity of u is defined as the dimension
of ker ¢’(u). Finally, the critical point u will be said to be non-degenerate
if ¢”"(u) is invertible.

Theorem 8.3. Let U be an open neighborhood of 0 in a Hilbert space
V and let ¢ € C*U,R). Suppose that 0 is a critical point of ¢ with
positive nullity and that L = ¢"(0) is a Fredholm operator, so that V is the
orthogonal direct sum of ker(L) and R(L). Let w+ v be the corresponding
decomposition of u € V. Then there exists an open neighborhood A of 0 in
V, an open neighborhood B of 0 in ker(L), a local homeomorphism h from
A into U, and a function $ € C?*(B,R) such that

R(0)=0, #(0)=0, #"(0)=0

and
p(h(u)) = (1/2)(Lv,v) + ¢(w)
on the domain of h.

Proof. 1) Let @ : V — V be the orthogonal projection onto R(L). By the
implicit function theorem, we can find r; > 0 and a C'-mapping

g : B(0,r1)Nker L — R(L)
such that g(0) =0, ¢’(0) = 0 and
QVp(w + g(w)) = 0. (13)
Let us define ¢ on B = B(0,r;) Nker L by
P(w) = p(w+ g(w))
so that, by direct computation and (13),
Vé(w) = (I - Q)Ve(w + g(w))

and
¢"(w) = (I - Q)¢"(w + g(w))(Id + ¢'(w)).
In particular

V§(0) = (I - Q)Vep(0) =0



186 | 8. Morse Theory

and
¢"(0) =(I-Q)¢"(0)=(I-Q)L =0.
Let us define, near [0,1] x {0}, the function
O, v, w) = (1 - t)(4(w) + (1/2)(Lv, v)) + te(v + w + g(w))
and the vector field

f(t, v, w) 0 ifv=0,

—®(t,v,w) | Dy (¢, v,w)| 2B, (¢,v,w), ifv#0.

o

If n(t) = n(t, v, w) is a solution of the Cauchy problem
n=f(t,nw)
n(0) =v
we have
; J .
7 2n),w) = @(t,n(t), w) + (Bu(t,n(t), w), 9(2))
=0
and, in particular,

H(w)+ (1/2)(Lv,v) ®(0,v, w)

&(1,9(1, v, w), w)
e(n(1,v,w) + w+ g(w)).

Let us assume that the flow 5(¢,v,w) is well defined and continuous on
[0,1] x A, where A is an open neighborhood of 0 in V. Then the local
homeomorphism h is given by

h(u) = h(v,w) = w+ g(w) + 5(1, v, w).

The local invertibility of h follows from the local invertibility of n(1, -, w).
2) It remains to prove that 7 is well defined and continuous. Let us define
¥ by
¥(v,w) = p(v+ w+ g(w)) — ¢(w) — (1/2)(Lv,v).
We obtain, using (13),
¥(0,w) =0, ¥,(0,w)=0, ¥(0,0)=0;

and, consequently

1
¥(v,w) :/0 (1—s)(¥)(sv,w)v,v)ds
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1
¥, (v, w) :/ Ul (sv, w)v ds.
0
Thus, for each € > 0, there exists é(¢) € ]0,r;[ such that
[¥(v,w)] < eof?,  |Tu(v,w)] < €fo] (14)

whenever |v 4+ w| < §(e). Since L : R(L) — R(L) is continuous and invert-
ible, there exists ¢ > 0 such that

™ol < |Lo| < ol (15)
for v € R(L). We have, for v # 0,
f(t, v, w) = =¥(v,w)|Lv + 1V, (v, w)|"3(Lv + t ¥, (v, w)).
Let € = (2c)~!. Using (14) and (15), we obtain, for |v + w| < 6(),
17t v, )] < 2e(e + e ol (16)
Since f(t,0,w) = 0, f is continuous. Let p € ]0,6(¢)[ be such that
¥, w)] < 1 (17)

for [v + w| < p and v # 0. Using (14), (15), and (17), it is easy to verify
the existence of ¢; > 0 such that

|fu(t,v,w)[ < a

for |v 4+ w| < p and v # 0. By the mean value theorem and (16), there
exists ¢z > 0 such that

If(t’vl’w) - f(t,vz,'l.U)l S chvl - v2|

for [v; + w| < p, i = 1,2. Thus the flow 7 is locally well defined and
continuous. Moreover, since 7(t,0,w) = 0, 5 is well defined on [0,1] x A
where A is an open neighborhood of 0 in V. o

Remarks. 1) It is easy to verify that h restricted to R(L) is a local diffeo-
morphism since f,(¢,v,0) is continuous. ‘

2) A similar but simpler proof gives the following result, which is called
the Morse lemma.

Theorem 8.3bis. Let U be a neighborhood of 0 in a Hilbert space V and let
@ € C*(U,R) be such that 0 is a non-degenerate critical point of ¢. Then
there exists an-open neighborhood A of 0 in V and a local diffeomorphism
h from A into U such that h(0) = 0 and

e(h(v)) = (0) + (1/2)(¢" (0)u, u).
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Let now M be a regular C2-manifold modelled on a Hilbert space V and
let u be an isolated critical point of ¢ € C?(M,R). The Morse indez (resp.
the nullity) of u is defined as the Morse index (resp. the nullity) of z(u) as
a critical point of ¢ o z~!, where z is a chart at u. The critical point u is

called non-degenerate if z(u) is a non-degenerate critical point of ¢ o 271

Remarks. 1. If y is another chart at u, then, since

1

(pox'”lzgooy” oyoz~!

on D(z) N D(y), it is easy to verify that
(poz™l)'(2(u)) = (poy™ ) (y(u)(y oz (z(w)), (y 0 2~ (2(w))]-

The invertibility of (y o z~!)/(z(u)) implies that the above definitions are
independent of the chart z.

2. In the non-degenerate case, the Morse index is the supremum of the
dimensions of the subspaces along which ¢ is decreasing near the critical
point u.

3. By the implicit function theorem (or by the Morse lemma) any non-
degenerate critical point is isolated.

We now show that the critical groups of a non-degenerate critical point
depend only upon its Morse index.

Corollary 8.3. Let M be a regular C? manifold modeled on a Hilbert space
V and let u be a non-degenerate critical point of ¢ € C*(M,R) with Morse
indez k. Then

Cn(p,u) =6, F, n=0,1,....

Proof. 1) Let z be a chart at u and let U C D(z) be a closed neighborhood
of u. Since, by definition

Cul(p,u) = Ha(e*NU,p°NU\ {0})

with ¢ = ¢(u), it is sufficient to consider the case where M is an open
subset of V.

2) We can assume without loss of generality that « = 0 and ¢ = 0. By
Theorem 8.3bis, there exists an open neighborhood A of 0 in M and a local
homeomorphism k from A into V such that A(0) = 0 and

p(h(u)) = ¥(u) = (1/2)(¢"(0)u, v)
whenever u € A. Let B C A be a closed ball centered at 0. We have

Cn(p,0) = Ha(¢°Nh(B),¢° Nh(B)\ {0})
H.(¥°n B,v°n B\ {0}).

2

From the invertibility of ¢”(0) it follows that V is the orthogonal sum of
V= and V* with ¢ negative (resp. positive) definite on V= (resp. V1). Let
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v =v" + vt be the corresponding decomposition of any v € V. Define the
deformation n of B by

n:[0,11x B— B, (t,v) —=v~ +(1~t)v?t
so that ‘
Y(n(t,v) = ¥(v7) + (1 - )*p(v™).

Thus V= N B\ {0} is a deformation retract of y°N B\ {0} and V™ N B
is a deformation retract of ¥° N B. Since, by definition, k¥ = dimV ™, we
obtain, for k > 1,

H,(4°nB,¢° N B\ {0})~ H,(¥* N B,V-n B\ {0})

~ Ho(V-NB,VNB\{0})~ H,(B* §*1) ~ 6, ,F,
and for k =0,

Ho(¥° N B,¢° N B\ {0}) ~ H,({0},4) =6, 0F. D

Remarks. 1. If the Morse index of a nondegenerate critical point u is
infinite, then all the critical groups of ¢ at u are isomorphic to 0.

2. Under the assumptions of Theorem 8.2, if the critical points of ¢ in
¢~ 1([a, b])NX are non-degenerate, then M, (X?®, X ) is equal to the number
of critical points of ¢ with Morse index n in ¢~ ([a,4]) N X .

8.7 Computation of the Critical Groups

The use of Morse inequalities depends on the effective computation of the
critical groups in the degenerate case.

Lemma 8.5. Let U be an open neighborhood of v in a Hilbert space V and
let o € C2°(U;R). If v is the only critical point of ¢, and if the Palais-
Smale condition is satisfied over a closed ball Blv,r] C U, then there exists
€>0and X C U such that:

1) X is a neighborhood of v, closed in U;
1) X is positively invariant for the flow o defined by (10);
i) o ([c—€,c+€])NX is complete, where ¢ = ¢(v);
iv) the Palais-Smale condition is satisfied over ¢~ ([c—€,c+¢]) N X.

Proof. Let ¢ > 0 and B C U be given by Lemma 8.1 applied to A = B[v, r]
and let X be the closure in U of the set

Y ={o(t,u) : u€ B,0 <t <wi(u)}.



190 8. Morse Theory

By construction, X satisfies 1) and ii). Lemma 8.1 implies that
¢ ([c~ec+e)NY C Bly,r].

Since B[v,r] is closed in U, the set ¢~ !([c — €,¢ + €]) N X is contained
in B[v,r] and closed in B[v,r]; hence it is complete. By our Palais—Smale
assumption, iv) then follows from iii). 0

We shall prove that, in the setting of Theorem 8.3, the critical groups
depend on the Morse index and on the “degenerate part” of the functional.
Thus the computation of the critical groups is reduced to a finite dimen-
sional problem. This result is called the Shifting theorem.

Theorem 8.4. Under the assumptions of Theorem 8.3, if 0 is the only
critical point of ¢, and if the Morse indezx k of 0 is finite, then
Cn(p,0) & Cr_p(4,0), n=0,1,....

Proof. 1) With the notations of Theorem 8.3; let C C A be a closed neigh-
borhood of 0. Setting ¢ = ¢(0) = $(0) and ¥(u) = ¥(v+w) (1/2)(Lv,v) +
#(w), we obtain

~ H,(v°NnC¢v°NC\{0}) = Cn(¥,0).

2) By assumption, 0 € ker L is the only critical point of ¢ € C?(B,R).
Since dim ker L is finite, the Palais—-Smale condition is satisfied over any
closed ball B[0,7] C B. Let ¢ > 0 and X C B be given by Lemma 8.5
applied to ¢. Lemma 8.3 implies that X° is a strong deformation retract of
X¢t¢. Moreover, ¢ is non-increasing during the corresponding deformation
7. Define the deformation A over D = R(L) x X°*€ by

A(t,v,w) = v™ + (1 =)t + (¢, w).

It is easy to verify that V™~ x X ¢ is a strong deformation retract of ¥° N D
and that (V™ x X°) \ {0} is a strong deformation retract of ¥°N D \ {0}.
Therefore we obtain
Cna(¥,0) = H,(¥*nD,y°nD\{0})
~ H,(V™ x X, (V™ x X°)\ {0}).
3)If k=dimV~ =0, we have
Ca(¥,0) = Ha(X%,X°\{0})

Hﬂ(()bc ﬂX, ()ac nx \ {0}) = Cﬂ(()b; 0);
and the proof is complete. If k > 1, relation (4) implies that

Ca(®,0) Ha(RF x X¢,(R* x X¢)\ {0})
Hn(B* x X¢,(B* x X°)\ {0})
Hpo b (X%, X\ {0}) = Ca—i($,0). D

i

2 2 R
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Lemma 8.6. Let U be an open subset of R? and let v be the only critical
point of ¢ € C*(U,R). Then, for every p > 0, there ezists g € C*(U,R)
such that the following hold:

a) The critical points of @, if any, are finite in number and non-degener-
ate. '

b) If |u—v| > p, then @(u) = p(u).
¢) If ue U, then

6(u) — e(u)] + |6 () = ¢ (W) + 18" (w) - ¢"(u)] < p.

Proof. We can assume that the closed ball B[v,p] is contained in U. Let
w € C*(U,R) be such that

{1 it <2
w(u)_-{ 0 ifjlu—v >p

and let ¢ € R”. The function ¢ € C?(U,R) defined by
B(u) = p(u) - w(u)(s,¢)

satisfies b). It is easy to verify the existence of @ > 0 such that c) is satisfied
for |e| < a. Since

V@(u) = Vo(u) — w(u)e — Vw(u)(u, €),
we obtain
IVE(u)| 2 [Ve(u)] — le] lw(u)| — [Vw(u)] |u] le].

But
6 = inf{|Ve(u)| : p/2< |u—v[<p}>0.

Thus there exists 8 € ]0,a] such that, for |e] < S,
inf{|V@(u)| : p/2 < |u—v| <p} > 6/2.

By Sard’s theorem, we can assume that e is a regular value of Vg such
that |e|] < 8. If Ju — v| > p, ¢(u) = ¢(u), so that Vg(u) # 0. If p/2 <
|u— v| < p, we have |V@(u)| > 6/2. If ju — v| < p/2, then, by definition

V@(u) =0 if and only if Ve(u) =e.

Since e is a regular value of Vi, the critical points of ¢ are non degenerate
and, consequently, isolated. Being contained in B[v, p/2], they must be
finite in number. ]
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Let U be an open subset of R? and let v be an isolated zero of f €
C(U,RP). Assume that r > 0 is such that the ball B[v, 7] is contained in U
and v is the unique zero of f in B[v,r]. Then the topological indez i(f,v)
of f at v is defined by

i(f,v) = d(f, B(v,7)).

By the excision property of the topological degree, the right-hand member
is independent of r.

The following theorem gives a relation between the topological index and
the critical groups.

Theorem 8.5. Let U be an open subset of R? and let v be an isolated
critical point p € C*(U,R). Then dim C,(y,v) is finite for every n and is
zero for n > p+ 1. Moreover

P
i(Ve,v) = ) _(~=1)"dim Cp(p, v).
n=0

Proof. 1) By diminishing U if necessary, we can assume that v is the
only critical point of ¢ lying in U. Moreover, the Palais—Smale condition is
satisfied over any closed ball Blv,r] C U. Let € > 0 and X C U be given by
Lemma 8.5. The definition of the Morse numbers and Theorem 8.1 imply
that

dim Cp(, v) = Ma( X+, X7¢) = B, (X, X°7¢) (18)

where ¢ = ¢(v).
2) There exists p € ]0,€¢/3] such that

Blv,2p] C ¢! ([c—-%,c+§]) nXx.

Let ¢ € C*(U,R) be given by Lemma 8.6. Properties b) and ¢) of @ imply
that g€ = p°*¢. Thus g~ (e —e,c+ )N X = Y[c —€,c+ €])N X is
complete. In particular, { satisfies the Palais-Smale condition over g~ ([c—
€,c+¢€])NX. Since B[v, p] is contained in the interior of X, property b) of
@ implies that X is positively invariant for the flow & defined by

o(t) = =Vp(5(1))
#(0) = u.
By a), ¢ has only a finite number of critical points uy,...,u;, all non
degenerate. By b), the critical points are contained in B[v, p], and, hence,
in the interior of 3~ 1([c —¢,c +€]) N X.
3) Let k; € {0,1,...,p} be the Morse index of u;, i = 1,...,j. If we de-

note by My, (X ¢*¢, X°~¢) the Morse numbers corresponding to @, Corollary
8.2 implies that

J
My (X, X7 =) bng,- (19)

g1
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In particular, M,(X°+e, X=¢) is finite for every n and equal to zero for
n > p+ 1. It follows from Theorem 8.2 that

Mn(Xc+c’Xc-—e) Z Bn(Xc+c,Xc—c)

and that

S (DR (X, X5 = (1 Ba(X X, (20)
=0

n=0

In particular, dim C,,(y, v) is finite for every n and equal to zero for n >
p+1.
4) By definition of the topological index and of the topological degree,
we have
(Y3, u) = (1),

It follows from (19) and from the additivity of the topological degree that

P P J j
Y (1P M (X, XY = S (-1 (Zén,k') =D (-1
n=0 n=0 i=1 i=1
J
= ) i(Vé,u) = d(V$, B(v,2p)). (21)
$=1

By continuity of the topological degree, we have
d(V@, B(v,2p)) = d(Ve, B(v, 2p)) = i(Vep, v). (22)

Theorem 8.5 then follows from (18), (20), (21), and (22). 0

Theorem 8.6. Let U be an open subset of RP and let v be an isolated
critical point ¢ € C%(U,R). If v is neither a local minimum nor a local
mazimum, then

Colp,v) = CP(‘P’v) = 0.

Proof. 1) By diminishing U if necessary, we can assume that v is the only
critical point of ¢ located in U. Moreover, the Palais-Smale condition is
satisfied over any closed ball B[v,r] CU. Let ¢ > 0 and X C U be given
by Lemma 8.5. Then, by Lemma 8.3, X° is a deformation retract of X ¢+¢,
so that

Cn(p,v) = Ha(X*, X\ {0}) = Ha(X°F¢, X\ {v}).

Let n € C([0,1] x X°*¢ X °*€) be the corresponding deformation.

2) In order to prove that Ho(X°t¢, X°\ {0}) = {0}, it suffices to show
that every point u € X°*¢ is connected to a point in X¢\ {v} by a continu-
ous path contained in X°*¢. Let p > 0 be such that B[v, p] C X°*¢. Since v
is not a local minimum, there exists w € BJv, p] such that ¢(w) < ¢. Thus
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v is connected to the point w € X\ {v} by a continuous path contained
in X°*¢, Now, every point u € X°*¢ is connected by a continuous path
contained in X°*¢ to (1, u), which either is v or belongs to X°\ {v}.

3) Any continuous map

f 8771 = By, p]np®\ {v}

has a continuous extension g; : B? — Blv, p]. It follows from Lemmas 8.3
and 8.5 that f has a continuous extension g, : BP — ¢°. Since v is not a
local maximum, v is not an interior point of go(B?). Thus f has a continuous
extension g3 : BP — o°U Ss \ B; where 6§ > 0 is small, S5 = S(v,§), and
Bs = B(v, §). Using the argument of Lemma 6.5, we obtain a continuous
extension g4 : BP — ¢\ {v} of f. Thus H,_,(¢°NB[v, p]\{v}) ~ 0. Since
Hp(¢° N Blv, p]) ~ 0, we obtain by exactness Cp(p,v) ~ 0. 0

Corollary 8.4. Under the assumptions of Theorem 8.3, if 0 is an isolated
critical point of ¢ with finite Morse indezx k and nullity v, then the following
are true.

i) dim Cyn(p,0) is finite for every n and is equal to zero if n & {k, k +
1,...,k+v};

ii) if 0 is a local minimum of @, then

Cn(p,0) = bp i F;
iii) if 0 is a local mazimum of @, then
Cn(9,0) = bp x40 F;
iv) if 0 is neither a local minimum nor a local mazimum of @, then
Ci(9,0) = Citv(p,0) = 0;

v) if there exist integers ny # ny such that Cp,(p,0) # 0 and Cyp,(p,0) #
0, then
Ini —na| <wv—2.

Proof. By Theorem 8.4, Cr(p,0) = Cn_i($,0), so that Cpn(p,0) = 0 if
n < k — 1. It follows from Theorem 8.5 and dim Cy, (¢, 0) is finite for every
n and is equal to zero for n > k 4+ v + 1. It is easy to obtain ii) and iii) by
a direct calculation. Theorem 8.6 implies iv). Finally, v) follows from i) to
v), O
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8.8 Ciritical Groups at a Point of Mountain Pass
Type
Interesting multiplicity results can be obtained by combining the minimax

theorems and the Morse theory. Let us illustrate this fact by the mountain
pass theorem situation.

Theorem 8.7. Let X be a Hilbert space and let ¢ € C?(X,R). Assume
that there ezists ug € X, u1 € X and a bounded open neighborhood 2 of
ug such that uy € X \ Q and

inf p > max(p(u) p(u1)).
Let T = {g € C([0,1),X) : ¢(0) = uo,9(1) = 1} and

c=inf Jmax, v(g(s))-

If ¢ satisfies the Palais-Smale condition over X, and if each critical point
of ¢ in K, is isolated in X, then there exists u € K, such that iimC,(p,u) >
1.

Proof. Let € > 0 be such that ¢ — € > max(p(uo), (1)) and c is the only
critical value of ¢ in [¢ — €, ¢ + €]. Consider the exact sequence

--_’Hl(soc+evsoc_€) i H0(¢c-€;¢) L." H0(¢c+€:¢)—+"'

where i, is induced by the inclusion mapping ¢ : (¢°~¢,¢) — (¥°F€,9).
The definition of ¢ implies that uo and u; are path connected in ¢°*+¢ but
not in ¢°7¢. Thus, keri, # {0} and, by exactness, H,(¢°*¢,¢°"¢) # {0}.
It follows from Theorem 8.1 that

My(°F¢, %7€ = By (¢, 977 %) = dim H (p°+, 0~ ¢) > 1.

Thus ¢~ !([c— €, c+¢€]) contains a critical point u such that dim Ci(p,u) > 1
and, necessarily, u € K,. )

Corollary 8.5. Besides the above assumptions, assume moreover that each
u € K, satisfies the following conditions:

a) ¢"(u) is a Fredholm operator;

b) the nullity of u is less than 2 provided the Morse index of u is equal
to 0.

Then there exists u € K, such that

dimCyp(p,u) =651, n€N.



196 8. Morse Theory

Proof. 1) Let u € K., with Morse index k and nullity v, be such that dim
Ci(p,u) > 1. We can assume that u = 0. By Corollary 8.4, k < 1 and
v>1ifk=0.

2) If k = 0, assumption b) implies that ¥ = 1. It then follows from
Corollary 8.4 that 0 is a local maximum of ¢ and

Cu(p,0) = b k4o F = a1 F.

3) If k = 1, then, by Corollary 8.4, either » = 0 or 0 is a local minimum
of . In both cases,

Cn((p, 0) = 6n,kF = 6,,,1F. 0

Corollary 8.6. Under the assumptions of Corollary 8.5, if X = RP?, there
exists u € K, such that
. i(Vp,u) = —1.

Proof. By Corollary 8.5, there exists u € K, such that dim Cp,(p,u) = 6, 1.
Theorem 8.5 implies that

)4
i(Vp,u) = (-1)"dimCo(p,u) =-1. O

n=0

8.9 Continuity of the Critical Groups and
Bifurcation Theory

The critical groups are continuous with respect to the C! topology.

Theorem 8.8. Let U be an open neighborhood of v in a Hilbert space V
and let ¢, € C?>~O(U,R). Assume that ¢ and ¢ have v as the only critical
point and satisfy the Palais-Smale condition over a closed ball B[v,r] C U.
Then there exists n > 0, depending only upon ¢, such that the condition

igg(I'P(U) — p(u)] + |V(u) — Ve(u)|) < n (23)
implies
dim Cr(¥,v) = dimCp(p,v), n € N. (24)

Proof. 1) Let ¢ > 0 and X C U be given by Lemma 8.5 applied to ¢. The
definition of the Morse numbers and Theorem 8.1 imply that

dimC,,(<p,v) - Mn(Xc+e’Xc—e) - Bn(Xc+e7Xc-e) (25)

where ¢ = ¢(v).
2) Let p > 0 be such that

B[v,2p]C<p’1([c—%,c+§])ﬂX. (26)
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By the Palais-Smale condition,
6 = inf{|Vip(u)| : p/2 < |u—v|<p}>0. (27)
Let w € C*(U,R) be such that
wu)=1 if |u- vl._<_ p/2
ww) =0 if Ju—v|>p

0<w(u)<1 (28)
= sup |Vw(u)| < oo,
uel

and let
n = min(e/3,6/2(1 + 7)).

Assume that v satisfies the assumptions of the theorem and define ¥ on U
by

¥(u) = p(u) +w(u)(P(u) — p(u))-
It follows from (23), (27), and (28) that, for p/2 < |u — v| < p,

V()] > [Vep(u)] = () [VH(u) = Vep(u)| = [Ve(u)] [$(x) - p(u)]

2 6—-(1+v)n=46/2. (29)
We obtain from (23) and (28) that, foru € U,
[%(u) = (u)] = w(u) [¥(u) — p(u)] <1 < €/3. (30)

3) Since ¥(u) = @(u) if |[u — v| > p, relations (26) and (30) imply that
o€ = ¢ Thus ¢! ([e—¢, c+€])NX = p~!([c—¢,c+€])NX is complete.
It follows easily from (29) that ¢ satisfies the Palais-Smale condition over

¥~1([c — ¢,c + €]) N X. Moreover, B[v, p} is contained in the interior of X,
so that X is positively invariant for the flow & defined by

5(t) = ~Vi(5(2))
&(0) = u.
Finally, the definition of '(/) and (29) imply that v is the only critical point

of ’(/) If we denote by M, (X°+¢, X¢~¢) the Morse numbers corresponding
to ’(/), we have

dim Cu(,v) = M (X6, X°7¢) = B, (X, X°79). (31)
But, by the definition of ¢,
Cn($,v) = Cu(¥, v), (32)
and (24) follows from (25), (31), and (32). D
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The preceding theorem is useful in bifurcation theory.

Let V, W be Banach spaces, let U be an open neighborhood of 0 in V,
and let A be an open interval. Consider a mapping f € C(A x U, W) such
that f(X,0) = 0 for every A € A. A point (XA,0) € A x U is a bifurcation
point for the equation

f(’\!u) =0 (33)

if every neighborhood of (Xg,0) in A x U contains at least one solution
(A, u) of (32) such that u # 0.

If f is a C! mapping, the implicit function theorem implies that a neces-
sary condition for (g, 0) to be a bifurcation point is the non-invertibility
of Dy f(Xo,0). However, this condition is not sufficient in general, as shown
by the simple example with V = W = R? and

FOLup, ug) = (w1 = Ay + ud, uy — duy — ud)
for which :
D, f(1,0,0) =0
is not invertible and which, however, has no bifurcation point, as f(, u1, uz) =
0 implies

0= up(uy — Ay +ud) —uy(uy — dug —ud) = uf +uf =0

and hence (u;,uy) = 0. Notice however that f is not a gradient mapping
with respect to u. We shall describe a rather wide class of gradient mappings
for which the necessary condition above is sufficient.

The proof of the following simple lemma is left to the reader.

Lemma 8.7. Let K C A be a non-emply compact interval such that K x{0}
contains no bifurcation point for (33). Then there exists p > 0 such that
B[0,p] C U and each solution (X, u) of (33) in K x B0, p] satisfies u = 0.

Theorem 8.9. Let U be an open neighborhood of 0 in a Hilbert space V,
let A be an open interval and let f(), u) be the gradient with respect to u
of ¢ € C*(A x U,R). Assume that the following conditions are satisfied:

a) 0 is a critical point of @y = p(),.) for every X € A and 0 is an
isolated critical point of @4 and @, for some reals a < b in A.

B) » satisfies the Palais-Smale condition over a closed ball B[0,r] C U
for every X € [a,b].

v) There ezxists n € N such that

dim Cy (4, 0) # dim Cp(s,0).
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Then there ezists a bifurcation point (Xo,0) € [a,b] x {0} for (33).

Proof. If [a, b] x {0} contains no bifurcation point for (33), then, by Lemma
8.7, there exists p > 0 such that B[0,p] C U and each solution (A, u) of (33)
in [a,b] x B[0, p] satisfies u = 0. We can assume, without loss of generality,
that ¢(,0) = 0. Since ¢ is of class C?, we can choose p small enough so
that
IDap(A, )] + [Daup(h, w)] < 1

whenever A € [a,b] and u € B[0, p]. Thus ¢ and V¢, depend continuously
on A € [a,b], uniformly on B[0, p]. By Theorem 8.8, dim C,, (¢, 0) is locally
constant, and hence constant, on [a,b], for every n € N. In particular,

dim Cp(p4,0) = dimCpr(¥s,0), n €N,

a contradiction with assumption 7). o

8.10 Lower Semi-Continuity of the Betti Numbers

We shall prove in this section a lower semi-continuity property for the
Betti numbers B, (¢?, ¢*) with respect to the C° topology. It is interesting
to notice that this property is weaker than the corresponding continuity
property of the topological degree whenever both concepts are defined.

Lemma 8.8. Let B C F C B' C A C E C A" be topological spaces.
Suppose that

Hn(B',B) =~ Hp(A',A) ~ {0}, n=0,1,.... (34)

Then
B,.(A,B) < B,(E,F), n=0,1,....
Proof. Let us consider the following diagrams:
Hn41(A', A) = Ho(A,B) 2 Hu(A', B) — Hn(A', A)
Je N\ S s
Hn(E, B)
Hn(B',B) — Hn(E,B) 2 H,(E,B') — Hn_1(B', B)

foN /9
Hn(E,F)

By exactness, assumption (34) implies that i, and j. are isomorphisms.
But i, = g« o f, and j. = g5 o f], so that f, and f! are injections. Thus

he = flof. : Hy(A,B) — H,(E,F)

is an injection. m]
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Theorem 8.10. Let M be a ‘complete Riemannian manifold of class C?
and let o € C?2~%(M,R). Suppose that there ezxists $ : M — R, c € R and
€ > 0 such that

i) supyenr lp(u) - @(u)] < €/3;
ii) ¢ is the only critical value of ¢ in [c — €, ¢+ ¢];
ili) ¢ satisfies the (PS) condition over ¢~ ([c —€,c +¢€]).

Then
Bn(¢c+c,¢c_c) _<. Bn(¢c+€/2,¢c—€/2), (n — 0, 1, - )

Proof. By assumption i), we have

(pc-—c C ¢c—c/2 C (pc—c/G C (pc+€/6)C¢°+‘/2C&p°+‘.

It follows from Lemma 8.3 and assumptions ii) and iii) that ¢°™¢ (resp.
p°+el® is a strong deformation retract of p°=¢/% (resp. ¢°+¢). Hence

Hn(‘FC“C/G, (pc-—c) ~ Hn(<pc+€a ch+£/6) ~= 0 (Tl = 0, 1, .. )
Applying Lemma 8.8, we obtain
Bn(¢c+€/6a (pc—-e) < Bn(¢c+c/2,¢c—-c/2) (n =0,1,.. )

Since
Bn(<pc+c/6,<pc-c) — Bn((Pc+€, (pc—c),

the proof is complete. ]

8.11 Critical Groups at a Saddle Point

Let X be a Hilbert space and assume that ¢ € C?(X,R) satisfies the
Palais~Smale condition over X. Assume also, as in the saddle point the-
orem, that X splits into a direct sum of closed subspaces X~ and Xt
with
2<m = dim X~ < 400,
b .= s;£)<d = }?Icp

where Sp = {u € X~ : |u| = R}. Regard the identity mappings o : Sg —
Sk as the generator of the homology Hpm_1(Sg,¢) and define

¢= inf sup ¢(u),

T=0 yelr]

where 7 is any chain of m dimensional singular simplices on X such that
71 = o. In this way we obtain a natural variant of the saddle point theorem.
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Theorem 8.11. Under the above assumptions, c is a critical value of .
Moreover, if each critical point of ¢ in K, is isolated in X, then there
exists u € K, such that

dim Cp(p,u) > 1.

Proof. 1) Let us show that |r| N X* is nonempty for any chain r with
01 = 0. Consider the exact sequence

o= Ha(X, X\ XY) & Hp (X \X*,6)~ Hn_1(Sq,8) = ...

Since 9[r] = [0] # 0, necessarily [r] # 0. Thus |7| ¢ X \ X*. In particular,
we have that
sup p(u) > d
u€|r|
for any chain r with 87 = 0. Hence ¢ > d.
2) Using Lemma 6.5, one can easily prove, by contradiction, that K, is
nonempty.
3) Assume now that each critical point of ¢ in K. is isolated in X. Let
€ > 0 be such that c—¢ > b and ¢ is the only critical value of ¢ in [c—¢, c+¢].
Consider the exact sequence

= Hu(p, 05 & Ho 1 (057,6) 5 Hpoa(951,6) = ...

There exists a chain 7 such that o = 8r and |r| C ¢°*¢. Thus [0] = 0
in Hy,—1(¢°t¢, ¢). On the other hand, if [0] = 0 in Hy,-1(9°"¢, ¢), there
exists a chain 7 such that ¢ = 9r and |7| C ¢° . But this contradicts
the definition of ¢. Thus [o] is a nonzero element of Ker .. By exactness,
Hp (%%, 0€) # {0}. The conclusion then follows from Theorem8.1. 0O

Using Corollary 8.3, we obtain the following result.

Corollary 8.7. Under the assumptions of Theorem 8.11, if each critical
point of ¢ in K. is nondegenerate, then there exists u € K. such that

dimCr(p,u) =bpm, n€EN.

Historical and Bibliographical Notes

The reader can consult [Wal;] for a brief and lucid exposition of singular
homology. Surveys of the mathematical work of Morse are given by [Bot,],
[Cai, ], and [Thog], and surveys of Morse theory are given by [Bot.], [Cha,],
and [Rots].

Morse’s first paper on this theory [Mrs;] already includes such essential
ingredients as the Morse lemma, gradient deformations, and Morse inequal-
ities for a nondegenerate function on a smooth domain in R¥. It was aimed
as a generalization of the Birkhoff minimax theory [Bir;]. The theory is ex-
tended to compact smooth manifolds in [Mrsy], which also contains the
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Morse index theorem and applications to the calculus of variations by the
method of “broken extremals.”

The Morse theory was extended to Hilbert spaces by Rothe [Rotg] and
to infinite-dimensional Riemannian manifolds by Palais and Smale ([Pal,],
[PaS,], [Sma,]). As in the Leray-Schauder theory, the compactness of the
domain is replaced by a compactness condition on the function (the PS
condition).

The classical Morse lemma for nondegenerate critical points was ex-
tended by Palais [Pal;] to Hilbert spaces. Because of the loss of two or-
ders of differentiability, the Palais method is only applicable to functions
of class C3. Using the Lyapunov-Schmidt method and the Palais approach,
Gromoll-Meyer [GrM,] succeeded in treating the case of degenerate critical
points when the second differential of the function is a compact perturba-
tion of the identity. On the other hand, Kuiper [Kui,;] and Cambini [Cam,]
independently gave a proof of the Morse lemma for a nondegenerate criti-
cal point of a C? functijon. This result was extended to the degenerate case
by Hofer [Hofs] when the second differential is a compact perturbation of
identity. Hofer’s proof uses deformations by a gradient flow (see [GoM,] for
extensions). Theorem 8.3 generalizes the previous results. We follow the
proof of Hofer [Hofs] (see [MaW,] for another proof).

The shifting theorem is due to Gromoll-Meyer [GrM,]. A new proof is
given here. Theorem 8.5 was first proved by Rothe [Rot7], to whom we also
owe the first results on the continuity of the critical groups and the lower
semicontinuity of the Betti numbers in the Hilbert space case [Rots].

Lemma 8.6, Lemma 8.8 and Theorem 8.10 are contained in the important
paper of Marino—Prodi [MaP,] on perturbation methods in Morse theory.

Of course the genericity of the non-degenerate case is known and has
been used since Morse. Theorem 8.6 is due to Dancer [Dan,] and Theorem
8.7 to Ambrosetti [Amb; 3] in the nondegenerate case and to Hofer [Hofs]
in the general case.

Minimax methods were introduced in bifurcation theory by Krasnosel’skii
[Kra,) and Morse theory by Marino-Prodi [MaP,) (see the surveys [Cha,],
[Rabs])

The results of Section 8.11 are due to Liu [Liu].

For Morse theory on Banach manifolds, the reader can consult [Sk;],
[Tr,], and [U,]. The completeness of the Morse inequalities is studied in
[Joh;] and [Sma,]. Degenerate critical points are considered in [CGR,],
[Dang), and [Ro7]. More results on bifurcation through variational methods
can be found in [Boh, 2], [Chy], [Clk4], [Dang), [Mar,], [Prod,], [BenP,], and
[Wily5).
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Exercises

1. Let M be a complete C%-Riemannian manifold and assume that ¢ €
C?(M, R) satisfies the Palais~Smale condition on M. If ¢ has a global
minimum and x(M) nondegenerate critical points with finite Morse
index, then ¢ has at least x(M) + 2 critical points.

2. Let U be an open subset of R? and let v be an isolated critical point
of ¢ € C*(U,R). Then i(Vyp,v) < 1.

3. Let U be an open subset of R? and let v be an isolated local minimum
point of ¢ € C3(U,R). Then i(Ve,v) = 1.

4. Let M be a complete C%-Riemannian manifold. Assume that ¢ €
C'([0,1] x M,R) and a < b are such that the following conditions
hold:

1) ¢(X, u) is continuous with respect to A uniformly in u € M.
ii) For every X € [0,1], ¢ € C?~°(M,R) and Vi, (u) # 0 when-
ever ) (u) € {a,b}.
iii) Every sequence (A, u;) such that (¢(}j,u;)) is bounded and
Va,(uj) — 0 contains a convergent subsequence.
Then
P(t,¢1,¢%) = P(t, 90, 95)-

Hint. Find 0 < ¢ < (b— a)/2 and, for A € [0,1], find » > 0 such that
for |A — Ap] < 1 one has

atcfe atcfe

- b b4
‘P:o ¢ ol C oyt cle cle

C ot Cel Con T Co el

Use Lemma 8.3 and compactness of [0, 1].
5. (Principle of symmetric criticality, [Pals]). Let {T(g)},¢c be an iso-
metric representation of the topological group G over a Hilbert space

X. Let ¥ € C?(X,R) be an invariant functional. If u € V = Fix(G)
is a critical point of ¥y, then u is a critical point of .

Hint. Prove that Vy(u) € V.
6. ([Wily]). Let {T(g9)}4ec and X be as in Exercise 5. Let ¢ € C?(A x

X,R) where A is an open interval. Assume that
1) ¥ = ¥(X,.) is invariant for every A € A,

i1) ¥ restricted to A x Fix(G) satisfies the assumptions of Theorem
8.8, where V = FixG.
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Then there exists [Ao, 0] € [a,b] x {0} such that every neighborhood
of [X0,0] in A x Fix(G) contains at least one solution (A, u) of

Vir(u) =0
such that u # 0.
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Applications of Morse Theory
to Second Order Systems

Introduction

The Liapunov center theorem is the classical result which follows easily
from the equivariant Crandall-Rabinowitz bifurcation theorem. Consider
the second order autonomous system

i+ f(u)=0
and assume that 0 is a solution and that

pr<pi<..<B

(Br 2 0,0 < r < s) are the non-negative eigenvalues of f(0). The Liapunov
theorem insures that if the geometric multiplicity of 82 is one and if 3, /5; &
N for r # 4, then this system has a family of periodic solutions with minimal
period tending to 27/8; and with amplitude tending to 0.

In many applications, the multiplicity of ﬂf is bigger than one. We prove
in Section 9.2 that, in the variational case (f = VF'), it suffices to assume
that 8,/8; ¢ N for r # i in order to obtain a sequence (ui) of solutions
with minimal period tending to 27/8; and with amplitude tending to zero
when k — oo.

The application given in Section 9.3 concerns asymptotically linear non-
autonomous systems of the form

ii(t) + VF(t,u(t)) = 0.

Since the problem is no more S*-invariant as in the autonomous case, the
results of Chapter 7 are no more applicable. Using the Morse inequali-
ties, one can prove the existence of one or two nontrivial solutions when
VF(t,0) = 0. The basic condition, namely a distinct behavior of VF at
the origin and at infinity, is an extension of the “twist” condition of the
famous Poincaré—Birkhoff geometric fixed point theorem.

Finally, in Section 9.4, a strong multiplicity result for non-autonomous
second order systems with periodic potential and non-degenerate periodic
solutions is given, which corresponds, in the more difficult case of Hamilto-
nian systems with periodic Hamiltonian, to a famous solution by Conley-
Zehnder of a conjecture of Arnold.
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For some of the above results, it was necessary to analyze in more detail
the Morse index of the action associated to non-autonomous linear second
order system (this index is finite here because the system has order two),
and it is the object of Section 9.1.

9.1 The Index of a Linear Second Order
Differential System

Let A be a continuous mapping from R into the space of symmetric ma-
trices of order N. We consider the periodic boundary value problem

i(t) + A(t)u(t) = 0 W
u(0) — u(T) = 4(0) — u(t) = 0

where T > 0 is fixed. The corresponding action is defined on H} by

T
XT(U)=/0 /2@ - (A@)u(t), v(®))] dt.

Definition 9.1. The indez j(A,T) is the Morse index of x7.

Let us define the linear operator K on Hi (with its usual norm and inner
product) by the formula

T
(Ku,v) = / (ult) + A(t) u(t), v(t)) dt.
0
It is easy to check that K is self-adjoint and compact, and that

2xr(u) = ((u -~ Ku,u)).

The space H} can be written as the orthogonal direct sum of ker(I — K),
H* and H~ with I — K positive (resp. negative) definite on H* (resp.
H~). Since K has at most finitely many eigenvalues (having, moreover,
finite multiplicity) greater than one,

JAT)=dimH™ < oo,
i.e. the index j(A,T) is finite.
Definition 9.2. The nullity v(A,T) is the dimension of ker(I — K).

It is easy to verify that the nullity is equal to the number of linearly
independent solutions of (1), so that the nullity v(A,T) is less or equal to
2N. The linear operator I — K is a Fredholm operator of index zero and
hence is invertible if and only if v(A,T) = 0.

In the autonomous case, it is easy to compute the index and the nullity
after diagonalization of A.
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Proposition 9.1. Let a1 < az < ... < an be the eigenvalues of the
constant matriz A. Then

N 47252
JAT) =#{k : ak>0}+22#{j€N* D) <ak}

k=1

N 4752
u(A,T):#{Ic:ak=0}+2z#{j€N* = =ak}.
k=1

Let us now consider the functional ¢ defined on H} by

T
o(u) = / [(A/2Nit)? - F(t, u(t))] dt
0
where F € C*([0,T] x RM,R). Since

" (uo)(u,v) = /OT[(ﬁ(t), 9(t)) — (DG F (£, uo(t))u(t), v(t))] dt,
every critical point ug of ¢ satisfies the following properties:
i) The Morse index of ug is equal to j(A4, T) where A(t) = DZF(t,uo(t)).
i) The nullity of ug is equal to v(A,T).
i) ¢"”(uo) is a Fredholm operator.
iv) up is non-degenerate if and only if v(A,T) = 0.

By Corollary 8.4,if uy is an isolated critical point of ¢, then dim C, (¢, )
is finite for every n and equal to zero except if n € {j(4,7),i(4,T) +
1,...,j(4,T)+v(A,T)}.

9.2 Periodic Solutions of Autonomous Second
Order Systems Near an Equilibrium

We consider the existence of small non-trivial periodic solutions for the
autonomous system

ii(t) + VF(u(t)) = 0 ' ()
where F € C*(R",R) is such that

VF(u) = Au+ o(Ju|)

as Ju| — 0. Let
Bl<p<...<pB:
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(B, > 0,0 < r < s) be the non-negative eigenvalues of the symmetric

matrix A.

Theorem 9.1. If §3; is such that B,/8; € N for all r # i, then there exists
a sequence (uy) of periodic solutions of (2), with minimal period T} such
that |ugleo — 0 and Ty — 27/B; as k — oo.

It is easy to verify that u is a periodic solution of (2) with minimal period
27 if and only if u(t) = v(t/)) where v is a solution of

(1) + A2V F(v(t)) =0 3)
v(0) — v(27) = 9(0) — ¥(27) = 0

with minimal period 2.
Let us define ¢ on R x Hi, by

2%
P u) = ea(v) = | [(1/2)la()]* — X* F(u(?))] dt

so that the solutions of (3) are the critical points of ¢y. For each A €R, 0
is a critical point of ¢y . Let us also define the operators K and N on Hl,
by the formulas

/-21r
((Ku,v)):J0 (u(t), v(t)) dt

2%
(Nu,v)) = / (VF(u(t)), o(t) dt,

so that
(A (u),v) = ((u = Ku — A*Nu,v)).
The proof of Theorem 9.1 requires the following lemma.

Lemma 9.1. Let A € R and r > 0. The functional ) satisfies the Palais-
Smale condition over B[0,r].

Proof. Let (u;) be a sequence in B[0,r] such that Vi (u;) — 0, i.e.
u; — Kuj — A*Nu; = f;, j€N*,

with f; — 0 in H},. Going if necessary to a subsequence, we can assume
that uj — w in H}, and that u; — u uniformly on [0,2x]. This implies
that Ku; — Ku and Nu; — Nu. Therefore, u; — Ku + A?Nu.

Proof of Theorem 1. 1) Let us first prove that (1|3;,0) is a bifurcation
point for the equation
Vea(u) = 0. (4)

By assumption, if ¢ € ]0,8;/2[ is sufficiently small, we have A8, ¢ N for

r # 1 whenever
A€ [1/(Bi+¢€),1/(Bi - €))-
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We shall apply Theorem 8.8 with a = 1/(8; + ¢) and b = 1/(8; — ¢).
Proposition 9.1 implies that

v(a®A,27) = v(b?A,27) =0

and ,
J(b2A4,27) — j(a®A,27) = 2m
where m is the multiplicity of 8? as an eigenvalue of A. Thus, 0 is an
isolated critical point of ¢, and g, and, if n = j(a?A4,2x), Corollary 8.3
implies that
dim Cy(p4,0) = 1 # 0 = dim Cp(gs, 0).

By Lemma 9.1 and Theorem 8.8, there exists a bifurcation point (A, 0) €
[a,b] x {0} for (4). Letting ¢ — 0, we obtain the desired conclusion.

2) By the first part of the proof, there exists a sequence (Ag,v;) of solu-
tions of (3) such that Ay — 1/6;, vr # 0 and vx — 0 in H2,. Since vy — 0
uniformly on [0, 2x], we have

IV F(vx) — Ave|eo
[k lloo

—0 as k- oo. (5)

In particular, there exists C > 0 such that
IV F (ve)lloo
llvelloo

Let wi = vi/||vk]|co- It follows from (3) and (6) that (||@wk||leo) is bounded,
and so is (||wk||cc) by the Sobolev inequality. Using the Ascoli-Arzela the-
orem, we can assume, going if necessary to a subsequence, that wy — w
and Wy — @ uniformly on [0, 27]. It follows then from (5) that

VF(vk) _
1k oo

By (3) and (7), we obtain

<C, keN". (6)

Aw” —0 as k— o0, (M
o0

i(t) + —I;?Aw ~0

w(0) — w(27) = w(0) — w(27) = 0.

Since ||w||c = 1 and, by assumption, 3, /8; & N for r # i, 2x is the minimal
period of w. Thus, for k sufficiently large, 2x is also the minimal period of
wg and, hence, of vy, which completes the proof. ]

Remarks. 1) If the multiplicity of 8? as an eigenvalue of A is equal to one,
then Theorem 9.1 follows from the classical Liapunov Center Theorem.

2) By Theorem 9.1, the small periodic solutions of system (2) are related
to the periodic solutions of the linearized system # 4+ Au = 0. This is not
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the case in general, as shown by the following examples where, respectively,
the nonlinearity is not a gradient and the differential operator is not of the
second order.

Example 9.1. Assume that u = (u1,us) is a T-periodic solution of the
system
i + uy + ug =0

ﬂ2+U2—u§:0.

After multiplying the first equation by us, the second by ui, integrating
from 0 to T and subtracting, we obtain

T
/0 [ud(t) + wd(t)] dt = 0,

i.e. u.= 0. On the other hand, all the solutions of the linearized system are
2m-periodic.

Example 9.2. Consider the Hamiltonian

i

H(u) H(ull) ug, U3,U4)

(1/2)(uf + uf — uf — ud) + (u] + uf + uf + u)(uaua — vrup).

i

If u is a solution of the corresponding system
Ju+ VH(u) =0,
then
a—t-(ulu‘; + uguz) = 4(uzug — uusz)? + 2ulud + 2uiul.

Since the right-hand side is positive for u # 0, we conclude that v = 0 is
the unique periodic solution of the system. But, in this case also, all the
solutions of the linearized system are 27-periodic.

9.3 Periodic Solutions of Asymptotically Linear
Non-Autonomous Second Order Systems

We consider the existence of multiple solutions of the periodic boundary
value problem

() + VF(t,u(t) =0 8)
u(0) — w(T) = 4(0) — &(T) = 0
where F € C2([0,T] x RY, R) satisfies the conditions

VF(t,u) = Ao(t)u+o(|u]) as |u|—0 (9)
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and
VF(t,u) = Ao(t)u +o(lu]) as |u| — oo, (10)

uniformly in t € [0,T]. We shall write jo = j(Ao,T) and joo = j(Aco, T)-

Theorem 9.2. Assume that T > 0 is such that the following conditions
hold. ’

A,. V(Ao,T) =0
Az. V(AOO,T) =0
A3- jO 75.700

Then the problem (8) has at least one non-zero solution. Assume, moreover,
that

A4. |jo — Joo| = 2N.
Then the problem (8) has at least two non-zero solutions.

The solution of (8) are the critical points of the functional ¢ defined on
H} by

T
o) = [ (/20 - Fu®)at
Let us also define the operator L and the functional ¥ on H} by
T
(Lu,v)) = /0 ((t) — Aco (2)u(t), v(2)) dt
Y(u) = ¢(u) - (1/2)((Lu, u)).

Assumption A, implies that L is invertible. Since

T
/0 (Awo (D)u(t) — VF (2, u()), o(t)) dt

”Aoou - VF(, u)”L’”””L’
| Asors = VF(., u)]|L2l|v]],

[(V¥(u), v))|

<
<

it follows from (10) that for every € > 0, there exists ¢(¢) > 0 such that

IVY(w)l| < ellull + c(e) (11)
for every u € H}.

Proposition 9.2. Under assumptions (10) and Ay, there ezists p > 0 and
6 € C*(H}, R) satisfying the following conditions:

a) V(u) =0 implies ||u|| < p.
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b) #(w) = 1if 0< [|ull < p and &(u) = 0 if ||ul] > 2p.

c) the functional $(u) = (1/2)((Lu, w))+&(w)p(u) is such that || V@ (u)|| >
1if p < fJul| < 2p.

Proof. Taking € = ||L~1||~1/9, there will exist by (11) c¢1(¢) such that
IVl < ellull + ex (12)

on H}. Therefore, by the mean value theorem, we have

|%(w)]

IN

T
[ (@tsu),wyds + o)
< (/DNull + ellull + [(0)].
Thus, there exists ¢, > 0 such that

[9(w)| < ellul| + co. (13)

A

Let
p=1+ (1+c1+3—;3) /€.
It follows from (12) that
IVl 2 9ellull - ellull - 1.
Thus, the critical points of ¢ satisfy the a priori estimate
||u|]| < e1/8e< p

and (a) is verified.
Let 0 € C*(R,R) be such that

o(s)=1 fors<0
=0 fors>1
-3/2<d'(s)<0 forseR.

The function 6 defined on H} by

satisfies (b). If p < ||u|| < 2p, we deduce from (12) and (13) that

o (I=2) vy 4. (11122 2
e pllall”

> 9ep—2ep—c1 — (3/2p)(4ep® + c2) 2 ep —c1 — (3/2)e2 2 1,

Vel =
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and the proof is complete. 0o

By Proposition 9.2, V(u) = 0 if and only if V$(u) = 0. Thus, in order
to solve problem (8), it suffices to find the critical points of ¢.

Lemma 9.2. Under the assumptions (20) and A,, every sequence (u;) in
H}. such that V(u;) — 0 contains a convergent subsequence.

Proof. Assumption A, and Proposition 9.2 imply that [|lu;|| < p (7 € N).
Thus,

Vé(u;) = Ve(uy), (G €N).
Arguing as in Lemma 9.1, we can conclude that (u;) contains a convergent
subsequence. 0O

Lemma 9.3. Under the Assumption (10) and A,, there exist a < b such
that the critical points of ¢ belong to $p~(]a,b[) and

P(t,¢%,¢°%) = ti=.

Proof. Define
a= inf $—1, b= sup p—1,
3[0,21)]90 B[O,Fz)p](p
and g (u) = (1/2)((Lu, u)). Proposition 9.2 implies that ¢~*(]a,b[) con-
tains the critical points of ¢ and that ¢® = 3, ¢* = ¢} . Hence

P(1,4%,¢%) = P(t, ¢k, po)-

Since, by assumption Ag, 0 is the only critical point of the quadratic func-
tional 4, it follows from Theorem 8.1 and Corollary 8.3 that

P(t,gogo,(p:o):ij"". o

Proof of Theorem 9.2. We can assume that problem (8) has only a finite
number of solutions, i.e. that ¢ has only a finite number of critical points.
By Lemma 9.2, ¢ satisfies the Palais-Smale condition over H}. Theorem
8.2 and Lemma 9.3 imply the existence of a polynomial Q(f) with non-
negative integer coefficients such that

M(1,¢%, ") =t~ + (1 +1)Q(t). (14)
Assumptions (9) and A; and Corollary 8.3 imply that
dim Cp($,0) = bn j, - (15)

Since jo # joo, We obtain from (14) and (15) the existence of at least one
non-zero critical point.

Now assume that |jo — joo| > 2N and that u is the only non-zero critical
point of ¢;. Since, by (14),

to + Edian(S‘%,u)i" =t= 4+ (1+1)Q(1),

n=0
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we necessarily have
dimCj_ (¢,u) > 1

and either dim Cj,-1(¢,u) > 1 or dimCj,41(@,u) > 1. Let us consider the

case where dim Cj,_;(¢,u) > 1, the other one being similar. By assump-

tion, jo = 1 # joo. Since the nullity of u is less or equal to 2N, Corollary
8.4 implies that
ljo =1~ joo| <2N - 2.

Hence, we obtain [jo — jeo| < 2N — 1, which is impossible since |jo — joo| >
2N. m

9.4 Multiple Solutions of Lagrangian Systems

We consider the periodic boundary value problem

2D, L(t,u(0), t)) = De L(t, u(t), (1) %)
u(0) —w(T) = 4(0) — u(T) = 0
where L = L(t, z, y) satisfies the assumptions (L) to (L4) of Section 4.2.

Theorem 9.3. Under the above assumptions, if all the weak solutions of
(16) are non-degenerate, then (16) has at least 2N geometrically distinct
weak solutions.

Proof. The weak solutions of (16) are the critical points of the functional
¢ defined on H} by

T
o) = [ Dt u(), i0) di.
0
By Proposition 4.1, ¢ is bounded from below and continuously differen-
tiable. Since, by assumption (L3),
p(u+Ties) = p(u), 1<i<N,

it is natural to define ¢ on the manifold M = TV x H}, where TV is the
N-dimensional torus and

L = u L. TU =
T_{ eHT./O (t)dt—O}-

By Proposition 4.1, ¢ satisfies the Palais-Smale condition over M. Without
loss of generality, we can assume that ¢ has only a finite number of critical
points uy,...,u;. By a classical result of algebraic topology,

P(t,M,$) = P(t, TV, ¢) = i ( N )t".

n
n=0
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By Corollary 8.2, there exists a polynomial Q(t), with non-negative integer
coefficients, such that

oo j N N
Y- dimCa(p,uilt" =Y < . ) "+ (1+ 1)Q(2). (17)
n=0i=1 ’

n=0
Since the critical points of ¢ are non-degenerate, Corollary 8.3 implies that
dim Cr(, u;) = 6, k., (18)

where k; is the Morse index of u;. It follows from (17) and (18) that ¢ has

at least N
S(7)=2
n

n=0

critical points in M, so that (16) has at least 2 geometrically distinct
weak solutions. (]

Historical and Bibliographical Notes

Theorem 9.1 was proved by Berger [Ber;] using the Lyapunov-Schmidt
method. Example 9.2 is due to Moser. The existence of a non-zero solution
in Theorem 9.2 follows from Amann-Zehnder [AmZ,] and the existence
of two non-zero solutions from Dancer [Danj]. These authors use a finite-
dimensional reduction which is in fact Cesari’s method [Cess] and a wide
generalization of Morse theory, the Conley index (see [Con,, CoZ,]). By
the same method, Conley and Zehnder were able to solve the Arnold’s
conjecture for a torus ([CoZ]) and to consider general first order asymp-
totically linear Hamiltonian systems [CoZ,]. But, since those problems are
variational, it suffices to apply Morse theory or minimax methods. Chang
[Ch,] uses Proposition 9.2 and some deformation arguments which are in
fact superfluous. The simple approach of Section 9.3 is also applicable to
first order Hamiltonian systems and to semi-linear wave equations after a
finite-dimensional reduction.

An earlier application of homology to obtain multiple critical points was
made by Castro-Lazer [CaL,]. See also [Cha;] and [Cot, »] for applications
of Morse theory to related problems.

Other applications of Morse theory are given in [Ambs], [AmbL,], [Chs,s],
[TsW,], [MerP,], [Ts,].

We have not considered here the important concept of Conley’s index
and its generalizations. See [Benz s], [Ryb2 36 5], [RybZ1] and, for applica-
tions to Hamiltonian systems [Bart,], [BentZ;], [CZ3], to boundary value
problems [Dang 4,5,5], [Rybas,7].

The Arnold conjecture is considered in [Chap,], [Hofg].



216 9. Applications of Morse Theory to Second Order Systems

Concerning singular dynamical systems, the reader can consult [AmCy),
[Cots 4 5] for a treatment by Morse theory and [Bena], [CGS,], [CaS3],
[Gors 4], [Greg 34], [PiTs], [DGM;] for a treatment by minimax methods.

Exercises

1. Assume that F € C2([0,T] x R", R) satisfies conditions (9) and (10)
of Section 9.3. If

Al. v(A0,T) =0
A2. V(Aw,T) =0
A3. joo = 0# jo,
then the problem (8) has at least two non-zero solutions.

2. Assume that F € C2([0,T] x R, R) satisfies condition (9) and (10)
of Section 9.3. If

Al V(Ao,T) =0

A2 V(An,T)=0

A3. jo=0, jo=1,

then problem (8) has at least two non-zero solutions.

3. Assume that F € C?([0,T] x R¥,R) satisfies conditions (9) and (10)
of Section 9.3. If

Al VA, T) =0
A2. ]00 ¢ UO’jO =+ V(AO’T)]’

then problem (8) has at least one non-zero solution.
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Nondegenerate Critical

Manifolds

Introduction

After recalling some preliminary notions from differential geometry, this
chapter presents the local and global aspects of the theory of nondegenerate
critical manifolds. These manifolds are a natural extension of the notion of
non-degenerate critical point.

The theory is applied to proving the existence of infinitely many periodic
solutions of the forced superlinear second order equation

i+ |uff~?u = f(1), p €200

The periodic solutions of the forced equation are obtained from the periodic
orbits of the corresponding autonomous equation

i+ uff2u=0

by a global perturbation argument. This appreach depends upon a precise
description of the solutions of the autonomous equation.

The last section is devoted to the existence of T-periodic solutions of the
perturbed second order equation

i(t) + g9(u(t)) = /(1)
near a T-periodic orbit of the autonomous equation
i(t) + g(u(t)) = 0.

Since this equation is conservative, 1 is a Floquet multiplier with multiplic-
ity 2 of its variational equation, so that classical perturbation arguments are
not applicable. The periodic solutions are obtained here by combining the
Liapunov-Schmidt method with an elementary variational argument. An
application is given to the subkarmonics of the forced pendulum equation.

10.1 Submanifolds

We define a class of sets locally diffeomorphic to a subspace of a Banach
space.



218 | 10. Nondegenerate Critical Manifolds

Definition 10.1. Let X be a Banach space and Y C X be a closed subspace
with a closed complement. A subset Z of X is a C*-submanifold of X
modelled on Y if, for every z € Z, there ezists an open neighborhood A
of 0 in X, an open neighborhood B of z in X and a C*-diffeomorphism
® : A — B such that

®(ANY)=BN2Z.

The tangent space of Z at z is defined by
T,Z = {®'(® "(2))v : veY}.
Remark 10.1. It is clear that
& Ypnz : BNZ - ANY
is a chart at z and that Z is a C*-manifold modelled on Y.

Remark 10.2. The space T, Z is independent of ® and isomorphic to the
tangent space at z of Z considered as a manifold.

Remark 10.3. The restriction to ANY of d is called a parametrization
of BNZ.

The following theorem describes an interesting class of submanifolds.

Theorem 10.1 (Embedding theorem). Let M be a C*-manifold, X be a
Hilbert space and let f € C*(M,X). Assume that

a) M is compact.

b) f is injective.

¢) df|r.m is injective for every u € M.
Then f(M) is a compact submanifold of X.

Proof. Let z : D(z) C M — R(z) C R" be a chart at u € M. (Since M
is compact we can assume that M is modelled on RY.) The set D(z) being
open, assumptions a) and b) imply the existence of an open set C of X
such that f(M) N C = f(D(z)). By assumption, (f o z~!) € C*(R(z), X)
and (f o z71)/(z(u)) is injective. Define

V= (foz™l) (z(w)(RY)
and consider the mapping ® : R(z) x V+ — X given by

®(v,w) = (foz M) (v) + w.

It is easy to verify that ®'(z(u),0) is invertible. By the inverse function
theorem, the mapping ® is a C*-diffeomorphism from an open neighbor-
hood A of (z(u),0) in R(z) x V+ to an open neighborhood B of f(u) in
X. Moreover we can assume that B C C. Since f is injective, we have

$(AN(R(z) x {0)) = BN f(D(z)) = BN f(M).

It is then easy to verify the definition of submanifold by a formal manipu-
lation. (]
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10.2 Normal Bundle

In this section, we assume that Z is a C*-submanifold of a Hilbert space
X modelled on a subspace Y.

Definition 10.2. The normal space of Z at z, N,, is the orthogonal com-
plement of T,Z tn X. The normal bundle of Z is defined by

NZ={(z,n)€Zx X : n€e N, Z}.
We also define, for p > 0, N,Z by
N,Z={(2,n)eNZ : |n| L p}.

Lemma 10.1. If Z is a compact C*submanifold of X modelled on Y,
then there exists pp > 0, an open neighborhood N of Z and mappings
F € CY(N, X), G € CY(N, X) such that, for every u€ N,

i) u = F(u) + Glu);
ii) (F(u),G(u)) € N,,Z;
iil) the above decomposition is unique.

Proof. 1) Let z, A, B, and ® be like in Definition 10.1. Consider the
decomposition
u=m+n, (1)

where m = ®(y), y € ANY, n € N, Z. Equation (1) is equivalent to
(®(y) —u,®'(y)v) =0 forall veY. (2)
Let us denote by L(y) the map ®'(y) restricted to Y, so that equation (2)

is equivalent to
L(y)(®(y)-u)=0. (3)

Since Z is compact, the dimension of Y is finite and it is easy to verify
that L*(.) : ANY — L(X,Y) is continuously differentiable on ANY. By
the implicit function theorem, near up = z and yo = ®~1(2), equation (3)
defines a C'-function y = g(u) such that yo = g(uo). It is then possible to
locally define F' and G near z by

F(u) = ®(g9(v)), G(u)=u—&(g(u))
In addition we can assume that, for p > 0 fixed,
IG(w)] = 6(u) - G(z)| < p.

By the local uniqueness of the decomposition (1), the mappings F and G
are well defined on an open neighborhood of Z.
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2) Let us prove that (iii) is satisfied for po small enough. If it is not the
case we can find sequences (mj,n;) € NZ, (m},n}) € NZ such that
m; -+ n; = m; -+ n;'
nj—0,n; =0 as j— oo
and n; # n;, j € N. Going if necessary to a subsequence, we can assume

that m; — z € Z. Necessarily, mj; — z and this contradicts the local

uniqueness of the decomposition (1). O
A proof by contradiction of the following lemma, is straightforward.

Lemma 10.2. Let f be a conlinuous mapping between two melric spaces
A and B. If Z C A is compact, then, for each ¢ > 0, there exisis § > 0

such that
d(f(a), f(z)) <€
whenever a € A, z € Z and d(a,z) < 6.
Let us recall that, if Z is a subspace of a metric space X, we use the

notation
Zs={ueX :du,2) <6}

Theorem 10.2. Under the assumpiions of Lemma 10.1, there exists €5 > 0
such that for each € € ]0,¢o[, the map
¥:NZ—-X, (r,uy—z+u

induces a homeomorphism from N.Z onto a closed neighborhood of Z.

Proof. Let ¢y € ]0,po] be such that Z, C M. By Lemma 10.2, for each
€ €10, €], there exists § € ]0, €] such that u € Zs implies |G(u)| < €. Hence,
Zs C U(N.Z) and ¥(N,.Z) is a neighborhood of Z. Using the compactness
of Z and the definition of NZ, it is easy to verify that ¥(N.Z) is closed.
Finally, since

Y(NZ)C ¥(N,Z)C Z, CN,
the mapping ¥ is a homeomorphism from N.Z onto ¥(N.Z). ]

Proposition 10.1. Let Z be a finite-dimensional C?-submanifold of X
modelled on Y and let Py, (resp. Q) be the orthogonal projectors onto
N Z (resp. T,, Z). Then the mappings

m— Pn, m-—Qn
are continuously differentiable.

Proof. Since P, = I — Qn, it suffices to prove the result for Q,,. Let
(¥1,...,y;) be a basis of Y and let A, B, and ® be as in Definition 10.1.
For me BNZ and 1 < ¢ < j, define ¢;(m) by

ei(m) = &' (27 (m))y;,
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so that (e;(m),...,ej(m)) is a basis of T}, Z. If (fi(m), ..., fj(m)) is the
basis obtained from (e;(m), ..., e;(m)) by orthonormalization, then
i
Qmu =Y _(u, fi(m)) fi(m).

i=1

By construction, the mapping m — @Q,,, is continuously differentiable. O

10.3 Critical Groups of a Nondegenerate Critical
Manifold

The purpose of this section is to extend to compact manifolds of criti-
cal points the notion of nondegenerate critical point and to compute the
corresponding critical groups.

Definition 10.3. Let Z be a compact connected C*-submanifold of a Hilbert
space X and let p € C*(X,R). We say that Z is a nondegenerate critical
manifold of ¢ if

a) all points of Z are critical points of ¢;
b) the nullity of each z € Z is equal to the dimension of Z;
¢) ¢"(z) is a Fredholm operator for each z € Z.

Remarks. 1) Under Assumption a) the nullity of each 2z € Z is greater or
equal to the dimension of Z. Indeed, using the notations of Definition 10.1,
we have

Vo(®(y)) =0 forall y€ ANY.

Hence,
&"(®(y))®'(y)v=0 forall ye ANY andveY.

In particular,
¢"(2)®'(® Y (2))v=0 forall veEY
so that T, Z C ker ¢”(z) and
dim ker ¢"(2) > dim7T,Z = dim Z.

2. By the preceding Remark and Assumption b), T,Z = ker¢'(z) for
each z € Z. Since, by Assumption c), ¢”(z) is a Fredholm operator, the
spectral theorem implies that N, Z is the orthogonal sum of N} Z and N; Z
with ¢/ (z) positive (resp. negative) definite on N} Z (resp. N; Z). Let us
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denote by P} and P; the corresponding orthogonal projectofs. After the
complexification of X and ¢'"(z), P} is given by

z

P} = o / (¢"(x) = AD)™'a),

i

where D is an open disk in C containing the positive part of o(¢"(2)) and
such that D N ¢(p"(z)) = ¢. Thus P} depends continuously upon z for
the operator norm, and the same is true for P; .

Definition 10.4. Let X be a Hilbert space and let Z be a nondegenerale
critical manifold of ¢ € C?(X,R). The Morse indez of Z is defined as the
Morse indez of ¢"(z). (By continuity this last number is independent of
z.) The critical groups of Z are defined by

Culp, 2) = Hpo(¢°NU,p°NU\Z), n=0,1,...,

where ¢ is the (constant) value of ¢ on Z, where U is a closed neighborhood
of Z and where one takes F = Zy. (By ezcision, the critical groups are
independent of U.)

Theorem 10.3. Let X be a Hilbert space and let Z be a nondegeneraie
critical manifold with finite Morse indez k of ¢ € C*(X,R). Then the
critical groups of Z are given by

Cn(p,2) ~ Ha_r(Z,4), n=0,1,....

The proof of Theorem 10.3 depends upon the following lemma. Without
loss of generality, we can assume that ¢(z) = 0 for all 2z € Z.

Lemma 10.3. Under the assumptions of Theorem 10.3, for every € > 0,
there exists 6 > 0 such that, if 2 € Z,u € X, and |u — z| <6, one has

lle"(2) = ¢ "(u)ll < €

o(w) = 5(#()(u = 2)u—2)| < elu— oI

Proof. It suffices to apply Lemma 10.2 to obtain the first conclusion. Let
€ > 0 and assume that h = u — 7 is such that |h| < § with § > 0 given by’
the first part of the lemma. For every z € Z, we have

p(2)=0, Vo(z)=0.

Consequently,

1
p(z+h) = /0 (1 = s)(¢"(z + sh)h, h) ds
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and .
1
Pz + B) = (), h)[ = | [ @ -9l + shyn
0
— (¢"(2)h,h))ds| < €|p|2. O

Proof of Theorem 10.3. 1) By continuity and compactness,

min if (o 0

pr=mip inf (¢"(2)n,n) >0,
nEN}z

_= inf " 0.

p-=max  inf (o (z)n,n) >
neEN-2Z

Let € = min{(p4+/2),(—p-/2)} and let § > 0 be given by Lemma 10.3. (In
particular 2z € Z and |n| < 6 imply

oz +n) = 36" (In,m)| < clnf?)

Using the notations of Theorem 10.2, we can assume that § < ¢y and we
can identify N;Z and ¥(N;Z). Define
N}Z={(z,n) € NsZ : n€ N} 27}

and similarly for Ny Z. Lemma 10.3 and the definition of € imply that

(¢"(u)n,n) > 0ifu € X,n € N} Z and |u— 2| < §, (4)
N7ZCy, (5)
N}Zne' =2 (6)

By Theorem 10.2, U = N;sZ is a closed neighborhood of Z. Let us define 7
by
n:[0,1]xU —U, (t,2,n) — (z,n —tP}n).

This deformation 7 is continuous as P}' depends continuously upon z. For
(2,n) € UN¢P, let us define by f(t) = ¢(n(t, z,n)). It follows from (4) that
£"(t) = (¢"(x + n — tP¥n) P} n, Pn) > 0
for all ¢ € [0,1], so that f is convex on [0,1]. But f(0) = ¢(z,n) < 0 since
(2,n) € ¢° and f(1) = ¢(z, P, n) < 0 by (5). Thus, ¢(5(t,2,n)) < 0 for
all t € [0,1]. Moreover, if n(t, z,n) = (2,0) for some ¢t & [0,1] and some
(z,n) € UN¢P, then n = 0. Indeed, 5(t,2,n) = (2,0) implies P, n = 0 so
that, by (6), n = 0. Finally, N;° Z\ Z is a deformation retract of ¢ NU\ Z

and Nj Z-is a deformation retract of ©° N U. Hence,
Huo(o°NU,°NU\Z) = (Ho(N; Z,N;7Z\Z), n=0,1,....
2) Since F = Zj, by Thom’s isomorphism theorem we have
Hno(NyZ,NyZ\ Z) ~ Hn_x(Z, 8),

and the proof is complete. O
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10.4 Global Theory

In this section, the relative homology of the pair (¢°, ¢?), with b > a, will
be related to the critical groups of the nondegenerate critical manifolds
contained in ¢~1([a, b]).

Lemma 10.4. Let X be a Hilbert space and let Z be a nondegenerate
critical manifold of ¢ € C?*(X,R). Let P, be the orthogonal projector from
X onto N,Z (z € Z). Then there exists p > 0 and n > 0 such that if z € Z,
vu€EX,u—2€ N,Z, and |u — z| < p, one has

|P,V(u)| > nlu— z].

Proof. Since Z is a nondegenerate critical manifold, the mapping L(z) :
N.Z — N,Z defined by L(z)h = ¢"(z)h is invertible for each z € Z. By
contimuity and compactness we have

. ~-1)-1
p=min |2(z)77 > 0. (7)

Let € = p/2 and assume that h = u — z is such that |h| < § where § > 0 is
given by Lemma 10.3. The mean value theorem implies that

IP.V(z + h) = ()] = |P.(Tp(z + b) = 9(2)0)
< Vel 4 b) =R < B sup [l¢"(z + sh) = " () < elhl- - (8)
Assume now that h € N, Z. It follows from (7) and (8) that
IP.Vp(z+ )| 2 [¢(2)h] — [P.Fp(z + ) = " ()h] > ] = ] = E1n),

and the proof is complete with p == § and n = u/2. 0
Let us now introduce the following framework.

(A)
i) X is a Hilbert space and ¢ € C?(X, R);

ii) @ < b are real numbers such that the Palais-Smale condition is satis-

fied over ¢~ 1([a, }]);
iii) ¢ € Ja,b[ is the only critical value of ¢ contained in [a, b];

iv) K. consists of a finite number of isolated critical points and nonde-
generate critical manifolds.

For simplicity, we shall replace assumption iv) in the proofs by

iv') K. is a nondegenerate critical manifold Z.
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The general case can be obtained by an easy adaptation of the proof.

Using the notations of Theorem 10.2 and Lemma 10.4, we can assume
that p < € and that ¥(N,Z) C ¢~1(Je,b[), and we can identify N,Z and
¥(N,Z). Let w € C*(X,R) be such that w(u) € [0,1] and

wu)=1 if w€N,/HZ
=0 if ugN,Z.
Consider the vector field f : X — X defined by
fw) = —Ve(u) ifugN,Z
—(1 = w(u))Ve(u) — w(u) Prw)Ve(u) ifue N,Z.

Lemma 10.1 and Proposition 10.1 imply that f is continuously differen-
tiable. The Cauchy problem

6(t) = flo(®))
c(0) = u

has, therefore, a unique maximal solution ¢(.) = o(.,u) defined on Jw_(u),
w4(u)[. Since J
31 (P o)1) = (Velo(1), F(o(1)), (9)

the definition of f and Lemma 10.4 imply that either ¢(o(t)) = ¢(u) for
all t € R or that ¢ o ¢ is decreasing.

Lemma 10.5. If wy(u) = o0, then ¢(o(t)) — —c0 as t — w4 (u).
Proof. For 0 < s <t < w4 (u), we have

‘ ld(t)-d(S)IS/’ If(d(r))ldrS/S IVe(o(r))| dr.

It then suffices to use the argument of Proposition 8.4. ()

Lemma 10.6, For every neighborhood A of z € Z, there exists a neighbor-
hood B of z such that, if u € B, either o(t, u) stays in A for 0 <t < wy(u)
or o(t,u) stays in A until p(o(t,u)) becomes less than ¢ = ¢(z).

Proof. 1) Let (m,n) € N,/»Z. By the uniqueness of the solution of the
Cauchy problem, o(t, m+n) = m+0om(t,n), where o,,(., n) is the solution
of
om(t) = =P Vp(m + Um(t))
om(0)=n €N, 2,
provided |om(t, n)| < p/2.
2) Let r € ]0, p/2[ be such that

{(mm)eNZ : lm—z|<nlnl<r}C 4
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and let
C={(mn)eNZ :|m-z|<rr/2<]|n|<r}.
By Lemma 10.4,
6 = inf{|Pp,Ve(m+n)| : (m,n) € C} 2 nr/2>0.
Let us define
B={(m,n)e NZ : |m—z| < r|u| < r/2} nectir/2,

If (m,n) € B is such that o(t,m + n) doesn’t stay in A for all 0 < ¢t <
w4(m+n), then there exists 0 < ¢ < t3 < w4 (m+n) such that o, (t,n) €
B[0,7] for 0 <t < 1y, |om(t1,n)| = r/2, o(t,m+n) € Cfort; <t <ty
and |o,(t2,n)| = r. It follows from (9) that, if u = m +n,

p(o(inu) = lo(t,w) - / | PmVi(o(r, u))dr

4

1 2]
< plw) =8 [ 1Pulotru)ldr
t
t2
< c+6—r—6 lo(r, u)| dr
2 .
< C+é2r—5|0(iz,u)“‘7(il,u)|SC+§‘2‘7:"62—7.20- o

Lemma 10.7. For every u € ¢~ ([c,b]), either there is a (unique) t > 0
such that p(o(t, u)) = ¢ or wi(u) = 400 and there is a v € K, such that
o(t,u) — v as t — +oo.

Proof. If ¢(o(t,u)) > ¢ for all t € ]0,w4(u)[, Lemma 10.5 implies that
w4(u) = 400. Let us prove that for each j > 1/p, there exists ¢; > j such
that o(t;,u) € Ny,;Z. If this is not the case, we can find j > 1/p such that

o([j,+oo[,u) N Ny;; Z = ¢.
Lemma 10.4 and the Palais-Smale condition over ¢~!([a,b]) imply that
o = sup{(Vp(w), f() : u€ ¢~ ([a, B)\ N/ 2} < 0.

Setting o(t) = o(t,u), we obtain, for t > j,

¢ < ¢(o(t)) = p(o(5)) +/,~ (Ve(a(r), f(a(r))) dr < ¢(0(5)) + (¢ — e,

which is impossible. Now, going if necessary to a subsequence, we can as-
sume that o(f;,u) — z € Z and t; — 400 when j — oo. Since p(o(2,u)) is
decreasing in t, ¢(o(t, u)) — ¢(2) = ¢ when t — +00. It follows then from
Lernma 10.6 that o(t,u) — z as t — +00. a
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Lemma 10.8. Under assumption (A), ¢° is a strong deformation retract
of ¢ and ¢°® is a strong deformation retract on ¢°\ K.

Proof. 1) The first part of the lemma follows from Lemma 10.6 and Lemma
10.7 by using the argument of Lemma 8.3.

2) It is easy to obtain the second part of the lemma by using the gradient
flow 7 given by f = —Vp(n). o

Under assumption (A), K. consists of a finite number of isolated critical
points uj,...,u; and a finite number of nondegenerate critical manifolds
Z1,...,Z;. The Morse numbers of the pair (b, ¢?) are defined by

M, (¢%, %) = XJ:dian(‘P: u;) + Et:dian(%Z.-)-
i=1 i=1
Theorem 10.4. Under assumption (A),
Mo (0%,¢%) = Ba(9’,¢%), n=0,1,....
Proof. By Lemma 10.8,
Ho(9®,9%) ~ Ha(9%,¢%) ~ Ha(¢%, ¢° \ Ko).
It suffices then to use the proof of Theorem 8.1. n]

10.5 Second Order Autonomous Superlinear
Equations

This section is devoted to the study of the autonomous problem

u(t) + g(u(?)) =0
u(0) - u((%) g(u((o;)- W(T) = (10)

where g € C1(]—£, [, R) for some £ € ]0,+00[. We assume that the following
condition holds:

(Ao) g(-u)=—g(u), 0<g(u)u for 0<|ul<f
and that g satisfies one of the following growth assumptions
(A1) ulg(u) <g'(u) for 0<|ul<t
(A) ¢(u) < g(u)u™? for 0<jul<¥,

each of which prevents g from being linear.
The energy (1/2)4? 4+ G(u), with

Glu) = / o(s) ds,
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is a first integral of (10). It follows classically from this fact that the initial
conditions (0) = a > 0 and %(0) = 0 provide a periodic solution of (10)
with minimal period

“ dz
P(a) = 2v2 / ——
W= Tow -
On the other hand, the solutions of (10) are the critical points of the
functional ¢ defined on H} by

T
o = [ 10/ - G e,
The following theorem gives the Morse index and the nullity of the varia-
tional equation relative to a periodic solution of (10).

Theorem 10.5. Under assumptions (Ag) and (A;) (resp. (A)), if u is
a solution of (10) with minimal period T'/k such that u(0) € ]0,£[ and
#(0) = 0, then

i ou,T)=2k v(igouT)=1

(resp.j(¢' ou,T) =2k—1, v(¢ ou,T)=1).
The proof of Theorem 10.5 requires the following classical result.

Spectral Theorem for the Periodic Boundary Value Problem. Let
¢ and p be positive real continuous functions defined on [0,7]. We consider
the eigenvalue problem

h(t) — g(t)h(t) + Ap(t)h(t) = 0
h(0) — h(T) = h(0) — A(T) = 0.
Then

a) there exists an infinite sequence of eigenvalues

0<A <A <A< A< <.
b) The eigenfunctions corresponding to Azz_; or Ay have exactly 2k
zeros in [0, T

¢) If p is replaced by p such that 0 < j(t) < p(t) on [0,T], the corre-
sponding eigenvalues (};) are such that X; > ); (7 € N).

Proof of Theorem 10.5. 1) By conservation of energy, u(0) = max;er |u(t)|.
Equation (10) implies that u is a solution of

; g(u(t))
h(R) + £y it = 0 (1)
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h(0) — h(T) = h(0) — A(T) =0 (12)
(with g(u)/u = ¢'(0) when v = 0) and that @ is a solution of
h(t) + ¢/ (u(®)h(t) = 0 (13)

satisfying (12). Let ¢ > 0 be such that g’(u(i)) + ¢ > 0 on R and denote
by (M) the eigenvalues of the problem

h(t) — ch(t) + (¢’ (u(t)) + c)h(t) = 0 (14)
with the boundary conditions (12), and by (;) those of
Lo o) | Y e o
h(t) h(t)+)‘( o) + )h(t) 0

with the boundary conditions (12). Assume for definiteness that (A;) holds
(the case of (A]) is similar and left to the reader). It follows from (A;) that
Xj > ); for all j € N. Since T/k is the minimal period of u, u and & have
exactly 2k zeros on [0,T7 as it follows from a direct phase plane analysis.
Since u (resp. %) is a solution of (11)—(12) (resp. (13)-(12)) we necessarily
have .

Agk_.l =1 or Agk = 1, igk_l =1 or sz = 1.

If Agp—1 = 1, then 5‘% > 5‘2;;_1 > Aog—1 = 1, a contradiction. Thus,
Azk-1 < 1=k < Agpy1. (15)

In particular, 1 is a simple eigenvalue of (14)—(12) so that v(¢' ou,T) = 1.
2) Taking on H} the inner product

T .
(o) = [ lheyico + choto et

let us define on HTI. the operator K by the formula

T
(kB = [ OO +chp(o]de.

Then,

T .
xr(h) = (1/2) / (1) — ¢ (u(®)R2(1)) dt = (1/2)((h — Kb, b)),

It is then easy to verify that the Morse index j(¢’' o u,T) or xr is equal
to the number of characteristic values of K contained in ]0,1[. But A is
a characteristic value of K if and only if X is an eigenvalue of (14)-(12).
Formula (15) then implies that j(¢’ o u,T) = 2k. o
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Corollory 10.1. Under the assumptions of Theorem 10.5,
Z={u(.+0): 0 €R}

is a nondegenerate critical manifold of p. Moreover, the Morse index of Z
is equal to 2k when (A1) holds and to 2k — 1 when (Az) holds.

Proof. Equation (10) implies that u is a C3 T-periodic function. Let us
define f : S! — H}, where S =~ R/(Tk™'Z), by f(8)(t) = u(t +6), so
that Z = f(SY). It is easy to verify that f € C?(S?, H}), that f is injective
and that df|TyS! is injective for every 8 € S*.

Since S! is compact, it follows from Theorem 10.1 that Z is a compact
submanifold of H}. Moreover, Z is connected and ¢”(2) is a Fredholm
operator for each z € Z. Since problem (10) is autonomous, all points of
Z are critical points of ¢. By Theorem 10.5, the nullity of all z € Z equals
one, the dimension of Z. The value of the Morse index is also given by
Theotem 10.5. ]

Remark 10.4. If u € H} is not smooth, then the set {u(-+06) : 6 € R}
is not @ smooth submanifold of H}.

We finally study the solutions of (10) for an important special class of
functions g satisfying (Ao) and (A;).

Proposition 10.2. Let p € ]1,00[. If g(u) = |ulP~2%u, then
P(a) = a*~?/2P(1).
Proof. Since G(u) = |ul?/p, we obtain
P(a) =

a dz _ 1 dz
2‘/5/ VG(a) - G(:c "2‘/5/0 V/G(a) — G(za)
= 2v3al-rl2pil2 / e,

For the above g, if p # 2, there exists a unique aj such that P(a) =
T/k. We shall denote by u; the solution of (10) with the initial conditions
u(0) = a, u(0) = 0.

Proposition 10.3. If p > 2, then, for each k > 2,
(ur) = B/ P=Dp(uy) > 0.

Proof. It is easy to verify that the u; can be deduced from u; by the
formula ug(t) = k*/(P=2)y;(kt). By a direct calculation, we get p(ug) =
k2P/(P=2)p(u;). Finally, equation (10) implies that

T
/0 iy (t)|dt = /OT lus(@)P dt.

o(uy) = (1 - %) /OT lu@)Pdt > 0. O

Thus,
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10.6 Periodic Solutions of Forced Superlinear
Second Order Equations ‘

Let us consider the problem

i(t) + Ju(t)|P-2u(t) = f@
u(0) l uw(T) = a(O)(-) W(T) i 0 (16)

where p > 2, f € L4(0,T;R), and %+ % = 1. We shall prove that each
T-periodic orbit of
i(t) + [u(t)P~2u(t) = 0, (17)

but a finite number of them, generates two distinct solutions of (16).
Let g(u) = |u|P~2u, G(u) = |u|?/p and let ¢ € C*(R,R) be such that
1 fors<0

o(s) =
=0 fors>1
o'(s) < 0 forseR.

For p > 0, define p, on H} by

eot)= [ [/ - @) + o (MEZ2) syuto)]

where |ul, = |jul|L». When |u} < p, ¢, is equal to the action integral

T
W(u) = /0 [(1/2)i(t) - G(u(t)) + F(t)u(t)] dt

corresponding to the forced problem (16). When |uf? > 2p, p, is equal to
the action integral

T
o(u) = /0 [(1/2)i(t) - G(u(t))] dt

corresponding to the autonomous problem (17).

Lemma 10.9. There ezists u > 0 such that, for every u € H}, one has
[o(u) — gp(u)] < o,
Proof. Holder’s inequality implies that

lul - p

lo(w) — pp(u)| < (—7——) [ Flelulp

and

p_
o (Iulpr) =0 whenever |ul, > (20)'/?. D
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Lemma 10.10. There exists o > 0 and B > 0 such that, for ‘every p>0,
Veoo(u) =0 and p,(u) < ap — B imply that

B(u) = pp(w), VP =0 and [uf} < p.

Proof. Let us assume that Vp,(u) =0, i.e.

o= (2] 2 (P522) ([

After multiplication by u(¢) and integration from 0 to T', we obtain

[ o= (M) ([ )
B[R w

Since ug(u) = pG(u), we have, using (18),

oo =3 [ s [ G+ B[ (MEZ2) LE] [,

T T T
= (P_ _ b _ _
= (2-1) /0 G(u) c1/0 fux (2-1) /0 G(u) - il flglulp
where ¢; is independent of p. Thus, there exists & > 0 and 8 > 0, indepen-

dent of p, such that
po(u) > alufp — B. (19)

If we assume, moreover, that ¢,(u) < ap — B, inequality (19) implies that
]u}}’; < p. Thus, ¢, and 1 are equal on a neighborhood of u in H}. Since
Voo(u) =0, necessarily Vip(u) =0. D

Lemma 10.11. The functional ¢ and, for any p > 0, the functional ¢,
satisfy the Palais-Smale condition over H}.

Proof. 1) Let us define N : H} — H} by the formula

T
(Nu,v)) = / (o(u(t)) + u(t), v(t)) dt,

with ((.,.)) the usual inner product in H}. Let (u;) be a sequence in Hj
such that (¢(u;)) is bounded and V(u;) — 0, i.e.

uj — Nu; = f;
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with fi = 0in H} as j — co. After taking the inner product with u;, we
obtain ‘

T T
Aa?~A 9(u;)u; = ((f, 7))

Hence,

o) =3 [ -2 [ otw = (5-2) [ bl + 2t

5

Since ¢(u;) is bounded, we obtain

T 2
/0 a2 < el llus |

for some ¢ > 0. We also have

/T 2 2
us us +/ u?
o 7 /|u,~(t)|<1 T Do ?

T T T
T+/0 luj|P=T+/o g(uj)uj=T+/o a2 — ((f,u7)
T 4 (c+ DYl 1]

IN

IN

Thus,
Il < T+ @e-+ D31 gl

Since ||f;|| — 0, the sequence (u;) is bounded in H}. Going if necessary
to a subsequence, we can assume that u; — u. It is easy to verify that
Nuj — Nu, so that u; — Nu.

2) The proof that ¢, satisfies the Palais-Smale condition is similar and
left to the reader. o

Theorem 10.6. There exists ko € N* such that if k > kg, each orbit of
(17) with minimal period T/k generates two solutions of (16). In particular,
problem (16) has infinitely many solutions.

Proof. 1) Let ¢, = ¢p(ux) be the sequence given in Proposition 10.3. Since
(ck/k?) is increasing, we obtain

c Cp > ?-+l-
k41 k PR Ck

> 2 + i c
and hence

min(cg41 — Ck,Ck — Ck—1) > E]f- (20)
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Let ¢y = cx/2k and pp = (ck/6k,u)”. Assume that V(p,,k(u) = 0 and
©o.(u) € [ck — €,¢x + €&]. Then, by Lemma 10.10, ¥(u) = ¢,, () and
Vi(u) = 0 if

1
apk—ﬂ2ck+ck=ck(l+§,—c-). (21)

Let k; € N* be such that ¢; > B+ £k for k > ky. If k > ky, inequality (21)
follows from apy > 2cy, i.e. a(ck/6k,u)” > 2ci. This inequality is equivalent

to CP‘
2 (Gu)”

Since p > 2 and ¢;/k? — 400, there exists ko > k; such that the preceding
inequality is satisfied for k > kq.

2) By the first part of the proof, it suffices to show that for k > ko,
@5 ([ck — €k, ck + €x]) contains at least two critical points of ¢, . Let k > ko
and let us apply Theorem 8.10 with ¢ = ¢,,, ¢ = cx and € = ¢;. It follows
from (20) that ¢ is the only critical value of ¢ in [¢ — €, ¢ + €]. By Lemma
10.9 we have, for every u € H}',

() — p(u)| < ppy/” = /3.
Corollary 10.1 implies that
Z={u(.+8):6€R}

is a nondegenerate critical manifold of ¢ with Morse index 2k. It follows
from Theorem 10.4 that

Hn((pc+e, (pc"e)zcn(so,Z), n':O:l:"

Using Theorem 10.3, we have

Cn(p,Z) =~ Hn-n(Z,9)
~ Hn—2k(511¢)
~ F if2korn=2k+1
~ {0} ifn<2k—1lorn>2k+2,

so that
B.(pt,0") =1 for n=2kor2k+1.

Since, by Lemma 10.11, ¢ satisfies the Palais-Smale condition, Theorem
8.10 implies that

Ba(¢°t/2,6°7¢/2) > 1 for n=2korn=2k+1. (22)

If [c — £, c+ §] is free of critical values of ¢, Lemma 10.11 and Lemma 8.3
imply that (pc"‘/z is a strong deformation retract of $3°t¢/2. But then

B, (Ac+e/2 ‘0“5/2)-—-0 71.:0,1;-"1
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a contradiction.

Let us now assume that $~1([c— £, c+ £]) contains only one critical point
u of ¢. Without loss of generality, we can also assume that @(u) # c =+ £.
It follows from (22) and Theorem 8.1 that

dimCp(p,u) > 1, n=2korn=2k+1. (23)

By Lemma 10.10, |u|’{’ < pi. Thus, the nullity of u, which is equal to the
number of linearly independent solutions of

h+ ¢ (ut) h=0

h(0) — h(T) = h(0) — A(T) = 0

is at most 2. According to Corollary 8.4, dim C,,($, u) is different from zero
for at most one value of n. This fact contradicts (23). Thus, $~!([c— £,c+
£]) contains at least two critical points of @. o

Theorem 10.7. If all the solutions of (16) are nondegenerate critical points
of the corresponding action ¥, there exists ko € N* such that, for each
k > ko, (16) has at least one solution with Morse indez k.

Proof. Let k > kg, with kg given in the proof of Theorem 10.6. By as-
sumption, the critical points of @ = ¢,, in ¢, !([ck — %, cx + %]) contains
at least one critical point usr with Morse index 2k and one critical point
ugk4+1 with Morse index 2k + 1. Since, by Lemma 10.10,

luaklh < pr,  [uzk41lp < pr,

the functions uar and usgk41 are critical points of 1 with respective Morse
indices 2k and 2k + 1. O

10.7 Local Perturbations of Nondegenerate
Critical Manifolds

Let Z be a compact connected C?-submanifold of a Hilbert space X and
let ¢ € C?(R x X,R). Assume that all points of Z are critical points of
vo = ¢(0,.) and consider the existence of critical points of ¢, = ¢(¢, .) near:
Z for € near 0.

Theorem 10.8. If Z is a nondegenerate critical manifold of o, then there
ezxists € > 0 such that, for all 0 < |¢| < €, ¢, has at least catz(Z) critical
poinis near Z.

We shall use the Liapunov-Schmidt method on the manifold Z. We de-
note by P, (resp. @m) the orthogonal projector onto Ny Z (resp. Tp, Z)
and we define M (¢, u) = Vo (u).
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Lemma 10.12. If Z is a nondegenerate critical manifold of <p0‘, then equa-
tion

PaM(e,m+n)+Qpn=20 (24)
defines on an open neighborhood of {0} x Z a C* mapping n = n(e, m).

Proof. 1) Let z € Z. Since Z is a nondegenerate critical manifold, the map
t— P,D,M(0,2)c + Q,x

is invertible on X . By the implicit function theorem, equation (24) defines,
on an open neighborhood of [0, z}, a C! mapping n = n(e, m). Let us recall
that, by Proposition 10.1, P,, and Q,, are C?.

2) Using the compactness of Z, it is then easy to verify that u(e,m) is
well defined on an open neighborhood of {0} x Z. o

By Lemma 10.12, for ¢ sufficiently small, the function
Ye(m) = p(e, m + n(e, m))

is well defined and continuously differentiable on Z.

Lemma 10.13. If Z is a nondegenerate critical manifold of o, there
ezists € > 0 such that, if 0 < |e] < €, m € Z and Vi (m) = 0 then
Vpe(m + n(e,m)) = 0.

Proof. 1) Clearly n(0,m) = 0 for all m € Z. Differentiating the identity
Qmn(e,m) = 0 with respect to m at ¢ = 0, we obtain Q,, D, n(0,m) = 0.
By compactness, there exists € > 0 such that, for |¢] < €, ||@m Dmn(e, m)|| <
1/20n Z.

2) Let 0 < e} < €. If m € Z is a critical point of ¥, then

(Voe(m + n(e,m)), (id + Dyyn(e, m))v) =0
for all v € T, Z. Since PnVp.(m + n(e,m)) = 0, we have
(Vee(m + n(e,m)), (id + @mDmn(e, m))v) = 0 (25)

for all v € T;,, Z. Because ||Q Dy n(€, m)|| < 1/2, the map id+Qp Dy (e, m)
is invertible on T, Z. It follows then from (25) that @, Vy(m+n(e,m)) =
0. Since Prp(m + n(e,m)) = 0, m + n(e, m) is a critical point of ¢, and
the proof is complete. ]

Proof of Theorem 10.8. Let € > 0 be given by Lemma 10.13. For 0 <
le] < €, the C! function %, has at least cat,(z) critical points on the compact
C? manifold Z (see [Paly]). It suffices then to apply Lemma 10.13. O

By Lemma 10.12, problem
M(e,u) =0 (26)
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is equivalent near {0} x Z, to N(e,m) = 0 where N(¢,m) = QmM(e,m +
n{e,m)). When Z is a circle, N(e, .) can be considered as a periodic function
of the real variable m. Moreover, N(0,m) = 0 so that problem (26) is a
bifurcation problem in RZ.

Theorem 10.9. Let Z be a nondegenerate critical circle of po. If m € Z
15 such that

QmDM(0,m) # 0,
then there is a neighborhood N of [0,m] in R x X such that [e,u] € N and
M(e,u) =0 impliese =0 and u € Z.
Proof. Since DN (0,m) = Qm D:M(0,m), it suffices to apply the implicit
function theorem. o

Theorem 10.10. Let ¢ € C3(R x X,R) and let Z be a nondegenerate
critical circle of po. If 2 € Z is a simple zero of

h(m) = @mD.M (0, m),

then there exists € > 0 and a differentiable function u* :] — € €[— X such
that
u'(0) =2 and M(c,u*(e)) =0.

Moreover, there is a neighborhood N of [0, 2] in Rx X such that [e,u] € N
and M(e,u) = 0 implies either u = u*(¢) or e =0 and u € Z.

Proof. Since N(0,m) = 0, we have that
N(e,m) = eH(e,m)

where )
H(e,m) = / D N (se,m)ds.
Thus, for € # 0, equation N(e,m) 0= 0 is equivalent to H(e,m) = 0. Since,
by assumption, H is C! and
HQO,2)=h(z)=0
D, H(0,z) = k'(z) # 0,
it suffices to apply the implicit function theorem. ]

Example. Let f € C(R,R) be a r-periodic function and let us consider
the problem

#(t) + sin u(t) = ef‘(t) (27)

u(j7) — u(0) = u(jr) — u(0)=0
where j is a positive integer. Assume that k~!j7 > 27 and that v is a
solution of
v(t) +sinv(t) =0

with minimal period k~!j7. By Theorems 10.5 and 10.8, problem (27) has,
for |e| sufficiently small, at least two solutions near Z = {v(.+6) : § € R}.
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Historical and Bibliographical Notes

In finite dimension, the notion of nondegenerate critical manifold and The-
orem 10.3 are due to Bott [Bota]. Section 10.4 seems to be the first complete
treatment of the global theory in infinite dimension.

Ekeland [Eke7] introduced critical manifolds in the study of the fixed
energy periodic problem. Theorems 10.5, 10.6, and 10.7 are due to Willem
[Wily). Lemmas 10.9, 10.10, and 10.11 are taken from Bahri-Berestycki
[BaB,] who were the first ones to prove, by contradiction, the existence of
infinitely many periodic solutions of forced superlinear second order equa-
tions and of corresponding systems. See [BaB,] for an extension to first
order Hamiltonian systems and [BaBs], [Str;] for elliptic superlinear prob-
lems. When the forcing term is even or odd, the problem is simpler (see
[Maw,)).

Theorem 10.8 appears in [Rec, 3], [Dans], [AmbCE,]. Theorems 10.9
and 10.10 generalize results of Albizatti [Alb,} and of Lazer and McKenna
[LMcy]. See also [Wilyy].

Perturbations of Lusternik-Schnirelman theory are given in [Kray),
[Ambg 10], [Pohy,z 3].

See also [Amby] for autonomous superquadratic problems and [Ba, 3],
[BaLy], [DoL,], [Gne,], [Lon,], [Oly1], [PitT), 2], [Raba], [Tay,2 3] for forced
superquadratic problems.

Exercises

1. Let X be a Hilbert space and let ¢ € C2(X,R) be such that

i) ¢ is bounded from below.
ii) ¢ satisfies the PS-condition over X.
iii) 0 is a non-degenerate critical point of ¢ with Morse index kq.

iv) the other critical points of ¢ are contained in j nondegener-
ate critical manifolds Z,,...,Z; with respective Morse index
ky,...,k; and homeomorphic to S?.

Then there exists a polynomial Q(¢) with nonnegative integer coeffi-
cients such that

tho 4 (th 4t (14 1) = 14+ (1 +1)Q(1).

2. Let H € C?(R?M R) and let v be a (non-constant) T-periodic solu-
tion of Ju + VH(u) = 0 such that if h is a T-periodic solution of the

linearized system )
Jh+ H'(v)h =0
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then h is proportional to v. Consider the perturbed problem
Ju+ VH(u) = ef(t,u,e), u(0)=u(T) (*)
where f € C}(R x R* x R,R). If
ft,u,e) = V,,F(.t, u,€)
then, for |¢| small enough, problem (*) has at least two solutions near
Z={v(.+0) : 8 € R}.

3. Let H, v, and f be as in Exercise 2. Define

T .
W) = / (F(t, (), 0), 50 (1))

where vg(.) = v(.+8). If h(6p) # 0, there exists a neighborhood N of
[(v8,,0)] in H} x R, such that, if [u,€] € N is a solution of (x), then
v €Z and e =0.

4. Now let H € C® and f € C2 If 6, is a simple zero of h, there
exists € > 0 and a differentiable function u* :] — €,¢(— H} such
that 4*(0) = vg,, and u*(e) is a solution of (*). Moreover there exists
a neighborhood N of [vg,,0] is X x R such that, if [u,] € N is a
solution of (x) then either u = u*(¢) or e =0 and u € Z.
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