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ABSTRACT. We compute the characteristic Cartan connection associated with
a system of third order ODEs. Our connection is different from Tanaka normal
one, but still is uniquely associated to the system of third order ODEs. This
allows us to find all fundamental invariants of a system of third order ODEs
and, in particular, determine when a system of third order ODEs is trivializ-
able. As application differential invariants of equations on circles in R™ are
computed.
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1. INTRODUCTION

1.1. Differential equation as a structure on a filtered manifold. The main
purpose of this article is to study geometry of systems of ordinary differential equa-
tions of third order. The geometry of ordinary differential equations or, more
generally, of differential equation of finite type is based on the general theory of
geometric structures on filtered manifolds. First it was developed by Tanaka in [§],
[9]. Recall that a filtered manifold is a smooth manifold M equipped with a filtra-
tion of the tangent bundle T'M compatible with the Lie bracket of vector fields. At
any point x € M the associated graded vector space grT,,M can be endowed with
a Lie algebra structure. This nilpotent Lie algebra m called a symbol of a filtered
manifold (at the point z). In the following we consider only the so-called filtered
manifolds of constant type, assuming that the graded nilpotent Lie algebras gr T, M
are isomorphic to each other for all points x € M.

By a symbol of a geometric structure on M we understand a graded Lie algebra g
with the negative part g_ = >, _, @i equal to the symbol m of the filtered manifold
M of constant type. The algebra Lie g here is the subalgebra of a so-called universal
Tanaka prolongation g(m). Roughly speaking, this mean that for any element
X € g;,i > 0 the equality [X,g_] = 0 implies X = 0.

An arbitrary equation £ can be viewed as surface in jet space. The canonical
restriction of the contact distribution on jet space define the structure of filtered
manifold on £.

1.2. The problem of equivalence. One of the main problems in the theory of
differential equations is the problem of equivalence. Two differential equations
are called equivalent if one can be transformed to another by a certain change
of variables. We consider equations up to point transformations, i.e. we allow
arbitrary changes of both dependent and independent variables.

First classical approach to the equivalence problem of ODEs was developed by
Sophus Lie. In [5] he obtains partial results about second order ODE. The complete
answer was given later by Tresse [10]. Invariants of the third order ODE were
computed by Chern in his paper [I]. A modern approach to the equivalence problem
of ODEs can be found in the papers [2] and [4] where were constructed characteristic
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Cartan connection for the one equation of arbitrary order and for the system of ODE
of the second order.

The general approach to the equivalence problem for the holonomic differential
equations can be found in [3]. The key fact there is the existence of a full functor
from the category of holonomic differential equations to the category of Cartan
connections. This reduce the equivalence problem for differential equations to the
equivalence problem for the corresponding Cartan connections.

1.3. Normalization of Cartan connections. Let P be the principal H-bundle.
Let w be a Cartan connection of type (G,G_), where G is a Lie group with a
semisimple graded Lie algebra g and G_ is a subgroup of G with the Lie algebra g_.
In the paper [9] Tanaka build a set of normal Cartan connections on the principal
bundle P as follows. He used the scalar product defined with the help of the Killing
form to construct adjoint Lie algebra codifferential 9*. Then a Cartan connection
is normal iff the structure function C' : P — Hom(A?g_, g) belongs to the kernel
of the operator 0* and the structure function has not negative components. As
usual define a Laplacian A = 0*0 + 00*. The structure function C' decomposes
as C = H(C) + A(C). The component H(C) is called the harmonic part of the
structure function. The key fact about it is that H(C) is the fundamental system
of invariants (see definition Bl for details). In the case of the geometry of holonomic
differential equations the Lie algebra g is not necessary semisimple. However in
[3] is shown that we still can found the scalar product on g such that the normal
Tanaka conditions define the unique Cartan connection associated to a holonomic
differential equation.

In the present paper we associate with every system of ODEs of third order a
characteristic Cartan connection which differ from a normal Tanaka Cartan connec-
tion. The reason to do so is a relation between conformal geometry and geometry
of the system of the third order ODEs. Conformal manifold is determined by the
family of conformal circles, which was shown by Yano[II]. Each conformal circle is
determined by the point on it, the direction and the curvature, i.e. by the point in
the third jet space. The system of appropriate differential equations of the third
order give us the bridge between the conformal geometry and the geometry of the
differential equation. It is appeared that a characteristic Cartan connection, which
is build in the paper, is in close relations with the normal conformal Cartan con-
nection. The relation of the conformal geometry and the geometry of third order
ODE:s is the topic of the our next paper.

The paper is organized as follows. In the second section we naturally associate
the system of the third order ODEs with the pair of distributions. This pair of
distributions give rise to the filtered manifold associated with the system of the
third order ODEs. We write down the symbol of the system of ODEs of the third
order, the notion of adopted coframe and adopted Cartan connection. In the third
section of the paper discuss the problem of equivalence. When we working in the
case of semisimple Lie algebras and normal Cartan connections, the harmonic part
of the curvature give us the fundamental system of differential invariants. We show
that in general case fundamental differential invariants are contained in the ker d
part of the curvature, where 0 is the Lie algebra cohomology differential. In the
fourth section we build the characteristic Cartan connection uniquely associated to
the the system of ODE of the third order. This allow use to obtain the results about
equivalence of such equations and to describe the structure of the fundamental
invariants of the system of third order ODEs. In particular, this gives the explicit
answer to the question, when a given system is trivializable, i.e. equivalent to the
system gy = 0.
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2. GEOMETRY OF THE SYSTEMS OF THIRD ORDER ODES

Consider an arbitrary system of m ordinary differential equations of third order:
(1) yi' () = fily] (@), yi (@), wu(@), ), 8, 5, k, L = 1,...,m.

We associate a filtered manifold with this system in the following way. Let J3(R™*1 1)
be the third jet space of unparametrized curves. Then the equations (I]) can be con-
sidered as a submanifold &€ in J3(R™*! 1). We introduce the following coordinate
system on the surface &:

(‘Tayla-- s Ym,P1 = ylla -y Pm = y;naql = yllla' - qm = y;lm)

There is a natural one-dimensional distribution E whose integral curves are the
lifts of solutions of equations (d). Let w7 be the canonical projection from the
surface £ to the first jet space J'(R™*1 1). We denote a kernel of a differential
d7f as V. In coordinates distributions E, V have the form:

0 0 0 o,
E={= 4p—+g~—+ f

0
V:
<3%‘>’
where i, =1,...,m.

Define a distribution C' as the direct sum of the distributions £ and V. Then C'
and its subsequent brackets define a filtration of a tangent bundle T'E:

C=C'ltcCc?cc3=r¢,

where C~"1 = C~ + [C~,C71].
It is easy to see that the symbol of the filtrated manifold £ is a nilpotent Lie
algebra m isomorphic to the Lie algebra of vector fields generated by
0 0 g 0
2 —1={p-tpPig-+dz—5-)-
) wor = (g i+l o)
The splitting £ & V of the distribution C' determines a Gg-structure of type m,

where Gj is the subgroup of Autg(m) The action of the group Gy on m is completely
determined by its action on m_;. The latter has the following form in the basis (2):

< 8 g ),aER*,BEGLm(R)

The symbol g is the universal prolongation of the pair (m, go). It has the following
form:

g = (sa(R) x gl,,,(R)) £ (V2 @ W).

In other words, g is equal to the semidirect product of the Lie algebra sly (R) x gl,,, (R)
and an abelian ideal V. The ideal V has the form Vo ® W, where V5 is an irre-
ducible slz(R)-module of dimension 3 and W = R™ is the standard representation

of gl,,, (R).
Let us fix a basis of the Lie algebra sl and slo-module V5. Let x,y, h be the
standard basis of an algebra sla(R) with relations:

[z,y] = h, [h, 2] = 2z, [h,y] = —2y.
In the matrix form this basis is the following:
_ (01 h— 1 0 (00
=9 o0 )"=lo 21 )v=l10)

Let vg, v1, v be a basis of the module V5 such that xo = vy, xv1 = v, xv9 = 0.
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Define the grading of the Lie algebra g as follows:

g1 = (),

go = (h, gl,,),
g-1=(z) + (2@ W),
g2 = (11 @ W),
g3 = (vo @ W).

To build a natural Cartan geometry associated to the equation () we will use
the fact [7] that under some additional conditions (which are satisfied for geometric
structures arising from holonomic differential equations, see [3]) there exists a full
functor from the category of Gy-structures of type m to the category of Cartan
connections of type (G, H), where G and H are the Lie groups with Lie algebras g
and b respectively which are determined from Gy in natural manner.

The group G is a semisimple product:

G=(SLa(R) x GL,,(R)) XK (Vo @ W).
Let H be the following subgroup of G:

H = ( g aél ) x Aa €R*bER, A€ GLp(R).

Note that the corresponding subalgebra § is exactly the nonnegative part of the Lie
algebra g: h =3, 0.
Definition 1. We say that a coframe {w’ 5,w’ 5, w" |, w, } on € is adapted to equa-
tion () if:

e the annihilator of forms w® 5, w’ 5, w, is V;

o the annihilator of forms w’ 5, w" 5, w" ; is Ej

e the annihilator of forms w’ 5 is C72.

Let 7: P — & be a principle H-bundle and let @ be and arbitrary Cartan
connection of type G/H on P. Connection & can be written as:

W=w 3V ®e; +W oV ®e; +W V2 ® e + Wy + Wrh + w;-eg + Wyy.

Definition 2. We say that a Cartan connection @ on a principal H-bundle is
adapted to equations (), if for any local section s of 7 the set {s*w,, s*W’ 1, $*W’ 5, s*W' 3}
is an adapted co-frame on &.

We have described the set of Cartan connection adapted to the system of third
order ODEs. However, we can chose the representative in different ways. The next
two sections is devoted to the building of such canonical connection which we call
characteristic.

3. CHARACTERISTIC CARTAN CONNECTION AND FUNDAMENTAL DIFFERENTIAL
INVARIANTS

Let as in the section two 7: P — £ be a principle H-bundle and let @ be and
arbitrary Cartan connection of type G/H on P:

w= wi_gvo ® e; + winl ® e; + wi_lvg K e; +wyx + wph + w;le{ + Wyy.
Let Q = dw + £[w,w] be the curvature of the Cartan connection :

Q= ﬁigvo ®e; + ﬁigvl ®e; + ﬁilvg ®e; + Qux + Qnh + ﬁ;eg + ﬁyy.
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Definition 3. The structure function of a Cartan connection w is a function C :
P — Hom(A?g/g_, g) such that:

C(p) = (91,92) = Qp(w, '(g1),w, ' (g2))-

We can obtain the structure function of a Cartan connection explicitly. Let
{e1,...,entk} be a basis of Lie algebra g such that {en+1, oy énti } form a basis
of the subalgebra h. In our case {€,41,..., €nti} = {h,y,e]}. An arbitrary element
¢ € Hom(A%g/g_, g) defined by constants Cw’ where

n+k

(e, e;) Z i€k (1<4,j5<n).

The structure function C' : P — Hom(/\Qg/g,g) defines functions CJ; (p). If

w:Zwiei, Q:Zlek’

then the functions C’fj (p) can be found from the decomposition of the curvature
tensor €2 in terms of forms w; :
k— Z ijwi A wj.

Let Q' be one of the 2-forms ﬁig, 51;2, ﬁil, Qo U, ﬁ; We can write it explicitly

as:
Z Q@ ol AT +ZQ Wo, 0" Jwe AT,
p,q=1 p=1

Then Qi@ T kp] and Qi[wx,w’ip] are the coefficients of the structure function

of the Cartan connection w. The grading of Lie algebra g induces degree of the

coefficients Q°[w’ q,wk and Q'[w,,w" ].

p)
Definition 4. We say that Cartan connection associated with the equation () is

characteristic if the following conditions on a curvature is satisfied:
e all coefficients of degree < 1 is equal to O;
e in degree 2 we have Q,[w, A@W" ;] =0, ﬁ; [0 AT* ] =0, Qu[@, AT, =0,
Q| [@. AT,] = 0;
e in degree 3 we have Q,[w, AW ;] =0, Q[0 AW 5] =0, ﬁ; [, AWE L] = 0;
e in degree 4 we have Q[w, AW" 5] = 0.

In other worlds these conditions define the subspace U and Cartan connection
is characteristic if and only if it belongs to U.

Theorem 1. There exists a unique characteristic Cartan connection associated to
the equation ().

Proof. We will proceed with parametric computations of characteristic Cartan con-
nection in the forth section of the paper. We will fix a section s : £ — P and prove
that locally for every equation there exists a unique Cartan connection w with
structure function pullback s*C : £ — Hom(A%h, g) takes values in the space U.
We show that the characteristic Cartan connection is uniquely defined globally with
this data.

Take a covering U, of the space E and construct a Cartan connection A, on
each trivial fibre bundle 7, : Uy, x H — U,. Let s, and sg be the trivial sections
of the fibre bundles 7, and 7mg. Let Wy = s} wa and wg = sz;wg. Since forms wgl
and wg is uniquely defined there exists a unique function

Yap : UaNUg — H,
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such that

wg = Ad(¢ N wa + ¢ wn,
where wy is Maurer-Cartan form of the Lie group H. The functions ¢,z define a
principle H-bundle with the Cartan connection w.

To prove that structure function C of the Cartan connection w takes values in
the space U it is sufficient to show that U is Ad(H)-invariant.

Note that action of Gy preserve zero condition on the structure function of the
characteristic connection. We need only check that the space U is exp(y)-invariant
or equally ad(y) invariant. Action of the element y has degree one. Conditions on
the curvature of the Theorem[is ad(y)-invariant up degree 2, since all components
of degree less than 2 is zero. Finally, the condition of degree 3 and 4 is ad(y)-
invariant, since the coefficients Q,w, A @' ], Qp[w, A @], ﬁ; [@: A W",) and
Q, [wm_/\ W) can be obtained only from Qp[w, A", ], Qfw. AW, ﬁ; [0 A
W], Qe AW, and Q, @, A @' 4] which all are zero for characteristic Cartan
connection. This ends the proof of a global existence of the form w. 0

Let V' be an arbitrary finite-dimensional vector space and f a smooth function
f : P — V. Denote by Lo(f) the space of all functions of the form < f,v* >,
where v* € V* and by L(f) the algebra generated by elements from Lg(f) and all
their covariant derivatives. For example, the algebra L(C), where C is structure
function of the Cartan connection w, consists of local invariants of the connection
w.

Definition 5. We say that functions f; are the fundamental system of invariant
for the structure with Cartan connection w if L(f;) = L(C).

The key to calculation of the fundamental system of differential invariants is
to determine which parts of the curvature are expressed throw another. In [3] it
is shown that fundamental invariants of holonomic differential equation lie in non-
negative harmonic part of the curvature of the normal Cartan connection. In general
we have approximately the same situation: there is one to one correspondence
between fundamental differential invariants of the characteristic Cartan connection
and H? (g_,g) part of the curvature. The H? (g_, g) here is the non-negative part
of second Lie algebra cohomology group.

Proposition 1. Let w be a Cartan connection of type (G, H) on a principal H -
bundle P, where (G, H) is an arbitrary pair of Lie group and its subgroup.Assume
that the Lie algebra g is a graded Lie algebra of the Lie group G with the nonnegative
part h. Assume that w is characteristic, that mean that the structure function C of
the connection w lies in some subspace W of the Hom(A%g_,g) and the subspace
W is complementary to the image of the Lie algebra cohomology operator 0. Then
the restriction of the ker 0 to the space W is a system of fundamental differential
muariants.

Proof. Algebra of differential invariants is generated by the structure function coef-
ficients. We will use Bianchi identity to show that coefficients of the characteristic
Cartan connection curvature are obtained from the image of the operator 0. Since
the space S is complementary to the ker 0 there exists isomorphism between S and
the image of 0.

Let g and h be the Lie algebras of the Lie groups G and H. Let e; be the basis
of the Lie algebra G, X; be the corresponding fundamental vector fields on P and
w® be the dual coframe. We can write the Cartan connection w in the form:

w=w'e;.
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Assume that Lie algebra g has the structure constants Afj that means that:
lei ) = Aljer,
Then the following equality is fulfilled:
dwk = —Afjwi A w’
Write the curvature of the Cartan connection w in coordinates:

(3) Q= ZC’fjwi/\wjek.
i<j

Now apply the Bianchi identity d Q = [Q,w] to the (B):

GC’“ .
Z GX i Awjer + C’ dw; Awjer + C swi ANdwjey | = Z Cm»[ek, erwiAw; Awy.
i<j ! i<j
Express the covariant derivative of the structure function:
oCy;
(4) ENe w Aw; Awjep =
i<y

Z (—C,fl dwi Aw; — Chwi ANdw; + C&Aglwi Awj A wl) ep =
i<j
_ Z C]flAfjwi Awj Awiep + Z C&Aglwi Awj Awiep.
k£l i<y
If we take Hom(A3h, g) part of (@) (i.e. assume that w; € h*) we get that the right
side of the () is exactly the Lie cohomology differential.
The right side of (@) does not change the degree of the coefficients, but the right

side increase the degree. So we get that coefficients which maps to the im 0 can be

expressed through the covariant derivative of the coefficients of the lower degree.
This proves the proposition. O

Theorem 2. The the following invariants form the basis of an algebra of differential
mvariants:

(2 dor tofior
(W2); = tro (8pj dx d¢7 3 gk 0g

ani
(R = tro <5qj0qk) ’
i oft 10f*9fF 1doff 1d*> of 2 3fi
(Wg)j - Oyl t3 39qk Opi  2dx OpI + 6 dx? OqJ 27(8qk

5.d (afl) afk

1 of d oft
18 8¢* dx dgi

18 dx \ dq* ) dqi’
OH' o 9 o d d af!

). = 9 9 e 9 dpa 9 g 2H 'H. '
Ta)j i dp;  Oqj Oqx dqy, dx 7 c’?q( : GJH b
-1 _ 1 a2t z _ 1 (of d 8ft | 19ft afF

where Hj = 5D (W) and H =1 (6pi T kg +§aqk qu).

Proof. We will use proposition[Il The fundamental differential invariants is in one
to one correspondence with the cohomology group Hi (g—,g). For the case of the
system of ODEs of the third order the Lie cohomology group H i (g—, g) was studied
n [6]. The main result of this work is that the space HZ (g—,g) has the following
decomposition as slo-module:
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Degree Space

\
—

3 @ AN2(W*) @ W
1] @ SEW*) @ W
WO NE(WH) W
VRN @W/Va @ W*
¥ @ Ry @ sl(W)

V)@ SE(W*) W
" @ Ry? @ gl(W)

03 ® S2(W™)

08 if m=2

Wk W= OO

Here vg is the lowest vector of corresponding slo-module V.
Now we list the result table with the corresponding invariant. We start from
degree 2 since all part of curvature of degree less than 2 is zero.

Degree Space Part of the curvature | Invariant
2 z* @ Ry @ sl(W) QO [we Awly] W
2 v ®S2(W*) @ W Q7 lw’ ) AWy I
3 " @ Ry? @ gl(W) Q% [wz Aw’ 4] Ws
4 vy ® S*(W™) Qywe Aw’ 5] I
3 V9 if m =2 Qw2 Awl,] =0

O

Corollary 1. The system () is equivalent to the trivial one via point transforma-
tions if and only if all invariants Is, Wy, W3, 14 vanish identically.

Example 1. Differential equations on circles in R"
As application of the previous results we compute invariants of the system of
third order ODES on circles in Euclidean space.

Lemma 1. Let E be the (m+1)-dimensional Euclidean space with the orthonormal

basis {eo, . ..,en} and the coordinates {ro,r1,...,rn}. Then the equation of circles
i E parametrized by the coordinate o is:
D1 i
5 ¥ =g =1 m
( ) T T 1 + 27;1 7’?

This equation is invariant under conformal transformations of E.

Proof. Let the curve R(t) = (ro(t),...,rn(t)) be a circle. Assume now that ro(t) =
t. We have

(6) R(t) = a(®)R(t) + b(t)R(),,

since R(t) is 2-dimensional curve. Next, b(t) = 0 in our parametrization, since
0="70(t) = a(t)fo(t) + b(t)ro(t) = b(t).

To determine a(t) note that

(R(t) — C,R(t) — C) = d
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for some constant d and C' € E. Differentiating, we get:
(R(t), R(t) = C) =0,
(R(t), R(t) = C) = —(R(1), R(1)),
(R(t), R(t) — C) + 3(R(t), R(t)) = 0.

Now substitute to (@):

We get that

(). B(t)

(R(t), k(1))

Substituting a(t) into (@) we get our equations. O

a(t) =3

Proposition 2. For differential equation on conformal circles invariants W, I,
W3 vanish identically. Invariant Iy has the following form:
;1. 1 1 Tl
(14)3:55;1 m .275 inj C o 2
+ 2k T (1+ 325 7"

Proof. The proof is straightforward applying of the formulas from theorem O

Remark. There are other equations satisfying Wy = I, = W3 = 0. For example, it
is an union of a system on circles in R"~* and a system of k trivial equations. It
would be interesting to characterize geometrically the class of such equations.

4. PARAMETRIC COMPUTATION OF THE CHARACTERISTIC CARTAN CONNECTION
Consider a system of third-order ordinary differential equations of the form
L\ ] i k\/ IAY/
(yz) = fz(xvij (y ) a(y ) )7

where 7,7 = 1,...,m with m > 2. It determines a holonomic differential equation
E C J3(R™F1 1), Let us use the following coordinate system on the equation &:

1

TyYly ooy Yms D1 = Yls e oo sPm = Yy Q1 =Yl s+ oy G = Yo,
We choose a coframe 6 on the surface &:
0, = dx;
0", =dq" — fi(x,y,p,q)dx, i=1,...,m;
0"y =dp' —q'dr, i=1,...,m;
0 s =dy' —p'de, i=1,...,m.

To connect our computation on the surface £ with the principle bundle P let us
use the following uniquely defined section s: £ — P with relations:

S*wig = 91‘,37
s*wWp =0 mod (0" 4,0 ,,60" ),

S*wm = 791 mod <913,912,911>.
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Define a pullback w: &€ — g by the formulaw = s*w. Let Q be a curvature tensor
of @, and let Q = s*). We see that
0= Q’;gvo R e; + (21;2111 ® e; + Qilvg ®e; + Qpx + Qph + Qgeé- + Quy
= (dw’ 3 4 wp AW’y + 2wp Aw’ 3+ wh A w? )y @ e
+ (dw' 5 4+ wy Aw'; + w§ AWy + 2wy Al ) ® e
+ (dw’; — 2wp Aw' | + w;- Aw |+ 2wy AW ) ® e
+ (dwy + 2wy, Awg)x + (dwp, + wg Awy)h
+ (dwl; 4 wi, A w}“)ef + (dwy — 2wy, A wy)y.
An arbitrary Cartan connection adapted to equation (IJ) has the form:
Wiy =60,
w'y=alt?, + ALY,
wiy = Bi07 | + Bi) 5+ Clo’
we = —0y + D07, + E;07
wh =F; 107, + F; 207, + F %07,
wh =G0, + Gy 08+ G0, + G0,
wy =H"0, + H; '0° | + H20 ) + H %0 ,.
In degree 0 of the curvature we have two nonzero components:
Q5 mod (02 AO_2,0_3) =0" AN, —al0" NG,
', mod (0_2,0_3) = 0" NG, — BIO" NG|

Assume these two equalities is zero and get o = 0% and 3} = §’.

We have three nonzero components in degree 1. The first component is:
Q'3 mod (02 A0 3,0 5A0_3) =
ipnd j % i, j t,—1pk j —1pJ7 i
= 0s NAGOL 5 + D0 o NOLy + GO NOLy + G 07 N 0L+ 2F BN
The second component is:
Q' mod (0 o A0 5,0 3) =
A0y N0y + D07y N0 — 0, ABLI oy + G0, N0y + Gl 0 N0,
The third component is:
Ql;l mod <9_2,9_3> =
aft
o¢
After applying zero conditions on these parts of the curvature we obtain A; =

i _ 1pi _ _19f" -l =l g,
G =3Bj =357 Di=F =G =0

Proceed now to the second degree.

Op NO7 |+ Bl N7y —2F7107  AO" | + G570, N0y + Gl 08 A

Qil mod <9,2 A 9,2, 9,3> =

aft
8pj

4 dAl , A" 4 , s .
9IA9J_2+2d—;91A9J_2+28729’11Aeﬂ_2+c;emA9’12—2Fj 207 , NG+

i,—2 j T i —1pj i i, j
Gy 205y N0+ 2H 0, NO" 5 +2H 67 | N6+ G70, A B,
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We have: .
oft A &
+2—+CZ+2HC”+2AlA
Opj dx

Assuming the previous tensor is zero, we obtain:

Q[0 N0 ,] =

. oft Al
i 2_3 2H" + 2A; AF
Cj ( o + T + + )

Next curvature component contains all second order invariants:

QZQ mod <9_2 ANO_3,0_3 N 9_3> =

A.Z7 J aA; k J inJ J 7 i,T 7k
T 0 A OLy + 5 08 A OLy — 0, N CJOLy + By AL, + G0 A A0+

@ i AN i—2 gk j i—1p- 0—
2H"0, NO" 3 +2H; 07 | N0 5+ G0 5 N0, + Gy 0 A AT

In coefficient Q7 ,[6% ; A 9];3] we get invariant Io.
» OA: , AL . '
(oK k i 1 1 .
*2[9*1 N HJ—S] aqu - Ejék + 2Hk 16j = a—qu + 2Hk 1(Sj + 2Fj 261@'

Explicitly, the invariant I is the following:

ani
I, = — L
2 tI‘0 (8(1] an) )

were trg is a traceless part of the tensor.
In the coefficient

i J sz; i Ak k 51

we obtain a so-called generalized Wilczynski invariant. As shown in [2], a part of
differential invariants of systems of ODEs comes from its linearisation. As in [2], we
call them generalized Wilczynski invariants. In our case we have two Wilczynski
invariants of degree 2 and 3. We denote them as W5 and W3 respectively. The
second degree generalized Wilczynski invariant is the following:

8fi d 8fl+18fi8fk>
Op; dx dq; 3 0qi O,
Normalizing the trace of previous tensor to zero we obtain:

1 0ff dAl

H" = —— 3

(81)z + dx

It remains to compute only sly X gl,,, part of the curvature in degree 2.

Q, mod (0 oAb 9,0 3)=E;jf, N0 5 +2F0, A¢,

W2 = tTO <

+ 345 A¥).

Assuming that it vanishes identically we get the following condition:
Ej = —2F; 2.
We have: _ _
Q. mod (0_5,0-3) = F; 20, NO" | —0, N6 H .
The condition € [0, A 6" ] = 0 gives equality F; > = H: .
Assuming the trace of the tensor Q% ,[¢? | A 0% ,] is equal to zero we get:
1 04l

F?=H'=—-——+—-—""
k k 2(m + 1) dqx
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The last part of degree 2 calculation is:

O d{6_5.0 aAo 0, " 20, N6
jm0<,2,,3> a N +G N

. i— Al = S
We obtain G 2= Zq; from condition Q; [ AW ,] = 0.
Proceed now to the degree 3. The first part of degree 3 we need to compute is
O,

Qi_l mod <9_2 ANO_3,0_3 N 9_3> =
of
Ay

2F; 207 ,ABLOY o+ G008+ GL 08 JABLYY ,+ Gl 0, ANCLOF g+ 2H 207 4 N0,

. OB . oCt ; oC! . , ,
J pk J J pk -3 %
QIA9{3+8—pk9,2A9£2+ axemA9{3+aqk9,lA9£3—2Fj 67 s NG —

Wilczynski invariant Ws appears as the Q& [0, A 67 5] coefficient:

of
0y; dac

LCY +2H AL

Direct computation shows that:

oft n 1oftofk  doft 2d*oft 2 0f,

07 T390 0p dxop T 3dog  2log)
48]“' d Gfk 2d (Gfi) Gfk

" 99¢Fdz d¢i  9dx \dg* ) dg7

Q[0 A O 5] =

261HC”

Denote as W invariant Q% [0, A 67 5] + 1L W,. Invariant Ws is equivalent funda-
mental invariant to Q% ; [0, A6’ 5]. It means that with another fundamental invariant
every of them generate all differential invariant of the system of third order ODEs.

Explicitly the Wilczynski invariant Wj is:

off |10 off 1dof 14 oft 2 off, 10f doft 5d <afi) of

oyl 30qF Opi  2dz Opi ' 6da2 Ogi 27 gk 18 0¢* dx 8¢ 18 dx \ 9gF ) g

Wi =

Note that invariant W3 has known analogue in the case of one differential equation
of third order:

af (10fof 1dof 1d0f 2,0f, 18f daf*

9y T30¢op 2dwop to6doq  30¢) 30qdrog

The reader can found this invariant for example in the Chern work [I].
Let us compute the third degree normalization conditions.

Qh mod <9,2 A 9,2, 9,3> =

—2 -2

F30, N07, + FONG ., — 0, NATP

dk
Thus:
-2
o1 -2 -3 J
Qpllp N0, = —H; "+ F;° + i
Normalizing this coefficient to 0 we obtain:

dF 2
-3 _ 72 J
Bl
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Next,
Q; mod <9,2 A 9,2, 9,3> =
AL oGL 2 _ _ _
s 0% 3 N0+ o, 0sNOF o+ G 20N o+ G 0, NG 20" )+ G20, NGO,
We have:

AL GLTP . _
J Jk i,—3 i, T ~yk—2 i,—2 ~l
*apk + —5171 + GGG -G G/
Assuming this coefficient is equal to 0 we get:
) -2
= A B 6G;k
I Opi, om

Qi A 0% 5] =

1, ~k—2 1, —2 ~lx
— GTGh T GG

Finally,
Qy mod <9_2,9_3>:

OH" J de_l J GH]-_l k J 713]0]' k -2 J
" 0Ly Ao+ — 2= 0o N + For 0" N0+ H; a—%om,ﬁﬂj 0. NG .

The coefficient Q,[67 , A 6,] is the following:
- —1
aH o dH] _ H*la_fk o HfQ
d¢;  da Poog T
Normalizing it to 0 we obtain:

_ aHI _ del H—la_fk

H? = — :
! 0q; dx P Ogi
The last coefficient we need in degree 3 is €, [0%; A 67 ]:
OH;'  9H;!
il S
Aqp, dq;

In the degree 4 we need to compute only one coefficient of curvature:

Q, mod (0_yAO_s,0_3) =

—1 -2

OH?® . OH ; . dH; .
075 N by L0k g NG+ —L—0, N’
Opj -2 * op, 2t * dx -2
OH7? . _,Of1 B 4 o B
ank 0 NO7 ,+H; 1a—memA9’12+H]_ S0, NO7 o, —2F 267 y N (H" 0, + H, 7 0" ).
The Cartan connection coefficient €, [0, A 6”,] has the following form:
H= dHf2 k
Opj dz 0q; J

Assuming it is equal to 0 we get:
oH® dH;? ofk
_ + J_ 4 H]:l L
8pj dx 8qj

-3 _
H]— =

Finally, invariant I, is the tensor Q,[0%; A 6’ ol

OH ' OH;?
B p; + gk

—177—1
+2H H
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