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Abstract We derive two non-equivalent coverings for the modified Khokhlov—Zabolot-
skaya equation from Maurer—Cartan forms of its symmetry pseudo-group. Also we find
Bécklund transformations between the obtained covering equations. We apply these results
to constructing multi-valued solutions for the Khokhlov—Zabolotskaya equation.
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1 Introduction

In this paper we continue the research of [26], where it was shown that the known cover-
ings of Liouville’s equation, the Khokhlov—Zabolotskaya equation, and the Boyer—Finley
equation can be derived from Maurer—Cartan (MC) forms of their contact symmetry pseudo-
groups.

Coverings [16-19] (or prolongation structures [32], or zero-curvature representa-
tions [34], or integrable extensions [2]) are of great importance in geometry of diffe-
rential equations. They are a starting point for inverse scattering transformations, Béck-
lund transformations, recursion operators, nonlocal symmetries and nonlocal conservation
laws. Different techniques are developed for constructing coverings of partial differential
equations (PDESs) in two independent variables, [5, 6, 11, 12, 22, 23, 30, 32], while in
the case of more than two independent variables the problem is more difficult, see, e.g.,
[9, 10, 22, 27, 28, 31, 35]. In the pioneering work [20], Cartan’s method of equivalence was
applied to the covering problem for equations in three independent variables. One of the
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232 0O.1. Morozov

results of [20] is a deduction of the system

Qt=(qz—”)4x—uy—qux, (1)

9y =4 qx — Uy, 2)

whose integrability conditions coincide with the Khokhlov—Zabolot skaya equation (Kz) [33]
uyy:u,x—f—uu”—i-ui. 3)

In terms of [16—-19], (1) and (2) define an infinite-dimensional covering over KZ. From (2)
it follows that there exists a function v such that

b= —ig- 4
r=q, Vy=54q" U 4

Then (1) entails that v satisfies the modified Khokhlov—Zabolotskaya equation (mKZ)

1
Vyy = Upy + (E vf — vy)vxx. 5)

Eliminating ¢ from (4) provides a Miura transformation from mKZz to KZ:

1
u:—vz—vy. 6)

In [26] it is shown that (1), (2) can be obtained from MC forms of the contact symmetry
pseudo-group of Kz. In present paper, we apply the same technique to mKz. We use Elie
Cartan’s method of equivalence, [3, 7, 8, 15, 29], to compute MC forms for the pseudo-group
of contact symmetries of (5). Then we find two linear combinations of these forms which
provide non-equivalent coverings over mKZ. One of these coverings was derived in [4] by
means of another technique. We obtain a Bécklund transformation between the covering
equations. Combining the coverings with the Miura transformation (6) yields Miura trans-
formations from the covering equations to KZ. Finally, we apply these results to construct
three families of multi-valued solutions of Kz. Each of these families depend on two ar-
bitrary functions of one variable. Previously multi-valued solutions of KZ were studied by
means of the theory of symmetries of PDEs in [17, § 8.3.4], see also [13, 14, 21].

2 Preliminaries
2.1 Coverings of PDEs

Let o : J®(mr) — R” be the infinite jet bundle of local sections of the bundle 7 : R" x
R — R. The coordinates on J*(rr) are (x, u;), where I = (i1, ..., i) are symmetric multi-
indices, iy, ..., € {1,...,n}, uy = u, and for any local section f of 7 there exists a section
Joo(f) : R" — J®(mr) such that u; (oo (f)) = 0%/ (f)/0x™ ... dx™, #1 =#(i\, ..., iy) =k.
The total derivatives on J°° () are defined in the local coordinates as

d d
Di = —l + ZM[,’ —_—.
ax by duy
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We have [D;, D;] =0 for i, j € {1,...,n}. A differential equation F(x',ug) =0 defines
a submanifold €*° = {D;(F) =0|#I > 0} C Jm(@, where D; = D; o...0 D;, for I =

(i1, ..., 1;). We denote restrictions of D; on £* as D;.
In local coordinates, a covering over £*° is a bundle £* = £*° x Q — £ with fibre
coordinates g, k € {1, ..., N} or k € N, equipped with extended total derivatives

- . d
D;=D; + T (x’,u;, g°

EK F (el upg )Bq"
such that [D;, 5j] =0 whenever (x', u;) € £€*.

Example 1 System (1), (2) provides an infinite-dimensional covering over Kz with the fibre
coordinates gy = ¢, g = 3 q/3x*, k € N, and the extended total derivatives

o0
~ _ ~ d
D,=D,+) Dﬁ@é—Wml—uy—%uaga,
k

k=0

> 9
D, =D, + qu+| P

dq

k=0
< S 3
Dy=D,+ ) Diqoqi — 1) —

P 9qu

2.2 Cartan’s Structure Theory of Contact Symmetry Pseudo-Groups of PDEs

A pseudo-group on a manifold M is a collection of local diffeomorphisms of M, which
is closed under composition when defined, contains an identity and is closed under in-
verse. A Lie pseudo-group is a pseudo-group whose diffeomorphisms are local analytic
solutions of an involutive system of partial differential equations. Elie Cartan’s approach to
Lie pseudo-groups is based on a possibility to characterize transformations from a pseudo-
group in terms of a set of invariant differential 1-forms called Maurer—Cartan forms. The MC
forms for a Lie pseudo-group can be computed by means of algebraic operations and differ-
entiation. Expressions of differentials of the MC forms in terms of themselves give structure
equations of the pseudo-group. The structure equations contain the full information about
their pseudo-group.

Example 2 Consider the bundle J2(r) of jets of the second order of the bundle 7. A dif-
ferential 1-form © on J2(r) is called a contact form if it is annihilated by all 2-jets of local
sections: j,(f)*® = 0. In the local coordinates every contact 1-form is a linear combination
of the forms 19() =du — Ui dxi, l?,' = dl/ti — Uijj dxj, i, ] € {1, ey n}, Uj = Ujj. A local dif-
feomorphism A : J2(m) — J*(), A (x", u, u;, uij) = &', u, ui, u;j), is called a contact
transformation if for every contact 1-form ¥ the form A*¥ is also contact. We denote by
Cont(J%(mr)) the pseudo-group of contact transformations on J2 (7). Consider the following
1-forms

@ =atdy,  ©;=g Oy+aBfv, E' =c @+ f* O+ b dx*,

L (7)
%ij = 5ij Op + w; Ok + zijx E +a By B dun,
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defined on J2(m) x H, where X is an open subset of R TV +3)0+D/3 with Jocal coordi-
nates (a, b, ¢, f'%, g, sij, w ”, ZijK)s i jok €{l,...,n},i < j,suchthata # 0, det(b}) # 0,
fi* = f¥ 7k = zij = zjix, while (BY) is the inverse matrix for the matrix (bf). As it is
shown m [25], the forms (7) are MC forms for Cont(J2 (1)), that is, a local diffeomor-
phlsm A Jz(n) x H — J*(m) x K satisfies the conditions A* ®y = O, A* O, = O,
AE =g , and A* Ei_,» = %;; if and only if it is projectable on J*(m), and its projection
A : J*(m) — J*() is a contact transformation. The structure equations for Cont(J>(r))
have the form

d®y = YA Oy + E' A O,

dO; = ) A Oy + O A O, + EF A Ty,

dB = ®YAE — D) AE  + WO N O+ VA Oy,

di; = O} AT — P) A Tij + Y A O+ T A O + Ajji A EF,

where the additional forms @8, CD?, CDf, Wi \pis TO Tl’;, and A,;j; depend on differentials
of the coordinates of H.

Example 3 Suppose € is a second-order differential equation in one dependent and » inde-
pendent variables. We consider € as a submanifold in J2(rr). Let Cont(€) be the group of
contact symmetries for €. It consists of all the contact transformations on J2(;r) mapping
€ to itself. Let ¢y : & — J%(m) be an embedding, and t =y x id: € x H — J*>() x H.

* =i

The Mc forms of Cont(€) can be derived from the forms 6y = (*®y, 6; = *®;, & = (* &I,
and o0;; = (*%;; by means of Cartan’s method of equivalence, see details and examples in
[7, 24, 25].

3 Structure of Symmetry Pseudo-Group and Coverings of the Modified
Khokhlov-Zabolotskaya Equation

By the method outlined in Example 3 we compute MC forms and structure equations for the
pseudo-group of contact symmetries of (5). The structure equations read

dOo=mi A0 +E"'NO +ENO+E ' NO,+E AOs,
1 3 3

doy = =6, +£2) n6 - S_Z A

1 (2 2+§> 0+<2771+E 2022> 1
+20 AE + (405 —0n+E') A
+E' Nop+E +E) Ao +E Aoy,

1
do, = 5(771 —o) A +E Ao+ (E +E) Aop+E Ao,
1 1
dos = 5022/\90—52/\924- (771 +§§3—022) AOs+E' Ao +E A (012 + o)

+ E'+ &) Ao,

1
dg' = —= (i +26" = 3om) A £,
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2 _ 1 1 2 2 3
d&” = |05 290 NE +2(771+<722)/\§ + O +E)NE7,
d&* =20+ &) NE +on AE,
doy =2m A (o1 +01) +mAE + 03 AE +ED + 0y AE +3(20, — 023) A6
+ (63 — 6y + 3011 + 2012) Aoxn + (Bo1z — 2023) A0y,
1 13
d012=771/\(0124‘022)4‘773/\51+U5/\$3+§90/\022+791/\51—(93—2012)/\022
1
+ 50 A (HE! 4367+ 202) — 2013 + o) A&,
1 3 1 1, g2 5
d013=5’71/\(3013+023)+773A§‘+774/\~§ +nsAE +E)—on A 50134-023
1 2 1 3 1
+§6’o/\(392+25 _‘723)4-591 A (1387 — o) + 2oy + 3012 +02) A&
1 1
+592/\(693+13§'3—4012—2022)—93/\(452—023)4‘553/\(110134‘6023)
+ 4oy +302) A E?,
1
d022=2(292+2§2—023)A$1+5022/\§3,
1 3 3 3 1
d023=5(771+5§ —30p) Ao+ |ns—§& —on = 50m NE
3 2 3
+§(92+‘§ )N (287 — o),
1 L
dn =§ /\(924‘5)‘1‘5‘5 A0y,
1 1, g2 3 9
dp=mAE +mAE +E)+m3NE + §U2—10C713 Ao —3(013 — 2023) Aopp
1 1
+ 5771 A (5)72 +67]3 — 136, + 166, — 160’13 — 8023) + 57]3 A (293 — 6y +6022)
+ 504 AOr— s A (301 +2602) — Oy A (160, — 5023) + 61 A (9012 + 1409)
+ (32(93 +260’11 +50’12 — 12(722) /\92 + o33 A (10(93 +90']1 —40'22),
1
d?’]3=7‘[2/\€]+7T4/\€3+5?71/\(692+851+81§2+37]3)—2774/\§1—30’12/\0’23
+3n05 A (02 + 251 +28%) — 03 A (415" — 3387 — 603) + 10012 A (26" + 357)

1
+ 59" A (2460, + 41" 4+ 3382 — 3003) + 66, A (465 — 30712) + 1461 Aoy

7 21 L
+ 57734-791—20(5 +£&7) — 3013 | Ao,

Ay = AE T ANE A E +ED) 20 A (s + 05 +287) +m AE!
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1 5
+7I3/\(492+51+52)+5774/\(8022—2153)4-2775/\(022—53)4-5011/\022
1 3 1 1 2
+ 590—93 A (43¢ —022)+§91/\(6992—35 +9&° — 903) — 6013 A o3
1 I 2 1.5
+§92/\(4$ +12§ +210’13+O’23)+§E A(670’11+180’12—28022),

1 5
d'?s=7T4/\€l+§m/\(2775+2E3+022)—3773/\‘§1+3775/\(022—53)+§012/\022

1 1 13
— 700 —=26) A (68 — o) + 502 A oz = 646! —3£%) + 753 A (012 + 202)

1 3
+ 551 A (526) + 1282 — 23015 — 190%3) + 552 A 023

The forms 7y, ..., ns appear in the step of absorption of torsion in the structure equations.
We have

$1=rdt, $2=vixr_1 <dx+vxdy—|—(2 X—i—v}) dt),
53 :Uxx(zvxdt'i'dy),

1
n =3 v;vl dve, —2r Vdr — 3 Vex dy — Uy Uy, dt,
where r = b% # 0. We need not explicit expressions for the other MC forms in the sequel.
We take the following linear combination

N S EPY L L L

VUxx r r

Dr +2kov viy) dy

1 1 2 2 2
- = k2 va‘i‘vy vxx+(2k3+1)vxv)€xr +k1r dt!
r

where ki, k; # 0, k3 are constants, and substitute

wi wi
Usx = =75 r=—-=
ks w ky w
Then we have
d
—kls‘—kzsz—ksﬁz—(—w—ﬂdx L (ks + Dwy + 2K3v,0°) dy
w w 2k;w

— klw + ky (ks + 1)v, w1+k vx—l—v} dt ).
k2w 2

This form is equal to zero whenever w; = w, and w satisfies the following system of PDEs:

ki 5 2+l , (1 2%s+1 ,
wt=k—gwx+k—%vxwx+ va‘i‘vx Wy, Wy = 2k; wx—i-wax. (8)
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This system is integrable iff

1 3kiky — (k3 4+ 1)?
(vyy — Uy — (—vz — vy> UU> wy + %vuwi =0.

2" k3
To enforce this condition to coincide with mKz we put k; = % For simplicity of nota-
tion we also put k4 = 2k3+1 . Then (8) reads
4.5 3 1 2
—gk Twy +2k4vkw + —v + vy | wy, wy = kawy + Ve wy. )
When k4 = 0, we have the following system:
1,
w; = va—i—vy Wy, Wy = Uy Wy. (10)
It implies that
Ly w_ W (11)
vy = —, Vy=— — —.
e YT w, 2w?

The integrability condition of this system is the following equation:

wf — W, Wy

2
Wy

Wyy = Wiy + Wy (12)

When k4 # 0, we put w = s/ k4 in (9) and obtain
4 1 2
S = gsv + 2vxs + vx + v, Sy =8y + UxSy. (13)

This system was found in [4] via another technique. From (13) we have

s S 52 52

Y Y X
Uy = — — 8y, vy = — — -5, + =. 14
e s 282 V6 (14)

This system is integrable iff the function s satisfies the following equation:
2 2
Sy = SiSx 8
M:m+<LT—+§%W (15)
X

Evidently, we can rewrite (10) and (13) in terms of infinite-dimensional coverings over mKZ
in the same way as (1), (2) are rewritten in Example 1.
Combining (11) with (6), we have a Miu ra transformation

u=—— — (16)

u=-=2-—4= (17)
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238 0O.1. Morozov

from (15) to (3).

Applying Cartan’s method of equivalence, it is easy to show that the symmetry pseudo-
groups of (12) and (15) are not isomorphic, so these equations are not contact-equivalent.
Equations (10), (11), (13), and (14) entail the following Bicklund transformation from (15)

to (12)
252 ,
w; = <i+ ;x _25)'>w)(’ w,V= <s_"_sx> W,
Sy Sx

with the inverse transformation

_As? N 5¢ Ry sy + wy)

t— ’ .
3 Wy Wy

4 Multi-Valued Solutions of the Khokhlov-Zabolotskaya Equation

Now we apply the above results to finding multi-valued solutions for KZ. We use the follow-
ing ansatz, [1, Chap. VIII, § 5.IV]:

v, = F(vy), vy = G(vy). (18)

This system is compatible for arbitrary (smooth) functions F' and G. Substituting for (18)
in (5), we obtain

((G/(Ux))2 — F'(vy) + G(vy) — %vi) vy =0. 19)

We denote v, = z and put

F(z) = —éf + /((G’(z))2 +G(2)) dz. (20)

Then (19) is satisfied for an arbitrary function G. System (18) implies that the function z
satisfies the following quasi-linear system of PDEs:

7z =F'(2)zy, zy = G'(2)zy. 1)
The general solution of this system in implicit form reads
Q(x+ F'()t+ G'(2)y) =z. (22)

where Q(x) = z(0, x, 0) is an arbitrary (smooth) function. When (18) is satisfied, the Miura
transformation (6) has the form

u= %zz - G(2). (23)

Thus (23), (22), and (20) define a family of (multi-valued) solutions of KZ depending on two
arbitrary functions G and Q. Figure 1 shows the graph of this solution with G(z) = %zz and
Ox)=1+x)"atr=3.

The same computations provide multi-valued solutions of KZ corresponding to (12) and
(15). Namely, substituting for

w; = F(wy), wy = G(w,) 24)

@ Springer



Cartan’s Structure Theory of Symmetry Pseudo-Groups, Coverings 239

Fig. 1 The graph of solution
(23), (22), (20) of (3) with

G(z)= %22 and u0‘2 .x'.iiiii"\-
0w =+x)"latr=] 0.1 ||l',,',llllllii};i-.__%%
- ""”’ 7 /

2

0
y
4
in (12) yields
2
((G/(wx))2 — Flwy) - (G(“’x)) + F (“’*)>w” o0, 25)
Wy Wy

So for z = w, we put

G()\? d
F)=z / ((%) - (G’(z))z)f. 26)

The function z satisfies the same system (21) with the same general solution (22). From (24)

and (16) we have now
2
. (@) _F@ @7
z z

Thus we obtain a family of solutions of (3) defined in implicit form by (27), (22), and (26)
with arbitrary functions G and Q.
Likewise, we put

s = F(s0), sy =G(sx) (28)
in (15) and get

2 2
((G’(sx))z —Fls) - (G(S‘)) SR SX)sm —o.

P Sy 3

Then for z = s, we have

2 3
F(2) =z/<(@> - (G’(z))z)d—z - 29)
z z 6

From (28) and (17) we have

G@)\ F 2

u=(ﬁ> _f@ 2 (30)
Z z 3

This gives a family of solutions of (3) defined in implicit form by (30), (22), and (29) with

arbitrary functions G and Q.
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