Acta Appl Math (2007) 99: 309-319
DOI 10.1007/s10440-007-9167-1

Coverings of Differential Equations and Cartan’s
Structure Theory of Lie Pseudo-Groups

Oleg 1. Morozov

Published online: 10 October 2007
© Springer Science+Business Media B.V. 2007

Abstract We establish relations between Maurer—Cartan forms of symmetry pseudo-
groups and coverings of differential equations. Examples include Liouville’s equation, the
Khokhlov—Zabolotskaya equation, and the Boyer—Finley equation.
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1 Introduction

Elie Cartan’s structure theory of Lie pseudo-groups, [6-9, 16, 21, 40], provide a convenient
and powerful tool to study geometry of differential equations (DEs), [3-5, 10, 11, 13-15,
19, 21-24, 30-33, 35, 41, 42]. The theory is based on a possibility to characterize trans-
formations from a Lie pseudo-group in terms of a finite number of invariant differential
1-forms called Maurer—Cartan forms of the pseudo-group. Unlike computational technique
of Sophus Lie’s infinitesimal method, [1, 20, 27, 29, 39, 43], Cartan’s approach does not use
analysis and integration of over-determined systems of partial DEs and allows one to com-
pute Maurer—Cartan forms for symmetry pseudo-groups of DEs by means of operations of
linear algebra and differentiation. The Maurer—Cartan forms contain full information about
their pseudo-group. In particular, they give all differential invariants of the pseudo-group,
thus providing a complete and efficient algorithm for solving equivalence and symmetry
classification problems for DEs of physical and mathematical significance, [10, 11, 32-36].

In this paper, we establish a relation between the technique of Maurer—Cartan forms and
the theory of coverings of DEs, [25-27].

Coverings (or Wahlquist-Estabrook prolongation structures, [44], or zero-curvature rep-
resentations, [47], or integrable extensions, [4], etc.) are of great importance in geometry of
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DEs. The theory of coverings is an adequate universum for dealing with nonlocal symme-
tries and conservation laws, inverse scattering constructions for soliton equations, Backlund
transformations, recursion operators, and deformations of nonlinear DEs, [25-27]. A stan-
dard approach to finding coverings is developed by Wahlquist and Estabrook, [44]. It was
designed to apply to equations with two independent variables. Extending the method to
DEs with three or more independent variables is a difficult problem, see, e.g., [17, 18, 37,
38].

Our paper presents the following observation: for some DEs covering equations can be
deduced from invariant combinations of Maurer—Cartan forms of their symmetry pseudo-
groups. Our examples include well-known coverings of Liouville’s equation, the Khokhlov—
Zabolotskaya equation, and the Boyer—Finley equation.

2 Cartan’s Structure Theory of Symmetry Pseudo-Groups of DEs

In this section, we outline the algorithm of computing Maurer—Cartan forms for pseudo-
groups of contact symmetries for DEs of the second order with one dependent variable,
see details in [32, 35, 36]. All considerations are of local nature, and all mappings are
real analytic. Let w : R” x R — R” be a vector bundle with the local base coordinates
(x',..., x") and the local fibre coordinate u; then by J2(r) denote the bundle of the second-
order jets of sections of m, with the local coordinates (xi,u,u,-,uij), i,je{l,...,n},
i < j. For every local section (x, f(x)) of 7, denote by j,(f) the corresponding 2-jet
(x', f(x),df (x)/0x", 3% f(x)/0x'dx7). A differential 1-form 9 on J?(xr) is called a con-
tact form if it is annihilated by all 2-jets of local sections: j,(f)*9 = 0. In the local co-
ordinates every contact 1-form is a linear combination of the forms ¥y = du — u; dx’,
Ui =du; —u;j dx’,i,je(l,...,n}, uj; = u;; (here and later we use the Einstein summation
convention, so u; dx' = S ui dx', etc.). A local diffeomorphism A : J2(m) — J2(m),
A uug,u) e (X, @, i, 5), is called a contact transformation if for every contact
1-form ¥ the form A*¥ is also contact. We denote by Cont(J2(r)) the pseudo-group of
contact transformations on J2 ().

Let 3 ¢ R@*+D@+3)0+D/3 he an open set with local coordinates (a,bi,c, fi*, g,
Sij» Wi 2iji)s 1 jok € {1,...,n}, i < j, such that a # 0, det(b}) # 0, f* = fX, z;j =
Zjik = Zikj- Let (B,i) be the inverse matrix for the matrix (b;‘), SO B,i b;‘ = 8;. ‘We consider
the lifted coframe

O = a vy, ©; = g O +a Bf 9, B =c O+ f* O + bl dxt,

Tij = sij O + w; Ok + zijx X + a B B duy,

defined on J2(x) x H. As it is shown in [35], the forms (1) are Maurer—Cartan forms for

Cont(J2(rr)), that is, a local diffeomorphism A : J2() x H — J2(r) x K satisfies the

conditions A* @y = @y, A*®; = ®;, A*E = Ei, and A* Y;; = %;; if and only if it is

projectable on J?(rr), and its projection A : J2(m) — J?(rr) is a contact transformation.
The structure equations for Cont(J?(;r)) have the form

d®y=®) A By + E' A G,

d®; = ®Y A Og+ O¥ A O + EF A 2y,

dE =) A E — &L AEF + WO A @)+ W A By,

dSi; = ®f ATy — YA Zij + T AOg+ T A O+ Ayjye A EF,
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where the additional forms @9, &Y, ®¥, w0 Wi/, Tioj, Tl.’f/., and A;j; depend on differentials
of the coordinates of J.

Suppose € is a second-order differential equation in one dependent and n independent
variables. We consider & as a submanifold in J?(rr). Let Cont(€) be the group of contact
symmetries for €. It consists of all the contact transformations on J?(7r) mapping & to
itself. Let 19 : € — J?(;r) be an embedding, and ¢ = ¢y x id : & x H — J*>(7r) x H. The
invariant 1-forms of Cont(€) are restrictions of the forms (1) to € x H: 6y = 1*®y, 6; = 1*O;,
g =1*8", and 0;; = (*X;;. The forms 6y, 6;, £', and o;; have some linear dependencies, i.e.,
there exists a non-trivial set of functions E°, E?, F;, and G on & x H such that E°8, +
E'6; + F; € + G" 0;; = 0. These functions are lifted invariants of Cont(€). Setting them
equal to some constants allows us to specify some parameters a, b[’-‘, ¢is 8is Y, si i wlkj
and z;j; as functions of the coordinates on € and the other parameters.

After these normalizations, a part of the forms ¢) = (*®), ¢f = *®F, ¢ = *P?,
Yl = Wi i = g0 vioj = L*Tl-(}, vikj = L*Tikj, and A;jx = (*A;ji, or some their lin-
ear combinations, become semi-basic, i.e., they do not include the differentials of the para-
meters of . Setting coefficients of the semi-basic forms equal to some constants, we get
specifications of some more parameters of J{.

More lifted invariants can appear as essential torsion coefficients in the reduced structure
equations

dfo = ¢y NOo+E A6,

db; = ¢} N Oy + ¢ A6 +E" Aoy,

dg' =gy A& — G NE YO NG+ YT A

d(fij :¢l{</\0'kj —¢8/\O’,'j +Ui0j /\90+U{; /\Ok—i-k,-jk /\Ek.
After normalizing these invariants and repeating the process, two outputs are possible. In
the first case, the reduced lifted coframe appears to be involutive. Then this coframe is
the desired set of Maurer—Cartan forms for Cont(€). In the second case, when the reduced

lifted coframe does not satisfy Cartan’s test, we should use the procedure of prolongation,
[40, Chap. 12].

Example 1 For the symmetry pseudo-group of Liouville’s equation

Uyy = €", 2)
we obtain the Maurer—Cartan forms
0o =du —u.dx —u,dy,
91 :q71 (dux - uxxdx - eud}’),
0 =qge " (duy, —e"dx —uy,dy),
£'=gqdx,
gz — q—leudy’
3)

o =q *duy —ucdu, + oy +q’r)dx),

on=qg*e (duyy —uyduy + (uyuyy, + eS”q_3r2)dy),

m=q ' (dq —u,&"),

m=dri—=3rim+q (e +u3) O +E)+3q ug o + 3§l
m=dry+3r(m +60) +q*e " (uyy + u%)(@z +E&Y +3ge M u o0 + 4 €2,
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where g = b}, r1 = Z111, 2 = Z222, 13 and r4 are arbitrary parameters, while o, = 0. The
forms satisfy the following structure equations:

d6y=E'NO, +EX N0y,

doy =—n A0 — O ANEX+E' Aoy,

dfy =11 A2~ A (02 +E") + & Ao,

dg' = nE',

dg* = (60— m) NE°,

doyy=mAE' —2m Aoy,

doy =13 ANE*+2(n1 — 60) Ao,

din =~ + &) nE,

dm=oy ANE' =3 A +2(0, + &%) Aoy,

dns =y NE* 43001 —00) A3 +2(0, +E") Ao,

where «; and «, depend on dr; and drs.

3 Coverings of DEs

Let 7 : J®(r) — R”" be the infinite jet bundle of local sections of the bundle . The
coordinates on J*®° () are (x',u;), where I = (iy,..., i) are symmetric multi-indexes,
i1,...,ig €{1,...,n}, and for I =@ we put uy = u. For any local section f of 7 there
exists a section joo(f) : R" — J®(mr) such that u;(joo (f)) = 8*/ (f)/8x ... dx', where
#1 = #(iy,...,ix) =k and # = 0. Contact forms on J*>(;r) are defined by the require-
ment to satisfy jo(f)*® = 0 for any f. They are linear combinations of the forms
Vo =0y =du —u;dx" and O = du; — u;; dx’', #1 > 0. The total derivatives on J* (1)
are defined in the local coordinates as

a a
D= — i—
Ox! + Zul du,
#1>0

We have [D;, D;1=0fori, j €{l,...,n}and ¥; = D;(y), where D; = D;, o---0 D;, for
I={(,...,0). .
A differential equation F(x',u;) =0, #I < g, defines a submanifold £* = {Dg (F) =
0 [#K > 0} C J* (). We denote restrictions of D; and ©¥; on £ as D; and 9, respectively.
In local coordinates, a covering over €% is a bundle £*° = £€* x V — £ with fibre
coordinates v*, k € {1, ..., N} or k € N, equipped with extended total derivatives

- _ ) 0
D;=D; + ZT,-K(XJ,MI, vt)avK

such that [D;, 5j] =0 whenever (x',u;) € €%,
In terms of differential forms, the covering is defined by the forms

I = dv* — Tl-'((xj,ul, v7) dx’
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Coverings of Differential Equations and Lie Pseudo-Groups 313

such that do* = 0 (mod 5’, ¥;) whenever (x',u;) € €°. Let us call e Wahlquist—
Estabrook forms (WE forms) of the covering.

Remark 1 Let 9 be a WE form of a covering €= and s be an arbitrary non-zero parameter
such that ds is independent of the differentials of the coordinates of £*. Then the form s - ¢
is also a WE form of the covering.

Example 2 Consider the system of DEs

1
x — Ux )‘-vs ) — T . u—v’ 4
Uy =Uyt+Are vy 2)» e (€]
A =const, A # 0. We have (v,), = (vy), if and only if u satisfies Liouville’s equation (2).
Therefore, system (4) defines one-dimensional covering over (2) with the extended total
derivatives

~ — 8 ~ _ 1
Dx:Dx‘l‘(Mx-F)»e‘v)a, Dy:Dy_ﬁeu—va
and the WE form
3 1
ﬁ=dv—(ux+)»e”)dx+ﬁg"*vdy )
such that

dv = (—A u,dx + 21—)L etV dy) AT+ (tyy —€")dx ANdy
(mod 6y, 61, 65).
Excluding u from (4), we obtain Clairin’s equation, [12],
Vey +re’ vy =0. (6)

Therefore, (4) is a Bicklund transformation between (2) and (6).

4 Wahlquist-Estabrook Forms and Maurer-Cartan Forms

A very interesting feature is that for some DEs WE forms of coverings appear to be invariant
combinations of Maurer—Cartan forms for symmetry pseudo-groups of these equations. We
present three examples of this phenomenon.

4.1 Liouville’s Equation

Comparing (5) with (3), we have the following observation: the linear combination

u

1 dq 1 e
=t —2 =Y yapdit+—-Sa
nr=m S+2A$ p (uy +1q) x+2}\ p y

of forrlls (3) after the change of variable ¢ = e¢” becomes the WE form (5) of the covering (4):
1 = U. Another covering for (2) can be obtained from the linear combination

M2 =M m 5 0
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by means of the substitution g = e?+*/2:

1 1 1
o =dv — <§ U, +ke”+“/2> dx + E(uy + Xef"*”/z) dy.

This form corresponds to the one-dimensional covering of (2) with the extended total deriv-
atives

~ _ 1 a
szDx = Ux A vtu/2 )
+<2” e o

~ _ 1 1 _ a
D},sz—§<My+X€ v+u/2>£'

The corresponding equations

1 v+u/2 1 1 —v+u/2
b= gtk A, ”y:_§<”y+xe +/>

define a Bicklund transformation between Liouville’s equation and d’ Alembert’s equation
Vyy =0.

4.2 Khokhlov—Zabolotskaya Equation
The Khokhlov—Zabolotskaya equation
uu:uxy—i-uuyy—i-uf 7

describes dynamics of nonlinear acoustic waves, [45]. In [28] this equation appears in geo-
metric study of classes of the first order systems of partial DEs reducible to a single equation
of the second order. Namely, (7) follows from the system

vX:(vz—u)vy—uZ—vuy, V=0V, — U, (8)

as its integrability conditions: (vy), = (v;), Whenever (7) is satisfied. System (8) provide an
infinite-dimensional covering for (7) with fibre coordinates vy = v, vy = kv / 8yk, k eN,
the extended total derivatives

[ee)
~ _ ~. 0
D, = D, D/ ;- - - v) o
; +§ y((vo u)vy —u; Uou,)avj
j=0
> 9
D,=D, E Vi —,
Y y + . /+lavj
j=0
> B
— N nJ _
D.=D.+ E D{(vov; uy)avj,

~
Il
o

and the WE forms
50 =dvy — ((vé —U)vy —U; — Vo uy) dx —vidy — (vov; —u,)dz,

9 = Di(Do), keN.
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Applying the method described in Sect. 2 to the symmetry pseudo-group of (7), we obtain
the structure equations

d6o=1m NO+E NO +EXNO,+E3 NG,

3
doy =m /\<92+§91)+(92+2§2)/\90+§l/\011 + & Ao
3 1
+& Aoz — 5022/\91 — 2023 A6,
1 1
d92=§771 AO+E Nopp + (524—592) Ao+ & Ao,

1
d93=mA93+$3/\90+E3/\012+E'A013+<§93+E3>A022
+ (62 4+ £ Ao,
1 1 1
d§ = — 5771—022 NE',
2 1 2 3
d§”=—(n +6o) A& +§(771+022)/\‘§ +o3ANE”,

1
d$3=2023/\§1+§022/\§3,
doyi=2m A Gy +on+0on) +mAE + s AE +nynE?
— 60, A0, +011 Aoy +4013 A 0o3,
dop=n A (01 +00) +mAE +0 Ao +T0 AE
+0AQRE +EN+OAE + o012 Ao,
3
d013=771/\<5013+023)+773/\<§3+774/\§1
+ (6601 +560, +3EHAE + (36, — 28 +3E2) A6,
+oi3 Ao+ (36 +3012+202) Ao,
doy =40, +EH AEL,
1 3 | 2 3
d023=§771/\023+(93+$ INE + (O +E)NE,
dn =20, + &) AE",

3
d'?2=0l1/\5§1+062/\$2+053/\$3+5772/\022—773/\90

5
+mA <1291 +46, + 57724-3773) +6n4 A 023

+2(290+70’11 +2012) NG, +60; Aoy

+4(0o13 —2023) N5,
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3
dpz=ay AE -+ A <§773 +4§2> +260 A (66, —2&' +9&%)
+8&' Aoy — 68 Ao13 =236, —28' +6E%) Aoy

3
+ <§773 +66, —4§2> Ao —2(605 +E%) Ao,

3
dny=ay NE +az AE! +2(774+A§3)/\771+(5774—453)/\022
— 2@+ 701 +201) AE —2(56, —2&' +58%) Aoys
+ 503 + 66, +46, +2E%) Ao,
The Maurer—Cartan forms of interest are

uiz +uyy s2—uu

gl =sdx, g2 = ”d +—d + yzdz,
Siyy
du,, + (uyuy, +u,u,,)dx Uy, wy (yy) 72
0'23: Yz ( Yy 1/2& }}) — 2z 3/2 duyy+ )( y,v) dZ’
s (uyy) s (uyy)

where s is a non-zero parameter. We take the linear combination
- 1_ g2
u=on+K(E —§&)

where K = (uyyltyy, — Uy it yy,) uCyS /% is an invariant of the symmetry pseudo-group of equa-
tion (7), and make the following change of variables:

2 -2 )
uy, =vyv; K77, iy, =vy K.
Then we have

v
w= K_ls (dvo - ((v(z) —u) vy —u; —vouy)dx —vidy — (vov; —uy)dz).

This form, in accordance with Remark 1, is a WE form of the covering.
4.3 Boyer-Finley Equation

The Boyer—Finley equation
Uxy = (e”)zz (9)

is obtained in [2] in studying real Euclidean self-dual Einstein spaces with one rotational
Killing vector. The covering equations

vy =1, +e’ Uz, Vy = eu—v(vz —uz) (10)

for (9) are found in [46]. Equations (10) define an infinite-dimensional covering over (9)
with the fibre variables vy = v, vy = 8*v/8z%, k € N, extended total derivatives

N W
. =D, Z D (uy —l—eovl)ﬁ
_ J
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o0 - 8
J (,4—vo0 _ N
+ Y DI(e" ™ (v uz))avj,

Jj=0

~ _ ad 9
=D+ ZUHI;’
Jj=0
and WE forms

50 =dvyg— (uy +e™v))dx —e" vy —u,)dy — v, dz,
5}< = 55(50), keN.

The structure equations for the symmetry pseudo-group Cont(€) of (9) have the form

dE' = NE', dE* =wy NE, d&E’ = w3 NE,
doy = &' A ws, dw, = £* A ws, dw; =0,
dw4=—w1Aa)4+w6/\.§], da)5=—a)2/\a)5+a)7A“§2,
dw6:a1/\.§l—2w1/\a)6, da)7:a2/\$2—2a)2Aw7,
dwg =0, dwg = —2 w3 A wy,

where wy, ..., wo are invariant combinations of 8y, 0, 6,, &, €2, &3, o1y, 013, O, 023,

and o33. We have

3 u
Uy, u.e
1 Xz 2 4 3
& = dx, &= dy, & =u,dz,

u; Uy
du,, du du du du,
o =—=— = _y. dx, wy=du+3— — JCz—uydy, w3 = —.
Uy Uz Uz Uy Uz

For any local section /4 : R3?> — R? x R of the bundle 7, & : (x, v, 2) = (x,y,z,u(x,y,2)),
the forms h*w; are horizontal components of the forms w;. If the function u from £ is a
solution of (9), then h*w; and h*& i are invariant w.r.t. Cont(€). Since

Uy dx +uydy+u,.dz Uy U
By = 2 yz &y @l _ gty Mz }zh £ + *53’
u, u?
the functions
U UxzUyz
L =—, L=
u? ude

are invariants of Cont(&). Invariant derivatives ;, i € {1, 2, 3}, of Cont(€) are defined by
the identity joo(h)*d H = joo(h)*(D;(H)) h*€' for an arbitrary function H on £, that is,

_ . -
D= -2D,, Dy=—2%D, Dy=—D,.

3 ou
Uy, uje u,

It is easy to show that every differential invariant of Cont(&) is a function of ]D)i‘ ) ]Dé2 )
D'; (Iy), k € {1, 2}, but we need not this result in the sequel.
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Now we consider the invariant combination

M:wl—w3—151+(1—1)52—J53

du,, du, Xz ule"
= M U —<ux+Ju ”)dx+(J—1) ‘" —dy—Ju.dz,
Ux; Uz z Uyz
where J =D, (/). The change of variables
vo=1Inu,, —2 Inu,, vl:uMZ —ZMZZ =Ju,,
Uy; Uz

gives
w=dvy— (uy + e v))dx —e" " —u,)dy — v, dz.

This is the WE form 50 of the covering.

5 Conclusion

We have shown that coverings of some nonlinear DEs can be derived from Maurer—Cartan
forms of their symmetry pseudo-groups. This interesting and intriguing connection between
local and nonlocal aspects of geometry of DEs will require further study. We hope that more
examples of the discussed phenomenon will allow to clarify the relation and its underlying
theory. Also, we believe that these results will shed additional light on the complicated
methods for constructing coverings of DEs with more than two independent variables.
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