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Abstract

This paper studies the application of the structure theory of infinite-dimensional
pseudo-groups to computing symmetries of differential equations. The main
tool is a combination of Cartan’s method of equivalence and the moving
coframe method introduced by Fels and Olver. Our approach does not require
a preliminary computation of infinitesimal defining systems, their analysis
and integration, and uses differentiation and linear algebra operations only.
Examples of its main features are given.

PACS numbers: 02.20.Qs, 02.20.Tw, 02.30.Jr

1. Introduction

The theory of symmetries of differential equations (DEs) was created by Sophus Lie more
than a 100 years ago. One of Lie’s greatest contributions was the discovery of the connection
between continuous transformation groups and their infinitesimal generators, which allows
one to reduce complicated nonlinear invariance conditions of DEs under the action of
a transformation group to much simpler linear conditions of infinitesimal invariance—
defining equations of symmetry algebra. Lie’s method turned out to be a powerful tool
for studying differential equations, finding their exact solutions, conservation laws, etc
[1, 4, 13-15, 18, 19, 29, 30]. It requires integration of the (over-determined) system of
defining equations to find a symmetry group admitted by DEs explicitly. In the last decade,
methods which do not use integration but rather extract information about the structure of
symmetry groups directly from their infinitesimal defining systems were developed by Reid
and Schwarz, [23, 24, 27, 28]. It was shown how to calculate the dimension of the finite Lie
group, and in [23, 24] it was also shown how to find the structure constants of the symmetry
algebra in the finite-dimensional case. In [16, 17] the method of [23, 24] was generalized to
the case of structurally transitive infinite Lie pseudo-groups. Specifically, it was shown how
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to obtain the Cartan structure equations of the symmetry pseudo-group admitted by a system
of DEs from its infinitesimal defining equations.
Elie Cartan’s theory of infinite Lie pseudo-groups [5-9] does not use infinitesimal methods
and is based on the possibility of characterizing an infinite Lie pseudo-group on a manifold M
as the set of projections of bundle transformations on a principal fibre bundle M x G — M,
where G is some Lie group, that preserve a collection of 1-forms ¥’ on M x G. The equations
that express the differentials d' through the ¥ and modified Maurer—Cartan forms * of the
group G,
Ao’ = AL u A + T Aot

o

are called Cartan structure equations; they include important information about the pseudo-
group (see, particularly, [20, theorem 11.16]).

In the present paper we apply Cartan’s method of equivalence, [9, 12, 20], and the moving
coframe method introduced by Fels and Olver, [10, 11], to computing invariant 1-forms of
a symmetry pseudo-group of partial differential equations. We treat the case when either
there are more than one dependent variable, or the order of DEs is greater than 1, since the
pseudo-group of contact transformations acts transitively on the set of partial differential
equations of the first order with a single dependent variable, [13, section 14.1]. The case of
ordinary differential equations is treated in [10, section 9]; see also [20, ch 12] and references
therein.

A system R, of DEs of order s in n independent variables and m dependent variables
is locally considered to be the sub-bundle in the bundle J*(£) of s-jets of the bundle
E =R'xR" - R". A pseudo-group of symmetries Lie(R) of the system Ry is a
subgroup of the pseudo-group Lie(J*(£)) of contact transformations of the bundle J*(£) and
consists of those transformations which preserve the sub-bundle R,. So the problem of finding
the group Lie(Ry) is a particular case of the general problem of equivalence of embedded
submanifolds under the action of a pseudo-group, and the moving coframe method, [10, 11],
could be used for solving this equivalence problem.

Some simplifications are possible if we deal with the first-order systems of DEs. From
[22, theorem 3.3.1.] a system R, is equivalent to the system R, of first order, which is
the sub-bundle in J 1(<‘f), where & = J s=1(€), and, from the theorem of [13, section 17.4],
the symmetry groups Lie(R,) and Lie(R,) of the systems R, and R are isomorphic. The
pseudo-group Lie(R,) is a subgroup of the pseudo-group Lie(J'(£)). From Bicklund’s
theorem [3], contact transformations on J' (€ ) are prolongations of point transformations on
£. Cartan’s method of equivalence allows us to compute invariant 1-forms which define
the pseudo-group of contact transformations. Then we can find the invariant 1-forms of the
pseudo-group Lie(R ). To do that, we should take the following steps. First, we restrict the
invariant 1-forms of the pseudo-group Lie(J ! (é)) on the sub-bundle R, and obtain the set
of linear dependent 1-forms. Next, we apply the procedure of normalization to the resulting
linear dependences among the restricted 1-forms. Finally, we apply the operations of Cartan’s
equivalence method to the restrictions on R; of the structure equations of the pseudo-group
Lie(J'(&)).

2. Invariant 1-forms and structure equations of the pseudo-group
of contact transformations

According to [22, theorem 3.3.1.] a compatible system R, of DEs of order s is equivalent to
the system R; of order 1, which has more dependent variables. So it is possible to restrict our
attention to the case of s = 1.
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Let R be a system of partial differential equations of first order, considered to be the
sub-bundle in the bundle J'(£) of 1-jets of the bundle £ — X over an n-dimensional base

manifold X, with g-dimensional fibres. Let (x', x2, ..., x™) denote the local coordinates of
the base X and (u', u?, ..., u?) denote the local coordinates of the fibres of £. Then the local
coordinates of the bundle J'(&) are (x',... . x", u',...,ud, pi,....pL ..., pl, ..., ph),

and a local section f: X — &, defined by the equalities u®* = f*(x), o« € {1, ..., g}, has the
corresponding 1-jet ji(f): X — J'(E), defined by the equalities u® = f(x), Pl = a-’;i(f),
aell,...,q},i e{l,...,n}L

A differential form 9 on J'(€) is called a contact form if it is annihilated by all 1-jets:
J1(f)*® = 0. In local coordinates every contact 1-form is a linear combination of the Cartan
forms ¥ = du® — p¥ dx’, @ € {1,...,q} (here and later we use the Einstein summation
convention, so p? dx' = Y7, p¥ dx' etc).

A local diffeomorphism A : J'(E) — JY(E), A: (x,u, p) — (X, i, p), is called a
contact transformation, if for every contact form ¢, the form A*P is also a contact form; in
other words, if A*9* = da® — pf dx' = ¢f (x, u, p)® for some functions ¢g on J(E).

From Bécklund’s theorem [3], in the case of n > 1 and ¢ > 1 every contact transformation
A THE) — TH(E)is aprolongation of apoint transformationI": £ — &£,I": (x, u) — (X, i),
where the functions p¢ are defined by the equalities

Bﬁ"‘ a* 5 [ 0X 8x 8 )
dx/ 8uﬁ Pir=Pi\ g5 8uﬁ P
To obtain a collection of invariant 1-forms of the pseudo-group of contact transformations
on J'(€), we apply Cartan’s equivalence method [9, 20]. For this purpose we consider the
coframe { (9%, dx’,dp{) |@ € {1,....q},i € {1,...,n}} on J'(€). A contact transformation
A acts on this coframe in the following manner:
D B
A dx' | =8| dx!
dpf dpj’

where S: J'(£) — G is an analytic function on J!(&), taking values in the Lie group G of
non-degenerate block lower triangular matrices of the form

a 0 0
c, b0

o o aj
Fg G hig

In accordance with Cartan’s method of equivalence, we consider the lifted coframe on
JWE) x G

0 = ajv’ g = c,0f + bl dx/ T = fu0f + gt B +h) dpl )

1

where for convenience we use the notations Cfs = C;AE, 5 = F Ay - G, B’cﬂ,
g% = G%B%; (Af) is the inverse of the the matrix (a$), (B/) is the inverse of the matrix
(6%), so a"‘Aﬁ = 8¢ and b’ B} = 8i. To find an invariant coframe we use the procedure of
absorptlon and normallzatlon of essentlal torsion coefficients [20, ch 10].

Taking exterior differentials of 1-forms ©% and substituting the differentials du®, dx/,
d pf expressed from equations (2), we obtain
40% = (dag Al +ag B (ch () — f10° — gl &) — f'7 ES)) NS

sy

+aB{HE B A B! —af B/ HI ¢l EX A &
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where the functions H ;Sf are defined by the conditions H ]’S}f h,};; = 8_"]-85. The multipliers of

EF A =) and EF A B! are essential torsion coefficients. We normalize them by the following
choice of the parameters of the Lie group G:

h{j = a§B} (3)

8 = &ji (4)
Then we have

dO* = d4 A OF + EX A T (5)

Y =dal A} +cl [0 — fi BY — chgt B + Y. (6)

Now the exterior differentials of &' and X7 become

ds":q:,iAaMniyA@)V )

A = QA S] — WS AS{ + A A O +QF A E/ (8)
where
Wi =db' B} — i xf )
Hi, =dc§,+c%<l>f —c/;\I',’;—cl;c%E,f (10)
Al = df+ [0 + gl TT — fly (0% — ¢k £ 0% + £ B  + kgt BT — L 5¥)

+ fiy (W + S 2)) + ch fe 2] (11)
Q= dgfy + g5V + g5V — 3] — fE — gl (95 — £, ©F

+ [ B + el gt B — b xy). (12)

We note that the conditions (4) imply
Q= Q5. (13)

Thus the specifications (3) and (4) of the group parameters of the coframe (2) give the lifted
coframe

0" = ag (du” — pf dx/) (14)
g =0 + b’ dx/ (15)
T¢ = f30F + g% & +aly B! dp’ (16)

on J'(£) x H, where H is the subgroup of the group G defined by the equalities (3) and (4).
The structure equations (7) and (8) do not contain any torsion coefficient, while the structure
equations (5) contain only constant torsion coefficients.
The structure equations (5), (7) and (8) remain unchanged if we make the following

change of the modified Maurer—Cartan forms ¢, \Il};, H;, Af‘ﬁ, Qf‘]

®p > @p+ K5, 07

\Il,’( — \IJ,’( + L’le-’ + M,’(Y(H)V

M, M, + M, E* + N ©°

Al > Afy + P ©F + 0y BE + K3 — M3y

Q> Qp + 05, 0F + RY BF — L XY
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where K}‘fe, L}'(j, M,iy, Nl",f, Pl%y, ;"ﬁk, Rf_‘]-k are arbitrary functions on J'(£) x H satisfying

the following symmetry conditions:
K=K, L=l M=, -
Pigy = Piyp ik = Qipi Riji = Rii; = Rjir-

Their number

2

rO = %q g+1)+ %nz(n +1) +n2q + %nq(q +1)+ %nqz(q +1)

+ing’(n+ 1)+ tqn(n+ D(n +2)

is the degree of indeterminancy, [20, definition 11.2], of the lifted coframe ®¢, g, X
Using conditions (13), it is not hard to compute the reduced characters, [20, definition

11.4], of this coframe: 5} = s = --- =5, =g +n+nq,s,,; =n+nq,s,,, =n+n—1lyg,

s;+2:n+(n—2)q,...,s‘/[+n_1=n+2q,s/ =n+gq,s =y 0.

q+n g+n+1 =,
It is easy to verify that the Cartan test

g+n+2 = g+n+nq =

!/
g+n+ng

is satisfied, so by definition 11.7 of [20] the lifted coframe (14), (15), (16) is involutive,
and by theorem 11.16 of [20], since the last non-zero reduced character s, ., is equal to
q + n, the transformations of the invariance pseudo-group of this coframe depend on g + n
functions of g +n variables, as it should be. It is easy to directly verify that the transformation

Y:JYE) x H— JY(E) x H satisfies the conditions

T*OY = @* T*E = & T*EY = 2¢ (18)

rM =1 +25) +3s, + -+ (g +n +nq)s

if and only if it is projectable on J ' (£) and its projection A: J' () = J'(E), A: (x,u, p) —
(x, i, p), is the prolongation of the transformationI": £ — &, T": (x, u) — (X, 1), such that
conditions (1) are satisfied. Thus the equalities (18) really define the pseudo-group of contact
transformations on J'(£), wheng > 1 and n > 1.

Since the forms ©%, &', T¢ are preserved by the pseudo-group transformations, their
exterior differentials are also preserved, so Y*dOY = dO®%, Y*d&' = d&, Y*d&Y = df;
therefore we have

T (PEAOP+E AT = (YY) AP +E AT =5 AOF + B A S
T (U A B+ T AOY) = (YU A BF+(TH) A O = Wi A BF+TT), A ©F
T (DU NS —Uf AEY+AG AOF + QA EY)
= (YR AZ) — (TH) A S+ (THA) A OF + (T*Q¢) A B
=QIAS] —WASE+ALAOF+ QY A E
and thus
T Of = df + K5, 07
T = Wi+ Ly, E + M}, 07

_ . o
Y, =IT, + M, E" + N, ©° (19)
T*Ajy = Al + P 07 + Q% B + K&, 57 — My %Y
THQ = QF + 0, 0° + Ry EX — LI 5¢

for some functions K¢, L};j, M,iy, N}",é, P%,, Qi R on JUE) x H satisfying

conditions (17).
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3. Symmetries of differential equations

For application of the moving coframe method, [10, 11], to the problem of finding symmetries
of a system of DEs R, we restrict the lifted coframe (14), (15), (16) on R;. That is, we
consider the set of 1-forms 6% = (*@%, & = *E', 0¥ = *T¥, where t: Ry — J'(€)
is the embedding (for brevity we identify the map ¢ x id : Ry x H — J'() x H with
1: Ry — JYE)). The 1-forms 0%, &, o/ are linearly dependent, i.e. there exists a non-trivial
set of functions Uy, V;, Wi on Ry x H, such that U,0% + V;§' + Wicf =

Setting these functions equal to some constants allows one to express a part of the
parameters ag, b;, c;, l-‘;;, g;’; of the group H as functions of coordinates of R and other
group parameters. Substitution of the obtained values of the parameters into the modified
Maurer—Cartan forms q’)g = L*‘D%, w,i = L*\IJ,i, 71;3 = (*ITL, )»j?‘ﬁ = "A%, o, = 1*QY, makes
a part of these forms, or their linear combinations, independent of all differentials of the
group parameters. Since the transformation T* changes the forms ®j, v 1'[:'3 by the rules
(19), in the case when the obtained form ¢§ does not depend on all differentials of the group
parameters, its coefficients at a}' and &/ are lifted invariants of the pseudo-group, and if the
obtained forms /] or ng are independent of all differentials of the group parameters, their
coefficients at o }/ are also lifted invariants. Normalizing these lifted invariants to be constants
allows us to express a part of the group parameters as functions of coordinates on R; and
other group parameters. If not all group parameters are expressed, we should substitute the
expressed parameters into the forms qbg‘, w,i, n;, which depend on their differentials, and
repeat the process. If the process is completed, but not all group parameters are expressed as
functions on R, we should substitute the modified Maurer—Cartan forms d)g s I/J,i, n}’;, Aj?‘ﬁ, a)f; s
which were reduced during the process of normalization, into the reduced structure equations

do* = ¢ A 6P +E° Aoy
[N RS S y

d&' =y NE +m, NO

dof = ¢2 Aol — U Ao +hiy AOP + o AET
If the essential torsion coefficients dependent on the group parameters appear, then we should
normalize them to constants and find some new part of the group parameters, which, on being
substituted into the reduced modified Maurer—Cartan forms, allows us to repeat the procedure
of normalization. There are two possible results of this process. The first result, when the
reduced lifted coframe appears to be involutive, outputs the desired set of invariant 1-forms

which characterize the pseudo-group Lie(R). In the second result, when the coframe is not
involutive, we should apply the procedure of prolongation [20, ch 12].

3.1. Example I: Burgers’ equation

For the application of the above method to finding invariant 1-forms of the symmetry group
admitted by Burgers’ equation

Up = Uyy + Uy
we take the equivalent system of first order

Uy =V Uy = U; — uv.

Denoting x = x',t =x*, v=u',u =u?, v, = pl,v, = p}, u, = p?, u, = p3, we consider
this system as a sub-bundle of the bundle J' (&), £ = R? x R? — R?, with local coordinates
{x', x2,u', u?, p{, p}, p}. p3}, where the embedding ¢ is defined by the equalities

1 2 1,2 2 1
pyL=p,—uu py=u.
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The forms 6% = *®%, « € {1,2}, & = *E, i € (1,2}, are linearly independent, whereas
the forms o/ = (*X are linearly dependent. The group parameters ag, b; must satisfy the
conditions det(ag) # 0, det(b_"j) # 0. Moreover, without loss of generality, we can consider
thata; # 0, a% #0,b] #0, b% # 0. Computing the linear dependence conditions of forms
of by means of MAPLE, we find sequentially the group parameters a?, b?, b3, g2,, g3,
gl f122, f121, g%z, f222, f2211 as functions of other group parameters and the local coordinates
{x', x2, u', u?, p), p3} of R,. Particularly,

d=0 =0 p=tG g Cphrdcheph)
a (v})’
a2 (p2 — u'u?) wWH2a! —alp? —alp) —u' w?)2a' + p2alu® + u'ulal
8%12_ 2\P2 . gl = I 2P 1P2 . 11 Py 2
(b1) (b1)

2= (b})2a21+p; (a]])zcgbhu]u (a ) bics —u'u*aiciblal — (all)zblc2 + piasciblal
. ()’ ai

2 2 2 2

e (caibial— (e 0if) picladbal i () bkt @l i+ 0]
- (v))'al

while the expressions for g3,, £ and f7; are too long to be written out in full here.
The linear dependences between the forms o are o] = 022 and 012 =0.
The analysis of the modified Maurer—Cartan forms ¢g, ¥, rr}", at the obtained values of

the group parameters gives the following normalizations:

a3 2
a
¢ = clog + 34 bl (mod6', 6% &%, 03) = ;=0 bl = ﬁ
¥y =29 = (261 ) oy = ¢ =2c
Y+ ¢ — @3 = —2cjo; (mod6', 0%, &' E%, 0)) = c] =0
a1a2—a1a2u2+b
IZE_ flll 292 2a2 ( ) 5.2 (m0d91,92,§'1,0’21,022)
2
2 1,22 1(,1)\2
a2a2 —a,ayu” +b, (al)
:>f1]1 =- 3 .
a

Now the analysis of the structure equations gives, step by step, the following essential
torsion coefficients and the corresponding normalizations:

d0' = —c}0° Nog+- =) =0
1
1 2\3 ,1 1 10202 N2 1.1\ p2 1 1, % 1\ 2 2
do :((az) flz_(az) a2+a a,ayu —(a]) a2b2)9 ANE +<f22+?f2])9 ANET+---
2
2
ai (azlag —ala}a3u® + (af) azlb;)

(a3)’

1
1 1 ay .
= fin= f22:_;f21
2
1.2.2 1(,1\2
, 2(2a2a2—a1a2u +b2(a]))] , ]
d = E A+ = al=

(a3)’

ay (a3u’ — bay)

2a2
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(al)” (4 (ad)u’ — 23blal® + (@3)° )2 + (b))’ (a])?)

d&! = 131 EVAE +. ..
(a3)"
o (@) (4 (ad)u! — 2adblalu? + (a3) @)+ (b)) (a])?)
=== 3
(a3
2
do) = _{a) (béc’l:a%”z)el ANO 4 = bl = “gﬁ‘z
(a3) a
nN3/.2_ 1.2 1
daf:(a]) (p23uu)92/\§1+...:>a§:7a1 7
(a2) (P2 —u'w?)
do? = ! 92 /\0-22+...:>a]]:%
3aj (p3 - )2/3 (P2 _”1”2)2/3
2g! 2u' 3u!
o' =— (224 — = o' A+ gl =
( 3 (Pﬁ—uluz)m) 2 B —we)”
2(=2(p3) + Tuu?p3 — S + 20"y - 3u' pl)
doy = | —gn + > Enbt-
(7} — ')
1 2(—2(p§) +7u'u?p3 — 5'u®)? +2(u')’ — 3u! pz)
= 8n = .

(P2 —ulu)’

Thus all the group parameters are expressed as functions of the local coordinates
{x", x%, u', u?, p), p3} of the equation R;. The result of all normalizations is the invariant

coframe

du]—(p —u'u )dx — phdx?

o' = )2/3

(p% ulu
92_du2—u1dx —pzdx2
= (p%_uluz)m
gl = (p% —u'u 2)1/3 (dx" + u? dx?)
Szz(pg— ]2)/dx

ol — dpl —u*dp3 + (u*?* — 2u') du' + u'u® du,
) =
(73— )"
(p —u'u )dx + (4(u ) — 7(u1u2)2+11u]u2p2 —4u'p) —4(p%)2) dx;
* 2 4/3
(p3 —u'w?)
o2 — dp3 —w?du' —u' du® — (p' +ulW?? — whH? — ung) dx!
2 p — ulu2
N (4(141)2u2 + (u2)2p% —u'w?? — uzp — 3u1p%) dx?
2 1,,2 :

p; —u'u
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Its structure equations are
do' = 10" NE'+20' Nog +E Ao +ET Ao,
d0* = —0' AE'+1I0P NE' + 107 NoT +ET NS
de' = 0> NE> — L&' Ao3
dg* = IE' ANE* =387 Aoy
doy = —0' nE'— 610" NE> — 210> NE' — 0P Aoy — 15IE' NEP
—21' Aoy +7$2/\<722+%021 N
doy = —30' NE2+ 0> AE' = 210° NEP+E Aoy — 2IE Aoy
where the only invariant / has the form
2(py +u' @?)? — (") — u?p3)
4/3

3(p3 —u'w?)

Taking its exterior differential, we obtain

dI = —20> — 216" + 26> + %0, — %105

I =

so all derived invariants of the group are functionally expressed as functions of /. Therefore
the rank of the coframe, [20, proposition 8.18], is equal to 1, and, by theorem 8.22 of [20], its
symmetry group is five-dimensional (as it should be; for full details of finding infinitesimal
generators of this group by Lie’s method see, e.g., [30, ch 3, section 5].)

3.2. Example 2: one-dimensional equations of gas dynamics in Lagrange coordinates

One-dimensional dynamics of polytropic gas in Lagrange coordinates is described [26], by
the system of DEs

1+ Pty =0 U+ pw =0 pi+ypputy = 0. (20)

Denoting p = u', u = u?, p = u3,t = x', m = x? and using the above method, we obtain

the invariant coframe of the symmetry group of the system (20)

1
ol = — (du1 + (ul)ngdx1 — pé dx2)
u

[
0% = u_3 (du2 + pg dx! — p% dxz)
yu

1
63 = — (du3 +yulu3p§ dx! — pg de)
yu

1
1_ U 2
SV

£2 = u'p?dx! (21)
2 2 2
v U fydd (s = D@ (p) e — (py) @) — (p3) @,
0y =<3\ T dp, — —du — T30 dx
u pz u u 2M (M*)

1 y—1 2
022= ; 2(dp§+ 5 (u])z(pg) dx]+p21p§dx2>
ulps
1 y 2
05 = — <dp§ +yu' p3pydx' — u' (p3) dx2>
pivyulu

—1
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(since from the physical meaning we have u' = p > 0 and u®> = p > 0; therefore there is no
need to worry about the signs of the expressions under the square roots).
The structure equations of this coframe are

o' =0' NE*+E Aoy —EP A OF

d0> = 10" N0+ LOP NP + 0P ANE + LROP AETHE Aoy —E7 A3

o} =0' AE2+ O AE'+E NS —EP A oS

dg' = 10" nE' - Lo AE —E Ao

' NEX —EX N oF

doy =1y(y —DO'Ag' = 10" noy =L (217 —y?+y) P AE' + L0 Ao,
+11§1/\0’21+)/()/—1)%‘1/\0’22—)/1251/\0234-021/\0’22

daZZ:VT_IQI NET—E' Ao,y —)’T_léz/\crz2

doy = =510 AE + L' AET - 10" NS — 50° Aod + (v — DE' Ao}

— &! /\023—12.52/\022—022/\023.

o
Sr
|39
I

The invariants /; and I, are defined by the equalities

;= Jyulpau = pyed Lo [ Y P
ul 2(141)2])% ulu3 p%'

Their exterior differentials are

I 4 1 14
dI, = —59‘ + 5= 510 + 502' — Lo} + 503

I I —1
dl, = —3291 +y <11 - 32) 6 + <% - 1112>$1 — Lo, +yo;

so all derived invariants of the symmetry group depend functionally on /; and I,. Thus the
coframe (21) has rank 2, and the symmetry group of the system (20) is six-dimensional. In
[2, ch 3] the explicit form of the infinitesimal generators of this group is given.

3.3. Example 3: Liouville’s equation

For finding invariant 1-forms and structure equations of the symmetry pseudo-group of
Liouville’s equation

Uiy = eu

we take the equivalent system of first order

U, =v vy = e".

1 1

Using the notations # = u', v = u?, t = x', x = x? and applying the above procedure of
absorption and normalization, we have o = 0, 0 = 0, while 0!, 6%, ¢!, £2, o) and o}

constitute the lifted coframe
0" =du' — u®dx' — p}dx?
0? = a3 (du2 — prdx' —expu) dxz)

1 Nl 1
= d
£ = (1) dx 22)
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g2 = aj exp(u') dx*
—1 -1

o, = (a3)  exp(—u')dp; — (a3)  dx'+ajg3,exp(u') dx?
2 -3

012 = (a%) (dp]2 —u?du® + ((a%) glzl + szlz) dx]) .

The exterior differentials of these forms are

do' = —0> nE'+E A o)

do* = 1 A0? —0' ANEX+E Ao}

dg' = —xi n &'

(23)

de> = i NEP+0' N E°

dcr2l = AEZ— x /\cr2l —0'A (021 +.§])

do? = 3 ANE' +2) Aot

where
—1
X1 = (a%) da% +a§u2$]
—1
X2 = dg212 +2g212()(] +9]) + (a%) exp(—ul)p21 (él — 02]) + wléz 24)

2
x3 =dgt, —3ghix1 +(a3)” (p + W??) (07 +E%) + 3a3u’o] + w)é'

w; and w; are free parameters. The structure equations (23) do not contain any torsion
coefficient depending on the group parameters. The coframe (22) is not involutive,
because its degree of indeterminancy r is 2, whereas the reduced characters are s; =3,
sé =... = sé = 0, so Cartan’s test is not satisfied. Therefore we should use the procedure
of prolongation [20, ch 12]. For this purpose we unite both coframes (22) and (24) into the
new base coframe, whereas w; and w, turn into the new group parameters. Finding exterior
differentials of x;, x» and x3, we have

dp =02 ng' —E A g
dip=vi AE2=20" A 1 — 21 A 2 (25)
dys = AE' +2(02 +EH) Aal +3x1 A x2
where
v =dw; +3w; (0" +x1) + ((ag)_] exp(—2u') (p;)2 — géz) (&' +0,)
— (@) exp(—u")pixa
vy = dws +dways +2 ((a§)3 u?)? — g%l) 02 +£2) +2 (a2)’ (WD) = 2p3) 07 +3adu’xs.
The structure equations (25) admit the change
V> v+ £ V) > vy + 2oE !

with the free parameters z; and z,. So the degree of indeterminancy of the coframe (22),
(24) is r'V = 2 again, while the reduced characters now are s; = 2, s} = --- = 5§ = 0.
Cartan’s test is therefore satisfied, and the coframe (22), (24) is involutive. Since the last
non-zero reduced character is s; = 2, the symmetry pseudo-group transformations depend on
two arbitrary functions of one variable. This agrees with the result found by Lie [15, Bd. 3,
S. 469-478]. In [16, 17] the structure equations of this pseudo-group are obtained using a
different method; see also [25].
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4. Conclusion

We have demonstrated the possibility of applying the combination of Cartan’s equivalence
method and the moving coframe method to computing invariant 1-forms and structure
equations of symmetry pseudo-groups of DEs. The approach used here does not require finding
infinitesimal defining systems, analysis of their involutivity and integration and includes only
differentiation and linear algebra operations. So it is algorithmic in principle, although the
labyrinth of the corresponding computations is very intricate. Further work should be done
to reduce the complexity of computations by means of using invariant 1-forms which define
contact transformations on bundles of higher order jets, see [21].
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