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Symmetries of Differential Equations via Cartan’s
Method of Equivalence

O. I. Morozov

Abstract. We formulate a method of computing invariant 1-forms and structure
equations of symmetry pseudo-groups of differential equations based on Cartan’s
method of equivalence and the moving coframe method introduced by Fels and Olver.
Our apparoach does not require a preliminary computation of infinitesimal defining
systems, their analysis and integration, and uses differentiation and linear algebra
operations only. Examples of its applications are given.

1. Introduction

The theory of symmetries of differential equations was created by Sophus Lie more
than a hundred years ago. One of Lie’s greatest contributions was the discovery of
the connection between continuous transformation groups and their infinitesimal ge-
nerators, which allows one to reduce complicated nonlinear invariance conditions of
d.e.s under an action of a transformation group to much simple linear conditions of
infinitesimal invariance — defining equations of symmetry algebra. Lie’s method turned
out to be a powerful tool for studying differential equations, finding their exact solutions,
conservation laws, etc. [[4, [l @, I3, I8, [9, Y, [, BJ]. In almost all cases the
infinitesimal defining equations of the Lie pseudo-groups of symmetries of d.e.s can
be derived algorithmically. Lie’s method requires an integration of (over-determined)
system of partial differential equations to find a symmetry group of d.e.s explicitly. In
the last decade methods which do not use an integration but rather extract information
about structure of symmetry groups directly from their infinitesimal defining systems
were developed 23, B4, B7, B§. It was shown how to obtain the dimension of the
finite Lie group, and in [23, 4] it was also shown how to find the structure constants
¢’y of the symmetry algebra in the finite-dimensional case. In [[@, [ the method of
B3, 4] was generalized to the case of structurally transitive infinite Lie pseudo-groups.
Specifically, it was shown how to obtain the Cartan structure equations of the symmetry
pseudo-group for a system of d.e.s from its infinitesimal defining equations.

The theory of infinite Lie pseudo-groups was created by Elie Cartan Bl - @ It does
not use infinitesimal methods and is based on the possibility to characterize an infinite
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Lie pseudo-group on a manifold M as the set of projections of bundle transformations
of a principal fiber bundle M x G — M, where G is some Lie group, that preserve
a collection of 1-forms 7% on M x G. The equations that express the differentials dr*
through the 7° and modified Maurer - Cartan forms u® of the group G,

dr' = Aflj AT —l—Tjiij AT

are called Cartan structure equations; they include important information about the
pseudo-group (see, particularly, [0}, Theorem 11.16]).

In the present paper we apply Cartan’s method of equivalence [f, B{Q] and the moving
coframe method of [[I0, 1] to obtain invariant 1-forms of a symmetry pseudo-group
of d.e.s. Unlike the approach of [I6, [7], the method used here does not require a
preliminary computation of infinitesimal defining systems and their reduction to the
involutive form.

A system R of differential equations of order s in n independent variables and m
dependent variables is locally considered to be the subbundle in the bundle J*(€) of s-jets
of the bundle £ = R"xR™ — R". A pseudo-group of symmetries Sym(R) of the system
R is a subgroup of the pseudo-group of contact transformations of the bundle J*(€) and
consists of those transformations which preserve the subbundle R,. So the problem of
finding the group Sym(R;) is a particular case of the general problem of equivalence of
embedded submanifolds under an action of a pseudo-group. A powerful and convenient
moving coframe method for solving this equivalence problem was developed in [[[0}, [[]]].

Some simplifications are possible if we deal with the first order systems of d.e.s.
By [PZ, Theorem 3.3.1.] a system R, is equivalent to the system Ry of the first order,
which is the subbundle in J'(E), where & = J*"1(£). The pseudo-group Sym(R;)
of symmetries of the system R; is a subgroup of the pseudo-group Cont(Jl(g)) of
contact transformations of the bundle J'(&). By Bécklund’s theorem, [§], [20, Theorem
4.32], contact transformations on J* (é’) are prolongations of point transformations on
&. Cartan’s method of equivalence allows us to obtain invariant 1-forms which define
the pseudo-group of contact transformations. Then we can find the invariant 1-forms
of the pseudo-group Sym(f?,l). To do that, we should make the following steps. First,
we restrict the invariant 1-forms of the pseudo-group Cont(J'(£)) on the subbundle
R, and obtain the set of linear dependent 1-forms. Next, we apply the procedure of
normalization to the appearing conditions of linear dependence. Finally, we apply the
operations of Cartan’s equivalence method to the restrictions on R, of the structure
equations of the pseudo-group Cont(J*(E)).



2. Invariant 1-forms and structure equations of the pseudo-group of
contact transformations

According to [P, Theorem 3.3.1.] a compatible system R, of d.e.s of order s is equivalent
to the system R1 of order 1, which has more dependent variables. So it is possible to
restrict our attention to the case of s = 1.

Let R1 be a system of partial differential equations of the first order, considered to be
the subbundle in the bundle J'(€) of 1-jets of the bundle £ — X over an n-dimensional
base manifold X, with ¢g-dimensional fibers. Let (2!, 2%, ..., 2") denote local coordinates
of the base X and (u',u?, ...,uf) denote local coordinates of the fibers of £ Then local
coordinates of the bundle J'(&) are (zt,...,2™ u', ...,u? pi,....,p%,....pl, ...,p?), and a
local section f : X — & defined by the equalities u® = f*(z), « € {1,...,q}, has
corresponding 1-jet ji(f) : X — JY(&), defined by the equalities u® = f%(z), p¢ =
2D e {1, q}, i€ {1,...,n}.

A differential form 7 on J'(&) is called a contact form if it is annihilated by all

1-jets: 71(f)*r = 0. In local coordinates every contact 1-form is a linear combination of
the Cartan forms 7® = du® — p¢ dmi a € {l,...,q} (here and below we use Einstein

summation convention, so p& dx’ = Z p¢ da’ ete.)

A local diffeomorphism A : Jl(é') — JYE), A : (x,u,p) — (Z,7,p), is called a
contact transformation, if for every contact form 7, the form A*7 is also a contact form;
in other words, if A*7* = du® — p{ dz* = (§(z,u,p) 7P for some functions ¢§ on J 1(€).

By Bécklund’s theorem, (], [R0, Theorem 4.32], in the case of n > 1 and ¢ > 1 every
contact transformation A : J(€) — J!(€) is a prolongation of a point transformation
-£—-¢& I':(z,u) — (T,u), where the functions p{ are defined by the equalities

on*  ou® Jr' O
507 T 308 P, =D} <aj+8uﬁp§> (1)

To obtain a collection of invariant 1-forms of the pseudo-group of contact transfor-

mations on J!(&) we apply Cartan’s equivalence method [, B0]. For this purpose we
consider the coframe {(7%,dz",dp¢) | € {1,...,q},i € {1,...,n} } on JY(E). A contact
transformation A acts on this coframe in the following manner:

T T
A* | det | =S| da* |,
dp dp?

where S : J'(€) — G is an analytic function on J*(&) taking values in the Lie group G
of non-degenerate block lower triangular matrices of the form
ag 0 0
Cs b 0
5 oGy n



In accordance with Cartan’s method of equivalence, we consider the lifted coframe

on JH(E) x G

@O‘:agfﬁ,

:i:cg@5+bi-dxj (2)
B aD

N5 = fi507 + g5 = + kY dp],

where for convenience we use the notations ciﬁ = Cf{ A7, 5= Fg AV G5 Bk cﬁ ,
95 = G, B ; (A) is the inverse matrix of the matrix (aj), (B] ) is the inverse matrlx of
the matrix (%), so af A = 0% and b} B] = 6;. To find an invariant coframe we use the
procedure of absorption and normalization of essential torsion coefficients [B0, Chapter
10].
Taking exterior differentials of 1-forms ©% and substituting the differentials du®,
da? dpf expressed from the equations (2), we obtain
« « o j S k € =l —s
O = (dagy AS + af B Hjy (ch (57 — f1.0° = ghE) - fL2°)) A O
s =k a RJj s =k A =l
+a Bl HZF NS — af BLHDY g5 ZF A2

where the functions H/' are defined by the conditions H{ hj%, = 6% 62. The multipliers
of Z¥ A X7 and ZF A Z! are essential torsion coefﬁ(:lents We normalize them by the
following choice of the parameters of the Lie group G:

haﬁj = aj B, (3)
gij = gji' (4)
Then we have
dO* = 5N 0" +EF A XY, (5)
= daj A+ cfj Jes ©7 — fis =k — cg Ghj =+ c';; L. (6)

Now the exterior differentials of Z¢ and X¢ become

2=V AEF I A0, (7)
A5 = QINAE] —UFASE + AL A0+ Q8 AT, (8)
where

i =db. Bl — ¢y, (9)
I, = dc) + 4 @7 — L v, — & cﬁz (10)
5= dfy + [ %+ g5 T — ) (@O‘—ckf,fif@e—l—fa =

+cF S Ok = =ik 20‘)+ka (\Ifk—i-c 27)—1-% fk,y (11)
Q%:dgij—kgik\lf'?ngjk\If]?— o vl — fou sl

gzy ((I)a _Cﬁ fkfy Gﬁ_'_fk«/ +C gks—‘ _C']i E?) (12>



We note that the conditions (4) imply
Q2 = Q2. (13)

Thus the specifications (3) and (4) of the group parameters of the coframe (2) give the
lifted coframe

0" = af (du” — pl) dz’), (14)
2 =307+ da, (15)
¥ = fis o Qf 4+ 95 =4 aj Bl-j alpé-3 (16)

on JY(&) x 'H, where H is the subgroup of the group G defined by the equalities (3) and
(4). The structure equations (7), (8) do not contain any torsion coefficients, while the
structure equations (5) contain only constant torsion coefficients.

The structure equations (5), (7), (8) remain unchanged if we make the following

change of the modified Maurer - Cartan forms T, Agy, QF
A R AN
U, = UL+ L, =+ M, 07,
I, — II +M,§V”’f+NZ o,
s ,576 + Qo B + Koy X — MBS,

o a —k k
Qij = Qw QzﬁJ@ +Rzyk‘—‘ Lij

where K73, ka M,iy, N;e, 5y Qipr, Bfy, are arbitrary functions on JY(E) x H satisfying

the following symmetry conditions:

Ka Kgy’ ;cj = ;’ka NZ Nezw
z%y = i«,m Q?ﬁk = Qgﬁia f§k = ikj = ?zk (17)
Their number

D=1 @+ ) +int(n+ ) +n’g+ingg+ 1) +ind(g+1)
+ing(n+1)+iqn(n+1)(n+2)

is the degree of indeterminancy [B0}, Definition 11.2] of the lifted coframe ©%, =% %¢.
Using the conditions ([[J), it is not hard to compute the reduced characters [0,

Definition 11.4] of this coframe: s} = s, = ... = s, = ¢+ n+ngq, s;,, = n+ngq,
Sppo =N+ n—1)q st =n+0n—-2)q ... , 8,1 =n+2q s, =n+gq,
Syintl = Sqiniz = - = Sqining = 0. It is easy to verify that the Cartan test

r =8l + 285+ 385+ ...+ (g + 1+ 1) Shning

is satisfied, so by definition 11.7 of (] the lifted coframe (14), (15), (16) is involutive,
and by theorem 11.16 of [20], since the last non-zero reduced character s; ., is equal to
q + n, the transformations of the invariance pseudo-group of this coframe depend on
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q + n functions of ¢ + n variables, as it should be. It is easy to verify directly that the
transformation T : J'(£) x H — J'(€) x H satisfies the conditions

T"O*=0% YT=== T'%=x¢ (18)

if and only if it is projectable on J!'(£) and its projection A : J'Y(&) — J(&),
A : (z,u,p) — (T,u,p), is the prolongation of the transformation I' : & — &,
I' : (z,u) — (7,w), such that the conditions ([) are satisfied. Thus the equalities
(M) really define the pseudo-group of contact transformations on J*(£), when ¢ > 1
and n > 1.

Since the forms ©%, 2%, X% are preserved by the pseudo-group transformations, their
exterior differentials are preserved also, so T*dO% = dO%, T*d=' = d=', T*dX¢ = dX¢,
therefore we have

T (@GN0 +EFASY) = (T A0+ EFASY =05 A 07 + 25 AT,
T (U AP+ I AOY) = (T ) A + (TE) A0 =T, AZF+ T A 67,
THOIAS] — UFASE + A A0 +QF ANET)
= TH(@) AS] — (YHUF) ASE + (THAG) A O + (TQ5) AT
=QINE] —UPASE +AG AT+ QY NE
and thus
TG = F + K2 O,
T} = U, + L, &7 + M} ©,
I, =11, + M, EF + NI O, (19)
TAS = Ay + P, 07 + Qi BF + Ky 5] — M Sp,
*O)a _ Oo « J6] o —k k o
for some functions K2

o Li., M, Ni, P
conditions (17).

ter P Qe Ry on JH(E) x 'H satistying the

3. Symmetries of differential equations

A suitable method for studying geometrical properties of embedded submanifolds under
an action of finite-dimensional Lie groups or infinite Lie pseudo-groups was developed
in [[[0, [[T]. For its application to the problem of finding symmetries of a system of d.e.s
R1 we restrict the lifted coframe (14), (15), (16) on R4. That is, we consider the set of
I-forms 0% = *©%, & = *2', 02 = *X¢, where ¢ : Ry — JY(€) is the embedding (for
brevity we identify the map ¢ x id : Ry x H — JY(&) x H with ¢ : Ry — J*(&)). The
1-forms 6%, £, o are linearly dependent, i.e., there exists a non-trivial set of functions
Uy, Vi, WP on Ry x H, such that U, 0% + V; &+ W! o = 0.
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Setting these functions equal to some constants allows one to express a part of
parameters ag, b;, ciﬁ, i3, 955 of the group 'H as functions of coordinates of R and other
group parameters. Substituting the obtained values of parameters into the modified
Maurer - Cartan forms ¢f = *®F, o) = VU, 75 = I, A\ = *Af, wi = 1*QF
makes a part of these forms independent of all differentials of the group parameters.
Since the transformation YT* changes the forms ®f, W}, II% by the rules (19), in the
case when the obtained form ¢§ does not depend on all differentials of the group
parameters, its coefficients at o and &7 are lifted invariants of the pseudo-group, and if
the obtained forms 1)}, or 7 are independent of all differentials of the group parameters,
their coefficients at o are lifted invariants also. Normalizing these lifted invariants to be
constants allows us to express a part of the group parameters as functions of coordinates
on R; and other group parameters. If not all group parameters are expressed, we
should substitute the expressed parameters into the forms ¢f, i, 7rfy, which depend
on their differentials, and repeat the process. If the process is completed, but not all
group parameters are expressed as functions on R;, we should substitute the modified

Maurer - Cartan forms ¢g, Vi, ny, Afs, wij, which were reduced during the process of

ij>
normalization, into the reduced structure equations

o™ = ¢35 N0 + &8 Ao,

g =Y NEF+ L NG,

dof = ¢S Aoy —pF Ao + AG N 07 +wi A
If the essential torsion coefficients dependent on the group parameters appear, then we
should normalize them to constants and find some new part of the group parameters,
which, being substituted into the reduced modified Maurer - Cartan forms, allows us to
repeat the procedure of normalization. There are two possible results of this process.
The first one, when the reduced lifted coframe appears to be involutive, outputs the
desired set of invariant 1-forms which characterize the pseudo-group Sym(R;). In

the second one, when the coframe is not involutive, we should apply the procedure
of prolongation [P0, Chapter 12].

3.1. FExample 1: Burgers’ equation

For an application of the above method to finding invariant 1-forms of the symmetry
group of the Burgers’ equation

Up = Ugg + U Ug,
we take the equivalent system of the first order

Uy =V, Vp = Up — U.
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Denoting x = o', t = 2%, v = u}, u = ¥?, v, = p}, vy = P}, uy = p3, uy = pi, we
consider this system as a subbundle of the bundle J'(&), & = R* x R? — R? with
local coordinates {x!, z2 u', u? pl, pl, p?, p3}, where the embedding ¢ is defined by the
equalities

1,2 1.2 2 1
Pi=pP—u u, b =u".

The forms 0% = *O% « € {1,2}, & = *Z' i € {1,2}, are linearly independent,
whereas the forms o7 = ("3 are linearly dependent. The group parameters ag, bé-
must satisfy the conditions det (ag) # 0, det (b;) # 0. Moreover, without loss of
generality, we can consider that a} # 0, a3 # 0, b} # 0, b2 # 0. Computing the linear
dependence conditions of forms o* by means of MAPLE, we obtain sequentially the group
parameters a2, b2, b3, g3y, 921, 911> [y [, 959, [4, [4, as the functions of other group

parameters and the local coordinates {z!, 22, u', u? pl, p2} of R,. Particularly,

@0, oo =l e Cpbuh tpb)o

1 ) 1 ) 2 a% ) 12 (b%) )

o ay(py—ulv®) o (u')’a] —aypi — aipy — u'(u?)’ar + plaju’ + uluag
gll - (bl)2 ) gll - (bl)2 )
2 = (b1)%a3 + py(ay)*esbl + u'u?(ay)*bhc; — u'u’azeybial — p3(ay)®bycs + pasesbiag

12 — (b1)3a 9

1
2 = _u'u?(crazbiag — (a1)?bycl) — piciashia +p2(a1)2b201 p3(a1)*cibr + az(by)?
11 — 1 )
(b1)3aj

while the expressions for ¢2,, f% and f2 are too big to write them out in full here.

The linear dependence between the forms o2 is o} = 03, 07 = 0.

The analysis of the modified Maurer - Cartan forms ¢§, ¢, 7’ at the obtained
values of the group parameters gives the following normalizations:

2

a
$i=clos + blal 151 (mod 6!, 6%, &% o03) = =0, b} =—;
ax
wé—zw%zeq—cs)o—; - g2
Uy + b — 95 = —2¢105 (mod 0, 0%, &, €2, 0'%) = =0
(a3a3 — aja3u® + b(a})?
=" (fn =) ¢ (mod 0 6% €L oy, o)
a3
Lo 03— edag + (o))
1= 2 :

Now the analysis of the structure equations gives step by step the following essential
torsion coefficients and the corresponding normalizations:

dot = —c3 0> Nos +... = ¢y =0;
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CLl
0" = ()R~ (W + b — (Pai) @ n €t (i + D) e
2

L odad — aleladel + (@lolt) oy ab
12 = 3 ) 22 = 5 Ja1;
(a3) %)
d§2 — 2 (2 CL%CL% - 6?;23;52 + b%(a%>2) 61 A 62 +. = CL% _ CL% (a%1;2ag b%a%)7
2 2
det = <f2 n (a1)? (4 (a3)*u' — 2a3byaiu® + (a3)*(u?)? + (b3)*(a1)?) FAE L
= \{Ja1 5
(a3)*
Lo (a1)” (4 (a3)*u' — 2a3byaru® + (a3)*(u?)? + (b3)*(a1)?) .
21 — 2\4 )
(a3)
d 1 _ (a%)z (b%a% _ aguz)el 92 bl _ a§u2,
02 = — (a%)4 A + ... = b = a—%7
1\3 (.2 1,2 1
d2:(a1) (pz—uu)92/\ Ly o 2= ay .
T ke
1 1
2 2 2 1_ .
do” = ?)CL% (p% — u1u2>2/39 Noy+... = a; = (p% — u1u2)2/37
24! 2ut 3ut
1 _ 12 1 1 _ .
d@ — ( 3 + (p% _ u1u2>2/3> 9 /\ 52 _'_ :> 912 — _(p% — u1u2)2/37
2(—=2(p3)* + Tulu®ps — 5 (u'u?)? + 2 (u')? — 3ul pl)
2 1 2 2 2 1

2(=2(p))* + Tulu’py — 5 (u'u?)* +2 (u')* — 3u'py)
(3 — u'u?)”

= g = .
Thus all the group parameters are expressed as the functions of the local coordinates
{z', 22 u' u? pl, p3} of the equation R;. The result of all normalizations is the invariant
coframe

L du' — (p3 —u'u?) dat — p) da?

R

du? — ut do' — p3 da?
TSR

¢ = (p} —u'u®)'3 (dat 4 u? da?),

& = (3 — ud) di,

,dpy —uPdpy + (u?)? — 2u') du' + u'u® dug

7

62 =

" (13 — ul) 73
_l_ul(p% —ulu?)dz! + (4 (u')? — 7 (u'u?)? + 11 ulu?pl — 4u'pl — 4 (p2)?) dxy
03— ) ’
o2 = dp3 — v?dut — uldu® — (p + u'(u?)? — (ut)? — u?p2) da'
1

p3 — ulu?
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(4 ()02 + ()9 — w'(u2)® —wp — Bu'p}) d?

_l’_
p3 — u'u?

Its structure equations are

Ao =T0"NE' + 20" Aoy + & Aoy + & Aoy,

d6> = —0" N+ LT NE +10° NS+ Noj,

dE' = NE —1e' Ao,

1 = 1€ NE — 28 N o3,

doy=—0"NE' —6I0'NE - 3TN — 0P Aoy — 15T AE

—2[51/\021%—752/\0%%—%05/\0%,

doy = —-30"NE+OP N 3T NE+ ¢ Noy— 3T No3,
where the only invariant [ is of form
2 (py +u' (u?)? — (u')? — u’p3)

308 —w?) B

Taking its exterior differential, we have

I =

dl = =26* —21°6' + 26 + 20y — 5 1 03,

so all differential invariants of the group are functionally expressed as functions of I,
the rank of the coframe [B0, Proposition 8.18] is equal to 1, and its symmetry group
is 5-dimensional [B0, Theorem 8.22] (as it should be; for the full details of finding
infinitesimal generators of this group by Lie’s method see, e.g., [B0O, Chapter 3, § 5].)

3.2.  Fxample 2: One-dimensional equations of gas dynamics in Lagrange coordinates

One-dimensional dynamics of polytropic gas in Lagrange coordinates is described by the
system of d.e.s [Bq]

Pt + PP = 0,
ut +pm =0, (20)

Dt + Y ppuy, =0.

1

Denoting p = u', u = u?, p = w3, t = !

, m = x? and using the above method, we
obtain the invariant coframe of the symmetry group of the system (20)

T (du' + (u')*p} da* — p} da?)

ul
ul
0% = “W (du2+p§dxl —pgdxz) ,
1
= —— (du3 + ”yul uspg dxt —pg’ dx2) ,

yu?



1 ut 2
62 - ul pg dl’l,

1 yu? P (v = 1) (u")*(p3)*u® — (p3)*(u®)? — (p3)*(u')?

1 1 2 51 P 2 p 2
72T P2\ ul <dp2 ol du” = 2ul (u?)? de” )
02:L<dp2+7—_1(u1)( 5)? da! +ppd:)3>

2= i 2 5 2 D3
o8 = _ (dp +yul p2pddat — -1 u* (p3)? dx2>

2 p% \/W 2 2172 2 2

(since from considering the physical meaning we have u! = p > 0 and u® = p > 0,
therefore there is no need to worry about the signs of the expressions under the square
roots).

The structure equations of this coframe are

ot =0* N+ Aoy — 2 Nod,
d0> = 30" NP+ TP NP+ LN+ PNANE+E Aoy — Ao,
AP =" NE+ LPNE +EVNod — N0,
d¢'t = 30" N =1 NE =& Ao,
d§? = 0" N = € N a3,
doy =5y (v=1)0" A =30 Aoy =3 (205 =" +7) * A ¢
+1P Aoy + LE Aoy +y(v— 1) Aoy —vLE Aoy + o) Aoy,
dagz%lé’l/\fz—gl/\a%—%lfz/\ag,
doy = —LO0" N + LO'ANE —L20'Noy — 2P Ao+ (v —1)E" Ao
~LE NS — L, E No; — 03 ANas.

The invariants I; and I, are defined by the equalities

PN LS Uil VU hZ\/Tp_%
ub o 2(u')?ps utu? p3

Their exterior differentials are

I 1
dl = =5 0"+ T (L -L)0*+=0b—Lo2+ L o3,
2 2 2
1
dl, = 91 + (11 — —) 6% + <% — 1112> &' — Loy + o3,

so all differential invariants of the symmetry group depend functionally on I; and Is.
Thus the coframe (21) has the rank 2, and the symmetry group of the system (20) is
6-dimensional. In [, Chapter 3] the explicit form of the infinitesimal generators of this
group is given.
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3.3.  FExample 3: Liouville’s equation

For finding invariant 1-forms and structure equations of the symmetry pseudo-group of
Liouville’s equation

Uy = €7

we take the equivalent system of the first order

U = 0, v, = e,

1 1

Using the notations u = u!, v = u?, t = o', v = 2 and applying the above procedure

of absorption and normalization, we have o = 0, 02 = 0, while 01, 62, ¢!, €2, 0} and o?
constitute the lifted coframe
0! = du' — uida' — pyda?,
0* = a3 (du2 — pidat — e“ldx2> :
&' = (a3)""dat, (22)
£ = a%e“lde,
03 = (a3) e " dpy — (a3)"'da’" + a3glye" da?,
0 = (2)? (dp? — wda' + ((a3)"' g%, + w?pd)da!)
The exterior differentials of these forms are

dot = -0 NEY €V A oy,

do* = xy NO* — 0P NE2+ €M A o2,

dg' = —x1 N €Y, (23)
de® = xa NE* + 01 N €,

doy = xa NE* = x1 Ny — 01 A (03 + &),

doi = x3 AN +2x1 Aoi,

where

X1 = (a3)~'da3 + a3u’¢’,

1yt
X2 = dgys + 2 g35(x1 +0") + (a3) e " py (¢! — 03) + Wi &P, (24)
X3 = dgi; — 3gtix1 + (a3)*(pT + (u?)?) (07 + &) + 3azu’o; + wok,

wy and ws are free parameters. The structure equations (23) do not contain any torsion
coefficient depending on the group parameters. The coframe (22) is not involutive,
because its degree of indeterminancy ) is 2, whereas the reduced characters are s} = 3,
sh = ...=s; = 0, so Cartan’s test is not satisfied. Therefore we should use the procedure
of prolongation [P0, Chapter 12]. For this purpose we unite both coframes (22) and (24)
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into the new base coframe, whereas w; and ws turn into the new group parameters.
Finding exterior differentials of x1, x2 and y3, we have
dx, =0 NE - NE,
dys =11 NE —20" A x1 —2x1 A xa, (25)
dxs =1va ANE +2(0% +E*) Aot +3x1 A X,

where
= dwy +3wi(0" +x1) + ((@3) e (1) — g3n) (€' +03) — (a3) e P,
= duy + dwpys +2 (<a§>3<u2>3 ) (0 + &) +2(a3)* () - 2p}) oF

+3 aju®ys.
The structure equations (25) admit the change
v v+ 28 vy vy 4 2t

for the free parameters z; and z5. So the degree of indeterminancy of the coframe (22),
(24) is ™™ = 2 again, while the reduced characters now are s}, = 2, s, = ... = s = 0.
Cartan’s test is therefore satisfied, and the coframe (22), (24) is involutive. Since the
last non-zero reduced character is s = 2, the symmetry pseudo-group transformations
depend on two arbitrary functions of one variable. This agrees with the result found by
Liouville [[5]. In [[6, [ the structure equations of this pseudo-group are derived using
a different method; see also [27].

4. Conclusion

The approach to computation of symmetry groups used here does not require obtaining
infinitesimal defining systems, analysis of their involutivity and integration, and includes
only differentiation and linear algebra operations. So it is algorithmic in principle,
although the labyrinth of corresponding computations is very intricate. In the future
it seems that it will be possible to reduce the complexity of computations by means of
using the canonical contact forms [2I] on bundles of higher order jets.
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