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Chapter 1

Why Differential Topology?

General topology arose by abstracting from the “usual spaces” of euclidean or noneuclidean geometry
and defining more general notions of ‘spaces’. One such generalization is that of a metric space.
Abstracting further one is led to the very general concept of a topological space, which is just specific
enough to talk about notions like neighborhoods, convergence and continuity. However, in order to
prove non-trivial results one is immediately forced to define and impose additional properties that
a topological space may or may not possess: the Hausdorff property, regularity, normality, first and
second countability, compactness, local compactness, o-compactness, paracompactness, metrizability,
etc. (The book [34] considers 61 such attributes without being at all exhaustive.) This is not to
say that there is anything wrong with general topology, but it is clear that one needs to consider
more restrictive classes of spaces than those listed above in order for the intuition provided by more
traditional notions of geometry to be of any use.

For this reason, general topology also introduces spaces that are made up in a specific way of
components of a regular and well understood shape, like simplicial complexes and, more generally, CW-
complexes. In particular the latter occupy a central position in homotopy theory and by implication
in all of algebraic topology.

Another important notion considered in general topology is that of the dimension of a space as
studied in dimension theory, one of the oldest branches of topology. In the case of a space X that is
composed of simpler components X;, one typically has dim X = sup; dim X;. It is natural to ask for
spaces which have a homogeneous notion of dimension, i.e. which all points have neighborhoods of the
same dimension. This desirable property is captured in a precise way by the notion of a topological
manifold, which will be given in our first definition.

However, for many purposes like those of analysis, topological manifolds are still not nice or regular
enough. There is a special class of manifolds, the smooth ones, which with all justification can be called
the nicest spaces considered in topology. (For example, real or complex algebraic varieties without
singularities are smooth manifolds.) Smooth manifolds form the subject of differential topology, a
branch of topology with a very distinct, at times very geometric and intuitive, flavor.

The importance of smooth manifolds is (at least) fourfold. To begin with, smooth manifolds
are an extremely important (and beautiful) subject in themselves. Secondly, many interesting and
important structures arise by equipping a smooth manifold with some additional structure, leading
to Lie groups, riemannian, symplectic, Kahler or Poisson manifolds, etc.) Differential topology is as
basic and fundamental for these fields as general topology is, e.g., for functional analysis and algebraic
topology. Thirdly, even though many spaces encountered in practice are not smooth manifolds, the
theory of the latter is a very natural point of departure towards generalizations. E. g., there is a
topological approach to real and complex algebraic varieties with singularities, and there are the
theories of manifolds with corners and of orbifolds (quotient spaces of smooth manifolds by non-
free group actions), etc. A thorough understanding of the theory of smooth manifolds is necessary
prerequisite for the study of these subjects. Finally, a solid study of the algebraic topology of manifolds
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is very useful to obtain an intuition for the more abstract and difficult algebraic topology of general
spaces. (This is the philosophy behind the masterly book [1] on which we lean in Chapter 3 of these
notes.)

We conclude with a very brief overview over the organization of these notes. In Chapter IT we give
an introduction to some of the basic concepts and results of differential topology. For the time being,
suffice it to say that the most important concept of differential topology is that of transversality (or
general position), which will pervade Sections I1.13-11.26. The three most important technical tools
are the rank theorem, partitions of unity and Sard’s theorem. In Chapter III we define and study
the cohomology theory of de Rham, which is the easiest way to approach the algebraic topology of
manifolds. We will try to emphasize the connections with Chapter II as much as possible, based on
notions like the degree, the Euler characteristic and vector bundles. Chapter IV is an introduction
to a more advanced branch of differential topology: Morse theory. Its main idea is to study the
(differential) topology of a manifold using the smooth functions living on it and their critical points.
On the one hand, Morse theory is extremely important in the classification programme of manifolds.
On the other hand, the flow associated with any Morse function can be used to define homology theory
of manifolds in a very beautiful and natural way. We will also show that the dual Morse co-homology
with R-coefficients is naturally isomorphic to de Rham cohomology. In the final chapter we will briefly
highlight the perspective on our subject matter afforded by the combinatorial approach of singular
(co)homology theory and by analysis on manifolds, to wit Hodge theory.



Chapter 11

Basics of Differential Topology

II.1 Topological and smooth manifolds

I1.1.1 Topological manifolds

In these notes we will prove no results that belong to general (=set theoretic topology). The facts that
we need (and many more) are contained in the first chapter (62 pages) of [3]. (This book also contains
a good its introduction to differential topology.) For an equally beautiful and even more concise (40
pages) summary of general topology see Chapter 1 of [15].

We recall some definitions. ‘Space’ will always mean topological space. We recall some definitions.

I1.1.1 DEFINITION A space M is locally euclidean if every p € M has an open neighborhood U for
which there exists a homeomorphism ¢ : U — V to some open V C R", where V has the subspace

topology.

II.1.2 1. Note that the open subsets U C M,V C R* and the homeomorphisms ¢ are not part of
the structure. The requirement is only that for every p € M one can find U, V, ¢ as stated.

2. Let U C R",V C R™ be non-empty open sets admitting a homeomorphism ¢ : U — V. Then
the ‘invariance of domain’ theorem from algebraic topology, cf. [3, Section IV.19], implies m = n.
Thus the dimension n of a neighborhood of some point is well defined, and is easily seen to be locally
constant. Thus every connected component of M has a well defined dimension. We will soon restrict
ourselves to spaces where the dimension is the same for all connected components.

3. Tt is immediate that a locally euclidean space X inherits all local properties from R". Thus (a)
X is locally path connected, and therefore connected components and path components coincide. (b)
X is locally simply connected, implying that every connected component of X has a universal covering
space. (c) X is locally compact, i.e. for every p € X there are an open set U and a compact set K such
that p € U C K C X. (Thus p has a compact neighborhood.) We quickly prove this. Let U 5 p be
open and small enough so that there exists a homeomorphism ¢ : U — V with V C R" open. Clearly V
contains some open sphere B(¢(p),¢),e > 0. Now K = ¢ (B(¢(p),£/2)) and U = ¢ 1 (B(¢(p),£/3))
do the job. (d) M is first countable, i.e. every p € M has a countable neighborhood base.

I1.1.3 Recall that a space X is Hausdorff if for every p,q € X, x # y there are opensets U 3 p,V 3 ¢
such that UNV = (). One might think that a locally euclidean space is automatically Hausdorff. That
this is not true is exemplified by the space X that is constructed as follows. Let Y be the disjoint
union of two copies of R, realized as Y = R x 0 UR x 1. Now define an equivalence relation ~ on Y
by declaring (x,0) ~ (z,1) & x # 0. (Of course we also have (z,i) ~ (z,i).) Let X =Y/ ~ with
the quotient topology and let 7 : Y — X be the quotient map. Write p = 7(0,0),¢ = 7(0,1), and
let U > p,V 3 ¢ be open neighborhoods. Then there exists (exercise!) ¢ > 0 such that 0 < |z] < ¢
implies 7(x,0) = w(x,1) € UNV. Thus X is non-Hausdorff.
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II.1.4 Recall that a space X with topology 7 is second countable if there exists a countable family
F C 7 of open sets such that every U € 7 is a union of sets in F. One can construct spaces that are
Hausdorff and locally R” but not second countable, e.g., the ‘long line’ which is locally 1-dimensional.
The assumption of second countability mainly serves to deduce paracompactness, cf. Section II.10,
which is needed for the construction of ‘partitions of unity’. As we will see many times, the latter in
turn is crucial for the passage from certain local to global constructions. For this reason we will not
consider spaces that are more general than in the following definition.

I1.1.5 DEFINITION A topological manifold of dimension n € N (or n-manifold) is a second count-
able Hausdorff space M such that every p € M has an open neighborhood U such that there is a
homeomorphism ¢ : U — V', where V is an open subset of R".

I1.1.2 Differentiable manifolds and their maps

There is a highly developed theory of topological manifolds with many non-trivial results. For most
of the applications in other areas of mathematics, however, one needs more structure, in particular in
order to do analysis on M. This leads to the following notion.

I1.1.6 DEFINITION Let M be a n-dimensional topological manifold. A chart (U, ¢) consists of an
open set U C M and a continuous map ¢ : U — R" such that ¢(U) is open and ¢ : U — ¢(U) is a
homeomorphism. For 0 < r < oo, a C"-atlas on a n-dimensional topological manifold consists of a
family of charts (U;, ¢;) such that the U; cover M and such that the map

¢jo gbl_l : R" D ¢i(UiNU;) = ¢;(U;NU;) CR”

is r times continuously differentiable whenever U; N U; # 0. A chart (U, ¢) is compatible with a
Cr-atlas A = {(U;, ¢i)} iff AU (U, ¢) is a C"-atlas. Two C"-atlasses A, A" are compatible if the union
AUA" is a C"-atlas. A maximal C"-atlas is a C"-atlas that cannot be enlarged by adding compatible
charts.

I1.1.7 LEMMA Every C"-atlas A on a topological manifold M is contained in a unique maximal atlas,
consisting of all charts that are compatible with A. Two C"-atlasses A and A’ are equivalent iff they
are contained in the same maximal atlas.

Proof. Obvious. |

I1.1.8 DEFINITION A CT-differential structure on a topological manifold M is given by specifying a
maximal C"-atlas on M or, equivalently, by giving an equivalence class of (not necessarily) maximal
atlasses [A]. A C"-manifold is a pair (M, [A]) consisting of a topological manifold and a C"-differential
structure on it.

I1.1.9 REMARK The notion of a differential manifold is not nearly as abstract as it may seem. In
practice one does not work with maximal atlasses but rather with a single representant A of an
equivalence class [A]. One adds or removes compatible charts as is convenient. Whenever we speak
of charts on a differential manifolds we mean charts that are compatible with a given differential
structure!

A morphism in the category of topological manifolds just is a continuous map. (Thus the topo-
logical manifolds form a full subcategory of the category of topological spaces and continuous maps.)
For differentiable manifolds we need restrictions on the admissible maps:



I1.1.10 DEFINITION Let M, N be C"-manifolds, 0 < r < oo, with atlasses (U;, ¢;) and (Vj,v;). Let
n<r. Amap f: M — N is C" if the composite

vjofogrt: R™ D o(Uin f7H(V))) = ¢;(Vj) C R

is C™ whenever f(U;) N'V; is non-empty. A C"-diffeomorphism is a C"-map f : M — N that has a
C™ inverse.

II.1.11 REMARK 1. Note that this is well defined since the transition maps gbiTI o ¢; and ijI 01 are
C™ and r > n. Thus composing with them does not lead out of the class of C"-functions.

2. Manifolds and maps that are C'™ are called smooth.

3. Tt is clear that a differential C°-manifold is essentially the same as a topological manifold. It
suffices to observe that given two charts (U, ), (U’,¢'), the map ¢/ o ¢~ : ¢(UNU') — ¢'(U NU')
is automatically C°. Thus any two C-atlasses on M are compatible and there is exactly one C°-

structure on M. Similarly, any continuous map between C°-manifolds is C° in the sense of Definition
11.1.10

From the next section on we will exclusively consider smooth, i.e. C"*°>-manifolds. Yet
we think it would be inexcusable not to comment briefly on the extremely interesting relations between
the categories of C*, C"(r € N) and C'*°-manifolds. If desired, the rest of this section can be ignored.

I1.1.3 Remarks

The following result, proven e.g. in [8, Chapter 2], shows that there is no real reason to consider
C"-manifolds with 1 < r < oo:

11.1.12 THEOREM Let M be a C"-manifold, where r > 1. There exists a C*°-manifold M and a
C"-diffeomorphism ¢ : M — M. If M " is another C*-manifold that is C"-diffeomorphic to M then
there is a C*°-diffeomorphism M — M’.

Thus every C"-manifold (r > 1) can be smoothed in an essentially unique way. (An equivalent of
way of putting this is: Every maximal C" atlas contains a C'*° atlas.) Yet for some applications it
may still be necessary to consider C"-maps (r < 0o) between C*°-manifolds.

11.1.13 REMARK It is very important to note that the above theorem is false for r = 0. We list some
results that are relevant in this context. (Each of them is deeper than anything studied in these notes.)

1. There are topological (i.e. C°-)manifolds that do not admit any smooth structure, cf. [27, 23].

2. There are topological manifolds that admit more than one differential structure. For example,
Milnor discovered that the (topological) sphere S7 admits inequivalent differential structures,
and together with Kervaire he showed that there are 28, cf. [28]. Brieskorn [21] has given a
relatively concrete representation of these manifolds: Consider the subset X} C C° defined by
the equations

|21 + |22 + |23 + | + |25 = 1,
z%+z§+z§+zi+zgk71 = 0.

The first equation is real and its solution set clearly is SY, whereas the second equation has
two real components. Brieskorn has shown that X, & =1,...,28 is a (topological) 7-manifold
homeomorphic to S” and that the differential structures induced from € = R0 correspond
to the 28 possibilities classified in [28]. The proof requires non-trivial techniques both from
algebraic topology and algebraic geometry.



3. In four dimensions, Donaldson [23] has shown that R* (as topological manifold) admits smooth
structures that are inequivalent to the usual ones. Smooth 4-spheres are still not completely
understood.

4. None of the above can happen in dimensions 1,2,3: In these dimensions every topological manifold
admits a unique smooth structure (and a unique piecewise linear structure or triangulation).
Thus the homeomorphism classes of topological 1-manifolds are in bijective correspondence with
the diffeomorphism classes of smooth 1-manifolds which we will classify in Theorem II1.6.1. 2-
manifolds have been classified, see e.g. [17, Chapter 2] in the topological and [8, Chapter 9] in the
smooth category. The classification of 3-manifolds is still incomplete, but very recently (2002)
there has been spectacular progress due to Perelman.

I1.2 The tangent space

I1.2.1 The tangent space according to the geometer and the physicist

If a smooth n-manifold M is given as a submanifold of some euclidean space R (the precise meaning
of submanifolds will be defined later) one can imagine, at every point p € M, a plane tangent to
M. This tangent plane can be considered as n-dimensional vector space. (Translating it such that p
arrives at 0 € RV we obtain a sub-vector space of RY.) The aim of this section is to give an intrinsic
definition of the tangent space at a point p, independent of any embedding of M into euclidean space.
In fact, we will consider three different but equivalent definitions, following [4]. All three definitions,
which we denote TpG M, Tf M, TI;“M until we have proven their equivalence, appear very frequently in
the literature and their comparison is quite instructive.

I1.2.1 DEFINITION Let p € M. A chart (U, ¢) such that p € U and ¢(p) = 0 will be called a chart
around p.

I1.2.2 DEFINITION (OF THE GEOMETER) A germ of a function at p is a pair (V,h) where V. C M is
an open set containing p and h : V. — R is a smooth map. A germ of a curve through p is a pair
(U,c) where U C R is an open set containing 0 and ¢ : U — M is a smooth map. We define a pairing
between germs of curves and germs of functions by
d
{(U,e), (Vih)) = —h(e(t) .
|t=0

(This is well defined since ¢(U) N'V contains some neighborhood of p.) We define an equivalence
relation on the germs of curves through p by

(U,c) = (U, ) & {((U,e),(V,h)) = (U, ), (V,h)) for all germs (V,h).

Now we define TpGM = {germs of curves through p}/ ~. Such equivalence classes will be denoted [c],
dropping the inessential neighborhood U.

In order to elucidate the structure of TpG M, consider a chart ® = (U, ¢) around p. In view of
hoc=(ho¢ ) o(poc) (valid in a neighborhood of 0) we have

Ox; P —— dt |t=0

d "~ O(ho ¢ (xy,... d(¢i(c(t

(C, h> — —h(C(t)> _ Z ( o ¢ (:I"lv 7:If'n)> (¢Z(C( ))) ) (III)
dt t=0

Two germs ¢, ¢’ of curves through p therefore define the same element of T), M iff d(¢;(c(t)))/dt;—o =

d(pi(c'(t)))/dt;=o for i = 1,...,n. Thus the map T,M — R given by [c] = (d(d;i(c(t)))/dt;=o)

is injective. On the other hand, for every v € R" there is a germ of a curve through p defined by



c(t) = ¢~ !(tv) on some neighborhood of 0 € R. Obviously, d(¢i(c(t)))/dt=o = vi, and therefore
the map T, M — R" is surjective, thus a bijection. This bijection can be used to transfer the linear
structure of R" to 7, M, and in particular it shows that dimg 7;,M = n. It remains to show that the
linear structure is independent of the chart ® we used. Let ® = (U’, ¢') be another chart around p.
Then we have ¢} oc = ¢, 0 ¢! o ¢ocand thus

d(@j(c)  _ i A(gj0¢ M, an)) d(di(c(t)))
dt t=0 0x; 2= =1, =0 dt |t=0
This computation motivates the definition:

11.2.3 DEFINITION (OF THE PHYSICIST) Let M be a manifold of dimensionn and let p € M. Consider
pairs (®,v), where ® = (U, ¢) is a chart around p and v € R". Two such pairs (®,v), (®',0v') are
declared equivalent if

0o (. an)) :
v;-:Zvi oz, , j=1,...

=1 r1=...=xp=0

, M.

The set of equivalence classes [®,v] is called the tangent space Tf M of M at p. We define a vector
space structure on T,V M by a[®,v] + b[®, '] = [®, av + bv'] for a,b € R.

The isomorphism ozg/[ : TpGM — TIfDM is now given by [c¢] — [®,v], where & = (U, ¢) is any chart

around p and v = (d(¢;(c(t)))/dt;—o)-

I1.2.2 The tangent space according to the algebraist

Being manifestly independent of coordinate charts, the ‘geometer’s’ definition is conceptually more
satisfactory than the ‘physicist’s’, but we needed the latter to identify the vector space structure on
T,M. We now show how this can actually be done in an intrinsic albeit less intuitive way. The
considerations of this subsection will not be used later.

I1.2.4 DEFINITION (OF THE ALGEBRAIST) Let (Vi,hy),(Va,ha) be germs of functions at p € M.
Defining

a(Vl,hl) + b(VQ,hQ) = (V1 N Vz,ahl + bhz),
(Vi,h1) - (Va,he) = (ViNVa, hihg),

we turn the set of germs of functions at p into an R-algebra A,M. A derivation of A,M is a map
0: AyM — R that is R-linear (i.e. d(ax + by) = adx + by for x,y € A,M and a,b € R) such that
d(xy) = y(p)ox + x(p)dy for all v,y € A,M. We denote the set of derivations of A,M by D(A,M)
and turn it into an R-vector space by (ad + bd')(z) = adx + bd'x for a,b € R, 0,0 € D(A,M) and
x € ApM.

11.2.5 REMARK Note that the notion of derivation used in differential topology differs from the usual
one in algebra and functional analysis. (By a derivation of a, not necessarily commutative, k-algebra
A one usually means a k-linear map 0 : A — A such that d(xy) = x9d(y) + 9(x)y.)

11.2.6 PROPOSITION For [c] € TpGM, the map h +— (c,h) is a derivation of AyM, and the map
[c] = D(A,M) is an isomorphism of vector spaces.



Proof. We have seen that there is a bijection between 7}, M, labeling the equivalence classes of germs
of curves through p, and tangent vectors v € R" w.r.t. a fixed chart (U, ¢). In view of (II.1), and
writing hy instead of (V1,hy) etc., it is clear that

(c,ahy + bha) = a{c, hy) + b{c, ha),

(Cv h1h2> = hl(p)<cv h2> + h2(p)<cv h1>7

thus (c,-) : h = (c,h) is a derivation. In this we way get an injective map T,M — D(A,M). It
remains to show that every derivation of A,M is of the form (c,-) with [¢] € T,M. To this purpose
let AgM C A,M be the ideal of (germs of) functions vanishing at p. There clearly is a descending
chain of ideals A,M D AgM D (ASM )2 D . In the two lemmas below we will prove that T,M and
D(A,M) have the same dimension dim M, thus the above map is an isomorphism. |

11.2.7 LEMMA Let AgM C ApM be the linear subspace of germs at p vanishing at p. Then D(A,M) =
(ADM(AOM)?)".

Proof. If h,h' € A)M and 0 € D(A,M) then d(hh') = h(p)oh' + h'(p)dh = 0. Thus 0 €
(ASM/(ADM)?)*. Conversely, given ¢ € (AIM/(AYM)?)* we define Oh = ¢([h — h(p)1]) for any
germ h € A,M. Here 1 is the constant function and [---] means the coset in AJM/(A)M)?. Clearly
0 is R-linear and it remains to show the derivation property. We have
hi' = h(p)h'(p)1 = h(p)(h' — B (p)1) + K (p)(h — h(p)1) + (h — h(p)1)(h" — K’ (p)1)
in A)M. Since (h — h(p)1)(h' — h'(p)1) € (AY)M)* we have
[hh" = h(p)l (p)1] = [1(p) (R — h'(p)1) + B’ (p)(h = h(p)1)]
in AgM / (AgM )2. Applying ¢ and using R-linearity we have
O(hh') = ¢([hl' — h(p)I' (p)1]) = h(p)d([h' — K'(p)1]) + I (p)&([h — h(p)1]) = h(p)OR" + K’ (p)Oh,

thus 0 : h — ¢([h — h(p)1]) is a derivation on A,M. [ |

I1.2.8 Exercise Complete the proof by showing that the above maps between (A)M/(A)M)?)* and
D(A,M) are mutually inverse.

We cite the following lemma from analysis without proof.

I1.2.9 LEMMA Let h: U — R be a C%-function on a convex open set U C R*. Then

ah 1 9%h
+Z — i) + (g p])/ (1—1) dt (11.2)
xz\x q 0

i 0i0%; e tt(g—p)

for all p,q € U. If h is smooth then the term with the integral is smooth as a function of p.

11.2.10 LEMMA With the above notation, AJM/(AJM)? = T,M.

Proof. Let (U, ¢) be a chart around p € M and h € A?,M be a germ vanishing at p. Applying Lemma
11.2.10 to h o ¢~! and observing that ¢(p) = 0 we obtain

=3 gy 220 @) o [ a—pPtos @)
e e R ML O MR e e



in some neighborhood of p. Since ¢;(-) € AgM for all ¢ and the integral is smooth, the last summand
is in (A9)?, thus
d(hoo¢ (x
) =Y ol 220D oaap?),
p Ox; |z=0
This means that the algebra AgM / (AgM )2 is spanned by the (classes of the) coordinate functions

[¢i(¢)], @ = 1,...,n. Thus dimg(A)M/(A)M)?) < dim M. It remains to show that the [¢;(q)] are
linearly independent. To this effect, suppose

Z a;gi(-) € (AYM)?

for ay,...,a, € R This implies

S aisi(67'() € (APR")R

which implies, for all j,

J ) |x=0 J |x=0

i i
Thus all a; vanish, implying the claimed linear independence, whence dimg (A)M/(A)M)?) = dim M.
|

I1.2.11 REMARK 1. We have proven the isomorphism AgM/(AgM)2 = T, M by comparing dimen-
sions, but we haven’t given an explicit map. If one tries to do this one discovers that one has
AgM/(AgM)2 = (T, M)*. The right hand side, usually denoted Ty M is the ‘cotangent space’ at p.
We will discuss the latter in Chapter ITI, where it will play a central role.

2. One can show that for non-smooth C" manifolds, the quotients ASM / (A?,M )? typically are
infinite dimensional, thus the isomorphism with 7}, M breaks down.

We summarize: The geometer’s definition is probably the most intuitive one, but it does not give
the linear structure. Furthermore, it is the least suited for manifolds with boundary (cf. Section
I1.5). The algebraist’s approach is somewhat unintuitive but conceptually the nicest, and it is the
way the tangent space is defined in algebraic geometry. It has the disadvantage of breaking down for
non-smooth C"-manifolds. The ‘physicist’ approach is the least elegant but it works in all situations,
including non-smooth manifolds and manifolds with boundary.

I1.3 The differential of a smooth map

The ‘first derivative’ or ‘differential’ of a smooth map f : M — N should be a collection of linear
maps Ty, f : TyM — Ty, N of the tangent spaces for all p € M. (Instead of T),f one often writes f.,
but we will try to stick to T, f.) According to the chosen definition of the tangent spaces there are
different but equivalent definitions of T),f.

I1.3.1 DEFINITION (GEOMETER) Let f : M — N be smooth manifolds. Define TCf : TEM —
G
TyipN by
Tpr:[c] = [foc]

I11.3.2 EXERCISE Show that this is well defined.



11.3.3 DEFINITION (PHYSICIST) Let f : M — N be smooth manifolds of dimensions m,n. Let
¢ = (U,¢) and ¥ = (V,¢) be charts around p and f(p), respectively. For [®,v] € T,M we define
T f([®,v]) = [¥,0v'] where v’ € R" is given by

Z’” Ojofod (@, . 2m)) :
I. ey : J ? ? =
vj v; oz, \x:(]’ j=1,...,n.

=1

In Section II.2 we have found isomorphisms a;,‘/[ : TpGM — Tlf) M between the two different defi-
nitions of the tangent space of M at p. Now that we also have induced maps Tpr : TpGM — chzp)N

and Tf f: Tf M — Tf(p)N , their compatibility becomes an issue. The precise answer is given by the
following

I1.3.4 Exercise Consider the map ap! : TOM — T M given by [c] = [®,v], where ® = (U, ¢) is a
chart around p and v = (d(¢;(c(t)))/dti=0), as discussed in the previous section. Show that «, is a
natural transformation, i.e. the diagram

TS M
G f G
T, M Tf (p)N
M N
Ap Yt (p)

P G

commutes for every smooth map f: M — N and every p € M.

I1.3.5 LEMMA Let f: M — N, g: N — P be smooth maps. Then the differentials Ty f, Ty, g, Tp(g 0
[f) satisty the ‘chain rule’ T, (g o f) = Ty)g 0 Tpf as linear maps T, M — Ty p () P-

Proof. Obvious, e.g., in the geometer’s definition of the differential. |

I1.3.6 EXERCISE Let f : M — N be a diffeomorphism. Then T),f : T)M — Ty, )N is a linear
isomorphism for every p € M.

A very important role in differential topology is played by the inverse function theorem. Since it
is covered in most analysis courses, e.g. [16], see also [3, Section II.1], we state it without proof:

11.3.7 PROPOSITION (INVERSE FUNCTION THEOREM) Let U C R" be open and f : U — R" smooth.
Ifp e U and T,f : R* — R" is invertible (equivalently, the matrix (0f;/0x;)y=p is invertible) then
there is an open V. C U such that f:V — ¢(V) is a diffeomorphism.

I1.3.8 COROLLARY Let f: M — N be smooth and Ty f : T,M — Ty, N invertible for some p € M.
Then there exists an open neighborhood U > p such that f(U) is open and f : U — f(U) is a
diffeomorphism.

Proof. Let (U', ¢), (V,1)) be charts around p and f(p). Apply the inverse function theorem to 1o fop~!
and conclude the claim for some U C U". |

We recall that a differentiable homeomorphism f : M — N need not have a differentiable inverse,
e.g. x — x>, The preceding corollary allows to exclude this nuissance at least locally (and Exercise
11.3.6 shows that invertibility of T), f is also necessary). Note that a map need not be globally invertible
even iff T), f is invertible everywhere: Consider f : C — C, x — ¢*. We will later return to the problem

of proving that a map f is globally a diffeomorphism.



I1.4 The tangent bundle

In this section we introduce a formal construction whose importance will become clear later. Let M
be a manifold of dimension m and consider the disjoint union

™ = [[ T, M,
pEM

which is called the tangent bundle of M. Its elements are denoted (p,v), where p € M and v € T,,M.
There is a canonical surjection 7 : TM — M, (p,v) — p

I1.4.1 PrROPOSITION The tangent bundle TM admits the structure of a manifold of dimension 2m
such that the following holds: For every p € M there is a neighborhood U and a diffeomorphism
Y7 Y (U) = U x R™ such that the diagram

) e U x R
P1
Vs
U

commutes and such that for each p € M the map n 1(p) = T,M — {x} x R™ is an isomorphism of
vector spaces.

Proof. Let (U, ¢;)icr be an atlas of M. We define an atlas (V;, ¢;)ic; of TM by
Vi=n ') = | TM,
peU;

the coordinate maps ; : V; — R*™ being given by

%’(p, U) = (¢Z(p)7 U)a

where v € T, M is understood as element of R™ via the ‘physicist picture’ of T,M. For overlapping
charts we have

djj o lﬂ;l(x,U) = ((b] o qﬁ;l(x),Dpu)
for (z,u) € ®;(V;), where D, = (9(¢; o ™ (a1,. .. ,xn))/ax%:p). This is clearly smooth, and thus
(Vi,¥i)ier defines a manifold structure on T'M. The rest is now obvious: For p € M, let U be the

domain U; of a chart containing p. Then the coordinate map v; : V; = 7 1(U;) — U x R™ is the
diffeomorphism whose existence is claimed in the proposition. |

The differentials 7}, f for p € M combine to a map between the tangent bundles:

11.4.2 PROPOSITION A map f: M — N gives rise to a map T'f : TM — TN such that the diagram

LMt T " M

Tpf Tf f

TN+ TN - N
L m

commutes, where 1 : T,M — TM is given by v + (p,v).

Proof. Define TM : (p,v) = (f(p), Tpf(v)). That this is a smooth map is immediate by definition of
the tangent bundle. Commutativity of the diagram is trivial. |



I1.5 Manifolds with boundary

For many purposes, like the formulation of Stokes’ theorem in Section III.3, manifolds as defined above
are not sufficiently general, but a very harmless generalization turns out to be sufficient for most
applications. We write R} = {(x1,...,2,) € R" | 1 > 0} and IR} = {(x1,...,2,) € R* | 21 = 0}.

I1.5.1 DEFINITION A (smooth) manifold of dimension n € N with boundary is a second countable
Hausdorff space M such that every p € M has an open neighborhood U such that there is a home-
omorphism ¢ : U — V, where V' is an open subset of R" or R}, and such that the transition maps
o l:p(UNU') — ¢ (UNU") between any two charts (U, ¢), (U’, ¢') are smooth.

I1.5.2 LEMMA Let p € M. If there is an R} -valued chart (U, ¢) around p such that ¢(p) € OR} then
o(p) € ORY. holds in any chart around p.

Proof. Let (U', ¢') be another chart around p and assume that ¢(p) is an interior point of R, . Applying
the inverse function theorem to the smooth and invertible map ¢’ o ¢~! we see that also ¢'(p) is an
interior point of R’} . |

Thus a point p € M is mapped to OR"} by all charts or by no chart. (The same result holds for
topological manifolds, but to prove this one needs to invoke the ‘invariance of the domain’ already
alluded to.)

11.5.3 DEFINITION The boundary of M is
OM ={p e M | ¢(p) € ORY} for some R} -valued chart (U, ¢) around p}.

Iff: M — N, we write 0f = f | OM : OM — N.

I1.5.4 REMARK Since R" is diffeomorphic to an open ball in R, one could also require all charts to
take values in R’} . However, the flexibility gained by allowing charts taking values in R" is convenient
since now a manifold in the sense of Definition I1.1.8 manifestly also is a manifold with boundary with
oM = 0.

I1.5.5 LEMMA The boundary OM of an n-manifold M is a (n — 1)-manifold without boundary.

Proof. For every p € OM there is a chart (U, ¢) of M around p such that ¢(U N OM) is an open
neighborhood of 0 in 0 x R*!. Forgetting the first coordinate, (U N IM,¢ | U N OM) is a chart of
OM mapping an open neighborhood of p to an open subset of R*~!'. One verifies that the atlas of
M gives rise to an atlas of 9M. Clearly OM has no boundary, since we have R*~! in the preceding
sentence, not R’_’[l. [ |

I1.5.6 EXERCISE If M is a manifold with boundary then M — 9M is a manifold without boundary
(or empty boundary).

I1.5.7 EXERCISE Show that M = 9M implies M = 0.

I1.5.8 We now must reconsider the notions of tangent space and differential for manifolds with
boundary. The important point is that we want 7,,M to be a vector space, not a half space, even if
p € OM. The ‘physicist’s” and the ‘algebraist’s’ definition of the tangent space are clearly applicable
also in the presence of a boundary and give a vector space T, M for all p € M. The ‘geometer’s’
definition is a more problematic since a (germ of a) curve may run into the boundary. (One may try
to make this definition work restricting oneself to germs of the form [0,¢) — M, but this becomes
quite tedious.) Now it is clear that also the differentials T),f : TyM — Ty N and TF : TM — TN
can be defined as for boundaryless manifolds



I1.5.9 EXERCISE Let M, N be n-manifolds, possibly with boundary, with atlasses (U;, ¢;), (V;,¥;),
respectively. Then the disjoint union M + N = M [[ N with the atlas (U;, ¢;) U (V},9;) is an n-
manifold and 9(M + N) = 0M + ON.

I1.5.10 EXERCISE Let M, N are manifolds, where 9N = (), with atlasses (Uj, ¢;), (V},1;), respectively.
Then M x N with the atlas (U; x Vj, ¢; x 9;) is a manifold of dimension dim M + dim N, and
(M x N) =0M x N.

I1.5.11 REMARK If O9M # ) # ON then M x N is not a manifold! If p € 9M,q € ON then p x ¢ has
a neighborhood in M x N that is homeomorphic to an open neighborhood of 0 € R™"~2 x R, x R,
but not to any open subset of R™*"~1 x R, . However, M x N is a manifold with corners, i.e. a second
countable Hausdorff space where every point p has a neighborhood that is homeomorphic to an open
subset of (Ry)™.) The latter are a straightforward generalization of manifolds with boundary, but we
will not consider them any further in this course.

From now on ‘manifold’ will mean ‘manifold with boundary’. Of course, the boundary
may be empty. If this is required to be the case we will say ‘manifold without boundary’.
Note that in the literature very often compact manifolds without boundary are called closed. Less
frequently, an open manifold is meant to be a manifold without boundary such that all connected
components are non-compact. We don’t use either of these terms.

I1.6 Classification of smooth 1-manifolds

In this section we will give a complete classification of smooth 1-manifolds. While the latter may seem
obvious, giving a proper proof is not entirely trivial. Corollary I1.6.7 will turn out to be useful later
on. We will closely follow [13, Appendix]|. For an alternative approach using some elementary Morse
theory see [7, Appendix 2].

11.6.1 THEOREM Let M be a smooth connected 1-manifold. Then M is diffeomorphic to one of the
following: [0,1],[0,00), R, S*.

In the sequel we will call a connected non empty subset of R an interval. It should be clear that
every interval is diffeomorphic to one of the first three alternatives in the theorem.

I1.6.2 DEFINITION Let M be a smooth 1-manifold and I an interval. A map f : I — M is a
parametrization if f maps I diffeomorphically onto an open subset. It is called a parametrization by
arc length if the ‘velocity’ T),f : R = T, I — Ty,) M = R is equal to one for all p € 1.

I1.6.3 EXERCISE M must have boundary points whenever I has. Hint: f(I) C M is open.

I1.6.4 EXERCISE Any given local parametrization I — M can be transformed into a parametrization
by arc length by a transformation of variables.

I1.6.5 LEMMA If f: I — M and g : J — M are parametrizations by arc length then f(I) N g(J) has
at most two components. If it has one component then f can be extended to a parametrization of
f(IYU g(J) by arc length. If it has two components then M is diffeomorphic to S*.

Proof. Clearly ¢! o f maps the open subset f~!(g(J)) C I diffeomorphically onto the open subset of
g Y(f(I)) C J, and the derivative of this map is 1 everywhere. The subset T' = {(s,t) | f(s) = g(t)}
of I x J consisting of line segments of slope #1. Since I is closed and g~' o f is locally a diffeomorphism,
these line segments cannot end in the interior of I x .J, but must extend to the boundary. Since go f~*
is injective and single valued, there can be at most one of these segments ending on each of the four



edges of the rectangle I x J. It follows that [' has at most two components. If there are two, they
must have the same slope £1.

If I is connected then g~' o f extends to a linear map ¢ : R — R. Now f and g o/ fit together and
define a map I N ¢ 1(J) — f(I)Ug(J).

If T has two components, both with slope +1 say, we have T' = (a, a)(b, 3) U (¢,v)(d,):

B

=2 & D

a b c d

Translating the interval J = (v, 3) if necessary, we may assume that v = ¢ and J = d so that
a<b<c<d<a<f:
Identifying S* with the unit circle in C and setting § = 27t/(a — a) we define

heSl o e f@) if a<t<d,

’ ' g(t) if e<t<p.
By definition, h is injective. The image h(S') is open and compact, thus closed in M. Since M is
connected h is surjective. |

Proof of the Theorem. Assume that M is not diffeomorphic to S'. Any parametrization by arc length
can be extended to a maximal parametrization f : I — M in the sense that there is no arc length
parametrization f :J — M extending f. To see this just extend f on the left and right until this
is no more possible. We claim that f is onto, and thus a diffeomorphism. Assume otherwise. Then
the open set f(I) would have a limit point x € M — f([). Parametrizing a neighborhood of x by arc
length and applying would give rise to an extension of f, which is a contradiction. |

I1.6.6 REMARK Of the 1-manifolds in the theorem, the compact ones are S and [0,1], the bound-
aryless ones are S' and R.

11.6.7 COROLLARY Let M be a compact smooth 1-manifold. Then OM consists of an even (finite)
number of points.

Proof. Since M is compact, the number of connected components is finite. The claim follows since a
connected compact 1-manifold is either S' (no boundary) or [0, 1] (two boundary points). [ |

I1.7 Local structure of smooth maps: The rank theorem

In Exercise I1.3.6 we have seen that T}, f is an isomorphism for all p when f is a diffeomorphism. For
general maps this will not be the case, certainly not if M, N have different dimensions. Thus it is
natural to consider the rank of the linear map 7, f as p € M varies.

I1.7.1 PROPOSITION Consider f: M — N and letp € M. IftkT),f : T,M — Ty, N = r, there exists
an open U 3 p such that k(T f : TyM — TyyN) > r for all ¢ € U.

Proof. Let (U, ¢), (V,¢) be charts around p, f(p), respectively. W.r.t. these charts the differential T), f
is described by the n x m-matrix A = (9(¢j o fo ¢ H(x1,...,2m))/0x;). That the rank of A is r
means that A has an invertible r X r submatrix but no invertible submatrix of size (r + 1) x (r + 1).



Invertibility is equivalent of non-vanishing of the determinant. Now, the determinant of the submatrix
under question is a continuous function of p and therefore does not vanish in a sufficiently small
neighborhood of p. In such a neighborhood the rank of 7}, f cannot be smaller than r, as claimed. W

I1.7.2 REMARK 1. This result can be restated by saying that the map p — rkT, f is lower semicon-
tinuous. (A function f is lower semicontinuous if lim,,, f(¢) > f(p).)

2. Note that the rank of 7, f may be bigger than that of T}, f arbitrarily close to p: Consider
f:R=R: prsp>atp=0.

The following proof is taken from [4].

11.7.3 THEOREM Let M, N be manifolds without boundary. Consider f : M — N and assume that
rk T, f is constant on some neighborhood U of p € M. Then there are charts (V, ¢) and (W,v) around
p and f(p), respectively, such that ¢ o f o =1 has the form (x1,...,2m) = (z1,...,2,,0,...,0).

Proof. We may right away restrict to maps f : U — R" where U C R™ is a neighborhood of zero and
f(0) = 0. Now there exists a (r x r)-submatrix of T),f that is invertible at p = 0. Suitably renaming
the coordinates of R™ and R" we may assume that the matrix (0f;/0x;)1<; j<, is invertible at x = 0.
Let h: U — R™ be given by (x1,...,2n) — (f1(z),..., fr(z),2r41,...,2Zm). The Jacobi matrix of h
has the form

Ofi
ox;

Toh =

Now we have det Toh = det(0f;/0x;)1<ij<r # 0, thus by the inverse function theorem there is a local
inverse h=! : V! — U’ bijectively mapping some open neighborhood V' of 0 to some U’ C U, and the
diagrams

h
R™ > Ul - Vl CR™ (xla"'axm) — (fl(x)v"'7fr(x>7xr+17"'7xm)
foh!
f f
R" (f1(x), ...y ful2))
commute. Thus the map g = foh ! : V/ — R™ has the form (21, ..., 2zm) = (21, -+, 2r, Gr1(2),s -, gn(2))
and therefore the Jacobi determinant
r n—r
I 0 r

Tog =




where A(z) = (0¢;/0z;). Since rtk f = rkg = rkTpg = r in a neighborhood of zero, we must have
A(z) = 0 in this neighborhood. Thus

a.
aglzo, rel1<i<n, r+1<j<m. (IL.3)
zj

Let now

k (ylv"'vyn> = (ylv"'vyhyT+1 _gT+1(y17"'7y1"707"'70)7"'7yn_gn(ylv"'vyﬂov"'vo))'

The Jacobi matrix (0k;/0dy;) of k is

r n—r
I 0 "
Tok =
? I n—r

thus k is invertible in some neighborhood of zero, and ko f o h™! = ko g is represented by the
composition

(Zla' .. 7Zm> '£> (Zla' .. 7ZT79T+1(Z)7' .- ,gn(z))

k
= (21 2 i1 (2) — g1 (21,0, 20,05 000,0)s o ooy gn(2) — g (21, -+ 20,0500, 0)).

For (z1,...,2py) in a sufficiently small neighborhood of 0 and r + 1 < ¢ < n we have g;(z1,...,2n) —
gi(21,...,2,0,...,0) = 0 because of (IL.3), thus ko g = ko foh ! is represented by

(21 oy 2m) — (215405 20,0,...,0),

as claimed. ]

In order to apply the theorem one must show that the rank of 7}, f is constant in a neighborhood of p,
to wit one must exclude the possibility mentioned in Remark I1.7.2.2. Without further information, this
is difficult (but see Theorem II.8.9 for a situation where it can be done). If, however, the rank of T}, f at
p is maximal, i.e. rk T, f = min(dim M, dim N), it cannot increase, thus Theorem II.7.3 applies. This
motivates a detailed study of the two cases rk7T),f = dim N < dim M and rk7,f = dim M < dim N.
(In fact, most books prove the rank theorem only for these special cases, giving two different arguments.
This seems somewhat unsatisfactory.)

11.7.4 DEFINITION A map f: M — N is an immersion (or immersive) at p if the linear map T),f :
TyM — Ty, N is injective. It is called a submersion (or submersive) at p if Tj,f : TyM — Ty, N is
surjective. A map is an immersion (submersion) if it is immersive (submersive) for all p € M.

I1.7.5 REMARK Clearly, f : M — N is an immersion iff rk7,f = dimM < dim N for all p € M.
Similarly, f is a submersion iff rk 7}, f = dim N < dim M for all p € M.

The special significance of immersions and submersions will become clear in Sections I1.9 and I1.13,
respectively. Here we only note that an immersion need not be injective: consider the map from S*
to the ‘figure 8" in R2.



I1.8 Submanifolds

I1.8.1 DEFINITION Let M be a manifold of dimension m. (Recall that we allow a boundary.) A
subset N C M is a submanifold of dimension n if for every p € N there is a chart (U,¢) of M
around p such that ¢(UNN) = ¢(U) "R} or (U NN) = ¢(U) NR". Here it is understood that

n o — n 7 m—n — mm
R(+)_R(+)XOCR(+)XR _R(+).
11.8.2 REMARK With this definition a proper submanifold N of M may have the same dimension as
M. E.g., the half space R} C R" and the closed ball D" C R".

11.8.3 EXERCISE For m < n the following are submanifolds: R™ C R", S™ C S, O(m) C O(n),
U(m) C U(n). Find further examples.

I11.8.4 EXERCISE If N C M is a submanifold of a manifold M then N is a manifold.

I1.8.5 EXAMPLE If OM = () then W = M x [0,1) is a manifold with such that OW = M. (However,
if M is compact, we may be unable to find a compact W.)

11.8.6 EXERCISE If N C M is a submanifold then the inclusion ¢ : N — M is an injective immersion
and T,u(T,N) C T,M is a subspace of dimension dim N for every p € N. We will usually identify
T,N with its image in T,M: T,N C T,M.

I1.8.7 EXERCISE Show that a zero dimensional submanifold /N of M is the same as a discrete subset
of M (thus N is discrete w.r.t. the subset topology).

If N C M is a submanifold and N and M both have a boundary, the relation between the
boundaries can be quite complicated. We give some examples:

OM = 0N =) R* c R™, S™ C S™, O(m) C O(n), n < m.

OM =0, ON#0 R} CR™, n<m; D" CR".

OM #0, ON =0 R} CR}, m<n, where (z1,...,2p) = (0,...,0,21,...,2p).

OM #0, ON #0 D" CR}. R} CR}, m<n, where (z1,...,2y) = (z1,...,2,0,...,0).

I1.8.8 DEFINITION A submanifold N of a manifold M with boundary is neat if ON = N NOM.

Of the above examples of submanifolds, those in the first row are trivially neat since 9M = ON = (),
whereas no submanifold of the second type can be neat. D™ C R} (where the disc sits in the interior
of R} ) is not neat.

The following result provides a (rather special) way to construct submanifolds of a given manifold
M. More widely applicable methods will be studied later.

11.8.9 THEOREM Let M be connected without boundary and let f : M — M be a smooth map such
that fo f = f. Then f(M) is a closed submanifold of M.

Proof. The image f(M) equals the fixpoint set {p € M | f(p) = p}, thus it is closed. It is easy
to see that f(M) is connected. Now it is sufficient to consider the map f in a neighborhood of a
point p. If we can show that rk T, f is constant in such a neighborhood then by the rank Theorem
I1.7.3 there is a chart (U, ¢) around p such that ¢o fo o™ : (x1,...,2,) = (21,...,2,,0,...,0) and
o(f(U)) = o(U)NR", thus f(M) is a submanifold.

By the chain rule, fo f = f implies T} fo T, f =T f for all ¢ € M, in particular T),f o T}, f =T, f
for every p € f(M). Thus

imT,f ={veT,M|T,f(v) =v}=ker(idr,n — Tpf)



for all p € f(M). This implies dim M = rk T, f +rk(idr,» — T, f), and both ranks can only increase in
a neighborhood of p, we conclude that rk T}, f is locally constant on f(M), thus constant since f (M) is
connected. Let r = rk T, f for some p € f(M) be this constant. Then there is an open neighborhood
U of f(M) such that rk Ty f > r for all ¢ € U. Now vk T f = rk(Ty) f o Tyf) < tkTyq) f =, thus
rk T, f is constant on U. |

I1.9 Embeddings

Given a smooth map f : M — N it is a natural question whether f(AM) C N is a submanifold. In this
generality, however, the question is too difficult. We therefore limit ourselves to the more restricted
question: When is f(M) C N a submanifold such that f : M — f(M) is a diffeomorphism? Clearly,
f must be injective and immersive (by Exercise I1.3.6). This is, however, not sufficient. Consider a

map f : R — R? whose image looks like
ﬂD

f can easily be made injective and immersive, but f(R) C R? is not a submanifold near the point p.
(With a view to Lemma I1.9.3 we note that lim,_ ., f(x) = p is finite and that the image of the closed
set [x,4+00) is not closed if v > f~1(p).)

11.9.1 ProPOSITION Let f: M — N be a smooth map of manifolds. Then the following are equiva-
lent:

(i) f(M) C N is a submanifold and f : M — f(M) is a diffeomorphism.
(ii) f is an immersion and f : M — f(M) is a homeomorphism.

Proof. (i)=(ii). The diffeomorphism f : M — f(M) is a fortiori a homeomorphism. By Exercise
11.3.6, T, f : T,M — Ty, (f(M)) is invertible, thus the composition Tp,M — Ty (f(M)) <= Ty N
is injective.

(ii)=(i). If p € M, the rank Theorem II.7.3 provides open charts (U, ¢),(V,) around p and
¢ = f(p) € N, respectively. Replacing U by U N f~*(V) we get a map f : o f o ¢~! of the form
x v (2,0,...,0) from ¢(U) C R™ into (V) C R™. Now replace U by some open subset such that
¢(U) x B C 9(V) for some neighborhood B of 0 € R*™™ and, finally, replace V by ' (¢(U) x B).
Now f is a map from ¢(U) C R™ to (V) = ¢(U) x B C R".

Since f: M — f(M) is a homeomorphism, U = f~!(W) for some open neighborhood W C N of
q- Now, for the chart (VNW,¢ [ VNW) around ¢ € N we have ¢ (f(M)NV W) =4(VNW)NR™.
Hence f(M) C N is a submanifold and f : M — f(M) is locally invertible, thus a diffeomorphism. W

11.9.2 DEFINITION When the equivalent conditions of Proposition 11.9.1 are satisfied, the map f :
M — N is called an embedding and f(M) C N an embedded submanifold.

In order to apply the preceding result one must prove that f is a homeomorphism onto its image.
A criterion for this is provided by the next result, for which we make an exception from our rule not
prove results from general property since the following result is not contained in most textbooks (but
see [2, §1.10]). We assume some knowledge of the one-point compactification X, cf. e.g. [3, 15]. Recall
that the closed sets in X are precisely the compact sets of X and the sets CU{oo} with C' C X closed.

11.9.3 LEMMA Let f : X — Y be an injective map of locally compact Hausdorff spaces. Then the
following are equivalent:



(i) f(M) is closed and f: M — f(M) is a homeomorphism w.r.t. the subset topology.
(ii) f is closed, i.e. f(C) is closed for every closed C' C M.
(iii) f is proper, i.e. f~'(K) is compact for every compact K CY.

Proof. (ii)=(i): Since f is injective, (i) holds iff f~': f(X) — X is continuous, which is the case if
f(Z) is open in f(X) for every open Z C X. Let Z C X be open. By (ii), f(X — Z) is closed in Y,
thus closed in f(X). Since f is injective, we have f(Z) = f(X) — f(X — Z), thus f(Z) is open in
7(X).

(i)=(iii): Let K C Y be compact. Then K N f(X) is compact in f(X), thus f~(K) = f~' (K n
f(X)) is compact in X by (i).

(iii)=-(ii): Since f is proper, it extends to a continuous map f:X =Y of the 1-point compactifi-
cations such that f(co) = co. Let C' C X be closed. Then C'U{oo} C X is closed and thus compact.
Thus f(CU{oo}) C Y is compact, thus closed (since Y is Hausdorff). But f(CU{oo}) = f(C)U{oo},
implying that f(C) is closed in Y. [ |

I1.9.4 COROLLARY Let M be compact and f : M — N an injective immersion. Then f(M) C N is
a submanifold and f : M — f(M) is a diffeomorphism.

Proof. Let Z C N be compact, thus closed. By continuity, f~!(Z) C M is closed, thus compact by
compactness of M. Thus f is proper and the claim follows by the implication (iii)=(i) of the lemma
together with Proposition I1.9.1. |

In Section IT.12 we will show that every n-manifold admits an embedding into R?"*!. The proof
requires some preparations which will be the subject of the next two sections. The tools obtained
there are of fundamental importance throughout differential topology.

I1.10 Smooth partitions of unity

We begin by recalling some results from general topology without giving full proofs. All covers are
open.

I1.10.1 DEFINITION A cover (U;);es of a space X is locally finite if every p € X has a neighborhood
U such that the set {i € I | UNU; # 0} is finite. A refinement of a cover (U;)ier is a cover (V})jes
such that every V; is contained in some U;. A shrinking of a cover (U;)icr is a cover (V;)icr such that
ViU, foralli€l.

I1.10.2 DEFINITION A space X is called paracompact if every cover (U;) has a locally finite refinement.

I1.10.3 LEMMA Every locally finite cover (U;);c; of a paracompact space admits a shrinking.

Proof. Cf. e.g. [3, Proposition 1.12.9]. [ |

I1.10.4 LEMMA Every topological manifold is paracompact.

Proof. As remarked earlier, a topological manifold is locally compact. Now, every locally compact
second countable Hausdorff space is paracompact, cf. e.g. [3, Theorem 1.12.12]. |

I1.10.5 DEFINITION Let (U;)ic; be an open cover of a manifold M. A partition of unity subordinate
to (Uy)ier is a family of smooth functions \; : M — [0,1], j € J such that (i) there is a locally finite
refinement (V;)jes such that supp\; C Vj, and (ii) 3_; Aj(x) =1 for allz € M.



In general topology one proves that every paracompact space admits a (continuous) partition of
unity. When dealing with smooth manifolds, this is not good enough since we need the functions A;
to be smooth. We therefore give a proof.

11.10.6 THEOREM Let M be a manifold and (U;) an open cover. Then there exists a partition of
unity (\;)jes subordinate to (U;).

11.10.7 LEMMA Let K C U C M with K compact and U open. Then there exists a smooth function
g: M — [0,00) such that g(x) > 0 for all * € K and suppg C U.

Proof. Let F : R — R be given by F(z) = e /(@ D*e1/(@+1)* fop |z|] < 1 and by F(x) = 0 otherwise.
Then F is a smooth and satisfies F(x) > 0 iff z € (=1,1). Now let p € U C M with U open. Take a
chart (U, ¢) around p and ¢ > 0 such that ¢(U NU) C R" contains the cube

{(z1,...,2,) | |z;| < e for all i}.

Then the function ¢ — F($1(q)/c) ...  F(dn(q)/c) extends to a smooth function g, : M — [0, 1] such
that g(p) > 0 and suppg, C U.

To prove the lemma, take such a function g, for every p € K. The sets {x € M | g,(x) > 0} are
open and cover K. Thus a finite number of them covers K. The sum g of the corresponding functions
gp has the desired properties. |

Proof of the theorem. By paracompactness there exist a locally finite refinement (V;);es of (U;) and,
Lemma I1.10.3, a shrinking (W}); e of (V});es. We may also assume that each Vj is contained in the
domain of a coordinate chart and that each W] is compact. Using Lemma I1.10.7 we construct, for
every j € J, a smooth function g; : M — [0,00) such that g;(x) > 0 if # € W; and suppg; C V;. By
local finiteness, g(p) = 3, gi(x) exists as a smooth function that vanishes nowhere (since U;W; = M).
Now \; = ¢;/g has all desired properties. |

As a first application we consider the extension problem of functions defined on an open neighbor-
hood of a compact subset of a manifold.

11.10.8 PROPOSITION Let M be a manifold and consider K C U C M, where K 1'5 closed and U is
open. Then for any smooth function f : U — R there exists a smooth function f : M — R that
coincides with f on K.

Proof. Cover K by sets U; which are open in M and such that there is a smooth function g; on U;
coinciding with f on U; N K. Throwing in M — K and the zero function, we get a covering of M.
If necessary we replace this cover by a locally finite refinement. Then by Theorem I1.10.6 there is a
partition of unity {\;} with supp\; C U;. Now the function g : M = R, p — > . Ai(p)gi(p) is well
defined and smooth, and for p € K we have

g(p) = Z \i(p)gi(p) = Z Xi(p)g(p) = g(p),

as desired. [ |

11.10.9 REMARK With the theory developed so far we have all that is needed in order to prove Lemma
11.12.1, according to which every compact manifold admits an embedding into R” for some n € N.
We prefer, however, to postpone this proof until we are in a position to prove the stronger and more
general Theorem 11.12.4.



I1.11 Measure zero in manifolds: The easy case of Sard’s theorem

In this section we will develop some rudiments of measure theory in manifolds where we will only need
the notion of measure zero.

II.11.1 DEFINITION A set C' C R"™ has measure zero if for every € > 0 there exists a sequence of cubes
{D;}icw such that C' C |J; D; and
Z |Dz| <eg,
i

where |D| is the usual volume of D in R™.

11.11.2 REMARK 1. It is important to understand that measure zero is a relative notion. The interval
I =10,1] C R has measure 1, but I x 0 C R? has measure zero!

2. It clearly does not matter whether the cubes are open or closed. Since the ratio of the volumes
of a cube and the circumscribed ball depends only on n, U C R" has measure zero iff it can be covered
by countably many balls of arbitrarily small total volume. Similarly, one could use rectangles, etc.

11.11.3 EXERCISE If U C R"™ has measure zero then any V' C U has measure zero. If m < n then
R™ 2 R™ x 0 C R* has measure zero.

IT.11.4 LEMMA Let (C; C R");en be a sequence of sets of measure zero. Then | J; C; has measure
zero.

Proof. Since C; has measure zero we can pick a sequence {DZ ,j € N} of cubes such that C; C | ; Dz
and ) |DZ| < 27%. Then {Dg,i,j € N} is a countable cover of |J; C; and we have }_, ; |DZ| <
ey 2 =e. [ |

I1.11.5 LEMMA Let U C R™ be open and f : U — R™ differentiable (C'). If C C U has measure
zero then f(C') C R™ has measure zero.

Proof. Every p € U belongs to an open ball B C U such that |7, f| is uniformly bounded on B, say
by x > 0. Then

[f (@) = F(y)] < wlz -yl

for all x,y € B. Thus, if C C B is an m-cube of edge A then f(C) is contained in an m-cube of
edge less than /mrA. It follows that f(C') has measure zero if C' has measure zero. Writing U as a
countable union of such C, the claim follows by Lemma I1.11.4. |

The preceding lemma shows that the following definition has a coordinate independent sense:

I1.11.6 DEFINITION A subset C' of a manifold M has measure zero iff $(U N C') has measure zero in
R™ for every chart (U, ¢) in the maximal atlas of M.

I1.11.7 EXERCISE 1. C' C M has measure zero iff ¢(U N C') has measure zero in R" for every chart
(U, ¢) in some atlas compatible with the differential structure of M.
2. If C C M has measure zero then M — C'is dense in M.

Now we can state the easy case of Sard’s theorem:

I1.11.8 PROPOSITION Let f : M — N a smooth map of manifolds, where dim M < dim N. Then
f(M) has measure zero in N.



Proof. Let (Ui, ¢;), (Vj,v;) be countable atlasses for M and N, respectively. Then

bi(f(M)NVj) = U%‘(f(Ui) Vi) = @Wjofoah) (aUinf1(v)).

7

Now, vjo fo (b;l is a smooth map from an open subset of R” to R", thus the measure of its image is
zero by Exercise I1.11.3 and Lemma II1.11.5. Thus ¢;(f(M)NV;) has measure zero by Lemma I1.11.4,
and this is what is required by Definition 11.11.6. |

The general version of Sard’s theorem will be given in Section 11.14. We give a first application of
Proposition I1.11.8.

I1.11.9 DEFINITION Two smooth maps f,g : M — N are smoothly homotopic if there is a smooth
map h : M x [0,1] — N such that hy = f and hy = g, where we write hy = h(-,t).

11.11.10 THEOREM If M is a manifold of dimension m < n then any smooth map f : M — S" is
smoothly homotopic to a constant map.

Proof. By Proposition I1.11.8, f(M) C S™ has measure zero, thus there is a point ¢ € S™ not in the
image of f. Therefore f maps into the X = S™ — {¢}, which is smoothly homeomorphic to R", and
therefore contractible (to wit, there is a smooth map = : X x [0,1] — X such that r(z,0) = « for all
x € X and x — r(z,1) is a constant map). Composing f with such a contraction gives the desired
homotopy. |

For later purposes we prove that smooth homotopies behave similarly to continuous homotopies.

I1.11.11 LEMMA Smooth homotopy is an equivalence relation. (The set of smooth homotopy classes
of smooth maps X — Y will be denoted by [X,Y]s.)

Proof. Symmetry and reflexivity are obvious, but transitivity requires proof. Let ¢ : [0,1] — [0,1]
be a smooth function such that ¢(t) = 0 for ¢t < 1/3 and ¢(t) = 1 for t > 2/3. (For example, let
o(t) = ANt —1/3)/(A(t —1/3) + A\(2/3 —t)) where A(t) = 0 for t < 0 and \(t) = e /! for t > 0.) If now
h is a smooth homotopy between f and g, define h/(x,t) = h(x, p(t)). Then A’ is a smooth homotopy
between f and ¢ that is constant as a function of ¢ for t < 1/3 and ¢ > 2/3. The usual (double speed)
composite of two such modified homotopies is a smooth homotopy. |

I1.12 Whitney’s embedding theorem

In this section all manifolds are without boundary.

11.12.1 LEMMA Let M be a compact manifold. Then there exists an embedding ¥ : M — R" for
suitable n.

Proof. Let (U;, ¢;) be an atlas. By compactness finitely many of the U; suffice to cover M, thus
we may assume the atlas to be finite with ¢ = 1,...,k, and by Lemma I1.10.3 we can also find sets
V; still covering M such that V; C U;. Furthermore, Proposition I1.10.8 provides smooth functions
\; : M — R which are 1 on V; and have support in U;. Defining 1;(p) : M — R to be X\;(p)¢;(p) € R®
for p € U; and zero otherwise, v; is smooth. Now let ¥ : M — (R™)¥ x RF be given by ¥(p) =
(1, Uy Ay oy Ag). We claim that U is injective: If ¥(p) = ¥(q) then \;(p) = Ai(q) for all i.
Now, p € V; for some j, thus Aj(p) = 1. Since also A\;j(¢) = 1, we have ¢ € V; and p, ¢ both lie in V.
Now ¢;(p) = Aj(p)¢;(p) = ¥;(p) = ¥;(q) = Aj(@)¢;(q) = ¢;(q) implies p = g since V; C U; — R" is
injective.

Next we show that ¥ is an immersion, i.e. ¥, = T),¥ is injective for all p € M. Again, p € V; for
some j and thus A; = 1. Now v; = ¢;, and v;_ = ¢;,_ is injective since ¢, is a chart.



Thus V¥ is an injective immersion. Since M is compact, Corollary 11.9.4 applies and ¥ is an
embedding. ]

I1.12.2 PROPOSITION Let M be a compact manifold of dimension m. Then there exists an embedding
UM — R

Proof. We know already that there exists an embedding ¥ : M — R for some n. The theorem thus
follows by induction if we can show that n can be reduced by one provided n > 2m + 1. For any
non-zero a € R” we let 7, be the orthogonal projection onto the orthogonal complement a = R*~ 1,
(Thus 74 (z) = = — a(a,x)/(a,a), where (-,-) is some scalar product on R".) We write ¥, = m, 0 ¥
and claim that there exists a # 0 such that ¥, is an embedding.

To prove this we define h : M x M x R — R" by h(p,q,t) = t(V(p) — ¥(q)) and g : TM — R*
by g(p,v) = T,¥(v). In view of dimM x M x R = 2m + 1, dimTM = 2m and our assumption
n > 2m + 1, the (easy case of) Sard’s theorem, cf. Proposition II1.11.8, implies that im h U im ¢g has
measure zero, thus there exists a point ¢ € R” —imh — img. Note that a # 0 since 0 belongs to
both images. Now assume V,(p) = ¥,(¢), which is equivalent to ¥(p) — ¥(q) = Aa. By assumption
¥ is an embedding, thus injective. Assuming p # ¢ we therefore have A\ # 0 and we can write
a=A"Y¥(p) — ¥(q)) = h(p,q,A~"). This is in contradiction with our choice of a & im h, thus ¥, is
injective.

Next, suppose T, ¥, (v) = 0 for some v € T,M. By definition of ¥, this is equivalent to T,¥(v) =
Aa. Again, assuming v # 0 we have T,¥(v) # 0 since ¥ is an immersion. Thus A # 0 and a =
AT, ¥ (v) = T,(A o) in contradiction with a ¢ img. Thus ¥, is an immersion. By Corollary I1.9.4,
¥, is an embedding. |

11.12.3 REMARK 1. We have actually proven a bit more than stated: On the one hand, it is clear from
the proof that every compact n-manifold admits an immersion into R?”. On the other hand, if a not
necessarily compact manifold is already given as a submanifold of some R", the preceding arguments
provide an immersion into R?™ and an injective immersion into R?**!. In the non-compact case there
are two problems: in Lemma II.12.1 we cannot always find a finite atlas, and in Proposition 11.12.2,
an injective immersion need not be an embedding. Nevertheless, we will prove that Theorem I1.12.4
generalizes to non-compact manifolds. In fact, every n-manifold, whether compact or not, admits an
embedding into R?" | but this is more difficult to prove (Whitney 1944).

2. If one asks for the lowest n such that every m-manifold admits an immersion, not necessarily
injective, into R” the answer is n = 2m — a(m), where a(m) is the number of non-zero digits in the
binary representation of m. The proof (1985) is very difficult.

I1.12.4 THEOREM (WHITNEY) Every manifold of dimension m admits an embedding into R*™+1.

Proof. Let (U;) be a cover of M by open sets with compact closures, let (V}) be a countable locally
finite refinement of (U;), and let (A\;) be a partition of unity subordinate to (V;). We index (V;), (A;)
by the natural numbers and define n(x) = >, iAi(x). By local finiteness, this is a smooth map, and
it is proper since =1 ([1, N]) € UL, Vi. Now let U; = (i — i+ and Gy =n'[i—3,i+31]. Then
U, is open, C; is compact and U; C C’? . Furthermore, all C\44 are mutually disjoint and the same holds
for the Copen. The above methods gives us smooth maps ¥; : M — R?”*! that are embeddings on
U; and map the complement of C; to 0. Composing with a diffeomorphism of R*™*! to an open ball
in R?"*! we may assume that the images of all ¥; are contained in the same bounded subset. Now
define o =Y, Uo;, Uy =3 Wy g and ¥ = (U, Uy, n) : M — REFL 5 R2MFL 5 RIf W(z) = U(y)
then n(x) = n(y), thus x,y are in the same U;. If i is odd (even) then ¥, (¥,) is an embedding on
U;, implying « = y. Thus ¥ is an injective embedding. Since 7 is proper, ¥ is proper and thus an
embedding. By construction, ¥(M) C K x R with K C R22m+1) compact. As remarked before, the
cut down argument of Proposition 11.12.2 works also for non-compact M and provides a projection



7 R2@mAD+L _ p2mtl gnto a hyperplane such that U/ = 7o ¥ is an injective immersion. 7 can be
chosen such that its kernel does not contain the last coordinate axis. Then ¥’ is still proper, thus an
embedding by Proposition 11.9.1 and Lemma I1.9.3. |

11.12.5 REMARK If M is an m-manifold M with boundary the preceding arguments still give an
embedding ¥ into R?”*!. With some additional work one can find an embedding ¥ : M — ]Ri’”’”rl
such that ¥(M) is a neat submanifold, i.e. 9T (M) = U(M) N ORI,

I1.12.6 REMARK The theorem says that every manifold (smooth, finite dimensional) is a submanifold
of some R". This might be compared with the result that every finite group and every compact Lie
group is a matrix group, i.e. a subgroup of GL(N, C) for some N. Thus one could in principle dispense
with the abstract notion of a manifold in the sense of Definition II.1.8 and consider only embedded
manifolds. (This is in fact the approach of [13, 7].) There are however good reasons for not doing
so: On the one hand the abstract perspective keeps the focus on the relevant intrinsic properties, the
manifold or group structure and not the embedding. More importantly, many constructions produce
only the abstract manifold or group structure, but no embedding. E.g., the automorphism group
of some structure, even when finite or compact Lie, does not usually come with an embedding into
GL(N,C), and similarly the Riemann surface constructed from a germ of a holomorphic function is an
abstract manifold without given embedding into RY. Thus the supposedly more concrete embedded
approach would make life much more difficult.

I1.12.7 REMARK It is no exaggeration to say that the three most important technical tools in dif-
ferential topology are (i) the rank theorem, (ii) partitions of unity and (iii) Sard’s theorem. There
is no non-trivial proof that does not use at least one of these tools. This is nicely illustrated by the
embedding Theorem I1.12.4, which relies on the rank theorem via Proposition I1.9.1, on partitions of
unity via Lemma I1.12.1 and on Sard’s theorem via Proposition I1.12.2. However, the most important
concept of differential topology is that of transversality or general position. Even though we defer
the general definition of this notion to in Section II.21, it will dominate the entire second half of the
present chapter.

I1.13 Inverse images of smooth maps

Consider a map f : M — N and a subset L. C N. In this section we ask which subsets of M can
appear as inverse image f '(L) and when this is a submanifold. Our first result shows any closed
subset A C M appears as zero set of a smooth R-valued function.

I1.13.1 PROPOSITION (WHITNEY) Let M be a manifold and A C M a closed subset. Then there
exists a smooth function f : M — R such that A = f~1(0).

11.13.2 LEMMA Let A C U C R"™ with A closed and U open. Then there exists a smooth function
Y : U — R such that A = f~1(0).

Proof. Let (B;,i € N) be a cover of the open set U — A by open balls. We choose smooth functions
Y; : U — [0,00) such that

(a) ¥i(x) > 0iff v € B;.
(b) The values of 9; and all its derivatives up to order i are smaller than 27¢,

(To satisfy condition (a) let ¥;(p) = F(|p — ¢|/R) if B; = B(q, R), where F': R — R is as in Lemma
I1.10.7. Condition (b) can be enforced by multiplying ; by a sufficiently small positive number.) We
now write ¢» = » ;. In view of (b), this sum converges uniformly on all of V', and the same holds



for all derivatives. Thus 1 is a smooth function. In view of (a), ¢(x) > 0 iff z € K; for some i, thus
U(z) > 0iff x ¢ A. n

Proof of the proposition. Let (U;,¢) be a locally finite atlas and ()\;);e; subordinate partition of
unity with supp A; C U;. Then A Nsupp A; is a closed subset of U; and using the homeomorphism
¢; : Uy — ¢(U;) and the lemma, we find a smooth function 7; : U; — [0, 00) such that n;(p) = 0 iff
p € ANsupp A;. We extend 7; by declaring it to be zero on M — U; and define n = Y, A;n;. (This is
well defined since the partition is locally finite.) If x € A then n; = 0 for all 4, thus n(x) =0. If & ¢ A
then \;(x) > 0 for some i, and = € ANsupp A;. Thus n; > 0 and n(x) > A\i(x)n;(x) > 0. [ ]

The above proposition is not very useful in practice, precisely because it is so general. Its main
significance lies in showing that in order for A = f~!(L) to be a submanifold we need to impose
requirements on the function f and the subset L C N. We begin with the special case where L = {¢}.

I1.13.3 DEFINITION Given f : M — N, a point p € M is called regular it T),f : TyM — Ty, N is
surjective, i.e., f is submersive at p, and critical otherwise. A point ¢ € N is called a regular value iff
every p € f~1(q) is a regular point. Otherwise it is a critical value.

11.13.4 LEMMA Let f : M — N be a smooth map of manifolds without boundary and let ¢ € N
a regular value. If f~'(q) is non-empty then W = f~'(q) C M is a submanifold of dimension
dim M —dim N. For p € W we have T,W = {v € T,M | T, f(v) = 0}.

Proof. If f(p) = q then rkT,f = dim N = n in a neighborhood of p, thus by the rank Theorem II.7.3
there are charts (U, ¢), (V,v) around p and ¢, respectively, such that f(U) =V and ¢o f o ¢! is of
the form (21,..., 20, Tnyts.. ., Tm) > (21,...,2,). Since ¥(¢) = 0 € R, we have ¢(f~'(¢) NU) =
H(U)NR™ ™ where R™ ™ sits in R™ as Opn x R™ ™. This is precisely the definition of a submanifold.
The above local description of W C M also implies the claim on T),W. |

11.13.5 REMARK If dimM < dim N then every p € M is critical, thus the set of critical values
coincides with the image f(M) C N. Therefore Lemma I1.13.4 is empty if dim M < dim N.

I1.13.6 EXERCISE Show that p is a regular point of f : M — R iff there exists a chart (U, ¢) around
p such that the partial derivatives d(f o ¢~ (z1,...,2m))/0xs,i = 1,...,m do not all vanish at = 0.

11.13.7 EXAMPLE Let M = R" and f: M — R given by (21,...,2,) + 22 +--- + 2. We claim that
every a # 0 is a regular value: If @ < 0 then f~'(a) = 0. If a > 0 then f(x) = a implies that some x;
is non-zero. Then 0f/0x; = 2x; # 0, thus x is a regular point. We have thus shown that the sphere
f~'(a) is a submanifold of R".

11.13.8 EXERCISE Let M, (R) = R" denote the set of real n x n matrices. Show that the orthogonal
group O(n) = {A € M,(R) | AAT = 1} consisting of orthogonal matrices is a submanifold of dimension
n(n—1)/2.

We now generalize Lemma I1.13.4 to the situation where M has a boundary.

11.13.9 LEMMA Let M be a manifold without boundary and let f : M — R be a smooth function
with zero as regular value. Then the subset S = {z € M | f(x) > 0} is a manifold with boundary
0S={x e M| f(x) =0}

Proof. The set where f > 0 is open in M and therefore a submanifold of the same dimension as M.
Suppose f(x) = 0. Since f is regular at x, by the rank Theorem I1.7.3 it is locally equivalent to the
canonical submersion (x1,...,x,,) — x1. But for the latter, the lemma is obvious. |



I1.13.10 PROPOSITION Let f : M — N be smooth with ON = () and let ¢ € N a regular value
for f and Of = f | OM. If f~'(q) is non-empty then f '(¢) C M is a neat submanifold (i.e.
o(f~Yq)) = f~Yq) N OM) of dimension dim M — dim N.

Proof. Let m,n be the dimensions of M, N, respectively. M — M and OM are manifolds without
boundary and by the regularity assumptions on ¢, Lemma I1.13.4 implies that f~'(¢)N (M —dM) and
f1(q)NOM are submanifolds (without boundary) of dimensions m —n and m —n— 1, respectively, and
we must show that their union is a manifold with boundary. Since this is a local property it suffices
to consider the case where M = R Let p € OR}' N f~'(¢q) and let U C R™ be an open neighborhood
of p. One can find a smooth map g : U — N coinciding with f on U NR}. Replacing U by a
smaller neighborhood if necessary, we may assume that ¢ has no critical points. Thus ¢~!(¢) C R™
is a smooth manifold of dimension m — n. Now, the tangent space at p of g !(¢) is the kernel of
the map T,,g = T),f : TR — T;N, and the hypothesis that ¢ is a regular value of 0f = f [ ORT
implies that this kernel cannot completely be contained in 0 x R™~!. Therefore zero is a regular value

of the coordinate projection 7 : ¢7'(¢) — R, (x1,...,2m,) — 21, and Lemma I1.13.9 implies that
9 '(g) NRT is a manifold with boundary 77" (0). Since the latter two sets coincide with f~'(q) N U
and f~'(¢) N U NOR™, respectively, we are done. |

In some applications, like Example I1.13.7 and Exercise 11.13.8, one needs to show that a specific
value ¢ € N is regular. In many other applications, some of which will be considered soon, it is
sufficient to show that a regular value of f: M — N exists. That regular values always exist (and in
fact are dense) is the content of Sard’s theorem which we will now prove in its general form.

I1.14 Sard’s theorem: The general case

Sard’s theorem, is one of the cornerstones of differential topology — most of the subsequent develop-
ments will rely on it. As in most other treatments, our proof essentially is the one of [13].

11.14.1 THEOREM The set of critical values of a smooth map f : M — N has measure zero in N.

11.14.2 REMARK 1. Thus the regular values are dense in N.

2. The theorem is blatantly wrong if one replaces ‘critical values’ by ‘critical points’! E.g., if
f M — N is a constant map then all p € M are critical, thus the critical points have non-zero
measure.

3. If dimM < dim N it follows from Remark II.13.5 that the theorem reduces to Proposition
I1.11.8.

The proof will use Fubini’s lemma, to be proven later. We denote by R?_l the subset R*! x ¢t C R".

I1.14.3 PrROPOSITION (FUBINI'S LEMMA) Let C' be a a countable union of compact subsets of R"
such that C; = CNR!"! has measure zero in R}~! = R*~! for each t € R. Then C' has measure zero.

Proof of the theorem. In view of Lemma II.11.5 and the fact that every manifold admits a countable
atlas, it suffices to prove that f(U) has measure zero for a smooth map f : U — R* when U C R™
is open. In this situation, let D C U be the set of critical points and let D; denote the set of
p € U at which all partial derivatives of f of order < i vanish. The D; form a descending sequence
Do D Dy D Dy D ... of closed sets. We will prove

(a) f(D — Dp) has measure zero.
(b) f(D; — D;11) has measure zero for all i.

(¢) f(Dyg) has measure zero for sufficiently large k.



The claim then follows by Lemma I1.11.4.

We begin with the proof of (¢) which is similar to that of Lemma IT.11.5. Let W C U be a cube
of edge a, and let k& > m/n — 1. We will show that f(W N Dy) has measure zero, which is sufficient
since U is a countable union of cubes. For x € Dy NW and x + h € W, Taylor’s formula gives

|[f(@+h) = f(a)] < clh]*

where ¢ depends only on f and W. We decompose W into a union of ™ cubes of edge a/r. If W} is
one of these small cubes containing = € Dy, every point in W7 is of the form x+h where |h| < /ma/r.
Thus by the above estimate, f(W7) is contained in a cube of edge

oo (YE0)

r

T opktl?

where the constant b depends only on f and W but not on r. The union of these cubes has total
volume s < r™ . bn/r”(k+1), and this expression tends to zero as r — oo, provided n(k+1) > m. Thus
the volume sum can be made arbitrarily small by choosing a sufficiently fine subdivision of W.

We now turn to the proof of (a). Around each x € D — Dy we will find an open set V' such that
f(VND) has measure zero. Since D— D is covered by countably many such neighborhoods, this proves
that f(D — D) has measure zero. The proof proceeds by induction over the dimension n. If n = 1
then D = D; (recall Exercise I1.13.6), we may thus assume that n > 2. If € D — D; then there is a
partial derivative that does not vanish, say df/dx; # 0. By Theorem I1.7.3, the map (z1,...,%m) —
(f1(x),x2,..., ) is non-singular, thus it maps a neighborhood V" of z diffeomorphically onto an open
set V'. The transformed map g = f o h~! has the form

g: (215 z2m) = (21,92(2)y - -, gn(2))

around h(z). This application maps the hyperplane {z | 21 = t} into the hyperplane {y | y1 = t}.
Denoting by
gt xRNV =t x R!

the restriction of g, a point in (t x R™ 1) N V" is critical for g iff it is critical for ¢’ since the Jacobian

? Dyt

By the induction assumption, the set of critical values of ¢ has measure zero in ¢t x R™~!, thus the
set of critical values of g has measure zero intersection with each hyperplane {y | y1 = t}. Thus by
Fubini’s lemma D — Dy has itself measure zero.

The proof of (b) is similar: For every x € Dy — Dy there is a (k + 1)-th derivative that does
not vanish at x. We may assume 0**'f/0x,0x,, -0z, #0. Let w: U — R be the function w =
o*foxy, - 0xy,. Then w(x) = 0,0w/dx1(x) # 0, and as above the map h : x — (w(x),xa,...,p)
is a diffeomorphism h : V' — V' for some neighborhood V of x, and h(D, NV) C 0 x R*"~1 C R".
Considering again the transformed map g = foh™!: V' — R™ and its restriction ¢° : (0xR™~ )NV’ —
R™, the set of critical values of ¢° has measure zero by induction assumption. But each point of of
h(Dj NV) is critical for ¢° since all partial derivatives of ¢, thus also of ¢°, of order < k vanish. Thus
also f(DrNV) = goh(DrNV) has measure zero. [ |

It remains to prove Fubini’s lemma, which was used in the above proof.



I1.14.4 LEMMA An open cover of the interval [0,1] contains a finite subcover by intervals I;,j =
1,...,k such that YF_, |I;| < 2.

Proof. By compactness a finite subcover I, j = 1,...,k exists, and we may assume that it minimal,
i.e. none of the I; may be omitted. Then every point p of [0,1] is contained in at most two of the
I;: Assume p € Iy NI N I3 and let s = min(/; U I, U I3), t = max(/; U Ip U I3). Now one of the
intervals, say I, contains [s,p] and another one, say Iy, contains [p,t]. But now I U I = [s,t] and
I3 is superfluous, contradicting the minimality of the covering. Thus the I; cover [0,1] at most twice
and the claim follows. |

Proof of Fubini’s Lemma. We consider first the case where C' is compact. Without loss of generality
we may assume C' C R*~! x [0,1]. Since C; C R~ has measure zero we may cover Cy by open cubes
W/ in R such that 3, [W}| < e. Let W; be the projection of U;W; onto the factor R*~1. For any
fixed t € R, the map R — R, x + |2, — t| is continuous and vanishes precisely on R ~'. Outside of
Wy x [0, 1] it assumes a minimum « since C' is compact. Thus

{zelC ||z, —t|<a} C WyxI; with [; =(t—a,t+ ).

The intervals I; constructed in this way cover [0, 1], thus by Lemma I1.14.4 there is a finite subcover
I, ..., I of volume < 2. Here I; = I, for some ¢; € [0,1]. Now the boxes

(W) xIj|ieN, j=1,...,k}

cover C' and have total volume < 2¢, whence the claim. |

11.14.5 EXERCISE Conclude the proof by considering the case where C' is a countable union of com-
pact sets. (This family includes open sets and closed sets and is stable w.r.t. countable unions and
intersections as well as under continuous images.)

I1.15 Retractions onto boundaries and Brouwer’s fixpoint theorem

In this section we combine Proposition I1.13.10 with the general form of Sard’s theorem to prove (the
smooth version of) a classical result of algebraic topology.

I1.15.1 PROPOSITION If M is a compact manifold with boundary, there is no (smooth) retraction
f:M — OM. (A retraction is a map f : M — OM such that f | OM = idgy;.)

Proof. [Hirsch] Suppose a smooth retraction f exists. By Sard’s theorem there is a regular value
q € OM for f. Obviously, ¢ is also a regular value for the identity map df = idga;. Thus Proposition
I1.13.10 applies and f !(q) is a submanifold of M such that d(f '(q)) = f '(¢) NOM = {q}. The
codimension of f~1(q) is equal to dim M = dim M — 1, thus dim f~!(¢) = 1. Furthermore, f~!(q) C
M is closed, thus compact and by Corollary I1.6.7 it must have an even number of (distinct) boundary
points. This is a contradiction. |

We can now prove the smooth version of Brouwer’s fixpoint theorem. By D™ we denote the closed

unit ball in R™.

11.15.2 THEOREM (BROUWER) Any smooth map f: D™ — D™ has a fixpoint.

Proof. Suppose f : D™ — D™ has no fixpoint, thus f(z) # x for all x € D™. Consider the ray (=half
line) through x starting at f(x). Let g(x) be its unique intersection with the boundary D" = "1,
Clearly, g : D™ — 9D™ is a retraction, thus the theorem follows from Proposition I1.15.1 provided we



can show ¢ to be smooth. Since z, f(z),g(x) lie on a line, we have g(x) — f(z) = t(x — f(x)) where
t > 1. On the other hand, |g(x)|> = 1. Combining these equations we get [tz + (1 —t)f(z)]> =1 or

|z — f(2)* +2tf () - (& = f(2)) +|f(2)]* =1 =0.

The standard formula for the solutions of a quadratic equation shows that the unique positive root t,
and therefore g(x) = tx + (1 — t) f(x), of this equation depends smoothly on . [ |

11.15.3 REMARK In Section I1.26 we will prove the continuous version of Brouwer’s fixpoint theorem
by reducing it to the above result.

I1.16 The mod 2 degree

If M and N are manifolds of the same dimension and ¢ € N is a regular value then f~1'(q) C M is
zero dimensional, thus discrete by Exercise I1.8.7. If M is compact, f~!(q) is finite. We are interested
in the cardinality of this set.

11.16.1 LEMMA Let M, N be manifolds of the same dimension with M compact and f : M — N
a smooth map. Let R C N be the set of regular values of f. Then R is open and the function
R > q = #f7'(q) is locally constant. (Le. every ¢ € R has a neighborhood V. C N such that

#f 1) =#f (g forallpeV.)

Proof. That R is open was proven in Proposition IL.7.1. Now let pi,...,p; be the points of f!(q).
By Corollary I1.3.8 we can find pairwise disjoint open neighborhoods Uy, ..., Uy of these points that
are mapped diffeomorphically to open neighborhoods Vi,...,V, in N. Choosing

V=WnVan-NVi—f(M—=U - —Up)

we see that every p € V has one preimage in each of the U; and no others. |

11.16.2 LEMMA Let M, N be manifolds of the same dimension with M compact without boundary.
If f,g: M — N are smoothly homotopic and q is a regular value for f and g then

#f(q) = #g '(q) (mod 2).

Proof. Let h : M x [0,1] — N be a smooth homotopy. Assume first that ¢ is a regular value for h.
Then by Proposition 11.13.10, and using Exercise 11.5.10, we have

ah~q) = h g na(M x[0,1])
= Ll g)Nn(M x0UM x1)
= fHg) x0uUg H(g) x1,

thus #0(h Y(q)) = #f '(q) + #g '(q). Since h'(q) is a compact 1-manifold, its boundary has an
even number of points by Corollary I1.6.7, whence #f (¢) = g '(¢) (mod 2).

Now suppose that ¢ is not a regular value of h. By Lemma I1.16.1 there is a neighborhood V' C N
of q consisting of regular values for f such that #f '(¢') = #f '(q) for all ¢ € V.. Similarly, there is
a neighborhood V' C N of ¢ consisting of regular values for g such that #¢~'(¢') = #¢~(¢) for all
¢ € V. By Sard’s theorem, V' NV’ contains a regular value ¢’ for h. Now

#F ) =#f7"(d) = #97(d) =#97"(¢) (mod 2)

gives the desired equality. |



I1.16.3 DEFINITION Let M be a manifold and h : M x [0,1] — M a smooth map. Then h is a
diffeotopy if hy = h(-,t) : M — M is a diffeomorphism for every t € [0, 1].

I1.16.4 PROPOSITION Let M be connected. Then for all p,q € M there is a diffeotopy h : M x [0, 1] —
M such that hg = idy; and hy(p) = q. (In particular, the diffeomorphism group of M acts transitively.)
h1 can be chosen to act identically outside a compact set.

Proof. We call two points p, g isotopic if the statement is true for them. This clearly defines an
equivalence relation. Now the result follows from connectedness of M provided we can show that the
equivalence classes are open. It suffices to show for every p € M that all points in a neighborhood U
are isotopic to p. This neighborhood can be chosen small enough to be contained in the domain of a
coordinate chart (U, ¢). Thus everything follows if we prove the following claim: Let ¢ be contained in
the open unit ball B in R™. Then there exists a diffeotopy h : R" x [0, 1] — R™ leaving the complement
of B pointwise stable and such that hq(0) = ¢q. There are various ways of doing this; we will follow
[13].

Let ¢ : R" — R be a smooth function satisfying ¢(x) > 0 if || < 1 and ¢(z) =0 if |z| > 1. (E.g.,
let ¢(x) = M1 — |z|?), where A(t) = e /! for t > 0 and A(t) = 0 otherwise.) Let ¢ € R* be a unit
vector and x € R". Since ¢ has compact support, the system

% =cp(xy,...,xpn), i=1,....n
of differential equations has a unique solution y,(t), defined for all ¢ € R, and satisfying the initial
condition y(0) = x. We write ay(x) = y,(t). It is clear that «y(x) is defined for all t € R,z € R”
and smooth in both variables. Furthermore, ap(z) = x and a; 0 ay(z) = asq¢(x). Thus ¢ — oy (-) is a
one-parameter group of diffeomorphisms that acts trivially on the complement of B. If ¢ € B, q # 0,
the choice ¢ = ¢q/|q| clearly implies that o;(0) = ¢ for some ¢ > 0. Now = x t — () is the desired
diffeotopy. |

11.16.5 EXERCISE Combine Proposition I1.16.4 with an inductive argument to show that one can find
a compactly localized diffeotopy sending any finite set {x1,...,x,} to any other set {y1,...,y,}.

11.16.6 REMARK Proposition 11.16.4 and Exercise 11.16.5 are special cases of a much more general
result, proven e.g. in [4, §9]: If h : N x [0,1] — M is an isotopy, i.e. a smooth map such that
hy : N — M is an embedding for all ¢ € [0, 1], then there exists a diffeotopy v : M x [0,1] — M such
that vy o hg = hy. (One says, the isotopy has been embedded into a diffeotopy.) The proof uses similar
ideas, namely the diffeomorphism group associated to a flow generated by a suitable vector field. For
more on the latter concepts see Section IV.3.

11.16.7 PROPOSITION Let M, N be manifolds of the same dimension with M compact and N con-
nected. Then #f '(p) = #f '(¢) (mod 2) for all regular values p,q € N. This common value
deg, f € {0,1} depends only on the smooth homotopy class of f.

Proof. Choose a diffeotopy h as in 11.16.4, thus h; is a diffeomorphism such that hq(p) = ¢. Thus ¢ is
a regular value of hy o f. Since hy is smoothly homotopic to the identity hy, Lemma I1.16.2 implies

#f ) =#(hiof) Heq) = #(f o hfl(q)) = #f~(p). Denote this element of Zy by deg, f. If ¢
is smoothly homotopic to f, by Sard’s theorem there is a regular value p for f and g. Then

degy f = #f7"(p) = #97 " (p) = degy g (mod 2),

as claimed. ]



11.16.8 EXERCISE Let f : M — N be smooth, where M be compact and N connected of the same
dimension. If deg, f # 0 then f is surjective.

11.16.9 EXERCISE Let M, N be manifolds, where M is compact, N is connected without boundary
and dim M = dim N + 1. Show that deg, df = 0. Hint: Show that there is a regular value ¢ for f
and f. Then use (3f)~1(q) = f~1(q) NOM = d(f~(q)).

I1.17 Applications of the mod 2 degree (Unfinished!)

The mod 2 degree of a map is a rather weak invariant since it can assume only two values. There are,
however, various situations where this is no drawback at all due to an intrinsic Zs structure of the
problem. We will consider two of them.

1I1.17.1 The Borsuk-Ulam theorem

I1.17.1 LEMMA The following statements are equivalent:
(i) If f : S™ — S™ satisfies f(—x) = —f(x) then deg, f = 1.
(ii) If f : S™ — S™ satisfies f(—x) = —f(x) then n < m.
(iii) Let f : S™ — R™ be a smooth map. Then there exists x € S™ such that f(x) = f(—x).

Proof. (i)=(ii). Assume f : S™ — S™ satisfies f(—x) = —f(x) and m < n. Composing f with an
inclusion S™ < S™ we get a map that satisfies f(—x) = —f(z) and deg, f = 0 (by Exercise I1.16.8),
contradicting (i).

(ii)=(i). Assume f:S™ — S™ satisfies f(—x) = — f(z) and deg, f = 0. Then we construct a map
g: 8™ — S"1 satisfying f(—z) = — f(x). This is in contradiction with (if). **##skst kit

(ii)=-(iii). If (111) does not hold then ¢(x) = (f(x)—f(—x))/|f(x)—f(—x)| defines a map S™ — S™ !
satisfying ¢(—x) = —¢(z) contradicting (ii).

(iii)=-(ii). Assume f : S™ — S™ satisfies f(—x) = —f(x) and m < n. Then composing with the
inclusion S < R™+! < R™ we obtain a map S™ — R” satisfying f(—x) = —f(x) # 0, contradicting
(ii). n

11.17.2 THEOREM (BORSUK-ULAM) The equivalent statements of Lemma I1.17.1 are true.

Proof. To be written. For the time being, see [7, Chapter 2, §6]. [ |

I1.17.3 COROLLARY At any given time there are two antipodal places on earth having exactly the
same weather (in the sense of having the same temperature and air pressure).

Proof. Follows from (iii) above. [ |

11.17.2 The Jordan-Brouwer theorem

The classical Jordan curve theorem says that a closed connected curve C' in R? divides R?> — C' into
two connected components. In algebraic topology one proves the generalization according to which
every subset X C R"” homeomorphic to S?~! divides R* — X into two connected components, exactly
one of which is bounded, cf. e.g. [3, p. 234]. Using the mod 2 degree, we prove a smooth version which
is more general in that X need not be homeomorphic to S"~!. Consider e.g. X C R3, where X is a
compact connected surface of genus g.



I1.17.4 THEOREM (JORDAN-BROUWER) Let X C R"™ be a compact connected hypersurface, i.e. a
submanifold of dimension n — 1. Then

1. The complement of X consists of two connected components, the “outside” Dy and the “inside”
D;. Furthermore, Dy is a compact manitold with boundary 0D, = X.

2. Let z € R* — X. Then z € D iff any ray r emanating from z and transversal to X intersects X
in an odd number of points.

Proof. To be written. For the time being, see [7, Chapter 2, §5]. [ |

I1.18 Oriented manifolds

In order to define a Z-valued homotopy invariant of smooth maps (between manifolds of the same
dimension) we need the notion of an orientation of a manifold. The latter concept is important in
many other contexts as well.

I1.18.1 DEFINITION Let B = {x1,...,a,},B" = {z},..., 2]} be bases of R*. We consider then as
equivalent if the matrix M defined by Mx; = x} for all i has determinant > 0. An equivalence class
of bases on R" is called an orientation.

It is clear that R*,n > 1 has precisely two orientations, called £1, and we choose the basis
(1,0,...,0),(0,1,...,0),...,(0,...,0,1) to represent +1. By decree, the zero dimensional vector space
also admits orientations 1.

I1.18.2 DEFINITION An orientation of the m-manifold M consists of a choice of an orientation of T), M
for every p € M. If m > 0 we require that, for every chart (U, ¢), the linear map T,¢ : T,M — Ty R™
maps the orientation of T,M to the same orientation of R™ for all p € U. A manifold is orientable if
it admits an orientation. An oriented manifold is a manifold together with a choice of an orientation.
If M is an oriented manifold then —M denotes the same manifold with the opposite orientation.

Not every manifold is orientable. A counterexample is provided by the well known M&bius strip.

I1.18.3 EXERCISE A manifold M is orientable iff its given maximal atlas A contains a subatlas Ag

still covering M and such that
/ -1
det(a(bzogb (xl,...,xn)>>0
r;

for any (U, ¢), (U',¢') € Ag and = € p(UNT").

An orientation for M defines an orientation for the boundary dM as follows: For x € OM choose
a positively oriented basis (v1,...,vy,) of T, M such that the v;,i > 1, are tangent to M, i.e. in the
image of T,.t, where ¢ : 9M — M is the inclusion, and vy points outside of M. Then the orientation of
OM is declared to be defined by (va,...,v,). With this definition we have 9[0,1] = {(0, —), (1,+)}.

If M,N are oriented manifolds an orientation of the product M x N arises canonically from
the isomorphism T{, , (M x N) = T,M © T,N. To wit, if (e1,...,em), (f1,---, fn) are positively
oriented bases of T,,M,T,N, respectively, we define the basis {(e1,0),...,(emn,0),(0, f1),... (0, fn)}
of T,M & T,N to be positively oriented. In particular, let M be a manifold without boundary and
I =10,1]. Then (M x I)=(—=M)x0UM x 1.

11.18.4 EXERCISE The obvious diffeomorphism o : M x N — N x M is orientation reversing iff both
M and N have odd dimension.

I1.18.5 EXERCISE Let M be a manifolds where ON = (). Then
(M x N)y=0M x N, (N x M)=(-1)4mNN x gM.



I1.19 The Brouwer degree

Now we turn to the discussion of the degree of a smooth map between oriented manifolds of the same
dimension.

11.19.1 DEFINITION Let M, N be oriented manifolds of the same dimension, where M is compact.
For a smooth map f: M — N and a regular value ¢ € N we define deg(f,q) € Z by

deg(f,q) = > signTpf,

pef~1(q)

where sign T}, f = 1 if the image of the orientation of TyM under T}, f : T, M — Ty,)N coincides with
the orientation of Ty, N, and —1 otherwise. Depending on signT},f we call p a point of positive or
negative type.

11.19.2 LEMMA Let M, N be oriented manifolds, where M is compact, N is connected without bound-
ary and dim M = dim N + 1. Then deg(df,q) = 0 for every regular value q of 0f = f | OM.

Proof. Assume first that ¢ is a regular value for f and df. Then f~!(¢) is a compact 1-dimensional
submanifold of M, thus it consists of finitely many circles and (closed) arcs. The endpoints of these
arcs are on M, and f~'(¢) N M consists precisely of these endpoints. Let A C f~'(¢) be one of
these arcs and 0A = {a,b}. We will show that sign 7,0 f + sign T,0f = 0. This implies that deg(df)
vanishes since it is the sum over sign T,df for all endpoints of the said arcs.

The orientations for M, N determine an orientation for A as follows: Given p € A, let (vy,...,vy)
be a positively oriented basis for T,M such that v; is tangent to A. If T),f carries (v, ...,vy,) into
a positively oriented basis for T; /N then we declare the orientation of A to be given by v;, otherwise
by —wvi. Let vi(p) be the positively oriented unit vector tangent to A at p. Clearly vi(p) a smooth
function and vy (p) points inward at one boundary point and outward at the other. This implies
sign T,0f = —signTpdf, as claimed.

Now assume that ¢ is a regular value only of df. By Sard’s theorem there is a regular value ¢’ of
f and Of arbitrarily close to ¢. Since deg(f,q) is locally constant, deg(f,q) = deg(f,q’) =0. |

11.19.3 LEMMA Let M, N be oriented manifolds of the same dimension with M compact without
boundary. If f,g: M — N are smoothly homotopic and q is a regular value for f and g then

deg(f,q) = deg(g,q)-

Proof. By assumption we have a smooth map h : M x [0,1] — N such that hg = f,h; = g. Now
O(M x[0,1]) = (=M ) x 0OU M x 1. Thus the degree of h | (M x [0, 1]) is equal to deg g — deg f, and
this must vanish by Lemma I1.19.2. |

11.19.4 PropPOSITION Let f : M — N be a smooth map of oriented manifolds of the same dimension
with M compact and N connected. Then deg(f,p) = deg(f, q) for all regular values p, q. This common
value deg f depends only on the smooth homotopy class of f.

Proof. The proof now proceeds exactly as the one of Proposition I1.16.7. We only need to remark that
the diffeomorphism Ay, being diffeotopic to the identity, is orientation preserving. Thus orientations
are preserved throughout the argument. |

11.19.5 REMARK If f : M — N satisfies the assumptions of Proposition 11.19.4 then we obviously
have deg f = deg, f (mod 2).



I1.19.6 EXERCISE Show that the map f : S' — S1, ¢ s ¢™® where m € Z, has degree m.

I1.19.7 EXERCISE Show that two smooth maps f,g: S' — S! are (smoothly) homotopic iff they have
the same degree. Hint: Consider the lifts f,§ : ST — R known from covering space theory.

I1.20 Applications of the degree

I1.20.1 The fundamental theorem of algebra

We begin by showing that the degree can be used for a proof of the fundamental theorem of algebra.
Let P : C — C be a monic polynomial of degree m > 0. The family Pi(z) = tP(z) + (1 — )2 =
2™ 4 tapm_12™ L+ -+ + tag, where t € [0,1], defines a homotopy between z + 2™ and P. In view of

Pt(Z)

Z’ITL

1 1 1
=1l+t{ama-+tamoas+-F+a—-
z z z

and the fact that the expression in the bracket goes to zero as |z| — oo, we see that for sufficiently
large R, none of the P; has a zero of absolute value > R. Writing D = {z € C | |z| < R}, we get a

family of maps
Pt(RZ>
St St g T
" ]
By Exercise 11.19.6, ¢o(2) = (z/|z])™ : S — S! has degree m. By homotopy invariance, deg¢; =
deg(P/|P|) = m. If now P has no zeros in the interior of D, then ¢; = P/|P| extends to D, thus has

degree zero by Lemma 11.19.2. This is a contradiction.

I1.20.2 Vector fields on spheres

I1.20.1 EXERCISE The map S™ — S™, (#1,...,%p41) — (—21,22,...,Zp+1) has degree —1. Thus
S" — 8" x+ —x has degree (—1)"*!. For even n there is no smooth homotopy between the identity
of S™ and the reflection z — —zx.

The preceding facts can be profitably applied to the classical subject of vector fields on spheres. We
consider the embedded manifold S™ = {x € R**! | |22 = 1} and identify T,,S™ = {y € R*"*! | z-y = 0}.
By a vector field on S™ we mean a smooth map v : S — R*! such that x - v(z) = 0 for all z. If n is
odd, a nowhere vanishing vector field on S™ is given by the formula

v(xy,. .., xo) = (22, =21, T4, —T3, ..., T2k, —Tok_1).

11.20.2 EXERCISE Show that the sphere S™ does not admit a nowhere vanishing vector field iff n is

even. Hints: 1. Show that a nowhere vanishing vector field v gives rise to a smooth map v’ : S™ — S™.
2. Consider the map h : S” x R — R**! defined by

h(z,0) = cosfx + sinf v’ (x).

Show that h maps into S™. 3. Consider the homotopy h : S™ x [0, 7] — S™ and use Exercise 11.20.1.

I1.20.3 The Hopf theorem on maps into spheres

In Theorem I1.11.10 we have seen that all smooth maps f : M — S™ are homotopic if dim M < n.
Elucidating the case dim M = n for compact M will be our third application of the degree.

11.20.3 PROPOSITION Let M be a connected oriented compact manifold of dimension n + 1 with
OM # 0. Let f : OM — S™ be a smooth map. Then f extends to a smooth map M — S™ iff
deg f = 0.



Proof. The ‘only if’ direction has been shown in Lemma I1.19.2. The proof of the ‘if” direction requires
some tools that have not been introduced yet. The first half of the argument will be given in the next
subsection, while the remaining part is postponed until Section 11.27. |

11.20.4 THEOREM (HOPF) Let M be a connected oriented compact n-manifold without boundary.
Let f,g : M — S™ be smooth maps. Then f and g are smoothly homotopic iff deg f = degg. For
every d € Z there is a map of degree d. (Thus [M,S"]|s = Z.)

Proof. The argument for the first statement is the same as in Lemma I1.19.3: The pair f, g is the same
as amap (—M) x0UM x 1 — N of degree degg — deg f, and a lift of this map to M x [0,1] is the
same as a smooth homotopy between f and g. Now the first claim follows from Proposition 11.20.3,
and the second will be proven below. |

11.20.5 LEMMA Let M be a compact oriented connected n-manifold. For every d € 7 there exists a
smooth map f: M — S™ of degree d.

Proof. A constant map has degree zero. For d € N let (U, ¢;),i = 1,...,d be charts of disjoint
support where each ¢; : U; — R is orientation preserving and surjective. Let s : R* — S™ be a
smooth orientation preserving map that maps all x with || > 1 to a point sy and the open unit ball
diffeomorphically to S™ — {so}. (E.g., let s(x) = h~Y(x/A(Jx[?)), where h : S™ — {so} — R" is the
stereographic projection from sy, and A is a smooth monotone decreasing function with A(¢) > 0 for
t <1and A(t) =0 for ¢t > 1.) Now define f : M — S™ by

_ J sodilp) pel;
f(p>_{30 peM-UU;

Then f is smooth and has degree d. In order to obtain degree —d let all ¢; be orientation reversing.
[ |

11.20.6 REMARK There are versions of the preceding results where ‘oriented’ is replaced by ‘unori-
entable’. Just replace the degree by the mod 2 degree in the conclusions of Proposition 11.20.3 and
Theorem I1.20.4. (Thus there are exactly two homotopy classes of smooth maps M — S™.) When
OM # (), all maps M — S™ are homotopic, whether M is orientable or not. See [8, Chapter 5] for
proofs.

11.20.7 COROLLARY The degree establishes a bijective correspondence between 7Z and the smooth
homotopy classes of smooth maps S™ — S™.

In Section I1.26 we will smooth approximation of continuous maps to prove m,(S™) = Z.

I1.20.4 Winding numbers

The notion of winding number is just a simple, but useful, reinterpretation of the degree of a map.
The rationale of its name should be evident from the case n = 1 of the following

11.20.8 DEFINITION Let M be a compact oriented n-manifold and f : M — R**! — {z} a smooth
map. Then the winding number W (f, z) is defined as W (f, z) = deg f, where
f:M— S T M
|f(z) — 2]
11.20.9 LEMMA Let U C R* be open and f : U — RF smooth. Let x be a regular point with f(z) = z.
If B is a sufficiently small closed ball centered at x and 0f = f | OB then W(0f,z) = 1 if f preserves
the orientation at x and —1 otherwise.



Proof. By Corollary I1.3.8, f restricts to a diffeomorphism between sufficiently small neighborhoods
U>zandV 3>z We may assume x = z = 0. If we choose U connected it is easy to see that T}, f is
either orientation preserving for all p € U or orientation reversing for all p. Let B C U be a closed ball.
Then Jf : 9B — f(0B) is a diffeomorphism with the same orientation behavior as f. Furthermore,
df/|0f| is homotopic to df, thus also df/|0f| : 9B — S*~! has the same orientation behavior as f.
Therefore W (f,0) = deg(df/|0f|) = £1 according to whether f is orientation preserving at = or not.
|

11.20.10 LEMMA Let B C R* be a closed ball and f : B — R* smooth. Let Of = f | 0B. If z is a
regular value of f without preimages on 0B then W (0f,z) = deg(f, z), where the right hand side is
as defined in Section I1.19.

Proof. Let B; C B be sufficiently small disjoint closed balls around the preimages {z;} of z, and let
C = U;B;. Tt is clear that deg(f | C,z) = deg(f,z), and by Lemma I1.20.9 the left hand side equals
> i W(0B;, z) = W(9C, z). Now, the map = — ‘]}((?)ii is well defined on B — U;B;, thus its restriction
to the boundary 9(B — U; B;) has degree zero by Lemma 11.19.3. Therefore, W (0B, z) = W(U;B;, z) =

deg(f, z), and we are done. |

11.20.11 ExerciskE If B C RF is a closed ball and f : R¥ —IntB — Y is smooth then f extends to a
smooth map RF — Y iff the restriction df : 9B — Y is homotopic to a constant map.

11.20.12 PROPOSITION For all k > 1 we have:
1. Any smooth map f : S¥ — S* of degree zero is homotopic to a constant map.
2. Any smooth map f : S¥ — RFt! — {0} with W (f,0) = 0 is homotopic to a constant map.

Proof. 1=2: If f : S¥ — RF+1 — {0} satisfies W(f,0) = 0 then f : S¥ — S¥ 2 — f(x)/|f(x)| has
degree zero, thus is homotopic to a constant map by statement 1. Now statement 2 follows from the
fact that f and f = f/|f| are homotopic.

Now we prove statement 1 by induction. For k = 1 this follows from Exercise 11.19.7. Thus assume
claim 1 (and thus 2) has been proven for k& < [ and consider f : S' — S! with deg f = 0. Let a,b be
distinct regular values of f. Pick an open set U C S' such that (i) f~(a) C U, (ii) b € f(U) and
(iii) there exists a diffeomorphism a : Rl — U. (To see that such U exists, pick an open U’ C S!
diffeomorphic to R! and apply Exercise I1.16.5 to find a diffeomorphism ~ of S* that maps all points
of f~'(a) into U’ and all points of f~1(b) to S' —U".) Let 3: S' — {b} — R' be a diffeomorphism
that maps a to 0. Then g = 3o foa : Rl — R makes sense and has 0 as a regular value with finite
pre-image. Thus deg(g,0) is well defined and equal to zero, the latter following easily from deg f = 0.
We claim that there exists a smooth map § : Rl — R' — {0} coinciding with g outside a compact set.
To see this let B be a ball containing ¢~ !(0) in its interior. By Lemma, I1.20.10, the winding number
W (9g,0) is zero. Thus statement 2, as already proven for k = [ — 1, implies that dg : S'~! — Rl — {0}
is homotopic to a constant map. Now Exercise 11.20.11 implies that we can extend g | R — B to
g:R — R —{0}. Clearly § is homotopic to g by a homotopy that is constant outside the compact
set B. It follows that f is homotopic to a map f : S! — S! — {b}. Since S’ — {b} is diffeomorphic to
R', thus contractible, it follows that f is homotopic to a constant map. |

I1.20.13 REMARK If X is any topological space, the set [S™, X] of (continuous) homotopy classes of
continuous maps S™ — X (preserving base points) has a group structure, abelian if n > 2, see any
book on homotopy theory or [1]. Restricting to smooth maps, one can show that the assignment
[S™,8™]s 5 [f] = deg f gives rise to an isomorphism of abelian groups.



I1.21 Transversality

So far, we have considered inverse images f !(¢) of smooth maps f : M — N. We will now generalize
Proposition I1.13.10 to inverse images f~'(L), where L C N is a submanifold. This requires the notion
of transversality due to Thom. First some linear algebra.

Let Vi, V5 be linear subspaces of a vector space V. We write Vi + Vo =V if every x € V can be
written — not necessarily uniquely — as x = x1 + x2 where x1 € V1,29 € V5.

11.21.1 EXERCISE Let Vi, V5 be linear subspaces of a vector space V. The following are equivalent:
1. i+ Vo =V.
2. The composite map V; — V — V/V; is surjective.

3. dimVj +dim Vo =dim(V; NV,) + dim V.

11.21.2 DEFINITION Let f : M — N be smooth and L. C N a submanifold. We say that f is
transversal to L and write f t L iff for every p € f~ (L) we have Ty, f(T,M) + Ty L = Ty N.

11.21.3 EXERCISE If f : M — N D L satisfies f M L and dim M +dim L < dim N then f(M)NL = 0.
I1.21.4 EXERCISE If f: M — N is submersive then f h L for every submanifold L C N.

11.21.5 THEOREM Consider f : M — N where L C M is a submanifold, all manifolds being boundary-
less. If f h L and f~1(L) is non-empty then W = f~1(L) C M is a submanifold whose codimension is
equal to that of L in N' (thus dim M —dim f (L) = dim N —dim L). We have T,W = (T,,f) (T, L)
for allp e W.

Proof. As in Lemma II.13.4 it suffices to prove the claim locally. Thus let p € f~1(L) and (U, ¢) a
chart around p. Let (V,1) be a chart around f(p) such that (V) =X xY and ¢¥(VNL) =X x0,
where X,Y are open neighborhoods of 0 in Rf and R"~¢, respectively. If we suitably shrink U, the
composite f =1 o fo ¢t maps U = ¢(U) into X x Y.

By Exercise I1.21.1, f h L is equivalent to surjectivity of T, M — Ty, N /Ty L for all p € fHL).
In terms of f this is equivalent to the composite map

UL xxy Sy

having 0 as regular value. Since f~'(X x 0) = §~'(0), the first claim follows from Lemma 11.13.4.
By Lemma I1.13.4, T,W = {v € T,M | T,g¢(v) = 0}. Thus T,W = {v € T,M | T,fo(v) €
T{0,0)(X x 0)}. Now, Tig0)(X x 0) = T,,¥(T}, L), and the formula for T,V follows. [ |

11.21.6 REMARK In view of Definition I1.21.2, any map f whose image does not meet L is transversal
to L. Therefore the condition that f~'(L) be non-empty cannot be dropped (unless we want to
consider the empty set as a manifold of any dimension).

Combining the methods in the proofs of Propositions I1.13.10 and Theorem II.21.5 one can prove

11.21.7 TueorREM Consider f : M — N where L C N is a submanifold and L = ON = (. If
f L, of h L and f~Y(L) is non-empty then f~'(L) C M is a neat submanifold (i.e. d(f~*(L)) =
f~Y(L) N OM) whose codimension is equal to that of L in N.

11.21.8 EXERCISE Prove the theorem. (Hint: See [7, p. 60-62].)

The theory of regular values that we have studied in detail is a special case of transversality:



11.21.9 EXERCISE If L = {q} then f M L iff ¢ is a regular value.

Another important special case of transversality and Theorem I1.21.7 is the following;:

I1.21.10 DEFINITION Let A, B be submanifolds of M. We write A th B if 1 h B, where . : A — M is
the inclusion map. Thus At B iff T,A+T,B = T,M for all p € AN B. (This is symmetric in A, B.)

I1.21.11 COROLLARY Let A, B be submanifolds of M satisfying A t B and OM = 0B = (. If
AN B C M is non-empty it is a submanifold of codimension codim A + codim B (i.e. dimension

dimA+ dimB —dimM) and 0(ANB) =0ANB.

I1.21.12 EXERCISE Let A, B C M be transversal submanifolds. Show that T,(AN B) = T,ANT,B
whenever p € AN B.

I1.21.13 EXERCISE Which of the following linear spaces intersect transversally?

—

. The zy plane and the z axis in R3.

2. The xy plane and the plane spanned by {(3,2,0), (0,4, —1)} in R3.
3. The plane spanned by {(1,0,0),(2,1,0)} and the y axis in R3.

4. R¥ x Opi and Oge x R in R* (depending on k,1,n).

5. R¥ x Op and R x Ogx in R* (depending on k,1,n).

6. V x 0 and the diagonal in V x V.

7. The skew symmetric (A" = —A) and symmetric (A" = A) matrices in M, (R).

I1.21.14 EXERCISE Show that the ellipses 22 4+ 2% = 3 and 322 + y? = 4 intersect transversally and
that the ellipses 222 +y? = 2 and (x — 1)2 + 3y® = 4 don’t. Hint: Draw!

Just as in the case of Proposition 11.13.10, there are applications of Theorems I1.21.5 and I11.21.7
where one is given the data f : M — N D L and must verify the requirements f h L (and 9f i L).
There are, however, situations where one just needs to show the existence of some map f: M — N
such that f h L. This will be achieved by the transversality theorem. Before we can discuss these
matters in Section I1.27, some preparation is needed. Again, the concepts introduced along the way
(vector bundles, normal bundles, tubular neighborhoods) are important in many other contexts, like
the smooth approximations of continuous maps to be discussed in Section II.26.

I1.22 Transversality theorems I

The crucial ingredient for the definition of the degree and its mod 2 version was Sard’s theorem to
the effect that regular values always exist. In order to apply Theorem I1.21.7 to situations where we
do not a priori have a map f: M — N and a submanifold L. C N satisfying f m L and 9f M L, we
need a higher dimensional generalization of Sard’s theorem. This is provided by the following

11.22.1 THEOREM Let f : M — N be smooth, L C N a submanifold such that 0L = ON = (). Then
there exists a smooth map g : M — N smoothly homotopic to f such that g h L and dg i L. The
map ¢ can be chosen arbitrarily close to f in the C°-topology.

We begin with the following result on parametric transversality:



11.22.2 PROPOSITION Let F': M xS — N be a smooth map and L. C N a submanifold, where S, N, L
are boundaryless. For s € S we write Fg = F(-,s) : M — N. If F th L and OF th L then Fs th L and
OF, h L for all s € S but a set of measure zero.

Proof. By F i L and Theorem 11.21.5, F~!'(L) C M x S is a submanifold. Consider the projection
M x S — S. We claim, for any s € S, that F, L iff s is a regular value of 7 : F~'(L) — S, and
OF, th L iff s is a regular value of O : 9F ~!(L) — S. This clearly implies the proposition since by
Sard’s theorem the union of the sets of critical values of 7 : F~1(L) — S and of 97 : 9F (L) — S,
respectively, has measure zero. It remains to prove the claim, which is a purely algebraic matter.

By the assumption F' th L we have

Tia,)F [Tays) (M % )] + Tp(a) L = TpanN  V(a,s) € F (L)
In view of Tj, (M x S) =T, M & TS this is equivalent to
T,FUT,S) + TuFo(TuM) + Trg oL = TragN  Vl(a,s) € FY(L), (IL.4)
where Fy = F(-,s) as before, and F* = F'(a,-). On the other hand, Fs h L means
T, F(TuM) + Tr(a 5L = Tras N Va€ F'(L). (T1.5)
Given (IL.4), the stronger condition (II.5) follows for a certain s € S iff we have
T F(T,S) C TuFs(TuM) + Tr(a 9L Va € F7'(L). (11.6)

If u € T,M, v €TsS we have T(, o F(u ®v) = Ty Fs(u) + TsF(v). Thus (I1.6) holds iff for every
a € F7(L) and v € T,S there exists u € T,M such that T(, ¢ F(u @® v) € Tp(,s)L. On the other
hand, for the projection 7 : F~1(L) — S we have T(, s7(u @ v) = v. Thus s € S is a regular value of
 iff for every a € F;'(L) and v € T,S there exists u € T, M such that u & v € T, ,)(F~(L)). By
Theorem I1.21.5, a vector u @ v € T(q 5)(M x S) is in T(y o (F (L)) iff Tp( ) F (u® v) € L, thus the
two conditions are equivalent, proving the claim.

The argument for OF; : M — N and 97 : F~1(L) — S is exactly the same as (and in fact a special
case of) the preceding one. |

I1.22.3 COROLLARY Let f: M — R" be a smooth map and L. C R" a submanifold. For s € R" write
fs:x— f(x)+s. Then fsth L for all s € B1(0) but a set of measure zero.

Proof. Let S be the open unit ball around 0 € R" and define F(x,s) = f(x) + s. It is clear that
s+ F(x,s) is a submersion for any fixed x. A fortiori, F': M x S — R" is a submersion, thus F' i L.
By Proposition I11.22.2, f, th L for almost all s € S. |

The functions f and f; = f 4+ s are obviously homotopic. We have thus proven Theorem I1.22.1 in
the case where N = R”. For an arbitrary target manifold NV we can choose an embedding ® : N — R"
for suitable n. Corollary I1.22.3 then implies that there is a map g : M — R” arbitrarily close to ®f
such that g h ®(L). The image g(M) lies in some neighborhood U of ®(N) C R", and all we need is
a projection 7 of U onto ®(N) such that mg th L. This requires some preparation, which will be the
subject of the next subsections.

I1.23 Vector bundles

I1.23.1 Vector bundles and their maps

Vector bundles are a natural generalization of the tangent bundle considered earlier. They play
a central role in all branches of differential geometry (and also in K-theory, which is a branch of
algebraic topology). While we will work only with vector bundles over manifolds, we give the general
definition.



I1.23.1 DEFINITION A (real) vector bundle over a space B is a space E together with a continuous
map 7 : E — B such that 7 '(p) is a vector space (over R) for every p € B. Furthermore, every
p € B admits a neighborhood U and a homeomorphism ¢ : 7~ (U) — U x R such that

) - U xR

P1

U

commutes and such that ¢ : 7= (p) — {p} x R" is an isomorphism of vector spaces for every p € U. A
vector bundle w : E — B is smooth if B and E are manifolds, w is smooth and the homeomorphisms
Y are diffeomorphisms.

I1.23.2 REMARK 1. It is obvious that p + dim 7~!(p) is a locally constant function. If dim7~!(p) = n
for all p € B we say that the vector bundle has rank n.

2. If 7: E — B is a continuous vector bundle and M a (smooth) manifold, one can equip E with
a manifold structure such that © becomes a smooth map.

I1.23.3 DEFINITION Let 7 : E — B and ©’ : E' — B’ be vector bundles and f : B — B'. Then
g: E — E' is a map of vector bundles over f if

E E

B B’

f

commutes and g, : 7 1(p) — 7 1(f(p)) is linear for every p € B. In the case of manifolds we require
g to be smooth.

I1.23.4 REMARK A vector bundle 7 : F — B should be understood as a family of vector spaces
V, = m1(p) = R, one for each p € B, where the total space E = ]_[peMV}, has a topology (or
manifold structure) that locally looks like a direct product U x R™. (This property is called local
triviality.) In particular, 7 : M x R* — M, (x,v) — x is a vector bundle. A vector bundle 7 : E — B
is called (globally) trivial if there exists an isomorphism (over idg) ¢ : E — B x R" of vector bundles.
One can show that every vector bundle over a paracompact contractible space is triviall (Cf. [8,
Corollary 2.5] or [19].)

[1.23.5 EXAMPLE Clearly the tangent bundle = : TM — M of M defined in Section I1.4 is a vector
bundle over M. For every f: M — N, the map Tf : TM — TN is a map of vector bundles over f.

I1.23.6 DEFINITION A section of a vector bundle w : E — B is a smooth map s : B — E such that
mos = Iidpg. The set of sections of E is denoted by I'(E).

I1.23.7 DEFINITION A vector field on M is a section of the tangent bundle TM. (Thus for every
p € M we have s(p) € T,M such that the assignment p — s(p) is smooth.)

11.23.8 EXERCISE Show that the vector fields on S™ as considered in Subsection I1.20.2 are vector
bundles in the sense of Definition II1.23.1.



1I1.23.2 Some constructions with vector bundles

11.23.9 DEFINITION If 7 : E — B is a vector bundle and A C B then m : m~'(A) — A is a vector
bundle, called the restriction E' | A.

11.23.10 LEMMA Let f : M — N be a map (smooth in the case of manifolds) and p : E — N a vector
bundle over N. Then f*E = {(p,e) € M x E | f(p) = n(e)} and f*m : (p,e) — p define a vector
bundle f*m : f*E — M, the pullback of m : E — B along f. The diagram

[*E / E
frr T
M N.

commutes, thus f : f*E — E, (p,e) — e is a map of vector bundles over f.

Proof. For p € M we have (f*m)7'(p) = {(p,e) € px E | n(e) = f(p)} = 7~ (f(p)), which is
a vector space. If p € M and the open neighborhood U C N of f(p) and the local trivialization
Y7 YU) = U x R" are as in Definition I1.23.1, then f~'(U) C M is open and

(f )" fH0) = {(pe) e M x E | f(p) =7(e) € U}
Thus we can define a map ¢’ : (f*m) 1 (f(U)) — f1(U) x R* by

(f*m) N (f~HU)) — U x R* — f~H(U) x R

(P, €) —— ¥(e) —— (p, m2(¥(e)))-

where m : U x R* — R" is the projection on the second factor. This map has a continuous inverse

i -1
(. m2(0(0) L% (£ () ma(e))) == (o) 22V (g o).

Thus ¢ is a homeomorphism and f*E is locally trivial. The consideration of smooth structures in
the manifold case is left as an exercise.

The last claim is simply the fact that f(p) = 7(e), which by definition holds for every (p,e) € f*E.
|

11.23.11 EXERCISE Let w : E — B be a vector bundle and A C B with inclusion map ¢ : A — B.
Then the pullback bundle t*7 : t* E — A is isomorphic to the restriction E | A = (7 : 771 (A) — B).

11.23.12 PROPOSITION Let w : E — N be a vector bundle and f : M — N a map. The pullback
f*m: f*E — M is universal in the following sense. If ' : E' — M is a vector bundle and g : E' — E
a map of vector bundles over f then there is a unique vector bundle map ¢' : E' — f*E over idy; such



that g = f o ¢', thus the diagram

commutes.

Proof. For e € E' define ¢'(e) = (n'(e),g(e)) € M x E. It is a trivial matter to verify that the above
diagram commutes. The choice of 7’'(e) and g(e) in the two entries of ¢’ is forced by commutativity
of the lower and upper triangle, respectively. |

If V, V' are finite dimensional vector spaces, we obtain new vector spaces VaV', VoV’ Hom(V, V'),

etc. This generalizes to vector bundles as follows:

I1.23.13 PROPOSITION Let m: E — B and ©' : E' — B vector bundles over the base space B. Then
there exist vector bundles

m:E®E — B, m:E®E — B, 73 : Hom(E, E') — B,
over B such that

) 2 tp)er tp), ) =2r tp)or ), w3'(p) = Hom(r '(p), 7' 1(p)).

Proof. We define E © E' = {(e,¢') | w(e) = «'(¢/)} and 7 (e,e’) = 7w(e). Clearly 77 '(p) is a vector
space. Let p € B and U, U’ neighborhoods of p over which E, F’, respectively, trivialize. Then U N U’
is a neighborhood of p for which one easily writes down the isomorphism ¢ required by Definition
11.23.1.

Next we define

Eol = [[~'@or " ®),
pEB
Hom(E,E') =[] Hom(z '(p).7'~ (p)).
pEB

The definition of w9, w3 and the linear structures on the fibers are obvious. It remains to identify the
right manifold structure and to prove local triviality. We consider only E @ E’, the case of Hom(E, E’)
being completely analogous. Let {U;,v;} and {U], ¢/} be bundle atlasses for E, E’, respectively. Then
{Ui N Uj, ¢ @ ¢5} is a bundle atlas for '@ E, proving that £'® E' is a vector bundle. If B is a
manifold it is easy to see that £ ® E’ is a manifold. |

11.23.14 REMARK 1.In fact, every functorial construction with vector spaces generalizes to vector
bundles, cf. [19] for the precise formulation and proof.

2. Every vector bundle 7 : E — M over a ‘nice’ base space, e.g. a manifold, admits a complement,
i.e. a vector bundle 7’ : E/ — M such that the vector bundle E@® E' is trivial. This fact is fundamental
for K-theory, see e.g. [19].



11.23.3 Metrics and orientations

11.23.15 DEFINITION A (riemannian) metric on a smooth vector bundle 7 : E — M is a family
{{-,"Yz, ¥ € M} of symmetric positive definite bilinear forms on E, = 7« '(x), such that the map
x — (s(x),t(x)), is smooth for all sections s,t € ['(F).

11.23.16 PrROPOSITION Every vector bundle admits a riemannian metric.

Proof. Let r be the rank of E and et (U;, ¢;),i € I be a bundle atlas for E, i.e. the U; are an open
cover of B such that
¢z’ : W_I(Ui> — Ui x R".

We may assume the cover to be locally finite and choose a subordinate partition of unity {\;,i € I'}.
For each i € I, let (-,-); be a positive definite symmetric quadratic form on R" and for X, Y € T'(T M)
we define
(X,Y)p =D Ailp) (p2 0 $i(X (D)), p2 0 $i(Y (p)))i-
i€l
Here the i-th summand is understood to be zero if p ¢ U;. This is well defined by local finiteness of

the partition and smooth. Symmetry and positive definiteness are obvious, and positive definiteness
follows from (X, X), > 0 which is evident for X (p) # 0. [ |

I1.23.17 DEFINITION A riemannian metric on a manifold M is a metric on the tangent bundle T M.
A manifold together with a riemannian metric is a riemannian manifold.

I1.23.18 COROLLARY Every manifold admits a riemannian metric.

11.23.19 REMARK Every embedding ® : M — R? of a manifold gives rise to a riemannian metric on
M: Let (-,-) be the scalar product a x b+ >, a;b; on R? and define

(X,Y)p = (T,2(X(p)), T,2(Y (p)))-

(The easy verification that this is a metric is left to the reader.) Together with Theorem I1.12.4 this
provides an alternative proof of Corollary I1.23.18. It is natural to ask whether all riemannian metrics
arise in this way, or equivalently whether every (smooth) riemannian manifold can be embedded
isometrically into R?. This was proven by Nash, first for C''-manifolds and then in the smooth case
[31].

11.23.20 REMARK One application of riemannian metrics is the assignment of a length to a smooth
curve segment in M. If f : [a,b] — M is smooth we use the identification T;R = R to define
v(t) € TpyM by v(t) = (T;f)(1). Then

b
L(f) = / dat /(0(6),0(0) 10

defines the length of f. For M = R" this is easily seen to reduce to the usual definition.

I1.23.21 DEFINITION An orientation on a vector bundle w : E — B is a choice of an orientation for
each vector space m'(p), p € B such that the orientation is locally constant in every bundle chart.

Clearly, an orientation for the tangent bundle of a manifold M is the same as an orientation of M
in the sense of Definition I1.18.2. The orientation of a direct sum E & E’ of oriented vector bundles is
defined as the product orientation on T(M x M').



11.24 Normal bundles

Besides the tangent bundles T'M, another important class of a vector bundles is provided by the
normal bundles NM. As opposed to the former, the latter are not intrinsically defined but depend on
an embedding of M into some euclidean space R".

I1.24.1 DEFINITION Let M C R" be a submanifold and write
N,M =T,M*+ = {v e T,R" =R" | (v,w) =0 Yw € T,M}.
(Here (-,-) is the standard inner product on R".) Then the normal bundle NM is
NM = {(p,v), pe M,v e N,M}
with the obvious projection w : NM — M.

I1.24.2 PROPOSITION NM admits the structure of a (smooth) manifold of dimension n such that
m: NM — M is a submersion and a smooth vector bundle of rank n — dim M .

Proof. Tt is clear that each 7~ !(p) is a vector space of dimension n — m, where m = dim M. Since
M C R" is a submanifold, for every p € M we can find a chart (U, ¢) around p € R* such that,
writing U = U N M, we have ¢(U) = ¢(U) NR™. Thus if X : R* — R¥ is the projection onto the last
k = n — m coordinates and ¢ = X\ o ¢, we have U = v 1(0). Clearly, 1 is a submersion. We have
NU = NM N (U x R"), thus NU is open in NM, the latter topologized as a subspace of M x R™.
For each p € M, the map Ty : R* — RF is surjective and its kernel is T,M. Thus its transpose
(T,)! : R¥ — R™ is injective and its image is N,M. Therefore the map ' : U x R¥ — NU defined
by ¥/ (p,v) = (p, (Tpb)tv) is a bijection and an embedding of U x R¥ into M x R, thus (U x R, ¢/)
is a chart. Since such maps exist for all p € M, NM is a manifold. (Verification of compatibility of
these charts is left as an exercise.) Since o4/ : U x R¥ — U is just the standard submersion, 7
is a submersion. That 7 : NM — M is a vector bundle is now clear, the local trivializations being
provided by the inverses of the maps ¢’ considered in the proof. |

11.24.3 EXERCISE Show that the map M — NM given by p — (p,0) is an embedding. (Thus M can
be considered as submanifold of NM.)

The above considerations can be generalized to more general submanifolds M C P, where P is
supposed to be equipped with a riemannian metric. (By Remark I1.23.19 all metrics arise via pullback
from embeddings into some R".)

11.24.4 DEFINITION Let P be a riemannian manifold with metric g and let M C P be a submanifold.
Then the normal bundle N (M, P) is

N(M,P) ={(p,v), p€ M, v € Ny(M,P)},
where
Ny(M,P)={veT,P| (v,w),=0 YweT,M}
with the obvious projection 7w : N(M,P) — M.

I1.24.5 PROPOSITION For any riemannian metric on P, N(M, P) is a manifold of dimension dim P
and a vector bundle of rank dim P — dim M over M. The projection onto M is a submersion.

Proof. This can be proven with the intrinsic methods of riemannian geometry, cf. e.g. [11, p. 133]. In
order to avoid this, but appealing to Nash’s difficult embedding theorem instead, we may assume P to
be isometrically embedded into some R". Then the proof proceeds essentially as that of Proposition
11.24.2. |



11.24.6 REMARK The normal bundle N (M, P) seems to depend on the choice of a riemannian metric
on P. Alternatively, one can consider the algebraic normal bundle

Na(MvP) :{(pvv>7 pE Mv v GTPP/TPM}v

which can be shown to be a manifold diffeomorphic to N(M,P). (More precisely, one has an iso-
morphism of vector bundles over idys.) This implies that, up to diffeomorphism, N (M, P) does not
depend on the metric on P. In practice, the more geometric definition of N (M, P) is more useful.

If M and P are both oriented we define an orientation on N (M, P) by the direct sum
N(M,P)®TM =TP | M.

(Le., we choose the orientation of N (M, P) such that the direct sum orientation on N(M, P) ® TM
coincides with the given orientation on TP | M.)

11.24.7 LEMMA Let My, My C P be transversal submanifolds, i.e. My i My. Then
Np(M1 N MQ,P) = Np(Ml,P> &5} Np(MQ,P> Vp € My N M.

Thus the normal bundle of the submanifold M, N My is given by

N(M1 ﬂMQ,P) = (N(Ml,P) I My ﬂMg) D (N(MQ,P) I My ﬂMg).
Proof. By transversality, M NM, is a manifold, and by Exercise I11.21.12, T},(MN M) = T, M1 NI, M>.
Now, let W; C T,P be subspaces such that T,M; = W; @& (T,M; N T,M;) for i = 1,2. By the
transversality assumption T,M; + T,Ms = T, P we have T,P = Wy & Wy & (T,M; NT,M>). Thus
N,M; = T,P NT,Mi- = W5 and (1 < 2) and therefore

Np(Ml N MQ,P) = TpP ﬂTp(Ml N ]\42)L =W oWy = NpM2 D Nle.

This proves the first claim, and the second is just a reformulation. |

The preceding lemma is a special case of the following:
11.24.8 EXERCISE Consider f: A — M D B where f h B, and let W = f~1(B). If W # () then
Np(W, A) = (T, f)~ (N (B, M)
forallp e W.
11.24.9 EXERCISE Let A = {(x,x) | x € M} C M x M be the diagonal. Show that the map

TM — N(A, M x M) defined by (z,v) — ((x,z), (v, —v)) is a diffeomorphism.

I1.25 Tubular neighborhoods

11.25.1 DEFINITION Let M C R" be a submanifold and ¢ : M — (0,00) a smooth map. Then we
define
M ={peR"|3ge M s.th. |[p—q| <e(q)}.

I1.25.2 THEOREM Let M C R"™ be a submanifold. Define § : NM — R" by 6(p,v) = p +v. Then
there exists a smooth map ¢ : M — (0,00) such that 0 restricts to a diffeomorphism between the
neighborhood N*M = {(p,v), p € M,v € NyM,|v| < e(p)} of M = {(p,0), p € M} in NM and the
neighborhood M* of M in R". The latter is called a tubular neighborhood of M.



Proof. Consider the map h : NM — R" given by (p,v) — p+v. Through every (p,0) € M x{0} C NM
there pass the submanifolds M x {0} and {p} x N, M. The derivative T{; yh maps the tangent spaces
of these two submanifolds to T,M C R" and N,M C R", respectively. The latter sum up to R", thus
p x {0} is a regular point of h. Since NM and R" have the same dimension, h is a diffeomorphism
of some neighborhood of M x {0} in NM onto a neighborhood M of M in R". If M is compact, the
latter neighborhood contains M€ for some ¢ > 0. If M is non-compact then choose an open cover of
M by sets U; € M and v; > 0 such that U;* € M. If {\;} is a partition of unity subordinate to {U;}
then e(p) = >, e;\i(p) does the job. [ |

The theorem permits the following extension which clarifies its geometric meaning;:

11.25.3 PrROPOSITION Let M C R"™ be compact and let 8 and € be as in Theorem I1.25.2. Then
for every p € MF there is a unique closest point o(p) € M. o is a submersion and the inverse of
0 : N°M — M? is given by 0= : p — (a(p),p — a(p)).

Proof. Let p € M*® and consider the map A\, : M = Ry, ¢ |p—q|*> = (p — ¢,p — ¢Q)rn. Since M is
compact, Ay is bounded and assumes its infimum. Thus there exists ¢ € M such that A\,(q) < Ay(¢)
for all ¢ € M. Now the derivative T\, = 2(p — ¢, ") : T,M — R vanishes, thus p—q € T,M+ = N, M.
Thus p = ¢+ v = h(gq,v) with (¢,v) € NM. If ¢ € M is another point for which |p —¢q| = |p — ¢/|
then again p = ¢ +v' = h(q¢',v’") with (¢,v') € NM. By Theorem 11.25.2, h : N°M — M°* is a
diffeomorphism, thus in particular a bijection, implying (¢,v) = (¢’,v’). Therefore there is a unique
point o(p) € M closest to p € M°®.

If 7: NM — M is the canonical projection and h~! : M® — N?M is the inverse of the diffeomor-
phism A, it is clear from the preceding reasoning that o = 7o h™! : M — M. As a composition of a
diffeomorphism and a submersion, ¢ is a submersion. |

As with normal bundles, the above considerations generalize to arbitrary embeddings M C P:

I1.25.4 DEFINITION Let P be a riemannian manifold and M C P a submanifold. A tubular neigh-
borhood of M is an open neighborhood U of P together with a diffeomorphism ¢ : N(M,P) — U
restricting to the identity map on the zero section (where we identify the latter with M ).

11.25.5 THEOREM Let P be a riemannian manifold and M C P a submanifold. Then M has a tubular
neighborhood U in P.

Proof. Again, there is an proof intrinsic to riemannian geometry and avoiding embeddings into eu-
clidean space, cf. e.g. [11, Exercise 8-5]. On the other hand, one can give a more elementary proof
assuming an embedding P C R", cf. [3, Theorem II.11.14]. |

One can show that all tubular neighborhoods for M C P are diffeotopic:

11.25.6 THEOREM Let P be a riemannian manifold and M C P a submanifold. Let Uy, Uy be tubular
neighborhoods of M in P. Then there exists an diffeotopy ¢ : P x I — P such that ¢y = id,
¢1(Uy) = Uy and ¢i(p) =p for allp € M,y € I.

For a proof see [8, Theorem IV.5.3] or [4, Satz 12.13]. We will not use this result.
As an application of tubular neighborhoods we obtain the following result on the topological
triviality of Euclidean space:

11.25.7 LEMMA Let M be a compact manifold with boundary and let f : 9M — R" be any smooth
map. Then f extends to a smooth map M — R".

Proof. By the embedding theorem, we may consider M as a submanifold of some RF. Let U be a
tubular neighborhood of 9M in R¥ with projection o : U — OM. Then f oo : U — R" extends f to
U. Let p: U — R be a smooth function that equals one on M and vanishes outside some compact



subset of U. Now we extend f to all of RF, thus in particular to M, by setting it to be equal to p - f
on U and 0 elsewhere. [ ]

11.25.8 EXERCISE Use Exercise 11.24.9 and the tubular neighborhood theorem to show that there is
a diffeomorphism between a neighborhood of My (the zero section) in TM and a neighborhood of A
in M x M, extending the usual diffeomorphism My — A, (x,0) — (x,x).

I1.26 Smooth approximation

The main motivation for the introduction of normal bundles and tubular neighborhoods was the
proof of the transversality theorem. As another application of these tools we will now show that the
smooth methods of differential topology can be used to prove results about continuous maps between
manifolds.

11.26.1 THEOREM Let f : M — N be a continuous map of manifolds without boundary. Let f [ U be
smooth where C' C U C M with C' closed and U open. Then there exists a smooth map g : M — N
such that g [ C = f | C. The map g can be chosen homotopic to f and arbitrarily close to f in the
CP-topology.

Proof. We first consider the case where N = R". There exists a locally finite open cover {U;,i € I} of
M subordinate to the open cover {U, M — C'}, which we may assume indexed by Z such that U; C U
ifi <0and U; C M —C'if i > 0. Given a smooth function ¢ : M — (0, c0), the cover {U;} and vectors
fi € R",i > 0 can be chosen such that |f(p) — fi| < (p) for all p € U;,i > 0. Let {\;,i € Z} be a
partition of unity with supp A\; C U;. Consider

a®) =)D Nlp) + > fidi(p).

i<0 i>0

g is smooth since \;(p) vanishes for i <O and p € M — C,and g | C = f | C since for p € C' we
have X\;(p) = 0 Vi > 0, implying >, Ai(p) = 1. The indicated choice of the f; guarantees that can
be chosen in any C°-neighborhood of f. Being R"-valued functions, f and g are clearly homotopic.
In the general case, choose an embedding ¥ : N — R" and a tubular neighborhood ¥(N)¢ D W(N)
with projection o. Let G = {(z,V o f(x)), @ € M} be the graph of o f in M x R", let W be a
neighborhood of G' and
Q= {(v.y) € MxT | (z,0(y)) € W}.

Choosing a smooth map g : M — R" whose graph lies in @), 0 o g is a smooth map with values in
U(M), thus ¥ ooog: M — N is smooth, coincides with f on C' and is homotopic and arbitrarily
close to f. |

11.26.2 COROLLARY Let M, N be smooth manifolds. There are bijections between (i) the (continuous)
homotopy classes of continuous maps M — N, (ii) continuous homotopy classes of smooth maps and
(iii) smooth homotopy classes of smooth maps.

Proof. By Theorem 11.26.1, every continuous map f : M — N is (continuously) homotopic to a
smooth map f : M — N. This proves the bijection (i)<+(ii). Let f,g : M — N be smooth and let
h: M x[0,1] — N be a continuous homotopy. We may assume that h; : M — N is independent of
ton [0,e) and (1 —¢e,1]. Thus h | U with U = M x ([0,e) U (1 — ¢, 1]) is smooth and the smoothing
theorem gives a smooth homotopy between f and g, proving the bijection (ii)<(iii). |

We immediately have the following ‘continuous’ corollaries of our earlier ‘smooth’ results in The-
orem [11.11.10 and Corollary 11.20.7:



11.26.3 COROLLARY Ifdim M < n then every continuous map f : M — S™ is homotopic to a constant
map. In particular, m,(S™) =0if0<m < n.

11.26.4 COROLLARY Let M be a connected oriented compact n-manifold without boundary. Then the
degree establishes a bijective correspondence between the set [M, S™] of homotopy classes of continuous
maps M — S™ and Z. In particular, m,(S™) =2 7Z for all n > 1.

The smooth version of Theorem I1.15.2 requires only slightly more work.

11.26.5 COROLLARY Any continuous map f : D™ — D™ has a fixpoint.

Proof. Suppose the continuous map f : D™ — D™ has no fixpoint. By the same argument as in
Theorem I1.15.2 we deduce the existence of a (continuous) retraction r : D® — 9D" = S" 1. It is
easy to change r into a continuous map r’ which is a retraction of D onto a neighborhood U of dD™.
Thus r' is the identity and therefore smooth on U, and applying smooth approximation to r’ we obtain
a smooth retraction r” : D" — 9D", which cannot exist by Proposition I1.15.1. [ ]

11.26.6 REMARK We have seen that methods from differential topology, combined with smooth ap-
proximations, can be used to compute the homotopy groups m,,(S™), m < n of spheres. There is a
theory, due to Pontryagin and Thom, which establishes a bijection between certain homotopy groups,
like 7, (S™), m > n, and ‘cobordism classes’ of certain manifolds. (The result that m,(S") = Z can
be obtained as a very special case of this formalism, cf. [13, §7].) Originally, this theory was intended
for the computation of m,,(S™) where m > n, and in fact this has been done for m —n < 3. Un-
fortunately, the difficulties soon become insurmountable. There are, however, other, more algebraic
ways of computing m,,,(S™), and Pontryagin-Thom theory can be used the other way round to prove
otherwise inaccessible results about smooth manifolds! We refer to [13] for a lucid introduction to the
relatively easy theory of ‘framed cobordism’ and to [8] for ‘oriented” and ‘unoriented’ cobordism.

I1.27 Transversality theorems II
Using tubular neighborhoods it is now easy to prove our first general transversality theorem.

I1.27.1 PROPOSITION Let f : M — N be a smooth map, L C N a submanifold, where 9N = dL = (.
Then there exists a smooth map g : M — N such that g ~ f and g M L, dg th L.

Proof. Let ¥ : N — R" be an embedding and let S be the unit ball in R”. Let ¢ : N — Ry and
0 :V(N)® = N as in Theorem I1.25.2. We define

F:MxS— N, F(x,s)=9"'o[Uf(x)+(f(x))s].

Since o : ¥(N)¢ — ¥(N) restricts to the identity map on ¥(N), we have F(x,0) = f(x). Obviously,
s Yo f(x)+e(f(x))s: M — U(M)® is a submersion for every x € M. Therefore s — F(x,s) is
a composition of two submersions, thus a submersion. It clearly follows that ' : M xS — N is a
submersion. Thus F' th L for any submanifold L C N, and Theorem I1.22.2 implies that F h L and
OFs m L for almost all s € S. Let g = Fy for such an s € S. Finallyy M x I — N, (z,t) — F(x,ts) is
a homotopy between f = Fjy and g = Fj. |

For the purposes of intersection theory we need a version where g can be taken to coincide with f
on a subset on which it is already transversal.

I1.27.2 THEOREM Let f : M — N be a smooth map, L C N a submanifold, where N = 0L = ().
Let C C N be closed, and assume that (f | C') \ L and (0f | C NOM) th L. Then there exists a
smooth map g : M — N such that g ~ f, g h L, dg h L and g coincides with f on a neighborhood
of C.



Proof. We claim that there is an open set U with C' C U C M such that (f [ U) th L. On the one
hand, if p € C — f (L) then, since L is closed, X = C' — f (L) is an open neighborhood of p such
that (f | X) M L holds trivially. If, on the other hand, p € f~!(L), pick an open neighborhood W of
f(p) and a submersion ¢ : W — RF such that f i L at a point ¢ € fL(LNW) iff ¢o f is regular at q.
By assumption ¢ o f is regular at p, thus it is regular in a neighborhood of p. This proves the claim.

Now let C” be any closed set contained in U and containing C' in its interior, and let {)\;} be a
partition of unity subordinate to the open cover {U, M — C'}. Defining 7 to be the sum of those \;
that vanish outside of M — C’ we obtain a function v : M — [0, 1] that is one outside U and zero on
some neighborhood of C.

Defining 7 = ~? we have T,7 = 2y(p)T,y : T,M — R, thus Ty = 0 whenever v(p) = 0. Let
F : M xS — N be the map considered in the proof of Proposition I1.27.1 and define G: M x S — N
by G(z,s) = F(x,7(x)s). We claim G th L. To see this, let (x,s) € G™'(L) and suppose, to begin
with, 7(x) # 0. Then the map S — M, r — G(x,r) is a composition of the diffeomorphism r — 7(x)r
and the submersion r — F(z,r), thus it is a submersion. Thus (z,s) is a regular point of G and,
a fortiori, G M L at (x,s). It remains to consider the case 7(z) = 0. We write G = F o H, where
H:MxS— M xS isgiven by (z,s) — (z,7(z)s). Then, for (v,w) € T,M x TS =T,M x R", we
have

T(x,s)G(va w) = (TH(x,s)F ° T(x,s)H> (Uv w) = T(x,T(x)s)F((vv T(x)w + TJJT(U>3>) = T(x,O)F(Ua 0)7
where we have used 7(x) =0 and T,7(v) = 0. Since F(x,0) = f(x), we have
T(x,s)G(va w) = Txf(v)a

thus 7, ;)G and T, f have the same images. Furthermore, 7(x) = 0 implies x € U, thus f th L at x
and therefore G h L at (z,s), as claimed.

Similarly on shows 0G M L. By Proposition 11.22.2 we can find s € S such that Fs M L and
OFs M L. Then g = Fj is homotopic to f and if p belongs to the neighborhood of C' on which 7(p) =0
then g(x) = G(x,s) = F(z,0) = f(x), as desired. [ |

I1.27.3 COROLLARY Let L C N be a submanifold where ON = 9L = 0. If f : M — N is such that
OF : OM — N 1Is transversal to L then there exists g : M — N such that g W L, g ~ f and dg = Jf.

I1.27.4 REMARK In our proof of the transversality Theorem I1.27.2 and its preliminaries we followed
the approach of [7], which has the virtues of being elementary and of exhibiting very clearly the
use of Sard’s theorem via Proposition 11.22.2. There are more elegant proofs that use either ‘jet-
transversality’, cf. [8, 5], or some more vector bundle theory (the fact that every vector bundle on a
manifold admits an ‘inverse’), cf. [4, 3].

Now we are in a position to finish the proof of Hopf’s theorem on maps into spheres:

Proof of Proposition II.20.3. We are given a map f : IM — S™ C R**!. By Lemma I1.25.7, f may
be extended to a smooth map F : M — R*'. Since f has its image in S, 0 € R**! is trivially
a regular value, thus f M {0}. By the transversality extension Theorem II.27.2 we can pick F such
that F th {0}. Thus 0 is a regular value of F and F~'(0) C M is a finite set. Let U C M — M
be an open set for which there exists a diffeomorphism v : R**! — U. By Exercise I1.16.5 we may
suppose that F~1(0) is contained in U. Let B C R**! be an open ball such that F~1(0) C ~(B).
Then F/|F| extends to M — v(B). Since F' [ M = f has degree zero by assumption, it follows that
F | 0v(B) — R*"!' — {0} has winding number zero. Thus, by part II of Proposition 11.20.12, the
restriction F : dv(B) — R"*! is homotopic to a non-zero constant map, in other words we can change
F on v(B) such that it avoids the value zero. Let F’ be this function. Then the desired extension of
f:OM — 8™ to f: M — S™is given by f = F'/|F'|. [



I1.28 Mod-2 Intersection theory

In this section all manifolds are without boundary.

The theories of the degree and the mod 2 degree were concerned with maps f : M — N between
manifolds of the same dimension. Intersection theory, of which again there is an unoriented (mod 2)
and an oriented version, is a generalization to the situation where one has a map f : M — N and
a submanifold L C N subject to the condition dim M + dim L = dim N. (This contains the case
where L = {¢q} and dim M = dim N.) The condition that ¢ be a regular value is replaced by the
requirement f L, so that Theorem I1.21.5 implies that f !(L) is a discrete subset of M. We begin
our considerations with the unoriented mod 2 intersection theory which contains the formalism of the
mod 2 degree as a spectial case. (In fact the latter seems to be the only interesting application of
mod 2 intersection theory! If we still consider the mod 2 theory in some detail, it is because it is
considerably easier to set up than the oriented theory.)

11.28.1 DEFINITION Consider f : M — N D L where M is compact, dim M + dim L = dim N and
f ™ L. Then we define the mod 2 intersection number I1(f,L) € {0,1} by

L(f, L) = #f (L) (mod 2).

I1.28.2 PROPOSITION Let f,g: M — N be smoothly homotopic and both transversal to L. Assuming
the conditions of Definition I1.28.1 we have Is(f,L) = I2(g, L).

Proof. Let F: M x I — N be a homotopy. By the assumption f h L, ¢ h L we have OF th L. By
Theorem I1.27.2 there is G : M x I — N such that G h L, G ~ F and 9G = F. Now G~(L) is a
neat one-dimensional submanifold of M x I, thus

G HL) =G HL)n(M x{0,1}) = f Y (L)yx0uU g (L) x1.

By Corollary 11.6.7, d(G (L)) has an even number of points, thus #f (L) = #¢ (L) (mod 2). B

For an arbitrary map f : M — N we pick a homotopic map f : M — N such that f L and
define Ir(f,L) = Ig(f, L). The preceding proposition implies that this is well defined, i.e. independent
of the choice of f, and it is clear that if f ~ ¢ then LI;(f,L) = I,(g,L).

An important special case is that of transverse submanifolds.

I1.28.3 DEFINITION Let M be compact and let A,B C M be transverse submanifolds, i.e. A th B,
such that dim A 4+ dim B = dim M. Then we define

IQ(A,B) = IQ(L,B),

where 1 : A — M is the canonical embedding map. If we want to emphasize the ambient manifold M
we write Io(A, B; M).

By its definition, together with Proposition 11.29.2, I5(A, B) is stable w.r.t. deformations of A. In
order to show that I»(A, B) is stable also under perturbations of B and to understand the relation
between I5(A, B) and I,(B, A) we generalize our approach somewhat:

I1.28.4 DEFINITION Let f : A — M, g : B — M be smooth maps between compact manifolds
without boundary. We say f g if T, f(T,A) + T,9(TyB) = T, M whenever f(p) = g(q) = r.

Assuming f th g we would like to define I5(f,g) by

L(f,9) =#{(p,q) € Ax B | f(p) = g(q¢)} (mod 2).

The problem is that it is not evident that the set {...} is finite.



I1.28.5 LEMMA Let U,V be subspaces of the vector space W. Then W = U ®V (e U4+V =W
andUNV ={0}) iff UxV)DA=W x W, where A ={x x x,x € W}.

Proof. Clearly UNV = {0} is equivalent to (U x V) N A = {0}. Under these equivalent assumptions,
UV =W and (UxV)BA =W xW are equivalent to dimU +dimV = dim W and dim U -dim V' 4+
dim W = 2dim W, respectively, which in turn are equivalent. |

11.28.6 PROPOSITION In the situation A %> B & B with M compact, f Mg iff (f x g) M A, where A
now is the diagonal in M x M. Under these (equivalent) conditions

IZ(faQ) = IZ(f X gvA)

Proof. The first claim is an immediate consequence of the lemma, taking U = T,f(T,A), V =
T,9(T,B), W = T, M for f(p) = g(q) = r. Assume these equivalent transversality conditions are
satisfied. Now the set {(p,q) € A x B | f(p) = g(q)} is just (f x ¢)~'(A), and this is finite by
(f xg)MA. [ |

I1.28.7 PROPOSITION If f' =~ f, ¢ ~ g then I(f',q') = L(f,g).

Proof. If f;, g; are homotopies from f to f’ and from ¢ to ¢, respectively, then f; x g; is a homotopy
from f x g to f' xg'. [ |

I1.28.8 COROLLARY Let A, B, M be compact and dim A+dim B = dim M. If B C M is a submanifold
and ¢ the inclusion map then Is(f, B) = Iy(f,t) for any f : A — M.

Proof. If f t B then this is trivial. Otherwise find f' ~ f such that f M B. Then we have
IZ(faB>:IQ(flaB>:IZ(flaL):IQ(faL)' n
Thus perturbing the embedding ¢ by a homotopy does not change the mod 2 intersection number,

which is the desired stability w.r.t. B. In particular, it turns out that the theory of the mod 2 degree
is a special case of intersection theory:

11.28.9 COROLLARY Let M be compact and N connected with dim M = dim N. Then I>(f,{q}) is
independent of q and coincides with deg, f.

Proof. Since N is connected the inclusion maps 4,7’ of ¢,¢' € N into N are homotopic. Thus
L(f,{q}) = L(f,i) = L(f,i") = L(f,{¢}). Picking ¢ to be a regular value of f it is clear that
L(f.{q}) = #/7"(q) (mod 2) = deg f. u

I1.28.10 COROLLARY Under the same assumptions as above, I5(A, B) = I,(B, A).

Proof. If A i B this is obvious since then Iy(A, B) = I2(B, A) = #(A N B) (mod 2). In the general
case it follows from I»(A, B) = I5(f,g) where f : A — M, g : B — M satisfy f M ¢g and are homotopic
to the inclusion maps. But it is clear that Ir(f,g) = I2(g, f)- [ |

I1.29 Oriented intersection theory

We now turn to the more interesting case, where the manifolds M, N, L come with orientations. Some
preliminary considerations are in order. In connection with the condition dim M + dim L = dim /N on
the dimensions, the transversality condition T}, f (T, M) + Ty, L = T,y N becomes

T, f(T,M) & Ty L = TyyN  Vp € M. (IL7)



(This follows from the equivalence 1 < 3 in Exercise I1.21.1.) Furthermore, Tp,f : T,M — Ty, N is
an isomorphism, thus it defines an orientation for its image. For p € f~!(L) we define signT,f = 1
if (I1.7) holds as an equation of oriented vector spaces, i.e. the given orientation of Ty N coincides
with the direct sum orientation of T}, f (T, M) @ Ty, L, and sign T}, f = —1 otherwise. (Recall that the
direct sum of oriented vector spaces is not commutative in general!)

11.29.1 DEFINITION Consider f : M — N D L where all manifolds are oriented, M is compact,
dim M 4+ dim L = dim N and f i L. Then we define the oriented intersection number I(f,L) € Z by

I(f,L) = Z signT), f.
pEfH(L)
11.29.2 PrOPOSITION Let M, N, L be as in Definition I1.29.1 and let f,g : M — N be homotopic
maps satistying f t L,g h L. Then I(f,L) = I(g,L).

Proof. Similar to the proof of Lemma I1.19.3, but the details are quite tedious. See [7, Section II.3].
|

Again, if f: M — N is any smooth map, not necessarily transversal to L, Theorem I1.22.1 allows
us to find ¢ ~ f such that g i L. Then Proposition 11.29.2 implies that the definition I(f, L) := I(g, L)
makes sense. As in the unoriented case, given two submanifolds A, B of a compact oriented manifold
M we define I(A, B) = I(i, B), where ¢ : A < M is the canonical embedding.

If f: M — N satisfies f i {q}, equivalently ¢ is a regular value of f, we find

I(f{q}) = ) signT,f =deg .
PES~Ha)
By the definitions of I(f,{q}) and deg f it follows that this equality holds for all ¢ € N.

If we have maps A 1o & B with M compact satisfying f h g we define I(f,g) as the sum
over the pairs (p,q) € A x B, f(p) = g(q) = r of numbers £1, depending on whether the (given)
orientation on 7, M coincides with the direct sum orientation on 7, M induced from the orientations
on T,A, T, B by the isomorphism T, f(T,A) & T,9(T,B) = T, M.

11.29.3 PROPOSITION In the situation A % M & B with M compact, f M g iff (f x g) h A, where
A is the diagonal in M x M. Under these (equivalent) conditions

I(f,9) = (=)™ PI(f x g, ).

As a consequence, I(f,qg) is homotopy invariant w.r.t. f and g, and I(A, B) is stable under small
perturbations of A, B.

Proof. The first half has been proven in the preceding subsection. The statement on the orientations
is left as an exercise. (For the solution see [7, p. 113].) [ |

We conclude our general study of intersection theory by examining the behavior of the intersection
number under exchange of A and B.

11.29.4 LEMMA Let A, B, M be compact with dim A 4+ dim B = dim M. Then
I(f.g) = (~1)tmAdmEr(g, f)
forany f: A—> M andg: B— M.
Proof. Follows from V @ U = (—1)dimU-dimV 7 o 17y, [ ]

11.29.5 COROLLARY I(A, B) = (—1)dimAdmBr(p 4,



I1.30 The Euler number and vector fields

11.30.1 Euler numbers and Lefshetz numbers

Still, all manifolds are assumed boundaryless. For a manifold M let A = {xxz, x € M} C M x M be
the diagonal. Clearly, this is an m-dimensional submanifold of the 2m-dimensional manifold M x M.

I1.30.1 DEFINITION Let M be compact connected oriented (and boundaryless). Then the Euler
number of M is defined by

(M) = I(A,A; M x M).

I1.30.2 COROLLARY Let M be compact connected oriented and odd dimensional. Then x(M) = 0.

Proof. Follows from Corollary 11.29.5 since dim A = dim M is odd, thus I(A, A) = —I(A,A). |

11.30.3 LEMMA Let M, N be compact connected oriented. Then x(N x M) = x(N)x(M).

Proof. As a consequence of Ty ,(M x N) = T,M ® T,;N one has f; x fo h By x By for f; : A; —
M; D B;, i = 1,2 satisfying f; h B;. Similarly, (fi x f2) '(By x By) = f{(B1) x f5 '(Bs) implies
I(f1 X fo, By x By) = I(f1,B1)I(f2, B2). The claim follows by observing that also orientations behave
as expected. |

The Euler number of a manifold is a fundamental invariant. Later on, it will be interpreted in
terms of de Rham cohomology and CW-decompositions. For the time being, our only efficient way
of computing the Euler number will be via its relation to vector fields with finitely many zeros. The
following will be used later.

11.30.4 LEMMA Let M be as in Definition I1.30.1. Then
X(M) = I(My, Mo; TM),
where My is the zero section of TM.

Proof. Let 1 : M — T'M be the inclusion map of the zero section. The transversality theorem allows us
to choose ¢/ : M — T'M such that ' h My and such that /(M) is contained in any given neighborhood
of My. Now the claim follows from Exercise 11.25.8. |

I1.30.5 REMARK A generalization of the Euler number is provided by the Lefshetz number. As before,
let M be a compact oriented manifold without boundary and let f : M — M be a smooth map. Then
the Lefshetz number of f is defined as the intersection number L(f) = I(G(f),A; M x M), where
G(f) = {(z, f(x)), © € M} is the graph of f. Clearly, x\(M) = G(idas), and one shows that L(f)
depends only on the smooth homotopy class of f. The relevance of the Lefshetz number derives from
the Lefshetz fixpoint theorem: If L(f) # 0 then f has a fixpoint. (The proof is trivial: If f has no
fixpoint then G(f) N A =0, thus I(G(f),A; M x M) =0.) When G(f) t A one has a nice explicit
formula for L(f) in terms of the behavior of f near its fixpoints, see [7, Section ITL.4].
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