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Abstract—The geometry of the system of two partial differential equations containing the first and

second partial derivatives of two functions in two independent variables is studied by using Elie
Cartan’s method of invariant forms and the group-theoretic method of extensions and enclosings
due to G. F. Laptev (for finite groups) and A. M. Vasil’ev (for infinite groups). Systems of quasilinear
equations with the first and second partial derivatives of two functions u and v in two independent
variables x and y are classified.
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STATEMENT OF THE PROBLEM

Suppose given a system of two partial differential equations for two functions (u, v) of two indepen-
dent variables (z,y), in which one equation is of order 1 and the other is of order 2, in the general form

F(‘T7y7u7v7ux7uyavx7vy) = 07

(1)

q)(x, Y, Uy Uy Ugy Ugyy Uy Vyyy Uy Uy s gy s Vs Uy s Uyy) =0.

This paper studies the geometry of this system of differential equations, i.e., according to Klein’s
general scheme, properties of its set of integral manifolds invariant under transformations from
the infinite group of point transformations
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and classifies these systems.

The study uses Cartan’s method of exterior forms [1]—[3] and the theory of immersed manifolds
developed by Laptev [4] for finite groups and Vasil’ev 5], [6] for infinite groups.

To study the geometry of the given differential equations, we need a representation of the corre-
sponding infinite group, which shows how this group transforms the variables involved in the equations.
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410 ORLOVA

Namely, the group (2) transforms the variables involved in Eq. (1) according to formulas (2) supple-
mented by the equations

Ofs  Ofs Ofs Ofa | Of2 dfa
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y'y
expressed in terms of the variables x, y, u, v, Uz, Uy, Vg, Vy, Upz, Uzy, Uyy, Voz, Vay, and vy,. We treat
the derivatives u,, uy, vz, Vy, Uze, Uzy, Uyy, Viz, Vzy, and vy, as new variables transformed according
to (3). Then the equations of the problem contain 14 variables, namely, u; = z, us = y, uz = u, ug = v,
P1 = Uz, P2 = Uy, P3 = Vg, P4 = Uy, q1 = Ugx, 2 = Ugy, 43 = Uyy, 4 = Uzzx, 45 = Uxy, and d6 = Uyy-
Specifying this system of equations reduces to specifying a submanifold in the representation space.
The variables contained only in the first equation, that is, w1, uo, us, u4, p1, p2, p3, and py, determine an
eight-dimensional space M(®) and the first equation determines a seven-dimensional surface M (") in
this space.

For v/, and v?’J,, similar formulas hold. The derivatives «, ,, u;,y,, u;,y,, v ., and v/, , can be

!
z'x" Um’y

The two equations of the problem impose two constraints on the 14 variables. There remain 12 free
variables. They determine a manifold M12) in M4 which we assume to be sufficiently smooth. To
apply the method of exterior forms, we must specify this manifold by Pfaffian equations with respect to
independent invariant linear forms of the corresponding infinite group. From the variables uy, uo, . .., g
we pass to their differentials duy, dus, . . . , dge; then, changing the basis, we introduce the same number
of new linearly independent forms. Instead of the differentials duy, due, dus, and duy, we introduce

forms wt, w?, w3, and w?; instead of the differentials dpy, dpz, dps, and dps4, we introduce basis forms w$,

w3, wi, and wi; and, instead of the differentials dqi, dqs, dgs, dqs, dgs, and dgg, we introduce forms w3,

Wiy, Wiy, wiy, Wiy, and wi,. These new invariant forms of the group obey certain relations; namely, the
exterior differentials of these forms satisfy the Lie—Cartan structure equations
Duw'® = [wiwk],
Duwp, = [wjwi] + wiw'],  [wiw* '] =0, (4)
Duwi, = [w;le] + [wipwf] - [wzlw;] + [w,ilpwp], [wilpwkwlwp] =0, 4,klp=1,2234.

The differentials of the basic equations of the problem are

dF(ul,UQ,U3,U4,p1,p2,p3,p4) - 07
d@(ul,U2,U3,U4,p1,p2,p3,p4,q1,q2,q3,q4,Q5,QG) - 07
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or
oF oF oF oF
d d d d
8u1 UL+ 8U2 uz + 811,3 us + 811,4 b
oF oF oF oF
d d d dps =0 5
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0P 0P 0P P
d - d - d . dae = 0.
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Let us pass from the differentials dp1, dpo, dps, dps, dqv, dqo, dqs, dqq, dgs, and dgg to independent
linear invariant forms of the group under consideration:
Zwi)’ + éwg’ + 6’wf‘ + ﬁwg‘ + KW' = 0,

, i=1,2,3,4. (6)
Aw}) 4+ Bwiy + Cwiy 4+ Dwyy + aw} + Bws + wi + e;w’ =0,

Any geometric object invariantly related to the equation is a point in the representation space of
the given transformation group. According to the general theory, all of them are obtained by means

of exterior differentiation, extension, and canonization of these equations. If C = 0, then the first
equation in (6) can be solved with respect to wf:

wi = Aw} + Bwi + Cwiy 4 aw’ =0, i=1,2,3,4. (7)
Canonization reduces (7) to w} = w3 (provided that B # 0). We consider the general case B # 0.

Lemma (of Cartan [3]). I 2r linear forms f;, v; [rom an n-dimensional ring Relu] satisfy the
identity

[fie1] + [fow2] + -+ [fror] =0

and the forms f; constitute a system of rank r, then the forms ¢ admit linear expressions in
terms of f; with symmetric matrix coefficients.

The exterior differentiation of Eq. (7) and the application of Cartan’s lemma yield

4 1 3 3 4 i
—Wws = wy + anwy + a1pwy + a13wy + ay 43w =0,

4 1 2 3 3 3 4 3
= —wi + wj — w3 + a12w] + agnwy + aswy + asiyw’ =0,

Wi = —w? + a13w} + agwi + azzws + az;i3w’ =0, .

R i=1,2,3,4. (8)
Wig = Wi+,

3 _ 4
Wiz =wiz o

3 _ 4
Wog = Wiy + -,

The coefficient matrix is symmetric. After canonization, some of the coefficients a;; can be killed.
The remaining coefficients form a geometric object; these are ai1, aj2, a2, ass, and ass. To study
the geometric meaning of the geometric objects which we obtain in what follows, we need another

interpretation of the 8-space M(®). Namely, consider the 4-space MY, We associate each point (u1,
ug, ug, uq) in this space with the two vectors

51 - Mu1 +Mu3 *P1 +MU,4 - P3,
_'2 - Mu2 +Mu3 “ P2 +MU,4 - P4
These two vectors determine a plane. Each point (uq, ..., u4, p1, ..., ps) of the 8-space M® g

associated with the point M (u1, ue, us, uq) and a 2-plane. It is easy to see that, for the integral manifold
of the first initial equation

ou ou ov ov

u:u(x,y), v:v(m7y)7 b1 = 85137 b2 = ay7 b3 = 8m’ bs = aya
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this 2-plane is a tangent element.
The first equation

Wt =

determines the submanifold of such two-dimensional elements. In this 4-space, take the point
w' =0, i=1,2,3,4.

We refer to it as the zero point of the space. The transformations from the group under consideration
that leave this point invariant form the centroaffine group. Consider the structure equation (4) for the
invariant forms of the problem under consideration. If w’ = 0, then these equations are

Duwt = [wiwl], i=1,2,3,4. (9)

The remaining equations disappear. The equations (9) are the structure equations of the centroaffine
group. Each fixed point w® = 0 determine a 4-manifold of 2-planes. The projective interpretation of
this pattern is as follows. The intersection of the centroaffine space with an improper hyperplane not
passing through the zero point is a projective space with structure equations (9) and a moving frame (a
tetrahedron) Ay A A3 A4 whose infinitesimal transformations have the form

dA; = wF Ay, ik=1,234. (10)

The intersection of the 3-manifold of 2-planes in the centroaffine space determined by Eq. (7) with
an improper 3-hyperplane not passing through the zero point is a line complex. To each line from
this complex we assign a tetrahedron A; A3 A3 A4 whose edge coincides with this line. Geometrically,
the canonization A =0, C =0, B =1 of the equation corresponds to the choice of a tetrahedron
A1 Ay A3 Ay attached to the line from the complex in the most convenient way. Namely, the vanishing of
the coefficient A means that the plane A3 A; As of the tetrahedron is tangent to the cone of rays from the
complex with vertex at Ay; the vanishing of C' corresponds to the plane A; A2 A4 being tangent to the
cone of rays with vertex at A;. The coefficient B is set equal to 1 by normalizing the coordinates of the
tetrahedron vertex Ay. The object (a11, a12, age, ass, ass) characterizes this complex.

Thereby, classifying the first-order equation of the problem under consideration at a point
reduces to classifying complexes. The classification of complexes is known; therefore, the geometric
meaning of the first equation is known as well. For example, if a1; = a12 = a9 = ag3 = ass = 0, then
the corresponding complex is linear. In this case, we can consider the system of equations

4 3
Wi = Wy,

. i=1,2,3,4. (11)
Aw}) 4+ Bwiy + Cuwiy 4+ Dwyy + aw} + Bws + wi + e;w’ = 0,

We can solve the second equation with respect to various three-index forms (in the general case) and
consider various canonizations of the resulting equations. The geometric meaning of each canonization
is clarified by considering a new interpretation of the representation space of the group of transformations
with respect to which the equations of the problem are studied. Under this new interpretation, the
generating element consists of a point, a plane element, and a second-order element passing through
the plane element. A point in the representation space and a plane element determine a 3-manifold of
second-order elements. Indeed, the six second-order derivatives satisfy three equations, two of which
are extensions of the first equation and one is the given equation. Let us introduce the notion of a
characteristic. A characteristic is a linear element through which there passes more two-dimensional
integral elements than through the neighboring elements. The initial conditions of the system cannot be
set along characteristic directions.

Assuming that C' # 0 and solving the second equation of system (11) with respect to wf;, we obtain
a special case of the system of differential equations considered at the beginning of the paper. Indeed,
further canonization leads only to the following cases:

1) wi = wd,, which corresponds to three different real characteristics;

2) wi; = 0, which corresponds to two coinciding characteristics and one characteristic different from
them.
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Assuming that B # 0 and solving the second equation with respect to w3,, we again obtain a special
case, because canonization yields the new equation

1) w3, = 0, which corresponds to two coinciding characteristics and one characteristic different from
them.

I A # 0, the second equation of system (11) can be solved with respect to w§,. In this case, canonization
leads to a system of general type:

1) wi; = w3, corresponds to three different real characteristics;

2) w}, = w} corresponds to two coinciding characteristics and one characteristic different from
them;

3) w}; = 0 corresponds to three coinciding characteristics.

A system of general type is also obtained if D # 0 and the second equation in (11) is solved with respect
to w3,. In what follows, we consider this case. Canonizing such a system, we reduce the second equation
to one of the following equations:

1) wiy = wiy, which corresponds to three different real characteristics;

2) wi, = w},, which corresponds to three different characteristics (two of which are complex
conjugate);

3) wjy = w3y, which corresponds to two coinciding characteristics and one characteristic different
from them;

4) wj, = 0, which corresponds to three coinciding characteristics.

This is a primary classification of the system. Consider the first system (of the most general form, with
three different real characteristics). We have

4 3

W1 = Way, (12)
4 _ 4
Wog = W1y-

Further extension and, possibly, canonization yields the following equations under the linear complex
condition a11 = a1a = ase = asz = O:

w% = bllwi)’l + blgwill + b13w§2 + awi)’ + bwg’ + ew§ + b17i+6wz,
2 3 4 3 3 3 4 ]
wi = b1awyy + baawiy + bagwhy — ewy + gws + fwy + baiew’, (13)

1 2 3 4 3 3 3 4 ]
w] —wy = b13w11 + b23w11 + b33w22 — bwl + cwy + gwsy + b37i+6wz,

2wy — Wiy — 2wl Fwip = ..., (14)

2wy — why + Wi = ...,

w§2i - w%li =0. (15)

The coefficients of the three-index forms form a geometric object, and those of the two-index
forms are relative invariants of the group under consideration (provided that the point w® = 0, where
i1 =1,2,3,4, is fixed). Using these objects, we can refine the classification of the system. Namely, if a
point, a plane element, and a two-dimensional element are fixed, then the three characteristics in the
intersection with a line from the complex determine a triple of points. We can always assume that these
points are Ay, Ao, and Ay + As. If only an initial point and a plane element are fixed, then such triples
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form a three-parameter family. Thus, properties of the system at a point are determined by those of the
geometric configuration consisting of a complex of lines on each of which a three-parameter manifold of
triples of points is defined. If

a1l = @12 = Q2 = a93 = agg = 0, bij =0 fori=1,2,34, a=b=c=—-e=—f=g=0
(the object vanishes), and all relative invariants vanish, then, on each ray, these triples are fixed, and the
improper 3-hyperplane contains a fixed line through which three planes cutting out this triple of points
on each line from the complex pass. Therefore, we can perform classification, first, by decreasing the
arbitrariness of these triples on each ray of the complex, i.e., by reducing the rank of the matrix

a b e

—eqg |- (16)

—bcyg

and secondly, according to the existence on a line A; A5 in the complex of points A1 + Ay sweeping out
only a 2-surface rather the entire space under the motion of the line. The problem leads to the fourth-
order equation

ah* — 2bh3 4 (2eA; + Ayc)h® +2gh — f =0, (17)

which suggests the following general classification:

1) the line contains no such points at all;
2) there are four different points;
3) various cases of the coincidence of such points;

4) the equation holds identically.

Since we consider a system of differential equations for which all of the three characteristics are real
and different, it follows that there remain only three possibilities for Eq. (17):

1) the equation has no roots (i.e., none of the points on the line AAs from the complex describes a
surface under the motion of the ray);

2) there are four different roots, i.e., four points Ay, A, A1 + As, and A, describing surfaces (all of
these surfaces are different);

3) there exists one double root and two different roots.

At a “double” point, only the coincidence of the point A with the point A, As, or A; + As can occur
(by assumption, the points Ay, As, and Ay + Ay cannot coincide). There are no other possible cases.
Conditions for the points Ay (h; = 0), A3 (he = 00), and Ay + Ay (hg = 1) to sweep out a surface under
the motion of a line from the complex are

f=0, a—2b+2e+c+29—f=0, (18)

respectively.

[f these conditions hold simultaneously, then the coordinates of the fourth point A sweeping out a
surface are determined by

hy = _bg = -\, Z:)\:const.

The differential equations of the system under consideration at the point, i.e., when

w'=0 for i=1,2,3,4,
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transform into the Pfaffian equations

3
Wy = Wy,
L s (19)
Wy = W3,
wy = bw3 + ews,
Wi = —ewd + Abwi, (20)
Wi — w3 = —bwd +2(e + (A — 1))bw3 + Abwy
wi = —ws,
wi = —ui, (21)
wi —wd = wi —wi.

The classification of this system can be refined by reducing the rank of the matrix of coefficients on
the right-hand sides of Egs. (13):

0 b e
D =det | —¢ b 0l - (22)
—b 2(e+(—=1)b) b

In the general case, this determinant does not identically vanish; therefore, the rank of this matrix is
equal to 3. The arbitrariness of the triples of points on rays from the complex is not violated if each ray
from the complex contains four points sweeping out a surface under a displacement of this ray. The rank
of the matrix decreases to 2 if either

e=20, b= —e or Ab+e=0.

Thus, if one of conditions (18) holds, then the points Ay, As, A1 + As, and A on the line from the
complex sweep out a surface, while the degree of arbitrariness of triples of points in the intersection of
the characteristics with the line from the complex decreases to 2:

e=0, b=—-e or Ab+e=0. (23)

In [7], the case of three different characteristics on each integral manifold was considered. In

the projective space associated with the tangent space to M*) at an arbitrary point, such a system
determines a complex of lines. Each line formed by lines from the complex contains a family of triples
of points, which depends on three parameters in the general case and on fewer parameters in special
cases. In[7], a classification of such geometric patterns was suggested. In particular, it turned out that
simplest is the case in which the complex is linear and the three characteristic points on each of its lines
are uniquely determined as the intersection points of the given line with three constant planes passing
through one line belonging to the complex. In this case, the vector of frames associated with the system
at a point satisfies the differential equations

dA; = BA, + T} A3 + QA,,

dA; = OA;,

_ (24)
dAs = WAy + QA3 + &§A4,
dAy = OA,

(the vectors A; and Ay belong to a plane element; its characteristic directions are determined by the
vectors Ay, Ao, and Ay — As; the line in the intersection of the three planes is determined by the vectors
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Asz and Ay). In addition, the following differential equations hold:
= [wwl] + -,
dw = [we?] + -+

= [wiw!] + [ + [0w®] + -+,

dus* =mw] who?] + [Out] + -

where the forms contained in (24) are obtained from the corresponding unmarked forms in (25) by fixing

a point in M. The terms not written out are linear combinations of the forms w’. In the case under

consideration, studying the system reduces to studying a g-structure in M®). The group g leaves
invariant the linear complex and the three planes specified above in the improper projective space, and
the family of frames is determined by Egs. (24).

We consider the even more special case in which the terms not written out in (25) reduce to zero, i.e.,
the first structure function of the g-structure under consideration vanishes:

(25)

dw! = [wwl],

[
dw?® = [Wiw!] + [Qw?] + [Bw?], (26)
dw* = [Qw'] + [wiw?] + [Bw?]
Comparing (26) with (4), we obtain
D=0l =0% Q=0 =0} (27)
the remaining forms &¥ vanish. Differentiating Eq. (26), we obtain
[Awdw!] + [AQW?] + [dOw?] = 0,
[AQW'] + [Awiw?] + [dOw?] = 0, (28)
[dww!] = 0,
[dww?] =0

where
A = dwi — [wiw] — [Bw]],
AQ = dQ — [Quw] — [09], (29)
W% = dw% [WQW] [9w2]

To Eqgs. (28), we first apply the generalized Cartan lemma and then Cartan’s lemma proper. Taking
into account the fact that the equations of the system give three equations for the forms and the
characteristic directions are determined by the equations

w! =0, w? =0, w' +w? =0

and introducing the notation

we obtain
whw'] + [Qow?] + A [w'wh],

Awj = [wf
Awy = [Qow'] + [whw?] + A3 zk[wzwk]
[

(30)
AQ = [Qo(w! +w?)] + Biplw'w"],
AO = Ay [wiwh].
The transformations of forms
W — Wi + ufwh, why — why + ujw", Qo — Qo +v'w’,
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which do not affect equations (30), reduce these equations to the form

Aw? = [ww!] + [Qow?] — Aa[w?w?] + Biy[w?w?] + Argwdw?],
ALUQ [Qow ] [w22w ] + ng [w w ] + Alg[w1w4] - A23 w3w4]
AQ = [Qo(w' + w?)] + Bas[w’w’] + Buy[w'w?] + Alw’w], (31)

w
dO = Ap[w'w?] + Alw'w?] + Apfw'w?] + Axw?w?] + Ajw?w?] + Azg[wdw?],
dw = K[w'w?).

Note that the system under examination is equivalent to the system of exterior differential equations
wi=0, wt=0, (W} — D] =0, [(Wi-Qw?=0, [Qu'+w?)]=0 (32)

on the manifold M (7). Taking the exterior differentials of Eq. (31) and reducing similar terms, we obtain

[Awd W] + [AQow?] — [AA1w W] + [ABww] + [AAwiw?] = 0,
[AQow!] + [Awg,w?] + [ABgswlw?] + [AAdpwlw?] — [AAdsswiw?] =0,
[AQO(W + w2)] [ABng ] + [ABl4w1w4] + [AAw3w ] = 0 (33)
[AApwlw?] + [AAWPw? — wlw?)] + [AAwlw?]
+ [AAQ:),WQWS] + [AA34UJ w ] =0,
[AKw'Ww? =0,

where
AK = dK + 2K w,
AAszy = dAss + 24340,
AA = dA + Aw + AB + Ag,Q,
AAyy = dAg + Apgw + A140 + Aggw?,
Az = dAgz + Agzw + Ax30 — Azyws,
AAry = dAis + 2410w + Ajgwy — Agswt,
AB1y = dB14 + 2Byw + Awl + A140 — 2AQ,

ABys = dBs3 + 2Bosw — Awj + A + 2AQ,

;K[Q(wl — W)+ ;Alz[Q(wl - w?)]

— ;ng[wi’(wl — )]+ ;Bm[u}%(wl —w?)] = 24[Qw] + 24[Qw?],

AQy = dQy — Q[Qow] + [Qo@] —

Ay = dwly — 2] + [} 6] + Klwfu?] - | K0
— 24 [wiw?] + ;A12[9w2] + B14[Qw?] + ;Bm[w%wz]
— ;ng [wW3w?] — 2414 |wdw?] + A4 [QW3] + Alwdw?],
Awly = duy — 2] + (0] ~ Klwfe'] + | K[0']
+ 2A 10 [wiwl] — ;Am[ml] + Bos[Qw'] — ;Bm[wéwl]

4 Baslu!] - 2405 [uho] + Ax[00*] — Al
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[t is seen from these equations that K and Asy are relative invariants and the other coefficients form
linear geometric objects, such as
(Asg, AA + A1y + vAsg), A =const, p=const, v =const,
(Asz4, A4, A, Biy), (Asz4, A, Agz, Bag), (Aszyg, Ay, Agz, Asa),

and so on.
All coefficients together form a linear geometric object (a second-order structure function of
the g-structure). Let us clarify the geometric meaning of the vanishing of these objects. The

completely integrable system w! = 0, w? = 0 determines a fiber bundle of the manifold M™ with
basis manifold M2, which we call the space of independent variables.

Each of the equations w! =0, w? = 0, and w! + w? = 0 is completely integrable. They determine
three families of curves on M), The quantity K is the curvature of this three-web in the sense of
Blaschke [8]. Similarly, on each fiber of the bundle of M® (i.e., on the integral manifold of the system
w! =0, w? = 0), the equations w3 = 0 and w? = 0 determine a three-web with curvature As,.

The vanishing of the object

(Asg, AA + A1y + v Ass)
is necessary and sufficient for the complete integrability of the Pfaffian system
wht =0, w? =0, A+ pw? + vwy =0
in the manifold M (7. Similarly, the vanishing of the object
(Ass, A, Arg, Az, Bag + A1)

is necessary and sufficient for the complete integrability of the system w' =0, Q@ —w} =0. In
this case, the equation [(w} — Q)w!] =0 is an independent differential equation in system (32).
Substituting its solution into the remaining equations of the system, we obtain a simpler system
of differential equations; thus, the system admits an intermediate integral. TFor the equations

[(w3 — Q)w?] = 0, a similar role is played by the vanishing of the object

(Az4, A, Ay, Aoz, Bag, By — Ai2),
and for the equation [Q(w! + w?)] = 0, of the object
(Asq, A, A1s, Aoz, Bas, Bia).

In particular, we obtain the following result.

Theorem. /f two of the Pfaffian systems
wi —Q =0, wy — =0, Q=0,
wh =0, w? =0, wh+w?=0

for a system of the form under consideration are completely integrable, then so is the third
system.

Such equations arise in solving various applied problems of hydrodynamics, atmospheric physics,
and plasma physics. It is pertinent to mention equations obtained by Sobolev and his students. Systems
of equations of the form under consideration are also applied to describe real-life physico-chemical
processes. Related results are presented in Akramov’s book [9]. Very interesting examples of such
systems can be found in the book [10].
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