Adv. appl. Clifford alg. 17 (2007), 95-106

(© 2006 Birkhauser Verlag Basel/Switzerland .
0188-7009/010095-12, published online October 14, 2006 Ad"a_“ces n

DOI 10.1007/s00006-006-0013-8 Applied Clifford Algebras

Lie Symmetries of the Equation
ue(z, ) + g(u)ug(z, 1) = 0

A. Ouhadan and E.H. El Kinani!

Abstract. In this paper the invariance criterion is applied for the nonlinear
equation

0 0
a“(l’vt) +9(“)a—xu

where g(u) is a smooth function on u. Some particular set of Lie generators
are given. In the case of inviscid Burger’s equation [1]

(:E,t) =0, (01)

0 0

au(:c7 t) + u(zx, t)a—gﬂu(a:7 t) =0; (0.2)
the Lie projectable symmetry algebra is determined, and the inviscid Burger’s
equation will be connected to some order differential equations. The obtained

differential equations are solved and some exact solutions of (2) are found.

Keywords. Lie algebra, Burger’s equation, symmetry group.

1. Introduction

The theory of Lie symmetry groups of differential equations was developed by
Sophus Lie [2]. Such Lie groups are invertible point transformations of both the
dependent and independent variables of the differential equations. The symmetry
group methods provide an ultimate arsenal for analysis of differential equations
and is of great importance to understand and to construct solutions of differential
equations. Several applications of Lie groups in the theory of differential equations
were discussed in the literature, the most important ones are: reduction of order
of ordinary differential equations, construction of invariant solutions, mapping
solutions to other solutions and the detection of linearizing transformations (for
many other applications of Lie symmetries see.[3-10])

In this work we use the basic prolongation method and the infinitesimal
criterion of invariance, we find some particular Lie point symmetries group of the
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nonlinear equation %u(w, t) + g(u)%u(w, t) = 0 where g(u) is a smooth function
on u. In the case of inviscid Burger’s equation %u(w, t) + u(z, t)(%u(ac7 t) = 0 the
Lie projectable symmetry algebra is determined, by using the reduction technic the
inviscid Burger’s equation will be connected to some order differential equations.
The obtained differential equations are solved and some exact solutions of inviscid
Burger’s are found.

This work is organized as follows. In section 2 we recall some result needed
to construct Lie point symmetries of a given system of differential equations. In
section 3, we give the general form of an infinitesimal generator admitted by the
equation (1). In section 4, the invariance condition is used and some particular
solutions of defining equations are found. In section 5, we determine the group
transformation corresponding to every infinitesimal generator obtained by pro-
jectable symmetries. Finally, we show how symmetries may be used to construct
some exact solutions for the inviscid equation.

2. Symmetry Methods

In this section, we recall the general procedure for determining symmetries for any
system of partial differential equations. To begin, let us consider the general case
of a nonlinear system of partial differential equations of order n'” in p independent
and ¢ dependent variables is given as a system of equations:

Ay(z,u™y=0. v=1,...,1, (2.1)

involving z = (x!,...,2P),u = (u',...,u?) and the derivatives of u with
respect to  up to n, where u(™ represents all the derivatives of u of all orders
from 0 to n.

We consider a one-parameter Lie group of infinitesimal transformations acting
on the independent and dependent variables of the system Egs. (2.1):

o= 24 efi(x,u) + O(?), i=1,...,p, (2.2)

@ = ul ey (x,u) + O(?), i=1,...,q, (2.3)

where € is the parameter of the transformation and &7, 77 are the infinitesimals
of the transformations for the independent and dependent variables, respectively.
The infinitesimal generator V associated with the above group of transformations
can be written as
B 2 9 q ; 9 o
V—Zf(x,u)%—FZn (x,u)% (2.4)
=1 j=1

A symmetry of a differential equation is a transformation which maps solutions of
the equation to other solutions.

The invariance of the system (2.1) under the infinitesimal transformations
leads to the invariance condition [3, 11]

ProVIA, (z,u™)] =0 =1,...,1, whenever Ay (z,u™)y =0, (25)
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where Pr(") is the n" order prolongation of the infinitesimal generator given by
3, 8, 9]

q
PriV =V 4 Z Z ol (z, u("))%, (2.6)
a=1 J o

Where‘]:(jl?"'7.jk)7and1§jk §p71§k§n7

p p
ealw,u™) = Dylpa =D _€us) +3_€huz’,

=1 =1

where
J
(e}

ox;’

i _ Ua
“ 8xz

Ji _
) and u)" =

3. Symmetries of Equation (0.1)

We consider the one parameter Lie group of infinitesimal transformations on
(:I;at?u)a

& = x4 ez tu)+ O(?),
t = tten(z,t,u)+0(?),
0 = u+tep(z,t,u)+O(H?), (3.1)

where € is the group parameter and &, 7 and ¢ are the infinitesimals of the trans-
formations for the independent and dependent variables, respectively. We require
a method which allows us to determine conditions on &, 7 and ¢, so that the one
parameter Lie group is a symmetry group of the PDE (1). The associated vector
field is of the form:

0 0 0
V= §(x,t,u)% =+ n(x7t7u)§ =+ (p(x7t7u)%

One of the most important properties of these infinitesimal symmetries is that
they form a Lie algebra under the usual Lie bracket.

(3.2)

4. Invariance Condition and Particular Solutions

The vector field V' generates a one parameter symmetry group of the PDE (0.1)
if and only if

PrOViu, 4+ g(u)uy) =0,  whenever u; + g(u)uy, = 0; (4.1)
here, Pr()V denotes the first prolongation of the vector field V given by (2.6),

0 0
PT’(l)VZV—F(ﬂmau +<Pt%,
T t

(4.2)
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with
0¥ = Dy —uyDy€ —uiDyn,
0" = Dyp—uy,Di& —uDyn, (4.3)

where D, and D; are the total derivatives with respect to x and t respectively, so
the condition (4.1) is equivalent to,

[pg (wus + g(w)e” + ' witg(wyu.=0) = 0; (4.4)
and hence the condition (4.4) gives the set of defining equations:
g (u) + g(u)*ne + g(wn — g(w)és — & = 0;
g(u)ps + ¢ = 0. (4.5)
As g(u) is an arbitrary smooth function on u, so a particular solution for the system
(4.5) is considered. Consequently, a set of infinitesimal generators L1, ..., L5 are
found :
Casel: &=1; n=0; ¢=0;
SO 5
L, = e ( space translation) (4.6)
Case2: ¢=0; n=1; @=0;
then 5
Ly = Er ( time translation) (4.7)
Case3: &=uz; n=t; ¢=0
hence P
Ly = To + t&. ( scaling transformation ) (4.8)
Cased: &(E=wu; n=0 =0
we find
Ly = u2 (4.9)
YT 0 '
Caseb5: &=0; n=u; =0
in this case we get
0
Ls =u—. 4.10
5= U (4.10)

In what follows we put ¢ = h(u), and suppose that g # 0, we obtain

Case6: &=uxz; n=0; ¢=nh(u);

the first equation in the system (4.5) becomes the differential equation
h(u)g (u) — g(u) = 0;

that implies

h(w) = 20
g'(u)
In addition to the vector fields L1, ..., L5 admitted by all partial differential equa-
tions of the form (0.1), the technique illustrated above, shows us how to construct
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another infinitesimal symmetry admitted by a given partial differential equations
of the form (0.1):

o ui+exp(u)u, = 0. In this case g(u) = exp(u), then it admits the infinitesimal
generator

szﬁ—i—g.

m

e u; + u™u, = 0, m nonzero integer. Then g(u) = u™, so the infinitesimal

generator is obtained to be

0 1 0
V=r—+—u—
x(“)t muau
o u + ﬁuga = 0. Hence, g(u) = ﬁ7 in this case we get

vogd 1+u?d
ot 2u  Ou’
Case7: £€=0; n=uz ¢=h(u),
then h(u) must satisfy the equation
h(u)g (u) + g*(u) = 0;

SO

As in the last case, we find for example:

o u; + exp(u)u, = 0. So this equation admits the generator

0 0
V=x—-e -—.
var Py,
e u; + uu, = 0, mnonzero integer, In this case we get
V = xﬁ 1 m+12

ot m" ou
o U + ﬁum = 0. That implies

0 1 0
V= ot * 2u Ou’
To calculate all Lie point symmetries admitted by (0.1), we need to solve com-
pletely the system of defining equations. However, the system (4.5), may be more
complicated then the studied equation (0.1) itself. In this paper we choose to solve
partially the defining system for the equation (0.2). To do this, we suppose & and
7 depend only on x and ¢. So let

§=¢(x,b); (4.11)
and

n=n(z,t). (4.12)
The resulting Lie point symmetries are called projectable symmetries.
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The above conditions yields to the solution
E(x,t) = —ayat+ ast + azx® + agz + ar;

n(z,t) = asxt — ayx — a1t + (ag — az)t + as;
oz, t,u) = (—ast+ ag)u?® + (a3z + art + a2)u + (—ar1x + as);

where a1, ..., as are arbitrary constants. Consequently, the inviscid Burger’s equa-
tion admits the symmetry Lie algebra spanned by the vector fields :

Vlz%; %z—x%—FuQ%;

Vo= 4 Vo =222 +tad + (zu — tu?) 2

Vs = xa% +t%; Vi = —t% —|—u68—u; (4.13)
Vi=tZ + 2, Vo=—atZ — 122 + (tu—2)Z.

Their commutator [V;, V;] table is

|41 Va Vi | V4 Vs Ve Vi | Vs
Vil0 0 Vi |0 -V5 2Vs+ V7 | 0 -Vu
V2|0 0 Vo | 0 -Vs Vo | V- V3
Vs |-V -Va 0 10 0 Ve 0 | Vs
Vil O - 0 0 2V 4+ V3 | -Vg Vi |0
Vs | Va 0 0 2V -V3 | 0 0 Vs | Vi
Vo | -2V5-V7 | V5 Vo | Vs 0 0 0 |0
V2|0 Vs 0 Vi Vs 0 0 -Va
Vs | Vu Vs-Ve|-V5 |0 -V 0 Vs 10

Table 1: Commutator [V;,V;] table for the Lie algebra V; and V;

5. Transformed Solutions

To obtain the group transformation which is generated by the infinitesimal gen-

erators V7, ..., Vg, we need to solve the system of first order ordinary differential
equations,

dx .

To= @iy (5.1)

de

dt ~

di -

© = (@ 1) (5.3)

de
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with initial conditions
7(0) = =, t(0) =t, w(0) = u.

Exponentiating the infinitesimal symmetries of the inviscid Burger’s equation
(0.2), we get the one parameter groups G}, generated by Vi, for k=1,...,8:

Gy : (x,t,u) — (z+et,u); (5.4)
G : (x,t,u) — (z,t+e€ u); (5.5)
Gs: (z,t,u) — (xe, et u); (5.6)
Gy : (z,t,u) +— (te+x,t,u+€); (5.7)
Gs: (x,t,u) — (x,—ze+t, ); (5.8)
eu—1
T t U
G : (2,tu) +— (1—xe’1—x67teu+1—xe)’ (5.9)
Gr: (z,t,u) — (x,e”t eu); (5.10)
T t

Gg N (w,t,u) — (1+t67m,(1+t6>'u/_6$> (511)

Consequently, if u = f(x,t) is a solution of equation (0.2), so are the functions
f(x—et); (5.12)
f(z,t—e); (5.13)
flze™¢ e~ t); (5.14)
flz —tet) + ¢ (5.15)

f(z,t+ ex)

_ 1

ef(z,t+ex)—1’ (5.16)
=zt
xf(l_‘—;I’ 1+€t> e (517)
tef(1+e;v’ 1+et)) +1- 14ex
e f(x, et); (5.18)
€ T t €T

— . 1

1—etf(1—6t’1—et) 1—et (5-19)

We see that these transformations don’t give us an important solution from a
known particular solution. However, to illustrate how this technique may be of
great interest, we consider the one dimensional heat equation

Up = Ugg- (5.20)
It is known that its symmetry Lie algebra is spanned by the vector fields [3]
lea%; H4:x%+2t%;
HQZ %; H5:2t%—xu%;

Hg:ua%; H6:4tx(%—|—4t2%—(x2+2t)ua%;
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and the infinite dimensional algebra
0
H, = U=
a(z,t) 5

where « is an arbitrary solution of the heat equation. If we consider the vector
field Hg, since it generates a symmetry group Ng, so if u = f(z,t) is a solution of
the heat equation, then is the function

1 [—ex2 ]f( T t
V1 + 4det P 14 4et’” “1+4et’ 1+ 4et

If we let u(z,t) = 1 be a constant solution of the heat equation, we conclude that
the function

).

—6.’E2

1
e
V14 4det *p{ 1+ 4et

u(z,t) =

%

is a solution.
In the above solution let ¢t — —ﬁ7 and set € = w, we conclude that from the
constant solution 1, we find the fundamental solution,

1 ( x2}
———expl{——|;
VAt PV
of the heat equation. Unfortunately, transformations (5.12)—(5.19) doesn’t allow
us to construct an important solution of equation (0.2) from a trivial solution as
in the case of the heat equation. Hence, to apply the symmetry group method
for the equation (0.2), will not be in the same direction as for equation (5.20),

however, symmetry group method will be used to reduce the equation (0.2) to
order differential equations, that is to reduce the number of independent variables.

u(z,t) = (5.21)

6. Reduced Equations

The first advantage of symmetry group methods is to construct new solutions from
known solutions. The second is when a nonlinear system of differential equations
admits infinite symmetries, so it is possible to transform it to a linear system.
Neither the first advantage nor the second will be investigated here, but symmetry
group method will be applied to the inviscid Burger’s equation to be connected
directly to some order differential equations. To do this, a particular linear com-
binations of infinitesimals are considered and their corresponding invariants are
determined.

6.1. Reduction with V3

The invescid Burger’s equation is expressed in the coordinates (x, ¢, u), so to reduce
this equation is to search for its form in specific coordinates. Those coordinates will
be constructed by searching for independent invariants (Y, W) corresponding to
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the infinitesimal generator. So using the chain role, the expression of the equation
in the new coordinate allows us to the reduced equation. In this first case we have

0 0
Voa=o—+t—.
ST or ot
To determine independent invariants we need to solve the first partial differential
equations :

Ok(z,t,u) tak(x,t,u)

T + =0,
ox ot
so we solve the associated characteristic ordinary differential equation
dr dt
r ot
hence, we obtain two independent invariants:
x
= ?; and W = u;
then,
’ X
Ut = W x (_t_2)7
/ 1
Uy = W x (;)a

the primes dentes the differentiation of W with respect Y. Substituting for u; and
u, their expressions in the equation (0.1), we obtain the order ordinary differential
equation

W' (=Y + W) = 0; (6.1)
so the solutions of the equation (6.1) are
W = cte and W=Y;
consequently, we obtain that
u(x,t) = cte
and -
u(z,t) = n

are solutions of the studied equation (0.2).

6.2. Reduction with V3 — V, + V5

The invariants are

Y=x+1¢
(u+1)2t-Y)

)

W:
u—1

the reduced equation is
W' +1=0; (6.2)
that implies
W = =Y + cte;
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we obtain that

is a solution of the equation (0.2).

6.3. Reduction with V; — 1,
The invariants are

Y =t + 2ua;

W=u+t
the reduced differential equation is

(W?) =1
its solutions are given by

W = +£VY + cte;

we find that

u(z, t) = £(t* 4+ 22 + cte)% —t
is a solution of the equation (0.2).
6.4. Reduction with V; + V5

The invariants are
Y =2 — 2u;

W=u-—t

AACA

as above, we reduce the equation (0.2) to the ordinary differential equation

W) =1
we find that
w(z,t) = £(t2 — 2z + cte)? +t
is a solution of the equation (0.2).

6.5. Reduction with V5 — V;

The invariants are

Y =z — 2t;
1
W=——ux;
u

we find the reduced equation is the same as in the last case:

W) =1
we obtain that
u(z,t) = [z £ (2* — 2t + cte)%]_1

is a solution of the equation (0.2).
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6.6. Reduction with V5 + V)

The invariants are
Y = 2? + 2t;

1
W =—+ux;
u
also the reduced equation obtained here is the same as in the three last cases:
w2 =1, (6.6)
then,
u(z,t) =[x+ (2® + 2t + cte)%]_1
is a solution of the equation (0.2).

Conclusion

By using here the basic prolongation method we have obtained some particular
Lie point symmetries group of the nonlinear equation %u(:z:, t) +g(u)a%u(x, t)=0
where g(u) is a smooth function on w. In the case of inviscid Burger’s nonlinear
equation %u(x,t) + u(w,t)(%u(x?t) = 0 the Lie projectable symmetry algebra
is determined, by using the reduction technique the inviscid Burger’s nonlinear
equation will be connected to some order differential equations. This enables us to
obtain a class of interesting solutions to these equation.
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