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Abstract

Symmetry group properties and similarity solutions of the variant nonlinear long-wave equations in the form of
system of nonlinear partial differential equations are analyzed. Lie symmetry group analysis of the variant nonlinear
long-wave equations presents that the system has only two-parameter point symmetry group that corresponds to only
traveling wave solutions. The symmetry groups yield the general reduced similarity form of the system, which is in the
system of nonlinear ordinary differential equations. By using the improved tanh method the similarity solutions are
obtained from the reduced system of equations. In addition, some graphical representations of the solitary and periodic
solutions are presented.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Symmetry group analysis based on the transformation groups, now known as Lie groups, is the most important solu-
tion method for the nonlinear problems in the literature. This approach is used to analysis the symmetries of the differ-
ential equations. Then, the corresponding symmetry groups can be used to simplify the analysis of the problems
governing by the differential equations in the engineering science, mathematical physics, and mechanics. Lie groups char-
acterize the symmetry of the differential equations and may be a point, a contact, and a potential or a nonlocal symmetry.
It has also been verified that these kinds of groups can be represented by their infinitesimals that contain dependent vari-
ables, independent variables and the derivatives of dependent variables as arguments. In the last century, the application
of the Lie groups has been developed by a number of mathematicians. Ovsiannikov [1], Olver [2], Ibragimov [3], and
Bluman and Kumei [4] are some of the mathematicians who have huge number of studies in that field.

In this study, we analyze the symmetry groups and investigate the similarity solutions of variant nonlinear long-wave
equations [5], which are nonlinear evolution equations, given by
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where hðx; tÞ is the free surface, and uðx; tÞ is the horizontal velocity component, d; e are constants. In the literature,
some solutions of the system (1) were analyzed by the hyperbolic function method [6] and the double parameter hypoth-
esis [7]. Inverse scattering theory [8], homogeneous balance method [9–12], tangent functions series method and the
Jacobi elliptic expansion method [13,14] are some of methods to obtain the exact solutions of the nonlinear partial
differential equations in the literature. In the study, we consider the Lie symmetry group method for the solution of
the system (1). For this purpose, first, the Lie point symmetries will be analyzed, then the reductions forms will be found
and then the invariant solutions of the original system of partial differential equations (PDE’s) will be obtained from the
solutions of reduced system of ordinary differential equations (ODE’s) by using the improved tanh method.
2. Symmetry group analysis of variant nonlinear long-wave equations

In this section, we will explore the most general Lie group of point transformations, which leaves variant long-wave
equations invariant (1).

Definition 1. We consider a scalar kth-order PDE represented by
Y
ðx; u; u1; . . . ; ukÞ ¼ 0; ð2Þ
x ¼ ðx1; x2; . . . ; xmÞ denotes m independent variables, u denotes set of dependent (differential) variables, and uj denotes
set of corresponding to all jth-order partial derivatives of u with to variable x. The infinitesimal generator of the one-
parameter Lie group of transformations for equation (2.1) is
X ¼ niðx; uÞ
o

oxi
þ gðx; uÞ o

ou
; ð3Þ
where niðx; uÞ, gðx; uÞ are the infinitesimals of (3), and the kth prolongation of the infinitesimal generator (3) [1–4,16] is
X k ¼ X þ gð1Þi ðx; u; u1Þ
o

oui
þ � � � þ gðkÞi1i2 ;...;ik ðx; u; u1; . . . ; ukÞ

o

oui1i2 ...ik

; ð4Þ
where
g
ð1Þ

i
¼ Dig� ðDinjÞuj; i ¼ 1; 2; . . . ;m;

..

.

g
ðkÞ

i1 ...ik
¼ Di g

ðk�1Þ

i1i2 ...ik�1

�ðDik njÞui1i2 ...ik�1j; il ¼ 1; 2; . . . ;m for l ¼ 1; 2; . . . ; k with k ¼ 2; 3; . . .

ð5Þ
in terms of ½nðx; yÞ; gðx; yÞ�, ½nðx; yÞ denotes ðn1ðx; uÞ; n2ðx; yÞ; . . . ; nmðx; yÞÞ, and D is the total derivative operator defined
as
Di ¼
D

Dxi
¼ o

oxi
þ ui

o

ou
þ uij

o

ouj
þ � � � þ uii1i2 ...im

o

oui1i2 ...im

þ � � � ; ui ¼
ou
oxi

; i ¼ 1; 2; . . . ;m ð6Þ
with summation over a repeated index.
Now, we consider the following Lie group of transformations with independent variables x; t; and dependent

variables u; h
~x ¼ ~xðx; t; u; h; bÞ; ~t ¼ ~tðx; t; u; h; bÞ; ~u ¼ ~uðx; t; u; h; bÞ; ~h ¼ ~hðx; t; u; h; bÞ; ð7Þ
where b is the group parameter. The infinitesimal generator for the Lie group (4) can be expressed from the formula (3)
in the following form:
X ¼ nx o

ox
þ nt o

ot
þ gu o

ou
þ gh o

oh
ð8Þ
in which nx; nt,gu; gh are infinitesimal functions of group variables (independent and dependent variables).

Proposition 1. The variant nonlinear long-wave equations have a two-parameter symmetry group, which are translations
X ¼ a1
o

ox
þ a2

o

ot
; ð9Þ
where a1 and a2 are constants and called group parameters.
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Proof. To calculate the Lie point symmetries of the governing equations (1), first we need to write the third prolonga-
tion of the infinitesimal generator given by (8) since the governing equations include at most third order partial deriv-
atives. Due to the formula (4), the prolongation of the infinitesimal generator including the related terms is in the
following form:
X 3 ¼ nx o

ox
þ nt o

ot
þ gu o

ou
þ gh o

oh
þ gu

x

o

oux
þ gu

t

o

out
þ gu

xx

o

ouxx
þ gu

xx

o

ouxxx
þ gh

x

o

ohx
þ gh

t

o

oht
; ð10Þ
where the formulas of terms gu
x ; g

u
t ; g

u
xx; g

u
xxx; g

h
x ; g

h
t are given by the expression (5). Applying the third prolongation of the

generator (1) to the first and the second equations in the system in (1) we reach the following determining equations
[1–4,16–18]
gh
t þ gu

x þ hgu
x þ ugh

x þ d2gu
xxx

� ���
ht¼�ux� uhð Þx�d2uxxx

¼ 0; gu
t þ gh

x þ ugu
x � e2d2gu

xxt

� ���
ut¼�hx�uux�e2uxxt

¼ 0: ð11Þ
Calculating the needed terms in (6) and equating every one of the coefficients of independent terms to zero we find the
following system of equations after considerable simplifications
nx ¼ nxðxÞ; nt ¼ nxðtÞ; gu ¼ guðuÞ; gh ¼ ghðhÞ;
gh � ð1þ hÞgh

h þ ð1þ hÞgu
u � ð1þ uÞnx

x � d2nx
xxx ¼ 0;

gu � unt
t ¼ 0; gh

h þ gu
u þ nt

t þ 3nx
x ¼ 0;

gh þ hðnt
t � nx

xÞ ¼ 0:

ð12Þ
From (12) it is easy to see that the only solution of this system is
nx ¼ a1; nt ¼ a2; gu ¼ 0; gh ¼ 0 ð13Þ
which shows that the system of nonlinear PDE’s has only a two-parameter symmetry group
X 1 ¼
o

ox
; X 2 ¼

o

ot
: � ð14Þ
3. Reduction form and similarity solutions of variant nonlinear long-wave equations

Definition 2. The order of differential equations can be reduced by one if the differential equation is invariant under a
one-parameter Lie group point transformations. If a system of ODE’s or PDE’s is invariant under a Lie group of point
transformations, then some special solutions of these equations can be found. These solutions are called invariant

solutions. In the other words, they are invariant under some subgroups of the full group admitted by the system of
ODE’s, or PDE’s. These solutions can be obtained from the solutions of the reduced system of differential equations
with fewer independent variables.

To construct the reduced form of the system of PDE one needs to write the characteristic equation based on the
symmetry groups (14)
dx
a1

¼ dt
a2

¼ du
0
¼ dh

0
: ð15Þ
From the solution of the characteristic equation we have
n ¼ a2x� a1t; uðx; tÞ ¼ ~uðnÞ; hðx; tÞ ¼ ~hðnÞ ð16Þ
which n is the similarity independent variable, ~uðnÞ and ~uðnÞ are the similarity dependent variables. The expressions in
(16) confirm that the similarity solutions of variant shallow-water wave equations are only in the form of the traveling
wave solutions. Then, if we substitute the similarity forms and the similarity variable into the original governing equa-
tions we obtain the reduced system of equations which are in the form of system of coupled ODE’s
a1
~h0ðnÞ � a2

~u0ðnÞ � a2
~hðnÞ~u0ðnÞ � a2~uðnÞ~h0ðnÞ � d2a3

2~u000ðnÞ ¼ 0;

a1
~u0ðnÞ � a2

~h0ðnÞ � a2~uðnÞ~u0ðnÞ � e2a1a
2
2

~u000ðnÞ ¼ 0
ð17Þ
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To solve reduced system of nonlinear ODE’s several methods can be considered. Here we consider the generalized tanh
function method introduced in [15] to obtain the solutions of the reduced system (17). For this purpose, let us consider
the solutions of system of ordinary differential equations (17) in the following forms:
~uðnÞ ¼
Xn

i¼0

aiF iðnÞ; ~hðnÞ ¼
Xm

i¼0

biF iðnÞ; ð18Þ
where ai; bi are parameters and n and m are integers to be determined and F is the solution of the Riccati
equation
F 0ðnÞ ¼ Aþ BF ðnÞ þ CF 2ðnÞ; ð19Þ
where ðÞ0 :¼ d=dn and A; B; C are constants. By using the improved tanh method we consider all possible solutions of
the Riccati equation (19) that tanh function satisfies. By substituting (18) and (19) into the reduced system of ODE’s
(17) we obtain algebraic system of equations in terms of a0; a1; a2; . . . and b0; b1; b2; . . . by equating all coefficients of the
functions Fi to zero. By balancing the highest order derivative and highest nonlinear terms in the reduced system of
ODE’s (17) one can find n ¼ 2 and m ¼ 3. Then the solutions in (18) should be in the following forms:
~uðnÞ ¼ a0 þ a1F ðnÞ þ a2F 2ðnÞ; ~hðnÞ ¼ b0 þ b1F ðnÞ þ b2F 2ðnÞ þ b3F 3ðnÞ: ð20Þ
For the first PDE (1)1 the corresponding algebraic equations are:
A b1ða0a2 � a1Þ þ a2 6ABa2a
2
2d

2 þ a1 1þ b0 þ B2a2
2d

2 þ 2ACa2
2d

2
� �� �� �

¼ 0

14AB2a2a
3
2d

2 þ B3a1a
3
2d

2 þ B b1ða0a2 � a1Þ þ a1a2 1þ b0 þ 8ACa2
2d

2
� �� �

þ ð21Þ

2Aðb2ða0a2 � a1Þ þ a2ða2 þ a2b0 þ a1b1 þ 8ACa2a
2
2d

2ÞÞ ¼ 0

Cða1a2 � b1a1 þ a1b0a2 þ a0b1a2Þ þ 8B3a2a
3
2d

2 þ 7B2Ca1a
3
2d

2þ ð22Þ

A 3a2b1a2 � 3b3a1 þ 3a1b2a2 þ 3a0b3a2 þ 8a1C2a3
2d

2
� �

þ

2B b2ða0a2 � a1Þ þ a2 a2 þ a2b0 þ a1b1 þ 26ACa2a
2
2d

2
� �� �

¼ 0

38B2Ca2a
3
2d

2 þ 3B a2b1a2 � b3a1 þ a1b2a2 þ a0b3a2 þ 4a1C2a3
2d

2
� �

þ

2 b2ð2Aa2a2 � Ca1 þ Ca0a2Þ þ a2 2Aa1b3 þ Ca2 þ Ca2b0 þ Ca1b1 þ 20AC2a2a
2
2d

2
� �� �

¼ 0 ð23Þ

b3ð5Aa2a2 � 3Ca1 þ 4Ba1a2 þ 3Ca0a2Þþ

a2 3Ca1 b2 þ 2C2a2
2d

2
� �

þ a2 4Bb2 þ 3Cb1 þ 54BC2a2
2d

2
� �� �

¼ 0 ð24Þ

5Ba2b3a2 þ 4Ca2 a1b3 þ a2 b2 þ 6C2a2
2d

2
� �� �

¼ 0 ð25Þ

5Ca2b3a2 ¼ 0 ð26Þ
For the second PDE (1)2 the corresponding algebraic equations are:
A b1a2 þ 2Að3Ba2 þ Ca1Þa1a
2
2e

2 þ a1 a0a2 þ a1 B2a2
2e

2 � 1
� �� �� �

¼ 0 ð27Þ

16A2Ca2a1a
2
2e

2 þ B b1a2 þ a1 a0a2 � a1 þ B2a1a
2
2e

2
� �� �

þ A a2 a2
1 þ 2b2 þ 8BCa1a1a2e

2
� ��

þ2a2 a0a2 � a1 þ 7B2a1a
2
2e

2
� ��

¼ 0 ð28Þ

Ba2
1a2 þ a2ð2Bb2 þ 3Ab3 þ Cb1Þ þ Ca1 a0a2 þ a1 7B2a2

2e
2 � 1þ 8ACa2

2e
2

� �� �
þ a2 3Aa1a2 þ 8B3a1a

2
2e

2 þ 2B a0a2 � a1 þ 26ACa1a
2
2e

2
� �� �

¼ 0 ð29Þ

2Aa2
2a2 þ a2 a2

1 þ 2b2

� �
C þ 3B b3 þ 4a1C2a1a2e

2
� �� �

þ a2ð3Ba1a2 þ 40AC2a1a
2
2e

2

þ 2Cða0a2 � a1 þ 19B2a1a
2
2e

2ÞÞ ¼ 0 ð30Þ

a2ð2Ba2
2 þ 3Ca2ða1 þ 18BCa1a2e

2Þ þ 3Cðb3 þ 2C2a1a1a2e
2ÞÞ ¼ 0 ð31Þ

2Ca2a2ða2 þ 12C2a1a2e
2Þ ¼ 0 ð32Þ
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From solving the system of algebraic equations (21)–(32) one can obtain
Case

Case
a0 ¼
2a2

1e
2 � a2

2d
2 � 2B2a2

1a
2
2e

4 � 16ACa2
1a

2
2e

4

2a1a2e2
;

b0 ¼
a2

2d
4 � 4a2

1e
4 � 2B2a2

1a
2
2e

4d2 � 16ACa2
1a

2
2e

4d2

4a2
1e

4
;

a1 ¼ �12BCa1a2e
2; b1 ¼ �6BCa2

2d
2; a2 ¼ �12C2a1a2e

2; b2 ¼ �6C2a2
2d

2; b3 ¼ 0:

ð33Þ
Substituting (19) and (33) into (20) we have obtained the following multiple rational, solitary and periodic solutions for
the system (1). These solutions could be getting in different cases as below

Case I: A 6¼ 0; B 6¼ 0; C 6¼ 0
uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 � 2B2a2
1a

2
2e

4 � 16ACa2
1a

2
2e

4

2a1a2e2

�12BCa1a2e
2 �C þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
tan

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
ða2x� a1tÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
c0

� �� 	� 

2B
	

þ12C2a1a2e
2 �C þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
tan

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
ða2x� a1tÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
c0

� �� 	� 

2B
	2

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

4 � 2B2a2
1a

2
2e

4d2 � 16ACa2
1a

2
2e

4d2

4a2
1e

4
�

6BCa2
2d

2 �C þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
tan

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
ða2x� a1tÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
c0

� �� 	� 

2B
	
�

6C2a2
2d

2 �C þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
tan

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
ða2x� a1tÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AB� C2

p
c0

� �� 	� 

2B
	2

ð34Þ
where c0 is a constant.
II: A ¼ 0; B 6¼ 0; C 6¼ 0

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 � 2B2a2
1a

2
2e

4

2a1a2e2
þ 12BCa1a2e

2 C expðCða2x� a1tÞ þ Cd0Þ
B expðCða2x� a1tÞ þ Cd0Þ � 1

� 	

þ 12C2a1a2e
2 C expðCða2x� a1tÞ þ Cd0Þ

B expðCða2x� a1tÞ þ Cd0Þ � 1

� 	2

;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

4 � 2B2a2
1a

2
2e

4d2

4a2
1e

4
þ 6BCa2

2d
C expðCða2x� a1tÞ þ Cd0Þ

B expðCða2x� a1tÞ þ Cd0Þ � 1

� 	

þ 6C2a2
2d

2 C expðCða2x� a1tÞ þ Cd0Þ
B expðCða2x� a1tÞ þ Cd0Þ � 1

� 	2

;

ð35Þ
where d0 is a constant.
III: A ¼ C ¼ 1; B ¼ 0

a0 ¼
2a2

1e
2 � a2

2d
2 � 16a2

1a
2
2e

4

2a1a2e2
; b0 ¼

a2
2d

4 � 4a2
1e

4 � 16a2
1a

2
2e

4d2

4a2
1e

4
; a1 ¼ b1 ¼ 0;

a2 ¼ �12a1a2e
2; b2 ¼ �6a2

2d
2;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 � 16a2
1a

2
2e

4

2a1a2e2
� 12a1a2e

2 tan2ða2x� a1tÞ;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

4 � 16a2
1a

2
2e

4d2

4a2
1e

4
� 6a2

2d
2 tan2ða2x� a1tÞ:

ð36Þ
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IV: A ¼ C ¼ �1; B ¼ 0

a0 ¼
2a2

1e
2 � a2

2d
2 � 16a2

1a
2
2e

4

2a1a2e2
; b0 ¼

a2
2d

4 � 4a2
1e

4 � 16a2
1a

2
2e

4d2

4a2
1e

4
; a1 ¼ b1 ¼ 0;

a2 ¼ �12a1a2e
2; b2 ¼ �6a2

2d
2;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 � 16a2
1a

2
2e

4

2a1a2e2
� 12a1a2e

2cot2ða2x� a1tÞ;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

4 � 16a2
1a

2
2e

4d2

4a2
1e

4
� 6a2

2d
2cot2ða2x� a1tÞ:

ð37Þ

V: A ¼ 1; C ¼ �1; B ¼ 0

a0 ¼
2a2

1e
2 � a2

2d
2 þ 16a2

1a
2
2e

4

2a1a2e2
; b0 ¼

a2
2d

4 � 4a2
1e

4 þ 16a2
1a

2
2e

4d2

4a2
1e

4
;

a2 ¼ �12a1a2e
2; b2 ¼ �6a2

2d
2; a1 ¼ b1 ¼ 0;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 þ 16a2
1a

2
2e

4

2a1a2e2
� 12a1a2e

2tanh2ða2x� a1tÞ;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 þ 16a2
1a

2
2e

4

2a1a2e2
� 12a1a2e

2coth2ða2x� a1tÞ;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

4 þ 16a2
1a

2
2e

4d2

4a2
1e

4
� 6a2

2d
2tanh2ða2x� a1tÞ;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

4 þ 16a2
1a

2
2e

4d2

4a2
1e

4
� 6a2

2d
2coth2ða2x� a1tÞ:

ð38Þ

VI: A ¼ C ¼ 1
2
; B ¼ 0

a0 ¼
2a2

1e
2 � a2

2d
2 � 4a2

1a
2
2e

4

2a1a2e2
; b0 ¼

a2
2d

4 � 4a2
1e

42 � 4a2
1a

2
2e

4d2

4a2
1e

4
;

a1 ¼ 0; b1¼2; a2 ¼ �3a1a2e
2; b2 ¼ �

3

2
a2

2d
2; b3 ¼ 0;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 � 4a2
1a

2
2e

4

2a1a2e2
� 3a1a2e

2ðsecða2x� a1tÞ þ tanða2x� a1tÞÞ2;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 � 4a2
1a

2
2e

4

2a1a2e2
� 3a1a2e

2ðcscða2x� a1tÞ þ cotða2x� a1tÞÞ2;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

42 � 4a2
1a

2
2e

4d2

4a2
1e

4
� 3

2
a2

2dðsecða2x� a1tÞ þ tanða2x� a1tÞÞ2;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

42 � 4a2
1a

2
2e

4d2

4a2
1e

4
� 3

2
a2

2dðcscða2x� a1tÞ þ cotða2x� a1tÞÞ2:

ð39Þ

VII: A ¼ 1
2
; C ¼ � 1

2
; B ¼ 0

a0 ¼
2a2

1e
2 � a2

2d
2 þ 4a2

1a
2
2e

4

2a1a2e2
; b0 ¼

a2
2d

4 � 4a2
1e

42 þ 4a2
1a

2
2e

4d2

4a2
1e

4
;

a1 ¼ 0; b1 ¼ 0; a2 ¼ �3a1a2e
2; b2 ¼ �

3

2
a2

2d
2; b3 ¼ 0;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 þ 4a2
1a

2
2e

4

2a1a2e2
� 3a1a2e

2ðcothða2x� a1tÞ þ cschða2x� a1tÞÞ2;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 þ 4a2
1a

2
2e

4

2a1a2e2
� 3a1a2e

2ðtanhða2x� a1tÞ þ isechða2x� a1tÞÞ2;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

42 þ 4a2
1a

2
2e

4d2

4a2
1e

4
� 3

2
a2

2dðcothða2x� a1tÞ þ cschða2x� a1tÞÞ2;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

42 þ 4a2
1a

2
2e

4d2

4a2
1e

4
� 3

2
a2

2dðtanhða2x� a1tÞ þ isechða2x� a1tÞÞ2; ð40Þ
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where i ¼
ffiffiffiffiffiffiffi
�1
p

.

Case

Case
VIII: A ¼ C ¼ �1
2
; B ¼ 0

a0 ¼
2a2

1e
2 � a2

2d
2 � 4a2

1a
2
2e

4

2a1a2e2
; b0 ¼

a2
2d

4 � 4a2
1e

42 � 4a2
1a

2
2e

4d2

4a2
1e

4
;

a1 ¼ 0; b1 ¼ 0; a2 ¼ �3a1a2e
2; b2 ¼ �

3

2
a2

2d
2; b3 ¼ 0;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 þ 4a2
1a

2
2e

4

2a1a2e2
� 3a1a2e

2ðsecða2x� a1tÞ � tanða2x� a1tÞÞ2;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2 þ 4a2
1a

2
2e

4

2a1a2e2
� 3a1a2e

2ðcscða2x� a1tÞ � cotða2x� a1tÞÞ2;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

42 þ 4a2
1a

2
2e

4d2

4a2
1e

4
� 3

2
a2

2dðsecða2x� a1tÞ � tanða2x� a1tÞÞ2;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

42 þ 4a2
1a

2
2e

4d2

4a2
1e

4
� 3

2
a2

2dðcscða2x� a1tÞ � cotða2x� a1tÞÞ2:

ð41Þ

IX: A ¼ B ¼ 0; C 6¼ 0

a0 ¼
2a2

1e
2 � a2

2d
2

2a1a2e2
; b0 ¼

a2
2d

4 � 4a2
1e

4

4a2
1e

4
; a1 ¼ b1 ¼ b3 ¼ 0; a2 ¼ �12C2a1a2e

2; b2 ¼ �6C2a2
2d

2;

uðx; tÞ ¼ 2a2
1e

2 � a2
2d

2

2a1a2e2
� 12C2a1a2e

2 1

Cða2x� a1tÞ þ e0

� 	2

;

hðx; tÞ ¼ a2
2d

4 � 4a2
1e

4

4a2
1e

4
� 6C2a2

2d
2 1

Cða2x� a1tÞ þ e0

� 	2

;

ð42Þ
where e0 is a constant.
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Fig. 1. The solitary wave solutions for the Case VI.
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Fig. 2. The double periodic wave solutions for the Case III.
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For example, if we consider the Case VI, and then the graphical representation of similarity solitary wave solu-
tions for the variant nonlinear long-wave equations (1) for some specific values of parameters can be shown as in
Fig. 1.

If we consider the Case III, and then the graphical representation of new similarity double periodic wave solu-
tions for variant nonlinear the long-wave equations (1) for some specific values of parameters can be shown as in
Fig. 2.

Other graphical representations for the similarity solutions for u and h can be analyzed by the similar manner pre-
sented above.
4. Conclusions

This study deals with the symmetry group analysis and invariant solutions of the variant nonlinear long-wave equa-
tions. In order to obtain exact analytic solutions of system of nonlinear differential equations, the most effective and



730 T. Özer / Chaos, Solitons and Fractals 38 (2008) 722–730
important approach is the Lie symmetry group analysis. For this purpose, the most general symmetry groups that leave
invariant the system under consideration are investigated. By the standard application of the approach we first prove
that the variant nonlinear long-wave equations have a two-parameter symmetry group that corresponds to the two sym-
metry groups. This result shows that only traveling wave solutions of the variant nonlinear long-wave equations can be
obtained by using the symmetry group analysis. Using the characteristic equation, the new similarity independent var-
iable and dependent similarity variables are found. Then, the reduced form of the original nonlinear partial differential
equations is obtained as the system of nonlinear ordinary differential equations. The improved tanh method is used for
obtaining the solutions of the reduced system of nonlinear ordinary differential equations. Thus, the similarity solutions
of the variant nonlinear long-wave equations are obtained as a rich variety of exact analytic solutions. As examples, for
some cases the graphical representations of the solutions corresponding to the solitary wave solutions and double peri-
odic wave solutions are presented.
References

[1] Ovsiannikov LV. Group analysis of differential equations. Moscow: Nauka; 1978.
[2] Olver PJ. Application of lie groups to differential equations. Springer-Verlag; 1986.
[3] Ibragimov NH, editor. CRC handbook of lie group analysis of differential equations, vols. I, II, III; 1994 [English translation,

Ames WF, editor. Published by Academic Press, New York, 1982].
[4] Bluman GW, Kumei S. Symmetries and differential equations. Berlin: Springer; 1989.
[5] Wang M, Zhou Y. Adv Math 1999;28:71–5.
[6] Xie FD, Li M, Zhang Y. Comput Math Appl 2002;44:711–6.
[7] Liu CP. Math Appl (Wuhan) 2000;13:15–8.
[8] Gradner CS, Greene JM, Kruskal MD, Miura RM. Phys Rev Lett 1967;19:1095–7.
[9] Fan EG, Zhang HQ. Phys Lett A 1998;246:403–6.

[10] Yang L, Zhu Z, Wang Y. Phys Lett A 1999;260:55–9.
[11] Shang YD. Acta Math Appl Sin 2000;23:21–30.
[12] Wang ML, Zhou YB, Li ZB. Phys Lett A 1996;216:67–75.
[13] Fu ZT, Liu SK, Liu SD, Zhao Q. Phys Lett A 2001;290:72–6.
[14] Chen HT, Zhang HQ. Chaos, Solitons & Fractals 2003;15:585–91.
[15] Chen HT, Zhang HQ. Chaos, Solitons & Fractals 2004;19:71–6.
[16] Cantwell BJ. Introduction to symmetry analysis. Cambridge: Cambridge University Press; 2002.
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