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moment is reduced by the three-dimensional interactions from 
what i t  would be if the field were purely two-dimensional. 

Further work has been initiated to extend the considera- 
tions to perturbations on cones. Because of the increase in 
complexity of the HSDT equations, i t  would seem that the 
Newtonian approximation should be applied at the outset for 
this case. 
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Laminar, Transitional, and Turbulent Heat Transfer after a 
Sharp Convex Corner 

VICTOR ZAKKAY,* KAORU T O B A , ~  AND TA-JIN KuoS 
Polytechnic Institute of Brooklyn, Freeport, N .  Y .  

A flow model has been previously developed for trea Ling the boundary-layer characteristics 
downstream of a surface discontinuity. The flow field in the neighborhood of the discon- 
tinuity or a sharp corner is divided into three regions: the flow upstream of the discontinuity 
which is obtained by standard techniques, that immediately downstream which is obtained 
by expanding both the supersonic and subsonic flow fields upstream of the discontinuity in- 
viscidly around the corner, and that downstream of the discontinuity. The flow in the last 
region is represented by a viscous nonsimilar sublayer that starts a t  the discontinuity and 
by a viscous shear layer that has the profiles immediately downstream of the discontinuiLy as 
initial conditions. Based upon this flow- model, analysis has been developed using the inner 
and outer expansion techniques. It is the purpose of this report to improve on the treatment 
of the laminar analysis and to extend the technique of application of this model to include 
turbulent and transitional flow downstream of the corner. Finally, the results are com- 
pared with some of the experimental data available in the literature. It is indicated that good 
agreement was obtained. 

Nomenelat ure 

const = p p  
constant defined in Eq. (3a) 
constant defined in Eq. (9) 

functions of 7 (see Ref. 2) 
functions of 7 (see Ref. 2) 
enthalpy 
total enthalpy 
Mach number 
Nusselt number 
pressure 
Prandtl number 
amount of heat transferred at the wall per unit 

Reynolds number defined by pae( Hel)1/PRg/p8e 
reference length 

time and unit area 

u, U = velocity components z direction 
v = velocity component in y direction 
z, y = Cartesian coordinates 
6 = thickness of shear layer (or boundary layer) 
e = momentum thickness 
x = coefficient of heat conduction 
p = coefficient of viscosity 
Y = coefficient of kinematic viscositj- 
p = density 
v = measure of vorticity gradient defined in Eq. (3) 
T = variable defined in Eq. (3) 
ch. = measure of curvature of enthalpy profile defined in 

+ = stream function 
w = measure of vorticity defined in Eq. (3)  
fi = measure of slope ine nthalpy profile definedin Eq. (3) 

Subscripts 

ei = condition external to shear layer 
se = stagnation condition after normal shock 
* = referencestate 

Eq. (3)  
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INITIAL 
SHEAR PROFILE 

/ 

Fig. 1 Scheme for analyzing corner, turbulent ahead of 
corner. 

In  Sternberg's paper, the predicted boundary-layer char- 
acteristics are compared with measurements of the recovery 
factor. At a later date, independently, Zakkay and Tani2 
reintroduced the same model and presented a detailed method 
for evaluating the development of shear layer and sublayer as 
well as the heat-transfer rate when the oncoming boundary 
layer is laminar. These analyses were made by using an 
expansion technique similar to that used by Gortler. In  the 
present work, the forementioned technique is extended to 
include both transitional and turbulent boundary layers. 
Again in this case, the method chosen for analyzing the 
boundary-layer characteristics is based on the model intro- 
duced in Ref. 1. 

According to the sublayer model, the flow field of interest 
may be divided into two layers, an inner nonsimilar layer 
starting at  the corner and an outer shear layer. The initial 
conditions for the shear layer are obtained by the inviscid 
and adiabatic expansion of the boundary-layer profiles ahead 
of the corner. The new viscous layer is shown in Fig. 1 and 
will be referred to as sublayer since it underlies the outer 
shear layer. Distinction should be made between the pro- 
posed sublayer and the one usually associated with turbulent 
flow. 

This flow model presupposes that the initial velocity pro- 
file of the shear layer is very steep. In effect, the flow field 
downstream of the corner will be considered the same as that 
which would exist over a flat plate, with oncoming viscous 
flow having shear and shear gradient. Consequently, the 
corner itself is treated as a singularity similar to the leading 
edge of a flat plate. Hence, the problem is similar to the 
one treated by Li3 and Glauert.4 However, in this case, the 
analysis uses the experimental pressure distribution and will 
not be concerned with the higher-order effects such as the 
induced pressure gradient. 

When the boundary-layer flow is fully turbulent up to the 
corner, the sublayer model is expected to become more ef- 
fective since the velocity profile is steeper than the one ob- 
tained for laminar flow. 

Mathematical treatment, however, is not developed rigor- 
ously because of the new unknowns, i.e., Reynolds stress and 
turbulent heat flux. Moreover, according to the equivalence 
of the flow field to a flow over a flat plate placed in a turbulent 
oncoming flow, the flow represented by the sublayer may 
be laminar close to the corner and may undergo the transition 
to turbulence somewhere downstream. Four independent 
sets of experimental data presented show that the observed 
heat-transfer rate has such a trend. Taking into account 
such a phenomenon, the sublayer plus simple mass flow con- 
sideration gives good results of heat-transfer rate near the 

Table 1 Solution to higher-order equations 

. fo "( 0 1 0 4696 qo'(0) 0 4696 

.f, 12 "(0) 0.7950 91/Z1(0) 0 4572 
fi"(0) 1.1564 g1'(0) 1 1564* 
. f , /2 1/2"(0) 0.1576" . . .  . .  

a Far $1 = 0. 

corner and somewhat downstream of the corner where the 
state of affairs becomes asymptotic. 

Laminar Flow 

A detailed analysis of the laminar treatment of the 
boundary-layer characteristics after the corner has been pre- 
sented in Ref. 2. The boundary layer has been analyzed in 
two parts; a sublayer starting at  the corner and analyzed by 
utilizing a series expansion for nonsimilar solutions as sug 
gested by Gortler,b and a viscous shear layer at the outer 
edge which utilizes the same type of series solutions and has 
the inviscid profiles immediately downstream of the discon- 
tinuity as initial conditions. From the boundary-layer solu- 
tion, an expression for obtaining the heat transfer down- 
stream of the corner has been given. 

In Ref. 2, the analysis has been carried out without utilizing 
the Crocco relationship. However, it  is indicated that, for 
the case where the pressure gradient is small after the corner, 
one can expect the Crocco relation between the velocity and 
the enthalpy to hold. 

For this case, the solutions for the velocity and enthalpy 
profiles are indicated below2: 

where 

s = Jox PeiPL,iuedx 

The function fo'(q-) pertains to the Blasius part of the solu- 
tion of the flat plate boundary-layer equation; fi,z'(q), 
f l l 2  1,2(q), and fi'(q) belong to the Gortler series and are 
due to the nonsimilar behavior of the profile. The quantity 
ue is a reference velocity that is determined from the match- 
ing condition of the sublayer and shear layer and is equal to 
u,, in Eq. (3). w and a are terms that define the shape of the 
shear velocity profile as expressed in Eq. (3). The trans- 
formation between the coordinate for the sublayer 17 to the 
coordinate of the shear layer is given by 

7 = [61ue/(2s)'/2]r 

The term in the energy equation go(v) pertains to the zero- 
order solution and is shown to be equal to fo'(q), whereas 
gl,2(v), g(v) pertain to the higher-order solution because of 
the nonsimilarity in the profiles. 0 and are terms that 
define the shape of the shear enthalpy profile as expressed 
in Eq. (3). The details of this analysis may be obtained 
from Ref. 2. 

The shear profiles obtained after the expansion at  the corner 
have been expressed as 

Uo(r) = UO(1 + UT + UT2 + . . . ) 
(3) 
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where the two profiles may be related by the Crocco relation 
through the following equations : 

ClUO + h, = ha 

C~UOW = hoO ( 3 4  
c,uou = ha@ 

where C1 is an arbitrary constant. 
The details of the derivation and the tabulation of the 

functions fo(r]), f1lz(r]), . . . , gl(r]) will be presented in a sub- 
sequent report. The values of derivatives of direct interest 
are given in Table 1 where pl indicates axial pressure gradient. 

The heat-transfer rate a t  the wall can be expressed in a 
nondimensional form as 

where 

where q is the amount of heat transferred per unit time area, 
Re, = p,.(H.J1/zR~/pB, and the suffix se refer to the condi- 
tions after a normal shock of the undisturbed flow. 

The experiments for a sharp cone-cylinder as well as for a 
blunt cone are described in Ref. 2. The pertinent flow quan- 
tities for the 20' sharp cone-cylinder arc stagnation pressure, 
600 psia; stagnation temperature, 1800"R; wall-to-stagna- 
tion temperature ratio, 0.313; Re,, 3 X lo4; freestream 
Mach number, 8; and Mach number outside the boundary 
layer, 4.25 before the corner and 6.63 after the corner. Using 
the experimental data, q is obtained from Eq. (2). Then 
Eqs. (4) finally result in 

(Nu/Re,1/2).103 = (8.619/~"~) + 6.6 + 1 . 1 4 ~ ~ 1 ~  + . . . (5) 

where p ,  is assumed zero and J: is measured in inches. The 
results are plotted in Fig. 2. Also included for comparison 
is the flat plate solution corresponding to the uniform flow 
at the edge of the outer shear layer. The ratio of the fourth 
term in Eq. (5), which is omitted, to the third term is O ( Z ~ / ~ /  
10) and is also proportional to For the present value 
of Re., the fourth term becomes of appreciable magnitude at  
z = 100 in. Also included is Van Driest's flat plate solution 
n which the assumptions of Prandtl number equal to unity 

and pp = C are relaxed. Correction to these effects can be 
made easily. However, as is evident from Fig. 2, present 
results show satisfactory agreement with the experiment 
for most engineering purposes. In order to further sub- 
stantiate the applicability of this theory, the results of the 
analysis are compared with the experimental results of Ref. 6. 
The pertinent flow quantities for the 15' sharp cone-cylinder 
arc stagnation pressure, 139 psia; stagnation temperature, 
710'R; wall-to-stagnation temperature ratio, refer to Fig. 3; 
Res, 3.74 X 105; freestream Mach number, 5; and Mach 
number outside the boundary layer, 3.8 before the corner and 
5.12 after the corner. From these data, Eq. (4) finally results 
in 

(Nu/Re,1/2). lo3 = (2.3295/dl2) + 1.693 + . . . (6) 

where pl is assumed zero, J: is measured in inches, and the 
initial profiles are linearized. The results arc plotted in 
Fig. 3. Again, the results show satisfactory agreement with 
the experiment. The experimental data have been replotted 
in terms of the Nusselt number and Reynolds number de- 
fined in this paper. 

Turbulent Flow 

For turbulent flows, mathematical treatment becomes 
Nevertheless, it will be shown here increasingly difficult. 

-0.4 -02 0 0 2  0 4  0 6  08 I O  12 14 ID 17 
X (INCHES1 

Fig. 2 Laminar heat-transfer distribution for a 20" sharp 
cone-cylinder. 

that the sublayer model coupled with some simple physical 
arguments results in a sufficiently accurate prediction of the 
heat-transfer rate. For this case the boundary layer ahead 
of the corner will be turbulent. Two cases will be considered 
here. The first case will be for the condition where the 
boundary layer is artificially tripped, and the second case 
will be for the condition where the freestream Reynolds 
number is sufficiently high for a turbulent boundary layer 
to be established before the corner. 

A. 
of Corner 

Method of Analyzing Boundary Layer Upstream 

In  order to insure that the boundary layer ahead of the 
corner was turbulent, the heat-transfer rate in each case was 
calculated using standard turbulent boundary-layer analysis. 
The velocity and enthalpy profiles ahead of the corner were 
calculated by using the tabulations of Ref. 7 for a (one- 
seventh) power law for the velocity profile. The heat trans- 
fer to the cone has been calculated by the flat rate reference 
enthalpy method.8 For a not so slender cone in a supersonic 
flow with attached bow shock wave, Van Driest's law9 may 

NU/$& REF R o = I "  

7 -035- AFTER CORNER 

Tw/Ts 
I 7  0 3 3 5  

0 0 2 4  
REFIS{ 0 0 2 8 5  -THEORY, Tw/Ts = O  2 8 5  

I 

1 
I 

- 0 3 0 7  j I 

123 
~ 0.25 

R = 0 9" 
h L . 5  \ L 

BEFORE CORNER 

0 0 4 5  

0 040 

- LEE'S THEORY 
1 T w / T s = 0 4 5  

- 2  - 1  0 I 2 3 4 

X (INCHES1 

Fig. 3 Laminar heat-transfer distribution for a 15' sliarp 
cone-cylinder. 



1392 ZAKKAY, TOBA, AND KUO AIAA JOURNAL 

be applied to calculate the skin friction and, hence, the heat 
transfer. According to this rule, the cone skin friction is 
evaluated with one-half the Reynolds number for fiat plate 
with the same freestream temperature ratio. The tempera- 
ture profile follows from the Crocco relation with corrections 
for the Prandtl number. In  each case the momentum thick- 
ness ahead of the corner has been calculated. It is also indi- 
cated here that when Ree = 600 to 700, a turbulent boundary 
layer prevails ahead of the corner on the conical portion of 
the model. 

B. Expansion around the Corner 

In this step the viscosity is neglected. The velocity and 
stagnation enthalpy profiles are expanded isentropically 
around the corner. In  this manner a velocity profile having 
a nonzero value a t  the wall and a corresponding stretched- 
out stagnation enthalpy profile are obtained downstream of 
the corner. This scheme has been proposed in Ref. 1 and 
has been used successfully in Ref. 2.  Reference 1 points out 
that the high acceleration present a t  the corner has an effect 
of reducing the turbulence level in the boundary layer. This 
is similar to the reduction in turbulence level obtained by 
the contraction section of a wind tunnel. Morkovin’o has 
made a detailed study of the effect of a sudden expansion on 
a turbulent boundary layer. In  this study, the expansion 
was produced on a flat plate by means of a wedge. Detailed 
profile measurements of pitot pressure and velocity fluctua- 
tions before and after the expansion were made. The results 
indicated that the assumption of isentropy in the boundary 
layer during the expansion is valid. The i-i,easurements of 
the velocity fluctuations in percent of local mean velocity 
before and after the corner indicated a decrease close to the 
wall and an increase toward the outside part of the boundary 
layer. Therefore, the results of Refs. 1, 2, and 10 justify 
the inviscid expansion assumed in this part of the paper. 
In  each case the momentum thickness is calculated from the 
density and velocity profiles obtained after the expansion 
with the following equation: 

(7) 

C. Analysis of Boundary Layer Downstream of Corner 

Reference 1 has indicated that the effect of a rapid ex- 
pansion around the corner enables the growth of a new 
laminar boundary layer starting at  the beginning of the 
cylinder. It is also believed1 that the extent of the nem7 
laminar boundary layer, and the transition to turbulent 
flow, is controlled by the turbulence level present in the shear 
layers after the expansion. Detailed calculations have been 
carried out in Ref. 1 in order to support the foregoing state- 
ment. 

Therefore, since the initial part of the boundary sublayer 
after the corner is laminar, analysis developed for the laminar 
sublayer is also applicable here. The shear profiles for the 
laminar sublayer will be the ones obtained from the inviscid 
expansion of the turbulent profiles obtained ahead of the 
corner. In  this it  is assumed that the fluctuations in the 
shear layer have a negligible effect on the formulation of 
the laminar sublayer. 

Next, consideration will be given to the development of 
the asymptotic flow downstream of the corner. It is well 
known that turbulent boundary-layer profiles a t  high Reyn- 
olds number preserve their self-similar character over the 
greater part of the flow provided there is no pressure gradi- 
ent.”, 12 For the present case, despite the negligibly small 
pressure gradient, self-similarity may not be expected within 
a t  least some distance downstream of the corner. This is 
because of the transient state immediately after the rapid 
expansion. The flow must adjust itself for some distance 

until it approaches the asymptotic state where the self- 
similar character prevails again. This state may be reached 
roughly when the sublayer swallows up the mass flow con- 
tained in the initial velocity profile immediately after the 
corner. Thus, the complicated transient phenomenon of 
the over-all viscous layer is now replaced by the changing pro- 
portion of the sublayer and the shear layer; the latter is ab- 
sorbed in the former. In  this argument, a simplifying assump- 
tion has been made that the velocity profile of the outer shear 
layer does not change appreciably for the range considered. 
In  other words, additional mass entrained within the shear 
layer and the displacement effect of the sublayer on the shear 
layer are neglected. Further simplifications may be made 
by approximating linearly the average initial profiles im- 
mediately after the corner. The sublayer will be first as- 
sumed fully turbulent from the corner. Since it is assumed 
to preserve its self-similar character all the way (one-seventh), 
power law is adopted for the velocity profile. Correspond- 
ingly, the heat-transfer rate can be calculated with the flat 
plate equations. The proper outer edge conditions corre- 
spond to those of the initial profiles obtained right after ex- 
pansion. These outer edge conditions will provide the 
asymptotic solution. Having now established the turbulent 
asymptotic solution to the problem a t  some distance away 
from the corner and also having established the laminar re- 
gion immediately downstream of the corner, it  is now neces- 
sary to connect the two solutions. I n  this, a study of transi- 
tion is necessary in order to obtain the complete solution. 

Classically, transition is known to be influenced by a 
number of factors and cannot be given theoretically by any 
single parameter. Reference 1 has outlined a procedure for 
estimating the extent of laminar sublayer through a calcu- 
lation of an axial turbulence parameter. However, in the 
past, the Reynolds number based on the momentum thickness 
has been used successfully to estimate the transition point 
independent of other factors. These observations have been 
based on experimental results and have been shown to be 
applicable for a wide variety of conditions. For instance, 
transition is observed to occur on the front portion of a hemi- 
sphere a t  an Reo of 300 -+ 400 whereas on the conical portion 
of a blunt body at an Re6 of 700. Some recent data indicate 
that transition occurs on a flat plate a t  an Reo of 1300 - 1400. 
Therefore, as a first approximation, the same point of view 
will be taken here in order to get an idea where transition 
occurs. 

Two 
different approaches may be taken. The first is to base the 
momentum thickness on the new laminar boundary layer 
alone, starting at the beginning of the cylinder and excluding 
the shear layer (suggestion made in Ref. I), whereas in 
the other case, to base the momentum thickness on the over- 
all sublayer and shear layer. The reason for calculating the 
second Reo is to introduce some history into the new laminar 
boundary layer. Both Reo’s will be calculited from all the 
cases. 

The transitional region is analyzed following Refs. 13 
and 14. Use is made of the same simplifying assumption 
that the profiles of the outer shear layer do not change appre- 
ciably for the range considered. The growth of the sublayer 
in the transformed plane is determined by solving the mo- 
mentum equation using the empirical skin-friction expression 
in terms of Ree* = vc*/U,,B,: 

de,/& = C1*/2 (8) 

It now remains to define the momentum thickness. 

0.0261 - DRee*-2 (9) 

Correspondingly, the thickness of the transitional sublayer 
is determined by the following relation: 
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where the constants D and G are obtained by matching c j ,  

and (S,/O,),,,,, with those of the laminar flow at the assumed 
transition point. Equation (8) is integrated numerically, 
yielding the distribution of the momentum thickness. From 
the local thickness of the sublayer and from the initial profiles 
of the outer shear layer, the local outer edge conditions of 
the sublayer are determined. From Eq. (9) the local skin 
friction and, hence, the local heat-transfer rate are obtained. 

Discussion of Theoretical and Experimental 
Results 

In  order to demonstrate the various theoretical aspects 
discussed in the previous section, four experimental results 
are presented below. 

Case 1 

For this case the stagnation pressure is 600 psia; the stag- 
nation temperature, 1700"R; wall-to-stagnation tempera- 
ture ratio, 0.294; Re, = (p8hs1'zRo/pJ(R0 = 0.582 in.), 
4.94 x 104; freestream Mach number, 8; and the Xach 
number outside the boundary layer is 1.70 before the corner 
and 2.67 after the corner. 

The foregoing test was conducted at  the hypersonic facility 
of the Polytechnic Institute of Brooklyn. The body consists 
of a spherically capped 24" half angle cone-cylinder with a 
bluntness ratio of Ro/r = 0.317 (Fig. 4a). The laminar 
boundary-layer study over this body has been presented in 
Ref. 2. Experimental laminar heat-transfer results, as well 
as comparison with theory before and after the corner, were 
also included in Ref. 2. In  order to  make the boundary 
layer turbulent ahead of the corner, trips were placed at  the 
nose portion of the model in order to induce transition. The 
pressure distribution over the model was measured with the 
trips and indicated that there was no change from the one 
obtained without the trips. Therefore, in these analyses the 
pressure distribution presented in Ref. 2 was used in calcu- 
lating the heat transfer before and after the corner. The 
heat-transfer measurements are presented in Fig. 4a in the 
form of Nu/(Re,)1'2 vs z in inches. In order to insure that 
the boundary layer before the corner was turbulent, standard 
heat-transfer analysis was used to predict the heat transfer 
before the corner. The boundary-layer profiles ahead of the 
corner have been calculated with the aid of Refs. 7 and 9 
and are presented in Fig. 4b. The Reynolds number based 
on the momentum thickness calculated for the profiles is Reo 
= 208. The profiles obtained after the inviscid expansion 
around the corner are presented in Fig. 4c. The Reynolds 
number based on the momentum thickness after the ex- 
pansion is 143. The heat transfer after the corner was 
calculated with the aid of the laminar boundary-layer equa- 
tions (2) and (4) using the turbulent shear profiles presented 
in Fig. 4c. The results are presented in Fig. 4a, and it is 
clearly seen that the experimental data are well represented 
by the theory presented here. On the same figure, the tur- 
bulent solution for the heat transfer for the asymptotic state 
is also presented for verifying that the boundary layer ob- 
tained after the expansion is laminar. It is expected that this 
new laminar boundary layer will prevail for quite a distance 
downstream of the corner. KO transition was observed in 
this case. 

angle cone with a bluntness ratio of Ro/r = 0.6 (Fig. 5 ) .  
For the test conditions just presented, the Reynolds num- 

ber was sufficiently high so that a turbulent boundary layer 
was well established ahead of the corner. In  order to sub- 
stantiate this, the turbulent heat transfer has been calculated 
ahead of the corner and is presented in Fig. 5 with the meas- 
urements. It is clearly seen that the experimental results 
are well presented by the turbulent solution. Figure 6a 
presents the boundary-layer profiles before the corner. In  
this case, Res was calculated to be 750. The shear layer pro- 
files obtained after the inviscid expansion around the corner 
are presented in Fig. 6b. For this condition, Reo was calcu- 
lated to be 770. 

Since a laminar boundary layer does prevail after the dis- 
continuity, the heat transfer has been calculated according 
to Ref. 2 and is presented in Fig. 5. On the same figure, 
the asymptotic solution of the turbulent boundary layer is 
also presented. It is clearly indicated that transition occurs 
a t  z = 0.8 in. In  this case, the Reo based on the sublayer 
alone was calculated to be 200, whereas an Reo of 1130 was 

TURBULENT 

SHEAR1 

e=200 

- 0 . 4  -0.2 0 0.2 0.4  0.6 0.8 1.0 1.2 1.4 1.6 
XlINCHESI 

Fig. 4a Heat-transfer distribution for a 24' blunted cone- 
cylinder. 

Fig. 4b Turbulent 
boundary-layer pro- 
files before expansion 
for a 24" blunted cone- 

cylinder. 

H / H ~  
I I 
a3 0.5 0.7 09 LO 

u/u. 

Case 2 

In this case the stagnation pressure was 57.3 psia: the 
stagnation temperature, 660"R; wall-to-stagnation tem- 
perature ratio, 0.924; Re., 5.13 X lo5; freestream Mach 
number, 3.04; and the Mach number outside the boundary 
layer was 1.88 before the corner and 2.39 after the corner. 

The results of these tests have been taken from Ref. 6. 
The body tested consisted of a spherically capped 15' half 

Fig. 4c Turbulent 
boundary-layer 4 pro- 
files after expansion 
for a 24" blunted cone- 

cylinder. 

'0 0.2 0.4 0.6 0.8 1.0 
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calculated for the over-all sublayer and shear layer. With 
this, the transitional heat transfer was calculated with the 
aid of Eqs. (9) and (10) and is included in Fig. 5. 

The previous experiment and the considerations presented 
in this paper bear out well that a laminar sublayer is followed 
by a second transition to turbulent flow. 

Case 3 

Here the stagnation pressure was 139 psia; the stagnation 
temperature, 710"R; wall-to-stagnation temperature ratio, 
0.47; Re,, 3.73 X lo5; freestream Mach number, 5.0; and 
the Mach number outside the boundary layer, 3.8 before the 
corner and 5.12 after the corner. 

The results of these tests have been taken from Ref. 15. 
The body consisted of a 15" half angle sharp cone followed by 
a cylindrical afterbody 1.8 in. in diameter. The laminar re- 
sults for this configuration have been presented in the laminar 
portion of this paper. In  order to obtain a turbulent bound- 
ary layer, trips were placed on the conical portion of the 
body. The results of the heat-transfer measurements are 
presented in Fig. 7 in terms of the symbols used in this re- 
port. The Reynolds number based on the turbulent mo- 
mentum thickness ahead of the corner was calculated to be 
1370, whereas the one calculated after the expansion was 
1530. The analysis for the laminar calculations as well as 
for the turbulent asymptotic solution are included in Fig. 7 .  
Therefore, the boundary layer is closely approximated by the 
asymptotic turbulent solution. These considerations are 
clearly seen from the theoretical predictions included in 
Fig. 7. The experimental results are much higher than the 

10 12 14 16 

T/Te 

Fig. 5a Turbulent boundary-layer profiles before ex- 
pansion for a 15' blunted cone-cylinder. 

0.4 0.6 0.8 1.0 
U / b  

for a 15" blunted cone-cylinder. 
Fig. 5b Turbulent boundary-layer profiles after expansion 

N I A S Y M P T O T I C  S T A l E l  
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Fig. 6 Heat-transfer distribution for a 15" blunted coiie- 
cylinder. 

laminar predictions and are closer to the turbulent asymp- 
totic solution. 

Case 4 

In order to get a further understanding of the transitional 
point, the results of Ref. 1 are included in the following: 
stagnation pressure, 27.1 psia; stagnation temperature, 
535" R;  wall-to-stagnation temperature ratio, adiabatic wall; 
Re,, 5.352 X lo5; freestream Mach number, 3.02; and the 
Mach number outside the boundary layer, 1.89 before the 
corner and 3.13 after the corner. 

The body considered in the foregoing test consisted of a 
29' half angle sharp cone. The adiabatic wall temperature 
was measured before and after the corner for both laminar 
as well as turbulent conditions ahead of the corner. For 
the case where a laminar region prevailed ahead of the corner, 
Reo is calculated to be 540. Inviscid profiles after the corner 
were also obtained, and the corresponding Reo calculated for 
these profiles was 460. It is indicaled in Ref. 1 that transi- 
tion for this case was observed to occur at a distance of 20 
em downstream of the shoulder. Since for this condition the 
heat transfer is zero, the growth of the momentum thickness 
of the over-all layer downstream of the corner is calculated 
from the distribution of the skin-friction coefficient according 
to Eq. (8). The latter quantity, in turn, is calculated from 
Eq. (1). A value of Res equal to 1200 was obtained from 
the analysis at the observed station of transition. The data 
of Ref. 1 indicate an  Reo of about 1000 when the momentum 
thickness is based on the laminar sublayer alone. 

For the case where the boundary layer was turbulent ahead 
of the corner, the value of Re6 calculated before and after the 
corner is 1200 and 800, respectively. The portion where 
transition was observed for this condition was a t  3 em 
downstream of the shoulder. The Reo based on the total 
boundary layer calculated a t  the point of transition was equal 
to 1100, whereas an Ree of 340 was obtained for the laminar 
sublayer alone. It is interesting to observe here that the Ree 
based on the over-all boundary layer is the same and has the 
same value for both the laminar and the turbulent case. 

Conclusions 

A flow model has been adopted for treating the boundary 
layer downstream of a sharp corner. The analysis based on 
this model for a laminar flow was presented in Ref. 2.  Im- 
provements are made herein whereby a unified treatment of 
velocity and thermal profiles with the Crocco relation as the 
limiting case of zero pressure gradient thus are amenable to 
the calculation of the higher-order solution including the 
pressure gradient. 

An extension of this flow model to conditions where the 
boundary layer ahead of the corner is turbulent is also in- 
cluded. These results were compared with some of the ex- 
perimental results available in the literature. 
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Fig. 7 Heat-transfer distribution for a 15” sharp cone- 

The results also reaffirmed the considerations presented 
by Sternberg that a new laminar boundary layer does start 
at the discontinuity. This boundary layer will prevail for a 
distance, and a second transition to turbulent will subse- 
quently occur. 

It is indicated here that, for the range of test conditions 
observed, if Res before the discontinuity is of the order of 
600 -+ 700, then a turbulent boundary layer exists ahead of 
the discontinuity. From the results, the second transition 
to turbulent occurs a t  an Ree of 200 + 300 when the momen- 
tum thickness is based on the sublayer alone. These values 
correspond to an Res of 1100 -+ 1300 when based on the over- 
all sublayer and shear layer. For the case when Ree (based 
on the initial momentum thickness) is larger than 1400, the 
heat transfer is predominantly turbulent for the range of ex- 
periments presented here. The results in this paper are not 
conclusive for the point when transition occurs, and additional 
data are necessary. 

The heat-transfer analysis indicates also that the effect of 
shear on the development of the turbulent boundary layer 
after the discontinuity is of much less significance than for 
the laminar case. 

cylinder. 
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