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DYNAMICS AND CONTROL OF FLEXIBLE ATIRCRAFT

IThan Tuzcu

(ABSTRACT)

This dissertation integrates in a single mathematical formulation the disciplines pertinent to
the flight of flexible aircraft, namely, analytical dynamics, structural dynamics, aerodynamics
and controls. The unified formulation is based on fundamental principles and incorporates
in a natural manner both rigid body motions of the aircraft as a whole and elastic deforma-
tions of the flexible components (fuselage, wing and empennage), as well as the aerodynamic,
propulsion, gravity and control forces. The aircraft motion is described in terms of three
translations (forward motion, sideslip and plunge) and three rotations (roll, pitch and yaw)
of a reference frame attached to the undeformed fuselage, and acting as aircraft body axes,
and elastic displacements of each of the flexible components relative to corresponding body
axes. The mathematical formulation consists of six ordinary differential equations for the
rigid body motions and one set of ordinary differential equations for each elastic displace-
ment. A perturbation approach permits division of the problem into a nonlinear “zero-order
problem” for the rigid body motions, corresponding to flight dynamics, and a linear “first-
order problem” for the elastic deformations and perturbations in the rigid body translations
and rotations, corresponding to “extended aeroelasticity.” Due to computational speed ad-
vantages, the aerodynamic forces are derived by means of strip theory. The control forces
for the flight dynamics problem are obtained by an “inverse” process. On the other hand,
the feedback control forces for the extended aeroelasticity problem are derived by means of
LQG theory. A numerical example corresponding to steady level flight and steady level turn
maneuver is included.
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Chapter 1

Introduction

1.1 Overview

This investigation is concerned with a dynamic formulation capable of simulating the flight
of flexible aircraft. It integrates in a single and consistent mathematical formulation all the
necessary material from the pertinent disciplines, namely, analytical dynamics, structural
dynamics, aerodynamics and controls. The unified formulation is based on fundamental
principles and incorporates in a natural manner both the rigid body motions and the elastic
deformations, and the couplings thereof, as well as the aerodynamic, propulsion, control and
gravity forces. In essence, the formulation not only unifies flight dynamics and aeroelasticity,
traditionally treated as separate disciplines, but also permits a computer simulation of the

response of flying flexible aircraft to external stimuli.

In describing the motion of rigid bodies in space, it is convenient to attach a set of axes
to the body, where the axes are commonly known as body axes, and express the motions
in terms of components along these body axes. It is quite common to describe the motion
of rigid bodies in terms of the translation of the origin of the body axes and the rotation
of the body axes; the corresponding variables, particularly the rotations, are referred to as
quasi-coordinates. If the origin of this reference frame coincides with the mass center of the
body, the translation and rotation are independent of each other. Moreover, if the body
axes themselves coincide with the principal axes of the body, then the products of inertia

are zero, so that the inertia matrix is diagonal.

The situation is more complicated for flexible bodies, in which case there are basically two

types of reference frames:
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i. Fixed in the undeformed body - In this case, it is convenient to define the translation
of the origin of the reference frame and the rotation of the reference frame as the rigid
body translation and rotation of the body, and regard any displacement relative to the

reference frame as elastic deformation.

ii. Moving relative to the undeformed body - In this case, it is common to choose
the reference axes so that the linear momentum and angular momentum vectors due
to elastic deformations vanish; axes satisfying these conditions are called mean azes.
Because the elastic deformations depend in general on time, the mean axes are contin-
uously moving relative to the undeformed body. Moreover, if the origin of the reference
frame coincides with the mass center at all times, then the first moments of inertia
of the deformed body vanish, and the rigid body translations are decoupled inertially
from the rigid body rotations. The rigid body translations are also decoupled from the
elastic displacements. However, decoupling between the rigid body rotations and the
elastic displacements can only occur if the elastic displacements appearing in the inertia
matrix are ignored. Under all these assumptions, the rigid body translations, the rigid
body rotations and the elastic displacements are all inertially decoupled. Finally, if the

reference frame coincides with the principal axes, the inertia matrix is diagonal.

Whereas the use of mean axes for flexible bodies in vacuum can produce some inertial
decouplings, in the case of aircraft any such benefits are questionable, because the equations
of motion remain coupled through the aerodynamic forces. Moreover, if one insists on the use
of mean axes, then the aerodynamic forces must also be expressed in terms of components

along the same mean axes, which is a very tedious task at best.

The motion of force-free rigid bodies in space is unstable. Under certain circumstances, the
motion of rigid bodies can be stabilized by imparting to them some spin about the axis
of either the minimum or the maximum moment of inertia. On the other hand, flexible
bodies cannot be stabilized if the spin is about the axis of minimum moment of inertia. The
preceding statements imply that the motion takes place in vacuum, such as in the case of
a spacecraft. Matters are entirely different for flexible aircraft, which are neither force-free,
nor do they operate in vacuum. In fact, aircraft are subjected to aerodynamic and wind
forces, and any stabilization is done by active means, namely, by the engine throttle and

control surfaces, where the latter consist of the aileron, elevator and rudder.

The flight of an aircraft tends to be quite diverse, ranging from steady level cruise to complex
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maneuvers, and stabilization requires the use of controls permitting the aircraft to carry out
the intended maneuver while suppressing any deviations from it, whether in the form of
rigid body displacements or elastic deformations. Both flight dynamics and aeroelasticity
are concerned with aircraft stability. But, whereas flight dynamics is concerned mainly with

rigid body motions, aeroelasticity is concerned with vibration and flutter.

A stability analysis tends to be limited in scope, in the sense that it can only yield a quali-
tative statement about the nature of motion in the neighborhood of an equilibrium state of
a system. More specifically, it can state whether the equilibrium is merely stable, asymp-
totically stable, or unstable. The time plays no role in a stability analysis. In fact, stability
analyses tend to be limited to cases in which the time variable can be eliminated, such as
when the equations of motion can be reduced to an eigenvalue problem. The stability of

time-dependent maneuvers can only be evaluated numerically.

To obtain information going beyond stability statements, such as the time response of aircraft
to external stimuli, it is necessary to undertake a simulation of the equations of motion, which
amounts to the integration of the equations of motion. Such a dynamic simulation can be
used for parametric studies in preliminary design. Moreover, it can be used to determine
aircraft performance, thus reducing the time required for flight testing by “flying the aircraft

on a computer.”

The choice in this dissertation is to work with a reference frame attached to the undeformed
aircraft, which has many advantages over mean axes. But, because the elastic deformations
prevent the origin of a frame attached to the undeformed body from coinciding with the mass
center and the axes themselves from coinciding with the principal axes for all times, there is
no preferred choice of a reference frame; we base the choice on geometric considerations. In
particular, we attach a set of body axes to the undeformed fuselage, where one of the axes is
along the symmetry axis. For convenience, sets of body axes are also attached to the other
flexible components, such as the wing and the empennage. Ultimately, however, all motions

are referred to the fuselage body axes, which act as a reference frame for the whole aircraft.

The mathematical formulation is based on equations of motion in terms of quasi-coordinates
derived earlier by Meirovitch for flexible spacecraft and later adapted by him to flexible air-
craft. (see 1.2 Literature Review) The formulation is hybrid in nature, in the sense that
it consists of ordinary differential equations for the rigid body translations and rotations of

the aircraft as a whole and boundary-value problems for the elastic deformations for the
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flexible components of the aircraft, namely, the fuselage, wing and empennage. For practical
reasons, the distributed variables describing the boundary-value problems for the individual
components are discretized in space, obtaining a relatively large set of second-order ordinary
differential equations for the whole aircraft. The discretization process amounts to repre-
senting the distributed variables as finite series of known space-dependent shape functions
multiplied by time-dependent generalized coordinates. The derivation of the equations of
motion in conjunction with the extended Hamilton principle requires expressions for the
kinetic energy, potential energy and virtual work, all scalar quantities. In turn, the kinetic
energy requires the velocity of every point of the aircraft, which can be obtained by means
of an orderly kinematical synthesis, going from the fuselage to the wing and to the empen-
nage. The potential energy is merely equal to the strain energy. Moreover, the aerodynamic,
propulsion, control and gravity forces are accounted for through the virtual work. Rather
than deriving first hybrid equations of motion and then discretizing them in space, it is per-
haps more expeditious to carry out the discretization directly in the kinetic energy, potential
energy and virtual work, thus obtaining the desired set of ordinary differential equations for
the whole flexible aircraft without the need to derive boundary-value problems. For integra-
tion of the differential equations and for control design, it is necessary to transform the set of
second-order differential equations into a set of first-order differential equations, namely, into
a set of state equations. It turns out that, for the problem at hand, it is more convenient to
work with momenta rather than with velocities. Although the resulting first-order equations

actually represent phase equations, we shall continue to refer to them as state equations.

The simulation of the flight of an aircraft amounts essentially to integration of the state
equations. Because of various nonlinearities involved, such as those due to rigid body motions
and aerodynamic forces, the integration must be carried out numerically on a computer. In
one way or another, computer integration can only be done in discrete time, which raises the
question of the size of the sampling period, or time step. Of course, the answer depends on the
desired accuracy of the simulation, and it is intimately related to the dynamic characteristics
of the system. If the aircraft is to be controlled by an autopilot, then the simulation must be
carried out in real time. If the dynamic characteristics are such that the time step must be
relatively short, perhaps of the order of 0.01s, most aerodynamic theories in current use must
be ruled out, as the computation of the dynamic pressure over the entire aircraft is sure to
take considerably longer time than that. Hence, a new method for computing the dynamic
pressure must be developed, one characterized by high computational speed, even if some

accuracy must be sacrificed. Moreover, the method for computing the dynamic pressure
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must be compatible with the method for modeling the airframe. If the formulation is to
be used for aircraft design, then real-time simulation may not really be necessary, although
on-line simulation may. But, the size of the sampling period, which is determined by the
system dynamic characteristics, remains the same regardless of whether the simulation is in
real time or only on-line. The implication is that the computation of the dynamic pressure
must still be relatively fast. Indeed, a mere 10 s simulation requires 1,000 time steps. Hence
if the computation of the dynamic pressure takes one hour, the simulation requires over 40
days. This demonstrates the need for a method for computing the dynamic pressure in a
very short time period. In this regard, a reasonably accurate approximate method may be

acceptable.

As indicated above, the equations of motion for a flying flexible aircraft are nonlinear, where
the nonlinearity is due to the rigid body motions and the aerodynamic forces. Moreover,
the equations tend to be of high order, the order depending on the discretization procedure
employed. Hence, one can expect difficulties both with a stability analysis and with control
design. In addition, difficulties can be experienced in the integration process, because some
of the variables describing the aircraft rigid body motions tend to be large and the variables
describing the elastic displacements tend to be small. A perturbation approach to the solu-
tion can obviate many of these difficulties. More specifically, the solution can be represented
as the sum of a zero-order part for the large rigid body variables and a first-order part for
the small elastic variables and perturbations in the rigid body variables, where the zero-
order quantities are larger than the first-order quantities by at least one order of magnitude.
Then, the equations of motion can be separated into a zero-order problem for the rigid body
motions alone and a first-order problem for the elastic displacements and the perturbations
in the rigid body motions. The state equations for the zero-order problem are of order 12 at
most; they can be identified as the equations of flight dynamics and can be used to describe
aircraft maneuvers. On the other hand, the state equations for the first-order problem are
of order 12 + 2n,, where n. is the number of elastic degrees of freedom; they represent the
extended aeroelasticity equations, where “extended” is in the sense that they include not
only the elastic displacements but also perturbations in the rigid body variables, where the

latter are sometimes referred to as “body freedoms.”

The flight dynamics equations are in general nonlinear and describe the translations and
rotations of the aircraft as if it were rigid. They can be used to design given maneuvers of

an aircraft, which amounts to solving an “inverse” problem. In the commonly encountered
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direct problems in dynamics of rigid bodies, the forces are given and the equations of motion
are solved for the state, i.e., for the positions and velocities. In the context of the present
formulation unifying flight dynamics and aeroelasticity, however, the state representing a
desired maneuver is given and the problem amounts to determining the engine thrust and
the control surface forces permitting the realization of the maneuver; this represents an
inverse problem. On the other hand, the extended aeroelasticity equations are linear, but
they contain the state and forces from the flight dynamics problem as coefficients and as
an input. Hence, there is a set of extended aeroelasticity equations for every conceivable
aircraft maneuver. If the flight dynamics problem represents steady level cruise or a steady
level turn maneuver, then the zero-order state and forces are constant and the system of
extended aeroelasticity equations is linear time-invariant. In this case, the state equations
lend themselves to a standard stability check, such as one based on the roots of the eigenvalue
problem, to control design by commonly used techniques, such as the LQG method, and to
ready integration for simulation of the aircraft response to external stimuli. If the flight
dynamics problem represents a time-dependent maneuver, such as the transition from one
steady state to another, then the zero-order state and forces depend on time and the extended
aeroelasticity state equations are linear time-varying, which precludes a standard stability

analysis. However, the state equations still permit control design and response simulation.

1.2 Literature Review

The following literature review should help relate the present research to previous investi-
gations: Although flight dynamics and aeroelasticity have been developed traditionally as
separate disciplines, the need for considering interacting efforts was recognized quite early.'™3
Still, relatively few attempts have been made to link the two disciplines, and when such at-
tempts were made almost invariably the scope was quite limited. This lack of interest in
linking flight dynamics and aeroelasticity can be attributed to a reluctance to increase the
complexity of the problem to a significant extent at a time when powerful computers capable
of solving such problems were not available. As a result, problems combining flight dynam-
ics and aeroelasticity effects have tended to be subjected to many simplifying assumptions
designed to permit largely analytical solutions. In one of the first references on the sub-
ject, Bisplinghoff and Ashley? derived scalar equations of motion for an unrestrained flexible
vehicle. The equations consisted of three inertially decoupled sets, one for the rigid body

translations, one for the rigid body rotations and one for the elastic deformations, the latter
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expressed in terms of aircraft structural natural modes. Although not stated explicitly, this
implies the use of principal mean axes with the origin at the vehicle mass center. Moreover,
the inertia matrix was assumed to be constant, which implies that the contributions from
the elastic deformations to the inertia matrix were ignored. Aerodynamic forces for the case
of small disturbed motions from steady rectilinear flight were given in terms of an influence
function for an unrestrained aircraft. An integrated analytical treatment of the equilibrium
and stability of flexible aircraft was presented by Milne.® In Part I, he derived linearized
equations of motion about a steady state, assuming not only that the elastic deformations
but also the rigid body translations and rotations were small. Although the constraint equa-
tions defining the mean axes were given, the formulation seems to have used body axes
attached to the undeformed aircraft. The equations are expressed in a vector-dyadic form
that does not permit a ready check for missing terms and, more importantly, does not lend
itself to ready computer solutions. In Part II, the general analysis was applied to the study
of equilibrium and longitudinal stability about equilibrium of an aircraft having longitudinal
flexibility only. A monograph by Taylor and Woodcock® consists of two parts representing
different approaches to the same problem. In Part I, Taylor presents a very lucid summary
of the equations of motion for deformable aircraft derived by Bisplinghoff and Ashley* and
by Milne.® Following a reduction to scalar form, the equations are simplified to permit the
study of some special cases. In Part II, Woodcock uses an unorthodox form of Lagrange’s
equations to derive scalar perturbation equations of motion about a given “datum motion,”
not necessarily corresponding to steady level rectilinear flight; the equations are in terms of
body-fixed axes. The question of aerodynamics receives scant attention in both parts. An
extensive report by Dusto et al.,” resulting in a computer program known as FLEXSTAB,
integrates flexible body mechanics with a low frequency aerodynamics employing linear in-
fluence coefficients. The flexible aircraft mechanics uses free vibration modes superimposed
on rigid body dynamics. Aerodynamic influence coefficients are derived using a paneling
scheme lending itself to empirical corrections. The equations are expressed in terms of
steady perturbations about a reference motion to determine dynamic stability by character-
istic roots or by time histories following an initial perturbation or some gust disturbance.
There are two major concerns. The first consists of the fact that the structural dynamics
formulation is in terms of mean axes and the aerodynamics is in terms of a different set
of axes, namely, “fluid axes,” where the latter move with a steady velocity relative to the
undeformed aircraft body axes; using two different sets of axes in the same formulation,

without making the necessary transformation from one set to another, is a very questionable
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proposition. The second source of concern is the time required to run FLEXSTAB (see Ref.
24). Several analytical methods for mathematical modeling of aircraft active control system
design are described by Roger,® placing the emphasis on aerodynamics. Inconsistencies in
control configured vehicles are highlighted by Schwanz.® He suggests that familiarity of flight
control specialists with a broad spectrum of pertinent disciplines, including aerodynamics,
structures, modern dynamics and control, can minimize and perhaps avoid altogether these
inconsistencies. Free-free dynamic analyses of forward swept wing aircraft by Miller, Wykes
and Brosnan'® have shown that the static aeroelastic divergence exhibited by a cantilevered
forward swept wing is replaced by a low-frequency flutter mode due to coupling between the
wing divergent mode and the aircraft short-period mode. This coupling is shown to have
detrimental effects on flying qualities, ride qualities and gust loads, but these effects can be
minimized by an active flutter control system. In the same spirit, Weisshaar and Zeiler!!
discuss the importance of including aircraft rigid-body modes in the aeroelastic analysis of
forward swept wing aircraft. They show that body-freedom flutter and aircraft aeroelastic
divergence, not wing divergence, are the primary aeroelastic instabilities. Rodden and Love!?
point out that equations of motion derived using mean axes for the inertial terms and axes
attached to the undeformed structure for the flexibility terms are likely to be incorrect; such
flexibility terms are obtained when using structural influence coefficients. Cerra, Calico and
Noll *? developed a linear model of an elastic aircraft providing the capability of analyzing
the coupling between the rigid body motions and the elastic motions. The model can be
used for stability and control analyses. As in Ref. 4, the rigid body translations, rigid body
rotations and elastic deformations are assumed to be inertially decoupled. A framework for
constructing simulation models for flexible aircraft is described by Arbuckle, Buttrill and
Zeiler.* The objectives are to increase simulation model fidelity and to reduce the time
required for developing and modifying these models. The framework has been applied to
the development of an open-loop F/A-18 simulation model. Buttrill, Zeiler and Arbuckle!®
considered a mathematical model integrating nonlinear rigid body mechanics and linear
aeroelasticity in conjunction with Lagrangian mechanics to derive the equations of motion
for flexible aircraft. Undamped vibration modes satisfying first-order mean axes constraints
were used as generalized coordinates. Considering a model of an F/A-18 aircraft, elastic
modes significantly affected by inertial coupling were found to be aerodynamically decou-
pled from the rest of the model. Zeiler and Buttrill'® used the extended Hamilton principle
to derive equations of motion for a flexible body. The equations include inertial terms due to

flexibility, as well as terms coupling rigid body and flexible momenta. In addition, a nonlin-
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ear strain-displacement relation permits centrifugal stiffening to be taken into account. The
equations are used to simulate the motion of a structure spinning initially about an unstable
principal axis in gravity-free vacuum. Using Lagrange’s equations, Waszak and Schmidt!?
derived the equations of motion for a flexible aircraft. The strip theory was used to obtain
closed-form integral expressions for the generalized aerodynamic forces. Moreover, the use of
mean axes permitted inertial decoupling of the rigid body translations, rigid body rotations
and elastic deformations, the latter being expressed in terms of aircraft vibration modes.
The modeling method was applied to a generic elastic aircraft, and the model was used for a
parametric study of the flexibility effects. Nonlinear equations of motion for elastic panels in
an aircraft executing a pull-up maneuver of given velocity and angular velocity were derived
by Sipcic and Morino.'® The effect of the maneuver on the flutter speed and on the limit
cycle amplitude was discussed for various load conditions. Accurate modeling of aeroelastic
vehicles, with emphasis on the rigid body and elastic degrees of freedom, was discussed by
Waszak, Buttrill and Schmidt.’® A comparison of the approach of Ref. 17 on the one hand
and that of Refs. 15 and 16 on the other hand was presented and various model reduction
techniques were reviewed. An integrated analytical framework for modeling elastic hyper-
sonic flight vehicles was developed by Bilimoria and Schmidt.?® A Lagrangian approach was
used to derive equations of motion including rigid body motions and elastic deformations,
as well as effects due to fluid flow, rotating machinery, wind and a spherical rotating Earth.
The elastic deformations are represented in terms of modal coordinates relative to mean

axes. A paper by Olsen?!

reveals new insights in the aeroelasticity and flight mechanics of
flexible aircraft by obtaining and solving the equations of motion for an accelerating, ro-
tating aircraft. General equations in terms of quasi-coordinates are first obtained and then
reduced to the case of a “flat” airplane. The influence of gusts on the dynamics of large

flexible aircraft is analyzed by Teufel, Hanel and Well,??

who present an integrated flight
and aeroelastic control law reducing gust sensitivity. Moreover, the control laws, designed
by p-synthesis, are such that flight maneuvers do not excite elastic motions. Konig and
Schuler?® describe how an integral model for large flexible aircraft can be derived and how
an integral control, covering flight control, load control and structural mode control, can
be designed by multiobjective parameter optimization. Samareh and Bhatia?* presented a
unified three-dimensional approach that reduces the number of interactions among various
disciplines by using a computer-aided design model. Results were presented for a blended
wing body and a high-speed civil transport. Schmidt and Raney®® considered the effects

of flexibility on the flight dynamics of large flexible aircraft. In particular, when the fre-
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quencies of the lower elastic modes approach those of the rigid body modes the handling
characteristics can suffer and the flight control system design tends to become significantly
more complex. Expressing the motion in terms of components along mean axes, they add
the flexible degrees of freedom to an existing simulation model of the vehicle’s rigid body
dynamics. The NASA Langley Research Center simulation facility was used to obtain the

dynamic response of two different aircraft.

With some exceptions, the equations of motion in Refs. 3-23,25 were derived either by means
of Newtonian mechanics or by means of standard Lagrange’s equations. These approaches
are more suitable when the motions are expressed in terms of inertial axes and/or when the
rotations are in terms of Euler’s angles. Yet, in the case of aircraft it is more convenient to
express the motion in terms of components along body axes. In this regard, we should point
out that this is common practice in flight dynamics, in which case the angular velocities in
terms of body axes are the well-known roll, pitch and yaw. Of course, equations in terms of
inertial axes and/or Eulerian angles can always be transformed into equations in terms of
body axes through coordinate transformations. It is appreciably simpler, however, to derive
the equations of motion directly in terms of body axes, which can be done through the use

of Lagrange’s equations in terms of quasi-coordinates.?¢

Motivated by problems in dynamics of spacecraft with flexible appendages, Meirovitch and
Nelson?" derived for the first time hybrid (ordinary and partial) differential equations of
motion coupling rigid body rotations and elastic deformations. The elastic deformations
were measured relative to a set of body axes attached to the undeformed spacecraft and the
rotational motions were in terms of quasi-coordinates. The explicit formulation of Ref. 27
was extended by Meirovitch?® to a generic whole flexible body by deriving a set of hybrid
equations of motion in terms of quasi-coordinates, treating for the first time translational
velocities as quasi-velocities; the equations were then cast in state form. The equations of
motion in terms of quasi-coordinates of Ref. 27 were used by Platus®® to derive coupled equa-
tions of motion governing the aeroelastic stability of spinning flexible missiles. The coupling
between the elastic deflections and rigid-body motions was nonlinear, but the equations were
linearized so as to permit a stability analysis. The developments of Ref. 28 were extended
by Meirovitch®® and Meirovitch and Stemple3! to flexible multibody systems. Then, the
approach of Refs. 28, 30 and 31 was used by Meirovitch3? to produce a definitive unified
theory for the flight dynamics and aeroelasticity of whole aircraft. Generic state equations

describing the flight of flexible aircraft were first derived in hybrid form and subsequently
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discretized in space. Then, using a perturbation approach, the discrete state equations were
separated into a set of nonlinear flight dynamics equations for the rigid body variables and a
set of linear extended aeroelasticity equations for the elastic variables and perturbations in
the rigid body variables. Nydick and Friedmann3® applied the equations of motion in terms
of quasi-coordinates derived in Ref. 28 to the analysis of a hypersonic vehicle in free flight.
To this end, they simplified the equations by considering only the pitch and plunge rigid
body degrees of freedom and small elastic displacements. The nonlinear equations were lin-
earized about a trim state obtained by using a rigid body trim model and steady hypersonic
aerodynamics. Flutter derivatives were calculated by means of piston theory. The generic
formulation of Ref. 32 was used by Meirovitch and Tuzcu®! to carry out the derivation of
explicit equations of motion in terms of quasi-coordinates for a flexible aircraft model and
to cast the equations in a special state form suitable for simulation on a computer. Due
to computational speed advantages, the aerodynamic forces were derived by means of strip

theory. Finally, equations for flight dynamics and extended aeroelasticity were derived.

The present dissertation represents an extension of the developments in Ref. 34. In addition
to some modeling refinements, the paper contains a numerical example for a model of a
flexible aircraft containing 76 states, 12 rigid body states and 64 elastic states. Several
flight dynamics problems are considered, such as the steady level cruise, a steady level turn
maneuver and a pull-up maneuver. The corresponding extended aeroelasticity problems
are derived and used to design feedback controls guaranteeing the vanishing of the rigid
body perturbations and the elastic vibration, and hence the stability of the maneuver and
the comfort of the flight. The control design consists of a linear quadratic regulator in

conjunction with a stochastic observer.



Chapter 2

Equations of Motion

2.1 Hybrid State Equations in Terms of Quasi-Coordinates

We regard the aircraft model shown in Fig. 1 as a flexible multibody system subjected to
gravity, aerodynamic, propulsion and control forces, where the bodies can be broadly iden-
tified as the fuselage, wing and empennage. The motion of the aircraft can be conveniently
described by attaching a reference frame zy;z; to the undeformed fuselage (Fig. 1), as well
as corresponding reference frames x,,v,, 2, and x.y.z. to the wing and empennage, where the
various reference frames represent respective body axes. Then, the motion can be described
by six rigid body degrees of freedom of the fuselage body axes, three translations and three
rotations, and by the elastic deformation of every point of each flexible component relative

to the respective body axes.

From Ref. 32, and making provisions for members in torsion, as well as for structural

damping, the hybrid equations of motion for the whole flexible aircraft in terms of quasi-

Figure 1. Flexible Aircraft Model
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coordinates have the generic form

N AN VR
oV Tov,  ToRr;
0L - 0L  _ OL -1 0L
a 0L\ 0L  0Fu g 0 (0L | 0Fu
i = f (fuselage), w (Wing), e (empennage)
where

L = Lagrangian for the whole aircraft
V,w;s = vector of translational, angular quasi-velocities of z;yzy
Vf, wy = skew symmetric matrices derived from V¢, wy
Cy = matrix of direction cosines between z;y;z; and XY Z (inertial axes)
R; = Ry(Xy,Ys, Zs) = position vector of origin Oy of xyyszs relative to XY Z
E; = matrix relating Eulerian velocities to angular quasi-velocities
0 = symbolic vector of Eulerian angles between z;yszy and XY Z
u;, v; = elastic displacement, velocity vectors for body
1,, o; = elastic angular displacement, velocity vectors for body i
L = Lagrangian density for body ¢ exclusive of strain energy
Fui, Fyi = Rayleigh’s dissipation function® densities for body i
Ly, Ly = matrices of stiffness differential operators for body %
F, M = resultant of gravity, aerodynamic, propulsion and control force, moment vectors
acting on the whole aircraft in terms of fuselage body axes components

U,;, ¥, = resultant of gravity, aerodynamic, propulsion and control force, moment density

vectors for body 7

Assuming that axes z;yszy are obtained from axes XY Z through the sequence of rotations

1 about Z to axes x1y121, 0 about y; to zoy222 and ¢ about x5 to xyyszy, the matrices Cf
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and F; have the form®

cych sich —sf
Cp= | cysbsp —scp sisfsg + cipcd  clsg
| cysfcd + sysg sysbeg — cipsg cheg

2.2

1 0 —s0 (22)
E;r= 110 co ctsp
| 0 —s¢ cco

in which s = sin, ¢ = cos. The elastic displacement vectors u; and %), are subject to
given boundary conditions at the interface between bodies. Equations (2.1) involve the
Lagrangian L = T'— V, in which T is the kinetic energy and V' the potential energy, the
Rayleigh dissipation function densities Foi and ﬁ¢i, which contain the information about the
structural damping, and the stiffness operators £,; and L;, which are related to the strain
energy. Before more explicit equations of motion can be derived, it is necessary to produce

these quantities. The kinetic energy for the whole aircraft can be written as
T'=T¢+T,+T. (2.3)
where
T, =1 [VIVidm,, i= f,w,e (2.4)

are kinetic energies of the individual components, in which V; are velocity vectors of typical
points in the components and dm; are corresponding mass differential elements. The velocity

of a point in the fuselage can be written as

< S~ T
Vi(ry,t) = Vi(t) + [y +ap(ry, 1)) [wp(t) + op(ry, )] + vi(ry, t)

= Vf+(ff+&f)wa+f?af—i—vf (2.5)

where r; is the nominal position of the mass element dmy, 7y and 4y are skew symmetric

matrices?® corresponding to r; and uy and vy and oy are elastic displacements associated

with bending and torsion, respectively. Then, denoting by C,, the matrix of direction cosines

between .Y, z, and xyyszs, the velocity of a point on the wing has the expression

Vi (1, 1) = CuV5(E iy t) + i Cu[Qp (X oy 1) A+ @ (X gy )] + [Fa + T (T )] [w (2)
+ oy (Ty, t)] + Vi (T, t)
= OV + [Co(Fru + Tgu)" + (Fu + ) Culw s + 7y Cu( Qg + @ pu)
+ Cu(Viw + Ty Otpw) + TayOly + Vi (2.6)
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in which ry,, is the radius vector from the origin of z;ysz; to the origin of x, Y, 2w,
. . T

is the angular velocity of the fuselage at ry,, due to bending and a s, = [, 0 0] ‘rTf is the
elastic velocity of the fuselage at ry,, due to torsion. The velocity V.(r.,t) of a point on the
empennage can be obtained from Eq. (2.6) by simply replacing w by e. The total kinetic

energy can be expressed in the general form

=1 [ViVidmy + 5 [VEVudm, + 5 [VIVedm, (2.8)
The potential energy can be expressed in terms of the operators L,;, Ly (i = f,w,e), but
is more conveniently expressed as the strain energy. Moreover, the Rayleigh dissipation
function densities can be expressed in the form

oral 0P o, O,
022 aﬁ’fl %G‘]a o1

Fui = 3cuiBL—— ,i=f,w,e (2.9)

where ¢, cy; are damping functions and EI;, GJ; are flexural and torsional rigidities (i =
f7 w? e) *

Equation (2.8), the potential energy V', the functions Fui and ﬁpi and the operators L,;
and Ly;, when inserted into Egs. (2.1), permit the derivation of explicit hybrid equations of
motion. Because for all practical purposes it is not feasible to work with hybrid equations,
we do not pursue this subject any farther, and approximate instead the partial differential

equations by sets of ordinary differential equations.

2.2 Spatial Discretization of the Distributed Variables

For the most part, aircraft are modeled as discrete systems, either by regarding the inertia
and stiffness properties as lumped from the onset or by describing their elastic motions in
terms of aircraft structural modes. For undamped structures in vacuum, the use of structural
modes yields complete decoupling, i.e., it yields a set of independent modal equations of
motion. In the case of aircraft, however, complete decoupling is not possible, even when
aircraft structural modes are used, as the aerodynamic forces guarantee that the equations
of motion remain coupled. Spatial discretization using aircraft structural modes not only
does not offer any particular advantage but also has the disadvantage that some geometric

details of the aircraft are lost in the process. Hence, a discretization procedure that does
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not require the structural modes, which may not be readily available and/or may not be
compatible with the rest of the formulation, and retains some sense of the aircraft geometry
seems desirable. Consistent with this, we consider spatial discretization of the individual
aircraft components separately. To this end, we use either the Galerkin method or the finite

element method®® and introduce the expansions
ui(r’ht) = (I)uz(rz)quz(t)7 ’sz(r’wt) = (I)’IZJ’L(rz)q’llJ’L(t)? 1= f7 w,e (210)

where ®,; and ®,,; are matrices of shape functions and q,; and qy, are corresponding vectors
of generalized coordinates. Note that the choice of shape functions is very important. Indeed,
for accurate modeling, the shape functions must reflect the mass and stiffness characteristics
of the components. Some guidelines concerning the choice of shape functions can be found

in Ref. 36. Moreover, we denote the associated generalized velocities by

In anticipation of later needs, we write the velocity vectors for points on the individual
components in the two discrete forms
¥ ~ TNT =T
Viry,t) = Vi+ (Fp 4 PupQup) @i + PusSur + 75 Lyssyy
=V + 7wy + @y Pupdus + Pussus + 7y Pyssyy

vw(rwy t) - CwVf + [Cw(Ffw + (I)u}—t\u_gluf)T + (fw + (I)u/l—u\(_iuw)TCw]wf

+ (fgchq)ufw + Cwq)ufw)suf + cI)uwsuw
(2.12)
+ (P CuPysu + CuT Py pu)Sus + T PuSyu

+ (FZ:CwAcI)ufw + Cwq)ufw)suf + q)uwsuw
+ (fg(]w@ww + wa?wfb¢fw)5¢f + ﬁTU‘I)z/;wSz/;w
in which
0 0 ¢T OT
A = 0 —8/8mf s fbuf = |: 0“,1ny ¢,T :| s (I)ufw = @uf(rfw) (213)
8/6xf 0 ufz
Expression analogous to ®,; can be written for ®,; and ®,¢,. Moreover, Ve(re,t) can be
obtained from V,,(r,, t) by simply replacing w by e. Inserting Egs. (2.12) into Eq. (2.8) and

carrying out the indicated operations, we can write the kinetic energy in the compact form

T =1 [ViVidms+ 1 [VEVdm, + 5 [VIV.dm, = iVTMV (2.14)

2
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where V = [V] wf sl sl sl si, sh, sl ]" = [V] V]...V{]" is the discrete system

uw

velocity vector and M = [M;;] is the system mass matrix, a matrix that can be expressed in

partitioned form with the submatrices

M11 = m[, M12 = ST,
Mz = [®ypdmy + [CL(FLC,A®, 1y + Cou®upw)dmy, + [CT(FIC.AD, e + Ce®yse)dm,

My = Cz:fq)uwdmw; M5 = CeTf(I)uedme

Mg = [7;®ysdms + Cp, [(Fr,Cu®Pyruw + Cul oy Pysw)dmy + CL [(FLCe®yye
+ Cei o Pype)dme

M17 = C’Z;ffg;q)d,wdmw, M18 = Cgffg@d,edme

My = Mlig’ My = J
Mas = [(Fr + Pusup)Pusdmy + [1Cw(Fru + Pupuus)” + (Fu + Puwun)” Cu)”
X (FLCWAB, 1y + Cou®oupir)dmuy + [[Co(Fre + Pupelus)” + (Fe + Prelue)TC]T
X (Te CeA®yse + Ce®yype)dme
Moy = [[Co(Fu + Pugatur)” + (F + Pu@u)” Cu)” P,
Mas = [[Ce(Fre + Pupelus)” + (Fe + Puclue)” Ce” Pucdme
Mg = [(7f + Pupu)7f Pysdms + [[Cu(Fru + Puuur)” + (Fuo + PuGuw)” Cor)”
X (P Cu®y pus + Cus 1y @y o) iy + [[Co(Fpe + D reur)” + (e + PueQue)TCe]”
X (FLC®@ype + Cerfefbwfe)dme
Moz = [[ColFruw + Pusuttus)” + (Fuo + Puwuw) Cuo) 7LD dim,
Mg = [[CelFre + Purelus)” + (e + Pucue)” Co) 7L B yedm,
Mz = Miy, Msy = ML
Msz = [@L :Dypdmys + [(FLCwAPysy + CuPusu)” (FoCullysy + Cou®upe)dma,
+ [(FLCAD fe + Co®upe)” (FLCAD e + Co®ype)dme

My = [(FLCWwA®,f0 + Cow®upi)” Puwdm,
(2.15)
Mz = [(FLCA®,f. + Co®yype)” Puedm,

356 = [OL7F Pyrdmy + [(FoCulAPusw + CouPusu)” (FasCuPytu + Cuf 1o Poppo ) dmey,
+ [(FECAP e + Ce®ype)” (7L Ce®ype + CeF 1, Py ge)dme
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My = [(FLC,A®,py + Cou®upi) Tl @ ypdmy,

Mg = [(FLCA®D, e + Co®ype) 7L ®yedm,

My = M{y, My = My, Myz = Mj,, My = [®L ®,dm.,, My =0

Mg = [@h,(FoCu®ypw + Cuf fuyPysuw)dmuy, My = [OF,Fi®yudmy, , Mg =0

Msy = M, Msy = My, Msz = Myy, Msy = My, Mss = [® ®,.dm,

Mz = [@L (FIC.®yse + CeFf, Py se)dme, Ms; =0, Mzs = [OLF

Mgy = M, Mgy = ML, Mg = ML, Mgy = M, Mgs = M2

Mes = [} 757 Pyrdmy + [(FrCu®ypw + Cu oy Pysuw) (FaCu®Pysuw + Cuf 1y Py pu) dimy
+ [(FLC@yse + CefjPyge) (FL Ce®yge + Cef g Py ge)dime

Mgz = [(FrCu®ypuw + Cu 1@y puw) Ty @yudimy

Mes = [(FLCe®yse + CefPyse) 7o Pyedme

My = M, My = M}, My = MY My = M., M = My, My = M

Mz = [®F , Fufo®@puwdmy, Mz =0

Mgy = ML, Mgy = ML, Mgz = ML, Mgy = M, Mgs = M, Mgs = Mg, Mgy = MK

Mss = [®] 77l Pyedme

<I>¢edme

UEE

in which m is the aircraft total mass,

§ = [+ Pudug)dmy + [(Fru + Puputlar) O + Ch (o + Puun)]Cudm,
+ [[(Fre + Pugetur)CT + CT (7e + PueGue)|Cedme (2.16)
is the matrix of first moments of inertia of the deformed aircraft and
J = [ (s + ®usus)" (P + Pugaug)dmy + [1Cu(Fro + Pusulus)” + (Fo + Punuw) Cul”
X [Cop(T oy + (I)uquuf) + (P + @quuw)TC Jdmy, + [[Ce(Fpe + d)ufequf)
+ (Fe + Pucue) " Cel " [ColFe + Puseuy)” + (Fe + Puetue) " Celdm, (2.17)
is the inertia matrix of the deformed aircraft.

In a similar fashion, we insert Eqs. (2.10) into Egs. (2.9), integrate over the respective
components domains and obtain the generalized Rayleigh’s dissipation functions

o 2L d?P,,; .
d dr 2 qude = qucuzquz)

o d®T, 4o
Pi Pi . . .
= I, FpidD; = 5 fD cyi G i€t dz, de, AyidD; = 3G5,Cyiys,

Fui = fDlﬁudez = %fDiCu’LEI quz
i=f,w,e (2.18)
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where

d?oL *®,,;
dz? dx?

d®7; dd,,
dr; dx;

fD cu BT ——2 dD;, Cy; = fD cyiGJ; dD;, i = f,w,e (2.19)

are damping matrices.

Next, we denote the momentum vector for the whole aircraft by p = [pf, 7 pgf pff pl. pL pif
Piw P’ = [P] P3 ... pE]", so that we can write

p=0T/0V = MV (2.20)

where the individual momenta are given by

8
pr = 8T/8Vf = P1 = ZMlej
j=1

8
Puf = 8T/6wf = P2 = ZMQJ'V

8 (2.21)
Puf = 8T/8Suf =P3= ZM?)]
7j=1

Finally, adding some obvious kinematical identities to the discretized version of Egs. (2.1),

the state equations can be written in the special form
Rf - C};Vfu ef - Eflwf; quz = Sui qd)z = Sy, 1= f7w76
pr = —wspvs+F, puy = —Vipvy —wipuy + M
= 8T/aquz - uzquz - Cuisui + Quz
1= f,w,e
Pyi = —KypiQyi — CyiSyi + Qui

(2.22)

where, using Eq. (2.8) in conjunction with the second form of V¢, V,, and V., Egs. (2.12),

or  OVi 9T  aVI ar N ovT or
8quf N 8quf an 8quf 8\7w 8quf 8\78

= [OL,@f Vidmy + [@F,,&F CLVydmy, + [OF, 07 CL Vedm,
(2.23)
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or  OVi ar VeI ar  oVT oT — 7.
= = e c—— = [®], Cow; V,dm,
Bars Dy 0V, | Do OV D 9V, ) Puw s Vurdm
or Vi ar oVl ar VT AT — T_
= — w ¢ — = [ C.ws V.dm.
Oue  0Que OVy  OQue OV, + OQue OV, J®uCow; mn
Moreover,
Ky = [OLLyi®udD;, Ky = [®L L4 ®yidD;, i = f,w,e (2.24)

are component stiffness matrices. In practice, K,; and Ky, (i = f,w,e) can be obtained

with greater ease from the strain energy directly.

2.3 Generalized Forces

The quantities F, M, Q,; and Qy; (¢ = f,w,e) appearing in the state equations, Egs.
(2.22), represent generalized forces. They are related to the actual forces, which consist of
the distributed force f;(r;,¢) over component i due to gravity, aerodynamics and controls
and the engine thrust Fgd(r — rg), where §(r — rg) is a spatial Dirac delta function,*® in
which rgz denotes the location of the engines. If some control forces are concentrated, they
can also be treated as distributed, as in the case of the engine thrust. The relation between
the generalized forces and the actual forces can be obtained by means of the virtual work,

which can be expressed as
W =3, [ [f + Frd(r — rp)]oR;dD; (2.25)

where 0R} is the virtual quasi-displacement vector of a typical point on component i (i =
f,w,e). The vector 6R} is related to the virtual quasi-displacement vectors corresponding
to the quasi-velocities used to describe the motion of the aircraft components. Indeed, using

Egs. (2.12), we can write
5].‘:{; = 5R} + (ff + (I)ufquf)T(;O} + @uféquf + F?fbwéqw
5RZ} = CwéR} + [Cw(ffw + (I)uquuf)T + (fw + (I)quuw)TCw]éo;
+ (FasCowPypuw + Cuf oy Pypfu) 0y s + Py @y Gy

(2.26)

and we note that R} can be obtained from §R}, by replacing w by e. Inserting Egs. (2.26)

into Eq. (2.25), and collecting terms, we can write the virtual work in terms of virtual
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generalized displacements as follows:
SW =FT6R} + M"667 + >.(QL:0qui + Ql;0ay:) (2.27)
from which, assuming that the engines are mounted on the fuselage (Fig. 1), we obtain

F = [, [f; + Fpo(r —rp)ldDy + Co Jp. fudDy + C [}, fed D,
M = [, (Fy+@usaup)[f +Fuo(r—re)ldDs+ [, [(Fru + Pusutus) Cof
+C (P P Qu)[Eud Doy + [, [(Ffe + Pugelue) CF + CT (e + ®yeue)£.dD,
Qus = Jp, Puslfs + Fro(r —rp)ldDys + [, (FyCullupo + CuPupu)’ fudDy

(2.28)
+ [, (7L CeA®ype + Ce®y ) fod D,

Qus = fo@gfff[ff +Fpd(r —rp)ldDs + [ (7o Cu®yru + Coul 1, @yfu) fud Dy
+ fDe (IFZC@(I)I/er + Ce”:?eq)zpfe)TfedDe
Qui = [p,PuifidDi, Qui = [, ®y;7ifidD;, i = w, e

To complete the state equations, Eqs. (2.22), it is necessary to derive the stiffness matrices

K,; and Ky; (i = f,w,e), the aerodynamic forces and the control forces.

2.4 The Aerodynamic and Gravity Forces

The forces acting on the aircraft can be identified as the aerodynamic, propulsion, control
and gravity forces. Equations (2.28) give the generalized forces in terms of actual distributed
and concentrated forces, where the first imply prescribing the forces at every point of the
aircraft. Of the forces acting on an aircraft, the aerodynamic and control forces require
special attention. We discuss the aerodynamic forces in this section and the control forces

in a later section.

There are a number of aerodynamic theories available, some of them capable of prescrib-
ing the pressure distribution at every point of the aircraft. However, as pointed out in
1.1 overview, any aerodynamic theory to be used in a dynamic simulation such as that
described in this paper must satisfy certain requirements. Indeed, one of the requirements
is that the aerodynamic forces be expressed in a form compatible with the present gen-
eral dynamic formulation, which implies that they be in terms of the same variables and

be referred to the same body axes attached to the undeformed aircraft as here. By far the
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stringest requirement, however, is that the aerodynamic forces lend themselves to sufficiently
fast computation as to permit time simulation of the aircraft behavior. Such computational
efficiency does not appear to be within the state of the art. Hence, an aerodynamic theory
capable of fitting within the framework of a computer simulation of the type envisioned here
must yet be developed. Such a theory need not be unduly accurate, because a feedback
control design tends to be sufficiently forgiving to tolerate small deviations from the actual
aerodynamic forces. Until such a theory becomes reality, it is still possible to demonstrate
how aerodynamics fits in the integration process by using an existing theory satisfying the
requirement described above, namely, strip theory,>” even though the theory may not be

entirely suitable otherwise.

To derive the aerodynamic forces included in the distributed forces f; (i = f,w, e) acting on
the aircraft by means of strip theory, we regard the fuselage, wing and empennage as two-

dimensional aerodynamic surfaces. The lift force per unit span of fuselage can be written

3837

by = qrefCragay = qrepCry (2.29)
where ¢y is the chord, Cr.s the slope of the lift curve, Cr; the lift coefficient and
g5 = 35p(Vi, + VR, oy = tan ' (Vy./Vy,) (2.30)

are the dynamic pressure and angle of attack, respectively, in which p is the air density and
Vi, and Vy, are components of the velocity vector V¢, Eq. (2.5). Similarly, the drag force

per unit area of fuselage is given by
dy = qresCpy = arer(Cpgo + kyCLy) = arer(Cogo + kyClasaf) (2.31)

where Cpyo is the drag coefficient corresponding to oy = 0 and ky is a constant. The fuselage
has also vertical surfaces subjected to aerodynamic forces. The lateral force per unit area

can be expressed as

Sp = qsfCssCsprBr = qspcsfCsy (2.32)

where ¢ is the lateral chord, Cygs the slope of the lateral force curve, Cs¢ the lateral force

coefficient and

qsf = %p(vf%c + ny)’ ﬁf = tanil(ny/fo) (233)

are the dynamic pressure and the angle of attack of the lateral force, respectively, in which

Vi, and Vy, are components of V. Hence, the aecrodynamic forces on the fuselage can be
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written in the vector form

ffSiHOéf—dfCOSOéf SfSiIlﬂf
faf = 0 s fsf = —S8y COS ﬂf (234)
—ffCOSOéf—deiIlOéf 0

In a similar fashion, the lift and drag per unit span of wing are given by

Ew = quwCuw (CLawaw + CL6a6Q)7 dw =quwCuw (CDw0+ka%w) =quwCw (CDw0+ka%awa2 ) (235)

w

where ¢, is the chord, §, an aileron rotation, Crs, a control effectiveness coefficient!” and
Gw = 50V + Vi) aw = tan™! (Vo2 /Viny) + u (2.36)

in which the velocity components V,,, and V,,, of V,, can be obtained from Eq. (2.6). More-
over, 1, is the angular displacement of the wing about axis x,, due to torsion. There is no

meaningful lateral force on the wing, so that

0
f,., = l,, sin o, — d,, COS ayy (2.37)
—{,, COS (tyy — dy, SIN

The empennage has both lift and lateral surfaces. The lift, drag and lateral forces per unit

span of empennage are

Ee - QECe(CLaeae + CL6668)7 de - Qece(CDeO + kec%aeag)u Se = QSeCse(Csﬁeﬁe + Csér(;r)
(2.38)
where ¢, and ¢, are the chords, d, and 4, are rotations of the elevator and ruder, Cps. and

Cs» are respective control effectiveness coefficients and
e = 30(V3 4 T2), 0, = tan (Ve V) +
oo = Sp(V2 + V2), B = tan (Ve Vi) +

Hence, the aerodynamic force vectors per unit span of empennage can be written as

(2.39)

0 0
f,. = losina, —decosay |, £ = S sin 3, (2.40)
—{, cos o, — d, sin o, —Se COS (e

For a typical component, the lift, lateral force and drag per unit span are applied at the
line of aerodynamic centers. Hence, in Eqs. (2.28), the domain of integration for the terms
involving the aerodynamic forces is the line of aerodynamic centers. The gravity forces per
unit volume of components are simply
0 0 0
f,r = Cy 0 y Fouw = CuCr 0 y foe =CCr | O (2.41)
prg Pwd Ped
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Note that the aerodynamic and gravity forces are in terms of respective component body

axes.



Chapter 3

A Unified Theory for Flight Dynamics
and Aeroelasticity

To complete the discussion of the forces acting on an aircraft, we turn our attention to the
control forces. Aircraft control is carried out by means of control surfaces, as well as by
the engine thrust. Before we consider the problem of control design, it will prove beneficial
to examine the nature of the controls. Controls are of two general types, one designed
to steer the aircraft as a whole and the other to suppress the effects of any undesirable
disturbances. The first type involves rigid body motions of the aircraft, which are in general
large, and traditionally lies in the domain of flight dynamics. On the other hand, the
second type involves elastic deformations of the aircraft, which tend to be small compared
to the rigid body motions, and traditionally lies in the domain of aeroelasticity. Hence, the
formulation given by Eqgs. (2.22) can be regarded as spanning the fields of flight dynamics

and aeroelasticity.

From the above discussion, it appears that control of the aircraft as a whole is likely to
be different in nature from control of disturbances. In this regard, we observe that the
state equations, Egs. (2.22), are in general nonlinear and of high dimension, where the
nonlinearity can be traced to the large rigid body variables. On the other hand, the high
dimensionality can be traced to the small elastic variables. In view of this, a solution by a
perturbation approach seems indicated, which amounts to a separation of the problem into
a zero-order problem for the large variables and a first-order problem for the small variables,
where the difference between the large and small variables is one order of magnitude, or
more. Physically, in the zero-order problem the aircraft executes a given maneuver as if

it were rigid, in which case the mathematical formulation consists of a maximum of six

25
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coupled, generally nonlinear ordinary differential equations, three for rigid body translations
and three for rigid body rotations. They correspond to the equations commonly used in flight
dynamics. On the other hand, the first-order problem involves the elastic deformations, as
well as small perturbations in the rigid body variables. In view of the inclusion of the latter,
the first-order problem defined here represents an extended aeroelasticity theory, in which the
rigid body degrees of freedom are included in a natural manner. This is in contrast with some
occasional practice,® in which “body freedoms” are included in an ad hoc manner. We note
that the solution of the zero-order problem enters into the first-order problem, so that this
new theory provides one set of extended aeroelasticity equations for every conceivable rigid
body maneuver of the aircraft, rather than the single set of equations commonly associated
with steady cruise. We express the perturbation solution as follows:

R; =R +RY, 0, =00 + 0%, v, =V 1 VP w; = +

! (3.1)
Pvy = pg)} + p&}}j Puf = pg); + pL(dl;’ F = F(O) + F(l)’ M = M( + M(l)

where the superscripts (0) and (1) denote orders of magnitude. All the quantities related to
the elastic deformations are regarded as being of first order. Then, inserting Eqgs. (3.1) into
the state equations, Eqs. (2.22), and separating different orders of magnitude, we obtain the

zero-order problem, or the flight dynamics problem

(0 0)T~(0) ;0 0)\—1 (0
R():CJ(C)V() ef :(E()) lw;)

! (3.2)
pyy = — & pyy + FO, p0) = —Vp; — o) + MO

in which C}O) and E}O) can be obtained from Cy and Ey, Egs. (2.2), by replacing v, 6 and
é by @, 00 and ¢©, respectively. Moreover, from Egs. (2.28), the zero-order generalized

force and moment are given by
FO = [, [f}” +FR5(x —rp)|dD;s + CF [, £0dD,, + CT [, £0dD,
MO = [, #[6” + F6(x —rp)ldDs + [, (FruCli + Cl)EYdD, (3.3)
+ [p, (71O + CI7 )0 dD,

where the zero-order parts of the aerodynamic force densities contributing to f (0), £ and

fe(o) are

o ¢ ; sin 04; ) —O dgc ) cos a}o) o ;(()O)sm ﬁ(o
T 0 a® g0 o | T %OS’B
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0 0
fég) = 5(0 sin 04(0) dz( ) cos Ozz( ) L i=w,e; f9 = s sinﬁ ©
6(0 cos al( d(o sin al( ) —5® cos B

in which the zero-order parts of the lift, drag and lateral forces per unit area are

EE” ) _Qf CfCLozfaf )7 fgu) _CII(UO Cw(CLawa +CL5a5a) E(O) Ce(CLaea +CL6656)
SE” ) _qsf Cstsﬁfﬁf ) e = qge)cse( sﬁeﬁ(o + 086T5T) (35)

dz( )ZQi ¢i[Cpio + kiCLai(ai )2]’ i = fiw,e

g =Lpl(V;D)? + (V)] of = tan (VD /V D), B = tan (V) /V[)

0 =3l (Vi P+ (V)), off ) —taa (W V), B =tan (VY V), i=w,e (3.6)
0 =3elVED) + (V)] a2 = 3pl(VED)* + (VL)

Moreover, the zero-order parts of the gravity force densities are

£9 =00 prg)”; £9 =GOV (00 pig)”, i = w,e (3.7)

gt

The zero-order state is defined as x(©) = [R;O) 0(0 Vf pfd} ]7, and Egs. (3.2) contain in
(0) 0) (0) (0) (0)

addition V;O) and w ; - However, V; and w j can be expressed in terms of py, i and p,, 7
by using Egs. (2.21) and writing
0 0
B — mVO | FOTLO, O _ GOy | 50,0 (3.5)

The solution of Egs. (3.2) in conjunction with Egs. (3.3)-(3.8) consists of the state x(*) and

it represents a given maneuver of the aircraft.

Inserting Egs. (3.1) into Egs. (2.22) and retaining the first-order terms, we obtain the ez-
tended aeroelasticity problem defined by

(1 0)T~ (1 DT~-0) »1) 0)y—1 (1 0)y—1 (1 0)\—1 (0
R;):C}) V;)—i—C](c) V;), 9f :(E()) 1w()_(E()) 1E()(E()) 1w§c)

f f f f f
Qui = Suis szi = Syi, = f,w,e
) = — o0p® — Op) 4 PO
oy = — V' pv} Vf(o)p(vl} @y'ply — & pl) + MU
o = [T VO 4+ Va4 foT, @ cIVY + o0 IV O)dm,,
+ fcbufe 50" cTv M ~<1 CTVONdm, — K, squs — CusSus + Quy (39)

+ [OL, Y VO dm, +f<1> S CIVOdm, + [0, CTVOdm,

uf'w
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Py = — waquf — Cyrsyr + Quy
— T

T
= [T (Cw® VO +Cwl VO )i, — Koittu — CuSui+ Qus

— T
—i—ffI)TC’w(o Vgo)dmi, 1=w,e

Pyi = — Kyidyi — Cyisyi + Quiy 1 = w, €
where
(1) _ ~(0), (1) (0) o(1) ©0) (1) g _ 0)y(1) (0) (1)
in which
oC
C(O vVr
e 8¢ 1(0) 9(0) 4(0)
—s1p(0 ) cyp© 0
= | —sp @505 — cp@cp® @595 — 5O cp® 0
—s D500 ¢cp@ 4 cp@sp0  cp@sh@cp©) 4 gh(0gpp©)
(0) _ 9C;
Cro = 00
$(0) 9(0), 5(0)
0)¢9(0) —s1p(0p(0) —c6©)

= | cp©@ch0sp®  spDch@gp(0) 590 565(0)
ctp@chOcp®  sip0ch @@ —sh0)cp(©)

(3.11)
o0 _ 9%
1o 0% |y 0 50
0 0 0
= ctp@s00chpO 1+ sp@sp©@  5p D500 — cohp @@ chO)cp(©)
—cp@s005pO) 4 51O cp®  —s1p D905 — c1p @@ —ch ()
[0 0 —cf©
OF
Ej(c(;) — —69f =10 0 —s8Osp®
0(0),(0) 0 0 —s0©cp®
[0 0 0
OF
B =4 — |0 —s©  chOcg©
P oo 40 0 —co® —ch0sp®
and
_ — T
VO =vP 47 f P, VY =V 4ol 4 Bupaus 0 + @upsuy + 7 Dypsyy
VO =c,vP (cwrfw+rgcw)w<°)
(3.12)

— T — T
V) = V) 4 (Cuify + TLC)w + (Couruur + Pru Cu)wf)
+ (fngA(I)ufw + Cwq)ufw)suf + D wSuw + (ff;(]wfbwfw + wa]:qu)ww)swf + f£¢wwS¢w
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Then, from Egs. (2.28), the first-order generalized forces are

V= [, 6+ Fs(x —rp)ldD; + CL [, £0dDy, + CL [, £0dD,

V= [ ARl + BP0 —vp)] + @usdus[f)” + FPo(x — rp)]}dDys + [, [(FruCl
+ LD + (PupuurCL + CE B @uw )£V |dDy + [, [(F7.CT + CTi )£
- <<1>u}zauch + CT B eqe )£ )dD,
= Ip,® O+ 1) + FPo(xr — vp) + FPo(r — vp)ldDs + [, (FLCuAD,py  (3.13)
+ cwcbum T +£0)dDy + [, (FLCADy g + Ceyge) (£ + £1)dD,

Qus = [, O5 " + £ + FRo(x —rp) + FRo(x —rp)ldD; + [, (FLCu®yp

+ Cur fw%fw) (EQ+E)dDy + [, (FL Ce®y et Cof By pe) " (£ +£1)dD,

fD + f(l )dDZ7 Q¢l - szq)ngl(fz(O) + fz(l))dDu L= w, e
where the first-order parts of the aerodynamic force densities contributing to f](cl), £ and
£ are
" [ 6;1 sin a}o) — d} ) cos a}o) + (E} ) cos af + df sin 04; )) }1)
f
af
i —Z} cos a ; d( ) sin ozgco) + (6}0) sin oz; d(o) cos ozgco))ozgfl)
;1 3111,6(0 + s(o ,6’(1 cos,@’(o
1 _
£y = s;)cos,@f —l—sf ﬁf sin ﬁf
0
- (3.14)
i 0
féil) = 6(1) sin a(o) d( ) cos Oz( ) —i— (EZ(O) cos a( + d sin afo)) Z( )
| E( )cosa © al(1 sma ) + (E sin 04§ ) d( cos 041(0))042( )
i 0
fs(il) = s sinﬁe é )6 cos ﬁe , T=w,e
—stM cosﬁ + 50 ﬁe sin ﬁe
in which the first-order parts of the lift, drag and lateral forces per unit area are
0 = ¢;Craglaff )0‘5‘) +q D), 1D = ¢Pey (Crawal?) + Crsada) + ¢ cuCrawoly
e(l) = C]él Ce(CLaea + CLée(;e) q CeCLaea£1)7 ngl - CstSﬁf(QE})ﬂ}O) + qg(})ﬁﬁl)) (3 15)

»

gl) - qse Cse( sﬁe/B + Csér(5 ) + qsg)cse sﬁeﬁ(l
Y = ¢Vei[Cpio + kiCoi(a”)) + 20 cikiC} iaPalV, i = fw,e

1, Y
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where
F0)1 (1) _ T (1)70)
—(0 —(0
(Vi) + (V2
F(0)7(1) _ T(1)7(0)
Vie Viy = Vi’ Vyy
—(0 —(0
(Vi P+ (V)7
7OV - 77

) = ATV + TV, o) =

af = p(VRVE + VIV, B = tan™

1) TARAVASNIIR v DR vaC) 1) -1 | =
q; " = p(‘/;y ‘/iy + V;z ‘/zz )’ o = tan —(0) —(0) - wix’ t=u,e
(V") + (V)2
0o o0 VTS — VT
ol = p(VVE) + VEOVD), B0 = tan”" | = Yo | e

(V)2 + (V)2
Moreover, the first-order parts of the gravity force densities are

£ =00 psg"s £ = GOV 00 pig]”, i =w,e

g g

T

30

(3.16)

(3.17)

W7 )T

Equations (3.9)-(3.17) must be solved for the state x(!) = [Rgcl)TO?)quf Qo - - - e Py Pyt

ng pl, .. .pge]T in conjunction with

pg; = mV?) + S(I)ngco) + g(o)Tw;I) + Ml(g)suf + Ml(g)suw + Ml(g)sue + Mf?sw
+ My Sps + Mig sy

pl) = SOVY + SOVEY + JWWD + JOWD + MT sy + M Suw + M Sue
+ Még)szpf + Még)sww + Mz(g)swe

pus = MY VY + MPVE + MP Wl + MG WP + MYsus + MYy + Mi)'s e
+ Mig'sy + Mig'sy + Mig'sy.

Puw = MPVY + MPVY + MOl + MG WP + MEsp + MY 800 + M2 50
+ Mig'sys + Mi7 sy + Mig'sye

Pue = MOVEY + MPIVEY + MY W) + MY wP + MY s.5 + M s + M5 e
+ My g + MiDs g + Migsye

pus = MOV MV 4 M)+ M+ M5y + M+ M5
+ Mgg sy + Mig'sy + Mg sy

Puw = MV + M) VY 4 M)+ MW+ Mysug + Mysu + Mg s
+ Mig'syg + Mpdspu + Migsye

ppe = MYVY + MPVE + MO Wl + M 0P + MY sus + MEs00 + M5 e
+ Mg + M s + Mg sy

(3.18)
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where Mi(;-)) and Mi(jl) are the zero-order part and first-order part of M,;, Egs. (2.15). Equa-

tions (3.18) are to be solved for V}l), w?), Suf, Suw, - - 5 Sye i1 terms of pg}, pful;, Pufs Puw

S WO V;O) and w(©® and the result inserted in Egs. (3.9).

7

The zero-order problem, or flight dynamics problem, represents an inverse problem, which
amounts to determining the controls permitting realization of a given rigid body maneuver.
The first-order equations representing the extended aeroelasticity problem are linear and

(0) (0)

tend to be of high order. Moreover, they contain the zero-order variables V;” and w;",

) are constant,

representing a given maneuver, as coefficients and as an input. If VECO) and w;o
then the system is time-invariant, and if V;O) and w;o) depend on time, then the system
is time-varying. In either case, controls can be designed by various methods. In the time-
invariant case, a stability analysis for the closed-loop system can be carried out by solving
an eigenvalue problem. Such a stability analysis is precluded in the time-varying case.
Simulation of the response of the closed-loop system to external excitations, such as gusts,

can be obtained in both the time-invariant case and time-varying case.



Chapter 4

Control of Flexible Aircraft

4.1 Control Design

Flying aircraft are subjected to various disturbances tending to drive them from the intended
maneuver and to cause vibration. If the system is controllable, these effects can be suppressed
through controls, which are carried out by means of actuators; in the case of aircraft they
consist of the engine thrust and the control surfaces. A system is said to be controllable if
there exists a piecewise continuous input that will drive the initial state to any final state
within a finite time interval. System controllability can be determined by checking the rank
of a so-called controllability matrix,3® which may not be feasible if the system order is large.
In practice, controllability can be ascertained on physical grounds by making sure that the
input forces, namely, the forces due to the engine thrust and control surfaces, affect all the

state variables.

As indicated in earlier sections, there are two types of controls, one type designed to permit
the aircraft to execute a desired maneuver as if it were rigid and the other type to reduce any
deviations from the rigid body maneuver to zero, which amounts to suppressing vibration
and perturbations in the rigid body motions of the aircraft. The first is associated with the
flight dynamics problem and the second with the extended aeroelasticity problem. In general,
the engine thrust and control surfaces are designed so as to ensure that the aircraft is able
to carry out the required maneuvers, as well as to suppress any undesirable disturbances,
thus addressing the needs of both the flight dynamics problem and extended aeroelasticity

problem.

Using Egs. (3.2), we write the flight dynamics problem, or the zero-order problem, in the

32
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compact state form

: 0 0

K0() = £x (1), V(1) + BOVE (1) (2) (4.1)
which, from Egs. (3.8), must be considered in conjunction with

Py (1) = MOVE(?) (4.2)
where the zero-order quantities are identified as follows: x(©) = [R;O)T O;O)T p&}T pg)} 17
the state vector, f is a nonlinear function of the state vector and the zero-order rigid body
velocity vector VI = [V;O)T wch)T]T, BO s a coefﬁment matrix, u® = [F© 5 6 50T

is the control vector, in which F ]EJO), 51(10), 5 and 6 are the engine thrust and control

surfaces angles, p,(f;) = [pgﬁ)} pfuo; |7 is the rigid body momentum vector and

G(0)T
(0)_ mI S
EEE 4s)

is the rigid-body mass matrix. In the context of the present integrated approach, Eqgs. (4.1)
and (4.2) represent an inverse problem, in the sense that a state vector x(*) describing a
desired maneuver is postulated and a force vector u® permitting a realization of the given

maneuver is determined.

Next, we assume that x(©)(¢) and Vﬁg) (t) are known and use Egs. (3.9) and (3.18) to express

the extended aeroelasticity problem, or first-order problem, in the form

xW(t) = A)xV(t) + BuV () + [0 1) Fou(t) (4.4)
and
p(t) = MOVI () + MOV (1) VO (1) (4.5)
: : : 1 _ mr®»" pT T T (€9 AN ) L Y v T1T
respectively, in which x'V = [R;" 077" q,; dy,- .al. Py b Puf Puf Puw---Pyel

the first-order state vector, A(t) = A[x©(¢), fo;)( t)] and B [xO(t ),fo;) ()] are coefficient
matrices, u¥)(t) = [F ,531) s st 5,(})]T is a first-order control vector, Foy is an external
disturbing force vector, such as due to gusts, p(!) = [p%,l} pfj}T pff pL, ... pie]T is the

first-order momentum vector and

[ ml SOT MY MO ] [0 ST o ... 0 |

O (OR VA R VA SO go - MY MY
MO w® ad wud [ MO= 0 a0 o

MY MY MY M) 0 MG o 0 |
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are zero-order and first-order extended mass matrices. Note that F is regarded as a
disturbing force of a transient nature whose effects will be eventually suppressed by the

controls.

Equation (4.4) represents a set of linear equations, and the objective is to find a control
vector u)(¢) that drives the state vector x(!) to zero. To this end, we consider a linear
regulator whereby the control vector is a linear function of the state vector. In particular,

we consider a linear quadratic regulator (LQR) in which the objective is to determine an

optimal control vector minimizing the quadratic performance measure
J = xO () HxW(tp) + 4 [7 x0T (0)Q(6)xM () + u™" (1) R(t)u® (¢)]dt (4.7)

where H and () are real symmetric positive semidefinite matrices R is a real symmetric
positive definite matrix, ¢ is the initial time (commonly assumed to be zero) and ¢y is the

final time. It is shown in Ref. 39 that the optimal feedback control vector is given by
ul(t) = —R 1) BTK(t)xV(t) = —G(t)xV(t) (4.8)
where
G(t) = R™Y(t)BTK(t) (4.9)

is a control gain matrix, in which K (t) is a real symmetric matrix satisfying the transient

matrix Riccati equation
K=-Q-ATK - KA+ KBR'B'K, K(t;)=H(t;)=H (4.10)

a nonlinear equation which must be integrated backward in time from t; to ;. Rather than
integrating a nonlinear matrix equation, it is advisable to transform the problem into a linear

one. To this end, we consider the transformation
K({t)=Et)F () (4.11)

where E(t) and F(t) can be obtained by solving the linear equation

50 Lol 2000201 [260)-[4) o

which again must be integrated backward in time. Inserting Eq. (4.5) into Eq. (4.1), we

obtain the closed-loop equation

xW(t) = [A(t) = BGOxV () + [0 [[Fex(t) (4.13)
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which can be integrated to simulate the system response.

The problem is considerably simpler when the zero-order solution is constant, such as in
steady level flight, as in this case the coefficient matrix A is constant. Then, if the system is
controllable, H = 0 and () and R are constant, the Riccati matrix K approaches a constant
value as t; increases without bounds. In this case, Eq. (4.10) reduces to the steady-state

matrix Riccati equation
Q- A"TK - KA+ KBR'B'K =0 (4.14)

a nonlinear algebraic matrix equation, which can be solved by means of Potter’s algorithm,"
and the gain matrix G becomes constant. The closed-loop equation reduces to one with

constant coefficients, or
xW(t) = (A= BG)xW(t) + [0 I|Fex(t) (4.15)

which can be used for response simulation. For a stability analysis, we solve the associated

eigenvalue problem
(A—BG—-X)x=0 (4.16)

The closed-loop system is stable if all the eigenvalues are pure imaginary and/or complex

with negative real part.

The control vector u® is optimal in the sense that it minimizes the performance index J, but
the physical merit of this optimality is debatable. In fact, it is often necessary to adjust the
otherwise arbitrary weighting matrices () and R to achieve a desirable system performance.

The real value of the LQR algorithm is that it guarantees a stable closed-loop system.

4.2 Optimal State Observer

In Sec. 4.1, we carried out the control design in two stages. In the first stage, we postulated
a desired aircraft maneuver x(© and used an inverse approach to determine the control
vector u(® permitting realization of the maneuver. In the second stage, we designed a
feedback control vector u(!) ensuring stability of the maneuver, which amounts to driving
the perturbation vector x™) to zero. The control vector is given by Eq. (4.8), in which G is

the control gain matrix.

Implementation of the control law, Eq. (4.8), requires knowledge of the state vector x(M),

which can be obtained through measurement. This creates somewhat of a problem, as
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measurements represent real quantities and our state vector consists of abstract generalized
coordinates rather than real coordinates. Moreover, we feed back only perturbations from
the maneuver variables. In the absence of external forces, the state equations describing the

extended aeroelasticity problem have the vector form
xW(t) = AxW (t) + BuM(t) (4.17)

where the coefficient matrices A and B were defined in Sec. 4.1. Moreover, denoting the

measurement vector by y(t), we can write

y(t) =y +yM(t) (4.18)

where y(®)(t) is the contribution from the maneuver variables and y*)(¢) is the contribution

from the perturbations in the maneuver variables. We express the latter in the form
yW(t) = cxD (1) (4.19)

and refer to y(l)(t) as the output vector. The assumption is made here that the system is
observable,® which implies that the initial state x((0) can be deduced from the outputs
within a finite time period. Observability can be established by checking the rank of a
so-called observability matrix,?® a matrix involving the matrices A and C. For large-order
systems, working with the observability matrix may not be feasible, and in practice the
choice of sensors ensuring observability must be made on physical grounds. In particular,
the choice must be such that the sensors signals permit reconstruction of the state at all
times. The task of determining the matrix C' relating the output vector to the state vector

is discussed later in this section.

In reality, the state vector cannot be determined exactly from the output vector and must

be estimated. A device permitting an estimate of the state vector is known as an observer®®

and can be expressed in the form
(1) = AV (1) + BuV(t) + K[y (t) — 0z (1)] (4.20)
where K, is an observer gain matrix. Subtracting Eq. (4.20) from Eq. (4.17), we obtain
é(t) =[A— K,Cle(t) (4.21)
in which

e(t) = x(t) — xW (1) (4.22)
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represents the observer error vector. The objective is to find a matrix K, such that the vector
e(t) approaches zero as t increases. In this case, x(t) — x(t) with time. For a time-invariant
system, this amounts to determine K, so that all the eigenvalues of the matrix A — K,C,
known as the observer poles, lie in the left half of the complex plane. In implementing
feedback controls, we must use the estimated state X(*)(t), because the initial state x(V)(¢) is

not available. Hence, Eq. (4.8) must be replaced by

uV(t) = —GxW(¢t) (4.23)

One question of interest is how the choice of observer poles affect the choice of controller
poles. To answer this question, we use Eqs. (4.22) and (4.23) and rewrite Eq. (4.17) in the

form
xW(t) = [A — BG)xW(t) + BGe(t) (4.24)
Equations (4.21) and (4.24) can be combined into

{ Xs()t()t) } B { ! _OBG A ’ %C } { Xs()t()t) } (4.25)

Because the coefficient matrix in Eq. (4.25) is block-triangular, the poles of the combined

system consist of the sum of the poles of A — BG and the poles of A — K,C', so that the

observer poles can be chosen independently of the controller poles.

An optimal observer gain matrix can be obtained by adopting a stochastic approach, leading
to the so-called Kalman-Bucy filter, in contrast to a deterministic observer known as a

Luenberger observer. To this end, we rewrite Eqgs. (4.17) and (4.19) in the form
xW(t) = AxWD(t) + BuD(t) + v(t) (4.26)
and
y W () = CxV(t) + w(t) (4.27)

where v(t) is known as the state excitation noise and w(t) as the observation noise, or sensor
noise. It is customary to assume that v(¢) and w(t) are white noise processes, with intensities

V(t) and W (t), respectively, so that the correlation matrices have the form
E{V(tl)VT(tg)} = V(tl)(g(tg - tl), E{W(tl)WT(tg)} = W(tl)(g(tg - tl) (428)
and that they are uncorrelated, so that

E{v(t) w7 (ts)} = E{w(t:)vT(t2)} = 0 (4.29)
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in which E{-} denotes the expected value.

The stochastic observer has the same form as that given by Eq. (4.20) in which the optimal

gain matrix is determined by minimizing the performance measure
J, = E{e"(t)U(t)e(t)} (4.30)

where e(t) is the observer error vector, Eq. (4.22), and U(t) is a symmetric positive definite

weighting matrix. From Ref. 39, the optimal observer gain matrix is given by
K (t) = Q)CTW () (4.31)
where ()(t) is the variance matrix of e(t) satisfying the Riccati equation

Q(t) = AQ(1) + QAT + V(1) = QIICTW 1 ()CQ(t), Q(0) = Qg (4.32)

In the time-invariant case, Eq. (4.32) reduces to an algebraic matrix Riccati equation yielding
a steady-state optimal observer gain matrix. The main problem in implementing a Kalman-

Bucy filter lies in the selection of the noise intensities V' (t) and W (t).

At this point, we turn our attention to the determination of the matrix C' defined by Eq.
(4.19). To this end, we must first specify the measurement vector y*)(t), which in turn de-
pends on the sensors used. In inertial navigation’, which represents the process of determin-
ing the position and attitude of a moving vehicle from self-contained inertial measurements
made on board of the vehicle, the system consists of a platform containing accelerometers
sensing translational motions and gyroscopes sensing angular motions and a computer ca-
pable of integrating the sensors signals to generate the state. Inertial navigation is widely
used for aircraft, in which case there are two accelerometers aligned with the North and East
directions and three rate gyroscopes with the spin axes aligned with the North, East and
zenith directions. To ensure that gravity does not contaminate the accelerometers signals,
the platform is made to rotate continuously so as to remain normal to the local vertical. The
vertical position of the aircraft is measured by means of an altimeter. In view of this, we can
assume that the system measures the vectors Ry and 6 giving the position and attitude
relative to axes XY Z. In this regard, it should be mentioned that we referred to axes XY Z
as inertial, but in reality they represent earth-fixed axes. If the current formulation is used
to describe relatively long flights, then proper allowance must be made for the rotation of the
earth. Because the same process can be used to determine the zero-order position vectors

R;O) and 9(0), we can assume that the measurement system is capable of yielding R;l) and

(1)
of .
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The above process can be used to measure the perturbations in the rigid-body motions of
the aircraft and the question remains as to how to measure the balance of the variables,
namely, the elastic variables. To this end, we assume that there are N; (i = f,w,e) sensors
measuring velocities at the points P, (kK = 1,2,..., ;) of the aircraft components and

express the output vector in the form

T T T
yO@) =R 6P 0o 0" 0"+ [y (1) yO(t) vy (4.33)
where
vy = v (L) VOt L VO (P, 0], i = fw,e (4.34)
in which \_/'Z( )(Pk, t) are vectors of velocity measurements. From Egs. (2.12) and (3.12), we
can write
V(P t) = VIV (1) + 7T (P)w + 0 s (Pr)dus(t)
+ Dus(Pr)sus(t) + 71 (Pr) @y (Pr)sys (1)
. dW(t)
= block-diag C' v | k=1,2,... Ny (4.35)
where

block-diag Cyy = block-diagl0 0 & @,;(P) 0 0 0 0 0
I F1(P) @ (P) 0 0 7F(P)®ys(P) 0 0] (4.36)
T T T
and d = R 6" al; ol ol qf; af, af)" VO =V o sl sl sl s
Siw Suel - Also from Egs. (2.12) and (3.12), we can write

V(P t) = CuV + (Cuify, + 75 (P)Cu)w ) + Cu@ o pudur (t)

—_—

+ Pon(Pr) 0 (1) + (7, (P) Cur Py s + CuF oy Py )Sps

+ oy (Pr) Py (Pi)S o
dM(t)

= block-diag Cy [ v ()

],k:1,2,...,Nw (4.37)
where
block-diag Cy, = block-diag[0 0 Co@” @,z 0/:;(” ®,0(P) 00 0 0
Co (Cufhy +T(Pr)Cu) (Fo(Pe)CuwlA®yupy + CoPusu)
D (Pr) 0 (7 (Pr)Cuv®yppuy + Cul 1y P )
T (Pi) Py (Pr) 0] (4.38)
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In a similar fashion, we can write
_ (1)
Vgl)(Pk,t) = block-diag Cy [ d (t)) ] L k=1,2,... N, (4.39)

where

block-diag Cer, = [0 0 C.o"®ype 0 Cow?®yy(P) 0 0 0
Ce(Ceif, + 71 (Pi)Ce) (7 (Pr)CeA®yge + Ce®use) 0 Pue(Pr)
(7e (Pe)Ce®yge + Cef' o Lyge) 0 7 (Pi)@ye(Ph)] (4.40)

Equations (4.35), (4.37) and (4.39) are in terms of d* and V). They can be transformed
into expressions in terms of the state x1 = [dM" pM"]T by considering Eq. (4.5). To this
end, we observe that MY = MW (qus, Quw, Que), S0 that we can write

MYVO = ppd® (4.41)

where My is a matrix depending on V(?). Hence, using Eq. (4.5), we obtain

VO = (M)W — Myd®) (4.42)
so that
d(l) I 0 .
{V(l) ] - { —(M(O))‘IMV (M(O))—l x) (4.43)
Finally, using Eqs. (4.33), (4.34), (4.35), (4.37), (4.39) and (4.41), we conclude that
7 00 ... 0 T
0I 0 ... O
block-diag Cf;
block-diag C's
block-diag Cyn,
B block-diag C',; I 0
¢= block-diag Clye (MY (MO (4.44)

block-diag Cyn,,
block-diag Cq
block-diag Ciso

block-diag C.y,




Chapter 5

Numerical Example

The flight of a flexible aircraft is fully described by Egs. (3.2), (3.8), (3.9) and (3.18). A
solution of these equations requires the aircraft geometry, the mass and stiffness distributions
and the aerodynamic coefficients. Information pertaining to an actual aircraft was made

available by an aircraft manufacturer and is listed in the Appendix.

The solution of the flight dynamics equations, Eqs. (3.2) and (3.8), requires the matrices C (0),
E](co), the total aircraft mass m, the matrix S© of the first moments of inertia of the unde-
formed aircraft and the inertia matrix J© of the undeformed aircraft. The matrices CJ(CO) and
EJ(CO) can be obtained from Cy and Ey, Egs. (2.2), by simply replacing 1, § and ¢ by @ 90
and ¢©, respectively. The aerodynamic forces are given by Egs. (3.5) and the required coeffi-
cients are given in the Appendix. Other data required is as follows: engine locations, rg; =
[—108.6176 37.0 — 13.96] in, rgy = [—108.6176 — 37.0 — 13.96]7 in; total aircraft mass,

m = 33.5896 1b - s? /in; matrix of first moments of inertia and inertia matrix

i 0 —134.6827 0
SO — | 134.6827 0 0 |1b-s?
0 0 0
- (5.1)
183183.4257 47745 —37624.9453
JO = 566328.8970 81.1583 | 1b - in - s
| symm 704218.5794

Some of the above quantities involve the matrices of direction cosines between the various
components body axes and the fuselage body axes. These matrices are listed in the Ap-
pendix. The flight dynamics problem is essentially how to set the control surfaces and the
engine thrust for a given aircraft maneuver, of which the steady cruise is a special case.

It essentially amounts to the problem of “trimming” the aircraft. As far as this paper is

41
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concerned, it provides the input V(O), wgco), p%ﬁ)} and pio} to the extended aeroelasticity.

The solution of the extended aeroelasticity equa-
tions, Egs. (3.9) and (3.18), requires an explicit
choice of the structural model for the aircraft of
v Fig. 1. As a first approximation, the fuselage,
wing, and both the horizontal and vertical sta-

bilizers in the empennage are modeled as beams

up mertialAxis  clamped at the origin of the respective body axes

and undergoing bending and torsion. The fuse-
Figure 2. Mass Element for a Fuselage Undergoing lage undergoes the bending displacements uy,
Bending and Torsion and uy, and the torsional displacement ¢,, as
shown in Fig. 2, so that uy = [0 uy, uy,]" and
¥ ; = [g, 0 0]". On the other hand, the wing and the stabilizers undergo only one bending
and one torsional displacement each. Note that, as customary, displacements are measured
relative to the elastic axis (Fig. 2). Each clamped beam is assumed to be discretized by the
Galerkin method in conjunction with two shape functions per displacement component. For
bending, the shape functions are chosen as the eigenfunctions of a uniform cantilever beam
sin (3, L; + sinh (3, L;
cos B, L; + cosh 3, L;

Guir = sin B,x; — sinh B,x; — (cos Byx; — cosh Boz;), r=1,2  (5.2)

and for torsion, the eigenfunctions of a uniform clamped-free shaft
Guyir = sin(2r — 1)mwa; /2L;, v =1,2 (5.3)

where L; is the length of the cantilever beam. In this regard, we note that the fuselage is

modeled as two cantilever beams clamped at O, one pointing to the aircraft nose and the
)

other to the tail. New quantities entering into the first-order equation are C](cl) and E](c1 ,

which can be obtained from Cy and E; by using 0 = 9;0) + 0501) and letting the components
of 8 be small, FO, M, Q,; and Qy; (i = f,w,e), which are given by Egs. (3.13), and
®,; and ®,;, which contain ¢, and ¢y, as given above. Moreover, the stiffness matrices

are obtained from the potential energy as follows:
V = % fo |:E_[fz (82ufy/8azfc)2 + Elfy (8211,]02/8.%?)2 + Gwa (8¢f$/8l‘f)2:| de
+ / |BLy (0%0-/002)" + Gy (0ue /02’ | Dy + [, | BT (8%uc:/022)°

w

+GJe (6w6x/6xez)2] dDe = %[qffKufquf + Zl(quKmquz + quszszz)] (54)
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where
Kup = [p,(®hy)" diag|Ely. Elp|®ypdDy, Ku =[5, EL(®,)" @dD; 55)
Ky = [p,GJi(®y,) ®dDy, i = frw,e

are the desired stiffness matrices, in which primes denote differentiations with respect to x;.

Equations (4.4) for the model in question are of order 76, but the equations are linear.

However, in the case of certain aircraft maneuvers, the systems is time-varying.

To demonstrate the ideas, we consider two cases, steady level flight and steady level turn

maneuver.

5.1 Steady Level Flight

For steady level flight, the zero-order velocities are defined by

©—o (5.6)

V;O) = C’](co) [V©® 0 0] = constant, w f

where V(© is the forward velocity of the aircraft. From Egs. (3.8), we conclude that the

zero-order momenta are
p&?} = mV;O) = constant, pg)} =S (O)V;O) = constant (5.7)
Hence, from the second line of Egs. (3.2), we have

FO =0, M® =0 (5.8)

The implication of Egs. (5.8) is that, for steady level flight, the forces and moments due to
the engine thrust, aerodynamic forces, gravitational forces and control forces balance out to

zero. The angle of attack can be expressed as
agco) = tan’l(Vf(g)/Vf(g)) = oy = constant (5.9)

For level flight, we have ¢ = ¢ = 0, so that the pitch angle is equal to the angle of

attack, or

0
0 = o (5.10)

Moreover, because Vf(g) = 0, the sideslip angle is zero,

ﬁ](co) _ tanfl(ng;n/v(g)) —0 (5.11)
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In view of this, and due to the symmetry of the gravitational and aerodynamic forces, the
side force Fy(o) and the roll and yaw moments, Ma(go) and M;SO), are automatically zero. We
assume that V' = 5000 in/s and consider a flight at a 25000 ft altitude, so that the speed
of sound is 1016.1 ft/s and, hence, the Mach number is 5000/(1016.1 x 12) = 0.41. From
Eq. (5.6) we have VECO) = 5000[cos 0@ 0 sin#©]T. Then using Egs. (3.3) in conjunction
with Egs. (3.4)-(3.7), Egs. (5.8) yield

FO =27 — 695.3237 cos? §© — 12973 sin 6 4 2149.53586) cos §©) sin )
+ sin? 0 (164224.6592 4 2149.53585Y) tan #® + 164919.9829 tan? #¥) = 0

F® = —2149.53585() cos® 0©) + cos 61V (12973 — 202450.4921 sin §*)
+ sin® 0©) (—2149.53580(") — 239285.6777 tan 0*) — 36835.1856 tan® ¥) = 0
(5.12)
MO = —27.92FY + (~16069.8929 — 553904.57986) cos? 0

—52019.1354 sin 0© + (—2.0058 x 10°—116986.55035")) cos #® sin ©
+ 5in? 0 (3.0203 x 10° — 553904.57985") + (—1.6634 x 10°
— 116986.550367)) tan 8© + 3.0364 x 10° tan? #© + 342353.8625 tan® ) = 0

which can be solved for the pitch angle #(), the engine thrust F ]EJO) and the elevator angle 5.
Solving the nonlinear equations (5.12), we obtain () = 0.0667 rad, F ]EJO) = 431.6465 1b and
5 = —0.2703 rad, so that the zero-order control vector is given by u(® = [F g)) 0 s 0|7 =
[431.6465 0 —0.2703 0]7. Hence, the control force vector can be written in the matrix

form

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 431.6465
o o (0 0 0 0 0 0
FY = BOu® = 2 0 143.4894 0 ~0.2703
0 0 0 ~1905.7803 0
0 0 —2149.5358 0
0  803506.9168 0 —153855.5426
—27.92 0 —561713.8624 0
| 0 53637.0429 0 529190.6764 |
—[0 0000 0 8245038 0 581.0801 0 139795.5057 0]”
(5.13)

In the case of steady level flight, the aircraft experiences static deformations due to zero-order
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forces. Because static deformations are constant and deformations are first-order quantities,
we denote all quantities involved by a subscript ¢ and a superscript (1). Consistent with the
zero-order results and using the first of Egs. (3.9), we write

V(l)

W C}O){[V(I)O O]T . Cj(cl)V;O)}’ w;lc) =0; Suic =0, syie =0, 1 = fw,e

(5.14)

where V) is the first order forward velocity. Then, from Egs. (3.18), the corresponding

momenta are

Py s =mVy), phj. = SOV 4 SOV (5.15)
and, from Egs. (3.9), we conclude that
FO — 0, MY — o
) ) (5.16)

wiQuic + Quic = Oa _KI/Jin/Jic + Ql/lic = 07 1= f7 w, e

which represent algebraic equations to be solved for the first-order pitch angle, the first-order
elevator incident angle, the first-order engine thrust and the static generalized displacements
Quic and qyi.. We note that Fgl) = [Féi) 0 Fz(cl)]T, Mﬁl) =10 Méi) 07, Quic and Q. are

all functions of qu;. and qu. (1 = f,w,c).

The stiflness matrices are as follows:

8687.0713 —3181.9271 0 0
FF._ | 31819271 293633.2239 0 0
uf = 0 0 12883.4627 —4643.2903
0 0 _4643.2903  419984.1291
[ 8891.2109 —28248.0864 0 0
FA _ | —28248.0864 2315176212 0 0
uf = 0 0 13097.4380 —36822.7531
0 0 ~36822.7531  363078.6024
p | 15462 1.0134 8 -4 | 10781 1.9339 8
Kyp=1| 10134 9.0414] x 10%, Kyp= [ 1.9339 6.7838 ] x 10
- (5.17)
R oL _ 581.3939 —1488.0598 R oL | 22974 3.6438 7
Ky =Ky = { ~1488.0598  13050.3375 ] » Ko =Ky = { 3.6438 13.5871 ] x 10
R oL | 4062228 —696.8287 R oL | 15455 1.4924 .
Kye=HKye = [ —696.8287 10685.4900 ] y Kpe =Ky = [ 1.4924  10.0860 ] x 10
v | 21269677 —4303.4586 v [ 5.0679 5.3834 6
Kye= [ —4303.4586 52929.3173] , Kyge= { 5.3834 31.9145 ] x 10

where the superscripts F, A, R, L and V denote the fore part, aft part, right half, left
half and vertical (stabilizer), respectively. Assuming that V) = —5 in/s, so that V;l) =
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VW[cos @ 0 sin 0T+ VO [—gMsh© 0 gD HO)T = [-4.6953 —333.02720) 0 —4.7316
+4988.89700M)T | we can solve Egs. (5.16) and obtain

9 = —0.00088 rad, F.) = —3.1169 Ib, " = —0.0047 rad

dhro=1[0 0 01206 —0.0015]" in, qf;, =[0 0]" rad

Qe = [0 0 0.0585 0.0038]" in, g, = [0 0]" rad

Qhpe = Qe = 34537 —0.2918]" in, qff,. = qJ,. = [0.0021 — 0.0002]" rad

dhe = db, = [—0.0279 0.0006]" in, qlf,, = q},.[0.0024 — 0.0002]" rad

dyee = [0 0] in, qy,. =[0 0]

(5.18)

Assuming that the first-order state x() is measured from the static elastic displacements
position, the first-order state equations for steady level flight can be written in the customary
form, Eq. (4.4), where A and B are constant coefficient matrices. This requires the mass

matrices, defined by Egs. (2.15). They can be computed as follows:

M11 = m[,
- 0 131.1002 0 0 0 —42385 |
M, =S = | —131.1002 0 0| + 0 0 0 Qufy1
0 0 0 4.2385 0 0
[0 0 3202 0 4.2385 0
F F
+ 0 0 0 Qupyo + | —4.2385 0 Qufr + -
—-3.2026 0 0 0 0 0
0  —0.0807 —0.0128 0 0 —0.1252
+ | 00807 0 0 o+ | o 0o o v,
0.0128 0 0 0.1252 0 0
[0 0 00219 |
+ 0 0 0 Qye2s
—0.0219 0 0
0 0 0 0
Ml = | 42385 -32026 0 0 e
0 0 4.2385 —3.2026
182862.0586 47745  —37732.0967 0 —863.2814 0
Moy = J = 4.7745 566132.2704  81.1583 + | —863.2814 0 -21.0393 | ¢ o1
—37732.0967  81.1583  704093.8389 0 —21.0393 0
0 367.2116 0 . 42.0786 0 -863.2814 |
+| 367.2116 0 73021 | gy 0t 0 42.0786 0 Qupa T
0 7.3021 0 —863.2814 0 0

(5.19)
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6.9600 3.2162  —20.3065
+ 3.2162 7.5428 —1.2425
—20.3065 —1.2425 —0.5828

q532 +

0 359911 0
35.9911 0 128989 | gV,
0 128989 0

) —4.0598 0 ,
4+ | —4.0598 0 4.0183 | g,

0 4.0183 0
. —21.0393  7.3021 0 0 0 0 2482 —0.7000 |
My = 0 0 —863.2814  367. 2116 +]00 o 0 Qupgp -+
863.2814 —367.2116 0 00 0
07090 23655 0 0 | . 68. 4129 72.7595
+ 0 0 0 0 | Gypozy ---» Mog = 0
0 0 00 7344 8056 —402.1912
22363  —1.5318 0 0
MA — | 15818 84942 0 0
33 0 0 20922 —1.5310 | "0
0 0 —1.5310  7.9257

ML — 17.3669 10.8317 MY — 34.1002  32.0129
88 7 | 10.8317 32.5338 88 7 | 32.0129 65.4667

Before we can compute A and B, we must still generate the damping matrices Cy; and
Cyi (i = f,w,e). To this end, we assume that the damping functions ¢,; and cy; (i = f,w,e)

are all constant, so that the damping matrices, Egs. (2.19), reduce to

C Cuszu Cz/n - Cz/}de)zu f w, e (520)

Equations (5.20) state that the damping matrices are proportional to the stiffness matrices,
which permits us to write the relations®®

= 20/N7, ey =20/, i = fowe (5.21)

where ( is a structural damping factor and A, / ? and Al/ (i = f,w,e) are the lowest natural
frequencies of the respective components. We assume that ¢ = 0.03. Moreover, we obtain

the component natural frequencies by solving the eigenvalue problems
det[K}, — AL Mys) = 0, det[K[y — AL Mgs) =0, det[K., — Al M =0
det[Kl, — AL, M) =0, ..., det[K}, — AL Mg =0, det[Kwe Ay Mg =0
with the results

/ALy =59.1040 rad/s, |/Ag; = 52.2780 rad/s, /AL, = /AL, = 36.2911 rad/s
VAR = /AL = 72.1276 rad/s, \/AV. = 131.9557 rad/s,

(5.22)

(5.23)
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/AL, =221.8479 rad/s, \/Ay; = 61.9940 rad/s, /AL, = /A}, = 253.9293 rad/s
/AL = /AL, =294.1938 rad /sy / A}, = 384.8014 rad/s

Hence, using Egs. (5.17), (5.20), (5.21) and (5.23), the damping matrices are

8.8187 —3.2301 0 0
OF. _ | —32301 298.0817 0 0
uf 0 0 13.0786 —4.7136
0 0 —4.7136 426.3467
[ 10.2045 —32.4206 0 0
oA _ | —324206  265.7150 0 0
uf 0 0 15.0321 —42.2618
0 0 —42.2618 416.7088
- (5.24)
oF _ 41818.3661 27408.5814] oA { 104342.4068 187172.4172]
vf 27408.5814 244530.1083 |’ ¥/ 187172.4172 656562.6583
OR _ oL :{ 0.9612 —2.4602] OR _ oL [5428.3762 8609.7859]
ww — Huw —2.4602 21.5761 |> “Yw T Yyw 8609.7859 32104.4936
OR _ (L _ { 0.3379 —0.5797} OR _ L _ { 315.1931 304.3728]
ue — Mue —0.5797  8.8888 | e T Ve 304.3728 2056.9682

ovo_ 0.9671 —1.9568 oV o— 790.2110  839.4058
we | —1.9568 24.0669 |’ “ve | 839.4058 4976.2592

Then, the coefficient matrices in Eq. (4.4) can be shown to be

[0 0 O 0 0 0 ... —0.0005 —0.00004 T
0 0 0 —333.0272 0 5000 ... 0.0069 0.0007
0 0O 0 =5000 O ... —0.0052 —0.0005
0 00 0 0 0o ... 0.0001 0
A = | e
0 00 36.3883 19.0770 O —0.0086 —0.0009
0 0O 40.8390 41.4025 0O 0.4818 0.0566
0 0O 455.5429 0 0 ... —31.9246 —9.6705
| 0 0 0 538.2891 0 0 ... —62.7359 —136.9900 |
00 o . i (5.25)
0 0 0 0
B 0 0 0 0
2 0 143.4894 0
0 0 0 —1905.7803
| 0 0 0 —3097.7273
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Moreover, the feedback control vector is
u® — [F](El) O ORI (5.26)

in which it is assumed that the right and the left ailerons rotate by angles of the same
magnitude 59 but of opposite sense and that the right and left elevators rotate by angles of

the same magnitude and sense.

Choosing the weighting matrices () and R in the performance index, Eq. (4.7), as follows

1 0 00 0O 0 ... 0
01 00O0OO0DO0 0
001 0O0O0DO0 0 10 0 0 0
0001000 0 0 5x10° 0 0
@=10000100 0 R 3 (5.27)
0 0 10 0
0 000O0OT1T0 0 0 0 0 10°
0 00O0O0OO0ODd 0
| 00000 O0O 0 |
solving the steady-state Riccati equation, Eq. (4.14), and using Eq. (4.9), we obtain the gain
matrix
T 0.2094 0 3.2141 x 10~° 0 17
0 0.00004 0 1.3669 x 10~°
—0.1016 0 0.0001 0
—0.0809 0.5222 —0.0001 0.1024
—1112.0572 1.3745 x 107° —1.8943 0.0001
G = —0.0460 1.9349 0.00005 0.5107 (5.28)
—0.0006 0 0 0
0.0001 0 0 0
0 0 0 0
| 0 0 0 0 i
Then, solving the closed-loop eigenvalue problem, Eq. (4.16), we obtain the closed-loop
eigenvalues
A2 = —0.1038 £ 0.0868 i, N34 = —0.1174 +0.2033 7, A5 = —0.2349,
Xo,7 = —0.2919 £ 0.3064 7, ..., Ago70 = —40.5616 £ 604.1438 ¢,

5.29
Ari,72 = —171.1032 £ 587.8285 7, A7374 = —83.6785 £ 802.6200¢, (5:29)

Ars76 = —229.1757 £ 1076.8524 4

Clearly, all the eigenvalues are real and negative or complex with negative real part, so

that the closed-loop first-order system is asymptotically stable. The implication is that any
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disturbances from the steady level flight are driven to zero. This is in contrast with the
open-loop eigenvalues, the eigenvalues of A, the first four of which are zero and the fifth is

real and positive.

Finally we consider the response of a closed-loop system to a gust acting on the wing and

having the linearly distributed form
fRB ) =[0 0 —05(3+28/L,)sinwt.(1—1)", 0<af <L,

(5.30)
fhzl ) =10 0 —0.53 —z%/Ly,)sin7t (1 —1)]", 0 <zt < L,

where sin 7t (1 —t) represents a half-sine pulse, in which (1 —t) is a rectangular function of
unit length. Inserting Eq. (5.30) into Egs. (3.13), we obtain the generalized force components
of the disturbance vector Fey entering into Eq. (4.15), which can be integrated to obtain the
system response. Figures 3-5 show the response for the rigid body variables and a selected

number of elastic variables, and Fig. 6 shows the control inputs.

1) .. ) ..
X Y
(¢ [in] t[s] 0 7 [in] e [s] -
5 10 15 20 oINS 10 15 25
-1 20
) -30
40
-3 -50
4 .60
oD [rad] D [rad]

0.005 /\ 0.001 /\/\/\\
0 0 A

5 10 152075 5s[Vio 15 20 25

-0.005 t[s] -0.001 t[s]
-0.01 -0.002
-0.015 -0.003

Figure 3. Rigid Body Displacements
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Figure 6. Control Inputs

Next, we turn our attention to the observer. To this end, we assume that Rgcl) and 9;1)

are available as part of the output of an inertial navigation system and that there are four
sensors measuring velocities at the points P, (k = 1,2,3,4) of each aircraft component.
The coordinates x,,y, of P, in component body axes, together with the type of velocities

measured, are listed in Table 1. Moreover, the sensors locations are shown in Fig. A.

Table 1 - Sensor Locations and Type of Velocities Measured

Right Left
Fore Aft Right Left Horizontal Horizontal Vertical
Fuselage Fuselage Wing Wing Stabilizer Stabilizer Stabilizer
P 21,91 111.21, 36.25 111.92, 35.0 120.35, 58.23 120.35, —58.23 50.54, 32.0 50.54, —32.0 50.0, 42.0
Velocities Vf(;) and Vf(zl) Vf(i) and Vf(i) VH(JIZ) ‘711(,12) Ve(zl ) Ve(zl ) Ve(zl )
Py :xo2,y2 | 111.21, —36.25 111.92, —35.0 120.35, —28.0 120.35, 28.0 46.6, —20.0 46.6, 20.0 41.0, —28.0
Velocities vy vy 4% 4%, A A A
P3:z3,y3 277.21, 24.0 279.79, 25.0 327.66, 25.07 | 327.66, —25.07 127.0, 19.0 127.0, —19.0 112.0, 27.0
Velocities Vf(;) and Vf(;) Vf(;) and Vf(i) Vu(jlz) VU(J? Ve(zl ) Ve(zl ) Ve(zl )
Py :z4,ya 277.21, —24.0 279.79, —25.0 | 327.66, —10.0 327.66, 10.0 127.0, —12.0 127.0, 12.0 113.0, —16.0
Velocities Vf(;) Vf(i ) Vu(jlz) VU(J? Ve(zl ) Ve(zl ) ve(zl )

To compute the matrix C, Eq. (4.44), relating the output vector to the state vector, we use
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Eq. (4.41) and write

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1411.5402  —1066.5377 0
My = | 0 0 0 0 21145.5039
0 0 —21145.5039 15977.2118 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0o ]
0 0 0 0 0
0 0 0 0 ... 0
42544 417049 73013 0 ... 0
2.3802 0 0 0 0 (5.31)
—63.7322  —624.7574 109.3773 0 0
0 0 0 0 0
0 0 0 0 0
Then, inserting Eq. (5.31) into Eq. (4.44), we obtain
1.0 0 0 0 0 0 0 0 0
000001 0 0 0 0 0
00 00 0 0 07164 —05413 —0.1528 0.1154 0
c_ |0 00000 06671 05041 32735 24734 0
“ |0 o000 0 0 1558 11756 44292 —3.3466 0
00 00 0 0 —104119 78670 —6.9155 5.2253 0
00 00 0 0 -1.263 09547 11015 —0.8323 0
|0 00 0 0 0 9123 —68911 40257 —3.0418 0
0 0 0 0 0 7
0 0 0 0 0
0 —0.00003 0.0123 ...  0.0005 0.00006
0 00008 00320 ... 00017 0.0002 (5.32)
0 00011 —0.0373 ... —0.0031  —0.0003 :
0 —0.0015 0.0871 ... —04310  —0.6603
0 00002 —0.0260 ... 21744  —1.4009
0 00009 —0.0385 ... —14582  0.9927

We assume that the excitation noise v(t) and observation noise w(t) represent white noise

processes with intensities V' and W, respectively, and choose

V = diag[100000 100000 100000 100000 100000 100000 10~ 10~°
1072107107210 107210° 1010210 1071072 1072 10?1072 1072 107°

1072107210710 107° 1072 107?107 1072 107°107° 1072 1072 107° 0 ... 0]
(5.33)
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W = diag[107* 1071072 107°107°107°1 ... 1] (5.34)

so that, from Eq. (4.32), the steady-state Riccati equation

yields

AQ+ QAT + VvV —QCctwlcQ =0 (5.35)

Q:diag[0.000i’) 0.0003 0.0003 0.3162 0.3162 0.3162 ... 0 0] (5.36)

Hence, from Eq. (4.31), the optimal observer gain matrix is

K,=QCTW =

3.1623 x 108 0 0 0 0
0 3.1623 x 108 0 —0.00033 0
0 0 3.1623 x 108 0 —0.0050
0 —332.6945 —4.2121 x 1075  316227.7660 2.0270 x 107
—1.2224 x 107 —0.00001 —4995.0051 2.0270 x 107° 316227.7661
0 4995.0050 5.3401 x 107%  —6.8126 x 10~° 0
0.3055 —1.2621 3.2425 —0.0253 —0.0189
—0.2309 0.9536 —2.4500 0.0183 0.0142
3.0011 —2.3448 15.0393 —0.0130 —0.3660
—2.2676 1.7718 —11.3636 0.0100 0.2786
0.2688 —1.1104 2.8524 —0.0222 —0.0166
—0.0005 0.0069 —0.0052 0.0006 0.00003
—0.00004 0.0007 —0.0005 5.5708 x 10~° 2.6172 x 10~
0 0 0 0 7]
0.0050 0 0 0
0 0 0 0
—6.8127 x107% ... 15948 x 107® —1.8328 x 10~¢ —1.4351 x 1076
0 0.00001 0 —7.8617 x 107°
316227.7661 ... —T7.3710 x 107° 0 6.4058 x 107°
0.1431 ... —2.1299 x 107° 0 1.9001 x 107
—0.1085 ... 3.0634 x107° 0 —2.7693 x 107
0.0180 0 0 0
—0.0138 0 0 0
0.1258 0 0 0
—0.00006 0 0 0
—4.3046 x 107% ... 0 0 0 i
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Finally, solving the eigenvalue problem for A — K,C, we obtain the observer eigenvalues
A1 = —0.0103, Ao 3 = —0.7808 £ 1.6540¢, Ay5 = —0.4198 £ 3.0843¢,

Xe = —5.7545, \rg = —5.7225 4 36.9775i, Ag10 = —3.5888 + 44.8820i,
Ai112 = —4.6600 £ 60.6749i, A\j314 = —4.2416 4 68.50484, . . .,

X361 = —40.4347 4 603.8843, Ngs.66 = —177.2951 + 582.69284,

Ae768 = —82.9854 4 802.09707, Ago0 = —229.1116 + 1077.0692i,
Mizas = —316228, Arazs76 = —3.1623 x 10°

(5.38)

The performance of the observer design can be demonstrated by simulating the response of
the combined system, defined by Eq. (4.25), to an initial state and initial observer error. To
this end, we choose the values
xM(0)=[5 5 5 0.005 0.005 0.005 0.2 0.1 0.2 0.1 0.2 0.1 —02 —0.1 —02
-01 -02 -01 -02 -01 -0.2 —-0.1 —-0.2 —0.1 0.05 0.01 —0.05
—0.01 0.05 0.01 —0.06 —0.01 0.05 0.01 —0.05 —0.01 0.05 0.01 O... O]T
e(0) = —0.15x1(0)

(5.39)

Figures 7-9 show the response for a selected number of rigid body and elastic variables and

their observer estimates. Figure 10 shows the control inputs as given by Eq. (4.23).
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Figure 7. Rigid Body Displacements
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Figure 8. Rigid Body Velocities
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Figure 10. Control Inputs

5.2 Steady Level Turn Maneuver

We consider the case in which in the zero-order problem the aircraft flies at a constant
velocity around a circular path of radius R in the horizontal X, Y-plane. In this case, it
is convenient to refer the rigid body motions to a set of axes xiy;z; obtained through a
rotation ¥ about Z, where 1&(0) = ) = constant. It is not difficult to see that axes x1,y;
and z; represent a set of cylindrical axes ¢, n and Z, where t is tangent to the circle and n
is normal to it. Denoting by f{;()) the velocity of O in terms of cylindrical components, the

kinematical relation corresponding to the first of Egs. (3.2) can be written as

_(O) . . . — T
R, =[RY) RY) ZOT =[RQ 0 0]f =C v (5.40)
where
c©) 0 —s0(©
C_'J(co) = | s00sp©® @ O e (5.41)

s60@ e —sp@  h0cp0)

is the matrix of direction cosines between tnZ and the fuselage body axes x;yszy, obtained
from C}, the first of Egs. (2.2), by letting ¢ = 0 and replacing § and ¢ by 0© and ),
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respectively. Similarly, the second of Egs. (3.2) can be written as
=[6© 69 yO1=10 0 QF = (EY) W (5.42)

where EJ(CO) can be obtained from E}, the second of Egs. (2.2), by replacing 6 and ¢ by 6©
and 9 respectively. Equations (5.40) and (5.41) yield

= (0)

©0) yOnT _ H0)
Vi, Vi I' =C; Ry

©) _ 11,(0)
Vi =V Vi,

f = RQ[cH? s0Ps¢@ 0@ cpO]T = constant (5.43)

and

;0) [w](&) w](c(;) w](c(i)]T = E}O)Q;O) = Q[=s09 chPsp® chPspOT = constant  (5.44)

so that, from Egs. (3.8), we have

p§/f = mV ) 4+ 50 wf) = constant, p(o) g(O)V;O) + J(O)wgco) = constant (5.45)

It follows that the equations of motion, the last two of Egs. (3.2), reduce to
~(0)__(0 ~(0)_(0
—w](c )p% +FO =, —V pr w](c )pi} +MO® =0 (5.46)
which are independent of time.

To determine the parameters defining the steady level turn maneuver, we choose the turn
radius R and angular velocity € and solve Eqs. (5.46) for the bank angle ¢(*), pitch angle 6
and control vector u® = [Fe(o) 50 5O 67(«0)]T. Hence, assuming the values R = 1.5 mi =
95037 1in and © = 0.0526 rad/s, so that RS2 = 5000in/s, and using Egs. (5.43) and (5.44), we

have

0 —s0(©
VP = 5000 | s6©s¢® |, w? =0.0526 | chOsp© (5.47)
56 ¢(©) O cp©®

We consider a flight at a 25000 ft altitude, so that the speed of sound is 1016.1 ft/s and,
hence, the Mach number for the flight is 5000/(1016.1 x 12) = 0.41. Inserting Eqgs. (5.47)
into Egs. (5.46) in conjunction with Eqs. (5.45) and solving the resulting transcendental

equations, we obtain

6 = 0.0986 rad, ¢ = 0.6160rad

(0) (0) (0) (0) (5‘48)
Fp’ = 468.74291b, 6,” = 0.0028 rad, 0, = —0.3233rad, 0,” = —0.3445rad
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Then, the zero-order control force vector can be written as

FO — BOZO —

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 468.7429 0

0 0 0 0 —-0.0028 | 0

2 1.0370 178.2611 77.3023 -0.3233 | 844.5606

0 0 0 —1916.1116 —0.3445 654.9960

0 —13.7394 —2875.1495 0 962.9931

0 1.0746 x 10° 1.4415 —154689.6019 50641.1455

—27.92 —164.5690 —750586.5476 —6240.6944 171482.9784

| 0 65027.5713 11.7592 532059.4480 | | —182061.4664

(5.49)

As in the case of steady level flight, the aircraft experiences static deformations in the
steady level turn maneuver as well. Denoting the corresponding constant quantities by the
superscript (1) and subscript c using the first of Egs. (3.9) and letting V() be the cylindrical
coordinates counterpart of Rf , we can write

W _ g

v — aOry@® _ aWTy 0 constant, w
e = Cpl 7 Vil e (5.50)

Suic = 07 Sz/)ic:Ou Z:fuwye

The momenta are all constant and can be expressed in terms of the zero-order and first-order

velocities and the static deformations using Egs. (3.18).

A constant solution of the first-order equations, Eqgs. (3.9), can be obtained by letting the
left sides be equal to zero and solving for gb((;l), 0((;1), uV = [Fgc) 5 sty 5,(%)]T and the
static deformations qui. and Qe (i = f,w,e). Assuming that V() = [-5 0 0]7in/s and
using the first of Egs. (5.50), we obtain

—4.9754 — 492.12176
V) = | —0.2843 + 2874.81216" + 486.4652¢ " (5.51)
—0.4017 + 4061.19096%" — 344.3562¢
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so that Egs. (3.9) yield

¢<1> — —0.0011rad, %Y = —0.0013 rad

= [~4.0727 —0.0002 —0.0063 0.0001]"
qufcz[ 0.0005 0.0001 0.1458 —0.0019]", q}; = [-0.0001 0]"
Q. = [—0.0408 0.0008 0.0827 0.0039]", g, = [0.0003 — 0.0001]"
duye = [—4.1523 —0.3511]", qff,. = [0.0025 — 0.0003]"
(5.52)
au,. = [—4.1765 —0.3526]", q},. = [—0.0025 0.0003]"
qh. = [-0.0473 0.0001]", q,, = [0.0029 — 0.0002]"
qL.. = [-0.0489 0.00008]", qJ., =[—0.0029 0.0002]"
Q... = [0.0032 0.0014]", qy, = [0.0017 — 0.0001]"
The mass matrices, Egs. (2.15), for the steady turn case are as follows:
~ 0 130.4114 0.1477 0 0 —4.2385
My, = ST = | —130.4114 0 0 + 0 0 0 qgfyl
—0.1477 0 0 4.2385 0 0
[ 0 0 3.2026 r 0 4.2385 0 »
- 0 0 0 Qupyo + 0 0 0 | qupst+---
i —3.2026 0 0 —4.2385 0 0
[0 0.1095 0.0173 0 0 —0.1252
+ | 01095 0 I I e N N R a,
i —0.0173 0 0 0.1252 0 0
[ o 0 0.0219 0 0 0 0
+ 0 0 0 |q¢V, Mf=1]4238 -32026 0 0 e
i —0.0219 0 0 0 0 4.2385 —3.2026
182795.8456 —18.6695 —37747.5473 —0.0025 —863.2814 0
Moy = J = —18.6695  566091.8052 74.4042 + | —863.2814 0 —21.1022 qu ful
—37747.5473 74.4042 704068.0911 0 —21.1022  —0.0025
[ 0.0010 367.2116 0 42.2044 0 —863.2814
+ | 367.2116 0 7.3208 qFf o+ 0 422044  0.0012 qF + ...
ufy ufzl
0 7.3208  0.0010 —863.2814  0.0012 0
- (5.53)

6.9557 3.2162  —20.3065
+ 3.2162 7.5394 —1.2456
—20.3065 —1.2456 —0.5837

35.9911 0 12.8965
0 12.8965 —0.0075

Q1[LI62 +

—0.0075 35.9911 0
quel

—+ | —4.0598 0 4.0187
0 4.0187  0.0022

0.0022  —4.0598 0
que2’ )
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—21.1022  7.3208  —0.0012  0.0005 0 0 24362 —0.7090
My = 0 0 —863.2814 367.2116 | + [ 0 0 0 0 Qo + - -
863.2814 —367.2116 0 0 00 0 0
07090 —2.3655 0 0 | . 68.3900  72.7325
+ 0 0 0 0 | Qyupaay--- s Mog= 0 0
0 0 00 —344.8056  —402.1912
24862  —0.7090 0 0
MA — | —0.7090 23655 0 0
33 0 0 24862  —0.7090 |’ "
0 0 —0.7090  2.3655
ML — [ 173669 108317 1 ;v [ 341002 320129
88 — | 10.8317 32.5338 | V88 — | 32.0129 65.4667

Next, we consider the time-varying part of the first-order problem, Eqgs. (3.9) with all quan-
tities measured from the constant static solution. To this end, we use Eq. (4.4) in which the

coefficient matrices are given by

00 0 0 0 0 0.0004  —0.0002 0
0 0 0 —596.0114 0 0 ~0.0020  0.0086 0.0008
00 0 0 ~5000 0 0.0009  —0.0003 0
00 0 0 0.0529 0 0 0.0001 0
A=10 0 0 —0.0524 0 0 0 0.0001 0
0 0 0 1749021 42.3914 0 ~76.1495  0.4819 0.0057
0 0 0 370.8378 —25.9627 0 0.1808  —31.9444 —9.6829
0 0 0 4381920 —30.6787 0 0.2767  62.7271 ~137.0011
I (5.54)
[0 0 0 0 ]
0 0 0 0
2 1.0326 176.1982 104.3594
0 0 0 ~1901.4388
B 0 ~10.2357  —2143.1016 0
0 800910.3941  1.8988 ~153505.0524
—27.92  —116.9527 —561836.0209  —8425.0411
0 4654.3829 11.7819 527985.1550
0 0 0 —7461.0801
0 0 0 ~3090.6705 |

and in which the feedback control vector has the form uV) = [F g) IR 5£1)]T. In
the case in which u¥ = 0 and Fey = 0, the state equations admit an exponential solution
yielding an eigenvalue problem. Solving the eigenvalue problem, we conclude that the system

is unstable, with four eigenvalues being equal to zero and one being real and positive. Using
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a linear quadratic regulator in conjunction with the weighting matrices

100000 0
010000 0
001000 0

~looo100 0

Q=1000010 0
00000 1 0
(00000 O 0

10 0

0 5x108
, = 0 0

0 0

62

(5.55)

solving the corresponding steady-state Riccati equation, Eq. (4.14), and using Eq. (4.9), we

obtain the gain matrix

0.2975 0 0 0
—0.0162 0 —0.0001 0
—0.1061 0 0.0001 0
24.4405 0.5494  0.0629 0.0880
—1038.0256 —1.0770 —1.2859 —0.2399
G = —51.0425  1.4756 —1.4031 0.3618
—0.0006 0 0 0
0.0001 0 0 0
0 0 0 0
i 0 0 0 0

(5.56)

Then, solving the closed-loop eigenvalue problem, Eq. (4.16), we obtain the closed-loop

eigenvalues

A2 = —0.1032 £ 0.08697, A3 = —0.2420, A\y5 = —0.1231 £ 0.22344,
Ao, = —0.2919 £ 0.3064%, A9 = —0.7837 £1.6222¢, ...
69,70 = —40.5616 £ 604.1438i, A7y 72 = —171.1169 £ 587.8119:¢

Arg7a = —83.6775 £ 802.6206¢, A7576 = —229.1693 £ 1076.8509:

(5.57)

Clearly, all the closed-loop eigenvalues are either real and negative or complex with negative

real part, so that the closed-loop first-order system is asymptotically stable. Hence, any

disturbances from the steady level turn maneuver will be driven to zero.

Finally, we compute the response of the closed-loop system to the gust given by Egs. (5.30).

Figures 11-13 show a selected number of rigid body and elastic variables, and Fig. 14 shows

the control inputs.
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Next, we turn our attention to the observer. To this end, we must compute the matrix C,

Eq. (4.44), relating the output vector to the state vector. First, we use Eq. (4.41) and write

My =

We assume that the excitation noise v(t) and observation noise w ()

—0.1811 0.1369 0.1288
0 0 0.0219
—0.0219 0.0166 0
1676.3711 —1275.2629 —1242.2537
3.5685 —1.5887 21090.9413
—21090.3030  15935.2420 0
0 0 0
—0.0030 —0.0054 0.0009 0
—0.0004 0 0 0
—0.00007 —0.0006 0.0001 0
27.2581 51.3897 —-8.9291 0
—401.1684 0.3647 0.1928 0
—63.5214 —622.7178 109.2101 0
0 0 0 0
0 0 0 0 0
1 0 0 0 0 0
0  0.6696 —-0.5045 0.0551 —0.0396 0
0 —1.0117 0.7754 4.8628 —3.6584 0
0  1.9066 —1.4520 2.7844 —2.1198 0
0 —10.6549 8.0593 —5.6592 4.2880 O
0 —1.1592  0.8726 0.6274 —0.4787 0
0 9.1764 —6.9361 3.6483 —2.7602 0
0 0
0 0
0.0122 0.0005
0.0320 0.0017
—0.0372 —0.0031
0.0871 —0.4310
—0.0259 2.1744
—0.0384 —1.4582

o

o

processes with intensities V' and W, respectively, and choose

V = diag[100000 100000 100000 100000 100000 100000 10~ 107° 107 107° 107° 107° 107°

0.0002
0.0003
—0.0002

(5.58)

(5.59)

represent white noise

1072 107 107° 107° 107 107 107° 107° 107° 107 107° 107° 107° 107° 107 107° (5.60)
107° 107 107® 107° 107 107® 107° 107° 1077 0 ... 0]

and

W = diag[107"* 107" 1072 107° 107° 107° 1 ... 1]

(5.61)
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so that, from Eq. (4.32), the steady-state Riccati equation

AQ+ QAT +V —QCTWTICQ =0 (5.62)
yields
[ 0.00032 0 0 0 0 0
0 0.00032 0 0 0 0
0 0 0.00032 0 0 0
0 0 0 03162 0 0
0 0 0 0 03162 0
0 0 0 0 0 03162
0 0 0 0 0 0
Q= 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
L 0 0 0 0 0 0
0 0 . 0 0 ... 0 ] (5.63)
0 0 00 0
0 0 00 0
0 0 00 0
0 0 00 0
0 0 00 0
0.0001 0 00 0
—0.0001  —0.0001 00 0
0 0 . 0 0 ... 0
0.0705  0.0288 ... 0 0 ... 0
0.0288 0.0133 ... 0 0 ... 0
0 0 00 0
0 0 00 0

Hence, from Eq. (4.31), the optimal observer gain matrix is

[ 3.1623 x 10° 0 0 0 0
0 3.1623 x 10° 0 —0.0006 0
0 0 3.1623 x 10° 0 —0.0050
0 —595.4161  —3.3517 x 1075 316227.7660 0.0003
~1.2214 x 10°®  0.00003 —4995.0050 0.0003 316227.7661
0 4995.0050  —2.1160 x 1075 —7.6872 x 10~° 0.0026
0.2723 ~3.1077 1.7989 —0.0339 —0.0977
K,=QCT™W = —0.2055 2.3548 —1.3560 0.0251 0.0740
3.0983 —9.7270 11.2778 0.0105 —0.3083
—2.3406 7.3588 ~8.5164 —0.0072 0.2347
0.0003 —0.00001 0.0009 3.4367 x 107° —0.00002
0.0004 —0.0020 0.0009 —0.00001 —0.00003
—0.0002 0.0086 —0.0003 0.00006 0.00006
| —0.00001 0.0008 0.00002 5.6532 x 107 4.6189 x 107°
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0

0.0050
0

—7.6873 x 107

0.0026
316227.7661

0.1056
—0.0801
—0.1962
0.1492

—0.00002

—0.00001

—0.00003
—2.0034 x 1076
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0 0
0 0
0 0
1.4188 x 1076 0
0.00001 0

0 —1.1419 x 1076
—1.8395 x 107° 0
2.8997 x 10~° 0
0 0
0 0
0 0
0 0
0 0
0 0

0

0

0
—1.4392 x 1076
—9.6036 x 107°
1.0423 x 1076
1.6095 x 1076
—2.5602 x 107

67

(5.64)

Finally, solving the eigenvalue problem for A — K,C, we obtain the observer eigenvalues
A1 = —0.0124, A\y3 = —0.7826 + 1.6128¢, \y5 = —0.4327 = 3.1155¢,
A6 = —5.7308, A7g = —5.7282 £ 36.97627, Mg 19 = —3.5870 £ 44.83084,
A11,12 = —4.6556 £ 60.7083¢, . . . Ag2,63 = —40.4104 £ 603.84501,
Nea65 = —177.1889 £ 583.43637, Ags 67 = —83.0638 £ 802.23934,
Aes 69 = —229.1260 £ 1077.02337, A7971 = —316227.8058 £ 0.0346¢,
Aro.r3 = —316227.8459, A7y 7576 = —3.1623 x 10°

(5.65)

To check the performance of the observer just designed, we simulate the response of the

combined system, Eq. (4.25), to the initial conditions

xV(0)=[5 5 5 0.02 0.005 0.001 0.2 0.1 0.2 0.1 0.2 0.1 —0.2 —0.1
—01 —02 —01 —02
—0.05 —0.01 0.05 0.01 —0.05 —0.01
—0.01 0.05 0.01 0 ... 0]

—-02 —-0.1

—0.1 0.05 0.01
0.05 0.01 —0.05

e(0) = 0.15xY(0)

—-01 —02

(5.66)

Figures 15-17 show a selected number of rigid body and elastic variables and Fig. 18 shows

the control inputs as given by Eq. (4.23).
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Chapter 6

Summary and Conclusions

This dissertation presents a new theory for the dynamics and control of whole flexible aircraft.
It integrates in a single mathematical formulation the disciplines pertinent to the flight
of flexible aircraft, namely, analytical dynamics, structural dynamics, aerodynamics and
controls. Essentially, the objective of this research is to unify the areas of flight dynamics
and aeroelasticity for flexible aircraft, capturing coupling effects eluding when each of the
two disciplines is considered separately. Flight dynamics and aeroelasticity merely view the
same aircraft from different perspectives, prompted by different objectives, flight stability in
the first and vibration and flutter in the second. Hence, the question arises as to whether, in
so doing, certain deleterious effects due to the coupling between rigid body motions and the
elastic deformations are not missed. This question can only be answered by a formulation

integrating all disciplines impinging on the dynamic behavior of flexible aircraft.

The unified formulation is based on fundamental principles and incorporates in a natural
manner both rigid body motions of the aircraft as a whole and elastic deformations of the
flexible components (fuselage, wing and empennage), as well as the aerodynamic, propulsion,
gravity and control forces. To describe the motion of the aircraft, we attach a reference
frame to each of the flexible components and treat the one attached to the fuselage as
the aircraft reference frame, where the reference frames represent respective body axes.
Then, the motion is described by means of three translations (forward motion, sideslip and
plunge) and three rotations (roll, pitch and yaw) of the fuselage body axes and elastic
displacements of each of the flexible components relative to corresponding body axes. The
mathematical formulation is based on the generic equations of motion in terms of quasi-

coordinates derived earlier in Ref. 32. The formulation is hybrid in nature, in the sense that

70
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it consists of ordinary differential equations for the rigid body translations and rotations of
the aircraft as a whole and boundary-value problems for the elastic deformations for the
flexible components of the aircraft, namely, the fuselage, wing and empennage. Because it is
not feasible to work with hybrid equations, the distributed variables describing the boundary-
value problems for the flexible components are discretized in space. In the discretization
process, the distributed variables are represented by finite series of known space-dependent
shape functions multiplied by time-dependent generalized coordinates, yielding a relatively
large set of second-order ordinary differential equations for the whole aircraft. The derivation
of the equations of motion in conjunction with the extended Hamilton principle requires
expressions for the kinetic energy, potential energy, energy dissipation function and virtual
work, all scalar quantities. In turn, the kinetic energy requires the velocity of every point of
the aircraft, which can be obtained by means of an orderly kinematical synthesis, going from
the fuselage to the wing and to the empennage. The potential energy is merely equal to the
strain energy and the energy dissipation function is assumed to be proportional to the strain
energy. Rather than deriving first hybrid equations of motion and then discretizing them in
space, we carry out the discretization directly in the kinetic energy, potential energy, energy
dissipation function and virtual work, thus obtaining the desired set of ordinary differential
equations for the whole flexible aircraft without the need to derive boundary-value problems.
For integration of the differential equations and for control design, we transform the set of
second-order differential equations into a set of first-order differential equations, namely, into
a set of state equations. It turns out that, for the problem at hand, it is more convenient to
work with momenta rather than with velocities. Although the resulting first-order equations

actually represent phase equations, we refer to them as state equations.

The generalized forces appearing in the differential equations are obtained in terms of ac-
tual gravity, aerodynamic and control forces by means of the virtual work. To obtain the
aerodynamic forces, we use the strip theory, which has two advantages, namely it uses the
same variables as the inertial and structural terms and it lends itself to faster computer
evaluation. We stress that the aerodynamics used in this research is merely for the purpose
of demonstrating how it fits in the general scheme, and a suitable aerodynamic theory for a

whole flexible aircraft must eventually be developed.

The state equations for a flexible aircraft are nonlinear and of high dimension, where the
nonlinearity is due to the large rigid body variable and the high dimensionality is due to

the small elastic variables. Hence, one can expect difficulties both with a stability analysis
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and with the control design. A perturbation approach to the solution obviates many of
these difficulties. More specifically, the solution is represented as the sum of a zero-order
part for the large rigid body variables and a first-order part for the small elastic variables
and perturbations in the rigid body variables, where the zero-order quantities are larger
than the first-order quantities by at least one order of magnitude. Then, we separate the
state equations into a zero-order problem for the rigid body motions, corresponding to flight
dynamics, and a first-order problem for the elastic displacements and the perturbations in the
rigid body variables, corresponding to extended aeroelasticity, where extended refers to the
fact that they include not only the elastic displacements but also perturbations in the rigid
body variables. The perturbation approach permits us to show that the general formulation
derived here includes the flight dynamics and the extended aeroelasticity as special cases,

the latter in a broader context than the common practice.

The flight dynamics equations are nonlinear and describe the zero-order translations and
rotations of the aircraft. They are used to design controls for a given maneuver by solving
an inverse problem, in the sense that the state representing a desired maneuver is given and
the equations are solved for the control vector. The extended aeroelasticity equations, on the
other hand, are linear, but they include the solution of the flight dynamics equations as an
input. Hence, there is a set of extended aeroelasticity equations for every conceivable aircraft
maneuver. If the solution of the flight dynamics equations is constant, as it is the case for
steady level cruise and steady level turn maneuver, then the extended aeroelasticity equations
are linear time-invariant. In this case, the stability of the first-order state equations can be
checked based on the roots of the eigenvalue problem and control design can be achieved by
commonly used techniques, such as the LQG method. If the solution of the flight dynamics
equations is time-dependent, then the extended aeroelasticity equations are linear time-
dependent, which does not permit a standard stability analysis. However, the control design

can still be achieved.

Control design is carried out to steer the aircraft and suppress the undesirable disturbances
tending to drive the aircraft from the intended maneuver and to cause vibration. The
control inputs consist of the engine thrust and the control surface angles. Steering control
involves the rigid-body motions and is obtained by solving the inverse problem mentioned
above. On the other hand, control design for disturbances involves the elastic vibration
and perturbations in the rigid body motions and is obtained by means of linear quadratic

theory. This control requires the knowledge of the first-order state vector, which is obtained
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through a Kalman-Bucy filter design permitting an estimate of the state vector from the

output measurements.

A numerical solution of the flight dynamics equations and the extended aeroelasticity equa-
tions requires the aircraft geometry, the mass and stiffness distributions and the aerodynamic
coefficients, which were made available by an aircraft manufacturer in lumped form; the nu-
merical data is listed in the Appendix. The lumped parameters are treated as distributed
by means of spatial Dirac delta functions. All flexible components are represented by beams
undergoing bending and torsion. The fuselage is modeled as two separate parts, namely, a
fore part and an aft part, both cantilevered at the origin of the aircraft body axes. Similarly,
the wing and the horizontal stabilizer are modeled as a right part and a left part and the
vertical stabilizer as a single part. In the context of Galerkin’s method, each bending dis-
placement is represented by two cantilever shape functions and each torsional displacement
by two clamped-free shaft shape functions. Both the fore and aft parts of the fuselage undergo
two bending and one torsional displacements each while each of the remaining components
undergo only one bending and one torsional displacement. Displacements of each compo-
nent are measured relative to the respective elastic axis, which is assumed to be a straight
line. Having chosen the explicit structural model, the stiffness matrices are obtained from
the potential energy. The structural damping matrices, on the other hand, are assumed to
be proportional to the stiffness matrices for each flexible component with proportionality
coefficients depending on the structural damping factor and the lowest natural frequencies
of the respective components. The extended aeroelasticity equations are linear and for the

model at hand they are of order 76.

Two example cases have been considered, namely, steady level flight and steady level turn
maneuver. In the former, the solution of the flight dynamics equations is constant and, hence,
the extended aeroelasticity equations are linear time-invariant. In the latter, we refer the
rigid body motions to a set of cylindrical axes rotating with the same yaw angular velocity
as the aircraft, so that the resulting flight dynamics equations yield constant solutions and,
hence, the extended aeroelasticity equations are once again linear time-invariant. In both
cases, the extended aeroelasticity equations admit constant solutions due to zero-order forces.

We assume that the first-order state is measured from these constant solutions.

The weighting matrices () and R required for the linear quadratic regulator design have
been chosen so that the desired performance of the system is achieved and the control gains

are sufficiently small that the resulting controls are reasonable. The eigenvalues of the
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closed-loop system are real and negative or complex with negative real parts. This is in
contrast with the open-loop eigenvalues, the first four of which are zero and the fifth is real
and positive. An optimal observer design achieves an estimate of the first-order state from
output measurements containing the Rgcl) and 0501) and 32 velocity measurements at various
locations of the aircraft. The noise intensity matrices V and W required for the design of the
Kalman-Bucy filter is chosen so that the estimates approach the actual variables reasonably
fast.

For both the steady level flight and the steady turn maneuver, the response of the closed-
loop system to a gust acting on the wing has been obtained and plotted in Figures 3-5 and
Figures 11-13. As seen in the figures, the disturbance due to the gust is driven to zero.
The control inputs are plotted in Figures 6 and 14; they are reasonably small and approach
zero with time. To demonstrate the performance of the observer design, the response of
the combined system to an initial state and initial observer error have been obtained and
plotted in Figures 7-9 and Figures 15-17. The figures indicate that the estimates approach

the actual variables. The control inputs are plotted in Figures 10 and 18.
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Appendix

Numerical Values of the Aircraft Parameters

The values of the pertinent aircraft parameters were provided by an aircraft manufacturer
in lumped form, and the current formulation assumes distributed parameters. This presents
no problem, however, as lumped parameters can always be treated as distributed by means

of spatial Dirac delta functions.3®

In the first place, we consider the aircraft geometry. To this end, we regard the fuselage
as consisting of two cantilever beams, a fore part and an aft part, with the origin of both
sets of body axes at point Oy and with axes x? and x‘]i‘ collinear (Fig. 2), where the second
subscript denotes the fore part and aft part. The wing is also divided into two parts, the
right half-wing and the left half-wing, both with the origin of the respective body axes at
O, and with the longitudinal axes coinciding with the respective elastic axes. Moreover, the
empennage consists of the horizontal stabilizer, divided into a right half and a left half, both
with the origin at the of the respective body axes at OF and OF, and a vertical stabilizer
with the origin of the body axes at O.y. The radius vectors from Oy to the corresponding
origins are

ry, =1, =[-5.04 0 38.33]" in

Al
rf =rf, =[-244.75 0 —43.13]" in, rjy, =[-238.97 0 —24.01]" in (A1)

The formulation calls for matrices of direction cosines between the various component body
axes and the fuselage body axes, and in particular the body axes of the fore part of the

fuselage denoted by xyszy. The component body axes can be obtained from z;yz; through
R

w

a sequence of rotations. For example, axes xfyZ2f for the right half-wing can be obtained

/

through a rotation y; about z¢ys2; to an intermediate set of axes x;,

about y/, to xEyZz where in the case of the wing 7, is known as the dihedral angle. Table

y.,z, and a rotation s

2 gives the rotation angles for the individual components.
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Table 2 - Rotation Angles for Component Body Axes

Component Rotations
Body Axes o] Yo 3

A, A A
TrYsZy
Aft fuselage 180° 0 0

R, R R
LowYw Zw

Right half-wing 90° 4° 0

L,L_L
LwYww

Left half-wing -90° 4° 0

R, R R
LeYe %e

Right horizontal stabilizer | 94.30° 9° 0

L,L_ L
LeYe Ze

Left horizontal stabilizer | —94.30° 9° 0

v, V.,V
Le Ye Ze

Vertical Stabilizer 0

118.74° -90°

80

Using analogies with the first of Eqs. (2.2), the various matrices of direction cosines are as

follows:

A _
Ci =

-1 00 0 0.9976 —0.0698
0 -10|,CE=]-1 0 0
0 01 0 0.0698  0.9976
[0 —0.9976 —0.0698 —0.0750  0.9849 —0.1560 ]
1 0 0 , CB =1 —0.9972 —0.0741 0.0117
0 —0.0698  0.9976 0 0.1564  0.9877 |
—0.0750 —0.9849 —0.1560 —0.4808 0 —0.8768 |
0.9972 —0.0741 —0.0117 |, C¥' = | —0.8768 0  0.4808
0 —0.1564  0.9877 0 1 0

The inertia properties of the aircraft model are given in lumped form. To this end, the

flexible components are divided into certain numbers of bays and the mass corresponding to

each bay is lumped at the mass center of the bay. Moreover, the manner in which the mass is

distributed over the associated cross-sectional area is represented by mass moments and mass

products of inertia about axes with the origin at the mass center and parallel to the body

axes of the respective component. Table 3 lists the coordinates of the mass centers, the mass

values and the mass moments and mass products of inertia, in which the symmetry of the

inertia matrices is implied. The masses have units 1b-s?/in and the mass moments and mass

products of inertia have units Ib - s - in. The cantilever beams lengths are L? = 295.86 in,
Lj} =279.79 in, L® = LE = 328.83 in, L = L = 127.46 in, LV = 113.48 in.
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Table 3 - Inertia Properties
Fore Part of the Fuselage
No. | = Pz my ooy Tyut g ous e, Tyes
1 7.41 0 5.20 | 0.7237 514.6542  230.8500 313.3728 —0.1010 —17.9229 0
2 24.74 0 1.98 | 0.2095 206.4986  115.1881 97.2035 —0.3495 1.4603 0
3 38.95 0 -1.54 | 0.3014 333.7084 182.4735 160.9599 0.1424 —1.9160 0
4 48.49 0 3.25 | 0.7558 354.9372  129.9051 251.8536 1.2350 —0.6913 0
5 55.08 0 8.60 | 0.3555 351.5220 181.4974 177.6291 1.3775 3.0682 0
6 69.88 0 7.88 | 0.5562 559.9651  274.9544 306.9516 —2.2111 2.9413 0
7 84.47 0 7.32 | 0.3167 298.6947  182.3156 124.5506 —0.3573 —2.2086 0
8 101.30 0 5.29 | 0.7053 501.1153 418.5278 480.2490 0.1657 5.3648 0
9 111.10 0 5.40 | 0.1546 137.1911 84.7780 54.2436 —0.1605 0.3754 0
10 129.67 0 1.62 | 1.0289 934.8339 556.8193 535.0830 —10.4733 1.2842 0
11 160.23 0 6.60 | 1.2664 919.9719  477.2896 595.6675 3.1044 17.3295 0
12 189.38 0 —0.30 | 1.0170 673.8353  340.9581 437.3046 2.3821 —20.5815 0
13 | 204.35 0 1.98 | 1.0789 623.3512  354.2640 386.3648 —0.4686 —1.1859 0
14 | 223.81 0 1.16 | 1.0497 394.7331  245.3210 192.5843 —0.8907 9.7354 0
15 | 237.71 0 6.55 | 0.2496 86.3807 41.6213 48.6587 —0.5308 0.0829 0
16 | 251.30 0 6.57 | 0.7234 135.0187 96.6805 69.4034 0.9425 —9.6525 0
17 | 266.50 0 14.02 | 0.4702 65.4238 49.4018 57.8918 1.1289 7.6562 0
18 | 281.47 0 17.71 | 0.0979 14.8309 8.2310 10.2739 —0.0104 —0.0647 0
19 | 292.08 0 17.66 | 0.0640 3.0164 2.1283 2.1801 —0.0673 0.0104 0
Aft Part of the Fuselage
No. | «z A mg i s i U, Jius Jieg ies
1 1.67 0 0.81 | 0.1434 160.7476 76.2673 84.8272 —0.0052 0.1320 0
2 10.66 0 17.72 | 0.6147 | 2114.0956 253.7152  1887.3572 0.7172 8.8913 0
3 22.18 0 19.00 | 1.4282 | 3571.1313 848.8131 2879.2026 7.9514 —102.4285 0
4 40.41 0 2.00 | 0.1183 133.0820 72.5725 60.7063 0.0233 0.0777 0
5 46.82 0 8.04 | 0.5808 354.6912  221.2985 163.5387 -0.1709 -4.8263 0
6 66.11 0 9.51 | 0.2506 259.3829  186.0932 84.9230 0.4246 —0.7664 0
7 83.74 0 8.39 | 0.7843 900.7860  470.6690 478.1052 8.3087 —14.4348 0
8 98.21 0 3.87 | 0.5821 317.6683  222.4144 138.4934 —3.6275 2.4908 0
9 117.50 0 —8.33 | 0.5870 634.8913 217.1299 530.1143 —0.3728 11.5375 0
10 142.62 0 —6.45 | 0.6048 317.3757  146.8824 212.2078 0.5593 —4.3913 0
11 156.28 0 —10.77 | 0.4945 168.9475  127.7664 71.1511 3.7414 —6.0380 0
12 173.22 0 —11.04 | 0.1165 62.1588 48.9953 21.8166 0.4609 1.1496 0
13 189.26 0 —12.24 | 0.2131 49.4821 37.8178 19.5795 0.5644 1.3852 0
14 | 203.41 0 —6.82 | 0.1220 36.0701 28.0876 15.0225 —0.1605 —3.7207 0
15 | 218.31 0 —19.66 | 0.0880 40.5364 37.9395 11.4727 —0.0129 3.5368 0
16 | 238.30 0 —10.17 | 0.0585 14.7040 11.5064 5.9785 0.0078 —0.8596 0
17 | 253.16 0 —14.94 | 0.0580 6.6491 6.2555 3.7440 0.1036 —0.4220 0
18 | 278.12 0 —17.35 | 0.0098 0.4143 0.9580 0.8415 —0.0052 —0.1087 0
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Table 3 - Continued
Wing
No. i Yur 2y mey Iy I IR Tt Tt I
1 17.34 —5.67 —0.41 0.7932 592.7715 135.2155 675.5300 —11.4074 —20.6970 23.8870
2 41.44 —0.36 0.64 | 0.3380 | 259.1733 13.6761 253.5778 2.9790 0.1402 14.4486
3 55.80 7.21 0.72 | 0.5481 203.2508 22.5351 202.0929 —2.4412 —0.1781 16.5185
4 68.45 0.92 —1.55 | 0.2900 145.9962 10.7568 144.9995 1.1106 0.4620 4.8288
5 80.75 4.29 —0.63 | 0.3517 | 109.3290 19.5652 117.3550 0.4698 —1.1316 4.4349
6 95.11 2.34 —0.89 | 0.1960 87.6687 7.3973 86.7071 —3.5075 —0.1369 3.3911
7 109.21 5.70 —0.49 | 0.1405 68.3377 5.1512 67.9640 0.3682 —0.0707 3.2896
8 123.58 10.93 —0.20 | 0.2014 98.0351 8.6246 100.8629 —5.1787 —0.2981 4.7601
9 141.58 6.17 —0.36 | 0.1441 62.7718 6.3306 64.6489 —0.3631 —0.0224 2.5948
10 159.69 5.62 —0.59 | 0.1550 58.9409 7.3054 62.3486 —2.4040 —0.0168 1.5852
11 180.67 2.46 —0.60 | 0.1481 57.8061 6.8510 61.6321 —1.7038 0.0205 1.7613
12 199.99 5.62 —0.49 | 0.1504 44.7968 8.9780 51.3853 —4.0862 —0.1240 1.2184
13 223.12 3.28 —0.46 | 0.1146 26.2412 4.9868 29.6906 0.2463 0.0071 0.5415
14 242.88 1.87 —0.49 | 0.0825 16.9014 4.1168 19.9998 —0.2915 —0.0464 0.3456
15 260.53 —0.02 —0.71 0.0700 11.9896 2.0960 13.3314 0.1592 0.0681 0.3213
16 278.05 1.04 —0.46 | 0.0628 9.2044 1.9160 10.6262 0.1316 0.0019 0.0663
17 295.21 —0.06 —0.38 | 0.0471 6.9537 1.6338 8.2733 0.2092 —0.0066 —0.0035
18 311.97 —-3.95 —0.38 | 0.0334 4.6844 0.6266 5.1908 0.1694 —0.0063 —0.0284
19 328.86 0.04 —0.40 | 0.0287 2.3874 0.7263 3.0305 —0.0109 —0.0045 —0.0293
Horizontal Stabilizer

No. alt ye 28 mg Jave T JE. Tae Jave Jote

1 3.4154 —2.0199 4.8360 | 0.1298 152.7019 24.5226 24.9826 9.4614 —20.3966 0.6193
2 14.6498 4.1648 —0.0644 | 0.0618 13.3528 2.0288 14.9172 1.0676 —0.0060 0.0244
3 32.5615 6.2772 —0.0954 | 0.0625 12.1552 1.9324 13.7307 0.2775 0.0112 0.0409
4 50.7350 3.5463 —0.1694 | 0.0574 8.3296 2.7220 10.7676 0.5878 0.0612 —0.0078
5 66.0100 3.8814  —0.0389 | 0.0273 3.6287 0.3475 3.8652 0.2049 —0.0006 0.0143
6 76.5595 2.0048 0.0296 | 0.0173 2.3491 0.2014 2.4673 0.1894 0.0006 0.0055
7 88.2275 2.7918 —0.1213 | 0.0348 3.6527 0.9998 4.5598 0.3189 0.0164 0.0305
8 105.1312 2.4328 —0.0898 | 0.0259 2.2711 0.6068 2.8183 —0.0003 —0.0048 0.0187
9 121.3090 3.3819  —0.0468 | 0.0199 1.6192 0.4246 2.0069 0.1574 —0.0007 0.0040
10 128.5213 —2.0644 —0.0276 | 0.0135 0.3576 0.0114 0.3586 0.0197 —0.0001 —0.0010

Vertical Stabilizer

No. zy Yye 24 my Jyme Tiye IV Iyye Jaze Jyze

1 —3.0130 —4.0388 0 | 0.0867 26.0215 26.8758 50.3184 18.1691 0.1131 0.1417
2 17.3464 —5.0753 0 | 0.0419 8.2448 2.9690 10.2273 3.9298 0.0052 0.0149
3 32.7117 —3.0312 0 | 0.0347 6.6885 2.6766 8.6842 3.2180 0.0097 0.0124
4 48.0499 —0.6415 0 | 0.0298 7.0021 2.2154 8.7929 3.2766 0.0395 0.0935
5 49.3577 25.8074 0 | 0.0741 5.0234 42.2968 46.9395 —2.2970 —0.0025 —0.0045
6 90.2614 —3.2365 0 | 0.0176 1.7168 1.1158 2.6177 1.0828 —0.1246 —0.1088
7 101.9491 19.9499 0 | 0.0062 0.2111 0.1462 0.3470 0.0991 0 0
8 103.6312 —3.8959 0 | 0.0150 1.3610 0.8632 2.1464 0.8286 —0.0010 0.0035
9 114.7248  —10.6405 0 | 0.0065 0.3567 0.2077 0.5619 0.2227 0 0
10 116.1657 2.4489 0 | 0.0523 4.5419 1.0689 5.5228 1.0377 0 0

Engine Pylon (Attached to the Aft Part of the Fuselage)

No. x4 y‘;‘ z4 m4 Jg‘?zf Jqﬁ,f Jif Jafuf J;‘zf Jquf
1 102.44 —64.05 —19.15 | 3.0115 | 347.7133  1947.0343 1872.5444 —18.0506 34.9386 4.6139
2 108.62 —37.00 —13.96 | 0.2647 35.2545 137.1807 162.3658 7.4957 11.3756 5.7131

The stiffness properties consist of the flexural rigidity and torsional rigidity of the cross-

sectional area at certain locations of the elastic components. Both have units 1b - in?. Table

4 gives the locations of the cross-sectional areas and the values of the corresponding rigidities.
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Table 4 - Stiffness Properties
Fuselage
Fore Part Aft Part
No. | zf EIf, EI}, GJf No. | = EI}, ET}, GJ}
1 0.00 | 1.10 x 10T 7.40 x 10 | 4.07 x 10™ 1 1.29 | 1.1 x 10" 744 x 10" | 4.1 x10™
2 10.21 | 1.10 x 10! 7.44 x 10*° | 4.10 x 10 2 5.04 | 1.09 x 10**  7.40 x 10'° | 4.07 x 10*°
3 25.21 | 1.10 x 10**  7.47 x 10%° | 4.12 x 10*° 3 8.79 | 1.04 x 10**  7.37 x 10'° | 4.04 x 10*°
4 38.21 | 1.10 x 101 7.47 x 10'° | 4.12 x 10%° 4 26.29 | 9.44 x 10'°  6.87 x 10'° | 3.67 x 10*°
5 4721 | 1.10 x 10**  7.47 x 10%° | 4.12 x 10*° 5 40.29 | 7.98 x 10° 6.17 x 10%° | 3.23 x 10'°
6 55.21 | 1.10 x 10t 7.47 x 10%° | 4.12 x 10*° 6 49.79 | 6.72 x 101° 5.32 x 10%° | 2.87 x 10'°
7 70.21 | 1.10 x 10**  7.45 x 10'° | 4.12 x 10'° 7 65.79 | 6.72 x 101°  4.15 x 10'° | 2.27 x 10*°
8 84.71 | 1.10 x 10**  7.36 x 10%° | 4.12 x 10*° 8 82.79 | 6.45 x 101° 3.21 x 10%° | 1.72 x 10*°
9 99.71 | 1.10 x 10**  7.20 x 10%° | 4.12 x 10*° 9 101.29 | 5.15 x 101  2.43 x 10*° | 1.37 x 10%°
10 | 111.21 | 1.10 x 10**  7.03 x 10'° | 4.12 x 10 || 10 | 120.29 | 4.07 x 10'° 1.94 x 10'° | 1.12 x 10%°
11 | 129.21 | 1.08 x 10*  6.80 x 10%° | 4.11 x 10 || 11 | 138.79 | 2.30 x 10'° 1.37 x 10%° | 8.39 x 10°
12 | 144.21 | 1.02 x 10"'  6.54 x 10%° | 3.87 x 10'° || 12 | 156.29 | 1.09 x 10'°  9.68 x 10° | 5.79 x 10°
13 | 160.21 | 9.06 x 10*® 6.14 x 10'° | 3.14 x 10 || 13 | 172.79 | 1.63 x 10'°  6.62 x 10° | 3.92 x 10°
14 | 185.71 6.5 x 101°  5.25 x 10%° | 1.71 x 10*° 14 | 188.79 | 2.10 x 10'°  4.39 x 10° | 2.58 x 10°
15 | 205.71 | 4.37 x 10'°  4.23 x 10%° | 8.67 x 10° 15 | 204.79 | 1.38 x 10'°  2.80 x 10° | 1.63 x 10°
16 | 224.71 | 2.68 x 10'° 397 x 10 | 298 x10° || 16 | 220.79 | 7.48 x 10° 1.70 x 10° | 9.67 x 10®
17 | 238.11 | 1.76 x 10'°  2.04 x 10%° | 2.19 x 10° 17 | 237.29 | 4.67 x10° 9.22 x 10® | 5.46 x 108
18 | 251.11 | 1.11 x 10'°  1.28 x 10%° | 1.27 x 10° 18 | 256.29 | 3.02 x 10° 4.88 x 10® | 3.08 x 108
19 | 267.06 | 6.01 x 10° 6.42x10° | 6.43x10®% || 19 | 279.79 | 1.30 x 10°  2.40 x 10® | 1.17 x 10®
20 | 282.06 | 3.13x10° 2.87x10° | 3.05x 10®
21 | 295.86 | 1.16 x 10°  6.15 x 10® | 7.72 x 107
Wing Horizontal Stabilizer
No. zE EIE GJE No. zF EIR GJE
1 0.00 1.09 x 10™ 1.07 x 10™ 1 0.00 3.92 x 108 2.43 x 108
2 17.10 9.70 x 10° 1.07 x 10 2 2.41 3.78 x 108 2.36 x 108
3 34.19 8.65 x 10° 1.04 x 10 3 13.84 3.16 x 108 2.09 x 108
4 40.95 8.10 x 10° 9.95 x 10° 4 31.89 2.32 x 108 1.73 x 108
5 54.45 6.95 x 10° 8.80 x 10° 5 49.94 1.66 x 10® 1.35 x 108
6 67.85 5.70 x 10° 7.60 x 10° 6 64.33 1.23 x 108 1.03 x 108
7 81.11 4.84 x 10° 6.40 x 10° 7 75.11 9.70 x 107 8.05 x 107
8 94.45 4.28 x 10° 5.30 x 10° 8 88.35 7.10 x 107 5.85 x 107
9 | 107.95 3.49 x 10° 4.50 x 10° 9 | 103.98 4.82 x 107 4.14 x 107
10 | 122.95 2.81 x 10° 3.92 x 10° 10 | 119.63 3.27 x 107 2.98 x 107
11 | 140.45 2.18 x 10° 3.19 x 10° 11 | 127.46 2.74 x 107 2.19 x 107
12 | 159.45 1.68 x 10° 2.43 x 10° Vertical Stabilizer
13 | 179.45 1.35 x 10° 1.86 x 10° || No. zy EIY GJY
14 | 200.70 1.02 x 10° 1.37 x 10° 1 0.00 1.56 x 10° 7.30 x 10
15 | 221.95 7.35 x 108 8.80 x 108 2 7.40 1.33 x 10° 6.70 x 108
16 | 241.70 5.65 x 108 5.55 x 108 3 21.15 9.66 x 108 5.57 x 108
17 | 259.95 4.28 x 108 3.56 x 108 4 34.90 6.86 x 10% 4.45 x 10®
18 | 276.70 3.54 x 108 2.53 x 108 5 49.73 4.61 x 108 3.55 x 108
19 | 293.95 2.82 x 108 1.71 x 108 6 63.98 3.06 x 108 2.41 x 108
20 | 311.10 2.02 x 108 8.55 x 107 7 77.63 2.01 x 108 1.38 x 108
21 | 327.01 1.27 x 108 6.50 x 106 8 91.31 1.26 x 108 8.69 x 107
9 | 105.82 6.88 x 107 3.56 x 107
10 | 113.48 4.25 x 107 8.51 x 10°

The aerodynamic forces involve the slope Cr; of the lift curve, the drag coefficient C'pg, the

slope U, of the lateral force curve and the control effectiveness coefficients Crs,, Csse and
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Cysr- To determine the aerodynamic forces, the aircraft components are divided into a given
number of sections and the coefficients are given for each of the sections. A typical section
has a trapezoidal shape defined by two points x;,¥;q2is and x; ¥z and by respective chords
¢iq and c;, where the chords are parallel to the longitudinal axis = of the fuselage (Fig. A).
For all sections, Cpso = Cpwo = 0.016 and ks = k,, = 0.04. The lines of the aerodynamic
centers are also shown in Fig. A; they are located at one quarter of the chord of the wing and
horizontal and vertical stabilizers. The line of aerodynamic centers are located at one half
of the chord, as shown in Fig. A. The aerodynamic forces for the fore and aft parts of the
fuselage are acting at the line of the aerodynamic centers. The control forces, on the other
hand, are acting at 0.55 of the chord. The aerodynamic coefficients corresponding to the
sections just mentioned are listed in Table 5. The slope of the lift coefficients and the control
effectiveness for the aileron and the elevator listed in Table 5 are given for a single Mach
number of 0.75. They must be corrected for different Mach numbers by the compressibility
factor given in Fig. A. Note that there are only seven sections for the wing with control

effectiveness coefficients; they correspond to the aileron.
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Figure A. Aerodynamic Sections for the Model
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Table 5 - Aerodynamic Coefficients

Fore Part of the Fuselage - Horizontal Lifting Surface

m?a yjlja Z;'?a C?a "L‘?b yjljb Z;'?b C?b Cﬁ‘af
111.21  —24.00 0.17 40.00 | 111.21 24.00 0.17 40.00 0.065
151.21 —36.25 0.17 40.00 | 151.21 36.25 0.17 40.00 0.065
191.21 —36.25 0.17 40.00 | 191.21 36.25 0.17 40.00 0.20
231.21 —36.25 0.17 40.00 | 231.21 36.25 0.17 40.00 0.50
277.21 —36.25 0.17 46.00 | 277.21 36.25 0.17 46.00 0.50
Fore Part of the Fuselage - Vertical Lifting Surface
T fa Yta “fa Cfa T f Yro Zfo cfo Cllss
13.21 0 41.17 56.00 13.21 0 41.17 56.00 0.142
69.21 0 39.17 56.00 69.21 0 39.17 56.00 0.142
126.23 0 37.17 56.80 | 126.23 0 37.17 56.80 0.142
182.21 0 35.17 55.98 | 182.21 0 35.17 55.98 0.242
248.21 0 33.17 57.00 | 248.21 0 33.17 57.00 0.305
Wing

mﬁa yga Zga Cﬁa mﬁb yf;b Ziljb Cwb CLaw CL5G
0 —62.49 0 129.49 34.00 —62.49 0 129.49 | 4.9675

34.00 —62.49 0 129.49 58.36 —52.40 0 115.51 | 6.1879

58.36 —52.40 0 115.51 80.71 —43.15 0 102.68 | 6.5604

80.71 —43.15 0 102.68 | 101.07 —34.72 0 90.99 | 6.7609

101.07 —34.72 0 90.99 | 120.35 —33.06 0 86.25 | 6.9328

120.35 —33.06 0 86.25 | 138.62 —31.49 0 81.75 | 7.1620

138.62 —31.49 0 81.75 | 155.90 —30.00 0 77.50 | 7.4485

155.90 —30.00 0 77.50 | 172.17 —28.60 0 73.50 | 7.7349

172.17  —-28.60 0 73.50 | 187.43 —27.29 0 69.75 | 7.9641

187.43 —27.29 0 69.75 | 203.59 —25.89 0 65.77 | 8.1647 | 2.4494
203.59 —25.89 0 65.77 | 219.20 —24.55 0 61.93 | 8.2792 | 2.4838
219.20 —24.55 0 61.93 | 234.30 —23.25 0 58.21 | 8.3365 | 2.5010
234.30 —23.25 0 58.21 | 24891 —21.99 0 54.62 | 8.3365 | 2.5010
248.91 —21.99 0 54.62 | 263.01 —20.78 0 51.15 | 8.2506 | 2.4752
263.01 —20.78 0 51.15 | 276.62 —19.61 0 47.80 | 8.0214 | 2.4064
276.62 —19.61 0 47.80 | 289.72 —18.48 0 44.58 | 7.7063 | 2.3119
289.72 —18.48 0 44.58 | 301.25 —17.49 0 41.74 | 7.2766

301.25 —17.49 0 41.74 | 311.27 —16.62 0 39.28 | 6.6463
311.27 —16.62 0 39.28 | 320.29 —15.85 0 37.06 | 5.7869

320.29 —15.85 0 37.06 | 327.66 —15.21 0 35.25 | 4.5837
327.66 —15.21 0 35.25 | 335.02 —14.58 0 33.43 | 2.5783

Horizontal Stabilizer

m?a yeljz Z?a C?a m?b yg; Z?b Ceb CLae CLzSe
0 —25.40 0 65.31 10.98 —24.06 0 61.62 | 1.5783 | 0.7891
10.98 —24.06 0 61.92 23.37 —22.77 0 58.67 | 1.6844 | 0.8422
23.37 2277 0 58.67 35.24 —21.54 0 55.55 | 1.8104 | 0.9052
35.24 —21.54 0 55.55 46.60 —20.36 0 52.57 | 1.9828 | 0.9414
46.60 —20.36 0 52.57 57.44 —19.23 0 49.72 | 2.2282 | 1.1141
57.44 —19.23 0 49.72 67.88 —18.14 0 46.98 | 2.5398 | 1.2699
67.88 —18.14 0 46.98 7791 —17.10 0 44.34 | 2.8913 | 1.4457
7791 —17.10 0 44.34 87.563 —16.10 0 41.82 | 3.1632 | 1.5816
87.53 —16.10 0 41.82 96.74 —15.15 0 39.40 | 3.3025 | 1.6512
96.74 —15.15 0 39.40 | 105.54 —14.23 0 37.09 | 3.2958 | 1.6479
105.54 —14.23 0 37.09 | 113.93 —13.36 0 34.88 | 3.1300 | 1.5650
113.93 —13.36 0 34.88 | 121.91 —12.53 0 32.79 | 2.7454 | 1.3727
121.91 —12.53 0 32.79 | 129.08 —11.79 0 30.90 | 1.9828 | 0.9914
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Table 5 (Continued)

Vertical Stabilizer

e Yea Zea Cla ze Yeb 24 ¢ | Cle | Co
—-31.15 —39.58 0 102.00 | —20.81 —37.96 0 97.85 | 0.9482 | 0.4267
—-20.81 —37.96 0 97.85 —4.81 —-35.44 0 91.43 | 1.4740 | 0.6633

—4.81 —35.44 0 91.43 3.056 —34.20 0 88.28 | 1.7290 | 0.7781

3.05 —34.20 0 88.28 8.92 —33.28 0 85.92 | 2.6550 | 1.1948
8.92 —33.28 0 85.92 25.14 -30.73 0 79.42 | 2.8540 | 1.2843

25.14 —30.73 0 79.42 41.37 —28.18 0 72.91 | 3.1030 | 1.3964

41.37 —28.18 0 72.91 56.34 —25.82 0 66.90 | 3.3020 | 1.4859

56.34 —25.82 0 66.90 71.32  —23.47 0 60.89 | 3.4280 | 1.5426

71.32  —23.47 0 60.89 86.30 —21.11 0 54.88 | 3.4350 | 1.5458

86.30 —21.11 0 54.88 | 103.37 —18.43 0 48.03 | 3.2020 | 1.4409
103.37 —18.43 0 48.03 | 11344 —16.84 0 43.99 | 2.3430 | 1.0544

Engine Pylon

m?a y?a < ?a C?a z ?b y?b z ?b C?b Cllj af

50.79 0.00 —5.13 | 126.00 50.79 20.00 —11.83 | 126.00 1.2376

50.79 20.00 —11.83 | 126.00 50.79 33.00 -—16.16 | 117.33 1.2892

50.79 33.00 —16.16 | 117.33 50.79 47.00 —20.83 | 108.00 1.2900

42.79 47.00 —20.83 | 116.00 42.79 56.00 —23.84 | 116.00 1.1250

42.79 56.00 —23.84 | 116.00 42.79 65.00 —26.85 | 116.00 1.0500

42.79 65.00 —26.85 | 116.00 42.79 74.00 —29.86 | 116.00 0.8500

42.79 74.00 —29.86 | 116.00 42.79 82.00 —32.53 | 116.00 0.5500
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